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Abstract

Variance and volatility swaps have been widely studied within the framework of contin-
uous stochastic volatility models. This thesis aims to explore the valuation of variance
and volatility swaps for stochastic volatility models with jumps. We examine a variety of
continuous stochastic volatility models and extend these by adding jump-diffusion terms.
Analytical closed-form formulae are provided to price variance swaps for both continuous
stochastic volatility models and extended jump-diffusion models. Explicit valuation via a
convexity adjustment is provided for volatility swaps in all continuous models and some
stochastic volatility models with jumps. We also compare results from continuous models
with those from extended jump-diffusion models. In the end, we show several numerical
examples to analyze the impact of jumps as well as the convexity adjustment on swaps’

fair values.
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Introduction

An equity-index’s volatility is the simplest measure of its uncertainty. As the word
“volatility” means several related but distinct concepts, we shall clarify volatility with
an adjective “realized”, “implied”, or “local”. The realized volatility of an equity-index
is the annualized standard deviation of its return (usually quoted daily) over the period
of interest. The implied volatility of an equity-index is implied by the current price of
a particular vanilla option. As a volatility parameter in the Black-Scholes formula, the
implied volatility is the value that makes the model value equal to the option price when
entered. The local volatility of an equity-index at some future market level and time is
the volatility the index must have at that market level and time so that current option
prices are fair. Local volatilities can be extracted from the set of all implied volatilities
at a given time, and locked in by trading portfolios of currently available options [14].
While the last two concepts are widely considered as people talk about volatility skews
and smiles, it is the realized volatility about which we are concerned in this thesis.

The history of exchange-traded, volatility-based derivative products can be traced
back to the year of 1996 when volatility futures were launched by OM (the Swedish
Exchange) [40]. On January 19, 1998, the Deutsche Terminborse (DTB) became the
first exchange to trade volatility futures based on an underlying equity index of implied
volatility, namely, the VOLAX future. The VOLAX is based on the implied volatility of
DAX index options represented by the VDAX, a set of eight volatility indices introduced
by the DTB in 1997 [17]. So far, the development of exchange-traded derivative products
with volatility is disappointing. It is possibly due to the fact that volatility can be
traded by combining together static positions in options on price and dynamic trading

in the underlying [8]. In Carr and Madan’s paper (2002), three methods towards trading



realized volatility were reviewed. The first method involves taking static positions in
options, with a classic example of a long position in a straddle. The second method is
by delta-hedging an option position. The leading determinant of the gain or loss from
this method is the difference between realized volatility and the anticipated volatility
used in pricing and hedging the option, provided that the price risk is hedged away. The
last method for trading realized volatility is to buy and sell volatility contracts with an
explicit payoff function of volatility. The simplest examples for such kind of contracts
are variance and volatility swaps, developed not from exchange trading, but from the
over-the-counter (OTC) market.

Variance and volatility swaps are not the first volatility-based derivative products, but
they offer an easier way for traders to take positions in pure volatility. Despite its name,
variance and volatility swaps are in fact forward contracts with payoffs depending on the
realized volatility of, for example, an equity index, such as the NASDAQ. Investors seem
to be interested in variance and volatility swaps in 1998, when the swap market began
to grow as the Long Term Capital Management (LTCM) collapsed, accompanied by a
dramatic increase in volatility. As with most new products, variance and volatility swaps
started almost as a one-sided market, with clients consisting mainly of hedge funds selling
volatility to dealers [27]. Now trading variance and volatility swaps becomes popular. A
lot of work has been devoted to pricing and hedging variance and volatility swaps. For
example, Demeterfi, Derman, Kamal and Zou (1999) [13] showed that variance swaps
could be theoretically replicated by a portfolio of sEandard options with suitably chosen
strikes, under the assumption that stock prices move without jumps, and that volatility
swaps could be replicated by dynamically trading variance swaps. They also derived an
analytical formula for theoretical fair value in the presence of realistic volatility skews.

Windcliff, Forsyth and Vetzal (2006) [43] dicussed pricing volatility products by numerical



PIDE methods. They also studied the hedging of volatility swaps using delta and delta-
gamma strategies. The more recent papers working on variance and volatility swaps
prefer to take stochastic volatility models (SVMs) as a starting point, since SVMs are
suitable to fit skews and smiles, and at the same time provide sensible Greeks [20]. (Most
derivatives markets exhibit persistent patterns of volatilities. Volatility smiles and skews
are the general phenomena of volatilities varying by strike. Before the idea of stochastic
volatility models arose, the volatility had been considered in the way such as deterministic
functions of the time or the asset’s price, but such a way failed to stand the persistence
of volatility smiles and skews. The SVMs are better also in the sense that SVMs are
general enough to include DVMs as special cases.)

In the article written by Javaheri, Wilmott and Haug (2002) [24], the valuation and
hedging of volatility swaps was discussed within the framework of a GARCH(1,1) stochas-
tic volatility model. The first two moments of the realized variance were determined by
the partial differential equation approach, and the expected realized volatility was ap-
proximated via a convexity adjustment, which was proposed by Brockhaus and Long
(2000) [6] via Taylor’s expansion to the second order for function 1/z. The working pa-
per by Théoret, Zabré and Rostan (2002) [40] presented an analytical solution for pricing
volatility swaps based on a GARCH(1,1) stochastic volatility process, which was devel-
oped by Javaheri, Wilmott and Haug (2002) [24]. They applied the result to price a swap
on the volatility of the S&P60 Canada index.

In the paper written by Swishchuk (2004) [38], the change of time method was pro-
posed to study variance and volatility swaps with underlying asset and variance following
the Heston (1993) [19] model. Covariance and correlation swaps were also priced in this
paper.

The paper by Howison, Rafailidis and Rasmussen (2004) [20] provided closed-form



formulae under a risk-neutral probability measure for volatility-average and variance
swaps based on a variety of diffusion and jump-diffusion models for volatility. It also
described a general partial differential equation framework for derivatives that had an
extra dependence on an average of the volatility, and approximate solutions were given for
volatility products written on assets for which the volatility process varied on a timescale
that is fast compared with the life of contracts.

The recent paper by Benth, Groth and Kufakunesu (2007) [3] discussed the valua-
tion of variance and volatility swaps for a non-gaussian Ornstein-Uhlenbeck stochastic
volatility model, and derived a key formula for the realized variance which was able to
describe the dynamics of swaps’ prices in Laplace transforms. They also gave an example
to compare the fast Fourier transform with the Brockhaus and Long approximation.

Thus far, it seems that many papers working on variance and volatility swaps have
considered the valuation and hedging within the framework of SVMs without jumps, but
little effort has been devoted to study the case of SVMs with jumps. (There is actually
one paper, as mentioned above, by Howison, Rafailidis and Rasmussen (2004) [20], who
did think of the stochastic volatility process with jump-diffusion, but they considered
pricing variance and volatility-average swaps only, where the volatility, not the variance,
follows jump-diffusion stochastic process.) There is growing evidence to support SVMs
with jumps rather than SVMs without jumps. One obvious example lies in the energy
market. Nobody could ignore the huge spikes of volatilities of energy prices observed
in the market. Therefore, it is useful and necessary to model and price variance and
volatility swaps for SVMs with jumps, and this is the primary purpose of this thesis.

The rest of the thesis is organized as follows:

Chapter 1: we will introduce the basic concepts of variance and volatility swaps and

how they work in practice. We also propose ways to price these swaps under the risk-



neutral probability measure. Some existing results for the valuation of variance swaps
are reviewed.

Chapter 2: we will take a review of deterministic volatility models (DVMs) as well as
SVMs without jumps, and discuss seven continuous SVMs: the Orstein-Uhlenbeck (1930)
model [41], the Vasicek (1977) model [42], the Hull-White (1987) model [22], Schwartz’s
(1997) one-factor model [34], Pilipovié’s (1998) two-factor model [32], the GARCH(1,1)
(2002) model [24], and the Heston (1993) model [19], to price variance and volatility
swaps. Analytical closed-form formulae for swaps’ fair values are given via probabilistic
approach.

Chapter 3: we will introduce SVMs with jumps, and apply those extended from
Chapter 2 to the valuation of variance and volatility swaps. Closed-form solutions are
provided for all SVMs with jumps except the Heston (1993) model [19]. First moments
of variance for all models considered are provided, and compared with expectations of
variance for the corresponding continuous SVMs obtained in Chapter 2.

Chapter 4: we will show the fair value of variance swaps for all SVMs with jumps
considered in Chapter 3. Closed-form formulae are given to compare with variance swaps’
fair values obtained in Chapter 2.

Chapter 5: we will show the fair value of volatility swaps for some SVMs with jumps
considered in Chapter 3, and compare with volatility swaps’ fair values obtained in Chap-
ter 2.

Chapter 6: we will provide several numerical examples to apply results we’ve reached
to price variance and volatility swaps and examine the impact of jumps as well as the
convexity adjustment on swaps’ fair values.

Chapter 7: we will conclude by summarizing results obtained in this thesis and propos-

ing future works on the valuation of variance and volatility swaps.



Chapter 1
Variance and Volatility Swaps

The market for variance and volatility swaps started growing in late 1998 with the LTCM
meltdown due to an unprecedented level of implied stock index volatility. Different
from stock options, these swaps provide pure exposure to the future level of volatility
[13], making them attractive to many investment banks and other financial institutions.
Investors can buy and sell these tools to directly speculate on future volatility levels, to
trade the spread between realized and implied volatility, or to hedge the implied volatility
exposure of other positions. They are now actively quoted for various assets such as stock
indices, currencies and commodities. In the remainder of this chapter, we will give an
overview of variance and volatility swaps, from definitions to valuation strategies, and

from theory to practice.

1.1 Volatility Swaps

Definition 1.1-1. A volatility swap is a forward contract on the underlying asset’s

annualized volatility. Its payoff at maturity is given by
N(O'R - Kvol) (11)

where NV is the notional amount of the swap in dollars per annualized volatility point, Ky
is the annualized volatility delivery price, o is the realized underlying asset’s volatility

(quoted in annual terms) over the life of the contract.



The measure of realized volatility to be used is defined at the beginning of the contract.

One typical formula for this is

n
OR=,|+———— lo C 1.2
S| ey 1)Ti§=: & S (1-2)
where S, is the underlying asset’s price at time #;, given tp = 0 < t; < tp < ... <
t, = T with ¢ € [0,T] between current time and maturity; the log return log—s,%L is
i—1

an approximation of %1—, assuming that the change of price between ¢;_; and ¢;
is relatively small. We also assume that the mean of the return is of order % and is
negligible. Moreover, the scaling by % ensures these quantities are annualized (daily) if
the maturity 7" is expressed in years (days) [6].

In continuous time, we define realized volatility by

1 T
or=12 / o2dt (1.3)
0

where oy is the underlying asset’s volatility at time ¢.

The holder of a volatility swap at maturity receives N dollars for every point by
which o has exceeded K. For example, if the delivery price K, is quoted as 20% and
the notional amount N is quoted as $2,000 per volatility point, the holder will receive
$10,000 when the realized underlying asset’s volatility or is 25% (o exceeds K,, by
five points) and will lose $16,000 when og is 12% (Ko exceeds og by eight points).

According to the definition, the payoff for volatility swaps is a linear function in
realized volatility. To illustrate this, we can show the payoff of the above example in

Figure 1.1 on the following page.

1.2 Variance Swaps

Definition 1.2-1. A variance swap, very similar to a volatility swap, is a forward con-

tract on the annualized underlying asset’s variance, the square of the realized volatility.



Figure 1.1: Payoff for Volatility Swaps
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Its payoff at expiration is given by

N(0% — Kyar) | (1.4)

where NV is the notional amount of the swap in dollars per annualized volatility point
squared, Ky is the annualized variance delivery price, % is the realized underlying A

asset’s variance (quoted in annual terms) over the life of the contract.

The typical measure of realized variance is
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In continuous time, realized variance is defined by

1 T
o} = T /0 o2dt. (1.6)

The holder of a variance swap at expiration receives N dollars for every point by
which 0% has exceeded Kyqr. For example, if the delivery price K,qr is quoted as (20%)2
and the notional amount N is quoted as $2,000 per volatility point squared, the holder

will receive $4, 500 when the realized underlying asset’s variance 0% is (25%)? (0% exceeds



Kyar by 225 points) and will lose $5,120 when 0% is (12%)? (Kyqr exceeds 0% by 238
points).
By definition, the payoff of variance swaps is not a linear function in realized volatility.

To illustrate this, we can describe the payoff of the above example in the figure below:

Figure 1.2: Payoff for Variance Swaps
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1.3 Variance and Volatility Swaps in Practice

Volatility has several characteristics which make trading attractive. First of all, it in-
creases with risk and uncertainty and is likely to increase more after bad news than
good news. Secondly, it appears to follow a mean-reverting process: high volatilities will
decrease while low ones will increase. Finally, there is a negative correlation between
volatility and stock or index level. the volatility will stay high after large downward
moves in the market [13].

Variance and volatility swaps allow investors to profit from the risk of an increase or
decrease in future volatility, or to hedge against the risk. One example is as follows:

Consider two counter-parties in a volatility swap: a hedge fund, and a dealer who
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writes a sponsored option to someone else. The dealer has the obligation to buy back the
option when the holder wants to sell. As is known to all, the option price will increase as
the volatility level increases. If it happens, the holder of the option will sell the option
back to the dealer at a price higher than that when the dealer sold it. In order to protect
himself from this loss, the dealer can transfer the risk to a counter-party, the hedge fund
in this example, by entering in a volatility swap. Meanwhile, the hedge fund thinks that
the volatility will decrease and so he will enter this volatility swap, taking a position to
increase his profit with risk.

As the most straightforward instruments for trading volatilities, variance and volatil-

ity swaps play and will continue to be an important role in modern financial markets.

1.4 Risk-Neutral Valuation Strategies

Pricing for variance and volatility swaps is no different from any other derivative securities
since these swaps are indeed forward contracts. In practice, it is easier to trade volatility
swaps than variance swaps due to the reason that the payoff of a volatility swap is a
linear function in realized volatility while that of a variance swap is nonlinear (compare
Figure 1.1 with Figure 1.2). However, volatility swaps are more difficult to be priced
theoretically than variance swaps. It is variance swaps that play a key role in constructing
other volatility-based derivative products [13]. In the remainder of this section, we will

consider valuation methods for variance and volatility swaps separately.

1.4.1 Valuation of Variance Swaps

The fair value for a variance swap is the delivery price K4 that makes the swap of zero

value at present. The present value of a variance swap can be expressed as

F = EQ [G—TTN(O'I% - Kvar)]
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= eI N[Eg(0%) — Kyar] (1.7)

where r is the risk-free interest rate, 7" is the time to maturity and Eg denotes the

expectation under the risk-neutral measure Q.

Therefore, Fg(c%), namely, the mean value of variance, is the only quantity we need

in order to calculate the fair value of a variance swap.

1.4.2 Valuation of Volatility Swaps

The fair value for a volatility swap is the delivery price K, which makes the present

value of the swap equal zero. The present value of a volatility swap is given by

F = EQ[e—TTN(O'R — Kvol)]

= e—TTN[EQ(O'R) — Kvol] (1.8)

where

Var(o%)
8(Bq(03))%
This can be proved by Taylor’s expansion to the second order for function +/z [6]. The

Eq(or) ~ 1/ Eq(o}) — (1.9)

last term of equation (1.9) is called the convexity adjustment.
If we want to make the approximation more accurate, we can expand +/z by Taylor’s
expansion to the third or fourth order, which requires more calculation.

By Taylor’s Formula,

1 1 1 5
VT R [T + 5 (z — @) — —5(z — 20)® + —5(z — 20)® — (@ — o)*. (1.10)
V%o 812 1628 128z2
Letting z = 0% and zo = Eg(0%), we obtain
1 1
(o) ] E 0'2 +_‘—0'2“'E 0'2 —__'—O'Z—E 0'2 2
v~ BaloR) + s b~ Bale) — s (oh - Boloh)
1 2 2113 5 2 2114
+ —————— (08— Eg(0R))’ — ————— (0% — Eg(o2))*. 1.11
ek B~ e G- BaleR) . (L)
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By taking the expectation on both sides, we get

Eq(or) = Eq(o%) - m

1 ) N
WSkewness(a 2)(Var(c%))
- m(kﬁurtosis(aﬁ) +3)(Var(o3)) (1.12)

Var(o%)

Therefore, we need to know central moments (at least of order 2) of o% for calculating
volatility swaps. The higher orders of central moments we know, the more accurate the
approximation will be.

Besides the convexity adjustment approximation discussed above, there is another
way to compute Eg(og), by using the integral expression of a square root function
VT = ﬁ I 1‘—:2;de. Carr and Lee (2005) [9] applied this expression, proof of which
could be found in [33], to derive a closed-form formula for volatility swaps. However,
this formula is not within the framework of stochastic volatility models (SVMs) we will
discuss in this thesis. Even though the integral expression provide an accurate value
rather than an approximation, the calculation within the framework of SVMs is very
challenging. Therefore, we still prefer the Brockhaus and Long approximation (1.9) to
price volatility swaps.

Note that in the remainder of this thesis, we denote E instead of Eg as the expectation
with respect to the risk-neutral measure, since all models we consider are assumed to be

in the risk-neutral world.

1.5 Some Existing Results

Much research has been done to study the valuation and hedging of volatility-based
derivative products. As to variance and volatility swaps, we are most interested in

papers by Demeterfi, Derman, Kamal and Zou (1999) [13], by Howison, Rafailidis and
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Rasmussen (2004) [20], by Javaheri, Wilmott and Haug (2002) [24],and by Swishchuk
(2004) [38]. We will discuss results from the last two papers later in the next chapter as

typical examples of SVMs without jumps, and focus on valuation approaches developed

by the first two.

1.5.1 Replication for Variance Swaps

The method to price variance swaps by replicating a variance swap by a hedged portfolio
of standard options was proposed by Demeterfi, Derman, Kamal and Zou (1999) [13]. The
fair value of the variance swap is equal to the cost of the replicating portfolio. The only
assumption for this approach is that stock prices evolve without jumps in the risk-neutral
world, which means it is diffusive. Strategies are shown as follows.

Assume that the stock price process is given by

% = ulty... )it + ol ., )d%, (1.13)
i

where u(t,...,) and o(t,...,) are any functions of time and other parameter, and Z; is
a standard Wiener process.

By applying It6’s lemma to log S;, we obtain
d(log Sy) = (u— %az)dt + 0dZ: (1.14)

Subtracting (1.14) from (1.13), we get

St

— d(log S,) = 1 o%dt. (1.15)
Sy

Therefore, the fair value of the variance swap is given by

Blok) = lE( / o2d)

dSt St
= —-E — log —
( 5, s So)
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2 S o Sy
= plT~ (S'j g 1)—185
rT 5 1 dK T o 1
+ € 7e) P(K)dK +e el C(K)dK], (1.16)
where we have
B dst — By / rdt + / olt,...,)d%] = 1T, (1.17)
and
—1lo St = —lo ST - lo %
8% ~ %G, T 8%,
o Sr=8, [* 1 * 1 S,
= 7% + A P(K)dK+ * KzC(K)dK—logS, (1.18)

where S, is an arbitrary parameter to define the boundary between calls and puts, and
P(K) and C(K) are the current fair value of puts and call options with strike price K
respectively (see [13] for a derivation of (1.18)).

Equation (1.18) represents a portfolio consisting of a short position in s% forward
contracts with strike S, a long position in % put options with continuous strike K from
0 to S and a long position in % call options with continuous strike K from S, to co.
The last term is a constant, independent of Sr.

Therefore, the fair value for the variance swap can be expressed as a constant amount
plus the cost of a portfolio of options, described by

7'T

Kuer = (%) = 2T - (g" T _q)— ]+ et (1.19)

where the portfolio II is given by

S o0
M= [ P+ 5 C(K)E. (1.20)
0

*
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1.5.2 Diffusion and Jump-diffusion Models for Variance swaps

Howison, Rafailidis and Rasmussen (2004) [20] proposed a variety of diffusion and jump-
diffusion models (two types) for volatility to price variance and volatility-average swaps.

Closed-form formulae were provided.

TYPE A

The general diffusion and jump-diffusion process for volatility is given by
dO‘t = (a1 + CLzO't)dt + (ag + a4at)th + (a5 + asat)dNt (121)

where NN; is a standard compound Poisson process with constant intensity A and zero
correlation with the Wiener process W;, and ay, . . ., ag are constant.

Taking expectation on both sides of (1.21), given the initial value o9 and the fact that
E(dN;) = Adt, we obtain

Eoy = ope®tt — %(1 — ety (1.22)
1

where o = a1 + Aas and o = ay + Aas.

Therefore, the fair value for volatility-average swaps is given by

1 T
Kool—ave = E(_/ O'tdt)
0

T
1 T
= T A EO‘tdt
1 T a1t oyt
= 'T A [00 - ——(1 — € )]dt
= w T _1y_ %
= ~ 7w (e 1) - (1.23)

From (1.21), we can, by Ité’s formula with jumps, easily get

do? = [204(a1 + as0y) + (a3 + ascy)?|dt + 204(as + agoy)dW,

+ (a5 + agoy){as + (ag + 2)oy]dN;. (1.24)
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Taking expectation on both sides of (1.24), given (1.22) and the initial value o2, we

obtain

Eo? = M ]__eﬂ2t __,31(_04_"1004-010) eﬁzt_ealt o+ 2eﬁ2t 1.95
o (R o) - OB ) i gy e (129

where o and « are as before, and o = a3 + AaZ, 81 = 2(a1 + Aas) + 2(Aasag + azas)
and By = 2(ay + Aag) + AaZ + al.

Therefore, the fair value for variance swaps is given by
1 T
Ky = E(= / o2d)
T Jo

S

= l /T[(_O‘Oﬁl — a1/ _ B1(c100 + o)
T Jo a1 a1(cy ~ o)

P10 + a) ot oo — a1

+ ag)eﬂzt

+ + == —— 0t
ai(c — fBr) o1z ]
1 afh—aifo  Pilauoo+ ) Bat
= + — 0g)(1 — e™
Tﬁz[ o102 a1(ar — Ba) ol( )
B + ap) &, o1 —aifp
- (1 — ™)  ————, 1.26
Taf(on — f) ( ) a1z (1.26)
TYPE B
Another stochastic process considered for volatility is described as
dO’t = (b]_ + sz’t)dt + ng/Etth (127)
where W; is a standard Wiener process and b, by and bs are constants.
Given the initial value oy, we can easily get
Foy= 0% e _ 1 (1.28)

by by

and, therefore, the fair value for volatility-average swaps is given by

1 T
Kyol—gve = E(T/ O'tdt)
0
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1 T
= T/O' EO’tdt
b+ b0y by T by
= R (e 1) Dy’ (1.29)
From (1.27), the process for o2, by Ité’s lemma, yields
do? = [(2by + b2)oy + 2by0?]dt + 2bs(03) 2dWS. (1.30)

Given (1.28) and initial value o2, we obtain

i} ) 0 | b1
where §; = —-bl(z—l;f:@ and &z = 00(2by + b3) — 41
Therefore, the fair value for variance swaps is given by
1 /7T
Koor = E( / dt)
= —/ EO’?dt
— _ 2 boT'
2b2 g~V
1 52 61 26T
gt g, ) - - (1:32)

The two approaches discussed above yield closed-form formulae for the valuation of
variance swaps. However, they fail to provide formulae for volatility swaps and are not
within the framework of stochastic volatility models (SVMs). Even though some popular
SVMs were discussed in the paper by Howison, Rafailidis and Rasmussen (2004) [20],
they’re incomplete in two ways: first of all, these SVMs are diffusive process without any
jumps considered; secondly, valuation of volatility swaps isn’t given. Therefore, we will
discuss valuations of both variance and volatility swaps in the frameworks of both SVMs
without jumps and SVMs with jumps in the following chapters, with the framework of

SVMs without jumps in Chapter 2 as the first step.



Chapter 2
Stochastic Volatility Models without Jumps

In the early 1970’s, the Black-Scholes (1973) model [4] was developed to derive pricing
formulas for European options with stocks as underlying assets, where the volatility term
was assumed to be constant. However, constant implied volatility is not compatible with
derivatives’ prices observed in financial markets. Lots of work has been done to study the
volatility issue. In general, it has been studied within two different frameworks, namely,

deterministic volatility models and stochastic volatility models.

2.1 Deterministic Volatility Models (DVMs)

In 1973, Merton [28] extended the term structure of volatility to o £ o3, a deterministic

function of time, with the implied volatility for an option of maturity T" given by

1 T
o2 = —,1—,/0 oldt. (2.1)

In this approach, the volatility coefficient is independent of the current level of the un-
derlying stochastic process S;. The special case where ¢ is constant reduces to the
Black-Scholes model, suggesting changes in stock prices are lognormally distributed, but
the empirical test by Bollerslev (1986) [5] indicates otherwise.

In Hull’s book in 2000 [21], volatility is assumed to be a function of time and the

current level of the underlying asset’s price S;, o £ o(t, S;), where S; satisfies
dSt = ,Ll,Stdt -+ O'(t, St)SthVt (22)
where W; is a standard Wiener process. In this approach, a time and level-dependent

18
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volatility coefficient makes the pricing more challenging and usually precludes the exis-

tence of a closed-form solution.

2.2 Stochastic Volatility Models (SVMs) without Jumps

Besides DVMs addressed above, another approach would be to consider the volatility
influenced by some sources of randomness, for example, a Wiener process. In this way,
we will obtain a stochastic volatility model, the concept of which was introduced by Hull
and White (1987) [22]. Obviously, SVMs are general enough to include DVMs as special
cases.

Several types of SVMs have been considered. For example, the time variation of the

volatility contains an additional source of randomness besides W}, given by
dos = a(t, o1)dt + b(t, o) AW} (2.3)

where Wiener processes W, which governs the price process, and W2 may be correlated
(see [7], [19], [22]).

Other examples include: volatility depends on a random parameter = such that o; =
o(x:), where w; is some random process (see [16], [18], [36], [37], [39]); the volatility
o(t,St) depends on S; = S(t + 0) for § € [—7,0], namely, stochastic volatility with delay
(see [25]); and so on. |

In the remainder of this chapter, we will examine seven stochastic volatility models
and compute the corresponding fair values for both variance and volatility swaps. Since
some results have been appeared in papers such as Javaheri, Wilmott and Haug (2002)
[24], Swishchuk (2004) [38] and Howison, Rafailidis and Rasmussen (2004) [20], we will
synthesize their results here with our own via a probabilistic approach. As is mentioned

in the first chapter, we consider SVMs in a risk-neutral probability space (22, F, 7, Q)
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with filtration 7, ¢ € [0,T], and denote the expectation E instead of Eqg with respect to

the risk-neutral measure.
In the beginning, we list some results for It6 integrals in the following lemmas.

Lemma 2.2-1. The ezpectation of the product of two Itd integrals with exponential

integrating functions is given by
t U 1
E( / e d1, / W) = —[e2altr) _ 1] (2.4)
0 0 2a

" A . . .
where t and u are positive, t A u = min(t,u), o is a non-zero constant, and Wy is a

standard Wiener process.

The proof can be found in Section A.1 in Appendix A.

Lemma 2.2-2. The expectation of the product of two exponential functions with pow-

ers of Ité integrals is given by

£ u
Elexp( / e~ =)W, + / e~ =9 gw,)]
0 0

1
— eXp[i(l _ e2n(t/\u—tVu)) + ___(e—nt + e—nu)z(ezn(t/\u) — 1)], (2.5)

4
where t and u are positive, t Au = min(t,u), tVu £ maz(t,u), k is a non-zero constant,

and Wy is a standard Wiener process.
The proof can be found in Section A.2 in Appendix A.
Lemma 2.2-3. The expectation of the time integral

t 2
/ it )y (Wt Wam W) 4
0

is given by

t
B / et R A WA W= W) g )
0

_ 1 (=) eA) _ 7)o (tva)+2E )
K — 2

2
+I{t>u}%(e“ — )T (), (2.6)
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where t and u are positive, t A u £ min(t,u), tVu £ maz(t,u), & and v are non-zero
constants with & — 2 # 0, W, is a standard Wiener process, and Iit>yy is an indicator
function taking value 1 if t > u and 0 if t < u.

The proof can be found in Section A.3 in Appendix A.

From the above lemma, we can immediately reach the following corollary: .

Corollary 2.2-4. The expectation of the time integral

U 2
/ e+ sty (Wet Wou—Ws) 1
0

is given by

E| / ¢ e(n+723)s+7(Wt+Wu—Ws) ds)
0

_ 1 (e(n—,Y?)(t/\u) —1) e?f;(tVu)+1723(t/\u)
K —y2
2
+I{u>t}%(e'“‘ — eM)eT Y, (2.7)

where t and u are positive, t A u £ min(t,u), t Vu £ maz(t,u), & and v are non-zero
constants with k — * # 0, W, is a standard Wiener process, and Itusg s an indicator

function taking value 1 if u >t and 0 if u < ¢.

Lemma 2.2-5. The expectation of the double time integral

t
/ / ‘ e(n+f‘;)(w+y)+~/(Wt+Wu—Wx—Wy) dydz
0o Jo

is given by

]
E| / / ¢ BNt W W) gy 1
0 JO

— Lk g 2x(ta) 1 1 _ 1 1

e e TR =P =
2 1

_pklAMy_ 2

° (f%(f‘v—vz) =)
1 1 1

72 (tAu) _

T = =) R =)

1
+ ? ( e.‘c(t+u) - en(tVu))] ,
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where t and u are positive, t Au = min(t,u), tV u £ maz(t,u), k and v are non-zero

constants with k —v* # 0 and 26 — v% # 0, W, is a standard Wiener process.

The proof can be found in Section A.4 in Appendix A.

2.2.1 The Ornstein-Uhlenbeck Model

The Ornstein-Uhlenbeck process, also known as a mean-reverting process, was first in-
troduced by L.S. Ornstein and G.E. Uhlenbeck in 1930 [41] to capture the velocity of a
particle in physics. Here we apply this model to capture variance’s evolution, assuming

that the underlying asset’s variance follows the process described below:
do? = —aoidt + ydW;. (2.9)

Equation (2.9) describes a mean-reverting stochastic process with zero mean and rever-
sion speed a > 0. « is a positive constant and W; is a standard Wiener process.
Solving this stochastic differential equation (SDE) by multiplying e®?, given the initial

value g2, we obtain
t
0l = oe™ ™ + / e~ g, (2.10)
0
Thus, the cross product is given by

] u
olol = aée—o‘(t"'“) + 72 /0 e~ =) qw, /0 e~ =9 g,

U t
+ oge %y / e~ W, + ge™ My / e~ =g, (2.11)
0 0

Taking expectations on both sides of (2.10) and (2.11), we conclude with
Eo? = ol ' (2.12)
1 U
Eolo2 = ope ottty 4 n2e-alt+y) oy / e dW, / e**dW,)
0 0

2
= ot eoltu) 4 ga_e—a(tw) [e2a(t/\u) —1], (2.13)
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where we apply (2.4) in (2.13).

Consequently, the mean values for 0% and o} are given by

Eo?% = = / EoZdt

_ ? 0 —atdt

- ‘70 ( e=oT), (2.14)
Eoy, = / / Eololdtdu

_ / / Jemedtn) . 1 2a(t/\u)—a(t+u) dtdu

2"
- %(e—ﬂ 1)? + TZ—;(@‘“T ~1)+ %—2 (2.15)
From (2.14) and (2.15), we obtain the variance for 0%
Var(o%) = Eoy— (Eo%)?
~ 83 (e™T —1)2 + W(e—O‘T -1)+ TL;' (2.16)

Therefore, the fair value for variance swaps with maturity T is given by (2.14).
Recall (1.9) where we have Eg(or) = /Eg(c% 8(;—'"((?%; It follows that the fair
value of volatility swaps can be computed according to (1.9) when substituting (2.14)

and (2.16) in
2.2.2 The Vasicek Model

As an extension of the Ornstein-Uhlenbeck process, the Vasicek model was first intro-
duced by Vasicek (1977) [42] to capture the evolution of interest rates in a financial

market. It describes the instantaneous interest rate r; as follows

dry = (B — r)dt + vdWs, (2.17)
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where W; is a standard Wiener process, and «, 8 and -y are positive parameters. Obvi-
ously, if we set 8 = 0, then (2.17) reduces to an Ornstein-Uhlenbeck process described
in (2.9).

(2.17) is an one factor mean-reverting process with mean 8 and mean reversion speed

a. Given an initial value 79, the SDE (2.17) has a solution of the form
t
T = (rg — Ble™ + B+~ / e~ =) qw,. (2.18)
0
By taking expectations on both sides of (2.18), we obtain
Ery = (ro — B)e™ + 6. (2.19)
Taking the limit of (2.19) yields
lim Ery = (. (2.20)
t—00
Now we apply the Vasicek model to describe the evolution of variance, given by
do? = a(B — o?)dt + vdW;. (2.21)
Solving this SDE by multiplying e*, given the initial value o2, we obtain
¢
ol = (0 —Be ™+ B+ / e~ =g, (2.22)
0
The cross product is given by

ojoy = B+ (0§ — B)’e™* + B(of — B)(e +e™)
T U
+ 78 / e~ =) dW, + / e~ =) qW,)
0 0
U L
+ v(of —B)(e™* / e~ =) GW, 4 g~ / e~ =) qw,)
0 0

t U
+ 2 / e~ t=9) W, / e w9 J1y,. (2.23)
0 0
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Taking expectations of (2.22) and (2.23), we get

Eg} = (0§ =P~ +5, (2.24)
Bofo} = -+ (o} - B 4 f(of - p)(e + &)
+ vze—a(t+u)E(/0t e*SdW, ‘/Ou eadeS)
= 7+ (0§ — )%™ + B(of — B)(e™ + )

,),2 e—a(t+u)

+ T[e2a(t’\“) —1], (2.25)

Il

where we apply (2.4) in (2.25). It follows that the mean value of 0% and o}, and the

variance of 0% can be expressed as
1 T
Eo% = = / Eo2dt
= — / (0'0 —at + ,Bdt

= ———ﬁu )+, (2.26)

Eoy = / / Ecioldtdu

— 182 2 (2:3(00 ) ’72 )(1_ —aT)

Ta2 To T T203 €
* 2a(002Té8a)32 ~T - ey, (2.27)
Var(c}) = Eop— (Eop)?
= % - TZZ3 (1—eT) - 2{1?12043 (1— e oT)2, (2.28)

Therefore, the fair value for variance swaps with maturity T is given by (2.26).

Recall (1.9), where we have Eg(og) ~ 1/Eq(c 8(;‘"((”2 , 50 that the fair value

for volatility swaps can be expressed via (1.9), substituting in (2.26) and (2.28).
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2.2.3 The Hull-White Model

In 1987, Hull and White [22] first proposed the model to price options, described as

follows.

dS; = pSydt + 1S dW; (2.29)
do} = aoldt + yotdW,

where o > 0 is the volatility return, ¥ > 0 is the volatility of volatility, W, and W,
are independent standard Wiener processes. Obviously the variance follows a log-normal
process.

We can solve the SDE for the variance by letting ¥; = Ino? to obtain

2

Y=Y+ (a— %)t + W (2.30)

Applying the initial value Yy = In o2, we have
2

of = of exp|(a — %)t + W) (2.31)

The cross product is given by
2
o202 = g exp[(a — %)(t + ) + (W, + W) (2.32)
Taking expectations on both sides of (2.31) and (2.32), we reach

Eo? = ole™ (2.33)
2

ot exp(— L) (¢ +u) +Y(Ws + Wa)]

o expla(t +u) + 2t Au)], (2.34)

2 2
Eojo,

Il

2

where we apply the property of Wiener process Elexp(YW;)] = e2 .
It follows that

1 T
Eo%y = T /0 Eoldt
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2

= 00 e -1), (2.35)
Bop = / / Eololdtdu
204 2
= aT2(a - 723)(2a n 72) [ae(2a+’7 T (2a + 72)601T + (O{ + ’)’2)], (236)
Var(o}) = Eof— (Bop)
= % aetat?r _ (@t )R+ ) par
aT?(a+1%)(20 +77) o
272 2\ aT 72 92

Therefore, the fair value of variance swaps with maturity T is given by (2.35).
Recall (1.9), where we have Eg(og) = 1/ Eg(c M—‘Ef‘—"?(%ﬁ))?g so that the fair value
of volatility swaps is obtained by substituting (2.35) and (2.37) in (1.9).

2.2.4 Schwartz’s One-Factor Model

Three models were proposed by Schwartz (1997) [34] to describe the stochastic behavior
of commodity prices. Here we introduce the most commonly-used one-factor model,

which assumes that the asset price S; follows the process below:
dSt = OC(L —In St)dt + O'StdI/Vt, (238)

where o > 0 is the drift speed, L is the equilibrium level and o is the volatility of asset
price. Closed-form solutions as well as European option pricing formulae can be found
in [34].

Now we apply the Schwartz’s one-factor model to capture the behavior of variance as

follows:
do? = (e — Ino?)o2dt + yo2dWy, (2.39)

where x, o and «y are positive constants, and W; is a standard Wiener process.



By the same transformation as we used in the Hull-White model, ¥; =
obtain
,72
dY; = k(o — o Y;)dt + vdW;.
The solution of (2.40) is given by integrating after multiply e** on both sides:

2

¢ ¢
Y =e "ol +x(a— —g—&-) / e~=3)ds 4 / e~ =) g,
0 0

Thus

2 ¢
o7 = exple ™™ InoZ + (a — g—ﬁ)(l — e ) + / e~ =) dW,].
0

The cross product is

2
olo2 = exp[(e™™ +e ™) Inop + (a — %;)(2 — g7 — ™)

t U
+ / e =) g, + / e~ =) gw,)].
0 0

It follows that the expectations of o2 and o202 are given by

2 t 1 2 7 0o T 2nt

— —K 1 . p— K L — p—sk
Eo; = exple™Inof + (a 2/<a)(1 e ™) + 4n(1 e~ "],

2
Eolo? = exp[(e™™ + e ™) Ino? + (o — g—ﬁ)(2 — 7" — g7h)]
t U
x Elexp(y / e "= gW, + / e~ =) qw,)]
0 0

2
= expl[(e™ + e ™) Ino: + (o — g_n)@ — e — g7r)]

7 7
% eXp[Z,‘;(l _ erc(t/\u—tVu)) + _(e—nt + e—nu)2(e2n(t/\u) _ 1)],

4K

where we apply the simple factor

¢ N[
E(exply / e~RE=a)dWe]y  — exp[? / e~ 2e(t=8) s
0 0

— ’)’2 —2kt
= eXP[E(l-e )l

28

Ino?, we

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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in (2.44), and apply (2.5) in (2.45).
It follows that

1 T
Eo% = T /0 Eoldt

1 AT y —kt r —2kt
= = Kt ] — Y1 —e Yy (1 -2
/0 exple ™ Ino§ + (o Y1 —e™)+ —(1—e™*")]dt

1 2 T 2 2
= 7 exp(a — g;)/ exp(Ino? — o+ )e"t — Z—e‘z“t]dt, (2.47)

2K 4x
Eoy = / / EoZo2dtdu

= T2 exp(2a — ———)/ / exp[( —a+Inog)(e™ + ™)

—_ Znemc(t/\u—tVu) + (e2fc(t/\u) 1)( —nt_*_e—lw)Z]dtdu, (248)

Var(oy) = Eof— (Eok)?
1 ’Yz T 72 —2kt —2Ku 72 2r(tAu—tvu)
= i,—zexp(—a)/o /0 exp[Zk-(e + e ) — e

2
+ Zﬁ( 2N _ 1)(e™ 4 ¢=)2] ditdly. (2.49)

Therefore, the fair value for variance swaps with maturity T is given by (2.47).
Recall (1.9), where we have Eg(or) =~ /Eq(c% 8(;—‘"((03)2)—5 so that the fair value
for volatility swaps is yielded from (1.9) by substituting in (2.47) and (2.49).

2.2.5 Pilipovié’s Two Factor Model

Pilipovié (1998) [32] proposed mean-reverting one-factor and two-factor models to price
energy derivatives. In her one-factor model, the equilibrium price, the long-run average,
is assumed to be constant. In her two-factor model, the long-run average follows a

geometric Brownian motion process. The two factor model is described as follows:

dS; = x(oy — S;)dt + 7S, dW}
o = o = S5i)dt £ 75, (2.50)
doy = poydt + ooy dW?
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where &, 7, 4 and o are positive constants, and W}, W2 are independent Wiener pro-
cesses.

If we set 4 = o = 0, then (2.50) reduces to the one-factor model. The solution of
(2.50) has been given by Pilipovié (1998) [32] as follows:

2
St = Soe_(”"'jf)te'ywtl
ol [t o> 2 2 1
+  kope CFERWE [ ol )s oW (ot )s=oWs g g (2.51)
0 .

Now we apply Pilipovi¢’s two-factor model to the evolution of the underlying asset’s

variance, described in the following

do? = K(oy — o2)dt + yo2dW}

(2.52)
doy = poudt + ooy dW?
with solution given by
o7 = age_("*"nrzi)te"’Wt1
b rage G / = rokoWE ek e} g (2.53)
0

which yields the cross product

—_ l. 1 1
0.t202 . U e (k5 )(t+u)e'y(W +Wl)

+ K’za(z)e_(’("l'jg_)(t'*‘u) e’Y(th-l-W&,) / / e(u—gzz)(x+y)+a(wx2+wg)e(n+:’23)(w+y)—'7(w:%+w;)dxdy

u 2 2
+ h)O!oO' e (rc+-7—-)(t+u) e'y(W1+W1) / e(u—%-)s-i—an e(n+72—)s—'yW81 ds
0

¢
+ Ko 0' e (fc+17—)(t+u) Y (WE+W}1) / e(u—%)s+aW§e(n+1:;)s—'yW}ds. (254)
0
It follows expectations of (2.53) and (2.54) are given by

E — 2ok I‘&Olo. o "’Ct’ 2.55
o7 = oze +n+u(e e™™) (2.55)

EO‘t 0. — 0.0 e —k(tVu) e('y —k)(tAu)
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1 1

+
(+e+02)2u+2+02—9%)  (u+s—792)(u+ K+ 02)

— 1 1 ) e(2u+2/e+02) (tAu)

U +26+02 =42  (u+k)(u+ K+ 0?)
1 2

NP ) (b+6+0%)(p+rK—12)

1 1
+ +
(2M+2n+a2—72 (p+rK+02)(u+ K —92)
_ 1 T )
(b+ &+ 0%) 20+ 26 + 0% — 72
1

(b +r)(p+ K+ 0?)

_ 1 (V)]

(b + 6) (1 + £ + 0?)
+ 260002 (e (utr—y?)(tAu) _ 1)e—rlEtu)tr?(tnn)
Bt K=y
K.O!OUO
u+ K

KOO 2
+ I
{t>u} 1+

4+ K2aZemEHU[(

)e(u+ﬂ)(t/\U)

e(u+n+a2)(t/\u)+(ﬂ+n) (tvu)

+ Lusy (elbtr)n _ glutr)t)grnlt+u)

(e(p,+n)t _ e(u+n)u) —W(t'*‘u) (256)

where we apply (2.6), (2.7)and (2.8) in (2.56).

Thus the mean of 0% is given by

1 T
Eo} = = / Eoldt

= = / et 4 B0yt gy
m+u m+u

= (T - 1)+ (=

ACEYD =T _ 1), (2.57)

(/c —I- @) nT) (e
which is the fair value of variance swaps with maturity 7.
The expectation of o could be computed from (2.56) by Eo% = & [T fOT Eco2dudt
and follows the variance of 6% by Var(c%) = Ec, — (Ec%)?. Recall (1.9), where we have
Eg(or) Fg(03) — —L28) 55 that the fair value for volatility swaps can be done

 8(Balo 2))
via (1.9) after substituting in (2.57) and Var(d%).
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2.2.6 A GARCH (1,1) Model

In the paper written by Javaheri, Wilmott and Haug (2002) [24], the valuation and
hedging of variance and volatility swaps were studied within the frame of a GARCH

(1,1) stochastic volatility model, 2 mean-reverting process which defined the variance as

follows:
do? = k(6 — o2)dt + yoldW;, (2.58)

where & is the speed of mean reversion, ¢ is the mean reversion level, v is the volatility
of variance, and W; is a standard Wiener process.

Javaheri, Wilmott and Haug use the partial differential equation (PDE) approach to
determine the first two moments of realized variance in [24]. Here we employ another
way to solve the problem, namely, by a probabilistic approach.

(2.58) can be solved via a variation of constants technique, giving
¢
ol = cr(z)e_('“""j;)t""ywt + K0 / e_(”"'j;)(t_s)”(w‘_WS)ds, (2.59)
0

from which it follows that the cross product is given by

2
2.2 _ 0.3 e~ (k) (EHu)+y (Wit Wa)

+ KloRem -+ / " R W) g
0

t
+ ls:@O'ge_(n+123)(t+u)/ e(n+—7§2—)s+"/(Wt+Wu—Ws)dS
0

t
+ 52026‘(""'323)(“’“) / /" e(&+d;)(z+y)+7(wt+wu—wm-Wy) dydz.  (2.60)
0 Jo

It follows that the expectations of o2 and o202 are obtained by

Eo? = (0p —0)e™™ +6, (2.61)

_ 2
E Ut2 O_Z — 061 e K(tVa) e('y K){tAu)
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2""’603 ( e(fe—'yz)(t/\u) - 1) e'yz(t/\u)—-lc(t+‘u,)
K — 2
+ Boge™ ) (e — &) (Ipunty — Iitouy)
1 1 1 1
292 —u(ttu) [ 26(tA) — -
e e T i) T ) @
2 1
N - ( 7.\ ¥ O
) (n(fﬁ—'rz) @
1 1 1
72 (tAu) —
A T e M)
1
+ 7<l"_2__(ef<,(t+'u.) _ en(tVu))]’ (262)

where we apply (2.6), (2.7) and (2.8) in (2.62).

Therefore, the mean of % is given by

1 T
Eo% = T /0 Ecidt
g2 —0

= E; (1—e )+ 6, (2.63)

which is the fair value for variance swaps with maturity 7'.

The expectation of % could be computed from (2.62) by Eo} = 75 fOT fOT Eclo2dudt
and follows the variance of 0% by Var(c%) = Ec} — (Eo%)?. Recall (1.9); where we have
Eo(or) ~ v/ Eg(o%) — V—ar(alzi)—a-, so that the fair value for volatility swaps can be found

8(Eq(o%)?
via (1.9) after substituting in (2.63) and Var(c%).

2.2.7 The Heston Model

The last model we examine here is a very popular one, the Heston (1993) model [19],
which has already been studied by Swishchuk (2004) [38]. It assumes that the underlying

asset and its variance follow the process below:

dSt = TtStdt -+ O'tStthl
(2.64)
do? = k(0% — 02)dt + Yo, dW?
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where 7; is the deterministic interest rate, x > 0 is a reversion speed, v > 0 is the
volatility of volatility, and Wl and W2 are independent standard Wiener processes.

In the paper by Swishchuk (2004) [38], a closed-form expression for valuation of
variance and volatility swaps is found by the change of time method (see [23]). We will
simply review the results in order to compare with results for SVMs with jumps later.

The asset’s variance follows a Cox-Ingersoll-Ross (1985) (CIR) process [12], which
was first suggested to model the behavior of the instantaneous interest rate. Due to the
independence of W} and W2, we only need to consider the CIR process for variance as

follows
do? = k(6% — 02)dt + yo, dW. (2.65)

Obviously the CIR process is a mean-reverting process, where x > 0 is the reversion
speed, 8 > 0 is the long-run volatility and v > 0 is the volatility of volatility.

By the change of time method, the solution of (2.65) is given by
ol = e (o — 02 + W (g7 1)) + 62, (2.66)
where W (t) is an one-dimensional Wiener process, and ¢; " is the inverse function of
¢y =2 /Ot[e”¢3 (05 — 62 + W(s)) + 6%e* %] ~Ids. (2.67)
By the properties of W(¢; ") (see [23]), we reach

Eo} = (0% —6%)e™" 467, (2.68)
2 2 2 —k(t+u) ag — 6° (tAw) 0> (tAw)
— —r(t+u, w(tAu) _ L (o2k(tAu)
Bolol = e e[0T (eron) 1) 4 (2N )]

+ e—n(t+u)(0_(2) _ 02)2 + e—mﬁeZ(a.(z) _ 92)

+ e (g2 — 6%) + 6°. (2.69)
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We obtain the mean of 0% and o4, as well as the variance of 0% below:
1 T
Eo}: = T / EcZdt
1 i
-1 / [(02 — 6%)e™" + 6%)dt
2 ° 92
_ (1= Ty 4 7, (2.70)

1 T T
Eo} = / Eololdudt
o Jo

,),2 T rT U 92
— e—n(t+u)[ 0 ( w(tAu) 1) + % ( e2rc(t/\u) _ 1)] dudst
0 0
(Uo 6)? T, —onty , 208 — 6%)6° —KkT 4
+ (1—-2e7"" +e™ )+ 7 (1—e™™") + 6% (2.71)

2 T T 2 _ g2
Va’r(cr%) — %/0 /0 e—-n(t+u)[00 Kle (en(t/\u)_l)

2
+ g;(ez"(t’\“) — 1)]dudt

,Y2 6-—2K,T
= 7% [(2e*T — 4e*T kT — 2) (02 — 6%)
+ (28T KT — 3e*7T + 4e"T — 1)67). (2.72)

Therefore, the fair value of variance swaps with maturity T is obtained by (2.70).

Recall (1.9), where we have Eqg(og) ~ 1/Eq(0%) — é(—% so that the fair value
of volatility swaps follows from (1.9) by substituting in (2.70) and (2.72).

Thus far we have overlooked the volatility issue for both DVMs and SVMs without
jumps. We take a look at seven typical continuous SVMs and compute the fair value
for both variance and volatility swaps. However, it is far from enough to study swaps
only within the continuous framework. Evidence in practice, especially from the energy
market, has shown the only randomness, Wiener process, is not enough to capture the
evolution of underlying asset’s variance. We next discuss adding a jump-diffusion term,

described by compound Poisson process, to SVMs without jumps to make the model fit

real markets better.



Chapter 3
Stochastic Volatility Models with Jumps

The class of jump-diffusion models was first introduced by Merton [29] to capture “dis-
continuities” in stock prices, an extension of the Black-Scholes model. The idea has
gained acceptance recently, especially in papers devoted to pricing assets in energy mar-
kets. For example, Cartea and Figueroa (2005) [10] presented a mean-reverting jump-
diffusion model for the electricity spot price and derived the corresponding forward prices
in closed-form. There are applications in other areas: Swishchuk and Kalemanova (2000)
[39] studied the stochastic stability of interest rates and their generalization for the case of
random jump changes; Duffie, Pan and Singleton (2000) [15] proposed transform analysis
and asset pricing within the frame of affine jump-diffusions, which provided an analytical
treatment of a range of valuation and econometric problems.

In this chapter, we consider adding jumps to existing continuous SVMs and pricing
variance and volatility swaps within these frames. We first provide an introduction to

jump-diffusions.

3.1  Jump-diffusion Description and General Assumptions

We describe a jump-diffusion process for the variance as follows.

Assume that the underlying asset’s variance fluctuates according to a continuous

stochastic process on intervals [7;, 741), 2 = 0,1,2,..., where 1y = 0, while at random
times 7, 1 = 1,2,. .., the variance jumps, namely
o2, = JioZ_ (3.1)

36
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where the total number of jumps on the interval [0,%], denoted by N, is assumed to be
a Poisson process with intensity A > 0, and the jumps J;, 1 = 0,1,2,..., except Jo = 1,
form a sequence of independent identically distributed random variables with values in
(0, +00), the mean of which is denoted as A = EJ;, i =1,2,.

From the assumptions above, we immediately reach the following lemma:

Lemma 3.1-1. For independent identically-distributed nonnegative random variables

Ji,1=12,..., if A= EJ; < +0o0, then

Ng
B([] 5) = 44, (3:2)

i=1
where Ny is a Poisson process with intensity A > 0, independent of J;, and define
Hg=1 J; &

The proof of this is straightforward:

E([5) = PW,=0)+P(N,=1)EJ, + P(N; = 2)ELEJ, +...
i=1
+ P(Ny=n)EJi...EJy+...

o0

— Z Ane-—)\t >‘t

n=0

—)\t Z A>\t e(A—l))\t‘ (3.3)

n=0
The proof of this can also be found in [39].
We now discuss seven SVMs extended from the previous chapter, in other words,

adding jumps to continuous SVMs, and examine the valuation of variance and volatility

swaps.
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3.2 The Orstein-Uhlenbeck Model with Jumps

Extended from the continuous Orstein-Uhlenbeck process, the OU model with jumps can

be described as
do? = —aoidt + vdW; + (J — 1)a2_dN;. (3.4)

This describes a mean-reverting jump-diffusion stochastic process with zero mean and
reversion speed o > 0. 7 is a positive constant and W; is a standard Wiener process,

independent of the Poisson process N; with intensity A > 0, i.e.,

1 with probability Adt
dNy = (3.5)
0 with probability 1 — Adt.
The jump-diffusion term (J — 1)o2_dN;, with the assumptions above, will be used in the

following models in this chapter.

We have solved the continuous OU process with solution
£
o7 = oge™® + / e~ g, (3.6)
0

Thus, we obtain the following proposition:

Proposition 3.2-1. The solution of the OU model with jumps is given by

Ne—1 Tn+41
0't2 = (J1J2 e JNt)age_“t -+ Z (Jn+1Jn+2 e JNt)’)’e—a(t_T") / 6a8dWs
™

n=0
]
+ et / AW, | (3.7)

TNt

where we define J1Jy ...y, =1 and ZN‘_I =0 for Ny = 0.

n=0
A proof using mathematical induction can be found in Section B.1 in Appendix B.

Taking expectations on both sides of (3.7), we get the mean value for o

EUtZ = E[(J]_JzJNt)O'ge_at]‘*‘O‘l“o
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= ogpe Z P(N; = n)A"

n=0
N (A"
— ag e~ o= Xt nz=0 (T)_
= goe-A-a)t (3.8)

Equation (3.8) can also be derived from directly taking expectations on both sides of
(3.4) and solving the corresponding ordinary differential equation.

Compared with (2.12), where Eo? = oZe™* (the expectation of ¢? in continuous
case), (3.8) involves an extra “jump term” e(4—DA. If we set the mean jump size to
A =1, then (3.8) reduces to (2.12); if A > 1, then the mean value for o? within the
frame of SVMs with jumps is greater than that within the continuous frame since the
“jump term” is greater than 1; if A < 1, then the mean value within the continuous

frame is larger, since e~ < 1.

3.3 The Vasicek Model with Jumps

Based on the continuous Vasicek model, the Vasicek model with jumps is given by the

following;:
do? = o — o?)dt -+ vdW; + (J — 1)o2_dN;, (3.9)

where o, 8 and +y are positive parameters, W; is a standard Wiener process, independent
of the jump part which was defined in the previous section.

The solution of the continuous Vasicek model has been given as
¢
i = (05 = B)e™* + B+ / e~ =aw,, (3.10)
0

from where we get the solution for Vasicek model with jumps in the following proposition.
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Proposition 3.3-1. The solution of the Vasicek model with jumps is given by
Ng—1

0'? = (J1J2 . JNt)(O'g — ,B)e‘“t + 4 Z (Jn+2Jn+3 e JNt)(Jn+1 - 1)6_a(t—7"+1)
n=0
Ng—1 Tn41
+ > (Tnrrdnga- .. Iy )ye o) / e**dW,
n=0 Tn
t
4 yemolt-me) / e dWW, + 6, (3.11)

™,
where we define J1J2...Jn, =1 and Zﬁ;gl =0 for N; =0.

A proof by mathematical induction can be found in Section B.2 in Appendix B.
Obviously, we can easily see that if the parameter g is set to be 0, then (3.11) reduces
to (3.7). The same correspondence occurs between the continuous Ornstein-Uhlenbeck
model and the Vasicek model.

It is hard to compute the expectation from (3.11), but the mean value of o2 can be

reached by directly taking expectations of both sides of (3.9), yielding

of _A-a of
Bt =+ = e (312)

Recall (2.24), where Eo? = (62 — B)e™* + B (the expectation of ¢2 in continuous
case), (3.12) appears more complicated. However, if we set the mean jump size to A =1,

then (3.12) reduces to (2.24).

3.4 The Hull-White Model with Jumps

The original Hull-White model contains two continuous stochastic process, where the
underlying asset price and variance follow two geometric Brownian motions. Since we
only care about the evolution of variance, we thus add jumps only to the process for

variance, shown as follows:

dS; = pS;dt + 03SydW;
(3.13)
do? = aoldt + yo2dW; + (J — 1)o?_dN;



41

where a > 0 is the volatility return, v > 0 is the volatility of volatility, W, and W, are

independent standard Wiener processes, and the independent jump term is defined as

before.
We have the solution for continuous Hull-White model

2
o? = op expl(a — %—-)t +YW4), (3.14)

yielding the solution for Hull-White model with jumps as the proposition below.

Proposition 3.4-1. The solution of the Hull-White model with jumps is given by

2

0} = (Jir-.. Tn)og expl(a — )t + Wi, (3.15)

where we define J1Jy ...y, =1 for Ny = 0.
A proof by mathematical induction can be found in Section B.3 in Appendix B.

The expectation of 7 in (3.15) is given by

Eo?

Bl(hJs. .. Jy,)]ose™

o0
oae® Z P(N; =n)A™
n=0

a.ge(AA—)\-i-a)t, (316)

which coincides with the expectation of o7 obtained by directly solving from (3.13).
Compared with the expectation in the continuous framework described in (2.33),
where Eo? = g2e®, (3.16) includes an extra “jump term” e(A=DX  If we set the mean
jump size to A = 1, then (3.16) reduces to (2.33); if the value A > 1, then the mean value
of o2 obtained from the jump-diffusion process is greater than that from the continuous
process since the “jump term” is greater than 1; if A < 1, then the expectation from the

continuous process is larger.
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3.5 Schwartz’s One-Factor Model with Jumps

Schwartz’s one-factor model with jumps has already been used for valuation in electricity
markets in the paper by Cartea and Figueroa (2005) [10] to capture the electricity spot
price process. Closed-form formulae are provided for the corresponding forward prices.

Here we apply this model to describe the variance process as follows:
do; = k(a — Ino})oldt + yo2dW; + (J — 1)o2_dN;, (3.17)

where x, o and «y are positive constants, and W; is a standard Wiener process. The
independent jump-diffusion part is defined as before, with more assumptions on the
jump size J: the mean jump size is A = FJ = 1 and In J is normally distributed with
mean —5221 and variance o2.

The solution comes by directly solving this SDE, which needs the transformation

Y; =Ino?. Firstly we have

N2 [
Y, = e ™ol +x(a - —)/ e Ft=8)ds
28’ Jo

¢ ¢
+ / e =) g, + / e~™=9 In JdN;. (3.18)
0 0
Then
2
ol = exple™Inol+ (a— %)(1 — ™)
¢ ¢
+ v / e~ = gw, + / e~ In JdN;]. (3.19)
0 0
Taking expectations of (3.19), we obtain
Eo? = exple™Inoj + (o — f)(l —e™) + ’—Yi(l — e~ 2]
¢ 0 2K 4r
L o2
% exp[\ / (eFCI-4P-% _ 1)q4], (3.20)
0

o2 —k(t—g a2
where Flexp b e=r(t=9) In J dN;)] = expl[A bes (e I-5) -5 1 ds, the proof of which
0 0 -

can be found in paper by Cartea and Figueroa (2005) [10].
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Recall Eo} in the continuous case described by (2.44), where Eo? = exp[e~ In o2 +
(e — g% (1—e™) + ;1172;(1 — e~ 2")]. We can easily distinguish (3.20) from (2.44) by the
extra “jump term” exp|[\ fot (e%zl(e_”(t—s)‘%)z“%% — 1)ds]. However, in contrast with jump-
diffusion models discussed in previous sections, (3.20) can’t reduce to (2.44) even with
the assumption that the mean of jumps’ sizes is A = 1, since (2.44) depends not only on

A, but also is affected by the jumps’ variance.

3.6 Pilipovié¢’s Two-Factor Model with Jumps

Extended from the continuous Pilipovié’s two-factor model, Pilipovié’s two-factor model

with jumps can be expressed by

do? = k(ay — 02)dt + yo2dW} + (J — 1)o2_dN; (3.21)
doy = poudt + oo dW?

where &, vy, ¢ and o are positive constants, and W, W2 are Wiener processes with zero
correlation, also independent of the jump term defined as before.

The solution in continuous case has been given as

2
- o i 1
0.3 — 0'3 e (k% )te'th
ﬁt Wl ¢ 0'2 W2 ﬁ Wl
+  roge (T EW / eW— T )sHoWs oot )s=aWs g (3.22)
0

which yields the solution of Pilipovié’s two-factor model with jumps in the following
proposition.
Proposition 3.6-1. The solution of Pilipovié’s two-factor model with jumps is given
by
2
0_t2 = (J1J2 e JNt)O'ge_(n-*-jz_)te’thl
Np—1

2
+ ko Z [(Jn+1']n+2 see ']Nt)6—('6'*'%)“_7")e'Y(th“Wq%n)

n=0
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o2 2 Tn+1 o2 2 e 1
W= )t WE, b= F)s+ W3 o (wt-Tr)s—7Ws ds]
™

2 1 1
+ koge~ =) YW= Wry, )

RE N T VskoW2 ,(k+- L 1
er BT / b= T)eHoWs ot F)e—1Ws g, (3.23)
TN,
where we define J1Jz...J n, =1 and Zf:’;gl =0 for N; =0.

A proof by the mathematical induction can be found in Section B.4 in Appendix B.
The mean of o2 can be extracted easily by directly taking expectations of (3.21) and

solving for the corresponding ODE, yielding

2 _ (42 _ K (Ar=A—k)t Koo et 4
Boy = (o ,LL-i-/s—l-)\—A)\)e +u+n+/\—A>\e ‘ (3:24)

Recall the expectation of o7 in continuous case, described by (2.55) where Eo? =
oge™"* + H (et — e7). We easily find out that the parameters in (3.24) contains

information about the jumps. If we set the mean jump size to A = 1, then (3.24) reduces

to (2.55).

3.7 GARCH (1,1) Model with Jumps

Extending the GARCH (1,1) model from a continuous process to a mean-reverting jump-

diffusion process, we get the evolution of variance as follows:
do? = (0 — o)dt + yo2dW; -+ (J — 1)o2_dN;, (3.25)

where & is the speed of mean reversion, 4 is the mean reversion level, vy is the volatility
of variance, and W; is a standard Wiener process, independent of the jump term defined

as before.

As is discussed in the previous chapter, the solution within the frame of continuous

GARCH (1,1) is given by

t
o7 = age'('”'j;)t""fw‘ + K0 / e'("”i%)(t“s)ﬂ(wt‘m)ds, (3.26)
0



45

which induces the solution for GARCH (1,1) model with jumps, contained in the following

proposition.

Proposition 3.7-1. The solution of the GARCH (1,1) model with jumps is given by

2
0152 = (J1J2 v JNt)a'(z)e"(’€+jz—)t+"/Wt

Ng—1 , - 2
+ b Z (JntrJniz - J. Nt)6_(K+j§—)(t_7")+7(wt—wm) / et )s=TWa g o

n=0 o

2 t )
+ ke~ )T v (We =Wy, ) / elet)s—7Ws ds, (3.27)
TNt

where we define J1J2...Jy, =1 and Zﬁgl =0 for N; =0.

A proof by the mathematical induction can be found in Section B.5 in Appendix B.
It’s not hard to see that (3.27) can be considered a special case of (3.23) when we set
p =0 =0in (3.23) and define iy = §. Actually, if 1 and o are set to 0, then Pilipovié’s
two-factor model reduces to a one-factor model in the same form as the GARCH (1,1)
model.

The expectation of o2 can be obtained directly from (3.25) by taking expectations on

both sides of (3.25), and is given by

k0 3 K0
Bo =+ o T e (8.28)

Compared with the mean value of 67 in the continuous case described by (2.61), where
Eo} = (0§ — 0)e™"* + 0, the parameters of (3.28) involve information about the jumps.
If we set the mean jump size A = 1, then (3.28) reduces to (2.61).

Recall (3.24), the mean of 7 obtained within Pilipovié’s two-factor model with jumps.

We can see that if 4 = 0 and we define g = 6 in (3.24), then (3.24) will reduce to (3.28).
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3.8 The Heston Model with Jumps

Extended from the continuous Heston model, the jump-diffusion Heston model is de-

scribed as follows:

dS; = rySydt + 04 S dW}
(3.29)
do? = k(0% — 02)dt + yo . dW; + (J — 1)o2_dN;
where r; is deterministic interest rate, x > 0 is a reversion speed, v > 0 is the volatility
of volatility, and W} and W, are independent standard Wiener process, also independent
of the jump term defined as before.
Swishchuk (2004) [38] has already provided a closed-form solution for the CIR process
for variance by the change of time method. However, it is hard to induce the solution
for the Heston model with jumps from that formula.

As to the expectation of variance, we can get it from (3.29) by taking expectation

directly:

/{,92 Ak /‘692
Boi =0+ o oo (8:50)

Compared with the expectation of o7 in the continuous case described by (2.68),
where Eo? = (02 — 6?)e™" + 62, (3.34) will reduce to (2.68) if we set the mean of jumps’
size to A= 1.

Recall Eo} obtained within the frame of GARCH(1,1) with jumps, described in (3.28).
We find that if the long term means, 6 in GARCH(1,1) and 6? in Heston model, are set
to be the same, then there is no difference for the mean values of ¢2? within these two
models.

So far, we have discussed seven SVMs with jumps extended from Chapter 2, and

compared expectations of variance yielded from them with those obtained in the previous

chapter. The interesting thing we have discovered is that, in most cases, if the mean value
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of jump size A is set to 1, then expectations of variance for the SVMs with jumps are
the same as those for the corresponding SVMs without jumps. The only exception is for
Schwartz’s one-factor model. Furthermore, we will see in the next chapter how the fair

values for variance swaps coincide for two corresponding models if we set A = 1.



Chapter 4
Variance Swaps for SVMs with Jumps

Risk-neutral valuation strategies for variance swaps have been discussed in Section 1.4.1
of Chapter 1. The first moment of realized variance Fo%, which in continuous-time
cases is defined as % fOT Eo2dt, is the only variable we need in order to compute the fair
value for variance swaps. It therefore follows that the fair value for variance swaps is
determined as long as Eo? is known. In this chapter, we will examine the valuation of
variance swaps for SVMs with jumps discussed in the previous chapter, and compare

results with those obtained from SVMs without jumps.

4.1 Variance Swaps for Orstein-Uhlenbeck Model with Jumps

The mean value of o has been given by (3.8) where Eo? = 02¢(A*—2=) 50 that the fair

value for variance swaps with maturity T" is obtained by

2
Kyaor = EO'R

1T,
= T'/o EO’tdt

1 T
— T/O' a.ge(A)\—)\—a)tdt

— & (AA-A=a)T _
= @ oa—aT b, (41)

where A is the mean jump size, A is the intensity of Poisson process defined for the
jump-diffusion term, and « is the mean-reversion speed.
Comparing (4.1) with the fair value of variance swaps for the continuous OU model

obtained by (2.14), where Kyqr = Eo% = %(1 —e~°T), we find that, if A = 1, then (4.1)

48
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reduces to (2.14), which means that if the mean value of jumps’ size equals 1, then there
is no difference for the variance swaps’ fair values within the continuous OU model or

the OU model with jumps.

4.2 Variance Swaps for Vasicek Model with Jumps

From the first moment of o7 obtained by (3.12), where Eo} = (03 + 22— )e ——a)t _

aﬁ . o . . .
Tos—g» We can easily compute the fair value for variance swaps with maturity T as

follows:
Kvar = EO%
1 T
= ? Edfdt
0
L (Y12, 0B (AA—r—a)t af
_ T/O[(UO+AA_A_Q)6 R -
- L 7 of (AA=A—a)T _ 1y _ af

where A is the mean jump size, A is the intensity of Poisson process defined for the
jump-diffusion term, « is the reversion speed and § is the long-term mean.

Compared with the fair value for the continuous Vasicek model obtained by (2.26)
where Ko = Ec% = %’i}—ﬁ(l —e™*T) + 3, (4.2) contains some other jump information
and thus looks more complicated. However, if we set A = 1, then (4.2) reduces to (2.26).

Recall (4.1), the fair value obtained within OU model with jumps. We find that if
the long-term mean 8 = 0, then (4.2) reduces to (4.1).
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4.3 Variance Swaps for the Hull-White Model with Jumps

The first moment of o7 is given by (3.16) where Eo? = oZe(A~2)t from where we

obtain the fair value for variance swaps with maturity T, described as

Kfvar = EO.R
1T,
1 T
— —f /0 a.ge(A)\—A-*'Ol)tdt
2

g -
= Woarar© =, (43)

where A is the mean jump size, A is the intensity of Poisson process defined for the
jump-diffusion term, and « is the coefficient of the drift term.
It is easy to see that if A = 1, then (4.3) coincides with (2.35) obtained as variance

a2

swaps’ fair value for the continuous Hull-White model, where K4 = Ec% = &-%( e*T —1).

4.4 Variance Swaps for Schwartz’s One-Factor Model with Jumps

Based on the mean value for o given by (3.20) where Eo? = exple™ In o3+ (o — 321;-)(1 -
o k(s o2 . .
e™™) + L(1— e 2) 4 ) [, D€ TI=3)" % _1)ds), the fair value for variance swaps

with maturity T' can be expressed as

Kvar = EO'R
1 T
= —/ Eoldt
.
= ——/ exple ™ In o + (a———)( "‘t)-i—zl;(l—e‘m)
+ A / (R I _ 1y

T v’ t 04 Quct
= T A exp[(—l;—a-i-lnao) e " ——Ee_”
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t o2 (bt o2
+ Al(a%@“*%V“#—1mﬂﬁ, (4.4)

where A is the intensity of Poisson process defined for the jump-diffusion term,  is the
reversion speed, vy is the volatility of volatility, and 0% is the variance of In J, the log of
jump sizes.

Compared with the variance swaps’ fair values obtained by continuous Schwartz’s one-

2
factor model described by (2.47), where Kyor = Eo% = ea;}? fOT exp[(-;’%-—oz—l-ln od)e " —
0% rires o2
Z%e‘m]dt, (4.4) contains an extra integrating term exp[\ fot (e 0=I=3P—% _ 1)ds].
Similar to the property of Eo2, even if we set the mean jump size to A = 1, this extra

term can’t be eliminated and therefore (4.4) cannot reduce to (2.47).

4.5 Variance Swaps for Pilipovié¢’s Two-Factor Model with Jumps

The expectation of o7 has been shown in (3.24) where Eo} = (0§ — 7580 )e(AA-A=r)t

M_l_—n'f'_af\’:ﬁe“t, and thus we can obtain the fair value for variance swaps with maturity T'

as follows:
Kpor = Ea,zz
1 T
0
_ 1 / T[(UZ _ kg ) eAAA—r)E | koo eMt]dt
T o N ptrFN—AN pt e+ — AN
— ( 0’3 _ KQo )(e(A/\—)\—-n)T _ 1)
AX=A—m)T TAN—A—r)(p+r+r— AN
+ % (e — 1), (4.5)

pI(p+ 5+ X — AN)

where A is the mean jump size, A is the intensity of Poisson process defined for the
jump-diffusion term, & is the mean-reverting speed, u is the coefficient of drift term for

the long-term average process and «y is the initial value of the long-term average.
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Note that if we define A = 1 (4.5) will reduce to (2.57) where Ko = Eo% =
(T — e = 1) + T (¢#F — 1), meaning no difference between the variance
swaps’ fair values for the continuous Pilipovié’s two-factor model and that for Pilipovié’s

two-factor model with jumps.

4.6 Variance Swaps for GARCH(1,1) Model with Jumps

From the mean value of o} obtained by (3.28) where Eo? = (07 + 50— )e )t _

ZA—EGX‘—‘E’ we can compute the fair value for variance swaps with maturity 7" by

Kvar = EO'%
1 T
= ?/ Edtzdt
0

Y K0 (AA=A—r)t K0

= T/()[(00+A>\—)\—Ii)e —_——A)\—)\—/q,]dt

_ 1 a3 K0 (AA=A—r)T _ K0

B T(A)\—)\—-E_l_(A)\—)\—;g)?)(e D= 48

where A is the mean jump size, A is the intensity of Poisson process defined for the
jump-diffusion term, & is the mean-reverting speed, and § is the long-term mean.
Recall (2.63), the fair value of variance swaps within the frame of continuous GARCH
(1,1), where Ky = Ec% = %'i—;—q(l —e~*T) + 6, we note that if A = 1, then (4.6) reduces
to (2.63).
Compared with (4.5), where we consider variance swaps’ fair value within Pilipovié’s

two-factor model, (4.6) could be deduced from (4.5) by setting 1 = 0 and defining 6 = o
in (4.5).
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4.7 Variance Swaps for Heston Model with Jumps

The expectation of o7 is given by (3.30) where Eo? = (03 + —)elA-A=m)t . 02 -

from where we obtain the fair value for variance swaps with maturity T as follows:

Kvar = EO‘;‘%
1 T
= ?/ Eatzdt
0
1 [T, k6? 02
= — (A)\—)\—K,)t -
T/(; [(UO+A)\—)\—K,)6 _—A)\-—)\__K,]dt
_ 1 i K9* (AA=A—r)T k0>
N T(A/\—)\—n-*—(A,\_)\_KI)z)(e "U‘m, (4.7)

where A is the mean jump size, A is the intensity of Poisson process defined for the
jump-diffusion term, & is the mean-reverting speed, and 42 is the long-term mean.

Again, variance swaps’ fair values for the Heston model with jumps are no different
from those for the continuous Heston model if the mean jump size A is defined as 1 so
that (4.7) reduces to (2.70), where Kyqr = Ec% = 93,;,—02(1 — e~ ) + §2.

Moreover, if we define the long-term means, § in GARCH(1,1) model and 62 in Heston
model respectively, to be the same value, then the variance swaps’ fair values within these
two models with jumps are identical, which can be checked out by simply comparing (4.6)
with (4.7).

Just as mentioned in the end of previous chapter, fair values of variance swaps for
SVMs with jumps in most cases coincide with those for continuous SVMs obtained in
Chapter 2, as long as the mean value of jump size A = 1. It is verified after we examined
all models considered in the previous two chapters, with Schwartz’s one-factor model as
the only exception. The assumption A = 1 can be thought of a model with no jumps in
average.

From the discussion above, we can see that the computation of the fair value for

variance swaps is quite straightforward. Whatever complicated model it is, we know
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variance swaps’ fair value as longs as Eo? is given. We even don’t need to know the
explicit solution of variance for a particular stochastic volatility model. However, it’s not
the case when the question for valuation of volatility swaps arises. We will discuss this

issue in the next chapter.



Chapter 5
Volatility Swaps for SVMs with Jumps

Risk-neutral valuation strategies have been discussed in Section 1.4.2 of Chapter 1. Since
we cannot obtain the first moment of realized volatility Eog directly within the frame

of SVMs, pricing for volatility swaps becomes difficult and we need to approximate the

fair value by a convexity adjustment K,y = Eog =~ \/Ec% — ;Z;—T(:%, which requires the
R

first two moments of realized variance, Eo% and Var(o%). Therefore, in order to price
volatility swaps, we need not only the mean of o to compute Eo%, but also the mean of
cross product ofo?2 to compute Var(c%). Things will become relatively straightforward
as long as explicit formulae for o? are given. Fair values for volatility swaps within the
frame of continuous SVMs have been given in Chapter 2, according to the strategies
discussed above. However, it is still a challenging task to price volatility swaps for SVMs
with jumps due to the complexity of explicit formulae for o?.

In this chapter, we examine volatility swaps’ fair values for two SVMs with jumps
discussed in Chapter 3. Specifically, we compare the fair value of volatility swaps for the
Hull-White model with jumps with that for the continuous Hull-White model, where the
difference depends on the mean of the jumps’ sizes A = EJ and the mean of the jumps’

sizes squared B = EJ2.

5.1 Volatility Swaps for Hull-White Model with Jumps

The solution of the Hull-White model with jumps is given by (3.15) where
0% = (J1Jz... Jn,)of expl(a — L)t + yWi], yielding the cross product as follows:
2
020k = (Nidz. .. In)(Jide. .. Iy, )oel@ )ty (WetWa) (5.1)
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As to the expectation of (5.1), we have the following theorem.

Theorem 5.1-1. The expectation of the cross product (5.1) is given by

Eo%? = o e(a—zzi)(t+u)+ﬂ§(tVu)+§g3(t/\u)+,\(A—1)(tVu)+A(B-A)(t/\u)’ (5.2)

where A is the mean jump size, A is the intensity of the Poisson process for the jump-

diffusion term and we define B = EJ? to be the mean of jump sizes’ squared.

A proof for this can be found in Section C.1 in Appendix C.

Therefore, the mean value of o4 is given by

4 | Y
Eop = T2 /0 /0 Eojo,dudt

1 T
= — / / ee™ dudt + — / / e™e™ dudt

— 200 elmtn)T _ _~

= T lmtmin (m + n) mne (m + n)] (5:3)
where m =a+7*+ A(B ~ A) and n = a+ A\(4 - 1).

2

Recall (4.3) where Eo% = WL—T))_T(‘?(A'\—'\M)T

—1). It follows that the variance

for 0% is obtained by

Var(o%) = Ea}*z— (Ea,zz)z

1 1

(m+'n,)T T L of— _ _— T
[ (m+n) n? + ( mn)e
L2 (54)

n{m+n) n?
where m =a+ 42+ A(B— A) and n = a+ A(4 - 1).
Thus, the fair value for volatility swaps with maturity T can be obtained by sub-

stituting (4.3) and (5.4) in the convexity adjustment approximation K, = Eog ~

VEoL — Yarlr) o ielding

8(Bo 2)

Kvol = EUR
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~ +/Bot - Va'r(aﬁz
8(Eo%)?
2]
= et —1
vnT
_ UOn2[m(m+n) elm T — 7_11562‘"31 + 2(1_1.17 - F‘Ll_ﬁ)enT + n(n?+n) B ﬁ]

ST — 1)} ,  (55)

where m =a+~2+A(B— A) and n = a + A4 - 1).
Recall what we have done within the framework of the continuous Hull-White model

in Chapter 2. We have the first two moments of realized variance, given by

0_2
Eo% = a%(eaT - 1), (5.6)
4 2 2
2y Ty (a+y?)T (@ +7)2a+7%) s0r
= 9 —
Var(og) oI+ %) (2a + 7?) [2ae a ¢

2 2 2

+ Lo+ - Lia+?), (5.7)

yielding the fair value for volatility swaps with maturity 7" as follows:

Kvol = Fopg
N 2 _ Var(o% )
8(Eo%)®
Jo T
= el — 1]
vaoT

(_aJFy%((’%Tw[Zae@“ﬂz)T — (atr")@aty?) 207
8voT (e —1)%
2
TR [ 2+ )T — L(a+97)]
) v g : (5.8)
8vaT (el —1)2

Comparing (5.5) with (5.8), we find that if the mean of the jumps’ sizes and the

jump’s sizes squared are set to be 1,i.e. A =B =1, then (5.5) reduces to (5.8), meaning
no difference between fair values obtained from the Hull-White model with jumps and

the corresponding continuous model.
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5.2 Volatility Swaps for Schwartz’s One-Factor Model with Jumps

The solution of Schwartz’s one-factor model with jumps is given by (3.19) where o} =
exple ™ Ino? + (o — 327%)(1 — et + yemht fot e dW + f(f e~*(t=9) In JdN,], which yields
the cross product as follows:

2
0202 = exp[(e™™ +e ™) Ino? + (o — -27;)(2 — et gy

t U
+ yert / e dWy 4 ye~ / e dW,
0 0

t U
+ / e-—K/(t—'S) ln Jst + / e—n(u_s) 11’1 Jst]- (5'9)
0 0

Recall that the log of jump sizes InJ is normally distributed with mean —-5} and
variance o%. It follows the expectation of (5.9) is given by

2
Eolol = exp[(e™ +e)Inof + (o — g—ﬁ)(2 — et — Y]

£ u
Elexp[ye™" / e dW, + ye ™ / e dWs]
0 0

t U
Elexp| / e~*t=9) In JdN, + / e™*u=9) In JAN]]
0 0

2
= expl(e™™ + &™) Ino2 + (@ — L-)(2 — e — e~Hu
0 2K

2 2
:_)’__ —Kt —kuN2¢ 26(tAw) ’Y_ __ o26((tAu)—(tva))
exp[zm(e + e ™) (e 1)+ 45(1 e )]
tAw ZZL 1y2_ 6
exp[A / (eF (r)—3 —1)ds
0

tVu _‘fL 12 1\2 _‘Lzl
X [ (eFWE-2 =% _1)dg], (5.10)

tAu
where h(s) = e™(t=9) 4 e=r(u=9) and R/(s) = e~r(tVu=9),

Therefore,

Eo}y = / / Eololdudt

= T2 exp( 2a—— / / exp[(————oz+1nao)( TR g
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7 o ((tAu)—(tvar)) 7 £ 2/ 2K(tAw)
_ r((tAu)—(tve, —K —KU w(tAu) _
P + 4m(e +e7™)*(e 1)

tAu i'_z.L 1\a .‘Lzl
+A / (e ®)=2=F _1)ds
0

tVu 2,21 ’ 1y\2 _‘fL
+X [ (eF®EO-2F _1)ds]dudt. (5.11)

tAu

We don’t go further to calculate Var(o%) due to the long expressions that cannot be
simplified. As long as we get the mean value of the cross product, it is always possible to
approximate the fair value of volatility swaps via the convexity adjustment approximation
Ky = Eog ~ /Eo% — %%, where Var(c%) can be induced from Eo% and Eo%,
which are given by (5.7) and (4.4), respectively.

Theoretically, it is possible to lay out closed-form approximations for volatility swaps’
fair values within all SVMs with jumps, as long as explicit solutions of SVMs with jumps
are given. However, calculation for expectation of the cross product is so challenging

that we only discuss two relatively simple models in this chapter. It would be interesting

to see if there are any more efficient approaches.



Chapter 6
Numerical Examples

So far, we have discussed the valuation of variance and volatility swaps for both contin-
uous SVMs and SVMs with jumps. Analytical closed-form solutions are provided within
all continuous SVMs and some SVMs with jumps. In this chapter, we lay out numerical
examples where we apply results obtained from previous chapters to price variance and
volatility swaps and analyze the impacts of parameters, espectally of parameters relating

to the jump term.

6.1 Calibration of GARCH(1,1) Model

6.1.1 Estimation of Parameters

In the working paper by Théoret, Zabré and Rostan (2002) [40], the fair value of volatility
swaps based on the volatility of the S&P 60 Canada index with various maturities was
shown within the framework of a continuous GARCH(1,1) model. We will take their
results of calibration from five years of daily historical S&P 60 prices (from January 1997
to February 2002) and use them later.

The statistics on log returns of the S&P 60 for five years (1300 observations from
January 1997) are presented in Table 6.1 on the following page.

Observing the histogram of log returns of the S&P 60 Canada index (see Figure 6.1
on the following page), we easily observe leptokurtosis. We also note volatility clustering
in the return series from Figure 6.2 (on page 62) which shows the log returns of the
S&P 60 Canada index on a five year historical period. Therefore, it is reasonable to

apply a GARCH(1,1) regression to the series to estimate parameters of a continuous

60
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Table 6.1: Statistics on Log Returns of S&P 60 Canada Index

Series Log returns S& P Cad
Observations 1300

Mean 0.000235
Median 0.000593
Maximum 0.051983
Minimum -0.101108
Std. Dev. 0.013567
Skewness -0.665741
Kurtosis 7.787327

Figure 6.1: Histogram of Log Returns of S&P 60 Canada Index
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GARCH(1,1) model.

Recall that the continuous GARCH(1,1) model is described as follows:
do? = k(0 — o2)dt + yoldW;. (6.1)

According to regression results from [40], we list the estimation of parameters for

discrete GARCH(1,1) model summarized in Table 6.2, where we have the following rela-

tionships:
1%
° = &
o = t—a—f

dt
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Figure 6.2: Time Series of Log Returns of S&P 60 Canada Index
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Table 6.2: Estimation of Parameters of GARCH (1,1) Process

ARCH (1,1) coefficient « 0.060445
GARCH (1,1) coefficient 8| 0.927264
Pearson Kurtosis & 7.787327
14 0.00020991
Long-term Volatility 8 0.05289724
K 3.09733
v 2.499827486
£E—1
TE N Tw

and choose dt = 525 = 0.003968354.

On the other hand, it seems that the continuous GARCH(1,1) is not good enough
to capture the evolution of variance. Simply looking at Figure 6.2 where we find not
only the mean-reverting property of log returns, but also lots of spikes, indicating the

sharp change in the evolution of variance. Therefore, we consider describing variance by

a GARCH(1,1) model with jumps, i.e. adding jump terms to (6.1):
do? = k(0 — of)dt + yoidW; + (J — 1)o2_dN; (6.2)

where IV is a Poisson process with intensity A > 0 and independent of W;, and J is the
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jump size with mean A = EJ.

To estimate the intensity A, we first need to define jumps and thus set a criterion: if
the absolute value of a log return is greater than three times of the standard deviation
of log returns, then we define it as a jump (see [11]).

By this criterion, we find 15 jumps over the five-year period, and therefore, the in-
tensity A can be described as the frequency of jumps, defined as X = —J\t—’ﬁ (see [1]). In this
example, we take A = 2 =3,

As to the jump size, we assume that J follows a log-normal distribution, i.e. InJ ~

2

N(—%,0%), with A= EJ = 1. In this example, we take In J ~ N(—0.25,0.5).

6.1.2 Simulation of GARCH(1,1) Model

In this section, we use parameters estimated above to simulate a continuous GARCH(1,1)
process and a GARCH(1,1) model with jumps, where we take the initial variance 02 =
0.05, close to the long-term mean in the continuous case.

By Monte Carlo simulation, we obtain Figure 6.3 and Figure 6.4.

Figure 6.3: Evolution of Variance
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Figure 6.3 shows that the path for the continuous GARCH(1,1) process is close to the
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Figure 6.4: Differences between GARCH(1,1) with and without jumps
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path for the GARCH(1,1) process with jumps. This is due to our assumption that the
mean jump size A = EJ = 1. However, we can still figure out when jumps happen by
looking at Figure 6.4 which shows the difference between two paths at the same specific

times.

6.2 Variance Swaps for the GARCH(1,1) Model

Now we consider the valuation of variance swaps for the GARCH(1,1) model, with the
assumptions and estimations of parameters as discussed in Section 6.1.
Recall that the fair value for variance swaps within continuous GARCH (1,1) model

is given by

Kyor = Bol = 22— (1 — e™T) + ¢, (6.3)

and that the fair value for variance swaps within GARCH (1,1) with jumps is given by

Kvar = EO’}%
_ 1 9% K0 (AA=D—r)T K0
= Do st oo D= 69
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Since if we choose the mean of the jumps’ sizes A = 1 then (6.4) reduces to (6.3),
we will choose a different value for A to see the impact of jumps on the fair value for

variance swaps. Values of parameters needed for this valuation are summarized in Table

6.3.

Table 6.3: Parameters for Valuation of Variance Swaps within GARCH (1,1)

9 | 0.05280724
x| 3.00733
oz 0.05

A 3
A]09,1.0,1,1

According to (6.3) and (6.4), we obtain the fair value of variance swaps with maturities

up to 10 years shown in Figure 6.5 and Figure 6.6.

Figure 6.5: Delivery Price for Variance Swaps with A <1
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From Figure 6.5, we find that if the mean of jumps A < 1, then the lower the value
of A, the lower the delivery price for variance swaps. As the value for A decreases, the
convexity of the curve of dc?livery price with maturity T' changes.

Comparatively, if we look at Figure 6.6, we find that if the mean of jumps 4 > 1,

then the larger value of A, the higher delivery price for variance swaps. As the value for
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Figure 6.6: Delivery Price for Variance Swaps with 4 > 1
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A increases, the convexity of the curve of delivery price with maturity 7" won’t change.

6.3 Volatility Swaps for the Continuous Heston Model

In this section, we consider the valuation of volatility swaps for the continuous Heston

model.

Recall that the fair value for volatility swaps within the continuous Heston model is

given by
Var(o%)
Ky = Eog ~ y/Eo? — ——£&. 6.5
vol OR Or 8(E0'122)% ( )
where
2 _p2
Bo? = UOﬁTG (1= ) 467, (6.6)
,726—2K,T
Var(c%) = 557 [(2e*T — 4T KT —~ 2)(02 — 6%)
+ (2*TKT — 3e*T + 4e*T — 1)67), (6.7)

and also note that the last term in (6.5) is called convexity adjustment.

We take values of parameters summarized in Table 6.4 on the following page.
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According to (6.5), (6.6) and (6.7), we obtain the fair value of volatility swaps with
maturities up to 10 years, shown in Figure 6.7, as well as the convexity adjustment,

shown in Figure 6.8.

Table 6.4: Parameters for Valuation of Volatility Swaps within Continuous Heston Model

62 | 0.05289724
K 3.09733
oa 0.05

v | 2.499827486

Figure 6.7: Delivery Price for Volatility Swaps
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If we disregard the left tail of the adjusted strike curve in Figure 6.7, we find that as
maturity time increases, the adjusted delivery price approaches the naive strike, which
indicates that the impact of the convexity adjustment decreases with maturity. We can
confirm this by looking at Figure 6.8 below, where the convexity adjustment decreases

with maturity.

6.4 Variance and Volatility Swaps for Hull-White Model

In this section, we will take a look at fair values of variance and volatility swaps within

both the continuous Hull-White model and the Hull-White model with jumps.
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Figure 6.8: Convexity Adjustment
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Recall that the fair value of variance swaps for the continuous Hull-White model and

the Hull-White model with jumps are given by, respectively,

0'
Kvar—nojump = af(Z)’( a/I’ - ]-)7 (68)
&

Kvar—withjump = (AA Y T a)T (e(A/\—/\+Ol)T _ 1) (69)

The fair value of volatility swaps for the continuous Hull-White model and the Hull-White

model with jumps are given by, respectively,

/ Var(o%
'uol—nOJump EO'R ( R), (610)

EaR)%
where
2 ‘7(2) oT
EO'R = —&—T-(e - 1), . (611)
4 2 2
+9%) (204 7?)
\%4 2) = 90 20e2e 7T _ (@ 20T
TR = et ) et ) a °
2’72 2y _aT ’Y2 2
+ 7(204-’-’)’ )6 - E(OA-F’)’ )], (612)
and

V 2
vol—wzthjump = ‘\/ a;‘ 0'})%_:2 3 (613)
0- 2
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where
EO’2 — Ug (e(A)\-—A+a)T _ 1) (6 14)
R (AA=X+)T ’ '
gt 2 ar 1 11
VR = mlomame w2

_2 1,
nim+n) n2"

where m = a+ %+ AB — A) and n = a+ M4 — 1) with A= EJ and B = EJ2.

+ (6.15)

For simplicity, we take values of parameters shown in Table 6.5.

Table 6.5: Parameters for Valuation within Hull-White Model

a | 0.1
o2 | 0.05
A 5
v | 0.2

In order to analyze the impact of jumps, we choose different values for A and B.
Using (6.8) and (6.9), we obtain the fair value of variance swaps with maturities up to

10 years in Figure 6.9.

Figure 6.9: Delivery Price for Variance Swaps
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We can see from Figure 6.9 that the delivery price of variance swaps is negatively

related to the mean of jumps A. In other words, the larger the value of A, the lower the
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delivery price of variance swaps. If A is large enough, the delivery price will not increase
any more as time increases.
Using (6.10) and (6.13), we get the fair value of volatility swaps with maturities up

to 10 years in Figure 6.10.

Figure 6.10: Delivery Price for Volatility Swaps
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As we can see, the mean of jump size squared will greatly effect the delivery price
of volatility swaps. The smaller of value B, the higher delivery price it will be. If B
is large enough, delivery price won’t increase with time series and will decrease with an
acceleration.

'To summarize these models, the impact of jumps on delivery prices of variance and
volatility swaps varies. One thing is clear, however, as we can see from the examples

above, jumps play an important role in the pricing of variance and volatility swaps, and

we should pay attention to it.



Chapter 7

Conclusions

Throughout this thesis, we have been concerned with the valuation of variance and
volatility swaps for stochastic volatility models (SVMs) with and without jumps. The
history for variance and volatility swaps is not long, but they are now more widely used
than ever before, making it urgent to derive explicit formulae to price swaps.

In the thesis, we examined seven popular continuous SVMs and provided analytical
closed-form solutions for fair values of both variance and volatility swaps. It is not hard
to note that almost all the models we considered show the property of mean-reversion,
which satisfies expectations from historical data. The only exception we considered is
the Hull-White model, which is actually a geometric Brownian process.

However, the mean-reversion property cannot capture the evolution of volatility com-
pletely, so we extended continuous SVMs to SVMs with jumps. Under SVMs with jumps,
we derived closed-form formulae for delivery price of variance swaps. As to the valuation
of volatility swaps, we worked this out for only some of these models, even though ex-
plicit formulae for variance were shown for all SVMs with jumps we considered, except
the Heston model. Note that we obtained closed-form formulae of variance and volatility
swaps for both the continuous Hull-White model and the Hull-White model with jumps,
and for both the continuous Schwartz’s one-factor model and Schwartz’s one-factor model
with jumps.

We also compared results from continuous SVMs with those from SVMs with jumps.
We found that in most cases, just as we had anticipated, if the mean value of jump sizes is

set to be 1, meaning no jumps in average, then there is no difference between results from
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continuous SVMs and those from the corresponding SVMs with jumps. The exception
we considered is Schwartz’s one-factor model.

The last part of this thesis is devoted to numerical examples, where we see the impact
of jumps on swaps’ fair values for different types of SVMs. We cannot simply summarize
how the behavior would affect swaps’ fair values, and we can only say with certainty that
the behavior of jumps plays an important role in the valuation of variance and volatility
swaps.

Besides what we have done in this thesis, there is still a long way to go for the pricing
of variance and volatility swaps. The valuation of volatility swaps is still difficult within
the framework of SVMs. As mentioned in Chapter 5, even though Brockhaus and Long
(2000) introduced the convexity adjustment to approximate volatility swaps’ fair values,
the calculation of the convexity adjustment is quite complicated. It would be interesting
to see any efficient approaches for this problem. Moreover, another difficult point lies in

the calibration of jump-diffusion SVMs, which we didn’t discuss much in this thesis.



Appendix A

Proof of Lemmata in Chapter Two

A.1 Lemma 2.2-1

Proof for Lemma 2.2-1 as follows:

Assume that ¢ > u, then

t U u i u
E( / e*dW, / e®dW,) = E|( / e dW, + / e*5dW,) / e dW;)
0 0 0 u 0
U U t
= B[ / e dW)?] + B( / e dW, / e dW,)
0 0 u

U

= / e*ds + 0
0

— 1 20

- 201 (6 1))

where we apply the It6 isometry E[(f)° f(s)dWs)?] = E [’ f*(s)ds and the property of
independence of Wiener process which yields E( ;" e®*dW, [ e**dW,) = 0.

Similarly, if we assume ¢ < u, then

t U t U t
E( / e**dWs / e**dW,) = E|( / e**dW, + / e**dWs) / e**dWy]
0 0 0 t 0
i i U
= E / e**dW,)?] + E( / e dW, / e**dW,)
0 0 t

t
= / e**ds + 0
0
1
= %(ezat - 1)

Therefore, we have

t U
E( / e dW, / e dW,) = i[ez"‘(t’“‘) - 1J.
0 0 2c
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A.2 Lemma 2.2-2

Proof for Lemma 2.2-2 as follows:

Assume that t > u, then

t U
Elexp( / e =)W, + / e = dW,)]
0 0

t U
= FElexp(e™* / e dW, + e~ / e dW,)]
0 0

U t

e dW, + e~ / e dW;)]

u

= Elexp((e™ + e~ /

0

= Elexp((e™* + ™) /0 ) e dW;)| Elexp(e™"* / t ™ dW;)]

1 1 1 1
= exp[é_(e—nt + e—nu)Z%(e%u _ 1)] eXp[__z_e—ZKt_z_’;(GQNt _ eznu)]
1

1
= eXP[E(e"‘t + e—nu)2(62fcu _ 1) + _4;(1 _ e2fs(u—t))],

where we apply the property Elexp(y [7 £(s)dW,)] = exp|Z [¥ f2(s)ds)].

Similarly, if we assume ¢ < u, then

t U
Elexp( / e~ =g, + / & =5) gpy,)]
0

0

t U
= Elexp(e™ / e dW, + e™ / e dWy)]
0 0
t u
— Blexp((e + e / 5V, + & / A
0 ¢
t U
= Elexp((e™ + ™) / e dWs)| Elexp(e™™ / e dWs)]
0 t

1 1 1 1
= exp[-2— (e7 4 e )2 — (et — 1)] exp[ie"z’“‘—— e

2K 2&(
1 1
— exp[ﬂ(e“"t + 6—nu)2(e2ret _ 1) + Z‘,;(l _ e2l€(t—u))]'

25U __ 62'#’)]

Therefore, we obtain
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A.3 Lemma 2.2-3

Proof for Lemma 2.2-3 as follows:

Assume that ¢ > u, then

t
B / SRV FAWa=T72) g
0

— /u e(n+3’;)sE[e'y(Wt—Wu+2(Wu—Ws)+Ws)]d$
0

¢
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k73

U 2 2 2
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0

t 2 2
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— (e(n_72)u _ 1)67;—t+—';—u + l(ent _ enu)eg(ﬁu),
K

where we apply the property Elexp(y f; f(8)dW,)] = exp[572i f; f2(s)ds].

Similarly, if we assume t < u, then
¢
B / SR Wik W= W)
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_ / (s I W Wk 2 Wa W)
0

t 2 2 2
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13
2 2
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Therefore, we obtain
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_ 1 (e=1)En) _ 1y o5 va)+ 22 (thu)

= )

1 2
+ I{t>u} ; ( ent . enu) 677 (t+u) ,

where I;5,} is an indicate function taking value 1 if ¢ > u and 0 if £ < u.

A.4 Lemma 2.2-5

Proof for Lemma 2.2-5 as follows:

Assume that ¢ > u, then
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where we apply the property Elexp(y f; f(s)dWy)] = exp[%,3 f(f f2(s)ds].

Similarly, if we assume ¢ < u, then
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Appendix B

Proof of Propositions in Chapter Three

B.1 Proposition 3.2-1

Proof for Proposition 3.2-1 as follows:

Assume that for ¢ € [7%, Tk41), the following is true:

k-1 Tn41
07 = (ia...Jk)oge ™ + Y (Jnpadz... Jp)ye ot / e**dW,
=0 Tn
. n
4 yeolt=m) / e dW,.
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B.2 Proposition 3.3-1

Proof for Proposition 3.3-1 as follows:

Assume that for ¢ € [7%, Tk41), the following is true:
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Then, for ¢t = 7341, we get
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B.3 Proposition 3.4-1

Proof for Proposition 3.4-1 as follows:
Assume that for ¢ € [}, Tk41), the following is true:
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B.4 Proposition 3.6-1

Proof for Proposition 3.6-1 as follows:



Assume that for ¢ € [, Tg41), the following is true:

2
- 2. 1
0752 = (J1J2 . Jk;)O'gG (k- p) )te’YWt

k-1
2
+ ’WOE :[(Jn+1J2--.Jk)e'('°+32‘)(t‘7")37(Wt1—ern)
n=0
2 Tn-1 2 2
=G )ratoWZ, / =5 )s+oW? (k-5 )s—yW} ds]
Tn

+ koe(HENE=T) YVE W)

2 t 2 2
=)t W / = )stoWe ot I )s=a W5 g

Tk

In particular,

2 1
2 = 2 (kL)1 YW,
0'1-k+1_ = (J]_Jz...Jk)o‘Oe ( 2) 1= gy

k-1 \ 1 1

+ Kayp z :[(Jn+1-]2 “e Jk)e—(n+12—)(‘rk+1—_Tn)e’Y(WTk_}_l——WTn)
n=0
2 Tnt1 2 ,
6( —Z Yrnto W2, / e(ﬂ—”—z-)s+aW§ 6('°+12—)s"7W}d$]
n

2 1
+  kope™ TN Ter1-—Ti) 67(W7k+1‘_w’f1k)

Th4-1—

2 2 2 2
M=) oW (b= )s+0W2 okt )s—a W2 g

Tk

Then, for t = Tr41, W€ get

2
2 = 2 — ot _ 7wl. _
Orgps = (N1da. .. Jpdks1)oge (k)1 VW gy
k-1 , 1 1
+  Jryrik0g E [(Jpaadz . .. Jk)e—(nﬂz—)(fkﬂ__Tn)eq(wml__wm)
n=0
2 Tn+1 2 )
e(u_%)Tn+0W$n/ e(ﬂ_%)s-}-ow‘?e(n-i-%)s_’ywslds]
Tn

2 L .
+ Jk+1 K,aoe—(lc+:’2—)(ﬂg+1_—'rk)e'y(W_rkH__WTk)

2
e(llf— &) +a'W.,?k /

Tk

Tht1— 2 s
=)+ W3 (s+ 2 )s—9W} 4o

Further, for ¢ € [Th41, Tk2), We obtain

2
2 = g2 () man) YW
9t = Ony® 2 e Tkl

83



2 t 2 .
+ K:Offrk_*_le—(’i‘*'jz—)(t—’rk+1)67(Wg1_W1}k+1) / (=T )s+oW2 (st )s—WE 1

Tkt-1

2
= (... JpJpp1)ole N WE

k-1

2
+  Jr1k0p Z[(Jn+1J2 ces Jk)6_(N+%)(t_7")e7(WtI_W}n)

n=0

2 Tnt1 2 .
e(/"—%‘)Tn'l'O‘W‘,?n / e(ﬂ—%)s-{-dwsze(h‘/-l-%)s—'ng dS]

+ Jk+1 :“60!()6_('c

2
=T )Tk W2, /

+ ke

Tn

2
) -11) V(W =W, )

Th+1 2 2
=5 )+ W3 (k+T)s—yW} 4

Tk

2
(B =) YV )

2

2 17 2 2
W T It o Wy / = )s+oW? o (k+ T )s—1W5 1 o
Tht1

2
= (J1J2 e Jka.*_l)O'ge_(n'i-%—)tqutl

u 2
+ Ko z[(Jn+1J2 e JkJk+1)6_(n+j§_)(t_T")e'Y(Wt1—W}n)

n=0

2 Tn-1 2 2
Y I e

4+  Koge

e

Tn
2
=(o ) (=) YWV —Wr )

2 t 2 2
(b= g1 o W2 / (=T )s+oWE (-2 )s= W2 1o
Th+1

Therefore, we conclude with

2
O

2
= (J]_Jz e JNt)O'gC—(K"-jZ_)te'VWtI

Ng~—-1 .
+ kog 3 [(Jnsrda. .. Juy)e FRI R HOVE-WE,)

n=0

(W= Yrn+o W2 ik (=2 )5+ W2 (125 )s—y W
e 3 /in ™ e 3 se o) s dS]
Tn

2 1_wl
-+ ,gaoe_(“‘*‘jz_)(t_TNt)e’Y(Wt _W"Nt)

2 2 t 2 2
e(l‘—%‘)TNt'*‘a’WrNt / (=T )s+oWE (k-2 )s—y W2 1o

TNt

84



85

B.5 Proposition 3.7-1

Proof for Proposition 3.7-1 as follows:

Assume that for ¢ € [7y, Tk41), the following is true:
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Tk
2 t 2
e N T Wi Wr ) / (B )s=Ws g
Thk-1

2
(J1J2 RN Jka+1)0'ge_(’°+:’2_)t+’YWt

k n
ﬁe Z(Jn_{_ljz “ e Jka_H)e-(”+y§2‘)(t—fn)+’7(Wt—W-rn) /T * e(h‘a'l‘j;)s—-’ywsds

n=0

2 4 2
ke BN T} (Wi Wy ) / (AR )s—Ws g

Tht1

Therefore, we conclude with

P
oy =

(J1J2 v JNt)O'(z)e_(n'i'j;')t‘*"YWt
N¢—1 \ . ,
03 s e er D) [ it

n=0 Tn

¢
n&e_(“"'j;)(t"TNt)+7(Wt_WTNt) / (R Wa g

TNt
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Appendix C

Proof of Theorems in Chapter Five

C.1 Theorem 5.1-1

Proof for Theorem 5.1-1 as follows:

Assume that ¢t > u so that N; > N, then

2 2
Eojo,

= O'ge(a_j;)(t-*'u)E[JfJg e J12Vu JNu+1 e JNte'Y(Wt+W")]

2
o DB L TR TNy .- - In| BleY PPt
0.3 e(a-— :’; Y(ttu)+- :’23 (t—u)+27%u
> > " P(N, =n)P(N; — N, = k)B" A

n=0 k=0
2 2
e X (f— 2
age(oz ) (tu) 4+ G- (—u) 42720

i e~ (B)"lu')n i e—)\(t-—u) (A)‘(tk'_ u))k

n=0 n k=0
2 2
061 elo—F)t+u)+% (t—u)+2v2utA(B-1)ut+A(A-1)(t—u)

2 2 2
2 2o g 377 — -
aé (@) )+ i+ S u+ MA-1)t+M(B A)u’

where we apply the property of independent increment of Poisson process.

Similarly, if ¢ < u so that N; < N, then

2 2
Eojio,,

2
= g DHIBJ2I2 % Ty .. Ty, e )]

2
oaee DI BIT2 T2 TR TN - - T, | EeTWemWet2W)

2 2
03 elo— L)@Hu)+ L (u—t)+2v2%

i i P(N; = n)P(N, — N; = k)B" A

n=0 k=0
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2 2
= age(a—3’2—)(t+u)+-“’2—(u—t)+2~/2t

i oM (BA)" i e~ Mu—t) (AX(u = t))*

nl k!

n=0 k=0
2 2
— ag e(a—172—)(t+u)+32—(u—t)+2'y2t+>\(B—1)t+)\(A—1) (u—t)

2 2 3 2
— O.Se(a—3’2—)(t+u)+3’—2-u+—"2—t+>\(A—1)u+)\(B—-A)t.

Therefore, we conclude with

Fo?o? = ot (=B )+ B (Bva)+ 22 (A (A1) (V) + A(B—A) (t)
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Appendix D

Stochastic Background

D.1 Wiener Process

A Wiener process is a continuous time stochastic process named in honor of Norbert

Wiener. The definition of a standard Wiener process is given as follows ([35]):

Definition D.1-1. A standard Wiener process (also known as a standard Brownian
motion) is a stochastic process {W;}ier+ defined on a probability space (22, F,F;, Q)
which satisfies the following properties:

1) Wo = 0;

2) W, is a continuous function of ¢ with probability 1;

3) The process {W;}icr+ has stationary and independent increment;

4) For any t,s € RY, Wiys — Wy ~ N(0, t).

From the definition above, we can induce some other properties of a standard Wiener
process:

1) EW; =0 and EW? = Var(W;) =t for any ¢t € R™;

2) P(W; € [a,b]) = —\éﬁf: e‘%%dzz:;

3) EW:Ws = EWins(Wivs — Wins + Wins) = EWins(Wivs — Wins) + EWZ, =t A s;

4) For any fixed s € R*, the process {Wiy.s — Wy hier+ is a standard Wiener process;

2
5) EeW: = %t
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D.2 Poisson Process

A Poisson process, named after the French mathematician Siméon-Denis Poisson, is a
stochastic process defined in terms of the occurrence of events. The definition of Poisson

process is given as follows ([26]):

Definition D.2-1. Let (T3);>1 be a sequence of identical independent exponentially
distributed random variables with parameter A > 0, i.e. with density I{m>0}/\e"‘”’. Set
Tn = p iy T3 We call Poisson process with intensity A the process N, defined by

Neim 3 Ty = 3 Tt

n>1 n>1
where I is an indicate function.
If V; is a Poisson process with intensity A, then for any ¢ > 0 the random variable N,
follows a Poisson law with parameter A > 0

At)”
P(Ny=n) = e"“%.

Some other properties are listed below:

1) EN; = Xt and Var(N;) = At;

9) EsMt = o),

3) Poisson process is a process with independent increments, i.e. for any ¢,s > 0,n >
0, P(Ntys — Ny =n) = P(N; = n);

4) Poisson distribution is a good approximation of the binomial distribution B(p, n.z)
for small p;

5) Let (U;)i>1 be identical independent distribution random variables taking values
in (—1,+o00) and N; be a Poisson processlwith intensity A > 0 which is indépendent of

(Ui)i>1. Then the compound Poisson process is defined in the following way:

N

L=+ Uy).

i=1
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It can be shown that

EL; = M,

D.3 Ito Integral

It calculus, named after Kiyoshi It6, treats mathematical operations on stochastic pro-
cesses. Its most important concept is the Ité integral. The definition of Ité integral is
given as follows ([31]):

Definition D.3-1. For a given probability space (Q,F,%:,Q) and function f(¢,w)
where w € , and given W; a standard Wiener process. On interval [0,t], we split
[0,7] to n partitions by 0 = ug < uy < ug < ... < u, =t, and then define

¢ n
| fewaw. = 1im > )P = W)
=
where u} = u;. If the limit of right-hand side exists, then we say f; f(u,w)dW,, is an Ité

integral.

Note that in the definition above, we choose the left end-point u; for u} as the inte-
grating point, which is quite different from the Riemann integral where we can choose
any point on interval [u;, us41] for u}.

Define the It6 integral I(t) := f(f f(u)dW,, and below are some properties for I(t):

1) (Linearity) If Ii(t) == [; fi(u)dWy, i = 1,2, then afy(t) + bIa(t) = [(afi(u) +
bf2(u))dWy;

2) EI(t) = 0;

3) (Ité Isometry) EI*(t) = E [} f*(u)dy;

4) Eelo f@dWu = ¢} 5 £ (wdu,

From It integral, we have the definition of stochastic differential equation as follows:
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Definition D.3-2. A stochastic differential equation is given by
dz(t) = a(t, z(t))dt + o(t, z(t) ) dW;

where a(t,z) and o(t,z) are measurable bounded functions. More formal definition is

the following:

z(t) = z(0) + /Ot a(s,z(s))ds + /ota(s,x(s))dWs

where the last term is an It6 integral.

The most powerful tool to solve stochastic differential equation is It6’s lemma, de-

scribed as below ([30]):

Theorem D.3-3. Given f(X,t) a twice-differentiable function of t and X, where

X is a stochastic process following the stochastic differential equation
dXt = /.L(Xt, t)dt + O'(Xt, t)dVVt

with well behaved drift and volatility functions, u(Xs,t) and o(X3,t), then we have

1 2
df (X, t) = afdt-l— ;;:,tht + 25 / (X, t)dt
or, after substituting d Xy,
_of | of 18°f of
df(Xt,t) = (&" + = aXt (Xt, dt) + ) a){20' (Xt, t))dt + O'(Xt, dt)dVVt

Now we consider a stochastic differential equation with jumps,defined as follows:

Definition D.3-4. A stochastic differential equation with jumps has the form
dXt = /,I/(Xt, t)dt + O'(Xt, t)dVVt + I/(Xt, t)dNt

where the last term is the jump component with the jump amplitude v(X;,t) and N;

is the distribution of the number of jumps until time ¢. More formal definition is the
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following:

N

t
Xt=XO+/ ,u(Xs,s)ds+/ o(Xs, 8)dWs +Z (Xr,71)
0

where 7; are times when jumps occur.

The It6’s lemma for stochastic differential equation with jumps is described as follows
(12]):
Theorem D.3-5. Given f(X:,t) a twice-differentiable function of t and X;, where

Xt s a stochastic process following the stochastic differential equation
dXt = /L(Xt, t)dt -+ O'(Xt, t)dVVt + Z/(Xt, t)dNt

then we have
t t
FOG) = F(X0)+ / F(Xus)dX + = / P (K)o (K, w)
—Zf 7= )Xy = X +Z(f w) = F(Xn-)

i=1

or in stochastic differential equation form

(X)) = f’(Xt_)dXt—i-—l- FUX )oK, )t

—f' (X ) (X, = X2 )ANg + (£ (Xr) — F(KXr-))dN

where T; are times when jumps occur.
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