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Abstract

Immiscible flows that involve radial displacements of shear-thinning or shear-thickening fluids
by a Newtonian fluid in a homogeneous porous medium, are modeled numerically. The
interfacial instabilities are tracked in time for different values of the rheological parameters,
namely the Deborah number (De) and the power-law index (n) and are characterized through
the effective number of fingers and the finger area density. The results of the study reveal that
the effects of these two parameters on the instability are not monotonic, and it is found that
the flow is least unstable for some critical value of either De or n. The dependence of these
critical values in particular on the mobility ratio (M) and Capillary number (Ca) is analyzed. It is
found that when all other parameters are fixed, the critical Deborah number (De() increases as
the power-law index increases in shear-thinning fluids or decreases in shear-thickening ones.
Similarly, the critical power-law index (n¢) increases with increasing (decreasing) Deborah
number in shear-thinning (shear-thickening) flows. Furthermore, both critical parameters are
found to vary monotonically with the mobility ratio, with the dependence most noticeable at
small values of M. Their variation with the Capillary number is however non-monotonic
reaching an extremum at an intermediate value of Ca. An examination of the rate of shear
strain at the interface reveals that it consistently shows the smoothest variation and smallest

average value at the critical parameter.

In addition to non-Newtonian flow displacements, immiscible radial displacement flows
between two Newtonian fluids in a non-homogeneous porous media are also examined
numerically. The non-homogeneous porous medium is modeled to vary periodically in the
radial direction. Simulations are performed for different values of the Capillary number (Ca) and
the mobility ratio (M) varying the frequency of the periodic permeability. The results show that
the periodic permeability has negligible effects on the finger structures when the Capillary
number and the mobility ratio are small. However, the instability of an interface can be
noticeably enhanced in a higher frequency periodic permeability field when the Capillary

number and the mobility ratio are large enough.
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CHAPTER 1

INTRODUCTION

1.1 General

When a less-viscous fluid displaces another fluid of higher viscosity in a porous medium,
instability can develop at the interface between the two fluids. Hill examined the instability for
the first time in an experiment to displace sugar liquors by water [1]. The instability, which
manifests itself in the form of finger-like patterns with the displacing fluid propagating through
the displaced fluid, is known as the viscous fingering instability [2]. Viscous fingering instabilities
are commonly observed in a broad spectrum of applications such as filtration, fluidization,
enhanced oil recovery (EOR) processes, groundwater infiltration, soil remediation, geothermal
energy production, and CO; sequestration [3], [4], [5]. It was also found that it can describe the
dynamics of less common processes such as biological ones involving thin films of cytoskeletal
fluids [6] and two-dimensional combustion [7]. Regardless of the applications, these instabilities
can have detrimental effects such as in EOR, where they have plagued many processes causing
a dramatic reduction in the efficiency of the displacement [8]. They can also be beneficial
whenever fluid mixing is important. This is for example the case in CO, sequestration where the
growth of fingers as a result of the CO; rich brine sitting above the CO; lean brine, leads to

more mixing and an increase in the amount of CO; dissolved in water. Viscous fingering has also



been proven recently to be a potentially effective approach to enhance mixing in microfluidic

devices [9].

(a) (b) (c)

Figure 1.1 Experimental results from (a) Dias et al. 2012 (b) Kawaguchi et al. 1997 (c) Daccord et
al. 1986

The vast majority of existing literature on the viscous fingering instabilities have focused on
Newtonian fluids. However, experimental studies showed that the fingering patterns for non-
Newtonian fluids are different from those with Newtonian fluids. In particular, Nittmann et al.
performed rectilinear miscible displacement experiments in a Hele-Shaw cell where water
displaced non-Newtonian polymer solutions [10]. They found a fractal growth of the viscous
finger. Daccord and Nittmann also found fractal viscous fingers when water displaced high-
viscosity non-Newtonian polymer solutions in a radial Hele-Shaw cell [11] (see Figure 1.1-c).
Kawaguchi et al. analyzed fingering patterns observed when air displaced non-Newtonian
hydroxypropyl methyl cellulose (HPMC) solutions with shear-thinning and elastic properties at
different injection pressures [12] (see Figure 1.1-b). The fingering patterns showed systematic
changes with increasing pressure from dense-branching to tip-splitting and to skewering
patterns. They suggested that the pattern morphology strongly depended on the elastic
properties. The viscous fingering instability in a rectilinear Hele-Shaw cell where air was
injected to displace two different polymer solutions was analyzed by Lindner et al. [13], [14].
They were able to examine the separate effects of the shear-thinning and elastic properties on
the width of fingers by using two different solutions. Narrow fingers were observed for the
solutions of stiff polymers with shear-thinning property. Wider fingers were however found in

the case of solutions of flexible polymers with dominant elastic effects. Miscible flow
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displacements of Newtonian and shear-thinning fluids in a rectilinear Hele-Shaw cell were
investigated by Li et al. [15]. In these experiments, water was injected to displace shear-
thinning solutions of Alcoflood polymers. Three Alcoflood polymers were used in three
concentrations to prepare weak, medium, and strong shear-thinning solutions. They found that
finger structures became more complex for stronger shear-thinning fluids with new fingering
patterns. Nagatsu et al. performed a reactive miscible displacement experiment in a radial
Hele-Shaw cell. In these experiments, the viscosity of the more-viscous shear-thinning fluid is
varied at the interface by changing the pH using neutralization reactions [16]. The fingers were
found to get wider with the increase of the viscosity, while narrower fingers were observed
with decreasing viscosity. This study has been recently extended to immiscible flows where the
surface tension is reduced as a result of chemical reaction [17]. It was found that the reaction

has a dual role effect on the fingers development.

Kondic et al. performed nonlinear simulations to study the viscous fingering of a gas displacing
a shear-thinning liquid in a radial Hele-Shaw cell [18], [19]. The results showed that the tip-
splitting found in a Newtonian fluid was delayed with weak shear-thinning and suppressed with
greater shear-thinning. In a subsequent study, Fast et al. studied pattern formation of an air
bubble expanding into a non-Newtonian fluid in a radial Hele-Shaw cell through both linear
stability analysis and nonlinear simulations [20]. They found that the shear-thinning behaviour
of the displaced fluid tends to suppress tip-splitting. They suggested that the suppressing tip-
splitting could lead to dendritic fingering patterns. Singh and Azaiez conducted numerical
simulations to examine the viscous fingering of miscible shear-thinning fluids in a rectilinear
Hele-Shaw cell [21]. They found new fingering patterns similar to fractal patterns when shear-

thinning fluids displaced a Newtonian fluid.

1.2 Proposed Objectives
The existing studies on the viscous fingering instabilities involving non-Newtonian fluids suggest
that the shear-thinning property can have several different effects on the fingering pattern.

These include narrowing or widening the width of fingers, suppressing the tip-splitting, and
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causing fractal fingers. The present study examines thoroughly the shearthinning/thickening
effects on the fingering patterns. The present study will analyze the growth of fingers in a radial
Hele-Shaw cell or equivalently homogeneous porous medium, where a Newtonian fluid is
injected to displace a non-Newtonian shear-thinning or shear-thickening fluid. Most existing
studies dealing with non-Newtonian radial displacements were based on the assumption of
zero-viscosity of the displacing fluid. As a result, these studies consider only the displaced liquid
and assume an infinite mobility ratio. One of the reasons for such an assumption is the
challenge in matching the boundary conditions for both the displaced and displacing fluid. In
contrast to existing studies on radial flow displacements, the present work considers both
phases to have finite but non-zero viscosity. Experimental studies indicate that the dynamics of
the flow in very large or infinite mobility ratio displacements are different from those observed

in finite mobility ratio ones [22], [23].

Furthermore, unlike the very few studies that looked at displacements where both fluids have
finite non-zero viscosities and that considered rectilinear flows, the present study focuses on
radial flows. There are important differences that distinguish the physics and flow dynamics as
well as the numerical modeling of the radial geometry from its rectilinear counterpart. These
include an expanding interface, stronger velocity variations, and special treatment for interface
tracking. In addition, as shall be seen later, relations between quantitative characteristics of the
interfacial instability and the rheological properties of the displaced non-Newtonian fluid are

examined.

Finally, the present study also investigates the immiscible radial displacement flows between
two Newtonian fluids in a non-homogeneous porous media whose permeability is modeled to
vary periodically in the radial direction. The effects of the frequency of the periodic
permeability on the finger stdurcures are examined for different values of the Capillary number

(Ca) and the mobility ratio (M).
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1.3 Outline

In Chapter 2, a through review of the existing literature on viscous fingering is presented. In
Chapter 3, the physical model of the radial displacement flow, the governing equations with
boundary conditions, the constitutive equation for describing the shear-thinning and shear-
thickening behaviors, and a detailed description of the numerical methods are presented. In
Chapter 4, the results from non-Linear simulation of immiscible flows that involve radial
displacements of shear-thinning or shear-thickening non-Newtonian fluids by a Newtonian fluid
in homogeneous porous media are presented and discussed. In Chapter 5, immiscible radial
displacement flows between two Newtonian fluids in a non-homogeneous porous media with a

periodic permeability are examined numerically.
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CHAPTER 2

LITERATURE REVIEW

In this Chapter, a literature review on pertinent studies is presented. Due to the rather limited
number of studies on viscous fingering instabilities for non-Newtonian flows compared to
Newtonian ones, the literature review will cover both types of flows. The main rationale is that
many of the mechanisms of instability are shared between these two classes of fluids, and it is
therefore necessary to benefit from the great wealth of studies on Newtonian flows. Moreover,
almost all studies dealing with non-Newtonian fluids focus on comparing the effects of the
rheological behaviors of the non-Newtonian fluids by contrasting them with those of
Newtonian fluids, and it is therefore very pertinent to have a good understanding of the

instability in Newtonian displacements.

In addition to this major classification; Newtonian versus non-Newtonian, displacements can be
either miscible or immiscible, develop in simple geometries such as the Hele-Shaw cell or
quarter five spot geometries, or in actual heterogeneous porous media. Finally approaches in
studying such flow instabilities can be based on either experimental or modeling strategies, or a
combination of both. In addition, modeling studies are typically carried out through Linear
Stability Analysis (LSA) where the response of the flow to small perturbations is analyzed, or

Numerical Simulations (NS) that model the actual nonlinear development of the flow.
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The present literature review is divided into three major sections. The first one deals with
experimental work, the second presents results of linear stability analysis studies while the
third focuses on nonlinear simulations. Each of these sections is subdivided into two

subsections that deal with Newtonian and non-Newtonian flows.

2.1 Experimental Studies

In this section, experimental studies involving both real porous media and Hele-Shaw cells or its
variants such as the five spot geometry, are presented. Studies dealing with Newtonian flows
are first reviewed followed by those on non-Newtonian flows. For each type of flow, the review
is presented mostly in chronological order and covers both miscible and immiscible

displacements.

2.1.1 Newtonian Flows

Viscous fingering of miscible Newtonian fluids was first examined in 1952 by Hill in a series of
experiments that involve the displacement of sugar liquors by water from a vertical, uniformly
packed column of charcoal [24]. The author found that the interface became unstable when the
less viscous water displaced the more viscous sugar liquors. He formulated his theory
guantitatively and defined an expression for a critical velocity using the densities and viscosities
of the fluids under small perturbations at the interface. He found that the velocity of the flow
should be less than a critical velocity to avoid interfacial instabilities. In the same year, Slobod
and Caudle used radiographic techniques to take images of the areal sweep-out patterns during
miscible displacements in a plate of fused alundum [25]. They determined areal sweep out
efficiencies by varying the mobility ratio and reported that the mobility ratio remarkably
affected the sweep efficiency. Five years later, Van Meurs used a three-dimensional model
made of glass walls filled with finely powdered glass to visually observe oil displacement
processes by water and gas [26]. He performed experiments in three different flow models
which were, a rectangular model for the linear water-drive experiments, a model for the five-

spot well pattern, and a cylindrical tube model for the solution gas-drive experiments.
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In a seminal study in 1958, Saffman and Taylor studied the interfacial instability between two
immiscible fluids with different densities and viscosities in a porous medium [27]. They
performed experiments using Hele-Shaw cells that were set either horizontally or vertically. For
the vertically configured Hele-Shaw cell, the more viscous glycerin was displaced downwards by
the less viscous air injected from the top. In this case, the interface became unstable when the
injection velocity exceeded a critical velocity. The results showed that the fingers at the later
stage of the flow tended to space evenly. In addition, they noted that fingers could inhibit the
growth of neighboring fingers when they grew ahead of their neighbors. They also performed
experiments using a long horizontal Hele-Shaw cell to study the penetration of a single finger
through an infinite channel. A subsequent study carried by Blackwell et al. in 1959 investigated
factors influencing the efficiency of miscible displacement in porous media [28]. The authors
performed experiments using sand-packed rectangular Lucite models to examine the effects of
the mobility ratio, gravity segregation, permeability, and model geometry for miscible

displacements.

Artificially consolidated sand models were used in an experimental study by Haberman to
determine the efficiency of miscible displacements as a function of mobility ratio [29]. The
author found that high mobility ratios mainly caused extensive fingering regardless of the
medium heterogeneity. Thus, it was concluded that a miscible-slug dry-gas drive process using a
low viscosity solvent was not efficient. Benham et al. studied viscous fingering in miscible
displacements under adverse viscosity ratios using an open Hele-Shaw model and the same
model packed with glass beads [30]. The authors found that the lengths of fingers were
distributed normally and the fingering from a miscible slug displacement was much greater. The
effects of injection rates at a fixed viscosity ratio on the shape of fingers were investigated
experimentally by Slobod and Thomas in the case of miscible displacement [31]. In addition,
other experiments were carried out to study the effect of a continuous gradation in viscosity
and an X-ray technique was used to take an image of the fingering patterns. The shape and
pattern of fingers were also analyzed using a radiographic technique by Perkins and Johnston
for both rectilinear and radial displacements of miscible fluids [32]. The same authors carried a

series of experiments to analyze immiscible fingering in Hele-Shaw and Bead-packed models
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[33]. They noticed that there were noticeable differences between Hele-Saw cells and Bead-
packed models. In particular, it was found that bead-packed models with initial residual water
showed very different fingering patterns. A series of experiments in a tilted Hele-Shaw cell were
carried out by Wooding to study the growth of fingers at an unstable diffusing interface [34].
The author found that the mean amplitude of fingers grew as a square of time and they grew

proportional to time after a transitional period.

Paterson studied radial fingering in a circular Hele-Shaw cell that developed when air was
injected at the center to displace glycerin [35]. He also examined fingers that develop as a
result of the withdrawal of glycerin which was enclosed by oil in a radial Hele-Shaw cell. The
author derived an equation for the minimum wavelength required for the growth of fingers in a
radial outward displacement. In addition, he presented approximate equations for the growth
rate of the fingers and the shape of a long finger. The results from the equations were
compared with the fingers from experiments. They verified that the displacement is stable if
the circumference of the injected fluid is less than the minimum wavelength. They also found

that the suggested maximum wavelength matched the wavelength of the initiall fingers.

A number of subsequent studies examined factors that may affect the instability aside from the
fluids properties (mobility ratio, surface tension) or those of the porous medium (e.g.
permeability). These include the surface of the plates in Hele-Shaw cells, the presence of heat
transfer, chemical reaction, as well as the nature and orientation of the flow. The following
review though not exhaustive covers some of the most salient or initial studies on these

aspects.

The first study that had analyzed the effects of the plate roughness on viscous fingering was
carried by Chen for both miscible and immiscible displacements in a radial Hele-Shaw cell [36].
The author also examined the effects of the flow rate and the interfacial tension on the
fingering instability. The effects of the cell orientation were analyzed by Kong et al. who
performed experiments to visualize steam injection processes in Hele-Shaw cells that were
horizontal, tilted, and vertical [37]. The authors used both Newtonian mineral oil and non-

Newtonian crude oil and synthetic oil. The first study dealing with miscible viscous fingering
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experiments inside three-dimensional (3-D) porous media were carried out by Bacri et al. [38].
The authors used an acoustic technique to determine the concentration in the porous media.
Concentration profiles were measured at 10 different locations along the flow direction and the
growth of profiles were examined in three different porous media. The experimental data
showed that there was a crossover regime between diffusive and convective regimes. In
addition, they also found that the viscosity ratio and gravity had an influence on the instability.
Banpurkar et al. studied viscous fingering of the immiscible kerosene-glycerin system in an
anisotropic radial Hele-Shaw cell [39]. The anisotropy on the bottom plate of the Hele-Shaw cell
was achieved by attaching a patterned copper circuit board on the plate. Thermal effects were
considered in a study by Nagatsu et al. who had investigated non-isothermal miscible
displacements in a radial Hele-Shaw cell by injecting less-viscous liquids at high temperature
(80°C) to displace high viscosity liquids at room temperature [40]. The authors found that the
effect of non-isothermal displacements was non-monotonic with respect to the mobility of the
existing fluid and monotonic with the injection rate. White and Ward performed immiscible
displacements experiments in a radial Hele-Shaw cell where a precipitation reaction happened
at the gas-liquid interface [41]. The effects of the nature of the injection flow were examined in
a study by Dias et al. who performed a series of experiments in a radial Hele-Shaw cell with

time-dependent injection rates to minimize the growth of fingers [42] (see Figure 1.1-a).

2.1.2 Non-Newtonian Flows

When compared with Newtonian flows, one is forced to note that there are fewer studies
dealing with non-Newtonian flow displacements where either or both fluids exhibit some form
of non-Newtonian behavior. This may be attributed in part to the complexity of non-Newtonian
flow displacements and the challenges in characterizing accurately the rheological behavior of

non-Newtonian fluids.

One of the earliest studies was carried out in 1967 by Marshall and Metzner who performed
experiments to examine the flow of polymeric non-Newtonian solutions through a sintered
bronze porous disk [43]. Three different polymeric materials were used to prepare the non-

Newtonian fluids with very low, intermediate, and high relaxation times. The authors were able
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to measure increased pressure drops at Deborah numbers that characterize the elastic
behavior, beyond 0.05. A study published in the same year by Dauben et al. examined slow flow
displacements of shear-thinning polymer solutions through a cylinder packed with glass beds
[44]. In the subsequent year, Lee and Claridge conducted miscible displacement experiments in
a five-spot Hele-Shaw cell model using shear-thinning polymer solutions to displace glycerin-
water mixtures [45]. They measured the areal sweep efficiency of the displacement. It was
found that the areal sweep at a breakthrough was poorer than those where a Newtonian fluid
with similar viscosity was injected. However, the areal sweep efficiency was significantly
improved at 1 pore volume (PV) injection of a shear thinning solution compared to the case
with water injection. Savins reviewed studies on the complex flow behavior of non-Newtonian
fluids in a porous media where the shear rates in the flow were values of the order of one s

[46].

Nittmann et al. performed rectilinear miscible displacement experiments in a rectilinear Hele-
Shaw cell where water was used to displace more viscous non-Newtonian polymer solutions
[10]. The authors reported a fractal growth of the viscous fingers. A related study by Daccord
and Nittmann published in the same year, showed that fractal viscous fingers were observed
when water displaced high-viscosity non-Newtonian polymer solutions in a radial Hele-Shaw
cell [47]. The authors found that the fingering patterns from a Hele-Shaw cell initially containing
a non-Newtonian fluid were very different from those with Newtonian fluids. Experiments in a
radial Hele-Shaw cell using Newtonian and non-Newtonian fluids were carried out by Allen and
Boger in 1988 [48]. Water was injected to displace shear-thinning polyacrylamide and
polysaccharide solutions in order to investigate the fingering patterns at the rear interface
between chasing waterflood and polymer slug in polymer flooding. The interface between
water and the shear-thinning fluids became significantly more unstable. However, elastic fluids
showed negligible effects on the fingering patterns. A series of experiments involving the
displacement of aqueous colloidal suspensions with air in a Hele-Shaw cell was conducted in
the same year by Damme et al. [49]. The authors compared the morphological features of
highly branched fractal viscoelastic fingering patterns from the experiments with those

obtained by injecting water.
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Smith et al. examined the development of a finger that penetrated into a linear Hele-Shaw cell
containing polystyrene solutions [50]. It was found that the width of the finger started to
become narrow at a shear rate which was about the inverse of the polymer Zimm relaxation
time. The variation of the width of fingers in a linear Hele-Shaw cell were further analyzed by
Bonn et al. for flows involving the injection of a less viscous oil to displace a more viscous water
with the addition of surfactant [51]. For the system with polymer solutions, the air was injected
as the displacing fluid. The finger width was measured as a function of velocity and it was
reported that the width reached a minimum value, increased with increasing velocity and
settled at a plateau value. Fingering patterns observed at different injection pressures where air
displaced non-Newtonian hydroxypropyl methyl cellulose (HPMC) solutions that exhibit both
shear-thinning and elastic properties were analyzed by Kawaguchi et al. in radial Hele-Shaw
cells [12]. The fingering patterns with increasing pressure showed systematic changes from
dense-branching to tip-splitting and to skewering patterns. The authors suggested that the

pattern morphology strongly depended on the elastic properties.

Lindner et al. studied viscous fingering instability in linear Hele-Shaw cell where air was injected
to displace two different polymer solutions [14]. By using two different solutions, they were
able to separately examine the effects of two non-Newtonian properties; shear thinning and
elastic effects, on the width of fingers. Narrow fingers were observed for the solutions of stiff
polymers with shear thinning property. Wider fingers were however found in the case of
solutions of flexible polymers with dominant elastic effects. Li et al. investigated miscible flow
displacements of Newtonian and shear-thinning fluids in a rectilinear Hele-Shaw cell [15].
Water was injected to displace shear-thinning solutions of Alcoflood polymers. Three Alcoflood
polymers were used at three different concentrations to prepare weak, medium, and strong
shear-thinning solutions. The viscosity of the polymer solutions was measured using a
rheometer over the shear-rate range from 0.01747 to 140 s. The viscosity measurements were
then fitted to a modified Carreau-Yasuda model. The polymer solution relaxation time was
estimated as the inverse of the shear-rate at the start of shear-thinning effect. The range of
Deborah number in the experiments was from 0.03 to 7.8. It was found that finger structures

became more complex for stronger shear-thinning fluids with new fingering patterns not
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observed in Newtonian fluid displacements. Nagatsu et al. performed a reactive miscible
displacement experiment in a radial Hele-Shaw cell where the viscosity of the more-viscous
shear-thinning fluid is varied at the interface by changing pH using neutralization reactions [16].
Fingers were found to get wider with the increase of the viscosity, and narrower fingers were
observed with decreasing viscosity. This study has been recently extended to immiscible flows
where the surface tension is reduced as a result of chemical reaction [17]. It was found that the

reaction has a dual role effect on the finger development.

The Saffman-Taylor instability in yield stress fluids was investigated by Lindner et al. [52]. They
performed experiments using gels and foams in a rectilinear Hele-Shaw cell and observed very
branched fingers in the gel. They also found a crossover from yield stress dominated to viscous
behavior. Malhotra and Sharma performed an experimental study to examine the influence of
fluid elasticity on miscible viscous fingering [53]. Water was injected to displace constant
viscosity elastic fluids (Boger fluids) in a rectilinear Hele-Shaw cell. They observed the growth of
multiple thinner and longer fingers. An extensive review of experimental studies by McCloud
and Maher covered a wide variety of experiments with additional perturbations to the Saffman-
Taylor flow [5]. The dynamics of driven interfaces and the relation of material properties to

dynamical pattern evolution can be better understood with the experiments.

2.2 Linear Stability Analysis

2.2.1 Newtonian Flows

In his 1952 study discussed earlier, Hill analyzed the stability of the interface for a small
depression at the interface in a vertical uniformly packed column [24]. He derived an equation
for a critical velocity using the densities and the viscosities of the fluids. For a small
perturbation, the flow becomes unstable if the velocity exceeds the critical velocity when the
density and viscosity of the displacing fluid are smaller than those of the displaced one. In the
case where the displacing fluid is denser and more viscous than the displaced fluid, the flow

becomes stable if the velocity exceeds the critical velocity v, determined by
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by = 9(p1 — p2)
k(uy — uz)

where u, and p, are the viscosity and density of the displacing fluid, and p; and p; are the
viscosity and density of the displaced one. The constant k must be determined experimentally.
It is not related to permeability. Saffman and Taylor (1958) also performed a linear stability
analysis for the interface between two immiscible fluids in a homogeneous porous medium
assuming the normal velocity and the pressure were continuous at the interface [27]. The
instability condition was derived for the wave-like perturbation on the interface. It was found
that the wavelength of the disturbance had no effect on the instability condition. A similar
linear stability analysis study of the interface for immiscible liquid-liquid displacements in a
tilted permeable media considering the surface tension was carried out by Chuoke and Meurs
[54]. The authors derived an equation for a critical velocity using the densities, viscosities,
permeabilities and the directional cosine. It was found that the instability will occur for all
flowrates greater than the critical velocity if the initial disturbance of the interface contains
modes with wavelengths greater than a critical wavelength. They also reported that there is a

wavelength which leads to a maximum instability.

Schowalter developed a stability criteria for the displacement of a fluid in a porous medium by
injecting at a constant velocity in the direction of gravity, a more dense fluid which is miscible
with the existing fluid. He showed that the displacement velocity had a significant effect on the
stability criteria [55]. The conditions for the onset of instability during two-phase immiscible
displacement in porous media were examined by Peters and Flock [55]. A dimensionless
number and its critical value for predicting the start of instability were presented. The
dimensionless number was derived from a stability theory for a cylindrical system. A theoretical
analysis of the stability of miscible displacements in homogeneous porous media for rectilinear
flow was carried out by Tan and Homsy (1986) [56]. In deriving the predictions of the growth
rate, they made use of the quasi-steady-state approximation that assumes that the growth of
disturbances is faster than the change of the base state, except at short times where the base
state changes rapidly. The predictions were compared with several experiments in the

literature, and they gave a good prediction of unstable fingers. A subsequent study by the same
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authors involved a linear stability analysis for miscible displacements for a radial source flow in

homogeneous porous media [57].

Effects other than the fluids properties were also investigated in a number of studies. Ghesmat
and Azaiez studied viscous fingering instability in porous media with anisotropic velocity-
dependent dispersion [58]. They performed the linear stability analysis of the flow to determine
the effects of the main parameters on the growth of the disturbances using a similar approach
to that by Tan and Homsy. They found that stronger dispersion resulted in larger growth rates
of disturbances. The flow became less unstable with an increase in the dispersivity ratio.
Alhumade and Azaiez carried out a linear stability analysis of reversible reactive flow
displacements in a rectilinear Hele-Shaw cell [59]. They considered that the viscous fingering
was caused by the viscosity mismatch between the reactants and the product. They found that
the growth of instability can be reduced by increasing the reversibility of the reaction. However,
the instability can be increased if the reversibility exceeds a critical value which depends on the
mobility ratios of the different species. Ghesmat et al. performed a linear stability analysis to
examine the impact of nanoparticle on the hydrodynamic instability around a miscible front
[60]. They found that nanoparticles have destabilizing effects in the initial stage. However, it
was found that nanoparticles stabilize the miscible front at longer times due to the deposition
of nanoparticles into the medium. Linear stability analysis for viscous fingering of a miscible
reactive interface was carried out by Hejazi et al. in order to classify the various possible
instability scenarios [61]. They found that injecting a more viscous fluid into a less viscous fluid
can even lead to an unstable interface when the chemical reaction results in non-monotonic

viscosity profiles.

2.2.2 Non-Newtonian Flows

One of the earliest LSA studies on non-Newtonian flows is attributed to Pascal who examined in
1998 the stability of immiscible non-Newtonian fluid interfaces in porous media and developed
approximate analytical solutions for describing the stability conditions [62]. The displacing and
displaced fluids were non-Newtonian, and the power law model was used to describe their

rheological behavior. For the radial displacement, the solution showed the existence of a critical
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value for the interface location from which the disturbance would stabilize or grow. For a
rectilinear displacement without gravity force, the solution showed the existence of a critical
interface velocity. In a subsequent study, Wilson performed a linear stability analysis of
immiscible non-Newtonian fluid interfaces in a rectilinear Hele-Shaw cell [63]. Oldroyd ‘Fluid B’
model was used for the purely elastic fluid, and Ostwald-de Waele power-law model was used
for the purely shear-thinning fluid. The author concluded that the shear-thinning behavior does
not have a great effect on the fingering patterns. On the other hand, the elastic fluid showed
gualitatively new effects but not greatly different from a Newtonian fluid, and the new effects
may result in an increase of the growth rates of fingers. He suggested that the power law model
might not be good enough because of the assumption of zero yield stress. A linear stability
analysis of immiscible displacements of a non-Newtonian shear-thinning and-thickening fluids
which were also represented by the power law model, was carried out by Sadar et al. in the
case of a radial Hele-Shaw cell [64]. An inviscid fluid was injected to displace the shear-thinning
fluid. The authors found that decreasing the power-law index caused fingering patterns to
develop rapidly. They concluded that displacing shear-thinning fluids can lead to fractal

fingering patterns at a much earlier stage than displacing Newtonian fluids.

Azaiez and Singh performed a linear stability analysis of the viscous fingering of miscible non-
Newtonian flow displacements in a rectilinear Hele-Shaw cell [65]. The Carreau model was used
to represent the shear-thinning fluid using two parameters, De and n. It was found that
stronger shear-thinning behavior of the displaced fluid contributed to less unstable flow.
Recently, Shoghi and Norouzi studied the viscous fingering instability of miscible fluids in the
presence of permeability heterogeneity using LSA [66]. They found that shear-thinning fluids
can suppress the instability in cases where the mobility ratio is high and/or the heterogeneity of

the medium is adverse.
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2.3 Nonlinear Simulations

2.3.1 Newtonian Flows

Koval (1963) considered the factors such as longitudinal dispersion and channeling for viscous
fingering and developed an empirical model, K-factor method using a number K which was the
product of a heterogeneity factor and an effective viscosity ratio [67]. The K-factor method was
able to predict recovery and solvent cut given a pore volume of solvent injected. However, this
method could not predict the growth and shape of fingers. Todd and Longstaff (1972)
developed and verified a method for modifying existing numerical reservoir simulators to
simulate miscible flooding [68]. Fayers (1988) derived one-dimensional model to approximate

miscible viscous fingering with physically related parameters [69].

A 1962 reference work by Peaceman and Rachford presented a system of partial differential
equations for miscible fluids displacements including gravity, medium permeabilities, fluid
viscosities and diffusion [70]. The finite difference method was presented and tested to solve
the system of equations for a horizontal two-dimensional geometry. They found that the
propagation rate of the fingers was similar to the rate observed in experiments. In addition, the
simulation results agreed with the experiments in the dependence of oil recovery on the
amount of injected solvent. Christie and Bond performed nonlinear simulations for the unstable
miscible flooding using the same equations [71]. The pressure equations with a concentration-
dependent mobility were solved using the incomplete Choleski conjugate gradient (ICCG)
technique [72]. The authors were able to run simulations with mobility ratio from 5 to 86 for
large Péclet numbers. The results showed good agreement with Blackwell’s [28] and Handy’s

experiments [73].

Tan and Homsy conducted nonlinear simulations for viscous fingering in miscible displacement
using a Fourier spectral method as the basic scheme [74]. The flow instability was governed by
two parameters, the Péclet number (Pe) and mobility ratio (M). In this study, the dispersion was
considered to be isotropic. It was found that the growth rate and the wavelength of fingers at
short times matched well the results from their linear stability analysis. The tip-splitting

phenomenon was identified and studied for the first time. Christie further developed the finite
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difference scheme for high-resolution nonlinear simulations of two-phase, three-component
flow [75]. The numerical methods were able to simulate both miscible and immiscible
displacements simultaneously. It was reported that the capillary pressure had stabilizing effects
on viscous fingering in immiscible flows. The simulation results also showed that injecting water
and solvent simultaneously at the optimum water-alternating-gas (WAG) ratio could almost
completely stabilize viscous fingering. Particle-tracking simulations were conducted by Araktingi
and Orr to study the combined effects of viscous fingering, gravity segregation, and reservoir
heterogeneity in miscible displacements in vertical cross sections [76]. The effects of
anisotropic dispersion on viscous fingering of miscible displacements were analyzed through
nonlinear simulation by Zimmerman and Homsy [77]. A Hartely transform-based numerical
scheme was used and the dispersion coefficients were determined from Taylor dispersion in
Hele-Shaw cells. The same authors extended their aforementioned nonlinear simulations to
include a general velocity-dependent dispersion [78]. They also extended the isotropic

simulation of Tan and Homsy [77] to much broader and longer domains.

In 1997 Chen et al. presented a simple level set method for implicitly evolving sharp interfaces
between two immiscible phases [79]. Complicated interfacial shapes such as fingering of
immiscible phases were captured using this method. In the same year, Hou et al. introduced a
hybrid numerical method utilizing the immersed interface method and the level set method
together for moving interface problems [80]. They applied this method to simulate viscous
fingering of immiscible displacements in a Hele-Shaw cell. Guan and Pitchumani developed a
volume tracking method to simulate viscous fingering in a Hele-Shaw cell with finite viscosity
ratio and interfacial tension [81]. They examined the effects of finite viscosity ratio and capillary
number. In the process, they identified four distinct finger patterns depending upon the
viscosity ratio and the modified capillary number for constant flow rate or for constant driving
pressure difference. Ghesmat and Azaiez (2007) performed nonlinear simulations for viscous
fingering of miscible displacements with anisotropic velocity-dependent dispersion [58, 60]. The
model equation from Bear [82] was used to determine the longitudinal and transverse
dispersion coefficients along the flow streamline. They examined the velocity field to explain

the development of new fingering patterns.
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The effects of time-dependent injection flows on finger patterns in miscible displacements were
examined by Yuan and Azaiez through numerical simulations [83]. The authors found that the
effects of the velocity amplitude and cycle period were significant when the inertial effects
were considered in the simulations. The viscous fingering instability between two immiscible
Newtonian fluids within a Hele-Shaw cell were investigated by Jackson et al. [84]. The boundary
element method was used to determine the normal velocity at the interface. They studied the
effects of mobility ratio ranging from 1 to 1000 and capillary number varying between 2000 to
12000. Lins and Azaiez examined the effects of time-dependent injection schemes on the
nonlinear development of fingering patterns in immiscible displacements [85]. A hybrid scheme
combining the immersed interface method and the level set method was used in the numerical
simulations. The cyclic schemes with small periods and large amplitudes lead to less unstable
interfaces. Monotonic injection schemes reduced the growth of viscous fingering at high
surface tensions and low mobility ratios. The same authors investigated in a more recent study
the effects of radial cyclic injection flows of immiscible fluids [86]. They mainly examined the
effects of the period of the sinusoidal injection and found resonance-like effects where the
fingering structures were significantly changed at a critical period. Chen and Meiburg
conducted a detailed computational investigation for the two-dimentional miscible quarter
five-spot displacements in a homogeneous porous media [87]. They performed simulations to
investigate the effects of the Péclet (Pe) number and the mobility ratio on the flows. Vigorous
viscous fingering near the injection well was observed with sufficiently large Pe. They found a
clear separation in space and time scales in the flow. Small scales were observed near the
injection well and the production well. However, larger scales dominated the central domain.
They also tried to optimize recovery by using a time-dependent injection rate because the flows
showed apparent spatial non-uniformity. They found that the recovery can be increased by
reducing the flow rate at early times and then increasing it at later times. Almarcha et al.
studied theoretically and experimentally the effects of density changes due to a reaction on the
buoyancy-driven instabilities at a horizontal interface between two liquids [88]. They
performed an experiment with HCL solution on top of NaOH solution in a vertical Hele-Shaw

cell. A sinusoidal perturbation was observed slightly above the contact line soon after contact,
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and then fingers developed. They also numerically showed that the reaction can make a
buoyantly stable system unstable. Sajjadi and Azaiez investigated miscible flow displacements
with unfavorable mobility ratios through horizontal layered heterogeneous media [89]. They
examined the effects of a wide range of parameters such as the injection velocity, diffusion,
viscosity, and the heterogeneity length scale and variance on the flow instability. It was
revealed that the flow displacements in layered heterogeneous media show similar flow regines
as the ones in homogeneous media. Yuan et al. investigated the concentration-dependent
diffusion coefficient (CDDC) in nonlinear numerical simulations of frontal instabilities and mass
transfer in a homogeneous porous media [90]. In the study, the diffusion coefficient is
exponentially proportional to concentration. The frontal instabilities on mass transfer were
enhanced when the CDDC was adopted in a simulation. They found that instabilities develop at
a very early time with a sharp interface. Huang and Chen performed non-linear simulations
using a diffuse-interface method to examine the influence of fluid miscibility and injection
scheme on radial displacements in a Hele-Shaw cell [91]. They examined two injection schemes,
constant and linear injection rates, and three miscibility conditions, immiscible with surface
tension, partially miscible with effective interfacial tension and fully miscible. It was found that
the linear injection scheme has stabilizing effects on all three miscibility conditions. They also
found that the linear injection scheme in a fully miscible interface shows different results such
as longer channeling zone and interfacial length. They suggested that the different results are

from the absence of the interfacial tension at the miscible interface.

2.3.2 Non-Newtonian Flows

Kondic et al. derived a generalized Darcy’s law where the viscosity is a function of the squared
pressure gradient [18]. Kondic et al. (1998) performed nonlinear simulations to study the
viscous fingering of a gas displacing a shear thinning liquid in a radial Hele-Shaw cell [92].
Darcy’s law generalized for non-Newtonian fluids was used in the numerical simulations. The
results showed that the tip-splitting found in a Newtonian fluid was delayed with weak shear
thinning and suppressed with greater shear thinning. Fast et al. (2001) studied pattern
formation of an air bubble expanding into a non-Newtonian fluid in a Hele-Shaw cell through

numerical simulations [20]. They found that the shear-thinning behavior of the displaced fluid
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suppressed tip-splitting. They suggested that the suppressing tip-splitting could lead to

dendritic fingering patterns.

Lindner et al. suggested that the effective Darcy’s law, in which the constant viscosity was
replaced by the shear-thinning viscosity, was able to model weakly shear-thinning fluids [13].
However, the effective Darcy’s law was not recommended for stronger shear-thinning fluids.
Singh and Azaiez conducted numerical simulations to examine the viscous fingering of miscible
shear-thinning fluids in a rectilinear Hele-Shaw cell [21]. A pseudo-spectral numerical technique
based on the Hartely transform was used, and Darcy’s law was modified such that a shear-
dependent viscosity replaced the constant viscosity. The modified Carreau Model was used to
determine the viscosity of non-Newtonian fluid. The results for shear-thinning fluid displacing a
Newtonian fluid showed new fingering patterns that were similar to fractal patterns. Shoghi
and Norouzi examined the viscous fingering instability of miscible non-Newtonian fluids in the
presence of permeability heterogeneity [66]. Carreau Model was used to determine the
viscosity of non-Newtonian fluid. The magnitude of the rate-of-strain tensor was determined
using the second invariant of the rate-of-strain tensor. More recently, Shokri et al. studied the
viscous fingering instability of miscible displacement involving a viscoelastic fluid in a rectilinear
Hele-Shaw cell using a numerical method and linear stability analysis for the first time [93]. The
simulations covered Weissenberg numbers from 2 to 20. It was found that the system becomes
less unstable with the increase in Weissenberg number. The same research team had also
examined the viscous fingering instability of miscible displacement involving a nonlinear
viscoelastic fluid in horizontal layered heterogeneous medium in addition to a homogeneous
media [94]. Shi and Tang studied immiscible non-Newtonian displacements in a simplified
porous media using the lattice Boltzmann method [95]. Fingers became more unstable with the
increase of the capillary number, and lower displacement efficiency was obtained with the
increase of the viscosity ratio. In addition, shear thickening fluid showed higher displacement
efficiency than shear thinning fluid. Recently, Yazdi and Norouzi performed a numerical study
for Saffman-Taylor instability of an immiscible nonlinear viscoelastic fluid displacing Newtonian
fluid in a rectilinear Hele-Shaw cell [96]. They applied the volume of fluid method for predicting

the formation of two phases and the Giesekus model as the constitutive equation for the
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viscoelastic fluid. They examined the destabilizing effect of shear-thinning property of nonlinear
viscoelastic fluid on the interfacial instability. It was found that the fluid elasticity and capillary
number decrease the intensity of the interface. Noorouzi performed another study on Saffman-
Taylor instability of immiscible viscoelastic-Newtonian displacement in a rectilinear Hele-Shaw
cell [97]. In this study, the Oldroyd-B constitutive equation which describes Boger liquids better
was used. They found that the elasticity of the displacing fluid stabilizes the flow field in the

presence of interfacial tension.

2.4 Conclusion

There are limited number of studies on viscous fingering instabilities for non-Newtonian flows
compared to Newtonian ones. However, the existing studies on the viscous fingering
instabilities involving non-Newtonian fluids suggest that the shear-thinning property can have
several different effects on the fingering structures which include narrowing or widening the
width of fingers, suppressing the tip-splitting, and causing fractal fingers. Those different effects

of shear-thinning/shear-thickening fluids are thorouly examined in this study.
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CHAPTER 3

MODEL AND METHODOLOGY

In this Chapter, the physical model of the flow, the governing equations with boundary
conditions, and the constitutive equation for describing the shear-thinning and shear-thickening
behaviors are presented. This is followed by a detailed description of the numerical methods
used to solve the model equations. This Chapter will be wrapped with a presentation and
discussion of the numerical code we have developed to solve the flow problem, its

implementation, validation and convergence.
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3.1 Model Geometry and Governing Equations

In this first section, the considered geometry in which the flow develops is presented.
Subsequently, the governing equations and corresponding boundary conditions are discussed.
Furthermore, the constitutive equation to characterize the rheological behavior of the non-

Newtonian fluid are detailed.

3.1.1 Model Geometry

The domain under consideration consists of a horizontal two-dimensional homogeneous square
[2a x 2a] porous medium with constant permeability k. The flow is under the creeping regime
where inertial effects can be neglected and it is assumed that it develops radially from a centre
source. A Newtonian fluid (fluid 1) of viscosity 7, is injected in the centre of the domain to
displace radially a second fluid (fluid 2) of viscosity 7,, that initially occupies the porous
medium. The displaced fluid considered in this study is non-Newtonian, with a shear dependent

viscosity; 1, (¥) and a zero-shear viscosity 1,,. A related variable that will be used throughout
this study is the mobility §; = K/m. ,1 = 1,2 defined as the ratio of the medium permeability

and the fluid viscosity. In the case of the non-Newtonian fluid, the mobility is based on the zero-
shear viscosity, 17,. Both fluids are assumed to be fully immiscible with a surface tension 7, and

the flow is considered to be isothermal. A schematic of the flow is depicted in Figure 3.1.

y=a =x-
] Existing
B =B2(¥) Non-Newtonian Fluid
2a ‘ ‘:
| j
\‘ r/’, ’1
\\\5//, ) //
YI Injected
Newtonian Fluid
X
—_ —_nq_Y_
y a u ;]
| 2a |
X =—-Qa xX=a

Figure 3.1 Schematic of the two-fluid radial displacement in the porous medium.
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3.1.2 Governing Equation

The flow displacement is governed by the following equations:

(—2y  fuid1
B

Vp = 1 (3.1)
— U fluid 2
mm! T
_(¢(), Tr<=<R
V-U= {o, s Rz (3.2)

Equation (3.1) for fluid2 is a modified Darcy’s law in which a shear-dependent mobility B, (y) is
used in the case of the non-Newtonian fluid [13], [21], [65], [66]. Equation (3.2) is the continuity
equation for incompressible fluids with a source term ¢ (7) in the injection area. The boundary

conditions at the interface are
[p); = T (3.3)
[U,)2 =0 (3.4)

The pressure drop across the interface is determined using the Laplace-Young equation (3.3)
where 7 is the surface tension and k is the curvature of the interface. Equation (3.4) is the
kinematic boundary condition. The injection strength ¢ (r) is distributed over the injection area

[86]:

_ (@o[1 + cos(mr/Ry)], r<R
o) = {0,0 SR (3.5)

where @ is the injection strength coefficient. The constant injection rate Q, can be obtained

by integrating ¢p(7) over the injection area:

Qo = @oRo’ (1) (3.6)

The non-Newtonian shear-thinning or shear-thickening behavior of fluid2 may be represented

using the Ostwald de Waele Power-Law model commonly adopted in other studies [13] [62]
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[63] [64] [95]. However, this model fails at very small shear rates and the Carreau model will be
adopted instead:

N —MNe

n-1
— =1+ (3.7)
No Neo

In the above equation 7 is the zero-shear rate viscosity, 77, is the infinite-shear-rate viscosity, 4
is a time constant, n is the power-law index, and a describes the transition region from the zero-
shear rate to the power-law region [98]. The magnitude of the rate of strain tensor, y is

determined using the second invariant:

. 1 -
V= Ez Z YijViji (3.8)
i J
where y;; is the rate of strain tensor (du;/0x; + du;/0x;). The mobility of the shear-thinning

fluid becomes, usingn,, = 0 and a = 2:

B.(¥) = Fao o (3.9)

[1+ @22

where (3, is the zero-shear rate mobility of the non-Newtonian displaced fluid.

The governing equations are made dimensionless using the following scaling factors: 1/¢, for
time, R, for length, &R, for velocity, and ¢poR3/B; for pressure, where ¢y = Qo /TR3. The

resulting governing equations and boundary conditions in dimensionless form are:

goe (U fluid 1 310

p= {—MQU* fluid 2 (3.10)
* * (‘I)*) r* S 1

ViU = {0, 21 (3.11)
n—1

M, = M[1+ (Dey*)?] Z (3.12)
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[Pl =TK (3.13)
[Uz]3=0 (3.14)

In the above equations, U* = U/(Rydo), Uy, = U,/ (Rody), 7" =1/Ry, ¢ = /by, T° =
B1/Rydo, p* = pB1/doRG, K" = KRy, M = f1/B0,De = Ay, and y* = y/d,. Here, Mis
the mobility ratio, De is the Deborah number, and t* is the dimensionless surface tension.
Henceforth, My is referred to as the effective mobility ratio. Furthermore, we may refer to the

Capillary number defined as the inverse of the dimensionless surface tension; Ca = 1/t".

3.1.3 Shear Rate in a Hele-Shaw Cell
The three-dimensional velocity field in a Hele-Shaw cell can be estimated from the two-

dimensional gap-averaged velocity field calculated from the Darcy’s law:
Vx(X,¥,2,t) = F(2uy(x, y, t)
v, (x,y,2t) = F(2u,(x,y,t) (3.15)
v,(x,y,2,t) =0

2
where F(z) = %(1 — Z_Z)' The strain rate tensor, y = Vv + (Vv)T, for a Hele-Shaw cell

becomes

) v, Jdv, ou,
Vi = (a*a) =2F@) 5

. [0y Ovy\ ou, Ou,
Yiz = (WJFE) —F(Z><ay tox

. (avx N avz) _
y13 - aZ ax - (Z)ux

du
Vo2 = 2F(2) == (3.16)
22 ay

34



Y21 = V12, V31 = Y13, V32 = V23

The magnitude of the rate-of-strain tensor, y can be determined by the second invariant of the

strain rate tensor [98]:

3 3
) 1 oo 1, . . . ) ) .
Y= Ez YijYji = \/E (1’112 + V92" + V330 4 2712 + 2V15° + 2)/232)

i=1 j=1

I Dup? ouy\? oue wN\ (3.17)
= |5 (ZF(Z)W) +<2F(Z)W> +2(F@ (E-FW) +2(F'(2)ur)? + 2(F' (2)wy) :

If the velocity gradients in x and y directions are ignored assuming they are too small compared

to the velocity gradient in z direction, the shear rate may be simplified to:

V= J (F'(2)uy)? + (F'(2)uy)? (3.18)

The shear rate at (x,y) can be determined by gap-averaging |y|:

1 (%4 3
ﬁf Vldz =57 [()? + (@) (3.19)
-d

The above gap-averaged shear rate was suggested in several studies [13], [21]. However, the
velocity gradients in x and y directions are not ignored in this study because simulation results
show they have comparable values near the interface. The shear rate is determined as the
second invariant of the strain rate tensor only in the x-y directions without considering the
thickness direction. As a result, the present study focuses on the shear rate due to the velocity

gradients in the x-y directions nearby the interface.
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3.2 Numerical Methods

The governing equations with the jump conditions at the interface can be considered as a two-
dimensional elliptic interface problem with a constant coefficient 3, inside the interface and a
non-constant coefficient 8, (y) outside the interface [99]. The equations are solved using a
hybrid method introduced by Hou et al. [100] based on a combination of the Fast Immersed
Interface Method (FIIM) and the Level Set Method (LSM). IIM consists of a finite difference
method to solve Egs. (3.1) — (3.2) by implementing correction terms at the interface to account

for the jump conditions, Eqg. (3.3).

3.2.1 Fast Immersed Interface Method
In the Fast Immersed Interface Method, the elliptic interface problem is preconditioned to an

equivalent problem [101]. The problem and jump conditions along the interface are
ABC, y)Vu) = f(x,y)
[u] = w(s) (3.20)

[Bun] = v(s)

where fis the source term and the jump comditions across the interface are [u] and [Bu,]. The
solution can be discontinuous along the interface if w(s) # 0. If v(s) # 0, there is a source
along the interface. In this study, v(s) is zeor and w(s) is the pressure drop due to surface

tension. The above problem is preconditioned to an equivalent problem:

Au + Vﬁﬁ: Vu = '[;—+ (inside interface)
Au + E Vu = L_ (outside interface)
g g (3.21)
[ul = w(s)
[un] = g(s)
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where g(s) is unknown. In the present study, the preconditioned PDE is solved using an
iterative method utilizing the fast Poison solver. In order to use the fast Poison solver, terms

other than Au are moved to the right hand side:

fvB* o
Au = ,3_+ — G - Vu (outside interface)
(3.22)
Au = ’[;—_ — Vﬁi_ Vu (inside interface)

The iteration starts with the case where f* and ™ are constant. The right hand side of the
equation is calculated from the solution of the previous iteration and treated as constant. The
iteration continues until the relative difference of the current and previous solutions is less than
1.0E-04. The correction term in each iteration is assumed to be the same as the correction term
of the first iteration where f* and B~ are constant. As a result, the fast immersed interface
method in the present study has two iterations which are the iteration for solving the
preconditioned PDE with non-constant coefficient f§ and the GMRES (generalized minimal
residual method) iteration to find a solution for the preconditioned PDE which satisfies the

jump contion of the original problem.

Interface derivatives of the jump conditions are required to determine the correction term. A
least square interpolation scheme is used to evaluate interface derivatives, and it is
recommended to use 9~12 interface points for the interpolation [99]. The least square
interpolation scheme is tested to determine how many points are required to have accurate
interface derivatives. In the present study, the jump condition w(s) is a pressure drop at the
interface due to surface tension which equals surface tension T times the curvature k. The
curvature at a point is determined using the signed distance level set function @ which defines
an interface implicitly:

Dx 2 — 205, 8,0, + 0., 62

SN R AR 523
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The dimensionless curvature is -1 at the points on a circular interface. The negative curvature
means the interface is concave towards the center. A circular interface of a radius 0.5 is used,
and the first and second derivatives of the pressure drop, w(s) along the interface are
evaluated using different numbers of interface points. The circular interface is represented
using a level set function, and the points on the interface are determined as normal projections
of the adjacent grid points to the interface. The first and second interface derivatives of the
pressure drop should be 0 because the curvature of a circle is constant and does not change
along the interface. The first interface derivatives of the pressure drop, w(s) are shown in
Figure 3.2. The results are accurate when more than 10 interface points are used for the

interpolation.

(a) (b) ()

Figure 3.2 The first interface derivatives w'(s) of a circular interface determined from (a) 2-6
interface points, (b) 10-16 interface points, and (c) 16-23 interface points.

Figure 3.3 shows the second interface derivatives of the pressure drop. As shown in Figure 3.3,

the second derivatives from 2-6 interface points are not accurate, and the results become

accurate when using more than 16 interface points.

(a) (b) ()

Figure 3.3 The second interface derivatives w' (s) of a circular interface determined from (a) 2-
6 interface points, (b) 10-16 interface points, and (c) 16-23 interface points.
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3.2.2 Level Set Method
In the LSM used in this study, the interface is defined implicitly as an iso-contour of a signed
distance function which gives the shortest distance to the interface for a given point in the

domain [102]. The signed distance function is defined as:

0 on the interface
@(x) =< d(X) in the exterior region (3.24)
—d (%) in the interior region

where d(X) is the shortest distance to the interface. The level set function satisfies [103]

G +VO-U=0 (3.25)

where U = z—:. The position of the interface is tracked by solving the above equation in the

Level Set Method. The initial condition of the signed distance level set function is a circle with a

radius of Ry:

O(x,y,t =0) =x?>+y?—R, (3.26)

When a speed in the outward normal direction, V;, is given, the equation becomes:
@+ |VO|V, =0 (3.27)

The time change of the level set functions can be tracked by solving equation (3.25) or (3.27).
In the present study, the Level Set Method Library (LSMLIB) is used for the simulation program
[104].

The LSMLIB is tested with simple 2D shapes such as a circle and a V shape by moving the
interfaces and calculating the inside areas. A signed distance function can be defined by
assigning the shortest distance to the interface for every grid point. It has a negative distance
for the points inside the interface and a positive one for the points outside the interface.
Several interfaces can be combined as a union or an intersection. For example, a triangle can be
defined as an intersection of three line interfaces. Four simple shapes are defined in level sets,

and they are visualized as 0 contour plot in Matlab and shown in Figure 3.4.
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Figure 3.4 Zero contour plot of level sets for simple 2D shapes

The interior area of an interface can be calculated by evaluating the following integral over the

entire grid points [102].

f(1 — H(p))dA

(3.28)

H(Q) is a Heaviside function. H(®) can be calculated using a first-order accurate smeared-out

approximation [102]

0 0 < —e€

)9 1 /P
H(Q) = 5+E+%sm<?> —e<@P<e
1 e<®

where a typical value of € is 1.5Ax. The calculated areas are shown in Table 3.1.
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As can be seen in Table 3.1, the % error is not decreased significantly when the grid space is

reduced from 0.01 to 0.004. This indicatess that the approximation of the areas is first order

accurate.
Table 3.1 Calculated areas of simple shapes and % error
Approximation
Shape Actual Area
dx=dy=0.004 % Error dx=dy=0.01 % Error

Circle 0.785398 0.785413 0.002 0.785492 0.012
Rectangle 1 1.000023 0.002 1.000146 0.015
Triangle 0.125 0.125041 0.033 0.125247 0.198
V shape (upper area) 3 2.995995 0.133 2.989972 0.334

With a constant normal speed, equation (3.27) becomes
@ +alVd| =0 (3.30)

where a is a constant normal speed. The spacial derivative, V@ is approximated using a second-
order accurate Hl ENO(Hamilton-Jacobi essentially non-oscillatory) following upwind
differencing. In HJ ENO, Newton polynomial interpolation is used to find the smoothest fit to @
and then differentiate to get @, [102]. The discretization of @ with respect to time is performed
using a second order accurate TVD RK (total variation diminishing Runge-Kutta) method. In the
second order TVD RK, the forward difference operation for the time is performed two times to
get @"*1and @12, and the final "*! is determined by averaging @™ and @"*? [102]. The

simulation results for the movement of the four simple shapes are presented below.

The inside area of the circle has negative level set values. The interface moves outward with a

positive constant normal speed of 0.2 as shown in Figure 3.5.
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Figure 3.5 Propagation of a circular interface with a constant positive normal speed, a = 0.2

The interface moves inwards with a negative constant normal speed of -0.2 as shown in Figure

3.6.
, . a=-0.2 |=P 300x300 ) . a=-0.2 t=1.002 300x300 ) i a=-0.2 t=2.004 300x300 .
08 1 08r 1 081
06 1 06+ 1 06
04 - 04r - 04r
02 02 02
> 0 > 0 > 0 Q
.02 0.2 02
04 1 04r 1 04t
06 1 06+ 1 06
08 1 087 1 081
- - - J 1L J 1L
-1 05 0 05 1 - 05 0 05 1 -1 -05 0 05 1

Figure 3.6 Propagation of a circular interface with a constant negative normal speed, a = -0.2
The inside area of the rectangle has negative level set values. The interface moves outward
with a positive constant normal speed of 0.2 as shown in Figure 3.7. The corners become a
rarefaction fan as the interface moves outwards. This can be explained by an entropy condition

that says no new information can be created during the propagation of interface [103].
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Figure 3.7 Propagation of a rectangular interface with a constant positive normal speed, a = 0.2
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Figure 3.8 Propagation of a rectangular interface with a constant negative normal speed, a = -
0.2

The corners remain during the shrinkage of the rectangular interface as shown in Figure 3.8.
However, the interface information at the corners are lost. The upper area of the V shape has
negative level set values, and the movement of the V shape is shown in Figure 3.9. The

interface moves downwards with a positive constant normal speed of 0.2.
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Figure 3.9 Propagation of a V interface with a constant positive normal speed, a = 0.2
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Figure 3.10 Propagation of a V interface with a constant negative normal speed, a = -0.2

As shown in Figure 3.10, level set values at the lower and upper x boundaries are linearly
extrapolated as the interfaces move inward. The outward and inward movements of the
triangle is shown in Figure 3.11 and 3.12 respectively. The inside area has negative level set

values. The corners become a rarefaction fan as the interface moves outwards.
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Figure 3.11 Propagation of a triangular interface with a constant positive normal speed, a = 0.2
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Figure 3.12 Propagation of a triangular interface with a constant negative normal speed, a = -
0.2

3.2.3 FIIM and LSM

In the present study, the implementation of the FIIM is based on the FIIM_LEVEL package
where the FIIM uses a signed distance level set function to represent an interface [105]. The
pressure solution of the Hele-Shaw flow is obtained using the FIIM, and the normal velocity
field is computed from the pressure solution following the methods suggested by Hou et al.
[80]. For the regular grid points outside the interface, whose standard five-point stencil is not

cut through by the interface, the normal velocity can be calculated directly by

U, = —fp, = —BVp-n (3.31)

where n is the unit normal vector calculated from the signed distance level set function. For the
irregular grid points outside the interface, the normal velocity is interpolated using normal
velocities from the two closest points on the interface and one close regular grid point on the
same side. For the grid points inside the interface which are close to the interface, the normal
velocities are calculated by just extending the normal velocities on the interface. Once the
normal velocity field is determined from the pressure solution, the interface is moved by

solving the Equation (3.27) with the normal velocity field.

3.2.4 Numerical Validation

Prior to presenting the results of the numerical simulations, the convergence of the numerical
scheme and the validation of the code are briefly discussed. The number of grid points in the

domain was varied to ensure the convergence of the numerical simulations. A representative
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result is presented in Figure 3.13 for a Newtonian displacement with M=100 and Ca=130 where
time sequences (t*€[0,9]) of interfacial contours are depicted for different grid sizes. It is clear
that the overall finger structures as well as the number fingers are not changed with increasing
grid size, m. The convergence has also been ascertained through the values of the base and the
tip radius (at t*=9), defined as the radial location of the closest and farthest points of the

interface from the injection centre.

Base Radius = 2.03 Base Radius = 2.07 Base Radius = 2.07

Tip Radius =3.37 Tip Radius = 3.42 Tip Radius =3.42

Figure 3.13 Numerical Convergence of fingers with spatial resolution (m X m) for (a) m = 280,
(b) m = 300, and (c) m = 360 at M = 100, Ca = 130, n = 1.0, and t* = 0 to 9.

Base Radius = 1.77 Base Radius = 1.76 Base Radius = 1.77

Tip Radius = 3.98 Tip Radius =4.10 Tip Radius =4.10

Figure 3.14 Numerical Convergence of fingers with spatial resolution (m X m) for (a) m = 280,
(b) m = 300, and (c) m = 340 at M = 100, Ca =70, n = 0.9, De = 0.25, and t* = 0 to 15.
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Similar contours are shown in Figure 3.14 in the case of a non-Newtonian displacement with
M=100, Ca=70, n=0.9, De=0.25 and different grid sizes. It is also clear here that the overall
finger structures and the number of fingers as well as the base and tip radii virtually do not
change as mis increased. More details on the numerical technique and validation can be found
in [85], [86]. In what follows, results are presented for shear-thinning fluids followed by those

for a shear-thickening one.

3.2.5 Finger Structures of non-Newtonian Displacements

In order to establish the direct relationship between the finger structures and the rheological
behaviour of the non-Newtonian fluids, i.e. their shear-dependent viscosity, numerous
simulations were carried out for fluids with different values of the Deborah number and power-
law index but that have identical or similar viscosity profiles. It was found that in all cases, the
finger structures are virtually identical, showing the direct relationship between the interfacial

instability and the rheological behaviour of the displaced non-Newtonian fluids.

(a) (b)

100 ———— 100
: n=0.95 ﬁ.\ n=0.70
De=0.240 3 De=0.111
------- n=0.90 : ======- n=0.60
n=0.95 De=0.142 , n=0.70 De=0.094
De=0.240 De=0.111
[S)
- -
n=0.90 n=0.60
De=0.142 De=0.094
10 10
1 10 1 10
i s

Figure 3.15 Effective mobility ratio M versus shear rate y*for the pairs showing very similar
finger structures.

Figure 3.15 illustrates this result, where the effective mobility ratio M, profiles versus shear
rate y*are depicted along with the corresponding finger structures, for selected pairs of De and
n. It is clear that combinations of (De, n) that result in the same viscosity profile, lead to

virtually indistinguishable fingering patterns.
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CHAPTER 4

RESULTS: NON-NEWTONIAN FLOW
DISPLACEMENTS

In this chapter, immiscible flows that involve radial displacements of shear-thinning or shear-
thickening non-Newtonian fluids by a Newtonian fluid in homogeneous porous media are
examined. The flow displacements are characterized qualitatively through time sequences of
the interfacial contours as well as quantitatively using the effective fingers number k¢

obtained from Fourier spectra of the interface and the finger area density, FAD.
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4.1 Shear-Thinning Flow Displacements
In this section, the effects of the two rheological parameters De and n are analyzed in the case
of shear-thinning (pseudo-plastic) fluids. The results are presented by first examining interfacial

contours and then through a quantitative analysis.

4.1.1 Interfacial Contours

Figure 4.1 depicts time sequences of the interface for a power-law index, n = 0.8 and different
values of the Deborah number, from zero to 0.50. For very small values of De, the instability is
virtually identical to its Newtonian counterpart exhibiting eight dominant fingers at the
interface. As the Deborah number is further increased and the flow moves to a stronger non-
Newtonian regime, the finger structures start gradually to change. In a first regime, the
instability and in particular fingers’ tip-splitting is attenuated with increasing De ultimately
resulting in mainly four developed fingers instead of the eight ones observed in the Newtonian
(De=0) and very small Deborah number cases. This least unstable interface is observed for
De=0.07. The delay and ultimately full suppression of tip-splitting effects of weak shear-
thinning fluids were also observed in previous studies [19], [20]. This trend is however reversed
when De is further increased resulting in the emergence and development of new fingers that
result in more complex interfacial structures involving a variety of fingers’ growth mechanisms
such as multiple-tip splitting and side branching. It should be also noted that with increasing
Deborah number, interfacial instabilities tend to develop earlier in the flow and the

breakthrough time decreases.
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Figure 4.1 Time sequences of the interface for n = 0.8 and different values of the Deborah
number over t* = 0 to 15 or breakthrough.

Similar results for a larger value of the power-law index; n=0.9, are shown in Figure 4.2. The
trends are qualitatively similar to the ones reported for n=0.8, with an initial stage of
attenuation of the instability followed by a trend change that in this case takes place at a larger
value of the Deborah number (De=~0.09). It should be noted that in this case, the effects of

attenuation of the instability also occur at a larger value of De.
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Figure 4.2 Time sequences of the interface for n = 0.9 and different values of the Deborah
number over t* = 0 to 15 or breakthrough.

The effects of the power-law index n which measures the intensity of shear-thinning are
presented in Figure 4.3 for De = 0.15. The results indicate that as n decreases, the shear-
thinning effects get stronger, and the finger structures change. In particular, tip-splitting is
delayed with a slight decrease of n and totally suppressed with a further decrease of n. These
trends however change when the power-law index is decreased below a critical value, n = 0.95
with new fingers developing and involving more complex growth mechanisms that ultimately

result in more intricate interfacial morphologies.

Figure 4.3 Time sequences of the interface for De = 0.15 and different values of the power-law
index over t* = 0 to 15 or breakthrough.

4.1.2 Quantitative Analysis
The previous results indicate that changes in the rheological characteristics of the displaced

fluid induce major changes in the interfacial instability and the finger structures, and these
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changes do not seem to be monotonic. In order to further characterize the evolution of the
interfacial instability, a number of quantitative criteria consisting of the effective number of

fingers and the finger area density, will be adopted.

The number of fingers of the interface at any given time is determined using the Fourier
spectrum of the interface [86]. The interface is considered as points of a radius versus angle

function, and its discrete Fourier transform is determined. The effective number of fingers k¢ ¢

is obtained as:

S IF () 12k
_ 4.1
D NTIONE @1

where F (k) is the Fourier transform and k is the wavenumber in the transform space.
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Figure 4.4 Fourier transform spectra of interfaces, the effective number of fingers k¢ and the
finger area density (FAD) for (a) De = 0.07 and (b) De = 0.20 forn = 0.8 and t* = 15.
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Figure 4.4 illustrates typical examples for the variation of the Fourier’s amplitude with the
wavenumber at t* = 15, for n=0.8 and two values of the Deborah number, corresponding to
results shown in Figure 4.1. In the case De = 0.07, the interface exhibits four dominant fingers,
with additional four side small protrusions. This qualitative characterization of the interface is
well reflected by the Fourier spectrum (Figure 4.4-a) and is captured by the numerical value of
the effective number; k.rr = 4.08. For De = 0.20, the interface consists of four dominant
fingers separated by four less developed shielded fingers, resulting in a total of eight major
fingers. These are captured by the two peaks at wavenumbers k = 4 and k = 8. The third peak
at k = 12 reflects the tip splitting of the four main fingers (Figure 4.4-b) while the one at k =
16 accounts for all the fingers from the tip splitting of the four main fingers and the four
shielded ones. The small peak at k = 14 reflects the fact that the two sub-fingers from the tip
splitting of the two shielded fingers are less developed than the others. The effective fingers

number is in this case ks = 11.18.

A second quantitative criteria to characterize the instability at the interface is the finger area
density; FAD, defined as the ratio of the fingering area to nrtipz where 1, is the radius of the
point on the interface farthest from the centre of the domain [85]. A unit value of FAD
represents the case of a stable circular interface, and the more complex the finger structures
the smaller the value of FAD. Values of FAD are indicated in Figure 4.4 for n=0.8 and De =

0.07 and 0.20 and reflect that more instable interface result for the latter value.

The effective number of fingers and the finger area density are henceforth used to characterize
and quantify the development of the instability at the interface as the rheological properties of

the non-Newtonian fluid are changed.

Figure 4.5 depicts the variations of k. s and FAD with time for different values of the Deborah
number in the case n=0.8. The Newtonian reference case is shown in solid line while the non-
Newtonian cases are depicted using symbols. Furthermore, for clarity not all values of De are
included, and only those that capture the main interesting trends are shown. Both k,; and
FAD vary with time but tend to reach a plateau at later times. Furthermore, except for the early

stages of the flow where the number of fingers may vary non-monotonically with time, the
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subsequent evolution is monotonic in all examined values of De and levels off late in the flow

(Figure 4.5-a).
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Figure 4.5 (a) Effective number of fingers and (b) Finger area density versus time for n=0.8 and
different values of De. De=0.0(==), 0.03(H), 0.05(A ), 0.06(®), 0.07(L]J), 0.09(/\), 0.15(<).

A close examination of the variation of the effective number of fingers with De at later times,
illustrate clearly the non-monotonic variation of k¢ with De. Initially the number of fingers
tends to decrease as De is increased, followed by a reversal of trend where ks increases with
increasing De. The minimum number of fingers is about four and is reached for De = 0.07.
Similar conclusions can be drawn for the finger area density where a plateau is observed late in
the flow. The variation of FAD with De at such times is also non-monotonic, starting with an
initial increasing trend followed by a decreasing one as the Deborah number is increased, with a
maximum attained at De = 0.06. Note that FAD tends in general to decrease with time,
reflecting more unstable interfaces and intricate finger structures as the flow progresses.
Furthermore, the effective number of fingers of the non-Newtonian fluids (De > 0) are
systematically smaller than their Newtonian counterpart, while their FAD may be smaller or

larger than that of the Newtonian flow.
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The results of this quantitative analysis confirm the previous observations from the interfacial
contours regarding the existence of a turning point in the evolution of the interfacial
morphology that occurs at a critical value of the Deborah number; De, = 0.07 in the case

n=0.8.
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Figure 4.6 (a) Effective number of fingers and (b) Finger area density versus time for De=0.15
and different values of n. n=1.00(==), 0.98(M), 0.97(A ), 0.96(®), 0.95(C1), 0.92(/\), 0.86( ).

The variations of k. sf and FAD with time for different values of the power-law index n at fixed
De = 0.15 lead to similar conclusions. In particular, the trends reflect well that the flow
instability increases with time, and both k. ;s and FAD tend to level off at large times (Figure
4.6). At such late-times, the variations with n of both k. and FAD are non-monotonic
revealing the existence of a critical power-law index value n. = 0.95 around which the
variations with n change trends (Figure 4.6). Again, these results concord with the observations
based on the interfacial contours depicted in Figure 4.3. Note that k. ;¢ of the Newtonian
displacement is systematically larger than those of the shear-thinning flows (n<1) while the
finger area density is smaller than those for weakly shear-thinning fluids, but becomes larger for

smaller n.
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The previous quantitative analyses indicate that changes with time of both the number of
fingers and the area density level off at late-times and both quantities have a constant value if
one considers a long enough time. All subsequent results and discussion will focus on the

behaviour of the flow at such long times.

4.1.3 Critical Deborah number

The previous results indicate that for given values of the mobility ratio M, Capillary number Ca
and power-law index n, there is a critical Deborah number De_ that characterizes the non-
Newtonian displacement. De,. is defined as the Deborah number at which the effective number
of fingers is the smallest. It can also be determined from the value at which the finger area
density reaches its first maximum. In this section, exact values of De, and their dependence on

the other dimensionless groups are presented;
De, = 3,(M,Ca,n)

In order to determine De,, a large number of simulations were carried out by varying the
Deborah number for fixed M, Ca and n and determining the values of the effective number of

fingers and the area density.

Figure 4.7 shows the variations of k.rs and FAD with De for different values of the power-law
index and for M=100 and Ca=70. For a given value of the power-law index, ks initially
decreases with increasing De. This decrease in ks results in an almost smooth though not
perfectly circular interface which explains the corresponding initial increase of FAD. Further
increase in De leads to the development of new small protruding fingers that distort the

interface. As a result, k. starts to increase while FAD decreases.

It is clear that the number of fingers reaches a minimum at the critical Deborah number De,,
that seems to decrease with decreasing power-law index, or equivalently with stronger shear-
thinning behaviour (Figure 4.7-a). Similarly, the finger area density reaches its maximum at

De, (Figure 4.7-b).
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Figure 4.7 (a) Effective number of fingers and (b) Finger area density versus De for different
values of n at t*=15. n=0.60( M), 0.70(A), 0.80( #), 0.90( ®).

(a) (b)
0.14 - Ca
30 40 50 60 70 80 90 100
0.12 A
a o1
— [
38 o
£ 0.8 - 2
s}
0.06 -
0.04
n M
—&— M=50, Ca=70 —@— M=200, Ca=70 —®—n=06 —4—n=07 —4—n=08 —@—n=0.9

---B8--- Ca=30, M=100 ---©--- Ca=100, M=100

Figure 4.8 Critical Deborah number versus (a) n for different values of M and Ca, (b) M and Ca
for different values of n, filled symbols for M (Ca=70) and empty symbols for Ca (M=100).

In what follows, the dependence of the critical Deborah number on the mobility ratio M and
the Capillary number Ca, is discussed. Figure 4.8 depicts the variation of De. with n for different
values of the mobility ratio and the Capillary number and with M and Ca for different values of

the power-law index. For any given values of the mobility ratio and the Capillary number,
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De_ increases monotonically with increasing power-law index, i.e. with weaker shear-thinning
behaviour (Figure 4.8-a). Though the figure shows results only for four values of (M, Ca), this
trend was observed consistently for all considered values of M and Ca. Furthermore,

De_ decreases with increasing mobility ratio for fixed n and Ca. However the effects of M on
De_ tend to subside at larger values of the mobility ratio, implying that there is an asymptotic
behaviour for large M (Figure 4.8-b). It should however be noted that the effect of the mobility
ratio is non-monotonic. At small M, the critical Deborah number decreases as M increases,
reaching a minimum before increasing again and then reaching a plateau value. It should be
mentioned that this non-monotonic behaviour is more notable for large values of the power-

law index, or equivalently for weakly shear-thinning fluids (see Figure 4.8-b).

De, was also found to vary non-monotonically with Ca. More specifically, the critical Deborah
number initially decreases as Ca increases, before starting to increase as the Capillary number
further increases (Figure 4.8-b). This non-monotonic effect becomes stronger for larger power-

law index, i.e. as the shear-thinning effects decrease.

4.1.4 Critical Power-Law Index

Similar to the critical Deborah number, there is a critical power-law index n for given values of
the mobility ratio M, Capillary number Ca and Deborah number De. The critical power-law
index n. is defined as the value at which the effective number of fingers is the smallest. It can
also be determined from the value at which the FAD reaches its first maximum. In this section,

exact values of n, are presented;
n. = H,(M, Ca, De) (4.2)

A large number of simulations was conducted to determine the critical values of the power-law
index. Figure 4.9 shows the variations of k. and FAD with the power-law index for different
values of De and for M=100 and Ca=70. The number of fingers reaches a minimum at the
critical index n., which tends to decrease with decreasing Deborah number (Figure 4.9-a).
Similarly, the finger area density reaches its maximum at the critical power-law index (Figure

4.9-b).
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Figure 4.9 (a) Effective number of fingers and (b) Finger area density versus n for different
values of De at t* = 15. De=0.02(R), 0.10(®), 0.15(O), 0.20(C]), 0.30(A).
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Figure 4.10 Critical power-law index versus (a) De for different values of M and Ca, (b) M and Ca
for different values of De, filled symbols for M (Ca=70) and empty symbols for Ca (M=100).

The dependence of n, on the other three governing parameters is illustrated in Figure 4.10. For
a fixed Capillary number Ca =70, the critical power-law index shows an overall increasing trend

with increasing De for fixed mobility ratio (Figure 4.10-a) and with increasing M for fixed
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Deborah number (Figure 4.10-b). However this increase tends to be stronger for smaller values
of either parameters, De or M, and levels off for larger values. For a fixed M=100, n. increases
with De for any given Ca (Figure 4.10-a) and shows a non-monotonic dependence on the
Capillary number under fixed De, where it initially increases up to a maximum before
decreasing again (Figure 4.10-b). This dependence on Ca is however weak for larger De, where

n. becomes virtually independent of the Capillary number.

4.2 Shear-Thickening Flow Displacements
The previous results and discussion have focused on shear-thinning fluids (n<1). In this section,
we focus our attention on shear-thickening (dilatant) fluids (n>1) and follow the same line of

analysis as for shear-thinning flow displacements.

4.2.1 Interfacial Contours

Figure 4.11 depicts time sequences of interfacial contours for n=1.2 and different values of the
Deborah number. There is a clear trend for change of the interfacial instability and the number
of fingers with increasing De. Similar to what was found in the case of shear-thinning
displacements, the trends are also here non-monotonic where in a first stage larger values of
De tend to attenuate the instability reducing the number of fingers and resulting in an almost
stable interface. The trend is subsequently reversed where stronger interfacial instabilities

develop as De is further increased.
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Figure 4.11 Time sequences of the interface for n = 1.2 and different values of the Deborah
number over t* = 0 to 15.

The effects of the power-law index n on the instability are depicted in Figure 4.12 for De =
0.03. The shear-thickening effects become stronger as the power-law index increases. The
interface becomes less unstable, and tip-splitting is delayed with a small increase of n.

However, interfacial instabilities start to grow again and become stronger with a further

increase of n.

Figure 4.12 Time sequences of the interface for De = 0.03 and different values of the power-
law index over t* = 0 to 15.
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4.2.2 Quantitative Analysis

The effective number of fingers and the finger area density are used to characterize and
quantify the interfacial instability. Figure 4.13 shows the variations of k,rs and FAD with time
for different values of the Deborah number in the case n=1.2. After an initial transient regime
where the variation may be non-monotonic, both the effective number of fingers and the finger
area density reach a steady state. What is notable is that the values of k.sr and FAD at the
steady state vary non-monotonically with the Deborah number reaching a maximum at De =
0.03 where the maximum effective number of fingers is about nine. The results of this
quantitative analysis confirm the existence of the critical Deborah number De. = 0.03 in the
case n=1.2. It should be noted that for large enough values of De, both the effective number of

fingers and the finger area density tend to converge towards an asymptotic value.
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Figure 4.13 (a) Effective number of fingers and (b) Finger area density versus time for n=1.2 and
different values of De. De=0.0(==), 0.03(M), 0.04(A ), 0.05(®), 0.08(C1), 0.25(/\), 0.40().

Similar conclusions are drawn from plots of the variations of k.sf and FAD with time for
different values of the power-law index n at fixed De = 0.03 (see Figure 4.14). Variations with n
of both k¢ and FAD are also non-monotonic showing the existence of a critical power-law

index valuen, = 1.17.
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Figure 4.14 (a) Effective number of fingers and (b) Finger area density versus time for De=0.03
and different values of n. n=1.00(==), 1.10(M), 1.15(A), 1.20(®), 1.30(C1), 1.40(A), 1.50().

4.2.3 Critical Deborah number
Similar to the shear-thinning flow displacement, the previous results reveal that for fixed values
of M, Ca and n, there is a critical Deborah number De, that characterizes the non-Newtonian

displacement;
De. = 34(M,Ca,n) (4.3)

De, is defined as the Deborah number at which the effective number of fingers and the finger

area density are the largest.

A large number of simulations has been carried out and Figure 4.15 presents the variations of
kefr and FAD with the Deborah number for different values of the power-law index and for
M=100 and Ca=70. Initially, an increase of De results in an increase of k.. However, as
illustrated in Figure 4.11, though the fingers increase in number, they are less protruding
resulting in an almost circular interface. This explains the corresponding increase of the FAD. As
De is further increased, few of the small protruding fingers project out radially and in the

process suppress neighbouring fingers. This leads to a more distorted interface with smaller but
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more developed fingers. Hence the observed subsequent decrease of k,rrand FAD. This shows
that both the number of fingers and the finger area density reach a maximum at the critical

Deborah number (Figure 4.15).
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Figure 4.15 (a) Effective number of fingers and (b) Finger area density versus De for different
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Figure 4.16 Critical Deborah number versus (a) n for different values of M and Ca, (b) M and Ca
for different values of n, filled symbols for M (Ca=70) and empty symbols for Ca (M=100).
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The dependence of the critical Deborah number on the power-law index, the mobility ratio and
the Capillary number is illustrated in Figure 4.16. For any fixed value of M and Ca, there is a
clear monotonic trend for a decrease of De. as n increases, however this dependence
decreases for large values of the power-law index (Figure 4.16-a). The variation of De, with the
mobility ratio is most noticeable at the smaller values of M where there is a decreasing trend
that is stronger for the lower values of n. For large M, the critical Deborah number may be
deemed independent of the mobility ratio (Figure 4.16-b). The dependence of De, on Ca for
fixed n and M is however non-monotonic, reaching a maximum value around Ca=50 for M=100

and all considered values of n (Figure 4.16-b).

4.2.4 Critical Power-Law Index
The simulation results confirm that there is a critical power-law index n, for given values of the
mobility ratio M, Capillary number Ca and Deborah number De. This critical index n, is defined

as the power-law index value at which the effective number of fingers and FAD are maximum;
n. = H4(M,Ca, De) (4.4)

Figure 4.17 shows the variations of k. and FAD with the power-law index for different values
of the Deborah number and for M=100 and Ca=70. Both the number of fingers and FAD reach

their maximum values at the critical n.

As illustrated in Figure 4.18-a, the critical power-law index tends to decrease with increasing
De, and this for all values of M and Ca. For any fixed values of the Capillary and Deborah
numbers; n, tends to decrease with increasing M, but this dependence levels off at large
mobility ratios (Figure 4.18-b). The variation of the critical power-law index with the Capillary
number is non-monotonic exhibiting an increasing trend in the range of small values of Ca,
followed by a decreasing trend (Figure 4.18-b). The maximum is attained for Ca = 50 in the

case M=100 and for all considered values of De.
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Figure 4.18 Critical power-law index versus (a) De for different values of M and Ca, (b) M and Ca
for different values of De, filled symbols for M (Ca=70) and empty symbols for Ca (M=100).

The previous results indicate that there are critical values of the two rheological parameters; De
and n at which the evolution of the finger structures at the interface undergoes a change
resulting in the least unstable interfacial configuration. The values of the critical Deborah

number and power-law index were determined using the variation of two quantitative
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properties, the effective number of fingers and the fingers’ area density (FDA). The dependence
of these critical rheological characteristics on the other parameters are summarized in Table

4.1.

Effect of

increasing

De

Effect of

increasing

Effect of

increasing

M

Effect of

increasing

Ca

\

N/

Shear-thinning 2~

fluids

7N

Shear-thickening
fluids

Table 4.1 Summary of the effects of M, Ca, n and De on the critical Deborah number and power-
law index.

These special values are expected to be associated with a change in the local forces at the
interface, and understandably with the nature of the flow. The dynamics in the case of the non-
Newtonian fluids are expected to depend on the local viscosity which is directly dependent on
the local velocity gradients. As a result, different flow characteristics have been closely looked
at and around the critical values in an attempt to identify the mechanisms behind these
changes. These included the effective mobility ratio My, the velocity field and shear stress
around the interface. For brevity, the results of this investigation are not presented and we will

focus only on the aspects that seem to point towards the pertinent mechanisms.

The shear-thinning character of a non-Newtonian fluid is known to increase the selection and
wavelength of unstable modes [22]. This results in a stabilization of small wavelengths and the

attenuation or suppression of tip-splitting. Under small shear-thinning effects, the flow is not
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affected in its early development and exhibits the same morphology and number of fingers as
in the Newtonian case (see Figures 4.1-4.3). However, stronger velocity gradients in the later
stages of the flow accentuate the shear-thinning effects, resulting in the attenuation or even
suppression of tip-splitting. As a result, the interface exhibits four dominant outward growing
fingers that are wider than the original fingers and cover more of the flow domain. This
translates in the observed initial decrease of k.r and increase of FAD. This also corresponds to
the least unstable configuration with the smoothest possible interface and as a consequence
smallest velocity gradients. Further increase of De and/or decrease of n accentuate the shear-
thinning effects that now can develop at lower shear-rates. As a result, these effects are
manifested in the first stages of the flow leading to an early distortion of the interface (e.g.
De=0.15 in Figure 5 or n=0.92 in Figure 7). This helps the early emergence of wide fingers that
offer an easy flow path for the displacing fluid and result in localized strong velocity gradients.
Under such strong gradients, larger De or smaller n lead to a smaller effective viscosity of the
displaced fluid and hence a region of low flow resistance that tends to feed the growth of these
dominant, outward growing fingers. The region between these early dominant fingers stretches
and develops new side-fingers once it exceeds the critical length for unstable modes to grow.
Recall that this critical wavelength is larger for shear-thinning fluids, hence the later
development of these side-fingers. This offers a new flow route for the displacing Newtonian
fluid and helps feed these sub-fingers through the main mechanism previously described for
the dominant ones. As a result, stronger velocity gradients develop and accentuate the shear-
thinning effects in the subsequent flow evolution. Consequently, the interface develops a series
of new sub-fingers, side-fingers, tip-splitting and branching structures. These complex
mechanisms are observed mainly on the dominant fingers for moderate shear-thinning effects,

but extend to all fingers in the case of strongly shear-thinning fluids.

In the case of shear-thickening fluids, there is a tendency towards larger wave-number
unstable modes that result in smaller fingers. There is also a shift of the dominant unstable
modes towards larger wavenumbers accompanied with a decrease of the growth rate [22].
These effects are well manifested in the later stages of the flow when the shear-thickening

effects are small. This explains the initial increase in the number of fingers that tend to be
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thinner and less developed, as either the Deborah number or power-law index is increased
(Figures 4.11 and 4.12). Note that though the fingers increase in number, they are less
protruding resulting in an undulating, almost circular interface. Hence the observed initial
increase of both k¢ and FAD. Under these conditions, the displacement exhibits its least
unstable interface and smallest velocity gradients. As shear-thickening effects increase and as a
result the effective mobility ratio increases, the instability is affected early in the flow. This
leads to the development of few thin and outward extending fingers that dominate the early
development of the flow. This trend is expected based on previous studies where it is reported
that larger mobility ratios tend to reduce inter-finger interactions [84]. This favors the
mechanism of shielding where only few primary fingers dominate the flow and suppress the
growth of secondary ones. As a result, strong velocity gradients between the tip and fjords of
the fingers develop and lead to even larger effective mobility ratios. This sustains the growth of
these fingers and suppresses the developments of sub-fingers, resulting in smaller swept area
of the displaced fluid. Hence the observed drop in the number of fingers and the finger area

density.

The previous interpretations based on the changes in the local velocity gradients and the
interplay with the interfacial instability are further ascertained by examining the variation of
the shear strain rate at the interface. Figure 23 depicts the shear strain rate at the interface as a
function of the angular coordinate 6 €[0,2r] for different values of the Deborah number. The
results are presented at M=100, Ca=70, n=0.8 that lead to a De,. =0.07. The radial position of

the interface is also shown.

It is clear that the shear strain rate (SSR) varies with the Deborah number, such that it is
smoother at De.. This smoother behaviour was quantified and ascertained through plots of the
Fourier’s transform that for brevity, are not shown here. This is further quantified by the values
of the average of the rate of shear strain that clearly reaches a minimum value at De, (see
Figure 4.19). At this critical value, the interfacial length (/L) is also at its minimum value,

reflecting the least unstable nature of the interface.
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Figure 4.19 Variations of the shear rate strain and interfacial location for different values of the
Deborah number. M=100, Ca=70, n=0.8 and t*=15.

These results were consistently observed for all examined parameters, i.e. minimum shear
strain rate and interfacial length at the critical values De,. and n. . Though not presented for

brevity, the same conclusions were obtained for shear-thickening flows.
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4.3 Discussion

In this Chapter, it is found that the characteristics of both the shear-thinning or shear-
thickening fluids, namely De and n, result in non-monotonic effects on the interfacial instability,
where initially they tend to attenuate the instability before subsequently enhancing it. This has
led to the identification of critical values De. and n. that lead to the least unstable interfaces.
The dependence of the critical Deborah number De. and power-law index n,. on M and Ca are

examined.

It is also found that for fixed values of and M and Ca, De, increases with increasing power-law
index in the case of shear-thinning fluids and decreases in the case of shear-thickening ones.
This implies that the stronger the deviation from the Newtonian behaviour the smaller the
critical Deborah number. Likewise, n. was found to increase with the Deborah number in shear-
thinning flows and to decrease in shear-thickening ones, with these trends levelling off at large
De. Furthermore, both De,. and n, exhibit a strong dependence on the mobility ratio at small
values of M, and are weakly dependent or virtually independent on M at large values of the
mobility ratio. More specifically, De. exhibits a decreasing trend with M for both shear-thinning
and shear-thickening fluids while increasing and decreasing trends of n. with M are found in
the case shear-thinning and shear-thickening fluids, respectively. The dependence of the critical
values of both rheological parameters on the Capillary number are however non-monotonic. In
both shear-thinning and shear-thickening flows as Ca increases, n, first increases and then
decreases after attaining a maximum. The critical Deborah number exhibits a minimum at an
intermediate value of Ca in shear-thinning flows and a maximum in shear-thickening ones. It
must be finally mentioned that under strong non-Newtonian behaviours (small n for shear-
thinning fluids and large n for shear-thickening ones) the dependence of the critical Deborah
number on either M or Ca become small and De. can be regarded to be independent of these

two parameters.
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CHAPTER 5

RESULTS: NON-HOMOGENEOUS
POROUS MEDIA

In this Chapter, immiscible radial displacement flows between two Newtonian fluids in a non-
homogeneous porous media are examined. The physical model of the flow in a non-
homogeneous porous medium and the governing equations with boundary conditions are

presented, and the simulation results are discussed.
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5.1 Governing Equations

In this section, the model geometry with non-momogeneous porous medium is presented, and

the governing equations and corresponding boundary conditions are discussed.

5.1.1 Model Geometry

The domain under consideration consists of a horizontal two-dimensional non-homogeneous

square [2a x 2a] porous medium where the permeability k varies with the radial distance from

the centre. A Newtonian fluid (fluid 1) of viscosity 1, is injected in the centre of the domain to

displace radially a second Newtonian fluid (fluid 2) of viscosity 1,. A schematic of the flow is

depicted in Figure 5.1.

I
Q

y=a »x
Existing
k=k(r) Newtonian Fluid
RN B
2a H ‘;
| !
\ \5’,, //
Y| Injected
Newtonian Fluid
X
- _q-Y
y=-a—. |
’ 2a ‘
x=-a

Figure 5.1 Schematic of the two-fluid radial displacement in the non-homogeneous porous

5.1.2 Governing Equation

medium.

In the present study, the permeability varies periodically in the radial direction from the centre:

k(r) = {

ko, r <R,
ko(1 + bsina(r —Ry)), r =2 R,
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where g and b are the frequency and amplitude of the permeability variation respectively. The
permeability is constant k, within the initial cicular interface (r < Ry) where a Newtonian fluid

is injected. Figure 5.2 shows how the permeability k() changes for example values of the

frequency and amplitude.

(a)

(b)
2 2
=l o
x x
~ ~
31 31
x x

(c) (d)

k(x,y)/kO

K(x.y)/kO

Figure 5.2 k(r)/k versus r for Ro=0.5 and (a) a=2, b=0.5 (b) a=8, b=0.5 (c) a=2, b=0.25 (d) a=8,
b=0.25

The mobilities of the two fluids are B, (r) = k(r)/n, and B, (r) = k(r)/n,. The flow

displacement is governed by the Darcy’s law and the continuity equation:
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(-2 ;
——U fluid 1

p = ﬁl_fr) | (5.2)
— 50 U fluid 2
_(¢(), Tr<=<R
V-U= {o, s Rz (5.3)

The boundary conditions at the interface and the distribution of the injection strength remain
the same as the ones presented in Chapter 3. The pressure drop across the interface is equation
(4) where T is the surface tension and k is the curvature of the interface. Equation (5.5) is the
kinematic boundary condition. Equation (5.6) is the injection strength ¢ (r) distributed over the
injection area. Equation (5.7) is the constant injection rate Q, obtained by integrating ¢ ()

over the injection area.

[p]? = 1K (5.4)

[Un]3 =0 (5.5)

o(r) = {(()FTO[l + cos(mr/Ry)], iil;(; (5.6)
4

Qo = ¢oRy’ <1T - E) (5.7)

5.1.3 Numerical Methods

The governing equations with the jump conditions at the interface is a two-dimensional elliptic
interface problem with non-constant coefficients B (1) = B,(r) = k(r)/n, and B~ (r) =
B1(r) = k(r)/n,. The coefficient B(r) depends on only the radial distance from the centre,
and it is discontious at the interface. In the injection area (r < Ry), B(r) is constant ky/n;. The
equations are solved using the same iterative method presented in Chapter 3. The problem and

jump conditions along the interface are
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AB@Vu) = f(x,y)
[u] = w(s) (5.8)

[Bun] = v(s)

where u is the pressure and f is the source term and v(s) = 0 and w(s) is the pressure drop

due to the surface tension. The above problem is preconditioned to an equivalent problem as

shown in Chapter 3:

Au + v Vu = i (outside interface)
B* B*
Au + % Vu = ’[;—_ (inside interface)
(5.9)
[u] = w(s)
[un] = g(s)

where g(s) is unknown. The terms other than Au are moved to the right hand side in order to

use the fast poison solver in an iterative way:

fvB* o
Au = ,3_+ — G - Vu (outside interface)
(5.10)
Au = ’[;—_ — Vﬁi_ Vu (inside interface)

The iteration starts with the case where the permeability is constant k. The right-hand side of
the equation is calculated from the solution of the previous iteration and treated as constant.
The iteration continues until the relative difference between the current and previous solutions
is less than 1.0E-04. The correction term in each iteration is assumed to be the same as the

correction term of the first iteration where the permeability constant k.
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5.2 Results

In order to investigate the effects of the periodically varying permeability k(r) on the finger
structures, numerous simulations were carried out varying the frequency a of k(r) with a fixed
amplitude b = 0.25 for different values of the Capillary number Ca and the mobility ratio M.
Figure 5.3 depicts time sequences of the interface for Ca = 70, M = 60 and different values of
the frequency a of k(r) froma = 1 to a = 10. The finger structures are almost the same

showing eight dominant fingers for all frequencies of the periodic permeability.

Figure 5.3 Time sequences of the interface for Ca = 70, M = 60 and different values of the
frequency a overt* = 0 to 15.

Figure 5.4 shows time sequences of the interface for a larger value of the mobility ratio, M =
140. The finger structures are almost identical for smaller frequencies of the periodic
permeability, a = 1 and a = 4. However, the interfaces become slightly more unstable for

larger frequencies,a = 8 and a = 10.

Figure 5.4 Time sequences of the interface for Ca = 70, M = 140 and different values of the
frequency a overt* = 0 to 15.
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Similar results for a larger value of the Capillary number, Ca = 90, are shown in Figure 5.5. The
periodic permeabilities of smaller frequencies have little effect on the finger structures, and

slightly more unstable interfaces are obtained for larger frequencies.

Figure 5.5 Time sequences of the interface for Ca = 90, M = 60 and different values of the
frequency a overt* = 0 to 15.

The effects of the periodic permeability for larger values of the Capillary number, Ca = 90 and
the mobility ratio, M = 140 are presented in Figure 5.6. Similar to the previous results, the
finger structures are not affected by the periodic permeabilities of smaller frequencies.
However, the interface becomes noticeably more unstable with a larger frequency of a = 10.
This indicates that the periodic permeability field of a higher frequency can enhance the

instability of an interface when the Capillary number and the mobility ratio are large enough.

Figure 5.6 Time sequences of the interface for Ca = 90, M = 140 and different values of the
frequency a overt* = 0 to 15.

5.3 Discussion

In this chapter, immiscible radial displacement flows between two Newtonian fluids in a non-

homogeneous porous media with a periodic permeability were examined. The permeability of
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the non-homogeneous porous media was modeled to vary periodically in the radial direction
from the centre and characterized by an amplitude and frequency. Simulations were carried out
for different values of the Capillary number and the mobility ratio varying the frequency at a
fixed amplitude in order to examine the effects of the periodic permeability on the interfacial
instability. It is found that the periodic permeability has negligible effects on the finger
structures when the Capillary number and the mobility ratio are smaller. However, the
simulation results indicated that the instability of an interface can be noticeably enhanced in a
non-homogeneous porous media with a higher frequency periodic permeability field when the

Capillary number and the mobility ratio are large enough.
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

6.1 Summary

In Chapter 3 and 4, immiscible flows that involve radial displacements of shear-thinning or
shear-thickening non-Newtonian fluids by a Newtonian fluid in homogeneous porous media are
examined. The flows characterized by four dimensionless groups, the mobility ratio M, the
Capillary number Ca, the Deborah number De and the power-law index n are modeled
numerically to trach the time evolution of the interface. The flow displacements are
characterized qualitatively through time sequences of the interfacial contours as well as
quantitatively using the effective fingers number k. obtained from Fourier spectra of the
interface and the finger area density, FAD. The results show that the effects of these two
parameters on the instability are not monotonic, and it is found that there exists some critical
value of either De or n for which the flow is least unstable. The dependence of these critical

values on the mobility ratio (M) and Capillary number (Ca) is also examined.

In Chapter 5, immiscible radial displacement flows between two Newtonian fluids in a non-
homogeneous porous media with a periodic permeability are examined numerically. The effects
of the frequency of the periodic permeability are investigated by performing simulations for

different values of the Capillary number (Ca) and the mobility ratio (M). The results show that
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the periodic permeability has negligible effects for small Ca and M. However, the interface
becomes noticeably unstable in a high frequency periodic permeability porous media for large

Ca and M.

6.2 Recommendations

The results for this study involving immiscible radial displacements of shear-thinning or shear-
thickening fluids by a Newtonian fluid in a homogeneous porous medium offer the perspective
of using the interfacial finger structures to determine the rheological properties of generalized
Newtonian (shear-thinning/shear thickening) fluids. This possibility may be actually extended to
general viscoelastic fluids since it is known that elastic effects can be ignored, at least for
moderate values of the Deborah number. The results also point to the prospect of using
hydrodynamics and flow instabilities under controlled conditions in simple geometries as a
potential rheometry tool that can be used as a stand-alone or in conjunction with other
standard techniques. The nonlinear simulation can be further extended to perform simulations
for immiscible rectilinear flow displacements. There is also a possibility of combining time
dependent flows and non-Newtonian displacements. Furthermore, the scenarios where the

displacing fluid is non-Newtonian or where both are non-Newtonian can be examined.
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