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Abstract 

Variance and volatility swaps have been widely studied within the framework of contin-

uous stochastic volatility models. This thesis aims to explore the valuation of variance 

and volatility swaps for stochastic volatility models with jumps. We examine a variety of 

continuous stochastic volatility models and extend these by adding jump-diffusion terms. 

Analytical closed-form formulae are provided to price variance swaps for both continuous 

stochastic volatility models and extended jump-diffusion models. Explicit valuation via a 

convexity adjustment is provided for volatility swaps in all continuous models and some 

stochastic volatility models with jumps. We also compare results from continuous models 

with those from extended jump-diffusion models. In the end, we show several numerical 

examples to analyze the impact of jumps as well as the convexity adjustment on swaps' 

fair values. 
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Introduction 

An equity-index's volatility is the simplest measure of its uncertainty. As the word 

"volatility" means several related but distinct concepts, we shall clarify volatility with 

an adjective "realized", "implied", or "local". The realized volatility of an equity-index 

is the annualized standard deviation of its return (usually quoted daily) over the period 

of interest. The implied volatility of an equity-index is implied by the current price of 

a particular vanilla option. As a volatility parameter in the Black-Scholes formula, the 

implied volatility is the value that makes the model value equal to the option price when 

entered. The local volatility of an equity-index at some future market level and time is 

the volatility the index must have at that market level and time so that current option 

prices are fair. Local volatilities can be extracted from the set of all implied volatilities 

at a given time, and locked in by trading portfolios of currently available options [14]. 

While the last two concepts are widely considered as people talk about volatility skews 

and smiles, it is the realized volatility about which we are concerned in this thesis. 

The history of exchange-traded, volatility-based derivative products can be traced 

back to the year of 1996 when volatility futures were launched by OM (the Swedish 

Exchange) [40]. On January 19, 1998, the Deutsche Terminborse (DTB) became the 

first exchange to trade volatility futures based on an underlying equity index of implied 

volatility, namely, the VOLAX future. The VOLAX is based on the implied volatility of 

DAX index options represented by the VDAX, a set of eight volatility indices introduced 

by the DTB in 1997 [17]. So far, the development of exchange-traded derivative products 

with volatility is disappointing. It is possibly due to the fact that volatility can be 

traded by combining together static positions in options on price and dynamic trading 

in the underlying [8]. In Carr and Madan's paper (2002), three methods towards trading 
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realized volatility were reviewed. The first method involves taking static positions in 

options, with a classic example of a long position in a straddle. The second method is 

by delta-hedging an option position. The leading determinant of the gain or loss from 

this method is the difference between realized volatility and the anticipated volatility 

used in pricing and hedging the option, provided that the price risk is hedged away. The 

last method for trading realized volatility is to buy and sell volatility contracts with an 

explicit payoff function of volatility. The simplest examples for such kind of contracts 

are variance and volatility swaps, developed not from exchange trading, but from the 

over-the-counter (OTC) market. 

Variance and volatility swaps are not the first volatility-based derivative products, but 

they offer an easier way for traders to take positions in pure volatility. Despite its name, 

variance and volatility swaps are in fact forward contracts with payoffs depending on the 

realized volatility of, for example, an equity index, such as the NASDAQ. Investors seem 

to be interested in variance and volatility swaps in 1998, when the swap market began 

to grow as the Long Term Capital Management (LTCM) collapsed, accompanied by a 

dramatic increase in volatility. As with most new products, variance and volatility swaps 

started almost as a one-sided market, with clients consisting mainly of hedge funds selling 

volatility to dealers [27]. Now trading variance and volatility swaps becomes popular. A 

lot of work has been devoted to pricing and hedging variance and volatility swaps. For 

example, Demeterfi, Derman, Kamal and Zou (1999) [13] showed that variance swaps 

could be theoretically replicated by a portfolio of standard options with suitably chosen 

strikes, under the assumption that stock prices move without jumps, and that volatility 

swaps could be replicated by dynamically trading variance swaps. They also derived an 

analytical formula for theoretical fair value in the presence of realistic volatility skews. 

Windcliff, Forsyth and Vetzal (2006) [43] dicussed pricing volatility products by numerical 
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PIDE methods. They also studied the hedging of volatility swaps using delta and delta-

gamma strategies. The more recent papers working on variance and volatility swaps 

prefer to take stochastic volatility models (SVMs) as a starting point, since SVMs are 

suitable to fit skews and smiles, and at the same time provide sensible Greeks [20]. (Most 

derivatives markets exhibit persistent patterns of volatilities. Volatility smiles and skews 

are the general phenomena of volatilities varying by strike. Before the idea of stochastic 

volatility models arose, the volatility had been considered in the way such as deterministic 

functions of the time or the asset's price, but such a way failed to stand the persistence 

of volatility smiles and skews. The SVMs are better also in the sense that SVMs are 

general enough to include DVMs as special cases.) 

In the article written by Javaheri, Wilmott and Haug (2002) [24], the valuation and 

hedging of volatility swaps was discussed within the framework of a GARCH(1,1) stochas-

tic volatility model. The first two moments of the realized variance were determined by 

the partial differential equation approach, and the expected realized volatility was ap-

proximated via a convexity adjustment, which was proposed by Brockhaus and Long 

(2000) [6] via Taylor's expansion to the second order for function The working pa-

per by Théoret, Zabré and Rostan (2002) [40] presented an analytical solution for pricing 

volatility swaps based on a GARCH(1,1) stochastic volatility process, which was devel-

oped by Javaheri, Wilmott and Haug (2002) [24]. They applied the result to price a swap 

on the volatility of the S&P60 Canada index. 

In the paper written by Swishchuk (2004) [38], the change of time method was pro-

posed to study variance and volatility swaps with underlying asset and variance following 

the Heston (1993) [19] model. Covariance and correlation swaps were also priced in this 

paper. 

The paper by Howison, Rafailidis and Rasmussen (2004) [20] provided closed-form 
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formulae under a risk-neutral probability measure for volatility-average and variance 

swaps based on a variety of diffusion and jump-diffusion models for volatility. It also 

described a general partial differential equation framework for derivatives that had an 

extra dependence on an average of the volatility, and approximate solutions were given for 

volatility products written on assets for which the volatility process varied on a timescale 

that is fast compared with the life of contracts. 

The recent paper by Benth, Groth and Kufakunesu (2007) [3] discussed the valua-

tion of variance and volatility swaps for a non-gaussian Ornstein-Uhlenbeck stochastic 

volatility model, and derived a key formula for the realized variance which was able to 

describe the dynamics of swaps' prices in Laplace transforms. They also gave an example 

to compare the fast Fourier transform with the Brockhaus and Long approximation. 

Thus far, it seems that many papers working on variance and volatility swaps have 

considered the valuation and hedging within the framework of SVMs without jumps, but 

little effort has been devoted to study the case of SVMs with jumps. (There is actually 

one paper, as mentioned above, by Howison, Rafailidis and Rasmussen (2004) [20], who 

did think of the stochastic volatility process with jump-diffusion, but they considered 

pricing variance and volatility-average swaps only, where the volatility, not the variance, 

follows jump-diffusion stochastic process.) There is growing evidence to support SVMs 

with jumps rather than SVMs without jumps. One obvious example lies in the energy 

market. Nobody could ignore the huge spikes of volatilities of energy prices observed 

in the market. Therefore, it is useful and necessary to model and price variance and 

volatility swaps for SVMs with jumps, and this is the primary purpose of this thesis. 

The rest of the thesis is organized as follows: 

Chapter 1: we will introduce the basic concepts of variance and volatility swaps and 

how they work in practice. We also propose ways to price these swaps under the risk-
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neutral probability measure. Some existing results for the valuation of variance swaps 

are reviewed. 

Chapter 2: we will take a review of deterministic volatility models (DVMs) as well as 

SVMs without jumps, and discuss seven continuous SVMs: the Orstein-Uhienbeck (1930) 

model [41], the Vasicek (1977) model [42], the Hull-White (1987) model [22], Schwartz's 

(1997) one-factor model [34], Pilipovié's (1998) two-factor model [32], the GARCH(1,1) 

(2002) model [24], and the Heston (1993) model [19], to price variance and volatility 

swaps. Analytical closed-form formulae for swaps' fair values are given via probabilistic 

approach. 

Chapter 3: we will introduce SVMs with jumps, and apply those extended from 

Chapter 2 to the valuation of variance and volatility swaps. Closed-form solutions are 

provided for all SVMs with jumps except the Heston (1993) model [19]. First moments 

of variance for all models considered are provided, and compared with expectations of 

variance for the corresponding continuous SVMs obtained in Chapter 2. 

Chapter 4: we will show the fair value of variance swaps for all SVMs with jumps 

considered in Chapter 3. Closed-form formulae are given to compare with variance swaps' 

fair values obtained in Chapter 2. 

Chapter 5: we will show the fair value of volatility swaps for some SVMs with jumps 

considered in Chapter 3, and compare with volatility swaps' fair values obtained in Chap-

ter 2. 

Chapter 6: we will provide several numerical examples to apply results we've reached 

to price variance and volatility swaps and examine the impact of jumps as well as the 

convexity adjustment on swaps' fair values. 

Chapter 7: we will conclude by summarizing results obtained in this thesis and propos-

ing future works on the valuation of variance and volatility swaps. 



Chapter 1 

Variance and Volatility Swaps 

The market for variance and volatility swaps started growing in late 1998 with the LTCM 

meltdown due to an unprecedented level of implied stock index volatility. Different 

from stock options, these swaps provide pure exposure to the future level of volatility 

[13], making them attractive to many investment banks and other financial institutions. 

Investors can buy and sell these tools to directly speculate on future volatility levels, to 

trade the spread between realized and implied volatility, or to hedge the implied volatility 

exposure of other positions. They are now actively quoted for various assets such as stock 

indices, currencies and commodities. In the remainder of this chapter, we will give an 

overview of variance and volatility swaps, from definitions to valuation strategies, and 

from theory to practice. 

1.1 Volatility Swaps 

Definition 1.1-1. A volatility swap is a forward contract on the underlying asset's 

annualized volatility. Its payoff at maturity is given by 

N(oR - K01) 

where N is the notional amount of the swap in dollars per annualized volatility point, K 01 

is the annualized volatility delivery price, 0R is the realized underlying asset's volatility 

(quoted in annual terms) over the life of the contract. 

6 
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The measure of realized volatility to be used is defined at the beginning of the contract. 

One typical formula for this is 

2 n 
(n - 1)T log 8 sti_' (1.2) 

where Stj is the underlying asset s price at time t, given to = 0 < t1 < t2 < ... 

tn = T with t E [0, T] between current time and maturity; the log return log Sti is 

—St._1 t. an approximation of St 5t assuming that the change of price between t_1 and t 

is relatively small. We also assume that the mean of the return is of order and is 

negligible. Moreover, the scaling by R ensures these quantities are annualized (daily) if 

the maturity T is expressed in years (days) [6]. 

In continuous time, we define realized volatility by 

aR fT cTt2dt (1.3) 

where at is the underlying asset's volatility at time t. 

The holder of a volatility swap at maturity receives N dollars for every point by 

which oj has exceeded K01. For example, if the delivery price K 01 is quoted as 20% and 

the notional amount N is quoted as $2, 000 per volatility point, the holder will receive 

$10, 000 when the realized underlying asset's volatility UR is 25% (o-R exceeds K 01 by 

five points) and will lose $16,000 when dR is 12% (K 01 exceeds dR by eight points). 

According to the definition, the payoff for volatility swaps is a linear function in 

realized volatility. To illustrate this, we can show the payoff of the above example in 

Figure 1.1 on the following page. 

1.2 Variance Swaps 

Definition 1.2-1. A variance swap, very similar to a volatility swap, is a forward con-

tract on the annualized underlying asset's variance, the square of the realized volatility. 
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Figure 1.1: Payoff for Volatility Swaps 
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Its payoff at expiration is given by 

N(4 - K"') 

30 

(1.4) 

where N is the notional amount of the swap in dollars per annualized volatility point 

squared, Kvar is the annualized variance delivery price, 4 is the realized underlying 

asset's variance (quoted in annual terms) over the life of the contract. 

The typical measure of realized variance is 

fl ri 

4= (1) lo__. 
i=1 

In continuous time, realized variance is defined by 

= I T 

(1.5) 

(1.6) 

The holder of a variance swap at expiration receives N dollars for every point by 

which 4 has exceeded Kvar. For example, if the delivery price Kvar is quoted as (20%)2 

and the notional amount N is quoted as $2,000 per volatility point squared, the holder 

will receive $4, 500 when the realized underlying asset's variance 4 is (25%)2 (4 exceeds 
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Kvar by 2 points) and will lose $5, 120 when cr is (12%)2 (K,, exceeds 4 by 2- 
100 

points). 

By definition, the payoff of variance swaps is not a linear function in realized volatility. 

To illustrate this, we can describe the payoff of the above example in the figure below: 

a 
0. 

Figure 1.2: Payoff for Variance Swaps 
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1.3 Variance and Volatility Swaps in Practice 

Volatility has several characteristics which make trading attractive. First of all, it in-

creases with risk and uncertainty and is likely to increase more after bad news than 

good news. Secondly, it appears to follow a mean-reverting process: high volatilities will 

decrease while low ones will increase. Finally, there is a negative correlation between 

volatility and stock or index level, the volatility will stay high after large downward 

moves in the market [13]. 

Variance and volatility swaps allow investors to profit from the risk of an increase or 

decrease in future volatility, or to hedge against the risk. One example is as follows: 

Consider two counter-parties in a volatility swap: a hedge fund, and a dealer who 
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writes a sponsored option to someone else. The dealer has the obligation to buy back the 

option when the holder wants to sell. As is known to all, the option price will increase as 

the volatility level increases. If it happens, the holder of the option will sell the option 

back to the dealer at a price higher than that when the dealer sold it. In order to protect 

himself from this loss, the dealer can transfer the risk to a counter-party, the hedge fund 

in this example, by entering in a volatility swap. Meanwhile, the hedge fund thinks that 

the volatility will decrease and so he will enter this volatility swap, taking a position to 

increase his profit with risk. 

As the most straightforward instruments for trading volatilities, variance and volatil-

ity swaps play and will continue to be an important role in modern financial markets. 

1.4 Risk-Neutral Valuation Strategies 

Pricing for variance and volatility swaps is no different from any other derivative securities 

since these swaps are indeed forward contracts. In practice, it is easier to trade volatility 

swaps than variance swaps due to the reason that the payoff of a volatility swap is a 

linear function in realized volatility while that of a variance swap is nonlinear (compare 

Figure 1.1 with Figure 1.2). However, volatility swaps are more difficult to be priced 

theoretically than variance swaps. It is variance swaps that play a key role in constructing 

other volatility-based derivative products [13]. In the remainder of this section, we will 

consider valuation methods for variance and volatility swaps separately. 

1.4.1 Valuation of Variance Swaps 

The fair value for a variance swap is the delivery price Kvar that makes the swap of zero 

value at present. The present value of a variance swap can be expressed as 

F = EQ[e_TN(a - Kvar)] 
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= e_TN[EQ(a2) - Kvar] (1.7) 

where r is the risk-free interest rate, T is the time to maturity and EQ denotes the 

expectation under the risk-neutral measure Q. 

Therefore, EQ (4), namely, the mean value of variance, is the only quantity we need 

in order to calculate the fair value of a variance swap. 

1.4.2 Valuation of Volatility Swaps 

The fair value for a volatility swap is the delivery price K 01 which makes the present 

value of the swap equal zero. The present value of a volatility swap is given by 

F = EQ[e_7TN(crR - K 0)] 

= e_ TN[EQ(o.R) - K01] 

where 

(1.8) 

/ 2 Var(4)  
EQ(oR) 4VIEQ(crR) (EQ (aR2 (1.9) 

This can be proved by Taylor's expansion to the second order for function [6]. The 

last term of equation (1.9) is called the convexity adjustment. 

If we want to make the approximation more accurate, we can expand by Taylor's 

expansion to the third or fourth order, which requires more calculation. 

By Taylor's Formula, 

1 1 1 5  
(x—x0)----(x—x0)2-* 5(x—x0) - 7(x—xo)4.(1.1O) 

2J 8xg l6xg 128xg 

Letting x = 4 and xo = E&4), we obtain 

UR 
1 1  

V-EQ(4) +  (4- _E Q (4- 
2/EQ(4) - 8(EQ(4)) 

1  
+ (4- EQ(4))3 -  (4- EQ(4))4.  

16(EQ(4)) 128(EQ(4)) 
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By taking the expectation on both sides, we get 

EQ(oR) VEQ(UR) 1  Var(4) 
8(EQ(4)) 

+ 16(EQ(o-ft2 )) 52Skewness(c4)(Var(cr)) 

 7 (Kurtosis (o) + 3)(Var(crR)) .  
128(EQ(r)) 

Therefore, we need to know central moments (at least of order 2) of 4 for calculating 
volatility swaps. The higher orders of central moments we know, the more accurate the 

approximation will be. 

Besides the convexity adjustment approximation discussed above, there is another 

way to compute EQ(oR), by using the integral expression of a square root function 

= J'°° lCjX  ds. Carr and Lee (2005) [9] applied this expression, proof of which 

could be found in [33], to derive a closed-form formula for volatility swaps. However, 

this formula is not within the framework of stochastic volatility models (SVMs) we will 

discuss in this thesis. Even though the integral expression provide an accurate value 

rather than an approximation, the calculation within the framework of SVMs is very 

challenging. Therefore, we still prefer the Brockhaus and Long approximation (1.9) to 

price volatility swaps. 

Note that in the remainder of this thesis, we denote E instead of EQ as the expectation 

with respect to the risk-neutral measure, since all models we consider are assumed to be 

in the risk-neutral world. 

1.5 Some Existing Results 

Much research has been done to study the valuation and hedging of volatility-based 

derivative products. As to variance and volatility swaps, we are most interested in 

papers by Demeterfi, Derman, Kamal and Zou (1999) [13], by Howison, Rafailidis and 



13 

Rasmussen (2004) [20], by Javaheri, Wilmott and Hang (2002) [24] ,and by Swishchuk 

(2004) [38]. We will discuss results from the last two papers later in the next chapter as 

typical examples of SVMs without jumps, and focus on valuation approaches developed 

by the first two. 

1.5.1 Replication for Variance Swaps 

The method to price variance swaps by replicating a variance swap by a hedged portfolio 

of standard options was proposed by Demeterfi, Derman, Kamal and Zou (1999) [13]. The 

fair value of the variance swap is equal to the cost of the replicating portfolio. The only 

assumption for this approach is that stock prices evolve without jumps in the risk-neutral 

world, which means it is diffusive. Strategies are shown as follows. 

Assume that the stock price process is given by 

dS 
=i(t,... ,)dt+o(t,...,)dZ, (1.13) 

St 

where (t,...,) and o(t,...,) are any functions of time and other parameter, and Z, is 

a standard Wiener process. 

By applying Ito's lemma to log S, we obtain 

d(log S) = (p - j..2)dt + adZt. 

Subtracting (1.14) from (1.13), we get 

dSt - d(log S) = 'u2dt 
St 2 

Therefore, the fair value of the variance swap is given by 

= E(f u2dt) 

c I T jcy ci"  W)t E( —log..  k)j 

so 

(1.14) 

(1.15) 
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= [rT_( so eT 8 

S* 

+ erT f —P(K)dK + erT fSC. jC(K)dK] (1.16) 
K  

where we have 

and 

- log STso -- 

E()=EQ[frdt+ a(t,...,)dZt]=rT, 
SI t Jo Jo [ 

ST S. 
= — log -- — log - 

SO 

-   

— — + f'* jP(K)dK + fS C(K)dK - log TO , (1.18) 

(1.17) 

where S is an arbitrary parameter to define the boundary between calls and puts, and 

P(K) and 0(K) are the current fair value of puts and call options with strike price K 

respectively (see [13] for a derivation of (1.18)). 

Equation (1.18) represents a portfolio consisting of a short position in - forward 

contracts with strike S, a long position in put options with continuous strike K from 

o to S and a long position in call options with continuous strike K from S to oo. 

The last term is a constant, independent of ST. 

Therefore, the fair value for the variance swap can be expressed as a constant amount 

plus the cost of a portfolio of options, described by 

Kvar E(c4) 2erT [rT_( e T_ 1)—log]+ T 

where the portfolio II is given by 

II = js* P(K)dK + Is* C(K)dK. 
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1.5.2 Diffusion and Jump-diffusion Models for Variance swaps 

Howison, Rafailidis and Rasmussen (2004) [20] proposed a variety of diffusion and jump-

diffusion models (two types) for volatility to price variance and volatility-average swaps. 

Closed-form formulae were provided. 

TYPE A 

The general diffusion and jump-diffusion process for volatility is given by 

dcrt = (ai + a2at)dt + (aa + a4crt)dWt + (a5 + a6o-t)dNt (1.21) 

where N is a standard compound Poisson process with constant intensity A and zero 

correlation with the Wiener process W, and a1,... , a6 are constant. 

Taking expectation on both sides of (1.21), given the initial value co and the fact that 

E(dN) = Adt, we obtain 

Eat = a0ea1t -  CeO  (1 - ea1t) 

a1 

where a0 = a1 + Aa5 and a1 = a2 + Aa6. 

Therefore, the fair value for volatility-average swaps is given by 

Kvoiav = if 
T Utdt) 

' f Eodt 

_ 1 f T [Uoe_,t 

-  - (1 - e 1t)]dt 
'   a1 

- ao+a1r0 ceo 
(e1T 1) - 

— Ta a1 

From (1.21), we can, by Ito's formula with jumps, easily get 

(1.22) 

(1.23) 

do = [2at(ai + a2ut) + (a3 + a4a)2]dt + 2at(as + a4at)dW, 

+ (a5 + ascrt) [a5 + (a6 + 2)crt]dNt. (1.24) 
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Taking expectation on both sides of (1.24), given (1.22) and the initial value u02 , we 

obtain 

- clI3o)(1 - e1321) - /31(a1o0 + ao) (e/32t - ea1't) +go (1.25) 

where a0 and a1 are as before, and Po = a + Aa, = 2(ai + Xa5) + 2(Aa5a6 + a3a4) 

and 62 =2(a2+.\a6)+Aa+a. 

Therefore, the fair value for variance swaps is given by 

Kvar 

TYPE B 

E(—'fgt!dt) 

1 T ao/31 - a1180 ,81 (al o0 + cro) + 2) ,3,t 

/31(a1o0 + cro) ait + cr0181 -  

a1132 

1 ao/3i - cr1/30 + 1 (al o + cro) o](1 - e 32t) 

- 32) 

/31(aioo + cro) a0181 -  a1/30  
Ta(a1 - 2) (1 - e 1t) + 

Another stochastic process considered for volatility is described as 

dcrt = (b1 + b2o)dt + b3/dW 

where W is a standard Wiener process and b1, b2 and b3 are constants. 

Given the initial value uo, we can easily get 

b1 + b2o-0 e b2t - 

b2 b2 

and, therefore, the fair value for volatility-average swaps is given by 

1 pT 
= E(_J atdt) Kvo av 

(1.26) 

(1.27) 

(1.28) 
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= 11T 

- bl+b2a0 (b2T1) bl 

- T  2 b2 

From (1.27), the process for o, by W's lemma, yields 

dcr = [(2b1 + b)o + 2b2o]dt + 2b3(ot)dWt. 

Given (1.28) and initial value U O2  we obtain 

Eort2 - 51 52bt + (o + J2 + 
2b2 b2 

where Si = _bi(2b2+b b2 32) and 52 = uo(2b1 + b) - Si. 

Therefore, the fair value for variance swaps is given by 

Kvar E( jT  odt) 
fT Eat2dt 

- 51 5 - 1 
2b2 Tb 

(o + + 11  _)(e2b2T 
2Tb2  - 1). 

(1.29) 

(1.30) 

(1.31) 

(1.32) 

The two approaches discussed above yield closed-form formulae for the valuation of 

variance swaps. However, they fail to provide formulae for volatility swaps and are not 

within the framework of stochastic volatility models (SVMs). Even though some popular 

SVMs were discussed in the paper by Howison, Rafailidis and Rasmussen (2004) [20], 

they're incomplete in two ways: first of all, these SVMs are diffusive process without any 

jumps considered; secondly, valuation of volatility swaps isn't given. Therefore, we will 

discuss valuations of both variance and volatility swaps in the frameworks of both SVMs 

without jumps and SVMs with jumps in the following chapters, with the framework of 

SVMs without jumps in Chapter 2 as the first step. 



Chapter 2 

Stochastic Volatility Models without Jumps 

In the early 1970's, the Black-Scholes (1973) model [4] was developed to derive pricing 

formulas for European options with stocks as underlying assets, where the volatility term 

was assumed to be constant. However, constant implied volatility is not compatible with 

derivatives' prices observed in financial markets. Lots of work has been done to study the 

volatility issue. In general, it has been studied within two different frameworks, namely, 

deterministic volatility models and stochastic volatility models. 

2.1 Deterministic Volatility Models (DVMs) 

In 1973, Merton [28] extended the term structure of volatility to o- A at, a deterministic 

function of time, with the implied volatility for an option of maturity T given by 

c4 - 11T 
(2.1) 

In this approach, the volatility coefficient is independent of the current level of the un-

derlying stochastic process S,. The special case where o is constant reduces to the 

Black-Scholes model, suggesting changes in stock prices are lognormally distributed, but 

the empirical test by Bollerslev (1986) [5] indicates otherwise. 

In Hull's book in 2000 [21], volatility is assumed to be a function of time and the 

current level of the underlying asset's price S, a A a(t, Si), where St satisfies 

dSt = yStdt + a(t, S)SdW (2.2) 

where W, is a standard Wiener process. In this approach, a time and level-dependent 

18 
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volatility coefficient makes the pricing more challenging and usually precludes the exis-

tence of a closed-form solution. 

2.2 Stochastic Volatility Models (SVMs) without Jumps 

Besides DVMs addressed above, another approach would be to consider the volatility 

influenced by some sources of randomness, for example, a Wiener process. In this way, 

we will obtain a stochastic volatility model, the concept of which was introduced by Hull 

and White (1987) [22]. Obviously, SVMs are general enough to include DVMs as special 

cases. 

Several types of SVMs have been considered. For example, the time variation of the 

volatility contains an additional source of randomness besides W, given by 

dat = a(t, o)dt + b(t, o)dW (2.3) 

where Wiener processes We', which governs the price process, and Wt2 may be correlated 

(see [7], [19], [22]). 

Other examples include: volatility depends on a random parameter x such that at = 

cr(xt), where Xt is some random process (see [16], [18], [36], [37], [39]); the volatility 

cr(t, S) depends on St = S(t + 0) for 0 E [—r, 0], namely, stochastic volatility with delay 

(see [25]); and so on. 

In the remainder of this chapter, we will examine seven stochastic volatility models 

and compute the corresponding fair values for both variance and volatility swaps. Since 

some results have been appeared in papers such as Javaheri, Wilmott and Haug (2002) 

[24], Swishchuk (2004) [38] and Howison, Rafailidis and Rasmussen (2004) [20], we will 

synthesize their results here with our own via a probabilistic approach. As is mentioned 

in the first chapter, we consider SVMs in a risk-neutral probability space (cl, .F, .2, Q) 
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with filtration ., t E [0, T], and denote the expectation E instead of EQ with respect to 

the risk-neutral measure. 

In the beginning, we list some results for Ito integrals in the following lemmas. 

Lemma 2.2-1. The expectation of the product of two ItO integrals with exponential 

integrating functions is given by 

U 

E( ea$dW 
f 3 fo 

easdW3) = [e ()  
2a 

(2.4) 

where t and u are positive, t A u A min(t, u), a is a non-zero constant, and W8 is a 

standard Wiener process. 

The proof can be found in Section A.1 in Appendix A. 

Lemma 2.2-2. The expectation of the product of two exponential functions with pow-

ers of ItO integrals is given by 

t U 

E[exp( / e_t_8)dWs + in e-' -)dW)] 
Jo  

= exp[-(1 - + _(et + e_)2(e21(t) 1)], 
41c 

(2.5) 

where t and u are positive, t Au A min (t, u), t Vu A max (t, u), ic is a non-zero constant, 

and W3 is a standard Wiener process. 

The proof can be found in Section A.2 in Appendix A. 

Lemma 2.2-3. The expectation of the time integral 

is given by 

1 
Jo 

ds 

E[f e()8 t'u'8)ds] 
0 

(tVu)+ (tAu) 1 (e(Y2)(t) - 1)e 2 
= 

+I{t>U}_(e1t - (2.6) 
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where t and u are positive, t A u A min(t, u), t V u A max(t, u), ic and are non-zero 

constants with n 
- 0, W8 is a standard Wiener process, and '{t>} is an indicator 

function taking value 1 if t > u and 0 if t ≤ u. 

The proof can be found in Section A.3 in Appendix A. 

From the above lemma, we can immediately reach the following corollary: 

Corollary 2.2-4. The expectation of the time integral 

is given by 

U 

0 

PU 2 

E[J e()8 ('t+ 1''8)ds] 
0 

1 (e(1_12)(t1\U) - 1)e 2 (tVU)+!(tAU) 
= 

(2.7) 

where t and u are positive, t A u A min(t, u), t V u A max(t, u), r. and 'y are non-zero 

constants with ,c - y2 0, W is a standard Wiener process, and '{u>t} is an indicator 

function taking value 1 if u > t and 0 if u ≤ t. 

Lemma 2.2-5. The expectation of the double time integral 

U2
Ipt f 0  (x+y)+(wt+wu-w"-Wv)dydx Wy) 

is given by 

E [f j u  e()t__Wv)dydx] 

0 :u[e2(tAu)(('2) +  2) (_2)(2_2) - e2 

9. 

( ic(ic'y2) 2) 

1 
- 2) + ( - 2)  (2 - 2) (2k - 2) ) 

+_(e t - 

X2  (2.8) 
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where t and u are positive, t A u min(t, u), t V u A max(t, u), ic and 'y are non-zero 

constants with ic - 0 and 2ic - 0, W5 is a standard Wiener process. 

The proof can be found in Section A.4 in Appendix A. 

2.2.1 The Ornstein-Uhlenbeck Model 

The Ornstein-Uhlenbeck process, also known as a mean-reverting process, was first in-

troduced by L.S. Ornstein and G.E. Uhienbeck in 1930 [41] to capture the velocity of a 

particle in physics. Here we apply this model to capture variance's evolution, assuming 

that the underlying asset's variance follows the process described below: 

do-t2 = —acrdt+'ydWt, (2.9) 

Equation (2.9) describes a mean-reverting stochastic process with zero mean and rever-

sion speed a > 0. ')' is a positive constant and W, is a standard Wiener process. 

Solving this stochastic differential equation (5DB) by multiplying eat, given the initial 

value o, we obtain 

ort2 2 —at 
- ae + 'y I et_8)dWs. 

Jo 

Thus, the cross product is given by 

ocr = ae_a(t) + 72  e_a(t_8)dW3 f edW3 

+ Catf edW3 + a e e_a(t_8)dW8. 
0 JO 

Taking expectations on both sides of (2.10) and (2.11), we conclude with 

= oet, 

t 

Ecrc = ue_t + Y2e_a(t+)E(f e°8dW3fo e !sdW3) 
o  

= 04 6a(t) + e (t) [ 2a(t)  
2a 

(2.10) 

(2.11) 

(2.12) 

(2.13) 
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where we apply (2.4) in (2.13). 

Consequently, the mean values for 4 and 4 are given by 

1 jT 

T 
UO2 T —at 

= cT2 o(le:IT) 

aT 

Eadt 

E4 = 1 fT fT 
T2 Ecrcrdtdu 

1 f f(ao - L) 6 - a(t+U) + 
T2 0 2a 2a 

- 2acT_Y2(aT l)2+  '  (e_aT_ 1)+-. 
- 2T2c3 T& 

From (2.14) and (2.15), we obtain the variance for 4 

Var(4) = 

2 2 
 (e_aT_1\2+ (e_aT_1)+  ly . 

= 2T2o3 / T2a3 2 

(2.14) 

(2.15) 

(2.16) 

Therefore, the fair value for variance swaps with maturity T is given by (2.14). 

Recall (1.9) where we have EQ (oR) /EQ(4) Var()  . It follows that the fair 
8(EQ (o-))2 

value of volatility swaps can be computed according to (1.9) when substituting (2.14) 

and (2.16) in. 

2.2.2 The Vasicek Model 

As an extension of the Ornstein-Uhlenbeck process, the Vasicek model was first intro-

duced by Vasicek (1977) [42] to capture the evolution of interest rates in a financial 

market. It describes the instantaneous interest rate rt as follows 

drt = a(/3 - rj)dt + ydW, (2.17) 
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where W is a standard Wiener process, and a, /3 and 'y are positive parameters. Obvi-

ously, if we set /3 = 0, then (2.17) reduces to an Ornstein-Uhlenbeck process described 

in (2.9). 

(2.17) is an one factor mean-reverting process with mean /3 and mean reversion speed 

a. Given an initial value r0, the SDE (2.17) has a solution of the form 

t 

rt = (ro - /3)e + /3 + fo ea()dW3. (2.18) 

By taking expectations on both sides of (2.18), we obtain 

Ert = (ro - /3)e-'t + /3. (2.19) 

Taking the limit of (2.19) yields 

urn Ert = 
t—+oo 

(2.20) 

Now we apply the Vasicek model to describe the evolution of variance, given by 

dcr = a(/3 — o)dt+'ydW. (2.21) 

Solving this SDE by multiplying e, given the initial value o- , we obtain 

= (cr - /3)e + /3+ 'y fo e_t_8)dWs. 
The cross product is given by 

= p2 + (UO2-  p)2ea(+u) + /3(cr - p)(et + eL) 

+ f U e_a L 
(t)dW3 +  e_a(u_8)dW) 

+ 'y(cr - /3)(e_at fo + e fo e(t8)dWs) 
fo 

u 

+ ,y2 j e_(t 8)dWs  e_a(u_8)dw3. 
0  

(2.22) 

(2.23) 
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Taking expectations of (2.22) and (2.23), we get 

Ecr = (u O2 /3)e_t +3 

Ecro = /32 + (UO2- /3)2e_0(t+t) + /3(o - /3)(e + e') 

t 

+ 2e_t)E( I ea8dW3 / easdW3) 
Jo .10 

= /32 + (o - /3)2e + /3(cr - /3)(e + e') 

,y2e_a(1+u) 
+  [62a(tAU)  

2a 

(2.24) 

(2.25) 

where we apply (2.4) in (2.25). It follows that the mean value of 4 and 4, and the 

variance of 4 can be expressed as 
T 

Eodt 

f T 

(o—/3)e+/3dt 

aT 

fT IT Ecrcrdtd'u 

,y2 
Ta2 ' —CeTa  T2a3X1 -. eT) 

2a(o—/3)2—'y2 
2T2a3 (1. - 

E4 - (Eu22 
2 

- T2a3 (1 - e_aT) - 2T2a3 (1 - c_aT)2. 

(2.26) 

(2.27) 

(2.28) 

Therefore, the fair value for variance swaps with maturity T is given by (2.26). 

Recall (1.9), where we have EQ(o-R) \/EQ (o-) Var(4)3 so that the fair value 
8(EQ(uft)) 

for volatility swaps can be expressed via (1.9), substituting in (2.26) and (2.28). 
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2.2.3 The Hull-White Model 

In 1987, Hull and White [22] first proposed the model to price options, described as 

follows. 

JdSt =ILStdt+crtStdT' 
do = aodt + 'ycrdWt 

(2.29) 

where a > 0 is the volatility return, y > 0 is the volatility of volatility, Wt and W 

are independent standard Wiener processes. Obviously the variance follows a log-normal 

process. 

We can solve the SDE for the variance by letting Yt = in cr to obtain 

Yt = Yo + (a - + -ywt. (2.30) 

Applying the initial value Yo = in o, we have 

= oexp[(a — -)t+.yWt]. 

The cross product is given by 

= exp[(a - )(t + u) + 7(W + We)]. 

Taking expectations on both sides of (2.31) and (2.32), we reach 

Eort2 = 

= aexp[(a - )(t + u) +(W + Wa)] 

= cexp[a(t+u) +'y2(tAu)}, 

where we apply the property of Wiener process E[exp('yW)] = e±. 

It follows that 

Ec4 = fT Eut2dt 

(2.31) 

(2.32) 

(2.33) 

(2.34) 
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E4 

Var(cr) 

0,02 

(e  
aT' 

TT 

f f 
2c  
04 [ae(212)T - (2a + 7 2)eaT + (a + 72)] (2.36) 

aT2(a + y2) (2a + 'y2) 

E4 - (Ecr)2 

U04 
 [2ae(272)T (a + 'y2) (2a + 72) e2aT 

a 

(2.35) 

aT2(a + _y2) (2a + 72) 

L(2a+72)eT - 

a 
(2.37) 

Therefore, the fair value of variance swaps with maturity T is given by (2.35). 

Recall (1.9), where we have EQ(o) \/EQ(4) Var(4)3 so that the fair value 
8(EQ(oR ))2 

of volatility swaps is obtained by substituting (2.35) and (2.37) in (1.9). 

2.2.4 Schwartz's One-Factor Model 

Three models were proposed by Schwartz (1997) [34] to describe the stochastic behavior 

of commodity prices. Here we introduce the most commonly-used one-factor model, 

which assumes that the asset price St follows the process below: 

dSt = a(L - lnSt)di + oSdW, (2.38) 

where a> 0 is the drift speed, L is the equilibrium level and c is the volatility of asset 

price. Closed-form solutions as well as European option pricing formulae can be found 

in [34]. 

Now we apply the Schwartz's one-factor model to capture the behavior of variance as 

follows: 

da = r. (a - in o2)odt + 7adWt, (2.39) 

where ic, a and are positive constants, and W is a standard Wiener process. 
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By the same transformation as we used in the Hull-White model, Yt = In o, we 

obtain 

dY = i(a - - Y)dt + ydW. 
2k 

The solution of (2.40) is given by integrating after multiply e'on both sides: 

Thus 

Y = In a + ic(a - ' JO eds + f 
Jo 

t 

cT = exp[e_ttlno + (a - L)(i_ e1ct) +tyJO e 
The cross product is 

= exp[(&t + e L) in cr + (a - L)(2 - e - 

t U 

+ ,y( I e- dW + _I(u_s)dWs)]. 
Jo I  

It follows that the expectations of o and at2au2 are given by 

exp[e_1tlncr + (a - -)(1- e) + 1_(1_ e 2 t)] 
4k 

exp[(e_Kt + e) lna + (a - 21) (2 - et - e_)] 

t U 

E[exp('y fo e_1(t_8)dWs + ,yfo -(u_s)dW)} 

2 

e') In 0-0 + (a - 2_.)(2 - e_t - e')] 

+ 1_(e_tct + e_ML)2(e2l(tAU)  
4k 

where we apply the simple factor 

E(exp[-y = exp[- f e_21(t_8)d.s] 
fJo 

= exp{-(1 - e_21t)] 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

(2.45) 

(2.46) 
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in (2.44), and apply (2.5) in (2.45). 

It follows that 

= 11T 

E4 

= 1 fT exp[e_ItlncT + (a - 1_)(1 - e_1t) + 2_(1 - e_2lct)]dt 
T 2ic 4,c 
1 2 T 2 2 

= exp(a - L) f exp[(lnc - a + L)e_1t - L_2ict]dt, (2.47) 
4ic j0 2tc 4/c 

1fT  f T 
Eccrdtdu 

72- = exp(2a - 2_)fT f T [( 7exp  - a +1nu)(e_ t + e4n   2ic 

- Le2K(tML_tV) + - 1)(_tct + e)2]dtdu, (2.48) 
4/c 4ic 

Var(4) = E4—(E)2 

= exp(--) f T f T exp[1(e_21ct + e2') - Le21 (tAtz_tVtL) 

4/c 4ic 

+ (e 2(t1) - 1)(e—Kt + e)2]dtdu. (2.49) 
4'c 

Therefore, the fair value for variance swaps with maturity T is given by (2.47). 

Recall (1.9), where we have Eq(OR) /EQ(4) Var(4)3 so that the fair value 
8(EQ (ER)) 

for volatility swaps is yielded from (1.9) by substituting in (2.47) and (2.49). 

2.2.5 Pilipovié's Two Factor Model 

Pilipovié (1998) [32] proposed mean-reverting one-factor and two-factor models to price 

energy derivatives. In her one-factor model, the equilibrium price, the long-run average, 

is assumed to be constant. In her two-factor model, the long-run average follows a 

geometric Brownian motion process. The two factor model is described as follows: 

JdSt = /c(a 
dat = patdt + aatdW2 

(2.50) 



30 

where ic, 'y, a and 0. are positive constants, and Wt, W2 are independent Wiener pro-

cesses. 

If we set t = or = 0, then (2.50) reduces to the one-factor model. The solution of 

(2.50) has been given by Pilipovió (1998) [32] as follows: 

St = 

(2.51) 

Now we apply Pilipovié's two-factor model to the evolution of the underlying asset's 

variance, described in the following, 

with solution given by 

o.2 

Jdo = /c(at - cr)dt + 

dat =,Latdt+cTatdW2 

= e_(4)te1Wt' 

' 
+ oe_()tct' f e()' 's e( )y14'8' ds, 

which yields the cross product 

= 

0 

(2.52) 

(2.53) 

fU )(x+y)+o(W,+W)e( -)(x+y)—'y(W+W)dxdy 

10U e_c) We(t+)s_7W$' ds 

fo 
t 
e' ç )s+-w,, e )s','W,' ds. 

It follows expectations of (2.53) and (2.54) are given by 

EUt2 = oe_1t + '°°  (e 

Eoo = 

(2.54) 

(2.55) 
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1 
+ k2c e t+ [( 1  +  

(++a2)(2+2K+a2 _2) (+-2)(t+K+a2) 
1 1 

2/t+2K+a2 ,y2 (i+ic)(ii+ Fi+a2) 
1 2 

+ + K)( + r, + a2) ( + + a2)( + -  

1 1 
+ (2+2+a2_2 + (tt  

 )e72(tt\u) 
(/.t+ic+a2)(2,u 1 +2ic+a2_y2) 

1  

+ ( + ic) (t + ,c + a2) 

1 
e(1t(tVu)] 

+ 

+ 

+ 

(/2 + ic) (p+ /c + a2) 

2ica0a  (e(+-72)(tAu) 
/2 + f% - ty2 

/caoag 
I{u>t} + - 

icaoag 

+ - 

where we apply (2.6), (2.7)and (2.8) in (2.56). 

Thus the mean of 4 is given by 

E4 = fT Eodt 

1 fT 5  x + 12eI + (a Ica0 )e_1ctdt 

O  (eT_1)+ a0 (T(+) UO2 -xT 
KT = 

(2.56) 

1), (2.57) 

which is the fair value of variance swaps with maturity T. 

4 iTT The expectation of 22 aR could be computed from (2.56) by EaR = f0 f0 Ea adudt 

and follows the variance of 4 by Var(4) = E4 - (E4)2. Recall (1.9), where we have 
/ 2 Var(i2)  

_PQ (UR) i Ec (aR) , so that the fair value for volatility swaps can be done 
8(EQ(o)) 

via (1.9) after substituting in (2.57) and Var(4). 



32 

2.2.6 A GARCH (1,1) Model 

In the paper written by Javaheri, Wilmott and Haug (2002) [24], the valuation and 

hedging of variance and volatility swaps were studied within the frame of a GARCH 

(1,1) stochastic volatility model, a mean-reverting process which defined the variance as 

follows: 

dcr = ic(O - cr)dt + 'ycrdW, (2.58) 

where ic is the speed of mean reversion, C is the mean reversion level, 'y is the volatility 

of variance, and W, is a standard Wiener process. 

Javaheri, Wilmott and Haug use the partial differential equation (PDE) approach to 

determine the first two moments of realized variance in [24]. Here we employ another 

way to solve the problem, namely, by a probabilistic approach. 

(2.58) can be solved via a variation of constants technique, giving 

t 

= 0.2 _(1+4)t+yWt + iO fo e_(k+)(t8)+(Wt_W8)ds, 
from which it follows that the cross product is given by 

a2a2 = 

+ KOet r 
Jo 

2 

+ fo e )s+'y(wt'-w8)ds 

(2.59) 

2 2 

+ c2O2e_t (2.60) 

It follows that the expectations of at2 and oo- are obtained by 

Eo = (o _O)e_1t+O, 

Eoo = 

(2.61) 
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2ttOa 
(e(,-2)(t) - 1)e72(t)_1(t) 

+ K -  

+ Oa2e_1(t)(e16u - e1ct)(I{u>t} I{t>u}) 

+ Ic2O2e_t+[e2t((2l 2) + ( 2) (Ic - 2)(2K - 2) 

- e(t)  2 1 
((2) K2) 

+ e72(t( (  + - 2) 1  1  1  
( - -y2) (2r, - 2) K(2Ic - 2)) 

1 + _(e1 (t+ U ) - 

where we apply (2.6), (2.7) and (2.8) in (2.62). 

Therefore, the mean of aRl is given by 

= fo 
T  Eadt 

=   

(2.62) 

(2.63) 

which is the fair value for variance swaps with maturity T. 

4 iTT 22 The expectation of oR could be computed from (2.62) by EaR = f0 f0 Ea, adudt 

and follows the variance of 4 by Var(4) = Ec4 - (E4)2. Recall (1.9); where we have 
EQ (uR) ./EQ 7) Var(c4)3 so that the fair value for volatility swaps can be found 

8(EQ (ER)) 

via (1.9) after substituting in (2.63) and Var(4). 

2.2.7 The Heston Model 

The last model we examine here is a very popular one, the Heston (1993) model [19], 

which has already been studied by Swishchuk (2004) [38]. It assumes that the underlying 

asset and its variance follow the process below: 

JdS = rSdt + atStdWl 
dcr = ic(02 - crfldt + .ycTtdWt2 

(2.64) 
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where Vt is the deterministic interest rate, n > 0 is a reversion speed, y > 0 is the 

volatility of volatility, and W' and W? are independent standard Wiener processes. 

In the paper by Swishchuk (2004) [38], a closed-form expression for valuation of 

variance and volatility swaps is found by the change of time method (see [23]). We will 

simply review the results in order to compare with results for SVMs with jumps later. 

The asset's variance follows a Cox-Ingersoll-Ross (1985) (CIR) process [12], which 

was first suggested to model the behavior of the instantaneous interest rate. Due to the 

independence of W1 and W, we only need to consider the CIR process for variance as 

follows 

dc = ic(02 - cr)dt + 'ycTtdWt. (2.65) 

Obviously the CIR process is a mean-reverting process, where ,c > 0 is the reversion 

speed, 9 > 0 is the long-run volatility and y> 0 is the volatility of volatility. 

By the change of time method, the solution of (2.65) is given by 

o•t =e_ 2 ,t' 2 92+W(çb'))+92, (2.66) 

where W(t) is an one-dimensional Wiener process, and q' is the inverse function of 

ot = 2f [e°( - 2 + W(s)) + O2e2 ]1ds. 
0 

By the properties of W(q 1) (see [23]), we reach 

Ecr = (o _92)e_1t+O2, 

2 02 
Eoo = y2e_k(t+u)[ °0 - (e(tt\u) - 1) + 02 2r. 

K 2K 

+ e t+(o - 92)2 + e_1ctO2(o 92) 

+ e'O2(o - 92) + 9. 

(2.67) 

(2.68) 

(2.69) 
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We obtain the mean of 4 and 4 as well as the variance of 4 below: 

UR 

E4 

Var(4) 

fT Eut2dt 
fT - 02)e—r.1 + 02]dt 

0702 _ 02 (1 _ e— T) +02, (2.70) 
nT  fT fT .Ba, 

ly 2 f T fT  0702 e ()[ - 02 (e'(') - 1) + - 1)]dudt 
2,c 

(o - 02)2 (1 - 2eT + e_21T) + 2(o - 02)02 (1 - -1T) + ü, (2.71) 
jç2T2 icT 

2 f TfT [O•O - O  (l(tAU) - 1) 
T2 0 rV 

°(e21(t) - 1)]dudt 
2it 
,2e 2tT 

[(2e2 T - 4?TT - 2)(o - 02) 
2ic3T2 

(2e24T,T - 3e21T +4 e1T - 1)02]. (2.72) 

Therefore, the fair value of variance swaps with maturity T is obtained by (2.70). 

Recall (1.9), where we have EQ(o-R) \,/EQ(4) Var(4)3, so that the fair value 
8(Eq(uft)) 

of volatility swaps follows from (1.9) by substituting in (2.70) and (2.72). 

Thus far we have overlooked the volatility issue for both DVMs and SVMs without 

jumps. We take a look at seven typical continuous SVMs and compute the fair value 

for both variance and volatility swaps. However, it is far from enough to study swaps 

only within the continuous framework. Evidence in practice, especially from the energy 

market, has shown the only randomness, Wiener process, is not enough to capture the 

evolution of underlying asset's variance. We next discuss adding a jump-diffusion term, 

described by compound Poisson process, to SVMs without jumps to make the model fit 

real markets better. 
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Chapter 3 

Stochastic Volatility Models with Jumps 

The class of jump-diffusion models was first introduced by Merton [29] to capture "dis-

continuities" in stock prices, an extension of the Black-Scholes model. The idea has 

gained acceptance recently, especially in papers devoted to pricing assets in energy mar-

kets. For example, Cartea and Figueroa (2005) [10] presented a mean-reverting jump-

diffusion model for the electricity spot price and derived the corresponding forward prices 

in closed-form. There are applications in other areas: Swishchuk and Kalemanova (2000) 

[39] studied the stochastic stability of interest rates and their generalization for the case of 

random jump changes; Duffie, Pan and Singleton (2000) [15] proposed transform analysis 

and asset pricing within the frame of affine jump-diffusions, which provided an analytical 

treatment of a range of valuation and econometric problems. 

In this chapter, we consider adding jumps to existing continuous SVMs and pricing 

variance and volatility swaps within these frames. We first provide an introduction to 

jump-diffusions. 

3.1 Jump-diffusion Description and General Assumptions 

We describe a jump-diffusion process for the variance as follows. 

Assume that the underlying asset's variance fluctuates according to a continuous 

stochastic process on intervals ['i-i, rj+i), i = 0, 1,2,..., where r0 = 0, while at random 

times ri, i = 1, 2,..., the variance jumps, namely 

(3.1) 
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where the total number of jumps on the interval [0, t], denoted by N, is assumed to be 

a Poisson process with intensity A > 0, and the jumps J, i = 0, 1,2,..., except Jo = 1, 

form a sequence of independent identically distributed random variables with values in 

(0, +oo), the mean of which is denoted as A = EJ, i = 1,2..... 

From the assumptions above, we immediately reach the following lemma: 

Lemma 3.1-1. For independent identically-distributed nonnegative random variables 

J,i=1,2,..., ifA=EJ<-f-oo, then 

Nt 

E(JT J) = e\t(A_1) 
i=1 

(3.2) 

where N is a Poisson process with intensity A > 0, independent of J, and define 

The proof of this is straightforward: 

Nt 

E(fJ J) = P(N =0) + P(N = 1)EJ1 + P(N = 2)EJ1EJ2 + 

+ P(N = n)EJ1 . . . EJ,, + 
00  

- Ae n! 
n=O 

00  (AAt)' - e_1)M. 
- e> n! 

n=O 

(3.3) 

The proof of this can also be found in [39]. 

We now discuss seven SVMs extended from the previous chapter, in other words, 

adding jumps to continuous SVMs, and examine the valuation of variance and volatility 

swaps. 
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3.2 The Orstein-Uhienbeck Model with Jumps 

Extended from the continuous Orstein-Uhienbeck process, the OU model with jumps can 

be described as 

dc = —aodt + 'ydW + (J - 1)o_dNt. (3.4) 

This describes a mean-reverting jump-diffusion stochastic process with zero mean and 

reversion speed a > 0. 'y is a positive constant and W is a standard Wiener process, 

independent of the Poisson process Nt with intensity A > 0, i.e., 

I 1 with probability Adt 
dN = (3.5) 

0 with probability 1 - Adt. 

The jump-diffusion term (J - 1)o_dNt, with the assumptions above, will be used in the 

following models in this chapter. 

We have solved the continuous OU process with solution 

-at 
cT 2 - _ o0e2 + 'y JO  

Thus, we obtain the following proposition: 

Proposition 3.2-1. The solution of the OU model with jumps is given by 

at2 = (JlJ2 ... JN)a02 e ° 

Nt-i 
Tn+1 

JNt)e_a(t_Tn) ea8dW8 
Tn 

(3.6) 

+ 7e--(t--N,) IrNt ea&dW8 (3.7) 

where we define J1J2... = 1 and = 0 for Nt = 0. 

A proof using mathematical induction can be found in Section B.1 in Appendix B. 

Taking expectations on both sides of (3.7), we get the mean value for ot2: 

Eat2 = 
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00 

= u2& t>p(N_n)An 
n=O 

2 - - (AAt)' 
= o0e C 

n=O 

(70 

n! 

(3.8) 

Equation (3.8) can also be derived from directly taking expectations on both sides of 

(3.4) and solving the corresponding ordinary differential equation. 

Compared with (2.12), where Eut2 = oe' (the expectation of o in continuous 

case), (3.8) involves an extra "jump term" c(1)At. If we set the mean jump size to 

A = 1, then (3.8) reduces to (2.12); if A > 1, then the mean value for o' within the 

frame of SVMs with jumps is greater than that within the continuous frame since the 

"lump term" is greater than 1; if A < 1, then the mean value within the continuous 

frame is larger, since e(A_1)t < 1. 

3.3 The Vasicek Model with Jumps 

Based on the continuous Vasicek model, the Vasicek model with jumps is given by the 

following: 

dut2 = c(/3 - cr)dt + ydW + (J - 1)crdNt, (3.9) 

where c, 8 and "y are positive parameters, W is a standard Wiener process, independent 

of the jump part which was defined in the previous section. 

The solution of the continuous Vasicek model has been given as 

= ((7 -  /3)e + /3+ 'y JO e_a(i_s)dW8, (3.10) 

from where we get the solution for Vasicek model with jumps in the following proposition. 
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Proposition 3.3-1. The solution of the Vasicek model with jumps is given by 
Nt-i 

at2 = (J1J... JN)(o - 13)e-at +i@ (J+2J+3.  

n=O 

Nt-i 
Tn+1 

(J+'J+2• JNt)etT) f edW8 
+ 6-at-rN 

TNt 

T 

easdWs+/3, (3.11) 

where we define JJ2 . . . = 1 and E Nt-i = 0 for N = 0. 

A proof by mathematical induction can be found in Section B.2 in Appendix B. 

Obviously, we can easily see that if the parameter 3 is set to be 0, then (3.11) reduces 

to (3.7). The same correspondence occurs between the continuous Ornstein-Uhlenbeck 

model and the Vasicek model. 

It is hard to compute the expectation from (3.11), but the mean value of o can be 

reached by directly taking expectations of both sides of (3.9), yielding 

Eu2 - (o.02  + a18  e _)_a)t  a/3 (3.12) 
t  AA — A — a' AA — A — a 

Recall (2.24), where Eu? = (o­02 -  /3)e + i3 (the expectation of at2 in continuous 

case), (3.12) appears more complicated. However, if we set the mean jump size to A = 1, 

then (3.12) reduces to (2.24). 

3.4 The Hull-White Model with Jumps 

The original Hull-White model contains two continuous stochastic process, where the 

underlying asset price and variance follow two geometric Brownian motions. Since we 

only care about the evolution of variance, we thus add jumps only to the process for 

variance, shown as follows: 

I dS 
(3.13) 

I du? = au?dt + yu?dW + (J - 1)a?dNt 
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where a > 0 is the volatility return, 'y > 0 is the volatility of volatility, Wt and W, are 

independent standard Wiener processes, and the independent jump term is defined as 

before. 

We have the solution for continuous Hull-White model 

at, =crexp[(a— 2-)t+yW], 

yielding the solution for Hull-White model with jumps as the proposition below. 

(3.14) 

Proposition 3.4-1. The solution of the Hull- White model with jumps is given by 

= (J1J2... JN)U exp[(a - )t + (3.15) 

where we define J1J2.. . = 1 for Nt = 0. 

A proof by mathematical induction can be found in Section B.3 in Appendix B. 

The expectation of u in (3.15) is given by 

= E[(J1J2. .. JN)]ce 
at 

00 

= u02 e tYP(Nt= n)ATh 
n=O 

= (3.16) 

which coincides with the expectation of c obtained by directly solving from (3.13). 

Compared with the expectation in the continuous framework described in (2.33), 

where Eo- = at ,(3.16) includes an extra "jump term" e(-1)t. If we set the mean 

jump size to A = 1, then (3.16) reduces to (2.33); if the value A> 1, then the mean value 

of o obtained from the jump-diffusion process is greater than that from the continuous 

process since the "jump term" is greater than 1; if A < 1, then the expectation from the 

continuous process is larger. 
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3.5 Schwartz's One-Factor Model with Jumps 

Schwartz's one-factor model with jumps has already been used for valuation in electricity 

markets in the paper by Cartea and Figueroa (2005) [10] to capture the electricity spot 

price process. Closed-form formulae are provided for the corresponding forward prices. 

Here we apply this model to describe the variance process as follows: 

du,2 = ic(a —1n)adt+ -ycrdWt + (J— 1)o_dN, (3.17) 

where Ic, a and y are positive constants, and W, is a standard Wiener process. The 

independent jump-diffusion part is defined as before, with more assumptions on the 

jump size J: the mean jump size is A = EJ = 1 and in J is normally distributed with 

mean - and variance c. 

The solution comes by directly solving this SDE, which needs the transformation 

Yt = in o. Firstly we have 

Yt = e in ci + ic(a - i: .r e_1t_8)ds 
Then 

+ _k(t_s)dW + f o 
6 t8) in JdN. 

= exp[e_1tino +(a _—)(1_ e_1t) 

+ fe )dw3 + f in JdN]. 
0 0 

Taking expectations of (3.19), we obtain 

= exp[e tlna + (a - —)(1 - e_1t) + -(1 - &2t)] 

41c 
t 2 
I L(e_t(t_8)_1)2_L - 1)ds], 

x exp[\ (e 

(3.18) 

(3.19) 

(3.20) 
Jo 

where E[exp(f e(t-8) in JdN)] = exp[A f (e ( t_8)_)2_ - 1)ds, the proof of which 

can be found in paper by Cartea and Figueroa (2005) [10]. 
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Recall Eu? in the continuous case described by (2.44), where Eat' = exp[e_1t in u + 

(a - )(1 - e_1t) + (1 - e_21d)]. We can easily distinguish (3.20) from (2.44) by the 

ti 
extra jump term exp[A 10 (e 2 2 8 - 1)ds]. However, in contrast with jump-

diffusion models discussed in previous sections, (3.20) can't reduce to (2.44) even with 

the assumption that the mean of jumps' sizes is A = 1, since (2.44) depends not only on 

A, but also is affected by the jumps' variance. 

3.6 Pilipovi9s Two-Factor Model with Jumps 

Extended from the continuous Pilipoviá's two-factor model, Pilipoviá's two-factor model 

with jumps can be expressed by 

fdci = /c(at - ci?)dt + yudW1 + (J - 

dat=atdt+uadW 
(3.21) 

where Ic, "y, p and ci are positive constants, and We', W? are Wiener processes with zero 

correlation, also independent of the jump term defined as before. 

The solution in continuous case has been given as 

ci? = 
UO2 y2 -Ywt,  

+ Icaoe_(te YWt' f (3.22) 
0 

which yields the solution of Pilipovió's two-factor model with jumps in the following 

proposition. 

Proposition 3.6-1. The solution of Pilipovi3 's two-factor model with jumps is given 

by 

ci? = (J1J2. ' ' JNt)cie2)tet 

Nt-i 

+ 1ca0 r , [(J +1J 2.. JNt)e ( 2 tT et 

n0 
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J7n+1e(c)TW n e' ç)s+cW ds] 

+ aoe)(t_TNt)eNt) 

e_c)TNt +CYW?N f 
TNt 

ç )8 W 82 ds, (3.23) 

where we define J1J2... JN, = 1 and nN-e-O i = 0 for N = 0. 

A proof by the mathematical induction can be found in Section B.4 in Appendix B. 

The mean of o can be extracted easily by directly taking expectations of (3.21) and 

solving for the corresponding ODE, yielding 

_Eort2 - (UO2 Kao  ) (AA-A-it)t +  ica0 (3.24) 
p+ic+A —AA 

Recall the expectation of ut2 in continuous case, described by (2.55) where Eu? = 

ue + e1At - e_ltt). We easily find out that the parameters in (3.24) contains 

information about the jumps. If we set the mean jump size to A = 1, then (3.24) reduces 

to (2.55). 

3.7 GARCH (1,1) Model with Jumps 

Extending the GARCH (1,1) model from a continuous process to a mean-reverting jump-

diffusion process, we get the evolution of variance as follows: 

dcr? = i(O - u?)dt + 'yu?dWt + (J - 1)u?dN, (3.25) 

where ic is the speed of mean reversion, 0 is the mean reversion level, 'y is the volatility 

of variance, and W is a standard Wiener process, independent of the jump term defined 

as before. 

As is discussed in the previous chapter, the solution within the frame of continuous 

GARCH (1,1) is given by 

a? = ue_ )t+YWt + x0[ e_()(8)+7(t_W8)ds, 
0 

(3.26) 
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which induces the solution for GARCH (1,1) model with jumps, contained in the following 

proposition. 

Proposition 3.7-1. The solution of the GARCH (1,1) model with jumps is given by 

= (JlJ2 ... JNt)ae_()tWt 

Nt-i 
2 

+ ,O E (J+1J+2. .. JNt)e2 )(tT tWrn) In e()8YW8ds 

nO  

+ Oe ')(iTNt)(VVt_WrNt) f ds, (3.27) 
TNt 

where we define J1J2 . . . = 1 and E:T' = 0 for N = 0. 

A proof by the mathematical induction can be found in Section B.5 in Appendix B. 

It's not hard to see that (3.27) can be considered a special case of (3.23) when we set 

= o = 0 in (3.23) and define a0 = 0. Actually, if IL and 0 are set to 0, then Pilipovió's 

two-factor model reduces to a one-factor model in the same form as the GARCH (1,1) 

model. 

The expectation of Ut2 can be obtained directly from (3.25) by taking expectations on 

both sides of (3.25), and is given by 

KU KU  ) e( '' )' 
AA— A — ,c 

(3.28) 

Compared with the mean value of ut2 in the continuous case described by (2.61), where 

EO-? = ( - U)e- + 0, the parameters of (3.28) involve information about the jumps. 

If we set the mean jump size A = 1, then (3.28) reduces to (2.61). 

Recall (3.24), the mean of o obtained within Pilipovié's two-factor model with jumps. 

We can see that if y = 0 and we define a0 = 0 in (3.24), then (3.24) will reduce to (3.28). 
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3.8 The Heston Model with Jumps 

Extended from the continuous Heston model, the jump-diffusion Heston model is de-

scribed as follows: 

dSt =rtStdt+otStdW' 

dat2 = ic(02 - cr)dt + 'yatdWt + (J - 

(3.29) 

where rt is deterministic interest rate, Ic > 0 is a reversion speed, 'y > 0 is the volatility 

of volatility, and W' and W, are independent standard Wiener process, also independent 

of the jump term defined as before. 

Swishchuk (2004) [38] has already provided a closed-form solution for the CIR process 

for variance by the change of time method. However, it is hard to induce the solution 

for the Heston model with jumps from that formula. 

As to the expectation of variance, we can get it from (3.29) by taking expectation 

directly: 

E K 022  ) e_'' 
cT= (cT +AAA AA — A — ic (3.30) 

Compared with the expectation of ut2 in the continuous case described by (2.68), 

where Eu? = (cr - 02)e + 02, (3.34) will reduce to (2.68) if we set the mean of jumps' 

size to A = 1. 

Recall Eut2 obtained within the frame of GARCH(1,1) with jumps, described in (3.28). 

We find that if the long term means, 0 in GARCH(1,1) and 02 in Heston model, are set 

to be the same, then there is no difference for the mean values of at2 within these two 

models. 

So far, we have discussed seven SVMs with jumps extended from Chapter 2, and 

compared expectations of variance yielded from them with those obtained in the previous 

chapter. The interesting thing we have discovered is that, in most cases, if the mean value 
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of jump size A is set to 1, then expectations of variance for the SVMs with jumps are 

the same as those for the corresponding SVMs without jumps. The only exception is for 

Schwartz's one-factor model. Furthermore, we will see in the next chapter how the fair 

values for variance swaps coincide for two corresponding models if we set A = 1. 



Chapter 4 

Variance Swaps for SVMs with Jumps 

Risk-neutral valuation strategies for variance swaps have been discussed in Section 1.4.1 

of Chapter 1. The first moment of realized variance Ec4, which in continuous-time 

cases is defined as Ij' Ecr?dt, is the only variable we need in order to compute the fair 

value for variance swaps. It therefore follows that the fair value for variance swaps is 

determined as long as Eat' is known. In this chapter, we will examine the valuation of 

variance swaps for SVMs with jumps discussed in the previous chapter, and compare 

results with those obtained from SVMs without jumps. 

4.1 Variance Swaps for Orstein-Uhienbeck Model with Jumps 

The mean value of at2 has been given by (3.8) where Ec - so that the fair 

value for variance swaps with maturity T is obtained by 

Kvr =Ec 
i 

= ± fT Ecrd1. 
T 

= - fT T 

((A\-A-a)T - 1 ' 

= (AA —A—)T' 
(4.1) 

where A is the mean jump size, A is the intensity of Poisson process defined for the 

jump-diffusion term, and a is the mean-reversion speed. 

Comparing (4.1) with the fair value of variance swaps for the continuous OU model 

obtained by (2.14), where Kvar = EaR2 = 4 (1 - c_aT), we find that, if A = 1, then (4.1) 

48 
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reduces to (2.14), which means that if the mean value of jumps' size equals 1, then there 

is no difference for the variance swaps' fair values within the continuous OU model or 

the OU model with jumps. 

4.2 Variance Swaps for Vasicek Model with Jumps 

From the first moment of o obtained by (3.12), where Eu = (cr + AA_A_a )C( ) - 

ceO  we can easily compute the fair value for variance swaps with maturity T as 

follows: 

Kvar =Ec4 

= f WU,2 dt 

- 1 f' [(OrO2+  CeP )e(A?_?%_O)t cep ]dt 
- AA—A—a AA — A — a 

= 1 O.  )(e(A__)T - c/3  
T AA_A_ a +(AA_A_ a)2 1) AA — A —a' (4.2) 

where A is the mean jump size, A is the intensity of Poisson process defined for the 

jump-diffusion term, a is the reversion speed and ,@ is the long-term mean. 

Compared with the fair value for the continuous Vasicek model obtained by (2.26) 

where K,, = = 4(1 - eT) + ,8, (4.2) contains some other jump information 

and thus looks more complicated. However, if we set A = 1, then (4.2) reduces to (2.26). 

Recall (4.1), the fair value obtained within ,OU model with jumps. We find that if 

the long-term mean 0 = 0, then (4.2) reduces to (4.1). 
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4.3 Variance Swaps for the Hull-White Model with Jumps 

The first moment of cr is given by (3.16) where Eu,2 = ag e(AA-A+a)t, from where we 

obtain the fair value for variance swaps with maturity T, described as 

Kvar =Ecr 

1fT 

= Eodt 

1 fT  26(AAA+a)tdt 

= o (e()T - 

(AA —A+a)T" 1' 
(4.3) 

where A is the mean jump size, A is the intensity of Poisson process defined for the 

jump-diffusion term, and a is the coefficient of the drift term. 

It is easy to see that if A = 1, then (4.3) coincides with (2.35) obtained as variance 

swaps' fair value for the continuous Hull-White model, where Kvar = Ea ,2n  (aT 1). 
aT 

4.4 Variance Swaps for Schwartz's One-Factor Model with Jumps 

Based on the mean value for at2 given by (3.20) where Eat2 = exp[e_1t in o + (a - ) "1— 
2, 

e_1t) + (1 - e2') + A fol (e 2 8 - 1)ds], the fair value for variance swaps 

with maturity T can be expressed as 

Kvar = Eo 
i T 

Ecrdt 

1  2 2 
fT exp[e' in o- + (a -  e_1t) + 1(1 - e-2-t) 

2,c 4/c 

+ A J0L((t8) 1)2L - 1)ds]dt 
Jo 

9 9 
6a— f T --4/c 

ex i1.. _2\1tT  PL\2/c 
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It 2 0 

L(e_K(t_8)_ 1\2_L 
8 + A] (e2 

0 

where A is the intensity of Poisson process defined for the jump-diffusion term, ic is the 

reversion speed, 'y is the volatility of volatility, and o3 is the variance of In J, the log of 

jump sizes. 

Compared with the variance swaps' fair values obtained by continuous Schwartz's one-

factor model described by (2.47), where K,, = EU2  fexp[(_a +lna )e_ct_ 

e_21t]dt, (4.4) contains an extra integrating term ex - p[A  1)ds]. 

Similar to the property of Eo, even if we set the mean jump size to A = 1, this extra 

term can't be eliminated and therefore (4.4) cannot reduce to (2.47). 

- 1)ds]dt, (4.4) 

4.5 Variance Swaps for Pi1ipovi's Two-Factor Model with Jumps 

The expectation of o has been shown in (3.24) where Eo = (cr2 isceo 0 ++A—AA. 

IcO  e/2t and thus we can obtain the fair value for variance swaps with maturity T 

as follows: 

Kvar 

; IT  )e(_)_1)t  iccxo  eILt1dt 
+++AAA 

1ca0 

(AA - A - )T T(AA - A - + n + A - AA) ) 1) 
ia0 

 (eLT - 1), (4.5) 
/iT(/.L+Ic+A—AA) 

where A is the mean jump size, A is the intensity of Poisson process defined for the 

jump-diffusion term, ic is the mean-reverting speed, p. is the coefficient of drift term for 

the long-term average process and a0 is the initial value of the long-term average. 
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Note that if we define A = 1 (4.5) will reduce to (2.57) where Kva,. = Ec4 = 

(T() ) (e_' — 1) + (e1T — 1), meaning no difference between the variance 

swaps' fair values for the continuous Pilipovi6's two-factor model and that for Pilipovié's 

two-factor model with jumps. 

4.6 Variance Swaps for GARCH(1,1) Model with Jumps 

From the mean value of o obtained by (3.28) where Eo = (o +  '°  )e(_\_1)t — 
AA—)—k 

no  
AA—A we can compute the fair value for variance swaps with maturity T by 

Kvar = Eo 
T 

= Eodt 

1T no  L [(o + )(AA_A  no_k)t  ]dt 
ic AA — A — AA — A —,c 

2 no no 
= _( °.°   )(e(A)\)T - 1)   (4.6) 
T AA_A_  (AA _A_ ic)2 AA — A — ic' 

where A is the mean jump size, A is the intensity of Poisson process defined for the 

jump-diffusion term, ic is the mean-reverting speed, and 0 is the long-term mean. 

Recall (2.63), the fair value of variance swaps within the frame of continuous GARCH 

(1, 1), where Kvar = EaR2 = 4°(i - e—r-T ) + 0, we note that if A = 1, then (4.6) reduces 

to (2.63). 

Compared with (4.5), where we consider variance swaps' fair value within Pilipovié's 

two-factor model, (4.6) could be deduced from (4.5) by setting p = 0 and defining 0 = ao 

in (4.5). 
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4.7 Variance Swaps for Heston Model with Jumps 

The expectation of ort2 is given by (3.30) where Eu? = (o + K02  )(4_ _ 1c)t  K02  
AA—A—, 

from where we obtain the fair value for variance swaps with maturity T as follows: 

Kvar - LIaR 

= 11T 

1 f T (u2 + ,02 
Icy ldt 

T i\ 0 AA — A — ,c' AA — A —,c 
1 2 = •I X02 2 
( °•o  +   (e(A\_A_1)T - 1)  Icy (4.7) 

T"AA — A — ic (AA —A—ic)2' AA — A — ,c' 

where A is the mean jump size, A is the intensity of Poisson process defined for the 

jump-diffusion term, ic is the mean-reverting speed, and 02 is the long-term mean. 

Again, variance swaps' fair values for the Heston model with jumps are no different 

from those for the continuous Heston model if the mean jump size A is defined as 1 so 

that (4.7) reduces to (2.70), where Kvar = E4 = 2 .o2 ( - eT) + 02. 

Moreover, if we define the long-term means, 0 in GARCH(1,1) model and 02 in Heston 

model respectively, to be the same value, then the variance swaps' fair values within these 

two models with jumps are identical, which can be checked out by simply comparing (4.6) 

with (4.7). 

Just as mentioned in the end of previous chapter, fair values of variance swaps for 

SVMs with jumps in most cases coincide with those for continuous SVMs obtained in 

Chapter 2, as long as the mean value of jump size A = 1. It is verified after we examined 

all models considered in the previous two chapters, with Schwartz's one-factor model as 

the only exception. The assumption A = 1 can be thought of a model with no jumps in 

average. 

Rom the discussion above, we can see that the computation of the fair value for 

variance swaps is quite straightforward. Whatever complicated model it is, we know 
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variance swaps' fair value as longs as Ec4 is given. We even don't need to know the 

explicit solution of variance for a particular stochastic volatility model. However, it's not 

the case when the question for valuation of volatility swaps arises. We will discuss this 

issue in the next chapter. 



Chapter 5 

Volatility Swaps for SVMs with Jumps 

Risk-neutral valuation strategies have been discussed in Section 1.4.2 of Chapter 1. Since 

we cannot obtain the first moment of realized volatility EaR directly within the frame 

of SVMs, pricing for volatility swaps becomes difficult and we need to approximate the 

fair value by a convexity adjustment K,,01 = EoR /E4   which requires the 

first two moments of realized variance, E4 and Var(4). Therefore, in order to price 

volatility swaps, we need not only the mean of at2 to compute Eo, but also the mean of 

cross product co to compute Var(4). Things will become relatively straightforward 

as long as explicit formulae for at2 are given. Fair values for volatility swaps within the 

frame of continuous SVMs have been given in Chapter 2, according to the strategies 

discussed above. However, it is still a challenging task to price volatility swaps for SVMs 

with jumps due to the complexity of explicit formulae for a?. 

In this chapter, we examine volatility swaps' fair values for two SVMs with jumps 

discussed in Chapter 3. Specifically, we compare the fair value of volatility swaps for the 

Hull-White model with jumps with that for the continuous Hull-White model, where the 

difference depends on the mean of the jumps' sizes A = EJ and the mean of the jumps' 

sizes squared B = EJ2. 

5.1 Volatility Swaps for Hull-White Model with Jumps 

The solution of the Hull-White model with jumps is given by (3.15) where 

= (J1J2... JN)cTO2 exp[(a - ç )t + 'yW], yielding the cross product as follows: 

= (J1J2. .. JN)(J1J2 . 
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(5.1) 
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As to the expectation of (5.1), we have the following theorem. 

Theorem 5.1-1. The expectation of the cross product (5.1) is given by 

Eoa = e(a_$)(t)+ (tVu)+ (tAu)-i-A(A-1) (tVu)+A(B—A)(tAu) (5.2) 

where A is the mean jump size, A is the intensity of the Poisson process for the jump-

diffusion term and we define B = EJ2 to be the mean of jump sizes' squared. 

A proof for this can be found in Section 0.1 in Appendix C. 

Therefore, the mean value of 4 is given by 

E4 
T f 

Eocidudt 

nt T t f 
T ft T 

e"dudt f feedudt + ].  e" 

2a04 1  (m+n)T — ' anT   

T2[rn(m + n) 6 mm + n(m+n)" (5.3) 

where m=a-i-'y2+A(B—A) and n = a + A(A — 1). 

Recall (4.3) where EcrR2 = (+(A-1))T (e()T — 1). It follows that the variance 

for 4 is obtained by 

Var(4) = 

+ 

E4 — (E4)2 

2 (m+n)T — 2mT nT 
T2 [m (m  + )C -6 + 2(- — mm 

2  1 

n(m+n) n2 1 (5.4) 

where m=a+'y2+A(B—A) and n=a+A(A-1). 

Thus, the fair value for volatility swaps with maturity T can be obtained by sub-

stituting (4.3) and (5.4) in the convexity adjustment approximation K 01 = EUR 

/E4 Var(4) yielding 
8(ER) 

K 01 = EaR 



57 

  Va'r(4) 

8(E ") 22 

= 010  V/enT_l 

5oTh2[m(+n)emT - e2nT + 2( - i' enT + 2 
inn / n(m+n) 

1 

8\/I(e1T - 

where m=a+y2+A(B—A) and n=a+A(A-1). 

Recall what we have done within the framework of the continuous Hull-White model 

in Chapter 2. We have the first two moments of realized variance, given by 

+ 

°•O(eT - 1), 

 [2a e(2 )2)T (a + y2) (2a + 2aT 

aT2(a + 'y2) (2a + ty2) a 

- 

a a 

yielding the fair value for volatility swaps with maturity T as follows: 

K 01 = EOR 

/Oor 2 Var(4)  
V 8(Ec4) 

= a0 
VeCT 

uoc (a+72)(2a+y2) [2ae(2'12)T (a+y2)(2a +y2)  e2aT] 

8J (eaT 

(a+y2ao )(2a+y2) [(2a + y2)eaT - (a + 'y2)] 

8/(eaT - 1) 12 

Comparing (5.5) with (5.8), we find that if the mean of the jumps' sizes and the 

jump's sizes squared are set to be 1, i.e. A = B = 1, then (5.5) reduces to (5.8), meaning 

no difference between fair values obtained from the Hull-White model with jumps and 

the corresponding continuous model. 

(5.5) 

(5.6) 

(5.7) 

(5.8) 
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5.2 Volatility Swaps for Schwartz's One-Factor Model with Jumps 

The solution of Schwartz's one-factor model with jumps is given by (3.19) where a? = 

exp[e_1 t in o + (a - )(1 - e_ 1ct) + yet f e' 8dW3 + f e'() in JdN3], which yields 
the cross product as follows: 

2 

o t2o = exp[(e + e_ItL) lno + (a - - e - e_t ) 

2ic 
t U 

+ 7e-Kt e' 8dW8 + e' I e' 8dW5 
Jo Jo 

t U 

+ fo e_ in JdN8 + I e (U_8) in JdN3]. 
Jo 

(5.9) 

Recall that the log of jump sizes in J is normally distributed with mean -1 and 

variance cr. It follows the expectation of (5.9) is given by 

Eccr = exp[(e_t + e') in o + (a - -)(2 - - eL)] 

E[exp[-yet fo  e' 8dW8 + 'ye ' fu ?8dW8]] 
pt pu 

E[exP{j e (t) in JdN8 + J in JdN3]] 
0 0 

= exp[(e_lct + e) incr + (a - 72  -)(2 - - 

exp[_.(e_1t + - 1) + 1(1 - 
4/c 

/AU 2 

exp[.\ (e 2 (h(8)) 8 - I 1)ds 

+A ItVu 2 
(e(hit(8)_)2_ 8 - 1)ds], 

JtAu 

where h(s) = + e_1(u—s) and h'(s) = e(t' 8) 

Therefore, 

T T 

E4 = f f Ea?odudt 
4n 0 fT 2 exp(12a--) f T exp[(_a+1na)(e_1t+e_1) 

T2  

(5.10) 
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+ (e_kt + 6—IcU)2(2t(tAU) - 1) 
4/c 4n 

+A ItAU(efl 
3)_2_L - 1)d, 

+\ ItVu 2 
(e  - 1)ds]dudt. 

JtAu 
(5.11) 

We don't go further to calculate Var(4) due to the long expressions that cannot be 

simplified. As long as we get the mean value of the cross product, it is always possible to 

approximate the fair value of volatility swaps via the convexity adjustment approximation 

K 01 = Eo-R Pz; \lEuR2   where Var(4) can be induced from E4 and Ec, 

which are given by (5.7) and (4.4), respectively. 

Theoretically, it is possible to lay out closed-form approximations for volatility swaps' 

fair values within all SVMs with jumps, as long as explicit solutions of SVMs with jumps 

are given. However, calculation for expectation of the cross product is so challenging 

that we only discuss two relatively simple models in this chapter. It would be interesting 

to see if there are any more efficient approaches. 



Chapter 6 

Numerical Examples 

So far, we have discussed the valuation of variance and volatility swaps for both contin-

uous SVMs and SVMs with jumps. Analytical closed-form solutions are provided within 

all continuous SVMs and some SVMs with jumps. In this chapter, we lay out numerical 

examples where we apply results obtained from previous chapters to price variance and 

volatility swaps and analyze the impacts of parameters, especially of parameters relating 

to the jump term. 

6.1 Calibration of GARCH(1,1) Model 

6.1.1 Estimation of Parameters 

In the working paper by Théoret, Zabré and Rostan (2002) [40], the fair value of volatility 

swaps based on the volatility of the S&P 60 Canada index with various maturities was 

shown within the framework of a continuous GARCH(1,1) model. We will take their 

results of calibration from five years of daily historical S&P 60 prices (from January 1997 

to February 2002) and use them later. 

The statistics on log returns of the S&P 60 for five years (1300 observations from 

January 1997) are presented in Table 6.1 on the following page. 

Observing the histogram of log returns of the S&P 60 Canada index (see Figure 6.1 

on the following page), we easily observe leptokurtosis. We also note volatility clustering 

in the return series from Figure 6.2 (on page 62) which shows the log returns of the 

S&P 60 Canada index on a five year historical period. Therefore, it is reasonable to 

apply a GARCH( 1,1) regression to the series to estimate parameters of a continuous 

60 
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Table 6.1: Statistics on Log Returns of S&P 60 Canada Index 

Series Log returns S& P Cad 
Observations 1300 

Mean 0.000235 
Median 0.000593 
Maximum 0.051983 
Minimum -0.101108 
Std. Dev. 0.013567 
Skewness -0.665741 
Kurtosis 7.787327 

Figure 6.1: Histogram of Log Returns of S&P 60 Canada Index 
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GARCH(1,1) model. 

Recall that the continuous GARCH(1,1) model is described as follows: 

dcr = ic(O - o2)dt + 'yadWt. (6.1) 

According to regression results from [40], we list the estimation of parameters for 

discrete GARCH( 1,1) model summarized in Table 6.2, where we have the following rela-

tionships: 

0 

Ic 

V 

dt 

dt 
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Figure 6.2: Time Series of Log Returns of S&P 60 Canada Index 
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Table 6.2: Estimation of Parameters of GARCH (1,1) Processly 

ARCH (1,1) coefficient a 0.060445 
GARCH (1,1) coefficient /3 0.927264 

Pearson Kurtosis 7.787327 
V 0.00020991 

Long-term Volatility 0 0.05289724 
is:: 3.09733 

2.499827486 

252 and choose dt 0.003968354. 

On the other hand, it seems that the continuous GARCH(1,1) is not good enough 

to capture the evolution of variance. Simply looking at Figure 6.2 where we find not 

only the mean-reverting property of log returns, but also lots of spikes, indicating the 

sharp change in the evolution of variance. Therefore, we consider describing variance by 

a GARCH(1,1) model with jumps, i.e. adding jump terms to (6.1): 

da = ic(O - o)dt + 'ycrdWt + (J - 1)cr_dN  

where N is a Poisson process with intensity A > 0 and independent of W, and J is the 
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jump size with mean A = EJ. 

To estimate the intensity A, we first need to define jumps and thus set a criterion: if 

the absolute value of a log return is greater than three times of the standard deviation 

of log returns, then we define it as a jump (see [11]). 

By this criterion, we find 15 jumps over the five-year period, and therefore, the in-

tensity A can be described as the frequency of jumps, defined as A = (see [1]). In this 

example, we take A = = 3. 

As to the jump size, we assume that J follows a log-normal distribution, i.e. In J 

N(—, os), with A = EJ 1. In this example, we take in J N(-0.25, 0.5). 

6.1.2 Simulation of GARCH(1,1) Model 

In this section, we use parameters estimated above to simulate a continuous GARCH(1,1) 

process and a GARCH(1,1) model with jumps, where we take the initial variance o = 

0.05, close to the long-term mean in the continuous case. 

By Monte Carlo simulation, we obtain Figure 6.3 and Figure 6.4. 

Figure 6.3: Evolution of Variance 
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Figure 6.3 shows that the path for the continuous GARCH(1,1) process is close to the 
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Figure 6.4: Differences between GARCH(1,1) with and without jumps 
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path for the GARCH(1,1) process with jumps. This is due to our assumption that the 

mean jump size A = EJ = 1. However, we can still figure out when jumps happen by 

looking at Figure 6.4 which shows the difference between two paths at the same specific 

times. 

6.2 Variance Swaps for the GARCH(1,1) Model 

Now we consider the valuation of variance swaps for the GARCH(1,1) model, with the 

assumptions and estimations of parameters as discussed in Section 6.1. 

Recall that the fair value for variance swaps within continuous GARCH (1,1) model 

is given by 

K,,, = = -  icT - e_k) +0, (6.3) 

and that the fair value for variance swaps within GARCH (1,1) with jumps is given by 

Kva =E4 

1 KO KO - 1)  icO  (6.4) 
= ( + AA_A_(AA_A_)2 )(e 
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Since if we choose the mean of the jumps' sizes A = 1 then (6.4) reduces to (6.3), 

we will choose a different value for A to see the impact of jumps on the fair value for 

variance swaps. Values of parameters needed for this valuation are summarized in Table 

6.3. 

Table 6.3: Parameters for Valuation of Variance Swaps within GARCH (1,1) 

o 0.05289724 
/c 3.09733 
cr02 0.05 
A 3 
A 0.9,1.0,1,1 

According to (6.3) and (6.4), we obtain the fair value of variance swaps with maturities 

up to 10 years shown in Figure 6.5 and Figure 6.6. 

Figure 6.5: Delivery Price for Variance Swaps with A ≤ 1 
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Figure 6.6: Delivery Price for Variance Swaps with A ≥ 1 
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A increases, the convexity of the curve of delivery price with maturity T won't change. 

6.3 Volatility Swaps for the Continuous Heston Model 

In this section, we consider the valuation of volatility swaps for the continuous Heston 

model. 

Recall that the fair value for volatility swaps within the continuous Heston model is 

given by 

where 

K01 = EaR \/E4 Var(c4) 
8(E4)F 

- 0 (1 - 6_,,T) + 02, 
XT 

ly 2e_2T [(2e2 T - 4e TT —2) (a - 02) 
2,c3T2 

(2e21T,cT - 3e21T + 4e1T - 1)02], 

and also note that the last term in (6.5) is called convexity adjustment. 

We take values of parameters summarized in Table 6.4 on the following page. 

(6.5) 

(6.6) 

(6.7) 
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According to (6.5), (6.6) and (6.7), we obtain the fair value of volatility swaps with 

maturities up to 10 years, shown in Figure 6.7, as well as the convexity adjustment, 

shown in Figure 6.8. 

Table 6.4: Parameters for Valuation of Volatility Swaps within Continuous Heston Model 

02 0.05289724 
Ic 3.09733 

UO 0.05 
'y 2.499827486 

Figure 6.7: Delivery Price for Volatility Swaps 
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If we disregard the left tail of the adjusted strike curve in Figure 6.7, we find that as 

maturity time increases, the adjusted delivery price approaches the naive strike, which 

indicates that the impact of the convexity adjustment decreases with maturity. We can 

confirm this by looking at Figure 6.8 below, where the convexity adjustment decreases 

with maturity. 

6.4 Variance and Volatility Swaps for Hull-White Model 

In this section, we will take a look at fair values of variance and volatility swaps within 

both the continuous Hull-White model and the Hull-White model with jumps. 
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Figure 6.8: Convexity Adjustment 
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Recall that the fair value of variance swaps for the continuous Hull-White model and 

the Hull-White model with jumps are given by, respectively, 

var-nojump = 

Kvar_withjump 

-- 'e - 1), 
aT 

 ((AA- A+a)T  
= (AA —A+a)T 

(6.8) 

(6.9) 

The fair value of volatility swaps for the continuous Hull-White model and the Hull-White 

model with jumps are given by, respectively, 

where 

Ea 

Var(o) 

and 

+ 

Kvoi_nojump   Var(4)  
8(Ecr' 

aT2(a + -y2) (2a + 

(2a + 72)eaT - 

,y2) [2ae(21O)T 

+  

(a + 'y2) (2a + 72) e2aT 

Kvol_withjump /E4 Var(ol)  
8(E4)' 

(6.10) 

(6.11) 

(6.12) 

(6.13) 
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where 

Ec4 

Var(4) 

= (AA—A+)T 

cTg 
 (,.\_)T  

- [ 2 e(m)T - e2nT +2( - 

— T 2 m(m+n) Th2 _. mn 

2 
+ n(m+n) 

(6.14) 

(6.15) 

where m=a+y2+A(B_A) and n=a+A(A_1) with A=EJ and B=EJ2. 

For simplicity, we take values of parameters shown in Table 6.5. 

Table 6.5: Parameters for Valuation within Hull-White Model 

0.1 
UO2 0.05 
A 5 

ly 0.2 

In order to analyze the impact of jumps, we choose different values for A and B. 

Using (6.8) and (6.9), we obtain the fair value of variance swaps with maturities up to 

10 years in Figure 6.9. 

Figure 6.9: Delivery Price for Variance Swaps 
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We can see from Figure 6.9 that the delivery price of variance swaps is negatively 

related to the mean of jumps A. In other words, the larger the value of A, the lower the 
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delivery price of variance swaps. If A is large enough, the delivery price will not increase 

any more as time increases. 

Using (6.10) and (6.13), we get the fair value of volatility swaps with maturities up 

to 10 years in Figure 6.10. 

Figure 6.10: Delivery Price for Volatility Swaps 
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As we can see, the mean of jump size squared will greatly effect the delivery price 

of volatility swaps. The smaller of value B, the higher delivery price it will be. If B 

is large enough, delivery price won't increase with time series and will decrease with an 

acceleration. 

To summarize these models, the impact of jumps on delivery prices of variance and 

volatility swaps varies. One thing is clear, however, as we can see from the examples 

above, jumps play an important role in the pricing of variance and volatility swaps, and 

we should pay attention to it. 



Chapter 7 

Conclusions 

Throughout this thesis, we have been concerned with the valuation of variance and 

volatility swaps for stochastic volatility models (SVMs) with and without jumps. The 

history for variance and volatility swaps is not long, but they are now more widely used 

than ever before, making it urgent to derive explicit formulae to price swaps. 

In the thesis, we examined seven popular continuous SVMs and provided analytical 

closed-form solutions for fair values of both variance and volatility swaps. It is not hard 

to note that almost all the models we considered show the property of mean-reversion, 

which satisfies expectations from historical data. The only exception we considered is 

the Hull-White model, which is actually a geometric Brownian process. 

However, the mean-reversion property cannot capture the evolution of volatility com-

pletely, so we extended continuous SVMs to SVMs with jumps. Under SVMs with jumps, 

we derived closed-form formulae for delivery price of variance swaps. As to the valuation 

of volatility swaps, we worked this out for only some of these models, even though ex-

plicit formulae for variance were shown for all SVMs with jumps we considered, except 

the Heston model. Note that we obtained closed-form formulae of variance and volatility 

swaps for both the continuous Hull-White model and the Hull-White model with jumps, 

and for both the continuous Schwartz's one-factor model and Schwartz's one-factor model 

with jumps. 

We also compared results from continuous SVMs with those from SVMs with jumps. 

We found that in most cases, just as we had anticipated, if the mean value of jump sizes is 

set to be 1, meaning no jumps in average, then there is no difference between results from 
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continuous SVMs and those from the corresponding SVMs with jumps. The exception 

we considered is Schwartz's one-factor model. 

The last part of this thesis is devoted to numerical examples, where we see the impact 

of jumps on swaps' fair values for different types of SVMs. We cannot simply summarize 

how the behavior would affect swaps' fair values, and we can only say with certainty that 

the behavior of jumps plays an important role in the valuation of variance and volatility 

swaps. 

Besides what we have done in this thesis, there is still a long way to go for the pricing 

of variance and volatility swaps. The valuation of volatility swaps is still difficult within 

the framework of SVMs. As mentioned in Chapter 5, even though Brockhaus and Long 

(2000) introduced the convexity adjustment to approximate volatility swaps' fair values, 

the calculation of the convexity adjustment is quite complicated. It would be interesting 

to see any efficient approaches for this problem. Moreover, another difficult point lies in 

the calibration of jump-diffusion SVMs, which we didn't discuss much in this thesis. 



Appendix A 

Proof of Lemmata in Chapter Two 

A.1 Lemma 2.2-1 

Proof for Lemma 2.2-1 as follows: 

Assume that t > u, then 

t pt 

E( ea$dW3 fo e°8dW8) = E[(fo &8dW8 + j ea8dW8) j easdW 
3  u 0 

pu pU fu t 
= E[( I edW3)2] + E( I ea8dW3 e8dW3) 

Jo Jo  

= foU e2a3d3 + 0 

= Ta 

where we apply the Ito isometry E[(f f(.$)dW)2] = E j 12(s)ds and the property of 

independence of Wiener process which yields E(fou eaadW3 ft eaSdW3) = 0. 

Similarly, if we assume t < u, then 

U 

E(f easdW3 f e8dW3) E[(f easdW8 + f ea8dW3)  f easdW8] 
E{(fo ea8dW8)2] + E(fo easdW3 I e8dW5) 

= f t e2 ds+0 

= '(e2t - 1). 

Therefore, we have 

t U 

E( easdW3foeasdW3) = '[e2a(tU) I  2a 
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A.2 Lemma 2.2-2 

Proof for Lemma 2.2-2 as follows: 

Assume that t > u, then 

t U 
E[exp( + f f edW3)] 

E[exp(e_1t f e' 8dW3 + e_ku f e'8dW3)] 
0 0 

fu 
t 

E[exp((e_' t + e') j e' 8dW8 + e' 8dW8)] 
0  

U 

E[exp((e t + e JO ) &8dW3)]E e [exp(t fu e'8dW8)] 
exp[(e_1t + e_Ku)2l(e2tu - 1)] exp{ 1 2lt ' (e2lct - e2hiu )] 

2i e 2i 

exp[_(e_1t + e')2(e2 - 1) + -(1 - 

where we apply the property E[exp('y f0t f(s)dW3)] = exp[ j f2(s)ds]. 
Similarly, if we assume t < u, then 

t U 

E[exp( I e_t_8)dW8 + I c__8)dW)] 
Jo Jo 

= E[exp(et I fou 8dW3 e'dW + e' e')]   

t U 

E[exp((e_' t + e_') I 66W.,+ e' ft  e'8dW8) 

U 

= E[exp((e t + e) I ?8dW3)]E[exp(e_' [ Icsy/8)] 
Jo Jt 

= exp[(e_t + e_1)2_.(e21t - 1)] —2nu  - e21d)] 
2ic 2ic 

= exp[_(&t + e_1)2(e2t - 1) + --(1 - e2 t_)] . 
4I% 41c 

Therefore, we obtain 

t U 

E[exp(jo e_lc(t_8)dW8 + I edW3)} 
= exp[_(1 - 62t_tU)) +(,-rt+ e_)2(e2 tAu)  

4/c 
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A.3 Lemma 2.2-3 

Proof for Lemma 2.2-3 as follows: 

Assume that t > u, then 

2 

E[f 6(i+)s+'y(Wt+Wu_W$)ds] 

= f 
U e()8E[et(4Tt W+2(WW8)+W3) J ds 

2 

+ f e )8E[e(Wt_W3+)Ids 

fe4)e (i_U)+2y2(U_3)+:J:8dS 

Jo 

+ 1 e()8e(t_8)ds 
= 

+en2L•(t+u) fu e'8ds 

=   - l)et+3f u + - e e2 

lev  

where we apply the property E[exp('yj f(s)dW3)] = exp[. f f2(s)ds]. 
Similarly, if we assume t < u, then 

E[f 

Therefore, we obtain 

0 

fo 
t 

10 

2 2 I e''2ds 
Jo 

1 (e(?_'72)t - 1)et. 

(u-t)+2'12 (t3)+3ds 

E[f 
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- 1 
-  (e(1_72)(tU) - 1)e()(t1 ) 

Ic - 

1 2 
rd nu 

- 

Ic 

where I{t>u} is an indicate function taking value 1 if t > u and 0 if t ≤ u. 

A.4 Lemma 2.2-5 

Proof for Lemma 2.2-5 as follows: 

Assume that t > u, then 

2 

E L e(1 
f +)(x+y)+1(Wt+WWWy) dydx] 
ff u C )(xH)E[e(Wt+Wu_Wa_Wv)] 

+ I E{e7(wt_Tx w)] dydx ZJo 

= jUfx,(.+2! )(x+y)E[e7(Wt—W  dydx 

fU PU 2 

+ I J E [er(WtWu+2(wuwY)+wvwx)I dydx 
Jo 

2 

+ f fo 
U  

= ju f e (+)( 11) e (_U)+2.y2 (ux)+ (xy) dydx 

+ fU (x+y) e (t_U)+2y2(u_y)+ (v_2)dydx 
+ eu1)e (t—x+u—y) dydx 

fou f x -72)X 'Ydydx 
22  

-t+---u fou 

fxu 

e(''2)z1e1dydx 
  

2 

+e 2 t+-U f eIIe!xdydx 
C 7 2) + ( 7 2) (Ic - -y2) (2n - 7 2) 2) 

= 2 2 
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2 1 
2) 2) 

1  
+ (-2)(2k-2) 

+_(et - 

where we apply the property E[exp(y j f(s)dW3)] = exp{ f f2(s)ds]. 
Similarly, if we assume t <u, then 

2 

E[ff e(1 )(X+y)+7(Wt+Wu% w) dydx] 

= E[ I fo e)1(Wt+Wu_Tvv)dxdyI 
Jo  

e(1c+ 2 )(x+v)E[et(Wt+Wu_Wx_Wv)]dxdy 
foO 

+ j  JO e(' 2)()E[et+ t-%-1'Vy)]dxdy 

= ftf y,(,+4)(,+v) .E [,,y(Wu—W,+2(Wt—W,,)+W,, —W.) ] dxdy 

+ ffv, e()E[e(WWt+2(Wt)'x_14Tv)]dxdy 
o  

+ fu t f t e( 2 )( ') E [e7(Wt_%_v)] dxdy 

= ft fy ,(.+n-)(x+y),I! (u—t)+2-t2(t-y)+12 'dxdy 

+ ff e') (x+y) (u_t)+2y2 (tx)+ dxdy 
o  

+ fU ft 

p I' 1 p 

Jo  Jo 
1u+t f t f t 

e _2)xe11dxdy +e2  

+e2 2 

u t f 1 e''e'dxdy 
t 0 

1 
= e 2 le 1 ic(2ic y2) + (2) (K72)(2_ 2) 2) — 

= e e2'e'dxdy 
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2  
etct ( 

K(l-72) 2) 

1 
+0 2t - 2) + ( - -y2) (2r - 72) K(2 - 7 2) ) 

- 

Therefore, we obtain 

E[f f e(+)(x+y)+7(Wt+WWWv) dydx] 
u e [e2k(tAu)(l 7 2) + ( 72) ( - 72)(2/ - 7 2) 2) 

=  

_?(ttvu)(  2 
(f _ 7 2) 

1 

7 

1 1 



Appendix B 

Proof of Propositions in Chapter Three 

B.1 Proposition 3.2-1 

Proof for Proposition 3.2-1 as follows: 

Assume that for t € [ri,, Tk+i), the following is true: 

cT = (J1J2 ... Jk)c1e+ 

pt 

+ —a(t—Tk) J ë8dW3. 
In particular, 

2 

k—i 

n= 

T+1 

(J +1J2... Jk)e(t_T) f e'8dW 

k—i 
Tfl+1 

= (J1J2 . .. Jk) + (J+1J2.. . Jk)e i+1Tr) f 
n=O 

+ .yCa(Tk+1__Th) e8dW3. 

Then, for t = Tk+i, we get 

°Tk+1 = (JiJ2.. JkJk+i)oe 1 

+ Jk+i 

n=O 

k—i 
Tn+1 

(J+1J2. .. 
Jk)e Tk+1Tn) In easdW8 

+ Jk+lC T1T,) frk ea3dW8. 

Further, for t E [Tk+i, Tk+2), we obtain 

= U 2 + ye Tk+1) / easdW8 
JTk+l 

= (JlJ2 ... JkJk+l)ae t+Jk+l 

k—i 

n=O 

as dW3 

Tn+j 

(Jn+iJ2. Jk)etT f e8dW3 
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1 1'• 

k+1 t+ Jk+lfe (Tk)  e8dW3 + ie (t_Tk+1) f1k easdW8 
+l 

= (J1J2. .. JkJk+i)cre t 

t 

I k+1 

+ ye__T1c+1) 

n=O 

e°8dW3. 

Therefore, we conclude with 

J "n+l 

(Jn+1J2. • Jk+l)e a(t m)  e°8dW3 
n 

N-1 Tfl+1 

= (JiJ. JN)ae + (J +iJ. JNt)CtT f e8dW3 
n=o 

+ 7e--(t--N,) I easdW8. 
Nt 

B.2 Proposition 3.3-1 

Proof for Proposition 3.3-1 as follows: 

Assume that for t [m, Tk+i), the following is true: 

k—i 

cr = (JiJ2 ... Jk)(o_)e —at + 

+ (J+1J2... Jk)fetT 

I-n 

Jk)(Jn+i - 1)e_(t_Tn+1) 

n=O 

k—i 
[Tfl+1 

n=O 

+ ye. tT JTk ea$dW3 + . 

In particular, 

2 

+ (Jn+iJ2. Jk)e Tk+1T 

n=O 

+ e_Tk+1__Tk) ITL asdW3 + 

(J1J2. .. - 

k—i 

'3 

easdW3 

(Jn+2J2. .. Ji)(Jn+i - 1)e(Tk+1__T+1) 

n=O 

k—i 
fl+1 

edW3 
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Then, for t = Tk+i, we get 

2 
= (JiJ2 ... JkJk+i)(o_I3)e n1 +1_ 

k—i 

+ Jk+i/3Y'(Jn+2J2. Ji)(Jn+i - 1)e_a(Th+1__Tm+1) 

+ Jk+i 

n=O 

k—i 

n=O 

(Jn+1J2. Jk)ye TJ1Tn) In eo!sdWs 

+ Jk+ie Tk+1Th) 1 ,'k+1 easdW3 + Jk+1P. 

Further, for t E [k+1, 'rk+2), we obtain 

= (o+1 - /3)e_c(t_Tk+1) + p + 'yJIk+I 
= (JlJ2 ... JkJk+i)(c—/3)e 

k—i 

+ Jk+1f3 (J+2J2... Jk)(Jn+i - 1)e_a(t_mn+1) 

n=O 

k—i 
PTn+1 

+ Jk+1 (J +1J2 Jk)e I e°8dW8 
n=O Tn 

f Trk 
k+1+ Jk+l ye t  e!8dW3 + (Jk+i 

t 

+ p + frk e_(t_8)dW+l 

= (JiJ2 ... JkJk+i)(u—P)c 

k 

+1 (J+2J2 ... JkJk+i)(Jn+i - 1)e_t_11) 

n=o 

k 

+ (J +1J2... JkJk+i)fe tTfl) In easdW3 
n=O  

t 

+ e(t_Tk+1) frk-I e8dW3 + 

Therefore, we conclude with 

= (JiJ2 ... JN)(a—P)e t+P 

—i 

n=O 

(J+2J2. JN)(J+1 - 
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Nt—i 
Tfl+1 

(J+iJ2. JNt)6 LT ea8dW8 
n=O 

+ ft rNt e8dW8 + 

B.3 Proposition 3.4-1 

Proof for Proposition 3.4-1 as follows: 

Assume that for t E [Tk, Th+i), the following is true: 

In particular, 

= (J1J2. .. Jk)exp[(a— )t+W]. 

= (J1J2... J) exp[(a - )Tk+1_ + W+1_]. 

Then, for t = rk+1, we get 

= (J1J2.. JkJk+i) exp[( - + 'WTk+l]. 

Further, for t E (Tk+i, Tk+2), we obtain 

= Y,2 k+1 exp[(a - - Tk+i) + (W - WTk+l )] 

= (JiJ2 ... JkJk+l)aexp[(a—)t+W]. 

Therefore, we conclude with 

= (J1J2. .. JN)U exp[(a -  fft  + 

B.4 Proposition 3.6-1 

Proof for Proposition 3.6-1 as follows: 
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Assume that for t E ['rj, 'rk+l), the following is true: 

-12 

= (J1J2 ... Jk)ue2)tet 
k-i 

+ ica0 

n=O 

fr7n+l 2 e '"8 ds] 
n 

+ elt  

e(c)T'?k f e(1 2 ' ds. 
JTk 

In particular, 

= (J1J2. Jk)o ( 2)T1_em+1 

k-i 

+ ia0 [(J +1 J2... Jk)e 2XTh+i mn)e'*'1+i - -W,',) 

n=O 

)rn+oW / e(i - c)s+o W  e(1+4 )3 1W81 ds] 

+ oe (Tk+1_ Tk)e1('1k+1_ _Wk) 

Then, for t = Tk+i, we get 

2 - 

'1 

frk 

)8+Ws e( -)s_7W1 ds. 

(J1J2.. . JkJk+l)ae (2)n1 e+1_ 

k-i 

+ Jk+1Fcco [(J+1J2. Jk)e 2r+1m)e'Y(Tk• W' ) - r 

n=O 

j 7n+1 2 

'  e( $)s_yWs1 ds] 

+ Jk+loe(2T1_TeTk+1_T 

e(fr.4)Tk+(7Wk I e (IL 2 o )81 VT e(81'' ds. 
Tk 

Further, for t E [rk+1, Tk+2), we obtain 

= 01'k+l e_( -)(i-Tk+1) ey(Wt'_Wk+1) 
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+ ic e_()(_Tk+ 1) e1't _Wk+l) I e' -)s+uW ds 
Tk+1 

+ Jk+i/ca 

(J1J2 ... JkJk+1)aee ' 
k-i 

[(J +1 J2. . . 
n=O 

2 

e(/,t-ç)+0.W / ds] 
.1 T 

+ Jk+lOe(2tTe'tWTk) 

Tk+ 1 

e(tL_c)8+ w s2 e( )87's' ds 

+ aoe_( )(t_rk+1) 6'y(Wt _Wk+j) 

f 
Th+' 

= (J1J2 ... JkJk+i)OC +2)tCt 

k 

+ icco E [(J +1 J2. Jk Jk+i) e(1c. c)(t_Th) -W) 

n=O 

Tn+1 

f 
+ aoe_((t_Tk+1) e7(wtl-w 'rlm+1 

c)s+tTws2 ds 

e(4) 8 s2 (1+c)87W ds] 

e(_T1+0k+1 flk+l c)s+c7Wz ds. 
2. 

Therefore, we conclude with 

= (J1J2. JNt)ae + 2)te W t 

Nt-i 

+ Ka [(J +1 J2. Ji 
n=O 

PTfl+1 2 

e(c)T0'n / ds] 

+ aoe_( )(t-iw )e"t' _WNt) 

(-c)TN, +rWNt 1 e c)s+w82 6(K+)s-'yW8' ds. 

TNt 
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B.5 Proposition 3.7-1 

Proof for Proposition 3.7-1 as follows: 

Assume that fort E [m,rk+1), the following is true: 

cT= (J1J2. Jk)U62)t t 

+ iO Y(J +1J2. . . Jk)e (tTh) WtWT) r7n+1 J 
n=O T 

+ KOe tT7't'm) f e('s ds. 
Tk 7 

In particular, 

2 
o-Th+1 — 

2 

+ 

+ 

(J1 J2. Jk)oe(2)n1_m+1_ 

k—i 

In 

Tn+1 Ke (J+ J2. . Jk)e +2XTk1_T+7( 1_T'v) 
n=O  

ITh+1 -

9e()(Th+1_ Tk)+y( Wrk+l - -WTk) / (l+c)8-YW8 ds. 

Then, for t = rk+i, we get 

ds 

(J1 J2. • JkJk+ i)e + 2)T1_k+1_ 

k—i 

J r, +1+ Jk+lPCO (J+iJ2. .. Jk)C +1n) e(8'1'8ds 
n=O 

J'kT+ Jk+lOe (+2Tk+1_ T7Th+1 W.rk)  

Further, for C E [m+, Tk+2), we obtain 

_+)(t_Tk+ 1)(V t_ W Tk+l) 
° Tk+2 e   

t 

Oet_T1)tT4Trk+l) fTk+l  
(JiJ2 .. . JkJk+i)oe (2)t+7t 

Jk+ilc0 (J+iJ2. .. n=O fl./4 

in 
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Tk+1 

+ Jk+l O -)(t_Tk) -I--y(Wt_W,.) e8_1W'3 ds 

t 

+ O )(t_T1'1Wt_WTk+l) I ds 
JTk+1 

= (J1J2 ... JkJk+l)ae (2)tt 
k 

In +j+ icO (J +1J2. jkjk+l)e (+2)(tr WtW)n=O  

+ Jrk+1 e()8''s ds. 
Therefore, we conclude with 

= (J1J2 ... JNt)e2)tt 
Nt—i 

I n 

Tn+1 

+ no (Jn+1J2. • JNt)C 2tmThfO'1't 'Tfl)n=O  

+ iOe_+ (tT1tt f ds. 
TNt 



Appendix C 

Proof of Theorems in Chapter Five 

C.1 Theorem 5.1-1 

Proof for Theorem 5.14 as follows: 

Assume that t > u so that Nt ≥ N, then 

Eccr = 4e(a4)(t)E[J2J2 JJUJNU+... JNt67't+J 

= )(t+u)E[J2J2 • . JJNU+ . . . JNt]E[etW2] 

= 

00 00 

= n)P(N - Nu = k)BnAc 
n=O k=O 

00 

(BAu) (A..\(t - 

n=O n! k=O k! 

= -)(t+)+ (-u)+2'2tt+\(B-1)u+A(A-1)(t-u) 

where we apply the property of independent increment of Poisson process. 

Similarly, if t ≤ u so that N ≤ N, then 

Ecrtu = 4e _)()E[J2J2 .. JJ+1 ... JNUe7t'] 

= )E[J2J2 .. . JNU]E[e t+2Wt)] 

= 

CO 00 

>P(Nt =n)P(N - Nt = k)BA' 
n=O k=O 
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= 

(BAt)' 00 \' 6-(u-t) (AA(u -  

n! i—' 
n=O k=O 

= 

= cre )(t+u)+++A(A-1)u+)(B-A)t 
O 

Therefore, we conclude with 

Eoo = ue _$ (t+)+ç (tVu)+ (tAu)+?(A-1) (tVn)+A(B-A)(tAu) 



Appendix D 

Stochastic Background 

D.1 Wiener Process 

A Wiener process is a continuous time stochastic process named in honor of Norbert 

Wiener. The definition of a standard Wiener process is given as follows ([35]): 

Definition D.1-1. A standard Wiener process (also known as a standard Brownian 

motion) is a stochastic process {Wt}tER+ defined on a probability space  

which satisfies the following properties: 

1) W0 = 0; 

2) W is a continuous function of t with probability 1; 

3) The process {Wt}tER+ has stationary and independent increment; 

4) For any t,s E R, W, 8 - W0 's-' N(0, t). 

From the definition above, we can induce some other properties of a standard Wiener 

process: 

1)EWt=0 and EW2=Var(Wt)=t for any tER; 

2) P(W, ..... E [a, b]) = 1 b e 2t dx; 

3) EWW3 = EWtA$(WtVS - WAS + WtAS) = E WtAS( WVB - WtAS) + EW 8 = t A s; 

4) For any fixed .s E R+, the process {W+8 - W8}ER+ is a standard Wiener process; 

5) Ee 't = e t. 
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D.2 Poisson Process 

A Poisson process, named after the French mathematician Siméon-Denis Poisson, is a 

stochastic process defined in terms of the occurrence of events. The definition of Poisson 

process is given as follows ([26]): 

Definition D.24. Let (T)>1 be a sequence of identical independent exponentially 

distributed random variables with parameter A> 0, i.e. with density I{>o}Ae. Set 

-Fn := E j=j T. We call Poisson process with intensity A the process Nt defined by 

N = 

n>1 

where i is an indicate function. 

n>1 

If N is a Poisson process with intensity A, then for any t> 0 the random variable N 

follows a Poisson law with parameter A > 0 

P(N = 12) = e 
n! 

Some other properties are listed below: 

1) EN = At and Var(N) = At; 

2) Es"t = el 

3) Poisson process is a process with independent increments, i.e. for any t, s ≥ 0, n ≥ 

0, P(Nt+5—N8=m)=P(Nt=n.); 

4) Poisson distribution is a good approximation of the binomial distribution B(p, m.x) 

for small p; 

5) Let (U) >1 be identical independent distribution random variables taking values 

in (-1, +oo) and N be a Poisson process with intensity A > 0 which is independent of 

(U)>1. Then the compound Poisson process is defined in the following way: 

Nt 

Lt:=[J(1+U). 
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It can be shown that 

ELt = etEU1 

D.3 Ito Integral 

Ito calculus, named after Kiyoshi Ito, treats mathematical operations on stochastic pro-

cesses. Its most important concept is the ItO integral. The definition of ItO integral is 

given as follows ([31]): 

Definition D.3-1. For a given probability space (cl, F, , Q) and function f(t, w) 

where w E n , and given W, a standard Wiener process. On interval [0, t], we split 

[0,t] to n partitions by 0 = uo ≤ u1 ≤ u2 ≤ ... ≤ u,, = t, and then define 

fo 

t n 

f(u,w)dW = Jim E f(u,w)[W +1 - Wu, ](w) 
n—*oo 

i=1 

where u = u. If the limit of right-hand side exists, then we say f f(u, w)dW is an Ito 

integral. 

Note that in the definition above, we choose the left end-point ui for u as the inte-71 

grating point, which is quite different from the Riemann integral where we can choose 

any point on interval [ui, u1] for u. 

Define the ItO integral 1(t) := f f(u)dW, and below are some properties for 1(t): 
1) (Linearity) If 1i (t) := f0tfj(u)dW, i = 1, 2, then ali(t) ± b12 (t) = J(afi(u) ± 

bf2(u))dW; 

2) EI(t) = 0; 

3) (ItO Isometry) E12 (t) = E f f2(u)du; 
4) E efot f (u)dWu = 1 ft12(u)du 

From Ito integral, we have the definition of stochastic differential equation as follows: 
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Definition D.3-2. A stochastic differential equation is given by 

dx(t) = a(t, x(t))dt + o(t, x(t))dW 

where a(t, x) and cr(t, x) are measurable bounded functions. More formal definition is 

the following: 

fo 
t I t 

x(t) = x(0) + a(s, x(s))ds +c.r(s, x(s))dW3 

where the last term is an Ito integral. 

The most powerful tool to solve stochastic differential equation is Ito's lemma, de-

scribed as below ([30]): 

Theorem D.3-3. Given f(Xt, t) a twice-differentiable function of t and X,, where 

Xt is a stochastic process following the stochastic differential equation 

dXt = ,.6(X, t)dt + o(X, t)dW 

with well behaved drift and volatility functions, p.(X, t) and cT(Xt, t), then we have 

df(Xt, t) = dt + -dXi + Iu2(Xt, t)dt 
19t axt 

or, after substituting dXi, 

8f c9f 
df(Xt,t) (. + y(Xt dt) + .ôJ 2(xt))dt+ --cr(Xt,dt)dWt. 

Now we consider a stochastic differential equation with jumps,defined as follows: 

Definition D.3-4. A stochastic differential equation with jumps has the form 

dXt = 4u(X, t)dt + cT(Xt, t)dW + v(X, t)dN 

where the last term is the jump component with the jump amplitude v(Xt, t) and N 

is the distribution of the number of jumps until time t. More formal definition is the 
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following: 

N 

Xt =Xo+f ii(Xs,$)ds+f a(X3,$)dW3+u(X,rj) 
i=1 

where Tj are times when jumps occur. 

The Ito's lemma for stochastic differential equation with jumps is described as follows 

([2]): 

Theorem D.3-5. Given f(Xt, t) a twice-differentiable function of t and X, where 

Xt is a stochastic process following the stochastic differential equation 

dXt = ,u(X, t)dt + o(X, t)dW + v(X, t)dN 

then we have 

t t 

f(Xi) = f(X0) +fof'(X_)dX i+ ff"(X_)cr2(X,u)du 

Nt Nt 

- f'(Xri_) (XI, - X_) + L (f (X.,,) - 
i=1 

or in stochastic differential equation form 

i=1 

df(Xt) = f'(Xt_)dXi + fh1(Xt_)c,2(Xt,t)dt 

f'(XTj_)(Xrj - X_)dNt + (f (X.) - 

where -ri are times when jumps occur. 
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