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Abstract

The title of my thesis is “Optimal Taxation and Innovation in the Presence of Externalities.” It

explores the effects of externalities on optimal income taxation and innovation. On the one hand,

governments’ income redistribution policies among households affect pollution since households

are different in terms of how much they pollute. This affects the design of an optimal income tax

schedule. On the other hand, externalities affect the bias of technological change over time and

also how much sectors (or countries) innovate. Firstly, scarcity rents induce biased innovation in

the natural resource sector over time, which has important implications for fossil fuels’ prices and

production. Secondly, spillovers from innovative activities among sectors (or countries) affect how

much they innovate and necessitate policies, such as patents, to overcome this market failure.

The first chapter ofmy thesis is titled “Optimal Income Taxation in the Presence of Consumption

Externalities”. This paper characterizes an optimal income tax and transfer system considering the

effects of income redistribution on pollution. Low-income households pollute more per dollar of

consumption than high-income households. Therefore, redistributing income towards low-income

households can increase pollution. This paper modifies an optimal income taxation model and

derives the optimal tax rates that maximize welfare while considering pollution. Income tax

provides revenue for the government and results in welfare loss to those who pay taxes. This

paper takes into account the fact that income tax also affects pollution through both redistributing

income and changing the amount that people work. I derive the optimal income tax rates using the

pollution intensities of U.S. households at different income levels. The results show that optimal

marginal tax rates are lower and the optimal tax schedule is substantially less progressive compared

to models that ignore pollution. This is important because the effect of the current U.S. income
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tax and transfers on pollution is not trivial. I find that, annually, the U.S. income tax and transfer

system contributes roughly 6-9 percent to aggregate pollution of households. This paper further

demonstrates that income taxes can complement other policies to efficiently reduce pollution.

Market power and scarcity rents, as other kinds of externalities, can bias technological change

in the natural resource sector. The second chapter of my thesis is titled “The Upstream Bias in

Technological Change with Exhaustible Resources”. This paper focuses on the implications of the

bias of technological change in the natural resource sector. In this paper, I collaborate with Dr.

John Boyce, a Professor of Economics at the University of Calgary. The main stylized fact that

motivates the paper is that for eighty minerals over the past century, exhaustible resource prices have

been falling relative to incomes and exhaustible resource production has been rising. In contrast

to Hotelling’s theory of exhaustible resources, long-term trends show falling resource prices and

rising resource production. We explain this using a theory of an exhaustible resource economy

where R&D is endogenously targeted either to the upstream exhaustible resource sector or to the

downstream final good sector. An upstream bias in technological change explains the observed

trends. This bias is attributed to a low relative upstream state of technology and low scarcity for

exhaustible resources. The bias in R&D eventually switches to the downstream sector. Thereafter,

exhaustible resource prices rise and exhaustible resource production falls. Per capita consumption

grows and the mining share of labor falls all along the equilibrium.

In addition to the bias of innovation over time, spillovers of innovative activities among sectors

(or countries) provide a positive externality that results in too little innovation in a competitive

market. To overcome this market failure and fully reward innovative efforts, many countries

commonly use Intellectual Property Rights (IPRs), such as patenting and copyrights. The third

chapter of my thesis explores the effects of IPRs on innovation and economic growth. The title

of this chapter is “Intellectual Property Rights and Innovation in a North-South Model”. IPRs

encourage incentives for innovators but they also have welfare costs by providing innovators with

monopoly power for a specific time frame. IPRs might also adversely affect future innovation

since they make current discoveries less accessible for potential innovators. In the third chapter of
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my thesis, I incorporate this adverse effect of IPRs on subsequent innovators into a North-South

dynamic general equilibrium model to investigate the overall effect of tighter IPRs on economic

growth and welfare. In the model, the North innovates and the South imitates and tighter IPRs not

only reduce the South’s imitation rate, but they also lower labour productivity in the R&D sector in

the North. The model’s results indicate that tighter IPRs hurt innovation in the long run. Moreover,

in contrast to previous models, the short-run effect could also be negative. In addition, I decompose

the welfare effects to four components: changes in (a) terms of trade (b) production composition

(c) available products, and (d) intertemporal composition of consumption. The model’s results

show that tighter IPRs may hurt both the North and the South on account of all these four welfare

components, except for the terms of trade from which the North benefits and the South loses.
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Chapter 1

Optimal Income Taxation in the Presence of Consumption

Externalities

1.1 Introduction

Income taxation is one of the main sources of government revenue. On the one hand, it is a practical

tool for government redistribution purposes. Many governments impose income tax rates that vary

across income groups and help low-income households with tax benefits. On the other hand, income

tax can have negative incentive effects on the labour supply, which refers to the efficiency loss of

income taxation. However, in addition to this efficiency loss, an income tax and transfer system

can have another cost in terms of pollution. Specifically, any change in income distribution, by

income tax, affects the aggregate pollution that households generate. This is because the marginal

contribution of households to pollution varies with their income. High-income households pollute

more since they consume more; however, low-income households have higher marginal pollution

intensity (Levinson and O’Brien, 2015). As a result, transferring one dollar from a high-income to

a low-income household can lead to higher aggregate pollution. Taking into account this effect of

income tax and transfers on pollution, this paper derives optimal income tax rates. These rates are

optimal in addressing environmental externality in addition to distributional concerns and efficiency

loss.

Optimal income tax rates are the rates that equate the cost of a tax-rate change in terms of its
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negative effect on the labour supply (i.e., efficiency loss) to its benefit from income redistribution.

The associated increase in pollution because of an income redistribution in favour of low-income

households introduces another cost associated with a tax-rate change. This paper is the first to

derive optimal income tax rates that also take into account these extra costs. To do so, I modify

an optimal income taxation model by including environmental quality in the utility function of

consumers and the social planner. Consumers choose their labour supply and the social planner

chooses tax rates. Having the environmental quality in the utility function means the social planner

also takes into account the pollution costs associated with any tax-rate change. These costs are

either direct (i.e., people who pay taxes pollute less and the ones who receive transfers pollute more)

or indirect through labour supply changes (i.e., people whose marginal tax rates have increased,

work less, and so pollute less).

The main driver behind the results of this paper is the atomistic behavior of the consumers with

respect to pollution. Atomistic behavior means households do not take into account how much

they pollute when they choose their labour supply. When households choose their labour supply,

they only take into account the effect of income taxes on their choice. Therefore, when the social

planner chooses income tax rates, the indirect effect of the tax rate on utility through the labour

supply is absent. This absence of the indirect effect is because the consumer’s labour supply choice

has already taken into account the effect of income tax on labour supply (i.e., Envelope Theorem).

However, this indirect effect will be present when there is an externality. Households ignore how

much they pollute when they choose their labour supply. In this case, when the social planner is

looking for the optimal tax rate considering the externality, she also takes into account the indirect

effect of tax rates on pollution through changes in the labour supply. As a result, in addition to the

direct effect of income tax on households’ income and pollution, the indirect effect through labour

supply is present in the social planner’s problem. This demonstrates the main difference between

an optimal income taxation model with an externality and a model without it.

To quantitavely derive the optimal income tax rates, I calculate pollution intensities of house-

holds at different income levels using theU.S.ConsumerExpenditure Survey (CEX) dataset between

2



years 1980-2015. My methodology in calculating households’ pollution is similar to Levinson and

O’Brien (2015). Then, I investigate the effect of income tax and transfers on pollution by imple-

menting a pollution accounting exercise. I derive the tax liability and tax credits of each household

in the CEX sample from the tax calculator of the National Bureau of Economic Research (TAXSIM).

The tax liability and credits are derived based on information about households’ characteristics and

state of residence available in the CEX. Then, I compare pollution from income before tax and

transfers with pollution from income after tax and transfers. The aggregate income remains constant

by redistributing the surplus of income tax and transfers equally among all households. Results

show that annual households’ pollution in the U.S. after income tax and transfers is 6-9 percent

higher than pollution before income tax and transfers. Furthermore, I calculate the welfare loss

of changing income taxes taking pollution into account. There are different possible scenarios

for changing income tax rates (e.g., change in percentage or percentage point in all or one of the

income brackets). In one of these scenarios, the welfare loss of a 1 percent increase in all marginal

income tax rates is higher by about 17 cents per dollar of tax revenue, if pollution is considered,

compared to the case when there is no pollution cost.1 This result is based on the assumption that

the marginal social cost of pollution is 1000 dollars per tonne of pollutant.2

Considering these significant effects of income redistribution on pollution, I modify an optimal

income taxation model by including the environmental quality in the utility function. Then, I

simulate the model using the estimated pollution intensities of households at different income

levels. There are two main results from the model. First, with a Utilitarian social welfare function,

the optimal marginal tax rates are lower for all income brackets compared to the case where

pollution effects are not considered. This is mainly because for any incremental increase in the

tax rate of income bracket i, people in all brackets above bracket i will pay more taxes, and people

in all lower income brackets (who have higher pollution intensities) receive transfers. Therefore,
1Browning (1987) shows marginal excess burden of the U.S. income taxes range from 31 to 46 cents per dollar of

tax revenue. Feldstein (1999) uses a higher taxable income elasticity of 1.04 and shows that the marginal excess burden
may exceed $2 per $1 of tax revenue.

2 To compare, the average marginal damages of non-GHG emissions (which is the focus of this paper) in Muller
and Mendelsohn (2012) is 1415 dollars per tonne (See Table 1 in Muller and Mendelsohn, 2012).

3



for high-income brackets, the marginal cost of any incremental change in the tax rate increases

by introducing the pollution costs to the model. Since any incremental increase in tax rates is

associated with these extra pollution costs, the social planner reaches to the optimum level at lower

marginal tax rates if she also cares about the environment (compared to the case where she does

not). For lower income brackets, an incremental increase in the tax rates relatively benefits low-

income households. This is because households within the first income bracket, for example, pay

taxes on part of the first income threshold, while high-income households pay the tax-rate change

on the entire first income threshold. Since low-income households have higher pollution intensity,

the optimal tax rates for low-income brackets is lower, compared to a model that ignores pollution.

This means all marginal income tax rates in a model with pollution is lower than the ones from a

model without it.

The second result of the model relates to optimal income tax rates when pollution damages

become costlier. If pollution becomes very costly (i.e., if the Marginal Social Cost (MSC) of

pollution goes to infinity), the social planner will just care about pollution, not the welfare loss

from income taxes and the tax revenue. In this case, the optimal income tax rates are the rates

that only minimize pollution from any extra tax-rate change. Therefore, these asymptotic rates are

independent of the assumed social welfare weights on different income groups.3 This is the result

of the atomistic behavior of households with respect to the externality. In fact, because households

ignore their effect on externality when they choose their labour supply, the indirect effect of tax

rates on pollution through changes in labour supply appears in the social planner’s problem (in

addition to the direct effect). The asymptotic tax rates are the ones that minimize the total amount

of pollution associated with any incremental tax-rate change. In other words, these rates equate

the direct effect (i.e., marginally more pollution because of changes in people’s disposable income)

to the indirect effect (i.e., marginally less pollution as people work less due to the higher tax rate)

of any tax-rate change. This paper also shows that as the MSC passes 2000 dollars per tonne of
3This is the result for the Utilitarian social welfare functions. In the Rawlsian case, tax rates from a model with

pollution are the same as the rates from a model without pollution. This is because all social welfare weights are zero
in the Rawlsian case and just the tax revenue is maximized.
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pollutant, optimal income tax rates can be well approximated by these asymptotic rates.

This result has general implication for optimal income taxes when households behave atomisti-

cally with respect to an externality. If theMSC of the externality passes a threshold, optimal income

tax rates approximately would be the rates that only minimizes the total amount of the externality

associated with any income redistribution. In the case of non-GHG pollution, this paper shows

that if the MSC passes 2000 dollars per tonne of pollutant, for both conservative and progressive

Utilitarian social welfare functions, the marginal income tax rates converge to 0.26, 0.54, 0.47,

and 0.44, for the first to the fourth income brackets, respectively. In a model without consumption

externalities, like Gruber and Saez (2000), these tax rates are 0.68, 0.66, 0.56 and 0.49, respec-

tively. Lower marginal tax rates on all income brackets result in lower transfers (because of less

tax revenue). This makes the effective average tax rates to rise slower with income, which implies

a less progressive tax schedule compared to the models without consumption externalities.

This paper derives optimal income tax rates considering the fact that income redistribution can

affect pollution. However, there is no need to modify the optimal income tax rates to take into

account pollution, if the “principle of targeting” holds. According to the principle of targeting

(or the additivity property), the presence of an externality-generating good only alters the tax

formula for that particular good, leaving other tax formulas unaffected (Pirttilä and Tuomala, 1997;

Cremer et al., 1998; Sandmo, 1975). However, Micheletto (2008) shows that if different individuals

contribute differently to the (aggregated) externalities, the principle of targeting does not hold (i.e.,

income tax rates should have an externality component to be optimal).4 This paper modifies

an optimal income taxation model similar to Gruber and Saez (2000) to include consumption

externalities and calculates optimal income tax rates.

The obtained optimal income tax rates, which are modified for the consumption externalities,

clearly depend on the assumed direct tax on dirty good, too. Following Pigou (1920), the first-best
4Externality is called non-atmospheric when marginal contribution to the externality differs between individuals.

For example, if the agents differ in the degree by which they properly sort waste, the individual contributions to the en-
vironmental damage will differ at the margin (Aronsson and Sjögren, 2017). Aronsson and Johansson-Stenman (2010)
and Eckerstorfer and Wendner (2013) also study optimal redistributive taxation when extenality is non-atmospheric
and when individuals’ relative consumption matters.
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solution to an externality is to set marginal taxes and subsidies equal to marginal external harms

and benefits. However, because of the preexisting distortions due to labor income taxation, the

Pigouvian rule needs to be adjusted to take into account the interactions between environmental

regulation and the income tax.5 These distortions from other taxes raised the possibility of a

double dividend from environmental taxation – that corrective taxation may both enhance welfare

by internalizing externalities and raise revenue that would allow a reduction in distortionary income

taxation (Ballard andMedema, 1993; Cordes et al., 1990). However, the possibility of the existence

of a strong double dividend has been doubted by subsequent studies. These studies show that

optimal environmental control may well fall short of the Pigouvian first-best levels by about 22

to 37 percent due to the tax-interaction effects between income taxes and the environmental tax.

(Goulder, 2002).6

Similar to Micheletto (2008), I assume that household-level pollution is not observable for the

social planner. Therefore, a uniform commodity tax on the price of the dirty good and non-linear

income tax are the only available tax instruments. Consider household’s total consumption as a

dirty commodity. The optimal commodity tax depends on the value of marginal social cost of

pollution. This paper shows that optimal commodity tax rates would be lower than the Pigouvian

levels by around 47 percent, if the marginal social cost of pollution exceeds 10,000 dollars per

tonne of pollutant.7 This larger difference compared to the literature is expected since in the

tax-interaction models, like Parry and Williams III (2004), there is just one proportional income

tax for a representative household. However, in this paper, income tax is non-linear and the social

planner can differentiate among households. The results show that welfare gain from one tonne of

pollution reduction is higher when income taxes are also modified to reduce pollution in addition

to a commodity tax.

The remainder of the paper is organized as follows. Section 1.2 presents the methodology used

to calculate households’ pollution and shows estimation results of the effect of the tax and transfer
5See Sandmo (1975), Bovenberg and de Mooij (1994) and Bovenberg and Van Der Ploeg (1994).
6See for example, Parry and Williams III (2004), Parry (1995) and Bovenberg and Goulder (1996).
7The Pigouvian level equals the marginal social cost of pollution over the marginal cost of public funds.
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system on pollution. Section 1.3 describes how the current measures of MCPF can be changed in

the presence of consumption externalities. Section 1.4 characterizes an optimal income taxation

model which includes the consumption externalities. Section 1.5 concludes.

1.2 The Effect of Income Redistribution on Pollution

This section explains the methodology used to estimate the effect of U.S income tax and transfer

on households’ pollution. These transfers include the Child Care, the Earned Income Tax Credit

(EITC),8 and the state and federal tax credits.

1.2.1 Data

To estimate the contribution of income tax and transfers into households’ pollution, first, pollution

of each household should be calculated. Generally, households contribute to pollution in two ways:

directly as a result of their activities, such as driving cars, and indirectly through consuming com-

modities whose production generates pollution. The second channel includes pollution generated

in all stages of the production of goods (Levinson and O’Brien, 2015).9

Similar to Levinson and O’Brien (2015), three sources of data are combined to calculate

household-level pollution: consumer expenditure, industry-level emissions and output, and input-

output tables. TheConsumer Expenditure Survey (CEX) reports household income and expenditure

in approximately 850 separate universal classification codes (UCC). The EPA National Emissions

Inventory facility summary tracks emissions from individual facilities based on NAICS industry

codes, and the BEA input-output tables are in IO codes. Since these sources use different coding
8EITC is one of the largest federal anti-poverty programs in the U.S. since the mid-1990s. EITC provides cash

assistance to low-income families and individuals. Low-income families with two or more children can receive a credit
of up to 40 percent of their income in recent years (up to $4,824 in 2008), while families with one child can receive a
credit of up to 34 percent (Eissa and Hoynes, 2000). In 2007, the EITC provided $48.7 billion in income benefits to 25
million families and individuals, lifting more children out of poverty than any other government program (Dahl and
Lochner, 2012).

9Fercovic and Gulati (2016) show that for GHG pollution the indirect channel is twice as large as the direct one.
This paper calculates both direct and indirect Non-GHG pollution of households.
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systems for commodity and industry categories, different concordances are used to aggregate both

CEX consumption data and pollution data to match the BEA IO classification system.10

1.2.2 Estimation Results

Average pollution and average of the pollution-intensity for each income bracket are shown in

Figures 1.1 and 1.2. Figure 1.1 shows that pollution goes up with income but at a decreasing rate.

Figure 1.2 shows the average pollution intensity of the goods that households consume for each

income bracket. Based on this figure, high-income households choose goods with lower pollution

intensity.

To calculate the effect of income redistribution on pollution, first the calculated household level

pollution is used to estimate the pollution intensities at different income levels by the following

regression:

Pits = �0 + �1Iits + �2I2
its + Xi� + �s + �t + �st + �its (1.1)

where Pits is the pollution of household i in year t in state s, Iit is household’s income, Xi

includes household’s characteristics such as sex, education, marital state, rural/urban, ethnicity,

etc., �s are state dummies and �t are year dummies. The results of this estimation for five pollutants

PM10, SO2, CO, VOC and NOx , are shown in Tables 1.3 to 1.7.

Next, using NBER TAXSIM calculator, each household’s income tax liability and tax credits

are calculated. These values depend on household’s income, state, year, number of children and

other household characteristics. The households’ tax credits include the General Tax Credit, Child

Tax Credit, Earned Income Tax Credit (EITC) and State Tax Credits for each household which

are calculated after converting the final sample Consumer Expenditure Survey (CEX) into the

TAXSIM format.11 Table 1.1 shows the effect of income redistribution on pollution. The upper
10For further information on matching these datasets, see the online appendix of Levinson and O’Brien (2015).
11I have used a modified version of the program provided by Kueng (2014) at: http://users.nber.org/ taxsim/to-

taxsim/cex-kueng/cex.do.
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panel in Table 1.1 presents the change in pollution when the total tax and transfer system is taken

into account. Change in pollution in the table shows pollution generated from income after tax and

transfers minus pollution from income before tax and transfers. Income of each household is taken

from CEX data. Total pollution is pollution from income before tax and transfers. Since overall

the tax and transfer system reduces the disposable income of households, it has a negative effect on

pollution. The lower panel in Table 1.1 shows the effect on pollution if overall government revenue

from the tax and transfers is redistributed equally among households (i.e., revenue neutral). As can

be seen in the table, transfers from high-income households to the low-income ones has increased

the annual pollution between 6 to 9 percent.

1.3 Marginal Cost of Public Funds

This section shows how the current estimates of MCPF change if consumption externalities are

taken into account. Dahlby (1998)’s formulas for MCPF in a progressive income tax system are

modified to include the change in pollution because of an incremental change in the marginal tax

rates. Consider a progressive income tax system shown in Table 1.2. There are four income brackets

and it is assumed that a household receives a constant wage rate, has zero non-labour income. The

marginal tax rate is �1 when income is above z1, �2 when income is between z2 and z1, and so

on. The difference between each of the two income thresholds are defined as Mi j is the difference

between the thresholds of bracket j which is paid by household in bracket i and Mii is the difference

of the average income in bracket i with the lower threshold of that bracket.

For each bracket i, z̄i represents the average of income in that bracket. The taxable income

elasticities are taken from Gruber and Saez (2000)’s. The population densities and pollution

intensities are taken from the CEX data and the estimation results of Section 1.2. Assuming a fixed

government expenditure (Ē), total tax revenue is:
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T R =
H

∑
n=1

T(z) − Ē =h4 z̄4�4 + h3[z3�4 + (z̄3 − z3)�3]

+ h2[z3�4 + (z2 − z3)�3 + (z̄2 − z2)�2]

+ h1[z3�4 + (z2 − z3)�3 + (z1 − z2)�2 + (z̄1 − z1)�1] − Ē

(1.2)

where similar to Gruber and Saez (2000) government expenditure per household is assumed to

be $6200. Then the total change in tax revenue due to an incremental change in �1 is:

dT R1 =h1(z̄1 − z1)d�1 + h1
@z1
@�

�1d�1 = h1(M11 − B1)d�1 (1.3)

where M11 = z̄1 − z1 is the mechanical effect and B is the behavioral effect:

B1 = z̄1
̄1
d�1

1 − �1
�1 (1.4)

Similarly, the change in the tax revenue because of changing other tax rates are:

dT R2 = [h1M12 + h2M22 − h2B2]d�2

dT R3 = [h1M13 + h2M23 + h3M33 − h3B3]d�3

dT R4 = [h1M14 + h2M24 + h3M34 + h4M44 − h4B4]d�4

The total change in the tax revenue per household, which also shows the amount of per household

transfer is:

dT R = dT R1 + dT R2 + dT R3 + dT R4

Consider the case in which income tax rates change by d�1; d�2; d�3; d�4. The total change

in consumption of each of the representative households in each income bracket because of these

tax-rate changes is:
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c = (1 − �)z(1 − �; R) + R +T R (1.5)

where z is earning, R is the virtual income, and T R is the amount of transfer. Virtual income

shows the fact that the consumer does not pay the marginal rate on all her income (i.e., implicit

income because the average rate is lower than the marginal rate). For example for the representative

household in the top bracket:

c1 = z̄1 − [�4z3 + �3(z2 − z3) + �2(z1 − z2) + �1(z̄1 − z1)] +T R = (1 − �1)z̄1 + R +T R (1.6)

where, R = −z3�4 − �3(z2 − z3) − �2(z1 − z2) + �1z1. Therefore total change in consumption due

to the tax rate change is:

dc1 = −M11d�1 − ((1 − �1)/�1)B1d�1 − M12d�2 − M13d�3 − M14d�4 + dT R

dc2 = −M22d�2 − ((1 − �2)/�2)B2d�2 − M23d�3 − M24d�4 + dT R

dc3 = −M33d�3 − ((1 − �3/�3)B3d�3 − M34d�4 + dT R

dc4 = −M44d�4 − ((1 − �4/�4)B4d�4 + dT R

Following Sandmo (1975) and Micheletto (2008), I also assume that consumers behave atom-

istically, namely they do not take into account the influence of their consumption even on their own

disutility from externality. Therefore although the behavioral effect is excluded from the change in

the indirect utility because of the Envelope Theorem, it is still included in the pollution change.12

12The consumer and the social planner problem are presented in Section 1.4.2 in more detail.
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dv1 = −u1
c[M11 + M12 + M13 + M14] − u1

E dE

dv2 = −u2
c[M22 + M23 + M24] − u2

E dE

dv3 = −u3
c[M33 + M34] − u3

E dE

dv4 = −u4
c M44 − u4

E dE

where E = ∑n hnEn = ∑n hnpncn is aggregate pollution and dE = ∑n hndEn = ∑n hnpndcn and

n = 1; 2; 3; 4. Suppose the social welfare function is:

SWF(v1; v2; :::; vn)

Then

dSWF = ∑
n

gnhndvn

The MCPF associated with a change in a marginal tax rate shows how much the total welfare

changes per dollar of tax revenue:

MCPF =
∣dSWF∣

∣dT R∣
(1.7)

There is a specific MCPF for any change in the marginal tax rates. There are different measures

for the progressivity of the income tax system. I use three scenarios for changes in the marginal

tax rates, as mentioned in Dahlby (1998), Average rate progresssion (ARP), liability progression

(LP) and residual income progression (RIP). Each of these scenarios keeps a different progressivity

measure constant. The progressivity measure for these scenarios are ARP = �−T
z̄ , LP = �

T and

RIP = 1−�
1−T , respectively, where T is the average tax rate. With a progressive tax system, the ARP

index is positive, the LP index is greater than one, and the RIP index is less than one. In fact, ARP

is preserved when d� = dT , and this is achieved when all marginal tax rates are increased by the
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same percentage point (d�i = d�j ∀i; j). LP is preserved when d�/� = dT/T , and this is achieved

when all marginal tax rates are increased by the same percent ( d�i
�i

=
d�j

�j
∀i; j). An RIP preserving

tax increase requires that d�/dT = (1 − �)/(1 − T), and this is achieved when d�/(1 − �) is the

same for all brackets. Thus, with an RIP preserving tax increase, the marginal tax rate increases

are lower in the higher tax brackets.

MCPFs for each of these scenarios are shown in Tables 1.8 to 1.14. In the upper panel of all

these tables, it is assumed that marginal social cost of pollution is 1000 dollars per tonne. Table

1.8 presents the results for the ARP scenario, when all marginal tax rates increase by 1 percent.

The MCPF without considering pollution would be 1.17 while pollution costs makes the MCPF to

be 0.02. This decline in MCPF is because even after transferring all the tax revenue to households

equally, households’ disposable income drops due to the tax distortions (i.e., behavioral effect) and

so MCPF goes down because of less pollution. To derive just the effect of transferring money

from high-income to low-income households, the MCPF without the behavioral effect should be

considered. In this case the total change in households disposable income would be zero and

MCPF jumps from 1 to 1.17. This increase in the MCPF is just because of transferring money

from high-income to low-income households and shows the effect of different pollution intensities

among households.

The lower panel in Table 1.8 presents the results of the same exercise for other values of marginal

social cost of pollution (MSC). In this panel, the behavioral effect is not zero and therefore MCPFs

decreases as the MSC goes up (i.e., because of tax distortions people work less and so pollute less,

which results in higher benefits and lower values of MSC). The lower panel also shows the ratio

of pollution cost to tax revenue earned from this tax-rate-change. This ratio represents how much

each dollar of tax revenue saves for the economy in terms of the avoided pollution.

Tables 1.9 and 1.10 show the results for LP and RIP scenarios. As can be seen from the tax rate

increase for different income brackets in each scenario, LP is relatively in favor of the low-income

households compared to RIP. This makes the original MCPF in Table 1.9 (1.4) to be higher than

the one in Table 1.10 (1.13) since higher income households have higher taxable income elasticity
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and so higher labour supply distortions reduces MCPF.

On the other hand, when I ignore the behavioral effect, the increase in MCPF because of

pollution is higher in LP (27 cents in Table 1.9) compared to RIP (14 cents in Table 1.10). This is

again because of the fact that LP is more in favor of the low-income households (who have higher

pollution intensity) compared to the RIP scenario and therefore the increase in MCPF due to the

pollution effect would be higher in the LP scenario.

Tables 1.11 to 1.14 show MCPFs when the marginal tax rates for each bracket is changing.

Since the mechanical and also behavioral for the top bracket is much larger than the others, the

MCPF for a change in the marginal rate of the top bracket is large. Similar to the previous scenarios,

if the behavioral effect is ignored, the change in MCPF would be 62 cents per dollar of tax revenue

as in Table 1.11. As can be seen in Tables 1.11 to 1.14, this difference is lower for lower income

brackets due to their lower mechanical and behavioral effect (i.e., 62, 29, 10 and 2 cents per dollar

of tax revenue for top, third, second and first brackets, respectively).

Overall, the results of this section show that considering consumption externalities can sig-

nificantly change the values of MCPFs. Increasing all marginal tax rates by one percent in the

revenue-neutral case could increase MCPF by 17 cents per dollar of tax revenue (Table 1.8). In

the next section I show how the effects of income redistribution on pollution can change optimal

income taxation.

1.4 A Model of Optimal Income Taxation with Consumption

Externalities

Taking into account the effects of any income redistribution on pollution from the previous sections,

this section derives the optimal income tax schedule. First in section 1.4.1 the derivation of the

optimal income tax rates are explained in a simplified model. Section 1.4.2 modifies Saez (2001)’s

model to include consumption externalities. Section 1.4.4 explains how the analysis would change

with different values of the marginal social cost of pollution. Section 1.4.5 includes a commodity

14



tax in the model.

1.4.1 Conceptual Framework

Case 1)A representative household (no labour distortions, no consumption externalities): Suppose

there is a representative household with income z̄ and there is no pollution effect. The optimal

income tax rate is determined by equating the marginal cost (i.e., consumer’s welfare loss) to the

marginal benefit (i.e., government’s tax revenue) from any incremental tax-rate change:

marginal cost
¬
z̄ d� = z̄ d�

±
marginal benefit

where the marginal utility of income and the marginal value of the tax revenue are assumed

to be the same. In this case the optimal income tax rate is undetermined and can be any number

between zero and one.

Case 2) A representative household (with labour distortions, no consumption externalities):

Now suppose there are labour supply distortions with any income tax-rate change. This behavioral

effect can be expressed in terms of the taxable income elasticity (TIE):

B = z̄
̄
d�

1 − �
�

These distortions change the marginal benefit side (i.e., lower tax revenue because people work

less) but the marginal cost side will not change because of the Envelope Theorem:

marginal cost
¬
z̄ d� = (z̄ − B)d�

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
marginal benefit

Since the behavioral effect depends on the level of the tax rate, if the marginal utility of income

and the value of the tax revenue are the same, the optimal income tax rate would be zero because

of the existence of tax distortion.

Case 3) Governments need distortionary taxes to provide public goods. If P is the marginal
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value of public funds, it is reasonable to assume g =
uc

P
< 1, then the optimal tax rate would be

determined by

marginal cost
³¹¹¹¹¹¹¹·¹¹¹¹¹¹¹µ
uc z̄ d� = P (z̄ − B)d�

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
marginal benefit

The government is indifferent between one dollar available to the household and g dollars of

public funds (P/uc = 1/g shows the relative value of public funds). Smaller g for an income

bracket indicates that the government values less the marginal consumption of the households in

that income bracket. Thus g is a parameter reflecting the redistributive goals of the government

if there are more than one households with different gs. This distinction between the value of a

dollar of public funds and the value a dollar in the private sector makes the optimal tax rate to be a

positive number as shown in 1.5.

Case 4) A representative household (with labour distortions and consumption externalities):

Now suppose that the consumption externalities are also added to the above optimal income tax

model. Total change in pollution is determined by the total change in household’s consumption.

The change in the household’s consumption due to d� would be:

dc = − z̄d� +
@ z̄
@�

(1 − �)d� + dT R

= [−z̄ −
1 − �1
�1

B + (z̄ − B)]d� = (
−B
�

)d�
(1.8)

Therefore, if the household’s pollution intensity is p and MSC is the marginal social cost of

pollution, the marginal cost-marginal benefit equality would change to:

marginal cost
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

g z̄d� + g p MSC (
−B
�

)d� = (z̄ − B)d�
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
marginal benefit

This makes the marginal cost curve to become the dashed red line in Figure 1.6 compared

to the solid red line which shows the marginal cost in the previous case in Figure 1.5. In fact,

adding pollution to this simplified model decreases the marginal cost and makes the marginal cost
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to depend on the tax rate too. Therefore the optimal tax rate would be higher, since marginal cost

is lower (i.e., due to the behavioral effect of income tax, people work less and so pollute less.).

Case 5) Two households (with labour distortions and consumption externalities): Suppose in

addition to the previous household, there is another household in a lower income bracket with

density of h3 = 1− h2, where h2 is the density in the upper bracket. By increasing the marginal tax

rate in the upper income bracket, the total tax revenue would be M2 − B2. Therefore the amount

of transfers per household is h2(M2 − B2) which is given to both households. The net change in

consumption of the household in the upper bracket due to d�2 and transfers (h2(M2 − B2)) would

be:

dc2 = [−M2 −
1 − �2
�2

B2 + h2(M2 − B2)] (1.9)

And consumption of the low-income household goes up by the amount of transfers:

dc3 = dT R = h2(M2 − B2) (1.10)

and the marginal cost-benefit equality becomes:

marginal cost
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
g1h1M1 + MSC(g1 + g2)[p2h2dc2 + p3h3dc3] = h2(M2 − B2)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
marginal benefit

This makes the marginal cost curve to become the dashed red in Figure 1.7 compared to the

solid red line that shows the marginal cost in the previous case in Figure 1.6. The optimal tax rate

is higher in this case. In fact, since increasing taxes on higher income households and transferring

the proceeds to the low-income one (who has higher pollution intensity) results in higher pollution,

the recommended level of optimal tax rate on the higher income bracket would be lower.

Case 6) Two households (with labour distortions and consumption externalities, adding one

income bracket above). Now suppose there is a household in a higher income bracket with density

h1 = 1 − h2, where h2 is the density in the lower bracket. By increasing the marginal tax rate in the
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lower income bracket, the total tax revenue per household would be h1M1 + h2(M2 − B2) which is

transferred to both households. The net change in the consumption of the household in the lower

bracket due to d�2 and transfers is:

dc2 = −M2 −
1 − �2
�2

B2 + (h1M1 + h2M2 − h2B2) (1.11)

And the change in the consumption of the high-income household is:

dc1 = −M1d�2 + dT R = (h1 − 1)M1 + h2(M2 − B2) (1.12)

and the marginal cost-benefit equality becomes:

marginal cost
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
g1h1M1 + g2h2M2 + MSC(g1 + g2)[p1h1dc1 + p2h2dc2] = h1M1 + h2(M2 − B2)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
marginal benefit

The new marginal cost is shown by the dashed red line in Figure 1.8. Similar to the previous

case, the optimal tax rate is lower than the initial case. This is because any change in the tax rate

of the lower bracket, makes households in the upper brackets to pay more taxes, too. However, as

high-income households pay the entire first bracket while households in the lower bracket pay part

of this bracket. In fact, increasing the tax rate of the lower bracket and returning the proceeds to all

households, benefits more the households in the lower income bracket who have higher pollution

intensity. Therefore, the optimal income tax rate would be lower if there is another bracket above

the representative household in case 4.

Overall, these 6 cases show that the optimal income tax rates for all income brackets would

be higher for the low income brackets and lower for the high income brackets when consumption

externalities are taken into account. These optimal income tax rates also depends on the density,

social welfare weights and the taxable income elasticities of different income groups. Next section

integrates all these 6 cases into an optimal income taxation model.

18



1.4.2 Piece-wise Linear Optimal Income Tax

In this section, the optimal income taxation model in Gruber and Saez (2000) is modified to

include consumption externalities. Suppose there are four income brackets. All income thresholds,

households densities, taxable income elasticities and the social welfare weight of each group are

shown in Table 1.2. The tax schedule is defined by the rates in each bracket and the guaranteed

income level that is redistributed to all taxpayers. Each consumer’s consumption is:

cn = (1 − �n)zn(1 − �n; Rn) + Rn +T R (1.13)

where z is earning, R is the virtual income (as defined in equation 1.6), and T R is the amount

of transfer. Each consumer’s utility maximization problem is:

max
z

u((1 − �n)zn(1 − �n; Rn) + Rn +T R; zn(1 − �n; Rn); E(c)) (1.14)

where E(c) = ∑
H
n=1 pncn is the environmental quality and pn is the pollution intensity of

household in bracket n.13 The consumer problem’s first order condition gives ucn(1− �n)+uzn = 0.

It is assumed that consumers behave atomistically, meaning they do not take into account the

influence of their consumption even on their own utility from externality (See Sandmo, 1975 and

Micheletto, 2008). Therefore, although the environmental quality is included in the consumer’s

indirect utility function but there is no derivative with respect to E in the consumer’s first-order

condition. This assumption has important implications which will be explained in detail in section

1.4.4. The social planner’s problem:
13Since the concavity of pollution over income holds for all of five Non-GHG pollutants in this paper (section 1.2.2),

the environmental quality represents any of these pollutants and not an aggregate of these pollutants.
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max
�n

∑
n
�nhnvn(cn; zn; E(c))

s:t:
H

∑
n=1

T(z) −T R ≥ Ē
(1.15)

where P is the marginal cost of public funds.14

L = ∑
n
�nhnvn(cn; zn; E(c)) + P(

H

∑
n=1

T(z) −T R − Ē)

To calculate the optimal tax rate for the highest bracket, consider a change in the tax rate in the

highest bracket (d�1).15 The first order condition with respect to �1:

�1uc1h1(−M1)

+ h1[uc(1 − �1) + uz]dz [=0 :Envelope Theorem]

+ MSC[(�1uE1 + �2uE2 + �3uE3 + �4uE4)(h1p1dc1 + h2p2dc2 + h3p3dc3 + h4p4dc4)]

+ Ph1(M1 − B1) = 0

(1.16)

where MSC represents the marginal social cost of pollution. The mechanical effect is defined

by:

M1 = (z̄1 − z1)d�1

and the behavioral effect is:

B1 = z̄1
̄1
d�1

1 − �1
�1

14Since this model already takes into account pollution costs, I am assuming that P is the original marginal cost of
public funds (i.e., does not take into account the pollution costs). Therefore, I can use the same social welfare weights
as in Gruber and Saez (2000) since there is no pollution damage associated with the weights that they assume.

15Similar to Gruber and Saez (2000), I assume that there is no movement of households across income brackets
because of an incremental tax-rate-change. In the continuous version of the model, however, Saez (2001) assumes an
income distribution that is endogenous with respect to the tax system.
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The total tax revenue is:

T R =
H

∑
n=1

T(z) − Ē =h4 z̄4�4 + h3[z3�4 + (z̄3 − z3)�3]

+ h2[z3�4 + (z2 − z3)�3 + (z̄2 − z2)�2]

+ h1[z3�4 + (z2 − z3)�3 + (z1 − z2)�2 + (z̄1 − z1)�1] − Ē

(1.17)

Then total change in tax revenue would be

dT R =h1(z̄1 − z1)d�1 + h1
@z1
@�

�1d�1 = h1(M1 − B1) (1.18)

Change is consumption due to d�1 is

dc1 = − (z̄1 − z1)d�1 +
@z1
@�

(1 − �1)d�1 + dT R

= −M1 −
1 − �1
�1

B1 + h1(M1 − B1) = (h1 − 1)M1 − (
1 − �1
�1

+ h1)B1

(1.19)

dc2 = dc3 = dc4 = dT R (1.20)

After substituting in the first order condition:

�1uc1(−h1M1)

+ MSC(�1uE1 + �2uE2 + �3uE3 + �4uE4)[h1p1dc1 + (h2p2 + h3p3 + h4p4)dT R] + P h1(M1 − B1) = 0

Rearranging the first order condition shows the marginal cost and marginal benefit equality

would be as follows:

marginal welfare loss
³¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹µ
g1h1M1 +

Marginal cost from pollution because of the tax and transfers
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
MSC(�1h1M1 − �2h1B1)

= h1M1 − h1B1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Marginal Benefit

(1.22)
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where �1 = (g1+g2+g3+g4)[(h1−1)p1+h2p2+h3p3+h4p4] and �2 = (g1+g2+g3+g4)[(h1+

1 − �1
�1

)p1 + h2p2 + h3p3 + h4p4]. Similar relationship to 1.22 holds for the optimal tax rate of the

other income brackets (See Appendix A.1). Substituting B gives:

g1h1M1 + MSC�1h1M1

− MSC�2h1 z̄1
1
�1

1 − �1

= h1M1 − h1 z̄1
1
�1

1 − �1

Then the optimal tax rate would be:

�∗1
1 − �∗1

=
(1 − g1 − MSC(g1 + g2 + g3 + g4)(p1(h1 − 1) + p2h2 + p3h3 + p4h4))(z̄1 − z1)

[1 − MSC(g1 + g2 + g3 + g4)((p1(h1 +
1 − �∗1
�∗1

)) + p2h2 + p3h3 + p4h4)]z̄1
̄1

(1.23)

where I assume gi =
uci�i

P
=
−uEi�i

P
. This means the social weights are the same as the

environmental damages. Therefore, if the low-income households have higher social weights

under the Utilitarian social welfare function, their disutility from environmental damages are

proportionately higher, too. This assumption is consistent with results of the environmental

inequality literature that minority and poorer households are disproportionately more likely to be

exposed to pollution, compared to white and richer households. See for example Brulle and Pellow

(2006), Mohai et al. (2009) and Voorheis (2016)16.

1.4.3 Results

Using the parameters described in Table 1.2 the optimal income tax rates are derived. The results

are shown in Figures 1.10 to 1.13. As can be seen in Figure 1.10, the optimal rates with pollution

effect (MSC > 0) and without pollution effect (MSC = 0) are the same in the Rawlsian case. This is
16The summation of the pollution damages are adjusted in some cases to make second order conditions satisfied.
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because a Rawlsian social welfare function ignores any welfare loss (and similarly pollution) and

just maximizes the tax revenue.17 However, in the progressive and conservative Utilitarian cases,

all the marginal tax rates are lower than the ones derived ignoring the pollution effect (MSC = 0).

These optimal income tax rates are consistent with the results from section 1.4.1. In fact, any

incremental increase in the tax rate of any income bracket and transferring revenues to everyone,

benefits more the low-income. Since low-income households have higher pollution intensity, this

means the optimal rate for the all income brackets would be lower when pollution effect is also

taken into account.

Following Diamond and Saez (2011) and Saez (2001) the marginal tax rate on high earners

would be higher if one assumes a constant taxable income elasticity. Figure 1.14 shows these

marginal tax rates under a constant taxable income elasticity equal to 0.25. Similar to the previous

case, in the Utilitarian progressive case the optimal rates are lower for all income brackets under

the model with consumption externalities.

lower marginal tax rates implies a lower tax revenue and therefore a lower amount of transfer.

In fact, considering consumption externalities results in a tax schedule which is less progressive.

This can be seen in Figures 1.15 to 1.18. These figures show the effective average tax rates, under

different assumptions on the social welfare function. For the Utilitarian social welfare functions,

as can be seen in Figures 1.16 and 1.17, considering the pollution heterogeneity across households

make the effective average tax rates to increase less steeper with income which implies a less

progressive tax schedule. Figure 1.19 shows the level pollution under different scenarios. These

pollution levels are calculated for the cases without any pollution effect (i.e.,MSC = 0) and the ones

with pollution effect (i.e., MSC > 0). As can be seen, modifying income taxes to take into account

pollution, results in less pollution per household.

By increasing the marginal social cost of pollution, the optimal income tax rates converge to

specific rates. As shown in Figure 1.20 to 1.22, for small values of the marginal social cost of
17Like a Leontief utility function, a Rawlsian social welfare function results in equality of utilities and maximizing

the tax revenue (i.e., budget constraint). For a comparison with a Utilitarian social welfare function see Stark et al.
(2014).
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pollution, the optimal tax rates are undetermined. This is because for these values of MSC, the

marginal cost and marginal benefit curves (like the ones shown in the following section in Figure

1.9) do not intersect. As MSC goes up, the optimal income tax rates converge to lower rates in the

Utilitarian case (see Figure 1.21). In the following section this is explained in more detail using the

conceptual framework similar to section 1.4.1.

1.4.4 The Effect of Marginal Social Cost of Pollution

How does the optimal income tax rates change when the marginal social cost (MSC) of pollution

increases? To answer this question, consider again the marginal cost-benefit equality for the top

income bracket as shown by equation 1.22. By increasing MSC, the marginal cost side becomes

steeper, as shown in Figure 1.9. The new part of the marginal cost because of the pollution has

two mechanical and behavioral components. Since the behavioral component is a function of the

tax rate too, there is a specific tax rate (�̄1) at which the behavioral effect equals to the mechanical

effect. As MSC goes up, the optimal tax rate, gets closer to (�̄1).

When �1 reaches a specific value (�̄1) where [(h1 − 1)p1 + h2p2 + h3p3 + h4p4](z̄1 − z1) equals

[(h1+
1 − �̄1
�̄1

)p1+h2p2+h3p3+h4p4]B1, then any additional increase inMSCwill increase both the

mechanical and behavioral components of the marginal cost side equally and the optimal income

tax rate will not change. Therefore, the optimal asymptotic tax rate can be calculated from the

following equality:

�̄1 ∋
d Mechanical component

dMSC
∣
�̄1

= [(h1 − 1)p1 + h2p2 + h3p3 + h4p4](z̄1 − z1)

= [(h1 +
1 − �̄1
�̄1

)p1 + h2p2 + h3p3 + h4p4]z̄1
1
�̄1

1 − �̄1
=

d Behavioral component
dMSC

∣
�̄1

(1.24)

In fact, after MSC passes a specific value (around 2000 dollars per tonne of pollutant), the

environmental marginal cost determines the optimal tax rate independently from the welfare loss

and the tax revenue (marginal benefit). The derived optimal income tax rates for different values
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of the marginal social cost of pollution are plotted in Figures 1.20 to 1.22. As can be seen in 1.24

the ultimate optimal rate is independent of the social welfare weights on different income groups

(the g parameter) and is the same across different Utilitarian social welfare functions.

Intuitively, the main reason for the convergence of the optimal tax rates to specific rates asMSC

increases is the existence of the behavioral effect on the marginal cost side of the social planner’s

problem. In an optimal taxation model without any consumption externality, there is no behavioral

part on the marginal cost side due to the Envelope theorem. However, when a consumption

externality is added to the model, and if the households behave atomistcally with respect to this

externality, which is the case in this paper (see first order conditions of problem 1.14), there is a

behavioral component on the marginal cost side of the social planner’s problem.

The effect of both of these two mechanical and behavioral components on the overall marginal

cost increases asMSC goes up. However, as the behavioral component depends on the tax rate level

itself, there is a tax rate at which the incremental change in the mechanical and behavioral effect

because of an increase in MSC would be the same and these two effects offset each other. After

reaching to this specific tax rate, additional increase in the MSC will not change the optimal tax

rate. This means the optimal tax rate would be equal to the rate that equates these two mechanical

and behavioral effects on pollution regardless of the marginal benefit (i.e., tax revenue) or the other

welfare losses because of the tax-rate change.

As shown in Figure 1.9, by introducing consumption externalities to the model and for a small

amount of MSC, initially the optimal tax rate increases (because of the high level of tax rate, the

behavioral effect dominates the mechanical and marginal cost goes down and tax rate increases).

This is consistent with the results for the first to third income brackets in the Utilitarian case shown

in Figure 1.21. By increasing the MSC, the marginal tax rate would be undetermined since the

marginal cost and benefit curves do not intersect for some values of MSC (second order conditions

are not satisfied for these values ofMSC). By increasingMSC further the tax rate starts to converge

to a specific rate. This explains the results shown in Figures 1.20 to 1.22. In other words, this

paper shows that when households behave atomistically with respect to a consumption externality,
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the optimal income tax rates will be ultimately determined just by the mechanical and behavioral

effects associated with the externality as the social cost of that externality passes a threshold. In

other words, the first terms on the LHS and the term on the RHS of equation 1.22 will not affect

the optimal tax rate, if the MSC passes 2000 dollars per tonne of pollutant.

1.4.5 Piece-wise Linear Optimal Income Tax with a Commodity Tax

When a social planner with redistributive objectives aims to address an externality like pollution,

a pollution tax can be used as a first-best solution to internalize the externality. However, since

household-level pollution is difficult to calculate, the second-best solution would be a corrective

commodity tax on the price of the externality source (like gasoline tax). Since the government can

only observe anonymous transactions, (i.e. it can not identify the type of the consumer who makes

a purchase) a non-linear commodity tax is not possible. Alternately, a linear (more precisely,

proportional) commodity tax on the price of the dirty good is feasible. In fact, a set of policy

instruments that includes linear commodity taxes with a nonlinear income tax provides a reasonably

realistic description of the set of tax instruments that are available to many governments. However,

when households differentially contribute to pollution on the margin, a proportional commodity

tax on the dirty good is not sufficient to address the externality problem.

In the case of gasoline, for example, households have different types of vehicles and non-GHG

pollution generated by one gallon of gasoline varies across vehicles.18 A tax per gallon on gasoline

does not vary with the age or weight of the vehicles, and so does not vary with the (non-GHG)

pollution emitted per gallon.19 An optimal gasoline tax would be a weighted average of all these

pollution intensities where the weights are the responsiveness of different households to gasoline

price (Diamond, 1973). However, the distribution of non-GHG pollution intensities across vehicles
18Although CO2 emitted per gallon of gasoline is the same across different cars (See Environmental Protection

Agency, 2014) but the non-GHG emissions like PM10, NOx and SO2, which are the focus of this paper, vary across
cars depending on the engine (See Knittel and Sandler, 2013 or Environmental Protection Agency, 2002).

19This is one example of a uniform corrective tax that can not achieve Pareto optimality. Gasoline taxes or tolls
which tax miles, taxes on engine size, or subsidies on vehicle newness are all being used since measuring each vehicle’s
emissions in a reliable and cost effective manner is not feasible yet (West, 2004; Diamond, 1973).
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is a wide distribution with a standard deviation equal to roughly one to three times the mean

(Knittel and Sandler, 2013). This means a uniform tax will under-tax high externality households

and over-tax low externality ones.20 If the social planner knows the pollution intensity of the vehicle

of each household, then ideally she can use the income tax to internalize the difference between

each household’s pollution intensity with the average. In other words, if agents have different

pollution intensities, just targeting the source of the externality using the uniform commodity tax

is not sufficient.21

This paper shows that low-income households consume goods that on average have higher

non-GHG pollution intensity than high-income households. Consider each household’s total con-

sumption as a dirty good. Then, one unit of a low-income household’s consumption contributes

more to pollution than one unit of the consumption of a high-income household.22 Similar to

gasoline tax, an optimal consumption tax would be a weighted average of the pollution intensities

of all households. However, this uniform tax overtax some people and undertax some others.

Therefore, an ideal income tax rate for the social planner would be the one that internalizes the

difference between each household’s pollution intensity with the average of all pollution intensities.

This paper shows how optimal income taxes will change if the social planner takes into account the

heterogeneity among households in terms of their pollution intensity.

This section derives the optimal income tax rates when there is also a uniform commodity tax,

which is an ad valorem tax on the price of consumption. Similar to the previous section, each

household’s consumption is:

(1 + t)cn = (1 − �n)zn(1 − �n; Rn) + Rn +T R (1.25)
20As shown by Knittel and Sandler (2013), even after weighting the marginal damages with the price responsiveness

of different vehicles, 75% of deadweight loss remains under an optimal uniform gasoline tax.
21For example, West (2005) shows emissions per mile of local non-GHG pollutants decrease as U.S. households’

income increases. This heterogeneity is also shown by Li (2014) who shows high-income households in China tend
to drive larger and more luxurious vehicles that have lower fuel economy and hence burn more gasoline for the same
travel distance.

22This is similar to what Micheletto (2008) considers as the case where each agents use of the dirty good contributes
differently to the externality.
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where zn is earning, Rn is the virtual income,T R is the amount of transfer and t is the commodity

tax on the price of consumption (pollution). Each consumer’s utility maximization problem is:

max
zn

u(cn; zn(1 − �n; Rn); E(c))

where E(c) = ∑
H
n=1 pncn. The consumer problem’s first order condition gives ucn

1 − �n

1 + t
+uzn = 0.

The social planner’s problem would be:

max
�n;t

∑
n
�nhnvn(cn; zn; E(c))

s:t :
H

∑
n=1

T(z) + t ∑
n=1

hncn −T R ≥ Ē
(1.26)

This formulation makes both income taxes and also commodity tax to be endogenous and

dependent on the marginal social cost of pollution (MSC). The derivation method of the optimal tax

rates is explained in Appendix A.2. The difference between the derived optimal commodity tax and

the Pigouvian level (i.e., marginal social cost of pollution over the marginal cost of public funds)

is decreasing as shown in Figure 1.23. This difference approaches to 47% as the MSC increases.

This number is higher than the results of the tax interaction models (22 to 37% in Parry, 1995),

because the income tax rates are also modified and have an externality component in this paper.

Based on the results of section 1.3, the assumed value of MCPF in both graphs is 1.2. In addition,

Figure 1.24 shows the optimal income tax rates when there is a commodity tax of 50% of the price

of consumption. As can be seen in the figure, with this level of commodity tax, the optimal income

tax rates (the dashed red line) would be lower compared to the case without any commodity tax

(the yellow line).

1.4.6 Comparing Scenarios

In this section, I compare three scenarios with the benchmark: Scenario 1) income taxes are

modified to take into account pollution but there is no commodity tax, Scenario 2) imposing a
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commodity tax, and Scenario 3) imposing a commodity tax and income taxes are also modified to

take into account pollution. Figure 1.25 shows the amount of pollution under these scenarios. As

shown in the figure, modifying income taxes for pollution results in lower amount of pollution by

around 3% compared to the the case where there is no commodity tax or corrected income taxes.

When there is a commodity tax in effect, correcting income taxes to take into account pollution

reduces pollution by 6% (comparing the second with the third scenario).

The lower amount of pollutionwhen income taxes are also corrected (in addition to a commodity

tax) is not surprising. However, comparing the change in social welfare (expressed in dollars) per

tonne of pollution reduction under these two scenarios (i.e., the second and the third scenarios)

relative to the benchmark reveals a more interesting result, as shown in Figure 1.26. Benchmark

represents the first-best policy where there is a pollution tax, income taxes do not take into account

pollution and there is no commodity tax to address the externality. For every level of the marginal

social cost of pollution, there is an optimal commodity tax. Figure 1.26 shows the welfare gain

under each scenario relative to the first best (i.e., pollution tax).23 As shown in Figure 1.26, relative

to the first best, welfare gain is higher when the social planner uses both commodity tax and income

taxes compared to using only a commodity tax. This result illustrates the fact that since income

tax is non-linear it can better take into account the heterogeneity across households compared to a

linear commodity tax.

1.5 Conclusion

This paper incorporates households’ pollution into a model of income taxation. The model de-

rives optimal income tax rates considering the heterogeneity across households in terms of their

pollution intensities. Previous studies on optimal income taxation do not consider the effect of

income redistribution policies on pollution. However, this paper shows that the effect of income

redistribution on pollution is not trivial. Annual households’ non-GHG pollution in the U.S. after
23This graph can be compared with Figure 3.a in Goulder et al. (1999), which shows welfare gain of different policies

such as fuel tax (i.e., commodity tax) relative to the first best.
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income tax and transfers is 6-9 percent higher than pollution before income tax and transfers.

This is because low-income households pollute more per dollar of consumption than high-income

households. In addition, the extra deadweight loss (due to pollution) from increasing all marginal

income tax rates by 1 percent is 17 cents for each dollar of tax revenue. This is based on assuming

the marginal social cost (MSC) of pollution to be 1,000 dollars per tonne of pollutant. Considering

this extra deadweight loss of income taxes, this paper shows that the optimal income tax schedule

is less progressive than the one that ignores pollution. With a Utilitarian social welfare function, a

model that considers pollution recommends lower marginal income tax rates for all income brackets

compared to a model without pollution.

Adding pollution to an optimal income taxation models affect the cost associated with any

tax-rate change through two channels: the direct or mechanical effect (i.e., people who pay taxes

pollute less and the ones who receive transfers pollute more) and the indirect or behavioral effect

(i.e., people whose marginal tax rate has changed work less and so pollute less). This indirect effect

is absent in an optimal income taxation model without consumption externalities (i.e., pollution)

because of the Envelope Theorem. However, this will not be the case when there is a consumption

externality. In fact, if households behave atomistically with respect to an externality, there will be

an indirect effect on the marginal cost side of the social planner’s problem. Behaving atomistically

means that households do not take into account the influence of their consumption even on their

own disutility from externality.

The Marginal Social Cost (MSC) of pollution plays a critical role in an optimal income taxation

model that considers pollution. This paper shows that if the MSC increases, after a threshold, the

optimal tax rates will approach specific rates. These asymptotic marginal tax rates only equate

the direct and indirect effects of taxes on pollution, regardless of the marginal benefit (i.e., tax

revenue) and welfare loss of any tax-rate change. In addition, this paper shows that as the MSC

of non-GHG pollution passes 2000 dollars per tonne of pollutant, optimal income tax rates will

be close enough to the asymptotic rates. Since these asymptotic optimal marginal tax rates only

minimize the amount of pollution from any incremental tax-rate change, they are independent of

30



the social welfare weights on different income groups.

The combination of non-linear income taxes and a linear commodity tax represents a realistic

set of tax instruments available to many governments. This paper shows that when income taxes

are modified to take into account pollution, the optimal commodity tax will be 47 percent below

its Pigouvian level. This is because of the existence of the pre-existing distortions of the income

taxes. This difference is higher than the results of current tax-interaction models in the literature

(22 to 37 percent), since in this paper part of the externality is already addressed by income taxes.

Even in the presence of such a commodity tax, the key result of the paper holds and the nonlinear

income tax schedule can be corrected to increase social welfare.

In other words, this paper shows that even in the presence of a commodity tax, correcting

income taxes for pollution, can reduce pollution by about 6 percent. More importantly, the increase

in social welfare from one tonne of pollution reduction, relative to the first best (i.e., pollution tax),

is higher when income taxes are also corrected, compared to just using a commodity tax. This

is because with non-linear income tax the social planner can consider the heterogeneity among

households in terms of their pollution intensity, while a proportional (i.e., linear) commodity tax

on the price of the dirty good can not take into account this heterogeneity.
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1.6 Tables

Table 1.1: Change in Yearly Average Pollution Because of the Progressive Income Tax
(1980-2015)

Non-Revenue Neutral Case

Pollutant PM10 VOC SO2 NOx CO

Change in pollution (tonnes) -12.5 -21.84 -99.23 -62.18 -51.4
Total Pollution (tonnes) 724.9 1048.9 7521.8 4519.7 2551.8
Percentage Change -1.73 -2.08 -1.32 -1.38 -2.01

Using TAXSIM - Revenue Neutral Case

Pollutant PM10 VOC SO2 NOx CO

Change in pollution (tonnes) 51.38 93.2 449 283 237
Total Pollution (tonnes) 724.9 1049 7521.8 4520 2552
Percentage Change 7.08 8.88 5.97 6.25 9.27

Note: In the upper panel, change in pollution equals pollution generated from income after tax and transfers minus
pollution from income before tax and transfers. CEX provides income before and after tax and transfer of each
household in the sample. Total pollution is pollution from income before tax and transfers. Percentage change is the
ratio of the change in pollution to total pollution multiplied by 100. In the lower panel, tax payments and credits of
each household are simulated from TAXSIM, based on household’s characteristics and location. In addition, in the
lower panel the overall government revenue from tax and transfers is redistributed equally among households (i.e.,
revenue neutral).
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Table 1.2: Piece-wise Linear Income Tax Schedule

Income Brackets 0-10K
(0-z3)

10K- 32K
(z3 − z2)

32K-75K
(z2 − z1)

75K+
(z1)

Average income 4800 (z̄4) 20050 (z̄3) 46200 (z̄2) 138100 (z̄1)
Marginal tax rate �4 �3 �2 �1
Density h4 = 0:3 h3 = 0:4 h2 = 0:25 h1 = 0:05
Taxable income elasticity 
̄4 = 0:4 
̄3 = 0:28 
̄2 = 0:26 
̄1 = 0:48
Pollution intensity (tonnes per $10,000) p4 = 24 p3 = 22:6 p2 = 22:23 p1 = 17:2

Marginal change in �1 0 0 0 M11
(z̄1 − z1)

Marginal change in �2 0 0 M22
(z̄2 − z2)

M12
(z1 − z2)

Marginal change in �3 0 M33
(z̄3 − z3)

M23
(z3 − z4)

M13
(z3 − z4)

Marginal change in �4
M14
(z̄4)

M34
(z4)

M24
(z4)

M14
(z4)

Note: I divide households in the CEX sample into four income brackets. The taxable income elasticities are taken
from Gruber and Saez (2000). Pollution intensities are from the estimation results in section 1.2.
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Table 1.3: Estimation Results - Tonnes of PM10(1980 − 2015)

OLS

(1) (2)
income after tax income before tax

Income before tax (10000) .0001759***
(3.42e-06)

Income squared -2.76e-06***
(1.92e-07)

Income after tax (10000) .0001774***
(3.95e-06)

Income squared -2.85e-06***
(2.34e-07)

Family size .000616*** .0006089***
(.0000143) (.0000144)

Family size squared -.0000441*** -.0000439***
(1.97e-06) (1.98e-06)

Age .0000683*** .0000702***
(1.30e-06) (1.31e-06)

Age squared -6.39e-07*** -6.61e-07***
(1.20e-08) (1.21e-08)

Married .0005426*** .0005573***
(.0000105) (.0000105)

Race

Black -.0004063*** -.0004197***
(.000011) (.000011)

Asian -.0004392*** -.0004417***
(.0000224) (.0000225)

Education of head

High school .0002981*** .0003025***
(.0000132) (.0000133)

Some college .0004896*** .0004966***
(.0000148) (.0000148)

College .0005164*** .0005265***
(.0000184) (.0000185)

Region

Midwest -.0001187 -.0000752
(.0002899) (.0002893)

South .000179* .0002042**
(.0000956) (.0000971)

West -.0001735* -.00014
(.0001026) (.0001041)

Rural .000055 .0000512
(.0000441) (.0000443)

State Fixed Effects Yes Yes
Year Fixed Effects Yes Yes
State-Year Interaction Yes Yes
Mean of dep. var. (in levels) .0035 .0035
R2 0.46 0.46
N 108,213 108,213

Notes: Income is in 10000 dollars, Statistically significant at the *** 1%
level; ** 5% level; * 10% level.
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Table 1.4: Estimation Results- Tonnes of SO2(1980 − 2015)

OLS

(1) (2)
income after tax income before tax

Income before tax (10000) .002457***
(.0000454)

Income squared -.0000364***
(2.36e-06)

Income after tax (10000) .0024804***
(.0000503)

Income squared -.0000371***
(2.75e-06)

Family size .0117612*** .011656***
(.0002702) (.0002708)

Family size squared -.0008696*** -.000867***
(.0000376) (.0000376)

Age .0012657*** .0012911***
(.0000227) (.0000228)

Age squared -.0000114*** -.0000117***
(2.12e-07) (2.13e-07)

Married .0082566*** .0084556***
(.0001855) (.0001861)

Race

Black -.0049264*** -.0051094***
(.0002089) (.0002094)

Asian -.0085267*** -.0085628***
(.0003688) (.0003703)

Education of head

High school .0056638*** .005722***
(.000249) (.0002498)

Some college .0084714*** .0085601***
(.0002725) (.0002735)

College .0087528*** .0088831***
(.0003297) (.0003308)

Region

Midwest .0016709 .0023064
(.005412) (.0053951)

South .0074449*** .0078035***
(.0018969) (.0019093)

West -.0068538*** -.0063807***
(.0020066) (.0020193)

Rural .004674*** .0046267***
(.0008149) (.0008176)

State Fixed Effects Yes Yes
Year Fixed Effects Yes Yes
State-Year Interaction Yes Yes
Mean of dep. var. (in levels) .063 .063
R2 0.43 0.43
N 108,213 108,213

Notes: Income is in 10000 dollars, Statistically significant at the *** 1%
level; ** 5% level; * 10% level.
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Table 1.5: Estimation Results - Tonnes of CO (1980-2015)

OLS

(1) (2)
income after tax income before tax

Income before tax (10000) .0013105***
(.0000309)

Income squared -.0000228***
(1.78e-06)

Income after tax (10000) .0013212***
(.0000358)

Income squared -.0000235***
(2.17e-06)

Family size .0032189*** .0031667***
(.0000917) (.0000921)

Family size squared -.0002459*** -.0002446***
(.0000122) (.0000122)

Age .0004297*** .0004431***
(.00001) (.0000101)

Age squared -4.17e-06*** -4.33e-06***
(9.15e-08) (9.21e-08)

Married .0038956*** .004001***
(.0000783) (.0000787)

Race

Black -.0029551*** -.0030524***
(.000081) (.0000815)

Asian -.0025942*** -.0026139***
(.0001757) (.0001764)

Education of head

High school .0020862*** .0021188***
(.0000997) (.0001004)

Some college .0033372*** .0033889***
(.0001124) (.0001131)

College .0036367*** .0037108***
(.0001439) (.0001447)

Region

Midwest -.0022849 -.0019676
(.0023428) (.0023461)

South .0000394 .0002239
(.0007503) (.0007623)

West -.0012903 -.0010474
(.0008032) (.0008152)

Rural .0006345* .0006074*
(.0003492) (.0003508)

State Fixed Effects Yes Yes
Year Fixed Effects Yes Yes
State-Year Interaction Yes Yes
Mean of dep. var. (in levels) .021 .021
R2 0.38 0.37
N 108,213 108,213

Notes: Income is in 10000 dollars, Statistically significant at the *** 1%
level; ** 5% level; * 10% level.
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Table 1.6: Estimation Results - Tonnes of VOC (1980-2015)

OLS

(1) (2)
income after tax income before tax

Income before tax (10000) .0005622***
(.0000128)

Income squared -9.67e-06***
(7.37e-07)

Income after tax (10000) .0005671***
(.000015)

Income squared -.00001***
(9.09e-07)

Family size .0013422*** .0013199***
(.0000375) (.0000377)

Family size squared -.0001013*** -.0001008***
(4.98e-06) (4.99e-06)

Age .0001739*** .0001797***
(4.15e-06) (4.18e-06)

Age squared -1.73e-06*** -1.80e-06***
(3.79e-08) (3.81e-08)

Married .0016481*** .0016937***
(.0000325) (.0000327)

Race

Black -.0012011*** -.0012431***
(.0000347) (.0000349)

Asian -.0009804*** -.0009888***
(.0000715) (.0000719)

Education of head

High school .0008413*** .0008553***
(.0000407) (.000041)

Some college .0013461*** .0013685***
(.0000457) (.000046)

College .0014758*** .0015078***
(.0000584) (.0000587)

Region

Midwest -.0009796 -.0008437
(.0008173) (.0008198)

South -.0003207 -.0002416
(.000272) (.0002765)

West -.0008301*** -.0007256**
(.0002967) (.0003013)

Rural .0001762 .0001644
(.0001458) (.0001465)

State Fixed Effects Yes Yes
Year Fixed Effects Yes Yes
State-Year Interaction Yes Yes
Mean of dep. var. (in levels) .0088 .0088
R2 0.40 0.39
N 108,213 108,213

Notes: Income is in 10000 dollars, Statistically significant at the *** 1%
level; ** 5% level; * 10% level.
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Table 1.7: Estimation Results - Tonnes of NOx(1980 − 2015)

OLS

(1) (2)
income after tax income before tax

Income before tax (10000) .0015653***
(.0000288)

Income squared -.000024***
(1.55e-06)

Income after tax (10000) .0015811***
(.0000324)

Income squared -.0000246***
(1.83e-06)

Family size .007171*** .0071041***
(.000154) (.0001543)

Family size squared -.0005175*** -.0005158***
(.0000214) (.0000214)

Age .0007963*** .0008123***
(.0000129) (.000013)

Age squared -7.11e-06*** -7.30e-06***
(1.21e-07) (1.21e-07)

Married .0052496*** .0053742***
(.0001053) (.0001058)

Race

Black -.0029645*** -.0030798***
(.0001183) (.0001187)

Asian -.0048566*** -.0048795***
(.0002138) (.0002148)

Education of head

High school .0034332*** .0034697***
(.0001392) (.0001398)

Some college .0052209*** .0052767***
(.0001526) (.0001532)

College .0054684*** .0055504***
(.0001844) (.0001852)

Region

Midwest .0008208 .0012236
(.0029552) (.0029528)

South .0034718*** .0036989***
(.001061) (.0010704)

West -.0038378*** -.0035392***
(.0011213) (.001131)

Rural .0020443*** .0020148***
(.0004418) (.000444)

State Fixed Effects Yes Yes
Year Fixed Effects Yes Yes
State-Year Interaction Yes Yes
Mean of dep. var. (in levels) .038 .038
R2 0.47 0.47
N 108,213 108,213

Notes: Income is in 10000 dollars, Statistically significant at the *** 1%
level; ** 5% level; * 10% level.
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Table 1.8: MCPF with Average Rate Progression (ARP) Preserving

Income Brackets 0-10000 10000-32000 32000-75000 75000+ Total

Income Mean (dollars) 4800 20050 46200 138100
Marginal Tax Rate 0.10 0.15 0.27 0.45
Taxable Income Elasticities 0.40 0.28 0.27 0.48
Income Elasticities 0.10 0.10 0.10 0.10
Social Weights 1.00 1.00 1.00 1.00
New Marginal Tax Rate 0.11 0.16 0.28 0.46
Change in Tax Revenue 83.71 101.44 43.53 3.79 232.46
Transfer 69.97 93.92 58.12 10.46 232.46
Change in Disposable Income 49.74 -10.09 -87.99 -81.76 -130.10
Pollution Cost 134.06 -26.34 -216.46 -159.03 -267.77

MCPF 1.17 Environmental
MCPF 0.02 Difference -1.15

MCPF (No Behavioral) 1.00 Environmental
MCPF 1.17 Difference 0.17

Marginal social cost
of Pollution
($ per tonne)

Total change
in tax revenue
(per household)

Total pollution
cost

Pollution cost
/Tax revenue

Environmental
MCPF

0.00 232.46 0.00 0.00 1.17
200 232.46 -53.55 -0.23 0.94
500 232.46 -133.88 -0.58 0.60
1000 232.46 -267.77 -1.15 0.02
2000 232.46 -535.53 -2.30 -1.13
4000 232.46 -1071.06 -4.61 -3.43
5000 232.46 -1338.83 -5.76 -4.58

39



Table 1.9: MCPF with Liability Progression (LP) Preserving

Income Brackets 0-10000 10000-32000 32000-75000 75000+ Total

Income Mean (dollars) 4800 20050 46200 138100
Marginal Tax Rate 0.10 0.15 0.27 0.45
Taxable Income Elasticities 0.40 0.28 0.27 0.48
Income Elasticities 0.10 0.10 0.10 0.10
Social Weights 1.00 1.00 1.00 1.00
New Marginal Tax Rate 0.101 0.152 0.273 0.455
Change in Tax Revenue 8.37 15.22 11.75 1.70 37.04
Transfer 11.15 14.97 9.26 1.67 37.04
Change in Disposable Income 9.13 1.38 -19.34 -31.81 -40.63
Pollution Cost 24.60 3.61 -47.57 -61.86 -81.22

MCPF 1.40 Environmental
MCPF -0.79 Difference -2.19

MCPF (No Behavioral) 1.00 Environmental
MCPF 1.27 Difference 0.27

Marginal social cost
of pollution
($ per tonne)

Total change
in tax revenue
(per household)

Total pollution
cost

Pollution cost
/Tax revenue

Environmental
MCPF

0 37.0434 0 0.00 1.40
200 37.0434 -16.2443 -0.44 0.96
500 37.0434 -40.6109 -1.10 0.30
1000 37.0434 -81.2217 -2.19 -0.79
2000 37.0434 -162.443 -4.39 -2.99
4000 37.0434 -324.887 -8.77 -7.37
5000 37.0434 -406.109 -10.96 -9.56
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Table 1.10: MCPF with Residual Income Progression (RIP) Preserving

Income Brackets 0-10000 10000-32000 32000-75000 75000+ Total

Income Mean (dollars) 4800 20050 46200 138100
Marginal Tax Rate 0.10 0.15 0.27 0.45
Taxable Income Elasticities 0.40 0.28 0.27 0.48
Income Elasticities 0.10 0.10 0.10 0.10
Social Weights 1.00 1.00 1.00 1.00
New Marginal Tax Rate 0.109 0.159 0.277 0.456
Change in Tax Revenue 75.34 86.23 31.78 2.08 195.42
Transfer 58.82 78.95 48.86 8.79 195.42
Change in Disposable Income 40.62 -11.48 -68.65 -49.96 -89.47
Pollution Cost 109.46 -29.95 -168.89 -97.17 -186.54

MCPF 1.13 Environmental
MCPF 0.18 Difference -0.95

MCPF (No Behavioral) 1.00 Environmental
MCPF 1.14 Difference 0.14

Marginal social cost
of Pollution
($ per tonne)

Total change
in tax revenue
(per household)

Total pollution
cost

Pollution cost
/Tax revenue

Environmental
MCPF

0.00 195.42 0.00 0.00 1.13
200 195.42 -37.31 -0.19 0.94
500 195.42 -93.27 -0.48 0.65
1000 195.42 -186.54 -0.95 0.18
2000 195.42 -373.09 -1.91 -0.78
4000 195.42 -746.17 -3.82 -2.69
5000 195.42 -932.72 -4.77 -3.64
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Table 1.11: MCPF from 1 percentage point increase in marginal tax rate of the top bracket

Income Brackets 0-10000 10000-32000 32000-75000 75000+ Total

Income Mean (dollars) 4800 20050 46200 138100
Marginal Tax Rate 0.10 0.15 0.27 0.45
Taxable Income Elasticities 0.40 0.28 0.27 0.48
Income Elasticities 0.10 0.10 0.10 0.10
Social Weights 1.00 1.00 1.00 1.00
New Marginal Tax Rate 0.11 0.15 0.27 0.45
Change in Tax Revenue 0.00 0.00 0.00 3.79 3.79
Transfer 1.14 1.53 0.95 0.17 3.79
Change in Disposable Income 1.14 1.53 0.95 -58.30 -54.69
Pollution Cost 3.07 3.99 2.33 -113.40 -104.01

MCPF 7.50 Environmental
MCPF -19.97 Difference -27.47

MCPF (No Behavioral) 1.00 Environmental
MCPF 1.62 Difference 0.62

Marginal social cost
of pollution
($ per tonne)

Total change
in tax revenue
(per household)

Total pollution
cost

Pollution cost
/Tax revenue

Environmental
MCPF

0.00 3.79 0.00 0.00 7.50
200 3.79 -20.80 -5.49 2.01
500 3.79 -52.00 -13.74 -6.24
1000 3.79 -104.01 -27.47 -19.97
2000 3.79 -208.02 -54.95 -47.45
4000 3.79 -416.03 -109.90 -102.40
5000 3.79 -520.04 -137.37 -129.87
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Table 1.12: MCPF from 1 percentage point increase in marginal tax rate of the third bracket

Income Brackets 0-10000 10000-32000 32000-75000 75000+ Total

Income Mean (dollars) 4800 20050 46200 138100
Marginal Tax Rate 0.10 0.15 0.27 0.45
Taxable Income Elasticities 0.40 0.28 0.27 0.48
Income Elasticities 0.10 0.10 0.10 0.10
Social Weights 1.00 1.00 1.00 1.00
New Marginal Tax Rate 0.10 0.16 0.27 0.45
Change in Tax Revenue 0.00 0.00 24.18 19.35 43.53
Transfer 13.10 17.59 10.88 1.96 43.53
Change in Disposable Income 13.10 17.59 -55.23 -17.39 -41.93
Pollution Cost 35.31 45.90 -135.85 -33.83 -88.47

MCPF 1.26 Environmental
MCPF -0.77 Difference -2.03

MCPF (No Behavioral) 1.00 Environmental
MCPF 1.29 Difference 0.29

Marginal social cost
of pollution
($ per tonne)

Total change
in tax revenue
(per household)

Total pollution
cost

Pollution cost
/Tax revenue

Environmental
MCPF

0.00 43.53 0.00 0.00 1.26
200 43.53 -17.69 -0.41 0.85
500 43.53 -44.23 -1.02 0.24
1000 43.53 -88.47 -2.03 -0.77
2000 43.53 -176.94 -4.06 -2.80
4000 43.53 -353.88 -8.13 -6.87
5000 43.53 -442.35 -10.16 -8.90

43



Table 1.13: MCPF from 1 percentage point increase in marginal tax rate of the second bracket

Income Brackets 0-10000 10000-32000 32000-75000 75000+ Total

Income Mean (dollars) 4800 20050 46200 138100
Marginal Tax Rate 0.10 0.15 0.27 0.45
Taxable Income Elasticities 0.40 0.28 0.27 0.48
Income Elasticities 0.10 0.10 0.10 0.10
Social Weights 1.00 1.00 1.00 1.00
New Marginal Tax Rate 0.10 0.15 0.28 0.45
Change in Tax Revenue 0.00 36.54 55.00 9.90 101.44
Transfer 30.53 40.98 25.36 4.56 101.44
Change in Disposable Income 30.53 -22.62 -29.64 -5.34 -27.06
Pollution Cost 82.29 -59.05 -72.91 -10.38 -60.05

MCPF 1.04 Environmental
MCPF 0.45 Difference -0.59

MCPF (No Behavioral) 1.00 Environmental
MCPF 1.10 Difference 0.10

Marginal social cost
of pollution
($ per tonne)

Total change
in tax revenue
(per household)

Total pollution
cost

Pollution cost
/Tax revenue

Environmental
MCPF

0.00 101.44 0.00 0.00 1.04
200 101.44 -12.01 -0.12 0.92
500 101.44 -30.02 -0.30 0.74
1000 101.44 -60.05 -0.59 0.45
2000 101.44 -120.10 -1.18 -0.14
4000 101.44 -240.19 -2.37 -1.33
5000 101.44 -300.24 -2.96 -1.92
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Table 1.14: MCPF from 1 percentage point increase in marginal tax rate of the first bracket

Income Brackets 0-10000 10000-32000 32000-75000 75000+ Total

Income Mean (dollars) 4800 20050 46200 138100
Marginal Tax Rate 0.10 0.15 0.27 0.45
Taxable Income Elasticities 0.40 0.28 0.27 0.48
Income Elasticities 0.10 0.10 0.10 0.10
Social Weights 1.00 1.00 1.00 1.00
New Marginal Tax Rate 0.10 0.15 0.27 0.46
Change in Tax Revenue 13.81 40.40 25.00 4.50 83.71
Transfer 25.20 33.82 20.93 3.77 83.71
Change in Disposable Income 4.97 -6.58 -4.07 -0.73 -6.42
Pollution Cost 13.39 -17.18 -10.02 -1.43 -15.24

MCPF 1.01 Environmental
MCPF 0.83 Difference -0.18

MCPF (No Behavioral) 1.00 Environmental
MCPF 1.02 Difference 0.02

Marginal social cost
of pollution
($ per tonne)

Total change
in tax revenue
(per household)

Total pollution
cost

Pollution cost
/Tax revenue

Environmental
MCPF

0.00 83.71 0.00 0.00 1.01
200 83.71 -3.05 -0.04 0.97
500 83.71 -7.62 -0.09 0.92
1000 83.71 -15.24 -0.18 0.83
2000 83.71 -30.48 -0.36 0.64
4000 83.71 -60.96 -0.73 0.28
5000 83.71 -76.19 -0.91 0.10
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1.7 Figures

Figure 1.1: Pollution (tonnes)

Figure 1.2: Pollution Intensity (tonne per thousand dollars)
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Figure 1.3: Marginal cost and benefit of income tax (Representative household with labour
distortions)

Figure 1.4: Marginal cost and benefit of income tax (Representative household with labour
distortions)

Figure 1.5: Marginal cost and benefit of income tax (Representative household with labour
distortions and marginal cost of public funds)
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Figure 1.6: Marginal cost and benefit of income tax (Representative household with labour
distortions and consumption externalities)

Figure 1.7: Marginal cost and benefit of income tax (Two households with labour distortions and
consumption externalities)- adding one income bracket below

Figure 1.8: Marginal cost and benefit of income tax (Two households with labour distortions and
consumption externalities)- adding one income bracket above
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Figure 1.9: Marginal Cost and Benefit From an Incremental Tax Rate Change

Figure 1.10: Optimal Income Tax Rates (Rawlsian)- MSC: Marginal Social Cost of Pollution (Hundred
dollars per tonne)
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Figure 1.11: Optimal Income Tax Rates (Utilitarian-Progressive)- MSC: Marginal Social Cost of
Pollution (Hundred dollars per tonne)

Figure 1.12: Optimal Income Tax Rates (Utilitarian-Conservative)- MSC: Marginal Social Cost of
Pollution (Hundred dollars per tonne)
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Figure 1.13: Optimal Income Tax Rates (No Redistribution)- MSC: Marginal Social Cost of Pollution
(Hundred dollars per tonne)
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Figure 1.14: Optimal Income Tax Rates (Constant Taxable Income Elasticity)- MSC: Marginal Social
Cost of Pollution (Hundred dollars per tonne)

Figure 1.15: Effective Average Income Tax Rates (Rawlsian)- MSC: Marginal Social Cost of
Pollution (Thousand dollars per tonne)
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Figure 1.16: Effective Average Income Tax Rates (Utilitarian-Progressive)- MSC: Marginal
Social Cost of Pollution (Thousand dollars per tonne)

Figure 1.17: Effective Average Income Tax Rates (Utilitarian-Conservative)- MSC: Marginal
Social Cost of Pollution (Thousand dollars per tonne)
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Figure 1.18: Effective Average Income Tax Rates (No Redistribution) - MSC: Marginal Social
Cost of Pollution (Thousand dollars per tonne)

Figure 1.19: Pollution per Household (tonnes)

54



Figure 1.20: Optimal Income Tax Rates (Rawlsian)
MSC: Marginal Social Cost of Pollution ($ per tonne)

Figure 1.21: Optimal Income Tax Rates (Utilitarian)
MSC: Marginal Social Cost of Pollution ($ per tonne)
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Figure 1.22: Optimal Income Tax Rates (No Redistribution)
MSC: Marginal Social Cost of Pollution ($ per tonne)
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Figure 1.23: Percentage Difference Between Optimal Commodity Tax and the Pigouvian Level-
MSC: Marginal Social Cost of Pollution ($ per tonne)

Figure 1.24: Optimal Income Tax Rates in the Presence of a Commodity Tax- MSC: Marginal
Social Cost of Pollution (hundred dollars per tonne)
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Figure 1.25: Total pollution under different scenarios (tonnes)- Utilitarian Progressive

Figure 1.26: Social welfare gain relative to the first-best scenario from one tonne of pollution
reduction - Utilitarian Progressive- MSC: Marginal Social Cost of Pollution ($ per tonne)
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Chapter 2

The Upstream Bias in Technological Change with Exhaustible

Resources

2.1 Introduction

Since Edwin Drake first produced crude oil from a Pennsylvania well in 1859, the petroleum

industry has been continuously innovating, with the hydraulic fracturing boom being but the latest

iteration.1 This has resulted in exhaustible resource prices falling relative to incomes and per capita

exhaustible resource consumption rising for the past two centuries. In contrast, on the demand side,

the internal combustion engine has changed little since Nicholas Otto’s four-cycle engine in 1876,

Carl Benz’s two-stroke engine in 1879 and Rudolph Diesel’s compression engine in 1892.2 Indeed,

the recent scandal in which Volkswagen settled with the U.S. Environmental Protection Agency for

a $4.3 billion dollar fine for manipulating automobile emissions data suggests that innovations in
1Henry D. Rogers’ discovery that oil and gas got trapped in geologic anticlines allowed wildcatters to use surface

features to find oil from Kansas to Saudi Arabia. John D. Rockefeller’s pipeline transportation enabled economies of
scale in transportation. Howard Hughes’ rotary rock drill bit enabled drillers to easily penetrate hard rock. William
Burton’s thermal cracking and Eugene Houdry’s catalytic cracking processes allowed refiners to extract valuable light
hydrocarbons from crude oil. Enhanced recovery methods such as water, gas, and steam injection enabled producers
to extract petroleum from heavy oil and tar sands. Offshore floating drilling platforms enabled production from the
North Sea and the Gulf of Mexico. Modern 3-D seismic maps enabled geologists to find pockets of oil previously
hidden. Hydraulic fracturing and horizontal drilling have allowed production from low permeability sandstone and
shale formations. See Cuddington and Moss (2001) for other examples.

2Major innovations in these sectors have either been relegated to niches, such as jet turbine engines to air transport
and electricity production, or like Felix Wankel’s rotary engine, used only at large scale by Mazda, or Elon Musk’s
electric Tesla model S, which has sold only 150,000 vehicles into a worldwide fleet with over a billion vehicles. These
have failed to displace more traditional designs.
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engine technology have been difficult to achieve.

Why has R&D apparently been biased towards the sector that produces exhaustible resources

rather than towards the final goods sector that uses those resources, and what implications does this

have for exhaustible resource production and prices? The answer to these questions have important

implications for policy makers concerned generally with conservation of natural resources and

specifically for those trying to alter our use of these resources in response to climate change.

This paper has four objectives. First, we document that, in contrast to predictions from

Hotelling’s (1931) theory of exhaustible resources,3 the long-term trends in exhaustible resource

markets have exhibited falling real prices and rising production.4 This disconnect between the

theory of exhaustible resources and the empirical evidence is a puzzle, since Hotelling’s explanation

that pricesmust rise to compensate owners for holding some stock from production is so compelling.

This disconnect has causedmany economists to dismiss the Hotellingmodel for its lack of empirical

support,5 and has led to many non-economic explanations gaining credibility.6

Second, we show that these trends can be explained by a model of biased R&D. Our theory

allowsR&D to be either directed towards the “upstream” exhaustible resource sector of the economy,

which produces the exhaustible resource from its in situ stock, or towards the “downstream” final
3Hotelling showed that with a fixed homogeneous stock, price minus marginal cost must rise at the rate of interest in

order for owners of the exhaustible resource stock to be indifferent between producing now or later. These theoretical
conclusions have been shown to be robust to a number of relaxations of his assumptions, including allowing the resource
stock to be heterogeneous in its extraction costs (e.g., Herfindahl, 1967, Schulze, 1974, Lewis, 1982, Chakravorty and
Krulce, 1994, Lin and Wagner, 2007, to assumptions regarding exploration (e.g., Swierzbinski and Robert, 1989), to
exploration and development (Boyce and Nøstbakken, 2011), to assumptions regarding uncertainty (e.g., Kemp, 1976,
Pindyck, 1980), and to market power (e.g., Hotelling, 1931, Stiglitz, 1976). See Dasgupta P.S. and Heal G.M (1979))
and Krautkraemer (1998)) for surveys of this literature.

4Barnett and Morse, 1963, Smith, 1979, Slade, 1982, Adelman, 1990, Krautkraemer, 1998, Cuddington and Moss,
2001, Lee et al., 2006, Lin and Wagner, 2007), Hamilton, 2009, and Hart and Spiro, 2011, inter alia, have previously
documented these trends.

5Adelman (1990), a long standing critic of Hotelling’s theory, asserted, “the total mineral in the earth is an irrelevant
non-binding constraint" (p. 1). Hamilton (2009), in a paper which asks what drives oil prices, argues that “although
Hotelling’s theory and its extensions are elegant, . . . the real price of oil declined steadily between 1957 and 1967, and
fell quite sharply between 1982 and 1986. As a result, many economists often think of oil prices as historically having
been influenced little or none by the issue of exhaustibility” (p. 187). Hart and Spiro (2009) argue that “scarcity rents
seem to have been marginal or non-existent historically [and] that they almost certainly do not dominate fossil resource
prices today” (p. 7834), and conclude that Hotelling’s model has little relevance for understanding energy markets.

6Hubbert’s “peak oil” theory, for example, was revived during the rise in prices in the mid-2000s, in spite of it,
too, having poor predictive power (Boyce, 2013). Economic implications of Darcy’s law, which relates how declining
pressure in a reservoir causes declining production in an oil or gas field, has been investigated by several economists
(e.g., Black and Lafrance, 1998, Boyce and Nøstbakken, 2011, Mason and Veld, 2013, and Anderson et al., 2014).
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goods sector, which uses the exhaustible resource to produce goods used in final consumption. R&D

researchers produce blueprints for new varieties of sector-specific machines. While both upstream

and downstream R&D have occurred over the past century,7 we assume that R&D production is

linear in the number of researchers, and that researchers are drawn to whichever sector provides the

highest return to R&D. This structure allows us to simply highlight why there might be a R&D bias

towards the upstream sector. Our main result is that R&D is initially biased towards the exhaustible

resource sector due to a low state of technology in mining relative to manufacturing at the end

of the 19th Century and due to low scarcity of the resource stock. While the second of these is

well known (e.g., Weitzman, 1999), the former has, to our knowledge, not been emphasized in the

literature.

Third, we use this model to test an inference that the mining share of labor is both relatively low

and is falling along the equilibrium path. Each of these facts is supported by the historical record.

Fourth, we use this model to make predictions about the future bias of R&D and its implications

for exhaustible prices and output. The equilibrium path has four phases. In the current phase, R&D

is biased towards the upstream sector, and rising output and falling prices in that sector cause rising

final good output. In phase two, exhaustible resource prices pass the trough in their U-shaped

path, but upstream R&D ensures that output in both sectors continue to rise. In phase three,

R&D switches to the downstream sector, but in spite of rising exhaustible resource prices, both

exhaustible resource production and final good production continue to rise. In the final Hotelling-

like phase, exhaustible resource production finally begins to fall. Throughout the equilibrium path,

the exhaustible resource share of labor falls and per capita consumption rises forever.

Economists have long suspected that technological change must be the cause of declining

exhaustible resource prices. Slade (1982) also argued that exhaustible resource prices would follow

a ‘U’-shaped path. Her explanation is that R&D done early in the production phase could be applied

to all future production, while R&D done later would only apply to the remaining reserves. Her,

model, however, assumes that R&D researchers work only in the upstream sector. Thus she cannot
7See Newell et al. (1999), David (2002), and Aghion et al. (2016) for evidence of R&D in sectors that use the

exhaustible resource.
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explain why downstream R&D, which reduces the amount of the exhaustible resource required to

produce a unit of final good, might occur or what effect that would have upon the equilibrium path.

General equilibriummodels of technological change with exhaustible resources, such as Stiglitz

(1974) and Nordhaus (1992), inter alia, using exogenous technological change, and Aghion and

Howitt (1998), using endogenous growth models, focus on models in which growth is balanced.8

While balanced growth is known to be empirically supported for growth in GDP and the physical

capital stock, it has two important implications for exhaustible resources, neither of which is

empirically supported. Along a balanced growth path, the economy uses a constant proportion of the

remaining exhaustible resource reserves at each point in time. Thus, exhaustible resource output and

reserves must each be falling at the same rate.9 Intuitively, if R&D is biased towards the exhaustible

resource sector, then output in that sector rises, all else constant, which cannot be consistent with

falling exhaustible resource output, as is required by balanced growth. Furthermore, general

equilibrium models of balanced growth with exhaustible resources, like their partial equilibrium

counterparts, imply that exhaustible prices are rising.10 Since neither rising exhaustible resource

prices nor falling exhaustible resource output are observed in the long-term trends, the upstream

bias in technological change must also cause non-balanced growth.11; 12

Acemoglu et al. (2012) and Acemoglu et al. (2016), have argued that there exists a bias towards

R&D in the dirty exhaustible resource dependent energy sector relative to a clean energy sector.

Their dirty sector, which produces transportation and power services, is, however, downstream to
8See also, inter alia, Smulders and Nooij (2003), Grimaud and Rougé (2003), Grimaud et al. (2011), and Bretschger

and Smulders (2012).
9When exhaustible resource reserves R are falling at the rate of exhaustible resource production, Q, so dR/dt ≡ R =

−Q, then balanced growth implies that R/R = −Q/R = −sR, where sR is constant. Thus, along a balanced growth path
R(t) = R0e−sR t and Q(t) = sRR0e−sR t , so that growth in exhaustible resource output must be negative.

10When the final good output is produced according to a Cobb-Douglas production functionwith exhaustible resource
share �, the price of the exhaustible resource PQ is related to final good output Y and the exhaustible resource output
Q according to PQ = �Y/Q, which implies that PQ/PQ = Y/Y − Q/Q. Thus, if final good output is rising, Y/Y > 0,
and exhaustible good output is falling, Q/Q < 0, then exhaustible resource price growth is positive.

11See Kongsamut et al. (2001) and Acemoglu and Guerrieri (2008) for models with very different causes of non-
balanced growth.

12Lin and Wagner (2007) claim to find a balanced growth model with exhaustible resources which has consumption
rising and prices falling. They define cumulative production C as growing at the rate of production Q: C = Q (see their
equation (1)). Then, balanced growth occurs when output is proportional to cumulative production: Q = scC (see their
equation (15)). This implies that C(t) = C(0)esc t and that Q(t) = scC(0)esc t . But exponentially rising production
can only occur over an infinite horizon if C(t) is unbounded, or that reserves R(t) are inexhaustible.
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the exhaustible resource producing sector. The exhaustible resource input price, however, depends

only upon scarcity rents, and no R&D is ever directed towards the upstream sector. Thus, their

dirty sector R&D affects the demand for the exhaustible resource, but, except through price effects,

does not affect the supply of exhaustible resources.

Aghion et al. (2016) define “grey” innovations as occurring when R&D reduces the quantity

of the input required to produce a unit of output, but by reducing the cost of the output, may also

stimulate demand for both the output and its inputs. These effects, combined with rising scarcity

rental prices for the resource stock, are why exhaustible resource prices begin to rise well before

R&D switches to the downstream sector, and why the bias in R&D switches before exhaustible

resource output falls.

The remainder of the paper is organized as follows. Section 2.2 documents several stylized

facts about exhaustible resources over the past 200 years. Section 2.3 sets up the theoretical model.

Section 2.4 characterizes the necessary conditions in the market economy. Section 2.5 shows that

no balanced growth path exists for this economy. Section 2.6 models the limiting steady-state and

transition dynamics along the equilibrium path. Section 2.7 concludes.

2.2 Stylized Facts

This section documents a number of stylized facts about exhaustible resources which are used

to motivate the theoretical model. Non-renewable resource industries, by their very nature, are

quite volatile, with large swings in prices and world production on a year-to-year basis.13 In part,

these are due to the attempts by Rockefeller, OPEC, the Hunt brothers, and others, to monopolize

markets, but another part is likely due to the Hotelling logic, that events far in the future affect

current choices. Since reasonable people can and do differ in their views of what that future entails,

changes in “animal spirits” can cause large swings in both prices and production. Nevertheless,
13In the data summarized in Figure 2.1 and Table 2.1, we define an annual growth rate for variable Xt as gX(t) =

ln(Xt/Xt−1). The 1% tails on each side of the distributions occur at (−0:74; 0:79) for annual price growth rates and at
(−0:69; 0:83) for annual production growth rates. Thus annual changes of ±75% or higher occur in about 2% of the
sample.
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several trends become clear when examined over the long term and across many minerals.

Wefirst document in Figure 2.1 the average annual growth rates for inflation-adjusted exhaustible

resource prices, gpQ
, and for exhaustible resource world production, gQ, for 85 minerals for which

both production and price data exists between 1900-2015.14 The price data is all U.S. prices,

but these appear to be representative of prices elsewhere, and have been treated so by numerous

economists (e.g., Barnett and Morse, 1963, Smith, 1979, Slade, 1982, Krautkraemer, 1998, Lee

et al., 2006, Lin and Wagner, 2007).15

Growth rates for the chemical elements are centered on their atomic symbol. All other minerals’

growth rates are indicated by a circle, labeled by their mineral name. The Hotelling prediction is

that real price growth is positive and production growth is negative, which would place the data in

the upper-left quadrant. Only one of the 85 minerals (1.2%), thallium (Tl), exhibits both falling

production and rising price growth. Only four minerals (4.7%), thallium, quartz-crystal, coal and

natural gas, exhibit prices rising faster than per capita income growth of gy = 0:0165 (the horizontal

line). Eight minerals (9.4%) [manganese (Mn), mercury (Hg), mica-sheet, peat, quartz-crystal,
14Data for the non-fuel U.S. mineral prices and world production is from T.D. Kelly and G.R. Matos, comps., 2014,

“Historical statistics for mineral and material commodities in the United States”, U.S. Geological Survey Data Series
140, accessedNovember 15, 2017 (https://minerals.usgs.gov/minerals/pubs/historical-statistics/).
Additional U.S. price data for the rare earth elements is from “Metal Prices in theUnited States Through 2010,” U.S.G.S.
Scientific Investigations Report 2012 - 5188. Petroleum data is from theWorld Oil (the August “Annual Review Issue”,
various years); petroleum data prior to 1956 are from theWorld Oil August 15, 1956 (pp. 145-147) “World Crude Oil
Production, by Country, by Years.” Data for natural gas and nuclear energy is from the BP Statistical Review of Energy,
2016. Uranium production data is only available from the U.S., but nuclear electricity production data is available
for the world. We converted nuclear electricity production data into uranium production using the U.S. 1994-2006
average rate of approximately 15 terawatt hours (1012 Watt hours) per million pounds of uranium, calculated from
U.S. data fro the U.S. Energy information Agency. Coal data for 1981-2015 are from the BP Statistical Review of
World Energy. Coal data from 1900-1980 are from Bob Andres and Gregg Marland, “Global CO2 Emissions from
Fossil-Fuel Burning, Cement Manufacture, and Gas Flaring: 1751-2014,” Oak Ridge National Laboratory (http:
//cdiac.ess-dive.lbl.gov/trends/emis/tre_glob_2014.html), from which coal production is calculated
from “Emissions from solid fuel consumption” using the average conversion of one metric ton of CO2 equaling 0.5
metric tons of coal for the world. These factors are the average for the overlap of data from 1981-2006. World and U.S.
real GDP per capita and world population growth rates are from Angus Maddison, “Historical Statistics of the World
Economy: 1-2008 AD,” (http://www.ggdc.net/maddison/maddison-project/home.htm).

15For example, since 1976, the average annual West Texas Intermediate petroleum price has a correlation higher
that r = 0:98 with the Brent (United Kingdom), Dubai, and Nigerian Forcados petroleum prices. Similarly, with coal,
since 1987, the average annual Appalachian spot price has a r = 0:87 correlation with the European marker price and
a r = 0:88 correlation with the Asian marker price. Only with minerals such as natural gas, where trade across oceans
has been small, does this break down. The Henry Hub (U.S.) price is correlated with the Alberta, Canada natural gas
price with r = 0:97, but the correlation with the Heren (U.K.) price is only r = 0:37. These price data are from the “BP
Statistical Review of World Energy June 2016,” http://www.bp.com/statisticalreview.
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thallium, tin (Sn), and vanadium (V)] have growth rates lower than the population growth rate

of n = 0:0133 (the vertical line), though only thallium has negative mean production growth.16

Thus, in terms of average annual growth rates, the data resoundingly rejects the hypothesis that real

exhaustible resource prices are rising and that exhaustible resource production is falling.

Table 2.1 shows the properties of the distribution across minerals of real price and production

growth rates by decade. Panel A shows the U.S. price and world production growth rates for the

20th century and panel B shows U.S. price and U.S. production growth rates for the 19th century.17

In the 20th century, only the 1950s, 2000s and 2010s had positive average price growth and only

the 1990s and 1930s had positive median price growth across the minerals for which data existed

in each decade, and overall both average and median price growth rates were negative. Only

40% of all price growth rates were positive over the whole 20th century, and at the median, no

decade had price growth higher than per capita income growth. In the 20th century, every decade

experienced positive production growth, and only 32% of minerals experienced negative world

production growth throughout the sample. In the 19th century, the mean price growth rate was

positive, although the median price growth rate was negative. Only in the 1890s, however, did the

price growth rate exceed the growth in per capita income. Production growth rates were positive

in every period, except the 1800-1820 median production growth rate (which was zero). Together,

Table 2.1 and Figure 2.1 show that exhaustible resource production growth has been positive and

that real (relative to the income) exhaustible resource price growth has been negative. Both are

opposite to predictions in most partial and general equilibrium Hotelling models.

Next, we use data from the United States to motivate onemore feature of our model, namely, that

the shares of exhaustible resources in aggregate income, and the labor share of exhaustible resource

income have been roughly constant for the past century. Figure 2.3 shows that the volatility in the

mining sector is clearly higher than in overall output, but even with this volatility, it is apparent that
16Twenty-eight minerals have only price growth data. Only three of these, iron and steel scrap, iron and steel slag,

and stone crushed, have positive mean price growth rates, and all are less than 1%, so are less than per capita income
growth.

17U.S. mineral prices and production in the 19th century are from Chapter M, "Minerals," of the “Historical
Statistics of the United States, Colonial Times to 1970,” https://www.census.gov/library/publications/
1975/compendia/hist_stats_colonial-1970.html.
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the relative shares have remained fairly constant over the past 135 years. The mining share of total

output has averaged between 3 and 4 percent18 and the share of mining output going to labor has

averaged between 20-33% of the value of mining output.19

Table 2.2 presents estimates of proved, undiscovered, and ultimately recoverable reserves for

petroleum, natural gas, and coal. The undiscovered estimates from USGS are for “undiscovered,

technically recoverable resources,” while those from the IEA are for “total resource.” Reserves

in 1850 include cumulative consumption (since 1850 for petroleum, and since 1950 for coal and

natural gas). The remaining reserves are the sum of proved and undiscovered reserves. Even

here, the animal spirits are restless, with EIA and USGS estimates of what remains to be found

differing by a factor of two or more. While proved reserves have been rising since 1950, ultimately

recoverable reserves – what we have in mind in the theory developed below – have, by definition,

been falling.

2.3 Theoretical Model

Now, we turn to our theoretical model to explain these facts. Utility is of the constant intertemporal

substitution variety, and production upstream and downstream are each Cobb-Douglas and constant
18The mining share of income is constructed from the two sources. For the period 1880-1970, we use “Historical

Statistics of the United States, Colonial Times to 1970” (https://www.census.gov/library/publications/
1975/compendia/hist_stats_colonial-1970.html), estimates of GNP (Table F-1) and the value of mineral
products (Table M-13). The ratio of mining value to GNP ranged from 2.88% to 6.83% and averaged 4.37%, with
a standard deviation of 0:94$. For the period 1947-2016, we use data from the U.S. Bureau of Economic Analysis
(http://www.bea.gov/industry/gdpbyind_data.htm), which reports GDP in value added and in gross output
by industry and in total. Taking the ratio of the gross output in mining to the total GDP as estimated by value added
yields a ratio that ranged between 1.59% and 7.04% with an average of 3.40% and a standard deviation of 1:19%.
between 1947-2016. Estimates using the mining value added GDP in the numerator and total value added GDP in the
denominator yield a lower average (1.88%, with a standard deviation of 0:66%). By comparison, Hamilton (2009, p.
193) estimates that the share of crude oil, which has the largest GDP share of all exhaustible resources, in the U.S.
economy has ranged between about 1.1% to 8.3% from 1970-2008.

19The labor share of mining income is calculated from the USHS data using number of employees (Series D-128)
times the average annual earnings per full-time employee (Series D-741) to get total labor compensation, which is
divided by the value of mining sector output (Series D-13). The labor share of mining income ranged from 19.7% to
47.8%, with a mean of 32.2% and standard deviation of 7:55% over 1900-1970. The BEA estimate is calculated by
dividing total employee compensation by the gross mining output. This estimate ranged from 12.3% to 28.4%, with a
mean of 20.3% and a standard deviation of 3:67%. By comparison, Acemoglu and Guerrieri (2008) estimate the labor
share of mining income as 33%, using value added data from 1987-2005. We use their estimate below.
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returns to scale in the variable inputs. The Cobb-Douglas production assumptions imply both that

the exhaustible resource is essential to final goods consumption, so that exhaustion occurs only in

the limit, and that the shares of sectoral income to each input are constant. These assumptions are

common to models in which technological change and exhaustible resources are considered (e.g.,

Stiglitz, 1974, Nordhaus, 1992), and are broadly consistent with the evidence just presented.

The economy is characterized by a continuum of infinitely lived consumers who choose per

capita consumption c at each date t to maximize

U = L(0)∫

∞

0
e−(�−n)t [

c(t)1−� − 1
1 − �

] dt; (2.1)

where � > n is the discount factor, n is the population growth rate, and 1/� is the intertemporal

elasticity of substitution. The population starts at level L(0). Using Maddison’s world population

estimates, we assume that n ≈ 0:013. Hall (1998, p. 350) states “the evidence points in the direction

of a low value for the intertemporal elasticity. . . probably not above 0.2.” We set � ≈ 5.

The exhaustible resource stock R depletes at the rate of production Q, and total production is

limited by the ultimately recoverable reserves, R(0), of the exhaustible resource stock:

R(t) = −Q(t); and R(0) ≥ ∫

∞

0
Q(t)dt; (2.2)

where we use the notation R ≡ dR/dt to denote time derivatives.

Production Y in the downstream final good sector is given by

Y(t) = (
1

1 − �
) LY(t)�1Q(t)�2

∫

A(t)

0
xi(t)1−� di: (2.3)

The parameters are such that 0 < �1; �2; � ≡ �1 + �2 < 1. Empirically, the labor share of income

in final goods production is �1 ≈ 0:66 (Acemoglu et al., 2012, Fig. 2.11, showing U.S. averages

1929-1999). The exhaustible resource share of income in final goods production is �2 ≈ 0:04.

Thus, final good output is constant returns to scale in labor, LY , the exhaustible resource, Q, and
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downstream machines, xi, but it is increasing returns to scale when the number of varieties of

downstream machines A used in production expands.

Production Q in the upstream exhaustible resource sector is given by

Q(t) = (
1

1 − �
) LQ(t)� ∫

B(t)

0
zi(t)1−� di; (2.4)

where 0 < � < 1. Empirically, the labor share of income in mining, using the value-added

estimate from Acemoglu and Guerrieri (2008), is � ≈ 1/3. This production function, too, is

constant returns to scale in labor LQ, and upstream machines, zi, but is increasing returns when the

number of varieties of upstreammachines B used in production expands. An important simplifying

assumption in (2.4) is that the resource stock R does not affect exhaustible resource production.

Therefore, the resource stock is non-Ricardian.

In each sector, technological improvement occurs because of an expansion in the number of

varieties of intermediate goods (Jones, 1995), where the numbers of varieties in the downstream

and upstream sectors, respectively, grow according to

A(t) = �AA(t)�LA(t) and B(t) = �BB(t)�LB(t): (2.5)

where A(0) and B(0) are initial numbers of varieties of downstream and upstream technologies,

�A and �B are intrinsic differences in the ease of creating ideas in each sector, LA and LB are the

quantities of labor devoted to R&D in each sector, respectively, and where 0 < � < 1.

These production functions for new varieties ideas have two important characteristics. First, the

contribution of past ideas is diminishing in the number of ideas, as indicated by the � coefficient on

states of technology. This allows us to derive the growth rates under a balanced growth path, were

one to exist, as given by g = n
1−� . From Angus Maddison’s data on world GDP and population, the

world population grew from 1.563 billion in 1900 to 6.764 billion in 2009, for an average annual

growth rate of n = 0:0133. Per capita GDP in 1990 dollars grew from $1,261 to $7,614, for an

average annual growth rate of g = 0:0165. Thus, 0:0165 = 0:0133/(1 − �), implying � ≈ 0:2, so
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that every doubling of the stock of ideas increases the rate of new ideas by about 20:2 = 1:15, or that

output of ideas increases by 15%, for every doubling of the stock of ideas, all else equal.

Second, the number of ideas produced is linear in the number of researchers in each sector.

This simplifying assumption is made for two reasons.20 (i) Doing so allows us to clearly highlight

in the simplest possible manner why the bias may run in one direction or the other, since the

equilibrium is a sequence of intervals in which all R&D is targeted to one sector or the other in each

interval. (ii) Because growth is shown below to be non-balanced, it is very difficult to continuously

calculate the present-value of the stream of R&D profits at each point in time, but it is not difficult

to calculate them at the moment where the bias in R&D switches from one sector to the other.

This assumption makes our model similar to Acemoglu et al. (2012), where R&D is all-or-nothing

across the sectors, though, unlike them, as is discussed below, we allow researchers to capture the

present-value stream of intermediate good sector profits from the fruits of their labor.

Also, following Acemoglu et al. (2012), we assume that constant shares of labor are allocated

to production and to R&D. Share 
 of labor is allocated to production and share 1 − 
 of labor is

allocated to R&D. These imply

LY(t) + LQ(t) = 
L(t); and LA(t) + LB(t) = (1 − 
)L(t): (2.6)

Empirically, 
 ≈ 0:98 in the U.S. and developed countries (Jones, 2002).

Finally, the economy-wide resource constraint requires that final good production must exceed

consumption plus machine rental costs in the two sectors:

Y(t) ≥ c(t)L(t) + (1 − �)∫

A(t)

0
xi(t)di + (1 − �)∫

B(t)

0
zi(t)di; (2.7)

where in each period a machine in the downstream sector costs 1 − � units of the final good and a

machine in the upstream sector costs 1 − � units of the final good.
20See Bloom et al. (2017) and Boyce (2017) on whether R&D is subject to congestion in the number of researchers.
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2.4 Market Equilibrium

This section derives the necessary conditions to the dynamic general equilibrium for this economy.

An equilibrium consists of the time paths for per capita consumption, c, and aggregate consumption,

cL; labor allocations in production, LY and LQ, and in R&D, LA and LB; machine production

X = ∫
A

0 xidi in the downstream final good sector and Z = ∫
B

0 zidi in the upstream exhaustible

resource sector; outputs Y in the downstream final good sector and Q in the exhaustible resource

sector; the stocks of ideas A in the downstream final good sector and B in the upstream exhaustible

resource sector; the stock of the exhaustible resource R, and the size of the population L; output

prices in the downstream final good sector pY , in the upstream exhaustible resource sector pQ; wages

for production labor w and wages for R&D labor v; rental prices of machines in the downstream

final good sector pxi and in the upstream exhaustible resource sector pzi ; prices paid for newly

discovered patents in the downstream final good sector PA and in the upstream exhaustible resource

sector PB; the scarcity rental price of the exhaustible resource pR; and the interest rate r . The

initial conditions for labor L(0), the exhaustible resource stock R(0), and the stocks of ideas in the

downstream final good sector A(0) and the upstream exhaustible resource sector B(0), are taken

as given.

2.4.1 The Downstream Final Good Sector

The downstream final goods sector produces the final good Y using labor, LY , exhaustible resource

output, Q, and machines, xi, i ∈ [0; A]. Downstream final goods producers face output price pY ,

which we normalize to pY = 1 for all t (the numeraire), and input prices pQ, the price of the

exhaustible resource purchased from upstream producers, pxi , the rental price for a machine of

variety i ∈ [0; A], and w, the wage paid to labor. Thus, for a given A, profits to a firm in the

downstream sector are �Y = Y − wLY − pQQ − ∫
A

0 pxi xidi.

Final good demand for labor and for the exhaustible resource output satisfies
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�1Y(t) = LY(t)w(t); (2.8)

and

�2Y(t) = pQ(t)Q(t)

= m(t)pR(t)Q(t); (2.9)

where

m(t) ≡ pQ(t)/pR(t) ≥ 1 (2.10)

is themarkup above the scarcity rental price, pR, that the final goods sectors pays for the exhaustible

resource. This markup must be greater than one in value, since, to produce from the exhaustible

resource stock, the exhaustible resource sectormust cover the cost of labor andmachines, in addition

to the cost of using the exhaustible resource stock. This markup can be interpreted in another way.

Since 1/m = pR/pQ, 1/m represents the share of the scarcity rents in the exhaustible resource price

that consumers pay.21 When m is large, the scarcity rental share of exhaustible resource prices is

small. This markup, which is endogenous, and is therefore allowed to vary over time, plays an

important role in the equilibrium.

Given the downstream price of pY = 1 for all t, the inverse demand for machines of variety

i ∈ [0; A] is

pxi(t) = LY(t)�1Q(t)�2 xi(t)−�:

Facing marginal production costs of 1 − � units of the final good, the downstream machine
21An estimate of the proportion of mining revenues that accrue as rents can be calculated from U.S. Office of

Natural Resource Revenues data in federal minerals leases. ONRR reports (http://statistics.onrr.gov/ReportTool.aspx)
by commodity a number of statistics about rents collected, including the total sales value to firms upon which royalties
and other payments are made, and data on bonus bids (up-front payments made by producers to obtain the right to
produce from the resource stock at a given royalty rate on production). For fiscal years 2003-2014, over all land
categories and all states and offshore regions of the U.S., royalty rents accounted for 10.9%, 12.8%, and 13.4% of sales
revenues for coal, natural gas, and petroleum, respectively. In addition, bonus bids amounted to an additional 3.1% of
oil and gas total sales. These suggest that 1/m, the share of income paid to the owner of the resource stocks, ranged
from between 10.9% to 16.5% of the revenue earned by firms producing on federal lands and off-shore leases.
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producer’s monopolistic owner maximizes profits by setting pxi(t) ≡ px(t) = 1, which is greater

than the marginal cost of 1 − �. Thus, machine supply and profits to the machine producer are

xi(t) ≡ x(t) = [LQ(t)�1Q(t)�2]
1/�

= (1 − �)Y(t)/A(t);

and �xi(t) ≡ �x(t) = � [LQ(t)�1Q(t)�2]
1/�

= �(1 − �)Y(t)/A(t); (2.11)

where the second equalities for x and �x use the next result. Substituting from (2.11) for xi into

(2.3) and simplifying implies that production of the final good may be written as a function of the

exhaustible resource inputs purchased from the upstream sector, and the state of technology in the

downstream sector:

Y(t) = (
1

1 − �
) [LY(t)�1Q(t)�2]

1/� A(t): (2.12)

Because the xi are identical for all i, we may write the total machine use as a measure of the capital

used in final goods production as KY = X = ∫
A

0 xdi, so that x = X/A. Substituting this into (2.3)

yields Y = ( 1
1−�) (ALY)

�1(AQ)�2K1−�
Y . Thus, technological change is both labor- and exhaustible

resource-augmenting, where labor and capital in the form of machines are sector specific.22

2.4.2 The Upstream Exhaustible Resource Sector

The upstream exhaustible resource sector produces the exhaustible resource from the exhaustible

resource stock using labor and machines. The upstream producer faces output price pQ = mpR,

scarcity rental price pR for each unit produced from the resource stock, wage w for labor, machine

prices pzi(t) for variety i ∈ [0; B], and an interest rate r . The net price a exhaustible resource

producer earns for each unit of output is pQ − pR. But since pQ = mpR, we may rewrite this as

pR(m − 1). Therefore, profits to the upstream sector are �q = pR(m − 1)Q − wLQ − ∫
B

0 pzi zidi.

Since someone owns the resource stock, that person must be compensated for holding stock for
22In a Cobb-Douglas framework with constant returns to scale, we know of no specification of endogenous growth

that yields labor-only-augmenting technical change. Aghion and Howitt (1998, pp. 162-65), however, show that it is
possible to get balanced growth in a one-sector version of this model with exhaustible resources, when the only cost to
the exhaustible resource is its scarcity rental cost.
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future use. The compensation is that the the scarcity rental price on the resource stock rises at the

rate of interest, the return to other assets in the economy:

gpR(t) ≡
pR(t)
pR(t)

= r(t); (2.13)

where pR(t) is the time derivative of pR(t) and gpR(t) is the percentage growth rate for the

scarcity rental price. This is the standard Hotelling rule for a homogeneous exhaustible resource

stock. Thus, the scarcity rental price under this formulation is rising, since r ≥ 0.23

An important implication of (2.13) is that growth in the consumer price paid for the exhaustible

resource pQ is

gpQ
(t) = gm(t) + gpR(t): (2.14)

If the markup m were constant, as it would be under a balanced growth path, then growth in both the

scarcity rental price pR and the consumer price pQ are each equal and positive, since the Hotelling

effect (gpR = r > 0) would drive prices upwards. However, if no balanced growth path exists, as we

show below, then the consumer price pQ = mpR will vary also by how the markup m varies over

time. It is this effect, a declining markup value, which we claim gives rise to falling exhaustible

resource prices pQ.

Labor demand by the upstream sector satisfies

�pR(t)[m(t) − 1]Q(t) = w(t)LQ(t): (2.15)

We shall find it useful below to describe the share of production labor used in the upstream

sector as

s(t) ≡
LQ(t)

L(t)

: (2.16)

23In the event that the exhaustible stock entered the production function (2.4) directly, say with exponent �2 ∈ (0; 1),
then the price growth is gpR = r − �2(m − 1)Q

R
, where Q

R
is the ratio of resource production to reserves. This second

effect is known as the Ricardian effect since production of the exhaustible resource falls as the resource stock falls,
all else equal. It is well-known, however, that the combined effect of these two effects is positive along the Ricardian
equilibrium path, i.e., gpR = r − �2(m − 1)Q

R
> 0 (e.g., Schulze, 1974, Farzin Hossein, 1992). In this case, however,

the entire resource stock may not be physically exhausted, i.e., in the limit pR ≥ 0, R ≥ 0 and pRR = 0.
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We may use the ratio of the two sectors’ labor demands, (2.8) and (2.15) to relate the share of

production labor utilized by the upstream sector, s, to the markup, m:


L(t) − LQ(t)
LQ(t)

=
�1Y(t)

�pR(t)[m(t) − 1]Q(t)

or

1 − s(t)
s(t)

=
�1
��2

(
m(t)

m(t) − 1
) (2.17)

In the equality in the first line, we divide the downstream labor demand by the upstream labor

demand, writing the ratio of labor demands LY/LQ on the left-hand-side (noting that the wages

cancel), and writing downstream labor demand written as LY = 
L−LQ using (2.6). This is equated

with the ratio of the shares of labor income on the right-hand-side. In the second line, the term at

right uses (2.9) to write Y/pRQ = m/�2, leaving only an expression involving the markup m. The

expression on the left-hand-side left multiplies the term at left in the first equality by 1/
L
1/
L to write

the ratio of labor demands as the ratio of the shares of labor used in each sector.

The owner of variety i ∈ [0; B] of the upstream sector possesses a patent which allows her to

charge monopoly prices for her variety of machines. The upstream demand for machines of variety

i ∈ [0; B] is

pzi(t) = pR(t)[m(t) − 1]LQ(t)�zi(t)−�; i ∈ [0; B(t)]:

The upstream intermediate good producer faces marginal production costs of 1− �. Thus profits

are �zi = [pzi − (1 − �)]zi. Profit maximization implies that pzi(t) ≡ pz = 1 > 1 − �, and output and

profits are given by

z(t) = {pR(t)[m(t) − 1]}1/� LQ(t) = pR(t)[m(t) − 1]Q(t)/B(t); and

�z(t) = � {pR(t)[m(t) − 1]}1/� LQ(t) = �(1 − �)pR(t)[m(t) − 1]Q(t)/B(t); (2.18)

where the latter equalities use the next result. Using (2.18) and (2.4), equilibrium upstream natural
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resource production is

Q(t) = (
1

1 − �
){pR(t) [m(t) − 1]}(1−�)/� LQ(t)B(t): (2.19)

Thus, exhaustible resource supply is increasing in the labor used in that sector, in the net price,

pQ − pR = pR(m − 1), and in the upstream state of knowledge B. Letting KQ = Z = ∫
B

0 z di,

then the fact that zi is constant implies that z = KQ/B. Substituting this into (2.4) yields, Q =

( 1
1−�) (BLQ)�K1−�

Q . Thus, upstream production exhibits labor-augmenting technological change,

in the labor and capital used in that sector.

To gain intuition as to why a bias towards the upstream sector can be responsible for the

observed price and production growth rates observed in Figure 2.1 and Table 2.1, we use the final

good demand for exhaustible resources (2.9) and the supply of exhaustible resources (2.19) to write

the exhaustible resource supply and demand equilibrium as

�2Y(t)
Q(t)

= pQ(t) = pR(t)m(t) = pR(t) + [(1 − �) Q(t)
LQ(t)B(t)

]

�/(1−�)

:

This is shown in Figure 2.2, which shows the the inverse demand and supply curve for two values

of B, where B1 > B0, and taking as given rising scarcity rents, p1
R > p0

R. Absent technological

change in the upstream sector, rising scarcity rents causes the supply curve to shift upwards. But

with technological change in the exhaustible resource sector, exhaustible prices fall and exhaustible

resource output rise, as occurred with the hydraulic fracturing and horizontal drilling innovation

in oil and gas. Using this graph, we could also show that with rising scarcity rents, an increase in

downstream R&D (a shift upwards of the demand curve) has ambiguous effects upon exhaustible

resource output, although it unambiguously increases exhaustible resource prices (since both supply

and demand shift upwards). Of course, an increase in upstreamR&Dhas general equilibrium effects

which alter LQ and Y as well, so below we analyze this equilibrium controlling for these effects.
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2.4.3 The R&D Sector

Next, let us turn to the R&D sector. Let PA denote themaximumprice that downstream intermediate

goods producers are willing to pay for the right to own the patent. This equals the present value of

the profits they can earn from the monopoly they obtain. Using the second equality in (2.11) yields

that at interest rate r , the present value of future profits is

PA(t) = ∫

∞

t
e−∫

�
0 r(s)ds�(1 − �)Y(�)/A(�)d�:

If growth were balanced, then under the usual assumption that output Y grows at rate g + n when

A grows at rate g, it follows that PA grows at rate r − n, implying that PA =
�(1−�)Y/A

r−n . But even if

growth is not balanced, we may still write this as

PA(t) =
�(1 − �)Y(t)/A(t)
r̄(t) − ḡY(t) + ḡA(t)

; (2.20)

where r̄(t), ḡY(t), ḡA(t), and m̄, respectively, are the mean future expected interest rate, expected

growth in Y , and expected growth in A. That is, starting at time t, if r , Y , and A grow at these mean

rates forever, then their terminal values will equal their limiting steady-state values.

The value of a patent in the upstream sector, PB, is found by similar methods. From (2.19), the

present value of profits to an upstream machine goods producer are

PB(t) =
�(1 − �)pR(t)[m(t) − 1]Q(t)/B(t)

r̄(t) − ḡpR(t) −
m̄

m̄−1 ḡm − gQ + ḡB
; (2.21)

where ḡpQ
, ḡQ, ḡm and ḡB are the expectations of future growth in pR, Q, m and B, respectively.

A method for calculating these expected rates is shown in Appendix B.1. The importance

of being able calculate these expected future growth rates is that it allows agents to estimate the

present-value of a future stream of profits for a patent at time t0, knowing only the current value of

q0 of variable q and being able to anticipate the limiting value of q∗, even though the actual growth
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of variables such as the interest rate and machine profits may be varying in a complicated fashion.

Because rational forward looking agents can make this calculation, we are not forced, as are

Acemoglu et al. (2012) and Acemoglu et al. (2016), into assuming that R&D researchers ignore

future profits when they engage in R&D. The assumption that R&D profits only last an instant

forces two additional complications in Acemoglu et al. (2012) and Acemoglu et al. (2016). The

first is that because profits only last an instant, and because the arrival rate of new ideas is finite,

to avoid switching between monopoly and competitive profits, the monopoly profits in the interval

before the next innovation are randomly allocated to individuals who neither had anything to do

with the original innovation nor who can anticipate their windfall, since it is a zero measure event

to any individual. Clearly, this causes R&D researchers to under-value the return to a patent since

they cannot capture the full present value of the monopoly profits from that patent. Second, because

R&D profits only last an instant, the usual arbitrage relationship that over an interval of time the

holder of the patent must equate the foregone interest earnings from selling the patent with the

machine profits plus capital gains, e.g., that r = �x +
PA
PA

in our notation, which gives rise to an

interest rate, is lacking. Thus, there is no reason for an interest rate to exist in their model. Here,

that is a very serious limitation, since the Hotelling rule (2.13) depends explicitly upon there being

alternative assets earning a rate of return r .

Given that a researcher has probability �AA� of discovering a new variety, the expected profits

of doing research in the downstream sector are

�A(t) =
�A�(1 − �)Y(t)A(t)�−1

r̄(t) − ḡY(t) + ḡA(t)
: (2.22)

Similarly, since a researcher has probability �BB� of successfully discovering a new variety of

upstream machines, the expected profits to doing R&D in the upstream sector are

�B(t) =
�B�(1 − �)pR(t)[m(t) − 1]Q(t)B(t)�−1

r̄(t) − ḡpR(t) −
m̄

m̄−1 ḡm − gQ + ḡB
: (2.23)
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At equilibrium R&D sector wage v, the R&D allocation complementary-slackness conditions are:

LA(t) ≥ 0; �A(t) ≥ v(t); and LA(t)[�A(t) − v(t)] = 0;

LB(t) ≥ 0; �B(t) ≥ v(t); and LB(t) [�B(t) − v(t)] = 0:

Below we analyze the ratio of downstream R&D profits given by (2.22) to upstream R&D profits

given by (2.23), �A/�B. When this ratio is greater than one, all R&D goes to the downstream sector,

and when this ratio is less than one, all R&D goes to the upstream sector.

2.4.4 Model Closure

Since consumers own their own labor, all firms and all assets, the budget constraint for this economy

is

Labor Income
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

Lw + (1 − 
)Lv +

Upstream/Downstream profits
³¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹µ
�Y + �Q +

Intermediate Good Profits
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
A�x − APA + B�z − BPB

+ [�A − v]LA + [�B − v]LB
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

R&D profits

+ pRQ
±

Resource Rents

≥ cL
¯

Consumption

:

After canceling all duplicate terms, this can be show to collapse to (2.7). From (2.11) we see

that ∫
A

0 x di = (1 − �)Y , and from (2.18) we see that ∫
B

0 z di = (1 − �)pR(m − 1)Q. Thus, the

economy-wide resource constraint (2.7) can be written as

Y(t) = c(t)L(t) + (1 − �)2Y(t) + (1 − �)2pR(t)[m(t) − 1]Q(t)

1 =
c(t)L(t)

Y(t)
+ (1 − �)2 + (1 − �)2 pR(t)[m(t) − 1]Q(t)

Y(t)

1 =
c(t)L(t)

Y(t)
+ (1 − �)2 + �2(1 − �)2 [

m(t) − 1
m(t)

] ; (2.24)

where second line divides by Y and the last line uses final good demand for exhaustible resources

(2.9) to set Q/Y = �2/pRm, leaving only �2
m−1

m in the last term.
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Per capita consumption growth is

gc ≡
c
c
=

r(t) − �
�

: (2.25)

And, finally, the no-Ponzi scheme (transversality) conditions for the three stocks are:

lim
t�∞

[e−∫
t

0 r(s) ds A(t)PA(t)] = 0; lim
t�∞

[e−∫
t

0 r(s) dsB(t)PB(t)] = 0;

and lim
t�∞

[e−∫
t

0 r(s) dsR(t)pR(t)] = 0: (2.26)

2.4.5 The Equilibrium Dynamics

We conclude this section by deriving the implied dynamics of the market equilibrium. The

equilibrium steady-state and transition dynamics are found by solving the following system in
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growth rates (where we omit time notation, although all variables are varying over time):

Hotelling’s Condition Ô� gpR = r; (2.27a)

Ramsey Consumption Growth Ô� r = �gc + �; (2.27b)

�1Y = wLY Ô� gY = gw + gLY; (2.27c)

�2Y = pRmQ Ô� gY = gpR + gm + gQ; (2.27d)

Y =
[L�1

Y Q�2]
1/�

A
1 − �

Ô� gY =
�1
�

gLY +
�2
�

gQ + gA; (2.27e)

�pR(m − 1)Q = wLQ Ô� gpR + (
m

m − 1
) gm + gQ

= gw + gLQ
; (2.27f)

Q =
[pR(m − 1)](1−�)/�LQB

1 − �
Ô� gQ = gLQ

+ gB

+
1 − �
�

[gpR + (
m

m − 1
) gm] ; (27g)

1 =
cL
Y

+ (1 − �)2 + �2(1 − �)2 [
m − 1

m
] Ô� {[1 − (1 − �)2]m

− �2(1 − �)2(m − 1)} [gY − gc − n]

= �2(1 − �)2gm; (27h)
1 − s

s
=
�1
��2

(
m

m − 1
) Ô� �2�(m − 1)2gs = �1msgm; (27i)

s = LQ/L Ô� gs = gLQ
− n; (27j)

R = −Q Ô� gR = −
Q
R
; (27k)

pQ = pRm Ô� gpQ
= gm + gpR; (27l)

Thus, the equilibrium includes the Hotelling scarcity rental price growth condition (2.27a), the

Ramsey consumption growth equation (2.27b), the downstream labor demand growth (2.27c), the

downstream exhaustible resource demand growth (2.27d), downstream production growth (2.27e),

upstream labor demand growth (2.27f), upstream production growth (27g), the budget constraint

growth (27h), the share of labor used upstream growth (27i), the exhaustible resource share of labor
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growth (27j), the growth in the exhaustible resource stock (27k), and growth in the exhaustible

resource price (27l).

Now, we turn to our analysis of why growth is not balanced.

2.5 Why Growth is Not Balanced

If a balanced growth path (BGP) exists, it must have m > 1, since otherwise the upstream sector

cannot pay for labor and machines. Thus, we may use the equilibrium budget constraint (27h) to

infer that for growth to be balanced, both cL/Y and m−1
m must be constant, so gc +n = gY and gm = 0

along a balanced growth path.

From (27i), we see that this implies that gs = 0. Thus, s is constant and, because labor is

essential to production, 0 < s < 1. Since gs = 0, we see from (27j) that gLQ
= n. Since s is constant,

so is 1 − s, from which it follows that gLY = n as well.

Observe that when gs = gm = 0, then (27i) can be satisfied for any value of 0 < s < 1. Thus

the constant s is not identified. Furthermore, since every term involving m in the system (2.27) is

multiplied by gm, gs, or by gY − gc − n, all of which equal zero, we also cannot identify m. This

suggests that there is a problem with the BGP. But to see the problem, let us continue.

Next, labor demand in the final goods sector (2.15) implies that gY = gw + n, so that gw = gc.

Then, from the Hotelling condition (2.13) and growth in per capita consumption equation (2.25),

gpR = r = �gc + �.

Balanced growth also implies that the ratio B/A is constant, since gm = 0 implies that m/(m−1)

is constant. If only B is growing, then �B eventually becomes smaller than �A, causing a switch in

R&D to the downstream sector, and if only A is growing, then �A eventually becomes less than �B,

causing R&D to switch to the upstream sector. Therefore, along a BGP B/A is constant, implying

that gB = gA = g ≡ n/(1 − �).

Balanced growth in the exhaustible resource sector requires that gR = −Q/R, so the ratio Q/R

must be constant. This implies that gQ = −Q/R as well.
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This leaves three growth equations remaining to be solved.24 These are the growth in final goods

demand for resources (2.27d), and growth in the two equilibrium production functions (2.27e) and

(27g), which we write in terms of gc and Q
R after substituting that g∗Y = g∗c + n and g∗Q = −(

Q
R)

∗:

g∗c + n = �g∗c + � − (
Q
R
)
∗

; (2.28a)

g∗c + n = (
�1
�

) n − (
�2
�

)(
Q
R
)
∗

+ gA (2.28b)

− (
Q
R
)
∗

= (
1 − �
�

) (�g∗c + �) + n + gB: (2.28c)

But these are three equations in two unknowns,25 g∗c and (
Q
R)

∗. The only way that these three

equations can simultaneously be satisfied is the knife-edge result where the parameters happen to

align just perfectly.26

Proposition 2.1 No balanced growth path exists for any allocation of R&D labor between the

upstream exhaustible resource producing sector and downstream final good sector.

To identify where the problem occurs, consider the equation governing growth in exhaustible

resource production given by (2.28c). The left-hand-side of (2.28c) is negative if (Q
R)

∗ is positive,

in sign but every term on the right-hand-side is positive when per capita consumption growth is

positive. Therefore, it is impossible to satisfy this equation with a positive (
Q
R)

∗ ratio.

That it is the endogenous growth in the upstream sector which causes the problem is further

emphasized by noting that Aghion and Howitt (1998, pp. 162-5) find that a balanced growth

path does exist when final good production is specified identically to (2.3), but production of the
24The growth equation from the upstream demand for labor (2.27f) can be shown to be redundant to the growth

equations given by downstream demand for labor (2.27c) and upstream demand for the exhaustible resource (2.27d).
25When the exhaustible resource production (2.4) depends upon the resource stock, with the labor share of upstream

written as � and the resource stock share of upstream income, written as �2, then the Hotelling condition becomes
gpR = r − �2(m − 1)Q

R
, so we can use this to solve for m. But even in that case, it can be shown that the equilibrium Q

R
ratio is negative, which it cannot be since both Q and R are positive quantities along the equilibrium path.

26For example, holding all other parameters constant at their empirically relevant levels (e.g., �1 = 2/3, �2 = 0:04,
� = 1/3, � = 5, gA = gB = 0:016, and n = 0:013), we get the knife-edge result only when � ≈ −0:1. But a negative
discount rate implies that utility is unbounded. Furthermore, in that case, g∗c ≈ 0:02, which is reasonable, but (Q

R
)
∗
is

negative, which cannot be since Q and R must each be positive. Thus, even the knife-edge result cannot be.
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exhaustible resource requires no inputs other than the resource stock.

Our explanation for non-balanced growth depends upon our assumption that real resources

must be devoted to extracting from the exhaustible resource stock, and that increasing the pro-

ductivity of those resources causes output of the upstream exhaustible resource sector to increase,

which is inconsistent with balanced growth. The fact that the historical record rejects falling ex-

haustible resource output suggests that non-balanced growth is essential to understanding growth

with exhaustible resources.

This reason for the non-existence of a balanced growth path differs from the consumption

preferences explanation of Kongsamut et al. (2001) and from the capital deepening explanation of

Acemoglu and Guerrieri (2008).

Having established that no balanced growth path exists when the exhaustible resource sector

requires real resources to produce from the exhaustible resource stock, we now turn to our analysis

of the non-balanced growth exhaustible resource equilibrium transition dynamics.

2.6 The Steady-State and Transition Dynamics

The logic of Hotelling points to howwe should proceed. In the simple Hotelling partial equilibrium

there are three conditions that must hold along the equilibrium path: (i) the Hotelling r-percent

rule for the rise in resource rents, (ii) that physical exhaustion, R = 0 occurs in the limit, and (iii)

that demand for the exhaustible resource also vanishes in the limit. In finite horizon models with

a backstop price this requires that the exhaustible resource price, which is the sum of marginal

extraction costs and the scarcity rental price, equals the backstop price at the moment of physical

exhaustion. In the context of the infinite horizon model considered here, the backstop price

itself is unbounded, but the same principle applies that demand must vanish at the moment that

supply is exhausted. This occurs if the markup m asymptotically approaches m∗ = 1, so that

limt�∞ pQ = limt�∞ pR. When this happens, inputs used in the exhaustible resource sector and

exhaustible resource output all go to zero, since exhaustible resource firms’ revenue is entirely
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consumed by the scarcity rents they must pay to extract from the resource stock.

To see that this is indeed the case, consider (2.17). Solving this for s as a function of m yields

s∗[m(t)] =
[m(t) − 1]��2

[m(t) − 1]��2 + �1m(t)
; (2.29)

Thus, when limt�∞ m(t) = 1, we see that limt�∞ s∗(m) = 0. Therefore, the limiting steady-state

must have m∗ = 1 and s∗ = 0, and the approach path to the limiting steady-state must have s and m

jointly satisfying (2.29), with both s and m falling along the approach path.

We now show that this is true, first by evaluating the limiting steady-state and then by considering

the transition dynamics to that limiting steady-state. Once this is accomplished, we turn to why an

R&D bias towards the upstream exhaustible resource sector might occur, and what this implies for

the future.

2.6.1 The Limiting Steady-State

Let us first examine the properties of the limiting steady-state. To see that m∗ = 1 is a steady-state,

multiply through equation (2.27f) [or, equivalently, through equation (27g)] by m − 1, which is

greater than zero everywhere except in the limit, and take the limit as m � 1. Then g∗m = 0. This

implies that the scarcity rents eat up all of the resource sector revenues in the limit. Then we have

from (2.29) that s∗ = 0 when m∗ = 1, and so from (27i) g∗s = 0. Hence, the steady-state involves

all labor shifting to final good production and, because labor is essential in exhaustible resource

production, that output in the exhaustible resource sector approaches zero.

Since g∗m = 0 at the steady-state, (27h) implies that g∗Y = g∗c + n, which corresponds to the usual

balanced growth path relationship between per capita consumption and output. Since s∗ = 0, we

also have that g∗LY
= n, as all labor has transitioned to the final goods sector. Then (2.27c) implies

that growth in wages g∗w is equal to growth in consumption g∗c . Next, substituting these results into

(2.27c), (2.27d), and (2.27e), and solving for g∗Y , g∗c , and g∗Q, letting g∗A = n/(1 − �) and g∗B = 0
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yields

g∗c =
�n − �2(1 − �)�
(1 − �)(�1 + ��2)

; g∗Q = n − �
(� − 1)n + (1 − �)�
(1 − �)(�1 + ��2)

;

and g∗Y = n +
�n − �2(1 − �)�
(1 − �)(�1 + ��2)

: (2.30)

These show that per capita income is rising in the steady-state only if � < �n
�2(1−�) . Per capita

exhaustible resource consumption g∗Q − n is clearly falling, though aggregate exhaustible resource

growth g∗Q is not necessarily negative, though it must be if the resource stock growth rate g∗R is

to be negative. As we shall see, however, the limiting value of exhaustible resource production

growth must be negative in order that the transversality condition for the exhaustible resource holds.

Substituting g∗c into g∗pR
= r∗, and solving for g∗pQ

from (2.10), given that g∗m = 0, yields

g∗pQ
= g∗pR

= r∗ =
�1(1 − �)� + ��n
(1 − �)(�1 + ��2)

> 0: (2.31)

This is clearly positive. Thus, at the steady-state, so long as the transversality conditions hold, the

Hotelling conditions of rising exhaustible resource prices and falling exhaustible resource output

both hold.

Proposition 2.2 The steady-state equilibrium in which the markup vanishes, m∗ = 1, and the share

of labor used in exhaustible resource production also vanishes, s∗ = 0, exists, is unique, and has

rising per capita consumption, rising exhaustible resource prices, and falling exhaustible resource

production, when the following condition is satisfied:

�n
�2(1 − �)

> � >
[�(� − 1) − (�1 + ��2)(1 − �)]n

�(1 − �)
(2.32)

See Appendix B.2.

Thus, at the steady-state, this economy behaves exactly like the standard Hotelling model, and

as long as (2.32) holds, per capita consumption and output are each rising in the steady-state.

The existence conditions (2.32), with adjustments for the fact that we use an expanding varieties
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endogenous growth model of a market economy rather than a Schumpeterian model of optimal

endogenous growth, are similar to those derived by Aghion and Howitt (1998, pp. 162-65) for a

model which contains only the final good production function (2.3), subject to an equation ofmotion

for knowledge production (2.5), the exhaustible resource constraint (2.2), and the economy-wide

resource constraint (2.7). This, of course, makes perfect sense. In the limit, the economy fully

transitions to an economy where all R&D is in the final good sector, and all of the effects due to

upstream production requiring inputs have completely disappeared.

Finally, the necessary condition for existence (2.32) can be evaluated at the parameter values to

determine the bounds on the discount rate �. Doing so reveals that the bounds on the discount rate

are 0:048 < � < 0:23.

2.6.2 Transition Dynamics

Next, let us turn to the transition dynamics. Our method is to construct a phase diagram in (m; s)

space. Unlike most phase diagrams, however, we already know the equilibrium approach path,

since (2.29) gives the equilibrium relationship between the exhaustible resource share of labor s

and the markup m, and that this path passes through the limiting steady-state. Since the limit of

s as m grows without bound is limm�∞ s =
�2�

�2�+�1
, the equilibrium approach path lies entirely

below this limiting value. Since we know that the limiting steady-state is (m∗; s∗) = (1; 0) and that

away from the steady-state, (27i) implies that gs and gm have the same sign, the question is how to

demonstrate that gm and gs are each falling along this path.

Our method of solving for the transition dynamics is to first solve the system (2.27a)-(27g) and

(27j) for gY , gQ, gLQ
, gLY , gpR , gw, and gc, yielding solutions which depend upon parameters, the

technology growth rates gA and gB, and the endogenous variables gm, gs, m, and s. Then we use

(27i) to solve for gs as a function of gm, the technology growth rates, parameters, and the variables

m and s. Then we use (27h) to solve for gm. The dynamics are then analyzed by examining how m

and s vary over time. All of the other growth rates, plus growth in real exhaustible resource prices,

pQ/w, are derived once we know the approach to the steady-state in m and s space.
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The intermediate steps are shown in Appendix B.3. The final step is to substitute for gc and gY

into (27h) to yield an expression for gm which depends only upon gA, gB, m, s, and the parameters:

gm(t) = [m(t) − 1]2��2 [(�1 + �2�)� + �(� − �)gA(t) + �(�1 + ��2)gB(t)] ×



∣J∣
(2.33)

where


 = m {�1[�1 − 2(1 − �2)] − �2[1 − �2 + (2 − �)�]} − �2(1 − �)2 < 0;

where the sign of 
 follows, since in the first term 1 − �2 includes both �1 and the share to capital

1− �1 − �2, making the first term, and hence the whole expression, negative. ∣J∣ is the determinant

of the Jacobian system of equations (2.27) Since both the (m − 1)2 and the term in square brackets

are each positive, the necessary condition for gm < 0 is that the determinant of the Jacobian matrix,

∣J∣ be positive along the equilibrium path. The determinant of the Jacobian matrix is

∣J∣ = (m − 1)(� − �)�2 [�1m + �2�(m − 1)]
 − �(�1 + �2�)×

{�2
2�(m − 1)2(1 − �)2 + [�1sm + �2(m − 1)(m − �)] ×

[�2(m − 1)(1 − �)2 −m[1 − (1 − �)2]} : (2.34)

It is clear from inspection of (2.33) and (2.34) that when s = s∗(m), both the numerator and

denominator of gm vanish as m approaches one. By L’Hopital’s rule, however, it can be shown that

the limm�1 gm = 0, which is what we found using other methods above.

To determine the direction of movement along s∗(m), we need to sign ∣J∣ along the approach

path. Differentiating ∣J∣ with respect to s yields

@∣J∣
@s

= −�1�m (�2� + �1) {�2(1 − �)2(m − 1) − [1 − (1 − �)2
]m} ;

which is positive since the term in curly brackets is negative at m = 1 and is falling in m. Then
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solving for the locus where ∣J∣ = 0 yields

s(m)∣∣J∣=0 =
�2(m − 1)
@∣J∣/@s

{(� − �) [�1m + �2�(m − 1)]
 − �(�1 + �2�)×

[�2�(m − 1)(1 − �)2 + �2(m − �)[�2(m − 1)(1 − �)2 −m[1 − (1 − �)2]]} (2.35)

This is zero when m = 1. Thus, the ∣J∣ = 0 at the limiting steady-state. Since s(m)∣∣J∣=0 is an order

3 polynomial in the numerator and order 2 polynomial in the denominator, the limit as m grows

large can be found by repeated use of L’Hopital’s rule, from which the limit takes the sign of −�2�
��1

,

so that the limm�∞ s(m)∣∣J∣=0 = −∞. Thus, as m grows large, the s(m)∣∣J∣=0 locus passes out of the

feasible region where s ∈ [0; 1].

Unfortunately, s′(1)∣∣J∣=0 > 0, so that there exists a region in the feasible space where ∣J∣ < 0.

To see that there exists a neighborhood about the steady-state where where ∣J∣ > 0, we compare the

derivatives of the approach path s∗′(m) and of s′(m)∣∣J∣=0, assuming that s = s∗(m), at m∗ = 1:

s∗′(1) = �2�

�1
; s′(1)∣∣J∣=0 =

�2� [�1(� − 1) − �2�(1 − �)]
�1� (�2� + �1)

;

and s∗′(1) − s′(1)∣∣J∣=0 =
�2� (�2� + �1)

�1� (�2� + �1)
> 0:

Therefore, there exists a region near the steady-state where the approach path lies above the region

where ∣J∣ < 0, thus there exists a feasible approach path to the steady-state.

If we impose more structure on the problem by evaluating the set where ∣J∣ < 0 using the para-

metric restrictions implied by the empirical parameters, we see that the approach path everywhere

lies above the region where ∣J∣ < 0. This is shown in Figure 2.4.

Proposition 2.3 There exists a neighborhood in (s;m) space about the steady-state (s∗;m∗) where

the steady-state approach path s = s∗(m) has the properties that gm < 0 and gs < 0. When we

further impose the restriction that the parameters satisfy their empirically observed values, the

approach path has gm < 0 and gs < 0 all along the approach path.
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This proposition shows that the markup above the scarcity rents in the exhaustible resource

market is falling in a region about the steady-state, and, when we impose further structure by

assuming the empirically observed values of the parameters, we see that this holds for all m.

2.6.3 An Empirical Prediction of the Approach Path

Since Proposition 2.3 implies that the approach path follows s∗(m), we know that both m and s are

falling along the equilibrium path. While there are no good time series on scarcity rents,27 which

would be necessary to calculate m, there are good data on the share of labor that is used in the

mining sector, at least for the United States.

Figure 2.5 shows how the mining share of labor has behaved since 1900 in the United States.

From amaximum of around 3.3% in 1920, the mining share of labor has fallen, with exceptions only

in the post-WWII boom, the late 1970s energy crisis, and the hydraulic fracturing boom currently

underway. Thus, overall, the data on mining employment is consistent with the predictions of the

model. It is also remarkable that the maximum observed mining labor share of about 3.3% is

close to the predicted maximum derived from the limit of s∗(m) as m grows without bound. That

estimate is slightly under 2.0%. Given the crudeness of the way in which parameters have been

estimated, this is quite close to the observed maximum.

2.6.4 The Relative Bias in R&D

We have sufficient characterization of the equilibrium in place now to examine the central question

of the paper: Why has the past century exhibited an R&D bias towards the upstream sector?

The allocation of scientists to the two types of R&D depends upon the relative profits from

R&D in each sector, �A/�B. When �A > �B all R&D goes to the downstream sector, and when

�A < �B, all R&D goes to the upstream sector. From (2.22) and (2.23), the ratio �A/�B contains

the expression Y/pR(m − 1)Q. But note that final good demand for the exhaustible resource output
27While most mineral producing jurisdictions report data on mineral rents, that data is the sum of “royalties,” which

are proportional to revenues earned by producers, and “bonus bids,” which are payments made on expected future rents
on new leases. Neither gives a good measure of the rental share of current production.
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(2.9) implies that �2Y = pRmQ. Thus, Y/pR(m − 1)Q = m/�2(m − 1), which depends only upon

the markup m and the parameter �2. Substituting this into �A/�B and collecting terms yields

�A(t)
�B(t)

=
�A�(1 − �)
�B�(1 − �)�2

⎡
⎢
⎢
⎢
⎢
⎢
⎣

r̄(t) − ḡpR(t) − (
m̄(t)

m̄(t)−1) ḡm(t) − ḡQ(t) + ḡB(t)

r̄(t) − ḡY(t) + ḡA(t)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

[
m(t)

m(t) − 1
] [

B(t)
A(t)

]

1−�

(2.36)

The first term is a ratio of constants. When �A ≈ �B, this expression is dominated by the�2 parameter

in the denominator, making this expression greater than one in value, since the exhaustible resource

share in final goods production is quite small. Using (2.9) to replace gQ + gpR with gY − gm, the

second term can be written as,
r̄(t)−ḡY(t)−( 1

m̄(t)−1)ḡm(t)+ḡB(t)

r̄(t)−ḡY(t)+ḡA(t) . In the relevant case where gA > 0 and

gB = 0, limt�∞ − 1
m̄−1 ḡm =

�1[gA(�−�)+�]+�2[gA(�−�)+��]
�2�+�1

> gA, so this term is greater than one.

The third term, m/(m−1), is greater than one by construction. This term tends towards infinity

as m approaches m∗ = 1. The fourth term, (B/A)
1−�, is constant when gA = gB, but is tending

towards infinity when gB > 0 and gA = 0 and is tending towards zero when gA > 0 and gB = 0.

Since the range of the third and fourth terms can be quite large, we assume that changes the first

two terms, which we write together as H, has changes which are of second-order importance to

changes in the last two terms.

Neglecting changes in H as m varies, we can derive a locus in B/A-m space demarcating

where R&D is directed towards each sector. The locus separating the two areas is where B/A =

[Hm/(m − 1)]−1/(1−�), which is shown in Figure 2.6. This locus can be seen to be increasing in

m, has an upper bound of B/A = H−1/(1−�) as m � ∞, and has lower bound of B/A = 0 as m

approaches one. Below this locus, the bias is towards the upstream sector, so B/A is rising, and

above this locus, B/A is falling, so the bias is towards the downstream sector.

Proposition 2.4 For a fixed positive H, with gm < 0 for all m > 1 along the approach path

s = s∗(m), and with parameters satisfying (2.32), when B0/A0 is small and the initial markup m0 is

large, the R&D equilibrium entails first an interval where the bias in R&D is towards the upstream

sector, then, once m = m∗
A, the bias switches to the downstream sector,where it remains forever.
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First, for H > 0 is it clear that the initial bias will only be towards the upstream sector only if

B0/A0 and m0 lie below the locus B/A = [Hm/(m − 1)]1/(1−�).

Next, to see that in the limit, �A/�B grows without bound, observe that when H is constant then

the limit of �A/�B is given by

lim
t�∞

H (
m(0)

m(0) − 1
)(

B(0)
A(0)

)

1−�

e∫
t

0 [( −1
m(s)−1)gm(s)+(1−�)[gB(s)−gA(s)]]ds

lim
t�∞

H (
m(0)

m(0) − 1
)(

B(0)
A(0)

)

1−�

e[(
−1

m∗−1)g∗m+(1−�)[g∗B−g∗A]]t

In the limit, g∗B = 0 and g∗A = n/(1 − �). Thus, ( −1
m∗−1) g∗m − n > 0 implies this goes to infinity, and

( −1
m∗−1) g∗m − n < 0 implies this goes to zero. We know that g∗m = 0 and that 1

m∗−1 goes to infinity. To

get the limit of the product, we use L’Hopital’s rule:

lim
t�∞

(
−1

m − 1
) gm − n = [

�(�1 + ��2) + �(� − �)g
∗
A − n(�1 + ��2)

�1 + ��2
] :

If this expression is positive, then �A/�B goes to infinity. By the left inequality in (2.32),

�

�2
gA > �

�gA > �2�

�(1 − �)gA > �2(1 − �)�

��2� − ��gA > �2� − �gA

(�1 + ��2)� + �(� − �)gA > (�1 + �2)� + �(� − 1)gA

(�1 + ��2)� + �(� − �)gA − n(�1 + ��2)

�1 + ��2
>
�� + �(� − 1)gA − n(�1 + ��2)

�1 + ��2
−1

m∗ − 1
g∗m − n > −g∗Q > 0;

where last line rewrites g∗Q from (2.30) using n/(1−�) = g∗A. Since g∗Q < 0 by the second inequality

in (2.32), this implies that limt�∞
�A
�B

= ∞. Thus, once R&D switches to the downstream sector, it
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remains there forever.

This proposition says that in order for there to exist an interval where the bias is towards the

upstream sector, the starting point, {m0; B0/A0}, must lie below the locus where �A/�B = 1. This

means that B0/A0 must be relatively small and that m0 must be relatively large.

Why was B0/A0 small? The industrial revolution was the culmination of thousands years of

growth in the understanding ofmechanics.28 Thus, once theMalthusian trap was escaped, industrial

sectors began using readily available coal to transform industrial production from a labor-intensive

to a capital- and energy-intensive process, using machines to substitute for labor. Therefore, society

had a relatively high state of knowledge in production technologies, A0. But up to that point, it

needed little knowledge of how to find, extract, and refine output from the exhaustible resource

stock, so B0 was small relative to A0.

Why was m0 large? Since 1/m0 represents the share of scarcity rents in exhaustible resource

prices, the bias in R&D towards the upstream exhaustible resource producing sector requires that

scarcity rents are a small share of the price of exhaustible resource. This was certainly true for

coal in England at the beginning of the industrial revolution, and it was also true for petroleum in

the 1870s. That scarcity rents were low is consistent with Slade’s (1982) claim that it is optimal

to do R&D in an exhaustible resource sector at the beginning of production from that sector. Our

point is that it may have been optimal to instead focus on making machines more efficient in their

use of exhaustible resources. It is only because the scarcity rents were sufficiently low that the bias

was towards R&D in the upstream sector. Low scarcity rents are also consistent with Weitzman’s

(1999) observation that in the late 20th century, scarcity rents remain relatively small.
28The ancient Greek water clocks, such as the Tower ofWinds, and the celestial clock of the AntikytheraMechanism,

should leave no doubt that mechanics even as early as the first century BC were quite advanced (Marchant 2009).
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2.6.5 Dynamics of Exhaustible Resource Prices, Production and Per Capita

Consumption.

Our final task is to use what we have learned about the dynamics of the bias in R&D, the markup

in exhaustible resource prices, and the share of labor used in the upstream sector to determine what

these imply for the time paths of exhaustible resource prices and production, and for growth in

consumption per capita.

For these variables of interest, there may be instances where the sign switches along s∗(m).

As can be seen by the solutions for the growth rates in Appendix B.4, not only does s appear

in numerators of gQ, gpR , gpQ
and gLQ

, but s is interacted by whichever of the technologies are

growing, i.e., by whichever of gA and gB is positive. That means that depending upon which side

of m∗
A we are on, there are two separate locii relating where gQ = 0, two more for where gpQ

= 0,

and so on. Because the remaining locii are analytically messy, we analyze them numerically. We

use a symbolic mathematics program (Wolfram’s Mathematica, v.9) to derive each of these locii

algebraically, and then we substitute in the empirically relevant parameter values and plot the locii

where gQ = 0, gpQ
= 0, gLQ

= 0, gpR = 0, and gc = 0, relative to s∗(m). The intersections of these

locii with the s∗(m) locus correspond to switching points for gQ, gpQ
, gpR , and gc.

The results are presented in Figure 2.7. The s∗(m) and the regions where the Jacobian switch

signs are shown with solid lines and the upper limit of the s∗(m) locus is the dash-dotted horizontal

line. As we find that there are no intersections of the gpR = 0 or the gLQ
= 0 locii with the

s∗(m) locus in the feasible space, these locii are not plotted. Thus, at these parameter values, our

theory implies that gpR > 0 and gLQ
< 0 for all time. Since LY = (1 − s)L, gs < 0 implies that

gLY = −( s
1−s) gs + n > 0 for all t.

In Figure 2.7, the downward sloping short-dashed curve labeled gpQ
= 0, which corresponds to

the gpQ
= 0 locus when gB > 0, intersects the s∗(m) locus at mpQ

≈ 8:7 at the parameter values.

This is the only intersection of the s∗(m) locus and gpQ
= 0 locii in the feasible space. Since gpQ

has been observed to be negative historically and must be positive near the limiting steady-state,
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mpQ
, corresponds to the value of m where gpQ

switches from being negative to being positive.

Since this occurs when gB > 0, this implies that m∗
A < mpQ

.

There are two intersections of the gQ = 0 locii and the s∗(m) locus. The intersection of s∗(m)

with the falling short-dashed gQ = 0 locus at mQ ≈ 2:8 corresponds to the case where gB > 0 at the

switch point, while the intersection of s∗(m) and the rising long-dashed gQ = 0 locus at m̄Q ≈ 5:5

corresponds to the case where gA > 0 at the switch point. If the first occurs, then m∗
A < mQ, while

if the second occurs, m∗
A > m̄Q. We also know that the growth in exhaustible resource output gQ

has been positive over the past century, but must be negative near the steady-state. To have an odd

number of switches in gQ, we need either m∗
A > m̄Q or m∗

A < mQ. To determine which of these

is consistent with the observations, we turn to consumption growth. We know that consumption

growth has been positive in the past century, and our analysis reveals that it is positive in the

steady-state. The only intersection of the gc = 0 locus and s∗(m) occurs at mc ≈ 4:2, and this is a

short-dashed curve, so gB > 0 at this intersection. Thus, if m∗
A < mQ < mc, this would require that gc

switch sign, but since it must do so an even number of times to return to the same sign as it started,

this cannot be. Therefore, we conclude that the switch point where gQ = 0 occurs at m̄Q > mc.

Thus, there are no points where gc switches signs. This now allows us to deduce a range for m∗
A,

namely that m̄Q < m∗
A < mpQ

, or that m∗
A is approximately bounded between 5:5 < m∗

A < 8:7. Thus,

we state the following:

Proposition 2.5 When evaluated at the empirically relevant parameter values, we find (i) that

exhaustible resource prices are ‘U’-shaped; (ii) that exhaustible resource production is bell-

shaped; (iii) that the trough of the exhaustible resource price path is hit before exhaustible

resource production peaks; and (iv) that per capita consumption growth and exhaustible resource

scarcity rental prices growth are each positive and upstream labor growth is negative all along the

transition path to the steady-state.

Our analysis finds support for Slade’s (1982) prediction that exhaustible resource prices will

follow a U-shaped path. But the question is “When will exhaustible resource prices turn up?”

Earlier, we noted that data from the U.S. federal leasing program suggested that the government
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share of rents, 1/m, was about 10-16%. These correspond to values of m between six and ten.

Given that we find 5:5 < m∗
A < 8:7, therefore, the answer may be “soon,” though the crudeness of

our estimates of m—see n. 28, supra—caution against saying it is “imminent.”

In contrast to Slade, however, exhaustible resource prices are predicted to begin rising long

before exhaustible resource production begins to fall. What causes the trough of exhaustible

resource prices to occur before the peak in exhaustible resource output? Table 2.3 shows the

forces at work in each of the four intervals. In all intervals, the exhaustible resource scarcity rental

price is rising, pR > 0, and upstream labor is falling, LQ < 0 (both shifting supply upwards), and

downstream labor is increasing, LY > 0, (shifting demand outwards). Interval (i) corresponds to the

case shown above in Figure 2.2 where supply shifts downwards at a faster rate than demand shifts

upwards. This is the case that describes the historical record. This occurs because technological

change is in the upstream sector; because labor is only slowly shifting across sectors; and because

scarcity rents are small. The beginning of interval (ii) is when the exhaustible resource price

passes the trough of its U-shaped path. In this interval, exhaustible resource output continues to

rise because of upstream R&D, but this and the continued shifting of labor to the downstream

sector cause demand to shift up faster than supply shifts down. The beginning of interval (iii) is

when R&D switches to the downstream sector. Exhaustible resource output continues to rise in

this interval, caused now by downstream R&D and increased downstream labor causing demand

for the exhaustible resources to shift up faster than supply shifts up due to rising scarcity rental

prices and the movement of labor from the upstream to downstream sectors. At the beginning of the

final Hotelling-like interval (iv), production of the exhaustible resource peaks and begins its fall

towards its steady-state exhaustion. In this interval, both exhaustible resource supply and demand

are shifting upwards, but now exhaustible resource supply is shifting upwards faster than demand,

because scarcity rental prices are rising and upstream labor inputs are falling fast enough to offset

the effects of downstream R&D and rising downstream labor share, causing exhaustible resource

prices to rise and exhaustible resource production to fall.

Because we find that as long as (2.32) holds, that per capita consumption grows forever,
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our analysis also suggests that neither a “peak” in the production of natural resources nor rising

exhaustible resource prices necessarily leads to falling per capita consumption as is claimed in

more dire segments of the literature.

Caveats

The results of this paper are subject to four important caveats. First, we assume linearity in

the number of researchers in the production of ideas (2.5). Second, we have ignored Ricardian

differences in the resource stock, as production of the exhaustible resource (2.4) does not contain

the remaining reserves. Third, we have assumed Cobb-Douglas production functions for both

upstream and downstream production. Finally, the number of researchers is a fixed share of the

population. Relaxing any of these may affect the model in unforseen ways. Nevertheless, we

believe the economic forces we have identified will still be at work in these richer environments.

2.7 Conclusions

This paper shows that the observed long-term trends in exhaustible resources can be reconciled

with a Hotelling-like exhaustible resource theory in which biased technological change is possible.

We show that the long-term trends in the historical record are consistent with a bias towards R&D

in the upstream exhaustible resource sector, but the model predicts that the bias will switch towards

the downstream final goods sector in the future. The upstream bias observed in the data is shown

to be caused by a combination of high markup in the upstream (due to low scarcity rents) and low

state of technology in mining relative to final goods production technologies.

Along the equilibrium path, we find that growth with exhaustible resources must be non-

balanced, since rising exhaustible production is inconsistent with an exhaustible resource eventually

being depleted. But we find that in the very long-run the economy approaches the usual conditions

for a balanced growth path with exhaustible resources. We also find that exhaustible resource

prices follow a U-shaped path and that exhaustible resource production follows a bell-shaped path.
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The trough in the exhaustible resource price path occurs before the bias in R&D switches to the

downstream sector from the upstream sector, and the peak in exhaustible resource production occurs

after the switch in the R&D bias.

These results provide a deeper understanding of the effects that exhaustible resources have

upon economic growth. These insights may aid in the development of policies on conservation of

exhaustible resources and controlling climate change.
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2.8 Tables

Table 2.1: Annual Growth Rates of Real Price and Production of Minerals, by Decade, 1800-2015.

A. Twentieth Century U.S. Price and World Production Growth Rates
Real Price Growth Rate: gpQ

Per Capita World Production Growth Rate: gQ Population
Mean Median gpQ

> 0 Obsv. Minerals GDP Growth Mean Median gQ < 0 Obsv. Minerals Growth
Period % % % No. No. Rate % % % % No. No. Rate %
1900-09 -1.9 0 43.7 490 56 a1.5 8.2 5.4 28.1 256 34 a1.1
1910-19 -0.5 -1.5 39.7 595 63 b0.9 1.5 2.3 41.0 363 41 d0.6
1920-29 -10.8 -1.0 45.2 682 72 b0.9 7.2 7.2 30.0 414 49 d1.1
1930-39 -0.3 0.7 51.6 754 87 b0.9 4.9 7.1 37.5 475 53 d1.1
1940-49 -1.3 -2.0 36.8 843 87 0.7 4.1 3.6 23.8 543 60 0.9
1950-59 0.4 0 48.8 894 90 2.7 7.6 7.8 23.1 614 63 1.8
1960-69 -1.7 -1.4 33.7 935 111 3 5.6 5.0 20.6 698 75 1.9
1970-79 2.5 -0.2 49.5 953 112 1.9 3.2 3.0 32.5 793 83 1.8
1980-89 -2.6 -2.8 39.5 967 113 1.3 2.5 2.4 34.8 823 83 1.7
1990-99 -4.0 -2.9 35.0 958 112 1.6 0.3 0.7 43.0 830 83 1.4
2000-09 3.1 1.2 57.3 923 110 2.9 3.2 2.8 29.5 811 83 1.2
2010-15 0.2 -0.6 51.5 520 105 g1.8 3.7 2.1 29.4 472 80 g1.2

1900-2015 -1.1 -1.6 40.5 10,368 113 e1.7 4.0 3.3 32.3 7,092 85 e1.3

B. Nineteenth Century U.S. Price and U.S. Production Growth Rates
Real Price Growth Rate: gpQ

Per Capita World Production Growth Rate: gQ Population
Mean Median gpQ

> 0 Obsv. Minerals GDP Growth Mean Median gQ < 0 Obsv. Minerals Growth
Period % % % No. No. Rate % % % % No. No. Rate %
1800-19 0.02 -1.7 47.4 19 2 5.2 0.0 2.0 49 2 3.2
1820-39 0.7 0.8 52.5 40 2 1.2 14.5 9.1 12.5 72 6 2.8
1840-59 -0.3 -0.6 46.6 58 5 1.6 10.4 5.4 19.4 124 9 2.9
1860-69 0.8 1.4 52.1 48 6 1.2 24.5 7.4 26.7 90 10 2.4
1870-79 -3.0 -0.2 48.1 54 6 2.7 8.9 8.6 22.4 98 10 2.3
1880-89 -0.8 -1.0 43.7 87 10 0.6 10.2 7.0 25.6 176 20 2.3
1890-99 3.3 -0.3 48.0 102 11 1.8 6.7 7.5 27.6 196 21 1.9
1800-99 0.4 -0.3 47.8 408 11 f 1.4 10.9 6.9 22.5 797 21 f 1.9

Notes: See the text for sources. gpQ(t) = ln[pQ(t)/pQ(t − 1)] is annual percentage growth rate in inflation-
adjusted (1998U.S. dollar) prices. gQ(t) = ln[Q(t)/Q(t−1)] is annual percentage growth rate in production.
gpQ > 0 and gQ < 0 are the fraction of annual growth rates for the sample of minerals available in that period
satisfying the prediction of rising prices or falling output. a 1900-1913 average. b 1913-1940 average. c

1913-1920 average. d 1920-1940 average. e 1900-2008 world average. f 1820-1899 U.S. average. g World
Bank 2010-15 world average.
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Table 2.2: Estimates of Ultimately Recoverable Reserves for the World

Reserves Cumulative Proved Undiscovered Remaining
Resource Source Units 1850 Production Reserves Reserves Reserves
Petroleum USGS Billion (109) 3,548.8 1,332.9 1,650.6 565.3 2,215.9

Barrels 37.6% 46.5% 15.9% 62.4%

IEA Billion (109) 7,160.5 1,332.9 1,650.6 4,177.0 5,827.6
Barrels 18.6% 23.1% 58.3% 81.4%

Natural Gas USGS Trillion (1012) 16,043.9 3,841.9 6,878.7 5,605.6 12,484.3
Cubic Feet 23.9% 42.9% 34.9% 77.8%

IEA Trillion (1012) 31,593.5 3,706.5 8,189.6 19,697.4 27,887.0
Cubic Feet 11.7% 25.9% 62.3% 88.3%

Coal IEA Trillion (1012) 23,060.7 698.7 728.3 21,633.7 22,362.0
Metric Tonnes 3.0% 3.2% 93.8% 97.0%

Notes: Proved reserves and cumulative production are from the U.S. Energy Information Agency (https://www.eia.
gov/beta/international/), and estimated undiscovered reserves for oil and gas from the U.S. Geological Survey,
“An estimate of undiscovered conventional oil and gas resources of the world, 2012” (https://pubs.usgs.gov/fs/
2012/3042/fs2012-3042.pdf) or from the International Energy Agency’s “Resources to Reserves, 2013” (https:
//www.iea.org/publications/freepublications/publication/Resources2013.pdf). Reserves in 1850
include cumulative production. The percentages are of 1850 reserves. A barrel of oil is 42 U.S. gallons. One metric
ton is 2,204.62 pounds.

Table 2.3: Economic Forces in each Interval.

Exhaustible Dominant Technology Demand Supply
Interval m Resources Shifter Bias Shifters Shifters
(i) mpQ

< m PQ < 0; Q > 0 Supply � B > 0; A = 0 LY > 0 pR > 0; B > 0; LQ < 0
(ii) m∗

A < m ≤ mpQ
PQ > 0; Q > 0 Demand B > 0; A = 0 LY > 0 pR > 0; B > 0, LQ < 0

(iii) m̄Q < m ≤ m∗
A PQ > 0; Q > 0 Demand B = 0; A > 0 LY > 0; A > 0 pR > 0; LQ < 0

(iv) m ≤ m̄Q PQ > 0; Q < 0 Supply � B = 0; A > 0 LY > 0; A > 0 pR > 0; LQ < 0
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2.9 Figures

Figure 2.1: Growth in Real Prices and World Productionfor 85 Minerals, 1900-2015.
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Figure 2.2: Exhaustible Resource Price and Output Growth with Upstream R&D

101



Figure 2.3: Total Output, Mining Output, and Mining Labor Compensation in the United States,
1880-2015.

Figure 2.4: The Equilibrium Approach Path, s∗(m), and Steady-State, (m∗; s∗) = (1; 0).
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Figure 2.5: The Mining Share of Labor Employment in the United States, 1900-2015.

Figure 2.6: The Equilibrium Bias in R&D.
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Figure 2.7: Boundaries where gQ = 0, gpQ
= 0, and gc = 0 (long-dash: gA > 0 so m < m∗

A;
short-dash: gB > 0 so m > m∗

A).
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Chapter 3

Intellectual Property Rights and Innovation in a North-South

Model

In most histories, James Watt is a heroic inventor, responsible for the beginning of
the Industrial Revolution. The facts suggest an alternative interpretation...the patent
litigation activities of Boulton & Watt during the 1790s did not directly incite further
technological progress...Boulton & Watt’s refusal to issue licenses allowing other engine
makers to employ the separate-condenser principle clearly retarded the development and
introduction of improvements. (Boldrin and Levine, Against Intellectual Monopoly)

3.1 Introduction

In a decentralized economy, firms may under-invest in innovation compared to the optimal level of

innovation. To overcome this market failure, many countries commonly use Intellectual Property

Rights (IPRs), such as patenting and copyrights. The main benefit of IPRs is allowing innovators

to capture a higher share of the social returns to their inventions as an incentive to innovate.

On the other hand, there are welfare costs associated with monopoly pricing and market power.

Much of the debate about patent policy had focused on this tradeoff between the dynamic benefits

associated with innovation and the static costs of patent monopoly power.1 However, patenting

can also adversely affect subsequent innovative research. In fact, providing stronger patents for

early generations of inventors may make it more difficult for potential subsequent innovators to

learn from the currently available set of innovations. This paper incorporates this effect of IPRs
1See Gilbert and Shapiro (1990), Sener (2006), Wu (2010) and Connolly et al. (2005).
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into a North-South model to investigate the overall effects of tighter IPRs on economic growth and

welfare.

Innovation in real-world markets is cumulative in the sense that any given discovery builds on

past discoveries. The available set of these discoveries at any time can be thought of as a common

source to all innovators, similar to a “pool of knowledge”. Each individual or firm that engages in

research, contributes to the pool, if they innovate. A stronger IPRs’ regime enables innovators to

contribute less to this pool. Consequently, the lower contribution of previous innovators reduces

accessibility of the pool to potential future innovators, which hurts innovation over time. Previous

empirical studies have investigated the effects of patenting on subsequent innovative research.

Some of these empirical studies show that the effect of patenting on innovation can be negative.2

However, although these studies reveal the adverse effect of patenting on subsequent innovation,

this effect is absent in theoretical models, which explore the overall welfare and growth effects of

stronger IPRs. This paper fills this gap by incorporating the effects of stronger IPRs on subsequent

innovators into a dynamic, general equilibrium model similar to Helpman (1993). In the model,

the North innovates and the South imitates. In the R&D sector in the North, innovation depends

on the economy’s cumulative research experience measured by the number of product designs

already developed and also R&D labour productivity. I assume stronger IPRs not only decrease the

imitation rate in the South, but they also adversely affect the productivity of R&D labour over time.

This effect of IPRs on R&D labour productivity captures the adverse effect of IPRs on subsequent

innovation, that empirical studies show. By taking into account this effect I show that, in contrast

to Helpman (1993), the growth rate might drop in the short run because of a tighter IPRs. In the

long run, consistent with Helpman (1993), stronger IPRs reduce the growth rate. However, I show

that taking into account the effect of IPRs on R&D labour productivity makes the decline in the

growth rate larger compared to previous models that ignore this effect.

The welfare effects of stronger IPRs can be decomposed to four parts. The first one is changes
2See Dosi et al. (2006), Williams (2013), Budish et al. (2015), Falvey et al. (2009), Lerner (2009), and Galasso and

Schankerman (2015).
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in terms of trade.3 Because of tighter IPRs, demand for factors of production increases in the

innovative North (i.e., developed world) and decreases in the South (i.e., less developed countries).

This improves the North’s terms of trade and deteriorates it for the South. The second component

of welfare is the inter-regional allocation of production. While wages are lower in the South, tighter

IPRs results in the shift of production from the South to the North (with higher wages). This shift of

production to the region with more expensive inputs illustrates an efficiency loss. The third source

of welfare changes stems from the changes in the saving rates and patterns of the investment due to

changes in IPRs and the fourth change in welfare is due to the changes in the number of available

products.

On the welfare side, the model shows that the South losses from a tighter IPRs’ regime on

accunt of all welfare components. The North, however, benefits on account of terms of trade and

loses in terms of lower number of available products and from the inefficiency from production

reallocation. Although the North benefits via improvement in terms of trade, but the overall effect

of both production inefficiency and terms of trade is negative for the North when imitation rate

is low. On account of R&D investment pattern the model indicates that the North might lose or

benefit from tighter IPRs. This result stems from the adverse effects of tighter IPRs on the R&D

labour productivity and differs from Helpman (1993), who shows that the North benefits from this

welfare channel.

Stiglitz (2014) provides a conceptual framework for the adverse effect of IPRs on subsequent

innovators. In his one-country model, each individual or firm that engages in research contributes

to a common source available to all innovators, which he calls a “pool of knowledge”. The main

impact of a stronger a IPRs’ regime in his model is that it encloses the set of available technological

opportunities to the next innovators and contracts the pool of knowledge. Since the creation of new,

cumulative innovation depends critically on access to existing work, limiting this access results in

a lower rate of innovation in long-run (Varian, 2005 and Biasi and Moser, 2018).
3Terms of trade is defined as the ratio of export prices to import prices. It can be interpreted as the amount of

import goods an economy can purchase per unit of export goods.
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Many empirical studies also verify this adverse effect of IPRs on subsequent innovation.4 For

example, Dosi et al. (2006) examine the recent changes in the IPRs’ regimes and their influence upon

both rates of patenting and the underlying rates of innovation. Their evidence broadly suggests that,

first, IPRs are not themost important device apt to “profit from innovation”; and second, they have at

best no impact, or possibly even a negative impact on the underlying rates of innovation. Williams

(2013) shows that intellectual property on the human genome led to reductions in subsequent

scientific research and product development on the order of 20-30 percent. Similarly, Budish et al.

(2015) measure research investments in cancer drug development. While their estimates are not

able to nail down the relationship between patents and research investments, their analysis identifies

- both theoretically and empirically - a distortion of private research investments away from certain

types of long-term research projects. In a cross-country setting, Lerner (2009) shows that stronger

patent laws do not induce more R&D investments.

Empirical evidence also show that mechanisms which limit the power of patents can encourage

cumulative invention (See Moser and Voena, 2012). For example, by proposing a novel approach

for investigating how patents on existing technologies affect follow-on innovation, Galasso and

Schankerman (2015) show that, on average, patent invalidation leads to a 50% increase in citations

to the focal patent. Based on these studies, some papers even conclude that the inventors’ property

rights can be protected in the absence of “intellectual property” as the latter does not increase either

innovation or creation (See Boldrin and Levine, 2008 and Jaffe, 2000). In scientific publishing,

where the incentive effects of copyright are likely to be relatively small, Biasi and Moser (2018)

show that the distortions from limiting access to the existing work may be particularly important.

Using the Book Republication Program, which decreased the price of German books, Biasi and

Moser (2018) show that each 10 percent decline in the price of an affected book was associated

with a 43 percent increase in citations.
4Although some cross-country studies show that tighter IPRs positively affect technological change (proxied by

R&D investment expenditures), but less-aggregated studies reveal an adverse effect of IPRs on subsequent innovation
(See Kanwar and Evenson, 2003 and Falvey et al., 2006). Even in a cross-country setting, Moser (2013) provides
evidence that suggests in countries with patent laws, the majority of innovations occur outside of the patent system.
Countries without patent laws have produced as many innovations as countries with patent laws during some time
periods, and their innovations have been of comparable quality.
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This adverse effect of patents on accessibility of discoveries to subsequent innovators is absent

in theoretical studies on IPRs. The theoretical explorations of the effects of IPRs on innovation

and growth are mainly grounded on the salient models of Grossman and Helpman (1991b,a) and

Helpman (1993), which have been extended by various authors in different directions.5 Grossman

and Helpman (1991a) develop a North-South endogenous growth model based on product variety

framework with an innovating North and an imitating South. The rate of innovation as well as

the rate of imitation is endogenously determined in the steady-state equilibrium. The policy of

strengthening IPRs protection in the South has no effect on the rate of innovation and on the rate

of imitation in one equilibrium case; and this only raises the North-South relative wage in the

long-run. However, this policy lowers both the long-run rate of innovation and the rate of imitation

in the other equilibrium case. This is similar to Helpman (1993) where a stronger IPRs’ regime in

the South (less imitation in the South) decreases the steady state rate of innovation. This is because

under a tighter IPRs’ regime, due to the greater difficulty of imitating, firms in the North enjoy the

profits from a new product for a longer period, before they are displaced by the Southern firms.

Therefore they do not have to innovate as much in order to keep producing. But this result depends

crucially on the model’s specification (CES utility function). I use a dynamic general equilibrium

model, similar to Helpman (1993), to consider the adverse effect of IPRs on subsequent innovators.

The main North-South model is presented in section 2. The trajectory path to the steady-state

is discussed in section 3. Section 4 explores another specification of the R&D sector and section 5

concludes.

3.2 The Model

Consider a world economy that innovates by developing new varieties of horizontally differentiated

products (like Krugman, 1979). There exist two countries, the industrial North and the less

developed South. The North introduces new products at rate g = n/n, where n is the number of
5See, for example, Mondal and Gupta (2009) and Arnold (2002).
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products the North knows how to produce. Similar to Helpman (1993), the South imitates Northern

products at the exogenous rate m = nS/nN , where nS represents the number of products that the

South knows how to produce while nN represents the number of products that the South has not yet

imitated; nS + nN = n. The rate of imitation is the fraction of products being imitated per unit time.

Therefore, the number of products available at time t equals

n(t) = n(0)egt

and the fraction of goods that have not been imitated,; 
 = nN/n, follows the differential

equation:


 = g − (g +m)
 (3.1)

The solution to this differential equation is


t = 
̄ + [
0 − 
̄]e−(g+m)t; 
̄ = g/(g +m) (3.2)

The long-run steady state value of the fraction of goods that have not been imitated (the state

variable) equals 
̄ = g/(g +m). This value would be higher with a faster pace of innovation and a

slower rate of imitation. The tightening of the worldwide intellectual property rights is represented

by a decline in the rate of imitation in the South to protect Northern IPRs. Like Helpman (1993), I

assume that a change in m affects the entire trajectory of 
. Let m = m̃ − �, where the initial value

of � equals zero. Then a tightening of intellectual property rights can be represented by an increase

in �.

I assume identical preferences for individuals in both regions. The representative household

maximizes utility over an infinite horizon. Intertemporal preferences can be written as

U(t) = ∫

∞

t
e−�(�−t) log u(�) d� (3.3)
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where � represents the subjective discount rate and log u(�) the flow of utility at time �. Utility

at each time depends on consumption of products (n) via CES preferences

u = [∫

n

0
x( j)(�−1)/� dj]�/(�−1); � > 1 (3.4)

where x( j) is consumption of product j. The derived demand functions have constant elastici-

ties6;

x( j) = p( j)−�
E

P1−� (3.5)

where E is the aggregate spending on goods, � the elasticity of demand, and P the aggregate

price index

P = [∫

n

0
p( j)1−� dj]1/1−� (3.6)

The indirect utility function can be derived by substituting the demand functions 3:5 into 3:4,

and taking account of 3:6, which shows that the flow of utility equals the logarithm of real spending.

log u = log E − log P

For production there is just one input, labour, and in both regions goods are manufactured with

one unit of labour per unit output. In the North, the innovators can charge a mark-up for its product

as long as his product has not been imitated. Using the demand function 3:5 the constant mark-up

price of every product that has not been imitated is

pN =
1
�

wN (3.7)

6This specification due to Dixit and Stiglitz (1977), has proved quite tractable in many contexts in which product
differentiation is of central concern. It is straightforward to show that, with these preferences, the elasticity of
substitution between any two products is � and a household spending an amount E maximizes instantaneous utility by
purchasing x( j) in 3.5.
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where pN represents the price of a brand produced by a typical Northern monopolist and wN is

the wage rate (marginal cost of production) in the North. It follows that the nN products that have

not been imitated are priced with a mark-up above Northern wages and give the below profit

�N = (1 − �)pN xN (3.8)

Assuming perfect competition and the same technology for all producers in the South, the price

will be equal to the marginal cost in the South:

pS = wS (3.9)

where wS is the wage rate in the South. Like Helpman (1993) I assume that the wage rate is

higher in the North. Therefore the price of goods manufactured in the North is also higher. Using

these price indexes in North and South, the aggregate price index P can be written as:

P = n1/1−�[
(pN)1−� + (1 − 
)(pS)1−�]1/1−�

R&D sector in the North requires labour input and also depends on the cumulative stock of

innovations. The invention of new products per unit time n equals

n(t) =
LN

R

a(�)
n(t) (3.10)

where LN
R is labour used in the R&D sector and a(�) is productivity, � is the “tightness” of the

IPRs’ regime, and n is represents the cumulative stock of innovations. The productivity parameter

a(�) represents the productivity parameter. Themain assumption of themodel is that under stronger

IPRs each innovation encloses the the access to the stock of knowledge. Therefore, a′(�) > 0,

which means tighter IPRs decrease labour productivity (i.e., increase labour unit requirement).

This is similar to how Stiglitz (2014) presents the effect of IPRs on the innovation pace. Under this

specification, the innovation rate is
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g(t) =
n(t)
n(t)

=
LN

R

a(�)
(3.11)

then the resource constraint for the North can be written as

a(�)g + nN xN = LN (3.12)

where nN xN represents the employment in manufacturing in North. The resource constraint in

the South is simply nS xS = LS. The free entry condition for the innovation sector ensures that the

value of a blueprint, �N , equates the innovation costs. From the zero profit condition for the R&D

sector, the value of a blueprint is:

�N =
wNa(�)

n
(3.13)

The no-arbitrage condition in this model remains similar to the common one in other models.

By equating the expected present value of the profits stream of a firm to its value, one can derive

the no-arbitrage condition as:7

�N

�N +
�N

�N = rN +m (3.14)

where �N represents profits per unit time and rN stands for the nominal interest rate in the North.

The no-arbitrage condition ensures that the inverse of the price earning ratio (i.e., �N/�N ) plus the

rate of capital gain on equity holdings (i.e., �N/�N ) equals the interest rate, which is adjusted for

the imitation risk.

Using the price charged by the Northern firms (equation 3.7), the labour market condition in

North (3.12) and the firm’s value (3.13), the no-arbitrage condition can be written as:
7Similar to Helpman (1993) the profit stream of a firm in North during dt is �N dt and it provides a capital gain

equal to �N dt if not imitated and a capital loss of �N if imitated. The probability of being imitated equals to mdt.
Arbitrage in asset markets implies that the expected reward of the owners of the firm should be equal to the interest
income, i.e. �N dt + (1 − mdt)�N dt − �N mdt = r N �N dt. Dividing this equality by dt and taking the limit as dt
approaches zero implies 3.14.
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1 − �
�

LN − a(�)g
a(�)


+
�N

�N = rN +m (3.15)

On the consumer side of the model, utility maximization subject to the intertemporal budget

constraint results in the usual Euler equation for the expenditures in North:

EN

EN
= rN − � (3.16)

Trade balance is also satisfied because of the lack of international capital mobility:

EN = pNnN xN (3.17)

From the labour market condition (equation 3.12) I have: (nN xN) = −a(�)g. The Euler

equation and trade balance (equation 3.17) imply:

rN − � =
pN

pN −
a(�)g

LN − a(�)g
(3.18)

From the price in the North (equation 3.7) and the firm’s value (equation 3.13) I have pN/pN =

g + �N/�N . Therefore, using equation 3.18 the interest rate is

rN − � =
�N

�N + g −
a(�)g

LN − a(�)g
(3.19)

Combining equations 3.18 and 3.19 results in the differential equation for the rate of innovation:

g(t) = (
LN

a(�)
− g(t))[� + g(t) +m(t) − (

1 − �
�

)
1


(t)
(

LN

a(�)
− g(t))] (3.20)

The dynamics of 
(t) is shown by 3.1:


(t) = g(t) − (g(t) +m(t))
(t) (3.21)

These two equations form a system of differential equations in (g; 
) where 
 is a the state
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variable and g is the jump variable. The equations for g = 0 and 
 = 0 locus are given by:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

g = 0Ô� 
 = (
1 − �
�

)
1

� + g +m
[

LN

a(�)
− g]


 = 0Ô� 
 =
g

m + g

(3.22)

The equilibrium trajectory consists of the saddle path that converges to A. Along this saddle path

the rate of innovation declines and the fraction of products that have not been imitated increases over

time whenever the latter variable falls short of its steady-state value, while the rate of innovation

increases and the fraction of products that have not been imitated declines over time whenever the

latter variable exceeds its steady-state value.

Proposition 3.1 Strengthening the IPRs’ regime results in a lower steady-state growth rate (ḡ) and

a higher steady state ratio of products that have not been imitated (
̄). In addition, the decline

in the growth rate is larger when the effects of IPRs on R&D labour productivity are taken into

account.

Proof. By totally differentiating the first equation in 3:22 we have

dḡ

d�
= −

�ḡ + �

D
< 0 (3.23)

where 
 =
m + g

aa′
(�ḡ+ ḡ(m+ ḡ)/�) > 0 and D = m�+

1
�
(m+ ḡ)2 > 0. By totally differentiating

the first equation in 3:22 we have

d
̄
d�

=
ḡ

�D
> 0 (3.24)

Therefore, the steady-state growth rate drops and the steady-state fraction of goods that have

not been imitated increased due to a tighter IPRs’ regime (i.e., higher �). In addition, shutting

down the effect of IPRs on the R&D labour productivity removes the term 
 in 3.23. Therefore,

considering the effects of IPRs on R&D labour productivity results in a larger decline in the growth
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rate compared to the case when a is not a function of �. ∎

In order to understand how this case arises, combine the two equations in 3:22 into a single

equation that provides an implicit solution for the long-run rate of innovation:

� +m + g = (
1 − �
�

)[
LN

a(�)
− g]

m + g

g
(3.25)

The left hand-side of this equation (3.25) is the effective cost of capital. This is the case because

although the only input in production is labour, the change in the value of the innovative firm (value

of the blueprint) is referred to as the capital gain or loss. When imitation happens, the value of

the firm drops to zero, therefore the capital loss occurs with the hazard rate of imitation (m). The

discount rate (interest rate, rN which in equilibrium equals to � from the Euler equation 3.16) should

be adjusted to include this risk premium. In other words, if a profit flow can stop when an event with

arrival rate m occurs, then the expected present value of the stream of profit can be calculated as if

it never stops, but adding m to the discount rate. This is explained in more detail in the footnote that

derives the arbitrage condition, equation 3.14. In addition, as the value of a Northern firm declines

when the total number of products goes up (because of the free entry condition 3.13) g should also

be added to the effective cost of capital. Therefore, �+m+g represents the effective cost of capital,

inclusive of a risk premium. A tighter IPRs’ regime reduces the effective cost of capital, because a

decrease in the rate of imitation and lower risk of market displacement for a typical Northern firm

(decline in m).

The right hand side of 3.25 represents the profit rate (i.e., inverse of the price earning ratio

�N/�N ). This can be derived by combining equations 3.8, 3.12, and 3.13. The lower the rate

of imitation, the larger is the steady state share of products manufactured in the North (because


̄ = g/(g+m)), so the smaller are the sales and profit of each Northern firm for a given total number

of products, n. In fact, in the steady state, n = 0, therefore there is no change in LN
R due to a tighter

IPRs and from 3.12, higher 
̄ (i.e., higher nN in 3.12) only results in a lower profit rate from each

machine (i.e., lower xN ). Therefore, a tightening of intellectual property rights (a reduction of m)

reduces the profit rate as well as the effective cost of capital. Therefore it reduces both sides of the
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equality in 3.25. As shown in Appendix C.1, Taking a log linear approximation of both sides of

this equality, the impact of � on the profit rate is

−
1
a2

a′(�)LN

(LN/a) − g
−

1
m + g

(3.26)

while the impact of � on the effective cost of capital is −1/(�+m+ g). Therefore even if � = 0,

because a′(�) > 0 and g < LN/a 8, under the CES specification, the impact of tighter IPRs on the

effective cost of capital is smaller in size than its impact on the profit rate. Therefore, it becomes

less profitable to innovate, and the rate of innovation declines because of a tighter IPRs’ regime.

As can be seen from (3.25), tighter IPRs reduce the profit rate more when the first term in 3.26

exist. In fact, considering the adverse effect of IPRs on the R&D labour productivity makes the

negative effect of IPRs on the profit rate larger than the case where a′(�) = 0. In other words, each

innovator needs more labour in R&D (more investment) to innovate, for any level of total number

of products when IPRs’ regime is tighter. Because of the labour market constraint in the North

(equation 3.12) this results in a lower employment in the manufacturing sector for each firm in

the North and therefore a lower profit rate. Overall, considering the adverse effect of IPRs on the

contribution of innovators to the total number of products, in 3.10, results in a lower steady state

rate of innovation under the tighter IPRs’ regime.

3.3 Transitional Dynamics

A complete analysis of the growth effects of IPR should also include the trajectory path to the

steady state. It is shown in C.2 that the innovation rate and the fraction of goods that have not been

imitated at each point of time can be written as:


(t) = 
̄ + [
(0) − 
̄]e−�t (3.27)
8This is the case because the number of workers in R&D (LN

R = ag) should be smaller than the total number of
workers in the North, LN .
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g(t) = ḡ − [
(0) − 
̄]�e−�t (3.28)

where −� equals the negative eigenvalue and −� is the corresponding eigenvector for this

eigenvalue. Taking derivative with respect to the policy parameter � results in

d
(t)
d�

= (1 − e−�t)
d
̄
d�

> 0 (3.29)

dg(t)
d�

=
dḡ

d�
+�e−�t d
̄

d�
≷ 0 (3.30)

where � and � are positive. Both effects can be seen from (3.29) and (3.30) because � > 0,

� > 0 and from proposition 1, d
̄
d�

> 0 and dḡ

d�
< 0 it follows that d
(t)

d�
> 0 and dg(t)

d�
≶ 0. In

addition, if the long-run response of the rate of innovation is strong, it is more likely for innovation

rate to decline on the trajectory path too. This case is shown in Figure 3.1.

Proposition 3.2 The fraction of goods that have not been imitated rises at each point in time,

following a tightening of IPRs. But the rate of innovation might decrease or increase in the

short-run.

In addition, using the derivatives at the steady state (i.e., equations 3.23 and 3.24), the the initial

effect of stronger IPRs on innovation and the fraction of goods that have not been imitated are:

dg(0)
d�

=
g

�D
[� − ��] −




D
(3.31)

Although �� < � < �(� + �), however, the sign of the dg(0)/d� could be positive or negative.

This result is different than Helpman (1993) where the initial effect of stronger IPRs on innovation

could be positive.
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3.4 Another Specification For Innovation

In the previous section, like many other models it is assumed that the innovators produce new

products using the pool of knowledge in the economy measured by the total number of products

already produced. Under this assumption, researchers become more productive in creating new

knowledge as the number of products increases over time and experience a "standing on the

shoulders" effect. This is specified in equation 3.11. (like in Grossman and Helpman, 1991a,

Helpman, 1993, and Gustafsson and Segerstrom, 2010). Another specification for the innovation

sector is to assume that the innovation pace depends on the number of products that have not

been imitated yet (i.e., nN ). As suggested by Mondal and Gupta (2009), the change in the pool

of knowledge should be proportional to the number of varieties presently produced in the North,

instead of the total number of products. Their justification for this assumption is that in reality, the

product designs that have been developed in the past and those that are presently produced should

have different effects on the cumulative process of knowledge. In fact, instead of the so-called

Marshall-Arrow-Romer type of knowledge spillover (which I use in the previous section), Mondal

and Gupta (2009) consider Jacobs’ type of localized knowledge spillover.

Under this new specification, the agglomeration of different production units in one region

decreases the cost of doing R&D there. Thus knowledge spillover originates from the presence

of producers of different goods in one region rather than the experience of the R&D sector of

developing products in the past. This simplification helps Mondal and Gupta (2009) to get back

the transitional dynamic properties of this marginally modified model and to perform the welfare

analysis. Mondal and Gupta (2009) conclude that a strategy of strengthening IPRs in the South

may lead to welfare gains in both the North and the South (although the marginal welfare gain

is higher in the former than in the latter), which leads to a rise in the Northern innovation rate

and a decrease in both the Southern rate of imitation and the South-North wage in the new steady

state equilibrium. Thus, this strategy has a positive effect on the steady state equilibrium growth

rate in both countries. In this section, I use the specification in Mondal and Gupta (2009) for

119



the innovation sector and show that a stronger IPRs’ regime leads to a decline in the growth rate.

Although Mondal and Gupta (2009) find that stronger IPRs’ regime increases the steady-state rate

of innovation in North, I show that this is not the case when I consider the adverse effect of IPRs

on the contribution of the innovators. Instead of equation 3.10 I have:

n =
LN

R

a(�)
nN (3.32)

where a(�) is the productivity parameter in innovation shows units of labour required to produce

one unit of knowledge and LN
R is labour employed in R&D. Then the growth rate of innovation can

be written as:

g =
LN

R 


a(�)
(3.33)

The resource constraint for the North becomes

a(�)� + nN xN = LN (3.34)

where � = g/
 is the ratio of the growth rate to the fraction of goods that have not been imitated

yet which is my new jump variable, instead of g. The free entry condition for the innovation sector

ensures that the value of a blueprint, �N , equates the innovation costs. Given the above mentioned

technology for the innovation sector this means:

�N =
wNa(�)

nN (3.35)

The other main equations of themodel including the no-arbitrage condition (3.14), trade balance

condition (3.17) and the Euler equation (3.16) remain the same as before. Using these equations

the new differential equation for the new jump variable, �, becomes:

� = (
LN

a(�)
− �)[� + � − (

1 − �
�

)(
LN

a(�)
− �)] (3.36)
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The fraction of goods that have not been imitated,; 
 = nN/n also obeys the differential equation:


 = �
 − (�
 +m)
 (3.37)

These two equation (3.36 and 3.37) form a system of differential equations in (�; 
) where 
 is

a the state variable and � is the jump variable. The equations for � = 0 and 
 = 0 locus are given by:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

� = 0Ô� �̄ = (
1 − �
�

)[
LN

a(�)
− �̄] − �


 = 0Ô� �̄ =
m

1 − 


(3.38)

The associated phase diagram is depicted in Figure 3.2. As shown in the figure, the � = 0 does

not depend on 
 and � in the steady-state equals to:

�̄ = (1 − �) LN

a(�)
− �� (3.39)

A stronger IPRs’ regime is represented by an increase in � (i.e., a drop in the imitation rate m)

which reduces �̄. This makes both � = 0 and 
 = 0 to shift downward.

Proposition 3.3 When theR&Dsector benefits froma Jacobs’ type of localized knowledge spillover,

a tighter IPRs’ regime may decrease the steady-state growth rate.

Proof. Totally differentiating equations in 3.38 gives:

d
̄
d�

=
1
�
[1 − (1 − �) a

a′
LN(1 − 
̄)] (3.40)

and

d�̄
d�

= −
1

1 − �
a
a′

LN < 0 (3.41)

Therefore, as can been seen in Figure (3.2), a tighter IPRs’ regime reduces the steady state value
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of � but the fraction of the goods that have not been imitated may increase or decrease (
). As

ḡ = �̄
̄ the growth rate may also decrease or increase.∎

This result is different than Mondal and Gupta (2009), where the steady-state growth rate

increases in the North due to a tighter IPRs’ regime. Similar to the model in the previous section,

considering the adverse effect of tighter IPRs on R&D labour productivity increases the possibility

of an overall anti-growth effect of a tighter IPRs’ regime. In fact, based on 3.40 and 3.41, and since

ḡ = �̄
̄, the effect of tighter IPRs on ḡ would be positive if the adverse effect of stronger IPRs on

R&D labour productivity (i.e., a′(�)) is small enough:

dḡ

d�
> 0� a′(�) <

a2

(1 − �)LN (3.42)

The derivation of transitional dynamic is similar to the previousmodel and is shown inAppendix

C.3.

Proposition 3.4 When theR&Dsector benefits froma Jacobs’ type of localized knowledge spillover,

both the growth rate (g(t)) and the fraction of goods that have not been imitated (
(t)) may increase

or decrease at each point in time, following a tightening of IPRs.

Proof. Based on Appendix C.3, the innovation rate and the fraction of goods that have not been

imitated at each point of time can be written as:


(t) = 
̄ + [
(0) − 
̄]ea11t (3.43)

�(t) = �̄ (3.44)

where a11 is the negative characteristic root. Taking derivative with respect to the policy

parameter � results in

d
(t)
d�

= (1 − ea11t)
d
̄
d�

(3.45)
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d�(t)
d�

=
d�̄
d�

< 0 (3.46)

Both effects can be seen from (3.45) and (3.46). Because a11 < 0 and from proposition 3,

d
̄/d� > 0, then 
(t) may increase or decrease on the trajectory path. From equation (3.39)

d�̄/d� < 0 so from (3.46), d�(t)/d� < 0 and �(t) decreases on the trajectory path. In addition as

g(t) = �(t)
(t), g(t) might increase or decrease. Therefore the innovation rate might decrease

because of tighter IPRs. Similar to the long-run effect, this result is different from Mondal and

Gupta (2009), where the innovation rate increases in the short-run because of tightening IPRs.

Therefore, considering the adverse effect of tighter IPRs on the R&D labour productivity results in

a stronger anti-growth effect of IPRs even in a model similar to Mondal and Gupta (2009) 9.

3.5 Welfare

In both of the North and South, income per capita equals to the price of the product in each region.

Using the indirect utility function (3.2) and the aggregate price index (3.2) and the fact that E i = pi,

i = N; S, the flows of utility of typical workers in the North and the South equal:

log uN =
1

� − 1
log n +

1
� − 1

log [
 + (1 − 
)(pN/pS)�−1] + log(1 − ag

LN ) (3.47)

log uS =
1

� − 1
log n +

1
� − 1

log [
(pS/pN)�−1 + (1 − 
)] (3.48)

Three out of four components of welfare can be seen in the above equations: number of

products, terms of trade and the production reallocation effect. First, welfare rises with the number

of available products (n). Second, for any given level of terms of trade (pN/pS > 1), an increase

in the share of the goods manufactured in the North (
) reduces the welfare of the workers in the

North and South. This illustrates the welfare loss due to the inter-regional shift of production to the
9In other words, if a′(�) = 0 then d�̄/d� = 0 and d
̄/d� > 0, therefore dḡ/d� > 0.
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region with more expensive inputs. Third, any improvement in each region’s terms of trade (e.g.,

increase in pN/pS for the North) benefits the workers in that region. The intertempotal utility in

3.3 implies:

dUi(0)
d�

= ∫

∞

0
e−�t

d log ui(t)
d�

dt : i = N; S: (3.49)

Using 3.48, similar to Helpman (1993), the overall welfare effect of tighter IPRs in the South

can be decomposed to product availability, production reallocation and terms of trade components

as follows:

dUS(0)
d�

=
1

1 − �
(�n + �S

e) (3.50)

where

�n =
d
d� ∫

∞

0
e−�t log n(t)dt; (3.51)

�S
e =

d
d� ∫

∞

0
e−�t log [
(t)(pS(t)/pN(t))�−1 + (1 − 
(t))]dt = �S


 + �S
T; (3.52)

where �n represents welfare changes due to changes in product availability, �S

 shows welfare

changes from production reallocation holding relative prices (terms of trade) constant and �S
T

represents the welfare effects of changes in terms of trade. Similarly for the North:

dUN(0)
d�

=
1

1 − �
(�n + �N

e ) + �N
s (3.53)

where

�N
e =

d
d� ∫

∞

0
e−�t log [
(t) + (1 − 
(t))(pN(t)/pS(t))�−1]dt = �N


 + �N
T ; (3.54)

and
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�N
s =

d
d� ∫

∞

0
e−�t log [1 − ag(t)/LN]dt; (3.55)

Evaluating this component of welfare leads to the following proposition:

Proposition 3.5 A tightening of intellectual property rights hurts both regions on account of

product availability; i.e., �n < 0. In addition, the effect of IPRs on R&D labour productivity makes

this welfare loss stronger for both of the regions.

Proof. Using 3.30 and 3.29 it can be shown that the welfare effect of product availability in

3.55 can be written as:

�n =
ḡ

��D(� + �)
[� − �(� + �)] −




D
(3.56)

where 
 =
m + g

aa′
(�ḡ + ḡ(m + ḡ)/�) > 0 and D = m�+

1
�
(m + ḡ)2 > 0. Since � < �(�+ �) and



D > 0, therefore �n < 0. In addition, shutting down the effect of IPRs on R&D labour productivity

makes 
 to disappear from 3.56. Therefore, the effect of IPRs on R&D labour productivity makes

�n more negative for both of the regions. ∎

Evaluating the other components of welfare results in the following proposition:

Proposition 3.6 A tightening of intellectual property rights hurts both regions via inter-regional

reallocation of production (i.e., �S

 < 0 �N


 < 0). In addition, the South loses due to changes in

terms of trade and the North benefits (i.e., �S
T < 0 �S

T > 0).

Proof. Define the terms of trade as the relative prices:

T(t) =
LS

LN − ag(t)

(t)

1 − 
(t)
(3.57)

From the demand functions in 3.5 and the labour market clearance condition (3.12), and 3.57

the terms of trade is:
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�1/� =
pN

pS (3.58)

From the definition of �i
T in 3.54 and 3.52 we have

�S
T = −

�
̄/T̄

̄ + (1 − 
̄)T̄� ∫

∞

0
e−�t

dT(t)
d �

dt (3.59)

�N
T =

�(1 − 
̄)T̄�−1


̄ + (1 − 
̄)T̄� ∫

∞

0
e−�t

dT(t)
d �

dt (3.60)

From the definition of T in 3.57 and using the dynamics of 
(t) and g(t) due to a change in �

(i.e., 3.23, 3.24, 3.29, and 3.30)) it can be shown that:

∫

∞

0
e−�t

dT(t)
d �

dt =
aḡT̄2

D
̄LS [�T +
(1 − 
)a′

aD�
] (3.61)

where

�T = (1 − 
)[ �

�(� + �)
− 1] + �(� + g +m)

�(1 − �)(� + �)
(3.62)

As shown by Helpman (1993), �T > 0. In this paper since a′ > 0, from 3.61,

∫

∞

0
e−�t

dT(t)
d �

dt > 0

Therefore from 3.59 and 3.60 we have �S
T < 0 and �N

T > 0. This means on account of changes

in terms of trade, the South losses and the North benefits from a tightening of IPRs. In addition,

from 3.61 since a′ > 0, the adverse effect of IPRs on labour productivity exacerbates the changes

in terms of trade for both regions.

From the definition of�i

 in 3.54 and 3.52, thewelfare changes due to the production reallocation

effect can be written as:
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�N

 = �S


 =
1 − T̄�


̄ + (1 − 
̄)T̄� ∫

∞

0
e−�t

d
(t)
d �

dt (3.63)

Using 3.29 it can be shown that

�N

 = �S


 =
1 − T̄�


̄ + (1 − 
̄)T̄�

ḡ�

�D�(� + �)
(3.64)

which is negative since T̄ > 1. Therefore both regions lose in terms of the production reallocation

effect. Note that since the adverse effect of IPRs on R&D labour productivity does not affect the

dynamics of 
(t) in 3.29, therefore, this effect has no influence on the welfare changes from

production reallocation. ∎

The overall effect of both production reallocation and the terms of trade (i.e., �S
e = �S


 + �S
T)

is negative for the South since both �S

 and �S

T are negative. However, this overall effect can be

positive or negative for the North since: �N

 < 0 and �N

T > 0. Similar to Helpman (1993), in

Appendix C.4 I show that when imitation rate (i.e., m) is small the North loses in terms of the

overall effect, too.

The only remained component of welfare is the R&D investment pattern. This welfare compo-

nent is only in the North since the North workers can save. Using 3.55 and 3.30 the total change in

welfare due to the changes in R&D investment can be written as:

�N
s = −

aḡ

�D(� + �)(LN − aḡ)
[� − �(� + �)] +

a
 − a′ ¯gD
�D(LN − aḡ)

(3.65)

We know that � < �(� + �) and LN > ag but since the second term on the right-hand side of

3.65 could be positive or negative, therefore the welfare changes in the North due to the changes in

R&D investment (i.e., �N
s ) could be positive or negative. This welfare change in Helpman (1993)

is always positive.
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3.6 Conclusion

Innovation, depends on the accumulated knowledge from previous discoveries and the labour

productivity in the R&D sector. A stronger IPRs’ regime makes this accumulated knowledge less

accessible to potential innovators. This paper uses a dynamic general equilibrium model to study

the effects of stronger IPRs on growth and welfare, taking into account that stronger IPRs make

the current discoveries less accessible to potential innovators. In the model, the effective cost of

capital includes the hazard rate of imitation in addition to the interest rate. A tighter IPRs’ regime

reduces the hazard rate of being imitated, and therefore it reduces the effective cost of capital. On

the other hand, tighter IPRs increase the steady-state share of products that have not been imitated

yet. This shrinks the profit rate of each innovating firm for a given number of total products. In

addition, tighter IPRs reduce the profit rate even more through their adverse effect on R&D labour

productivity. Under the CES specification, this paper shows that a tighter IPRs’ regime decreases

the profit rate more than the effective cost of capital and the ultimate effect of tighter IPRs on

growth is negative even in the shot run.

In other words, under a tighter IPRs’ regime, due to the greater difficulty of imitating, firms in

the North enjoy the profits from a new product for a longer period of time, before they are imitated

by the Southern firms. Therefore, they do not have to innovate as much in order to keep producing.

This paper shows that considering the adverse effect of IPRs on innovation, this negative effect of

a tighter IPRs’ regime on the profit rate can dominate the reduction in the effective cost of capital

and reduces innovation both in the short-run and long run. On the welfare side, the results show

that the South loses from stronger IPRs on account of all welfare channels. The North benefits

via improvement in the terms of trade and loses from the inter-regional allocation of production.

However, for low levels of imitation rate, the loss from the inter-regional allocation of production

is larger than the improvement in the terms of trade. In addition, the changes in saving patterns

in the North are not always welfare-enhancing if one considers the adverse effects of stronger

IPRs on subsequent innovators. Overall, considering the influence of IPRs on subsequent potential
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innovators reveals more undesirable welfare effects of stronger IPRs for the innovative countries

(i.e., the North) as well as the imitative (i.e., the South) ones.
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3.7 Figures
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Appendix A

Appendix to Chapter 1

A.1 Optimal Income Tax Rate for Other Brackets

Similar to equation 1.22, the optimal tax rate for the third bracket can be derived from the following

FOC condition:

marginal welfare loss
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

g1h1M1 + g2h2M2 +

welfare loss from pollution because of the transfers
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

MSC(g1 + g2 + g3 + g4)[((h1 − 1)p1 + p2h2 + p3h3 + p4h4)h1M1 + (h1p1 + (h2 − 1)p2 + h3p3 + h4p4)h2M2

welfare loss from pollution because of the transfers
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

−(h1p1 + p2(h2 +
1 − �2

�2
) + h3p3 + h4p4)h2B2]

= h1M1 + h2M2 − h2B2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Marginal Benefit

A.2 Derivation of the Optimal Commodity Tax

The social planner’s problem in 1.26 can be written as:

L = ∑
n
�nhnvn(cn; zn; E(c)) + P(

H

∑
n=1

T(z) + t ∑
n=1

hncn −T R − Ē)
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where P is the marginal cost of public funds. FOC with respect to �1:

(
1

1 + t
)�1uc1h1[(−M1)]

+ (
1

1 + t
)h1[uc(1 − �1) + uz]dz

+ MSC[�1uE1h1p1dc1 + �2uE2h2p2dc2 + �3uE3h3p3dc3 + �4uE4h4p4dc4]

+ Ph1(dT R) = 0

(A.2)

The total tax revenue is:

T R =
H

∑
n=1

T(z) + t ∑
n=1

hncn − Ē =h4 z̄4�4 + h3[z3�4 + (z̄3 − z3)�3]

+ h2[z3�4 + (z2 − z3)�3 + (z̄2 − z2)�2]

+ h1[z3�4 + (z2 − z3)�3 + (z1 − z2)�2 + (z̄1 − z1)�1] + t ∑
n=1

hncn − Ē

Then

dT R =h1(z̄1 − z1)d�1 + h1
@z1
@�

�1d�1t ∑
n=1

hndcn = h1(M1 − B1) + t ∑
n=1

hndcn (A.3)

Change is consumption due to d�1 is

dc1 =
1

1 + t
[−M1 − ((1 − �1)/�1)B1 + dT R] (A.4)

dc2 = dc3 = dc4 = dT R (A.5)

where:

M1 = (z̄1 − z1) (A.6)
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Behavioral Effect:

B1 = z̄1
̄1
�1

1 − �1
(A.7)

By solving six equationsA.2, A.3, A.4, A.5, A.6, A.7 for six unknowns: �1; dc1; dc2; dT R;M1; B1,

the optimal income tax rate (�1) is derived as a function of t. Similar method is used to derive other

tax rates (�1,�2,�3) as a function of t. Substituting all the derived income tax rates in the social

welfare function and maximizing SWF with respect to t, gives the optimal commodity tax. The

assumed utility function for each representative household in each bracket is:

Un = [�C(�−1)/�
n + (1 − a)l(�−1)/�

n ](�)/(�−1) − gnE (A.8)

where E = ∑n pnhncn.
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Appendix B

Appendix to Chapter 2

B.1 The Mean Growth Rate Over an Infinite Horizon

This appendix examines how to evaluate the expected growth rate for a variable q(t) = q0e∫
t

t0
gq(�)d�,

whose actual growth at t > t0, gq(t), cannot be written in closed form, but where it is known that at

time t0 the value is q(t0) = q0 and that the limt�∞ q(t) = q∗. Define the function q̂(t) as follows:

q̂(t∣t ≥ t0) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

q∗(1 − e−�t) for 0 < q0 ≤ q∗

q∗ [1 + (I − 1)e−�t] for q0 > q∗;
(A.1)

where � > 0, and in the second expression, I is the smallest positive integer such that Iq∗ > q0 >

(I − 1)q∗. When q0 < q∗ in the first case, by construction q̂′(t) = �q∗e−�t > 0, q̂(0) = 0 < q0, and

limt�∞ q̂(t) = q∗. When q0 > q∗ in the second case, by construction q̂′(t) = −(I − 1)�q∗e−�t < 0,

q̂(0) = Iq∗ > q0, and limt�∞ q̂(t) = q∗.

These functions have one free parameter, �, which depends upon time t0, and the initial and

limiting values of q0 and q∗, respectively. From the perspective of an agent at time t0, this parameter

is fixed over [t0;∞). �(t0) is found by equating q̂(t0) with q0, since at time t0 the expectation q̂

must equal to the realized value q:

�(t0) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

− 1
t0

ln (
q∗−q0

q∗ ) q0 < q∗

− 1
t0

ln [( 1
I−1) (

q0−q∗
q∗ )] q0 ≥ q∗

: (A.2)
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The terms in the logs are between zero and one in value, so �(t0) > 0. Then the growth rate at

any point in time along this expected path is q̂/q̂ and the expected future growth is the weighted

integral over [t;∞) with weights 1
q∗−q0

q̂′(t), where the weights sums to one over this interval.

Lemma B.1.1 The expected growth in a variable q(t) given a steady-state of q∗ and an initial

value q0 at time t0, where Iq∗ > q0 > (I − 1)q∗ for some positive integer I is

q̄(t0) =
1

q∗ − q0
∫

∞

t0
[

q̂′(t)
q̂(t)

] q̂′(t)dt

=

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

�(t0) [
q∗

q0−q∗ ln (
q0
q∗) − 1] > 0 q0 < q∗

�(t0) [
q∗

q0−q∗ ln (
q0
q∗) − 1] < 0 q0 > q∗:

(A.3)

Thus, knowing a variable q’s current value q0 at time t0 and knowing and its steady-state q∗, allows

one to obtain an estimate of the mean expected future growth rate q̄(t0) for that variable q over

an infinite horizon. When q0 > q∗, that expected growth rate is negative, and when q0 < q∗, that

expected growth rate is positive.

B.2 Proof of Proposition 2.2

The inequality at left in (2.32) is the condition under which per capita consumption is rising, g∗c > 0.

The inequality at right gives the condition under which exhaustible resource production is falling

g∗Q < 0.

The transversality condition for the upstream patent value is

lim
t�∞

e−∫
t

0 r(s)dsPB(t)B(t) = 0

lim
t�∞

e−∫
t

0 r(s)ds [�(1 − �)pR(t)(m(t) − 1)Q(t)] = 0

lim
t�∞

[pR(0)[m(0) − 1]Q(0)] e−(r
∗−g∗pR

− m∗
m∗−1 g∗m−g∗Q)t

= 0: (C.1)
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This is satisfied if

r∗ − g∗pR
−

m∗

m∗ − 1
g∗m − g∗Q > 0

In the steady-state r∗ = g∗pR
, and g∗Q < 0. We know that g∗m = 0, but the limit as m � 1 of m∗

m∗−1 is

infinite, so we have to evaluate the limit of the product. Applying L’Hopital’s rule to the product,

where gm is given by (2.33), yields

lim
m�1

(
m∗

m∗ − 1
) g∗m = −

�(�1 + ��2) + �(� − �)g
∗
A

�1 + ��2
< 0; (C.2)

where the sign follows from � > �. Thus, a sufficient condition for the transversality condition for

upstream technology to be satisfied is that g∗Q ≤ 0, implied by the second inequality in (2.32).

The transversality condition for the downstream technology is

lim
t�∞

e−∫
∞

t r(s)dsPA(t)A(t) = 0

lim
t�∞

e−∫
∞

t r(s)ds�(1 − �)Y(t) = 0

lim
t�∞

�(1 − �)Y(0)e−(r∗−g∗Y )t = 0: (C.3)

This is satisfied if

r∗ − g∗Y > 0

�g∗c + � − (g∗c + n) > 0

(� − 1)g∗c + � − n > 0; (C.4)

which is true as long as � > n (which is required for utility to be bounded) and as long as the first

inequality in (2.32) holds, which ensures that g∗c > 0, is satisfied.
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The transversality condition for the exhaustible resource stock is

lim
t�∞

e−∫
∞

t r(s)dspR(t)R(t) = 0

lim
t�∞

pR(0)R(0)e−(r
∗−g∗pR

−g∗R)t
= 0: (C.5)

Since the r∗ − g∗pR
terms cancel, this is true only if g∗R = g∗Q < 0, so is satisfied if the second equality

in (2.32) is satisfied.

To see that utility is bounded when (2.32) is satisfied, note that

U = ∫

∞

0
e−(�−n)t [

c(t)1−� − 1
1 − �

]dt

= ∫

∞

0
e−(�−n)t [

c(0)1−�e(1−�)g∗c t

1 − �
] − ∫

∞

0

e−(�−n)t

1 − �
dt (C.6)

The second integral is bounded when � > n. The first integral is bounded if

� − n + (� − 1)g∗c > 0: (C.7)

This is clearly satisfied for g∗c > 0, since � > 1 and � > n. Therefore, the conditions (2.32) are

sufficient to ensure that utility is bounded and the transversality conditions are satisfied, as well as

ensuring that growth in consumption is positive and growth in exhaustible resource production is

negative.

Uniqueness of the equilibrium occurs because the system (2.27) is linear in all of the growth

rates, taking m and s as given.
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B.3 Derivation of the gm Transition Dynamics

This appendix recursively solves the equations (2.27c)-(27g). First, solving the equation for

downstream final good labor demand (2.27c) for gY yields

gY(t) = gw(t) + gLY (t): (B.1)

Then we may use (2.27d) to solve for growth in exhaustible resource output gQ, substituting for gpR

from (2.27a) and for gY from (B.1),

gQ(t) = −� − �gc(t) − gm(t) + gw(t) + gLY (t): (B.2)

Next, growth in wages gw is found by solving (2.27e), substituting from (B.1) for gY and from (B.2)

for gQ,

gw(t) =
�

�1
gA(t) −

�2
�1

[� + �gc(t) + gm(t)] : (B.3)

Next, solve (2.27f) for gLY after substituting for gw from (B.3), for gQ from (B.2), and for gY from

(B.1), yielding

gLY (t) = gLQ
(t) − (

1
m(t) − 1

) gm(t): (B.4)

Then solving (27g) for gc, after substituting for gw from (B.3), for gQ from (B.2), for gY from (B.1),

and for gLY from (B.4), yielding

gc(t) =
��gA(t) − ��1�gB(t) − (�2� + �1) �

� (�2� + �1)
− [

(m − 1)(��2 + �1) + �1
(m − 1)�(��2 + �1)

] gm(t): (B.5)

Then (27j) implies that growth in upstream labor is

gLQ
(t) = gs(t) + n; (B.6)
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and (27i) implies that growth in the upstream share of labor is

gs(t) =
�1m(t)s(t)

�2�[m(t) − 1]2 gm(t): (B.7)

Finally, substituting recursively for gs, gc, gLY and gY into (27h) yields an equation that can be

solved for gm, and gs is found from (B.7).

B.4 The gc, gLQ, gpR, gpQ, and gQ Growth Rates

This appendix derives the solutions along the equilibrium path for gc, gLQ
, gpR , gpQ

, and gQ.

Substituting for gm from (2.33) into (B.5) yields, after simplification,

gc(t) =
1

� (�2� + �1)
{�1 (�gA − �gB − �) + �2� (gA − �)−

�2�(m − 1) [�2�(m − 1) + �1m] {�1 [gA(� − �) + �gB + �] + �2 [gA(� − �) + � (�gB + �)]}

× [�2 (−(� − 1)2 + �2m + ((� − 2)� − 1)m) + �2
1m + 2 (�2 − 1)�1m] ∣J∣−1} : (D.1)

Next, substituting for gm from (2.33) into (B.7) and substituting that into (B.6) yields, after

simplification,

gLQ
(t) = n + �1ms {�1 [gA(� − �) + �gB + �] + �2 [gA(� − �) + � (�gB + �)]}

× {�2 [−(� − 1)2 + �2m + ((� − 2)� − 1)m] + �2
1m + 2 (�2 − 1)�1m} ∣J∣−1} : (D.2)

Substituting for gc from (D.1) into gpR = �gc + � yields, after simplification,

gpR(t) =
�

�2� + �1
{�gA − �1gB

− �2(m − 1) [�2�(m − 1) + �1m] × [�1 [gA(� − �) + �gB + �) + �2 (gA(� − �) + � (�gB + �)]]

× {�2 [−(� − 1)2 + �2m + ((� − 2)� − 1)m] + �2
1m + 2 [�2 − 1]�1m} ∣J∣−1} : (D.3)
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Equilibrium growth in gpQ
is found by substituting for gpR from (D.3) and for gm from (2.33)

into gpQ
= gm + gpR to yield

gpQ
(t) =

1
�2� + �1

� {�1gA − �1gB + �2gA−

�1�2(m − 1) × {�1 [gA(� − �) + �gB + �] + �2 [gA(� − �) + � (�gB + �)]}

× {�2 [�2m − (1 − �)2 − [(2 − �)� + 1]m] + �1 [�1m − 2 (1 − �2)m]} ∣J∣−1} : (D.4)

Equilibrium growth gQ is found by substituting for gc from (D.1), for gm from (2.33), and for

gLQ
from (D.2) into gw from (B.3) and gLY from (B.4), and then substituting these into (B.2), which

yields, after simplification,

gQ =
1

�2� + �1
{(−�1�gA − �2�gA + �1gA + �2gA + �1�gB + �2�gB + �2�n + �1n)

− {�2 [−(1 − �)2 + �2m +m((� − 2)� − 1)] + �2
1m + 2 (�2 − 1)�1m}

× [�2
2(� − 1)�(m − 1) − �2�1�ms + �2

1(−m)s]

× {�2 [�2m − (1 − �)2 − [(2 − �)� + 1]m] + �1 [�1m − 2 (1 − �2)m]} ∣J∣−1} : (D.5)

Finally, the locii where these growth rates is equal to zero is found by substituting in s = s∗(m)

from (2.29) and numerically evaluating these expressions at the empirically relevant parameter

values.

B.5 Locii where gQ = 0, gpQ = 0, and gw = 0

The parameter � depends upon two things: the value of q0 and the time t0 at which q̂(t0) = q0. At

time t0, if q̂(t0) = q0, then � = �0. But if q̂(t0) = q1 < q0, then � = �1.1

1Time differentiating the budget constraint in (2.24),

0 =
cL
Y

+
cL
Y

−
cLY
Y2 + �2(1 − �)2

[
mm
m2 −

(m − 1)m
m2 ]

0 =
cL
Y

[gc + n − gY] + �2(1 − �)2
[

1
m

] gm:
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�(gY − n) > r − �

(� − 1)(gY − n) + � − n > r − gY;

where the second line subtracts gY from both sides and collects terms on the left-hand-side. The

term � − n > 0 for utility to be bounded. Thus, gY > n is sufficient for r > gY . Even economies

in the Malthusian era grew at the population growth rate, so the restriction that gY ≥ n is quite

innocuous.

The expression in (27h) uses (2.24) to solve for cL
Y
, and cross-multiplies each side by m.

Differentiating the outer terms in (2.17) yields

−s
s

+
(1 − s)s

s2 =
�1

�2�
[

m(m − 1)
(m − 1)2 −

mm
(m − 1)2 ]

(
−1
s

) gs = (
�1

�2�
)(

−m
(m − 1)2 ) gm:

The expression in (27i) is found by cross-multiplying by the negative of each denominator.
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Appendix C

Appendix to Chapter 3

C.1 Characteristic Root and Vector

The system of differential equations for g(t) = 0 and 
(t) = 0 (equations 3.20 and 3.21) can be

linearized and be written as

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣




g

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a11 a12

a21 a22

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

:

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣


 − 
̄

g − ḡ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(C.1)

where

a11 = −(m + g) < 0

a12 =
m

m + g
> 0

a21 =
�

1 − �
(� +m + g)2� > 0

a22 = (� +m + g)[
�

1 − �
g�

g +m
+ 1] > 0

The characteristic equation associated with the matrix on the right hand side of (C.1) is

x2 − (a11 + a22)x + (a11a22 − a12a21) = 0
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The solutions are then

x1;2 = (1/2)[(a11 + a22) ± B]

where

B = [(a11 − a22)
2 + 4a12a21]

1/2

As one of the roots is positive and the other one is negative, the negative root is x2 = (1/2)[(a11+

a22)−B]. Since the trace of the matrix on the right hand side of (C.1) is positive and its determinant

is negative, this system has one positive and one negative characteristic root. Suppose the associated

eigenvector with this eigenvalue is �2 then

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a11 − x2 a12

a21 a22 − x2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

:

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

�2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

then a21 + �2(a22 − x2) = 0. As x2 < 0, but a21 and a22 are positive it follows that �2 should be

negative. Let � = −�2 then

� =
1

2a12
(B + a11 − a22) > 0

To ensure long-run convergence I need to choose a zero value for the free coefficient that

multiplies the solution part associated with the positive root. Since g is a jump variable while 
 is

a state variable, I also have to choose the remaining free coefficient so as to ensure that at time zero

the fraction of goods not yet imitated matches the given initial value. This procedure leads to the

solution as

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣


(t) − 
̄

g(t) − ḡ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

ex1tb1 +

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

−�

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

e−�tb2

Therefore the final solution to the system can be represented as:
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(t) = 
̄ + [
(0) − 
̄]e−�t

g(t) = ḡ − [
(0) − 
̄]�e−�t

C.2 Log-linearization Around the Steady-State

Log-linearizing both sides of equation 3.25 around the steady-state results in:

� +m + g = ln(� + m̄ + ḡ) +
1

� + m̄ + ḡ
(g − ḡ) +

1
� + m̄ + ḡ

(m − m̄) (C.2)

(
1 − �
�

)[
LN

a(�)
− g]

m + g

g
≃ ln(

1 − �
�

) + ln(
LN

a
− ḡ) + ln(

m̄ + ḡ

ḡ
)

− (g − ḡ)
1

(LN/a) − ḡ
− (� − �̄)

a′(�)LN/a2

LN/a − ḡ

− (g − ḡ)
m̄

ḡ(m̄ + ḡ)
− (� − �̄)

1
m̄ + ḡ

(C.3)

Taking derivative with respect to � we have:

@LHS
@�

= −
1

� + g +m
(C.4)

@RHS
@�

= −
1
a2

a′(�)LN

(LN/a) − g
−

1
m + g

<
−1

� +m + g
(C.5)

Since LN

a
> g, therefore ∣@LHS

@�
∣ > ∣

@RHS
@�

∣. This shows that the decline in the profit rate (RHS)

due to an increase in � is larger than the drop in the effective cost of capital (LHS). ∎
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C.3 Characteristic Root and Vector in the Case of Localized

Knowledge Spillovers

The system of differential equations for � = 0 and 
 = 0 (equations 3.21 and 3.36) can be linearized

and be written as

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣




�

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a11 a12

a21 a22

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

:

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣


 − 
̄

� − �̄

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(C.6)

where in this case the coefficients are

a11 = m − �̄ < 0

a12 =
(�̄ −m)m

�̄2 > 0

a21 = 0

a22 =
1
�
[

LN

a(�)
− �̄] > 0

a11 < 0 because m− �̄ = (1− 
̄)�̄− �̄ = −g < 0. a22 > 0 because from the labour market condition,

LN − a(�)� > 0. Therefore, a11 < 0, a12 > 0, a21 = 0 and a22 > 0. Since the trace of the matrix

on the right-hand side of (C.6) is positive and the determinant is negative, it has one positive root

(a22 > 0) and one negative root (a11 < 0). This proves that the steady state equilibrium is a saddle

point. I choose the eigenvector corresponding to a22, the positive root, as (
0
0
) and the eigenvector

corresponding to a11, the negative root, as (
0
1
). The associated eigenvector for the negative root

x1 = a11 results in:

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a11 − x2 a12

a21 a22 − x2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

:

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Therefore the final solution to the system can be represented as:
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⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣


(t) − 
̄

�(t) − �̄

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

ea11tb1 +

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

ea22tb2

To ensure the long-run convergence I choose that at time zero �(t) takes the value �∗, i.e.,

�(0) = �∗. This procedure leads to the solutions as


(t) = 
̄ + [
(0) − 
̄]ea11t; �(t) = �̄ :

C.4 Overall Production Reallocation Effect and Terms of

Trade for Small Levels of Imitation

Combing 3.64 and 3.60, we have:

�N

 + �N

T =
ḡT̄�

D[
̄ + (1 − 
̄)T̄�]
[�e + �∗e ] (C.7)

where

�e = −
[1 − T̄−�]�

(� + �)��
+ (1 − 
̄)( �

�(� + �)
− 1) �a

LN − aḡ
+

�

�
̄(� + �)

and

�∗e =
�a′�̄(1 − 
̄)2


LS�D

Since m � 0 implies 
̄ � 1 and T̄ � 0:

�e � −
�(1 − �)
(� + �)��

< 0 and �∗e � 0 as m � 0

Therefore, �N

 + �N

T < 0 for small levels of imitation.
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