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Abstract

Quantum information holds enormous potential to achieve communication and computa-
tional tasks that are impossible using classical systems. Many quantum information pro-
cessing tasks can be implemented by exploiting the passive interference of photons. In this
thesis, we reports advances towards the analysis, simulation, characterization, and design of
passive interferometry experiments for quantum information processing applications.

First, we develop a theory of passive optical interferometry experiments that relates coin-
cidence rates at the output of an interferometer to the permutational symmetries of partially
distinguishable photons. In our formalism, coincidence rates are elegantly expressed in terms
of immanants, which are matrix functions that exhibit permutational symmetries, and the
immanants appearing in our coincidence-rate expressions share permutational symmetries
with the input state. Our formalism thus provides an intuitive qualitative understanding of
how the permutational symmetries of distinguishable photons determine their interference.
Our approach can be used to better understand the effect of partial distinguishability in
modeling passive interferometry experiments aiming to perform quantum information tasks
such as linear optical quantum computing and BosonSampling. By exploiting symmetries,
we can also reduce some calculational tasks and provide additional insights into relations
between the coincidence rates in various situations.

Second, we tackle the problem of characterizing passive interferometers, essential for
modeling any passive interferometry experiment. We develop a characterization procedure
that uses only one- and two-photon coincidence data, and makes a number of advancements
over existing procedures. We estimate the errors in the characterization via bootstrapping,
a statistical technique with the advantage of not assuming any particular error model on the
experimental data. We also introduce a scattershot approach to reduce the experimental
data collection time quadratically in the number of modes of the interferometer.

Third, we study a relativistic quantum information task called quantum summoning.

We cast quantum summoning as an interactive protocol between a verifier and a possibly
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dishonest prover. For the prover, we present a protocol and quantum codes to summon in any
valid configuration of causal diamonds, and design the encoding and decoding circuits for our
code. Our protocol decreases the space complexity for encoding by a factor of two compared
to the previous best result and reduces the gate complexity from scaling as the cube to the
square of the number of causal diamonds. Within our interactive protocol framework, we
construct an operational definition of quantum summoning, and use this definition to present
a verification test. We prove that our verification test is sound and complete, thereby showing
that quantum summoning can be verified by a resource-limited verifier in an adversarial
setting. Our protocol and verification procedures are amenable to implementation by passive
interferometry, thereby extending the reach of passive interferometry in the field of relativistic

quantum information processing.
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Chapter 1

Introduction

1.1 Motivation and aims

Quantum information science investigates the computational, communication and crypto-
graphic capabilities of quantum systems, especially how these powers differ from those of
classical systems. The potential of quantum information processing has been demonstrated
through several powerful theoretical results, among them faster-than-classical computa-
tion [4, 5, 6], stronger-than-classical correlations [7] and secure quantum key distribution [8].
To benefit from these theoretical results requires their implementation on physical media,
first as experiment to verify and validate these results and later as commercial technology.
The past few decades have seen growing control over several different physical systems
for the purpose of implementing various quantum information tasks [9, 10, 11, 12, 13, 14, 15].
One of the more accessible and useful of these testbeds is the optical bench, on which the
interference of light can be used to process information. An optical interferometry setup
consists of light sources, measurement devices, and devices that transform a set of input
light beams into a set of output light beams. The transformation devices are classified as
active or passive, where the former pump energy into the system and the latter conserve the

total energy of the system [16].



There exists methods of exploiting active quantum optics to implement quantum in-
formation protocols [17, 18, 19]. However, such systems suffer from excessive noise, and
natural Kerr nonlinearities are not strong enough [16] to justify using active optics for quan-
tum information processing. On the other hand, passive quantum optical interferometry is
technologically attractive for a number of reasons. It has been shown that passive interfer-
ometers, single-photon sources and photon-counting detectors can be employed to construct
a universal quantum computer [20]. Moreover, photons suffer low degree of absorption and
decoherence, and travel faster than any other physical instantiation, making optics the dom-
inant way to transfer quantum information across long distances [21]. Consequently, passive
interferometry, supplemented with devices such as optical quantum memories [22, 11], is uni-
versal for quantum information processing, i.e., can be used solely to implement any quantum
computation or communication protocol - a feature not shared by any other implementation
technique.

Furthermore, there exists a universal passive device, called a multi-mode passive inter-
ferometer, that can perform any and all possible passive transformations on a set of optical
modes [23, 16, 24], allowing for a uniform approach towards experimental design of quantum
information protocols. Recent advances in optical technology [25, 26, 27] include photonic
circuits etched into silicon chips [28, 29, 30, 31, 32], as well as the development of reconfig-
urable passive optical interferometers [33, 34, 35, 36]. Other advances include construction
of high fidelity single-photon sources [37, 38, 39, 40, 36], and high efficiency photon number-
resolving detectors [41, 42, 43, 44, 45, 36]. These advances have engendered implementations
of various quantum computation protocols such as BosonSampling, quantum gates, and state
preparation [46, 47, 48, 49, 50, 51, 34, 36], and, quantum communication and cryptography
protocols such as quantum teleportation [52], quantum repeaters [53], loop-hole free Bell
inequality violation [10], and quantum key distribution [54, 36].

Despite this progress, there are various obstacles to exploiting passive optical interferom-

etry for quantum information processing. Optical implementations of quantum information



tasks usually require indistinguishable single-photon sources [20, 6], but state-of-the-art ex-
periments have distinguishable sources that sometimes emit multiple photons [46, 47, 48, 49,
50, 51, 34, 36]. Therefore, it is important to characterize the interference of partially distin-
guishable photons to understand the relevance of experimental implementations of quantum
information tasks, while at the same time advancing the analysis and simulation of these
implementations. Another requirement for using passive interferometry for quantum infor-
mation processing is the ability to characterize the interferometer accurately and precisely.
An accurate model of the interferometer, along with knowledge of the errors in the character-
ization is necessary to compare experimental outputs with the theoretical ideals demanded
by the task at hand. It is also important to challenge the limits of passive interferometry
technology by designing implementations of new quantum information tasks.

In order to alleviate these problems, this thesis reports advances towards the analy-
sis, simulation, characterization, and design of procedures and experiments that exploit
passive interferometry for quantum information processing. We develop a qualitative and
quantitative theory to analyze the output probabilities, also known as coincidence rates,
in multi-mode multi-photon passive interferometry experiments [1]. We exploit the repre-
sentation theory of the symmetric group to reveal the symmetries of the coincidence rates.
These symmetries are useful for describing the features of the coincidence rate landscape
formed by varying the distinguishability of the input photons, as well as demonstrating that
coincidence rate expressions are invariant or covariant under permutation of photons and
modes. We develop a procedure to characterize a multi-mode interferometer using single-
and two-photon coincidence rates [2]. The procedure includes an algorithm to estimate the
random errors in the characterization, and a method to reduce experimental data collection
time. We also cast quantum summoning, a relativistic quantum information task, into an
interactive protocol, and develop codes to perform quantum summoning [3]. We present a
summoning protocol for agents spread across spacetime, and encoding and decoding circuits

for our codes that can be implemented optically. Finally, we present a verification procedure



for quantum summoning. In the next few sections, we introduce each of these three projects

with more detail.

1.2 Permutational symmetries for coincidence rates

We develop a theory of passive optical interferometry experiments that relates coincidence
rates to the permutational symmetries of partially distinguishable photons. The distin-
guishability of the photons plays a crucial role in determining their interference, first studied
theoretically by Fearn and Loudon [55, 56] and experimentally by Hong, Ou and Mandel [57]
for a system of two photons. A number of recent studies provide theories of distinguishable
multi-photon passive interferometry experiments to elucidate qualitative features of optical
systems [58, 59, 60, 51, 61]. One research direction has been to determine whether the inter-
ference of partially distinguishable photons yields a probability distribution that is close to
the probability distribution pertinent to the BosonSampling problem [62, 63]. Others have
investigated the bunching behavior of partially distinguishable bosons [60] and whether such
behavior can be exploited to create hypothetical particles that possess arbitrary permuta-
tional symmetries [60]. It has been suggested that pairwise distinguishability may not be
sufficient to characterize the interference of many photons [64]. Partial distinguishability can
be controlled via degrees of freedom such as path, time-of-arrival at the interferometer or
polarization, and control via polarization can be achieved by doubling the number of paths
instead [65].

We build upon a recently proposed description of multi-photonic interferometry experi-
ments, that relates the interference of photons to the symmetries of their state [66, 67, 51].
For instance, the Hong-Ou-Mandel effect occurs because two perfectly indistinguishable pho-
tons maximally interfere because their state is symmetric in the exchange of the photons,
but two partially indistinguishable photons partially interfere because their state is a linear

combination of the fully-symmetric and anti-symmetric basis states. The work we build



upon analyzes multi-photonic systems using the representation theory of the symmetric
group, where previous authors limit themselves to systems with exactly one photon in each
input and output mode. They show that by exploiting the permutational symmetries of
multi-photon states the photonic Hilbert space decomposes into subspaces, where elements
in each subspace possess known permutational symmetries [68]. Distinguishability of the
input photons determines which subspaces their state lives in. For instance, if photons are
fully indistinguishable, then, because they are bosons, their state is fully symmetric under
any permutation of the photons. As their distinguishability increases, the multi-photon state
extends into other subspaces.

Tillmann et al. [51] have advanced that the coincidence rate can be expressed in closed
form in terms of immanants of the scattering matrix. Immanants are matrix functions
constructed from the symmetric group; some of them, including the permanent, are known
to be hard to compute [69, 70, 71]. Specifically, coincidence rates are sums of squared
moduli of linear combinations of immanants where the coefficients in the sum are functions
of the photonic distinguishability. We assume that photons are only distinguishable by their
time-of-arrival at the interferometer.

Here we present major extensions to the results of Refs. [66, 67, 51]. We discuss arbitrary
input and output configuration of partially distinguishable photons, i.e. possibly multiple
photons in each input and output mode. We employ the term input configuration to refer
to fixed number of photons in each input mode and the term output configuration to refer
to a fixed number of counts at detectors located in each output mode. We use symmetry
arguments to show that, if there are multiple photons in some input or output modes, then
subspaces possessing certain symmetries do not appear in the Hilbert space decomposition.

One of the aforementioned works [51] provides a procedure to calculate coincidence rates
for arbitrary total number of photons. Crucial to the procedure is the factorization of the
coincidence rate into a matrix product [67, 51]. One of these matrices, called the rate matrix,

features in other partial indistinguishability theories [62, 59, 60]. The elegant decomposition



of the rate into a matrix product provides insights into the symmetry of the coincidence rate
because the symmetric group links partial distinguishability to representations, and allows
for the expression of the rates in terms of immanants. Unfortunately, it is not shown that
the Tillman et al. [51] procedure is correct and works in all cases.

In this thesis, we fill this gap and extend their results by providing procedures to un-
derstand coincidence rates at the output modes of a passive interferometer for any given
input and output photon configuration, and proving that these procedures work. We show
that for any input and output configuration, the coincidence rate can always be factored.
Furthermore, we prove that the rate matrix carries a representation of the symmetric group,
and hence can be block-diagonalized by standard methods [68], leading to the expression of
the coincidence rates in terms of immanants.

We use symmetry arguments to show that if there are multiple photons in some input or
output modes, then subspaces possessing certain symmetries do not appear in the Hilbert
space decomposition. Hence, given knowledge of the distinguishability of the input photons,
we are able to identify which immanants appear in the coincidence rate expression using
physical arguments alone. Finally, we discuss how the problem of reducing the rate matrix to
block diagonal form can be cast as an eigenvalue problem using class operators. This implies
in particular that when some subspaces are known to be excluded by symmetry arguments,
one can better focus the computational resources on the relevant subset of eigenvectors and
related immanants.

We also show that, under a rearrangement of photons at the input of the interferome-
ter, the coincidence rates at the output of the interferometer are covariant (but generally
not invariant): the rates are expressed in terms of the same immanants but with different
coefficients. We show these coefficients transform linearly under the rearrangement of the
input photons. Therefore, once the rate for one input is known, the rates for any permuted
input is easy to calculate. We also discuss the transformation of rates under permutation of

modes.



Our formalism thus provides an intuitive qualitative understanding of how the permuta-
tional symmetries of distinguishable photons determine their interference. Our approach can
be used to better understand the effect of partial distinguishability in modeling passive inter-
ferometry experiments aiming to perform quantum information tasks such as linear optical
quantum computing [20] and BosonSampling [6, 46, 47, 48, 49, 50, 51, 34]. By exploiting
symmetries, we can also reduce some calculational tasks and provide additional insights into

relations between the coincidence rates in various situations.

1.3 Characterization of passive interferometers

The characterization of a passive interferometer is the task of estimating the unitary matrix
encoding the transformation on the input states effected by the interferometer. This char-
acterization task is essential for modeling any passive interferometry experiment, hence a
number of procedures have been developed and used to characterize passive interferometers.
Some of these have use classical light or coherent states 72, 73, 74, 75, 76, 77, 36], while oth-
ers use photon sources [73, 48, 51, 78, 79]. One prominent and simple approach to classical
light characterization is to use the transmitted intensities of a single beam of input light to
estimate the amplitudes of the interferometer matrix, and use the interference of two beams
of light (classical or coherent) with varying relative phase to estimate the phases of the inter-
ferometer matrix [74, 75, 77]. Different numerical techniques have been employed to improve
the estimate of the phases and reduce the amount of data needed for this method. Another
approach is the use the reconstruction method suitable for any quantum optical process, that
uses optical homodyne tomography of coherent states with maximum-likelihood methods to
estimate the interferometer matrix [72].

While the classical light approach is convenient due to reduced intricacy of experimental
devices and faster data collection, it suffers from a number of problems. First, the interfer-

ometer transformation is usually dependent on the spatio-temporal and polarization modes



of the input light. Therefore, the classical light sources must be mode matched with the
quantum sources used in the actual experiment. A photon source approach avoids this prob-
lem by using the same sources for both the characterization and the experiment. Second,
state-of-the-art passive interferometry experiments are done with reconfigurable chipped in-
terferometers, where the light sources and detectors are embedded on the same chip [34, 36].
On such interferometers, a photon source approach for characterization is appropriate.

One prominent and oft used photon based characterization procedure is by Laing and
O’Brien[73]. It is convenient because it uses only single and two-photon coincidence data to
characterize and data collection is efficient in the size of the interferometer. It is also not
sensitive to losses at the input and output ports of the interferometer. However, it assumes
large-number statistics on the detected photons and that photon sources are perfectly mode-
matched. The first assumption implies that the procedure ignores the random errors in the
experiment that result in an imprecise characterization. The second assumption means that
the characterization is inaccurate if the sources are mode-mismatched as is the case in state-
of-the-art passive interferometry implementations [46, 47, 48, 49, 50, 51, 34]. Variations of
this procedure have been used in other experiments [48, 51, 78§].

Here we present a procedure to characterize passive interferometers that also uses only
single and two-photon coincidence data. This procedure improves upon the Laing-O’Brien
procedure in a number of ways. We account for and correct systematic errors due to spatial
and polarization mismatches by calibrating the sources, resulting in increased accuracy of
the characterization. We increase accuracy and precision by fitting experimental coincidence
data to curves simulated using measured spectra of the sources. Despite these improvements,
because of random errors, the characterized matrix compatible with the experimental data
is not unitary. Therefore, we use a maximum likelihood technique to find the nearest unitary
matrix, as is required from the characterization procedure. To estimate the errors on the
characterized interferometer parameters, we use bootstrapping, a statistical technique that

does not assume any particular error model. In this way our estimates of the errors are
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more accurate than those procedures assuming a shot noise error model [80, 32, 51]. Finally,
we introduce a scattershot approach to data collection that improves experimental time
quadratically over the previous approach [73]. In summary, we construct a characterization
procedure for passive interferometers that is accurate and precise, reports the precision of

the characterization and only depends on singe and two-photon coincidence data.

1.4 Summoning of quantum information

Quantum summoning is the task of encoding and transmitting quantum information to a
configuration of spacetime causal diamonds such that the quantum information can be recon-
structed in any one of these causal diamonds [81, 82, 83, 84]. Quantum summoning cannot
be guaranteed to work for every configuration of causal diamonds because quantum informa-
tion cannot be copied [85, 86, 87, 88| or transmitted superluminally [86]. Summoning is only
possible for a configuration of causal diamonds if every pair of diamonds is causally related,
where two diamonds are causally related if the earliest point of one can communicate with
the latest point of the other [82]. Our aim is to construct efficient protocols for summoning
quantum information in any configuration of N pairwise-related causal diamonds.

A variety of work has been done on summoning ever since Kent introduced this task
and presented a no-summoning theorem [81]. Hayden and May [82] show that quantum
summoning can be reduced to the primitives of quantum secret sharing [89, 90, 91] and
teleportation [92, 93]. They exploited a codeword-stabilized quantum code [94] to design
a summoning protocol that is efficient in the sense that the number of qubits ) used by
the code is polynomial in N. Hayden et al. [83] proposed a continuous-variable version of
summoning and an efficient protocol to perform this task, as well as showing that optical
circuits can be used to realize summoning experimentally. In 2016, Adlam and Kent [84]
proposed a summoning task with multiple summones and provided a protocol, which employs

teleportation, to accomplish this task for the configuration being an ordered set of causal
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diamonds.

Here, we formulate quantum summoning as an interactive protocol between a possibly
dishonest prover and a verifier [95, 96, 97, 98]. Within this framework we define an oper-
ational definition of summoning, based on entanglement fidelity [99, 100], that allows the
verifier to test if the prover can summon. We present a verification test and show that it is
sound and complete.

For the prover, we develop a protocol to summon a qubit in any valid configuration
of causal diamonds. Our protocol uses a Calderbank-Shor-Steane (CSS) code [101, 102],
constructed from the relation between graphs and linear algebra [103, 104], to encode one
logical qubit into O(N?) physical qubits. Our code is a qubit version of the homological
continuous-variable quantum error correcting code [83] and corrects erasure errors that occur
in summoning.

We provide a procedure to construct the encoding and decoding circuits for our CSS
code for arbitrary N. The number of qubits ) used by our protocol is reduced by a factor
of two compared to the previous best, and the number of quantum gates G is reduced from
O (N3) to O(N?) [82]. Our decoding procedure has gate complexity O(N). We discuss
how to efficiently implement these circuits using passive interferometry. These results are
significant in that we complete the quantum summoning protocol [81, 82, 83] by providing
both encoding and decoding schemes, a method to optically implement these circuits, and

analyze the quantum resources required to summon.

1.5 Overview of chapters

This section outlines the contents of the chapters to follow. The research presented in
this thesis requires knowledge of quantum optics, group theory, and quantum error correc-
tion codes. Therefore, the next two chapters present the necessary background information

needed to understand my work.
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Chapter 2 provides the mathematical foundations of passive optical interferometry and
group theory, required for understanding my advances towards the symmetries of coincidence
rates and the characterization of interferometers. We describe multi-mode multi-photon
states, the action of interferometers, photon counting detectors and coincidence rates for
some simple cases. We also define actions of the symmetric group on photonic states and
show that this results in a representation of the symmetric group.

In Chapter 3, we start with a description of the summoning task. Next we provide some
mathematical tools underpinning quantum error correction that are needed to develop our
summoning code. In the rest of the chapter we discuss an isomorphism between graphs and
linear spaces, also required for our summoning code.

We introduce our result on the symmetries of coincidence rates in passive interferome-
try [1] in Chapter 4. I prove two key theorems that form the basis of a procedure to express
any coincidence rate in terms of immanants. We illustrate our results with a fully worked
out example of four photons in three modes. We conclude the chapter with two additional
results about how the rate changes under a permutation of the photons or the input modes.

In Chapter 5, we present our procedure to characterize passive interferometers [2]. We
explain what experimental data has to be collected for the characterization. We then explain
the computational steps that lead to an estimate of the matrix representing the action of
the interferometer. Finally, I explain the bootstrapping procedure required to estimate the
random errors in the characterized matrix.

Chapter 6 presents our results on summoning. We formulate summoning as an interactive
protocol. We present a quantum error correcting code that can be used to summon quantum
information in any valid set of causal diamonds [3]. We rigorously prove that the code is a
stabilizer code and provide encoding and decoding procedures between the logical space and
code space. Finally, we provide a verification procedure for summoning.

Concluding remarks are given in Chapter 7. I suggest some possible extensions of the

work presented in this thesis.
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Chapter 2

Background on passive interferometry

In this section, we provide the necessary background on passive interferometry. In Sec. 2.1
we formally define our model of passive interferometry experiments. In Sec. 2.3 we define the
action of the symmetric group on photonic states. We will use Fig. 2.1 to provide examples

of our description of passive optical experiments.

2.1 Passive interferometry

We define multi-mode multi-photon states, the action of the interferometer and the behavior
of photon-counting detectors. We will discover that any passive interferometry setup, such
as the examples shown in Fig. 2.1, can be described using four pieces of information: the
path of the photons (encoded in the strings i and wv), the temporal state of the photons
(encoded in the string 7), the measurement result (encoded in the string p) and the action

of the interferometer (encoded in the matrix U). We describe and discuss each of these now.

2.1.1 Photonic states

Photonic states are defined using the monochromatic photonic creation and annihilation

operators, a;(wg), a;r- (wy), for modes i, j and frequencies wy, wy, satisfying the canonical com-
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Figure 2.1: An interferometer (hexagon) with three inputs (left edges) and three outputs
(right edges). The numbered and unnumbered circles represent photons at the input and
output modes. The photons at the input are numbered as their distinguishability can be
controlled but those at the output are unlabelled as the detectors only count the number of
photons in each output mode. The input states in the three examples are (a) [211;1123; 1),
(b) [211;1213;7) and (c) |121;2213; 7).

mutation relations,

[ai(wk), a;(wl) = 0,0 (wp — wy). (2.1)

Realistic photons are not monochromatic, but rather have a frequency spectrum captured

by a complex-valued function ¢(w). A single photon pulse in mode ¢ has state

15557) = A0} = [ dwo)e a0} 22)

where A;(7) is the creation operator of a photon pulse that arrives at the interferometer at
time 7.

The state of n photons in m modes is specified using the mode-occupation string, the
photon-occupation string and the distinguishability string. We label an input configuration
by two strings. The first string n, called the input mode-occupation string, records the
number of photons in each input mode. The string n is of length m, and n; is the number of
photons in mode i € {1,...,m} and ) n; = n. For the three examples in Fig. 2.1, n is 211,
211 and 121, respectively. If the photons are all indistinguishable this is all that is needed
to describe the configuration of the photons.

If the photons are distinguishable, more information is needed. The string v, called the

photon-occupation string, stores in which mode each photon is placed. The string v is of
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length n, and v; is the mode occupied by the i-th photon for i € {1,...,n}. For the first
example in Fig. 2.1, v is 1123 because the first two photons are in the first mode while the
third and fourth photons are in the second and third mode respectively. For the other two
examples, v is 1213 and 2213 respectively. The string v contains all information needed to
label the configuration of distinguishable photons. The string n can be found if v is known,
but we specify both in order to simplify mathematical expressions that appear in this paper.

Photons have degrees of freedom besides path such as spectra, polarizations, times of ar-
rival at the interferometer, etc. Therefore, to define a multi-mode multi-photon state we need
to specify the labels of each of these degrees of freedom. We assume that the distinguishing
degrees of freedom are under the experimentalist’s control and the distinguishability of the
photons with respect to each other can be controllably tuned. To keep the analysis simple
we only model one such degree of freedom, the time-of-arrival of the photon at the interfer-
ometer. The time-of-arrival of the photons at the interferometer is stored in the length n
string 7, where 7; € R is the time-of-arrival of the i-th photon.

Using 17, v and T we can define the state of n photons in m modes as
mvir) = — ] AL, 7)00) 23
N

where \/LN is the normalization of this wavefunction that we evaluate in the proof of Proposi-

tion 1 in Sec. 4.2. The input states of the three examples shown in Fig. 2.1 are [211;1123;7),

|211;1213; 7) and |121;2213; T), respectively.

2.1.2 Interferometer

The next aspect of the passive interferometry experiment to be described is the interferome-
ter. An optical interferometer is a device that allows for the interference of light in different
modes. Loss and dephasing are two errors that exist in any realistic interferometer. In a

simplified model of the interferometer [73], it is assumed that the light undergoes losses and
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dephasing in the input modes, followed by a unitary transformation from the input modes
to the output modes, and ending with further losses and dephasing in the output modes.
A realistic interferometer transformation may depend on the frequency of the photons, on
the time-of-arrival of the photons or other internal degrees of freedom of the photons. How-
ever, we assume that these variations are negligible. The factorization of the errors and the
transformation effected by the interferometer allows for the use of finite sized matrices to
represent the interferometer action.

For an m-mode interferometer, the m x m matrix U" describes the unitary part of the
overall transformation, while the m x m matrix U describes the transformation including
the errors at the input and output modes. The interferometer transforms the input creation

operators to output creation operators according to

a;'r,in(wj) = Z Uikai,out(wj)v (24)
k=1

where, in Uy, the first index ¢ denotes the input mode and the second index k denotes
the output mode. Elsewhere in this manuscript, for typographical reasons, we suppress the
subscripts ;, and ¢ on the creation and annihilation operators as the difference is clear from
context. For a three-mode interferometer shown in Fig. 2.1, U is a 3 x 3 matrix that is
identical for all three examples.

The matrix U" is constrained by
Ut = Uiyt = 1. (2.5)

For instance, for the a two-mode interferometer, commonly called a beam splitter, we have

y e~ 21(01+03) g %2 —e—31(01=03) gjpy %2
U = o . (2.6)

e2i(01=03) gipy %2 e3i(01+0) ¢ %2

The matrix U" is not unique, if the input state is not entangled in photon-number and
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only photon-counting measurements are performed on the output state as described above.
Under this promise, phase shifts at the input or output of the interferometer will not change
the measurement outcome probabilities. Therefore, for any given diagonal unitary matrices
Dy and Ds, that describe input and output phase shifts, D;U"D,, is equivalent to U". In
other words, we have an equivalence class of matrices to describe a given interferometer. We
can now define for each equivalence class a representative element that will be useful for our
work. We will assume that the representative element has its first row and column consist

only of real numbers. Then the entry
U;; = ti]’eieij, ti]’ S [0, 1], eij € (—71', ’/T], (91'1 = O, 91]' =0 VZ,] € {1, 2, N ,m} . (27)

The signs of the arguments are defined as

(
—1 if Qij < 0,
sgnby; = {0 if 6;; = 0, (2.8)
1 if 0;; > 0.

The restriction on the first row and column admits the following parameterization of U",

U": =B x AxG, (2.9)
where
1 0 ) 0
0 0
B = Vi , (2.10)
: : - 0
0 0 . \VBm
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S T 1
A= 1 a22?1922 o anéme , (2.11)
1 ayee?2 . aq,,,elfmr
Vi 0 0
o (? \/% .0 (212
0

0 0 ... \VIm

In this way, the parameters {;} , {c; }, {0;;} and {7;} specify the class representative unitary
matrix U" describing a given interferometer.

In order to account for the losses at the input and output modes of the interferometer,
I introduce additional parameters. The loss of photons can be described by the probability
of photon transmission, and the parameters v; and k; capture these probabilities for input
mode ¢ and output mode 7, respectively. We ignore any dephasing at the input and output
modes of the interferometer, as dephasing is modeled by phase shifts which do no affect
photon-counting statistics.

In summary, the transformation effected by a unitary interferometer with losses at the

input and outputs is given by a matrix U, which has elements

Uij = VEUij\/vj (2.13)
= \/"Q—i\/Eaijeieij\/fy_j\/V_ja /ﬁ:iaﬂi7aij7ﬁ)/jvl/j € [07 1}751 = 17
Hij € (—71',71'],91'1 = 0,91]' =0 VZ,j € {1,2, . ,m} . (214)

For the purpose of characterizing interferometers, we will require a notion of distance on
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the space of general linear matrices. The Frobenius norm of a m x m matrix A is defined as

|A|lr = (2.15)

This can be used to define the Frobenius-norm distance between matrices U and V' as

dist(U, V) = [|U = V|[p = | > [U;j — Vil (2.16)

ij=1

This is a symmetric, positive-definite and subadditive distance function.

2.1.3 Measurement scheme

Finally, we outline the measurement scheme. We treat the detectors at the output of the
interferometer as devices that count the total number of photons in a mode regardless of when
they arrived at the detector. The lack of information about the paths of the photons through
the interferometer generates the observed interference between the photon paths [56]. This
is why, for instance, the photons at the outputs in Fig. 2.1 are not labelled.

Much like the input mode-occupation string, the number of photons detected in each
output mode are collected in a output mode-occupation string g, where p; is the number of
photons detected in the ith output mode and ), ; = n. The measurement operator M,, is

defined using the length n string

Then the measurement operator

—_ PR 2... 2
M= !, ,un!/dw1 danfpln)l"- ol

af, (1) - al (w)]0)(Olag, (W) -+~ ag, (wa),  (2.17)

20



where the ¢(w;) specifies the spectral range of the detectors. Usually, this spectral range is
much broader than the spectral width of the photonic wavefunction [105, 47], and therefore
everywhere we make the assumption that ¢(w;)p(w;) = ¢(w;).

If the state |n;v; T) is measured, the probability Pr(u|n; v; ) of outcome p is
Pr(p|n;v;T) = (m;v; 7| Myln; vs 1), (2.18)

The coincidence rate is the probability of an outcome at the output of an interferometer.
Given an m-mode n-photon state |n, v; 7) and an interferometer described by the matrix U,

then for the output event p, the coincidence rate is
Cog(T) = (n,0; T|UTM,U|n, v; 7). (2.19)

This completes our mathematical description of passive optical interferometry.

2.2 Coincidence rates for one- and two-photon inputs

For some our analysis in later section, I will need the coincidence rate for one and two photons
inputs. In this subsection, these rates are presented, using the results of the previous section.

The case for single-photon input is rather simple, as there is no interference. Moreover,
the time of arrival of the photon does not matter. Assuming the photon starts in input mode
i (v =1), the probability of detecting in output mode j (& = j) is just the modulus squared

of the interferometer matrix entry,
G = Uyl" = KB iy, (2.20)

where we drop the 7 argument on the left hand side because it is not needed.

A more complicated case is when two photons, with controllable delay between their
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arrival at the interferometer, are interferred. If the pair of photons start in input modes ¢
and ¢ (v = i7’), with times of arrival 0 and 7 respectively, then the probability of detecting

them in output modes j and j' (& = j5) is [106, 107]

Ciinjjr (T) = Kikiar Bi By vivy [(of oy + oy o) /dwldwz|¢1 (wi)Pa(w2)|?
+26041';'04@'/3'/041’]‘/04@"]'/dwldw2¢1(W1)¢2(W2)¢1(w2)¢2(w1)

X COS(CL)QT — W T+ eij — 02-3»/ — Gi/j + Gi/j/)]. (221)

In this expression, I have relaxed the assumption made previously that the photons are only
distinguishable by their time of arrival at the interferometer. First, I have introduced a
labelling for the spectral functions signifying that this expression treats the two photons as
distinguishable in their spectra. I have also introduced the additional parameter ¢, called
the mode-matching parameter, which is used to describe any additional distinguishability
that the photons might have besides time of arrival or spectra [106]. The mode-matching
parameter, ¢ = 1 when the two photons are perfectly mode-matched and ¢ = 0 when they
are completely distinguishable from each other. The effect of the mode-mismatch parameter

on the coincidence rate is illustrated in Fig. 2.2.

2.3 Permutation of photons and modes

In this subsection we employ the symmetric group to formally define the permutation of
photons and modes. The symmetric group S, is the group of all n! permutations of n
objects. The objects can be the n photons in the system, or the n possible modes of the
system.

The state of n photons (2.3), described by the product of n bosonic creation operators,

allows for the definition of the actions of the symmetric group .S,, on photonic states. Given
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Figure 2.2: Plots of coincidence probability versus time delay for different values of v for a
lossless balanced beam splitter. The time delay 7 is in units inverse special width of incoming
photons.

an element o € S, the action P, on an n-photon state is defined as

1
Pyln;viT) = TN HALU@ (7:)[0)

= |n; Pous 7)), (2.22)

where P,v is a reordering of the entries of v. There are N = n!/ ][, n;! distinct permutations

of v. We arbitrarily order and collect these N permutations in the set
T={o',.. o }. (2.23)

The elements of the symmetric group transform between the N states (2.23) with mode-
occupation 1. The input shown in Fig. 2.1b is related to the canonical input (Fig. 2.1a) by a

permutation of the photons. Specifically, the second and third photons have been swapped,
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which is apparent by comparing v = 1123 and v’ = 1213. Formally, we have the relationship

Progy)|211;1123; 7) = |211; Pra3)1123; 7)

= |211;1213; ), (2.24)

where o = (23) € S, because it is a system of four photons.
We also define @), the action of the symmetric group on photonic states that permutes
modes. To describe all mode permutations of m-mode states we require the symmetric group

Sm. Given an element o € S,,,

1
Qalmvim) = — [T 45 )00)

= |Qom; Qov), (2.25)

where @), n reorders the entries of  and Q),v maps v; to o(v;). The input shown in the third
example Fig. 2.1c is related to the canonical input by a permutation of the input modes: the
first and second modes have been swapped, which can be determined by comparing their

photon-occupation strings. Formally, we also have the relationship

Qu)211;1123; 1) = [Q2)211; Q2)1123; T)

= |121;2213; 1), (2.26)

where ¢/ = (12) € S5 because the example in Fig. 2.1 is a system of three spatial modes.
Results from representation theory of the symmetric group will be required in Chap-

ter 4. The action (2.22) naturally leads to an N-dimensional representation of S,,. For the
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permutations o € S, its representation I'(¢) has entries

1 if B,o' =,

0 otherwise.

Any representation of the symmetric group can be decomposed into a sum of the irre-
ducible representations (irreps) of the symmetric group. The irreps of S,, are in one to one
correspondence with the conjugacy classes of S,,, where each conjugacy class can be labelled
by a partition of n. Partitions can be graphically depicted by Young diagrams, so each irrep
of the permutation group can be labelled by an n-box Young diagrams. A standard Young
tableau is an n-box Young diagram filled with {1, ..., n}, such that numbers strictly increase
across rows and columns. A semi-standard Young tableau is an n-box Young diagram filled
by n, possibly repeating, positive integers such that the numbers strictly increase across
columns and weakly across rows.

I will express coincidence rates in terms of immanants, which are matrix functions as-
sociated with the irreps of the symmetric group. The irrep labelled by Young diagram A is

associated with the immanant

imm* = Z o) (H Tw(i)) : (2.28)

O—ES’VL

where x*(o) is the character of the permutation o in the irrep \.
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Chapter 3

Background on relativistic quantum

summoning

In this chapter we provide the background required to develop our results on quantum sum-
moning in Chapter 6. We explain the quantum information processing task of summoning
and the conditions for the configurations to make summoning feasible [81, 82, 83]. Then we
give the background knowledge on stabilizer quantum error correcting codes [108], especially
CSS codes [101, 102]. We introduce the relation between graphs and binary vectors [103],

which is useful for the construction of the CSS stabilizer code.

3.1 Summoning

Summoning is an information processing task involving two parties, Alice and Bob [81, 82,
83]. Bob’s role is to provide the quantum information to Alice and to designate where the
quantum information is to be summoned and Alice’s role is to summon quantum information
at the designated spacetime location. Associated to each request point y is a reveal point z,
that is in the causal future of y. The intersection of the future light cone of y with the past
light cone of z, is called a causal diamond, expressed as 0 We label causal diamonds and

show a label ¢ in the diamond as @ Besides the request and reveal points, Alice and Bob
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® starting agent

@ request agent

e reveal agent

T referee

Figure 3.1: Three causal diamonds (red, blue and purple) in spacetime. A referee, a starting
agent, three request agents and three reveal agents are arranged in spacetime. An arrow
represents a quantum communication channel from one agent to another agent, and a line
segment between two agents represents a classical channel from one to the other. The referee
sends a quantum state |¢) to the starting agent, and randomly chooses y to send a classical
request to A,,. The starting agent encodes |¢) to three qutrits and distribute them to three
request agents respectively. A,, sends her qutrit to A.,. Receiving no request, the request
agents at y; and y3 send their qutrits to A,, and A,, respectively. Hence, A,, receives two
qutrits and decodes the state [¢)).

also agree upon a starting point s, where Bob provides the quantum information to Alice.

Alice and Bob can arrange their agents at various points in spacetime prior to the start of
summoning [83]. Bob designates one agent to be the referee who sends quantum information
to point s and classical information to all the request points. Alice designates one agent to
be the starting agent S, who is situated at point s, and she delegates agents to each request
and reveal point. We label the agent at point x by A,. Figure 3.1 shows an example of
Alice’s and Bob’s agents arranged in spacetime.

When summoning starts, the referee prepares a quantum state

Y) € H, (3.1)
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where 7 is a finite d-dimensional Hilbert space [82], and transmits |¢) to the starting agent.
Alice and all her agents do not have any knowledge of [¢)). The referee randomly chooses
one request point, say y, and sends the request only to A,. Then Alice’s task is to present
the quantum state |¢) at the corresponding reveal point z,, by her agents’ collaboration.

N
Given a set of causal diamonds {@} , summoning might be infeasible [81] due to the
i=1

restrictions of both the no-cloning theorem [85, 86, 87, 88] and no superluminal communica-

tion [86]. Summoning is possible if and only if the following two conditions are satisfied [82].

C1 All reveal points are in the causal future of s.

C2 Each pair of causal diamonds is causally related, which means that there exists a point
in one causal diamond that is causally related with at least one point in the other

causal diamond.

We call a set of causal diamonds satisfying these two conditions a “valid configuration” for
summoning. We represent a configuration of causal diamonds by a graph G as follows [82, 83].
We assign each causal diamond to a vertex and use the label of the causal diamond to label
the vertex. If two causal diamonds are causally related, an edge e is inserted between the
two corresponding vertices in G. A valid configuration of N causal diamonds is represented
by an N-vertex complete graph denoted by K, for which each pair of vertices is connected
by an edge [103].

In Fig. 3.1, we present an example of using quantum secret sharing [89, 90, 91| to summon
quantum information [82]. After receiving a qubit |¢), the starting agent encodes [¢) into
three qutrits [89] and distributes the three qutrits to the three request agents. If A, (i =1, 2,

or 3) receives the request, then the request agent sends her qutrit to the reveal point
2 = 2y, (3.2)

Otherwise, she sends her qutrit to the reveal point z;_1)meda3.- In such a way, no matter

which request agent receives the request, the associated reveal agent receives two qutrits to
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retrieve the original qubit ).

3.2 Stabilizer codes

In this subsection, we begin by introducing the Pauli group and the representation of Pauli
operators using binary vectors. We explain the parameters characterizing a quantum error
correcting code and the definition of erasure errors. Then we explain stabilizer codes [108],
specially CSS codes [101, 102]. Finally, we show the encoding of a stabilizer code.

An n-qubit Pauli group [109] is

gn = :IZ{IuX7 Y7 Z}@TL? (33>

where

X = , 2= ,and Y = ZX. (3.4)
10 0 -1

The Pauli group module sign is isomorphic to a cartesian product of binary vector spaces

according to

Ip: GoLo — L x Ly : Q) 2" X" [u v} : (3.5)
i=1
where
U= [Up .. Uy, V= [Ur. 0] (3.6)

Two Pauli operators represented as binary vectors, [u v} and {u’ v’} , mutually commute
if and only if [109]

u-v'+v-u =0, (3.7)

where - is the indefinite inner product

u-v = Zuivi € Zo. (3.8)

i=1
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Otherwise, these two Pauli operators anti-commute with each other.

In quantum error correcting codes, [[n, k,d]|] denotes a quantum code, where k qubits
are encoded into n qubits, and d is the distance of the code [109]. Given a Pauli operator
P € G, the weight of P is the number of nonidentity single-qubit Pauli operators, i.e., X, Y
and Z in the tensor product P. The distance of a quantum error correcting code is the

minimum weight of a Pauli operator P such that

(i Plj) # C(P)dij, (3.9)

where |) and |j) are basis elements of the code, C(P) is a constant depending on P, and d;;
is the Kronecker delta function. When transmitting a block of n qubits, if ¢ qubits (¢t < n)
are lost or never received, while the other n — ¢t qubits are undamaged, then the errors at
these t qubits are called erasure errors [110].

A stabilizer code [108] is the simultaneous eigenspace of all the elements of an Abelian
subgroup S of G,, with eigenvalue one. A generator set of S is a set of independent elements
in & such that every element of S can be expressed as a product of the elements in this
generator set. An [[n, k,d]] stabilizer code has n — k independent stabilizer generators, each
of which can be represented by a 2n-dimensional binary vector. The [[n, k, d]] stabilizer code
is characterized by an (n — k) X 2n stabilizer generator matrix, where each row represents a
stabilizer generator.

Now we introduce CSS codes, which are a type of stabilizer codes. A CSS code [101, 102]

is specified by two classical linear codes C; and Cs, where C; is a subcode of Cy, i.e.,

C, C Cy. (3.10)

Each basis element of a CSS code corresponds to a coset [111] of Cy in Cy, where the basis
element is an equally weighted superposition of all the codewords in the coset. A CSS code

is a stabilizer code whose stabilizer generators are either tensor products of X operators and
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identities, or tensor products of Z operators and identities [108]. Hence, the CSS stabilizer

code is characterized by an (n — k) x 2n stabilizer generator matrix

H, 0
7 , (3.11)

0 Hyx

where H; and Hx are two matrices, and the Os are appropriately sized zero matrices.

Here we explain the encoding of a stabilizer code with stabilizer S. The Pauli operators
that preserve the stabilizer code space but act nontrivially on the encoded state are the
logical Pauli operators on the encoded state [108]. The logical Pauli operators commute
with all stabilizers in S but lie outside S.

For an [[n, 1,d]] stabilizer code with stabilizer S, we denote Z and X as the logical Z

and logical X operators on an n-qubit encoded state. Suppose

Z o) = liho), (3.12)

and
(M}

are n — 1 independent stabilizer generators of S. The encoded logical states are [108]

o) = [T+ M) lvo), (3.13)
and ) »
H (I+ Mo} = [ T( + Mi) X [uo). (3.14)

Equations (3.13) and (3.14) indicate how to encode one qubit by a stabilizer code.
We have discussed quantum error correction, especially stabilizer codes in this subsection.

Next we study the close relation between a graph and a binary vector, which provides a
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powerful tool to construct our CSS stabilizer code.

3.3 Graphs and linear algebra

In this subsection, we begin by defining graphs and the binary linear space. After explaining
these two concepts, we describe an isomorphism from sets of edges of an n-vertex graph
to binary vectors with length (;L) [103]. Our approach is inspired by homology theory to
construct quantum error correcting codes [83, 104]. Finally, we present the examples of
triangle graphs and star graphs.
A graph [103]
G:=(V,E) (3.15)

comprises a set of vertices V' and a set of edges
ECV xV. (3.16)

One example of a graph is the n-vertex complete graph, K,.

To explain the binary linear space, we introduce GF'(2), which is the smallest finite field
containing two elements {0, 1}, together with addition and multiplication operations [112].
The linear space [111] over field GF(2), denoted by Z7', is a set {0, 1}, together with vector
addition,

bR ID — T, (3.17)

and scalar multiplication,’

GF(2) x 7y — 7. (3.18)

Next we explain the relation between an edge set E of a graph GG and a binary vector with

length (“2/'), where |V| is the cardinality of V.

'Note we use - for the scalar multiplication only in Eq. (3.18) and Table 3.1. After this subsection, we
use - only for the indefinite inner product.
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Given K, = (Vk, Fk), the power set of Ef, which is the set of all the subsets of Ef,
forms a binary linear space & [103]. The power set of Ef is denoted 28, For U, U’ € 2«

the addition of U and U’ amounts to the symmetric difference of U and U’,
U+U =U0uU)\(UNU"). (3.19)
The empty set @ is the zero element and
VU € 2Px U =T. (3.20)

For @ and @, an edge e;; is a unit vector in &, and e;; = e;; because we are dealing

with undirected graphs. The set of edges

{eij}1§i<j§n (321)

n

forms an orthonormal basis of &. As (2

) edges exist in K,

dim & = (Z) (3.22)

(3

Now we show that & is isomorphic to Z, ) [103]. Given any U € &, an isomorphism is

IGzé"—>Zgg):Ub—>’u,:[ul...u<n)], (3.23)

2

where

{u} )

are the coefficients of U with respect to the basis in Eq. (3.21). The isomorphic mappings
of the vector addition and the scalar multiplication are shown in Table 3.1.

Here we introduce two types of (Z) -dimensional binary vectors and two linear subspaces
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A +Ay,=[011110] A +A;=[101101]

Figure 3.2: For n = 4, (a) the triangle graphs representing T} (2 < j < k < 4), (b) the star
graphs representing A; (1 <1 < 3) and (c) the graphs representing A; + A,, (2 < m < 3).
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spanned by these two types of vectors as examples of the isomorphism (3.23). These examples
are used later for the construction of the CSS stabilizer code. The two types of vectors in ZgZ)
are

Ty = eij + e, + ey, Aj = Z €15, (3.24)

1<i<n,l#j
where e;; is the unit vector Z;(e;;). From the isomorphism (3.23), these two types of vectors
can be represented by two different types of graphs. Tjj; is represented by a triangle graph

connecting vertices
{@, 5 @} : (3.25)

and A; is represented by a star graph with vertex <7> connected to every other vertex.

We construct the linear space,
Cy=span{A;, Ay, ..., A, 1}, (3.26)
spanned by n — 1 linearly independent {A;}, and the orthogonal linear space,
Ci = span {T123, Tioa - - -, T2y Tizar -, Tin1n} (3.27)

spanned by ("gl) linearly independent {T};.}. The elements in Ci- are represented by Eu-

lerian cycles (graph cycles that use each edge exactly once) [103]. Meanwhile, C; comprises

& z{?)
+ | (uuH)\(UnU) u+u
| 0U=0,1U=U |0u=0,lu=u

Table 3.1: The mapping of the vector addition and the scalar multiplication on & to those

(2)

operations on Zs

35



vectors orthogonal to all vectors in Ci- [103], i.e.,
¢i=(Ch) (3.28)
We introduce an (n — 2)-dimensional linear subspace of C;
Co:=span{A; + Ay, Ay +A3..., A1+ A, 1} CCy. (3.29)

Figure 3.2(a), (b) and (c) depict the graphs representing bases of linear spaces Ci-, C; and Co
respectively for n = 4.

This subsection has shown that the power set of the edge set of an n-vertex complete
graph forms a binary linear space, isomorphic to Zgg) Hence, we have constructed a graph
representation of any (72‘) -binary vector. The examples given in this subsection are useful for

constructing our CSS code for summoning.
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Chapter 4

Permutational symmetries for
coincidence rates in multi-mode

multi-photonic interferometry

4.1 Introduction

In this chapter we present our results on the analysis and simulation of passive interferometry
experiments. Our aim is to show that the interference of partially distinguishable photons
can be explained by the permutational symmetries of the input photons. Interference of
photons is studied via their coincidence rates, i.e., the probability of observing different
output events. Interference or the coincidence rates are a function of distinguishability of
the input photons [57, 67]. Here, we show that for any multi-mode multi-photon input state,
the coincidence rate can be expressed in terms of immanants. Immanants are functions with
definite symmetries and we show that only those immanants appear in the coincidence rate
expression that share symmetries with the input state. In this way, we are able to connect
the symmetries of the input photons with their interference.

This chapter is laid out as follows. Section 4.2 presents and proves a theorem that states
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that for any input state and detection, the coincidence rate can be factorized as a product
of matrices. This is important because it paves the way for the application of the (matrix)
representation theory of the symmetric group to analyze coincidence rates. Section 4.3 shows
that the photonic Hilbert space can be decomposed into a set of subspaces with definite
symmetries. Using this decomposition, we prove a theorem stating that the coincidence rate
matrix product carries a representation of the symmetric group. This result is exploited
to reduce the coincidence rate into a sum of the irreducible representations (irreps) of the
symmetric group. Finally, we use the fact that immanants span these symmetric subspaces
and irreps to express the rate in terms of immanants.

Following these two technical results, we show the power of our decomposition by ana-
lyzing an example in Sec. 4.4. We work out the details of this example exhaustively to show
the coincidence rate for one particular output event. The section concludes with an analysis
of this rate, showing how it can be used to unearth multiple regimes of distinguishability
with qualitatively different interference behavior. We conclude this chapter with two short

sections, 4.5 and 4.6, detailing two additional minor results.

4.2 Coincidence rates for arbitrary inputs

In this section, we present our first technical result, suggested in Refs. [67, 51]. In this way

of calculating the coincidence rate, it is expressed as
C(t) = u'R(7)u, (4.1)

where u is a vector, called the interferometer vector, which depends only on the properties
of the interferometer, whereas the rate matrix R captures the effects of the time-of-arrival of
the photons on the coincidence rate. Our work generalizes the terminology and formalism of
previous work which was restricted to one photon in each input and output mode [67, 51],

to systems with arbitrary number of photons in each input and output mode. This is the
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content of the following theorem.

Theorem 1. Given an m-mode n-photon state |n,v;T), an interferometer described by the

matriz U, and the output event w, the coincidence rate (2.19) is
Cpe(T) = u'R(T)u. (4.2)
Proof. The action of the interferometer (2.4) on the state (2.3) results in the state

Univir) = Y [[ Vo5 7), (4.3)

v'e{l,..m}" k=1

the superposition of all possible states with n photons. Here we have suppressed the nor-
malization factor from Eq. (2.3) but calculate it shortly. In the sum above, the only states

|n’; v'; ) that have a non-zero contribution to the expectation value
(n,v; TIU' MU, v; 7) (4.4)
are those for which ' = u. The states for which this condition is true are collected in basis
B={|lu; P,&T):0€S,}. (4.5)

This basis set has N = n!/ [\~ i;! elements, labelled by the N permutations

T={&, . . &} (4.6)

of &. Therefore, the coincidence rate

N n n
cr)=> 1] Uy e (i € 7| M, 11 U, e, &r). (4.7)

ij=1k=1 k=1

Such a sum of products can equivalently be written as the matrix product C(7) = u'R(7)u,
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where the entries of w are

and

Rij(T) = (m; € 7| M, | p; € 7). (4.9)

Employing definition (2.17) of M,, and definition (2.3) of photonic states,
Rij(T) = /dm---dwnm‘}, (4.10)

where
n

K = O’HAgk T; H (w;)]0). (4.11)

The elements of 7 can be simplified as follows. First note that by using the definition of
the creation operators (2.2) an integral over the frequencies is obtained. This integral can

be calculated by defining for element r; the set
Ch = {0 €S, : P& = E} (4.12)

Assuming &' == £, the set () stabilizes £ and is therefore a subgroup of S,. The sets {C}}
are the right cosets of S,, with respect to Cy. Then by using the commutation relations (2.1)

the integral over the frequencies reduces to the sum

Pe= D Blen) e Blun) T - ol (4.13)

oeCly

Using this, the entries of the rate matrix turn into

1
Ry(T) = Nm/dwl'”dwn|¢(wl)|2'”|¢(wn)|2

(E 1T (1) . . gl¥nTo %n)) E e W1Te() L L g TIWnTo () | (4.14)

o'eC; &ECJ'
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where we have reintroduced the normalization factors from Eq. (2.3) and Eq. (2.17). The

normalization factor N is

n 2

N = [(m.v.rln.o. 1) = (0] ] Au(m) [T 4L ()0}

j=1

(4.15)

This expression is similar to Eq. (4.11) and can be simplified in the same way. Let C’ be

subset of elements of S, that stabilize v. Then,

2

N = '/dw1 oo dwn|d(wr) 2 plwp) [P .. glonTn Z [e—iwmm ...e—iwm(n)] (4.16)
oeC’

Hence, the coincidence rate (4.2) can be calculated from Eqgs. (4.8) and (4.14). O

Theorem 1 provides convenient expressions to calculate the coincidence rate. The entries
of the interferometer vector can be calculated using Eq. (4.8), the entries of rate matrix can
be calculated using Eq. (4.14), and the total coincidence rate can then be calculated using
Eq. (4.2). The rate matrix and interferometer matrix are of size N (see Eq. (4.5)). The
expressions in Proposition 1 are amenable to execution by computer code. MATHEMATICA®
code for these expressions, which was also used to do all calculations in this work, can be
found on GitHub [113].

The factorization of the rate into a matrix product follows from the linearity of the
interferometer’s action (2.4) on photonic states. The dependence of the entries of the rate
matrix on permutations arises due to swapping present in the commutation relations (2.1).
The specific form of the wavefunction that we have assumed in Eq. (2.3) is not important, as
the same factorization of the rate happens for photons distinguished by (one or more) other
non-path degrees of freedom.

Expressing the rate in the form (4.1) is attractive for a number of reasons. First, this
form separates the effects on the rate of the interferometer and the time-of-arrival of the

photons. The interferometer vector u depends only on the entries of the interferometer
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matrix U but not on the time-of-arrival of the photons. In the basis B (4.5), the entries of
the interferometer vector are the amplitudes of the transitions from the input state |n; v; T)
to the states B associated with the output event p.

The rate matrix R, a square Hermitian matrix, depends on the time-of-arrival of the
photons, which determines their distinguishability. The entry R;; of the rate matrix is
determined by how distinguishable are the ith and jth transitions whose amplitudes are
recorded in the interferometer vector. The rate matrix does not depend in any way on the
input configuration of the photons. For a fixed output event such as p, the rate matrix
is the same irrespective of the input. For instance, for all inputs shown in Fig. 2.1, and
for any other input of four photons which are not related by permutations to them (say
|400; 1111; 7)), the rate matrix is the same. The effect of the input configuration on the rate

expression is only felt through the interferometer vector.

4.3 Coincidence rates in terms of immanants

In this section, we show that the coincidence rates can be expressed in terms of immanants
and provide a procedure to do so. First, we show, using results from the representation
theory of the symmetric group [68], that the photonic Hilbert space decomposes into permu-
tationally symmetric subspaces. Next, we show that the rate matrix carries a representation
of the symmetric group. This representation can be reduced using the the same basis that
decomposes the photonic Hilbert space. In this basis, the entries of the rotated interferom-
eter vector can be transformed into sums of immanants. Thus, the coincidence rate can be
expressed in terms of immanants.

The Hilbert space H of photon mode-occupations of n photons in m modes is m"-

dimensional. The Hilbert space H is composed of orthogonal subspaces, where each subspace
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H* corresponds to a distinct mode occupation pu, i.e.

H=  #u~ (4.17)
1; €{0,...,n},
i Hi=T

These orthogonal subspaces can be further decomposed into permutationally symmetric
subspaces. The space H* is naturally spanned by the N-dimensional basis (4.5). This
basis defines the reducible representation I' (2.27) of S,. Using standard representation

theory methods, I' can be decomposed into a direct sum of irreps of S, [68] as

r = (4.18)

AFn

where the sum is over all partitions of n and p* is the multiplicity of the irrep A. Young
tableaux, obtained by filling Young diagrams with positive integers, provide information
about the size and multiplicity of the blocks that occur in this block-diagonalization. The
dimension d of irrep A is the number of standard Young tableaux of A\. The multiplicity
p* is the number of semi-standard Young tableaux formed using Young diagram A and the
string &. This information about the decomposition of I' is useful for determining the size
and number of blocks in the decomposition of the rate matrix (4.21) explained below.

The action of the permutation group commutes with the action of the unitary group on

photonic states [114, 115, 116], i.e.
U, P,] =0, o€ Sy (4.19)
Consequently, the space H* block-diagonalizes as

H* = (Hp H?, (4.20)

AFn

where the sum is over all partitions of n, and p* is the multiplicity of the the subspace H*,
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which is determined as above. Both I' and H* can be block-diagonalized in the same basis
that we call V. This basis can be obtained using a variety of methods, one of which is
provided in chapter 4 of Ref. [68]. An example application of this method is presented in
the next section and an implementation can be found in our reference code [113].

Now that we know how to decompose I' and the photonic Hilbert space H#, we turn to
the task of expressing the rate in terms of the immanants. To do this, we show that the rate
matrix carries a representation I'. This means, that the rate matrix can be expressed as a
linear combination of the representations of all o in S,,. The following theorem formalizes

this notion.

Theorem 2. The rate matriz carries the representation (2.27); i.e. the rate matriz may be

expressed as

R(t) =Y A (T)T(0). (4.21)

O'GSn

Proof. First note that Eqgs. (4.21) and (2.27) imply that

A (1) if P& =¢€
. (4.22)
&S | () otherwise

We show that Eq. (4.14) is equivalent to this expression. The double sum in Eq. (4.14) has

entries

/ dwr - -~ dwn|d(wn) 2 - - - [ b)) 2

% el (Tor(1)=To) . . . ol@n(To/(n) =T (n)) (4.23)

_ /dwl...dwnw(wl)w---|¢<wn>|2

x @1 To=10r) ™) L n(Tom10r () T, (4.24)
where the equality is obtained by a suitable relabelling of the {w;}. Note that from the
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definitions of o/ € C; and & € Cj it follows that (P;)"'P,.& = &. Hence, if we set
o =05"'0" in Eq. (4.24) then Eq. (4.22) is satisfied. Explicitly, by comparing Eq. (4.14) and

Eq. (4.22), it is clear that

ANs-1,(T) = /dwl o dwp|o(w) - |o(wn))?

% (eiw1TU/(1) I eiwﬂTo-’(n)) (eiiwlTﬁ'(l) oo eiiw"Ta'(n)) . (425)

]

The expression of the rate matrix in the form (4.21) implies that the basis V' that reduces
I also block-diagonalizes the rate matrix. Then, the coincidence rate (4.1) is calculated by

employing the formula

C(1) = (Vu)' [VR(T) V1] (Vu). (4.26)

In this expression, both the rotated rate matrix and interferometer vector are block-diagonal,
where each block is associated with an irrep of .S,, and is of the same size as the dimension
of the irrep.

The entries of the rotated interferometer vector Vu can be expressed as as sums of
immanants. The immanants in question are those of the scattering matrix 7', which is a
four-dimensional matrix formed by taking the v rows (input) and & columns (output) of the

interferometer matrix U. It has entries
T = Uui,gj- (4.27)

We define T, as the matrix 7" with its rows permuted by o € S,, (note ' = T¢).

The immanants of type \ are vectors in the subspace H* as they are related to the same
irreps of S,. In particular, the subspace H? is spanned by up to d distinct immanants of
type, which will happen if there is no multiplicity of photons in the input or output modes. If

there are multiple photons in any of the input or output modes, then the number of distinct
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immanants are reduced, because the number of distinct states that can be obtained by
permuting the photons is reduced. The rule for determining the actual number of immanants
of certain type A is rather simple. Count the number of semi-standard Young tableaux of A,
once using input photon-occupation string v and once using the output photon-occupation
string p: the minimum of these two counts is the number of distinct immanants of the type
A. Let this set of distinct immanants be I*

The block of Vu labelled by v can be linearly transformed to express it in terms of the
immanants I*. Explicitly, suppose the element (Vu); is associated with the irrep A. Then,
the element (Vu); is a vector in the space H*, and can be expressed in terms of the elements
of the set I*. In this way, Vu and the coincidence rate (4.26) can be expressed in terms of
immanants.

The decomposition of the rate as a matrix product (4.26) provides computational short-
cuts for calculating coincidence rates for repeated simulations of experiments in two cases. If
the interferometer parameters are fixed but the photon delays vary across simulations, then
the immanants do not change and have to be computed only once whereas the coefficients
do change between computational runs. On the other hand, if the photon delays are fixed
but the interferometer parameters vary across simulations, then only the immanants have to
be computed anew in each computational run.

This section and previous section have provided our technical results on the decompo-
sition of the coincidence rate. However, in order to follow through the calculation for a
particular system requires usage of other standard tools. Therefore, in the next section, we

calculate the coincidence rate in full detail for one particular example.

4.4 Example of four photons in three modes

In this section we analyze the example presented in Fig. 2.1a, consisting of four photons in

three modes. We calculate explicit expressions for the interferometer vector and the rate

46



matrix. We use class operator methods to find the basis V' in which the rate matrix is block-
diagonal and the entries of the interferometer matrix are the immanants of the scattering
matrix.

The experimental setup in Fig. 2.1a is described by n = 211, v = 1123, and p = 022.
The temporal state of the photons is encoded by 7 and the interferometer matrix is U. We
can use the results of Theorems 1 and 2 to calculate the coincidence rate. However, before

doing so we will employ Eq. (2.19) to give the reader some intuition. The input state,
[211;1123) = Al (r) Al (r2) Al () AL (72)]0). (4.28)
transforms under the action of the interferometer to

Ul211;1123) = (UHAI(TI) + U Al(m) + U13A§(ﬁ)>
x (U Al (T U Al (7 U5 Al (1
141 (72) + Ui Ay(72) + Uiz Az(72)
X (UzlAJ{(Tg) + U22A£(7—3) + UQgA&E(Tg))

x (UglA{ () + Usp AL (1) + UggAg(u)) 10), (4.29)

where we have ignored the normalization factor in these expressions for simplicity. We are
interested in the output event p = 022. Of the 81 terms in the expansion of (4.29), only
six correspond to two photons in each of the second and third modes, coinciding with the
six permutations of & = 2233. Only these six terms give a non-zero contribution to the
rate (2.19),

C(7m) = (221; 1123|UTM022U|221; 1123). (4.30)
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The amplitude of these six terms is w'|0)u, where the interferometer vector

and vector

Ui2U12U23Us33
U12U13U22Us3
U12U13U23U39
Ui3U12U2Uss
Ur3Ur2U23Us2

U13 U13 U22 U32

(4.31)

(4.32)

Employing the measurement operator Myys for detecting two photons in each mode the

rate (2.19) is

C (1) = u' (0]w Myzw'|0)u.

In this expression, the 6 x 6 matrix

R(T) = <0|’UJM022’UJT |0>

(4.33)

(4.34)

is the rate matrix. This expression is equivalent to the intermediate expression (4.10) of the

rate matrix in Theorem 1. The rate matrix can be calculated from this expression using

tedious calculations. We use the simplified expression (4.14) to calculate the rate matrix.
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First we note that the string & = 2233 has permutations
T = {2233,2323, 2332, 3223, 3232, 3322} . (4.35)

Using this, we can find the cosets of & = 2233. The string £ = 2233 is stabilized by the Sy
subgroup C = {e, (12),(34), (12,34)}: for instance Pj2342233 = 2233. This subgroup has

right cosets

C1 ={e, (12),(34), (12, 34)},

Cy = {(23),(132), (234), (1342)},
C3 = {(24), (142), (243), (1432) },
Cy = {(13),(123), (134), (1234)},
Cs ={(14),(124), (143), (1243)},

Ce = {(1324), (1423), (13,24), (14, 23)}. (4.36)

By definition (4.12), the elements of coset Cj, maps &* to & = €' for instance (23) € Cy acts
as P232323 = 2233.
To calculate an explicit expression for the rate matrix we assume that all photons have

an identical Gaussian spectrum,

bi(w) = —— exp (—M) Vic{l,....n}. (4.37)

(7T02)1/4 20-2

For modeling a real experiment, the rates can be calculated using experimentally measured
spectra of the input photons. Using this Gaussian spectrum and employing the expres-

sion (4.14) we find that the rate matrix is

R(T) = <R1 R, R3>, (4.38)
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where

and

Ac+ Az + Aqazzay + Ay
Aq23) + Agi243) + A2s) + Aus)
A234) + A4y + A2y + Ay
Anszy + Aguse) + Aqaz) + A1z
Az + Aqsaz) + Aqay) + Aaag)

A3y + Agizaa) + Aia23) + A(1423)

Aqa) + Aazz) + Ag) + Aoz
A3y + Agiaz) + Aazay + Agaa
Ac+ Ay + Aqazz) + Ags)
An2,34) + Ap2a3) + Az24) + A1342)
Ay + Apaay + Aqsz) + Agisag)

Aq23) + Agiazay + Apsy + Aqsg

A24y + Agi243) + Aqay + Aias)
Aq2,31) + Agi2za) + Agia23) + A(1432)
Aoy + Agi2s) + Aqaz) + A4
Aqi324) + Aqiza) + A2a3) + Agaa
Ae+ Aqs) + Aqasoa) + Ay

A2y + Agiza2) + Aes) + Asy)

Aezla

Aus) = e=o (m=m3)’
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A2y + Aizaz) + Aes) + Aaag
Ac+ Aqs) + Aqasoa) + Ay
Aqsaay + Aqizay + Aaaz) + Az
Aqg) + Apog) + Aqaz) + Agiazs)
An2,34) + Ai23a) + Agia,23) + Agiazz)

Aq24y + Ag1243) + Ay + Aaas)

An23) + Agi23ay + Aqs) + Aiag
A + Apogy + Aqsz) + Agisaa
An2,34) + Ap2azy + Agiz24) + Agiza2)
Ac+ Ay + Aqazz) + Aes)
Ara23) + Aquaz) + Aasay + Ay

Aaz) + Aazz) + Ay + Az

Az24) + D132y + A(14,23) + A(1423)
Aqsgy + Aqasaz) + Aqay + Aga)
Aqas) + Ausze) + Ay + Aasz)
An234) + Ai2a) + A2za) + Aag)
A3y + A2a3) + A2y + Ao

Ac+ Aqa) + Apzzay + Ay

—o?(m 77'2)2

A(12) =€ )

o2 (7 77'4)2

Apgy =€ )

(4.39)

(4.40)

(4.41)



—02(ra—73)2 —02(ra—74)?

A(23) =¢€ ) A(24) =¢ )

A(34) = e—a2(7'3—74)27 A(123) _ 870'2(T12+7'22+T§7T1T27T1‘r377‘21-3)7

Az = o~ (MHHrtrinnonnsnn), Apza) = Az

A(134) _ e*O'Q(7'12+T§+T37T1T3*717’4*T3T4)7 A(142) = Aqoy

A(143) = A134 A(234) — e—0'2<T22+T§+Tf—T2T3—T2T4—7'3T4)’

A(243) = A234 A(1234) _ e_02 (7’12+722+T§+Tf—7'17'2—717'4—7'27'3—7'37'4)’

2(.2,.2,.2,.2 2( 2,202, .2
_ o\ T TS TS TS —T1 T2 —T1T3—T2T4—T3T4 _ o\ T TS TS TS —T1T3—T1T4A—T2T3—T2T4
Apuz) =e (rf+rdtrdn ), Az =€ (r4rg4rt )

Y

A(1342) = A12437 A(1423) = A13247
02[(T1—T2)2+(7’3—T4)2]

A4z = A3, Apzze =€ )

—0? [(71—73)2-1-(72—74)2]

A(13’24) =e ’ A(14’23) _ e—JQ[(T1—T4)2+(T2—T3)2]_ (4.42)

This compact form of the rate matrix in terms of A, (4.25) is provided because we also want
to verify that the rate matrix carries the representation (2.27).

We take a short detour to construct this representation. Note that the Hilbert space H
of photon mode-occupations of four photons in three modes is 3*-dimensional. The Hilbert
space H is composed of orthogonal subspaces , where each subspace H* corresponds to a

distinct mode occupation wu, i.e.

H= P H* (4.43)
1 €{0,..., 4},

2o mi=4

922 " which corresponds to the output event of Fig. 2.1. These

One of these subspaces is H

orthogonal subspaces can be further decomposed into permutationally symmetric subspaces.

As the procedure is the same for all of them, we only discuss the decomposition of H%2.
The H%? subspace is 4!/(0!2!2!) = 6 dimensional. A natural basis (4.5) for this subspace

is spanned by the six distinct vectors obtained by applying the permutation operator P, to

|022;2233) for o € Sy. Using Eqgs. (4.35) and (4.5) we find that the representation I' has
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basis

B = {]022;2233; 7), |022; 2323; ), |022; 2332; T),

|022; 3223; 1), |022; 3232; T), [022; 3322; T) } . (4.44)

The action P, of S4 on this basis defines a six-dimensional reducible representation I' of
Sy (2.27). In simple terms, given any element o € Sy, I'(0) is the 6 x 6 permutation matrix
that exchanges the elements of B according to how P, acts on B.

In this basis, using Eq. (2.27), the representation of the elements of S, are

1 00 0 0O 1 00 0 0O
01 0O0O0O 0001060
001 00O 000O0T1PO0

Fe = ) F(l?) - )
000100 01 0000
000O0T1FO0 0010060
0 00O0O0T1 0 00O0O0T1
0001O0O0 000O0T1PO0
01 0000 000 0O01
0 00O0O0T1 0010060

sy = , Tagy = ;
1 00 0 0O 0001O0O0
0000710 1 0 0000
001 00O 01 00O0O
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[23) = v Day =

34 = » T2z =

[124) = ;o Tase =

[134) = ;o Taag) =

53

o
o
o o o o

e}
—_
oS o o o O

o o o O

o o o o O

)

o o o o O

o o o O




L3y =

[(243) =

L1243y =

[(1342) =

)

)

Y

)

['(234) =

[(1234) =

[(1324) =

[1423) =

o

o o o o O

o o o o O

=}

o o o O

o o O

o o O

o o o O

e}

o o o O

o o o o O

o o O




001 0O0O0 1 00 0 0O

00 0O0T1FPO0 00 0O0T1O0

0 00O0O0T1 0001O0O0
[(1432) = ;o Taosey = ;

1 00000 001000

01 00O0O 01 0O0O0O

0001O0O0 0 00O0O0T1

0 00O0O0T1 0 00O0O0T1

01 00O0O 000O0T1O0

0001O0O0 001 00O
Lso1) = ;o sz = . (4.45)

001 00O 0001O0O0

000010 01 00O0O

1 00 0 0O 1 00 0 0O

Using these representations it is easy to verify via inspection that Eq. (4.21) is true, which
means the rate matrix does carry the representation I' of S;. Therefore, in order to block-
diagonalize the rate matrix we have to reduce I' to the irreps of Sy.

The irreps of Sy are labelled by the Young diagrams rrrm, H-, HH, Ej and E (the diagram
HL corresponds to the partition 3 4+ 1 etc.). The Young diagram corresponding to each
irrep indicates the symmetries of the irrep, where the irrep is symmetric across each row and
anti-symmetric across each column. The rule for determining which irreps do occur is to
count the number of semi-standard Young tableau for each irrep using the string & = 2233.
For each of the first three Young diagrams there is only one possible semi-standard Young

tableau. These are

212[3]3], % 213] g % : (4.46)

For the last two Young diagrams, Ej and E there is no possible way to construct a valid
semi-standard Young tableau. Physically, this is because the output event p = 022, requires

symmetry in the placement of third and fourth photon since they are in the same mode, but
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Ej and E are anti-symmetric in the third and fourth boxes. Therefore, the corresponding

irreps do not occur in the decomposition. I' decomposes as

r=rroeHeH (4.47)

This can also be verified using orthogonality of characters [68]. This decomposition is also
identical to the decomposition of the tensor product (2,0,0) ® (2,0,0) of su(4) irrep; the
irrep (2,0, 0) is appropriate to describe the possible states of two indistinguishable photons,
as required by our detection scheme where output photons in a given output mode are indis-
tinguishable [68]. The Young tableau manipulations of Eq.((4.46)) are simply an application
of the well-known Littlewood-Richardson rule for decomposing tensor products of su(n) ir-
reps. The dimension of each irrep A is the number of standard Young tableaux that can
be constructed from the Young diagram A. For the irreps that occur in (4.47) the standard

Young tableaux are

112 11214 11314 112 1
1[2[3[4] 3] L2l sl S T

Based on these constructions we can infer that the irrep 7117 is one dimensional, the irrep
H is three dimensional and the irrep H is two dimensional. The sum of these dimensions
is six, the same as the size of the rate matrix and the dimension of I'.

We now find the basis which reduces I' to block-diagonal form. We use the method of
class-operators. The basis vectors for a irrep are the linear combinations of the eigenvectors
of the complete set of commuting operators (CSCO). A CSCO of symmetric group S, is

formed from the set {D,(f)} of two-cycle class operators [68],
k=2

DP = > @ (4.49)

U(Q)ESk

of the canonical subgroup chain S, D S,_1--- D S3. Using the representations of the two
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cycles we can construct the two-cycle class operators,

o o o o O
—
o
o
(@]
(@]

Dy(2) = : (4.50)

Next, the eigenbasis V' that simultaneously diagonalizes the operators {D,(f)} is found.
k=2

The eigenbasis can be found using numerical simultaneous diagonalization algorithms [117].

However, for small n, a simpler procedure is as follows. The two-cycle class operators have

eigenvalues
m

1
kP = g 5D Melde — 20), (4.51)

/=1

where each eigenvalue is labelled by a Young diagram A and ), is the number of boxes on
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the /-th row of the Young diagram A. The chains for Sy are

— =
(6) (3)

2
ERCEE

1213, -

) 3) 1)
1200, (112 gy
) 0) 1)
@ (0) (—1)
L
(0) 0) 1)
i
0) © (-

where the eigenvalue associated with each Young diagram via Eq. (4.51) is given below it.

Each of the chains of Young diagrams is associated with one simultaneous eigenvector of

{D,(f)} . For instance, the first eigenvector has eigenvalue 6 for Df)

k=2
and eigenvalue 1 for D§2>.

, eigenvalue 3 for Dég)

A simple way of finding the eigenbasis is to use the operator
4
D® =>" oD, (4.53)
k=2

where the constants a; are chosen so that D® has no repeated eigenvalues. For n < 6 the
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choice of a; =1+ 7 works. With this choice

41 21 11 21 11 0
21 32 11 30 0 11
11 11 32 0 30 21
D@ = : (4.54)
21 30 0 32 11 11

11 0 30 11 32 21

0 11 21 11 21 41

The eigenbasis of D® is

S U S H S
YV Y AR Y
1 1 1 1
0 =3 -z 3 3 0
ST U T T G
V3 2V3 2v3  2V3 2v3 V3
V= , (4.55)
T O T U T
NI VR NI
1 1 1 1
0 3 T3 T3 3 0
U U T N U
V3 2v3 2v/3 2V/3 2v3 V3

where the vectors (rows) have been ordered to match the ordering of the irreps in (4.47). In

this basis the rate matrix VR(7)VT is block-diagonal.

Irrep \/Character | x* () x* (D) x* () (?) X (E)
. 1 1 1 1 1
ma= ~1 0 ~1 1 3
M 0 ~1 2 0 2

Table 4.1: Characters for three irreps of Sy. Each row provides the characters of one irrep,
where each column entry is the character of one class of 9j.
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We now analyze the effects of the basis change V' on the interferometer matrix w. Using

Egs. (4.31) and (4.55), we find

Sl

0

0

U23U33U122 + 2U13U33U32U 12 4 2U13U20Us3U, 12 + U123U22U32

—\/§U23U33U122 - \/§U13U23U32U12 + \/§U13U22U33U12 + \/§U123U22U32
—Up3Us3U?y + 2U13Un3UsoUva — 2U13UnUssUsa + U UseUsy

\/§U23U33U122 - \/§U13U23U32U12 - \/§U13U22U33U12 + \/§U123U22U32

(4.56)

The entries of Vu can be expressed as immanants. Immanants are defined using the

characters of the symmetric group. For Sy the relevant characters are provided in Table 4.1.

The immanants are functions of the scattering matrix 7" or the matrix found by permuting

the rows of 7. Using the definition of the scattering matrix (4.27), where v = 1123 and

& = 2233, the matrix

U12 U12

U12 U12
T =

U22 U22

U32 U32

Using Eq. (2.28) and Table 4.1, we find that this matrix has associated immanants

imm™ T = 4Us3Us3UTy + 8U13U23Us2Usa + 8U13Us2Uss U + AU UnaUsa,

1mmHET = 4U122U23U33 - 4U123U22U32,

immHjjT(13) = 4U1oU13U29U33 — 4U12U13U23Us,

immH7T = AUUs3U3, — AU 3Un3Us9Usg — 4U13U20Us3U4o + AU UsaUsy,

Ul 3
Ul 3
U23
U33

Ul 3
Ul 3
U23
U33

(4.57)

(4.58)
(4.59)
(4.60)

(4.61)

where we remind the reader that T{3) is the matrix T" with its first and third rows permuted.

This is the complete set of distinct immanants of types trr, 1 and [ that can be formed
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from T, for all ¢ € S;. The set of immanants
{imm*T, : o € 54}, (4.62)

has fewer distinct elements than |Sy| = 24 because the immanants for two different o may

be be equal (up to a constant), i.e. its possible that
imm*7T,, oc imm*7T,,. (4.63)

For instance, the permanent imm="-T is fully symmetric under any permutation of the
rows of T, i.e. for all o € Sy, we find that imm™""T, = imm™"""7. On the other hand, for
half the o € 5y, imm3 T, is proportional to immHET, and for the other half imm T, is
proportional to immEjjT(lg). Finally, due to the multiplicity of photons in input and output
modes (repetition of the rows and columns of T'), for all ¢ € Sy, we find that immT, is
proportional to imm=IT.

To transform the entries of Vu into immanants, we require the help of Eq. (4.48) which
specifies the sizes of each block of the rotated interferometer vector Vu. We note that the
first block associated with irrep 111 is of size 1. The first entry in Eq. (4.56), must then
be the permanent imm=""T of the scattering matrix up to a constant. We can verify this
is so. The next block, associated with irrep H is three-dimensional. We should able to
express the second to fifth entries of Eq. (4.56) in terms of the two immanants imm™ T and

imm=T 13. The simple rotation,

0 0
L s | [T (.64
- = — 2 2 ) .
4\/6 immBjjTlg
1 -9

is indeed equal to the second to fifth entries of Eq. (4.56). The same procedure can be

followed for the final two-dimensional block associated with the irrep HH. Hence, in the basis
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V' the entries of the interferometer vector,

imm--T
0
1 —ﬂimmEET + ﬂimmBET(lg)
Vu=——= : (4.65)
4V/6 —immBT — 2immHET(13)
0
\/QimmBHT

are transformed to immanants.

Finally, using the rate expression (4.26), we find that

C(r)

1

%(Ae + Aqa) + Aqas) + Anzza) + Aqazay + Agag)

+ Aq2a3) + Az + Az + Az ey + Aqses) + Apsg

+ Aqaaz) + Aa) + Apa) + Aa2z) + Aqazz) + Aqas)

+ Aquazz) + Aes) + Agsny + Aaay + Agaag) + Agayy) [imm ™7
+ %(Ae + Apz) + Apzza) — Aasoa) — Aasaay — Aqa2s)

— Apaoz) + Agggy)[imm3 T

1
+ %(2Ae + 2Ax12) + A123) — 2A312,31) — A(1234) + A(124

— Ag1243) + Aqs) + Aqsz) — Aqsay — Apsaz) + Aqa
+ Aqa2) — A3y — Aquazz) + Aes) — A2za) + Aaa
— Aaas) — 20 sa)) [imm Tyg) [

1
96
— Az — Azaz) — Aaay) — A2y + Aaz) + Apas)

+ —(Aq2s) — Aq2ss) — Apza) + Apaaz) + Ay + Ase

+ Ags) — Agzsa) — Agaay + Aaz) (immT - T) (immT T 3)*

1
+ %(A(l%) + A2sa) — Ap2ay — Aqaaz) + Ay + Az
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+ Agsay + Aqsaz) — Aaa) — Aqaz) — Daz)y — Az
+ Aag) + Asny) — Aar) — Appag)) (imm Tiyg)) (imm - 7)*

1
+ %(ZAe + 2A092) — Aqas) + 2Ax12,31) — D131 — D124

— Ag1243) — Aqz) — Apsa) + 2A313.24) + 2A31324) — Aa3a)
— Agsaz) — Aaay — Aqaz) + 28 (14.23) + 28 (1423) — A(143)

— A(1432) — A(gg) — A(234) — A(24) — A(243) + 2A(34))\1mmBE(T|2 (466)

For further analysis, we can re-express this rate in simplified form by introducing coefficients

a2 (1), to obtain

o,0’!

2

imm T immEjjT(B)

2
C(7) = al(7) [imm™ T + o (7) n 04(53(13) (1)

2

+ [ozajj (1) (immBjjT>T immHET(lg) + cc} + aeB,Ee((T) (4.67)

1mmBHT(22)

The coefficients ;) ,,(7) in (4.67) have well defined behavior for different regimes of the
distinguishability of the photons. We treat these cases one by one. If the photons are all
indistinguishable i.e. Vi, j 7; = 7; then the coefficients take values such that the rate reduces
to

C(7) = |imm™7* . (4.68)

The rate depends only on the permanent of the scattering matrix because permuting indis-
tinguishable photons cannot change the rate, and the permanent is the only immanant that
does not change under any permutation of its rows.

If three photons are indistinguishable but the fourth is distinguishable from the three,
then the rate depends on not only the permanent but also on the H- type immanants. In
this regime, the (1@%(7’) in (4.67) vanishes. The next case is when the photons are divided

into two pairs such that the two photons in each pair are indistinguishable with respect to

each other, but the two pairs are mutually distinguishable. In this case all immanants appear
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Figure 4.1: The coincidence rate C'(7) for input state |211;1123;(0,0, 73, 74)) and output
p = 022. The matrix chosen for this plot is provided in Eq. (4.69). The rate is shown both
as a three-dimensional plot as well as a contour plot at the base of the figure.

in the rate and the rate has its most general form of Eq. (4.67).

It is possible to make the photons even more distinguishable. A pair of photons can be
mutually indistinguishable, but the pair is distinguishable with the third photon which is
further distinguishable with respect to the fourth photon. An example coincidence landscape

associated with this last scenario is plotted in Fig. 4.1, using the interferometer matrix

0.232231 + 0.4372191  —0.271046 + 0.3719381 0.168757 + 0.717374i
U= -0.430781 + 0.406851i —0.447972 — 0.0160114i 0.539331 — 0.3963411

—0.170262 — 0.612224i  —0.476765 + 0.599963i —0.0840731 — 0.043172i
(4.69)

The point at the center of the landscape 73 = 74 = 0 only depends on the permanent.
To calculate the coincidence rate along the line 73 = 0, the line 74 = 0 or the line 73 =
74 requires the additional computation of H1-type immanants. Any other point on the
landscape requires computing all immanants appearing in Eq. (4.67), as in this case none of
the coefficients are zero.

The final scenario is one where all four photons are distinguishable with respect to each

other. Calculating the coincidence rate at a general point in this case requires the entirety

of Eq. (4.67).
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We have calculated the coincidence rate for the input state [211;1123;7) and output
event u = 022 in terms of the three immanants of the scattering matrix. Using this co-
incidence expression we have shown that, for this input and output pair three regimes of

distinguishability of the photons exist.

4.5 Rate transformation under permutation of photons

Now we turn to the problem of analyzing how the rate for a fixed output event changes
under the permutation of the photons at the input. Fig. 2.1b shows an example where the
photons at the interferometer input have been permuted with respect to the photons shown
in Fig. 2.1a. The second and third photons have been swapped so the second photon is now
in the second input and the third photon is in the first input. This input state is represented
by [211;1213).

As discussed above, the action P, for o € Sy captures permutations of the photons at
the input of the interferometer. Though S; has 24 elements there are only twelve distinct
ways of placing four photons in the input modes with mode occupations np = 211. This is
due to the multiplicity of photons in the first input mode. The coincidence rates for any
of these 12 distinct permutations have the same form as (4.67), except the coefficients Ozé}a,
are different in each case. We now describe how coefficients for one input permutation are
related to the coefficients for some other input permutation.

Under the action P,, the vector w transforms to I'(0)u, while the rate matrix remains
unaffected as it does not depend on the input configuration. Some straightforward matrix

algebra results in the rate C,(7) for the permuted input in the form
Co(m) = (Vu) |[VT (o) ' R(7)T (o) V| (V). (4.70)

The interferometer vector is unmodified for any o but the rate matrix is rotated by VI'(o)T.

The expression (4.67) remains covariant. For any permutation of the input photons the rate
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expression is obtained by mixing the coefficients ozép, linearly into each other. Note that

Eq. (4.70) is a completely general result.

4.6 Rate transformation under permutation of modes

The rate also remains covariant under a permutation of the modes. The example shown in
Fig. 2.1c has its input modes permuted with respect to the input modes of the example in
Fig. 2.1a. In total, there are three possible ways of permuting the modes, explicitly specified
by the input mode-occupation strings 211, 121 and 112. The action @), transforms between
these various possible inputs.

The rate for each of these inputs has the form of (4.67) except for each input the scattering
matrix 7' is different. The matrix 7" is a matrix formed by choosing the appropriate rows
and columns of the interferometer matrix U. Therefore, it is straightforward to calculate
the rate for any permutation of the modes once the form (4.67) is known. This result has a

straightforward generalization for different input states.

4.7 Discussion

We have developed a theory of passive optical interferometry that relates the coincidence
rates at the output of an interferometer with the permutational symmetries of the input
photons. The permutational symmetry of the input photons can be controlled by varying
their distinguishability, which in our case is done by tuning the time-of-arrival of the photons
at the interferometer. Our results are obtained by exploiting the representation theory of
the symmetric group.

The coincidence rates at the output of the interferometer are expressed in terms of the
immanants of the scattering matrix, where the relative weights of the immanants depends
on the distinguishability of the input photons. If any exchange symmetries of the input

photons are forbidden because of the multiplicity of photons in input modes then immanants
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with those exchange symmetries do not appear in the coincidence rate expressions. For
inputs related by a permutation their rates are correspondingly related by a simple linear

transformation.
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Chapter 5

Characterization of passive

interferometers

5.1 Introduction

In this chapter we present our procedure to characterize passive interferometers. Our goal is
to construct a procedure that outputs a unitary matrix that best estimates the coincidence
rate for any multi-mode multi-photon input state and any photon-counting output event.
We also want to estimate the random errors on the characterized matrix.

This chapter is laid out as follows. In Sec. 5.2 we provide a bird’s-eye view of the char-
acterization procedure. Sec. 5.3 details the experimental data needed for the computations
in the following sections. In Sec. 5.4, we describe how to use the collected data to estimate
the amplitudes of the interferometer matrix. The arguments of the interferometer matrix
are inferred by curve-fitting two-photon coincidence data to the expected rate as discussed
in Sec. 5.5. The inferred matrix is then shifted to the nearest unitary matrix by using a
maximum-likelihood technique provided in Sec. 5.6. In Sec. 5.7 we discuss how to estimate
the errors in the characterization using a bootstrapping procedure. Sec. 5.8 outlines a way

of parallelizing the data collection to speed it up. We conclude the chapter in Sec. 5.9.
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5.2 Overview of the characterization procedure

In this subsection, we give a short overview of the characterization procedure that we explain
in the next few subsections. The goal of the characterization procedure is to estimate a
representative matrix, that can be used to predict any coincidence rate Cy¢(7) (2.19) for
the interferometer.

As explained in Sec. 2.1, in our model, the interferometer matrix is parameterized by
the sets of variables {ay;},{8:},{7;},{0:;}. Our model also includes losses, parameterized
by the sets {r;},{v;}. As we show below, using only photon inputs and photon counting
at the outputs, only the parameters {o;;} and {6;;} can be directly estimated. The output
probabilities consist of the products of the interferometer parameters {v;},{6;;} and the
losses {x;},{v;}, so {7;},{0i;} cannot be directly inferred without knowledge of the losses,
which are generally unknown and can change between experiments.

Therefore, our procedure is as follows. We use the experimental data to estimate {a;;}
and {60;;}. Then we choose the values of {v;},{6;;} such that the interferometer matrix is
unitary. Throughout this procedure, we assume that {«;;} and {6;;} are random variables
that are amenable to random errors from under-sampling and experimental imperfections.
Therefore, we also discuss below how to calculate as well as minimize random errors in the
estimation of these variables. In the following, we distinguish between the real value of the
parameter with its estimate from experimental data. For the parameter e, we represent its
estimate by e.

Finally, a reference code for our characterization procedure is available [118].

5.3 Experimental procedure and data collection

In this subsection, we outline the experimental procedure to be followed and the data that
has to be collected and inputed into the characterization procedure outlined in the next few

sections. Before doing so, we note that the accuracy and precision of the characterization
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procedure will depend on the number of data points collected for each of the data sets.
Therefore, to improve the effectiveness of the characterization, the experimentalist must
collect as much data as possible, and at least must collect enough data such that the mean
and standard deviation of the relevant distributions converge [119]. The procedure in the next
few subsections include those that estimate the precision in the amplitude and arguments
of the interferometer. These estimated errors may be used by an experimentalist to infer
an empirical relationship between the amount of data collected and the precision of the
characterization with their setup.

Now, we discuss the data to be collected. There are four set of sets of data to be collected,

which are
1. single-photon detection counts from the interferometer,
2. the spectral function of the input photons,
3. singe-photon detection counts from a beam splitter
4. two-photon coincidence counts from a beam splitter, and
5. two-photon coincidence counts from the interferometer.

We discuss the procedure to collect each of these data sets now.

Single-photon detection counts from the interferometer are used to estimate the ampli-
tudes {e;}. Single-photons are created in input mode ¢ and the number of photons detected
in each output port j are recorded. This is repeated B € Z* times for each input mode
where N, single-photons are created in input mode ¢ on iteration for b; € {1,..., B}. This

yields the set of numbers
{Nij, €Z*, i, je{l,...,m},b;e{l,...,B}}, (5.1)
where N;j, is the number of photons detected in output mode j on the b; iteration, when
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photons where created in input mode . Note that knowledge of N, is not required for our
characterization procedure.

The other three data sets are used to estimate the arguments {6;;}. The spectral functions
of the photons are used to curve-fit the experimental two-photon coincidence counts to
the theoretical curve. The spectral function are measured for a discrete set of frequencies
QO ={wi,...,wr}. Thelarger the range of frequencies for which the spectrum is measured and
smaller the step size for the frequencies, the better the curve fitting will be, and consequently
better the characterization of interferometer matrix.

Single-photon detection counts from the beam splitter are used to estimate the reflectivity
of the beam splitter. Single photons are created in input mode 2 of the beam splitter and
the number of photons detected in output mode 2 are recorded.

Two-photon coincidence counts on a beam splitter with known reflectivity is used to
estimate the mode-matching parameter. Single-photons are created in each of the two input
modes of the beam splitter, with a controllable delay between each pair, and the number
of coincidence counts are recorded in the two output modes. In this way, for discrete set of
delays, T = {r,...,n}, coincidence counts Cf3',(7) are obtained, appropriately collected

in the set

{CHL(r) ireT={n,....n}}. (5.2)

Finally, two-photon coincidence data from the interferometer is used to estimate the
arguments {0;; € (—m,w]}. Different subsets of two-photon coincidence data are used to
estimate the absolute value and signs of the arguments. For the absolute values {|6;;|},
single-photons are created in input modes 1 and i € {2,...,m} and coincidence measurement
are made for output modes 1 and j € {2,...,m}. The choice of the labelling of the input

and output ports is arbitrary. This procedure results in (m — 1)? discrete coincidence curves

{C’fﬁ’j(ﬂ creT={n,...,n},v,5 €4{2,... ,m}}. (5.3)
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The signs of the arguments are estimated using (m — 1)? coincidence curves, described

as follows.

e To estimate sgnfy,, reuse the measurement of C731,(7), which is part of data set (5.3).

e For the signs of the remaining arguments in the second row, {sngby; : j € {3,...,m}},
record
{Co"s(r):je{3,....m}}. (5.4)
e For the signs of the remaining arguments in the second column, {sng» : i € {3,...,m}},
record
{Co5(r) rie{3,...,m}}. (5.5)

e For the signs of the remaining arguments,

{sngb;; : (1,7) € {3,...,m} x {3,...,m}}, (5.6)

record

{CH% (1)« (i,5) € {3,...,m} x {3,...,m}}. (5.7)

The algorithms to estimate the signs of arguments can suffer from numerical instabilities
for certain values of the arguments. In this case, more data is required as described in

Subsec. 5.5.5.

5.4 Single-photon transmission counts to estimate the
amplitudes

In this subsection, we provide the procedure to estimate the amplitudes {a;;}. We have
available the data of the single photon transmission counts, the theoretical expression for

which is provided by Eq. (2.20). Suppose that in the the b;th iteration, N, photons are
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created in input mode %, and N;j, of them are detected in output mode j. Then the

frequencies yields an estimate of the single photon transmission probabilities according to

~ Nijp,
C’ij:mean{]\zf—ﬂ”:bie{l,...,B}}. (58)

Using Eq. (2.20), the following fraction simplifies as

2 2 2
C1Cij /{1510@1%1/1 KiBi0i; 50 Q110G
= J = J (5.9)
= 5 .

- 2 2 2
Cz‘lolj Hiﬁi@ﬂ%’h Fdlﬁl%ﬂj”j QO

Now, according to our parametrization (2.12), a3 = a1 = aq; = 1, hence,

C’HCZ']'
Qij = | / qulClj (5 0)

Therefore, an estimate of the amplitude «;; is found by combing Egs. (5.8) and (5.10),
yielding

. Niip, Nijy,
Qi;; = mean ————:b,b; €{1,...,B} ;. 5.11
J { NilbiNljbl 1, Y5 { } ( )

Using this same data, an estimate of the standard deviation, also called the error bars, is

found as
Niip, Nijv,

a;; = std. dev.
! { Nitv, N1jb,

2bl,bj6{].,...,B}}. (512)

Note that these expressions for the estimate of a;; and its error are independent of the
number of photons created in the input modes, {NN,,}. This means that the this method of
estimating the amplitudes is resistant to fluctuations in the strength of the light source and
the coupling efficiencies. The only requirement we place on {Ny,} and B is that they be

large enough that any random errors due to experimental imperfections are minimized.
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5.5 Two-photon interference curves to estimate the ar-
guments

In this section, we describe our procedure to estimate the arguments of the representative
matrix. This section is broken into several subsections. A required curve-fitting process
is discussed in Subsec. 5.5.1. We avoid inaccuracies in the curve-fitting by estimating the
spatial and polarization mismatch between the photon sources, a topic outlined in Sub-
sec. 5.5.2. Subsecs. 5.5.3 and 5.5.4 discuss how to estimate respectively the absolute value
and signs of the arguments of the interferometer matrix by curve-fitting the experimental
data. Subsec. 5.5.5 discusses a method to avoid instabilities in the estimation of the signs of

the arguments.

5.5.1 Curve-fitting procedure

Our characterization procedures requires a curve-fitting algorithm to determine the values of
the mode-matching parameter € and the arguments {6;;}, where the curve-fitting algorithm
determines the best-fit between the experimental and expected coincidence data. In this
section, we describe the inputs and outputs of the curve-fitting algorithm, as well as present
heuristics to calculate initial guesses of the fitted parameters.

The inputs to the curve-fitting algorithm are

the experimental coincidence curve {(7,C*P(7)) : 7 € T'},

an objective function, which characterizes the error between the expected and experi-

mental counts,

e the values of the known parameters,

an initial guess for the unknown parameter.
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A weighted least-squares curve-fitting procedure is appropriate for fitting coincidence

data. The objective function for such a procedure is [120]

> w(n)|CoP(r) = C'(7)], (5.13)

TeT

where C'(7) is the expected coincidence rate explained below, and w(7) is the weight function.
We assume the probability-density functions (PDFs) of the residues are proportional to

Vv C®P and assign the weights

1/C®(T) it CP(1) #0,
w(r) = (5.14)

1 it 0o (7) = 0.

In case the PDF's of the residuals for different values of 7 are not known, standard meth-
ods for non-parametric estimation of residual distribution can be employed to estimate the
PDFs [121, 122].

Now, we turn to the problem of calculating the expected coincidence rate. There are
three types of parameters that appear in Eq. (2.21): the amplitudes {«;;}, the angles {6;;},
and the mode-matching parameter ¢, where only the last two are estimated using curve-
fitting. In any given call to the curve-fitting procedure, one of these parameters will be
known while the other will be unknown. We will refer to this unknown parameter as the
shape parameter as it determines the shape of the coincidence curve as illustrated in Fig. 2.2
for the mode-matching parameter and Fig. 5.1 for the arguments.

Two are other parameters are needed to fit the experimental data. First, the point
of zero time-delay between the two photons is not exactly identifiable in the experimental
data, making it necessary to introduce an abscissa shift parameter. Second, as the total
number of photon pairs successfully created during the experiment (after losses) are not
known exactly, the vertical scaling of the coincidence curve is not known. In Eq. (2.21),

the overall multiplicative factor is this unknown vertical scaling that we call the ordinate
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Figure 5.1: Simulated coincidence counts for output ports i, and input ports j, 7' of inter-
ferometer with ay; = oy = V3 /4 and oy = oy = 1/4 and for different values of ;. The
value of f3;;; in each respective figure is (a) m, (b) 0, (¢) 7/3 and (d) 27/3. The coincidence
counts corresponding to 7 = 0 and 7 — oo are marked on each plot by C**?(0) and C**?(c0)
respectively.

scaling parameter. The curve-fitting algorithm will return the best-fit values of the shape
parameter, the abscissa shift, and the ordinate scaling.

We now discuss heuristics to make initial guesses of the abscissa shift and the ordinate
scaling. Good guesses are required as the curve-fitting procedure optimizes the fitness func-
tion (5.13) over the domain of the fitting parameter values and the optimization is sensitive

to the initial values of the parameters. The ordinate scaling guess is found using an estimate
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of the coincidence rate at large time delay,

_ CEXP(Tl) + Cexp(,]_l)

CP(o00) : 5 (5.15)
Then a guess for the ordinate scaling is the ratio
Cexp
ﬂ7 (5.16)
Ciitj0(00)
where
C’Z-Z-/jj/(oo) == &?jdz%j’ + &?’jd?jH (517)

from Eq. (2.21). A reasonable guess for the abscissa shift is the global minimum or the
maximum of the experimental coincidence curve, where we can differentiate between rightside
and upside curves (see Fig. 5.1) by choosing whichever of the minima or maxima is further
from C®P(00). Let this estimate be called C*P(0).

The initial guesses for the shape parameters will be discussed at the appropriate points
in the next few sections. We will require the experimental estimate of the visibility,

Co(00) — C0(0)

Vexp —
(lexp (OO) ’

(5.18)

of the coincidence curve to make these guesses. The expected value of the visibility according

to Eq. (2.21) is
2€aijai’j’aij’ai’j

2 2 2 2

V= COS(GU — Qij/ — (91-/]- + Gi/j/). (519)

5.5.2 Calibration to estimate mode-matching parameter

In this subsection, we discuss the procedure to calibrate the light sources for imperfect mode-
matching. The mode-matching parameter € is found using one- and two-photon coincidence

data from an arbitrary beam splitter. First, a representative matrix for the beam splitter (a
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two-mode interferometer) is found. Next, two-photon coincidence data is fit to the theoretical
curve to estimate a value of e.

The beam splitter matrix Ugg in the parametrization introduced in Eq. (2.12) is

1 0 11 w0
Ups = v . (5.20)

0 V[ 1 apoe®2 0 V7
The value of ass can be found using the procedure provided in the last section. The argument
69 = m for a unitary beam splitter [107].
Now, the value of e can be found by fitting the two-photon coincidence data to Eq. (2.21).
In this equation, ignoring the ordinate scaling, and after plugging in the values of the various

amplitudes, we are left with the equation

Ch2,12(T) o (G5 + 1)/dw1dw2|¢1(w1)¢2(w2)|2

- 266&22 /dwld(JJQ¢1 (W1)¢2(WQ)¢1 (W2)¢2(W1) COS((,LJQT — wlT). (521)

The values of age and the spectral functions are already known, so the coincidence data (5.2),
can be used to estimate the best-fit value of the remaining variable € in this equation via

curve-fitting. An initial guess for € is found using the visibility (5.19),

B ey, (5.22)

20099
The estimated mode-matching parameter € is used in the next section to further estimate

the values of {6,;}.

5.5.3 Estimation of the absolute value of the arguments

In this subsection, we describe the procedure to estimate the absolute value of the arguments

{0;;} of the representative matrix U". This will be done using two-photon coincidence
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data (5.3) from (m — 1) choices of the input and output ports.

The procedure to estimate the absolute values of the arguments is as follows. The
data (5.3) is two-photon coincidence data using input ports 1 and ¢ and output ports 1
and j for i,5 € {2,...,m}. Using Eq. (2.21), and again ignoring ordinate scaling, we have

the proportionality

Chny(7) o (@2 + 1) / s duwn |1 (wr ) o (wn) 2

+ 2€O~éij /dwldw2¢1(w1)¢2(w2)¢1 (WQ)¢2(W1) COS(CLJQT — W T + 92]) (523)

In this equation, the only unknown is 6;; as we already have the estimates for the other vari-
ables, ¢, (w), b; (w), &;j, €. This equation is generally not invariant under the transformation
0;; — —0,;;. However, if the two spectral functions are identical or close to identical, as is
likely for sources used in a lab, then Eq. (5.23) is indeed invariant. Therefore, under this
assumption of near identicalness of the spectral function, a curve-fitting routine is used to
estimate the absolute value |6;; € [0, 7], that best fits the data (5.3). This means that if the
curve-fitting routine returns a negative sign for the fitted argument, this sign is discarded.
The initial guess for 6;; is estimated using the visibility (5.19) as

cos™ ! (wve’q’) : (5.24)

2ed;;

5.5.4 Estimation of the signs of the arguments

Now, we turn to the more involved task of estimating the signs of the arguments {sgné;;}.
This will be an iterative procedure requiring at least (m — 1)? coincidence measurements.
First, recall that in our parametrization, all phases are determined with respect to those
of the first input and output ports, which are assumed to be phase free. This means that
the arguments in the first row and column of U" are without a sign. Therefore, we need to

establish the sign of another argument, relative to which other signs can be determined.
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Arbitrarily, we choose to first determine sgnfs,. This sign can be determined from the
shape of the coincidence curve Cia12(7), which only depends on 6y as 617 = 015 = 62 = 0.
However, this will work only if the spectral functions are not identical or near identical. If
they are, then the shape of the coincidence curve Cis12(7) is invariant under the transfor-

mation #yy — —05. In the case of near identical spectral function we can arbitrarily choose

sgn@zz = 1. (525)

The other signs can be determined with respect to sgnflys in the following way. we define

the following three variables,

O3y = 0wy — Oiyp — Oy £ 10| € [0, 7], (5.27)

which respect the identity

sgni; = sgn(|Oiij; — Oyji| — |©iwrjy — O35 1) (5.28)

i '

If the value of the O, 0i57,60;:,0y7; and |6;;] are known, then this identity can be used to

find the sign of 6,;. If 6;; is positive, then Oy ;; = O

i '

and Eq. (5.28) returns a positive

sign. Otherwise, ©;y;; = © and Eq. (5.28) returns a negative sign. Algorithmically,

i3’

Eq. (5.28) can be implemented by determining if ©;y;; is closer to ©F, .., or ©,.., and
returning the corresponding angle.
Therefore, the strategy is to pick values of ¢, j' such that 6/, 6,;, 0;/; are already known

and ©;y;; is determined via experimental data. If a two-photon coincidence experiment is

done with input modes 7 and 7" and output modes j and j’, then the expected coincidence
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Figure 5.2: A depiction of the sign estimation procedure. (a) The first row and first column
arguments {6;;},{01,} are zero, so their signs are arbitrarily set as positive. 6qy is set as
positive according to (5.25). (b) The sign of each second row argument ;5 is set using the
known values |0], |0;2] and coincidence measurement for input ports 1,2 and output ports
2,1. (c) The sign of each second column argument 6; is set using the known values |022|, |62
and coincidence measurement for input ports 2, j and output ports 1,2. (d) The signs of
each remaining argument 6;; is set using the known values |0a2|, |0;2|, |62;] and coincidence
measurement for input ports 2, 7 and output ports 2, i.

probability is
Coaip(7) o (02,2, + 62,62) / oy a1 (n ) o (ws) 2

—|—2€O~éijdi/j/d{ij/&i/j/dwldw2¢1(W1)¢2(w2)¢1(w2)¢2(w1)

X cos(waT — wiT + Oyyrjir). (5.29)

from which ©;y;;; can be estimated by curve-fitting.

One suitable sequence of determination of the signs, illustrated in Fig. 5.2 is follows.

81



e Use the first row of U" as reference to determine the signs of the second row, i.e. set

i" = 1,j' = 2 to determine sgnfy; for j € {3,...,m}.

e Use the first column of U" as reference to determine the signs of the second column,

i.e. set i’ = 2,7 =1 to determine sgnf;, for i € {3,...,m}.

e Use the second row and second column of U" as reference to determine the signs
of the remaining arguments, i.e. set ¢/ = 2,5/ = 2 to determine sgnf;; for (i,j) €

{3,...,m} x{3,...,m}.

The initial guess for ©;;;; is estimated using the visibility (5.19) as

ara? ., +a?,a?,
cos— (( ij i ij H>Vexp)‘ (5.30)

260[”‘ Qyr 51 Ol 1 Ot

5.5.5 Removal of instabilities in characterization procedure

For certain interferometer matrices U", our characterization procedure can infer incorrect
signs due to small errors in the two-photon coincidence data. Here we present a method
of identifying when it is possible to make such an error and a strategy to circumvent this
instability.

Recall that sgnf;; is estimated using the values of ©;;, 01, 0;57,07; and |6;;]. These
variables are all determined experimentally and the estimated values may suffer from random
or systematic errors. If the value of 0, — 6,5 — 0;; is close to 0 or =, then Egs. (5.26) and
(5.27), and identity (5.28) are no longer reliable for determining the sign of 6;;. This is
because ©;y;;; becomes very close to both @Z.t.,jj, and O, and the errors might be larger
than both these differences. In this case, the sign returned by Eq. (5.28) is suspect. In other
words, to identify a potential instability, 0;;; — 0,57 — 0y; is calculated and it is determined
if its distance from 0 or 7 is smaller than the error in the estimated angles.

If a instability in identified, the following modification of the procedure presented pre-

viously can be used to mitigate it. First, consider the potential for the instability in the
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Figure 5.3: An illustration of the instability in the 6,; characterization procedure for an

interferometer with m = 5 modes. (a) If the value of |fa — 052 — 024 is close to 0 or 7, then

small error in C3:5,(7) can lead to an error in the estimation of sgn(fs4). (b) The instability

in the 054 can be removed by collecting two-photon coincidence data for input ports 2,5 and
output ports 3,4 and using the values of 0a3, 053, 24 instead of Oag, O59, 024 values.

second row and column. As these angles are determined with reference to only fa (the other
reference angles in the first row and column being 0), we only need to ensure that 9, is not
close to 0 or 7. If it is, then a simple solution is to relabel the input and output ports such
that the new 6y is not close to 0 or 7. Ideally, this relabelling should be done before any of
the data is collected for the estimating the signs. However, for reconfigurable interferometers
whose parameters are controlled using thermocouples [34, 36], the targeted value of every
parameter is known and the initial labelling can be chosen so that 0y is far from 0 or .
Next, consider any potential instability in the signs of the remaining arguments, estimated
with reference to the second row and column. The sign sgnf;; is determined with reference
to the arguments in the second row and column. If a potential instability is detected, a
solution is to choose a different reference set of arguments from which to determine this sign.

An example of this is presented in Fig. 5.3.
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5.6 Maximum-likelihood estimation for finding unitary
matrix

At this point, the matrix A from (2.12) has been estimated. The experimentally determined
A is different from the actual A because of systematic and random errors in the experimental
procedure. we now present a procedure to estimate the matrices B and G by employing A.

The representative matrix U" is unitary, so
Uttt =1. (5.31)
Substituting U" = BAG from Eq. (2.12), we obtain

BAGG*A'B* =1 (5.32)

— AGG*A' =B~ 'B* . (5.33)

We will only require the first column on both sides. On the left hand side, recall that G is
diagonal and the first column entries of A are all 1, so the ith entry of the first column on

the left hand side is

> AuGhy, (5.34)
k
which is just the matrix product
2!
5
al * . (5.35)
Tm
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On the right hand side, B is also diagonal, so the first column is just

1
0
(5.36)
0
Putting this all together, we have the linear system,
! 1
0
Al 7] = . (5.37)
Ym 0
Following a similar methodology with
UtUt =1, (5.38)
We obtain the linear system
1 1
110
NEIEES N (5.39)
: BT
Bon 0

Equations (5.37) and (5.39) are linear systems that can be solved for {v;} and {5;},
respectively, using standard methods [123]. This yields estimates B and G. An estimate of

the representative matrix can be calculated using

U = BAG. (5.40)
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As the estimates B, A and G are marred by experimental errors in the determination of A,
so is the estimate U". This means that U" is in general not equal to U", not unitary, and
can be considered a random matrix drawn from the set of general linear matrices.

We now present a maximum-likelihood estimation method to calculate a unitary matrix
that best fits the collected data. We assume that the error on U" is a Gaussian random
matrix, i.e., every entry (72‘; is a complex independent and identically distributed Gaussian
random variable centered at the true value U;;. Then the unitary matrix closest to v
with respect to the Frobenius-norm distance (2.16) is the best fit to the data, and is found
using [124, 125],

D=

W= (UUUUT)_ 0. (5.41)

Thus, W is the best estimate for the representative unitary matrix of the interferometer.

5.7 Bootstrapping to estimate errors

In this section, we present a procedure to estimate the error bars on the matrix entries {VT/Z }
of the characterized representative matrix. The entries {WZ]} are random variables because
of random errors in the experiment. Estimating the errors accurately is important for using
characterized interferometers for quantum computation and communication applications.

Current procedures calculate error bars under the assumption that the only error in the
experiment is Poissonian shot noise [33, 25]. However, errors found this way are not accurate
as there are other sources of errors in experiment, some of which are not understood. We
employ a technique known as bootstrapping to estimate the error bars [126, 127, 128, 129,
130]. Bootstrapping does not require any assumptions on the type of errors present in the
experiment, as it samples the errors from the measured data itself and uses them to estimate
the error bars. In this way, bootstrapping yields more accurate estimates of the errors on
the entries {Ww}

We now outline the bootstrapping procedure. The characterization of the interferometer
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is repeated Np times with simulated data. In the bth iteration, data is simulated as described
below and the matrix W? is estimated as described in the last few sections. At the end of
the Np repetition, the set

{Wb:be {1,...,NB}} (5.42)

is collected. From this set, the standard deviation (the error bars) of each of the entries
in {WZ} can be determined. If Np is large enough, the estimated standard deviation will
converge to the true standard deviation of the entries [131, 132].

The procedure to simulate the one- and two-photon data for each iteration is as follows.

Recall that for each pair of input and output modes, i and j, data (5.1),
{Nijbi . bl € {1,,B}}, (543)

was collected. From this set, Ng samples are drawn with replacement to create the dataset for
the bth bootstrapping iteration. Resampling two-photon coincidence data is more involved.
exp

Suppose that for experimental data C'

w1 (T) the curve fitting procedure yields the fitted

curve Cyyjjo(7). Then the residuals from the fitting are

ii'jj'

{C?XP (7) = Gy () i 7 € T} . (5.44)

We assume that the pdf of the residuals at different values of 7 are functionally identical, but
have width proportional to \/?7’) . The residuals in the above set are first normalized using
the assumed widths of the distributions. Next, |T'| entries are sampled with replacement
from the set of normalized residuals. These are ‘unnormalized’ by multiplying with \/% ,
and then added onto éii’jj’ (1) for 7 € T. This yields a new coincidence data that can act as
the two-photon data for the bth iteration of the bootstrapping procedure.

This completes the characterization of the representative matrix of the interferometer

and the errors on its entries.
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5.8 Scattershot data collection

In this section, we present a scattershot-based data collection approach to reduce the ex-
perimental time [133, 134]. This approach reduces the data collection time from O(m*) to
O(m?) with constant error in the entries of the interferometer matrix.

The obvious approach towards data collection involves successive coupling and decou-
pling of light sources from the input modes for each one- and two-photon measurement. Our
procedure requires O(m?) single-photon counting measurements and O(m?) coincidence-
counting measurements for an m-mode interferometer. However, the data to be collected
for each measurement must increase as the size of the interferometer increases in order to
keep the random errors constant. This is because as m increases, the amplitudes decrease
as O(1/y/m) because of the unitarity of the interferometer matrix. This in turn causes the
one- and two-photon transmission probabilities (Egs. (2.20) and (2.21)) to drop as 1/m and
1/m? respectively. Therefore, in order to offset this drop in the transmission probabilities the
number of incident photons have be increased correspondingly by O(m) and O(m?). There-
fore, an overall O(m?) scaling of the experimental time is required in the straightforward
approach.

Now, we discuss a method to simultaneously collect data for different measurements which
yields an improvement in the scaling of the experimental time. The scattershot method
requires m heralded non-deterministic single-photon sources, each coupled to a different
input mode. Detectors are present in each of the output modes. All sources and detectors
are turned on simultaneously and controllable delays are introduced in first just the first
input mode and next just in the second input mode. As the sources are non-deterministic
and heralded, each source will only sometimes produce a photon (with some probability
p), but whenever any does it is known due to the heralding detection. If only one source
fires, then the count from that instance is included in the single-photon data (5.1). If the
first source and any of the other source produce photons, a photon is detected in the first

output mode, and a delay is in the first input mode, then that count is added to two-photon

88



data (5.3) used for estimating the absolute value of the arguments. Similarly, when the
delay is added to the second input port, other appropriate combinations of two photons
being produced and detected can be added to the datasets (5.4), (5.5), and (5.7), used for
estimating the signs of the arguments.

The experimental time required for the straightforward approach outlined above is O(m?).
For the scattershot approach, (m — 1)? different sets of two-photon data are collected simul-
taneously rather than sequentially. Therefore, the time required to collect the experimental
data drops to O(m?).

Now we discuss some potential problems with the scattershot approach. We assume that
coupling losses are small and the probability p of photon emission is small enough that multi-
photon events from the same source are not a concern. These assumptions are expected to
be true for on-chip implementations of passive interferometers with integrated sources and
detectors. Another complication that arises from using the scattershot approach is that each
source has its own spectrum. Our equations fully account for the spectra of the sources and
only requires that each source be characterized. Finally, the scattershot approach requires
m sources and detectors each rather than two each. However, for reasons for ease of use,
current implementations of on-chip passive interferometers already use separate sources and

detectors for each mode.

5.9 Discussion

In summary, we have presented an accurate and precise procedure for characterizing a passive
interferometer using only one and two-photon coincidence data. Our procedure is accurate
in its estimation of the amplitudes because it uses the averaged value of the ratio of single-
photon detections over many runs rather than the ratio of averaged values [73], minimizing
the effects of the fluctuations in the number of the input photons. It is accurate in its

estimation of the arguments because it corrects for spatio-temporal mode-mismatch between
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the photon sources by calibrating this mismatch, and accounts for the spectrum of the
input photons in the curve-fitting procedure. It is difficult to estimate the mode-matching
in waveguide-based interferometers, therefore, this step might only be useful for free space
implementations.

The procedure is precise because curve-fitting using measured spectra reduces the role
of random errors in the characterization. Our procedure also reports the precision of the
characterization using bootstrapping statistics. Bootstrapping computes accurate error bars
for an unknown error model, and hence more useful than Monte Carlo based methods.
The bootstrapping technique is suitable for applications in other quantum information tasks
where random errors need to be estimated. Finally, the data collection for our procedure
can occur in parallel, improving the experimental time quadratically in the size of the inter-
ferometer [73].

A number of other characterization procedures have been proposed since the publication
of our work [2]. Poot et al. [76] characterize their wave-guide based interferometer using
classical light, using transmitted intensities to infer the amplitudes and two-beam interference
fringes to infer the arguments. They also provide a procedure to estimate the losses in their
interferometer, which may complement our characterization procedure. Jacob et al. [77] are
concerned with the problem that procedures [73, 74, 2] assume that the input and outputs
of the interferometer are phase-free. They introduce an auxiliary mode and determine all
interferometer phases, including the input and output mode phases, with respect to its phase.
Our procedure may also be suitably modified to determine the arguments in a similar way.
Tillmann et al. [78] determine all arguments and phases of the interferometer simultaneously,
using a global optimization algorithm which constraints the interferometer matrix to be
unitary. The data used for their procedure is identical to other procedures [73, 74] and they
also suggest using one of these procedures to infer the initial values of the interferometer
matrix entries. A novel characterization technique is one based on directly estimating the

response of each thermo-optical phase-shifter inside the interferometer [36].
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Chapter 6

Quantum summoning as an

interactive protocol

6.1 Introduction

In this chapter, we formulate summoning as an interactive protocol between two parties,
namely a prover and a verifier. The prover claims that she can summon quantum information
in an agreed upon set of causal diamonds. The goal of the verifier is to test this claim.

In Sec. 6.2, we discuss the interactive protocol formalism for summoning. In Sec. 6.3, we
present a qubit CSS code that can be used to summon quantum information in any valid
configuration of causal diamonds. To show how this code can be used in practice, we also
present a protocol, a variant of one previously presented [83], for the prover and her agents
to follow. We specify the conditional logic that each agent has to follows in order to fulfill
any summoning request. Finally, we also present encoding and decoding circuits for our
code, and discuss how to implement them optically. In Sec. 6.4, we present a procedure the

verifier can use to test the prover.
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6.2 Summoning as an interactive protocol

An interactive protocol is a formal specification of a task in a way that allows for operational
verification that the task has been performed [95, 96, 97, 98]. The verifier sends messages to
the prover and the prover answers with his own messages. Based on the answers, the verifier
decides if the prover is able to perform the task or not.

In the case of summoning, the verifier sends specifically prepared quantum states to
the prover and requests these states at randomly chosen causal diamonds. The verifier
performs measurements on the returned states to decide if the prover does have the claimed
summoning ability. For this test, the verifier assumes the prover is all-powerful and can do
anything allowed by the laws of physics. On the other hand, the verifier is technologically
limited. The verifier’s strategy must be such that he certifies with high probability any
prover who does summon but denies with high probability any prover who fails to summon
or uses dishonest means during the test.

We specify the requirements of a summoning task, and the powers of and the information
available to the prover and verifier in Sec. 6.2.1. We discuss the limitations on what the prover
and verifier can do in Sec. 6.2.2. We discuss soundness and completeness, the two central
requirements of the verifier’s strategy that ensure that the verifier successfully attains his

goal in Sec. 6.2.3.

6.2.1 Operational summoning

An operational definition of summoning is key to its formulation as an interactive protocol.
This definition contains the ingredients for the verifier to decide what states to send to the
prover and what measurements to perform. In the following, first we describe how to specify
a summoning task, and then provide our chosen definition of successful summoning.

A summoning task is specified by two pieces of information, mutually agreed upon by

the prover and the verifier. First, they decide on a set of spacetime causal diamonds {<k>}
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across which the quantum information is to be summoned, as well as the starting point s, in
the past of all reveal points. Second, they mutually agree on an ensemble of states {p;, [¢;)},
deemed the quantum information that has to be summoned. Specifically, the prover claims
that if the verifier provides her at point s any state |¢);) with probability p;, she is able to
summon it across the agreed upon set of causal diamonds.

Once a summoning task has been specified, we must decide what criteria must be fulfilled
for the verifier to certify that the prover has summoned. We define that quantum informa-
tion is successfully summoned subject to the following two desiderata. First, the quantum

information must be undisturbed; i.e., if the prover is provided with the mixed state

p= sz‘|¢i><@/}i|a (6.1)

she returns this same state. Second, if the state provided to the prover is part of some larger
entangled state, the summoning process must preserve this entanglement. The reason for the
second condition is to ensure that summoning is non-trivial task for the prover even when
the set {|i;)} is orthogonal. In this case, the prover can simply measure-and-prepare the
state sent to her, and broadcast copies to every causal diamond [135, 136, 137, 138, 139], a
possibility we want to avoid.

The desiderata specified above can be tested by estimating the entanglement fidelity [99,
100},

Fe(p, &) = (W (€ @ T)(|0) (D] |¥), (6.2)

where |¢)) is any purification of p and £ is a quantum channel [140] that captures the dynamics
of the prover. Ideally, if the prover follows the protocol provided in Sec. 6.3 perfectly, the
entanglement fidelity of their returned state will be maximum.

Non-ideally, the prover might have some errors in their encoding circuits or their trans-

mission channels. To account for such errors, we define that quantum information {p;, |¢;)}
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has been summoned across a set of diamonds {<k>} if and only if

min  Fy(p, &) > t, (6.3)

(®

where & is the quantum channel from s to reveal point k, the minimum is taken over all
causal diamonds, and 0 < ¢ < 1 is a threshold which allows for errors in the summoning
process. In condition (6.3) we minimize over all diamonds rather than take the mean (or
some other average value) over all diamonds. This is because the prover must be able to
summon in every diamond to be able to pass the test.

Entanglement fidelity requires many measurements to estimate and it must be estimated
for every causal diamond. Therefore, we assume that the verifier and prover communicate
for many rounds before the verifier is able to make a decision. As the verifier is resource-
limited a valid interactive protocol must terminate in expected number of rounds that is
polynomial in the number of diamonds. In Sec. 6.4 we use this operational definition to

propose a multi-round strategy to verify summoning.

6.2.2 Resources available to the verifier and the prover

The verifier and the prover have different limitations on their resources [140]. The resources
can be classified as the size of their quantum and classical circuits, the capacity of their
quantum and classical transmission channels, random number generation capabilities, and
the number of agents they may deploy at different spacetime points. The resources are
counted as a function of the number of diamonds, which define the size of an instance of the
summoning task.

In an interactive protocol, the verifier is usually assumed to be technologically limited.
We assume that the verifier’s resources are a polynomial function of the number of diamonds.
With bounded circuits, the verifier may only create states and do measurements up to some

error. The verifier’'s computation are restricted to efficient classical computation. We assume
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that he has access to random number generators that may be used to make random choices
such as deciding which diamond to send a request to.

We make the restrictive assumption that the verifier knows nothing about resources of
the prover, therefore he assumes the prover can perform any operations allowed by the laws
of physics. He assumes the prover’s circuits are error-free and their size intractable. He also
assumes the prover is aware of the capabilities of the verifier and in fact is aware of the
details of verification procedure that she will be subjected to. However, if the verifier tosses
coins during the procedure, the prover may know the probability distribution of these coins
but she does not have access to results of the tosses during the running of the verification
procedure. The prover does not have access to the laboratory of the verifier and is unable to
tamper with the communications between the agents of the verifier’s party. In Sec. 6.3 we
show that an honest prover has no need for such powers as summoning can be accomplished
efficiently. Nevertheless, the verifier’s strategy must be cognizant of any deceptive trickery
by a cheating prover.

The two parties, the prover and the verifier have access to their own trusted agents that
they can place at various points in spacetime prior to the start of the interactive protocol.
These agents, already introduced in Sec. 3.1 and shown in Fig. 3.1, are able to execute
quantum or classical instructions. They inherit the limitations, or lack thereof, of the verifier
and prover stated above.

We name two of the verifier’s agents, the dealer and the referee. The dealer prepares and
sends states to the prover, while the referee measures the returned state and subsequently
decides if the prover has summoned. These two agents are allowed to securely communicate
with each other both quantumly and classically. This communication is important as the
dealers needs to inform the referee what state was sent to the prover and which diamond the

request was sent to.
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6.2.3 Soundness and completeness

The limitations on the verifier’s abilities along with the inherent uncertainity of measure-
ments of quantum systems means that a prover incapable of summoning may be able to
make the verifier believe that she has summoned when she has not. Therefore, the verifier
must design a strategy such that he is able to certify a prover with summoning powers while
rejecting one who fails to summon. These two opposing conditions are usually known as the
soundness and completeness of an interactive protocol [95, 96, 97, 98].

A verifier’s strategy is complete if a prover who does summon is able to convince the
verifier of this fact except with some small probability. In the language of probability theory
this condition is

Pr(verifier accepts | prover summons) > 1 — 4, (6.4)

where 0 < § < 1 allows the verifier to sometimes make the mistake of not certifying capa-
ble provers. A complete strategy is one which usually does not make Type I errors (false
positives).

A verifier’s strategy is sound if a cheating prover is unable to deceive the verifier except

with some small probability. The soundness condition is expressed as

Pr(verifier rejects | prover does not summons) > 1 — 4, (6.5)

where again § means the verifier sometimes endorses incapable or cheating provers. A sound
strategy is one which usually does not make Type II errors (false negatives).

A valid interactive protocol is one in which the verifier does not usually make an error in
deciding if the prover has summoned. In Sec. 6.4 we will turn Egs. (6.4) and (6.5) to concrete
mathematical statements using the details of verifier’s strategy. This will allow us to prove
that our proposed verifier’s strategy is indeed sound and complete. In the next section we

discuss a strategy for the prover.
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6.3 Efficient code for relativistic quantum summoning

In this section, we present our procedure for the prover to follow in order to summon quan-
tum information efficiently. This section is laid out as follows. In Sec. 6.3.1, we present
our summoning protocol. The protocol fully exploits the causal structure of the causal dia-
monds, transferring qubits from any causal diamond that did not receive a request to other
diamonds that might have received it. Some information does not reach the causal diamond
that receives the request due to limitations imposed by causality, and in the language of
coding theory these qubits are considered to have undergone erasure errors. In this way
of presentation, we naturally discover the erasure errors that occur for a request at each
diamond. Therefore, we are able to discover the set of possible errors that the code must
correct. Sec. 6.3.2 presents a code that does correct such errors. We formally define this
code, and rigorously prove that this code corrects the erasure errors that occur during sum-
moning. Sec. 6.3.3 shows how to implement this code by constructing the encoding and
decoding circuits. It also discusses how to realize these circuits using passive interferometry.

We conclude the chapter with a short discussion in Sec. 6.5.

6.3.1 Protocol

Here we propose a protocol to summon a logical qubit,

) = al0) + BI1), (6.6)

in any valid configuration of causal diamonds. We will specify the number of shares that the
qubit is encoded in, the distribution of these shares in spacetime, and finally the recollection
of some of these shares at the appropriate reveal point in order to satisfy the summoning
request.

The protocol is slightly different if the total number of diamonds is even or odd, because

our CSS code can only be used for summoning if the total number of diamonds is even.
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Therefore, if given an odd set of diamonds, our protocol introduces a fictitious diamond to
make the total number of diamonds even. To simplify our discussion of the protocol below,

we introduce the variable N € 27, such that

N if N €27,
N = (6.7)

N+1 it Ne2Z+1

This variable is used to define the total number of encoded qubits used by the protocol. We
use the graph, previously introduced to describe the causal relations between a set of causal
diamonds, and assign one share to each edge of the graph K, i.e. for every edge e;; in K,

we introduce the encoded qubit ¢;;. As it is a complete graph, |¢) gets encoded into

Q- (;V ) (63)

shares.

S distributes the encoded qubits using the edge relations in K, i.e. using the fact that
ei; is defined such that the causal diamond @ is in the past of the causal diamond @
For both even and odd cases, S sends g;; to A,, for 4,j € [N]. Note that this means that a
request agent may receive multiple encoded qubits. This distribution means that for every
pair of diamonds, the encoded qubit is present in the earlier diamond. If the summoning
request is received at the earlier diamond, the encoded qubit is already there. Otherwise,
it is not needed in the earlier diamond and can be sent to the later diamond. Formally, if
Ay, Teceives a request, she sends ¢;; to A.;. Otherwise, she sends the encoded qubit to A.,.
Fig. 6.1, shows the initial distribution of shares for an example of four diamonds.

In the total number of diamonds are odd, then there are some additional qubits associated
with fictitious diamond. Assuming this fictitious diamond is the future of all other diamonds,

there are N qubits labelled as g;n41 for @ € [IV]. As the fictitious diamond will never receive

a request, S can send ¢;y.1 to A,, for i € [N].
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Agent | Assigned qubits

Ayl q12, 413, 414
Ayg q24
Ay q23

A

m q34

()

Figure 6.1: (a) A configuration of four causal diamonds in 2 + 1 dimensions. Three request
points (Y2, y3, y4) are placed at the base vertices of a equilateral triangular prism and a fourth
(y4) is placed at the centroid of base vertices. The reveal points are placed at the midpoints
of the top vertices (z1, 22, 23) and the centroid of the top vertices. The volume of the diamond
is not shown for visual clarity. The black arrows represent causal connections between points.
(b) A complete graph representing the causal connections between the diamonds depicted
in (a). For the CSS code the qubit g;; is assigned to edge e;;. (c) A table showing which
requests agents is each physical qubit sent to.

If all agents follow the logic described above and @ receives the summoning request,

then A, collects N — 1 encoded qubits, described by the set

{aw ke N\ {r}}. (6.9)

We will prove in the next section how such a subset of encoded qubits can be used to decode

[¥).

6.3.2 Quantum error correction code

In this section, I present the CSS code that can be used in conjunction with the protocol
presented in the previous section to summon a qubit. In order to formally define our code,

I present the following theorem.
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Theorem 3. The stabilizer code, specified by a

()-1]()

stabilizer generator matrix

Ti23 0
Ti24 0
T12N 0
T34 0
H: = , (6.10)

T1 N-1N 0

0 A+ A,

0 A+ A;

. N\ - . .
where 0 is an (2)-dzmenszonal zero vector, is a

”@)1%” V= gw <2 (6.11)

CSS code, which can correct erasure errors at qubits q;; fori,j € {[N]\ {r}} for anyr € [N] :

We will prove this theorem by breaking it down into three lemmas presented below. The
first lemma proves that the code indeed encodes a single logical qubit into (]g ) encoded
qubits. The second lemma proves that the logical qubit can be decoded from some given

N — 1 sized subsets of the encoded qubits. Finally, even though we do not need to know it

for summoning, for completeness we prove the distance of the code is indeed N /2.
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The first lemma and its proof are presented now.

Lemma 4. Hy (6.10) is the stabilizer generator matriz of a CSS code that encodes one qubit

into (g) qubits.

Proof. From Egs. (3.26) and (3.27),
Typ- (A +A)=0, Vj,kl:2<j<k<N,2<I<N-1 (6.12)

Using Eq. (3.7), we know that all the stabilizer generators in Hy (6.10) commute with each
other, thereby generating an Abelian subgroup S of Q( 5y There are (g ) — 1 independent
stabilizer generators, so this stabilizer code encodes one qubit into (];f ) qubits. The first

(N—l

5 ) stabilizer generators contain only Z operators and identities and the other N — 2

stabilizer generators contain only X operators and identities. Thus, the stabilizer code is a
CSS code.

In Hp, the vectors representing the Z-type stabilizers and the X-type stabilizers span
Cik (3.27) and C, (3.29) for n = N respectively. Thus, the CSS code in Theorem 3 is specified

by the linear codes C; (3.26) and Cy (3.29) for n = N. O

Now we show that by assigning each of the (];f ) physical qubits to an edge in K, this CSS
code can correct the erasure errors at those qubits, which are not connected to vertex @,
for any r € [N ] Hence, by following the protocol of quantum summoning in Sec. 6.3.1,
no matter which A, receives the request, the associated reveal agent A, can decode the

original state [¢) from her N — 1 qubits in Eq. (6.9).

Lemma 5. For anyr € []\7 }, the CSS code in Theorem 8 can correct erasure errors at qubits
ai forij e { [N\ {r}}.
The proof of this lemma is a modified version of that for the continuous-variable code [83]

with the infinite-dimensional field R replaced by the finite-dimensional field Z,. One side

effect of this modification is that N has to be even. Lemma 5 is no longer true if N is
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odd. To see this, we consider an example of a three-qubit code with stabilizer generators
{ZZZ,IXX}. If r = 3, this code should correct any Pauli error at gj5. This is obviously
false, because the Pauli error at qi9, Z11, commutes with both stabilizer generators but does

not lie in the stabilizer group.

Proof. Denote &, as the set of Pauli operators at qubits ¢;; for i,j € [N ] \ {r}. For any

Pauli operator P € &,, its vector representation (3.5) is denoted
P—{RzPJ- (6.13)
As P acts nontrivially only at qubits ¢;; for ¢,j € []\7 } \ {r},
Vke[N}\{ﬂyf&-ewzsz-eM::O (6.14)

To show that the stabilizer code in Theorem 3 can correct any error in &, for every r, it

is sufficient to prove that [108]
VPeé&, PeC(S)=PecS, (6.15)

where S is the stabilizer group generated by the stabilizer generators in Hy (6.10) and C(S)

is the centralizer of § in Q( 5y i.e. the group of the Pauli operators commuting with all the
2

elements of S. Using Eq. (3.7), we know that P € C(S) if and only if
Vv eCf, Py -v=0, (6.16)

and

Vu e Cy, Py -u=0. (6.17)
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From T,;; € C{- and Eq. (6.16),

Px -T,; =0. (6.18)
It implies that
PX . (em- + €rj + eij) =0. (619)
Using Eq. (6.14), we know that
PX "€y = 0. (620)

Equation (6.20), together with Eq. (6.14), implies that Px = 0.

Next we prove that Eq. (6.17) implies that P, € Ci-. Suppose

P, A =1 (6.21)

Then Eq. (6.17) implies that for 2 <1< N — 1,

P, A =1 (6.22)
As N is even,
N-1
> P A, =1 (6.23)
m=1
As ) )
N N
> P, A, =Pz ) A, =0, (6.24)
m=1 m=1
we have
P, A; =1 (6.25)
Hence,
Vk e [N} Py AL =1, (6.26)
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Equation (6.26) contradicts Eq. (6.14) because Eq. (6.14) implies that

P, A, =0. (6.27)

Thus, (6.21) is false and
P, A =0. (6.28)

Then Eq. (6.17) indicates that for 2 <1 < N — 1,

P, A =0. (6.29)
Hence )
N-1
P, A, =0. (6.30)
m=1
From Eq. (6.24), we know that
P, Ay =0. (6.31)
Thus,
Vke [N} P, A =0, (6.32)

which indicates that P, € C{-. Since Py = 0, we know that P is a Z-type stabilizer in S. [

Now we find the distance of the CSS code, which is an important parameter characterizing

the capability of the code to detect and correct errors.
Lemma 6. The distance of the CSS code in Theorem 3 is N /2.

Lemma 6 implies that the CSS code can correct any <N /2 — 1) -qubit erasure errors.
Although the distance of this CSS code scales as O (]\7 >, Lemma 5 implies that the CSS

code can correct particular erasure errors at O (N 2) qubits.

Proof. The distance (3.9) of the stabilizer code in Theorem 3 equals to the minimum weight

of the Pauli operators in C'(S)\ S [108]. To prove the minimum weight of the Pauli operators
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in C(S)\ S is N /2, we first show that there exists a Pauli operator

N/2
P =) Zg, 1 (6.33)
=1

with weight N /2 such that P € C(S)\S. Then we show that no Pauli operator with weight
less than N /2 lies in C(S) \ S.

From Eq (6.33), we know that

N/2
PZ = Ze%_l,gi, PX = 0. (634)
i=1
From Eq. (6.34), we find that
Vie [N] P, A =1 (6.35)
Hence,
Vv eCy, Py;-v=0. (6.36)

From the fact that Px = 0, we know that P (6.33) commutes with all the stabilizers in S,

ie., P € C(S). As Py cannot be represented by an Euclidean cycle,
P, ¢ Ci. (6.37)

Thus, E ¢ S, and hence
PeC(S)\S. (6.38)

For any Pauli operator P’ with weight less than N /2, there exists an r € [N } such that

vk € [N] \{r}, P, ey =Pl e, =0. (6.39)
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From the proof of Lemma 5, we know that

P eC(S)= P eS. (6.40)

It implies that
P' ¢ C(S)\S. (6.41)
Thus, no Pauli operator with weight less than N /2 lies in C(S) \ S. O

This subsection has specified the CSS code (6.11) by its stabilizer generator matrix (6.10).
We have shown the erasure errors that the CSS code, can correct and the distance of the

CSS code. In next subsection, we explain how to encode and decode this CSS code.

6.3.3 Encoding and decoding

In last subsection, we have shown that the encoding of our CSS code employs O(N?) qubits
while the decoding uses only O(N) qubits. In this subsection, we present systematic methods
to construct encoding and decoding circuits for our CSS code. The encoding method used
here follows the standard method of encoding stabilizer codes [110], discussed in Sec. 3.2. Our
decoding method differs from the stabilizer code decoding method because it only corrects
erasure errors, which occur in summoning. We also calculate the gate complexity of both
the encoding and the decoding circuits. It is shown that G in the encoding is O(N?) and G

in the decoding is O(N).

Encoding

To build the encoding circuit of this CSS code, we introduce logical operations on the encoded

state. By using the vector representation (3.5), the logical operations are defined as

X = [o A1:| (6.42)
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Figure 6.2: (a) Multiple CNOT gates with |1}, as the control qubit and {|0).,. }¥, as the
target qubits; (b) A Hadamard gate is applied at |O>€m followed by multiple CNOT gates

with [0)e, ; as the control qubit and the qubits assigned to {e1},_5); U {ejk}gz_; as target
qubits.

and

/= |:A1 0] : (6.43)

From A; - A; =1 and Eq. (3.7), X and Z anti-commute with each other.
We choose

o) = [0y = 0) (), (6.44)

which is an eigenstate of Z with eigenvalue one. To encode [¢)) (6.6), using Egs. (3.13)

and (3.14), and the fact that Z-type stabilizers act trivially on |¢)y), we obtain the encoded

state i
1 N-1 (2)

of0)e+ A = Zm [[ | T+ QXM 4 ) (al0) +8141), (6.45)
2N -2 =2 i=1
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) ® b q12
0) O—P 013
0) O—P—P G14
0) P—P 023
10) H ® q24
0) H ® 34

Figure 6.3: The encoding circuit of the CSS code comprising Hadamard gates and CNOT
gates when N = 4. The inputs of this circuit are |¢/) ®]00000) and the outputs of this circuit
are the qubits assigned to each edge of the complete graph K4 shown in Fig. 6.1(b).

where

(2)
[Ay) = [ x“0), (6.46)

and (A; + A;); and (A;); are the i-th entries of vectors A; + A; and A; respectively.

S applies CNOT gates as in Fig. 6.2(a) to the product state

) ®10)(z) 1, (6.47)
to obtain
a|0) + 8| Ay). (6.48)
Then S implements each operation
I+ xArtA: (6.49)

i=1
where 1 < j < N—2, by using CNOT gates and a Hadamard gate as in Fig. 6.2(b). Finally, S
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obtains the encoded state (6.45). Figure 6.3 presents an example of the encoding circuit for

N = 4.

The number of CNOT gates in Fig. 6.2(a) is O(N). In Fig. 6.2(b), the number of CNOT
gates is O(NV) and the number of Hadamard gate is one. As the circuit in Fig. 6.2(a) is only
applied once and the circuit in Fig. 6.2(b) must be applied O(N) times. The encoding of
the CSS code consumes O (N?) CNOT gates and O(N) Hadamard gates. Hence, for the
encoding of the CSS code, G € O (N?).

Decoding

In this subsection, I explain the decoding scheme. First, I give an overview of the scheme, fol-
lowing by a more detailed analysis. Suppose the request is sent to y,.. Reveal agent A, cannot
decode by measuring the syndromes as she has only N — 1 qubits. The encoded state (6.45)
is an equally weighted superposition of the codewords given in Egs. (6.51) and (6.52). After
tracing out the lost qubits, the reduced state p, (6.62) becomes a mixture of the codewords.
To decode the original state [¢)) from the N —1 qubits with reduced density matrix p,, reveal

agent A, measures the set of mutually commutative Hermitian operators

{qukzqrm; ke [N _ 1} \{r}} , (6.50)

where Z, , represents the Z operator on the qubit g,;. After applying the projective mea-
surements, the reduced state is projected onto one codeword, becoming a pure state.
According to the measurement outcomes, by applying N — 2 CNOT gates with one
control qubit and distinct target qubits, A, obtains the original state [¢)) at the control
qubit. Fig. 6.4 presents an example of the decoding circuit when the request is received at
@. In decoding, G € O(N) and the number of single-qubit measurements is also O(N).

I will now calculate the reduced density matrix p, and show the state after the measure-
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q14 ] b
g24 . P,
q34 ® ¢ W>
0) —D—D A=+
|O> S—H— A= —1

Figure 6.4: One example of the decoding circuit comprising CNOT gates and measurements
of Z operators for N = 4. The inputs of the circuit are three physical qubits ¢ia, go4 and gss
and two ancillary qubits [00). The measurement outcomes on the two ancillary qubits are
+1 and —1, based on which two CNOT gates are applied with the third qubit as the control
qubit and the first two qubits as the target qubits. The third output qubit is the original

qubit [)).

ments of the operators in Eq. (6.50). From Egs. (3.13) and (3.14),

0 == ). (6.51)

Lr = . D A+ ), (6.52)

form a basis of the CSS code in Theorem 3. Hence, the density matrix of the (gf ) physical

qubits encoding |¢) (6.6) is

1
P =05 (alz) + BlAL + )
x€Ca
x> (o (yl+ B (AL +yl]). (6.53)
yeCo

To express the reduced density matrix, we give the following notations. The subset of
edges connected to @ in K5 is denoted by £, and the complement of E, in E, i.e. the

subset of edges not connected to @, is denoted by E¢. In the same way as 2F% forms a
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linear space

)

N
szl

the power set 25" forms a linear subspace

& =271 (6.54)

&t~ Zg 2, (6.55)

For a vector v € &, we use v, to denote the projection of v onto &, and v to denote the
projection of v onto &=*.

Now we calculate the reduced density matrix p, of the N —1 qubits {qu; ke [N ] \ {r}}
As

Vr € [N} St = A+ o), (6.56)

xeCo xeCo

we have

oy = ﬁtr]gg [z (ale) + 814, +2)) > (a*(yl + 5" A, + y])

xeCs y€ECo

, (6.57)

where trge denotes the partial trace over the qubits {qij; i,j € [N] \ {7‘}} From the defi-

v> . (6.58)

nition of partial trace [140],

3 (a|w) +3lA, + zc)) S (a*(y\ 4 BYA, + y|)

xE€Co y€eCa

1
pTIQN—Q Z<’U

vest

For each v € &1, there is at most one & € Cy such that

xt =w. (6.59)
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Hence, we get

‘”:2;aE:¢ﬁ|@@>+mAw+wD&f@4+6WAw+mDw&y (6.60)
xcCo
As
(wﬂm) = |z,) and <~’L'TL|A7» +z)=|1+wz,), (6.61)

where 1 is an (N — 1)-dimensional vector with all the entries equal to 1,

1
pT_QN—Z

> (alz,) + BIL+ @) (o (.| + (1 + ). (6.62)

xeCo

Consider the set of mutually commutative Hermitian operators in (6.50)

{ZuwZapsiib e [N =1 \{r}}.

V& € Cy, |x,) and |1 4+ x,) are the eigenstates of each Hermitian operator in (6.50) with

same eigenvalue, so any linear combination
alz,) + B|1+ ;)

is a common eigenstate of the Hermitian operators (6.50), with the eigenvalues forming a

vector consisting of +1. For

Va,z € Cy and « # z, (6.63)
the two eigenstates
alz,) + G111+ x,) (6.64)
and
alz:) + A1+ 2;) (6.65)

have different eigenvalue vectors. This is because if (6.64) and (6.65) have the same eigen-
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values, then either x, = z, or ¢, = z, + 1, both of which contradict condition (6.63). Thus,
pr in Eq. (6.62) is an equally weighted mixture of the common eigenstates of the Hermitian
operators (6.50) with different eigenvalue vectors.

After the projective measurements on all the Hermitian operators (6.50), the reduced

state is projected onto

aly.) + B+ y,), (6.66)

where y € Cy and y, is the projection of y onto &,. The corresponding measurement
outcomes are {(—1)yﬁi)+yy+l);i € [N - 2] }, where y{” is the i-th component in y,. (6.66)

is the state after the measurements of the Hermitian operators in (6.50).

Optical Implementation

In this section, I discuss the optical implementation of the encoding and decoding circuits
presented in the previous section. In the last section, we showed that the encoding and
decoding circuits consist of CNOT gates, Hadamard gates and measurements in the Z basis.
All these operations can be achieved using passive interferometry [20, 141, 142, 143] and
have been demonstrated in large-scale integrated photonic circuits [34, 36].

Qubits are created by a superposition of a single-photon in one of two spatial modes. The
presence of the photon in the first mode is considered a |0) and in the second mode as |1).
This is commonly known as a dual-rail photonic qubit. Arbitrary single qubit operations
can be performed on such a qubit using a beam splitter (2.6), with appropriate choice of the
angles [20]. Measurements in any given basis may also be achieved by single-qubit gates [140].

A CNOT gate is more complicated as it cannot be implemented in a deterministic manner
using passive interferometry. One method is to exploit the linear optical quantum computing
formalism [20]. The controlled-sign gate presented by these authors can be transformed
into a CNOT gate by appropriate single-qubit gate operations. The basic controlled-sign
gate only succeeds with probability 1/16 but this can be efficiently amplified to arbitrarily

high probability by using the teleportation trick. Another method is to combine the 1/9

113



probability non-deterministic CNOT gate [142, 143] with the 4/27 probability quantum
non-demolition measurement setup [141] to create a heralded non-deterministic CNOT gate.
The combined gate succeeds with probability 16/6561. This probability of success can be
boosted by the teleportation trick [20].

In this way, the gates and measurements in the encoding and decoding circuits can be

implemented efficiently with passive interferometry.

6.4 Sound and complete verification

In this section we propose a procedure a verifier can adopt to assess the claims of the prover.
We show that our proposed procedure is sound and complete, as is required for a valid
interactive protocol.

We propose a strategy based on the estimation of the entanglement fidelity which forms
our definition of summoning (6.3). We provide a description of state preparation by the
dealer and measurement by the referee that allows the verifier to estimate the entanglement
fidelity for a single causal diamond. By repeating this process many times for each diamond,
the verifier infers the minimum entanglement fidelity over all diamonds to some precision.
Based on the threshold (6.3), the verifier decides if the prover can summon {p;, |1;)} in the
causal diamonds {@}

The verifier can estimate the entanglement fidelity for diamond <k> in the following way.
The dealer prepares the bipartite state |U)"# which is any purification of p. The system P
is provided to the prover while the system R is provided to the referee. If the dealer sends

the request to diamonds @ then the state received by the referee is

(& @ T)(Jw)"H(w]). (6.67)
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The referee makes a projective measurement on
P =) PR, (6.68)
This measurement succeeds with probability
Tr [(& @ Z)(|0) () 0) (W] = F. (p, &) (6.69)

which is precisely the entanglement fidelity of the state returned at diamond @

The verifier uses the observed frequency of successful measurements to decide if the prover
has summoned. Let ng be the number of times a request is sent to diamond <k> Let my,
be the number of times the referee successfully projects on P for diamond @ Then for

diamond @ the referee uses the decision function

accept if my, > nyt

reject if mp < nyt

We now want to prove that this decision function is sound and complete. In order to do
so, we first convert (6.4)-(6.5) to mathematical statements. Then Theorem 7 stated below
asserts the soundness and completeness of our proposed verification strategy.

Let the true value of F, (p, &) = fr. Successful summoning at diamond <k> is equivalent
to fr > t and its failure equivalent to f; < t. Each round of summoning, concluding with
the projection on P, results in the referee obtaining one bit of information about f;. The
referee’s task is to estimate whether f is above or below the threshold ¢ based on a sequence

of ny bits. In this picture, (6.4)-(6.5) can be stated as

Pr(m > ngt|fy >t) >1—10 (6.71)

Pr(m < nkt\fk < t) >1—0 (672)
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We now want to prove that if the verifier and prover perform enough rounds of summoning

these conditions hold. Stated formally this is equivalent to the following theorem.

Theorem 7. For every 0 < § < 1 there exists a no, such that for every ny > no conditions

(6.71) and (6.72) hold.

Proof. The ny, bits obtained by the referee by projection on P can be treated as being drawn
from a Binomial distribution with probability of success fi. Conditions (6.71)-(6.72) claim
bounds on the tails of this distribution and therefore can be proved using the Chernoff
bound [144]. One form of the Chernoff bound asserts that for any ¢ > 0,

e_cnkfk

Using this for n; rounds, the completeness condition (6.71) simplifies as

Pr(m > ngt|fy > t) =1 — Pr(m < ngt|fr > 1)
—(fe—t)ng

(t/ fi)mst

where we have chosen ¢ = (fy —t)/fr > 0 because f > t. Comparing with inequality (6.71)

we conclude that
B In(1/6)
fe—t+tn(t/fi)

Another form of the Chernoff bound states that for any ¢ > 0

N (6.73)

(1 + O)FOmde”

Pr(m > (14 Q)npfr) <

This results in the soundness condition (6.72) simplifying to

Pr(m < ngt|fy <t) =1—Pr(m > ngt|fi < 1t)
(t—=Fr)m
<l-——

(t/ fi)t”
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where we have chosen ¢ = (t — fi)/fr > 0 because f, < t. Comparing this inequality

with (6.72) we find

In(1/9)
= . 6.74
T Je —t+tIn(t/ fi) (6.74)
As Egs. (6.73) and (6.74) are equivalent, we can conclude that
In(1/6.)
= . 6.75
o tn(t/ ) (6:75)
Il

Eq. 6.75 provides the number of rounds for one causal diamond after which the verifier
is able to decide if the entanglement fidelity is above the threshold for that diamond. This
must be repeated for all N diamonds. As requests must be sent uniformly randomly to each
diamond it will take on average O <Zf€v:1 nOk) rounds for the verifier to be able to decide
with high confidence if the prover exceeds the summoning threshold for every diamond.

In the discussion above we have assumed the verifier creates pure states and performs
error free measurements which is contrary to the limitations placed on the verifier in Sec. 6.2.
The dealer may only be able create mixtures of |¥) and |¥+) and may only be able to project
on a mixture of P and P+. We now argue that these limitations don’t change the above
arguments in any substantial way.

As quantum mechanics is linear we can assume that the dealer does indeed prepare the
pure state |¥) and any limitations of the verifier’s circuits appear in an imprecise measure-
ment by the referee. Suppose the referee projects onto the operator (1 — €)P + eP+ where
0 < e < 1. The verifier can estimate the value of € by characterizing his circuits separately
from the prover. The dealer can prepare |¥) and the referee can make a measurement. If
done many times an unbiased estimate of the ¢ may be found. If the referee modifies my to
my /€ he will obtain an unbiased estimate of number of successful projection he would have
received if the verifier’s circuits were error free.

We have proposed a verifier’s strategy and proved that this strategy is indeed sound and
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complete. Therefore, a valid interactive protocol can be formulated for summoning using

our proposed strategy.

6.5 Discussion

We have formulated quantum summoning as an interactive protocol in order to study if its
possible to verify when some given quantum information has been summoned. We define
quantum summoning in terms of the entanglement fidelity of the prover’s process. We op-
erationalize this definition into a procedure that the verifier can follow to test the prover’s
summoning ability. We show that this procedure, and consequently the summoning interac-
tive protocol, is sound and complete.

We have also presented a protocol to summon quantum information efficiently in any
valid configuration of causal diamonds. Central to our protocol is a CSS code that encodes
one logical qubit into O(N?) physical qubits, where each physical qubit is assigned to an
edge of a complete graph whose vertices correspond to causal diamonds. This code is a qubit
version of the homological continuous-variable quantum error correcting code [83]. The CSS
code is designed using the fact that the power set of edges of a complete graph can be cast
as a vector space. The stabilizer generators of the CSS code correspond to triangle graphs
and sums of star graphs.

The properties of these graphs are used to show that the logical qubit can be decoded
from the subset of physical qubits that are assigned to edges adjacent to any vertex. In
order to employ this code for summoning, the physical qubits are sent to the request points
in such a way that the past of every reveal point contains enough physical qubits to decode
the original qubit. Our protocol design, similar to one used previously [83], ensures that
whenever a request agent receives the request the associated reveal agent receives all physical
qubits required to decode the original qubit.

We also present procedures to design the encoding and decoding circuits for the CSS code.

118



Our protocol is less resource-intensive than the protocol based on the codeword-stabilized
code [82] which uses circuits that are O(N?) wide and O(N?) deep [3]. The circuits for the
CSS code have width that is also O(N?) but half that of the codeword-stabilized code and

require only O(N?) gates.

119



Chapter 7

Conclusion and outlook

This thesis set out to advance the field of passive interferometry for quantum information
processing applications. Before, evaluating our progress, I present a summary of our work

and my contributions to it.

7.1 Summary of achievements and my contributions

7.1.1 Permutational symmetries for coincidence rates in multi-

mode multi-photonic interferometry

We constructed a theory of multi-mode multi-photon passive interferometry to analyze the
interference of distinguishable photons [1]. For any given non-entangled input photonic
state we show that the coincidence rates at the output of a passive interferometers can be
expressed in terms of immanants, which are functions with known symmetries. We show
that it is possible to infer which immanants appear in the output rate from the symmetries
of the input state. The symmetries of the input state are determined by the multiplicity of
photons in the input modes and by the distinguishability of the input photons. We also show
that coincidence rate expressions are covariant under a permutation of the input photons

and modes. Our formalism provides a convenient way to simulate passive interferometry
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experiments with distinguishable photons.

My contribution to Ref. [1] are as follows. I took the unproved proposition that the
coincidence rate can be expressed as a matrix product for the case of one photon in each
input and output mode [67, 51|, generalized it to the case of arbitrary number of photons
in each input and output mode, as expressed in Theorem 1. T fully contributed the proof
of this theorem. I also took the unproven assumption of past work [67, 51| that the rate
matrix carries a representation of the symmetric group, cast it as Theorem 2 and proved it.
In order to do the calculations for examples such as those presented in Secs. 4.4, 4.5 and 4.6,
I developed and used the MATHEMATICA® code [113]. My collaborators Hubert de Guise
and Dylan Spivak provided the method to decompose the photonic Hilbert space and the

representation of symmetric group using Young diagrams.

7.1.2 Characterization of passive interferometers

We develop a procedure to estimate the unitary matrix that determines the action of a pas-
sive interferometer on input states [2]. This procedure only takes in single and two-photon
coincidence rates from the interferometer and outputs an accurate and precise estimate of
the interferometer matrix. Our procedure is accurate and precise because it accounts for the
distinguishability of the input photons in its calculations. We use the statistical technique
known as bootstrapping to estimate the errors on the parameters of the interferometer ma-
trix. Bootstrapping is an attractive technique because it outputs reliable error bars while
remaining agnostic to type of random errors in the experiment. We also show that data
required for our procedure can be collected in parallel, yielding a quadratic improvement in
data collection time as the size of the interferometer increases.

My contributions to this project are related to the estimation of the arguments of the
interferometer matrix. This includes developing some of the curve-fitting process, especially
the guesses for each of the unknown parameters, while the objective function was designed

by my collaborator Ish Dhand. I developed the expressions required to estimate the mode-
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matching parameter. I studied the shape of the coincidence rate curve for the identical and
non-identical spectral functions, which plays a significant role in the procedure to estimate
the arguments of the interferometer matrix. Moreover, 1 identified the condition under
which it is likely for an instability to occur in the estimation of the sign of an argument, and
then along with my collaborater Ish Dhand worked on our procedure to avoid the instability.

Finally, T developed a majority of the reference code for our characterization procedure [118].

7.1.3 Quantum summoning as an interactive protocol

We cast quantum summoning as an interactive protocol to assess if its possible to verify
if a possibly dishonest prover can summon, and to develop a procedure that an honest
prover can follow to summon quantum information. We develop a code to summon quantum
information in any valid configuration of causal diamonds. Our code is a qubit CSS code
that encodes one logical qubit into a quadratic number of encoded qubits where the problem
size is defined to be the number of causal diamonds. We prove that our code corrects the
erasure errors that occur in summoning due to restrictions of causality and present a protocol
that uses the code to summon quantum information. We also use standard techniques to
develop encoding and decoding circuits for our code. These circuits only use CNOT and
Hadamard gates and therefore are suitable for implementation by passive interferometry.
We also develop a verification procedure based on entanglement fidelity and prove that this
procedure is sound and complete, and hence our interactive protocol is valid.

My contributions to this project include the formulation of summoning as an interactive
protocol, as well as developing the operational definition of summoning in terms of entangle-
ment fidelity. I also developed the verifier’s procedure, including the proof that our procedure
is sound and complete. I also contribute the discussion on how to realize our encoding and

decoding circuits using passive interferometry.
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7.2 Outlook

This thesis advances the analysis, simulation, characterization, and design of multi-mode
multi-photon passive interferometry for quantum information processing. Our project on
the symmetries of coincidence rates advance the qualitative and quantitative analysis and
simulation of the interference of distinguishable photons. Our results demonstrate another
area of physics which can be explained and analyzed using the symmetries of the system.
Symmetry in the initial conditions of an experiment can be exploited to qualitatively predict
the results. In the case of passive interferometric systems, the symmetry or lack thereof,
occurs due to the partial distinguishability of the photons. The symmetries present in the
input state are reflected in the coincidence rate because of the linear action of interferome-
ter. The covariance of rates under a permutation of photons or modes at the input of the
interferometer also highlight the role of symmetries in passive interferometry.

Our results are relevant for understanding the relevance of experimental implementations
of BosonSampling to the computational speedup quantum systems can provide over classical
systems [6]. The BosonSampling is classically hard because sampling from a distribution
of permanants is computationally hard. On the other hand, when all photons are perfectly
distinguishable, the coincidence rates are described by classical expressions and therefore easy
to simulate. Our results show that the coincidence rates in modern photonic experiments are
linear combination of immanants squared, and the computational complexity of sampling
from such a distribution is still an open problem. Therefore, it is not clear which parts of the
coincidence landscape are computationally easy to sample from and which parts are hard to
sample from.

This thesis also presents two different verification procedures, the characterization of in-
terferometers and the verification of summoning. The characterization of interferometers
is important for verifying that passive interferometry experiments are performing to spec-
ification. Our main advancement for characterization interferometer is the use of superior

modeling of the experimental setup to improve the accuracy and precision of the estimated
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interferometer matrix. Our bootstrapping procedure to estimate errors without a definite
error model is also a valuable advancement that can be used in other areas of passive in-
terferometry or quantum information processing. Our verification procedure for summoning
borrows the concept and techniques of the verification of classical computational problems in
an adversarial setting and adapts them to the verification of quantum information processing
tasks, a topic that has seen recent interest [97, 98]. Our work is a prerequisite to establishing
quantum summoning as a quantum cryptographic primitive.

Our protocol and code for quantum summoning advance the design of passive interferom-
etry for quantum information processing. Summoning can be used for secure transmission
of quantum information on global quantum networks [21], and our optically implementable
and efficient encoding and decoding circuits may be used for such a task. The impossibility
of summoning in causally disconnected causal diamonds arises from the dual restrictions of
quantum no-cloning and no-superluminal transmission. Our protocol and code may also be

used to simultaneously test these two principles in a single optical experiment.

7.3 Future work

The results presented in this thesis can inspire further progress in exploiting passive inter-
ferometry for quantum information processing. We outline some of these possibilities now.
Our work on the symmetries of coincidence rates is limited to non-entangled state. Others
have used similar techniques to analyze the interferometry of entangled states with restricted
set of symmetries [145]. These results may be extended to arbitrary entangled states. An-
other aspects of our work that warrants further investigation are the coefficients of the
immanants in the coincidence rate expressions. We have already shown that the elements of
the rate matrix are constructed from cosets of natural photonic basis, but their structure in
the symmetrized basis is not fully understood. Finally, the BosonSampling problem can be

generalized to sampling from the coincidence rates of distinguishable photons.
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Our characterization procedure separately estimates all 2m? variables (m?

amplitudes
and m? arguments) specifying the interferometer matrix. However, modern implementations
of interferometers [34, 36] use only m? total number of components to realize an arbitrary
m-mode interferometer [23]. Therefore, a characterization procedure that exploits this de-
composition, to either use lesser experimental data or improves accuracy and precision will
be useful.

Our protocol for summoning is designed to work for any valid configuration of causal
diamonds, where the underlying CSS code depends only on the number of causal diamonds.
It is likely that codes can be designed that reduce resource usage by exploiting the structure of
causal connections between the causal diamonds, examples being when a single causal curve
connects multiple causal diamonds [83] or when the graph representing causal connections
is acyclic [84].

While any given configuration of causal diamonds may be realized in man-made quantum
networks, a useful avenue of research would be to classify the configurations that can occur
naturally in flat or curved spacetimes. Our codes as well as other codes for quantum sum-
moning assume that entangled states may be tranferred without decoherence in spacetime.
Quantum summoning in curved spacetime or Rindler coordinates might require the usage of
codes that protect against decoherence caused due to gravity or acceleration [146, 147, 148].

The work presented in this thesis is suitable for experimental implementation. The
expression of coincidence rates has already experimental confirmation for systems of three
photons [51], but experiments with large number of photons and multiple photons in some
modes will provide a stronger certification of our results. The experimental verification of
the characterization procedure is also attractive. In particular, the difference in accuracy
and precision with classical light based procedures would be useful. Finally, an experimental
implementation of our summoning protocol will simultaneously test the no-cloning theorem
and no-faster-than-light information transfer restriction. Recent advances in the passive

interferometry, such as the development of large-scale reconfigurable interferometers with
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embedded light sources [34, 35, 36], put these experiments within reach.
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