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Abstract 

Precise Point Positioning (PPP) is a stand-alone high precision positioning technique employing 

carrier phase measurements and external augmentation or aiding products. PPP reduces labor and 

equipment costs in contrast to Real-Time Kinematic (RTK) which relies on base stations. 

However, PPP suffers from a long convergence time of 15 to 60 minutes to reach the centimeter 

level. This long initialization time restricts the applications of PPP. To address this problem, we 

make use of accurate and precise ionospheric corrections. This dissertation endeavors to improve 

the ionospheric observables, Differential Code Biases (DCBs), and Mapping Function (MF). We 

then leverage these to reduce the convergence time. 

To obtain more accurate ionospheric corrections, we retrieve ionospheric observables using PPP. 

The ionospheric observables from the more commonly used carrier phase smoothed code method 

are adversely affected by leveling errors. PPP offers a preferable way to reduce the leveling errors 

and preserve the consistency of ionospheric corrections, beneficial for shortening the convergence 

time of PPP. We demonstrate that the ionospheric observables retrieved from three PPP models, 

Traditional Ionosphere-Free, University of Calgary (UofC), and Uncombined (UPPP), all agree in 

terms of DCBs. The differences of ionospheric observables are at centimeter level. 

With the improved ionospheric observables using PPP, the stability and internal accuracy of 

satellite and receiver DCBs are also enhanced. The Root Mean Square (RMS) of the satellite DCB 

estimates is improved from 0.1 nanoseconds to 0.07 nanoseconds, and the day-to-day stability is 

enhanced by 0.22 nanoseconds. 

Another factor affecting ionospheric corrections is the MF which is mostly based on the fixed 

height Single-Layer Model (SLM). To reduce the effects of the inhomogeneity of the ionosphere, 
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an Ionospheric Varying Height (IVH) is proposed and examined. Results show the mapping errors 

are reduced by about 15% when the integral varying height is exploited. 

By applying the improved ionospheric corrections into UPPP, we achieve an accuracy of 0.4 

meters for global constraints and 0.2 meters for the regional constraints at the first epoch. The 

convergence time for the simulated kinematic mode is reduced from 41 to 7.5 minutes in the east 

at one decimeter, from 14.5 to 4.0 minutes in the north at one decimeter, and from 11.0 to 6.5 

minutes in the vertical at two decimeters at a 68% confidence level.  
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 Introduction  

Precise Point Positioning (PPP) is a stand-alone high precision positioning technique employing 

carrier phase measurements and external augmentation or aiding products. PPP is different from 

another high precision technique, Real-Time Kinematic (RTK), which relies on nearby base 

receivers. The reduced labor and equipment costs have made PPP attractive to users for precise 

positioning, but PPP requires 15 to 60 minutes before the accuracy can reach the centimeter level. 

Such a long initialization or convergence time will substantially restrict how PPP can be applied. 

As we will demonstrate, the ionosphere presents a critical problem but also holds enormous 

promise for faster PPP. We will investigate how to obtain accurate ionospheric information using 

carrier phase and how this information can then be augmented as a path to reduce the convergence 

time or, to put it another way, achieve faster PPP. 

Chapter One comprises six sections. In section 1.1 we review how PPP has been developed. In 

section 1.2 we examine what has been done to retrieve accurate ionospheric corrections via 

ionospheric modeling for convergence time reduction. In section 1.3 we identify and evaluate 

significant limitations and gaps in previous research on ionospheric modeling and augmentation. 

In section 1.4 we describe the major objectives of the dissertation as well as the major research 

activities, followed by a summary of dissertation contributions. Finally, in section 1.5 we outline 

the dissertation. 

1.1 Precise Point Positioning 

The Global Navigation Satellite System (GNSS) is the most cost-effective technology for outdoor 

positioning and navigation. According to a European GNSS Agency (GSA) market report, there 



2 

 

are nearly six billion GNSS devices in use, and the global core GNSS market is approximately US 

$1.2 billion yearly. This is expected to increase by 8.3% until 2019 after which the growth is 

expected to decline to 4.6% by 2023 (GSA 2017). 

The performances of positioning and navigation are normally characterized based on the following 

four areas: accuracy, availability, continuity, and reliability. The accuracy makes high precision 

positioning different from the standard positioning. We first look at the standard positioning 

techniques based on code or pseudorange measurements. The Standard Point Service (SPS) offers 

an accuracy of several meters using a stand-alone receiver. Differential GNSS (DGNSS) provides 

better accuracy of one meter by forming differences between rover stations and base receivers to 

eliminate spatially correlated measurement errors. The effectiveness of DGNSS, however, depends 

on the baseline length between the rover and base stations. And increasing the baseline length will 

enlarge residuals due to atmospheric errors. In this case, a sparse network is established to further 

increase the baseline distance via modeling the atmospheric errors. The error corrections can reach 

to the large regions like a state or a country. The corrections are usually augmented or broadcasted 

as aiding products in the format of the Radio Technical Commission for Maritime Services 

(RTCM) using a variety of ways, such as satellites, internet, radios, and phones. The technology 

that harnesses geostationary satellites (GEOs) to broadcast error corrections is known as Satellite 

Based Augmentation Systems (SBAS). Because these techniques are based on code measurements, 

their accuracy is still confined to the meter or sub-meter level. 

The meter level accuracy is a great achievement of GNSS and can satisfy the most of usage. 

However, the meter or sub-meter level of accuracy is not good enough for some special 

applications, like autonomous stuff that needs decimeter or centimeter level of accuracy. To 
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achieve precise positioning at the centimeter level, carrier phase observations have to be exploited. 

But ambiguities in the carrier phase observations need to be resolved. Ambiguity Resolution (AR), 

a complicated process, is needed to resolve the whole cycles when using carrier phase to achieve 

precise positioning. Similar to implementing DGNSS using code measurements, forming the 

double difference of the carrier phase observations is known as RTK. The baseline length restricts 

the accuracy of RTK and AR. The baseline length is usually limited to 30 kilometers (Leica 2006). 

As a consequence, the Network RTK (NRTK) method was developed in the late 1990s to increase 

the baseline distance. Employing NRTK, organizations, like academic institutions, private 

companies, and governments collect data from permanent stations, and the data are processed in a 

central server and transmitted to users as requested. But this two-way unique communication link 

increases the cost and limits the service within a region. Although NRTK effectively extends the 

baseline distance to about 100 kilometers, atmospheric errors become a challenge for AR when 

the distance is greater than 100 kilometers (Richert and El-Sheimy 2005). RTK still relies heavily 

on base stations and provides coverage at the regional level. 

PPP has been developed to avoid this need for base stations to achieve high precision positioning. 

Different from SPS which relies on code measurements, PPP resorts to the carrier phase 

observations to achieve centimeter-level accuracy. And unlike RTK requiring two-way 

communication link, PPP uses a single receiver getting access to the correction service via GEOs 

or internet in one way. This efficient way to obtain the corrections paves the way for the high-

column mass-market applications of high precision positioning. 

Héroux and Kouba (1995) were the first to propose making use of precise orbit and clock products 

for point positioning. They determined these products using undifferenced network solutions. 
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Because of the Selective Availability policy at that time, precise satellite clocks were the most 

challenging factor. Zumberge et al. (1997) proved the capability to efficiently process hundreds of 

stations using PPP. Later, Kouba and Héroux (2001a) explained the details of implementing dual-

frequency ionosphere-free PPP models and the error corrections needed to achieve centimeter-

level accuracy without creating differences. Gao and Shen (2002) proposed the University of 

Calgary (UofC) PPP model, and the paper was early research on exploiting the integer 

characteristics of ambiguities in carrier phase measurements. Gao and Chen (2004) demonstrated 

the real-time PPP using the vehicle and airborne kinematic positioning. 

PPP has become a well-known technique from the late twentieth-century and has drawn much 

attention in the GNSS community. Unfortunately, the long initialization time has been PPPôs 

vulnerability, and this has restricted the range of PPP applications. Many applications like 

autonomous driving, commercial aviation, unmanned drones, and precise farming require fast 

convergence in precise positioning. Reducing the convergence period, therefore, is essential if PPP 

is to be utilized in many more applications. 

1.2 Ionospheric augmentation and modeling 

Constraining precise external ionospheric corrections accelerates the convergence time of PPP, but 

the challenge is how to obtain more accurate ionospheric information. Our review in this section 

of previous research and advances in ionospheric augmentation and modeling examines how 

ionospheric constraints, Differential Code Biases (DCBs), and Mapping Functions (MFs) can 

address PPPôs long convergence time. This motivates and provides a foundation for this study. 
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1.2.1 Ionospheric constraints for faster PPP 

Whereas the Traditional Ionosphere-Free (IF) and the UofC PPP model eliminates the first-order 

ionospheric delays, the Uncombined PPP (UPPP) model estimates the first-order ionospheric 

delays. UPPP achieves solutions comparable to the Traditional IF and UofC models (Dach et al. 

2015; Liu 2001; Odijk 2002; Zhang et al. 2012). Nevertheless, because of the role of the 

ionosphere, we focus on the UPPP model when adding ionospheric constraints. When external 

ionospheric information is available, it can be applied to provide a tight constraint. This reduces 

the correlation between the position parameters and the ionospheric parameters. As a result, the 

convergence time can be accelerated. 

Banville et al. (2014) applied Global Ionospheric Maps (GIMs) and a regional network extending 

150 kilometers to the Decoupled Clock Model for shortening the convergence time. For the float 

solutions, at a threshold of one decimeter horizontal accuracy, they accelerated the convergence 

time from the typical 30 to 20 minutes for the global scenario and to five minutes for the regional. 

It was possible to reduce further the convergence time by fixing ambiguities, from 8.5 to 4.5 

minutes for the global and to instantaneous for the regional.  

Juan et al. (2012) applied the precise ionospheric information at the centimeter level, and they 

efficiently enhanced the AR when fix ing the Wide-Lane (WL) ambiguities. Rovira-Garcia et al. 

(2015a) developed a worldwide ionospheric model to support fast PPP. Offering ionospheric 

information within one Total Electron Content (TEC) Unit (TECU) of accuracy, they improved 

the convergence time by 40 to 90% for the horizontal component and by 20 to 60% for the vertical 

direction.  
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Li et al. (2011), Shi (2012), and Lou et al. (2016) modeled the spatial and temporal characteristics 

of the ionosphere using a of the ionospheric constraint reduces the convergence and re-

convergence time using float solutions polynomial function. Li et al. (2011) claimed an 

instantaneous PPP AR was possible with a regional network of about 60 kilometers. They 

enhanced the real-time PPP AR by 25%, from 20 to 15 minutes, using GIMS and consistent orbit 

and clock products. Shi et al. (2012) and Lou et al. (2016) introduced a stochastic process, in 

addition to the functional model, to absorb the random part of the ionospheric residuals. They 

claimed that the efficiency. 

In another paper, Li et al. (2015b) focused on stochastic modeling when applying the ionospheric 

corrections. Working with an appropriate stochastic model, they achieved fixed solutions at a 

success rate of 93.3% after 5 minutes and 80.6% after 10 minutes of observation accumulation for 

two regional networks of 40 and 70 kilometers. 

The ionospheric information also accelerates the re-convergence time. Geng et al. (2010a) focused 

on fix ing the WL ambiguities with the assistance of predicted ionospheric delays. They reported 

that between 93.3 and 95.0% of the WL and Narrow-Lane (NL) ambiguities can be repaired in 

five epochs with a gap up to 180 seconds. 

Tu et al. (2013) and Zhang et al. (2013) argued that receiver DCBs substantially affect the 

convergence time in the ionosphere-constrained PPP model. They limited their investigation to 

illuminating how receiver DCBs influence different frequencies. But how the receiver DCBs 

influences code and carrier phase observations have not been addressed enough. We will explain 

this further in Chapter Seven. 
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1.2.2 Ionospheric monitoring and ionospheric observables 

GNSS is powerful for monitoring the ionosphere. An increasing number of permanent receivers 

makes it cost-effective to monitor the ionosphere continuously and globally (Komjathy et al. 

2005b). Ionospheric products are valuable to users who need up-to-date ionospheric corrections 

for precise positioning and faster PPP, and to scientists who need accurate ionospheric models to 

characterize the ionosphere (Feltens and Schaer 1998; Xiang et al. 2015). 

Extracting ionospheric observables is important. GNSS-derived ionospheric observables, 

hereafter, are defined as the sum of the ionospheric effects and hardware biases from satellites and 

receivers. The most common way to obtain the ionospheric observables is the geometry-free 

combination using the carrier phase smoothed code method. The carrier phase smoothed code 

method reduces the code noise level and avoids direct resolving ambiguities. Unfortunately, this 

method introduces leveling errors due to the smoothing process. For three reasons: (1) the non-

zero mean of multipath effects on static receivers (Ray 2000); (2) satellite and receiver antenna 

phase and high order ionospheric effects (Breitsch 2017); and (3) short-term fluctuations in 

receiver code and phase biases (Zhang et al. 2017; Zhang et al. 2016). For the leveling errors, 

Ciraolo et al. (2007) reported that the carrier phase smoothed code method has noticeable leveling 

errors in the range of 1.4 to 5.3 TECU, a significant magnitude that we cannot ignore. 

The PPP model is a preferable way to the carrier phase smoothed code method for reducing the 

leveling errors. Zhang et al. (2012) proposed the UPPP model for estimating ionospheric 

observables, and they found that it effectively reduces leveling errors. Moreover, to obtain 

ionospheric observables, Banville et al. (2012) aimed to mitigate leveling errors in the smoothed 

code method by using an integer-leveled method based on the Decoupled Clock Model. Recently, 
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Rovira-Garcia et al. (2015a) calculated the ionospheric observables using the fixed WL ambiguity 

and float IF ambiguity. Moreover, Zhang (2016) summarized the methods, using the smoothed 

code method, UPPP, and array-aided methods for retrieving ionospheric observables. Zhang et al. 

(2018) recently proposed a modified carrier-to-code leveling method that allows receiver DCBs to 

change freely to reduce leveling errors. 

1.2.3 Differential Code Biases 

The ionospheric information obtained from the GNSS interferes with DCBs. Estimating DCBs is 

critical for GNSS applications like code-based ionosphere sensing (Montenbruck et al. 2014; 

Sardón and Zarraoa 1997), precise positioning (Kouba 2009a; Le and Tiberius 2007), and precise 

time transfer (Levine 2008; Ray and Senior 2005). 

Significant research has focused on determining and analyzing DCBs. Sardón and Zarraoa (1997) 

examined the stability of the satellite DCBs using leveled pseudorange over a period of 19 months, 

and they showed that the standard deviation of the satellite DCBs is about 0.15 nanoseconds. Gao 

et al. (2001) separated the receiver biases between P1 and C1 into constant and time-variant 

signals, and they calculated the biases at an accuracy of 0.1 nanoseconds. Leandro (2009) 

determined the intra-frequency biases of P1/C1 and P2/C2 biases using PPP, and the accuracy is 

about 0.3 nanoseconds (nine centimeters) for a single station and four centimeters across a 

network. 

Li et al. (2012) proposed a method using as many as seven globally distributed receivers to 

calculate satellite DCBs. They found that the calculated satellite DCBs have a reliable accuracy of 

approximately 0.1 nanoseconds, comparable to results from other International GNSS Service 

(IGS) ionosphere analysis centers. Wang et al. (2015) and Li et al. (2016a) extended this method 
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to multiple systems. Montenbruck et al. (2014) calculated the satellite DCBs using a priori 

ionospheric information from the GIMs to avoid the ionospheric modeling. This enabled them to 

calculate DCBs from systems other than GPS. Furthermore, Sanz et al. (2017) and Zhong et al. 

(2016b) analyzed long-term satellite DCB variations and jumps. They showed that satellite 

replacement caused these long-term variations. In addition, Coster et al. (2013) and Zhang and 

Teunissen (2016) investigated temperature-dependent variations in the receiver biases. 

Much research on estimating DCBs, however, has been based on the geometry-free combination 

of smoothed code measurements. The leveling errors from the smoothed code measurements affect 

estimating DCBs. When more accurate ionospheric observables are available, DCB estimation can 

be improved correspondingly. 

1.2.4 Ionospheric Mapping Functions 

As mentioned, the GNSS-derived ionospheric observables are coupled with satellite and receiver 

DCBs. These DCBs adversely affect the GNSS-derived ionospheric observables to obtain the 

absolute ionosphere TEC and have to be separated if we are to calculate each accurately. The 

technique used to separate the DCBs and GNSS-derived ionospheric effects is ionospheric 

modeling (Li et al. 2012; Sardón and Zarraoa 1997).  

For this ionospheric modeling, an MF is required. It converts the line-of-sight Slant TEC (STEC) 

into the Vertical TEC (VTEC), and vice versa. The ratio of STEC to VTEC gives the MF. This 

ratio is based on the assumption of the Single-Layer Model (SLM) where all the electrons are 

condensed into an infinitesimal thickness layer at a single-layer height. The MF depends on the 

elevation and on the ionospheric effective height of the SLM. We address only the latter in this 

dissertation.  
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In investigating the role that the ionospheric effective height of the SLM plays in the MF, Lanyi 

and Roth (1988) proposed that this height be fixed between 350 and 400 kilometers, at an average 

altitude of maximum electron density. Hernández-Pajares et al. (2005) established the ionospheric 

effective height between 350 and 650 kilometers by deriving the height from GPS data distributed 

worldwide. Brunini et al. (2011) investigated how the single-layer height set between 300 and 550 

kilometers affects VTEC and DCB estimates. They concluded that a unique height does not 

achieve zero conversion errors and that solar activity, time of year, and latitude affect these 

conversion errors. Wang et al. (2016) demonstrated that every 100-kilometer increase in 

ionospheric effective height results in a difference of about 1.8 TECU in VTEC. 

To estimate the ionospheric effective height of the SLM, Birch et al. (2002) proposed an inverse 

method that uses overhead observations to calculate the inclination rates of the simultaneous 

vertical and slant observations. However, the method cannot reach a consistent height at different 

times, locations, and levels of solar activity. Nava et al. (2007) minimized mapping errors to 

determine the height using the Coinciding Pierce Point (CPP) method which defines two 

Ionospheric Pierce Points (IPP) within 0.2o latitude. They found that at middle latitudes the 

mapping errors were five TECU during quiet geomagnetic periods and as high as 60 TECU during 

disturbed periods. They also recommended setting the effective height at 400 kilometers for the 

quiet and 500 kilometers for the disturbed. And to make their calculations, Zhao and Zhou (2018) 

minimized the satellite DCBs that are compared to products from the Center for Orbit 

Determination in Europe (CODE). They found that the derived height had an N-shaped 

relationship to latitude. 
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The ionospheric effective height is regularly fixed to make ionospheric modeling convenient. For 

example, 350 kilometers is applied to the Wide Area Augmentation System (WAAS) (Blanch et 

al. 2002), and 450 kilometers is applied to the GIMs (Hernandez-Pajares et al. 2009). However, 

what stands in the way of working with a fixed effective ionospheric height is the fact that the 

ionosphere is not homogeneous. The effective height varies as a function of location, time, and 

levels of solar activity. For this reason, in Chapter Six we harness an Ionospheric Varying Height 

(IVH) MF instead of a fixed height to reduce the mapping errors. 

Some literature had investigated using IVH to model the ionosphere. Leitinger et al. (1998) applied 

a latitude-dependent mean height to capture the latitude gradient. They found that moving 50 

kilometers higher than the height of the peak density yielded a reasonable height compared to their 

simulated data. Mushini et al. (2009) used an IVH derived from ionosonde data. Komjathy and 

Langley (1996) applied the International Reference Ionosphere (IRI) to show how the integral 

height changes up to 150 kilometers between day and night. They found a difference of up to one 

TECU between the fixed height of 400 kilometers and the IVH. And they estimated combined 

satellite and receiver DCBs instead of separating them. 

1.3 Limitations of previous work 

Based on what researchers have done to retrieve more accurate ionospheric corrections via 

ionospheric modeling and to reduce the convergence time of PPP, we identify four problems or 

gaps: 

(1) PPP offers a preferable way compared to the smoothed code method to obtain ionospheric 

observables in reducing leveling errors. But the problem has not been adequately addressed 

whether the bias terms in the ionospheric observables from the three PPP models and the 



12 

 

smoothed method are consistent. We also ask how accurate the different ionospheric 

observables are. 

(2) Most research on estimating DCBs has been based on the geometry-free combination of the 

smoothed code measurements, but these measurements cause leveling errors. Once PPP is used 

to reduce the leveling errors, based on the work in (1), how much the estimation of the satellite 

and receiver DCBs can be improved needs to be investigated further. 

(3) Using a fixed ionospheric effective height is problematic for ionospheric MFs because the 

ionosphere is inhomogeneous. An IVH MF is preferable. We ask how large the mapping errors 

are, and how the IVH affects ionospheric modeling and DCB estimation. 

(4) Although much has been done on ionospheric constraints, only a small minority of studies have 

looked at how receiver DCBs impact the code and carrier phase measurements at different 

frequencies. We think how receiver DCBs affect the ionospheric constrained UPPP model still 

needs serious attention. 

1.4 Objective, research activities, and contributions 

Our major objective is to speed up PPP. By using ionospheric information, we address the problem 

of long initialization time. To achieve this, we identify four research activities of the dissertation: 

(1) To derive ionospheric observables using the three PPP models. We analyze how these PPP-

derived ionospheric observables are different from those derived from the smoothed code 

method. And we investigate just how accurate and precise PPP-derived ionospheric 

observables can be, so that they can be exploited for achieving for faster PPP. 

(2) To improve the accuracy of satellite and receiver DCBs. The DCBs are coupled with the 

GNSS-derived ionospheric observables, and these DCBs are usually estimated in the 



13 

 

ionospheric modeling. With improved ionospheric observables using PPP, we can achieve 

enhanced satellite and receiver DCBs. 

(3) To reduce mapping errors by using an IVH MF instead of a fixed height MF. Because mapping 

errors severely affect ionospheric modeling and ionospheric corrections, we investigate how 

large the mapping errors impact ionospheric modeling as compared with the commonly used 

fixed height. 

(4) To accelerate the convergence time of PPP by exploiting ionospheric augmentation and 

applying ionospheric information. We investigate global ionospheric VTEC and regional 

STEC by modeling receiver DCBs. One practical result is that users can move freely between 

the regional and global networks without too much loss of accuracy. 

In short, this dissertation focuses on the following three areas to speed up the PPP convergence 

time: (a) retrieving precise ionospheric observables based on carrier phase observations; (b) 

modeling the ionosphere using IVH with temporal and spatial variations to separate the clean 

ionosphere from DCBs; and (c) applying this ionospheric augmentation and modeling the receiver 

DCBs. To be noted, the dissertation only focuses on GPS. 

The major contributions of the dissertation, which correspond to the four research activities, are 

summarized here: 

(1) The ionospheric observables using the three PPP models and carrier phase smoothed code 

method are derived;  

(2) The consistency of the ionospheric observables and DCBs extracted from the three PPP models 

and the accuracy of the ionospheric observables is demonstrated;  
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(3) Improvement of the DCB estimation using the UPPP model by reducing the leveling errors is 

achieved; 

(4) The IVH MF to reduce the effects of the inhomogeneous ionosphere is proposed and examined; 

and  

(5) Faster PPP when applying the ionospheric STEC and VTEC constrained UPPP by modeling 

receiver DCBs is achieved from field tests and analysis. 

1.5 Dissertation outline 

The flowchart below of the dissertation in Figure 1-1 maps the three key engines. Each is marked 

in blue. For the first stage, we extract the accurate ionospheric observables from PPP. For the 

second, we model the ionospheric observables and improve the DCB determination in the network 

ends. For the third, we apply the ionospheric information and DCBs to accelerate PPP convergence 

time in the user ends. 
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Faster PPP 

solutions

Ionospheric 

modeling

User end
 

Figure 1-1 Flow chart of the dissertationôs key engines and content. 

The dissertation contains eight chapters. The overall outline is as follows: 

Chapter Two examines the fundamental concepts employed in the dissertation. We start with the 

GNSS measurements necessary for keeping all equations and notations self-contained. Because 

correcting errors in PPP is the prerequisite for high precision positioning, details on related error 

sources and corresponding mitigation strategies are explained to show how we correct the errors. 
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We also explain the Traditional IF, UofC, and UPPP models. The other six methods for faster PPP 

are described to fill in the whole picture. 

Chapter Three offers an overview of the ionospheric characteristics to better understand 

ionospheric modeling. The chapter rounds out with a discussion of ionospheric modeling, MFs, 

the related ionospheric models in the dissertation, and how we can evaluate their performance. 

Chapter Four investigates whether the bias terms from different ionospheric observables are 

consistent. Because PPP is increasingly being employed to precisely determine ionospheric 

observables, we focus on analyzing the ionospheric observables based on the three PPP models 

and compare them with the commonly used carrier phase smoothed code method.  

Chapter Five, which with Chapters Six is about network ends, addresses a critical issue of how 

much the leveling errors affect satellite and receiver DCB estimation. And we improve the satellite 

and receiver DCBs using UPPP. 

Chapter Six evaluates mapping errors and quantifies how the IVH impacts ionospheric modeling 

and DCB estimation. Because a uniform height for the day and night does not exist, an MF with 

the varying heights is applied.  

Chapter Seven addresses user ends. Here we apply the external ionospheric information to achieve 

faster PPP by modeling receiver DCBs. The external ionospheric information acts as a constraint 

on the UPPP model. This constraint reduces the correlation between position parameters and 

ionospheric parameters to shorten the long convergence time. 

Chapter Eight summarizes the essential findings and illuminates paths for future research based 

on our research and conclusions. 
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 GNSS Observations, Error Sources, and PPP models  

GNSS observations and error sources, the three PPP models, and related equations, all of which 

are foundational for understanding the dissertation, are discussed in this chapter. In section 2.1 we 

describe GNSS observations and explain the equations and notations used across the dissertation. 

Section 2.2 explains 13 error sources and the corresponding mitigation strategies. In section 2.3 

we show how the three PPP models and stochastic models work. We step back in section 2.4 to 

look at the big picture of faster PPP. We review six complementary methods that researchers have 

developed to reduce the convergence time of PPP. 

2.1 GNSS observations 

The two basic GNSS observations are code and carrier phase measurements. Code measurements, 

also known as pseudorange, measure the time a signal takes to travel from satellite to receiver. The 

noise of the code can be typically at the decimeter level, and this is continually being improved 

due to GPS modernization and new constellations being developed. Carrier phase measurements 

are significantly more accurate than code, at the millimeter level. But the carrier phase 

measurements generate a relative distance at the expense of integer ambiguities. The variances we 

adopt for the code and the carrier phase measurements are πȢσ m2 and πȢππσ m2. 

Code and carrier phase measurements for dual-frequency receivers can be expressed as: 

ừ
Ử
Ừ

Ử
ứ
ὖ ” ὧὨὸ Ὠὸ Ὕ Ὠ Ὠ Ὠ Ὠ Ὅ                      ὦ ὦ ‐

ὖ ” ὧὨὸ Ὠὸ Ὕ Ὠ Ὠ Ὠ Ὠ ‎Ὅ                 ὦ ὦ ‐

  ” ὧὨὸ Ὠὸ Ὕ Ὠ Ὠ Ὠ Ὠ     Ὅ ‗ẗὔ ὦ ὦ ‐

  ” ὧὨὸ Ὠὸ Ὕ Ὠ Ὠ Ὠ Ὠ ‎Ὅ ‗ẗὔ ὦ ὦ ‐

 (2-1) 

where  
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ὖ   is the code measurement at frequency j (j=1, 2) (m); 

    is the carrier phase measurement at frequency j (m); 

”   is the distance from receiver to satellite (m); 

ὧ     is the light speed; 

Ὠὸ is the receiver clock (s); 

Ὠὸ  is the satellite clock (s); 

T     is the tropospheric delay (m); 

Ὠ     is the satellite orbit error (m); 

Ὠ      is the relativity effects (m); 

Ὠ  is the Sagnac effect (m); 

Ὠ  is the site displacement effects (m); 

Ὅ    is the ionospheric delay along a line of sight at the ὒfrequency (m); 

ὔ   is the ambiguity at frequency j (cycle); 

‗   is the wavelength at frequency j (m); 

‐     is the multipath and measurement noise (m); 

ὦ     is the receiver code biases at frequency j (j = 1, 2) (m); 

ὦ     is the satellite code biases at frequency j (j = 1, 2) (m); 

ὦ    is the receiver phase biases at frequency j (j = 1, 2) (m);  

ὦ    is the satellite phase biases at frequency j (j = 1, 2) (m); and 

‎
Ὢ

Ὢ
Ȣ 
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2.2 Sources of error  

Various error sources cause GNSS signal distortion and degradation in the code and carrier phase 

measurements. As mentioned in Chapter One, a prerequisite for achieving faster and centimeter 

level of precise positioning is to mitigate these errors at centimeter level, of which there are four:  

1) the satelliteôs position and the time of the signal transmission; 

2) the atmosphere and most especially the ionosphere affect signal transmission causing 

atmospheric delays and advanced effects; 

3) solid earth tides, ocean loading tides, and polar tides cause site displacements which need to 

be compensated for when the user is on the ground; and 

4) because all GNSS signals are Right Hand Circularly Polarization electromagnetic waves, and 

because a satelliteôs Center of Mass (CoM) is different from the transmitted signal, phase 

center discrepancies at the satellite and receiver end need to be addressed. 

Unlike RTK which forms differences between rovers and base stations to mitigate or reduce these 

errors, PPP is a stand-alone positioning technique that does not depend on reference stations. Each 

error has to be corrected for PPP. We take into account four factors: how large are the errors; how 

the errors vary; how to mitigate them; and how much are error residuals left after making the 

correction.  

We distinguish between frequency-independent and frequency-dependent GNSS errors in the 

following two subsections. 
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2.2.1 Frequency-independent errors 

2.2.1.1 Satellite orbit 

The position of the satellites and the time of signal transmission are required for calculating the 

userôs position. They are called the satellite ephemeris, and it includes orbit and clock information. 

The orbit errors are divided into three directions: along-the-track, across-the-track, and radial. Of 

the three, radial errors are the smallest because the measurements are in the direction of the earth. 

This is beneficial precise positioning because user positioning accuracy depends on the projected 

orbit errors along the line of sight direction. 

The way to mitigate orbit errors is to apply orbit products. There are six types of orbit products. 

Table 2-1 shows broadcast ephemeris and IGS GPS satellite orbit products. Orbit products in 

navigation information are called broadcast ephemeris. They are predicted 24 hours ahead based 

on measuring satellite motion and the gravity field. Furthermore, precise GPS satellite orbit 

products have been provided by IGS analysis centers since 1994 (IGS Analysis  2018). As Table 

2-1 also shows, the Final orbit and rapid products have the highest accuracy at around 2.5 

centimeters, but the rapid products have much shorter latency, from less than one to less than two 

days. IGS Ultra-Rapid products, which contain the observed half and predicted half, make it 

possible for real-time applications as they are updated four times daily. The orbit products with 

the observed half are twice as accurate as the predicted half orbit products. The orbit accuracy of 

the broadcast ephemeris is least accurate, at around one meter. 
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Table 2-1 Summary of broadcast ephemeris and GPS satellite orbit products  

Orbit Product type Accuracy Latency Sample 

Interval 

Reference 

IGS Final ~2.5 cm 12-18 days 15 min (IGS 

Products  

2018) IGS Rapid ~2.5 cm 17-41 h 15 min 

IGS Ultra-Rapid (observed half) ~3.0 cm 3-9 h 15 min 

IGS Ultra-Rapid (predicted half) ~5.0 cm real-time 15 min 

Broadcast ~100.0 cm real-time 2 h 

RTS ~5 cm real-time 5/60 s (RTS 2017) 

 

The IGS Real-Time Pilot Project Call for Participation was released in 2007 to contribute to global 

real-time applications. The Real-Time Service (RTS), which came into service in 2010, provides 

the satellite orbit and clock corrections in the State Space Representation (SSR) format through 

Networked Transport of RTCM via Internet Protocol (NTRIP) (Real-time Service  2018). As seen 

in the last line of Table 2-1, the proposed accuracy is five centimeters for RTS products 

(Kazmierski et al. 2018).   

Since the sample interval of satellite orbit products differs from the data sampling rate of raw 

measurements, an interpolation method usually must be applied to align satellite products to 

observation levels. For instance, the precise orbit products are at 15 minute intervals, whereas 

observations from IGS stations are usually at a 30 second data rate. For the IGS precise GPS orbit 

products, Yousif and El-Rabbany (2007) compared four interpolation methods: Lagrange, Newton 

Divided Difference, Cubic Spline, and Trigonometric. Apart from the Cubic Spline, the other three 

differ marginally at one centimeter accuracy. 
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PPP solutions are a whole system; therefore, consistent model conventions for error corrections 

and external products are required (Kouba and Héroux 2001b). For our research, we apply Final 

products from CODE to keep consistency. 

2.2.1.2 Satellite clock 

The quality of satellite onboard oscillators directly affects clock errors. GPS commonly uses 

Rubidium or Cesium oscillators, but Galileo uses the more accurate Passive Hydrogen Maser 

Clock. The broadcast clock errors, modeled as quadratic growth, are about three nanoseconds, that 

is, equal to one meter. 

Like orbit errors, the way to mitigate clock errors is to apply clock products. As displayed in Table 

2-2, final products have the highest accuracy, at about 75 picoseconds (2.25 cm) with a delay of 

12 to 18 days. Rapid products have comparable accuracy but with much shorter latency, from less 

than one to less than two days. But the clock sample interval is enlarged from 30 seconds to five 

minutes. Five-minute sample interval is noisier and degrades the precision of clock products. The 

IGS Ultra-Rapid products make real-time applications possible, but the clock sample interval is 

extended to 15 minutes. The observed half clock products are 20 times more accurate than the 

predicted half products at the same sampling rate. The clock accuracy of the predicted half products 

downgrades to a level to about a meter. For the RTS clock products, the proposed accuracy is 0.1-

0.15 nanosecond or three to five centimeters (Kazmierski et al. 2018). Compared to the orbit 

products, clock products demand high frequent update rate. And the clock accuracy and the sample 

interval mainly limit the accuracy of real-time PPP. 
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The way to interpolate the products matters much more than the orbit products due to clock 

variations. Hesselbarth and Wanninger (2008) showed that short-term clock stability depends on 

clock types used on satellites. A larger sample interval of satellite clocks, say 15 minutes, results 

in poorer PPP positioning accuracy and longer convergence time. We apply the 30 second Final 

products from CODE as well for this study. 

Table 2-2 Summary of broadcast ephemeris and GPS satellite clock products  

Clock product 

type 

Accuracy Latency Sample 

Interval 

Reference 

IGS Final ~75ps RMS, ~20 ps STD 12-18 days 30 s/5 min (IGS 

Products  

2018) IGS Rapid ~75ps RMS, ~25 ps STD 17-41 h 5 min 

IGS Ultra-Rapid 

(observed half) 

~150ps RMS, ~50 ps STD 3-9 h 15 min 

IGS Ultra-Rapid 

(predicted half) 

~3.0 ns RMS, 1.5 ns STD real-time 15 min 

Broadcast ~5.0 ns RMS, 2.5 ns STD real-time 2 h 

RTS ~0.1-0.15 ns STD real-time 5/10 s (RTS 2017) 

 

2.2.1.3 Receiver clock 

Most GNSS receivers resort to the quartz crystal oscillator due to its low cost. Its frequency 

difference ranges from about 0.25 to 200 part per million (ppm), where one ppm is ρπ. For the 

L1 frequency, 0.25 ppm is equal to a frequency discrepancy at about 400 hertz 

(πȢςυρπ ρυχυȢτςρπ). The one second stability is high at the short-term, and the stability 

for a day is reduced by two to three orders of magnitude (Misra and Enge 2012). 
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As is well-known, it takes about 70 milliseconds (
ȟ ȟ

Ⱦ
ρπ ms) for a satellite signal to 

reach a receiver. As mentioned, pseudorange measurements are established by calculating this 

transmitting time. One microsecond causes an error in the distance of 300 meters. Therefore, the 

receiver clock is estimated epoch-wisely as a state vector to take into account range errors caused 

by receiver clock errors. This is also why a minimum of four satellites is needed to obtain position 

solutions. 

The receiver clock error is theoretically unbounded, but manufacturers usually restrict the error 

inside a certain range. This is called the receiver clock jump phenomenon. Manufacturers 

commonly constrain the receiver clock error within a millisecond (Guo and Zhang 2014). When 

the receiver clock error is larger than one millisecond, the receiver clock is adjusted automatically 

to restrain the offset within one millisecond. 

2.2.1.4 Tropospheric effects 

The troposphere is a non-dispersive medium, which means tropospheric delays are the same for 

radio signals at all frequencies. Tropospheric effects comprise the Zenith Wet Delays (ZWD) at 

the region from zero to approximately 11 kilometers, and the Zenith Hydrostatic Delays (ZHD) at 

altitudes from zero to approximately 45 kilometers. The average magnitudes of the ZHD and ZWD 

are about 2.0 meters and 0.2 meters, one order less. 

The ZHD makes up 90% of the tropospheric delays. These can be corrected rather precisely using 

tropospheric models. The Saastamoinen model employed in our study computes the tropospheric 

delays using the meteorological data. The ZHD can be calculated with a very high level of accuracy 

up to 0.2 milli meters where precise pressure data are available. Unlike the ZHD, however, the 
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ZWD is hard to model precisely because of the uncertainty about water vapor. As a result, the 

ZWD is usually estimated along with other unknown parameters in PPP. The ZHD and ZWD are 

exhibited here (Petit and Luzum 2010): 

 
:($

πȢππςςχχϽὖ

ρ πȢππςφÃÏÓς‰ πȢππππππςψὌ
 

:7$ πȢππςςχχϽ
ρςυυ

Ὕ
πȢπυϽὩ 

(2-2) 

where 

 Ὕ  is the temperature in kelvin; 

ὖ  is the total pressure; 

Ὡ  is the partial pressure due to water vapor; 

‰  is the latitude; and 

Ὄ  is the altitude.  

The Global Pressure / Temperature (GPT) is applied in computing the pressure and temperature 

(Kouba 2009c). 

When the zenith tropospheric corrections for a ground receiver are available, the slant delays can 

be computed by projecting the vertical direction using a tropospheric MF. The Zenith Total Delays 

(ZTD) are given here: 

 :4$ὓ ϽὤὡὈ ὓ ϽὤὌὈ (2-3) 

where ὓ ȟÁÎÄ ὓ  are the MFs for the wet and dry components.  
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And the MFs for dry and wet are generally written as (Petit and Luzum 2010): 

 

ὓὊ
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ὥ
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 (2-4) 

where Ὡὰ is the satellite elevation angle in radian, and ὥȟὦȟÁÎÄ ὧ are empirical coefficients that are 

determined by the hydrostatic and wet components of the troposphere. Among the MFs, the Global 

Mapping Function (GMF) is a state-of-the-art empirical model that depends on the stationôs 

latitude, longitude, height, and day of year (Boehm et al. 2006). We use the GMF to compute the 

tropospheric MFs in our research. 

2.2.1.5 Relativistic effects 

The relativistic effects comprise Special and General Relativity. The effects are caused by relative 

motions and gravity potentials (Zhu and Groten 1988). For example, GNSS satellites move at the 

speed of about four kilometers per second at an altitude of about 20,200 kilometers above the 

Earthôs surface. Since GNSS satellites travel at a much higher speed than GNSS users on the 

ground, satellite clocks will, in accordance with Special Relativity, tick slower than the clocks on 

the ground. Due to General Relativity, the clock moves faster at an altitude of 20,200 km with a 

smaller gravity potential. 

The relativistic effects have to be factored in. Special Relativity causes the onboard clock to move 

seven microseconds slower, whereas General Relativity makes the onboard clock move 45 

microseconds faster per day. The clocks onboard go about 38 microseconds faster than the same 

clocks on the ground. The atomic clock frequency is adjusted to be slower before the satellite is 
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launched. This Special Relativity counteracts the General Relativistic effects to make sure the 

satellite clock and the clock on the ground tick at the same frequency rate (Pogge 2017). 

To quantify the magnitude of the actual relativistic frequency offset from the above conventional 

hardware offset due to eccentricity induced velocity and potential variations, Ashby (2003) 

calculated the effects: 

 
Ὠ

○▼ Ͻ►▼

ὧ
 (2-5) 

where Ὠ  is the relativistic effects, and ►▼ ÁÎÄ ○▼ are the position and velocity of the satellite at 

the time of transmission. This term can be up to meter. 

2.2.1.6 Sagnac effect 

The Earthôs rotation and the motion of the receiver during signal transmission cause the Sagnac 

effect. The userôs location on the Earth is determined in an Earth-Center Earth-Fix (ECEF) 

reference frame, that is, a rotating frame. As mentioned before, when a signal propagates from a 

satellite to receiver, it takes approximately 70 milliseconds to reach the ground receiver. The 

Earthôs rotation will move the receiver to another location because the receiver moves with the 

Earthôs rotation. The Sagnac effect is to correct the coordinates of the transmitting satellites to be 

in the inertial system at the time of reception. The magnitude of the Sagnac effect is approximately 

200 nanoseconds. Applying the following equation can correct them (Ashby 2003): 

 
Ὠ

○►
╘Ͻ╡

ὧ
 (2-6) 

where 
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Ὠ   is the Sagnac effect; 

ὧ  is the speed of light; 

○►
╘  is the receiver velocity in an Earth-Center Inertial (ECI) reference frame; and 

╡  is the vector between receivers and satellites in an ECI reference frame. 

To make it simple to compute, Ashby (2003) formulated this equation: 

 
Ὠ

ς‫ὃ

ὧ
 (2-7) 

where ‫  is the earthôs rotation rate, which is ‫ χȢςωςρρυρττφχρπ ὶὥὨ ί . ὃ is the 

swept area from the rotation system parallel to the equatorial plane. 

2.2.1.7 Phase wind-up effects 

The rotation of antennas between the time of transmitting and receiving for carrier phase 

measurements causes the phase wind-up effects (Navipedia 2018; Wu et al. 1993). Since, as 

mentioned, all GNSS satellites transmit a Right Hand Circularly Polarization electromagnetic 

wave, the observed carrier phase varies due to the rotations of satellite and receiver antennas. 

These phase wind-up effects can be up to decimeter-level errors if not mitigated when computing 

satellite orbit and clock products. And when receivers are static, the receiver antenna does not 

rotate and remains toward a fixed direction. But satellite antenna rotates to control their solar 

panels toward the sun. This slow motion can still result in a wind-up change in carrier phase 

measurements. As an aside, for kinematic positioning, the receiver antenna rotation is absorbed in 

receiver clock solutions.  
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The wind-up effects can be up to one cycle for undifferenced precise positioning. The effects are 

critical to integer ambiguity resolution (Kouba and Héroux 2001b). Modeling can mitigate the 

phase wind up effects, as seen here: 

 
‰ ίὭὫὲὩϽὈ Ὀ Ͻὥὧέί

Ὀ ϽὈ

ᴁὈᴁ ᴁὈᴁ
 (2-8) 

where  

Ὀ Ὡ Ὡ ὩϽὩ Ὡ Ὡ;  

Ὀ Ὡȟ Ὡ ὩϽὩȟ Ὡ ὩȟȠ  

Ὡ  is the satellite-receiver unit vector; 

Ὡ  is the unit vector of satellite body coordinates; and 

 Ὡ  is the unit vector of receiver local coordinates. 

2.2.1.8 Receiver site displacements 

When anchored to the ground or a building, the receiver suffers from site displacement. As already 

noted, site displacements include solid earth tides, ocean loading tides, and polar tides. 

Gravitational attraction forces from external bodies, mainly the Sun and Moon, cause coordinate 

variations to the receiver on the ground. The solid earth tides contain permanent and periodic tidal 

displacements on the reference point attached to the Earthôs crust. The solid tidal effects fluctuate 

up to 30 centimeters in the radial direction and five centimeters in the horizontal. The solid earth 

tide has to be corrected to obtain centimeter-level positioning. The International Earth Rotation 

and Reference Systems Service (IERS) 2010 model corrects these effects (Petit and Luzum 2010). 
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Ocean tides on the crust underlying the ocean basin cause seafloor variations and a surface 

displacement around the ocean. The magnitude of ocean loading tides is one order smaller than 

the solid earth tides. Ocean loading is localized near the oceans. For receivers located 1000 

kilometers or more from the oceans, ocean loading can be ignored (Kouba and Héroux 2001b). 

When data are shorter than 24 hours, or where the receiver is less than 1000 kilometers from the 

ocean, the ocean loading must be taken into account to reach centimeter level positioning. The 

IERS 2010 model also corrects ocean loading errors. 

Polar tides are caused by periodic changes in the Earthôs spin axis. Different from the high-

frequency solid earth tides, the polar tides comprise a slower cycle. It has seasonal and Chandler 

(~430 days) periodic variations. Polar tide corrections need Earth Rotation Parameters (ERP). 

Polar motion influences the height direction in the order of about 25 mill imeters and the horizontal 

direction about seven mill imeters. 

2.2.1.9 Receiver noise 

The receiver itself causes receiver or measurement noise when measurements are generated during 

signal processing. The sources of this noise are thermal noise, tracking loop jitter, and interference 

effects. Receiver noise describes the uncertainty of the measurements.  

A zero-baseline test can quantify the receiver noise. The equations for code and carrier phase are 

expressed in (2-9). After forming the double difference, all other errors are eliminated except 

stochastic errors, ambiguities in carrier phase, and geometry ranges. When it is a zero baseline, the 

geometry ranges are zero. If not, the geometric range can be removed using the known receiver 

and satellite coordinates.  
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 ‐ɳЎ Ўɳὖ Ўɳ” 

‐ɳЎ Ўɳɮ Ўɳ” ‗ɳЎὔ 

(2-9) 

where Ўɳ refers to the double difference. As Raquet (1998) has shown, the code noise level 

increases from 15 to 58 centimeters when an elevation decrease from 90o to 5o . The maximum 

STD of the carrier phase measurements for the L1 and L2 for the geodetic-grade receiver are 0.8 

and 1.3 millimeters. The receiver noise is reduced when the elevation increases up to 45o, at which 

point it stabilizes. 

2.2.1.10 Multipath 

Multipath signals, a major focus of research in recent years, pose a significant threat to precise 

positioning and ionospheric modeling. Multipath signals are received in ways other than along a 

direct line-of-sight path (Misra and Enge 2012). They get reflected, diffracted, or scattered, as 

illustrated in Figure 2-1. Consequently, multipath measurements are weaker than direct broadcast 

signals. For GNSS signals at L bands, any smooth surface, such as metal, water, glass, or a wall, 

will interfere. Irregular sharp edges, uneven floors, foliage, and street signs can also cause the 

multipath. 

 

Figure 2-1 Illustration of multipath  
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Multipath influences the magnitudes differently for code and carrier phase measurements (Ray 

2000). The code multipath can be calculated using dual-frequency code and carrier phase 

measurements (Estey and Meertens 1999; Spits 2012): 

ὓὖ ὖ ɮ ɮ ɮ      (2-10) 

where Ὦ and Ὧ are the indices of frequencies. This equation eliminates the geometry and the 

ionosphere components. The multipath effects from code and carrier phase, ambiguity, and noise 

remain. However, dual-frequency measurements cannot quatify the phase multipath. One more 

frequency is needed. 

For code, the magnitude of multipath errors is typically 0.5 to 1.0 meters. For carrier phase, the 

magnitude is two orders lower, 0.5 to 1.0 centimeter. However, multipath errors can be up to ρυπ 

meters when a wide correlator space for C/A (Coarse/Acquisition) code is used, and as much as 

τȢχυ cm for carrier phase in an extreme scenario like an urban canyon. Signals affected by 

multipath also have a sidereal day correlation. The multipath effects have a day-to-day correlation 

with a time offset of three minutes 56 seconds for static stations due to the satellite orbit repeating 

every sidereal day (Lachapelle et al. 2014). 

Multipath errors are different from receiver noise and cannot be averaged out. Four ways are 

routinely used to mitigate multipath errors: 

(1) Because the environment profoundly affects the broadcast signal, the antenna location needs 

to be located where it will not be impacted by multipath; 
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(2) Antenna design can reduce multipath errors. Selecting a multipath-resistant antenna such as 

the Choke-ring antenna can reject weaker signals from near or below the horizon. 

(3) Improving the signal processing technique, that is, narrowing the early and late correlators, will 

boost the ability to resist multipath.  

(4) Since multipath errors normally occur at lower elevations where there is weaker than usual 

signal strength, we can use data processing to model the errors. Down-weight the measurements 

based on elevation or ὅȾὔ  effectively decreases the contribution from the measurements with 

multipath. 

2.2.2 Frequency-dependent errors 

2.2.2.1 Satellite and receiver antenna phase center offset and variation 

Antenna phase center corrections include two components for satellites and receivers: the antenna 

Phase Center Offset (PCO) and the antenna Phase Center Variation (PCV). 

The precise orbit products are with reference to the CoM, whereas GNSS signals are transmitted 

with reference to the satellite Antenna Reference Point (ARP). The difference between the CoM 

and ARP cause the antenna PCO errors. To achieve centimeter-level precise positioning, the 

satellite antenna PCO must be applied to align the precise products to the ARP offset. The phase 

center corrections are mostly in the direction of the Earth and Sun, that is, in the z- and x-directions 

as opposed to the y-direction along the solar panel (Kouba and Héroux 2001b). The phase center 

is highly variable depending on different antennas. Typically the effects can result in a positioning 

error at the vertical component of 10 centimeters (Lachapelle et al. 2014). 
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PCV is one order smaller than PCO and relies on both elevation and azimuth. IGS offers a nadir-

dependent satellite antenna PCV antenna file. IGS was used to correct the relative GNSS antenna 

phase center corrections. But beginning in November 2006, IGS has switched to the absolute 

satellite antenna PCV model. Because of the absolute value, the satellite products are suggested 

be used together with their antenna products to preserve consistency (Schmid et al. 2007). 

The receiver PCO and PCV depend on receiver antenna types. It is commonly assumed that 

receiver PCV is absorbed by the receiver clock. Both the satellite and receiver antenna information 

from IGS stations is recorded in the standard ñ*. ATXò formats (IGS Products  2018).  

2.2.2.2 Differential Code Biases 

As seen in equation (2-1), ὦ ȟὦ  and Â ȟÂ are the satellite and receiver hardware delays on 

P1/P2 code and L1/L2 carrier phase. Antennas, cables, the front-end, as well as different filter 

loops in the satellites and receivers cause these hardware delays (Hauschild and Montenbruck 

2016; Hegarty et al. 2005). 

DCBs reflect the total time delays in the hardware and differ from frequency to frequency (e.g., 

P1 and P2). They also differ depending on the type of code measurement at the same frequency 

(e.g., P1 and C1). It is worth noting that P1/C1 biases are essential in PPP and needed correcting 

to keep consistent with the clock products. Because the biases are highly correlated to clock errors, 

they are available only in a relative instead of absolute value. See Figure 2-2. Across the 

dissertation, unless otherwise specified, when we speak of DCBs, we refer to DCBs between P1 

and P2. They are defined as Ὀὅὄ ϳ ὦ ὦ . 
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Figure 2-2 Illustration  of DCBs 

Satellites and receivers both generate DCBs that can reach to several meters. The magnitudes of 

the GPS satellite DCBs usually range from about -10 to +10 nanoseconds in the time domain, that 

is, -3 to +3 meters in distance (Li et al. 2012; Sardón and Zarraoa 1997; Wang et al. 2015). Previous 

studies show that satellite DCBs are stable. The day-to-day variation is 0.05 nanosecond (0.15 cm) 

Root Mean Square (RMS) (Dach et al. 2015). By contrast, the receiver DCBs can be up to five 

times larger and significantly less stable than satellite DCBs. Unlike satellite DCBs, a variety of 

conditions such as different hardware and temperature adversely affect receiver DCBs (Ciraolo et 

al. 2007). DCB products are provided by the IGS on a daily basis as a by-product of the GIMs. 

Also, satellite DCBs are directly related to the Time of Group Delay (4 ) in the broadcast 

ephemeris. 4  compensates for the inter-frequency biases to keep them consistent with the 

satellite clock for single frequency users. The relationship between the 4  and the DCBs can be 

diagrammed: 

 Ὀὅὄ ρ ‎ Ὕ έὪὪίὩὸ (2-11) 

One DCB is equal to the scaled 4  plus an offset (Gao 2008; Ray and Senior 2005; Wilson et al. 

1999). As just mentioned, DCBs are updated every day, whereas the TGD is updated quarterly 

based on the factory calibration value and variations in DCBs. One method to estimate DCBs is 
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ionospheric modeling (Sanz et al. 2017; Schaer 1999). The other way to determine the DCBs is by 

a pre-determined ionosphere model such as GIMs (Montenbruck et al. 2014). Sanz et al. (2017) 

said that both methods should provide similar DCB accuracy. Nevertheless, using the pre-

determined GIMs has the advantage of being able to calculate DCBs for other satellite systems. 

As we know, DCBs are estimated in the ionospheric modeling. Of particular note, long-term 

variations in satellite DCBs are not affected by ionosphere variations (Zhong et al. 2016c). Quite 

the contrary, the satellite replacement and the zero-mean constraint are responsible for the long-

term variations (Sanz et al. 2017; Zhong et al. 2016c). 

We give the relationship between the IF combination code biases and single frequency biases that 

will be used in the Traditional IF PPP model: 
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By introducing DCBs, the following relationship between IF combination code biases and single 

frequency biases can be derived, as seen here: 
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2.2.2.3 Ionospheric effects 

The ionosphere ranges from about 60 to more than 1000 kilometers above the Earthôs surface. It 

is the dynamic, inhomogeneous, and ionized part of the upper atmosphere, charged by solar 
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radiation. Different from the troposphere, the ionosphere is a dispersive medium, which means the 

value of the delay depends on the frequency of signals.  

The ionosphere has delay effects on the group and advanced effects on the phase. The magnitude 

of delay and advance is almost equal, about two to ten meters in the vertical direction (Misra and 

Enge 2012). The delay and advance effects are even larger at a lower elevation when projected to 

the line of sight.  

A more detailed description of the ionospheric effects is included in Chapter Three.  

2.2.3 Error budget 

To review all error sources, Table 2-3 summarizes the typical range magnitude, the typical 

magnitude of residuals after mitigation, and the related correction models used in this dissertation. 

To repeat, the accuracy of PPP depends on our ability to correct errors. Unless all the errors are 

appropriately mitigated, it will be impossible to achieve centimeter level precise point positioning 

and obtain precise ionospheric observables.   
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Table 2-3 Summary of various errors in GNSS measurements 

Type of 

errors 

Error terms Uncompensated Compensated  Notes 

Frequency-

independent 

Satellite orbit  ~1.0 m ~2.5 cm Precise GNSS 

orbit and clock Satellite clock  ~0.75 m ~2.25 cm 

Receiver clock error Depends Estimated Estimation 

Sagnac effect ~75 m ~mm level (Ashby 2003) 

Troposphere 
~2 m for ZHD ~mm level Model correct 

~up to dm for ZWD Estimated Estimation 

Solid earth tide ~dm level ~mm level (Petit and 

Luzum 2010) Ocean loading ~cm level ~mm level 

Polar tides ~cm level ~mm level 

Relativistic effects ~up to a meter ~mm level  

Phase wind-up ~2-4 cm (up to one-

half cycle) 

~mm level (Kouba and 

Héroux 2001b) 

Multipath ~m for the code 

~cm for the phase 

Depends  

Frequency-

dependent 

Satellite antenna PCO  ~2 m ~cm level IGS ANTEX 

(Kouba and 

Héroux 2001b) 
Satellite antenna PCV ~cm ~mm level 

Receiver antenna PCO  Depends Absorbed in 

receiver clock Receiver antenna PCV ~cm 

Satellite DCBs ~m level ~0.1 ns IGS products 

Receiver DCBs ~m level 

Absorbed in 

receiver clock in 

IF combination 

 

Satellite phase bias 
~ cm (less than one 

cycle) 

Absorbed by 

float ambiguity 

 

Ionosphere 
~2-10 m for vertical 

delays 

~cm for higher- 

order delays 

IF linear 

combination 

2-8 TECU 
External GIM 

products 

~cm level Estimation 
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2.3 PPP function and stochastic models 

We explain three commonly used PPP models: the Traditional IF PPP, the UofC, and the UPPP. 

For the sake of simplicity, the errors in the basic measurements of equation (2-1) above are 

corrected and will not be displayed in the equations below. 

Deterministic models describe the mathematic relationship between the GNSS observations and 

unknown parameters, whereas stochastic models describe the uncertainty and random errors of 

these observations and parameters. 

2.3.1 PPP function models 

2.3.1.1 The Traditional IF PPP model 

The IF PPP model is the most commonly used. It removes the first-order ionospheric effects by 

taking advantage of the dispersive feature in the ionosphere, as we show below (Kouba and Héroux 

2001b; Zumberge et al. 1997): 

 ὖ ” ὧὨὸ ὦ ὧὨὸ ὦ Ὕ ‐

ɮ ” ὧὨὸ ὦ ὧὨὸ ὦ Ὕ ὄ ‐
 (2-14) 

where the estimated float ambiguity is ὄ ὪϳὪ Ὢ ‗ὔ ὪϳὪ Ὢ ‗ὔ

ὦ ὦ ὦ ὦ , and the estimated receiver clock is Ὠὸǿ Ὠὸ ὄ . 

Supposing ὲ satellites are observed at an epoch, there would be ςὲ observations in the IF PPP 

model. The unknown parameters are ὢ ὨὼᴆȟὨὸȟὤὝὈȟὄ ȟ ȣ  with three coordinates, one 

receiver clock, one zenith troposphere delay, and ὲ float ambiguities. The total number of the 
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unknown parameters is υ ὲ. The degree of freedom is ὲ υ, and this is the same for the other 

two PPP models that we describe below. 

It is worth bearing in mind that the satellite clock errors are (ὧὨὸ ὦ ), because the satellite 

clock products are estimated using an IF combination from the IGS analysis centers. The estimated 

ambiguities absorb both code and phase biases. It can be seen from equation (2-14) above that the 

ambiguities are float solutions, and the ambiguity integer characteristics cannot be exploited or 

fixed to integers due to biases. 

2.3.1.2 The UofC model 

Gao and Shen (2002) proposed replacing the IF pseudorange with the average of the pseudorange 

and carrier phase observations, resulting in a new model known as the UofC model. This UofC 

model also eliminates the first-order ionospheric delays because the first-order ionospheric delays 

for code and phase are equal but opposite of sign. The model is diagrammed here: 

 ὖ ȟ πȢυὖ    

” ὧὨὸ Ὠὸ Ὕ πȢυ‗ ὔ πȢυ‐ ‐   

 ὖ ȟ πȢυὖ    

” ὧὨὸ Ὠὸ Ὕ πȢυ‗ ὔ πȢυ‐ ‐   

  
Ὢ
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(2-15) 

Similarly, given that ὲ satellites are observed, the number of observations is σὲ in the UofC 

model. The unknown parameters are ὢ ὨὼȟὨὸȟὤὝὈȟὔȟ ȣ ȟὔȟ ȣ , and the number 

of unknowns is ςὲ υ. 
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The UofC model can potentially recover the integer character of ambiguities by estimating the 

ambiguity at each frequency. The method also speeds up the convergence time to the decimeter 

level, albeit slightly, because the IF pseudorange measurements are replaced with new phase-code 

measurements that contain a lower noise level. 

2.3.1.3 The UPPP model 

If  the ionospheric delays are estimated as unknown parameters (Leandro 2009; Zhang et al. 2012), 

the UPPP model can be explicated as: 
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 (2-16) 

where 

ὧὨὸ ὧὨὸ ὦ  

‗ὔ ‗ὔ ὦ ὦ ὦ ὦ
ς

ρ ‎
Ὀὅὄ ϳ Ὀὅὄ ϳ  

‗ὔ ὦ ὦ ὦ ὦ
ρ

ρ ‎
Ὀὅὄ ϳ

ρ

ρ ‎
Ὀὅὄ ϳ  

‗ὔ ‗ὔ ὦ ὦ ὦ ὦ
ς‎

ρ ‎
Ὀὅὄ ϳ Ὀὅὄ ϳ  

‗ὔ ὦ ὦ ὦ ὦ
‎

ρ ‎
Ὀὅὄ ϳ Ὀὅὄ ϳ  

If a user observes ὲ satellites, the number of observations in the UPPP model is τὲ, with σὲ υ 

unknown parameters of ὢ ὨὼȟὨὸȟὤὝὈȟὍȟ ȣ ȟὔȟ ȣ ȟὔȟ ȣ . 
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The estimated ionospheric parameters are highly pertinent to DCBs in the UPPP model. When the 

satellite clock is corrected using the IF combination clock products, the estimated ionospheric 

observables here can be expressed as: 

 
Ὅ Ὅ

ρ

ρ ‎
Ὀὅὄ ϳ

ρ

ρ ‎
Ὀὅὄ ϳ  (2-17) 

2.3.2 Stochastic models 

2.3.2.1 Stochastic properties of the observations 

The code and phase measurements are assumed to be independent and their noise errors are 

Gaussian distribution. When all the error variances are added, the variances for phase and code 

observations are given as: 

 „ Ὑ ὥ ὦ ÓÉÎὩὰϳ „ „ „ „  (2-18) 

where 

 Ὑ  is code/carrier phase error ratio; 

ὥȟὦ  are constant values for carrier phase errors; 

 Ὡὰ  is the elevation; 

„   is the STD of ephemeris error (m); 

„   is the STD of ionosphere correction errors (m); 

„   is the STD of troposphere correction errors (m); and 

„   is the STD of code bias error (m). 
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The STD for the linear-combined measurement noise is determined using the error propagation 

law. For example, as mentioned above, the variance of the IF code combination observations is 

enlarged to three times greater than the variance for the raw observations, since „

„ „ ψȢψχ„ . 

2.3.2.2 Stochastic properties of the parameters 

The unknown parameters are divided into three categories: constant, piece-wise linear, and epoch-

wise. The constant parameters remain the same during a session. For example, the coordinates in 

static mode, the code and phase differential biases, and the antenna offsets are modeled as a 

constant. The dynamic covariance for the constant parameters is set to zero. The piece-wise linear 

parameters represent continually changing variables. For example, the tropospheric delays are 

represented using a polynomial function. The epoch-wise parameters constantly change during 

every epoch. Receiver clock, kinematic coordinates, and stochastic ionospheric delays are three 

such types of parameters. They can be modeled as the Random Walk (RW) or the first-order 

Gauss-Markov process.  

The RW, from the literal meaning, is a person walking backward and forward with equal 

possibility. The dynamic model for RW is expressed as: 

 ὼὯ ×Ôȟ ή
ὼ ὼ ύ ȟὗὯ ήῳὸ

 (2-19) 

where 

 ὼ  is the unknown parameter; 
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ύ  is the noise; 

ή  is the spectral density; and  

ὗ   is the covariance of process noise. 

On account of ὗ ήῳὸ, the variance of the RW parameters increases as time progresses 

(Petovello 2014). If a parameter decays in a function of exponential autocorrelation, it can be 

modeled as the Gauss-Markov process. The auto-correlation function Ὑ† for this parameter is 

written as follows, with „ as the temporal STD of the process and ‍ as the reciprocal of the time 

constant, about πȢσφχ„ : 

 Ὑ† „ ϽὩ  (2-20) 

Similarly, the dynamic model for the first-order Gauss-Markov process is represented by the 

following equations (Gao 2015): 

 ὼὸ ‍ὼὸ ς‍„ȟή ς‍„

ὼ Ὡ ὼ ύ ȟὗ
ρ

ς‍
ρ Ὡ ή

 (2-21) 

The Gauss-Markov process is commonly used because it matches a wide range of physical 

processes and can effortlessly be described mathematically.  

2.3.3 Comparison of the three PPP models 

The three PPP methods are float solutions in the presence of satellite and receiver hardware delays, 

clock errors, and initial phase shifts. The three PPP models differ in three ways:  
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First, the way each deals with ionosphere information varies. The Traditional IF and UofC both 

eliminate first-order ionospheric delays. Whereas the former makes use of its dispersive feature 

for different frequencies at the same type of measurement, the latter employs the first-order 

ionospheric delays for code and phase that are equal but opposite of sign. The UPPP model, on the 

other hand, estimates slant first-order ionospheric delays. If no external information and 

constraints are added, the three PPP models produce the same solutions. 

Second, the residuals are different for each model. Given that the a priori variances of code and 

phase measurements are „  and „ , the a priori variance for the IF combination of code 

observations is „ „ „ ψȢψχ„ , and this is three times larger than 

the variance of the raw observations. For the UofC model, the a priori variance is „ „ , 

and the residuals for each combined observation are different. However, the noise level, which 

denotes the combined measurements, is still the same for each frequency observation. This means 

the internal consistencies agree with each other. 

Third, the UPPP model which uses raw measurements preserves the original physical model of 

each error component, especially for the ionosphere and biases. Thus, the UPPP model is 

advantageous when we add multi-frequency and multi-system observations. And more important 

still, the external ionospheric information can be applied to provide a tight constraint. The 

constraints reduce the correlation between the position and the ionospheric parameters, and, as a 

result, the constraint can accelerate the convergence time. Because of the role of the ionosphere, 

our dissertation, as mentioned in Chapter One, mainly focuses on the UPPP model. 
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2.4 Faster PPP  

PPP takes 15 to 60 minutes to reach the centimeter level for Three-Dimensional (3D) RMS. 

Bisnath and Gao (2008) stated that approximately 30 minutes is needed to reach one decimeter, 

using IGS final 15 minute orbit and five minute clock products. Seepersad and Bisnath (2014) 

conducted a week-long statistical study of 300 global stations, and they applied the IGS final five 

minute orbit and 30 second clock products to evaluate convergence performance. In the static 

mode, they found that 10 minutes are required for 85% of the data to reach positioning accuracy 

at two centimeters. But it takes about 25 minutes in the simulated kinematic mode to reach that 

accuracy, at a 75% confidence level. To reach one decimeter, Lou et al. (2016) found that 47 

minutes is needed for GPS-only PPP in the simulated kinematic mode, at a 68% confidence level. 

As Bisnath and Gao (2008) pointed out, the high correlation of coordinate parameters and other 

unknown parameters cause the convergence time. This correlation is pertinent to the number and 

geometry of usable satellites, receiver environment and dynamics, observation quality, sampling 

rate, pesudorange noise, and multipath. 

2.4.1 PPP Ambiguity Resolution 

As mentioned, AR attempts to fix the carrier phase ambiguities as integers, as a strategy for 

recovering the precise carrier phase measurements (Teunissen and Montenbruck 2017). AR 

indicates the recovery of carrier phase measurements. PPP AR is challenging not only because it 

is a complicated process but also because of Fractional-Cycle Biases (FCBs), also known as 

Uncalibrated Phase Delays (UPD). Unlike RTK which forms the double difference to eliminate 

these FCBs, PPP AR must address the FCBs. Therefore, the FCBs hold the key to resolving the 

ambiguities in PPP. To solve the UPD, there are two methods: one determines the FCBs; the other 
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absorbs the FCBs using the Integer-Recovery Clocks (IRCs) (Collins 2008; Laurichesse et al. 

2009). 

The FCB method predetermines the between-satellite WL and NL FCBs. At the server end, the 

WL FCBs are estimated using the Melbourne-Wübbena (MW) combination. The NL FCBs are 

computed beforehand using the float Ionosphere-Free (IF) ambiguities and the fixed WL 

ambiguities. The FCB products are relative biases between two satellites due to the rank 

deficiency. The WL and NL FCB products from a server are then adopted to fix the rover 

ambiguities. With the ambiguity fixed solutions, Ge et al. (2008) found a 30% improvement in 

agreement when compared to the IGS weekly coordinate solutions. Geng et al. (2011) investigated 

a small network in Europe and found that 10+ minutes were required to fix 90% of the between-

satellite WL FCBs at an elevation greater than ρυ. And extra tens of minutes were required to 

achieve the stable NL FCBs. Furthermore, the quality of FCB products can be improved further 

by considering other errors. To address orbit errors, Wang (2014) proposed an enhanced method 

that estimates the NL FCBs. Wang concluded that a convergence time of 18 minutes can be 

achieved to reach five centimeters RMS in the horizontal component, at a 68% confidence level. 

Li et al. (2016b) validated this effectiveness by including the orbit errors, especially when the real-

time or poor orbit products are employed to improve the quality of NL FCBs. 

The IRC method separates code and phase clocks (Collins 2008; Laurichesse et al. 2009). Like the 

FCB method, the WL FCBs are obtained using the raw MW combination observations as well. 

But instead of forming the single difference between two satellites to retrieve the between-satellite 

WL FCBs, the WL FCBs are estimated directly by setting a reference station at a server end. With 

the fixed WL ambiguities, the integer clocks are estimated to absorb the NL FCBs. The Centre 



48 

 

National D'études Spatiales (CNES) offers integer clock products (The PPP-WIZARD project  

2010). At about the same time, Collins (2008) proposed the Decoupled Clock Model to separate 

the phase clocks from the code clocks to enhance phase clock precision. That the FCB method 

assumes the FCBs to be constant is the key difference between the FCB and IRC methods, whereas 

the IRC method absorbs variations in the phase clocks. Overall, these two methods have been 

proven to be on par at the level of millimeter positioning (Geng et al. 2010b; Shi and Gao 2014).  

2.4.2 Multi -frequency PPP 

Single-frequency receivers dominate the mass market due to their low cost (Chen and Gao 2005; 

Le and Tiberius 2007). The largest errors for single-frequency PPP are ionospheric delays. Three 

ways are used to mitigate them. First, the ionospheric delays are corrected using external models, 

for example, the Klobuchar model and GIMs. Positioning accuracy can only be as good as the 

accuracy of the applied ionospheric corrections from the external models. Second, there is the 

Group and Phase Ionospheric Calibration (GRAPHIC) model. It averages code and phase 

measurements, that is, πȢυϽɮ ὖ , to eliminate the first-order ionospheric effects, because the 

first-order ionospheric delays are the same in code and phase but different in signs. The 3D RMS 

for the GRAPHIC model can achieve an accuracy of about 0.5 meters. Third, the ionospheric 

delays are estimated as unknowns. The horizontal and vertical accuracies, around 0.23 and 0.34 

meters, can be reached when the temporal, spatial, and stochastic characteristics of the ionosphere 

are considered (Bock et al. 2009; Chen and Gao 2005; Shi et al. 2012). 

L5 and L2 civil signals are becoming available. More than one frequency signal is effective to 

remove or estimate the first-order ionospheric effects. Dealing with the ionosphere is critical for 

high precision positioning. This dissertation addresses dual-frequency data processing. In addition, 
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a third frequency signal is coming available. These three frequencies offer one more observation 

and are helpful to reduce the convergence time by providing the extra-WL combination to enable 

fast ambiguity resolution (Geng and Bock 2013; Li et al. 2014a; Wang 2014).  

The three-carrier ambiguity resolution is a conventional way to resolve ambiguities for triple-

frequency positioning. To be more specific, the extra-wide-lane ambiguities are fixed first using a 

5.86 meter wavelength based on the MW combination between L2 and L5. Then the L1/L2 WL 

ambiguities are resolved with the help of the fixed L2/L5 extra WL combination, the L1/L2 MW 

combination, and their corresponding IF combination. According to Li et al. (2014a), a few 

minutes were sufficient to acquire reliable fixed solutions based on simulation data. Similarly, 

Wang (2014) achieved instantaneous AR, comparable to RTK. Geng and Bock (2013) also 

confirmed the efficiency of fix ing ambiguities using triple frequencies, and they held that a few 

minutes were still required under strong multipath conditions. Diverse frequency signals are robust 

and immune to interference. When accidental interference with the L2 frequency occurs, users can 

still track the L1 and L5 signals. 

2.4.3 Multi -GNSS PPP 

Conducting PPP with multiple constellations is what multi-GNSS PPP denotes. It increases the 

number of satellites, and more satellites mean the geometry is strengthened. For PPP in static 

mode, the accuracy after the convergence of 60 minutes is marginally improved. But for PPP in 

kinematic mode, the enhanced convergence time is significant. 

Cai and Gao (2013) showed a 30% enhancement in the convergence time when GLONASS is 

added. When GPS and GLONASS are harnessed, Tu (2013) reported that the raw measurements 

shorten the convergence time to within 10 minutes at a threshold of 10 centimeters in the horizontal 



50 

 

direction. Lou et al. (2016) found that the convergence time to a horizontal accuracy of 10 

centimeters was reduced from 36.5 to 16.5 minutes, at a 68% confidence level. Liu et al. (2016) 

implemented a four constellation PPP and achieved the following positioning accuracies for 

static/kinematic modes: 6.2 mm / 2.1 cm (North), 6.0 mm / 2.2 cm (East), and 9.3 mm / 4.9 cm 

(Vertical). 

Multi -GNSS PPP is advantageous in adverse environments like an urban canyon because there are 

new signals and more satellites (Odijk 2014). New signals enable the acquisition of the low signal-

to-noise ratio and sensitive tracking. More satellites also increase the robustness and continuous 

positioning in environments that are adverse or obstructed. For example, in an urban canyon, multi-

GNSS users can achieve precise positioning even with a high elevation cut off, up to 40o (Li et al. 

2015a). However, when the sky blockage is severe, any improvement is insignificant, because 

observing three or eight satellites along a line does not make much difference. However, Multi -

GNSS PPP does not guarantee more accuracy (Odijk 2014). The two challenges for multi-GNSS 

PPP are AR and cycle slip detection. More satellites result in more ambiguities and cycle slips. 

And a large ambiguity vector will slow down the AR. 

2.4.4 PPP-RTK 

PPP and RTK are not mutually exclusive. By improving the way to model errors and how to 

transmit these errors, PPP-RTK has been advanced to reduce convergence time and meet practical 

applications (Geng et al. 2011; Teunissen and Khodabandeh 2015; Wübbena et al. 2005). PPP-

RTK can incorporate global and regional services to achieve faster PPP and AR. PPP-RTK is also 

advantageous in communicating error corrections using SSR. In contrast to PPP-RTK, network 

RTK needs users sending their approximate coordinates to correction service providers. Then the 
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correction service providers add errors to virtual observations and transmit in Observation State 

Representation (OSR) to the subscribers. This two-way communication and unique correction 

service make RTK hard to mass market. To overcome the two-way communication, PPP-RTK 

employs SSR and transmits the corrections via using the internet or GEOs. Wübbena et al. (2005) 

first proposed SSR by implementing PPP in real time. SSR has three noteworthy advantages: (1) 

SSR represents each error and its variance individually. Each error can be modeled accurately by 

considering different properties. It is also easy to identify the problem which error has a problem; 

(2) low bandwidth is enough for large areas. The low update rate is accurate enough for stable 

parameters like orbit and atmospheric corrections, and the high update rate is needed for 

parameters like clocks that depend on accuracy requirements; and (3) errors are independent of 

reference stations. This means PPP-RTK can achieve seamless and consistent positioning with or 

without a network, and with a high level of flexibility and scalability. 

Regarding the convergence time of PPP-RTK, Li et al. (2011) held that PPP-RTK can potentially 

offer solutions similar to RTK, but only when the orbit, clock, and phase and code bias products, 

and the precise atmospheric delays are provided. However, Geng et al. (2011) thought that 15 to 

30 minutes are still needed to obtain reliable AR, and they fixed the WL using the MW 

combination with no atmospheric constraint. Zhang et al. (2011) implemented both dual- and 

single-frequency PPP-RTK and significantly improved positioning accuracy from decimeter to 

centimeter levels, at the horizontal components. Zhang et al. found that a convergence time of five 

minutes can be achieved; and the overall average is 15 minutes. 
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2.4.5 Integration of Inertial Navigation System and PPP 

The Inertial Navigation System (INS) provides relatively accurate positioning in a short time with 

a data rate exceeding 200 hertz. But its accuracy is confined to long-term errors when sensor errors 

accumulate. The GNSS offers absolute positioning and at a lower output data rate. But the GNSS 

signals cannot be received indoor and are influenced by many factors, like tall buildings, tunnels, 

and trees. The integration of the INS and GNSS becomes important in the real-time applications 

for offering continuous and reliable positioning solutions, especially in challenging environments 

like urban canyons or forests where signal interference and blockage is frequent. 

GNSS signal interruptions cause cycle slips and result in a re-convergence period. The re-

convergence happens when a receiver loses its lock on one or more satellites. Re-convergence 

frequently occurs in adverse environments. 

INS is helpful for detecting and identifying the cycle slips as it offers a short period of prediction. 

Kjørsvik et al. (2010) examined loosely- and tightly-coupled integration of PPP with the aid of a 

medium-accuracy Inertial Measurement Unit (IMU). They found that the loosely-coupled 

integration had a marginal effect compared to the pure PPP. By contrast, the tightly-coupled 

integration improved the accuracy by 30 to 40%. Du and Gao (2012) tested tactical- and consumer-

grade IMUs to detect and identify cycle slips, and both IMUs achieved high levels of confidence 

performance. Rabbou and El-Rabbany (2015) implemented the tightly-coupled integration of PPP 

and Micro-Electro-Mechanical Systems (MEMS). They achieved sub-meter level positioning 

accuracy during a 60-second outage and decimeter-level accuracy when the outage was 10 to 30 

seconds.  
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2.4.6 Tropospheric constraints for faster PPP 

When the first-order ionospheric delays are eliminated from the Traditional IF PPP model, the 

troposphere becomes the largest source of unmodeled errors. Tropospheric delays are composed 

of hydrostatic and wet delays, with a magnitude of around two meters. The hydrostatic part, the 

majority component, makes up 90% of tropospheric delays. It can be modeled and corrected to 

millimeter accuracy (Misra and Enge 2012). However, the wet part is hard to model due to rapid 

variations of the water vapor. Therefore, the wet part is usually estimated. When a priori 

information for the wet delay comes available, it can be applied to constrain tropospheric delays 

from the coordinate parameters to shorten the convergence time. This especially reduces the 

correlation with the height component. 

Shi et al. (2014) described the delivery of tropospheric corrections by means of one-way 

communication from server to user. They achieved, after a 20-minute convergence, a positioning 

accuracy of 9.2 centimeters horizontally and 10.1 centimeters vertically, in contrast to 13.2 

centimeters and 18.3 centimeters without tropospheric augmentation. Oliveira et al. (2016) further 

extended this method to a second-order fitting model by adding GLONASS to GPS solutions. But 

the accuracy was only marginally improved: 2% (East), 5% (North), and 13% (Vertical). 

2.5 Summary 

PPP has become an important precise positioning technique of many commercial products, such 

as RTX and OmniStar from Trimble, Geo++, u-blox, Qianxunweizhi, TerraStar from Novatel, 

Veripos, StarFix in Fugro, Starfire from NavCom as part of John Deere. The PPP applications and 

users will increase over time as PPP is continually improved. This is due to three strengths that 
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PPP has: PPP simplifies data processing; it holds the promise of centimeter-level accuracy; and it 

does not require reference stations. 
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 Ionospheric Characteristics and Modeling 

Ionospheric modeling is the way to separate the ionospheric TEC from the biases, because satellite 

and receiver DCBs corrupt the GNSS ionospheric observables. To better understand ionospheric 

modeling, the relevant characteristics of the ionosphere are reviewed in section 3.1. Section 3.2 

gives the related information of ionospheric modeling including strategies, MFs, the commonly 

used ionospheric models, and the ways to evaluate the performance of different ionospheric 

models. 

3.1 Ionosphere characteristics  

The ionosphere ranges from about 60 to 1000 kilometers above the Earthôs surface. It is the 

dynamic and ionized part of the upper atmosphere, containing significant numbers of free electrons 

and ions. Ultra-violet and wavelength photons from cosmic and solar radiation cause the 

ionization.  

The ionosphere is stratified into four layers, D, E, F1, and F2 (Böhm and Schuh 2013). Figure 3-1 

profiles electron density during day and night at solar maximum and solar minimum, measured 

against altitude. The two solid lines are at solar maximum for the day and night, and the two dashed 

lines are at the solar minimum. 
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Figure 3-1 Electron concentrations during day and night at solar maximum and solar 

minimum. The solid lines map the value of solar maximum years and the dashed lines of 

the solar minimum years (https://rexuscats.wikispaces.com/Science). 

The D layer is closest to the earth. It ranges from 60 to 90 kilometers and has thin electrons. The 

normal electron density is around ρπ ÃÍ . At night, the ions and electrons combine and cause 

the D layer to vanish. This produces distinct variations in the electron density close to sunrise and 

sunset. 

The E layer ranges from 90 to 140 kilometers above the Earth and has a typical electron density 

of ρπ ÃÍ . This layer becomes thin at night but does not vanish. It depends on solar activities 

and is less affected by magnetic disturbances. Therefore, the Chapman model can adequately 

explain the vertical electron density of the E layer. 

https://rexuscats.wikispaces.com/Science
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Next comes the F1 layer which ranges from 140 to 200 kilometers. The typical electron density in 

this layer is ρπ ÃÍ . The layer exists during the day but disappears at night, as the solar zenith 

angle controls the layer. Its electron density in the summer is larger than winter. This region can 

be reasonably explained by the Chapman model. 

The F2 layer stretches from 200 to 1000 kilometers. This stratum has the maximum electron 

density, around ρπ ρπ ÃÍ  at an altitude of 300 to 400 kilometers. This F2 layer has the 

most variations and anomalies. We explain the anomalies below in the subsection 3.1.2.1. 

3.1.1 Variations of the ionosphere 

The ionosphere is characterized by large-scale changes and sudden fluctuations that depend on 

solar activities. We describe the temporal and spatial variations during quiet and disturbed solar 

geomagnetic conditions in this subsection. 

3.1.1.1 Regular variations in the ionosphere 

Cycles of solar activity directly affect the ionosphere. One such cycle, the 11-year cycle, is related 

to the solar cycle. The Wolf sunspot number and the 10.7 centimeter solar radio flux are two ways 

to characterize solar activity. A sunspot is a darker and cooler region on the surface or photosphere 

of the Sun. Like the Earthôs magnetic field, sunspots are the Sunôs magnetic field but thousands of 

times stronger (Sunspots and the Solar Max  2018). A sunspot can last from several hours to several 

months. The number of sunspots is computed with the number of group sunspot (denoted by Ὣ) 

and a number of individual sunspots (denoted by ί): 

  Ὑ ρπὫ ί (3-1) 
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Figure 3-2 covers three solar cycles and predictions based on sunspot numbers. At the time of 

writing, we are in cycle 24. The sunspot numbers in the maximum year are less than the previous 

two years. And the sunspot numbers are decreasing in these three cycles. 

 

Figure 3-2 Solar cycle prediction, from NASA (Solar Cycle Prediction  2017). 

The 10.7 centimeter solar radio flux (Ὂ Ȣ) measures the total emission of 10.7 centimeter 

wavelengths. Measurements of the wavelengths are at 10.7 centimeters because the wavelengths 

are sensitive to conditions in the upper atmosphere. As we can see from Figure 3-3, the Ὂ Ȣ 

mirrors well the sunspot numbers. 
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Figure 3-3 The monthly average radio emission at a wavelength of 10.7 cm. The vertical 

scale units are in solar flux units ( ▼█◊  ╦□ ╗◑ ) (Tapping 2013). 

The diurnal anomaly denotes that the electron density peak at 14:00 local time. Since the ion 

production rates are closely related to the intensity of solar activity, the electron density ought to 

peak when the sun is overhead at noon local time. However, the number of electrons peaks at 14:00 

local time because the recombination process causes a loss of electrons. When the ions and 

electrons at noon are at maximum, the recombination is also high. Therefore, the maximum 

number of electrons occurs at 14:00 local time when production and recombination process 

balances are considered. 

The season anomaly means the number of electrons at noon is higher in winter than summer. What 

causes this season anomaly is similar to the diurnal anomaly that the recombination rate is higher 

in summer than winter. The [O] is in proportion to the Photoionization rate, and [ὔ ] and [ὕ] are 

proportional to the recombination rate (Buonsanto 1999). However, [ὔ  becomes less active in 

cold (Jakobsen 2010), which results in lower recombination rate in winter. This occurrence is more 

noticeable at the middle than the low and high latitudes.  
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The equatorial anomaly is also called the Appleton or Geomagnetic anomaly. It happens when 

ions and electrons move from the magnetic equator to about ρυ north or south of the magnetic 

equator. Assuming the neutral wind goes perpendicular to the magnetic field ὄᴆ, this wind pushes 

the ions west and electrons east; that is, in opposite directions. This movement creates the eastward 

electric field Ὁᴆ. Consequently, the eastward electric field Ὁᴆ and the magnetic field ὄᴆ produce an 

upward Ὁᴆ ὄᴆ movement. The velocity is diagramed in (3-2) here:  

 
ὺᴆ
Ὁᴆ ὄᴆ

ὄᴆ
 (3-2) 

This dynamic results in a plasma fountain (Skone 2007); it causes a double-humped structure 

around the equator. 

Geographic variations describe how ionospheric electrons are distributed geographically. The 

geomagnetic field is essential for forming the ionosphere (Komjathy 1997). Based on different 

latitudes and the geomagnetic field, the ionospheric regions are divided into equatorial, mid-

latitude, and auroral (polar) regions, as seen in Figure 3-4: 
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Figure 3-4 Geomagnetic and ionospheric regions (Memarzadeh 2009). 

The equatorial region extends to ςπ north and south of the geomagnetic equator (Memarzadeh 

2009). This region typically has the largest electron density, and it easily suffers from ionospheric 

scintillation. The equatorial anomaly is one of the most common anomalies.  

The mid-latitude regions, the most stable and least disturbed, stretch from the edge of the equatorial 

to geomagnetic φπ north and south. Most GNSS instruments are in the Northern Hemisphere mid-

latitude region. Hence, the Northern Hemisphere mid-latitude region is easy to model. 

The auroral regions cover from φπ to the poles. The magnetic field line in the auroral region is 

almost vertical and this results in more charged particles descending to the E layer. The aurora is 

a visible manifestation of this. This region can be subdivided into the auroral zone, from φυ to 

χυ, and polar ice cap. 
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3.1.1.2 Disturbances in the ionosphere 

Geomagnetic storms are disturbances in the geomagnetic field. A geomagnetically quiet day 

signifies that the geomagnetic field changes slowly and gradually. By contrast, disturbed days 

signify sudden and rapid variations in the geomagnetic field. The Sun emits or ejects large, charged 

particles, known as the solar wind. When these particles explode on the surface of the Sun, the 

Earthôs geomagnetic fields are severely affected. These explosions account for geomagnetic 

storms and aurora.  

Ionospheric storms are ionospheric disturbances that appear following geomagnetic storms and 

can be characterized by three phases (Buonsanto 1999). In the initial or positive phase, the electron 

density is enhanced and reaches its peak or highest point, when compared to the pre-storm normal 

status, and lasts several hours. In the negative phase, the previous peak electron density decreases, 

and it can last a few days. In the recovery phase, the ionosphere electron density returns to normal. 

Two indices, the Kp and Dst, indicate geomagnetic activity. Extracted from 13 magnetic 

observations, the Kp index averages the planetary horizontal intensity of the magnetic field. The 

planetary Kp index ranges from zero to nine corresponding to minor and extreme storms. Figure 

3-5 shows the Kp index, November 26 to 29, 2017, from the National Oceanic and Atmospheric 

Administration (NOAA). The green bars indicate minor geomagnetic disturbances, the yellow and 

red major disturbances. The figure shows that a geomagnetic or ionospheric storm possibly 

occurred on May 28, 2017. 
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Figure 3-5 Kp index from NOAA (Planetary K-index  2018). 

The other index, the Dst, reflects disturbances in the geomagnetic field near the equator. Dst is 

negative under the geomagnetic disturbance. The smaller the value is, the more severe the 

geomagnetic disturbance. Figure 3-6 below presents the Dst index from the World Data Center 

(WDC) for geomagnetism in May 2017. The data show that a geomagnetic disturbance occurred 

May 28. This aligns with the Kp index. 

 

Figure 3-6 WDC for  geomagnetism, Kyoto (World Data Center for Geomagnetism  2017). 
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3.1.2 Ionospheric propagation of GNSS signals 

3.1.2.1 Refraction effects of the ionosphere 

The velocity of radio signal propagation in a vacuum is constant, at the speed of light, ὧ σ ρπ 

meter/second, but when the signal enters the atmosphere, it refracts causing velocity change. The 

refractive index of a medium (ὲ) is the ratio of the speed of light to the speed (ὧ)  and the speed in 

the ionospheric medium (ὺ) (Misra and Enge 2012): 

 ὲ
ὧ

ὺ
 (3-3) 

When the refractive index is considered along with the propagation path, the atmospheric delay 

due to refraction can be mapped: 

 
”‏ ὲὰὨὰ” ὲ ρὨὰ (3-4) 

where 

Ὕ is the transmitter; 

Ὑ is the receiver; 

Ὠὰ is the differential length element; and 

”  is the distance between receivers and transmitters. 

To calculate ionospheric delays, the Appleton-Hartree equation gives the phase refractive index ὲ 

of the ionosphere, as seen here (Petit and Luzum 2010): 
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where ὢ ȟὣ ὧέί—ȟὣ ίὭὲ—; — is the angle between the magnetic field ὄᴆ and 

the propagation path; ‫ ς“Ὢ is the circular frequency to frequency Ὢ, which apply to plasma 

‫ , plasma frequency Ὢ, gyro ‫ , gyro frequency Ὢ as well; and ‫ ; ‫ . 

In addition, the electron plasma and gyro frequencies are:  

 Ὢȟ ω ὓὌᾀȟὪȟ ρȢτ ὓὌᾀ (3-6) 

Due to the GNSS signal frequencies ὪḻὪ and ὪḻὪ, the equation in (3-5) above can be 

expanded into the Taylor series, as shown here in (3-7): 
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where ὣ ὣ ὣ Ȣ 

3.1.2.2 Total Electron Content and ionospheric delay or advance 

Once the phase refractive index ὲ of the ionosphere has been approximated and the physical 

constants substituted (see above (3-5)), the refraction effects for carrier phase and code can then 

be converted to the geometric delay or advance. Integrating the traveling speed along the 

propagation path generates this delay or advance. We derive the range propagation difference for 

carrier phase and code here (Petit and Luzum 2010): 
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where 

ὰȟ  is the range propagation difference for carrier phase at a frequency Ὢ; 

ὰȟ  is the range propagation difference for the code at a frequency Ὢ; 

ί τπȢσπωϽ᷿ὔὨὰ; 

Ὓ ρȢρςψτϽρπ ὄ᷿ὧέί—ὔὨὰ; 

Ὓ ψρςȢτς᷿ὔὨ” ρȢυχωσϽρπ ὔ᷿ὄ ρ ὧέί—Ὠὰ;  

ὄ  is the magnetic intensity at the IPP located at the intersection between the ray path going 

from satellite to reference receiver and the thin shell (in Tesla); and 

—  is the angle between the direction of signal ray propagation and the magnetic field ὄᴆ at the 

IPP. 

Equation (3-9) above shows that the ionospheric errors are negative for carrier phase and positive 

for pseudorange. This means the phase signals advance, whereas the group signals are delayed. 

The term  is called the first-order ionospheric delay. Similarly, the terms  and  are the 

second- and third-order delays or high-order ionospheric delays (Petrie et al. 2011). 

The first-order ionospheric delay or advance is inversely proportional to the square of the 

frequency and is directly proportional to the TEC. The magnitude of the first-order ionosphere 
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effects is at meters and can be up to tens of meters during high-solar activity. The slant delays can 

be larger than 100 meters, especially when a satellite is acquired at a low satellite observing 

elevation during signal propagation. The first-order ionosphere delay is about 99.9% of the 

ionosphere effects. The second- or higher-order ionospheric delays are 1000 times smaller than 

the first-order errors, at millimeter to centimeter levels. The higher-order effects are often ignored 

during conventional data processing due to marginal effects. 

Based on the ionospheric delay (3-9) above, TEC is essential for calculating ionospheric errors. 

This parameter is the cumulative number of electrons along the propagation path with a column of 

ρ ά : 

 
4%# ὔὩὨὰ (3-10) 

TEC is represented in a unit of ρπ el/m2. One TECU corresponds to the 0.16 meter delay for L1 

and 0.27 meter for L2. As the ionosphere is governed by the Solar, TEC variations depend on the 

solar activity. TEC also has a solar cycle, together with seasonal, diurnal, and location features.  

3.1.2.3 Scintillation 

Ionospheric irregularities or turbulences cause scintillation, a rapid and random fluctuation of 

GNSS signals. It results in short-term fading. When scintillation is severe, loss of signal lock 

occurs, especially when the signal intensity is lower than the tracking threshold. In addition, L2 

and L5 signals are more vulnerable to scintillation than L1 signals (Kintner et al. 2007).  

Scintillation comes in two forms, amplitude and phase. The Ὓ index is used to characterize 

amplitude scintillation. We get the Ὓ index by dividing the STD of signal intensity (Ὅ) by its 

average for a given of period, usually in 60 second intervals: 
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where ộỚ is the expectation algorithm. Ὓ ranges from zero to one. The value from zero to 0.3 

represents weak scintillation, from 0.3 to 0.6 medium, and from 0.6 to 1.0 strong. 

Phase scintillation is quantified by the „  index. This index is the STD of the received phase over 

a given period. When the value of „  is larger than υ, strong scintillation occurs. 

Scintillation relies on the geomagnetic latitude because the geomagnetic field affects the 

ionosphere. Scintillation typically occurs after sunset at low and high latitudes. Doherty et al. 

(2003) showed that when amplitude scintillation occurs at the equatorial region, phase scintillation 

may or may not happen. But when phase scintillation happens, amplitude scintillation is always 

present. For the aurora region, phase scintillation is more frequent than the amplitude scintillation. 

3.1.2.4 Positioning under disturbed conditions 

Under disturbed solar geomagnetic conditions, GNSS signals fluctuate triggering problems (Zhang 

et al. 2014). First, severe enough signal fluctuations can result in loss of signal lock to one or more 

satellites. The losses decrease the observability of satellites and increase the dilution of position or 

result in poor positioning and sometimes even failure of positioning. 

Second, poor receiver performance during disturbed ionospheric conditions results in unreliable 

observations (Skone 2001). Least Squares or Kalman Filtering are the two estimation methods for 

positioning. Both estimation methods assume the data are Gaussian distribution. Blunders will 

deteriorate the estimation solutions. An effective way to detect and isolate blunders under 

disturbed ionospheric condition becomes essential. 
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Third, the disturbed ionosphere will lead to frequent cycle slips. Detecting cycle slips becomes 

challenging because of large ionospheric gradients (Liu 2011). The geometry-free combination is 

the current way to detect cycle slips. A smaller threshold can result in false detections that generate 

unnecessary reinitializations, resulting in worse positioning solutions. By contrast, a larger 

threshold can miss a cycle slip. Missing a cycle slip takes a long time to find errors. These three 

challenges that the disturbed ionosphere pose need to be addressed for accurate and reliable 

positioning accuracy. 

3.2 Ionospheric modeling 

Ionospheric modeling separates pure ionospheric information from DCBs. In subsection 3.2.1 we 

describe assumptions in ionospheric modeling. In subsection 3.2.2 we review five types of MFs 

and their differences. In subsection 3.2.3 we explain the mathematical functions to model the 

ionosphere. In subsection 3.2.4 we show four ionospheric models. In subsection 3.2.5 we 

summarize the approaches to evaluate the ionospheric models. 

3.2.1 Ionospheric modeling assumptions 

Ionospheric modeling has been studied since the late twentieth century (Lanyi and Roth 1988; 

Mannucci et al. 1998). The common way to model the ionosphere assumes the ionosphere is 

condensed into an infinitesimal layer. Table 3-1 below summarizes fundamentals, assumptions, 

and strategies of ionospheric modeling. 
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Table 3-1 Specifications and strategies for  ionospheric modeling 

Strategies Ionospheric modeling 

Ionospheric Model Mathematical models 

Elevation cut-off 20o 

Coordinate frame 
Geographic frame for one station; a geomagnetic frame for the 

globe 

Height Fixed height of 450 km or varying height 

Satellite and receiver 

DCB separation 

Satellite DCBs are the same for all the receivers; Zero-mean 

reference of all available satellites 

Assumptions 

¶ The ionospheric electron content is condensed in an infinitesimal 

thickness layer; 

¶ An MF projects the STEC to the VTEC; 

¶ The bias is assumed to be constant during the day. 

 

An MF is required to project the STEC to VTEC. This will be explained in subsection 3.2.2. The 

projected VTEC is then modeled using equations in subsection 3.2.3. This modeling process 

separates the ionosphere from the biases in the ionospheric observables, as seen here: 

 ὒ Ὅ Ὅρ Ὀὅὄί Ὀὅὄὶ ‐ 
            ὓὊ ὑ ὠὝὉὅ•Ὥὖὖȟ‗Ὥὖὖ Ὀὅὄί Ὀὅὄὶ ‐ 

 (3-12) 

where 

ὓὊ    is the MF; 

ᾀᴂ    is the zenith angle at the IPP (rad); 
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ὠὝὉὅὯ•Ὅὖὖȟ‗Ὅὖὖ  is the vertical TEC;  

VTEC  is modeled as a General Triangle Series Function (GTSF) of latitude and 

local time;  

•Ὅὖὖ   ÁÎÄ ‗Ὅὖὖ  are the latitude and longitude of the IPP;   

Ὀὅὄί  ÁÎÄ Ὀὅὄὶ are the satellite and receiver DCBs; and 

ὑ τπȢσ ρπ. 

The IPP location can be calculated:  

 

ừ
Ử
Ừ

Ử
ứ•ὭὖὖÁÒÃÓÉÎÓÉÎ•ὶ ÃÏÓЎᾀ ÃÏÓ•ὶ ÓÉÎЎᾀ ÃÏÓ ὃᾀ

‗Ὥὖὖ ‗ὶ ÁÒÃÓÉÎ
ÓÉÎЎᾀ ÓÉÎ ὃᾀ

ÓÉÎ•Ὥὖὖ

 (3-13) 

where  

•Ὥὴὴ and ‗Ὥὴὴ  are the latitude and longitude of IPP; 

•ὶ  ÁÎÄ ‗ὶ  are the latitude and longitude of the receiver location;  

ὃᾀ   is the azimuth angle; and 

Ўᾀ ᾀ ᾀ. 

3.2.2 Overview of existing Mapping Functions 

The STEC is the integration of electron density along the propagation path. When we discretize 

the line-of-sight STEC between a receiver and satellite (Hernández-Pajares et al. 2011), we express 

STEC as: 
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34%# ὔ Ὠί ὔ ί‏
ὔ Ὠ‏

Ὠ‏
ί‏

ὠ‏

ὧέίᾀ
ὓ‏ὠ 

(3-14) 

where 

ί and ὶ  represent the satellite and receiver; 

ὔ    is the ionospheric electron density; 

Ὠί   is the element of line-of-sight distance; 

ὲ   is the number of discretized layers; 

Ὥ   is one of the discretized layers; 

 ;Ὠ  are the slant and vertical height element of the Ὥ layer‏ ί ÁÎÄ‏

ᾀ   is the zenith distance at IPP of the Ὥ layer; 

 ὠ   is the vertical electron content of the Ὥ layer; and‏

ὓ    is the MF of the Ὥ layer. 

With ὲ ρ, the ionospheric electrons are condensed into a single spherical shell with an 

infinitesimal thickness. Figure 3-7 maps the scheme of the ionospheric SLM. In the figure, the 

varying line around the fixed height denotes the varying ionosphere.  
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Figure 3-7 Scheme of the ionospheric SLM. 

The MF can be derived below as (3-16) based on the SLM assumption, when we give the law of 

sines between the zenith angle ᾀ at the IPP and ᾀ at a receiver station in equation  (3-15). 

ίὭὲᾀ

Ὑ

ίὭὲᾀ

Ὑ Ὄ
 (3-15) 

ὓὊ ρȾЍρ ÓÉÎᾀ ρȾρ ÓÉÎᾀ ρȾρ ÃÏÓ Ὁὰ   (3-16) 

where 

Ὑ  is the radius of the earth (about 6371 km); 

Ὄ   is the effective height of the SLM; 

Ὅὖὖ  is the intersection of the propagation path and the layer;  

ᾀ  is the angle distance at the IPP; 

z  is the zenith distance at station along the lines of sight; and 

Ὁὰ  is the elevation at a receiver station. 
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The MF has been extensively investigated in ionospheric modeling. We now turn to summarize 

the most important MFs and their working assumptions.  

Fixed height MF. This is the simplest and most commonly used. Equation (3-17) shows the 

broadcast model used in GPS (Klobuchar 1987). Later, Schaer (1999) modified the SLM MF to 

approximate the extended slab model from the Jet Propulsion Laboratory (JPL) by scaling the 

zenith angle, as shown in (3-18): 

ὓὊ ρ ς
ᾀ φ

ωφ
 (3-17) 

-&
ρ

ÃÏÓᾀ

ρ

ρ
Ὑ

Ὑ Ὄ ÓÉÎ‌ᾀ

 

(3-18) 

where ‌ is a coefficient of the zenith angle, which Schaer (1999) recommends establishing at 

0.9782 with a height of 506.7 kilometers.  

MF that assumes the ionosphere has a spherical shell with a homogeneous thickness. Coster et al. 

(1992) first studied the extended slab model. Smith et al. (2008) described how the spherical shell 

model expresses the homogeneous distribution of electrons. We give the MF for the spherical shell 

model with a thickness in (3-19), where we can see that it has more terms than the SLM MF. Smith 

et al. (2008) held that, regardless of the thickness, the MF can be overestimated up to 15% when 

the zenith angle of IPP is smaller than 70 o. 

ὓὊ
ρ

ÃÏÓᾀ

ÃÏÓᾀ ρ

ψὶÃÏÓᾀ
Ὠ

χ ρπÃÏÓᾀ σÃÏÓᾀ

ρςψὶÃÏÓᾀ
Ὠ ȢȢȢ (3-19) 

where Ὠ is the height of assumed thickness, and ὶ is the shell radius.  
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GNSS data derived MF. Birch et al. (2002) proposed to obtain the effective height using GNSS 

data by calculating the inclination rate between the zenithal and slant observations. They 

concluded that 600 to 1200 kilometers was preferable. Clynch et al. (1989) recommended a 

polynomial MF from least-square, also known as the Q-factor MF (Schaer 1999), to fit the TEC 

ratios. They assumed a homogeneous distribution, as equation (3-20) shows. Jin et al. (2010) 

claimed that the plasmasphere contributes the main cause of mapping errors. They suggested an 

empirical height equal to the height of the maximum density of the F2 layer (HmF2), plus 450 

kilometers for the year 2006.  

-& ὥ ὥ ὼ ὥ ὼ ὥ ὼ 
(3-20) 

where ὼ Ƞ ὥ ρȢπςπφȠὥ πȢτφφσȠὥ σȢυπυυȠÁÎÄ ὥ ρȢψτρυ. 

MF based on empirical models such as the IRI model, the Chapman profile, and 3D models. These 

empirical models calculate the average height of electron density or the integral height along the 

line of sight (Conker and El-Arini 2002; Zhong et al. 2016a). The Chapman profile is given in 

equation (3-21). With Ὤ at 350 km and the scale height ῳὬ of 100 km, the integral height is 473 

kilometers: 

ὔ ὔȟὩ
Ȣ ȟ ᾀ

Ὤ Ὤ

ῳὬ
 (3-21) 

where 

ὔ   is the electron density; 

Ὤ  is the height; 

h0  is the reference height of maximum ion production when the Sun is overhead; and 

ЎÈ  is the scale height. 
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Based on a 3D model, Smith et al. (2008) introduced a modified MF to minimize the mapping 

errors: 

-&
ρ

ὧέίᾀ ρ ὴρππϳ
 (3-22) 

where ὴ, which depends on elevation and effective height, is the percent error.   

Varying height MF. Solar activity, as the main driver of the ionosphere, has a cycle. For example, 

the electron contents at noon are larger than at midnight. Conversely, the height at noon is lower 

than at night. As mentioned in Chapter One, Komjathy and Langley (1996) showed that the integral 

height changes up to 150 kilometers between day and night using the IRI 90. Similarly, Mushini 

et al. (2009) investigated the IVH from ionosonde. And Leitinger et al. (1998) proposed a latitude-

dependent variable mean height to consider the latitude gradient.  

We display five MFs in Figure 3-8. The box on the left shows the MFs against elevation. The MFs 

range from 1.0 to 3.5 and decrease as a function of the elevation and height. That is to say, the 

lower the fixed height and elevation, the larger the MF. To visualize how MFs differ from each 

other, the box on the right shows the relative deviation of MFs when 450 kilometers is selected as 

the reference. The Q-factor (i.e., the GNSS data derived MF) and US-TEC MFs have a minute 

system bias at the 90o elevation due to the function fitting. The Klobuchar and Q-factor MFs reveal 

a fluctuation in elevation and are slightly smaller than the MF of 450 km. MFs of SLM-350, 

modified-SLM, and US-TEC are larger than the reference of 450 km. The mapping differences 

between the heights of 350 and 450 kilometers are up to 10% at an elevation mask of 10o.    
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Figure 3-8 MFs against elevation (left); the relative deviation when SLM-450 is selected as 

the reference (right).  

3.2.3 Mathematical models of VTEC 

VTEC for the local level or region can be represented using the Taylor series expansion, as seen 

at (3-23) below (Schaer 1999). The coefficients are estimated every two hours and sometimes as 

frequently as every five minutes: 

 

ὠὝὉὅ Ὁ • • ‗ ‗

  

 (3-23) 

where  

Î  ÁÎÄ  Í   are the maximum orders of the polynomial function in latitude and 

longitude; 

Ὁ     is the unknown coefficient of the polynomial function; 

 •  ÁÎÄ •    are the latitude of the IPP and the center latitude; and 

‗  ÁÎÄ ‗   are the longitude of the IPP and the center longitude. 
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VTEC can also be expanded using the trigonometric series function for a day, as seen in (3-24) 

below (Georgiadiou 1994; Yuan and Ou 2004): 

ὠὝὉὅὥ ὥὬ ὥ• Ὤ ὥ ÃÏÓὭ ρὬ ὥ ÓÉÎὭ ρὬ  (3-24) 

where  

ὥὭ ρȟȣρυ  are the unknown coefficients of the GTSF;  

ὸ ὟὝ ‗Ⱦρυ  is the local hour of IPP; 

ὟὝ    is the universe time; and 

Ὤ  . 

For the VTEC on a global scale, it is usually expressed using the spherical harmonic function for 

a period time of two hours or more (Schaer 1999): 

 

ὠὝὉὅ ὖ ίὭὲ• ὅ ÃÏÓάί Ὓ ÓÉÎ άί

  

 (3-25) 

where  

ὖ    is the normalized, associated Legendre function of degree n and order m; 

ὅ ȟὛ   are the unknown coefficients of the spherical harmonic function; 

ὲ    is the maximum degree of spherical harmonic expansion; and 

ί ‗ ‗ ‗ “ ὟὝ ‗ ὟὝ “, which is the sun-fixed longitude of the IPP. 
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3.2.4 Ionospheric models 

The ionosphere is dispersive. Dual-frequency signals can eliminate ionospheric effects by forming 

IF combinations. However, for single-frequency receiver, it is the largest source of errors. This 

subsection introduces four commonly used ionospheric models for correcting ionospheric errors. 

3.2.4.1 The broadcast ionospheric model 

The broadcast ionospheric model is designed to compensate ionospheric corrections for single-

frequency users. It is broadcasted in navigation messages. The Klobuchar model, used for GPS, 

approximates the empirical Brent model (Klobuchar 1987). It assumes that the fixed height of 

SLM is at 350 kilometers. The navigation message contains eight coefficients for determining the 

ionospheric corrections. The correction pattern for daytime is a simple cosine format, and the 

nighttime corrections are a constant value of five nanoseconds (~1.5 m). The Klobuchar model 

can correct approximately 50% of the ionospheric errors. 

The NeQuick broadcast model is designed for Galileo. It is a 3D model and this is why it 

outperforms the Klobuchar model. Unlike the eight coefficients in the Klobuchar model, all that 

is needed in the NeQuick model is a single input to compute the ionospheric corrections. This 

single key parameter is the effective ionization level, Az. It can be calculated using three 

coefficients from the broadcast messages. It achieves approximately 70% of the RMS ionospheric 

corrections. 

3.2.4.2 The International Reference Ionosphere model 

The IRI model assimilates data from ionosondes, incoherent scatter radars, Alouette topside 

sounders, and instruments on satellites and rockets. As an analytic tool, the IRI model provides the 

median or average value of the height of maximum electron density at the F2 layer (HmF2), the 
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electron density, and other parameters, depending on the location, time, and date. IRI works as a 

reference ionospheric model to validate the ionospheric parameters that are retrieved by other 

geodetic techniques. As a background model, IRI also improves the ionospheric models when few 

or no measurements from geodetic methods are available. 

3.2.4.3 Global Ionospheric Maps 

GIMs are produced continuously based on GNSS data (Hernandez-Pajares et al. 2009). As 

mentioned, single-frequency users who need up-to-date ionospheric corrections or scientists who 

want to characterize the ionosphere are the potential users. IGS provides GIMs in the format of 

IONospheric Exchange (IONEX). The spatial resolution was υЈ in longitude and ςȢυЈ in latitude 

every two hours before 2015, and one hour after (Jean and Dach 2015). The accuracy of GIMs 

ranges from two to eight TECUs, that is 0.32 to 1.28 meteres.  

3.2.4.4 The ionospheric grid model in the Satellite-Based Augmented Systems 

SBASs are designed to improve the accuracy, integrity, and availability requirements of the critical 

safety of navigation. SBASs make this possible by transmitting more precise clock, ephemeris, 

and integrity information via GEOs. SBASs usually operate in wide and regional areas. Several 

countries own their SBASs. The United States has the WAAS, the European Union has the 

European Geostationary Navigation Overlay Service (EGNOS), Japan has MTSAT 

(Multifunctional Transport Satellites) Satellite Augmentation System (MSAS), and India has GPS 

Aided GEO Augmented Navigation (GAGAN). The ionospheric grid model in the SBASs 

achieves about 85% of the ionospheric corrections (Rovira-Garcia et al. 2015b). 
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3.2.5 Accuracy evaluation of the ionospheric models 

Three ways are used to evaluate the ionospheric models. The first, external tools like the altimeters 

Topex/Poseidon can validate ionospheric models (Hernández-Pajares et al. 2017). Data from 

external tools offer uncorrelated and independent resources. However, the altimeter approach has 

three disadvantages: (1) The orbit height of the altimeter satellites is around 1300 kilometers, about 

1000 kilometers lower than the GNSS satellites. And the plasmasphere differences due to the 

altitude can be up to 10 TECU (Rovira-Garcia et al. 2015b); (2) The VTEC from the altimeter 

satellites is also corrupted by biases, up to five TECU; (3) The data from altimeters are available 

only over oceans whereas the GNSS data are mainly restricted to land. This discrepancy makes it 

difficult to evaluate ionospheric model errors from both oceans and land. 

Secondly, the ionospheric corrections can also be evaluated directly using the observed STEC from 

other dual-frequency GNSS receivers (Feltens et al. 2011). This method, which uses GNSS 

observations to evaluate ionospheric models, is also known as the self-consistency method (Orus 

et al. 2005). Satellite and receiver DCBs contaminate the GNSS-based ionospheric observables. 

To repeat, ionospheric modeling separates the ionospheric information from the biases. The 

modeled VTEC is the clean and unbiased ionospheric information without any biases. Meanwhile, 

differences between two epochs for continuous arcs of phase measurements cancel the satellite 

and receiver biases. The differences between the two epochs are at centimeter level accuracy. The 

differential STEC (dSTEC) is defined as the STEC differences between the observed STEC, based 

on carrier phase measurements at consecutive arcs, and the computed STEC. We show it here: 

 ὨὛὝὉὅὙὓὛὒὸρ ίὝὉὅ ὸρ ὒὸς ίὝὉὅ ὸς  (3-26) 
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where ὒ ɮ ɮ ὛὝὉὅὄ; ὸρ and ὸ are the two different times for a continuous arc. 

This self-consistency method can evaluate the VTEC, the MF, and their variations with a time 

evolution. 

Positioning is a third way to test the accuracy of the ionospheric corrections. Øvstedal (2002) 

evaluated the broadcast Klobuchar model, a modified version of the Klobuchar model, and the 

GIMs. Similarly, Chen and Gao (2005) implemented several ionospheric mitigation methods for 

single-frequency PPP, and GIMs performed better than in other models. Li et al. (2014b) suggested 

a satellite-based ionospheric model using STEC directly for a regional network to reduce the 

mapping errors. 

3.3 Summary 

The characteristics of the ionosphere lay concrete foundations for ionospheric modeling. The 

chapter reviews the temporal and spatial variations of the ionosphere, and the ionospheric effects 

on GNSS signals. The chapter rounds out with the related knowledge of ionospheric modeling, 

including the assumptions for ionospheric modeling, the mapping functions, the mathematical 

models of the ionospheric modeling, and evaluation of ionospheric models. 
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 Obtaining and Analyzing Ionospheric Observables with PPP 

As we explained in Chapter One, the ionospheric observables from the carrier phase smoothed 

code measurements are affected by leveling errors. PPP offers a preferable way to obtain 

ionospheric observables and effectively reduce these leveling errors. Ionospheric observables 

using PPP are more accurate than using the carrier phase smoothed code method. We address the 

dissertationôs first key engine, implementing PPP to obtain and reconstruct ionospheric 

observables and compare them to the carrier phase smoothed code method. 

In section 4.1 we derive ionospheric observables using the Traditional IF, UofC, and UPPP models 

and the carrier phase smoothed code method. In section 4.2 we describe the method for evaluating 

the consistency of the different ionospheric observables. In section 4.3 we apply this method to 

ionospheric observables, and then we analyze the results and the consistency of the ionospheric 

observables. 

4.1 Ionospheric observables 

Subtracting one frequency observation from the other frequency observation at the same satellite 

simultaneously forms the geometry-free combination of code and phase measurements. These 

measurements cancel the frequency-independent components and are key for acquiring 

ionospheric information, as diagramed in these two equations: 

ὖ ὖ ὖ                                                              

Ὅ Ὅ ὦ ὦ ὦ ὦ Ѝς‐

Ὅ Ὅ Ὀὅὄϳ Ὀὅὄϳ Ѝς‐

 (4-1) 
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Ὅ Ὅ ‗ὔ ‗ὔ ὦ ὦ ὦ ὦ Ѝς‐

Ὅ Ὅ ὄ Ὀὖὄϳ Ὀὖὄϳ Ѝς‐      

 (4-2) 

where  

ὖ  is the code geometry-free combination;  

    is the carrier phase geometry-free combination;  

Ὀὅὄί are differential code biases with  ὈὅὄȾ ὦ ὦ ; and 

Ὀὖὄί are differential phase biases with  Ὀὖὄ Ⱦ ὦ ὦ . 

Ionospheric ambiguity is defined as ὄ ‗ὔ ‗ὔ . As shown in (4-1) and (4-2), the arc-

related ὄ needs to be resolved to get the absolute ionospheric information from the carrier phase 

measurements. 

4.1.1 Ionospheric observables based on the carrier phase smoothed code method 

High code noise affects code observations. At the same time, carrier phase measurements contain 

ambiguity. The smoothed code measurements are able to minimize errors in code observations, 

and there is then no need to resolve phase ambiguities. Computing smoothed code involves three 

steps (Dach et al. 2015): 

1) Find a continuous arc. Ambiguity will remain unchanged for a continuous arc that contains no 

cycle slips. An arc has a minimum of 10 data points per arc, and a new arc will start after a 

maximum of three minutes where there are no observations. 

2) Compute the average between the carrier phase measurements and code for this arc to remove 

the ionospheric effects: 
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ộɮ ὖỚ ρὲϳ ɮ ὖ ὔ ὦ ὦ ộ‐Ớ (4-3) 

3) Then take the computed average and correct it to the carrier phase smoothed code method: 

ὒ   ἂ  ὖἃ

Ὅς Ὅρ Ὀὅὄὖρὖςϳ
ί Ὀὅὄὖρὖςϳ

ὶ ‐ὴ ‐ὴȾὸὭάὩ
 (4-4) 

where  

ὒ   signifies the ionospheric observables from the smoothed code measurements; 

ộỚ  denotes the expectation algorithm; 

ộ‐Ớ  is the leveling errors;  

ʀ  are the effects of multipath and noise for code measurements.  

The carrier phase smoothed code method reduces the noise and avoids the direct ambiguity 

resolution. This is a strength of the smoothed code method. The noise level for the carrier phase 

smoothed method depends on the length of time or the time window of the continuous arc 

(‐ȾὸὭάὩ. Nevertheless, the major problem of the carrier phase smoothed code method for 

estimating the ionospheric TEC is the leveling errors. 

4.1.2 Ionospheric observables based on carrier phase 

Resolving ambiguities is the way to calculate continuous ionospheric observables using carrier 

phase measurements, as shown above in (4-2). We resolve the ionospheric ambiguity ὄ first and 

then place the ὄ back in the geometry-free combination of the carrier phase measurements. Since 
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using the Traditional IF and UofC models eliminate the ionospheric delays, we recover the 

ionospheric observables based on the estimated ambiguity parameters. 

4.1.2.1 Ionospheric observables based on the Traditional IF model 

Before calculating the ionospheric ambiguity ὄ, the clocks in the Traditional IF model need to be 

explained. The satellite clocks are computed based on the IF combination observations, and they 

are consistent with phase and P1/P2 code data (Kouba and Héroux 2001b). This means the clock 

contains not only the pure clock but also the biases. Specifically, the estimated receiver clock 

absorbs the receiver IF combination of satellite bias as well. The estimated clocks can be explained 

in the Traditional IF model, as shown in equation (2-14) in Chapter Two. 

If we represent the ionospheric ambiguity ὄ with both the WL ambiguity ὄ  from the MW 

combination (Melbourne 1985; Wübbena 1985) and the IF combination ambiguity ὄ  from the 

Traditional IF PPP model, then ὄ is calculated as: 

ὄ ‗ὔ ‗ὔ
‗‗

‗‗
ὄ ὄ  (4-5) 

where 

ὄ    is the WL ambiguity (m); 

ὄ    is the IF ambiguity (m); and 

‗ and ‗   are the wavelengths of the NL and WL (m). 

The WL ambiguity ὄ  can be computed from the MW combination: 
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ὄ   ὖ

ὄ
Ὢ

Ὢ Ὢ
ὦ ὦ

Ὢ

Ὢ Ὢ
ὦ ὦ

Ὢ

Ὢ Ὢ
ὦ ὦ

Ὢ

Ὢ Ὢ
ὦ ὦ  

(4-6) 

since  

ὄ ὄ ὄ ὄ

Ὢ Ὢ

Ὢ Ὢ
Ὀὖὄ ϳ Ὀὖὄ ϳ Ὀὅὄ ϳ Ὀὅὄ ϳ ‐  

(4-7) 

then we get ὄ as 

ὄ
‗‗

‗‗
ὄ ὄ Ὀὖὄ ϳ Ὀὖὄ ϳ Ὀὅὄ ϳ Ὀὅὄ ϳ ‐  (4-8) 

where ‐  is the error of the MW combination. 

When we substitute this ionospheric ambiguity ὄ for the ὄ ‗ὔ ‗ὔ  in (4-2), the phase 

biases are canceled out, and the DCBs are now introduced as: 

ὒ ɮ
‗‗

‗‗
ὄ ὄ

Ὅ Ὅ Ὀὅὄ ϳ Ὀὅὄ ϳ ‐

 (4-9) 

where 

ὒ   are the ionospheric observables based on the Traditional IF model;  

ὄ   is the wide-lane ambiguity of the MW combination; 

ὄ   is the estimated IF ambiguity; and 

‐   is the noise level of the WL combination. 
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4.1.2.2 Ionospheric observables from the UofC model 

The UofC model takes advantage of the ionospheric effects in the code and phase. These first-

order ionospheric delays for code and phase are equal to but opposite the sign (Abdel-salam 2005; 

Chen 2005; Gao 2008; Shen 2002). We formulated the equations for the UofC model of (2-15) in 

Chapter Two. 

When we correct the equations using the satellite clock from the IF combination, the reformulated 

equations can be expressed as: 

ὖ ȟ ” ὧὨὸ ὦ ὧὨὸ ὦ Ὕ πȢυ‗ὔ ὦ ὦ ὦ ὦ ςὦ ὦ πȢυ‐ ‐

ὖ ȟ ” ὧὨὸ ὦ ὧὨὸ ὦ Ὕ πȢυ‗ὔ ὦ ὦ ὦ ὦ ςὦ ὦ πȢυ‐ ‐

  ” ὧὨὸ ὦ ὧὨὸ ὦ Ὕ
Ὢ ‗ὔ ὦ ὦ ὦ ὦ ςὦ ὦ

Ὢ Ὢ

Ὢ ‗ὔ ὦ ὦ ὦ ὦ ςὦ ὦ

Ὢ Ὢ
‐

 (4-10)  

The ionospheric ambiguity BI can be represented directly with ‗ὔ and ‗ὔ  estimated from the 

UofC model, as shown in (4-11). 

Since 

‗ὔ ‗ὔ ‗ὔ ὦ ὦ ὦ ὦ ςὦ ὦ

‗ὔ ὦ ὦ ὦ ὦ ςὦ ὦ

‗ὔ ‗ὔ Ὀὖὄ ϳ Ὀὖὄ ϳ Ὀὅὄ ϳ Ὀὅὄ ϳ

 (4-11) 

then we get ὄ formulated as 

ὄ ‗ὔ ‗ὔ Ὀὖὄ ϳ Ὀὖὄ ϳ Ὀὅὄ ϳ Ὀὅὄ ϳ  (4-12) 

Similarly, when we replace ὄ in (4-2) above with this equation, the phase biases are canceled out. 

In addition, the code biases are introduced into the ionospheric observables from the UofC model, 

as shown here: 
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ὒ ɮ ‗ὔ ‗ὔ

Ὅ Ὅ Ὀὅὄ ϳ Ὀὅὄ ϳ ‐
 (4-13) 

where 

ὒ   are the ionospheric observables from the UofC model; 

ὔ  is the estimated ɮ  ambiguity; and 

ὔ   is the estimated ɮ  ambiguity. 

4.1.2.3 Bias in the ionospheric observables from the UPPP model 

When we correct the satellite clock errors using the IGS precise clock products that are generated 

based on IF observation equations, we can formulate the UPPP model. See equation (2-16) in 

Chapter Two. 

Based on (2-17) from Chapter Two, the ionospheric term Ὅ and the satellite and receiver DCBs 

are estimated as unknowns (Zhang et al. 2012). The UPPP model differs from the other two PPP 

models in how it treats the ionospheric delays. The UPPP model estimates the ionospheric delays 

as unknown parameters, epoch by epoch, for each satellite. The way to estimate the ionospheric 

parameters is also known as the Stochastic Ionosphere Parameter (SIP). According to recent 

studies, the SIP model works effectively for the PPP models. 

Compared to the Traditional IF and UofC models for getting the (Ὅ Ὅ), the ionospheric 

observables from the UPPP model obtain the Ὅ. Multiplied by (ɾ ρ), the estimated ionospheric 

observables can then be expressed as follows: 
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ὒ ‎ ρὍ ‎ ρ Ὅ
ρ

‎ ρ
Ὀὅὄ ϳ Ὀὅὄ ϳ ‐

Ὅ Ὅ Ὀὅὄ ϳ Ὀὅὄ ϳ ‐ 

 (4-14) 

where ὒ  are the ionospheric observables from the UPPP model, and Ὅ are the estimated 

ionospheric observables. 

Table 4-1 Comparison of the smoothed code method and PPP models for deriving 

ionospheric observables 

 

 

 

Smoothed code 

method 

PPP models 

Traditional 

PPP 

UofC UPPP 

Satellite clock N/A code clock code clock code clock 

Number of observations N/A 2n+n* 3n 4n 

Number of unknowns N/A 3+1+1+n+n 3+1+1+2n 3+1+1+3n 

Number of freedom N/A n-5 n-5 n-5 

Observation variance ʎȾÔÉÍÅ ʎ  ʎl  ʎl  

Biases DCBs 

leveling errors 

DCBs DCBs DCBs 

n* denotes the number of MW combinations for retrieving the WL ambiguity. 

Table 4-1 shows the ionospheric observables derived from the smoothed code method and PPP 

models. The table compares them in terms of the satellite clock, observation variance, biases, and 

the number of observations, unknowns, and freedoms. Theoretically, given the number of satellites 

used, the degree of freedom should be the same, and the DCBs should be consistent for the PPP 

models. The level of noise makes up the differences among the ionospheric observables from the 
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three PPP models. The ionospheric observables obtained from the UofC and UPPP models are 

more accurate than those from the Traditional IF model. 

4.2 Methods of evaluating bias consistency and leveling errors 

4.2.1 Evaluation of bias consistency 

Based on the discussion in section 4.1, the ionospheric observables retrieved from the three PPP 

models should agree with each other in terms of the biases. This agreement can also extend to the 

carrier phase smoothed code method. To demonstrate the consistency, we create the following 

equation that expresses how any two ionospheric observables can be distinguished: 

ῳὍ Ὅ Ὅ ς‐ȟῳὍͯὔπȟ„  (4-15) 

where Ὅ and Ὅ represent any two ionospheric observables using the different methods.  

A small value for both the mean value and STD indicates a high degree of consistency between 

the ionospheric observables, regardless of the method used. In the equation above, we select 

ionospheric observables from one method as our reference and then calculate the difference 

between the reference and other ionospheric observables. Furthermore, since the receiver DCBs 

are satellite independent, the mean value of the receiver DCBs can be obtained and removed. The 

remaining difference as shown in equation (4-15) will be close to zero. Therefore, the mean value 

of the difference reflects consistency in the receiver bias. The STD of the difference indicates that 

various ionospheric observables give the consistency of the satellite biases and the leveling errors. 
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4.2.2 Evaluation of leveling errors 

Ciraolo et al. (2007) proposed a co-located receiver method to evaluate the leveling errors. A single 

difference between nearby receivers can be created to remove the ionospheric effects. Equation 

(4-16) depicts the ionospheric observables using two nearby receivers, denoted by A and B: 

ὍӶ Ὅ Ὅ Ὀὅὄ Ⱦ Ὀὅὄ Ⱦ
ȟ Ѝς‐

ὍӶ Ὅ Ὅ Ὀὅὄ Ⱦ Ὀὅὄ Ⱦ
ȟ Ѝς‐

 (4-16) 

where ὍӶ and ὍӶ are the ionospheric observables from the two receivers; Ὅ and Ὅ are the 

ionospheric delays at L1 and L2; Ὀὅὄ  and Ὀὅὄ  are the satellite and receiver DCBs; and ‐ is the 

noise level. 

A single difference between the same satellites thereby yields the following: 

ὍӶ ὍӶ Ὀὅὄ Ⱦ
ȟ Ὀὅὄ Ⱦ

ȟ ς‐ (4-17) 

Equation (4-17) shows that only the receiver DCBs are the remaining bias terms in the single 

difference. If the difference is away from the mean value, arc-related leveling errors are present. 

Plus, a variation in the single difference can indicate fluctuations in the receiver biases. The C1 

and P2 measurement types for estimating ionospheric observables also merit attention. This 

indicates the satellite ὈὅὄȾ  is corrected, but the receiver ὈὅὄȾ  still exists. 

When the STD is applied to evaluate the leveling errors, the improvement of the PPP-based 

methods over the smoothed code method can be computed using this equation: 

ὴ
ȿίὸὨ ίὸὨ ȿ

ίὸὨ
 (4-18) 
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where the ίὸὨ  is the STD from the PPP-based methods, and the ίὸὨ   is the STD from the 

smoothed code method. 

4.3 Results and discussion on the ionospheric observables 

For comparing the biases in the ionospheric observables derived from the three PPP models and 

the carrier phase smoothed code method, we accessed data on May 13 2014, from the IGS network 

of 200 globally distributed, permanent stations. With the PPP models and the carrier phase 

smoothed code method in hand, we computed the ionospheric observables for each station. Then 

we generated the statistical results to analyze the consistency of the bias terms. Finally, we chose 

short baselines to assess the leveling errors in the smoothed code measurements. 

For the data processing, we used the final orbit and clock products, downloaded from CODE, to 

preserve compatibility. The phase wind-up, satellite antenna models, and site displacements were 

corrected, as explained in Chapter Two, and the tropospheric ZWD was estimated. We selected a 

cut-off elevation of 10o for working with the PPP models. 

4.3.1 Results on the ionospheric observables 

Figure 4-1 shows the ionospheric observables obtained by the Traditional IF, UofC, and UPPP 

models and the smoothed code method at ADIS, a randomly selected IGS station, on May 13, 

2014. The ionospheric observables contain the pure ionospheric information and the receiver and 

satellite DCBs. 



94 

 

 

 

Figure 4-1 Estimated Ionospheric observables from ADIS on 13 May 2014, using the 

Traditional  IF, UofC, UPPP models and the smoothed code method. 

In Figure 4-2, we show the ionospheric observables under the conditions of cycle slips and 

ionospheric variation. The data was taken from two representative specific satellites, PRDS on 16 

March 2015, and FLIN on 17 March 2015. It can be seen that the ionospheric observables from 

the Traditional IF, UofC, and UPPP models generally overlap, but the ionospheric observables 

from the smoothed code method sometimes are inconsistent over against the three PPP models. 

The cycle slips, marked in green and clearly visible in the left box, cause the arc-related leveling 

errors. In the right box, the ionospheric observables derived from the three PPP models and the 

carrier phase smoothed code method all reflect fluctuations in the ionosphere. We also see 




























































































































































