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Abstract 

The structure and behaviour of electrical grids are rapidly changing due to the increasing grid 

integration of inverter-based resources (IBRs) and the adoption of electric vehicles in low-voltage 

distribution grids. The changes emphasize the need for a holistic modification of methods used in 

modeling and simulating power systems. The electromagnetic transients (EMT) simulations based 

on detailed switching time-domain models, represent the true dynamics of power systems and 

converters. However, EMT simulations require long execution times. With the increasing 

integration of IBRs in the power system, static phasor-type simulations may be inaccurate because 

of reduced system inertia and strong interaction of the control schemes of IBRs with line dynamics. 

The dynamic phasor (DP) method is an alternative method to develop computationally efficient 

and accurate power system models. The DP method gives the user the freedom to select dominant 

harmonics and dynamics to model which in turn, enables the use of large step sizes to accelerate 

simulations. In the literature, little attention has been paid to DP-based modeling of single-phase 

low-voltage systems. Considering the upsurge in the deployment of residential microgrids, 

developing robust and well-validated DP models of single-phase power converters and microgrids 

is pertinent. This thesis augments the library of DP models by extending the DP method to the 

modeling of nonlinear (Lyapunov) and linear controller-based single-phase grid-following and 

grid-forming inverters, H-bridge active rectifiers, droop-controlled microgrids, diode-bridge 

rectifiers, and non-isolated DC-DC converters. Additionally, this thesis proposes the DP model of 

a synchronization unit suitable for (re)connecting a grid-forming inverter to a microgrid. To ensure 

that the proposed DP models have similar dynamic and steady-state responses as the detailed 

switching models, this thesis proposes a methodological approach of developing small-signal and 

large-signal DP models for control design purposes. The fidelity of the proposed DP models are 
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validated with experimental and detailed switching model results. Simulation results confirm the 

high fidelity of the proposed DP models to produce results with comparable accuracy as the 

detailed switching models while using less simulation execution time. The proposed DP models 

will  be useful to researchers and engineers interested in conducting fast-paced and accurate study 

of power electronics-dominated low-voltage grids.  
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Chapter 1 

Introduction  

1.1 Background 

The structure and dynamic behaviour of the power grid are changing due to rapid growth in the 

grid integration of converter-based resources (e.g., wind and solar photovoltaic (PV)) and the 

adoption of power electronics-based loads such as electric vehicles [1]. The behavioural and 

structural changes necessitate the modification of existing methods used in modeling, simulating, 

and controlling power systems. Specifically, there is a need for enhanced visibility into the true 

behaviour of converter-based resources in the new power system. 

The conventional power system is characterized by the presence of centralized synchronous 

generators, high inertia, and unidirectional flow of power from the transmission to distribution to 

consumers. Each synchronous generator is weakly connected to other synchronous generators due 

to the use of long transmission lines to wheel generated power to load centres. Due to these 

characteristics, the conventional power system is modeled and analyzed by using transient stability 

(TS)-type (or traditional quasi-steady-state phasor) simulation tools (e.g., PSS/E, GridLAB-D, 

Power World, and Phasor-Mode in Simscape/Specialized Power System simulators). In TS-type 

simulation tools, the dynamics of lines are neglected because they are assumed to be much faster 

than the dynamics of synchronous generators. As a result, power lines are modeled as constant 

impedances; current and voltage quantities are represented as phasors; variations of voltages and 

currents are represented as discrete step changes; the slow mechanical dynamics of synchronous 

generators are usually modeled as differential equations [2]. As the bandwidth of oscillations 
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captured in TS-type study ranges from 0 Hz to 5 Hz [3], simulation step sizes of a few milliseconds 

are used, resulting in a faster simulation of a bulk power system dominated by synchronous 

generators. However, considering the increasing instantaneous penetrations of converter-based 

resources into power systems, and the concomitant shift from centralized to decentralized 

generation [1], TS-type simulations will  likely give inaccurate results for the following reasons. 

First, the switching and control systems of converter-based resources interact strongly with line 

dynamics and other neighbouring distributed energy resources (DERs). Thus, the neglect of line 

dynamics in TS-type models will result in the non-capture of these interactions and/or the 

instability resulting from these interactions. Second, power systems with high instantaneous 

penetration of converter-based resources naturally have low inertia, which can result in system 

oscillations above the bandwidth considered (or captured) in TS simulations. 

To accurately investigate power system interactions, engineers, grid modelers, and researchers are 

conducting numerous simulation studies. Efficient and accurate modeling of converter-based 

resources is essential in conducting seamless analyses, design, control, and monitoring of the 

future power system that is being projected to be environment-friendly, smart, secure, and resilient. 

The electromagnetic transient (EMT) tools are well-suited for studying the interactions between 

electrical and magnetic fields. EMT tools (e.g., PSCAD, EMTP-RV, PSIM, PLECS, and Simscape 

Electrical) are characterized by the use of detailed switching models of power-electronic 

converters and the representation of voltages and currents using instantaneous values. EMT-type 

programs enable the full dynamics of the system under study to be represented and as a result, 

small simulation step sizes (e.g., υ ‘Ó) and concomitantly long simulation times are often required 

to accurately capture the instantaneous evolution of dynamics of the system being simulated. 

Although EMT-type simulation tools produce high-fidelity results and can be used to verify the 
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performance of a single machine or power converter, however, they are computationally costly as 

well as slow down system-level simulations involving a high number of nodes and converter-based 

resources with meshed connections. This challenge limits the size of the power system that can be 

practically simulated using EMT-type simulation tools. Apart from simulation efficiency, EMT 

models are not suitable for designing linear control systems because the state variables of EMT 

models are periodically varying and thus cannot be linearized at a desired operating point [4]. The 

necessary condition for using the small-signal method is for the state variables of a system to have 

constant values at a steady state [5].  

Over the past decades, attempts at reducing the computational burden of simulating power systems 

and power electronic converters have been devoted toward either using the relevant but efficient 

simulation platforms to study a system or modifying the underlying models. The traditional 

method utilized in simultaneously leveraging the computational efficiency of TS-type simulation 

tools and the high accuracy of EMT-type simulation tools is to embrace the co-simulation concept. 

In co-simulation, the power system to be studied (usually a large type) is partitioned into 

subsystems namely external and internal subsystems. A subsystem where detailed information is 

required is studied with an EMT-type simulation tool whereas a subsystem where detailed 

information is not required is studied with a simulation tool that is more computationally efficient 

than an EMT-type simulation tool. For example, in the study of a power system that has a high 

voltage direct current (HVDC) converter, the HVDC converter is simulated with an EMT-type 

simulation tool and a corresponding detailed switching model in order to capture the true dynamics 

of the HVDC converter whereas the adjoining feeders and buses are simulated with TS-type 

simulation tool and models. Interpolation techniques are then used to relate the results from the 

EMT simulation tool with the results from the TS simulation tool [3]. Interpolating results from 



4 

 

different simulation tools is challenging and therefore, co-simulation is still a subject of ongoing 

research efforts [3]. 

Previous efforts aimed at reducing the computation burden of simulating power electronic 

converters by modifying the underlying models include leveraging the average value modeling 

technique [6]. For the average value modeling (AVM) method, the discrete switching events in 

power converters are made continuous by averaging out the converter behaviour in a switching 

cycle [6]. Thus, instead of looking at the instantaneous values of currents and voltages that contain 

switching ripple, the dynamic average value of the system variables defined over the length of a 

switching interval is calculated [6]. This results in the elimination of switching transients from the 

model and the subsequent retention of low-frequency dynamics. The result of the averaging 

operation is that the detailed converter model is replaced with a transformer equivalent, thereby 

enabling the use of high simulation step sizes. The average value modeling method is widely used 

in modeling AC/DC, DC/AC, and DC/DC converters. Models resulting from the application of the 

AVM method are useful for the design of controllers and insightful analysis of dynamic 

interactions occurring in power converter circuits [6]. The state-space averaging (SSA) method is 

an average value-based method that was introduced in [7] to overcome the low computational 

efficiency of detailed switching models. In the SSA method, the converter state variables are 

averaged every switching cycle. This results in the elimination of high-frequency components in 

the state variables which significantly increases simulation speed. The SSA method is well-suited 

for modeling converters that satisfy small ripple approximation conditions (e.g., DC/DC 

converters). However, for converters that do not satisfy the small-ripple approximation conditions 

for e.g., AC/DC or DC/AC converters, their models need to be modified to suit the SSA method.  
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To apply the average value modeling concept in DC/AC and AC/DC converters, the AC variables 

in DC/AC and AC/DC converter dynamic models are transformed to a synchronously rotating 

reference frame (also referred to as direct-quadrature (dq)  reference frame) [6]. Under balanced 

conditions and with the system frequency near fundamental, the variations of dq state variables are 

nearly constant results thereby enabling the use of large simulation step sizes to accelerate the 

simulation [8]. However, under unbalanced conditions, the negative sequence components will 

oscillate at twice the fundamental frequency whereas the zero sequence components will oscillate 

at the fundamental frequency [5], [8]. The presence of these harmonics slows down the simulation. 

Moreover, under unbalanced conditions, the dq reference frame models are unsuitable for small-

signal analysis and control design because they do not have equilibrium points. Also, in the 

modeling of AC/DC or DC/AC converters, relating the AC-side variables modeled in dq frame to 

the DC-side variables with harmonic content, is challenging. 

The generalized state-space averaging (also called dynamic phasor (DP)) was introduced in [9] to 

overcome the limitations of quasi-steady-state, SSA-based, dq-based average value, and detailed 

switching models in the study of power converters. The DP method is based on describing a system 

with nearly periodic quantities, with an appropriate set of time-varying Fourier coefficients, which 

relatively vary slowly compared to the time-domain quantities but still capture the system behavior 

very accurately [8]. The DP method is a natural extension of the quasi-steady phasor method. The 

DP method models system dynamics while retaining the benefits associated with carrier frequency 

demodulation [10]. The DP method gives the user the flexibility of excluding unimportant 

harmonic components while retaining the dominant harmonic components that closely represent 

the dynamics of the system being studied [11]. During steady-state conditions, the DP variables 

are constant whereas, during unbalanced conditions, the DP variables vary slowly [10]. Therefore, 
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DP models are well-suited for small-signal analysis, large-signal analysis, and fast-paced 

simulation of power grids and power converters. The DP method has also found applications in 

the co-simulation of power converters and power systems [3], [10], [12]-[13].  

1.2 Motivation 

Although there have been a lot of research studies that focused on using the DP method to analyze 

and model power converters, microgrids, and electrical machines, however, most of these studies 

have focused on three-phase systems [8]-[13]. Recently, there has been an upsurge in the 

development, analysis, and study of single-customer, feeder-level, and networked microgrids due 

to the growth in the integration of hybrid battery-solar PV systems in residential areas [14]. Most 

of these single-customer microgrids have single-phase grid-connected PV systems and loads 

whereas the feeder-level microgrids incorporate both single-phase and three-phase loads and 

inverter-based resources (IBRs). Moreover, under balanced conditions, a three-phase system can 

be modeled as a single-phase system. To accelerate the study of power systems that are of single-

phase type or can be modeled as single-phase equivalent, it is necessary to develop simulation 

models that are computationally efficient, accurate, and suitable for system-level analyses. The DP 

method is suitable for this purpose. However, in the literature, there are few studies devoted to DP-

based modeling of the single-phase version of loads and generation resources such as diode-bridge 

rectifiers (DBRs), active rectifiers (e.g., voltage-sourced and boost power factor correction (PFC) 

converter types), selective harmonic compensated voltage-sourced converters, current-controlled 

and voltage-controlled inverters, as well as grid-forming inverter-dominated microgrids. There are 

also few studies that have investigated how to control active and reactive power in the DP model 

of a current-controlled inverter. In addition, existing works in the literature do not show how to 
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calculate the control gains of a DP-based power converter model to ensure that the dynamic and 

steady-state responses of a DP-based power converter model match with that of a detailed model.  

This thesis focuses on extending the DP modeling technique to the design, analysis, and control of 

single-phase power converters and microgrids. Moreover, small-signal and large-signal models 

are leveraged  to compute control gains and develop control structures that enable the dynamic and 

steady-state responses of DP models to match that of corresponding detailed switching models.  

1.3 Problem Statement and Objectives 

1.3.1 Thesis Statement: The major aim of this thesis is to use the DP method to develop 

computationally efficient models of basic single-phase power electronic converters (e.g., inverter, 

DC-DC converter, AC-DC converter) and inverter-dominated microgrid, suitable for accelerated 

system-level studies/simulations. Additionally, this thesis aims to provide insights on how to make 

the dynamics of DP models to match that of detailed switching (EMT-type) models using small-

signal and large-signal modeling approaches. 

1.3.2 Problems: The open problems tackled in this thesis are embedded in the following research 

questions. 

¶ How should the power and control system stages of a detailed single-phase power converter 

model be simplified/converted to develop a DP-based single-phase power converter model 

without a significant loss of accuracy? The content in Chapters 3-9 focuses on this problem. 

¶ How should control system gains of a DP model be chosen to ensure that the DP model exhibits 

similar transient and/or steady-state behaviour as a corresponding detailed model? The content 

in Chapters 3-9 focuses on this problem. 
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¶ How can the detailed models of current-controlled, voltage-controlled, and dual-loop 

controlled inverter and DC-DC converter models be modeled in the DP domain? How can the 

DP components mainly responsible for energy conversion and power control be identified and 

used for voltage and/or current control in the DP domain? The content in Chapters 3 and 8 

focuses on this problem. 

¶ How can the decoupled control of active (real) and reactive power be realized in a DP-based 

single-phase grid-connected inverter? The content in Chapters 3 and 4 focuses on the stated 

problem. 

¶ How can a single-phase diode-bridge rectifier with or without commutation inductance be 

modeled with DPs? How can a single-phase boost-type power factor correction converter 

which consists of two power converters driven at disparate switching frequencies (i.e., a diode-

bridge rectifier driven at line (low) frequency and a boost DC-DC converter driven at a high 

switching frequency) be modeled with DPs? What dominant harmonics should be included in 

the DP models of line-commutated (diode-bridge) and active rectifiers to predict results that 

are closer to/match results from corresponding detailed rectifier models?  The content in 

Chapters 5 and 6 focuses on this problem. 

¶ How should proportional-resonant (PR) and harmonic compensators used for selective 

harmonic compensation in a voltage-controlled single-phase inverter be modeled and tuned in 

the DP domain? The content in Chapter 7 focuses on this problem.  

¶ How should a nonlinear controller based on the Lyapunov function-based control strategy, and 

used for selective harmonic compensation in a single-phase inverter and in the control of a 

single-phase active rectifier be modeled and tuned in the DP domain? The content in Chapters 
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6 and 7 focuses on this problem.  

¶ How can a three-phase balanced droop-controlled islanded microgrid be modeled as a single-

phase equivalent in the DP domain? How can a synchronization unit used for re(connection) 

of a grid-forming inverter in a droop-controlled islanded microgrid be modeled with DPs? 

Chapter 9 focuses on this problem. 

1.3.3 Thesis Objectives: The following objectives are focused on solving the problems outlined 

in Section 1.3.2. 

¶ Develop DP-based large-signal and small-signal models of current-controlled, voltage-

controlled, and dual-loop controlled single-phase inverters and DC-DC converters: In 

Chapters 3 and 8, this objective is realized by outlining the steps to convert the power and 

control system stages of a detailed switching power converter model into a large-signal 

averaged model suitable for developing DP models. The DP mathematical properties are 

applied to the large-signal averaged model to derive a DP-based large-signal model. The DP-

based large-signal models are then linearized to obtain small-signal models suitable for control 

system design and insightful analyses.  

¶ Establish an approach to realize a decoupled control of active and reactive power in a single-

phase inverter modeled in the DP domain: Chapter 3 introduces an approach to identify the 

main DP variables and components responsible for the control of active and reactive power in 

a grid-connected inverter modeled with DPs. This is realized by comparing the active and 

reactive power expressions in the DP domain with active and reactive power expressions in 

the synchronous dq reference frame. The identified DP components are then leveraged on to 

develop a decoupled control system for injecting the desired active and reactive power into the 

grid in a single-phase grid-connected inverter. 
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¶ Propose analytical methods to model a single-phase diode-bridge rectifier with or without AC 

inductance and a single-phase active rectifier (H-bridge and Boost types) using DPs: Chapter 

5 introduces the method to develop the DP model of a single-phase diode bridge rectifier 

without commutation inductance by leveraging bipolar switching functions, dq-frame based 

transformer equivalent model of a single-phase diode-bridge rectifier, and rectified sinusoidal 

wave functions. The DP model of a single-phase diode bridge rectifier with commutation 

inductance is developed by using a quasi-square wave switching function to relate the DBR 

input and output voltages and a trapezoidal switching function to relate the DBR input and 

output currents. In Chapter 6, the DP model of a single-phase boost-type rectifier is realized 

by transforming the state-space model of a single-phase boost-type rectifier to the state-space 

model of a single-phase H-bridge rectifier using the sign function as a transformation function. 

The DP model of a single-phase H-bridge active rectifier is developed by considering the 

fundamental harmonic component on the AC side, and the DC and second harmonic 

components on the DC side of the rectifier. 

¶ Establish a method to model and tune Lyapunov-based control schemes, proportional-

resonant controllers, and harmonic compensators in the DP domain: Chapter 6 addresses this 

objective by proposing a method to convert transfer functions and equations representing the 

dynamics of proportional-resonant controllers, harmonic compensators, and Lyapunov-based 

control schemes from the s-domain to the DP domain. Also, how to leverage the small-signal 

models of the power stage to tune the controllers is outlined. 

¶ Establish an approach to tune linear and nonlinear controllers of DP-based converter models 

to exhibit similar transient/steady-state responses as detailed models: Chapters 3-8 address 

this objective by providing an approach to develop small-signal models of DP-based power 
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converter models which are equivalent to small-signal models of detailed power converter 

models. In addition, the equations for analytically calculating control system gains (based on 

desired transient characteristics) of the DP models are compared with equations for calculating 

the control system gains of detailed switching models. 

¶ Develop DP-based single-phase equivalent model of a detailed three-phase balanced droop-

controlled microgrid including its synchronization unit for an incoming grid-forming inverter: 

In Chapter 9, this objective is addressed by formulating the three-phase balanced droop-

controlled microgrid model as a single-phase equivalent before applying DP mathematical 

properties. The droop control parameters are concomitantly scaled to accommodate the 

conversion to a single-phase equivalent. Small-signal methods and comparative studies are 

used to transform the synchronization unit in the synchronously rotating reference frame 

domain to the DP domain.  

1.4 Thesis Outline and Contributions 

The following are the contributions resulting from this thesis: 

Contribution  1: Proposed the DP model of a single-phase diode-bridge rectifier connected to the 

grid voltage source directly (i.e., no physical inductor) or through an AC inductor. This is achieved 

by either applying the DP mathematical properties to switching functions that suitably describe 

the transfer of energy from the input to the output side of the DBR or by applying DP properties 

to typical analytical waveforms obtained from the input and output ports of a DBR. 

Contribution 2: Proposed the DP model of a PQ-controlled single-phase inverter suitable for the 

independent control of active- and reactive power. This is achieved by identifying the DP 

components of the current responsible for controlling the active and reactive power exchanged 

between the inverter and the grid, and then using the information to develop a control structure.  
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Contribution 3: Proposed an approach to facilitate the control of voltage in harmonic-free and 

harmonic compensated DP-based voltage-controlled single-phase inverters. For the harmonic-free 

voltage-controlled inverter, the peak dynamic phasor of the target state variable is used as a control 

variable in a PI controller-based control loop. For a harmonic compensated voltage-controlled 

single-phase inverter, the real and imaginary components of the target state variable are used as 

control variables in a harmonic resonant controller-based control loop. The DP model of a 

harmonic resonant controller is developed by regarding the harmonic compensators as harmonic 

scaled versions of the fundamental PR controller. 

Contribution 4: Extended the Lyapunov-based control method to a single-phase active rectifier 

and single-phase voltage-controlled inverter modeled with DPs. This is achieved by using the 

stored energy expressions of dominant harmonics of state variables in a DP model to create a 

Lyapunov energy function.  

Contribution 5: Proposed a method to reduce the order of equations on the DC side of a two-

stage single-phase grid-connected PV system to reduce the computational burden. This is achieved 

by replacing the boost inductor and PV capacitor dynamic equations  with a first-order lag filter. 

The method to determine the filter time constant is also provided. The reduction in the order of 

equations of the two-stage single-phase grid-connected PV system reduces simulation time. 

Contribution 6: Proposed the DP model of a single-phase boost power factor correction converter 

with dominant harmonics modeled in the DC and AC sides of the converter. This is achieved by 

transforming the state-space model of a single-phase boost power factor correction converter to a 

state-space model of a single-phase H-bridge active rectifier, with the sign function serving as a 

transformation function. This transformation enables the dominant harmonics in a disparate 

frequency-driven boost power factor converter to be modeled with an acceptable precision  in the 
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DP domain. 

Contribution 7: Proposed the method to tune a DP-based power converter model to have the same 

dynamic and steady-state responses as a detailed switching model. This is achieved by applying 

the small-signal method to a DP model and comparing the resulting transfer functions to the ones 

obtained from the small-signal modeling of a detailed converter model (note that the averaged 

model is used in designing the control schemes of detailed switching converter models). 

Contribution 8: Proposed the use of average (or zeroth-order DP) variables to control first-

harmonic-approximated DP models of dual-loop- and voltage- linear controller-based non-isolated 

DC-DC converters. This simplifies the control structure of dual-loop controlled and voltage-

controlled non-isolated DC-DC converters. 

Contribution  9: Proposed the DP model of a synchronization unit suitable for re(connecting) a  

grid-forming inverter in a droop-controlled microgrid. The proposed synchronization unit can be 

used in phasor-type simulations to evaluate how the re(connection) of grid-forming inverters 

impact the transient stability of islanded microgrids and bulk power systems. This thesis also 

established how to model a three-phase droop-controlled islanded microgrid as a single-phase 

microgrid model in the DP domain including how to scale the droop control gains of a three-phase 

grid-forming inverter to droop gains of a single-phase grid-forming inverter. 

Conference papers (submitted, accepted, or published) resulting from this thesis include: 

¶ U. C. Nwaneto and A. M. Knight, "Dynamic Phasor-Based Modeling and Simulation of a 

Reduced-Order Single-Phase Inverter in Voltage-Controlled and Current-Controlled Modes," 

2020 IEEE Texas Power and Energy Conference (TPEC), 2020, pp. 1-6. 
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¶ U. C. Nwaneto and A. M. Knight, "Modeling and Simulation of Voltage-Controlled DC-DC 

Converters Using Dynamic Phasors," IECON 2020 The 46th Annual Conference of the IEEE 

Industrial Electronics Society, 2020, pp. 1371-1376. 

¶ U. C. Nwaneto and A. M. Knight, "Dynamic Phasor-Based Modeling and Analysis of Dual-

Loop Controlled DC-DC Converters," IECON 2021 ï 47th Annual Conference of the IEEE 

Industrial Electronics Society, 2021, pp. 1-6. 

¶ U. C. Nwaneto and A. M. Knight, "Modeling and Simulation of a Reduced-Order Single-

Phase PQ Inverter Using the Dynamic Phasor Method," IECON 2021 ï 47th Annual 

Conference of the IEEE Industrial Electronics Society, 2021, pp. 1-6.  

¶ U. C. Nwaneto and A. M. Knight, "Dynamic Phasor Modeling and Control of a Single-Phase 

Single-Stage Grid-Connected PV System," IECON 2021 ï 47th Annual Conference of the 

IEEE Industrial Electronics Society, 2021, pp. 1-6. 

¶ U. C. Nwaneto and A. M. Knight, ñDynamic Phasor-Based Modeling and Analysis of 

Selective Harmonic Compensated Single-Phase Grid-Forming Inverter Connected to 

Nonlinear and Resistive Loads,ò 2022 IEEE Energy Conversion Congress and Exposition 

(ECCE), (Accepted), Detroit, Michigan, US, October 9-13, 2022. 

¶ U. C. Nwaneto and A. M. Knight, ñUsing Dynamic Phasors to Model a Single-Phase Active 

Rectifier Based on Lyapunov Current Control,ò 2022 IECON Conference, (Accepted), 

Brussels, Belgium, October 17-20, 2022. 

Journal articles (under preparation, submitted, accepted, or published) resulting from this thesis 

include: 

¶ U. C. Nwaneto and A. M. Knight, ñDynamic Phasor-Based Modeling and Simulation of a 

Single-Phase Diode-Bridge Rectifierò, submitted to IEEE Transactions on Power Electronics. 
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¶ U. C. Nwaneto and A. M. Knight, ñFull-Order and Simplified Dynamic Phasor Models of a 

Single-Phase Two-Stage Grid-Connected PV Systemò, submitted to IEEE Access. 

¶ U. C. Nwaneto and A. M. Knight, ñDynamic Phasor Modeling of a Single-Phase Boost-Type 

Power Factor Correction Converterò, journal article (under preparation). 

¶ U. C. Nwaneto and A. M. Knight, ñDynamic Phasor Model of a Lyapunov-Function-Based 

Selective Harmonic Compensated Single-Phase UPS Inverterò, submitted to IEEE Access. 

¶ U. C. Nwaneto and A. M. Knight, ñModeling of a Nonlinear Load and a Single-Phase Inverter 

Based on Linear Selective Harmonic Compensators Using the Dynamic Phasor Methodò, 

journal article (under preparation). 

¶ U. C. Nwaneto and A. M. Knight, ñModeling and Analysis of Synchronization Unit and Three-

Phase Grid-Forming Inverter-Based Islanded Microgrid using the Dynamic Phasor Methodò 

journal article (under preparation). 

The remainder of the thesis is organized as follows: 

Chapter 2 gives a review of research works related to DP-based modeling of power converters 

and low-voltage microgrids. Research gaps and open research problems are outlined. The DP 

method is briefly described and a simple methodology to use in converting a detailed power 

converter model to a DP model is introduced. 

Chapter 3 provides the fundamental approach to modeling reduced-order models of current-

controlled and voltage-controlled single-phase inverters. The reduced-order models result from 

neglecting the dynamics of the DC source of the inverter. For the current-controlled inverter, the 

method of identifying the DP components responsible for the control of active and reactive power 

is presented. This is the first time that a decoupled control of active and reactive power is 

demonstrated in a single-phase inverter modeled with DPs. For the voltage-controlled inverter, the 
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method to realize the control of voltage and frequency is outlined. Lastly, this chapter describes 

the steps to follow in using the conventional linear control design methods to tune a proportional-

integral (PI) controller and how to use the loop-shaping method to tune a proportional-resonant 

controller in the current control loop of a current-controlled inverter. 

Chapter 4 gives the DP models of single-phase single-stage photovoltaic (PV) system under 

maximum power point tracking (MPPT) control and single-phase two-stage PV system with an 

intermediate boost DC-DC converter stage and main inverter stage. A method is proposed to 

simplify the boost DC-DC converter intermediate stage of the two-stage PV system using a first-

order lag filter to improve the computational efficiency of a large-scale power system consisting 

of several two-stage PV systems. The accuracy and efficiency of the DP-based inverter models are 

validated against results from corresponding detailed switching models.  

Chapter 5 introduces the DP model of a single-phase diode-bridge rectifier with or without 

commutation inductance. In the first section of the chapter, three analytical DP models of a diode-

bridge rectifier without commutation inductance are proposed by leveraging analytical bipolar 

switching functions, dq-based transformer equivalent of a DBR, and analytical Fourier series of 

rectified sinusoidal waveforms. In the second section, a DBR with commutation inductance is 

modeled with DPs by using a quasi-square wave switching function to relate the input voltage of 

the DBR to its output voltage, and a trapezoidal switching function to relate the DBRôs input 

current to its output current. 

Chapter 6 introduces DP models of single-phase boost-type PFC converter and single-phase H-

bridge active rectifier. In the first section, the DP model of a single-phase active rectifier controlled 

by a Lyapunov-function-based control scheme is developed by discovering the close relationship 

between the dq frame-based power stage variables of conventional Lyapunov-function control 
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strategy used in controlling a detailed single-phase active rectifier, and the power stage DP 

variables of a DP-based single-phase rectifier model. This is the first time the DP method has been 

used in modeling a nonlinear controller based single-phase active rectifier. In the second section, 

an equivalent DP model of a single-phase boost-type PFC based is developed by transforming the 

large-signal averaged model of a detailed single-phase boost-type PFC to an equivalent single-

phase active rectifier model using the sign function as a transformation function. This 

transformation enables the mathematical difficulty associated with applying the DP properties to 

large-signal averaged models of two converters driven by disparate switching frequencies, to be 

avoided. The results from the DP-based diode-bridge rectifier, boost-type PFC converter, and H-

bridge active rectifier models are compared with results from detailed switching models and 

experimental test rigs. 

Chapter 7 proposes the DP models of a reduced-order voltage-controlled single-phase inverter 

feeding a combination of linear and nonlinear loads. The power stage and selective harmonic 

compensation (SHC) control strategies based on linear controllers (e.g., PR and PI controllers) and 

nonlinear controllers (Lyapunov-function-based control) are modeled with DPs, and the 

performance of the proposed DP models are compared with and validated based on IEEE 1547 

standard total harmonic distortion (THD) limits, against detailed switching models and 

experimental test rigs. The small-signal and large-signal models and methods for obtaining suitable 

control gains for both linear and nonlinear control strategies are provided in detail. 

Chapter 8 presents the multifrequency averaged models of voltage-controlled and dual-loop 

controlled DC-DC Converters based on DPs. The method to develop and tune closed-loop control 

systems of the DP-based DC-DC converter models is also provided. 
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Chapter 9 gives the DP model of a low-voltage three-phase balanced islanded microgrid 

consisting of three droop-controlled grid-forming inverters and six linear loads. A new grid-

synchronization scheme is proposed for the re(connection) of a grid-forming inverter. This is the 

first time that the DP method has been used in modeling an inverter synchronization scheme. 

Comparative and validation/verification studies are conducted by using a detailed switching 

microgrid model as a benchmark. 

In Chapter 10, conclusions, the significance of findings, as well as suggestions for future research 

is provided. 
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Chapter 2 

Literature Review 

2.1 Introduction 

In this chapter, the dynamic phasor (DP) concept is described. How to apply the DP concept in the 

modeling of power converters and microgrids is discussed in detail. A review of related works and 

the context of the work proposed in this thesis within the state of the art is provided. The related 

works are divided into two categories. The first category involves the review of works related to 

DP-based modeling of power converters. Under this category, research works related to DC-AC 

conversion (inversion) and their control schemes; passive and active AC-DC conversion 

(rectification); DC-DC conversion and their control philosophy; and harmonic compensation are 

focused on. In the second category, works related to droop-controlled microgrids and 

synchronization of inverter-based resources are reviewed. A summary of research gaps, open 

problems, and proposed ways of tackling them is also provided. 

2.2 Dynamic Phasor Modeling Approach 

2.2.1 Dynamic Phasor Method 

The DP method is based on the theory that a nearly periodic waveform, ὼ† oscillating at 

fundamental frequency, Ὢ and containing potential high-order harmonics, can be approximated in 

the interval †ɴ ὸ Ὕȟὸ to any desired accuracy using the complex exponential Fourier series 

[3]-[4], [8]-[12], and [15]: 

                                                  ὼ†  В ộὼỚὸὩ ,                                                        (2.1) 

where is the fundamental frequency of ὼ† in ÒÁÄȾÓ, and Ὕ is the moving window length. Since ‫ 
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ὼ† may be aperiodic, the variable ộὼỚὸ, which is a complex Fourier coefficient, has varying 

amplitude and is therefore referred to as the Ὧth DP [3]-[4], [8]-[12], and [15]. The Ὧth DP is 

obtained through a moving averaging operation: 

                                   ộὼỚὸ ρȾὝ᷿ ὼ†Ὡ Ὠ†  ὢ ὸ.                                         (2.2) 

The Ὧth DP, ộὼỚὸ obtained from (2.2) is a low frequency equivalent of ὼ†. Therefore, by 

using the DP method to model waveforms and mathematical models, large step sizes can be used 

to conduct simulations  since in accordance with the Nyquist criterion, comparatively fewer 

frequency samples are required to accurately represent low frequency signals compared to the 

original high frequency signals [15]. The harmonics (Ὧ value) modeled or alternatively the set of 

DPs used to approximate the original waveform, depends on the level of accuracy desired. As Ὧ 

approaches infinity, the error due to the approximation of the original waveform tends to zero.  

The best choice of Ὧ  that accurately represents the original waveform while simultaneously 

reducing model complexity and simulation time, is largely dependent on the expert knowledge of 

the system to be studied. However, for most applications, the representation of few dominant 

harmonics is enough to obtain acceptable results.  

The DP variables can be converted to time-domain variables using [16]: 

                               ὼ ộὼỚ ςВộὼỚ ÃÏÓὯ‫ὸ ộὼỚ ÓÉÎὯ‫ὸ,                                 (2.3) 

where ộὼỚ is the DC component, ộὼỚ  and ộὼỚ  are the real and the imaginary components of 

ộὼỚ, respectively, ộὼỚ
ᶻ
 is the complex conjugate of ộὼỚ. 

Other important DP mathematical properties are the differential, conjugation, and convolution 

properties stated as follows: 

The Differentiation of Ὧth DP is given by 
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ộỚ

ộỚ ὮὯ‫ộὼỚ,                                                    (2.4)  

If the left-hand side of (2.4) is set to zero, the conventional steady-state model will result from the 

DP model. If ộὼỚ is a sinusoidal signal, the DP model becomes equivalent to (constant frequency 

or static) phasor model. 

For a real-valued signal, 

                                                               ộὼỚ ộὼỚ
ᶻ
,                                                               (2.5) 

Equation (2.5) is useful in the calculation of active and reactive power as well as in the DP-based 

modeling of transformer equivalent of a power converter. 

The product of two time-domain variables in the DP domain is calculated from   

                                                    ộὼόỚ В ộὼỚ ȢộόỚ,                                                            (2.6) 

The peak value (or peak dynamic phasor) and RMS value of a time-domain variable (ὼ and ὼ , 

respectively) are calculated from  

                                    ὼ Ѝς ộὼỚ ςВ ộὼỚ ộὼỚ                                      (2.7) 

                                    ὼ ộὼỚ ςВ ộὼỚ ộὼỚ                                     (2.8) 

Equation (2.8) is useful for the simultaneous control of real and imaginary DP components using 

one controller.  

2.2.2 Modeling Approach 

In the modeling of physical systems, two main approaches are used [17]. The first approach uses 

black-box models created from the observation of process output in response to some known 

inputs. In the second approach, white-box models which are derived from information about the 

behaviour of the system to be modeled, are used [17]. The mixture of the two approaches results 



22 

 

in a grey-box model. 

In this thesis, detailed switching models derived from the white-box approach are considered. A 

detailed switching model describes the exact operation (or behaviour) of a power converter 

accurately through large-signal nonlinear equations. These equations generally do not provide 

analytical insights on the converter behaviour, nor can they be used for control design purposes. 

The averaged model is often used for analytical purposes. Hence, the detailed switching model is 

usually converted to an averaged model to reduce execution time as well as derive analytical 

insights. An averaged model represents, through mathematical equations, the average behaviour 

of a power converter. The averaged converter behaviour varies within a time period comparable 

to the system time constant [17]. The averaged converter behaviour is calculated on a time window 

of length Ὕ that is sufficiently small enough compared to the system dynamics [17]. 

References [17] and [18] discuss the main approach used in converting a detailed power converter 

model to a dynamic phasor model. The first step in the approach involves the derivation of a large-

signal nonlinear averaged model from a detailed power converter model. The averaging operation 

often yields a transformer equivalent for the power converter wherein the transformer turns ratio 

is a transfer (or switching) function that relates the input variables of the transformer to its output 

variables. The averaged model will be bilinear if the transfer function is scaling a state variable. In 

the second step, the averaged model is converted to a DP model. The three key choices to make in 

the second step are the number of harmonics to model, the time window of length to use for the 

averaging operation in the DP domain, and the nature of transfer function that relates the input 

variables to output variables in the transformer equivalent model. The number of harmonics 

modeled depends on the required (or desired) level of dynamic and steady-state accuracy and the 

acceptable level of complexity [17]. The best choice depends on the user knowledge of the system 
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dynamics and harmonics. The time window of length considered for the averaging operation in 

the DP domain depends on the type of converter being modeled. For a DC-AC (AC-DC) converter, 

the time window of length is the main period of the output (input) voltage waveform while for a 

DC-DC converter, the switching period is the time window of length [19]. The characteristics of 

transfer function that relates the input variables of the transformer equivalent to its output variables 

depends on the converter type. For a sine (square) wave DC-AC converter, the transfer function is 

a sine (square) wave. For a DC-DC converter, the transfer function is a pulse waveform. For an 

uncontrolled AC-DC converter, the transfer function can be a trapezoidal wave or a square wave  

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Figure 2.1: Workflow for modeling, designing, and validating DP-based power converter models. 
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or a quasi-square wave, depending on the characteristics of the voltage and current modulation 

performed by the AC-DC converter. 

Fig. 2.1 summarizes the steps adopted in modeling, designing, and validating power converters 

and microgrid modeled with dynamic phasors in this thesis. This flow chart is derived by 

combining the information in [17]-[18]. 

2.3 Modeling of Single-Phase Power Converters 

2.3.1 DC-AC Converter (Inverter)  

A DC-AC converter, commonly called an inverter, is a power electronic device that converts DC 

power to AC power. Inverters in conjunction with DC-DC converters are widely used in solar and 

wind energy systems for power conditioning purposes as well as interfacing of these systems to 

the electrical network or grid. Inverters are also used in static synchronous compensators 

(STATCOMs) for voltage regulation and reactive power compensation, as well as in electric 

vehicles for energy conversion applications [20]-[21]. 

1) Grid-Following Inverter 

A voltage-sourced inverter can be made to act as a current source or a voltage source by tweaking 

its control structure [22]-[23]. When an inverter is acting as a current source, the inverter is 

considered to be in grid-following mode or current-controlled mode whereas when the inverter is 

acting as a voltage source, the inverter is considered to be in grid-forming or voltage-controlled 

mode.  

In this subsection, the operational principles and applications of a grid-following inverter will be 

discussed. Works that have modeled grid-following inverter using DPs will be discussed and 

research gaps identified. 
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A grid-following inverter (GFLI) is a power converter that acts as a current source by injecting 

active and reactive power according to current or power setpoint specified by a grid operator. A 

GFLI uses a control structure that allows synchronization with the grid voltage amplitude, 

frequency, and phase angle through a phase-locked loop (PLL) [23]. This synchronization enables 

the GFLI to accurately regulate the instantaneous active and reactive power exchanged with the 

grid. A GFLI can work in parallel with other GFLIs because of its high parallel output impedance. 

However, a GFLI cannot operate in isolation because a voltage-controlled inverter or a 

synchronous generator is needed to support the grid voltage and frequency. GFLIs are widely used 

to integrate stochastic renewables such as photovoltaic (PV) and wind into the grid [22]. 

Depending on the grid code, a GFLI can work in unity power factor mode or PQ mode. In the unity 

power factor mode, the inverter is controlled to inject only the active power into the grid. 

Therefore, the reactive power setpoint is set to zero under this mode. The unity power factor mode 

is widely applied in PV systems due to economic considerations for e.g., the need to maximize 

solar energy yield. The grid codes of many countries now require PV systems to inject or absorb 

reactive power to support the grid during faults or voltage instability [23]. The PQ control mode 

is used to achieve simultaneous control of active and reactive power in GFLIs. In the PQ control 

mode, both the active and reactive power setpoints have finite values. Though at most times, due 

to economic reasons, the setpoint value of active power is greater than that of the reactive power.   

Grid-following inverters are widely deployed in PV systems to export power from PV modules to 

the grid. The two most common interfaces (or configurations) for integrating PV systems into the 

grid using GFLIs are the single-stage and two-stage topologies. For a single-stage PV system, a 

PV array (made up of several PV modules connected in a series-parallel way) is interfaced with 

the grid through a GFLI. The GFLI is responsible for performing the following two control 
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objectives: 1) PV power optimisation via the maximum power point tracking (MPPT) control 

operation; and 2) proper injection of commanded active and reactive power via the synchronization 

unit (i.e., PLL) and current controllers [24]. The single-stage PV topology has the advantages of 

lower installation cost, higher reliability and conversion efficiency compared to the two-stage 

topology but at the expense of loss of voltage boosting capability and limited control flexibility. 

For a two-stage PV system, the PV array is interfaced to a GFLI through an intermediate DC-DC 

boost converter. The boost converter is responsible for raising the PV voltage and performing PV 

power optimisation via the MPPT control operation. The GFLI controls the active power and 

reactive power output through DC-link voltage control and reactive power control, respectively 

[24]. The two-stage topology increases the control flexibility and enables voltage boosting 

operation but at the expense of higher installation cost. 

In [4], the DP method is used to create a model of a single-phase PV inverter that forms part of an 

analytical model used in studying unbalanced radial distribution system. The inverter is interfaced 

to the network via an LCL filter, and the inverter current is controlled through a proportional-

resonant controller. Reference [4] introduces the method to be used in modeling a PR controller in 

the DP domain. However, the dynamics of PLL and MPPT control are neglected. In the literature, 

the PLL and the MPPT controller are reported to strongly influence the stability, efficiency, and 

control system speed of a PV inverter. Therefore, in the DP-based modeling of PV inverters, the 

dynamics of the MPPT and PLL should be considered. Another drawback of the paper is that the 

PV inverter is assumed to be working in unity power factor mode. As stated earlier, the grid-code 

of many countries now require PV sources to support the grid by injecting or absorbing reactive 

power. The DP-based single-phase PV inverter model introduced in [4] is used in [25] to study the 

transient response of an inverter-based microgrid under unbalanced conditions. However, an L 
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filter is used as the inverter output filter instead of an LCL filter. The work in [26] introduces a DP 

model of a single-phase PV inverter suitable for fast simulation of large distribution system with 

high penetration of PV inverters. The PV inverter is assumed to be interfaced to the grid through 

an L filter. Current control is achieved through a lead-lag compensator, a grid voltage feedforward 

loop, and a PLL. As a first step towards developing a DP model equivalent, the authors converted 

a detailed switching model to an averaged model (or a transformer equivalent) using the averaging 

method in order to avoid modeling switching transients. Then, the dynamics of the DC voltage 

source is neglected to create a reduced-order transformer equivalent. A DP model equivalent is 

developed by applying DP mathematical properties to the reduced-order transformer equivalent. 

Results presented in [26] show that the DP model gives accurate results while being more 

computationally efficient than corresponding detailed switching and averaged models. The works 

presented in [4], [25], and [26] are focused on single-stage PV inverter model under unity power 

factor mode.  

One of the key steps to follow in developing a DP model of a single-phase inverter that can be 

used to demonstrate independent (decoupled) control of active and reactive power, is to find the 

relationship between the real and imaginary DP components of control variables, and active and 

reactive power components. Another critical step is to find a suitable method to interface the 

control variables conventionally expressed in synchronous reference frame (dq frame) or 

stationary reference frame (Ŭɓ frame) with (real and imaginary) DP components. Reference [27] 

establishes the possibility of finding the second key connection (or step). In [27], the stability of a 

three-phase inverter is analyzed by using dq and DP models. The authors established that the DP 

model is equivalent to the dq based model when the system is balanced. The authors in [17] 

propose DP-based single-phase full -wave controlled and pulse-width modulation (PWM) 
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controlled inverter models capable of allowing independent control of active and reactive power 

in both open-loop and closed-loop operations. The inverter control system is implemented in both 

the dq synchronous and mixed dq/stationary frames which enabled the corresponding use of 

proportional-integral (PI) and PR controllers. The inverter model is converted to a synchronous 

(dq) reference frame model by identifying the analogous relationship existing between DP 

components and dq components. However, inverter models simulated in the paper are assumed to 

operate in unity power factor mode which may not always be the case for single-phase inverters 

deployed in microgrids. In [28], the DP method is used to develop a novel model suitable for short-

circuit analysis of a PV inverter during unbalanced conditions. The inverter is designed to operate 

in PQ mode. However, how the PQ control mode is implemented in the DP domain is not clear. 

Moreover, the PV array and MPPT dynamics are not modeled thereby rendering the developed 

large signal-based state-space inverter model inaccurate for a robust control system design. 

Two-stage PV inverters modeled with phasors have received considerable attention in the 

literature. The authors in [29] develop a model of a single-phase two-stage converter using the DP 

method. Harmonics based on the system frequency, and boost converter/inverter switching 

frequencies are considered in the DP model. The DP-based two-stage inverter model is shown to 

be computationally more efficient than a detailed model built on Simulink/Simscape. However, 

the inverter studied in [29] works in voltage-controlled mode rather than in current-controlled 

mode. Therefore, the model is unsuitable for studying grid-connected PV systems. One of the 

challenges associated with DP-based modeling of two-stage PV inverters is deciding the number 

of harmonics to include that do not only sufficiently capture the dominant dynamics of the system 

being studied, but also make the model computationally efficient as well as less complex. In this 

regard, an attempt is made in [30] to develop a simplified and phasor models suitable for fast-
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paced time-domain and phasor simulation of a distribution system with large number of two-stage 

PV generators. Although the proposed models in [30] significantly save computation time, 

however, the boost converter and coupling inductor dynamics, as well as PV voltage and grid 

current loops are neglected. In [31], simplified and phasor-based two-stage PV inverter model are 

proposed. The proposed inverter models neglect the boost converter/inductor dynamics and inner 

current loop as was done in [30]. The demerits of the models in [30] also apply to models in [31]. 

Also, the proposed models cannot be used to estimate the 2nd order harmonic component of the 

DC-link voltage which can degrade the DC-link capacitor. Note that the models presented in [30] 

and [31] are unsuitable for proactively averting blackouts during large-scale disturbances as 

reported in [32]. In [32], the authors argue that averaged models used in TS-type simulation 

programs are not suitable for system-level studies in PV-rich networks. The authors stated that 

findings from postmortem investigations of recent California wildfires attributed the use of 

simplified PV models, which neglect dynamics of PLL and DC source, as being responsible for 

hampering the ability of power system operators to prevent largescale outages during wildfires. 

The report highlighted that simplified TS-type models failed to predict the actual transient behavior 

of the PV-based inverters during transmission faults induced by wildfires.  

The works reviewed so far reveal that little attention has been paid to the development of DP-

based GFLI model capable of enabling decoupled control of active and reactive power. 

Furthermore, most DP models of single-stage and two-stage PV systems found in literature neglect 

either the DC source and MPPT dynamics or current loop dynamics or assume that the inverter is 

operating unity power factor mode. Moreover, most works in literature do not show how the gains 

of controllers in DP models of single-phase grid-following inverters are obtained to ensure that 

these DP models have the same steady-state and transient response as corresponding detailed 
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models. Solving this problem is essential so that DP models will give results suitable for fast 

control tuning and validation as well as system-level studies. 

In Chapters 3 and 4, the DP model of a GFLI that can sufficiently replicate the true dynamics of a 

detailed switching model while reducing computation burden is developed. In addition, a 

procedure based on small-signal analysis for tuning controllers of a DP-based GFLI model to have 

the same dynamic and steady-state response as a detailed switching model is presented. 

2) Grid-Forming Inverter 

A grid-forming inverter (GFMI) is a power converter that acts as a voltage source behind a 

reactance by controlling its output voltage and frequency in response to variations in active and 

reactive power demand. A GFMI can operate in islanded mode and thus it usually provides the 

reference voltage and frequency used by GFLIs in islanded microgrids. However, a GFMI has a 

low output impedance which complicates its operation in parallel with other GFMIs [23].  

The bedrock of a GFMI is the grid-forming control scheme. There are several grid-forming control 

schemes namely droop, synchronverter, virtual synchronous generator, virtual oscillator, and 

matching control [33]. These grid-forming control schemes implement some sort of algorithms for 

power sharing and emulation of physical and inherent characteristics of conventional synchronous 

generators.  

In literature, a substantial number of papers have dealt with the DP-based modeling of grid-

forming inverters. In [25], a three-phase GFLI based on synchronverter control scheme is modeled 

using DPs. The output current and voltage in the AC side are modeled with fundamental DPs while 

the variables in the DC side of the inverter are modeled with DC and second harmonic DP 

components. Furthermore, the inverter frequency and electromagnetic torque are modeled with 

DC components. However, a single-phase version of the GFMI based on synchronverter is not 
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modeled. In [34], the DP method is used to develop a model of a single-phase virtual oscillator-

based GFMI in a three-bus microgrid. Each GFMI is modeled in its local frame and then linked to 

the common frame through a reference frame transformation. The DP-based GFMI model is used 

to study dynamic stability and power regulation in a single-phase virtual oscillator based 

microgrid. In [35], the DP method is used to model a droop controlled three-phase GFMI whose 

control system is built on dq synchronous frame, with the rotating frequency generated by a local 

controller. State variables of the system are modeled with the DC components of DPs since they 

are DC variables. In [36], a three-phase GFMI whose dual-loop control system is built on ‌‍ 

reference frame is modeled with fundamental, 5th harmonic, 7th harmonic, 11th harmonic, and 13th 

harmonic DPs. The DP-based GFMI model forms part of a system model used to analyze the 

stability of an inverter-based microgrid under harmonic conditions. However, a single-phase 

GFMI is not modeled. 

In standalone mode, a GFMI do not need to have a power sharing algorithm in its control scheme. 

For a GFMI operated in standalone mode, one of the methods of keeping the inverter frequency 

and output voltage within defined thresholds is to limit the load demand as well as ensure the DC 

source is stable. Under such scenario, the inverter frequency reference is assumed to be constant 

while the magnitude of inverter output voltage is controlled. In [37], the DP model is used to model 

a three-phase GFMI interfaced to a resistive load through an LC filter. The RMS line-to-line 

voltage across the resistive load is first filtered using a low-pass filter before being fed to a PI 

controller. The PI controller regulates the filtered RMS line-to-line voltage across the resistive 

load by adjusting the amplitude of the voltage source [36]. In the DP domain, the RMS line-to-line 

voltage across the resistive load is calculated by using the DP components. However, the authors 

of [25], [34]-[37] do not show how to calculate the gains of controllers of a GFMI modeled with 
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DPs. In addition, little attention has been paid to DP-based modeling of a single-phase GFMI in 

standalone mode. In Chapter 3, the method of modeling a single-phase GFMI in standalone mode 

using DPs is presented. Small-signal perturbation method is used to develop transfer functions 

suitable for control design.  

2.3.2 AC-DC Converter (Rectifier) 

An AC-DC converter (also called a rectifier) is a power converter that is designed to convert AC 

power to DC power. AC-DC converters are commonly used for power conditioning purposes in 

wind and solar energy systems, more electric aircrafts, computer and mobile phone adapters, 

electric vehicles, light-emitting diode systems, and variable frequency electric drives. AC-DC 

conversion can be performed in two ways. The first method involves the use of uncontrollable or 

semi-controlled semiconductor switches such as diodes and thyristors. Uncontrolled AC-DC 

converters are widely used in systems that have passive frontends because they are simple to use, 

less expensive, and highly reliable. However, uncontrolled AC-DC converters depends on the line 

voltage to commute current from one switch to another, hence they are referred to as line-

commutated AC-DC converters. Due to uncontrollable nature of switches in line-commutated AC-

DC converters, these converters draw harmonic currents from the AC source which can result in 

severe voltage drops, distorted line voltages, electrical resonance, low power quality, and high 

resistive losses. The second method of converting AC power to DC power involves the use of fully 

controllable switches or the connection of a DC-DC converter across an uncontrolled rectifier to 

increase the controllability of input current drawn by the rectifier. This method is referred to as 

active AC-DC conversion. In an active AC-DC converter based entirely on fully controllable 

switches, the instant at which the switch is turned on or turned off is controllable. There is no 

dependence on the line voltage for commutation of current from one switch to another. By having 
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full control of the switches, the current drawn by the active AC-DC converter can be controlled 

(shaped) to be sinusoidal through pulse-width modulation or other modulation schemes. In an 

active AC-DC converter based on the connection of a DC-DC converter across an uncontrolled 

rectifier, the AC current drawn by the uncontrolled rectifier is forced to be nearly sinusoidal or in 

shape with the input AC voltage by controlling the output current of the uncontrolled rectifier via 

a DC-DC converter. This type of AC-DC conversion performed with the aid of a DC-DC converter 

is referred to as power factor correction because the aim of using the DC-DC converter is to ensure 

that the uncontrolled rectifier draws little or no harmonic currents. 

1) Line-Commutated (Uncontrolled) AC-DC Converter 

Diode-bridge rectifier (DBR) is an uncontrolled (line-commutated) AC-DC converter that is 

widely used for power conversion and power conditioning purposes. To ensure reliable and 

efficient operation of a DBR, simulation- and experimental-based analyses are essential.  

A widely used method of analyzing DBRs is the time-domain simulation [38]. To simulate the 

DBR in the time-domain, the behavior of the diodes during conduction and commutation are 

modeled in detail using the current-voltage characteristics of diodes [38]. The detailed model of 

diodes in DBRs can be found in commercial software such as PSCAD/EMTDC, EMTP-RV, 

PSIM, and Simulink/Simscape. The main challenge of using detailed DBR models is that such 

models require small integration step sizes to account for the behavior of the diodes at any 

switching instant. Therefore, detailed DBR models demand more significant computational 

resources in both real-time and off-line simulators, especially for system-level studies involving 

high number of rectifiers and switching converters [15]. Various modeling methods have been 

proposed in literature to improve the computational efficiency of DBRs while retaining high 

accuracy. The average value modeling (AVM) approach is used, as reported in [39]-[40], to 
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represent the behavior of DBRs when the fundamental components of currents/voltages are of 

main interest [11]. The AVM approach neglects high order harmonics thereby enabling a 

significant decrease in computation time. However, under unbalanced conditions, presence of 

second-order harmonics degrades the performance of AVM-based three-phase DBR models.  

The DP method has been adopted by several authors to model DBRs. The main challenge with 

using the DP method to model DBRs is to find suitable switching functions to relate the voltage 

and current modulation in DBRs. Another challenge is to determine the maximum number of 

harmonics that represent the true behaviour of DRBs while reducing computer execution time. 

In [15], new analytical DP models of a three-phase DBR are studied. Complicated switching 

functions based on Fourier series are used to relate the DC and AC subsystems in the DBR. In 

addition, a novel parametric DP model of the three phase DBR is proposed which enables the 

dynamics of the DC-link and the rectifier in the DP domain to be expressed through a set of 

numerically-established explicit algebraic functions [15]. The proposed parametric DP models of 

a three-phase DBR are accurate in predicting transient and steady-state performances of a three-

phase DBR under wide range of loading scenarios while saving huge computational time. 

However, a single-phase DBR was not modeled. In [38] and [39], the non-switching dynamic 

model of a three-phase DBR is expressed in the dq reference frame. In [38], these dq components 

are mapped into DP components. The resulting DP-based DBR model is interfaced to a time-

domain based LCR network through a controlled voltage source. In the DP model, the DC and the 

6th harmonic components are included during balanced conditions whereas the 2nd harmonic 

component of the DBR output voltage is added to the DC and 6th harmonic components during 

unbalance scenarios. The authors reported that the proposed DP-based DBR model is 

computationally more efficient than detailed and dq-based DBR models during unbalanced 
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conditions. However, the method of interfacing the DP-based DBR model to a DP-based LCR 

network is not shown thereby making the model difficult to adapt to DBRs connected to 

subsystems (e.g., power factor correction or motor drive systems) modeled in the DP domain. In 

[36], the DP method is used to model a three-phase DBR acting as a nonlinear load in a 

harmonically polluted microgrid. The Fourier-series-approximated switching functions reported 

in [15] are used to describe the modulation of voltages and currents in the rectifier. In the DC-side 

of the rectifier, the DC component, 2nd, 6th, and 12th harmonics are included whereas in the AC-

side of the rectifier, the fundamental, 5th, 7th, 11th, and 13th harmonics are included. However, the 

developed DP-based DBR model cannot be adapted to a single-phase DBR. Other works that have 

leveraged switching functions to DP models of a DBR include [12], [41]-[44]. 

Few works have considered the modeling of a single-phase DBR using the AVM method. The 

parametric AVM (PAVM) method is utilized in [45] to model a single-phase line-commutated 

rectifier, with the dominant AC-side harmonics taken into consideration. Simulation and 

experimental results show that the PAVM based single-phase DBR model is accurate over a wide 

range of operating conditions as well as computationally more efficient over a corresponding 

detailed switching model. However, as the PAVM method relies on parametric functions 

computed numerically using results from extensive simulation of detailed models, its accuracy 

depends on the anticipated loading conditions. Thus, loading conditions not considered a priori 

cannot be replicated by the PAVM-based rectifier model.  

In the literature, very little attention has been paid to the modeling of single-phase DBR using the 

DP method. Due to the ongoing proliferation of single-phase residential microgrids, computer and 

mobile phone adapters, and electric vehicles, it is worthwhile to examine the dynamic interaction 

between single-phase DBRs and the system, as well as the influence of harmonics from single-
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phase DBRs on output voltage of IBRs. Doing so will give engineers, grid modelers, and 

researchers better insight to design controllers to mitigate disturbances and harmonics, ensure high 

power quality, and maintain the reliability of single-phase residential microgrids. 

2) Active AC-DC Conversion Based on Fully Controllable H-Bridge Converter 

Active AC-DC conversion based on fully controllable H-bridge converter is used in applications 

where the current drawn by the rectifier is required to be free from harmonics. The control of 

switches in an H-bridge rectifier is usually achieved through PWM. As a result, fully controllable 

H-bridge AC-DC converter are commonly referred to as PWM rectifier.  

Due to the need to meet performance specifications like high power factor and low THD, various 

control strategies have been proposed in the literature for the control of H-bridge PWM rectifiers. 

Conventionally, the control of a PWM rectifier has been based on classical linear control strategy, 

wherein linear controllers are designed by linearizing the generally nonlinear state-space averaged 

model of a PWM rectifier around a chosen operating point using the small-signal perturbation 

method [46]-[47]. However, linear controllers cannot guarantee system stability under large-scale 

disturbances since they are based on small-signal models [46]-[47]. The Lyapunov-based 

nonlinear control method is proposed in [48] to ensure that power converters have globally 

asymptotically stable closed-loop behavior. In Lyapunov-based control, a scalar energy-like 

function representing energy increment is first constructed and then the functionôs time variation 

is studied [47]. The Lyapunov direct method is used in [46] to design a control scheme for a single-

phase single-stage grid-connected inverter. The Lyapunov-based control scheme is shown to make 

the inverterôs closed loop system globally stable and immune to parameter uncertainty caused by 

solar irradiance changes. In [48], a Lyapunov-based control scheme is designed for a three phase 

PWM AC/DC voltage source converter. The designed control system guarantees: 1) a sufficient 
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stability region in the state-space that is independent of circuit parameters (e.g., DC capacitance); 

2) good transient response in rectification and inversion modes; and 3) stability under large-scale 

disturbances. A Lyapunov control scheme based on dq coordinate transformation is proposed in 

[49] for a single-phase boost converter power factor correction system. A load current feedforward 

is added to the outer voltage loop to improve the load dynamic response. In [17], the Lyapunov 

direct approach is used to design a stabilizing control law suitable for operating a single-phase 

active rectifier in unity power factor mode. The control law is derived by using the dq-based 

rectifier averaged model. Since DP method yields a time-invariant averaged model, the Lyapunov 

direct method can be used in DP models. To the best of knowledge of the author of this thesis, no 

paper has reported the use of DP method in designing a Lyapunov-based control scheme for a 

single-phase H-bridge active rectifier. This research gap is filled in chapter 6. 

3) Boost Power-Factor Correction Converter 

Recently, there has been growing concerns over the impact of AC-DC converters on power system 

stability and the quality of power delivered to electricity consumers. Harmonic current injection 

into the grid by uncontrolled AC-DC converters causes power losses and malfunctioning of 

sensitive consumer equipment. As a result, several standards (e.g., IEC61000-3-2 standard) have 

imposed stringent limits on harmonics that can be injected into utility grid [50]-[51]. Harmonics 

produced by power conversion equipment are usually reduced via power factor correction (PFC) 

methods [52]. The commonly used PFC method for high power applications is the active PFC 

method due to its less requirement for bulky and costly input filter. In active PFC controlled 

converters, power electronic switches such as insulated gate bipolar transistors (IGBTs) and gate-

turn-off thyristors (GTOs) are added to the power stage of a diode rectifier to actively modify the 

waveform of the diode rectifier input current which consequently reduces the harmonic distortion 
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[51]. Among several active PFC topologies for AC-DC power supplies, the boost-type PFC 

converter is prevalent due to its low component count, low device stress, and continuous nature of 

its input current. Two control methods used in controlling boost-type PFC converters are peak-

mode current control and average-current-mode control [53]. The average-current-mode (ACM) 

control method is widely adopted in commercial PFC control ICs.  

In a boost-type PFC converter, two converters are used to interface the load to the utility grid. The 

first converter is an uncontrolled AC-DC converter (usually a DBR) which converts the input AC 

voltage to pulsating DC. The DBR output ports are then connected to the input ports of a boost 

DC-DC converter. Therefore, the input voltage of the DC-DC converter in a boost-type PFC 

converter is the rectified sinusoidal voltage obtained from the DBR. The rectified sinusoidal 

voltage contains even harmonic components of which double-line frequency component is the 

dominant one. Since a boost converter is usually switched at a very high frequency, the boost-type 

PFC converter experiences two kinds of nonlinear phenomena [53]: instability at the switching 

frequency and instability at the line frequency. Nonlinear phenomena are undesirable in boost-type 

PFC converters because they degrade the performance of the converter [53]. Therefore, to design 

boost PFC converters that are reliable as well as have THD levels within the limits imposed by the 

system regulator, accurate modeling and simulation are essential. Detailed time-domain models 

require significant computation time. In addition, detailed switching-type models offer little insight 

required for system-level studies and analyses. Conventionally, the long simulation time imposed 

by detailed models are overcome by leveraging the averaging modeling technique wherein the 

high-frequency components are neglected. However, the dilemma associated with using the 

average modeling technique in boost-type PFC converters is the frequency to be used in 

performing the averaging since the boost-type PFC exhibits nonlinearity at both the switching 
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frequency and the line frequency. In the literature, various techniques have been proposed to 

overcome this dilemma. These techniques are anchored on using the timescale of interest to 

perform averaging and thus two averaging methods for PFC converters are found in literature. 

These methods are line period (Ὕ) based method and switching period (Ὕ ) method. In [54], both 

Ὕ and Ὕ  averaged boost PFC circuits are proposed and analyzed. In developing the Ὕ -averaged 

boost PFC model, the authors assumed that the inner current loop works ideally to reduce 

computation burden. The Ὕ-averaged boost PFC converterôs model is based on averaging the Ὕ -

averaged boost PFC model over Ὕ. The authors claim that the Ὕ-averaged boost PFC converter 

model is suitable for static AC and transient analyses. In [55], a model of a hysteretic current-

programmed converter suitable for large-signal analysis is developed by assuming that the supply 

voltage, output voltage, and input inductor current are well represented by their average values 

which normally vary slowly over the Ὕ  period. In addition, the current control is assumed to be 

working perfectly (i.e., the actual current is equal to the reference current). However, the main 

drawback of Ὕ -averaged models is that the dynamics of inductor current, which are necessary to 

evaluate the performance of PFC converters, are neglected. Therefore, results from a Ὕ -averaged 

model may not be comparatively closer to the corresponding detailed switching model results. A 

second approach [17] involves three steps: (1) Assume that the grid voltage, ὺ and the grid current, 

Ὥ are in-phase; (2) Compute the average output voltage of the DBR on the grid voltage period; (3) 

Render the complete single-phase boost PFC averaged model to the timescale of the boost DC-DC 

converter switching period while assuming that the DBR output voltage is constant [17]. While 

this approach might yield good results, the dominant second-harmonic DC voltage output of the 

DBR which can degrade the boost PFC output capacitor cannot be studied with this model. In the 

third approach, the DBR average output voltage is used to drive the first harmonic approximation-



40 

 

based boost DC-DC converter model [19]. This model will yield similar results as the second 

approach described earlier on.  

In the DP-based modeling of power converters, the period (or sliding window of length) used in 

obtaining the average converter behaviour is important since the kth DP is a multiple of the 

averaging frequency. For instance, in DC-DC converters, the averaging period is the switching 

period while for DC-AC and AC-DC converters, the averaging period is the line (mains) period 

[19]. In the literature, little attention has been paid to the use of DPs to model a single-phase or 

three-phase boost PFC converter. In chapter 6, a new modeling approach that can be used to derive 

the DP model of a single-phase boost PFC is proposed. This approach involves using the signum 

function to transform single-phase boost PFC converter averaged model equations to single-phase 

H-bridge converter averaged model equations so that the DP method can be applied with ease. 

2.3.3 DC-DC Converter (Chopper) 

Non-isolated DC-DC converters such as buck, boost, and buck-boost converters are widely used 

in more electric and hybrid electric vehicles, renewable energy system applications, shipboard 

power systems, space stations, aircraft power systems, telecommunications, healthcare and 

computer systems for power conditioning and energy conversion purposes. As a result of the wide 

applications of non-isolated DC-DC converters, extensive research has been conducted to develop 

simulation models which will enable this class of converters to be designed reliably and efficiently. 

The main issue in developing converter models which can accurately depict the operations of non-

isolated DC-DC converters is finding a suitable compromise between computational efficiency 

and accuracy. Most DC-DC converters used in recent times are controlled using PWM technique 

with frequency in the order of kilohertz employed for switching purposes. Due to the use of PWM-

based high frequency switching and possibly, the interconnection of DC-DC converters for high 
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power applications, large signal-based excursions are commonplace.  

Conventionally, the dynamic behaviour of DC-DC converters can be studied for design purposes 

by employing detailed time-domain based switching models found in common simulation 

platforms such as Simulink, EMTP-RV etc. Although the detailed models are very accurate, 

however they require large bandwidth and consequently small simulation time-step which leads to 

poor computational efficiency. Thus, detailed DC-DC converter models are unsuitable for transient 

study of power system with large number of DC-DC converters (e.g., PV system based on 

microinverters). In addition, due to the discontinuous nature of detailed model variables, they 

cannot be used to extract small-signal features for control design and stability studies. The state-

space averaging (SSA) method, which is a subset of generalized state-space averaging (GSSA or 

DP method), was introduced in 1976 to overcome the limitations of detailed models for system-

level studies [7]. The SSA method is based on averaging the circuit state variables over one 

switching cycle and neglecting the effect of high frequency harmonics [19]. Based on these 

assumptions, the SSA method is computationally more efficient compared to the detailed 

switching models. As a result, SSA method has been widely used for the design of DC-DC 

converters. However, for unbalanced conditions, large signal-based interactions, and 

discontinuous conduction mode (DCM), the SSA method is inaccurate. 

The DP method provides a middle ground between the detailed switching models and the SSA 

method by allowing harmonics of interest to be simulated, which in turn reduces simulation time 

without compromising the accuracy of results significantly. The DP method enables large-signal 

models to be easily developed [56]. In [57], the DP technique is used to analyze the behaviour of 

buck, boost, buck-boost, and Ĺuk converters. To simplify the analysis in [57], first-harmonic 

approximation assumption is made wherein the DC component and the fundamental switching 
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frequency component are assumed to be dominant in the circuit.  Thus, the exponential Fourier 

series depicting the DP method is truncated at k=1. In [57], the authors argue that when the 

switching frequency is not much greater than the converter natural frequency, the application of 

first-order approximation to simplify the DP model will have more effect on the model accuracy. 

In addition, by comparing the detailed switching model results and the DP model results, the 

authors established that the DP model results closely match the detailed switching model results 

when the converter duty cycle is equal to 0.5 (due to absence of even harmonics). Moreover, the 

conclusion reached in [57] establish that the first-order approximation is better for the voltage 

compared to the current. However, [57] has limitations because only open-loop operations (the 

duty cycle is assumed to be constant) and continuous conduction mode (CCM) condition are 

simulated. Moreover, the details of boost, buck-boost, and Ĺuk converter models are not presented. 

Reference [58] attempts to fill the research gap in [57] by presenting the DP model of a buck-boost 

converter operating in CCM mode using the first-harmonic order approximation. The authors in 

[58] reported that the DP model of the buck-boost converter takes approximately 50 % of the 

simulation time taken by the detailed model of the buck-boost converter. However, the authors 

failed to consider the operation of the buck-boost converter in closed-loop control mode (which is 

the common operational mode of DC-DC converters used in battery energy storage systems).  

Reference [59] presents the MFAM models of multiphase interleaved buck, boost, and buck-boost 

converters. Zeroth and first harmonic DP components are used to represent system dynamics. The 

authors claims that the switching dynamics can be replicated accurately by MFAM models when 

inductor parasitic resistance is included. However, closed-loop control scheme of the multi-phase 

interleaved DC-DC converters is not investigated. Closed-loop control studies and simulations are 

essential in guaranteeing the stability and resilience of practical DC-DC converters. 
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The major challenge in DP-based modeling and simulation of frequency-dependent averaged 

model (FDAM) in closed-loop mode is finding how to connect the modulating signal (duty cycle 

command) to the switching function. In [60], the first-order harmonic approximation-based DP 

model (which is referred to as the multifrequency average (MFA) model in the paper) is used to 

model boost converters in CCM mode. Eigenvalue analysis conducted on the MFA boost converter 

model in [60] resulted in the authors establishing that there is a decoupling between the index-0 

(DC component) and index-1 (fundamental frequency component) circuit variables when the 

switching frequency is high. Furthermore, under high frequency condition, the DC component 

dominates thereby validating the use of SSA method for high frequency PWM switched DC-DC 

converters. In addition, closed-loop operation of the boost converter is ensured by approximating 

the modulating signal using partial Fourier series. In order to calculate the duty cycle, an 

extraneous state variable is introduced, and then the switching time at which the modulating signal 

intersects a sawtooth carrier waveform while forcing the error function to zero, is determined. The 

switching time is divided by the sawtooth waveform switching period to derive a time-varying 

duty cycle used to control the boost converter. However, the closed loop-based MFA model 

introduced in [60] for boost converters, is only accurate for first harmonic approximation and does 

not consider carrier phase shift. In [61], a system of non-linear equations are used to represent the 

switching function in the DP domain. By performing one iteration of Newton-Raphsonôs method 

on the nonlinear equations with an initial guess of zero ripple, the duty cycle is obtained. However, 

in [61] and also in [62], the calculation of the duty cycle for closed-loop control of DC-DC 

converters are complex. Also, other types of non-isolated DC-DC converters (e.g., buck and buck-

boost converters) are not studied. With the increasing use of boost, buck and buck boost-converters 

computer and energy storage operations, developing simple DP-based closed-loop DC-DC 
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converter models suitable for design and stability study of multi-converter systems is pertinent.  

In chapter 8, the DP models of buck, boost, and buck-boost converter under voltage-mode and 

dual closed-loop control schemes are proposed. To simplify the control schemes, the zeroth order 

DP (or DC) component of the state variables (inductor current and capacitor voltage) are used as 

target variables since high frequency components of inductor current and capacitor voltage are 

small compared to DC components. In addition, the amplitude of high frequency components in 

DC-DC converters are equal to zero over a switching cycle. This simplification allows the small-

signal models based on SSA large-signal model to be used in designing the closed-loop control 

systems of multifrequency averaged models modeled with DPs. 

2.4 Inverter-Based Harmonic Compensation 

Over the past decade, single-phase inverter-based distributed energy resources (DERs) such as 

solar and battery are rapidly being connected to the distribution network due to government 

policies geared towards tackling climate change and increasing grid resilience [63]. When the main 

grid is unavailable due to a fault or other unfavourable conditions, single-phase DERs are operated 

along with batteries as grid-forming (GFM) sources. However, with the increasing adoption of 

nonlinear loads such as electric vehicles and light-emitting diodes in residential areas, the 

operation of DERs as GFM sources has become challenging [64]. This challenge is due to the high 

influence of nonlinear loads on the inverter output voltage quality under weak grid/islanded modes. 

The IEEE 1547 standard limits the total harmonic distortion (THD) in the output voltage of an 

uninterruptible power supply to 5% [65]. 

To meet the IEEE 1547 standard, a variety of solutions have been provided in literature to 

overcome the challenge posed by nonlinear loads. In [64], a multilevel transformerless hybrid 

series active filter is proposed to improve the quality of power supplied to a single-phase residential 
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household. The hybrid filter uses PR controllers to improve power factor as well as prevent current 

harmonic distortions caused by nonlinear loads from deteriorating the utility voltage. However, 

the installation of a separate hybrid filter for each nonlinear load may be expensive for a small 

single-phase residential microgrid. Moreover, the authors did not consider the case wherein a DER 

is operating in islanded mode. In [66], selective harmonic compensators (SHCs) based on single 

equivalent synchronous frame are added to the control scheme of a DER in an islanded microgrid 

to suppress voltage harmonics induced by nonlinear loads. A method to practically tune the SHCs 

is also proposed. The authors reported that the SHCs resulted in low THD of the DER output 

voltage. However, the parameters of the system studied are not given and thus, the results shown 

by the authors are difficult to replicate. In [67], a PR controller in series with bank of harmonic 

resonant controllers are utilized to attenuate grid voltage background distortion in a photovoltaic 

inverter to ensure accurate synchronization with the grid voltage. The proposed control resulted in 

high quality grid current. However, the disadvantage associated with linear controller-based SHCs 

discussed so far is that they cannot maintain global stability of the closed-loop system under large 

variations away from the equilibrium point [68]. In [68], the authors propose an extended 

Lyapunov-function-based control scheme for a single-phase uninterruptible power supply (UPS). 

The Lyapunov function is constructed by using the energy stored in the AC inductor and DC-link 

capacitor because the system states will  converge to a stable operating point if the system total 

energy is continuously consumed [68]. By adding an output voltage feedback loop in the 

Lyapunov-function-based control scheme, a globally asymptotically stable system is achieved 

without any steady-state error in the output voltage even in the presence of resistive and nonlinear 

(DBR) loads. A Lyapunov-function-based control scheme is proposed in [69] for a three-phase 

UPS inverter. The proposed Lyapunov function, which is expressed in the dq synchronous 
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reference frame, represents the energy stored in the inverter output LC filter. An output voltage 

feedback loop is added to the Lyapunov-function-based control scheme to eliminate steady-state 

error and distortion in the inverter output voltage. The Lyapunov function expressed in dq 

reference frame suggest the possibility of implementing a nonlinear control scheme based on 

Lyapunov control strategy in the DP domain. Nevertheless, the challenge with studies carried out 

in [63]-[69] is that the proposed system models are implemented by using detailed switching 

converter models. In the case wherein harmonic compensation study is conducted in an islanded 

microgrid consisting of several nonlinear loads and DERs, detailed switching converter models 

found in Simulink/Simscape, PSCAD, and EMTP will cause a significant increase in computation 

cost and execution time. Therefore, an alternative modeling method is required to replicate the true 

dynamics of a power system consisting of several power converters and nonlinear loads while 

reducing execution time. 

The DP method is suitable for the development of models which can enable fast-paced harmonic 

compensation study in an islanded microgrid. In [16] and [36], the DP method is used to model an 

inverter-based microgrid under harmonic and unbalanced conditions. SHCs based on PR and 

harmonic resonant controllers are used to reduce 5th, 7th, 11th, and 13th voltage harmonics. 

However, both papers focused on harmonic compensation in a three-phase system.  

In the literature, there are limited, or no works focused on harmonic compensation study for a DP-

based single-phase system model consisting of a GFM inverter, linear controller-based SHCs, and 

resistive and nonlinear loads. In addition, much attention has not been paid to the DP modeling of 

SHCs based on Lyapunov-function-based control scheme. In chapter 7, the DP method is used to 

model single-phase systems consisting of GFM inverter, linear controller-based SHCs, Lyapunov-

function based SHCs, and resistive and nonlinear loads. 
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2.5 Modeling of Microgrids 

Massive structural and behavioural changes are occurring in power grids due to the increasing 

penetration of IBRs. The microgrid concept has been widely utilized in increasing the deployment 

of IBRs. A microgrid consists of a cluster of DERs such as PV systems, wind energy systems, 

energy storage systems, and loads that can be controlled as a single entity [70]. A microgrid can 

be operated in islanded or grid-connected modes depending on system conditions. When a 

microgrid is operating in islanded mode, voltage-controlled inverters (i.e., grid-forming inverters) 

are used in a cooperative manner to support frequency and voltage by forcing these inverters via 

control to share load demand according to their power ratings [36].   

One of the methods used to proportionally share the voltage and frequency regulation tasks among 

multiple inverters in a microgrid under islanded mode, is the droop control method [2], [71]-[72]. 

The droop control method is currently the commonly used method for controlling inverters in 

islanded microgrids because it does not require any physical communication link to exist between 

inverters. Rather, the frequency and voltage measurements are used locally by each inverter to 

contribute towards regulating the system frequency and voltage magnitude. 

2.5.1 Droop-Controlled Microgrids  

Two droop control methods are widely used namely single-loop and multi-loop droop controls 

[73]. The single-loop droop control is simple to model as well as leads to a relatively larger 

coupling reactance, which enhances the dynamic response and stability of the inverter [73]. The 

multi-loop droop control results in a coupling reactance relatively smaller than the single loop 

coupling reactance. Multi-loop droop-controlled inverters have less damping and small stability 

margins. 
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In recent times, the stability of the microgrid has become an issue due to the proliferation of 

inverter-based sources in microgrids, and the intermittent nature of renewable sources. To ensure 

robust and efficient operation of microgrids, accurate model of the microgrid is required to conduct 

simulations which can enable accurate resonance and harmonics analysis, control system design, 

stability analysis, and energy dispatch [74]. The EMT models found in MATLAB/Simulink, 

PSCAD, EMTP-RV are unnecessarily too detailed for system level studies and are equally 

computationally demanding. To overcome this limitation, the quasi-static models have been 

employed to simulate power systems with high efficiency. However, quasi-static models assume 

that the low-frequency component dominates and consequently, neglect the line, load, and current 

dynamics. Therefore, quasi-static models are not suitable for analysis of inverter-based microgrids 

because inverters are fast acting power electronic devices. The DP method has reportedly been 

used to analyze microgrids while considering the current and line dynamics [35], [36], [70], [74]. 

The DP approach allows the microgrid to be analyzed with a large-signal perspective, thus 

enabling controllers that are robust enough to withstand large oscillations to be designed.  

Reference [75] analyses the stability of a closed-loop DP model of parallel-connected single-loop 

droop-controlled inverters in grid-connected and islanded mode. The authors claimed that for 

sufficiently small value of the frequency droop parameter, the fast-current dynamics and the slow 

angle dynamics are separated. By applying the contraction theory, the domain of attraction of the 

exponentially stable equilibrium point is estimated. In [76], DP-based small-signal model of a 

multi-loop droop-controlled inverter-based microgrid is developed. According to the authors, the 

DP model is able to predict accurately the movement trend of the dominant eigenvalues as a full-

order model does unlike the reduced-order small-signal microgrid model. The validity of the DP 

model was confirmed by evaluating the virtual ‫ Ὁ frame power control scheme used in 
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eliminating power coupling caused by the line impedance characteristic. However, the bandwidths 

of inner voltage and current control loops are assumed to be much higher than the power loop. 

Thus, the inner loops are omitted which causes the inverter output voltage to be directly determined 

by droop control references [76].  

Reference [25] investigates the transient response of a DP model of an unbalanced inverter-

dominated microgrid consisting of a three-phase virtual synchronous generator (VSG), a single-

phase PV inverter, and an RL load. The control loops of the VSG and single-phase PV inverter are 

modeled whereas the dynamics of the MPPT (maximum power point tracking) algorithm and the 

PLL (phase-locked loop) are neglected. Relying on findings from an eigenvalue analysis, the 

authors concluded that: 1) the converter control parameters have significant influence on the 

transient response of the microgrid; 2) under unbalanced scenario, the VSGôs DC midpoint to 

ground voltage contains a fundamental frequency component which distorts the inverter output 

voltage balance with the risk of damaging the DC storage capacitor; 3) the DP-based microgrid 

model is accurate in capturing electromagnetic transients while being computationally more 

efficient than the microgrid detailed model implemented in MATLAB/Simulink.  

In [35], a three-phase unbalanced low-voltage microgrid operated via the multi-loop droop control 

strategy is modeled with DPs. Small-signal method is used to investigate the effect of the voltage 

unbalance control scheme on dynamic behaviour of the microgrid. The authors in [36] model a 6-

bus DP-based microgrid model consisting of three multi-loop droop-controlled inverters of equal 

rating, two resistive loads, and two nonlinear loads (diode-bridge rectifiers), to investigate the 

stability of the microgrid under harmonic conditions. The inner control loops of the inverters are 

modeled as well as the virtual impedance control (to ensure equal power sharing among inverters) 

and harmonic decomposition control. Small-signal analyses based on participation factors and 
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eigenvalues are used to study the dynamic behaviour of the microgrid as well as the influence of 

harmonic compensator tuning on microgrid stability. Small-signal stability conducted reveal that: 

1) the DP model is able to predict transient response of inverter-dominated microgrid with high 

harmonic pollution; 2) the virtual impedance control introduces dominant low-frequency modes 

which are sensitive to virtual inductance, virtual resistance, and the cut-off frequency of the 

harmonic control; 3) the multi-PR controllers present medium frequency modes which are 

sensitive to their gains. However, the DP-based microgrid model is too complicated. Since the 

microgrid studied in [36] is a balanced type, modeling each phase is unnecessary. 

The design and analyses of a droop-controlled microgrid are conducted in [70] by leveraging the 

DP method to model multi-loop droop-controlled single-phase inverters considering network and 

control dynamics such as second order generalized integrator frequency-locked-loop (SOGI-FLL), 

system operating sequence, and the low-pass filters used in filtering power measurements. 

However, the actual microgrid is still implemented with detailed switching models. In [34], the 

DP method is used to develop a model of a single-phase virtual oscillator-based GFMI in a three-

bus microgrid. Each droop-controlled inverter is modeled in its local frame and then linked to the 

common frame through a reference frame transformation. The proposed DP model is used to study 

dynamic stability and power regulation in a single-phase virtual oscillator-based microgrid. 

However, a droop-controlled microgrid model is not considered. Note that virtual oscillator-based 

power sharing control algorithm is not yet a matured technology.  

Nevertheless, there are few works that have used the DP method to model a single-phase single-

loop droop-controlled microgrid including the network and load dynamics. In Chapter 9, how to 

model a balanced single-loop droop-controlled three-phase microgrid, including the network and 

load dynamics, as a single-phase equivalent model is described. In addition, how to adapt the droop 
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gains of the three-phase microgrid model to droop gains of a single-phase microgrid equivalent 

model is outlined. 

2.5.2 Synchronization Techniques 

One of the issues that is focused on, in the stability analysis of an islanded microgrid, is the 

synchronization process. When the synchronization of an inverter to a microgrid or the 

synchronization of a microgrid to the main grid is not properly conducted, the microgrid can 

become unstable. Therefore, seamless synchronization of an inverter is essential to maintaining 

the resiliency of future inverter-based power systems especially with the recent upsurge in the 

integration of distributed energy resources with the distribution grid. The synchronization process 

is particularly challenging in a microgrid if the incoming inverter is a GFMI i.e., the inverter needs 

to bear the burden of frequency and voltage regulations as well as power sharing [71]. This is 

because the power sharing process has to be instantaneously modified to accommodate the 

incoming GFMI.  

Recent research works have paid much attention to the (re)connection of a GFMI in a droop-

controlled microgrid [71]. In [77], a synchronization algorithm based on a PLL is used to initiate 

a seamless transfer between grid-connected and islanded modes in a three-phase grid-connected 

inverter. The PLL is leveraged to synchronize the phase angle of the load voltage to the grid voltage 

in grid-connected mode, and to produce a phase angle at the desired frequency in islanded mode 

[77]. The proposed synchronization algorithm is also effective during a grid voltage sag. The 

authors in [78] propose a coast operating mode to ensure a seamless transition between stand-alone 

and grid-connected mode for utility-interactive three-phase inverters. The inverter current and 

voltage sensors are solely utilized for control purposes thereby eliminating the need for control 

over the grid-side static transfer switch. To ensure a quick response from the inverter and also 
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eliminate transient overcurrent when the grid and point of coupling voltages are out-of-phase, the 

grid angle is estimated in a nearly instantaneous manner [78]. Other works such as [79]-[81] also 

investigate the seamless connection for inverters in a microgrid. The challenge with works in [78]-

[81] is that they are focused on synchronization of inverters in grid-following mode. The authors 

in [71] attempts to fill the research gap by proposing two strategies suitable for re(connection) of 

droop controlled GFMIs in an islanded microgrid. In the first strategy referred to as the output-

sync strategy, an incoming GFMI is first synchronized to the microgrid before the circuit breaker 

is closed for power sharing [71]. In the second strategy, referred to as controller-sync strategy, the 

inverter is made to first operate without any contribution to power sharing following a successful 

syncing to the microgrid frequency. Thereafter, the controller is transferred to the power-sharing 

mode. The advantage of the controller-sync strategy is that the circuit breaker can be closed during 

the syncing process since the inverter is started from zero power contribution state. In addition, 

the controller-sync strategy requires a lesser number of sensors than the output-sync strategy. 

However, the controller-sync strategy requires more controllers than the output-sync method. The 

issue with the output-sync strategy introduced in [71] is that a lot of switching operations is 

required in the control scheme to stabilize the GFMI following re(connection). Nevertheless, there 

is no research work that has investigated the DP-based modeling of a synchronization algorithm 

for a single-phase grid forming inverter. If the DP method is to be seamlessly used in studying 

microgrids, it is important to develop a synchronization algorithm modeled with DPs. This 

research gap is filled in Chapter 9. 

2.6 Conclusion 

In this chapter, the dynamic phasor modeling method and its connection to other modeling 

approaches are described. It is found that state-space average models can be derived from dynamic 
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phasor models by considering only the zeroth-order DP components while the conventional static 

phasor models can be derived by zeroing the differentials of DP models. The main challenges 

associated with the use of dynamic phasor method in modeling power converters and microgrids 

include making appropriate choice of switching functions, averaging period, and the number of 

harmonics to model. From the literature review conducted, it is found that few works have focused 

on developing dynamic phasor models of linear- and nonlinear-controlled single-phase power 

converters and microgrids. In addition, most works do not enlighten the reader on how to choose 

control gains so that a dynamic phasor model will have similar dynamic and steady-state responses 

as a detailed switching model. In succeeding chapters, a systematic approach of modeling and 

designing the power and control stages of single-phase power converters and microgrids using 

dynamic phasors is described. Comparative, analytical, and experimental studies are conducted to 

evaluate the accuracy and efficiency of DP-based single-phase power converter and microgrids. 
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Chapter 3 

Dynamic Phasor Model of Reduced-Order Current -

Controlled and Voltage-Controlled Inverters 

3.1 Introduction 

A voltage-sourced inverter can be made to behave like a current source or a voltage source by 

modifying its control structure [22]-[23]. When an inverter is operating as a current source, the 

inverter is considered to be in grid-following mode or current-controlled mode. However, when 

the inverter is operating as a voltage source, the inverter is considered to be in grid-forming or 

voltage-controlled mode. 

In this chapter, the basic structure of a GFLI and a GFMI will be shown. In addition, how to model 

GFLIs and GFMIs with DPs will be explored. As this chapter is introductory in nature, the inverter 

DC source is assumed to be stable. Therefore, the dynamics of the DC source is neglected which 

results in a reduced-order inverter model. In the first section of this chapter, a reduced-order 

current-controlled single-phase inverter is modeled with DPs. Unity power factor (PF) and PQ 

control modes are analyzed in detail to identify the variables controlling active and reactive power 

in the DP and dq domains. Small-signal modeling method is applied to the conventional averaged 

and DP models to compute control gains that enable the DP and detailed models to have the same 

dynamic and steady-stage responses. In the second section, the DP method is used to model and 

analyze a reduced-order voltage-controlled single-phase inverter feeding an RLC load via a 

distribution line. The accuracy of the DP model of a voltage-controlled inverter during a fault at 

the load bus is verified through simulations and comparative analyses.  
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3.2 Current -Controlled Single-Phase Inverter [82], [83] 

Figure 3.1(a) shows the detailed structure of a current-controlled single-phase inverter. The 

inverter is fed by a DC voltage source, ὠ  and interfaced to the grid voltage, ὺ through an LCL 

filter. The LCL filter is composed of an inverter-side inductance ὒ, a grid-side inductance ὒ, and 

a filter capacitor, ὅ. The variables Ὑ, Ὑ , and Ὑ  denote inverter-side losses, grid-side losses, 

and damping resistor, respectively. The main function of the LCL filter is to remove unwanted 

harmonics from the inverter output voltage, ὺ. The two key control components of the current-

controlled inverter are the PLL and the current control loop. The function of the PLL is to estimate 

the grid voltage phase angle — and magnitude ὠ. The grid voltage phase angle and magnitude in 

then used to compute the reference grid current, Ὥᶻ. The current control loop uses a proportional-

integral controller to regulate grid current Ὥ injected into grid by adjusting ὺ indirectly. The 

output of the PR controller is the inverter output voltage reference, ὺᶻ. The pulse-width 

modulation (PWM) block uses ὺᶻ to create switching signals ό for the inverter switches. Note that 

Ὥ is the inverter-side inductor current (equivalently inverter output current). 

To derive the averaged model of the current-controlled inverter depicted in Fig. 3.1(b), the DC 

voltage, ὠ  is first assumed to be stable. This assumption is predicated on the DC source being 

either an energy storage system whose state-of-charge is within normal ranges or the output of 

utility  voltage-fed rectifier. Under this assumption, the dynamics of the DC source can be 

neglected, and this results in a reduced-order model. The second assumption is to neglect the 

switching frequency transients. This implies that the PWM block and inverter switches are 

neglected. Applying the two assumptions, the inverter is replaced with a controllable voltage 

source as depicted in Fig. 3.1(b). 
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Figure 3.1: The structure of a current-controlled single-phase grid-connected inverter: (a) a detailed model 

implemented in an EMT simulation environment (b) an averaged model used for creating the corresponding 

DP model as well as designing control system.  
 

3.2.1 Power Stage Modeling 

Considering the averaged model, the dynamic equations of the LCL filter can be presented as  

 

 

(a) 

(b) 
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                                          ὒ
 

Ὑ Ὑ Ὥ  Ὑ Ὥ ὺ ὺᶻ,                                         (3.1) 

                                          ὒ
 
 Ὑ Ὥ Ὑ Ὑ Ὥ ὺ ὺ,                              (3.2) 

                                                               ὅ
 

Ὥ Ὥ.                                                           (3.3) 

In the DP domain, assuming the fundamental frequency component is dominant, the LCL filter 

dynamics are presented as  

                           
ộỚ

ộὭỚ ộὭỚ ộὺỚ ộὺ Ớz                              (3.4) 
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ộὭỚ ‫ộὭỚ ộὭỚ  ộὺỚ ộὺỚ                (3.6)                      

                   
ộ Ớ

ộὭỚ ‫ộὭỚ ộὭỚ ộὺỚ ộὺỚ                      (3.7)                      
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 ộὭỚ ộὭỚ ‫ộὺỚ                                          (3.8) 

                               
ộ Ớ

 ộὭỚ ộὭỚ ‫ộὺỚ                                            (3.9) 

where ộὺỚ π and ộὺỚ ὠȾς. 

3.2.2 PLL and Amplitude Detector Modeling 

To obtain accurate values of the grid phase angle and voltage magnitude, two orthogonal signals 

must be obtained from the grid voltage. Since a single-phase inverter lacks such property, an 

imaginary signal is created by delaying the original or real signal by one-quarter period (ὝȾτ). 

Assume that the grid voltage, ὺ (also the real-axis voltage, ὺ ) in Fig. 3.1 can be expressed as 

                                                        ὺ ὺ ὠÓÉÎ‫ὸ                                                      (3.10) 
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where ὠ and are the grid voltage amplitude and fundamental frequency, respectively. Delaying ‫ 

ὺ  by ὝȾτ results in an imaginary-axis grid voltage, ὺ  given by 

                                            ὺ ὠÓÉÎ‫ὸ “Ⱦς ὠÃÏÓ‫ὸ                                           (3.11)   

Projecting the real and imaginary variables of the stationary phasor pulsating at onto axes of a ‫ 

frame rotating synchronously with under the assumption that the direct axis of this synchronous ,‫ 

rotating frame is aligned with the ὺ results in 

                                              
ὠ

ὠ
ÓÉÎ‫ὸ ÃÏÓ‫ὸ
ÃÏÓ‫ὸ ÓÉÎ‫ὸ

ὺ
ὺ                                        (3.12) 

where ὠ  and ὠ  are the direct and quadrature axis components of the grid voltage, respectively. 

The grid phase angle, — can be computed by regulating ὠ  to zero using a proportional-integral 

(PI) controller. For a simple study wherein the dynamics of the PLL is not of interest, the inverse 

tangent function can be used to compute the grid voltage phase angle as follows: 

                                 — ‫ὸ ÔÁÎὺ Ⱦὺ ÔÁÎὺȾὺ .                           (3.13) 

The grid voltage magnitude is computed using the expression 

                                     ὠ ὺ ὺ ὠ ὠ .                                     (3.14) 

Since the grid voltage phase shift is zero, the grid voltage components in the DP domain are 

ộὺỚ π and ộὺỚ ὠȾς. The peak dynamic phasor is given by  

                                     ὠ ὠ ς ộὺỚ ộὺỚ ςộὺỚ                                            (3.15) 

3.2.3 Unity Power Factor Control 

In unity power factor control scheme, the reference grid current, Ὥᶻ is assumed to be in-phase with 

the grid voltage, ὺ. Therefore, the reference grid current is given by  

                                                    Ὥᶻ ὍᶻÓÉÎ‫ὸ ὍᶻÓÉÎ—                                                           (3.16) 
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The amplitude of the reference grid current, Ὅᶻ can be computed from an active power setpoint, 

ὖᶻ using  

                                                              Ὅᶻ
ᶻ ᶻ

                                                           (3.17) 

The grid current is controlled with a fundamental harmonic-based ideal PR controller whose 

dynamics in the Laplace domain is expressed as  

                                                     ὺᶻ Ὧ Ὥᶻ Ὥ                                           (3.18) 

where Ὧ and Ὧ are the proportional and resonant gains, respectively of the PR controller. 

Equation (3.18) can be further be simplified to be [4]: 

                                                  ὺᶻ Ὧ Ὥᶻ Ὥ Ὧ ὼ ὼ                                   (3.19)                               

where ὼ and ὼ (the dummy state variables) can be defined as: 

                                                   
 ὼ πȢυὭᶻ ὭȾί Ὦ‫

ὼ πȢυὭᶻ ὭȾί Ὦ‫
 .                                              (3.20)                                                                                          

 Transforming (3.20) into time-domain differential equations result in 

                                                    
ὼ πȢυὭᶻ Ὥ Ὦ‫ὼ

ὼ πȢυὭᶻ Ὥ Ὦ‫ὼ
.                                          (3.21) 

In the DP domain, the reference grid current is given by 

                                                                  ộὭᶻỚ π                                                               (3.22a) 

  ộὭᶻỚ ὍᶻȾς                                                         (3.22b) 

The dynamic equations of the PR controller in the DP domain is given by 

                                 ộὺ Ớz Ὧ ộὭᶻỚ ộὭỚ ὯộὼỚ  ὯộὼỚ                             (3.23a)  

                                 ộὺ Ớz Ὧ ộὭᶻỚ ộὭỚ ὯộὼỚ  ὯộὼỚ                                  (3.23b)  
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                                        ộὼỚ ộὭᶻỚ ộὭỚ  ς‫ộὼỚ                                       (3.23c)  

                                         ộὼỚ ộὭᶻỚ ộὭỚ ς‫ộὼỚ                                       (3.23d) 

                                        ộὼỚ ộὭᶻỚ ộὭỚ                                                  (3.23e)                               

                                                    ộὼỚ ộὭᶻỚ ộὭỚ                                                   (3.23f) 

3.2.4 PQ Control  

In PQ control mode, the active and reactive currents are regulated independently. The PQ control 

scheme is realized by applying instantaneous reactive power (pq) theory [84]-[85]. According to 

pq theory, the reference instantaneous active and reactive flow balance are given by 

                                                      
ςὖᶻ

ςὗᶻ

ὠ ὠ

ὠ ὠ

Ὅ ᶻ

Ὅ ᶻ.                                       (3.24) 

Since ὠ  aligns with ὺ, the quadrature voltage ὠ π, thus the grid dq current setpoints are 

                                                         

Ὅ ᶻ
ᶻ ᶻ

Ὅ ᶻ
ᶻ .z                                       (3.25) 

The reference dq currents are transformed to ‌‍ stationary frame as follows: 

                                           
Ὥᶻ Ὥᶻ Ὅ ᶻÓÉÎ‫ὸ  Ὅ ᶻÃÏÓ‫ὸ

Ὥᶻ Ὅ ᶻÃÏÓ‫ὸ   Ὅ ᶻÓÉÎ‫ὸ
.                            (3.26) 

The reference imaginary axis current is discarded whereas the real-axis current (Ὥᶻ Ὥᶻ) is fed 

to the PR controller described in the section dealing with unity power factor control. 

In the DP domain, the reference current can be calculated using two methods. The first method 

involves finding the relationship between the fundamental DP components of the grid current and 

the dq components of the grid current. In the DP domain, the active and reactive power setpoints 

are given by 
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           ộὖᶻỚ ᴘộὺỚộὭᶻỚ ộὺỚ ộὭᶻỚ ςộὺỚ ộὭᶻỚ ộὺỚộὭᶻỚ           (3.27a) 

           ộὗᶻỚ ᴑộὺỚộὭᶻỚ ộὺỚ ộὭᶻỚ ςộὺỚộὭỚ ộὺỚ ộὭᶻỚ             (3.27b) 

Recall that ὺ ὠÓÉÎ‫ὸ. This implies that ộὺỚ π and ộὺỚ ὠ. Therefore,   

                                                     ộὖᶻỚ ὖᶻ ςộὺỚộὭᶻỚ                                                    (3.28a) 

                                                     ộὗᶻỚ ὗᶻ ςộὺỚộὭᶻỚ                                                  (3.28b) 

Comparing (3.25) with (3.28) results in  

                                                            ộὭᶻỚ
ᶻ ᶻ

                                                          (3.29a)       

                                                            ộὭᶻỚ
ᶻ ᶻ

                                                             (3.29b)   

The second method involves direct calculation of the DP components of Ὥᶻ using the equations 

for computing instantaneous active and reactive power in the DP domain. From (3.28), 

                                                        ộὭᶻỚ
ᶻ

ộ Ớ

ᶻ

                                                 (3.30a) 

                                                        ộὭᶻỚ
ᶻ

ộ Ớ

ᶻ

                                                (3.30b) 

Both methods yield the same results. Equation (3.29) or (3.30) reveals two important relationships.  

1. In the dq reference frame, whether direct-axis or quadrature-axis current controls the active 

power or reactive power is dependent on which axis is aligned with the grid voltage vector. 

However, in the DP domain, whether the real or imaginary axis controls the real-axis or 

imaginary-axis current is dependent on sinusoidal form of the grid voltage (whether the 

voltage is a sine or cosine wave with zero phase shift). 

2. Real and imaginary DP variables are one-half of the dq variables. This observation will  

clearly manifest in small-signal models derived in succeeding chapters. 
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3.2.5 Small-Signal Model of the Inverter Inner Current Control Loop  

 

 

 

 

 

 

 

 

 

 

Figure 3.2: Current control loop: (a) DP model representation (b) Detailed switching model representation.   

 

In the DP-based PR controller, both ộὭỚ and ộὭỚ  are regulated simultaneously. Assuming that: 

1) ὺ is constant, and 2) Ὑ and Ὑ  are very small. Considering Fig. 3.2(a), the transfer function 

from the inverter internal voltage reference ὺᶻ to the grid current Ὥ is 

                             Ὃ ί ᶻ Ὃ ί                                            (3.31) 

where ‌ ὒὒ, ‍ ὒ ὒ. The variables, ί and άί are perturbations away from the 

equilibrium grid current and inverter average duty cycle, respectively in the frequency domain. 

Considering PR controller transfer function Ὃ , the current open-loop transfer function Ὃ ί is 

 

 

(b) 

(a) 
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      Ὃ ί Ὃ ίᶻὯ         (3.32) 

To choose the controller values, the loop shaping method is utilized [17]. Suppose that Ὧ is 

initially small such that its influence on the open-loop characteristics occurs only at Then Ὧ .‫ 

can be ignored in (3.32) and the simplified Ὃ  is given as 

                                        Ὃ ί .                                (3.33) 

Normally, ὅ will be small compared to ‍ and Ὑ . Thus, neglecting ὅ in (3.33) yields  

                                                         Ὃ ί ὯȾÓ‍.                                                            (3.34) 

Systemôs open loop cut-off frequency, ‫  determines the desired settling time [17]. The cut-off 

frequency is determined by forcing the gain of the open-loop transfer function to be unity i.e. 

ȿὋ Ὦ‫ ȿ ρ. Thus,  

                                 Ὧ ‍‫ .                                                                   (3.35) 

The systemôs phase margin, morf detupmoc eb nac Ὧ dna ‮ 

                                                       ‮ “ ÁÒÇὋ Ὦ‫ ,                                                    (3.36a) 

           Ὧ ÔzÁÎ“ ‮ ȿÔÁÎ‫ Ὑ ὅ ÔÁÎ ς“ȿ            (3.36b)          

where „  ‫ ‌ὅ ‫ ‍ and „  ‫ ‍ὅὙ .  

For the detailed switching model current-control loop, the open-loop transfer function is 

                      Ὃ ί ὠ Ὃz ί Ὃz ᶻ                         (3.37) 

where ά, is the perturbation in the average value of the inverter switching signal ό and Ὃ  is 

the PWM gain. Equation (3.37) is equivalent to (3.31). Therefore, the proportional and integral 

gains calculated for the DP model are applicable to the detailed model. 
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3.2.6 Simulations and Validation of Results 

In this section, the PR control parameters are first computed analytically and then compared with 

control parameters obtained directly from Bode plots. Afterwards, the computational performance 

and accuracy of the DP-based single-phase inverter under both unity power factor and PQ control 

modes are validated using results obtained from the simulation of a corresponding detailed 

switching single-phase inverter model. In addition, the influence of the filter capacitor on the 

results obtained from the DP-based single-phase inverter model is studied. The parameters used 

for conducting simulations are listed in Table 3.1. Note that ‫ σχχ ÒÁÄȾÓ. 

Table 3.1: Parameters of the current-controlled single-phase inverter 
 

Parameters Values Parameters Values Parameters Values 

Ὑ π ɱ Ὑ  υπ ɱ ὠ  τππ 6 

ὒ ρρ Í( Ὑ  π ɱ ὠ σρρ 6 

ὅ ςπ ʈ& ὒ σȢυ Í( Ὢ ρπ Ë(Ú 

 

3.2.6.1 Determining PR Controller Parameters 

The desired PR control parameters are obtained analytically by using equations in Section 3.2.5. 

Suppose a phase margin, ” πȢωτχ ÒÁÄ and a closed-loop bandwidth, ‫ ψρσψ ÒÁÄȾÓ are 

desired. Consider an LCL filter whose resonance frequency is φωπȢρ (Ú, and its parameters are as 

listed in Table 3.1. Using the equations in Section 3.2.5, the PR controller gains: Ὧ ρρψȟὯ

ρωυχππ are obtained. To verify the control values obtained analytically, the Bode plot of the 

current open-loop transfer function is obtained via MATLAB simulation. Fig. 3.3 shows the Bode 

plot of the current open-loop transfer function. Using Ὧ ρρψ ÁÎÄ  Ὧ ρωυχππȟ an infinite 
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gain is obtained at the fundamental frequency i.e., σχχ ÒÁÄȾÓ. Thus, the PR controller can track 

the reference current with zero steady-state error. The closed-loop bandwidth and phase margin 

are obtained as ‫ ψπςπ ÒÁÄȾÓ and ” υτȢτЈ (or πȢωτω ÒÁÄ), respectively. These values 

closely match the bandwidth and phase margin used to analytically, compute the PR controller 

parameters. Thus, the analytical expressions shown in Section 3.2.5 are suitable to obtain the 

accurate values of Ὧ and Ὧ. 

3.2.6.2 Choice of Simulation Step Size 

To accurately compare the computational performance of the detailed model with the DP model, 

a suitable simulation step size needs to be chosen. In accordance with Nyquist criterion, the 

sampling frequency should be at least two times the highest occurring frequency, Ὢ . For the DP 

model, its Ὢ  is the current-loop PR controller bandwidth. As ‫ ψπςπ ÒÁÄȾÓ, a simulation 

step size of πȢρ ÍÓ is used to simulate the DP model. Therefore, the control bandwidth limits the 

simulation speed of low frequency-based DP models. For the detailed model, the PWM switching 

frequency (ρπ Ë(Ú) is the Ὢ . Thus, the maximum simulation step size that can be used to 

adequately sample the signals is υπ ʈÓ. However, due to PWM effect, a simulation step size of 

ρ ʈÓ is found to be a suitable step size to obtain accurate results from the detailed model. 

3.2.6.3 Simulation Results 

1) Unity Power Factor Control 

For the unity power factor mode, the reference grid current, Ὥᶻ is made to be in-phase with the 

grid voltage, Ὥ via the PLL and the current control loop. At ὸ πȢτ Ó, the amplitude of the 

reference grid current (Ὅᶻ) is stepped from τ ! to ς !. Figure 3.4 (a) shows the grid current 

waveform. During a step change in Ὅᶻ from τ ! to ς ! at ὸ πȢτ Ó, the grid current time-domain 

waveform obtained from the DP model is observed to closely match with the waveform obtained 
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Figure 3.3: Bode diagram of Ὃ ί for Ὧ ρρψȟὯ ρωυχππȢ   
 

from a detailed switching (SW) model. The real and imaginary components of the grid current 

(ộὭỚ and ộὭỚ , respectively) are observed to be DC signals (they have been frequency-shifted 

from the fundamental harmonic to DC). Thus, a relatively larger step size could be used to simulate 

the DP model. The imaginary current component ộὭỚ is observed to be nonzero ï thus this 

component controls the active power injection. This can be attributed to the grid voltage imaginary 

component being nonzero. Moreover, since the real component of the grid, ộὺỚ  is zero and unity 

power factor control is being implemented, ộὭỚ  will also be zero expect during transients. The 

peak DP (Ὥ ) is an envelope of the time-domain waveform Ὥ during steady state or 

transient state. However, the peak DP becomes a constant when the system is in steady state. Figure 

3.4(b) shows the grid current and grid voltage. The grid voltage is scaled down by 1/62 for better 

visualization and analytical insights. As expected, the time-domain grid current obtained from the 

SW and DP models are in-phase with the grid voltage. 

Figure 3.5 shows the active power and reactive power injected into the grid. There is a good 

agreement between the SW and DP model results. As expected, the reactive power injection into 

the grid is zero except during transients. Overall, the DP model predicts accurate results using a 
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step size that is about 100 times larger than the step size used in simulating the SW model. 

Therefore, the DP model can be used in the place of an SW model when computational efficiency 

is of utmost importance e.g., in the large-scale study of inverter-dominated distribution systems. 

2) PQ Control 

Under PQ Control, both the active and reactive power produced by the inverter can be 

independently controlled. In this section, the effectiveness of the DP-based decoupled control will 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.4: Comparison of waveforms obtained from the detailed switching (SW) model and the DP model 

under unity power factor control (a) grid current (b) grid voltage and current.   

 

 (a) 

(b) 



68 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.5: Comparison of waveforms obtained from the SW model and the DP model under unity power 

factor control (a) active power injected into the grid (b) reactive power injected into the grid.  

 

 

be verified. In addition, two case studies are conducted to ascertain the influence of the filter 

capacitor, ὅ on the DP model results. 

With ╒░ included: Figs. 3.6 and 3.7 show the waveforms obtained from simulating the DP model  

and the SW model under the PQ control, with the filter capacitor, ὅ included. Between ὸ

πȢτ Ó and ὸ πȢφ Ó, the active power reference is ramped up from π to υππ W whereas the reactive 
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power reference is ramped from ρππ to ςππ VAR.  

Figs. 3.6 and 3.7 show the waveforms obtained from simulating the DP model and the SW model 

under the PQ control, with the filter capacitor, ὅ included. Between ὸ πȢτ Ó and ὸ πȢφ Ó, the 

active power reference is ramped up from π to υππ W whereas the reactive power reference is 

ramped from ρππ to ςππ VAR.  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.6: Comparison of waveforms obtained from the SW model and the DP model of a single-phase 

inverter under PQ control with ὅ included (a) grid current (b) grid voltage and current.   
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Figure 3.7: Comparison of waveforms obtained from the SW model and the DP model of a single-phase 

inverter under PQ control with ὅ included (a) active power injected into the grid (b) reactive power injected 

into or absorbed from the grid.  

 

Fig. 3.6 (a) depicts the grid current waveform. The grid current waveform predicted by the DP 

model (even when simulated with a larger time-step compared to the detailed SW model) is in 

close agreement with the grid current waveform obtained from the SW model. Also, the imaginary 

and real component of the grid current (ộὭỚ  and ộὭỚ , respectively) follow the active and 

reactive power commands, respectively. This waveform shows that the active and reactive power 
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are decoupled and are independently controlled by varying the real and imaginary components of 

the grid current in the DP domain. However, it is important to note that unlike the dq-based 

decoupled control method wherein the d-axis and q-axis currents respectively control the active 

and reactive power when the d-axis of the rotating frame is aligned with the grid voltage vector, 

however in the DP-based decoupled control, the component of the grid current that directly 

controls the active power depends on the waveform of the grid voltage. If the grid voltage is a sine 

waveform, the imaginary current component controls the active power. If the grid voltage is a 

cosine waveform, the real current component controls the active power. Again, the peak DP 

(Ὥ ) is an envelope of the time-domain waveform Ὥ during steady or transient states. 

Fig. 3.6(b) shows the plot of grid current (obtained from both models) and grid voltage. The grid 

voltage is scaled by ρȾφς to easily compare its phase with the phase of the grid current. Between 

ὸ π Ó and ὸ πȢτ Ó, the grid current waveforms resulting from the SW and DP models lag the 

grid voltage by 90 degrees because no active power is injected into the grid. During this period, 

the inverter is working as a static synchronous compensator. However, between ὸ πȢτ Ó and ὸ

πȢψ Ó, the grid current is approximately in-phase with the grid voltage because the level of active 

power being injected into the grid is far greater than the reactive power being injected into the grid 

or absorbed from the grid.  

Figs. 3.7(a) and 3.7(b) depict the active and reactive power waveforms, respectively resulting from 

the simulation of SW and DP models. Both models exhibit ringing during startup. The waveforms 

resulting from the DP and SW models are closely matched. Based on the simulation results, it is 

concluded that the DP model sufficiently mimics the dynamic response of the SW model.  
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With ╒░ excluded: Figs. 3.8 and 3.9 depict the waveforms obtained from simulating both the 

detailed SW model and the DP model of a single-phase PQ inverter, with the filter capacitor 

excluded. Comparing Fig. 3.6 with Fig. 3.7 on one hand and comparing Fig. 3.8 with Fig. 3.9 on 

the other hand, no difference is observed between waveforms predicted by the DP model when ὅ 

is included and when ὅ is excluded. This can be attributed to the fact that in developing the DP 

model, only the fundamental frequency is considered. As a result, the filter capacitor sees only the 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.8: Comparison of waveforms obtained from the SW model and the DP model of a single-phase 

inverter under PQ control with ὅ excluded (a) grid current (b) grid voltage and current.  
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Figure 3.9: Comparison of waveforms obtained from the SW model and the DP model of a single-phase 

inverter under PQ control with ὅ included (a) active power injected into the grid (b) reactive power injected 

into or absorbed from the grid. 
 

fundamental frequency. However, at fundamental frequency, the impedance of the filter capacitor 

(which is usually small) is relatively very high and thus can be regarded as an open circuit. 

Therefore, the filter capacitor can be excluded when simulating the DP model of a grid-connected 

inverter with an LCL filter interface, without a significant loss of accuracy.  

3.2.6.4 Comparison of Execution Speed for the Current-Controlled Single-Phase Inverter 

Simulations were conducted on an HP Envy Windows 10 laptop with Intel® CoreÊ i5-7200U and 
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CPU @ 2.50GHz. Table 3.2 illustrates the execution speed of the proposed DP model of a current-

controlled single-phase inverter under the unity power factor and PQ control modes in comparison 

with their detailed switching model counterpart. The proposed DP model is about 1075 times faster 

than the detailed switching model under both the unity power factor and PQ control modes. 

Considering that minor deviations exist between the DP and detailed switching model simulation 

results, the proposed DP model can be used to build and speedily simulate a power system made 

up of multiple current-controlled single-phase inverters. 

Table 3.2: Comparison of execution speed of the current-controlled single-phase inverter (Runtime: 0.8 s) 

 

 

 

 

3.3 Voltage-Controlled Single-Phase Inverter in Standalone Mode [82] 

Fig. 3.10(a) depicts the structure of a detailed model of a voltage-controlled single-phase inverter 

fed by a stable DC source, ὠ . The inverter supplies an RLC load through an LC filter and a short 

distribution line of inductance ὒ and resistance Ὑ. The LC filter has an inverter-side inductance 

ὒ, inverter-side resistance Ὑ, and a filter capacitor, ὅ. The LC filter removes unwanted switching 

harmonics from the inverter internal voltage ὺ and the inverter output current, Ὥ. At the control 

side, the amplitude of point of common coupling (PCC) voltage (ὺ) is extracted using an 

amplitude detector. The output of the detector can optionally be passed through a first-order filter 

to remove ripples. The output of the first-order filter, ὠ  is then, compared with a reference PCC 

voltage amplitude, ὠᶻ. The resulting error is passed through a PI controller to generate the 

Control Mode Unity Power Factor PQ 

Models DP SW DP SW 

Execution Time (s) πȢσχ σωχȢφπ πȢσχ σωχȢφπ 

Acceleration Factor Ȣ   Ȣ   
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amplitude of the reference inverter internal voltage, ὠᶻ. The reference inverter internal voltage ὺᶻ 

is generated by multiplying the cosine of inverter local phase angle — with ὠᶻ. The PWM block 

uses ὺᶻ to create switching signals ό for the inverter switches. The RLC load parameters are as 

defined in the figure. A fault resistance, Ὑ  is used to short-circuit the load voltage, ὺ to ground 

at ὸ ὸ in order to determine the accuracy of the DP model during transient conditions. Note that 

in a practical voltage-controlled single-phase inverter, there will be an overload mitigation scheme 

and/or an inner current loop to protect the inverter from overcurrent. However, since this chapter 

is introductory in nature, the overcurrent protection scheme and its dynamics are neglected. 

The averaged model as depicted in Fig. 3.10(b) is derived by replacing the inverter with a 

controllable voltage source under the assumption that the DC source voltage is stable. 

3.3.1 Power Stage Model 

Considering the averaged model, the application of Kirchhoffôs circuit laws result in: 

                                                       ὒ
 

ὙὭ ὺ ὺ                                                               (3.38)                

                                                             ὅ
 

Ὥ Ὥ                                                              (3.39) 

                                                     ὒ  ὙὭ ὺ ὺ                                                        (3.40) 

                                                        ὅ
 

Ὥ Ὥ                                                            (3.41)                                   

                                                         ὒ
 
 ὙὭ ὺ                                                         (3.42) 

where Ὥ, ὅ, Ὑ, and ὒ are the AC load current, AC load capacitance, AC load resistance, and AC 

load inductance, respectively. Assuming the fundamental DP component is enough to capture the 

system harmonics, in the DP domain, the power stage differential equations are presented as: 

                                
ộỚ

ộὭỚ ‫ộὭỚ  ộὺỚ   ộὺỚ                              (3.43)                        
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Figure 3.10: The structure of a voltage-controlled single-phase standalone inverter: (a) a detailed model 

implemented in an EMT simulation environment (b) an averaged model used for creating the corresponding 

DP model as well as designing the control system. ófpô means the fault point.  
 

                                
ộỚ

ộὭỚ ‫ộὭỚ  ộὺỚ  ộὺỚ                                   (3.44)  

                                         
ộ Ớ

 ộὭỚ ộὭỚ ‫ộὺỚ                                           (3.45) 
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ộ Ớ

 ộὭỚ ộὭỚ ‫ộὺỚ                                               (3.46) 

                              
ộỚ

ộὭỚ ‫ộὭỚ  ộὺỚ ộὺỚ                                   (3.47)                        

                              
ộỚ

ộὭỚ ‫ộὭỚ  ộὺỚ  ộὺỚ                                   (3.48)  

                                 
ộ Ớ

 ộὭỚ ộὭỚ ‫ộὺỚ
ộ Ớ

                             (3.49)    

                                 
ộ Ớ

 ộὭỚ ộὭỚ ‫ộὺỚ
ộ Ớ

                           (3.50) 

                                      
ộỚ

ộὭỚ ‫ộὭỚ  ộὺỚ                                 (3.51)     

                                
ộỚ

ộὭỚ ‫ộὭỚ  ộὺỚ                                          (3.52) 

where ộὺỚ πȢυὠ, and ộὺỚ π if ὺ ὠÃÏÓ‫ὸ ὠÃÏÓ—. 

 

3.3.2 Control System Stage 

The amplitude of the PCC voltage is extracted by using the expression: 

                                    ὠ ὺ ὺ ὺ ὺ                                   (3.53) 

where, ὺ  is the imaginary part of ὺ in the stationary ‌‍ frame derived by delaying ὺ by one-

quarter period. The extracted amplitude may be passed through a first-order filter of time constant 

† to yield filtered voltage ὠ  expressed as 

                                                                  ὠ                                                                   (3.54) 

Expressing (3.54) in the time domain results in 

                                                             † ὠ ὠ                                                         (3.55)  

In the time domain, the PI controller transfer function becomes a differential-algebraic equation, 
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                                                           Ὧ ὠᶻ ὠ                                                     (3.56a) 

                                                   ὠ ὠᶻ Ὧ ὠᶻ ὠ ɮ                                           (3.56b) 

where, ɮ  is a state variable. The reference inverter internal voltage is given by  

                                                ὺᶻ ὺ ὠᶻÃÏÓ— ὠᶻÃÏÓ‫ὸ                                             (3.57) 

In the DP domain, the amplitude of ὺ is extracted by computing the peak DP of ὺ using 

                                          ὠ ὠ ς ộὺỚ ộὺỚ                                                (3.58) 

Since ὠ is a DC signal, the zeroth-order DP is sufficient to represent the first-order filter dynamics 

in the DP domain. The zeroth-order DP of the first-order filter is computed as follows: 

                                                       †
ộ Ớ

ὠ ộὠ Ớ                                                        (3.59) 

Also, for the PI controller, the zeroth-order DP is sufficient to represent its dynamics. Therefore 

                                                     
ộ Ớ

Ὧ ὠᶻ ộὠ Ớ                                                     (3.60a) 

                                             ὠ ὠᶻ Ὧ ὠᶻ ộὠ Ớ ộɮỚ                                          (3.60b) 

Then, the reference inverter output voltage is 

                                                        ộὺ Ớz ộὺỚ ὠᶻ                                                   (3.61a)                                        

                                                           ộὺ Ớz ộὺỚ π                                                       (3.61b) 

3.3.3 Small-Signal Modeling 

Detailed Model: Averaging (3.38)-(3.39) over a switching cycle results in [86]: 

                                                    ὒ
 ộỚ

ὙộὭỚ ộὺỚ ộὺỚ                                                       (3.62)                

                                                             ὅ
 ộ Ớ

ộὭỚ ộὭỚ                                                              (3.63) 

where ộȢỚ denotes the average value of the corresponding variable over a switching cycle [9]. 

Combining (3.62) and (3.63) and treating ộὭỚ as a disturbance variable in the resulting equation 
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results in the following open-loop transfer function Ὃ ί in the Laplace domain: 

                                                     Ὃ ί                                                     (3.64) 

Combining (3.64) and the transfer function of a PI controller Ὧ ὯȾί, the voltage closed-loop 

transfer function is  

                                                ᶻ

 
Ὃz ίᶻ ὠz                                          (3.65a) 

                                                         
 

 
                                            (3.65b) 

By using (3.65) to obtain a Root-locus or Bode plot, suitable values of Ὧ  and Ὧ  can be found.  

DP Model: The closed-loop transfer function for the voltage loop given by (3.63) is applicable to 

the DP model since the DP model is of reduced-order type. 

3.3.4 Simulations and Validation of Results 

In this section, the accuracy of the proposed DP model of a voltage-controlled single-phase inverter 

in standalone mode during transients is validated using results from a detailed switching model. 

The parameters that were used for conducting simulations are listed in Table 3.3. 

Table 3.3: Parameters of the voltage-controlled single-phase inverter 
 

Parameter Value Parameter Values Parameter Values 

Ὑ πȢς ɱ ὅ τχπ ʈ& ὠᶻ σρρ 6 

ὒ σȢρ Í( Ὑ ρππ ɱ † (1st Case) π Ó 

ὅ ςπ ʈ& ὒ ρ Í( † (2nd Case) πȢπρ Ó 

Ὑ πȢυ ɱ Ὑ  ρ ɱ Ὢ ρπ Ë(Ú 

ὒ πȢςφυ Í( ὠ  τππ 6 σχχ ÒÁÄȾÓ ‫ 

 

PWM Gain 
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Figure 3.11: Comparison of waveforms obtained from SW and DP models of a voltage-controlled single-

phase inverter with the low pass-filter inactive (a) inverter output current (b) PCC voltage (c) load voltage. 
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Figure 3.12: Comparison of waveforms obtained from SW and DP models of a voltage-controlled single-

phase inverter with the low pass-filter active (a) inverter output current (b) PCC voltage (c) load voltage. 
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The DP model was simulated with a step size of πȢρ ÍÓ whereas the detailed switching model is 

simulated with a step size of ρ ʈÓ. 

3.3.4.1 Simulation Results 

At πȢτ Ó, the load bus capacitor is short-circuited by a fault resistance, Ὑ ρ ɱ (i.e., the ópô point 

in Fig. 3.10 is connected to ófpô point). Two case studies are conducted to ascertain the influence 

of the low-pass filter in the control system. The low-pass filter is needed to remove ripples in the 

amplitude of the PCC voltage. Note that the low-pass filter is not necessary in the DP model since 

the DP variable are approximately DC variables. However, the low-pass filter has been modeled 

in the DP model to maintain uniformity in the dynamic response of the DP and SW models. 

Case Study 1 (Ⱳ█  Ἳ): In the first case study, the low-pass filter is inactive. The PI controller 

gains in this case study are: Ὧ ρ; Ὧ ςππ. Fig. 3.11 shows the waveforms obtained from 

the DP and detailed models. Immediately the fault occurred, the load bus voltage reduced due to 

increase in voltage drop across the distribution line. Since the inverter is under voltage-controlled 

mode, the PCC voltage is kept constant via the voltage controller. However, the inverter output 

current increased sharply after the fault to supply the fault current. In a practical inverter, the 

overcurrent protection scheme will switch off the inverter due to excessive current demand.  

Looking at the DP components of Ὥ and ὺ reveal interesting information. Before the fault, 

ộὺỚ is equal to ὠᶻȾς and ộὺỚ  is zero. This is expected since we have prior assumed that ὺ is 

a cosine waveform. However, the value of DP components of Ὥ contrasts significantly with that 

of ὺ. In fact, ộὭỚ is zero whereas ộὭỚ  is nonzero. This can be attributed to the fact that inductors 

consume reactive power. As a result, Ὥ is out-of-phase with ὺ hence the difference between the 

DP components of ὺ and Ὥ. If Ὥ is being controlled via a supplemental controller to be in-phase 
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with ὺ (i.e., unity power factor control), the value of ộὭỚ  will be equal to zero as ộὺỚ is. After 

the fault, notice that none of the DP components of ὺ and Ὥ is zero. Instead, the DP components 

of ὺ and Ὥ have different values because in the control scheme being used, the magnitude of ὺ 

(i.e., 2 times the square root of sum of squares of the DP components) is being controlled rather 

that the DP components of ὺ. Moreover, the change in the values of DP components of of ὺ and 

Ὥ can be attributed to the reduction in the value of capacitance (and the concomitant increase in 

the value of resistance) in the system due to the fault. A close look at the time-domain results 

reveal that there is a good agreement between the SW and DP model results during steady and 

transient states. 

Case Study 2 (Ⱳ█ Ȣ  Ἳ): In the second case study, the low-pass filter is active. The PI 

controller gains in this case study are: Ὧ πȢτ; Ὧ ψπ. Fig. 3.12 shows the waveforms 

obtained from the DP and detailed models. Due to the presence of the low-pass filter, there is an 

increase in overshoot of the current and voltage waveforms during start-up and a noticeable delay 

in the current and voltage waveforms to attain steady-state after the fault at the load bus. This can 

be attributed to the introduction of an extra pole by the low-pass filter.    

3.3.4.2 Comparison of Execution Speed for the Voltage-Controlled Single-Phase Inverter 

Simulations of the voltage-controlled single-phase inverter models were conducted on an HP Envy 

Windows 10 laptop with Intel® CoreÊ i5-7200U and CPU @ 2.50GHz. Table 3.4 shows the 

execution speed of the proposed DP model of a voltage-controlled single-phase inverter with or 

without output voltage filter, in comparison with their detailed switching model counterpart. The 

proposed DP model is about 56 times faster than the detailed switching model when the low-pass 

filter is inactive. When the low-pass filter is active, the DP modelôs execution speed reduces is 
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about 51 times faster than that of the detailed switching model. This means that as the order of 

equation increases, the computational advantage of the DP model reduces. Considering that minor 

deviations exist between the DP and detailed switching model simulation results, the proposed DP 

model of a voltage-controlled single-phase inverter is suitable for building and speedily simulating 

a power system made up of multiple voltage-controlled single-phase inverters. 

Table 3.4: Comparison of execution speed of the voltage-controlled single-phase inverter (Runtime: 0.8 s) 

 

 

 

 

3.4 Conclusion  

This chapter described the modeling of power and control stages of current-controlled and voltage-

controlled single-phase inverters using dynamic phasors. The first harmonic DP is found sufficient 

to represent the true dynamics of the power stage of a single-phase inverter connected to a 

harmonic-free stiff grid (or load). For the control stage, one PR controller can simultaneously 

control the real and imaginary DP components of a signal whereas one PI controller can handle 

either the zeroth order DP or the real DP component, or the imaginary DP component, or the 

modulus of a signal. Through small-signal modeling approach, it is discovered that the same 

control gains can be used for the detailed switching and DP models if  the DP model is a reduced-

order type (DC-link dynamics is neglected). This is because of the absence of PWM gain in the 

DP-based small-signal model. In addition, for a decoupled power control implemented in the DP 

domain, the component of the grid current that directly controls the active power depends on the 

Control Scheme With Voltage Filter  Without Voltage Filter  

Models DP SW DP SW 

Execution Time (s) ςȢψπ ρτςȢσψ ςȢυς ρτρȢωπ 

Acceleration Factor Ȣ   Ȣ   
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waveform of the grid voltage. If the grid voltage is a sine waveform, the imaginary current 

component controls the active power. If the grid voltage is a cosine waveform, the real current 

component controls the active power. This is in contrast to the conventional dq-based decoupled 

control method wherein the d-axis and q-axis currents respectively control the active and reactive 

power when the d-axis of the rotating frame is aligned with the grid voltage vector. Simulations 

and comparative analyses reveal that the DP models can accurately capture the behaviour of power 

stage components and control systems of current-controlled and voltage-controlled single-phase 

inverters using simulation step sizes relatively larger than the simulation step sizes used in 

simulating corresponding detailed switching-based models. Comparison of execution speed of the 

DP and detailed switching models reveal that the computational advantage of a DP model reduces 

as the order of equations increases. Therefore, when developing the DP model of a power 

converter, efforts should be made to practically reduce the order of equations without 

compromising accuracy.  

The reduced-order single-phase inverter models presented in this chapter will serve as foundational 

models for the analyses and study of grid-connected PV systems, droop-controlled, and one 

inverter-based islanded microgrids, in succeeding chapters.  
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Chapter 4 

Modeling and Control of Single-Phase Grid-Connected PV 

Systems 

4.1 Introduction 

Grid-following inverters (GFLIs) discussed in Chapter 3, are widely deployed in PV systems to 

export power from PV modules to the grid. The two most common interfaces (or configurations) 

for integrating PV systems into the grid using GFLIs are the single-stage and two-stage topologies.  

In the first subsection of this chapter, the DP method is used to model a single-phase single-stage 

grid-connected PV system. In the second subsection, two DP models of a two-stage single-phase 

grid-connected PV system are presented. The small-signal perturbation method is used to develop 

control transfer functions and expressions required to compute control gains. Small-signal models 

of the detailed PV system and the proposed DP-based PV systems are compared to calculate 

control gains that enable the DP model to exhibit the same response as the detailed model. The 

accuracy of the proposed DP models are validated with results from the detailed switching models. 

4.2 Single-Phase Single-Stage Grid -Connected PV System [87] 

In this subsection, the operational principles of a detailed model of a single-stage single-phase 

grid-connected PV system is first described. Then, an averaged model is constructed from the 

detailed model. The DP mathematical properties are applied to the averaged model equations to 

derive the DP model of a single-stage single-phase grid-connected PV system. Finally, small-

signal analyses, control design procedures, and discussion of simulation results are conducted. 
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Figure 4.1: The structure of a single-phase single-stage grid-connected PV system: (a) a detailed model 

implemented in an EMT simulation environment (b) an averaged model used for creating the corresponding 

DP model as well as designing control system.   
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4.2.1 Principles of Operation 

Fig. 4.1(a) shows the structure of a detailed single-phase single-stage grid-connected PV inverter 

implemented in an EMT simulator. An H-bridge inverter is used to inject the DC power from the 

PV array into the grid. Depending on irradiance, Ὅ  and ambient temperature, Ὕ, the PV array 

generates DC power at a voltage level, ὺ  and current level, Ὥ . A DC-link capacitor, ὅ  helps 

to stabilize the DC-link voltage amid changes in weather conditions and active power exported by 

the inverter to the grid. The single-phase inverter is interfaced to the grid through an LCL filter. 

The grid voltage is ὺ, whereas the inverter output voltage and current are ὺ and Ὥ, respectively. 

The LCL filter has an inverter-side inductance of ὒ, with Ὑ representing the inverter losses, a 

capacitance of ὅ, and a grid-side inductance of ὒ. The variables Ὑ  and Ὑ  represent the grid 

losses and damping resistor, respectively. Ὑ  damps the resonance peaks of the LCL filter. The 

grid current, Ὥ is controlled to inject the desired active and reactive power by utilizing a PLL and 

the classical double-loop control strategy consisting of a slower outer loop and a faster inner 

current loop. The outer loop is used to control power or the DC-link voltage. The control of active 

and reactive power is decoupled by implementing the outer loop in a reference frame rotating 

synchronously (dq reference frame) with the grid voltage. The implementation of the outer loop in 

dq frame makes the outer control signals to appear as DC signals thereby enabling a proportional 

or a proportionalïintegral (PI) controller to be adopted for control purposes. The outer loop 

generates the reference d-axis component of the grid current, Ὅ ᶻ, using a PI controller whose 

error input signal is calculated by comparing the filtered PV actual voltage, ὠ  with the reference 

PV voltage, ὠ ᶻ obtained from a perturb and observe (P&O) based MPPT algorithm [88]. The 

actual PV voltage, ὺ  is usually low pass-filtered to remove double-line frequency ripples. 

However, the filter will slow down the voltage loop speed. The reference q-axis component of the 
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grid current, Ὅ ᶻ is obtained by using a PI controller to regulate the grid reactive power, ὗ  to be 

equal to the reference value, ὗᶻ. To simplify the control scheme, the inner current control is 

implemented in the ‌‍ frame which enables a PR controller to be used in controlling the grid 

current. The reference current for the PR controller is obtained by transforming grid dq currents 

into grid ‌‍ frame currents. The output of the PR controller is fed to a pulse-width modulator to 

generate switching signals. 

4.2.2 Averaged Model  

To derive the grid-connected PV system model in the DP domain, the inverter switches and PWM 

stage are not modeled in detail. Instead, the averaging concept is used to replace the inverter PWM 

module and switches with a transformer equivalent.  

4.2.2.1 Solar PV Array Model 

Fig. 4.1(b) shows the transformer equivalent (averaged) model of a single-phase single-stage grid-

connected PV system. The PV array consists of ὔ  parallel-connected PV strings and ὔ  

series-connected modules. Each PV module has ὔ cells connected in series. Based on the single 

diode model of a PV cell used in [88]-[89], the I-V characteristic equation of a PV module is 

Ὥ  Ὅ Ὅ ÅØÐ ρ                              (4.1) 

where Ὅ  and Ὅ denote the PV and saturation currents of the module, respectively, Ὑ  represents 

the equivalent series resistance of the module, Ὑ  is the equivalent shunt resistance of the 

module, ὠ ὔὯὝȾή is the total thermal voltage of the module with ὔ series-connected cells, ὥ 

is the ideality factor, ή is the electron charge, and Ὧ is the Boltzmann constant [88].   

The I-V characteristic equation for a PV array is given by 
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           Ὥ  Ὅὔ Ὅὔ ÅØÐ ρ ɀ 
Ⱦ

.          (4.2) 

4.2.2.2 Calculation of Active and Reactive Power Setpoints 

To apply the dq reference frame transformation, two signals orthogonal to each other are required 

[90]. Since a single-phase inverter model inherently lacks two orthogonal signals, an imaginary 

signal is created by delaying the original signal by one-quarter period ὝȾτ [84]-[85], [90]-[91]. 

Suppose the grid voltage, ὺ depicted in Fig. 4.1(a) is given by 

                                                    ὺ ὸ ὺ ὸ ὠÃÏÓ‫ὸ                                         (4.3) 

where is the fundamental frequency of the grid voltage. Delaying the original or real-axis grid ‫ 

voltage, ὺ ὺ by ὝȾτ, produces an imaginary axis grid voltage, ὺ  expressed as 

                                           ὺ ὸ ὠÃÏÓ‫ὸ “Ⱦς ὠÓÉÎ‫ὸ.                                     (4.4) 

Projecting the real and imaginary variables of the stationary phasor pulsating at onto axes of a ‫ 

frame rotating synchronously with and further assuming that the direct axis of this synchronous ,‫ 

frame is aligned with the ὺ  the grid voltage in the synchronously rotating frame is given by 

                                              
ὠ

ὠ
ÃÏÓ‫ὸ ÓÉÎ‫ὸ
ÓÉÎ‫ὸ ÃÏÓ‫ὸ

ὺ
ὺ                                          (4.5) 

where ὠ  and ὠ  are the direct and quadrature components of the grid voltage. The phase ‫ὸ can 

be obtained from 

                                                         ‫ὸ — ÔÁÎ                                                      (4.6) 

According to pq theory [84]-[85], the instantaneous active and reactive flow balance are given by 

                                                    
ςὖᶻ

ςὗᶻ

ὠ ὠ

ὠ ὠ

Ὅ ᶻ

Ὅ ᶻ.                                         (4.7) 

Since ὠ  aligns with ὺ, the quadrature voltage ὠ π, thus the grid dq current setpoints are 
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Ὅ ᶻ ςὖᶻȾὠ

Ὅ ᶻ ςὗᶻȾὠ
.                                          (4.8) 

4.2.2.3 DC-link Dynamic Model 

Applying Kirchhoffôs current law to the DC-link node yields                        

                                                            ὅ
 

Ὥ άὭ                                                           (4.9) 

where ά is the average duty cycle of the inverterôs PWM. Due to the product of the inverter 

average duty cycle and inverter output current (i.e., άὭ), there will be a ρςπ (Ú ripple in ὺ . 

Thus, the inner current loop PR controller, which is sensitive to phase, may fail to inject high 

quality current into grid. This problem can be solved by using a multi-resonant PR controller to 

regulate Ὥ. However, this option is more complex. Another option is to use a low-pass or a moving 

average filter with a window-width, ὝȾς to remove ρςπ (Ú ripples in ὺ . The filtering action may 

be performed in a detailed EMT model by using an RMS function. For the DP model, the filter 

need not to be modeled since the average value of ὺ  i.e., ộὺ Ớ is explicit in the DP model. 

4.2.2.4 LCL Filter Dynamic Model 

Applying Kirchhoffôs current and voltage laws to the two loops formed by the LCL filter in Fig. 

4.1(b) result in 

                                          ὒ
 

Ὑ Ὑ Ὥ  Ὑ Ὥ ὺ άὺ                                        (4.10) 

                                          ὒ
 
 Ὑ Ὥ Ὑ Ὑ Ὥ ὺ ὺ                            (4.11) 

                                                                 ὅ
 

Ὥ Ὥ.                                                           (4.12) 

4.2.2.5 Control System Model 

The DC-link voltage is stabilized by adjusting Ὅ ᶻ, which represents the grid current component 

directly related to active power demand. The DC-link voltage controller state model is given by  
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ὦ ὑ ὺ ὠ ᶻ 

Ὅ ᶻ ὑ ὺ ὠ ᶻ  ὦ
                                       (4.13) 

where ὑ  and ὑ  are the proportional and integral gains, respectively of the outer loop 

controller, ὦ is a state variable, and ὠ ᶻ ὺ ᶻ. The reactive power injected into the grid, ὗ  is 

controlled by using a PI controller. The PI controller dynamic equation can be presented as 

                                       
ὦ ὑ ὗ ὗᶻ 

Ὅ ᶻ ὑ ὗ ὗᶻ ὦ
                                       (4.14) 

where ὑ  and ὑ  are the proportional and integral gains, respectively of the reactive 

power controller, and ὦ is a state variable. The grid current is controlled with a fundamental 

harmonic-based ideal PR controller whose dynamics in the Laplace domain is expressed as  

                                                   ά Ὧ Ὥᶻ Ὥ                                           (4.15) 

where Ὧ and Ὧ are the proportional and resonant gains, respectively of the PR controller, Ὥᶻ

ὍᶻÃÏÓ‫ὸ is the grid current setpoint, and Ὅᶻ is the grid current amplitude. Equation (4.15) can 

further be simplified to be [4]: 

                                                   ά Ὧ Ὥᶻ Ὥ Ὧ ὼ ὼ                                   (4.16)                               

where ὼ and ὼ (the dummy state variables) can be defined as: 

                                                    
 ὼ πȢυὭᶻ ὭȾί Ὦ‫

ὼ πȢυὭᶻ ὭȾί Ὦ‫
 .                                             (4.17)                                                                                          

 Transforming (4.17) into differential equations result in 

                                                     
ὼ πȢυὭᶻ Ὥ Ὦ‫ὼ

ὼ πȢυὭᶻ Ὥ Ὦ‫ὼ
.                                          (4.18) 

4.2.3 Dynamic Phasor Model 

In this section, the averaged model derived in section 4.2.2 will be converted to a dynamic phasor 

model by leveraging on dynamic phasor mathematical properties. Before using dynamic phasor 
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mathematical properties, deciding the number of harmonics to model in both the power stage and 

control system stage is pertinent. In other words, the set of Fourier coefficients that are sufficient 

enough to approximate the original (EMT) waveforms are decided. In the DC side of an inverter, 

the DC and second harmonic DP components are dominant. Therefore, the set of Fourier 

coefficients Ὧ πȟς is used to derive the DP model of the DC link capacitor dynamics whereas 

only the DC component (zeroth-order DP) is considered while modeling the solar PV array. For 

the inverter AC side, the grid is assumed to be free from higher-order harmonics. Therefore, the 

set of Fourier coefficient Ὧ ρ is used to derive DP-based dynamic equations on the AC side.  

4.2.3.1 Solar PV Array Model 

Considering only the zeroth-order DP component, the DP model of the PV array is presented as  

    ộὭỚ  Ὅὔ Ὅὔ ÅØÐ
ộ Ớ ộ Ớ

ρ ɀ 
ộ Ớ ộ Ớ Ⱦ

      (4.19) 

4.2.3.2 Calculation of Active and Reactive Power Setpoints 

In the DP domain, the DC component of the reference instantaneous active and reactive powers 

can be expressed as  

           ộὖᶻỚ ᴘộὺỚộὭᶻỚ ộὺỚ ộὭᶻỚ ςộὺỚ ộὭᶻỚ ộὺỚộὭᶻỚ          (4.20a) 

            ộὗᶻỚ ᴑộὺỚộὭᶻỚ ộὺỚ ộὭᶻỚ ςộὺỚộὭỚ ộὺỚ ộὭᶻỚ           (4.20b) 

Recall that ὺ ὠÃÏÓ‫ὸ. This implies that ộὺỚ π and ộὺỚ ὠ. Therefore,   

                                                        ộὖᶻỚ ςộὺỚ ộὭᶻỚ                                                    (4.21a) 

                                                       ộὗᶻỚ ςộὺỚ ộὭᶻỚ                                                  (4.21b) 

4.2.3.3 DC-link Dynamic Model 

Assuming the DC and second-harmonic components are dominant in the DC-link, the DC-link 
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capacitor dynamic equation in the DP domain can be presented as                       

                               ộὺ Ớ  ộὭỚ ςộάỚ ộὭỚ ộάỚộὭỚ                                (4.22) 

                    ộὺ Ớ  ộάỚ ộὭỚ ộάỚộὭỚ ς‫ộὺ Ớ                         (4.23) 

                               ộὺ Ớ  ộάỚộὭỚ ộάỚ ộὭỚ ς‫ộὺ Ớ                         (4.24) 

4.2.3.4 LCL Filter Dynamic Model 

In the DP domain, the LCL filter dynamic equations are expressed as 

                   
ộỚ

ộὭỚ ộὭỚ ộὺỚ ộάỚ ộὺ Ớ

                                      ộάỚ ộὺ Ớ  ộάỚộὺ Ớ ‫ộὭỚ                                                      (4.25) 

                  
ộỚ

ộὭỚ ộὭỚ ộὺỚ ộάỚộὺ Ớ

                                    ộάỚ ộὺ Ớ  ộάỚộὺ Ớ ‫ộὭỚ                                                         (4.26) 

                   
ộ Ớ

ộὭỚ ộὭỚ  ộὺỚ ộὺỚ ‫ộὭỚ                (4.27)                      

                    
ộ Ớ

ộὭỚ ộὭỚ ộὺỚ ộὺỚ ‫ộὭỚ                    (4.28)                      

                             
ộ Ớ

 ộὭỚ ộὭỚ ‫ộὺỚ                                        (4.29) 

                             
ộ Ớ

 ộὭỚ ộὭỚ ‫ộὺỚ                                          (4.30)  

4.2.3.5 Control System Model 

To derive the DP domain equivalent of the averaged modelôs reactive power and DC voltage 

control loops, variables controlling active and reactive powers in the DP domain need to be 

identified. Recall that in the dq reference frame, if the d-axis of the synchronous reference frame 
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is aligned with the grid voltage vector, Ὅ ᶻ controls the reactive power whereas Ὅ ᶻ controls the 

active power. If the active and reactive power expressions in the dq and DP domains are compared, 

then the variables: Ὅ ᶻ and Ὅ ᶻ in the averaged modelôs reactive power and DC-link voltage 

control loops, can be conveniently replaced with ộὭᶻỚ  and ộὭᶻỚ , respectively. Therefore, in 

the DP domain, the DC-link voltage and reactive power control loop dynamic equations can be 

expressed as  

                                            
ộὦỚ ὑ ộὺ Ớ ộὠ ᶻỚ

ộὭᶻỚ ὑ ộὺ Ớ ộὠ ᶻỚ ộὦỚ
                           (4.31) 

                                            
ộὦỚ ὑ ộὗỚ ộὗᶻỚ

ộὭᶻỚ ὑ ộὗỚ ộὗᶻỚ ộὦỚ
                           (4.32)                                                                       

In the DP domain, the PR controller equations can be presented as  

                              ộάỚ Ὧ ộὭᶻỚ ộὭỚ ὯộὼỚ  ὯộὼỚ                                (4.33a)  

                              ộάỚ Ὧ ộὭᶻỚ ộὭỚ ὯộὼỚ  ὯộὼỚ                                   (4.33b)  

                                        ộὼỚ ộὭᶻỚ ộὭỚ  ς‫ộὼỚ                                       (4.33c)  

                                         ộὼỚ ộὭᶻỚ ộὭỚ ς‫ộὼỚ                                       (4.33d) 

                                       ộὼỚ ộὭᶻỚ ộὭỚ                                                  (4.33e)                               

                                                   ộὼỚ ộὭᶻỚ ộὭỚ                                                       (4.33f) 

4.2.4 Small-Signal Modeling and Control Design 

In this section, the small-signal perturbation method will be used to derive plant models and 

expressions for computing control gains. 

4.2.4.1 Inverter Outer Voltage Control Loop 

I. DP Model 
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Consider the DP-based dynamic equation of the DC-link capacitor. Suppose the LCL filterôs 

capacitor current is negligible, and the second harmonic component of the DC voltage is small, 

then the following assumption can be made: ộὭỚ ộὭỚ ;  ộὭỚ ộὭỚ . Therefore, the DC-

link dynamic equation is expressed as  

                              ộὺ Ớ  ộὭỚ ςộάỚ ộὭỚ ộάỚộὭỚ                               (4.34) 

For the sake of conciseness, let ộὭỚ Ὥ ; ộὭỚ Ὥ , ộάỚ ά ;  ộάỚ ά ; ộὭỚ

Ὥ Ƞ ộὺ Ớ ὺ . Linearizing (4.34) around a stable operating point result in 

                        ὺ  ςά ά ά Ὅ άὍ                               (4.35)  

where variables with the subscript óeô represent equilibrium values and the terms with tilde denote 

variations from the equilibrium values. 

Suppose the following assumptions hold: 1) reactive power reference is small compared to the 

active power reference, 2) Ὥ  changes gradually due to stable irradiance, and 3) the inverterôs 

average duty cycle varies slowly due to slow changes in setpoints. Under these assumptions, 

ignoring terms related to reactive power expression in (4.35) results in  

                                                      ὺ  ςά Ⱦὅ .                                                        (4.36) 

In the Laplace domain, the outer voltage loop plant becomes 

                                                      Ὃ ί                                                       (4.37) 

where ά ὠȾςộὺ Ớ. Alternatively, the output voltage plant can be derived by computing the 

active power balance at the DC-link. In the DC-link, the following relationship holds: 

                            ὖ ὖ
ộ Ớ

 ςộὺỚ ộὭỚ
ộ Ớ

                          (4.38) 

Suppose the PV power, ὖ  is zero. Applying small perturbations around an equilibrium point and 
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ignoring square of perturbations and steady-state values results in   

                                                    ὅ ςộὺỚ .                                                (4.39) 

In the Laplace domain, the outer loop voltage plant is  

                                       Ὃ ί
ộ Ớ

                                     (4.40) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.2: Structure of outer control loops of a single-phase single-stage grid-connected PV system: (a) 

outer voltage loop (DP model) (b) outer voltage loop (SW model) (c) reactive power loop (DP model) (d) 

reactive power loop (SW model).  

 

 

 

 (d) 

(c) 

(b) 

(a) 
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Fig. 4.2(a) shows the control structure of the outer voltage loop for the DP model. Considering the 

parameters of the outer voltage loop PI controller and Ὃ ί, the closed-loop transfer function is 

                                                           Ὃ ί                                                            (4.41) 

where ” ςά ὑ Ⱦὅ  and ὧ ὑ Ⱦὑ .   

Suppose the voltage closed-loop transfer function corresponds to a standard second order closed-

loop transfer function whose denominator is of the form 

                                                  Ὀ ί ί ς‐‫ ί ‫                                                       (4.42) 

where ‫  and ‐ are closed-loop bandwidth and damping ratio, respectively. Note that the natural 

frequency is assumed to be roughly equal to the closed-loop bandwidth. This assumption will not 

be detrimental if the actual voltage closed-loop bandwidth is at most one-tenth of the current 

closed-loop bandwidth [17], [92]. Comparing the denominator of (4.41) and (4.42) gives 

                                                       
ὑ ‫ ‐ὅ Ⱦά

ὑ  ‫ ὅ Ⱦςά
.                                                  (4.43) 

It is worthy to restate that ‫  should be less than one-tenth of the current loop bandwidth to ensure 

sufficient and robust disturbance rejection. 

II.  Detailed Model 

Recall that for the detailed model, the DC voltage and reactive power control loops are 

conventionally implemented in the dq reference frame. Accordingly, assuming a lossless inverter, 

the instantaneous power balance in the DC-link can be expressed as 

                                           ὺ ὅ  ὖ ὠ Ὅ  ὠ Ὅ                                                (4.44) 

If the d-axis of the dq reference frame is aligned with the grid voltage vector via the PLL, then 

ὠ π. Applying small-signal perturbation to (4.44) under the assumption that ὠ  and ὖ  are 
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constant variables, results in 

                                                                                                                             (4.45a) 

In the Laplace domain, the output voltage plant can be presented as 

                                     Ὃ ί                                               (4.45b) 

Fig. 4.2(b) shows the control structure of the outer voltage loop for the SW model. Considering 

the parameters of the outer voltage loop PI controller and Ὃ ί, the closed-loop transfer 

function is expressed as 

                                                        Ὃ ί                                                            (4.46) 

where ”  and the d-axis value of inverter average duty cycle, ά . 

Comparing the denominator of (4.46) with the denominator of a standard second-order transfer 

function results in 

                                                     

ὑ

ὑ
,                                                (4.47) 

where ά ςά . If the expressions to obtain the DC voltage PI controller gains in the detailed 

model and the DP model are compared, the detailed switching modelôs DC voltage controller gains 

are observed to be twice as large as the DP modelôs DC voltage controller gains. 

4.2.4.2 Inverter Outer Reactive Power Control Loop 

I. DP Model 

Consider the following expression for the reactive power injected into the grid: 

                                                            ὗ ςộὺỚ ộὭỚ .                                                       (4.48) 

Assuming the inner current loop control is effective i.e., ộὭỚ ộὭᶻỚ . Then the linearization of 
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(4.48) yields [93]: 

                                                      Ὃ ί ὗȾ ᶻ ςộὺỚ                                               (4.49) 

Fig. 4.2 (c) shows the reactive power loop structure of the DP model. Suppose the reactive power 

loop PI controller gains are ὑ  and ὑ , respectively, the closed-loop transfer function is [93] 

                                                                Ὃ ί                                                              (4.50) 

where † ὑ Ⱦὑ , †
ộ Ớ

†, and the reactive power loop bandwidth ‫ ρȾ†. 

Note that ‫  is chosen to be much lower than the inner current loop bandwidth. 

 

II.  Detailed Model 

For the detailed model, the reactive power injected into the grid can be expressed as 

                                                              ὗ ὠ Ὅ .                                                                   (4.51) 

Assuming ideal current tracking, linearizing (4.51) results in the reactive power loop plant [93]: 

                                                     Ὃ ί ὗȾὍ ᶻ ὠ                                                      (4.52) 

Fig. 4.2 (d) shows the reactive power loop structure of the SW model. Suppose the reactive power 

loop PI controller gains are ὑ  and ὑ , respectively, the closed-loop transfer function (note 

that the plant is multiplied by -1 to account for loop sign reversal) is: 

                                                          Ὃ ί                                                              (4.53) 

where † ὑ Ⱦὑ , † † , and the reactive power loop bandwidth 

‫ ρȾ† . Recall that ὠ ὠ ςộὺỚ . Assuming ὑ  ὑ ,  then †  will be 

equal to † (or Ὃ ί Ὃ ί) if:  
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                                                         ὑ ὑ .                                                      (4.54) 

4.2.4.3 Inverter Inner Current Control Loop  

I. Detailed Model 

Assuming that: 1) ὺ is constant, 2) ὺ  is stable (i.e., ὺ ὠ ὠ ᶻ) , and 3) Ὑ and Ὑ  are 

very small, the transfer function from the inverter average duty cycle to the grid current considering 

the averaged model LCL filter equation is given by 

                          Ὃ ί Ὃ ί Ὃz ᶻ                            (4.55) 

where ‌ ὒὒ, ‍ ὒ ὒ. The variables, ί and άί are perturbations away from the 

equilibrium grid current and inverter average duty cycle, respectively in the frequency domain. 

Considering PR controller transfer function Ὃ , the current open-loop transfer function Ὃ ί is 

      Ὃ ί Ὃ ίᶻὯ         (4.56) 

To choose the controller values, the loop shaping method is utilized [17]. Suppose that Ὧ is 

initially small such that its influence on the open-loop characteristics occurs only at Then Ὧ .‫ 

can be ignored in (4.56) and subsequently the simplified Ὃ  is given as 

                                       Ὃ ί .                                (4.57) 

Normally, ὅ will be small compared to ‍ and Ὑ . Thus, neglecting ὅ in (4.57) yields  

                                                          Ὃ ί ὯȾÓ‍.                                                            (4.58) 

The system open loop cut-off frequency, ‫  determines the desired settling time [17]. The cut-

off frequency is determined by forcing the gain of the open-loop transfer function to be unity i.e. 

ȿὋ Ὦ‫ ȿ ρ. Thus,  

                                 Ὧ ‍‫ .                                                                   (4.59) 



102 

 

The systemôs phase margin, morf detupmoc eb nac Ὧ dna ‮ 

                                                      ‮ “ ÁÒÇὋ Ὦ‫ ,                                                    (4.60a) 

            Ὧ Ὧ ÔÁÎ“ ‮ ȿÔÁÎ‫ Ὑ ὅ ÔÁÎ ς“ȿ             (4.60b)          

where „  ‫ ‌ὅ ‫ ‍ and „  ‫ ‍ὅὙ .  

II.  DP Model 

Recall that in the DP-based PR controller, both ộὭỚ and ộὭỚ  are regulated simultaneously. 

Therefore, the open-loop transfer function derived for the detailed model is still applicable except 

that Ὃ ρ for the DP model. Therefore, for the DP model, 

                            Ὃ ί Ὃ ί Ὃz                                  (4.61) 

Following the loop-shaping tuning process, the PR controller gains for the DP model are given by 

                                                    Ὧ
ộ Ớ ộ Ớ

.                                                                   (4.62) 

The DP modelôs resonant gain, Ὧ  can be obtained by dividing the expression for obtaining the 

resonant gain for the detailed model by ộὺ Ớ (i.e., Ὧ ὯȾộὺ Ớ). Comparing the PR gains 

obtained from the detailed model and the DP model shows that the detailed modelôs PR controller 

gains are ὠ  times the DP modelôs PR controller gains. This is due to the absence of PWM gain 

in the DP model. 

4.2.5 Simulations and Validation of Models 

In this subsection, the fidelity of the proposed DP model of a single-phase single-stage grid-

connected PV system built on MATLAB/Simulink is validated against a detailed switching (SW) 

model built on Simulink/Simscape environment. The LCL filter parameters are Ὑ Ὑ

π ɱ, ὒ ςȢρ Í(, ὒ ρȢτ Í(, ὅ ςχȢφ ʈ&, and Ὑ ρυ ɱ. The resonant frequency of the 



103 

 

LCL filter is ρȢπτ Ë(Ú. The LCL filter parameters were calculated based on the following 

benchmarks: ὺ ςυπ 6; ὖ σ Ë7; ὺ ρςπ 6 ÒÍÓ; ‫ σχχ ÒÁÄȾÓ ; a 

maximum ripple current equal to ρπ Ϸ of the rated grid peak current; inverter PWM switching 

frequency    ‫ φςȢψ ËÒÁÄȾÓ; and a maximum (capacitive) reactive power πȢπυὖ . Note 

that the actual value of Ὑ  obtained from using the guidelines in [94] is ρȢψ ɱ. However, ρυ ɱ is 

used to compensate for the high value of reactance of ὅ in the DP model (which is caused by the 

neglect of The perturb-and-observe algorithm is adopted as the MPPT algorithm in the DP .(‫ 

and SW models. The DC-side parameters are listed in Table 4.1. 

Table 4.1: DC-side parameters of the single-phase single-stage grid-connected PV inverter 
 

 

 

 

 

 

Note that a low-pass filter, Ὂ usually used to remove the ρςπ (Ú component in ὺ , is not included 

the SW model. The downside of not including the filter is a small phase shift in the grid current. 

4.2.5.1 Calculation of Control Parameters 

Assuming a target bandwidth, ‫ υȢπσ ËÒÁÄȾÓ (i.e., πȢπψ,and a phase margin (‫ ‮ τυЈ, in 

accordance with the small-signal models, the parameters of the PR controller are: Ὧ πȢπψτ 

and Ὧ  ςτψ for the DP model, and Ὧ ρχȢχ ȠὯ υςρχπ for the SW model.  

Parameter Value 

ὅ  σπππ ʈ& 

Ὅ  χȢφρ ! 

ὠ  ςφȢσ 6 

MPPT Sampling Rate ρπ (Ú 

MPPT Perturbation Size πȢπυ 6 
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To attenuate the voltage ripple at ρςπ (Ú (χυτ ÒÁÄȾÓ), the bandwidth of the DC voltage loop ‫  

should be between ρς (Ú (χυȢτ ÒÁÄȾÓ) and ςτ (Ú (ρυπȢψ ÒÁÄȾÓ). Letting, ‫ χχ ÒÁÄȾÓ, ‐

πȢχ and ά  ὠȾςộὺ Ớ ρφωȢχȾςz ςρπ πȢτ, the control gains of the DC voltage 

controller in the DP model are obtained as ὑ πȢςχυ and ὑ ςπ. The control gains of the 

SW modelôs DC voltage controller are twice the DP modelôs DC voltage control gains according  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.3: Response of the single-phase single-stage grid-connected PV system obtained from SW and DP 

models (a) PV voltage (b) grid current and grid voltage.   

 

 

 
(b) 

(a) 
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Figure 4.4: Response of the single-phase single-stage grid-connected PV system obtained from the SW and 

DP models (a) active power injected into the grid (b) reactive power injected into the grid.   

 

to the small-signal model developed in the last subsection. Thus, for the SW model, ὑ πȢυυ 

and ὑ τπ.  

The control gains of the reactive power controller are obtained as follows. Assuming ‫

ρφψ ÒÁÄȾÓ, then ὑ πȢππφ and ὑ ς for the DP model. For the SW model, ὑ πȢππφ 

and ὑ ςȢωω.  

4.2.5.2 Simulation Results  

Considering the maximum occurring frequency in both SW and DP models, fixed step sizes of 

ρ ʈÓ and υπ ʈÓ are used in simulating the SW model and the DP model, respectively.  

From ὸ πȢτ Ó to ὸ πȢφ Ó, Ὅ  is ramped down from ρ Ë7ȾÍ to πȢψ Ë7ȾÍ (with Ὕ ςυ ᴈ) 

and from ὸ πȢσ Ó to ὸ πȢφ Ó , ὗᶻ is ramped up from π 6!2 to πȢυ Ë6!2. Fig. 4.2 and Fig. 4.4 

show the waveforms obtained from both SW and DP models. Considering Fig. 4.3(a) which 

 
(b) 

(a) 
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depicts the PV voltage waveform, the response of the DP model is obviously in good agreement 

with the response of the SW model. The PV voltage,  ὺ  is nearly constant because irradiance has 

a much stronger effect on Ὥ  than on ὺ . Moreover, there is a ρςπ (Ú ripple present in ὺ  

waveforms obtained from both models. This necessitates the use of a low-pass filter to remove 

unwanted ripples from ὺ  before using it for outer loop control purposes. Note that ὺ  is obtained 

from the DP model by using the expression: ộὺ Ớ ςᴘộὺ ỚὩ . Notice that the zeroth-

order DP component of the PV voltage (i.e., ộὺ Ớ) is the average of ὺ . 

Fig. 4.3(b) shows the grid current. The responses of SW and DP models to the ramp changes in 

irradiance and ὗᶻ are in good agreement. As expected, both waveforms of Ὥ obtained from the 

SW and DP models are in-phase with ὺ because the reactive power injected into the grid is much 

lesser than the active power injection into the grid.  

Figs. 4.4(c) and 4.4(d) depict the active power and reactive power waveforms obtained from both 

the DP model and the SW model. The active and reactive power waveforms obtained from the DP 

model are in good agreement with the waveforms obtained from the SW model. During start-up, 

the active power injected into the grid slowly approaches the set point value whereas the reactive 

power injected into the grid experiences ringing in both models. This is due to the slow reaction 

of the voltage loop to step changes in voltage set point which in turn is caused by the high inertia 

of the DC link (i.e., high capacitance). Between π Ó and πȢτ Ó, the inverter is injecting 

approximately σȢς Ë7 into the grid as expected. Overall, the proposed DP model has a high fidelity 

in predicting the dynamic and steady-state responses of a single-phase single-stage grid-connected 

PV system. 
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4.2.5.3 Computational Performance 

Simulations were conducted on an HP Envy Windows 10 laptop with Intel® CoreÊ i5-7200U and 

CPU @ 2.50GHz. Table 4.2 summarizes the simulation efficiency of the DP and SW models. The 

DP model is about 119 times faster than the SW model. 

Table 4.2: Comparison of simulation efficiency of SW and DP models of a single-phase single-stage grid-

connected PV system (Runtime: 0.8 s) 

 

 

 

 

4.3 Single-Phase Two-Stage Grid -Connected PV System [95] 

Fig. 4.5(a) shows the structure of a detailed single-phase two-stage grid-connected PV system. The 

first (conversion) stage features a boost DC-DC converter responsible for MPPT operation, voltage 

boosting, and decoupling of the PV source from the DC link [96]. The second stage comprises of 

a current-controlled H-bridge inverter that is responsible for converting DC power to AC power 

in addition to proper injection of PV power into the grid. A PLL is used for grid following 

operation/synchronization. A double-loop cascade control scheme (consisting of a slower outer 

voltage loop and faster inner current loop) is used to inject commanded active and reactive power 

into the grid [96]. The inverter is interfaced to the grid through an inductor of inductance, ὒ with 

Ὑ  representing the grid losses. The PV capacitor, ὅ  is used to convert the current source (PV 

array) to a voltage source whereas the DC-link capacitor, ὅ  is used to stabilize the DC-link 

voltage. The PV source consists of 16 KC200GT modules, with 4 series-connected modules and 

Model Step Size Average CPU Execution Time Acceleration Factor 

Detailed SW ρ ‘Ó ρωρȢυτ Ó  

DP υπ ‘Ó ρȢφρ Ó  
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4 shunt-connected PV string. Details of the PV module can be found at [89]. The perturb and 

observe (P&O) MPPT algorithm is used to obtain the reference PV voltage, ὺ ᶻ. 

4.3.1 Averaged Model of the Two-Stage Converter 

Fig. 4.5(b) shows the averaged model of a single-phase two-stage PV system. The boost converter 

and the H-bridge inverter have been replaced by their transformer equivalents. The transformer 

equivalents enable easy analytical control design and the development of DP model of a single-

phase two-stage PV system. The power- and control-stage models are developed as follows: 

4.3.1.1 Power Stage Model 

1) PV Source Model: The PV source model is presented in Section 4.2.2.1. 

2) PV Source Capacitor: The PV capacitor dynamic equation can be expressed as 

                                                        ὅ
 

Ὥ Ὥ                                                                   (4.63) 

where Ὥ  is the PV output current and Ὥ is the boost inductor current. 

3) Boost Converter: The dynamic equations of the boost converter are given by 

                                                           ὒ
 

ὺ Ὠὺ                                                            (4.64) 

                                                           ὅ
 

ὨὭ άὭ                                                       (4.65) 

where ὺ  is the PV array output voltage, Ὠ is the average duty cycle of the boost converterôs 

PWM, Ὠ ρ Ὠ, and Ὥ is the grid current. 

4) L Filter: The inverter output filter is used to reduce high frequency harmonics in the injected 

current grid. Its dynamic equation is given by 

                                                     ὒ
 

άὺ ὺ ὙὭ                                                      (4.66) 
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where ά is the average duty cycle of the inverterôs PWM. 

 

 

 

 

 

 

      

 

 

 

 

 

 

 

 

 

Figure 4.5: The structure of a single-phase two-stage grid-connected PV system: (a) a detailed model 

implemented in an EMT simulation environment (b) an averaged model used for creating the corresponding 

DP model as well as designing control system. Note that SW1 denotes Switch 1. 
 

 

 

 

(a) 

(b) 
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Figure 4.6: The structure of a single-phase two-stage grid-connected PV system with a simplified DC 

source. 
 

5)  Simplified DC Source: For system-level studies, modeling the PV source, the PV capacitor, the 

boost converter, the inverter (including their associated controllers), and the AC-side filter in detail 

will make the system model unnecessarily too complex. To reduce complexity, the boost converter 

(apart from the DC-link capacitor), the PV source, and the PV capacitor can be replaced by a first-

order lag filter as shown in Fig. 4.6. The MPP setpoints can be calculated analytically instead of 

using an MPPT algorithm/controller. Hence, the new equation representing the dynamics of the 

DC side (excluding DC-link capacitor and DC-voltage controller) can be expressed as 

                                                             †
 

Ὥᶻ Ὥ                                                            (4.67) 

where Ὥᶻ is the reference DC source current, Ὥ  is the DC source current, † is the time constant 

of the DC source. The reference DC source current Ὥᶻ is given by 

                                                                Ὥᶻ ὖ
ᶻ
Ⱦὺ                                                                 (4.68) 
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where ὖ ᶻ is the reference PV power from the MPPT block. According to [97], ὖ ᶻ is calculated 

as follows. For a PV array, its MPP voltage, ὠ  and MPP current, Ὅ  can be obtained from 

the expressions: 

                                          ὠ  ὔ ὠ ρ ‭ Ὅ Ὑ                                         (4.69) 

                                                  Ὅ  ὔ Ὅ                                                      (4.70) 

where ‭ Ὑ ȾὙ , ὠ  and Ὅ  are the MPP voltage and current of the simplified-module 

model, respectively. Then, ὖ ᶻ ὠ Ὅ . The variables ὠ  and Ὅ  are obtained from 

                                              ὠ ὥὠ ὡ ρ                                                (4.71) 

                                                 Ὅ  ÅØÐ                                                          (4.72) 

where ὡ is the Lambert function [97]. Note that for low radiation levels (below 100 W.m-2), ‭ 

might be very high due to low Ὑ . Thus, the analytical MPPT method might be inaccurate [98]. 

Also note that for the simplified DC source, (4.65) is modified to be  

                                                        ὅ
 

Ὥ άὭ                                                                 (4.73) 

4.3.1.2 Control Stage Model  

1) PV Voltage Regulator: The PV voltage is kept at a value that ensures MPP operation by using 

a PI controller. Assuming Ὡ is a state variable, the PV voltage controller dynamics is 

                                                 
Ὡ ὺ ὺ ᶻ

Ὠ ὑ ὺ ὺ ᶻ  Ὡὑ
   (4.74) 

where ὑ  and ὑ  are the proportional and integral gains, respectively of the PV voltage 

controller.  

2) DC-Link Voltage Regulator: The dynamic equations are given in Section 4.2.2.5. 
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3) AC Current Regulator: The inverter current control is realized by using a PR controller whose 

dynamic equation is given by 

                                                ά ὑ Ὥᶻ Ὥ                                                 (4.75) 

where Ὥᶻ is the reference grid current, Ὅᶻis the reference grid current amplitude, ὑ  and ὑ are 

the proportional and integral gains of the PR controller, respectively, ‫  is the PR controller cut-

off frequency, ” and „ are fictitious parameters used to make the PR controller to become an 

ideal or a non-ideal type. For an ideal PR controller, „ ρȾ‫ , ” π whereas for a non-ideal 

PR controller, „ ” ρ, ‫ π. Equation (4.75) can further be simplified to                                                 

                                          ς‫ ὑ„ Ὥᶻ Ὥ ”Ὣ Ὣ                                         (4.76a) 

                                                                   ‫Ὣ                                                                 (4.76b) 

                                                       ά ὑ Ὥᶻ Ὥ  Ὣ                                                          (4.76c) 

where Ὣ and Ὣ are the states of the PR controller.          

4) Reactive Power Regulator: The dynamic equations are given by Section 4.2.2.5. 

5)   Ὠήπ to ‌‍π Transformation: The output variables of reactive power and DC voltage controllers 

are transformed from Ὠή domain to ‌‍ domain using  

                                        
Ὥ ᶻ Ὥᶻ

Ὥ ᶻ
ÃÏÓ‫ὸ ÓÉÎ‫ὸ
ÓÉÎ‫ὸ ÃÏÓ‫ὸ

Ὅ ᶻ

Ὅ ᶻ                                      (4.77) 

where Ὥ ᶻ and Ὥ ᶻ are the alpha and beta components of the reference grid current, respectively, 

Ὅ ᶻ and Ὅ ᶻ are the direct and quadrature components of the reference grid current, respectively, 

and ὸ, the time variable. 
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4.3.2 Dynamic Phasor Model of the Two-Stage Converter 

The DP model of a single-phase two-stage PV system can be derived by choosing appropriate set 

of Fourier coefficients to consider in the modeling process. For the PV source, PV capacitor, and 

the dynamic equation of the boost inductor, using Ὧ π is assumed to be enough to capture the 

necessary dynamic interactions due to high switching frequency of the boost converter. For the 

DC-link capacitor, the DC and 2nd harmonic components are assumed to be dominant (i.e., a set 

of Fourier coefficients Ὧ πȟς  is used for modeling). For the AC-side, the fundamental 

harmonic (Ὧ ρ) is dominant.  

4.3.2.1 Power Stage 

1) PV Source Model: DP model of the PV source is presented in Section 4.2.3.1. 

 

2) PV Source Capacitor: In the DP domain, the PV capacitor dynamic equation is given by 

                                                        ộὺ Ớ ộὭỚ ộὭỚ                                                 (4.78)   

3) Boost Converter: In the DP domain, the differential equation describing the dynamic of the 

boost inductor is derived with Ὧ π  whereas the dynamic equations of the DC-link capacitor 

are derived with Ὧ πȟς. Thus, 

                                   
ộỚ

ộὺ Ớ ộὨỚộὺ Ớ                                           (4.79a) 

                             ộὺ Ớ  ὨộὭỚ ộάỚ ộὭỚ ộάỚộὭỚ              (4.79b) 

                             ộὺ Ớ  ộάỚ ộὭỚ ộάỚộὭỚ ς‫ộὺ Ớ                      (4.79c)  

                                   ộὺ Ớ  ộάỚộὭỚ ộάỚ ộὭỚ ς‫ộὺ Ớ                    (4.79d) 

4) The L Filter: The inductor dynamics in the DP domain can be expressed as 
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ộ Ớ

ộάỚ ộὺ Ớ ộάỚ ộὺ Ớ ộάỚộὺ Ớ ‫ộὭỚ ộὭỚ ộὺỚ  (4.80a)                       

    
ộ Ớ

ộάỚộὺ Ớ ộάỚ ộὺ Ớ ộάỚộὺ Ớ ‫ộὭỚ ộὭỚ ộὺỚ    (4.80b) 

5) The Simplified DC Source: For the simplified DC source model, we assume Ὧ π can represent 

its dynamics sufficiently in the DP domain. Therefore, in the DP domain, the simplified DC source 

can be modeled as  

                                                †
ὨộὭίὴỚπ

Ὠὸ

ᶻ

ộ Ớ
ộὭỚ                                                        (4.81)                                                          

The DC-link capacitor dynamics is modeled as follows:  

                                ộὺ Ớ  ộὭỚ ộάỚ ộὭỚ ộάỚộὭỚ                (4.82) 

The second harmonic part of (4.82) is same as (4.79c)-(4.79d). 

4.3.2.2 Control Stage Model 

1) PV Voltage Regulator:  The zeroth-order DP of the PV voltage regulator is 

                                  
ộὩỚ ộὺ Ớ ộὺ Ớz

ộὨỚ ὑ ộὺ Ớ ộὺ Ớz ộὩỚὑ
                            (4.83) 

2) DC-Link Voltage Regulator: The dynamic equations are given in Section 4.2.3.5. 

3) AC Current Regulator: The PR controller dynamics are modeled by assuming that Ὧ ρ. 

                    ộὫỚ ς‫ ὑ„ ộὭᶻỚ ộὭỚ ”ộὫỚ  ộὫỚ ‫ộὫỚ           (4.84a) 

                     ộὫỚ ς‫ ὑ„ ộὭᶻỚ ộὭỚ ”ộὫỚ  ộὫỚ ‫ộὫỚ            (4.84b) 

                                    ộὫỚ ‫ộὫỚ ‫ộὫỚ                                                       (4.84c) 

                                      ộὫỚ ‫ộὫỚ ‫ộὫỚ                                                     (4.84d) 

                             ộάỚ ὑ ộὭᶻỚ ộὭỚ
 
 ộὫỚ                                           (4.84e) 
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                               ộάỚ ὑ ộὭᶻỚ ộὭỚ  ộὫỚ                                             (4.84f) 

4) Reactive Power Regulator: The DP-based dynamic equations of a reactive power regulator are 

presented in Section 4.2.3.5. 

4.3.3 Small-Signal Model and Control Design 

In this section, the small-signal method will be used to derive transfer functions and expressions 

suitable for control design and computation of control gains. 

4.3.3.1 AC Current Loop  

I. DP Model 

For the DP model, the AC current loop plant model, Ὄ  can be expressed as 

                                        Ὃ
ộ Ớ

                                         (4.85) 

where Ὧ ộὠ ỚȾὙ , † ὒȾὙȢ The open-loop transfer function of the AC current loop, Ὃ   

assuming a stiff grid is 

                                             Ὃ ὑ
ộ Ớ

                                          (4.86a) 

                                             Ὃ
ộ Ớ

                                       (4.86b) 

where Ὤ ςὒ”‫ Ὑ , Ὤ ςὙ”‫ ‫ὒ, and  Ὤ ‫Ὑ . The loop-shaping technique 

can be used to compute ὑ  and ὑ. Assume ὑ affects the open-loop characteristics around then ,‫ 

Ὃ  can be simplified by setting ὑ π. Therefore,  

                                                Ὃ
ộ Ớ

                                                    (4.87) 
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The desired settling time imposes the cut-off frequency of the PR controller, ‫  [17]. ‫  can 

be computed by setting the gain of Ὃ  to one i.e., Ὃ Ὦ‫ ρ. Thus,  

                                              ὑ
ộ Ớ

‫ ὒ Ὑ                                                 (4.88)  

The closed-loop transfer function of the current loop, Ὄ  is 

                                           Ὄ                                           (4.89) 

where Ὤ ộὠ Ớὑ , Ὤ ς‫ộὠ Ớὑ” ὑ„ , and Ὤ Ὤ‫ . Pole-placement technique 

can be used to place the poles of (4.89) at desired positions. 

The desired phase margin, ‪  can be computed by using  

                                                    ‪ “ ȿÁÒÇ Ὃ Ὦ‫ ȿ                                                 (4.90) 

After laborious algebra, the resonant gain, ὑ is given by:  

                                  ὑ …ÔÁÎ“ ‪ ‪ …                                              (4.91a) 

where ‪  ȿÔÁÎ… ÔÁÎ… ς“ȿ, … ‫ ‫ Ⱦς‫‫ , … …ὑ , …

”Ⱦ…, … ‫ ὒȾὙ , and … ὑ”. For an ideal PR controller [17],   

                                      ὑ …“‫ÔÁÎ ‪ ÔÁÎ…                                                 (4.91b) 

II.  Detailed Model 

For the detailed model, a PWM gain of ρȾὠ  is included in the derivation of the open-loop transfer 

function as follows:  

                                           Ὃ ὑ                                           (4.92) 

After laborious calculation, 
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                                       ὑ ‫ ὒ Ὑ ὑὠ ὑộὺ Ớ                                  (4.93a) 

Similarly,    

                                                            ὑ ὑὠ ὑộὺ Ớ                                                       (4.93b) 

4.3.3.2 DC-link Voltage Control Loop 

I. DP Model 

During the normal operation of a grid-connected PV system, the reactive power injection is usually 

small compared to the active power injection (Note that if the reactive power injection is not 

negligible in comparison with the active power injection, the effect of cross-coupling terms must 

be included in the small-signal model for the DC-link voltage). Thus, ộὭỚcan be set to zero. In 

steady-state, (4.80) reduces to ộάỚ π and ộάỚ ộὺỚ Ⱦộὺ Ớ (higher-order DP 

components and Ὑ  are assumed to be negligible). Therefore, (4.79b) can be modified to 

                                    ὅ ộὺ Ớộὺ Ớ ộὺ ỚộὭỚὨ ςộὺỚ ộὭỚ                              (4.94a) 

                                                ὅ ộὺ Ớ ςὖ τộὺỚ ộὭỚ                                          (4.94b) 

where ὖ ộὺ ỚộὭỚὨ. Linearizing (4.94b) around an operating point and assuming a stiff 

grid (i.e., ộὺỚ π) result in   

                                              ὅ ộὺ Ớ
ộ Ớ

ὖ ςộὺ Ớ ộỚ                                    (4.94c) 

where terms with subscript óeô denote steady-state values and the terms with tilde denote perturbed 

values. Suppose the DC power supplying the DC-link varies slowly (i.e., ὖ π), then 

                                                 ὅ ộὺ Ớ
ộ Ớ

ςộὺ Ớ ộỚ                                      (4.95) 

Let ộὺ Ớ ὺ , ộὺ Ớ ὺ , ộὺ Ớ ὺ , ộỚ . Then, the DC-link plant model 

becomes, 
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                                                Ὃ ςὺ ȾÓὅ ὺ                                             (4.96) 

Assuming the proportional and integral gains of the DC-link PI controller are ὑ  and ὑ  

respectively, then the closed-loop transfer function, Ὃ  of the DC voltage loop is  

                                        Ὃ ρ Ὃ Ὃ Ⱦρ Ὃ Ὃ                                        (4.97a) 

                                           Ὃ Љ ί Љ Ⱦί Љί ЉЉ                                           (4.97b) 

where Ὃ ὑ ὑ Ⱦί; Љ ςά ὑ Ⱦὅ , ά ὺ Ⱦὺ , and Љ ὑ Ⱦὑ . 

Comparing (4.97b) with a standard second-order function: ί ς‐‫ ί ‫  results in 

                                                      ὑ ‐‫ ὅ Ⱦά                                                  (4.98a) 

                                                      ὑ ‫ ὅ Ⱦςά                                                  (4.98b) 

where ‐ and ‫  of the damping ratio and bandwidth of the DC-link voltage control loop. 

II.  Detailed Model 

Following the same method in 4.2.4.1, the DC-link control gains for the detailed model are  

                                                    

ὑ

ὑ
,                                                (4.99) 

4.3.3.3 Reactive Power Loop 

The transfer functions derived in Section 4.2.4.2 are also applicable to the single-phase two-stage 

grid connected PV system. 

4.3.3.4 PV Array Voltage Control Loop 

I. DP Model 

The small-signal model suitable for designing the PV array voltage control loop is developed by 

finding the equivalent circuit of the PV array at MPP.  According to [99], the equivalent output 
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voltage, ὠ  and series resistance, Ὑ  of a KC200GT module, linearized at MPP and under STC 

are υρȢφυ 6 and σȢσσ ɱ, respectively. Note that Ὑ  is the reciprocal of the slope of current-voltage 

characteristic of the PV module. Therefore, Ὑ  varies with the PV operating point, which is a 

function of irradiance and temperature conditions. For a PV array consisting of 4 series-connected 

KC200GT modules and 4 shunt-connected PV strings, the PV array equivalent output voltage, 

ὠ  is ςυψȢςτ 6 whereas its equivalent series resistance, Ὑ  is σȢσσ ɱ. Thus, the dynamic 

equation of the PV capacitor can be rewritten as 

                                                  ὅ
ộ Ớ ộ Ớ

ộὭỚ                                                  (4.100) 

Linearizing (4.79a), (4.79b), and (4.100) around an operating point, and treating the AC-side 

variables in (4.79b) as disturbances result in 

                                                    ὅ
ộ Ớ ộ Ớ

ộỚ ,                                              (4.101a) 

                                          ὒ
ộỚ

ộὺ Ớ Ὀộὺ Ớ Ὠộὺ Ớ ,                                   (4.101b) 

                                                   ὅ
ộ Ớ

ὈộỚ ὨộὭỚ ,                                                (4.101c) 

where Ὀ ρ Ὀ and Ὀ is the steady-state duty cycle. Let ộὺ Ớ ὺ , ộỚ ,  ộὭỚ

Ὥ . Recall that the PV voltage control loop bandwidth is usually greater than the DC-link voltage 

loop bandwidth. Also, since ὅ ὅ ,  ὺ  can be regarded as constant (i.e., ὺ π) and 

accordingly, (4.101c) can be neglected. Then, (4.101b) becomes  

                                                      ὒ
ộỚ

ὺ Ὠὺ                                                      (4.102) 

The state-space model of the PV voltage control using (4.101a) and (4.102) is 

                              ὺ

π ρȾὒ

ρȾὅ ρȾὙ ὅ ὺ
ὺ Ⱦὒ
π

Ὠ                   (4.103a) 
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                                                         ὺ π ρ ὺ                                               (4.103b) 

Equation (4.103) and Fig. 4.7 reveal that the small-signal model of a PV voltage-based MPPT 

control regard the PV array as a current source linearized at an operating point and connected to a 

stiff DC voltage source (DC-link voltage) through a boost converter. Differentiating (4.101a) with 

respect to time, and substituting (4.102) into the resulting equation yield 

                                                                            (4.104) 

In the Laplace domain, 

                                                 Ὃ ί
   

                         (4.105a) 

                                             Ὃ ί
    

.                                     (4.105b) 

where ὑ ὺ Ⱦὒὅ  is the gain, ‫ ρȾὒὅ  is the undamped natural frequency, and 

‐ ρȾςὙ ὅ ‫  is the damping factor. Note that the level of damping under the open-loop 

control strategy strongly depends on the operating point (i.e., Ὑ ). Thus, a closed-loop control 

is required to make the system robust to changes in operating point. Considering Fig. 4.8, the 

closed-loop transfer function of the PV voltage control is given as 

                              
ᶻ

  

  Ⱦ       
.                                (4.106) 

From (4.106), we conclude that there are three poles and one zero. Using the desired phase margin 

and bandwidth, (4.105b) or (4.106) can be used to calculate the gains: ὑ , and ὑ . 

II.  Detailed Model 

The expressions derived for the DP model are equally applicable to a corresponding detailed model 

since the average PV voltage is targeted in the control schemes of both models. 
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Figure 4.7: The equivalent circuit of the boost converter and the PV array used for small-signal modeling 

and control design. 

 

 

 

Figure 4.8: Structure of a PV voltage closed-loop control scheme. 
 

4.3.3.5 Determination of Simplified DC Source Time Constant (Ⱳ╫) 

The simplified DC source time constant, † can be determined by studying the closed-loop transfer 

function of Ὥ . Comparing (4.65) and (4.73), we found that Ὥ  which equals ὨὭ, is the current 

through the boost converter diode. Since Ὥ  is a scaled version of Ὥ, the dynamics/pole 

distribution of Ὥ , can be determined by studying the closed-loop transfer function of Ὥ relative 

to ὺ ᶻ. By applying the small-signal method, this transfer function is given by  

                              ᶻ

Ⱦ     

  Ⱦ       
                                 (4.107) 

4.3.4 Simulations and Validation of Models 

In this subsection, the fidelity of two DP models of a single-phase two-stage grid-connected PV 

system built on MATLAB/Simulink is validated against a detailed switching (SW) model built on 

Simulink/Simscape environment. The parameters of the system under study are listed in Table 4.3. 

The PV array consists of 4 series-connected modules and 4 shunt-connected PV strings. The 
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inverter PWM switching frequency is 62.8 krad/s (10 kHz) whereas the boost converter PWM ‫ 

switching frequency is 314.2 krad/s (50 kHz). 

For the SW model, due to ripples injected into DC-link voltage, a mean function block is used to 

obtain the average DC-link voltage that is in turn passed to the DC-link voltage controller. The 

mean block parameters are set as follows: an initial DC voltage of 200 V; fundamental frequency 

of 120 Hz; and a sample time equal to the simulation step size. To ensure that the dynamics of the 

SW model and the two DP models are well matched, the mean function block is also incorporated 

into the two DP models even though the average DC-link voltage is explicit in the two DP models. 

4.3.4.1 Calculation of Control Gains  

1) AC Current Loop: Assuming a target bandwidth, ‫ υȢπσ ËÒÁÄȾÓ (i.e., πȢπψand a phase (‫ 

margin, ‪ τυЈ, in accordance with the small-signal models in subsection 4.3.3.1, the 

parameters of the PR controller are: ὑ πȢπχυ and ὑ  ρψψȢυ for the DP model, and ὑ

ρυ Ƞὑ σχχπρ for the SW model.  

Table 4.3: Parameters of the single-phase two-stage grid-connected PV inverter 

 

Parameter Value Parameter Value 

ὅ  ρπππ ʈ& ὅ  σπππ ʈ& 

ὒ πȢφυυ Í( Ὑ  ρ Íɱ 

Ὅ  χȢφρ ! ὒ σ Í( 

ὠ  ςφȢσ 6 ὠ ᶻ ὺ  ςππ 6 

MPPT Sampling Rate ρπ (Ú σχχ ÒÁÄȾÓ ‫ 

MPPT Perturbation Size πȢπυ 6 ὠ ρφωȢχ 6 
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2) Reactive Power Loop: The reactive power loop parameters calculated for the single-phase 

single-stage grid-connected PV system are used. 

3) DC-Link Voltage Loop: Assuming a target bandwidth ‫ ωςȢυ ÒÁÄȾÓ ρτȢχς (Ú and 

damping ratio ‐ πȢωχ, the DC-link voltage controller parameters for the detailed model are 

obtained as: ὑ ρȢςφχ and ὑ φπȢσττ using the expressions in subsection 4.3.3.2. For the 

DP model, ὑ πȢφστ and ὑ σπȢρχσȢ The designed DC-link voltage closed-loop has a 

phase margin of χυȢφЈ, which is enough to keep the DC-link control loop immune to disturbances. 

4) PV Voltage Loop: The PV voltage controller gains for both SW and DP models are chosen to 

be: ὑ πȢπςφσ and ὑ ρ. The chosen gains yield a bandwidth of σȢρ ËÒÁÄȾÓ. This 

bandwidth is sufficient to ensure a clear dynamic separation between the DC-link voltage control 

loop and the PV voltage control loop. 

5) Simplified DC Source Time Constant (Ⱳ╫): The time constant of the simplified DC source is 

obtained by studying the closed-loop poles and zeros of (4.107). Substituting the PV voltage 

controller gains and the parameters listed in Table 4.3 into (4.107), two conjugate poles: ὴȟ

ρστὮσπψχ and a real pole ὴ σς are obtained. Also, two zeros, ᾀ σψ and ᾀ σππ 

are obtained. 

Since the first zero, ᾀ is close to the real pole, the real pole is no longer the dominant pole. The 

dominant pole is the conjugate pole. Notably, the real part of the conjugate pole determines the 

rate of decay of oscillations of the inductor current. The time-domain response of the boost 

inductor current closed-loop is given by 

             Ὥ ὸ  ρȢτὩ ψπςωὩ ÃÏÓσπψχὸ ττχȢχὩ ÓÉÎσπψχὸ                (4.108) 

The value of Ⱳ╫ can be calculated by taking the reciprocal of the real part of the conjugate poles 



124 

 

i.e., Ⱳ╫ χȢυ ÍÓ. A time constant of υ ÍÓ is found to be suitable to replicate the actual 

dynamics of the boost converter diode current. 

4.3.4.2 Simulation Results 

Considering the maximum occurring frequency in both SW and two DP models, fixed step sizes 

of πȢς ʈÓ, ρπ ʈÓ and υπ ʈÓ are used to simulate the detailed model (SW), the DP model with a full-

order DC source (DP-Full), and the DP model with a simplified DC source (DP-Simp), 

respectively. The P&O algorithm is adopted as the MPPT algorithm in the SW and DP-Full models 

whereas the MPP variables are calculated analytically in the DP-Simp model. 

From ὸ πȢτ Ó to ὸ πȢφ Ó, Ὅ  is ramped down from ρ Ë7ȾÍ to πȢψ Ë7ȾÍ (with Ὕ ςυ ᴈ) 

and from ὸ πȢσ Ó to ὸ πȢφ Ó , ὗᶻ is ramped from πȢρ Ë6!2 to πȢς Ë6!2. Fig. 4.9 and Fig. 

4.10 show the waveforms obtained from the SW and two DP models. Considering Fig. 4.9(a) 

which depicts the PV voltage waveform, the response of the DP model with a full-order DC source, 

is obviously in good agreement with the SW model response. Due to the use of high-bandwidth 

PV voltage controller, the PV voltage waveform obtained from the SW model has small high 

frequency ripples which results in this waveform to have a high degree of matching with the zeroth-

order DP of the PV voltage, ộὺ Ớ obtained from the DP-Full and DP-Simp models. However, 

since the MPP voltage and current are calculated analytically in the DP-Simp model (i.e., there is 

no MPPT algorithm such as P&O algorithm), its PV voltage waveform is constant and therefore, 

does not reflect the dynamics of the PV source.  

Fig. 4.9(b) shows the boost converter diode current (and equivalently the source current for the 

DP-Simp model) obtained from the SW, DP-Full, and DP-Simp models. Notice that the boost 

converter diode current obtained from the SW model contains significant amount of switching (50 
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kHz) ripples. However, because only the zeroth-order DP of Ὥ  is modeled in both DP-Full and 

DP-Simp models, the boost converter diode current obtained from the DP-Full and DP-Simp 

models represent the average of the boost converter diode current obtained from the SW model.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.9: Response of the single-phase two-stage grid-connected PV system obtained from SW, DP-Full, 

and DP-Simp models (a) PV voltage (b) boost converter diode current (c) DC-link voltage.  
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Figure 4.10: Response of the single-phase two-stage grid-connected PV system obtained from SW, DP-

Full, and DP-Simp models (a) grid current (b) active power injected into the grid (c) reactive power injected 

into the grid.   

 

Fig. 4.9(c) depicts the DC-link voltage waveform. Note that ὺ  waveforms for the DP-Full and 

DP-Simp models are obtained by using the expression: ộὺ Ớ ςᴘộὺ ỚὩ . Notice that 

there are double-line frequency ripples in the DC-link voltage waveforms obtained from the SW, 

DP-Full, and DP-Simp models. These ripples justify the passing of the DC-link voltage through a 

mean block (in the SW model) to obtain the average DC-link voltage which is in turn fed to the 

DC-link voltage controller. Otherwise, the double-line frequency ripples in the DC-link voltage 

 

 

(a) 

(b) 

(c) 
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will metamorphose into high-order harmonics in the grid-current. Since only a fundamental 

frequency PR controller is present in the grid current loop, these ripples will not be filtered out 

leading to a deterioration in the grid current. 

Fig. 4.10(a) shows the grid current. The grid current is sinusoidal in the three models due to high 

grid-inductance and the use of fundamental PR controller. Results obtained from the DP-Full and 

DP-Simp models are in good agreement with the SW model results.  

Figs. 4.10(b) and 4.10(c) depict the active power and reactive power waveforms obtained from 

DP-Full, DP-Simp, and SW models. The active and reactive power waveforms obtained from the 

DP-Full, DP-Simp, and SW models are well matched with each other. During a step change in 

irradiance, there is a ringing in the reactive power waveform. This is due to the small amount of 

coupling between the reactive and active power loops as well as the slow reaction of the DC-link 

voltage loop. The slow speed of the DC-link voltage loop is caused by the high DC-link inertia 

and low DC-link voltage bandwidth. Overall, the proposed two DP models reflect with a high 

degree of accuracy, the dynamic and steady-state responses of a detailed single-phase two grid-

connected PV system to step changes in irradiance and reactive power setpoints. 

Table 4.4: Comparison of simulation execution speed of SW and two DP models of a single-phase two-

stage grid-connected PV system (Runtime: 0.8 s) 

 

 

 

 

4.3.4.3 Computational Performance 

Simulations were conducted on an HP Envy Windows 10 laptop with Intel® CoreÊ i5-7200U and 

Model Step Size Average CPU Execution Time Acceleration Factor 

Detailed SW πȢς  ‘Ó συτȢχπ Ó  

DP-Full ρπ ‘Ó φȢτπ Ó Ȣ0 

DP-Simp υπ ‘Ó σȢρω Ó Ȣ  
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CPU @ 2.50GHz. Table 4.4 summarizes the simulation execution speed of the DP-Full, DP-Simp, 

and SW models. The DP-Simp and DP-Full models are about 111 and 55 times faster than the SW 

model, respectively. 

4.4 Conclusion 

In this chapter, the dynamic phasor method has been used to model the two major configurations 

of a single-phase grid-connected PV system namely single-stage and two-stage configurations. 

The proposed DP models have been implemented in MATLAB/Simulink and validated using 

detailed switching models implemented in Simulink/Simscape environment.  

For the single-phase single-stage grid-connected PV system, the zeroth order and second harmonic 

DP components are modeled on the DC side of the inverter whereas the fundamental harmonic DP 

component is modeled on the AC side of the inverter. By comparing the variables in the 

expressions of reactive and active power in the synchronously rotating (dq) frame and the DP 

domain, a dual-loop control scheme is implemented in the DP domain which enables independent 

control of active- and reactive-power in the DP-based PV system model.  

For the single-phase two-stage grid-connected PV system, two DP models are developed. In the 

first DP model, referred to as DP-Full model, the PV source, the MPPT algorithm, and the boost 

converter inductor dynamic are modeled with a zeroth-order DP. The DC-link dynamics are 

captured with zeroth order and second harmonic DPs whereas the AC inductor dynamics are 

represented with a fundamental harmonic DP. In the second DP model, referred to as DP-Simp 

model, the MPPT algorithm is calculated analytically whereas the boost converter inductor and 

capacitor dynamics are replaced with a first-order lag filter whose time constant is chosen by 

applying small-signal perturbation method to the original boost converter dynamic equations. The 
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resulting first-order lag filter is modeled with a zeroth-order DP. 

Suitable choice of control gains have been achieved by applying small-signal perturbation method 

to both DP and detailed power stage models. By comparative analyses of small-signal models of 

DP and detailed models, we discover that the detailed modelôs PR controller gains are equal to the 

product of DC-link voltage and DP modelôs PR controller gains, due to the absence of PWM gain 

in the DP model. In addition, the controller gains of a detailed model that has its DC-link voltage 

control loop implemented in the dq frame, is two times larger than the controller gains of a DP-

based DC-link voltage loop.  

Simulation results indicate that the proposed DP models are accurate in replicating the dynamic 

and steady-state responses of a detailed single-phase grid-connected PV system model while 

requiring a relatively less computational effort than the detailed model. The advantage of the 

proposed DP models is that they can enable faster simulation, control system tuning, and analyses 

of large-scale distribution system made up of multiple inverter-based renewable resources.  
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Chapter 5 

Modeling of a Single-Phase Uncontrolled Diode-Bridge 

Rectifier Using Dynamic Phasors [100] 

5.1 Introduction 

A single-phase diode-bridge rectifier (DBR) is widely used as a passive front-end power-electronic 

interface in electric vehicles, single-phase variable frequency motor drives, light emitting diode 

(LED) systems, computer, and mobile phone adapters (chargers), due to its simple configuration, 

low cost, and high reliability. A DBR is a line-commutated rectifier because it depends on the AC 

voltage and impedance to initiate the commutation from one diode to another. Due to DBRôs 

uncontrollability, it injects harmonic currents into the utility grid which can result in severe voltage 

drops, electromagnetic interference, distortion of utility-supplied voltage, electrical resonance, low 

power quality, high resistive losses, and malfunction of relays and voltage-sensitive devices. 

In the study of harmonics in power systems with several DBRs, detailed electromagnetic transients 

(EMT) model of a DBR is usually used to capture fast transients accurately. However, EMT 

simulation of a DBR is usually conducted with a step size in the range of 10 ‘Ó - 50 ‘Ó, which 

results in long simulation time. The DP method allows efficient simulation of a DBR by enabling 

the inclusion of only dominant harmonics during the modeling process. 

In this chapter, the DP method is used to develop single-phase DBR models including the AC and 

DC subsystems where applicable. The main contributions of this chapter include the development 

of analytical DP models of single-phase DBR with or without commutation overlap considered. 

The accuracy of the proposed DP models is verified via simulations and experiments. 
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5.2 Dynamic Phasor Modeling of a Single-Phase Diode-Bridge Rectifier in 

CCM Mode 

In this section, the operational principles of a single-phase DBR is briefly discussed. The necessary 

condition for a single-phase DBR to operate in CCM mode is also outlined. In the next section, 

the DP method is utilized to develop DP models of a single-phase DBR working in CCM mode. 

First, DP-based DBR models wherein commutation overlap is neglected are developed. Thereafter, 

the effect of commutation overlap is considered in the development of fundamental harmonic and 

high-order harmonic DP-based single-phase DBR models.  

5.2.1 Working Principles of a Single-Phase Diode-Bridge Rectifier in CCM Mode 

Fig. 5.1 depicts the circuit topology of a single-phase diode-bridge rectifier interfaced to a resistive 

load (an equivalent resistance of a DC subsystem or an electric drive), Ὑ , through an LC filter. 

Assume that the diodes are lossless. During the positive half-cycle of the AC supply voltage, ὺ, 

the grid supply current, Ὥ flows through the equivalent grid inductance, ὒ and grid resistance, Ὑ, 

diode Ὀ, to the load and then returns through Ὀ . During the negative half-cycle, Ὥ flows through  

diode Ὀ  to the load and then returns through Ὀ . The rectifier output voltage, ὺ and the rectifier 

output current, Ὥ are pulsating in nature due to high-order harmonics. The LC filter is designed to 

 

 

 

 

 

 

Figure 5.1: The circuit topology of a single-phase diode-bridge rectifier feeding an LCR network. The 

diodes are numbered in the order of conduction. 
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reduce the ripples in the load current/load voltage caused by high-order even harmonics. The 

diode-bridge rectifier (DBR) output LC filter consists of an inductor (with inductance, ὒ and 

equivalent series resistance, Ὑ ) and a capacitor, ὅ. It is worthy to note that ὒ and Ὑ can 

represent the parameters of a transformer used to interface the DBR to the grid source. 

The supply voltage is defined as: 

                                                         ὺ  ὠÃÏÓ‫ὸ —                                                         (5.1)  

where ὠ and — are the supply voltage amplitude and phase, respectively. 

In CCM mode, the rectifier output current is always greater than zero ( Ὥ π) in every cycle of 

the supply voltage. The minimum inductance required to keep the DBR in CCM mode can be 

obtained from [101]-[102] as: 

                                    ὒ                                         (5.2) 

where Ὢ is the supply voltage frequency in Hz. 

5.3 DP-Based DBR Model Without Commutation Overlap Considered 

If the grid inductance, ὒ is negligible, then the DBR output current can transfer from diodes Ὀ 

and Ὀ  to diodes Ὀ  and Ὀ  instantaneously. Based on this assumption, three DP-based analytical 

models of a single-phase DBR in continuous conduction mode are developed by using analytical 

bipolar switching functions, direct-quadrature (dq) axes-based transformer equivalent of a DBR, 

and analytical Fourier series of rectified cosine and square waveforms, respectively. 

5.3.1 Bipolar Switching Function-Based Model (DP-1) 

The switching actions, which occur in a single-phase DBR, can be represented analytically by 

using bipolar switching functions. A switching function is a transfer function that relates an input 

voltage/current to an output voltage/current [103]. When a DBR is represented by switching 
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functions, the DBR functions as a switch/modulator of voltages and currents. Consider the circuit 

shown in Fig. 5.1. Suppose the state of the diodes when conducting is taken as the logic value of 

1 and the state of the diodes when in off state is taken as the logic value of 0, then a unipolar 

switching function, Ὓ can be defined as [103], 

                                         Ὓ  
 ρȟÆÏÒ ὸ ὸ ὸ ÁÎÄ  ὺ ὸ  ὺ ὸ 

πȟÆÏÒ ὸ ὸ ὸ ÁÎÄ  ὺ ὸ  π       
                                   (5.3) 

where ὺ, is the DBR input voltage, ὸ ὸ is the active period of the diodes, and ὸ ὸ is the 

inactive period of the diodes. From (5.3), Ὓ can be considered as a pulse function with period 

equal to ὸ ὸ. The Fourier series of a pulse function is given by [103] 

                                                  Ὓ Ὀ ςВ Ὀ ÃÏÓὲ‫ὸὲ(4.5)                                             ‮ 

where Ὀ is the switch duty cycle, ὲ is an integer (harmonic) number,  Ὀ ÓÉÎὲ‏Ⱦς Ⱦ“ὲ, ‏ 

is the switch conduction angle in radians, and ecnerefer eht ot evitaler Ὓ fo elgna esahp eht si ‮ 

voltage/current. Since Ὀ conducts alongside Ὀ , and Ὀ  operates with Ὀ , a bipolar switching 

function is needed to translate ὺ directly into ὺ. Suppose the diode group ὈȾὈ  is operated with 

a unipolar switching function, Ὓ Ὓ. The diode group ὈȾὈ  is operated with a unipolar 

function, Ὓ  that has equal magnitude with Ὓ , but 180 degrees out-of-phase with Ὓ. Thus,  

                                      Ὓ  Ὀ ςВ Ὀ ÃÏÓὲ‫ὸὲ‮ ὲ“.                                     (5.5) 

A bipolar switching function Ὓ is derived by vectorially adding unipolar functions of positive and 

negative cycles as follows: 

                         Ὓ Ὓ Ὓ  τВ Ὀ ÃÏÓὲ‫ὸὲὲ   ‮ ρȟσȟυȟȣ)                       (5.6) 

Suppose that the input inductance is negligible (ὒ  Ὑ π ). Then, ὺ ὺ and the delay angle 

is zero (i.e., ‮ π; there is no delay between the fundamental supply voltage and the switching 
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Figure 5.2: The transformer equivalent of a single-phase diode-bridge rectifier feeding an LCR network. 

 

 

function). Thus, ‏ “. Using the bipolar switching function given (5.6), the detailed circuit model 

shown in Fig. 5.1 is replaced by an averaged model depicted in Fig. 5.2.  

The voltage and current relationships across the DBR transformer equivalent can be expressed as 

                                                                       
Ὥ ὛὭ
ὺ Ὓὺ

.                                          (5.7) 

The dynamic equations of the LCR circuit formed by the LC filter and the resistive load are 

                                                            ὒ ὺ ὺ ὭὙ                                                 (5.8) 

                                                                   ὅ Ὥ                                                         (5.9) 

where ὺ is the load output voltage. Applying DP properties on (5.1) and (5.6)-(5.9) results in  

                                   ộὺỚ ᷿ ὺ †ὩὮὲὨ†, ὲ†‫ ρȟσȟυȟχ                                            (5.10) 

               ộὛỚ ÓÉÎ ÓÉÎ , ὲ ρȟσȟυȟχ                              (5.11)                 

           ộὭỚ  ộὭὛỚ  В ộὭỚ ộὛỚ, ὲ ρȟσȟυȟχȠὲ Ὥ π                          (5.12)    

                         ộὺỚ  ộὺὛỚ  В ộὺỚ ộὛỚ, ὲ πȟςȟτȟφȠ ὲ Ὥ π                         (5.13)         

                    ὒ
ộ Ớ

ộὺỚ ộὺỚ ộὭỚὙ Ὦὲ‫ὒộὭỚ,  { ὲ πȟςȟτȟφ                             (5.14) 

                               ὅ
ộ Ớ

ộὭỚ
ộ Ớ

Ὦὲ‫ὅộὺỚȟὲ πȟςȟτȟφ.                                          (5.15) 

Time-domain quantities, Ὥ, Ὥ,  ὺ, ὺ, and Ὥ can be restored from the DP components using, 

                                            Ὥ  ςᴘВ ộὭỚȟȟȟ Ὡ                                                       (5.16) 

                                            Ὥ  ộὭỚ ςᴘВ ộὭỚȟȟ Ὡ                                           (5.17) 
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                                            ὺ  ộὺỚ ςᴘВ ộὺỚȟȟ Ὡ                                         (5.18) 

                                            ὺ  ộὺỚ ςᴘВ ộὺỚȟȟ Ὡ                                         (5.19) 

                                   Ὥ  ộὺỚȾὙ ςᴘВ ộὺỚȟȟ ȾὙ Ὡ                                 (5.20) 

To build the simulation model of DP-1, two methods are suggested. The first method involves 

scripting the entire DP-based mathematical model of the DBR and LCR network represented by 

(5.10)-(5.15) (see Fig. 5.3), on a numeric computing environment (e.g., MATLAB, Python). The 

quantities: Ὥ, Ὥ, ὺ, ὺ, and Ὥ are obtained from the DP model using (5.16)-(5.20). The second 

method involves scripting the mathematical model equations of the DBR using (5.10-5.13) on any 

numeric computing platform (e.g., MATLAB, Python). The output voltage of the DBR model (via 

a voltage source, ὺ) is then coupled to a detailed LCR network built on an electromagnetic 

transient (EMT) environment (e.g., Simulink/Simscape, PSCAD/EMTDC, PLECS). The output 

current of the voltage source, Ὥ is converted to ộὭỚȟȟȟ using the equation: 

                                          ộὭỚ ᷿ Ὥ†ὩὮὲὨ†, ὲ†‫ πȟςȟτȟφ                                      (5.21) 

The DP components of DBR output current, ộὭỚȟȟȟ are converted to AC current DP components 

ộὭỚȟȟȟ using (5.12). Ὥ is then recovered from ộὭỚȟȟȟ using (5.16). The second approach is 

depicted in Fig. 5.3(b). Note that the output current of the voltage source, Ὥ can be converted 

directly to Ὥ using (5.6)-(5.7). 

5.3.2 Hybrid DP-dq Synchronous Frame-Based Model (DP-2) 

Consider the supply voltage equation given by (5.1). To express (5.1) in dq frame, an orthogonal 

signal is required. The orthogonal signal is derived by delaying the original supply voltage 

waveform given by (5.1) by “Ⱦς as follows: 

                                      ὺ  ὠÃÏÓ‫ὸ — “Ⱦς  ὠÓÉÎ‫ὸ —                                      (5.22) 
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Figure 5.3: Signal flow in a bipolar switching function-based DP Model of a single-phase DBR with (a) LC 

filter + R load modeled in the DP domain (DP-1A) (b) LC Filter + R load modeled in the time-domain (DP-

1B). 

 

 

where, — π, ὺ  is the imaginary component of ὺ in the ‌‍ (or stationary) reference frame. The 

supply voltage space vector, ὺᴆ is obtained from 

ὺᴆ  ὺ Ὦὺ  ὠ ÃÏÓ‫ὸ ὮÓÉÎ‫ὸ ὠὩ                        (5.23) 

where ὺ  ( ὺ  is the real component of ὺ in the ‌‍ frame. Assuming the d-axis is aligned with 

ὺᴆ, multiplying (5.23) by Ὡ  results in 

                                                      ὠ ὠ Ὦὠ  ὺᴆὩ                                               (5.24) 
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