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Abstract

Bounds are developed for the probability that various randomly generated block Hankel matrices
are rank-deficient. These bounds are potentially of use to analyze the efficiency and reliability of
various randomized block Wiedemann and block Lanczos algorithms, that are either currently under
development or now in use, when these are applied to solve systems of linear equations and sample
from the null space of matrices over small finite fields.

The bounds that are presented here resemble ones that have previously been obtained using other
arguments or that could likely be obtained by straightforward extensions of arguments that have
recently been presented. The method used to obtain these bounds in this report is rather different
and may be of some interest in its own right: It relies only on estimates of the number of irreducible
polynomials of a given degree over a finite field and on elementary linear algebra.

1 Introduction

Krylov-based methods have recently been used (both alone and in combination with elimination-based
techniques) to solve systems of linear equations whose coefficient matrices are sparse or structured
matrices over finite fields and to sample from the null spaces of such matrices. An algorithm of Wiede-
mann [15] and various adaptations of a numerical method of Lanczos [9] have been used with considerable
success.

Randomized versions of these algorithms perform computations over the Krylov space generated by the
input matrix (or a conditioned matrix obtained from it) and a randomly chosen vector. More recent
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“block algorithms” use a block consisting of a small set of independently and randomly selected vectors
instead of a single vector, and work over the “block Krylov space” generated by the above-mentioned
matrix and this set of vectors. Coppersmith [2; 3] has proposed block algorithms based on each of
the Lanczos and Wiedemann algorithms whose scalar versions had previously been proposed, while
Montgomery [12] has proposed a simpler heuristic that is based on a block Lanczos approach.

While all of these block algorithms and heuristics work well in practice, none had been fully analyzed
at the time they were proposed. Kaltofen [8] has subsequently provided an analysis of the efficiency
and reliability of a block Wiedemann algorithm (based on Coppersmith’s) for computations over large
fields. Villard [13, 14] has continued this work and provided an analysis for computations over small
fields as well. Brent, Gau and Lauder [1] have subsequently obtained exact formulas for some of the
values that Villard had estimated and have therefore provided improvements for this analysis.

Dumas, Gautier, Giesbrecht, Giorgi, Hovinen, Kaltofen, Saunders, Turner and Villard [4] describe
a software library, LinBox, that includes block algorithms incorporating improvements suggested by
these analyses. Additional information about this software and the most recent version of the library
are available at the LinBox web site, http://www.linalg.org.

The analysis of these block algorithms requires the development of bounds on the probability that
various randomly generated block Hankel matrices are rank-deficient. Kaltofen and Villard contributed
such bounds for the large and small field cases, respectively, when the order of these matrices was
slightly larger than the maximum rank possible for them, and used these bounds to complete analyses
of the block Wiedemann algorithms they studied.

Something more is required if one is to analyze a block Lanczos algorithm: One must develop bounds
on the probability that certain submatrices of these matrices are rank-deficient as well. This also
seems to be necessary if one is to modify a block Wiedemann algorithm in order to incorporate an
“early termination” mechanism of the type proposed by Lobo [11] and recently analyzed, for scalar
computations over small fields, by Eberly [5].

Suitable bounds have recently been developed by Hovinen [6, 7], who has also contributed a biconditional
block Lanczos algorithm and its analysis. Various ideas from the theory of commutative algebra were
used here in order to adapt and apply the results that had initially been developed to study block
Wiedemann and scalar Lanczos algorithms and that are summarized above.

In this report, we provide a different method to derive probability bounds of the type discussed above:
Suitable bounds can be obtained using well known estimates of the number of irreducible polynomials
of a given degree with coefficients in a finite field (that can be found, for example, in the text of Lidl
and Neiderreiter [10]) and elementary linear algebra.

Since block Widemann and block Lanczos algorithms are still under development, it not clear precisely
which of these matrices will be of interest. Rather than link this work to the analysis of any particular
algorithm, bounds concerning various block Hankel matrices (and the method used to obtain them) are
simply presented here in hope that they may be of some general use.

The bounds given here are somewhat more general than the ones recently published by Hovinen. How-
ever, it is quite likely that Hovinen’s techniques can also be used to obtain them. Thus, this is quite
probably not evidence that the technique presented here is more general than Hovinen’s.

The bulk of this report includes the development and presentation of the bounds that are mentioned
above. A few suggestions for future work can be found at the end.



2 Bounding Nullity: First Case

2.1 Definition and Strategy

Suppose, henceforth, that F = F, is a finite field with ¢ elements. Let N be a positive integer and let
A € FN*N be a matrix with rank r.

Definition 2.1. Suppose that m and i are positive integers and that vy, va, . .., v, € F¥YX1 Let
MA,m,i,’Ul,UQ,...,’Um — [vl A’U]_ e A61—1v1 e Um, Avm e Aém—lvm} c FNXi./ (21)
where

li/m] it j-Ti/m] + (m —j) - [i/m]
for 1 < j < m. Note that ¢; € {[i/m], [i/m]}, that

5= {me if j - [i/m] + (m — §) - li/m] <4,
> 1,

01 > 02> 03 > -+ >y,

and that
61+ 02+ + Oy =i

Definition 2.2. Suppose that m and 7 are positive integers. Let D4 ,,; be the number of choices of
vectors vy, Vo, . . ., Um € FV*! and scalars

d1,07 dl,la ) 7dl,51—1a R 7dm,07 dm,la R 7dm,5m—1 € F7
for 01,02,...,0,, as given in Definition 2.1, above, such that
dip

d
1,’1 =0. (2.2)

MA,m,i,m U250y Umn,
dm,émfl

We will count this value in two ways, and compare the resulting expressions, in order to bound the
probability that the matrix Mam.iv; vs,...,.0,, has low rank when the vectors vy, vs,...,v, are chosen
uniformly and independently from FV*1,

In particular, bounds will be obtained for the following quantities.

Definition 2.3. Suppose that m and i are positive integers and that j is a nonnegative integer. Let
PAm,i(j) be the probability that the matrix M4 m i v, vo,....0m 15 rank deficient by exactly j, that is,

PAm,i(3) = Prob[rank (M m v wewm) =1 —37] i< N (2.3)
and

PAm,i (]) = Prob [rank (MA,m,i,m,vz,...,vm) =N — .7] ifi > N7 (24)
and let 04 ,,(j) be the probability that this matrix is rank deficient by at least j, that is,

A,m,i(j) = Prob[rank (M m v va,..om) <t —Jj] ifi <N, (2.5)
and

0 A,m,i(J) = Prob [rank (M A m.iv,veom) <N —37] ifi> N, (2.6)
when the vectors vi, vs, . .., vy, are chosen uniformly and independently from FV*1.



2.2 Counting These Values One Way

The following lemmas clarify the relationship between the above quantities when ¢ < N and when
1> N.

Lemma 2.4. Let C € FF**) where F = F, is a finite field with q elements, and where k and ¢ are
positive integers such that k > £.
If C has rank € — j, for an integer j > 0, then there are exactly ¢7 vectors x € F™1 such that Cx = 0.

Proof. Since C' has rank ¢ — j, there exists a set of £ — 7 columns of C that are linearly independent.
Permuting the columns of C' (and the entries of a vector z) as needed, we may assume without loss
of generality that the leftmost ¢ — j columns of C' are linearly independent and that the remaining
j columns of C' are linear combinations of the leftmost ones. That is,

C=[Cy Co (2.7)

where (7 € FF*(=7) is a matrix with full rank ¢ — j, and Co € FF*J is a matrix whose columns are
linear combinations of the columns of C.

Note that, since C' has full rank, C1z = 0 if and only if z = 0 for any vector z € Fl=a)x1,

Sincg the columns of C5 are all linear combinations of the columns of C4, there exists a matrix Z €
F(E=9)%7 guch that
Cy=C17. (2.8)

F1 can be written as

2= [zl] (2.9)

22

Notice that any vector z €

where z; € FED*1 and 2o € FI¥1,

Suppose, now that z € F®!. Then

Cz=0 <= Ciz1 +Caz9 =0 (by (2.7) and (2.9))
< Ci(z1+7Z2)=0 (by (2.8))
< 21+ Zz0=0 (since Cy has full rank)
< 21 = —ZLzo.

Consequently, for any vector zo € F/*!, there is exactly one choice of a vector z; € F(=9)*1 such that

Cz=0 ifz—[zl}.

<2
Since there are exactly |F|/ = ¢/ choices of the vector z3 the desired result now follows. O

Lemma 2.5. Let C' € FF** where F = F, is a finite field with q elements, and where k and ¢ are positive
integers such that k < £.

If C has rank k — j, for an integer j > 0, then there are exactly ¢*~**7 wvectors x € F*' such that
Cz =0.



Proof. This can be established by a modification of the proof of Lemma 2.4: Notice that after a
permutation of columns we may write

C=[Cy C

where Cy € FF*(5=9) i a matrix with full rank k — j and Cy € FV*(=F+9) ig a matrix whose columns
are linear combinations of the columns of ;. We may conclude once again that Ciz = 0 if and only if
z = 0 for each vector z € F#=)*1 notice that

Cy=0C1Z

for some matrix Z € F(k_j)x(g_k"‘j), write an arbitrary vector z € F**1 as

z = [zl} for z; € FE=DX1 and 2y € FUR+)XT
2
and then argue as above that C'z = 0 if and only if 21 = —Zz9. Once again, the claim then follows by
a consideration of the number of choices of zs. O

Suppose that ¢ > m (noting that the matrix M m i v, vo,...0m 15 chosen uniformly from FNXT if the
vectors v, vs,...,Um are chosen uniformly and independently from FN*1, otherwise). Since there
are ¢N™ choices of the vectors vi,va,..., v, € F™*L, there are also ¢V ways to choose the matrix
MA iy g.wom- 1t follows that there are ¢N™pa ,.i(5) choices of the matrix Ma i 09,0, With
rank ¢ — j for any integer j such that 0 < j < i if i < N, and that there are qupAm’i(j) choices of the
matrix Ma miv;,v0,..0m With rank N — j for any integer j such that 0 < j < N if i > N.

It follows, by Lemmas 2.4 and 2.5 that

%
Dami=Y "™ pami(j) ifi<N (2.10)
7=0
and that
N
Dami =Y _q" " Ty 0i(4) ifi > N. (2.11)
7=0

Since pam,i(4) = cam,i(j) — cami(G+ 1) if j <min(i, N), pami(j) = 0am,i(j) if 7 = min(i, N), and
since 04,,,i(0) = 1, the above equation can be used to establish that

A
Dami=a""+(q—1)> "™ loami(j) ifi<N, (2.12)
j=1
and that
. N . .
Dami=q" " 4 (g—1)> NIy i(5) ifi > N, (2.13)
j=1

2.3 Counting These Values Another Way

A second enumeration of Dy, ; will also be useful. It will be helpful to consider a sequence of cases
related to the structure of the matrix A.



2.3.1 First Case

Suppose first that A is similar to a companion matrix and, furthermore, that its characteristic polynomial
is a power ™ of a monic irreducible polynomial ¢. In other words, suppose that

A=X"17X (2.14a)
for a nonsingular matrix X € FV*¥ and for a matrix
0 o T
1 0 —Q1
Z = 1 —az | ¢ FVXN (2.14b)
i 1 —an-1]

with (k, €)™ entry 1 if k = £+ 1 and with (k,£)*" entry 0 otherwise when 1 <k < Nand 1 </ < N —1,
and with (k, N)™ entry —ay_1, for 1 < k < N, where ¢ € F[z] is an irreducible polynomial with
degree d, n is a positive integer such that

n N-1

" =zN +ay_1z + - 4+ oz + o € Flz], (2.14c¢)

and where
deg(¢™) = N = dn. (2.14d)

FN><1

Lemma 2.6. If A is as given in Equations (2.14a) — (2.14d) then there exists a vector ¢ € such

that
FNx1 _ {f(A)| f € F[z] and deg(f) < N }

and such that
" (A)¢ = 0.

Furthermore, there is exactly one polynomial f € F[x] with degree less than N = dn such that

y = f(A)

for any given vector y € FVX1,

Proof. Consider the k™ elementary vector e € FV*1, for 1 < k < N, whose ¢t entry is 1 if k = ¢ and
0 otherwise, for 1 < ¢ < N. Since
A=X"17X,

FN><N

for a nonsingular matrix X € , it suffices to set

(=X"Tes (2.15)

in order to satisfy the conditions given in the lemma: It is easily checked, using the above relationships
and Equation (2.14Db), that

Ai_lc — (X—1ZX)2'—1X—161
= X171 x X 1¢
— X_lZi_le'



= X"l¢
for 1 <7< N.
Since the matrix X ! is nonsingular, the vectors
(=X"ley, AC=X"teg, ..., ANI¢ = X"Ley
form a basis for FY*1, so that
FA>t = { f(A)C| f € Flz] and deg(f) < N'}
as claimed.

It is also clear from the definition of ¢ at line (2.15), and from Equations (2.14b) and (2.14¢), that
P"(A)C = X" (Z)er = 0.

Finally, if y € F¥*! then it is possible to write y as
%y
o1
y=x | ° (2.16)
QN-1
for values ag, aq,...,any_1 € F. In this case,
y = f(A)C (2.17)
for the polynomial
f=ao+ax+- +ay_z™V L (2.18)
It is also clear that, since X ! is nonsingular, there is only once choice of values ag, a1,...,an—1 € F
such that Equation (2.16) is satisfied, so that there is only one polynomial f € F[z] with degree less
than N = dn such that Equations (2.17) and (2.18) are satisfied, as well. O

Corollary 2.7. If A and ¢ are as described in Lemma 2.6 and f € Flz], then
f(A)C=0 if and only if f=0mod ™.

Proof. If f € Flx] then f = fr 4+ ¢" fg for polynomials fr, fg € Flz] such that f; has degree less
than N = dn. It follows by the results of the lemma that

f(A)C = fr(A)C+ ¢"(A) fu(A)C = fL(A)C + fu(A)(¢"(A)C) = fL(A)C,
and, furthermore, that fr(A)¢ = 0 if and only if fr = 0. O

Once again, let M A m.i v, vg,....0m and let d1,02,..., 0, be as given in Definition 2.1.

m

Lemma 2.8. If A is as given in Equations (2.14a) — (2.14d) and m and i are positive integers such
that m <1, then D4 i is equal to the number of choices of polynomials

fi. f2,- -, fm € Fla]

where f; has degree less than N = dn for 1 < j <m, and of polynomials

91,92, gm € F[z]
where g; has degree less than 0; for 1 < j < m, such that

fig1 + faga + - + fingm = 0 mod ¢".



Proof. Recall that, by Definition 2.2, D4 ,,; is the number of choices of vectors vy, va, ..., v, € FAx1
and scalars

dl,Oa d1,17 s ad1,51—17 ) dm,Ov dm,la ) dm,5m—1
such that Equation (2.2) is satisfied.

It follows by Lemma 2.6 that the number of choices of vectors vy, va, ..., vm € FN*1 is the same as the
number of choices of polynomials f1, fo, ..., fm € Flz] that each has degree less than N = dn. Indeed,
there is exactly one such polynomial f; € Fz] with degree less than N such that

Vi = fJ(A)C (2.19)

for 1 < j < m and for the vector ( described in the lemma.

There is also a straightforward one-to-one correspondence between the sequences of scalars
dl,Oa dl,la s ad1,51—17 ) dm,Ov dm,17 ) dm,5m—1

and sequences of polynomials g1, g2, . .., gm € F[z] such that the degree of g; is less than ¢; for 1 < j < m:
It suffices to set
g; = dj,o + dj,l.f + .., djvgj_lméj_l S F[ﬂ (2.20)

for 1 < 7 < m in order to obtain this correspondence.

Consider the definition of M A 1.4 vy v9,....0m (Definition 2.1 on page 3). If the above vectors, scalars, and
polynomials are related as shown in Equations (2.19) and (2.20), then it follows by the above definition
that

d10
di1
MA,m,i,m,vg,...,vm . = (flgl + f292 +..., fmgm)(A)C
dm,6m71
It follows by Corollary 2.7 that
dip
di,1 .
MA,m,i,vl,vz,...,vm . =0 < J191 + fag2 + -+ + frngm = 0 mod 2
dm,dm—l
The claim now follows by the correspondences described at the beginning of this argument. O

We are now ready to count D 4 ., ; in another way.

Lemma 2.9. Consider a sequence of polynomials

91,92, +,9m € F[ZC]
such that the degree of g; is less than d; for 1 < j < m.
(a) If at least one of the polynomials g1, g2, . - ., gm is not divisible by ¢ then there are exactly gN(m=1)
choices of polynomials

flaf?a s 7fm € F[I]a
each with degree less than N = dn, such that

Jig1 + faga + -+ frgm = 0 mod ™.



(b)

(c)

Let h be a positive integer such that dh < 61 = [i/m]|. If the polynomials g1,g2, ..., gm are all
divisible by @™, but at least one of these polynomials is not divisible by "1, then there are exactly
gNm=1+dh choices of polynomials

f17f27 .. '7fm S F[m]a
each with degree less than N = dn, such that

f191 + foga + - + fmgm = 0 mod ¢".

Finally, if the polynomials g1, ga, . . ., gm are all divisible by @™, where dh > &1 = [i/m], then there
are exactly gN™ choices of polynomials

f17f27 .. .,fm S F[Jﬁ],

each with degree less than N = dn, such that

f191 + foga + -+ + fngm = 0 mod ™.

Proof. Once again, let g1, g2, ..., gm be polynomials in F[z]| such that the degree of g; is less than §; for
1 <j <m, where F = F, is the finite field with ¢ elements

(a)

Suppose that at least one of g1, ga,..., gn is not divisible by ¢. In particular, suppose that gy is
not divisible by ¢ where 1 < ¢ < m.

In this case, since ¢ is irreducible, the greatest common divisor of g, and ¢™ is 1, so there exist
polynomials s,t € F[z] such that
sge +to" = 1.

Clearly, s is also relatively prime to ¢™ if the above equation is satisfied. Consequently, if

fi, fay ... fmm are polynomials in F[z] with degrees less than N = dn, then

Ji1 + fago + - + frgm = 0 mod "
= fige = —(fig1 + fego + -+ foo19e-1 + fr19041 + -+ + fingm) mod "
= fo=-s(figr + fag2 + -+ fi190-1 + frr19e41 + - + fmgm) mod ",

since sgy = 1 mod ™.

It follows that there is exactly one choice of a polynomial f, € Flz| with degree less than N = dn,
for any choice of the polynomials f1, fa, ..., fe—1, fex1,- - - fm € F[z] with degree less than N, such
that the desired equation is satisfied. Since there are exactly ¢™V(™=1) choices of the polynomials
fi, fos-o oy fo—1, fex1, - - -5 fm, this establishes the claim.

Suppose next that h is a positive integer such that dh < 01 = [i/m], that each of the polynomials
g1, 92, - - - gm are divisible by ¢", and that at least one of them is not divisible by ¢©"*1. Suppose,
in particular, that g, is not divisible by ¢©"*! for an integer ¢ such that 1 < ¢ < m.

In this case we may write g; as g; = ¢"gj, for 1 < j < m, and note that g, and " are relatively
prime. Thus the greatest common divisor of gy and ¢ is ¢" and there exist polynomials s and ¢

such that

sge + to" = o



Note that, in this case,

sgr+te" =1

?
so (once again) s and ¢™ are relatively prime.

It follows that if fi, f2,..., fim are polynomials in F|z| with degrees less than N = dn, then

fi91 + fago + -+ + frmgm = 0 mod "
= fige=—(figr + faga + -+ foo190 1 + ferrger1 + -+ frngm) mod @"
= fup" = —s(frg1 + fag2 + -+ + frm19e—1 + frr19e41 + -+ fmgm) mod "
= fop" = —s(figi + foGo + -+ fro1Ge-1 + for1Ge41 + -+ fmGm) " mod @™
= fr=—s(fiG1+ faG2+ - + frm1G—1 + fer1Ge41 + fmGm) mod ™",

The latter condition on f, is satisfied whenever

fo=fae"™" + fr,
where fr € F[z] is a polynomial with degree less than deg(p"~") = d(n — h) such that

fo==s(Ag1+ foba + -+ + frm1Ge—1 + ferrGer + -+ + fmGm) mod "7,

and where fp is an arbitrarily chosen polynomial in F[z] with degree less than dh.

Since there is exactly one choice of fr possible, for any choice of fi, fo,..., fo—1, fox1,---s fm
and fp, and since there are exactly ¢V(m~=D+dh choices of fi, fo,..., fo—1, foats---, fm and fg,
this establishes part (b).

(c) Finally it should be noted that if g1, g2, ..., gm € F[z] are polynomials such that the degree of g;
is less than 6; < [i/m] for 1 < j < m, and each of these polynomials is divisible by ", where
dh > [i/m], then

g1=9g2="""=9gm=0.
In this case,
fig1+ fag2 + -+ + fmgm = 0 mod "

for every choice of polynomials fi, fo, ..., f;, € F[z] that each has degree less than N = dn, and
there are exactly ¢’V choices of these polynomials. O

Lemma 2.10. If A is as given in Equations (2.14a) (2.14d), and m and i are positive integers such
that i > m, then
Dami < qu + qN(m71)+’L' qu(mfl)dh'
h>0

Proof. Suppose first that h is a nonnegative integer such that dh <, = |i/m]. Then, since

01+ 02+ -+ + 0 =1,

i—mdh

there are exactly ¢ sequences of polynomials

91,92 - - -, gm € Flz]

such that the degree of g; is less than ¢; for 1 < j < m and such that g1, g2, ..., gm are all divisible
by ¢". On the other hand, if dh > §,, then the degree of ©" is at least 6; = [i/m], and there is exactly

10



one sequence of polynomials g1, go, . . ., g € Flz] satisfying the given degree and divisibility constraints,
namely, the sequence
91292:---:gm:0'

It now follows by the definition of D4, ; (given on page 3) and Lemma 2.9 that, if A is as given in
Equations (2.14a) and (2.14b), then

L(Li/m]/d)]
Dami< Y. (qi—mdh.qN(m—1>+dh> LN

h=0
< qu + ZqN(m71)+if(mfl)dh
h>0
_ qu + qN(m—1)+i Zq—(m—l)dh’
h>0
as claimed. O

Using the closed form for a geometric series, we may now conclude that

N(m—1)+i Nm

q _ N q
g moa 1 m oy P B e VT (2.21)

DA,m,i < qu +

when A is as given in Equations (2.14a)  (2.14d).

2.3.2 Second Case

Suppose next that A is similar to a block diagonal matrix where each block is a companion matrix of
the type considered in the first case:

A=X"1AX (2.22a)
for a nonsingular matrix X € F¥*¥ and for a block diagonal matrix
Z 0
A= & N € FVxN, (2.22b)
0 . Zy

where each block Z; is the companion matrix of a positive power of . That is, there exist positive
integers ni,no, ..., ny such that

_ oo ]
a5
Z; = —aj2 | e Fdngxdn; (2.22¢)

)
—_ O

L L —adn;—1]

is the companion matrix of the polynomial

9 = @5 1 gy 125N 4 g+ g € Flal, (2229)

11



for 1 < j </, and such that

ng>ng>--->np>1 and d(ny+ng+---+ng) =N. (2.22¢)
In this case, A has minimal polynomial ¢™ and characteristic polynomial ngl i = phV/d,
In this section we will consider the case that £ < m — 1.

The next result generalizes Lemma 2.6 for this case.

Lemma 2.11. If A is as given in Equations (2.22a)  (2.22¢), then there exist vectors (1,(2,...,(s €
FV>L such that
FFl=vieve oV,

where
Vi ={f(A)G | ] € Flz] and deg(f) < dn; },
and such that
©"(A)G =0
for1 <j<U.

Furthermore, there is exactly one sequence of polynomials f1, fa,..., fo such that f; € Flz] has degree
less than dnj for 1 < j < /¥ and such that

y = f1(A)C + fo(A)C2 + -+ fo(A) e

for any given vector y € FAXL,

Proof. Asin the proof of Lemma, 2.6, it is sufficient to identify the values (1, (s, ..., (; that are mentioned
in the statement of the lemma and to check that the given properties are all satisfied.

If A is as described in the statement of the lemma then it suffices to set
G = X ed(n +nottny_1)+1
for 1 < j </ (so that (; = X 1e;). It can then be shown that
AL = Xﬁled(n1+n2+“~+nj_1)+k

whenever 1 < j </ and k is a positive integer such that 1 < k < dn;. Consequently the vector space V;
described in the statement of the lemma has a basis

-1 -1 -1
X ed(n1+n2+---+n171)+1vX €d(ni4ng+-+nj_1)+2> - - - X €d(n1tna+-+nj_14n;)>
and, since the matrix X! is nonsingular, it follows immediately that
Fl—vieWhe oV

as claimed.

It is also clear from the definition of (; (and Equations (2.22a) (2.22¢)) that

Qonj (A)CJ = X71¢nj (A)ed(n1+n2+-"+nj71)+l =0

for 1 <j </

12



Consider a vector y € FV*1. Since the matrix X! is nonsingular, it is possible to write y as

o
y=X"1 Oil (2.23)
an-1
for values g, a1,...,ay—1 € F. In this case,
y=fi(A)G + f2(A)G + -+ ful(A)G (2.24)
when

dn;—1
fj = Qd(ny+ng+--+nj_1) + Qd(ni+ng+-+n;_1)+1T +e+ Qd(ny+no+--+nj_1+n;)—1T T e F[I} (2'25)

for1 <j <4

Since X! is nonsingular, it is clear that there is only one choice of values ag, a1, ...,any_1 € F such
that Equation (2.23) is satisfied, so that there is only one sequence of polynomials fi, fa,..., fr € F[x]
such that the degree of f; is less than dn; for 1 < j < ¢ and such that Equations (2.24) and (2.25) are
satisfied, as well. O

The argument used to establish Corollary 2.7 from Lemma 2.6 can be used to establish the following
result from Lemma 2.11, as well.

Corollary 2.12. If A and (1,2, .., are as described in Lemma 2.11, and f1, fa,..., fo € F[x], then
fi(A)G + fa(A) G+ + fu(A)e =0
if and only if f; is divisible by @™ in Flz] for 1 < j <.

Lemma 2.13. If A is as given in Equations (2.22a) — (2.22¢) and m and i are positive integers such
that i > m, then D4 m; is equal to the number of choices of polynomials

fik € Fla] for1<j<landl1<k<m
where deg(f;r) < dn; for all j and k as above, and of polynomials
91,92, -, 9m € Flz]
where the degree of gy is less than oy for 1 < k < m, such that
fingr+ fizg2 4+ fimgm = 0 mod "

for every integer j such that 1 < j < /.

Proof. Recall that, by Definition 2.2, D4 ., ; is the number of choices of vectors vy, v2,...,v, € FAx1
and scalars

dl,Oa dl,la R 7d1,5171a s 7dm707 dm,la s 7dm,5m71

such that Equation (2.2) is satisfied.

13



It follows by Lemma 2.11 that the number of choices of vectors vy, va, . .., vy € FV X1 is the same as the
number of choices of polynomials f;; € Flz] such that f;; has degree less than dnj, for 1 < j < ¢ and
1 <k <m. Indeed, there is exactly one such choice of polynomials f1, fox,..., fer such that

v = fLe(A)C + for(A)+ -+ frr(A)G (2.26)

for 1 < k < m, and for the vectors (1, (o, ..., (s described in the lemma.

As noted in the proof of Lemma 2.8, there is also a straightforward one-to-one correspondence between
the sequences of scalars

dl,Oa dl,la ) d1,51—1a ) dm,Ov dm,la ) dm,5m—1
and sequences of polynomials g1, g, . . ., gm € F[x] such that the degree of gy is less than o for 1 < k& < m:
It is sufficient to define g1, go, ..., gm as shown in Equation (2.20) on page & to achieve this.

Once again, consider the definition of M4 m i v, vs,...0, (Definition 2.1 on page 3). If the above vectors,
scalars, and polynomials are as related in Equations (2.26) and (2.20), then it follows by the above
definition that

di,0
di,1 ¢
Mam i wa,..om . =D (frag1+ fi202 + -+ fimgm)(A)G-
j=1
dm,ém—l
It follows by Corollary 2.12 that
dip
dy . ,
M A i1 02, 0m . =0 — fingi+fiega+- -+ fimgm = 0mod " for 1 < j < /.
dm,ém—l
The claim now follows by the definition of D 4, ;. O

Lemma 2.14. Suppose, once again, that £ < m — 1.

Consider a sequence of polynomials
91,92, ---,9m € F[.f]

such that the degree of g less than 6 for 1 < k < m.

(a) If at least one of the polynomials g1, g2, . - ., gm is not divisible by ¢ then there are exactly gV m=1)

choices of polynomials
[k € Flz] for1<j<flandl1<k<m
such that deg(fjr) < dnj for all j and k as above, and such that
finigr + fizg2 + -+ fjmgm = 0 mod ™

for1 <j </

14



(b) Let h be a positive integer such that dh < 61 = [i/m]. If the polynomials g1,92, ..., gm are all
divisible by ¢", but at least one of these polynomials is not divisible by "1, then there are at
most gN(m=D+dhE choices of polynomials

fik € Flz] for1<j<flandl1<k<m
such that deg(f;x) < dnj for all j and k as above, and such that

fi1g1 + fi292 + -+ fjmgm = 0 mod @™
for1 <j <¢.

(¢) Finally, if the polynomials g1, ga, . . . , gm are all divisible by ", where dh > 61 = [i/m)], then there
are exactly gN™ choices of polynomials

fix € Flz] for1<j<flandl1l <k<m
such that deg(fjx) < dn; for all j and k as above, and such that

fiigr + fi292 + -+ fjmgm = 0 mod ¢

for1 <j5 <.
Proof. Suppose g1, g2, - . ., gm are polynomials in F[z] that the degree of gy, is less than d; for 1 < k < m.

(a) Suppose first that at least one of g1, go, ..., gm is not divisible by (. In particular, suppose that
ga is not divisible by ¢ for some integer a such that 1 < a < m. In this case the greatest common
divisor of g, and ™! is 1, since ¢ is irreducible, and there exist polynomials s,¢ € F[x]| such that

Sga + tp"t = 1.

It is clear that s and ¢™ are relatively prime as well. Consequently, if f; are polynomials in F[z],
for 1 <j </{and 1<k <m, then, since n; > n; for 1 < j </, the argument given in the proof
of Lemma 2.9(a) can be applied once again to establish that

fingr + fi2g2 + -+ fimgm = 0 mod @™ for1 <j </
= fjo=—s(fipg + fi2g2 + -+ fja-19a—1
+ fja+19a+1 + -+ [jmgm) mod @™ for 1 <j </

It follows that there is exactly one choice of the polynomials

fl,av f2,aa ceey ff,a

for any choice of the set of polynomials f;; for 1 < j < /¢, 1 <k < m and k # a, such that the
desired equations are satisfied. Since

d(ny +mna +---4+ny) =N,

there are exactly ¢V(™=1 choices of the polynomials fik, for 1 <j </l and 1 <k < m such that
k # a, establishing part (a) of the claim.

15



(b) Suppose next that h is a positive integer such that dh < d; = [i/m], that each of the polynomials
g1, 92, - -, gm are divisible by ¢", and that at least one of them is not divisible by ¢"*1. Once
again, suppose that g, is not divisible by ©"*! for an integer a such that 1 < a < m.

Either h < nj or h > nq; these cases will be considered separately, below.

Suppose first that h < ny, so that ged(¢™, g,) = ¢". Following an argument similar to the one

used to prove Lemma 2.9(b), we may continue by writing g; as ¢"g; for 1 < j < m and noting

that g, and ™ are relatively prime. Consequently, there exist polynomials s and ¢ such that
SGq + to™ = oM and SGa + tM™h = 1.

It is clear from the latter equation that s and @™ are relatively prime. It follows, once again,
since ny > n; for 1 < j </, that

fiig1 + fi2g2 + -+ fjmGm = 0 mod ¢" for1 <5</

= fia" =—s(fj101+ fiag2 + -+ fja—19a-1
+ fiat+19a+1 + -+ + fjmgm) mod " for 1 <j <V.

Now, if h < nj, then the proof proceeds as before: We continue by observing that
fia®" = —=s(fi101 + fi2g2+ -+ + fia-19a—1 + fia+19as1 + -+ + [jmGm) mod "
< fia=—s(fj191 + fi2G2 + -+ fia=10a—1 + fjat10a+1 + -+ + fjmGm) mod o™,
and that the latter equation is satisfied if and only if
fia=Fiae" "+ fiL
where f; 1 is a polynomial with degree less than d(n; — h) such that
fir = =s(fiagr + fioG2 + -+ + fja=1Ga—1 + fjat1Ga+1 - + fimGm) mod @™ ",

and where f; i is an arbitrarily chosen polynomial in F[z] with degree less than dh. Consequently,
it 1 <j </{and h < n; then there are exactly g (m=1+dh choices of the polynomials

fins fi2s--os fim € Flz]

such that each of these polynomials has degree less than dn; and such that
fiigr + fi2g2 + -+ fjmgm = 0 mod ¢".
On the other hand, if A > n; then, since g1, g2, ..., gm are divisible by ", the equation
fiigr + fj2g2 + -+ fjmgm = 0 mod ¢"
is satisfied for every choice of polynomials
fits fi2s - s fim € Flz]

such that each of the above polynomials has degree less than dn;. Consequently there are exactly
g™ ways to choose the above polynomials in this case. Since n; < h, dmn; < dnj(m —1) + dh,
so that there are at most (indeed, strictly fewer than) ¢%% (m=1)+dh  }oices of the polynomials

fins fi2s--os fim € Flz]
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such that each of these polynomials has degree less than dn; and such that

fi1gr + fi292 + -+ fjmgm = 0 mod ¢"

in this case as well.

It follows that the number of choices of polynomials f; such that 1 < j < /¢, 1 <k < m, and the
given conditions are satisfied, is less than or equal to

N(m—1)+dht
9

¢
H gins(m=1+dh _ q(zﬁzldnj)(m—1)+dhz —q

i=1
when h < ni.

It remains to consider the case that h > ni. Since g; is divisible by goh for 1 < k < m, and since
np > n; for 1 < j </, it follows that

g1=¢ga=-=Ggm=0mod "
for every integer j such that 1 < j < ¢. Consequently
fingr + fi2g2 + -+ fimgm = 0 mod ™

for 1 < j < 4, for every choice of polynomials f;; such that deg(fjxr) < dnj, for 1 < j < ¢
and 1 < k < m. Since d(n1 + na + --- +ny) = N, there are exactly ¢"™ such choices of these
polynomials.

Note, in this case, that

Nm=N(m-1)+ N
=Nm—1)4+d(ni+na+---+ny) (since d(ny +mng + -+ +mny) = N)
< N(m—1) +dn ! (since nj < mny for 1 <j <¥)
< N(m—1)+dht (since ny < h).
Consequently gN™ < ¢N(m=D+dht i this case, and there are at most ¢¥V(m=D+dht choice of

polynomials f;; satisfying the desired conditions (for 1 < j < ¢ and 1 < k < m) in this case, as
well.

(c¢) The proof of part (c) of this claim is essentially the same as the proof of Lemma 2.9(c): One notes
that if the given conditions are satisfied then

91:92:"':9771:0

so that (in the present case) all choices of the polynomials f;j such that 1 <j <¢,1 <k <m,
and the degree of f; is less than dn; for all j and k, satisfy the given conditions. Once again,
there are exactly ¢’V ways to choose these polynomials.

O

The next result can be established from the above one in much the same way that Lemma 2.10 was
established from Lemma 2.9.
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Lemma 2.15. If A is as given in Equations (2.22a) (2.22¢) and m and i are positive integers such
that i > m > £, then
Dami < qu + qN(m—1)+i Zq—(m—f)dh.
h>0

Proof. Arguing as in the proof of Lemma 2.10, but using the results of Lemma 2.14 instead of those of
Lemma 2.9, we find that if A, m, and i satisfy the conditions given in the statement of the lemma then

L(Li/m]/d)]
Dami < Z gi-mdh . qN(m71)+dhé> 4 gV

h=0
< qu + ZqN(m—l)—l-i—(m—f)dh
h>0
_ qu + qN(m—1)+i Zq—(m—é)dh. 0
h>0

Using the closed form for a geometric series, we may now conclude that

N(m—1)—+i Nm

g AR R— (2.27)

1— g—(m=0d -

Dami < g™+
when A is as given in Equations (2.22a) — (2.22¢).

2.3.3 Third Case

We next eliminate the assumption that the characteristic polynomial of A is a power of an irreducible
polynomial in F[z]. However, the assumption that the number of nontrivial invariant factors is small
will be retained.

Suppose now that

A=XTAX (2.28a)
for a nonsingular matrix X € FV*¥ and for a block diagonal matrix
Ao
A= A N € FVXN, (2.28b)

Ag

In this case, Ay, is a matrix whose characteristic polynomial is a power of an irreducible polynomial ¢y
with degree dj, > 1 in Fz], for 0 < h < H, so that

cp07<plﬂcp27" '7<pH

are distinct monic irreducible polynomials in F[z].

It will be useful, in the sequel, to consider the case that the given irreducible polynomial is x separately
from other cases. To facilitate this we will suppose that o = z (so that dy = 1), that H > 0, and that

P1,P2y .-y PH

are the (remaining) monic irreducible divisors of the characteristic polynomial of A.
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To continue, we will suppose that Ay is a block diagonal matrix

Zpa
Z
Ap = "2 € FNnxNn
Zhp,
for an integer ¢, > 0 for 0 < h < H, and that
[0 —anjo |
]_ O fah’ﬂ
Zh] == 1 _ahujvz E Fdhnh’dehnh’j

L 1 _ahvjydhnh,jfl_

is the companion matrix of the polynomial

Nh,j d ; d —1
Pt = Ay, ;1 2T A T ango
for 0 <h < H and 1 < j </, and such that

5020 and £h21 fOI‘lShSH,
Np1 = Npo = o > Npp, > 1 for0<h<H,
dh(nh,l—{—nh,g—{—---—l—nh,gh) = Ny for 0 <h<H,

and

No+ N1+ Ng+---+ Ny = N.

(2.28¢)

(2.284)

(2.28¢)

(2.28f)
(2.28¢g)
(2.28h)

(2.28)

If parameters are as defined above then A is nonsingular if and only if £y = 0, while A is nilpotent if

and only if H = 0.

Finally, let
l= max(ﬁo, fl, 62, P ,Kh).

(2.28;)

Since we are still interested in the case that the number of invariant factors is small, we will consider

the case that ¢ <m — 1.

The next result generalizes Lemma 2.11.

Lemma 2.16. If A is as given in Equations (2.28a) — (2.28)), then there exists vectors (p,

for0<h<H and 1 < j </¥,, such that

FN><1 _ @ Vh,j

0<h<H
1<5<ty,

where
Vi ={ f(A)Ch; | f € Flz] and deg(f) < dpnn,; },
and such that
en (A =0

19
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forO<h<Hand1l<j<{,.
Furthermore, there is exactly one sequence of polynomials
fO,lv f0,2a R 7f0,f07 HR) fH,la fH,?a HR) fH,éH € F[m}

such that fy, ; has degree less than dyny, j, for 0 < h < H and 1 < j </}, and such that

y= D Fni(A)h
0<h<H
1<j<tn

for any given vector y € FV*1,

Sketch of Proof. As in the proof of Lemma 2.11, it is sufficient to identify the values of the vectors
Cn,; that are mentioned in the statement of the lemma and to check that the given properties are all
satisfied.

In this case, it is sufficient to set
Chi=X"te
h,j No+Ni+-+Np_1+dp(np1+npa+--+np j_1)+1

for 0 < h < H and 1 < j < /{j. The proof can then be completed by making a sequence of observations
resembling those that were given in the proof of the above-mentioned lemma. O

Corollary 2.17. If A and the vectors (p, j are as described in Lemma 2.10, and fy, ; € Flz] for0 < h < H
and 1 < j < /{y, then

> (A =0
0<h<H
1<j <ty

if and only if fy; is divisible by @Zh’j in F[z] for all h and j such that 0 < h < H and 1 < j < {},.

The next result generalizes Lemma 2.13 and can be proved by a straightforward generalization of this
lemma’s proof.

Lemma 2.18. If A is as given in Equations (2.28a) — (2.28)), and m and i are positive integers such
that © > m, then D4 i is equal to the number of choices of polynomials

fhjk € Flz] forO<h<H,1<j</lp,and1 <k<m
where deg(fn jx) < dpnn; for all b, j, and k as above, and of polynomials

91,92y --y9m € F[(E]

where the degree of gy s less than o for 1 < k < m, such that

frjng1 + frj2ge + -+ frimgm = 0mod ¢,

for all integers h and j such that 0 < h < H and 1 < j < l,.

The next lemma generalizes Lemma 2.14.
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Lemma 2.19. Let 14 be the minimal polynomial of A, so that
0
n
A= H ‘Pth-
h=0

Suppose, once again, that £ < m — 1.

Now consider a sequence of polynomials

g1,92,---,9m S F[$]

such that the degree of gy, is less than o for 1 < k < m.

(a) Suppose that
ng(glv 92y« s9m, ”ébA) =1
Then there are ezactly ¢ ™Y choices of polynomials
Injk € Flz] forO<h<H,1<j</{lp,andl1 <k<m
such that deg(fy ;1) < dpnpj for all b, j, and k and such that
frjigr + Bnjoge + -+ + frjmgm = 0mod @,
for all integers h and j such that 0 < h < H and 1 < j < {p.

(b) Suppose that
ng(gvaQa <oy Imy ,(/JA) = g

for a polynomial §& € Flx] with degree 6, where 1 < § < 61 = [i/m|. Then there are at most
gVm=D+C choices of polynomials

fnjk € Flx] JorO<h<H,1<j</{p,andl<k<m
such that deg(fn k) < dpnpj for all b, j, and k and such that
frjig1 + fujoge + -+ frimgm = 0mod ¢,
for all integers h and j such that 0 < h < H and 1 < j < £y,
(¢) Finally, suppose that neither of the above cases applies. Then

g1=92="""=9gm=0

Nm

and there are exactly q choices of polynomials

Jnjx € Flx] forO<h<H,1<j</lp,and1 <k<m
such that deg(fnjx) < dynnj for all h, j, and k and such that
frj1g1 + fuj2ge + -+ frjmgm = 0mod ¢,

for all integers h and j such that 0 < h < H and 1 < j </l
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Proof. Let 14, ¢, and gg, g1, - - - , gm be as in the statement of the lemma. We will bound the number of
choices of the polynomials fj jx such that

frjigr + faj2ge + -+ frimgm = 0mod ¢, (2.29)

for 0 < h< H and 1< j </ by an extension of the argument that was used to prove Lemma 2.14.

(a)

Suppose first that
ng(QlaQQa" '7gmv¢A) =1 (230)

Fix an integer h such that 0 < h < H, and consider the possible choices for polynomials fy, ;
for 1 <j </ and 1 < k < m such that Equation (2.29) is satisfied for all j. Since there are no
polynomials to be selected at all if h = ¢, = 0, we may assume that either h > 1 or £y > 1. In
this case, since Equation (2.30) is satisfied and ¢, is irreducible and divides ¥ 4, ¢p, and g, must
be relatively prime for some integer a such that 1 < a < m.

By the argument used in the proof of part (a) of Lemma 2.14, there is exactly one choice of the
polynomials

fh,l,aa fh,2,aa HR) fh,fh,a
for any choice of polynomials f ;5 for 1 < j < £; and 1 < k < m where k£ # a, such that
Equation (2.29) is satisfied for all j. It follows that there are exactly ¢™»("™=1 choices of the

polynomials f, j 1, for 1 < j </, and 1 < k < m, such that the above-mentioned equations are
satisfied.

Consequently, the number of choices of polynomials fj ;r for 0 < h < H, 1 < j < {5, and
1 < k <'m, such that Equation (2.29) is satisfied for all h and j is

H
H th(mq) _ qZtho Np(m—1) _ qN(mq)’
h=0

as required to prove part (a).

Suppose next that
ng(QlaQ?a"'agmawA) = § (231)

Np,1

for some polynomial ¢ € F[z] with degree §, where 1 < § < §; = [i/m]. Since ¥4 = HhH:o T
and ¢q, ©1, - - - , g are pairwise relatively prime irreducible polynomials with degrees dg, d1, ..., dg
respectively, it follows that

H
&=L v
= h
h=0
for some sequence of nonnegative integers mg, m1, ma, ..., myg such that

0<mp <np1 for0<h<H

and such that
modp +mady + -+ + mpdyg = 6.

Fix h such that 0 < h < H. By the argument used to prove part (b) of Lemma 2.14, there are
at most ¢Va(m=D+mrdnt choices of polynomials fnjk for 1 < j < ¢, and 1 < k < m such that
Equation (2.29) is satisfied for all j.
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Consequently, the number of choices of fj j for 0 <h < H,1<j < ¥, and 1 <k < m such that
Equation (2.29) is satisfied for all A and j is at most

H
H th(m71)+mhdhE _ qzhHZO(Nh(qumhdhe) _ qN(m71)+6E

h=0
as required to prove part (b).

(¢) Finally, suppose that neither of the cases discussed in parts (a) and (b) applies. Since the poly-
nomials g1, ga, . . ., gm each have degree less than §; = [i/m], it follows that

91292:-..:gm:0_

The result claimed in part (c) follows because there are exactly ¢¥™ choices of polynomials fy, ; x
for0<h<H,1<j</{and 1<k <m that satisfy the given degree constraints, and because
Equation (2.29) is satisfied for every choice of these polynomials.

The next result generalizes Lemma 2.15 and the analysis that follows it.

Lemma 2.20. If A is as given in Equations (2.282)—(2.28]), and m and i are positive integers such
that i > m > £, then
g™ 4 6N (m—1)+ log, N ifm=40+1,
Dami < Qg™+ 4gN 0Dt ifm=10+2,

qu + qN(m—l)—i-i (1 + 2q€—m+1) me >0+ 3.

Proof. This can be established using Lemma 2.19, just as Lemma 2.15 was established using Lemma 2.14.
Let & € F[z] be a factor of the minimal polynomial 14 of A with degree .

If § < 81 = [i/m] then there are at most ¢"~™° polynomials g1, g, ..., gm € Flz] such that the degree
of g is less than 0 for 1 < k£ < m and such that

ng(gla 92,---,9m, ¢A) = 5

It follows by parts (a) and (b) of Lemma 2.19 that, for each of these choices of g1, g2, ..., gm, there at
most ¢V (M=D+ choices of the polynomials Jnjp (for 0 <h < H,1<j</{, and 1<k <m)such
that

fri1gr + frj2ge + -+ + frjmgm = 0mod @, (2.32)
for all h and j such that 0 < h < H and 1 < j < £,

On the other hand, if 6 > é; and g1, g2, ..., gm are polynomials such that the degree of g is less than
0 < 071 for 1 < k < m and such that

ng(glvg2a v agma¢A) - §

then & = 14,
91292...:gm:0’
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Nm

and all possible choices of fj, ; satisfy Equation (2.32), giving an additional ¢ choices of these

polynomials such that the above equations are satisfied.

It follows by the above that

DA,m,i < qu +qN(m—1)+i Z q(é—m) deg(ﬁ)‘ (233)

€Fa]
& divides 14
deg(§) < [i/m]

Consider any polynomial £ with degree less than [i/m] that divides the minimal polynomial ¢ 4 of A.
It follows by a consideration of the factorization of ¥4 that

H
=T emm
h=0
for nonnegative integers mq, mz, ..., my such that 0 <my < ny; for 0 < h < H and such that
domo +dimy +---+dgmyg = deg(f). (2.34)

Combining inequality (2.33) and equation (2.34), we have that

Dgm,i < qu +qN(mfl)+i Z qf(mfé)(d0m0+d1m1+_,deH)

mo,mi,...,mpg >0

— ¢V 4 qN(m—l)-I-i ﬁ Z <q—(m—z)dhj>

h=0j>0
. H —1

_ gNm 4 gNm=1)+i H (1 _ q—(m—Z)dh> _
h=0

It follows that an upper bound for
-1

H
H (1 _ q—(m—adh)

h=0
can be used to produce an upper bound for D4 ,, ;. Upper bounds that are sufficient to establish the

claim are developed in the rest of this argument.

Suppose first that m = ¢+41. In this case, since ¢g, ¢1, . . . , g are distinct irreducible polynomials in F|x]
that each divide ¥4, and 14 has degree at most IV, one can apply Proposition 3 of Wiedemann [15] to
conclude that

- —(m—0)d - —d 1
Eo(lq : ”)‘hleo(lq )2 G

Consequently

H -1
H (1 — q_(m_e)dh> < 6log, N,
h=0

as required to establish the claimed upper bound on D4 ,,; in the case that m = ¢ + 1.
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Suppose next that m = £+ ¢ for some integer ¢ > 2. In this case, one can use the fact that there are at
most ¢’ /7 monic irreducible polynomials with degree j in F[z], for any positive integer j, to establish

that
H H
H (1 _ q—<m_e>dh) >1— Zq—(m—adh
h=0 h=0
H
h=0
21 g
> 7
—(c=1)j
o
iz 7
—(c=1)j
> 7
—(c=1)j
L S
Jj=2
—2(c—1)
—(e— q —(e—1)4
=1—gq (e—1) 5 Zq (c—1)j
7j>0
>1_ q—(c— ) 5 22_1 (since ¢ > 2 and ¢ > 2)
j=0
=1— q—(C—l) _ q—2(c—1)
Consequently
H 1 -1
H (1 qf(mff)dh) < (1 gD q72(071)> _
h=0
If ¢ = 2 then
1 qf(cfl) - q72(071) -1 qfl - q72
>1-271 972 (since g > 2)
_1
=1
so that

(1 e q—2(c—1))_1 <4

as required to establish the claimed upper bound in the case that m = ¢ + 2.

Finally, suppose that m = ¢+c for an integer ¢ > 3. In this case it should be noted (using the inequalities

that have already been established) that

H

<1 +2q€—m+1> H (1 N q(m—e)dh>

h=0
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> (1 + 2q—(0—1)) (1 gl q—2(c—1)>
—1 4¢3 (qz(c—1) e 2)

>1

)

since ¢! > 22 = 4 when ¢ > 3 and since 22 — 3z — 2 > 0 for every real number z such that z > 4.

Consequently
il -1
H (1 o qf(mfz)dh> S 1 + 2q€7m+1
h=0
if m = £+ c for ¢ > 3, as required to establish the upper bound claimed for this case. ]

Recall that o4 ,:(j) is the probability that the matrix Ma ;i v, vs,...0m 15 Tank deficient by at least j,
assuming that the vectors vy, va, ..., U are chosen uniformly and independently from FV*1,

If © < N then it follows by Equation (2.12) (on page 5) that
"™+ (¢ = DgV™ 0 41m.0(5) < Dam.
This can be used, along with the previous lemma, to establish the following.

Corollary 2.21. Let A and £ be as described above. Suppose that m < i < N and that j is a positive
integer such that 1 < j <4.

6log, N
@D gN-i-T
. 4 .
UA,m,i(]) < =Dy T ifm=1~0+2,

1 2l—m+1 i

fm=~0+1,

If i > N then it follows by Equation (2.13) that

N(m—1)+i 4 ( 1)qN(mfl)+i+j71

q q— OAm,i (.7) < DA,m,i-

This can be used to establish the following as well.

Corollary 2.22. Let A and ¢ be as described above. Suppose thati > m, i > N, and that j is a positive
integer such that 1 < j < N.

1 6log, N
GDg T T g
OAm,i (]) < (a=1) qi1+j7N,1 + (qfli)qul 'Lf m=1F + 2,

L—m-+1 3
(«1—1)111'1“*1\’*1 + (221)(1]'*1 ifmzt+3.

fm=~0+1,

3 Two Modifications

The following modifications of the preceding analysis will be useful for the analysis of block Lanczos
and block Wiedemann algorithms.
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3.1 Inclusion of an Additional Factor

Once again, let us consider the matrix M4 iv; 0,....0, introduced in Definition 2.1 on page 3. It may
be useful to compare the following definitions to Definitions 2.2 and 2.3.

Definition 3.1. Suppose that m and i are positive integers. Let D A,m,i be the number of choices of

vectors vy, Vo, . . ., um € FV*1 and scalars
di,0,d11y -5 d1s—15- s Am0y Am1s -+ 5 dims,, -1
for 01,02,..., 0, as given in Definition 2.1, such that
dy o
dy
A- MA,m,i,vl,vg,...,vm . =0. (31)
dm,ﬁmfl

Once again, let r be the rank of A; clearly, the product of A and M4 i, vs,....0,m, Das rank at most r.
This is reflected in the definition that is given next.

Definition 3.2. Suppose that m and i are positive integers and that j is a nonnegative integer. Let
PAm,i(j) be the probability that the matrix A - Ma m v, vs,.. v 1S rank deficient by j, that is,

ﬁA,m,i(j) = Prob [rank (A ' MA,m,i,Ul,vg,...,vm) =1i— ]] if 4 < r, (32)

and
PAm,i(j) = Prob[rank (A« MAm. iviveom) =7 —J4) ifi>r, (3.3)

and let G4 ,,(j) be the probability that this matrix is rank deficient by at least j, that is,

Gam,i(J) =Probrank (A - MAmiviveom) <i—7] ifi <y, (3.4)
and

a'\A,m,k(j) = Prob [rank (A : MA,m,i,m,vz,...,vm) <r-— ]] iti>r, (35)
when the vectors vy, vs, . .., vy, are chosen uniformly and independently from FV*1.

Lemmas 2.4 and 2.5 can be applied to establish the following equations, which should be compared
to Equations (2.10) — (2.13): Lemma 2.4 is used to establish Equation (3.7) when » < ¢ < N, and
Lemma 2.5 is used to establish this when ¢ > N.

i
Diami =Y a"™ pamalj) ifi<r, (3.6)
§=0
r . .
Dagmi= 3 a"™ " pyma(i) iti >, (3.7)
=0
i .
Dami=q""+(@—1)> ¢ Gamils) ifi<r, (3.8)
j=1
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and
'8

Dagni ="+ (= 1)) VTG () i > (3.9)
j=1

Bounds on pg m,i(j) and 7 4,m,i(j) resembling those established for p g ,,,i(j) and 04 m,i(j) in Lemma 2.20
and Corollary 2.21 follow by a modification of the analysis in Section 2.3. The required changes are
summarized below.

3.1.1 Modification of the First Case

Suppose first that A is similar to a companion matrix and, furthermore, that its characteristic polynomial
is a power of a monic irreducible polynomial ¢. In particular, suppose that A is as described at the
beginning of Section 2.3.1 and that A, Z, ¢, d, and n are as in Equations (2.14a) — (2.14d).

Either ¢ = z or ¢ # z. It will be useful to consider these cases separately.

Case: ¢ = x. In this Lemma 2.6 and Corollary 2.7 are applicable, much as before. However, since
D, and D g ;i have different definitions, a result that is similar, but not identical, to Lemma 2.8

can be obtained using the argument to establish that lemma: If A is as described here, then D Am,i 1S
equal to the number of choices of polynomials

fl,fg,...,fm S F[IE]

where the degree of f; is less than N =n for 1 < j < m, and of polynomials

91,925+ -:9m € F[.’E]

where the degree of g; is less than d; for 1 < j < m, such that

f191 + faga + -+ + fmgm = 0mod 2" 1. (3.10)

One can proceed, as in the development of Lemma 2.9, by the counting the number of choices of
polynomials

f17f27"'7fm

satisfying Equation (3.10) for any given choice of g1, g2, ..., gm. Slightly different numbers of choices
(than in the above lemma) are obtained:

e If at least one of the polynomials g¢i,¢go,...,gmn is not divisible by z then there are exactly
gV m=D+1 choices of polynomials

f17f27 s 7fm € F[I],
each with degree less than N, such that

f191 + faga + -+ + fmGm = 0 mod z™ 1.

e Let h be a positive integer such that h < §; = [i/m]. If the polynomials g1, g2, ..., gm are all
divisible by z", but at least one of these polynomials is not divisible by 2!, then there are
exactly ¢Vm=DH0+1 choices of polynomials fi, fa,. .., fm € F[z], each with degree less than N,
such that the above equation is satisfied.
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e Finally, if the polynomials g1, g, . .., g, are all divisible by 2", where h > §; = [i/m], then there
exactly ¢V choices of polynomials f1, fa,..., fm € Flz], each with degree less than NN, such that
the above equation is satisfied (because g1 = go = -+ = g, = 0 in this case).

The argument used to establish Lemma 2.10 can now be used to show that

DA,m,i < qu + qN(m—1)+i+1 qu(mfl)h’
h>0

so that N
q m

N—i—1 _

A N
Dami<q ™+ J—

q q

Case: ¢ # x. In this case the matrix A is nonsingular. One can see by Definition 2.1 that

A Mamioneom = MAmi,Av, Avs, ..., Avm,

for any choice of vectors vy, ve,...,v,,. Since Avy, Avg,..., Av,, are uniformly and independently se-
lected from FV*1 if vy, vs, ..., v are, it can be argued in this case that

DA,m,i = DA,m,i .

Consequently it follows by Lemma 2.10 that
Nm

Dagm,i < g™ 4 gt m0H Zq_(m_l)dh =q"" GN—i — gN—i—(m—1)d
h>0

in this case.

3.1.2 Modification of the Second Case

Suppose next that A is as described at the beginning of Section 2.3.2, so that Equations (2.22a) —
(2.22¢) are satisfied. Once again, the minimal polynomial of A is a power of some irreducible polynomial
¢ € Flz], and it is useful to consider the cases ¢ = x and ¢ # x separately.

Case: @ = «. In this case, material in Section 2.3.2 is modified in much the same way as material
in Section 2.3.1 was modified, above. Lemma 2.11 and Corollary 2.12 are unchanged, and are used
to establish a result that replaces Lemma 2.13: If A is as described here, then D A,m,i is equal to the
number of choices of polynomials

fix € Flz] forl1<j<fland1<k<m
where deg(fj ) < nj for all j and k as above, and of polynomials
91,92 gm € Flz]
where the degree of g is less than d; for 1 < k& < m, such that
fingr + fi2g2 + -+ + fimgm = 0mod 2™~

for every integer j such that 1 < 57 < ¢. Continuing the analysis as in Section 2.3.2, one eventually
confirms that

~ 1\ ~(m— q
Dami < "™+ gNmm DN " gmmmOh — gNm
h>0
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Case: ¢ # x. Once again, it can be shown in this case that
DA,m,i = DA,m,i

so that it follows by the material in Section 2.3.2 that

Nm

D Am < @V gV =D Z g~ (m=0dh — Ny 4

N—i _ sN—i—(m—£)d"’
h>0 q q

3.1.3 Modification of the Third Case

Suppose next that Equations (2.282) (2.28]) are satisfied.

Special Case: No Nontrivial Invariant Factors To begin, suppose that A has no nontrivial
invariant, factors that all — so each invariant factor of A (in F[z]) is either divisible by 22 or not
divisible by z. In other words, let us suppose that A does not have any nilpotent blocks with size 1.

Lemma 2.16 and Corollary 2.17 hold, as before. These can be used to establish the following result,
which replaces Lemma 2.1%8 in this analysis: D 4 ,,; is equal to the number of choices of polynomials

Injk € Flz] for0<h<H, 1<j</{lp,and1<k<m
where deg(fh k) < dpnp; for all h, j and k as above, and of polynomials
91,92 -+ gm € Flz]
where the degree of g is less than 0 for 1 < k < m, such that
fojagr + foj2g2 + -y fojmgm = 0mod 2™~ for 1 < j < 4, (3.11)
and such that

frjigr + frj2ge + -+ frjmgm =0mod ;"7 for 1 <h < Hand 1< j </, (3.12)

This can be used to establish a result that resembles parts (a) and (b) of Lemma 2.19: If ¢4 is the
minimal polynomial of A,
91,92, -,9m € F[‘I]

is a sequence of polynomials such that the degree of gy is less than 6 for 1 < k < m, and

ng(glag2a -y 9m, 1;Z}A) - E

for a polynomial with degree §, where 0 < § < §; = [i/m], then there are at most ¢V ("=D++0 choices
of polynomials fj, jr € Flz] for 0 <h < H,1<j < ¥, and 1 <k < m, such that deg(fpjr) < dnnn,;
for all h, 7, and k, and such that the conditions shown at lines (3.11) and (3.12) are satisfied. On the
other hand, if the degree of

ng(glv 92,---,9m; rl/)A)

is greater than or equal to d; then it must be the case (as before) that
gl :‘92:-..:‘9,”1:07
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Nm

so that there are exactly ¢ choices of the polynomials f, ;. such that the given conditions are all

satisfied.

Note that if A has rank r then
T = N — Ko

in this case. A modification of the analysis used to prove Lemma 2.20 establishes that

H
~ . —1
DA,m,i < qu +qu—r+7, | | (1 - q—(m—ﬂ)dh) ’
h=0

so that (by a continuation of this analysis)
"™ + 6N log, N ifm=10+1,
Dami < { gN™ 4 4gNm-rti if m =0 +2,
qu + qu—r-i-i(l 4 2qZ—m+1) if m >0+ 3.

This can be used along with Equation (3.4) to establish that if i < r then

6log, N

(a=D)qr—+7-T ifm=0+1,
L2 i > 0+ 3,

(g—1)qr =i -1
This can also be used along with Equation (3.5) to establish that if i > r then

1 6log, N
(g—1)gtti—r=1 ' (¢—1)¢!

ifm=/~0+4+1,

Tam.i(y) < (q—l)q}“*r*1 + (q—li)))qj*1 ifm=£+2,
ifm>¢+ 3.

1 . + 2q€7mJ.r]
(¢—1)gt+i—r=1 ' (¢g—1) ¢!

FN><N

General Case: In general a matrix A € is similar to a block diagonal matrix, so that

L[4 o
A=X"1 X

for a nonsingular matrix X € F"*V_ where A € FN*N i5 a matrix with no nontrivial invariant factors
(as considered above) and for an integer N such that 0 < N < N. The matrices A and A clearly have
the same rank in this case.

Notice that if v € FN*! then

v=X"1 v
v

for vectors o € FN*1 and & € FIN-N)x1, Furthermore, if v is selected uniformly from FY*! then the
corresponding vectors  and ¥ are selected uniformly and independently from FV*! and from FIN=N)x1

respectively. It is easily checked that if j is a positive integer and v and v are as above then

o)
0

Ay =X"1
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as well. Consequently, if v1,vs, . .., v, are uniformly and independently selected from FY*1 then

G |AM5
A- Ma i wsm = X A7mﬂév17v2,---7vn] ,
where 01, Da, . .., Oy, are chosen uniformly and independently from FV*1,

Since A and A have the same number of nontrivial invariant factors, the next results follow from the
inequalities that have been established for the case that A has no nontrivial invariant factors at all.

Lemma 3.3. Let A € FN*N be a matriz with rank v and with ¢ nontrivial invariant factors. Let m, i
and j be positive integers such that i >m > €. If i <r and 1 < j <1 then

6log, N
(q=1)q7 17 1

a\A,m,i(j) < W me=£—|—2,

142 £—m—+41 i

ifm=1~0+1,

and if i >r and 1 < j <r then
1 6log, N
—Dgr—=1 (q—l)zzj—l
8A7m7i(j) S (q—1) qzl+j—r—1 + (qflg))qj—l me =/ + 2;

L—m-+41 )
@oe T e m 2+,

ifm=1/~0+1,

3.2 Avoidance of a Subspace

It will also be useful to consider the probability that the vector

dip
dy1

MA,m,z’,m U250y Um, .

dm,Jmfl

belongs to a given subspace of FV*! With that in mind we will generalize Definition 2.2 as follows.

Definition 3.4. Suppose that m and i are positive integers and that = € F™*1. Let D g mi(x) be the

number of choices of vectors v1,ve,..., v, € FNX1 and scalars
dl,Oa dl,la s 7d1,51713 RN dm,07 dm,la RN dm,am—l
such that
d1,0

di
M A i1 02, 0m )
A gm—1
Lemma 3.5. Let m, i, and x be as above.
If x =0 then
EA,m,i(x) = DA m-

Otherwise
DA,m,i (33) < DA,m,i - qu'
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Proof. If x = 0 then the stated equality follows by a comparison of Definitions 2.2 and 3.4, which are
clearly equivalent in this case.

Suppose instead that x # 0. We may assume that A is as given in Equations (2.28a)—(2.28)), although
no relationship between the values of the parameters ¢ and m should be assumed. The analysis in
Section 2.3.3 can now be modified to show that D4, ;(x) is the number of choices of polynomials

Injk € Flz] for0O<h<H,1<j</tlp,and1<k<m
where deg(fp, jx) < dynp,j for all h, j, and k as above, and of polynomials

91,92, ---39m € F[I]

where the degree of g, is less than 0 for 1 < k& < m, such that

frjig1 + frj2ge + -+ frjm@m = An; mod @,

for all integers h and j such that 0 < h < H and 1 < j < ¢}, and where )y, j are polynomials in Flz] such
that deg(Ap ;) < dpnp,j, for 0 <h < H and 1 < j < {3, that depend on the vector z  in particular,
these are polynomials whose coefficients are chosen as entries of the vector X ~'z if Equations (2.28a)-
(2.28)) are satisfied. If z # 0 then the vector X ~!x is also nonzero, so that at least one of the polynomials
Ap,j is nonzero as well.

Now consider integers h and j such that 0 < h < H and 1 < j < /{},. If at least one of the polynomials
91,92, - - -, gm is nonzero then the number of choices of polynomials f, j, (for 1 <k < m) such that

fri1g1 + fuj292 + oy +fnjmGm = Anj mod ¢p " (3.13)

is less than or equal to the number of choices of polynomials fj, ;, (for 1 <k < m) such that

frjig1 + frj2g2 + oo+ fhjmGm = 0 mod ™. (3.14)

Indeed, either Ay ; is divisible by
ng(gla g2;---,9m, SDZh’j)a

and there is the same number of choices of these polynomials in each case, or Ap ; is not divisible by
the above greatest common divisor, and there are no choices of polynomials satisfying the condition at
line (3.13) at all.

On the other hand, if g1 = g2 = -+ = ¢, = 0 then there are ¢ choices of the set of polynomials
frnjp for 0 <h < H,1<j<U{, and 1 <k < m such that deg(fp ;xr) < dpnp; and the condition at
line (3.14) is satisfied for all h and j, because all choices of these polynomials cause the condition to be
satisfied, but there are no choices of these polynomials at all that satisfy the condition at line (3.13) to
be satisfied, because \j, ;j # 0 for at least one choice of h and j. It follows that

Nm

ﬁA,m,i(x) < DA,m,i - qu

if x # 0, as claimed. O

The above result will be used to analyze the probability that the following matrices have low rank.
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Definition 3.6. Suppose that m, 7, and d are positive integers, and that

V1, V9, ..., Uy € FVXL and T1,Z9,...,xq € FVXL

Let
—~ o N x(i+d
MA,m,i,vl,vg,...,vm (5517 Z2,... ,xm) = [MA7my7;7vlyv2,---7/Um X} cF (i ),

where M A m i o1 v9..0m € FV>? is as in Definition 2.1 and where

X:[:cl o ... .Td]GFNXd.

Definition 3.7. Suppose once again that m, i, and d are positive integers, and that

Nx1
T1,T9,...,2q € F .
Let Dgm,i(z1,x2,...,24) be the number of choices vectors vy, v, ..., v, € FNX1 and scalars
dl,O, d171, A ,d1751_1, . ,dm,o, dm71, . ,dm’gm_l, ..,€1,€9,...,€64 € F
such that ) )
di,0
dy1
v A b —1
MA,m,i,m,vg,...,vm (xla T2y e vy xd) 76:1 =0.
)
L €
One can see by a comparison of Definitions 3.4 and 3.7 that
Dami(T1,72,...,7q) = E D gym,i(—e171 — eawz — - -+ — eqxq).

€1,€2;-..,e4EF

FN><1

Consequently the next result follows by Lemma 3.5 and the fact that a subspace of with dimen-

sion d includes ¢¢ — 1 nonzero vectors along the zero vector.

Lemma 3.8. Suppose that the vectors z1,xa, ..., zq € FV*! are linearly independent. Then
Dami(21. 02, .. 2q) < "D ami — (qd - 1) ",

The next result now follows by an application of Lemma 2.20.

Lemma 3.9. If A is as given in Equations (2.282)—(2.28]), m, ¢ and d are positive integers such that

i>m>{, and {x1,T2,...,2q} s a set of linearly independent vectors in FNX1 then
gV 4 ggN (m—1)+itd log, N ifm=40+1,
DA,m,i(mla T2y ... ,.’Ed) S qu =+ 4qN(m71)+i+d ’Lf m = f + 2,
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Once again, it will be useful to generalize Definition 2.3.

Definition 3.10. Suppose again that m, ¢, and d are positive integers, that j is a nonnegative integer,

and that

Nx1
T1,T9,...,29 €F .

Let pam,i(z1,z2,...,24;j) be the probability that the matrix MA,m,i,vl oom (L1, T2, ..., xq) is rank
deficient by j, that is,

PAm,i(T1,Z2,...,24;]) = Prob [rank (/]\ZA’m’ivvth,m,vm (x1,29,..., :Ed)) =i+d— j] ifi+d<N
(3.15)
and

PAm,i(T1,22,...,24; ) = Prob [Y&Dk (MA,i,k,vl,vg,...,vm(xla1'27 .- 7xd)> =N —j} ifi+d>N,
(3.16)
and let 04 m,i(z1,22,...,24;j) be the probability that the matrix is rank deficient by at least j, that
is,
TAm,i(T1,T2,...,24;5) = Prob {rank (MA,m,i,'u] oo (L1, T2, o :L'd)) <i+d-— j} ifi+d<N
(3.17)

and

GAm,i(T1,%2,...,24;j) = Prob [rank (MA,m,i,vl,vQ,...,vm(ﬂUl, T, .. .,xd)) <N —j} ifi+d> N,
(3.18)
when the vectors vy, va, ..., vy, are chosen uniformly and independently from FV*1,
Lemmas 2.4 and 2.5 can be applied, once again, to relate the values that have now been defined: It
follows by these lemmas that

i+d
Dami(z1,22,...,2q4) = Zqu+] PAm,i(T1, T2, ... 2q:7) ifi+d< N (3.19)
=0
and
N N
Dpm,i(z1,22,...,2q9) = Z qN(m_1)+Z+J+d PAm,i(T1,22,...,2q4;7) ifi+d>N. (3.20)
§=0
Since pAm,i(T1, 22, ..., Ta;7) = CAmi(®T1, T2, .., Ta;§) —OAm,i(T1, T2, ..., 2q;7+1) if j <min(i+d, N),
PAmi(T1, 22, ..., Tq;]) = Oami(x1,T2,...,24;7) if j = min(i +d, N), and 74, i(z1,22,...,24,0) =1,
this implies that
_ i+d
DA,m,’i(xlax27"'axd) :qu+(q_ 1)Zqu+J_1 5A,m,i(x1ax2v-"axd;j) 1fZ+d§ N7 (321)
j=1
and
B N
Dam,i(w1, @2, ..., 3q) = VDT L N N DH LG (21,2, 3aj) i i+ d > N
j=1

(3.22)

Lemma 3.9 can now be applied to obtain the following.
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Lemma 3.11. Suppose that A is as given in Equations (2.282) (2.28])), m, i and d are positive integers
such that i > m > £, and that {x1,x9,...,24} is a set of linearly independent vectors in FVXT o gf
i+d< N and1l<j<i+d then

6log, N

(g—1) gV —(F+d)+5-1 ifm=1£0+1,
~ . 4 .
O'A,m,i(-Tla-T27...7$d;]) S (q—l)qN*(ier)Jrj*l me:€+2,
f—m+1 )
142 if m >0+ 3.

(@ 1) gV

and ifi+d > N and 1 < j < N then

6log, N .
T g m=+

~ . 1 3 .
O-A,m,i(‘rla Z2,... 7$d§]) < (q—1)gitita—N-1 + 1) g1 ifm=1~0+2,

if m >0+ 3.

1 2q£7m+1
@ D T T (-1

4 Application: The Minors of a Block Hankel Matrix

4.1 A Block Hankel Matrix

FNXN

Suppose once again that A € is a matrix with rank r.

Definition 4.1. Suppose that mp, mg, i, and j are positive integers, and that
UL, Uy« e vy Uy s V1, V2 - e v s Unpy € FAxL
Let

o _ t 5 5 . X ]
Hamp,mp,ij (ur,uz, ..., Ump,, V1, V2, - 7UmR) = MAt,mL,i,ul,uQ,...,umL A MAamJ’ULUQ:---:va e 7,

where the matrices M 4 e FV* and Mmoo, € FNXJ are as given in Defini-

tion 2.1 on page 3.

UL 0,UT U2, Um V2yeUmp

We will use the results of Sections 2 and 3 to bound the probability that this matrix is rank deficient
when the vectors
UL, U2y« - -y Ump, V1, V2, - -+, Unp

FN><1

are chosen uniformly and independently from and when A has at most min(mr, mp)— 1 nontrivial

invariant factors.

4.2 Simplification

We may assume that A has no nontrivial invariant factors — that is, each invariant factor (in F[z]) is
either divisible by 22 or not divisible by z. In other words, we may assume that each nilpotent block of
(a rational Jordan form for) A has order at least two.

To see that this is the case, we may apply the argument used in Section 3.1.3: Note that, in general,

A=X"1 [‘g 8] X (4.1)
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where X is a nonsingular matrix in F¥*Y and A € FV*N | for an integer N such that 0 < N < N, and
where A has no nontrivial invariant factors: In this case, (the rational Jordan form for) A has exactly
N — N nilpotent blocks with size one.

Suppose again that ui, ug, ..., um, ,v1, v2, oy Ump € FN>*1. Since the matriAces X and X' are nonsingu-
lar, there exist vectors @y, Ua, . . ., Uy, € FN*Y and @y, g, . .., U, € FIN=N)XT gych that
u; .
u = X*t [ﬂl] for 1 <i<my (4.2)
(3
and there exist vectors 01,02, ...,0my, € FNX1 and there exist vectors V1,02, .., Ump € FIN=N)x1 gich
that
_1|v; .
v = X1 [5] for 1< j < mpg. (4.3)
j

It follows by Equations (4.1), (4.2), and (4.3) that if k is a positive integer then

a1t Ak T ~
wlAby = Y1 x x| A Oy 1 Y gt kg,
i 0 0 Uy

=

Consequently

— At .
HAymLymRv’L:] (u17 U2« -5 Um, V1, V2, - - - ,’Um) o MAt,T)’LL,i,’LLl,’U,Q,...,UmL A MAymR7]7U17U2""7va

— M CA-M

At,mL,i,ﬂl,az,...,ﬂmL A,mR,j,vl,vg,...,va

Ay mpi (U1, U2y .y Uy V1, U2y v vy Umnp)-

The claim that we may assume A has no nontrivial factors now follows by the choice of A and the obser-

vation that (since X and X! are nonsingular), if the vectors uy,us, . .. s Umyp,V1,V2,. .., Vnmy are chosen
uniformly and independently from FY*! then the corresponding vectors Uy, U, . . . , Um 101,02, -+, Ump
are chosen uniformly and independently from FV*1.

4.3 Bounding the Rank: A Useful Lemma

The rank of Ham, mpij(01,u2, ..., Un,, V1,02, ..., Uny) is the same as the rank of its transpose,

N t_ gt LAt ,
Hamymp,ig (U1, U2, - Uy, V1,02, - Umpg)” = MA,mR,j,vl,m,...,va AT Matimy iun vyt -

It will be helpful to consider the latter matrix.
. N ]

Suppose that the matrix (A - M4 m j vs,.. )= MgvaJ’m’vQ’m’va - At € FV has rank ¢t. Then

t < min(r,j) < min(, j) since the row space of this matrix is a subset of the row space of A'. The set

of vectors w € FV*1 such that

“Ump

t
(A ’ MAva1j77)17/U27"~7UmR) w = 0

is a subspace W of FV*! with dimension N — ¢; let
w1, W, ..., WN_t € FVx1

be a basis for this subspace.
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Notice that the vectors wi,we, ..., wy—; depend on vy, v, ..., vy, but that they do depend in any way
on the vectors wi,ua, ..., uy,. With that noted, let us consider the matrix

r Nx(N+i—t
MAt,mL,i,ul,ug,...,umL (wlv w2, ... awN—t) eF ( )

as given in Definition 3.6 on page 34.
Let
i X 1 t i x 1
S={x € F”" | Hamy mp,ij(U1,u2, ..., Un,,01,02,...,0m,) -z =0} CF

and let
T={ye F(N+i—t)x1 | MAt,mhi,uw%"_’u% (w1, w2, ..., wx_¢)-y=0}C F(N+i—t)x1
Lemma 4.2. |S| = |T|.

Proof. 1t is sufficient to exhibit a bijection ¢ : S — T

To do so, let z € S. Then z € F**! and Hamy mp.ij(U1, U2y ..oy Ump, V1,02, ..., Ump )t -2 = 0. Since

o t_ gt t
HA,mL,mR,l,] (ula U2y -+ -y Uy s V1, V25 -« 7va) - MA,mR,j,'Ul,vg,...,va A" MAt,mL,i,ul,uz,...,uva

it follows that if w = Mat ;01 us,umy, * T then

t, t t
(A : MA,mR,],Ul,UQ,...,va) w = MA,mR,j,vl,vg,...,vm AT w

R
t
= HA,mL,mR,i,j(ulv U2, ..., Umyp,V1,02,... 7UmR) -
=0.
Thus w € W. Since wy,ws,...,wn_; is a basis for W there exists a unique sequence of elements

c1,C,...,cn_t of F such that
w = ciwi + cows + - -+ CN_tWN_¢-

Let us define

T
¢(x) — —C9 c F(N+i—t)><1‘ (4.4)
—CN—t
This is well defined since the elements c1, ¢, ..., cny_¢ are uniquely determined from z.
Notice that
MAt,mL,i,ul,UQ,...,umL (wla w2z, - - - va—t) ' ¢($)

- MAt,mL,i,u1,UQ,...7umL T — (Clwl +cox2+ -+ CN—th—t)
(by the definitions of Mat g s s i (w1, wa,...,wy—¢) and ¢(z))

=w—w =0,

so that ¢(x) € T for all z € S. It is also clear from Equation (4.4) that that ¢ is an injective map. All
that remains is to show that it is surjective as well.
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Let y € T. Then we may write

-l

for vectors § € F*! and § e FV 711,
Let
M, = [wl wy ... U)N—t] S FNX(N*t).
Since y € T,
MAt,mL,i,m JU2 e U (wlu w2, ... awat) Y= MAt,mL,i,m U2yeetimy, Y + Myy =0,
so that
MAt,mL,i,ul,ug,...,umL Y = —MuyY,
and
t ~
HA,mL,mR,i,j(ulv U2y« yUmyp,V1,V2,... 7va) Y

— . t ~
- (A ’ MA7mR,]7’U1 7U27"'7va) ) MAtumL7i7u17u27"'uUmL Y
_ t It

=—(4- MA,mRJ,vhvm---,va) My

0- ?Aj =0,

since the columns of M,, all belong to the subspace W, so that (A - MA,mR,j,vhvg,...,va)t - M, =0.
It follows that € S, so that ¢(y) € T. Now notice that

y= E eT and o) = H eT

as well, for vectors 7,5 € FV"9*1 The matrix

belongs to the subspace 1" as well. Consequently
MAt,mL,i,ul U2y, (wi,wa,...,wNn—¢) - (y —o(y) = 0. (4.6)
It follows by Equations (4.5) and (4.6) that
My -(y—7)=0
as well. Since the matrix M, has full rank (its columns form a basis for the subspace W),
7o7=0,

so that y = ¢(y). Since y was an arbitrarily chosen element of T" it follows that the map ¢ is subjective,
as claimed. O

This result can be used along with Lemmas 2.4 and 2.5, to establish the following.
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Corollary 4.3. Let mp be a positive integer, let vi,vo, ..., Uy, € FV>Land let wy, wa, . .., wN—_¢ be a
basis for the set of vectors

W ={w e F"*" | (A Mamp o wsnwm, ) - w =0} CFV*E

’UmR

so that t < min(r,j). Let my, be a positive integer and let ui,ug, ..., Uy, € FN>L Finally, let i be a
positive integer, so that either i <t <j,t<i<j, ort <j<i.
(a) If i < j and s is an integer such that 0 < s < i then the matriz
HA,mL,mR,i,j(ula U2y -y Ump, VU1, V2y -+ 7va) S FlX]

has rank i — s if and only if the matrix

o NX(N+i—t
MAt,mL,i,ul,ug,...,umL (wla wa, . .. awN—t) cF ( )

has rank N +i—t — s.

(b) If j < i and s is an integer such that 0 < s < j, then the matriz
H g m,ig (U1, U2y - o Uy, V1, V2, oy Umy) € FPY
has rank j — s if and only if the matriz
) c FNX(N+’L'7t)

MAt,mL,i,ul,uz,...,umL (w].J w2, ..., WN—t

has rank N + j —t — s. It must therefore be the case that s > j —t.

5 Formulas

Once again, consider the matrix Ha m, mp.ii(U1, U2, s Umy, V1,02, ., Ump) € FixJ,
Definition 5.1. Let h, i, and j be a positive integers and let 74 4, mp.i.;(h) be the probability that the
block Hankel matrix HA ;n; mp,i (U1, U2,y .oy Upmy V1,02, ..., Upy) is rank-deficient by at least h, that

is,

TA1mL’mRvi’j (h)

Prob [rank(H A m; mp,ij (W1, U2, .oy Umyp, V1,02, ..., Ump)) <i—h] ifi<jandi<r,
= ¢ Prob [rank(H A m; mp,ij (U1, U2, .oy Umyp , V1,02, .-, Ump)) < j—h] ifi>jandj<r,
Prob [rank(H A m; mp,ii(U1, U2, ..., Umy, 01,02, ..., Ump)) <7 —h] ifi, j>r,
when the vectors uy, uo, ..., Un,,V1,V2,. .., Uy, are chosen uniformly and independently from FAXL,

Results from previous sections can now be used to bound these quantities.
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Case: 1 <j<r

The matrix AMAmp.j01,09,0mp FN*J is rank-deficient with probability at most &4 my.;(1). Suppose,
instead, that this matrix has full rank j.

In this case the subspace

W = {w € FN*U | (AM g janvaniomy,)' - w = 0}
has dimension NV — j and a basis wy,ws,...,wny_; € FV>X1 In other words, ¢t = j for the value ¢
considered in Corollary 4.3, implying the following.
Lemma 5.2. If i < j <, and h is a positive integer, then
TAmpmpii(R) < Tampi(1) + 04ty i(W1, w2, ..., wN_j; h),
where wy,wa, ..., wN_j i a sequence of linearly independent vectors in FAXL,

Since the matrices A and A’ have the same (nontrivial) invariant factors, Lemmas 3.3 and 3.11 can

now be used to establish the following, assuming that A has ¢ nontrivial invariant factors, and ¢ <
min(mp, mpg).
Corollary 5.3. If i < j <r, min(mp,mg) < ¢ and h is a positive integer, then

6log, N 6log, N

(¢—1) q 7 + (q—l) qj,i+h,1 Zf min(mL, mR) =/ + 1’
TA,mL,mR,i,j(h) < (q,lglqrfj + (q_l)q;l_ﬂ_h_l if min(mp,mp) =€+ 2,

1 2é7m +1 1 2€7m +1 3 .

Z;—ql)qij (qjl)qufiihf1 if min(mp, mg) > €+ 3.

Sharper bounds can be obtained when mj, # mpg by applying Lemmas 3.3 and 3.11 to consider additional
cases.

Case: i1 <r<j

The argument used in the previous case can also be applied here: The matrix AM gy i 02Uy is
rank-deficient (that is, has rank less than ) with probability at most & 4, ;(1). If this is not the case,
then the above-mentioned subspace W has dimension N — r and a basis w1, ws, ..., wy_, € F¥XL,

In other words, ¢t = r for the value t considered in Corollary 4.3 and it follows that the matrix
H g mp i (U1, U2, oy Uy s V1,02 -+« « Ump) € F15 has rank i — h if and only if the matrix

MAt,mL,i,ul,UQ,...,umL (wy, wa, ..., wy—y) € FVXNVHD)
has rank N 4 i — r — h. This implies the following.
Lemma 5.4. If i <r < j and h is a positive integer then

TAmpmayig(B) < 0Ampi(1) + 04t g, (w1, wo, ..., wWN—r; h),

where wy, W, ..., Wn—_y is a sequence of linearly independent vectors in FV*1.

Lemmas 3.3 and 3.11 can be applied to obtain useful bounds for the case that m g is significantly greater
than the number of nontrivial invariant factors of A.
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Corollary 5.5. Ifi<r <j,mrp>{€+3, mp > €+ 1, and h is a positive integer, then

1 2¢t—mRr+1 6log, N . B
(¢-1)gi—" + q—1 (q—l)qTEH-h—l zf mp =0+ 1,
.. 1 zqéme+1 4 . B
TAmr,mpg,i,j (h) S (q_l)qj—r + =1 + (q—l)qT‘*iJrhfl Zf myp = / + 2’
1 2¢" "Rt 1420 mL+l
(g—1)g7—T + q—1 + (q—1)gmith—T Zf myp, > ¢+ 3.

Unfortunately this does not provide useful bounds if mgp =€+ 1 or if mp = £ + 2.

In order to deal with these cases, let ¢ be a positive integer whose value will be specified later, and
notice that the matrix AM AR, 01,02 0m € FN>J has rank less than 7 — ¢ with probability at most
OAmp,j(c+1). Lemma 3.3 can be used to show that

1 6
TAm jle+1) < - +
mrd ) (g —1)¢"(log,N)? * (q—1)log, N

it mrp=~{+1and c > 2log,log, N, and that

1 3

G ampilc+1) < - +
mRJ( ) (q _ 1)q]—T logqN (q — 1) IquN

if mp =/{+2 and c > log,log, N.

Suppose instead that the rank of AMA,mR,j,vl,v%.’va is at least r — ¢, so that the subspace W of
vectors annihilated by the transpose of this matrix has dimension at most N — r + ¢ and a basis
w1, Wa, ..., Wy_4¢ for some integer ¢ < c.

Suppose now that ¢ < r —i so that ¢ < r — ¢ as well. It follows by Corollary 4.3 (with ¢ = r — ¢,

so that ¢ —i > (r — i) — ¢ > 0) that the matrix Ham; mp.ij(u1,u2, .., Un,,v1,02,...,0n,) has
rank i — h, for a positive integer h, if and only if the matrix MAt’mL’i’ul’u2’.._7umL(QU1,U)2, ey WN—pi )
has rank N —r + i+ ¢ — h. The latter event occurs with probability
(q,l;a;ffg?j\aghfl < (q,lillffgj\;h—l itmp =0+1,
aAt,mL,i(wla Wa, ., WN_pigs h) < (q_l)qréi78+hfl < (q_l)qr}ichrhfl it mp =0+2,
1+2¢*~mL+1 < 14+2¢4~mL+1 ifmy >0+ 3.

(q_l)qrfifé}thl (q_l)qr—i—c+h—1

These provide useful bounds if i < r — 3[log, log, N| and mp = ¢ + 1, or if i <7 — 2[log,log, N| and
mp =0+ 2:

Corollary 5.6. If mpg =/{+1, my > {+1, i <r—3[log,log, N|, and h is a positive integer such that
1 < h<i, then

1 6 6 : _
(q—1)¢7~7(log, N)? T @ log, N + (q—1)q" = 3Mogq logg NT+h=T if mp=E+1,

1 6 4 . _
TAmpmpig(h) < (¢—1)¢7—"(log, N)2 + =D log, N + (q—1)q"* 2Tosq o8g NT+h—1 ifmp=1£+2

1 6 14+2¢‘~mrH! ;
(g—1)¢7 " (log, N)? T @D logg N + (q—1)q" " 2Mo8q logg N1+h—1 if mp > £+ 3.

Ifmp=L04+2, mr>0+1,i<r— 2[logq log, N1, and h is a positive integer such that 1 < h < i, then

1 3 6 - _
¢~ Tlogy N T (¢-1)log, N + (g—1)q" 7 ~2Mosg logg NT+h~T if mp =L+ 1,

1 3 4 ; —
TA7mL7mR7i7j (h) S qur logq N + (q_l) lqu N + (qfl)qriii Hqu Iqu N|+h—1 Zf mL - E + 27
if mp > €+ 3.

1 + 3 + 1+2qé—mL+1
¢ log, N (¢—1)log, N (q—1)g" "+~ Nogq logg NT+h—1
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Note that if 7 < then the rank of the matrix H4 ;,; mp7i (Ui, U2, .. Umy V1, V2, - .., Upp) is less than
the rank of Ham; mp,ij (W1, U2, ... Un;,V1,02,...,0ny). This implies the following.

Lemma 5.7. If mp=¢+1, mp >0+1, r — 3[logq log, N <i<r, and h is a positive integer such
that 3[log, log, N| < h <, then

TAmp,mp,i,j (h) < TAmyp, ,mR,i—Sﬂogq log,, N1,j (h -3 ﬂqu logq N—| )

Similarly, if mrp =€+ 2, mgp, > £+ 1, r — 2[log,log, N| <i <, and h is a positive integer such that
2[log,log, N| < h <, then

TAmp,mpgi,j (h) < TA,mp,mp,i—2[log, log, N1,j (h—2 [logq logq N1).

This can be used along with Corollary 5.6 to bounds on 74, my.i.j(h) for the case that r — ¢ is small
and positive, 7 > r, and for sufficiently large h.

Case: r<i1<j
The argument used at the beginning of the previous cases can be used once again: The matrix
AMA,mR,j,m,vz,...,va is rank-deficient (that is, has rank less than ) with probability at most G 4 5 ;(1).

If this is not the case then the subspace W has dimension N — r and a basis wq, wa, . .., wy_, € F¥XL,
Once again t = r, for the value ¢ considered in Corollary 4.3.

Let h be an integer such that 1 < h < r; then the matrix HA m; mp,ij (U1, U2, .. Umyp, V1, V25 - ., Ump)
has rank r — h if and only if its rank is i — s, where s =i —r + h. It follows by the corollary that this
is the case if and only if the matrix M 4: (w1, wa,...,wn_y,) has rank N — (s — i1+ t) =
N—-r+i—s=N—h.

STTVL 5 UL, U2, Umn

Lemma 5.8. If r < i < j and h is a positive integer such that 1 < h < r then

TA»vamR’i»]‘(h) < aA,mR,j(l) + 5At,mL,i(w1v W2, -« y WN—r; h)

where wy, wa, . .., Wn—y is a sequence of linearly independent vectors in FV*1.

Lemmas 3.3 and 3.11 can be applied once again to produce useful bounds for the case that mpg > £+ 3.

Corollary 5.9. Ifr<i<j, mrp>{€+3, mpr > €+ 1, and h is a positive integer, then

1 2¢t—mRr+1 1 6log, N . .
(a—1)gi=" L= (q—1)gi TTh—1 + (q_l)thl if mp =0+1,
1 2 —mp+1 1 3 )
TAm’LL,mR,i,j(h) < (D@ + 24 I + —T)g 77T + —DFT ifmp =0+ 2,
1 2¢¢—mRrH! 1 oqt MLt
S e s m o P e S R P if mp > €+ 3.

If mpr=4+1or mgr =/+ 2 then useful bounds can be obtained by choosing a suitable constant ¢, as
before, and considering the case that the matrix AM 4 mp jv1,00,....0m, 15 rank-deficient by more than c;
this occurs with probability &4, ,,i(c + 1).

mR

Otherwise the rank of the above matrix is » — ¢ for some integer ¢ < ¢, and the subspace W has
dimension N — r + ¢ and a basis w1, ws,...,wy_,4e. Now t = r — ¢, for the value ¢ mentioned in
Corollary 4.3.

Let h be an integer such that 1 < h <r; then the matrix HAm, mp,ij (U1, U2, ., Umy, V1, V25 - ., Ump)
has rank 7—h if and only if its rank is i —s for s = i —r+h. It follows by the corollary that this is the case
if and only if the matrix Mat ;i us, . um, (w1, ws, ..., wN_pyz) hasrank N —(s—i+t) = N—(h—¢).
This can be used to establish the following.
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Corollary 5.10. If mp = ¢+ 1, mp > 0+ 1, r < i < j, and h is a positive integer such that
3[log,log, N| < h < N, then

1 6 1 6 : _
@ Do, V2 T G Dlog, ¥ T (gyg 771 + [y oeageggmr L =1L+1,

1 6 1 3 ; —
TA,mL,mR,i,j(h) < (qfl)qur(logq N)2 + (g—1) logq N + (q—1)gt—m+h=1 + (q—l)qhiQﬂqu Togg N ’Lf mrp = ¢ + 2,

2qlme+1 .
h—2[logg logg N'| Zf mr, 2 g + 3.

1 6 1
(a—1)g7 " (log, N)? + (g—1)log, N + (g—1)gi—+h=1 + (a—1)q

Ifmp=10+2, mp >0+ 1,7 <i<j, and h is a positive integer such that 2[log, log, N| < h < N,
then

1 3 1 6 . _
(g—1)g9 " log, N + (¢—1)logy N + (q—1)gi—r+h-1 T (q—1)g"*—2Mo8q logg N if mp =L+ 1,
1 3 1 3 . _
TA,mL,mR,i,j (h) S (q_l)qur 1quN + (q—l) logq N + (q_l)qifrJrhfl + (q—l)qh_ [logq logq N1 Zf mp = g + 2)
1 3 1 2qt—mL ! .
@D "og, N T (e Dlogg N T (g Dg=rF=T T (;77), o Toeg Tozg N1 if mp > €+ 3.

Case: 1 >3
Notice that

t

HA,mL,mR,i,j<u17 U2y« ++ s Umyp,, V1,02, - . 7va) = HAt,mR,mL,j,i(vlﬂ V2y+ v oy Unpg, UL, U2y - -+ umL)'
Clearly, the vectors vy, v2,...,Vmp, U1, U2, ..., Uy, are chosen uniformly and independently from FAx1
if and only if the vectors ui,ug, ..., Um, . v1,v2,...,Vm, are. This implies the following.

Lemma 5.11. If mp, mg, i and j, and h are positive integers then
TAmp,mp,i,j (h) = TAt:mR,mL:jyi(h)'

Since A and A’ have the same number of nontrivial invariant factors, bounds on 74 m; mp.i,; (k) for the
case ¢ > j can be obtained by exchanging i and j, while simultaneously exchanging mr and mpg, and
choosing whichever of the bounds from the previous sections that is applicable.

6 Future Work

Much of the analysis of block Wiedemann and block Lanczos algorithms depends on the assumption
that the blocking factor (min(mp, mg) for mp and mp as used above) is greater than the number of
nontrivial invariant factors of coefficient matrix A (the value given here as £). On the other hand, it
seems necessary to assume that the number of nontrivial nilpotent blocks (the value ¢y in this report)
exceeds the blocking factor as well when describing instances causing block algorithms to fail. Thus
there is further work to be done to explain the behaviour of block algorithms when the blocking factor
falls between the number of nontrivial nilpotent blocks and the number of nontrivial invariant factors.

All of the block algorithms that have been successfully analyzed are “biconditional:” Blocks of vectors

UL, Uy -« - ,umL

and

V1,V25...,Umpg
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are chosen uniformly and independently, and the independence of these blocks is required in order
to complete an analysis. On the other hand, the block Lanczos algorithms of Coppersmith [2] and
Montgomery [12] are developed to be used with symmetric matrices and use the same blocks on each
side: mp, = mpg and u; = v; for 1 < i < my. It is clear that symmetrization of the input is unreliable in
the small field case, since the matrices A’A and A can have significantly different ranks and null spaces.
However, it would be interesting to understand the behaviour of algorithms that resemble Coppersmith’s
and Montgomery’s more closely when the input matrix is symmetric.
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