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Abstract

The Lottery Ticket Hypothesis (LTH) suggests there exists a sparse LTH mask
and weights that achieve the same generalization performance as the dense
model while using significantly fewer parameters. LTH achieves this by itera-
tively sparsifying and re-training within the pruned solution basin. However,
finding a LTH solution is computationally expensive, and a LTH’s sparsity
mask does not generalize to other random weight initializations. Recent
work has suggested that neural networks trained from random initialization
find solutions within the same basin modulo permutations, and proposes a
method to align trained models within the same loss basin. We hypothesize
that misalignment of basins is the reason why LTH masks do not general-
ize to new random initializations and propose permuting the LTH mask
to align with the new optimization basin when performing sparse training
from a different random initialization. We empirically show a significant
increase in generalization when sparse training from random initialization
with the permuted mask as compared to using the non-permuted LTH mask,
on multiple datasets (CIFAR-10/100 & ImageNet) and models (VGG11 &

ResNet20/50).
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Chapter 1

Introduction

1.1 Overview

In recent years, foundation models have achieved state-of-the-art results
for different tasks. However, the exponential increase in the size of state-of-
the-art models requires a similarly exponential increase in the memory and
computational costs required to train, store and use these models — de-
creasing the accessibility of these models for researchers and practitioners
alike. To overcome this issue, different model compression methods, such as
pruning, quantization and knowledge distillation, have been proposed to re-
duce the model size at different phases of training or inference. Post-training
model pruning (Han et al., 2016) has been shown to be effective in com-
pressing the model size, and seminal works have demonstrated that large
models can be pruned after training with minimal loss in accuracy (Gale
etal., 2019; Han et al., 2015). While model pruning makes inference more
efficient, it does not reduce the computational cost of training the model.

Motivated by the goal of training a sparse model from a random initial-
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ization, Frankle and Carbin (2019) demonstrated that training with a highly
sparse mask is possible and proposed the LTH to identify sparse subnet-
works that, when trained, can match the performance of a dense model.
The key caveat is that a dense model must first be trained to find the sparse
mask, which can only be used with the same random initialization that was
used to train the dense model. Despite LTH seeing significant interest in
the research community, LTH masks cannot be used to train from a new
random initialization. Furthermore, it has been observed empirically that
the LTH is impractical for finding a diverse set of solutions (Evci et al., 2022).

This posits our main research questions: How can we train a LTH mask
from a different random initialization while maintaining good generaliza-
tion? Would doing so find a more diverse set of solutions than observed with
the LTH itself?

In this work, we try to understand why the LTH does not work for dif-
ferent random initializations from a weight-space symmetry perspective.
Our hypothesis is that to reuse the LTH winning ticket mask with a differ-
ent random initialization, the winning ticket mask obtained needs to be
permuted such that it aligns with the optimization basin associated with
the new random initialization. We illustrate our hypothesis in fig. 3.3. To

empirically validate our hypothesis,

* We obtain a sparse mask from a dense model, A, using a pruning
technique (Renda et al., 2020; Han et al., 2015).

* Demonstrate that a permuted sparse mask aligned with a new initial-
izations, B, optimization basin) can be reused for sparse training.

e We showed that the permuted sparse model achieves comparable
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generalization to the LTH solution.

* Found that the permuted mask improves generalization compared to
a non-permuted mask.

* Observed significantly higher functional diversity compared to LTH

solutions.

1.2 QOur Contributions

Our contributions are as follows:

1. We hypothesize that the LTH (Frankle and Carbin, 2019) fails to find
good solutions with a new random initialization due to a mismatch
between the optimization basin of the winning ticket mask and the
new random initialization’s solution basin. We propose a method
based on permutation matching between two dense models, that per-
mutes the winning ticket’s sparse mask to align with the optimization
basin of the new random initialization. We empirically demonstrate
on CIFAR-10/100 and ImageNet datasets using VGG11 and ResNet
models of varying widths that permuting the LTH sparse mask to align
with the new random initialization improves the performance of the
trained model (permuted), compared to the model trained without

permuting the sparse mask (naive).

2. We show that models trained from random initialization using the
permuted LTH mask are much more functionally diverse in the solu-

tions they learn than those found from training the LTH winning ticket
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mask and initialization alone (Evci et al., 2022), across several existing

functional diversity metrics and improved ensemble performance.

3. Furthermore, our experiments provide novel insights about the LTH
and the corresponding dense model: we show that for a fixed initializa-
tion, the dense solution and the corresponding LTH solution remain
in the same loss basin once we take into account variance collapse.
Notably, our conclusion differs from the conclusion drawn by Paul
et al. (2023), where they did not consider the variance collapse issue

when interpolating between the sparse and dense solutions.

1.3 Thesis Organization
The thesis is organized in the following sections:

e Chapter 2: Background and Preliminaries establishes the founda-
tional concepts for this thesis through a structured three-part explo-
ration. Firstly, it briefly formalizes the standard supervised learning
framework within Machine Learning (ML). Secondly, we study the ge-
ometric properties of DNN loss landscapes and the concept of mode
connectivity, discussing neuronal alignment algorithms and the con-
tribution of permutation symmetries to the non-convexity of these
landscapes. Thirdly, we explore sparse neural networks and the lottery

ticket hypothesis.

e Chapter 3: Methodology details the proposed methodology of this
study. This chapter outlines the motivation for addressing our re-

search problem, followed by a visual demonstration designed to build

4
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intuition regarding the relationship between weight symmetries and
sparsity. Subsequently, it provides rigorous explanations of our exper-

imental design and the neuronal alignment technique.

Chapter 4: Experiments and Results presents the experiments con-
ducted to validate our primary hypothesis. This chapter details the
testing of our hypothesis across a diverse range of models and datasets,
followed by additional analyses of the loss landscape and functional

diversity.

Chapter 5: Conclusion and Future Work summarizes the key find-
ings of our research and emphasizes the importance of the problem
investigated. This chapter also discusses the limitations of the current
work and proposes potential future directions for further investigation

and improvement.



Chapter 2

Background

2.1 Formal Setup: Machine Learning

n
i=1

In supervised learning, we are given a training dataset of size n, D = {(x;, yi) }
where each training example (x;, y;) is drawn i.i.d. from some unknown
underlying probability distribution N over the input space X € R and the
output space Y C R*. Our goal s to learn a function f : X — Y, parame-
terized by a weight vector w € R, such that for a given input x € X, the
prediction f(x; w) is as close as possible to the true output y according to
the distribution N.

To formalize this notion of "closeness", we introduce a loss function I(y, ¥),
where y is the true output and § = f(x; w) is the predicted output. The loss
function/ : Y XY — R5( measures the discrepancy between the prediction
and the ground truth. It should ideally be non-negative, and a lower value

indicates a better prediction. The overall learning objective is to minimize

the objective function, L(w), which is the average of the loss function over
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all training examples:

n

Lw) = = 3" 0, f W), @)

i=1
We aim to find the optimal parameters w* that minimize this objective:
w" = argmin L(w). (2.2)
weRA
This optimization is often performed using an iterative algorithm like gradi-
ent descent, which updates the parameters in the direction opposite to the

gradient of the objective function:
Wi = W — 'V L(Wy), (2.3)

where 7 is the learning rate, controlling the step size of each update.

2.2 Neural Networks

2.2.1 Formal Setup: Feedforward Neural Networks

In our research, the ML models we use for image classification tasks, falls
under the umbrella of neural networks. Specifically, we utilize and mod-
ify architectures such as Convolutional Neural Networks (CNNs) (LeCun
et al., 1989a, 2015) and Residual Neural Networks (ResNets) (He et al., 2016)
due to their proven effectiveness in learning complex patterns from high-
dimensional data for classification tasks. In this section, we formally define
the structure of standard feedforward neural networks with the incorpora-
tion of homogeneous nonlinearity within each layer. While a neural net-
work layer performs an affine transformation (a linear operation involving

a weighted sum and a bias), it is the subsequent application of a non-linear

7
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activation function that allows the network with the capacity to model and
learn intricate, non-linear relationships present in real-world data.

A neural network with L layers can be formally defined as a sequence of
transformations applied to an input vector x = h(®) € R™. Each layer
l €{1,2,..., L} performs an affine transformation followed by a non-linear
activation function. For the /-th layer, the affine transformation of the input

from the previous layer, h/"1 € R™-1, is given by:
20 = ORI 4 ), (2.4)

where W () € R™*"-1 js the weight matrix connecting the (I — 1)-th layer
to the [-th layer, and b e R™ is the bias vector for the [-th layer. Here,
n;-1 and n; denote the number of neurons in the (/ — 1)-th and [-th layers,
respectively. Following the affine transformation, a non-linear activation
function 0; : R — R is applied element-wise to the pre-activation z(") to

produce the output of the /-th layer:
D = g1(z) = (WO RED 4 pD)y, (2.5)

The process starts with the input layer (I = 1), where h(?) = x. The output of
each subsequent layer serves as the input to the next layer. The final layer,
I = L, produces the output of the neural network, 2(X) € R". The activation
function of the final layer, o7, is often chosen based on the specific task
(e.g., sigmoid or softmax for classification, identity for regression). The
entire operation of the neural network can be seen as a function f that
maps the input x to the output 1%, parameterized by the set of all weights

w={w® w®@  w}andbiases b = {bV,b?, ... bD}. Therefore,



2. Background

the overall output of the neural network can be written as:
fGsW,b) = h'P, (2.6)

where h(" is obtained by iteratively applying the transformations defined
above from/ =1,..., L. We can collectively denote the set of all learnable
parameters (weights and biases)as 8 = (W, ..., w® pM pB)} In

this case, the output of the neural network can be concisely written as:
f(x;0) =hD. (2.7)

In contexts where the distinction between weights and biases is not crucial
for the high-level formulation, or when they are treated together as parame-
ters to be learned, we can simply use weights to represent the entire set of
learnable parameters 6. Thus, the overall output of the neural network can
be expressed as:

f(x;w) =hW®. (2.8)
This formulation encapsulates the fundamental structure of a feedforward
neural network, where information flows in one direction from the input
to the output through a series of affine transformations and non-linear ac-
tivations, encompassed by the network’s learnable parameters w. Having
established the fundamental formulation of fully-connected feedforward
neural networks—a foundational architecture that extends to more complex
models like CNNs, ResNets, and RNNs—we will now explore the landscape
defined by the loss function over the network’s parameter space. Under-
standing the geometric properties of this loss landscape, a high-dimensional
and non-convex space, is crucial for understanding our training dynamics
and motivates the core objective of this research: to better design parsimo-

nious deep learning algorithms leveraging weight symmetry.
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2.2.2 Whatis the Loss Landscape?

The loss landscape of a neural network refers to the high-dimensional sur-
face (or more formally, a non-convex manifold) (Choromanska et al., 2015;
Li et al., 2018b) formed by evaluating the objective function, L(6), across
its parameter space. Specifically, it describes the mapping from the space
of neural network weights and biases, represented by the parameter vector
0 € R" (where n represents the total number of trainable parameters), to a
scalar loss value, typically measuring prediction error on a given dataset,
D. Mathematically, for a fixed training dataset and neural network archi-
tecture, the objective function L(8) : R” — R assigns a scalar loss to each
possible parameter vector. The loss landscape is the graph of this function,
embedded in R"*!, where the "height" at any point 6 corresponds to the
value of L(6). Due to the nonlinearity of neural networks and the high
dimensionality of parameter spaces, this surface is generally non-convex
and non-smooth, particularly in architectures employing ReLU activation

functions (Arjevani and Field, 2022; Karhadkar et al., 2024).

2.2.3 Geometry of the Loss Landscape

Training deep neural networks involves minimizing a highly non-convex
objective function defined over a high-dimensional parameter space—a
task that is generally NP-hard in the worst case (Shapiro and Nemirovski,
2005). Yet, in practice, simple first-order methods such as Stochastic Gra-
dient Descent (SGD) (Robbins and Monro, 1951; Allen-Zhu et al., 2019)
reliably find low-loss solutions (i.e. global minimizers with zero or near-

zero training loss)), even under challenging conditions such as randomized
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(a) without skip connections (b) with skip connections

Figure 2.1: An intuitive visualization of the loss landscapes of ResNet56
without (a) and with skip connections (b), showing how architectural design
choices affect the notion of sharpness and flatness of loss surfaces. Sourced
from Li et al. (2018Db).

labels or highly nonlinear architectures (Hardt et al., 2016; Jin et al., 2017;
Zhang et al., 2017). This empirical success suggests that the geometry of
the loss landscape—despite its complexity—exhibits structures that favours
optimization. A central reason for this apparent paradox lies in overparam-
eterization: when the number of network parameters significantly exceeds
the number of data points, the loss surface undergoes a dramatic geometric
transformation. In particular, when the width of the network layers is suffi-
ciently large—typically at least polynomial in both the number of layers, L,
and the number of samples, n, DNN, exhibit optimization-friendly proper-
ties such as the disappearance of spurious minima and the emergence of
large, geometry-induced connectivity structures (Arjevani and Field, 2022;
Baldassi et al., 2022). In this overparameterized regime, the network has
enough degrees of freedom to exactly interpolate the training data, often
leading to a proliferation of global minimizers corresponding to different but
functionally equivalent parameter configurations. Specifically, in overpa-

rameterized neural networks, the abundance of parameters relative to data

11



2. Background

gives rise to large connected regions of global minima, symmetry-induced
saddle points (Brea et al., 2019), flat plateaus, narrow ravines and low-loss
basins, all of which interact with the dynamics of optimization in subtle
ways (Simsek et al., 2021; Dauphin et al., 2014; Nguyen and Hein, 2017;
Choromanska et al., 2015; Goodfellow and Vinyals, 2015; Brea et al., 2019;
Pittorino et al., 2022). We will now formally define the geometric structures

of the loss landscape, supported by relevant work.

1. Global Minima: A global minimum is any point in the parameter
space where the loss function achieves its smallest possible value.
In the overparameterized regime, there typically exists a large set of
global minima, many of which are related by permutation symmetries
or reside on continuous manifolds of solutions (Simsek et al., 2021;
Cooper, 2018). Simsek et al. (2021) show that in overparameterized
feedforward neural networks, permutation symmetries can cause mul-
tiple isolated global minima to merge into a single connected manifold
when additional neurons are added. Cooper (2018) analytically estab-
lishes that, under generic conditions, the set of global minima forms
an (n—d)-dimensional submanifold of parameter space. These global
minima are functionally equivalent, producing the same output for
all training inputs, though potentially with different generalization

properties (Lim et al., 2024; Grigsby et al., 2023).

2. Local Minima: A local minimum is a point where the loss is lower
than at all nearby points, but not necessarily globally minimal. While
local minima can be problematic in traditional optimization problems,

studies have shown that in deep overparameterized networks the loss

12
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function has no strict local minima under certain regimes (Li et al.,

2018a; Karhadkar et al., 2024; Kawaguchi, 2016).

. Saddle Points: A saddle point is a critical point that is neither a lo-
cal minimum nor a maximum—i.e., the gradient vanishes, but the
Hessian matrix has both positive and negative eigenvalues. Brea et al.
(2019) demonstrate that when two neurons in the same layer are per-
muted (i.e., weights are interchanged), the network passes through a
permutation saddle point. These points lie on flat valleys with direc-
tions of both descent and ascent. The Hessian at these permutation
points exhibits flatness, with multiple zero eigenvalues corresponding

to the redundant symmetry directions.

. Plateaus and Flat Regions: Plateaus are regions of parameter space
where the loss remains nearly constant across a large volume. These
are closely associated with overparameterization and symmetry. Zhao
et al. (2022) emphasize that due to parameter-space symmetries, gra-
dient flow tends to evolve within these low-loss valleys rather than
explore isolated optima. Similarly, Pittorino et al. (2022) show that
when working in symmetry-reduced coordinates (a toroidal space),

one can identify flat regions in the loss landscape.

. Narrow Ravines: Narrow ravines refer to steep, sharp valleys in the
loss surface, where the curvature (i.e., the magnitude of the Hessian’s
eigenvalues) is large in some directions and small in others. These re-
gions can interfere with optimization by causing instability or gradient
vanishing/exploding during training. The literature in this domain be-

tween sharp vs. flat minima is highly disputed, particularly when dis-
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cussing the relationship between curvature and generalization (Zhao
et al., 2023). The common belief is that training neural networks with
small batches using SGD results in "flat" minima in the loss landscape,
which tend to generalize well. Conversely, large batches are thought to
lead to "sharp" minima that generalize poorly (Hochreiter and Schmid-
huber, 1997; Keskar et al., 2017; He et al., 2019). However, Dinh et al.
(2017); Kawaguchi et al. (2017) argue that the sharpness or flatness of
the loss surface might not be the primary factor determining general-

ization.

. Loss Basins: A [oss basin loosely refers to a connected region of low
loss in the loss landscape, often corresponding to a local or global
minimum along with its neighborhood. In light of permutation sym-
metries, the concept of a basin becomes more complex: what appears
as separate basins in the loss landscape may;, in fact, be functionally
identical because they represent permuted versions of the same net-
work. Building on a conjecture initially proposed by Entezari et al.
(2022) and then subsequently adapted by Ainsworth et al. (2023), ar-
gue that neural network loss landscapes reduce to a single approxi-
mately convex basin modulo permutation symmetries, especially in

wide networks.

Having outlined the core geometric structures that characterize the loss

landscape of DNN, as visualized in Figure 2.1. We now turn to a key property

that helps explain many of these phenomena from Section 2.2.3: permu-

tation symmetries. In the next section, we explore how these symmetries

contribute to overparameterization, create equivalence classes of solutions,
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and fundamentally influence the optimization dynamics during neural net-

work training.

2.2.4 Permutation Symmetries in the Loss Landscape

Empirical observations indicate that when independently training DNN
with different random initializations and batch orders using stochastic gra-
dient descent (SGD), the resulting training trajectories are often remarkably
similar (Ainsworth et al., 2023; Zhang et al., 2017). This consistency is fre-
quently attributed to the overparameterized nature of modern networks,
which induces a highly redundant optimization landscape containing a
multitude of global minimizers i.e., distinct parameter configurations that
represent functionally equivalent solutions (Kawaguchi, 2016; Neyshabur
et al., 2017). As first observed by (Hecht-Nielsen, 1990), and further formal-
ized in recent work (Entezari et al., 2022; Simsek et al., 2021; Brea et al., 2019;
Godfrey et al., 2022), a feedforward neural network remains functionally
unchanged if any two neurons within a hidden layer are swapped and the
corresponding incoming and outgoing weights are permuted accordingly.
These symmetries mean that the neural network function is invariant under
a large group of parameter-space transformations (Zhao et al., 2023), lead-
ing to permutation-equivalent minima in the loss landscape. Each of these
minima lies at a distinct location in parameter space, but all produce the
same outputs for any given input. This introduces additional non-convexity
to the optimization problem—not because of isolated bad local minima,
but due to the abundance of permutation-induced global minima scattered

throughout the parameter space. The presence of these symmetries carves
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Figure 2.2: Permutation symmetry in a single hidden layer DNN, illustrating
that the outputs, y and y’, remain equivalent for the same input despite
the swapping of neurons within the hidden layer, thus demonstrating the
invariance of the loss function under permutation. For simplicity, we do
not include the biases.

out wide, flat valleys or ridges—often with complex topology—in the loss
landscape (Grigsby et al., 2023), and plays a central role in explaining why
independently trained models can be connected via low-loss interpolation
paths after appropriate neuron alignment (Ainsworth et al., 2023; Singh and
Jaggi, 2020; Entezari et al., 2022; Tatro et al., 2020).

Conclusion: Neural networks with at least one hidden layer of size
greater than one exhibit permutation symmetry as demonstrated in fig. 2.2,
meaning that for any given weight configuration 6 achieving a particular
loss, there exist other distinct weight configurations 6,, obtained by permut-
ing the neurons within the hidden layer. Under the distinct parameteriza-
tions, 6 and 6, our network learns different functions, but are functionally
equivalent and are loss-invariant under permutation. Hence, the existence
of permutation symmetries is one of the sources characterizing the non-
convexity of the neural network loss landscape, as it creates copies of global
minima at different points in weight space. As stated by Brea et al. (2019),

in a DNN of ¢ — 1 hidden layers each with n neurons, any given global
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minimum in the loss landscape has,
(n) -1, (2.9)

completely equivalent minima due to permutation symmetries.

2.2,5 Permutation Invariance and Mode Connectivity

SGD has shown remarkable performance in training DNN and finding good
solutions despite operating in such highly non-convex loss landscapes. Hav-
ing studied how permutation symmetries contribute to the non-convexity
of the networks’ loss landscapes, we will now explore how this property of
permutation invariance underlies recent observations about mode connec-

tivity in independently SGD trained DNN.

2.2.5.1 What is Mode Connectivity?

Although linearly interpolating between the parameters of two DNN trained
independently with SGD typically traverses regions of significantly higher
loss or 0-1 classification error, exceptions have been observed. Several stud-
ies demonstrate that, contrary to the expectation for non-convex systems,
SGD tends to produce basins of attraction that are surprisingly “convex-
like” in practice (Nagarajan and Kolter, 2019; Wortsman et al., 2021). In
particular, interpolating between models along the same training trajectory
often produces monotonic decreases in error, suggesting the absence of
loss barriers (Goodfellow and Vinyals, 2015; Vlaar and Frankle, 2022; Lucas
et al., 2021). Building on these geometric intuitions, Draxler et al. (2018) and
Garipov et al. (2018) independently demonstrated that even DNN trained

from different random initializations—which converge to different points in
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weight space—can often be connected by nonlinear low-loss curves, giving
rise to the concept of mode connectivity. These curves relax the assumption
of linearity and are constructed through heuristic or optimization-based
methods that “bend" through weight space to avoid high-loss regions. (In-
formal definition: two DNN 6; and 0, are mode connected if there exists
a path between them along which the loss barrier height ~ 0.) This ob-
servation conjectures that the loss landscape is not composed of isolated
minima, but as forming a connected manifold. The emergence of such
connected structures in the loss landscape leads naturally to the proposal
that the apparent disconnectedness of independently trained solutions via
SGD may be largely due to permutation symmetries. We will now examine
recent breakthroughs that conjecture that by appropriately accounting for
permutation symmetries, it can be shown that multiple solutions reside
within the same functional loss basin, connected by linear paths with low
loss. This observation has led to the concept of linear mode connectivity

(i.e., LMC).

2.2.5.2 Linear Mode Connectivity (LMC)

A pair of trained neural networks are said to be linearly connected if the loss
along the linear path between the models remains small. The phenomenon
of linear (mode) connectivity was first observed in the context of SGD by
Nagarajan and Kolter (2019), where they showed that two DNN trained
from the same initialization but with different data orders exhibit linear
connectivity. The term LMC was introduced by Frankle et al. (2020b), where
they showed that independently trained SGD DNN can be connected via a

linear path.
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2.2.5.3 LMC modulo Permutation

Entezari et al. (2022) further observed that while a model and its randomly
permuted counterpart are functionally equivalent, they are rarely linearly
connected in the weight space. This misalignment suggests the presence of
loss barriers—regions along a linear path between models where the loss
is significantly higher than at the endpoints. They conjectured that inde-
pendently obtained SGD solutions exhibit no loss barrier when accounting
for permutation symmetries, suggesting that all SGD-trained networks con-
verge to a single basin modulo permutations.

More formally, let 6;, 6, be the parameters of two networks, then the loss
barrier 8 is defined as:

B(0h, 02) = sup |L((1- @6y +aby) - ((1-a)L(0)+aL(B:)],
ael0,1]
where £ is theloss function evaluated on the training dataset.If B(6,, 62) ~

0, it is said that 0; and 6, are linearly mode connected. Definition 2.10
adapted from (Frankle et al., 2020b), is more suitable as it does not assign a

barrier value to a loss that changes linearly between 6, and 6;.

Enterzari et al. Conjecture

Let f(0) be the function representing a feedforward network with
parameters § € R¥, P be the set of all valid permutations for the
network, # : R¥ x # — R* be the function that applies a given
permutation to parameters and returns the permuted version, and
B(-, -) be the function that returns barrier value between two solutions
as defined in Equation 2.10. Then, there exists a width & > 0 such that

for any network f(0) of width at least & the following holds:
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There exist a set of solutions S € R¥ and a functionQ : § — P
such that for any 0y, 6, € S, B(P(Q(6:), 61), 62) ~ 0 and with high

probability over an SGD solution 6, we have 0 € S.

Explanation:

Functionally identical neural networks can have their neurons reordered
due to permutation invariance as established in 2.2.4. If this permutation
invariance is not accounted for, a linear interpolation directly between
their weights can traverse regions of high loss in the parameter space. This
may incorrectly lead to the conclusion that the two solutions are sepa-
rated by a significant barrier. However, if the neurons in one model are
permuted to match the structure of the other—a process known neuronal
alignment—the two endpoints may lie in a smoothly connected region of
the landscape. In this aligned space, the models can be linearly interpolated
without incurring a significant increase in loss, revealing what appears to
be a convex basin that contains all possible SGD solutions differing only by
permutation. This conjecture theoretically aims to simplify the complexity
of our loss landscape such that rather than having many isolated basins
corresponding to different local minima, the actual landscape may consist

of a single basin, modulo permutations.

2.2.5.4 Aligning Neural Networks via Permutation

Building on this conjecture, several algorithms have been developed to
address permutation invariance by aligning trained networks to the same

optimization basin (Ainsworth et al., 2023; Jordan et al., 2023; Singh and
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Jaggi, 2020; Tatro et al., 2020). They focus on improving particular neuronal
alignment techniques used to bring the hidden units of two networks into
alignment, to reduce the loss barrier upon interpolation between the models
in a symmetry-aware manner.

Tatro et al. (2020) introduced a neuron alignment method based on
aligning neurons within hidden layers by comparing their activation distri-
butions on a shared dataset. This alignhment is achieved by minimizing the
difference in the empirical second-order statistics (i.e. means and covari-
ances) of these activations, effectively pairing neurons that exhibit similar
behaviour during forward passes. They integrate this neuron alignment step
into a piecewise-linear interpolation procedure to discover a low-loss path
between pre-trained models. Notably, their work demonstrates, both theo-
retically and empirically, that this method significantly reduces the interpo-
lation barrier without requiring explicit determination of the true optimal
permutation. This approach offers computational efficiency by leveraging
activation statistics as a proxy for neuron correspondence, thereby avoiding
the need to solve a computationally intensive combinatorial optimization
problem directly.

Building on this research, Singh and Jaggi (2020) addressed the alignment
problem by framing it as a discrete optimal transport task. This method
treats neurons in one network as “mass distributions" and matches them
to neurons in another network using a cost matrix that quantifies their dis-
similarity, typically based on activation patterns, weight differences, or a
combination of both. The resulting optimal transport plan determines the
best permutation (or a more flexible soft matching) of neurons to minimize

the total misalignment cost. The authors explored various cost functions
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designed to break symmetries and rigorously evaluated how these choices
affect the quality of interpolation between models and their performance
in downstream tasks such as ensembling and functional averaging. This
optimal transport approach provides a versatile and theoretically sound
alignment strategy that outperforms simpler matching techniques, par-
ticularly in wide networks with significant permutation redundancy, and
demonstrates better generalization across different DNNs and datasets.

A fewyears later, Ainsworth et al. (2023) made a significant advancement
showing that by adapting the conjecture of Entezari et al. (2022); that two
models trained from different random initializations find solutions within
the same basin modulo permutation symmetries. They introduced a set
of “rebasining" greedy algorithms designed to find permutations aligning
the hidden units of independently trained SGD models in weight space.
When such alignment is achieved, the models could be linearly interpolated
without encountering a significant loss barrier, effectively merging them
into a single basin. They showcased this with near-zero loss barriers between
wide ResNets trained on CIFAR-10 by using Layer Normalization instead of
standard Batch Normalization.

A rigorous study from Sharma et al. (2024) introduced the notion of
simultaneous weak linear connectivity, demonstrating that a single permu-
tation, 77, capable of aligning two networks can also simultaneously align
larger, fully trained networks throughout the entire SGD training trajec-
tory. Furthermore, this same 7 aligns successive iterations of independently
sparsified networks obtained via weight rewinding. The authors further
investigated the recurring conjecture that all SGD solutions are linearly con-

nected modulo permutation. While prior work formalized the notion of
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“weak linear connectivity"—where a single permutation is guaranteed to
align a pair of DNNs either after training (Ainsworth et al., 2023; Guerrero-
Pefia et al., 2022) or at initialization (Benzing et al., 2022). They provided
the first evidence towards Strong Linear Connectivity Modulo Permutation
(SLMC), where the single permutation is sufficient to mutually align all net-
work pairs in set, in particular for networks with large width. Additionally,
Sharma et al. (2024) also showed that for certain neural networks, sparse
masks obtained via weight rewinding can be effectively reused across differ-
ent instances of the same DNN architecture, provided the neuron order is
accounted for through permutations, without significantly impacting test
performance. Finally, the study offered further insights into neuronal align-
ment techniques, comparing weight and activation matching, and generally
highlighting the superior performance of matching activations between

DNNeS.

2.2.5.5 Aligning Neural Networks: Weights

The goal of Weight Matching (WM) is to find a permutation of neurons in
one model that aligns it with another network minimizing the L, distance
between the two models. Hence, enabling interpolated models to maintain
a low loss barrier. This problem, which is NP-hard, involves a discrete opti-
mization over the extensive space of possible neuron permutations, leading
to a significant computational challenge, especially for larger networks.
However, the important contribution of (Ainsworth et al., 2023) proposed a
method to make WM computationally tractable. They achieve an approxi-
mate solution in polynomial time by decoupling the optimization for each

layer separately and reducing the per-layer alignment to the well-known
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(Linear Assignment Problem (LAP)). We now revisit the formulation of per-
mutation symmetries, as detailed in Appendix section 5.2, and extend it to
an L-layer Multi Layer Perceptron (MLP) in order to establish the structure
of the WM problem.

Formally: Consider an L layer MLP, with input feature matrix x = Z(®) and

output f(x) = Z(1) where activation of layer [ € [L],
0 = g(zV (WD) T 1 D), (2.10)

Let P € S;4 be a permutation matrix that permutes the output features of
an intermediate layer [, where d; is the number of output features of layer /.
All permutation matrices are orthogonal, such that PT = P~L,

Now consider the activation of layer [ + 1,

70D = gz (WEHD)T 4 D)

(2.11)
= O'(U'(Z(l—l) (W(l))‘r +b(l))(w(l+1))'r +b(l+1)).
For layers [ to [ + 1, we have these mappings:
w?d — pTW®
b s pbOp
(2.12)

W(l+1)/ — W(l+1)P

b(l+l)' — b(l+l)

We now want to show that if we apply the permutation mappings from 2.12
to the weights and biases in Equation 2.11 the activation of layer /+1 remains
invariant.

Let Z(*1" denote the output of layer ! + 1 after the network’s parameters
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have been acted upon by the permutation, P.

Zz(+) O'(O'(Z(l_l) (W(l)’)T +b(l)’)(w(l+1)’)T + b(l+1)/)
= O-(O-(Z(l—l)(PTw(l))T +b(l)P) (W(l+l)P)T +b(l+1))
= g(g(z(l—l) (W(l))TP +b(l)P)PT(W(l+1))T +b(l+1))
= O'(o'((Z(l—l) (W(l))"l' +b(l))P)PT(W(l+1))T +b(l+1)) (2.13)
= o (o(ZFV (WD) DY (PPTH(WED)T 4 b1y
= O'(O'(Z(l—l) (W(l))T +b(l))(w(l+l))'l' +b(l+1))

_ 7(+1)

Hence, for any layer I € [L] the activation output ZY remains invariant
once acted upon by the permutation, P.
Let the tuple of permutations corresponding to each layer as & = (P(l))le[ L]-
Consider the weights of two, independently trained SGD models of equiv-
alent architectural settings but different data orders and initializations, A
and B, with weights ®, and ©p, respectively. The WM problem aims to find
a 7 that minimizes the L, distance between ®, and 7(0Qp):

argmin||®, — 7(0p)||? = arg min Z W) — pOWD (PUD)T|2 (2.14)

4 T e[l

where PO =1, PO = 1. In Equation 2.14, we focused on the weights for
simplicity; however, biases can also be incorporated into the formulation.
For our study, we did not utilize WM as (Sharma et al., 2024) found a discon-
nect between the WM objective and the loss barrier early in training. They
hypothesize this might be caused by the inherent noisiness and the small

magnitude of weights during the initial training phase.
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2.2.5.6 Aligning Neural Networks: Activations

The use of Activation Matching (AM) for model alignment was originally
introduced by Li et al. (2015), to ensure models learn similar representations
when performing the same task. Their proposed method involved maxi-
mizing the sum of correlations between the activations of paired neurons
across a batch of training data. The intuition behind this approach is that if
two neurons in different networks exhibit highly correlated activations for
the same inputs, they are likely performing similar functions within their
respective networks.

Formally: According to Ainsworth et al. (2023), they believe a linear relation-
ship may exist between the activations of the two models. Given activations
for each model, they aim to associate each unit A with a unit in B. They asso-
ciate the units across the two models by fitting it into a regression framework,
constituting it into a LAP. AM tries to find a permutation mapping, n € Sy,
(where Sy, is the permutation group of order d;!) such that by permuting the
parameters of the second model, the correlation between the activations of
the two models is maximized. For a model consisting of L layers, each layer
is sequentially matched and permuted starting from the input layer. Let
Z, ZF € R%" be the activations of layer [ of model A and B respectively
obtained using the training data, where d represents the dimensionality of
the activations at layer / and n is the number of training data points. Then a
permutation mapping for layer /, 7, is obtained by solving:

= argminllZlB - nZlAH
m

(2.15)
= arg max(w, Z8(ZH ")
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where (., .)r denotes the Frobenius inner product. eq. (2.15) can be formu-
lated as a LAP (Bertsekas, 1998; Ito et al., 2024) solved via the Hungarian
algorithm (Kuhn, 2010); however, the permutation found is not a global
optima, but a greedy/approximate solution as permutation matching is a
NP-hard problem. Once the permutation mapping is obtained for all the
layers, the model A can be permuted to match the model B. To ensure that
the permuted model does not change functionally when permuting the
output dimension of layer /, the input dimension of the next layer is also
permuted accordingly. Let W) and b"") be the weights and bias of layer /
respectively, then the permuted weight matrix W()" and permuted bias b

for each layer can be mathematically represented as,
W = WD ()T, b = bW, (2.16)

Based on the findings of Sharma et al. (2024), which demonstrated its su-
perior effectiveness for neuronal alignment, we use activation matching
to find a permutation between two independently SGD trained DNN in
our methodology. Furthermore, we enhanced the interpolation process by
resetting the normalization statistics, allowing for the effective use of Batch

Normalization as suggested by Jordan et al. (2023).

2.2.5.7 REPAIR: Renormalizing Permuted Activations

Jordan et al. (2023) investigated the poor performance of interpolated net-
works with Batch Normalization, attributingit to a phenomenon they termed
“Variance Collapse (VC)". They observed that when two independently SGD
trained DNN are interpolated in weight space—even after optimizing align-

ment through permutation matching—the resulting interpolated networks
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often suffer a sharp degradation in accuracy and generalization. Their anal-
ysis revealed that this degradation often stems not from misalignment in
matching, but from the collapse of activation variance in the interpolated
model, progressively with deeper layers into the model. Their technique
known as “REPAIR: REnormalizing Permuted Activations for Interpolation
Repair" involves rescaling and shifting the activations to align with the aver-
age statistics of the individual expert models.
Formally: Given an interpolated model, 6, = (1 — @)604 + afp for some
0<a<l. Let Xéf), X é:) denote the channel activations of the k™ module
of the endpoints 6,, Oz, respectively, can be thought of as random variables
over the training data. They propose a rescaling transformation applied to
the hidden units of the merged model, 6,, to restore activation variance:
E[Xy"] = (1-a) - E[Xy ]+ - E[X],

(2.17)
std[X,] = (1 - @) - std[X)V] + - std[X;"].

Prior to applying the rescaling and shifting procedure detailed in 2.17, the
VC phenomenon resulted in the standard deviation of the activations in
the interpolated model, std(Xéf)), being significantly smaller than the min-
imum of the standard deviations of the activations in the individual models,
min(std(ng)), std(X g:))). In this study, we adapt the AM algorithm, as im-
plemented by Jordan et al. (2023), to be generalizable for all VGG and ResNet
models. Throughout our methodology in 3, we correct the activation statis-
tics using the REPAIR method, demonstrating improved performance when

studying loss barriers and LMC between networks.
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2.3 Sparsity in Neural Networks

2.3.1 What are Sparse Neural Networks?

Sparse Neural Network (SNN) are a subset of DNNs in which many of the
weights or connections between neurons are set to zero, reducing the num-
ber of active parameters compared to standard dense networks. The primary
motivation for introducing sparsity stems from computational efficiency:
sparse models require less memory and can reduce the computational
cost of training and inference, which is especially important in resource-
constrained environments. With the rapid advances in Artificial Intelligence
(AI), the escalating scale and complexity of DNNss is fueling state-of-the-
art models to grow from millions, to billions and even trillions of parame-
ters (Cheng et al., 2023; Hoefler et al., 2021; Mostafa and Wang, 2019; Ma
and Niu, 2018; Cerebras, 2022). This vast over-parameterization leads to
substantial computational costs, memory storage, and energy consumption
demands during training and inference phases (Hunter et al., 2021; Ye et al.,
2024; Cheng et al., 2023). However, in these overparameterized regimes
many of these parameters become superfluous, which made researchers
question: if a significant portion of these parameters are indeed superfluous,
how can we effectively identify and remove them without compromising

the generalization performance achieved by their dense counterparts?

2.3.1.1 Sparsity and the Brain

The concept of sparsity in neural networks has deep historical roots, be-

ginning with early brain-inspired models. Neurons in the brain exhibit
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both sparse interconnectivity and sparse activity patterns. Studies indicate
that local connection densities in the cortex can be less than 5% (Hunter
et al., 2021), and only a small percentage of neurons activate in response to
stimuli. This biological sparsity is believed to be intrinsically linked to the
brain’s remarkable energy efficiency and its capacity for learning and mem-
ory (Hoefler et al., 2021). This biological inspiration of sparsity in the brain
provided a key motivation for early network pruning techniques like Opti-
mal Brain Damage (OBD), which aimed to selectively remove less important

connections.

2.3.1.2 Optimal Brain Damage

The primary motivation behind OBD was to address the problem of over-
fitting in neural networks. OBD aimed to find optimal balance between
network complexity and the error on the training set by selectively remov-
ing weights (LeCun et al., 1989b). The core mechanism of OBD involves
calculating “saliency" for each weight in the network. Saliency, quantifies
the predicted increase in the training error if that specific weight were re-
moved (set to zero). Weights with the lowest saliency are categorized as least
important and become candidates for pruning. To make this calculation
feasible without actually removing and retraining for each weight, OBD
utilizes a second-order Taylor series expansion of the error function around
a presumed minimum point reached after training. To avoid the computa-
tional cost of calculating the full Hessian matrix, OBD approximates it as a

diagonal matrix.
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Formally: Under this assumption, the saliency Sy of weight wy simplifies to
1 2
Sk = Ehkkwk, (2.18)

where hi is the diagonal element of the Hessian. The OBD procedure:

—

. Choose a reasonable network architecture.

2. Train the network to convergence.

3. Compute the second derivatives hy for each parameter.
4. Calculate the saliency Sy for each weight based on 2.18.
5. Prune the weights with the lowest saliency.

6. Retrain the pruned network and repeat from Step 2.

2.3.1.3 Optimal Brain Surgeon

Recognizing the limitations proposed by LeCun et al. (1989b) and Hassibi
and Stork (1992), they argued that the diagonal approximation in OBD was
often inaccurate, as Hessians in practice tend to be strongly non-diagonal,
implying OBD could potentially be removing important weights. Instead,
they proposed Optimal Brain Surgeon (OBS) which utilizes information
from the full Hessian matrix, using efficient recursive methods to calculate
the inverse, making the approach scalable to larger networks.

Formally: They calculate the saliency L, of a weight w, as:
Ly=—" (2.19)

where [H™'] 4, is the g™ diagonal element of the inverse Hessian. The
important advantage of OBS over OBD is its mechanism for adjusting the

remaining weights. When a weight w, is pruned, OBS calculates the optimal
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update dw for all other weights in the network to minimize the increase in

error caused by removing w.

Wq

—— —H'l.e, (2.20)
[H_l]qq 7

ow =—

where e, is the unit vector corresponding to weight w,. The OBS procedure:

1. Choose a reasonable network architecture.

2. Train the network to convergence.

3. Compute H1.

4. Calculate saliencies L, based on 2.19.

5. Identify the weight with the minimum saliency.

6. Prune this corresponding weight and adjust the remaining weights
using 2.20.

7. Repeat steps 3-5 iteratively.

2.3.2 How to Prune Deep Neural Networks?

The foundational work on OBD and OBS served as a stepping stone into
the field of neural network pruning. Decades later, Han et al. (2016) demon-
strated the efficacy of post-training model pruning in compressing model
size, and numerous seminal works have shown that large models can be
pruned after training while maintaining similar performance to their dense
counterparts (Gale et al., 2019; Han et al., 2015). While model pruning makes
inference more efficient, it does not reduce the computational cost of train-
ing the model. This is because the pruning process typically occurs after the
model has been fully trained to convergence. The computational resources

for training are determined by the initial, dense network architecture.
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2.3.2.1 Unstructured Pruning

In our research, we use Unstructured Pruning (UP); it is a technique that
sparsifies DNN by individually setting parameters (i.eweights) to zero ac-
cording to a saliency criterion that measures the importance of each weight.
This results in a sparse weight matrix or tensor with an irregular, non-
predetermined distribution of zero and non-zero elements (Cheng et al.,
2023). UP offers maximum flexibility—by targeting individual weights, it
has the potential to remove only the truly unimportant parameters, allowing
for higher levels of sparsity to be achieved, by more than 90% (Li et al., 2016;
Han et al., 2015), while preserving model accuracy compared to structured
approaches (Hoefler et al., 2021). However, this flexibility in pruning regime
comes at the cost of hardware compatibility. The irregular sparse matrices
generated by UP are notoriously difficult to accelerate efficiently on con-
ventional hardware designed for dense computations. Achieving practical
speed ups often requires specialized sparse matrix libraries or dedicated
hardware support, which are not universally available or standardized (Yao

et al., 2019).

2.3.2.2 Iterative Magnitude Pruning

Magnitude-based pruning stands out as the most prevalent and concep-
tually straightforward method within unstructured pruning. Its primary
saliency criterion is the L, norm, where weights with smaller absolute mag-
nitudes are categorized as less significant to the network’s function and are
thus targeted for removal (Blalock et al., 2020; Hoefler et al., 2021). Han

et al. (2015) played a pivotal role in revitalizing interest in pruning modern
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DNN. Their work demonstrated that state-of-the-art models of that era,
such as AlexNet (Krizhevsky et al., 2012) and VGG16, could achieve substan-
tial reductions in parameter count (ranging from 9x to 13x through pruning
alone) by employing a technique known as IMP in conjunction with retrain-
ing (fine-tuning), IMP-FT. This work established the now-standard "train,
prune, fine-tune" pipeline and showed the feasibility of drastic compression
on complex models (Renda et al., 2020).

Definitions: We define a neural network architecture as a function fam-
ily f(+;-). A neural network model is a particular parameterization of an
architecture, denoted as f(x; W) for specific parameters W. Neural net-
work pruning takes as input a model f(x; W) and produces a new model
f(x; M © W’). Here, W’ is the set of parameters of the pruned network
(which may be different from W after retraining), and M € {0,1}/"/is a
binary mask that fixes certain parameters to 0. The symbol © represents the
element-wise product operator.

General IMP-FT Procedure: Given a pre-trained dense neural network
model, f(x; Wp), with initial weights W}, a target sparsity level S (or anumber
of pruning iterations N), and a pruning rate p, the IMP-FT can be formally

described as follows:

1. Initialize the pruning mask M, as a binary tensor of the same shape

as Wy, with all elements set to 1 (M, = 1).
2. Set the current weights .

3. Fort = 0to N — 1 (or until the desired sparsity is reached):
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a) Calculate the magnitude of each weight in the current weight

tensor W;.

b) Determine the set of weights #; to prune, which are the p x 100%
of the weights in W; with the smallest magnitudes that are not

already pruned.

c) Create a new pruning mask M, by setting the elements corre-

sponding to the weights in #; to 0 in M;.

d) Apply the pruning mask to the current weights to obtain the

. s
pruned weight tensor: W/,

=M1 O W,
e) Fine-tune the pruned model f(x; W/, ,) on the training dataset
for a certain number of epochs. The updated weights after fine-

tuning are denoted as W,;.

4. The final pruned model is f(x; Wy) with the corresponding sparse

mask M.

At each iteration ¢, the model with weights W; is pruned according to the
magnitude of its weights, resulting in a masked weight tensor W/, . This
pruned model is then fine-tuned to obtain W;,; for the next pruning itera-

tion. The process continues until the desired sparsity level is achieved or

the maximum number of iterations is reached.

2.3.3 Whatis Sparse Training?

The goal of SNN training algorithms is to train a DNN with a reduced number
of active weights, either from the beginning or throughout the training

process, in a way that offers comparable or superior performance compared
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to the dense models. Atit’s core, the sparse training problem concerns how to
effectively train a DNN in a such a way that it maintains sparse connectivity
throughout the training process, while achieving strong generalization and

performance. This raises several challenges:

1. Optimization under Sparse Constraints: Sparsity introduces discon-
tinuities in the loss landscape where masking projects the function
into a lower-dimensional subspace. This can negatively affect gradi-
ent flow and training dynamics. Networks with sparse connections
are more susceptible to poor local minima, vanishing gradients, or
optimization instability during training making it more difficult for
parameters to co-adapt during training (Wang et al., 2020; Lee et al.,
2019; Evci et al., 2022).

2. Identifying and Selecting Sparse Structures: Sparse training requires
deciding which weights or connections to retrain and which ones to
remove. Post-training pruning: where sparsity is introduced by remov-
ing parameters from a densely trained DNN. Pruning at Initialization
(Pal): where a binary mask is applied before training starts, often using
gradients or sensitivity estimates as a saliency criterion (Frankle et al.,

2020a; Tanaka et al., 2020).

2.3.3.1 Sparse Initialization: Challenges

One of the fundamental questions in SNN training is whether it is possible
to train a sparse model directly from scratch, without instantiating a fully
dense network, while achieving strong generalization performance and

convergence guarantees. This goal motivates research directions focused
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on determining sparse initialization strategies: how can we initialize SNN

in a way that is effectively able to learn? SNN trained from scratch must be

initialized with a fixed connectivity structure. These structures are often

designed based on insights from graph theory or empirical heuristics:

* ErdGs-Rényi (ER) topology: Connectivity is determined by randomly
sampling edges with a fixed probability (Hoefler et al., 2021). The re-
sulting sparse graph is uniformly random, ensuring a standard level
of connectivity. However, ER graphs may suffer from inadequate con-

nectivity for gradient propagation, especially in larger networks.

Layer-wise heuristics: Some sparse initialization strategies employ
varying connectivity distributions across network layers, often pre-
serving a higher density of connections in the initial layers to enhance

early learning signal propagation (Lee et al., 2019).

Gradient flow: The vast majority of works aiming to train SNN from
scratch have used standard initialization techniques meant for dense
DNN (Glorot and Bengio, 2010; He et al., 2015). Evci et al. (2022)
demonstrated that SNN exhibit poor gradient flow at initialization
due to the inadequacy of these current initialization techniques, which
do not consider heterogeneous connectivity. They develop a sparsity-

aware initialization that improves gradient flow and training.

While these designs offer flexibility in constructing sparse architectures,

their performance often depends on the initialization and capacity to pre-

serve signal propagation—which becomes an important part of our study

and discussion in the following section.
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dense init. sparse init. = dense random init. + sparse mask

wi’ ~ N(0,0)

\l_
dense é@‘” sparse
training training

pruning

dense solution  pruned solution  sparse solution
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—— High saliency weight
Low saliency weight

------- Masked weight

Figure 2.3: Visualization of the sparse training problem paradigm (high-
lighted in red). Training a fixed mask, m,, obtained from a parent initializa-
tion, wf;o, does not perform well when equipped with a random, arbitrary
initialization. Sourced from Ioannou (2022).

2.3.3.2 The Sparse Training Problem

Even if a sparse topology has desirable structural properties, the fundamen-
tal issue still arises whether any arbitrary random initialization (not derived
from training a dense DNN) equipped with a good sparse mask is sufficient
to obtain strong generalization performance. Consider a random instantia-
tion of some DNN, wffo ~ N (0, o). We train to convergence, to obtain, wffT
and then post-train prune via IMP to a pruned solution, my4. Now, consider

training another random instantiation w-° ~ N(0, 0) equipped with my4

at a fixed sparsity; results in poor generalization performance.
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2.3.4 Lottery Ticket Hypothesis

In 2019, Frankle and Carbin (2019) proposed the LTH to attempt to solve
the sparse training problem by re-using the same initialization as used to
train the pruned models. They conjectured, “a randomly-initialized, dense
DNN contains a subnetwork that is initialized such that—when trained in
isolation—it can match the test accuracy of the original network after training
for at most the same number of iterations."

Formally: Consider a dense DNN, f(x; ) with initial parameters 6 = 6 ~
N. We train f on the training set with SGD to reach minimal validation loss
[ atiteration i with test accuracy a. Consider training, f(x; m © 0) with a
binary mask m € {0, 1}'% on its parameters such that its initialization is
m O 0. Training with SGD, keeping m fixed, f reaches minimum validation
loss I’ at iteration i’ with test accuracy a’. The LTH predicts that 3 a binary
mask, m, such that for some iteration i’ < i, a subnetwork with parameters
m O 0 achieves on-par or better generalization than the original dense DNN.
We illustrate this methodology in 2.4.

Frankle and Carbin (2019) employed IMP to identify trainable subnetworks,
termed winning tickets, with parameters f(x; m © 6y). Their study yielded

two key observations:

* For relatively small models and simple datasets such as MNIST and
CIFAR-10, initializing a network with the weights of a winning ticket
allows training to maintain the generalization performance of the
pruned model, demonstrating the possibility of effective training even

with highly sparse masks.

* However, when a model with the same sparse mask is randomly re-
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dense init. LT init. = original dense init. + sparse mask
LT init.
(original)
Wi~ N(0,0) prs
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dense solution pruned solution LT solution

good good good

Figure 2.4: Visualization of the standard L'TH paradigm. The LT initialization

is composed of the original dense initialization, wffo, we used to first train

our model to convergence and then pruned via IMP to obtain our mask
(i.e. winning ticket), m,4. Then we sparse train, Wffo ® my. Sourced from
Ioannou (2022).
initialized (i.e., f(x;m © 66) where 9(’) ~ N), it fails to achieve the
performance of the original dense network. This suggests that the

specific initial weight values of the winning ticket, rather than just the

sparsity pattern, are crucial for achieving strong generalization.

Procedure to find Winning Tickets: Frankle and Carbin (2019) adapted
the IMP algorithm which repeatedly trains, prunes, and resets unpruned

connection’s value back to its initialization.
1. Randomly initialize a dense DNN f(x; 6y), 6p ~ N.

2. Train the network for j iterations, 6;.
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3. Prune p% of the parameters of the parameters in 6;, each round (i.e.
n rounds in total) prunes p%% of the weights that remained from the

n — 1% round. Resulting in a mask, m.

4. Reset the remaining parameters back to their original values in 6y,

resulting in the winning ticket, f(x; m © 6)).

However, recognizing the limitations of finding winning tickets solely for
very small models and datasets, Frankle et al. (2020b) in subsequent work
demonstrated that obtaining winning tickets for moderately-sized mod-
els—such as ResNet50 on ImageNet— requires the use of weight rewinding.
This technique modifies the standard IMP by resetting the weights of pruned
subnetworks to their values at a specific earlier iteration k, rather than their
initial values at iteration 0. This choice drastically improves the ability of
the pruned subnetwork to converge successfully. Frankle et al. (2020b) ex-
plained that this rewinding process enhances subnetwork stability as the
subnetwork becomes closer to the original optimum within the loss land-
scape, thereby making it more robust to the inherent noise of SGD. Moreover,
their findings suggest a relationship between the rewinding and LMC such
that subnetworks pruned and rewound earlier in training are more likely to
reside in basins connected by low-loss paths to their dense counterparts.

Formally: Consider a dense DNN, f(x; 6y) with initial parameters 6y ~ N.
We train f on the training set with SGD to convergence, to obtain accuracy
a in i iterations. Let 0 represent the weights at iteration k. There exist
an iteration k < i and fixed pruning mask m € {0, 1}/%! such that the

subnetwork m © 6 trains to accuracy a* > a ini* < i — k iterations.
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Figure 2.5: Similar to the setting from Figure 2.4, but instead our LT initial-
ization is some “early snapshot" of dense training, equipped with the same
my. Then we sparse train, wﬁfk ® my. Sourced from Ioannou (2022).

2.3.4.1 Linear Mode Connectivity and Sparsity

While LMC has been widely studied in dense DNN, recent research has
extended its role to SNN. Frankle et al. (2020b) demonstrated that IMP can
successfully identify winning tickets, provided the network being pruned
remains sufficiently stable to the noise inherent in SGD. To quantify this
stability, they defined LMC by characterizing the loss barrier between in-
dependently trained child networks that originate from the same parent
state. Paul et al. (2023) analyzed the IMP algorithm and showed that sparse
network obtained after K™ IMP iteration is linearly connected to the sparse

model obtained after K + 1" IMP iteration. In this work, we show that once
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we take into account the variance collapse studied in Jordan et al. (2023),
we are able to show that the sparse solution obtained after the K™ iteration
is linearly connected to the dense solution. Furthermore, recent work has
shown that the LTH effectively re-learns the original pruned solution it is

derived from (Evci et al., 2022).

2.3.4.2 Limitations of Lottery Ticket Hypothesis

Although Frankle et al. (2020b) provided a foundational step towards train-
ing SNN from scratch by demonstrating that sparse subnetworks (“winning
tickets") exist within certain dense, randomly initialized DNN and can match
the performance of the original model, the LTH relies on identifying these
winning tickets after an initial training phase of the dense network to con-
vergence. This requirement inherently contradicts the goal of avoiding the
computational cost associated with training large DNN. Recent works ex-
tend LTH by finding winning tickets at initialization, but these methods have
shown limited success, often performing worse than the pruned solution,
especially at higher sparsity levels (Wang et al., 2020; Frankle et al., 2021; Lee
et al., 2019). Therefore, while LTH highlights the potential of training SNN
from scratch, it does not yet offer a practical, general solution for training
SNN directly from scratch with an arbitrary random initialization.

The limitations inherent in the LTH motivate the central focus of our study:
addressing the sparse training problem. Specifically, assuming we have
obtained a sufficiently effective mask, my, from a dense parent model A
through a pruning technique such as IMP-FT, we aim to investigate the
training of a network with this fixed sparsity pattern m4 but initialized with

an arbitrary weight initialization, wg ~ N.
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Methodology

3.1 Motivation

DNN with sparse connectivity (i.e. a large fraction of weights or activations
being zero) have gained significant attention as a way to address the growing
costs and scale of modern DNN. Sparsity offers a range of benefits — from
efficiency gains in computation and memory to potential improvements
in generalization — making it a powerful paradigm especially as networks
become ever larger. Structured pruning and sparsity learning methods can
drastically reduce the number of computations (FLOPs) and memory usage
during inference, leading to faster execution and lower energy consump-
tion (Shi et al., 2021). These efficiency gains make sparsity especially effec-
tive for deploying DNN in resource-constrained settings. As a result, sparsity
has had a strong impact in domains such as mobile vision, where real-time
performance and memory constraints are critical; large-scale language
models, where sparsity enables scaling to billions of parameters without

proportional computational cost; and edge computing, where power and
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bandwidth are limited (Haberer and Landsiedel, 2022; Munir et al., 2023;
Zheng et al., 2024). Han et al. (2015) demonstrated that AlexNet and VGG-16
can be compressed by over 9x and 13x respectively with negligible accuracy
loss, and modern hardware accelerators (e.g., NVIDIA Ampere’s 2 : 4 sparsity
support) have begun exploiting such sparsity for real runtime gains (Lasby
et al., 2024; Lei et al., 2023). Despite this success in the inference phase,
sparse training from scratch remains challenging. In effort to solve this prob-
lem, the LTH showed that sparse subnetworks exist within dense networks
and can be trained in isolation to match dense generalization performance
under particular settings. However, a key limitation remains where LTH
masks fail to generalize across random initializations not associated to the
original mask. Furthermore, Dynamic Sparse Training (DST) methods (Evci
etal., 2021; Mocanu et al., 2018) evolve the sparse connectivity throughout
training and can match dense generalization performance. But they take
significantly longer to converge and additionally maintaining and updating
the sparse topology during training introduces more computational over-
head (Evci et al., 2021). In this work, we try to understand why LTH masks
fail to transfer to a new random initialization. Our hypothesis is that the loss
basin corresponding to the LTH mask is not aligned with the new random
initialization, as shown in fig. 3.3. Since the sparse mask is not aligned with
the basin of the new random initialization, sparse training does not work
well; therefore, aligning the LTH mask with the new random initialization
may improve sparse training and enable the transfer of LT'H masks to new

random initializations.
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3.1.1 Visualization: 2D Loss Landscape

Consider, a DNN with a single layer and only two parameters, w = (wy, w;),
operating on a single input scale x; has the weight symmetry in the 2D loss
landscape with symmetric basins of attraction as illustrated in figures 2.3,

2.4, and 2.5.

3.1.1.1 Dense Training and Pruning

As shown in fig. 3.1, the original dense model, denoted by its weights wy, is
initially trained from a random dense initialization wffo. This random ini-
tialization naturally results in a high training loss at the beginning of training.
The model is then trained using SGD until it converges to a dense solution
wffT shown by a low training loss. Subsequently, this converged dense so-
lution is pruned using IMP-FT, yielding the binary mask my = (1,0). As
further explained in fig. 4.5, the application of this mask effectively projects
the solution into an axis-aligned subspace within the same solution basin.
Pruning Setup: We apply standard IMP-FT (Frankle and Carbin, 2019;
Han et al., 2015; Renda et al., 2020) to obtain our final mask, m,4, pro-
ducing a sparse subnetwork WZ:T © my. For pruning, we utilize PyTorch’s

torch.nn.utils.prune library (Paganini and Forde, 2020).

1. In an unstructured, global manner, we identify and mask (set to zero)

the smallest 20% of unpruned weights based on their magnitude.

2. This process is repeated for N rounds to achieve the target sparsity S,

with each subsequent round pruning 20% of the remaining weights.

3. Duringeachround, the modelis trained for train_epochs_per_prune
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Figure 3.1: Visualization of the standard dense training and post-trained
pruning via IMP to obtain a sparse mask, m,. Sourced from Yani Ioannou.

epochs. (Details about specific model hyperparameters is discussed

in section 4.4.2.)

3.1.1.2 Lottery Ticket Hypothesis

In fig. 3.2, we re-use the initialization w'=0, to train model A with the pruned
mask from fig. 3.1, my, as in LTH. Consistent with the findings of Evci et al.
(2022) and further supported by our experimental results presented in 4.6,
LTH solution appears to be effectively relearning the characteristics of the
pruned solution and remains within the same loss basin as our parent dense

solution.
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Figure 3.2: Visualization of LTH. Sourced from Yani loannou.

3.1.1.3 Our Method

In fig. 3.3, naively using the same mask to train a model, B, from a different
random initialization will likely result in the initialization being far from
a good solution. Permuting the mask to match the (symmetric) basin in

which the new initialization is in will enable sparse training

3.2 Permutation Matching

Ainsworth et al. (2023) showed that the permutation symmetries in the
weight space can be leveraged to align the basin of two models trained from

different random initializations. The permutation mapping can be obtained
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WtB:O ©my Wo

Figure 3.3: Visualization of the sparse training problem and how we aim to
solve it. Sourced from Yani Ioannou.

by either matching activations or weights. In this work, we use activation

matching to obtain the permutation mapping as it has been shown to be

more stable in recent works (Sharma et al., 2024).

3.2.1 Evaluating Permutation Matching

Since LAP uses a greedy search to find an approximate solution, to ensure
that the permuted model A and model B lie in the same basin, we evaluate
the LMC, measure by the loss barrier between the two models as defined in
2.10.

To ensure that the permutation mapping, 7, can closely match model A
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and model B, we evaluate the loss barrier between the permuted model A
and model B. However, aligning neurons alone is not sufficient to establish
alow loss barrier due to variance collapse (Jordan et al., 2023). To overcome
the variance collapse issue, we used REPAIR (Jordan et al., 2023) to correct
the variance of the activations in the interpolated/merged model. As shown
in fig. 4.7, the loss barrier after permutation matching and correcting the
variance (REPAIR) is lower than the loss at random initialization, showing
permutation mapping can match the models to bring them closer/in the

loss basin.

3.2.2 Aligning Masks via Weight Symmetry

In contrast to previous works (Ainsworth et al., 2023), we are interested in
permuting the mask obtained by LTH such that the optimization basin of
the permuted sparse mask and the new random initialization is aligned. To
validate our hypothesis, we train two dense models, wffo and W?O, where
t denotes the epoch, to convergence (trained for T epochs) and then use
activation matching (Jordan et al., 2023) to find the permutation mapping
7, such that the activations of Jr(wfq:T) and th:T are aligned. Mask my,
obtained using IMP, is also permuted with the same permutation map 7.
The intuition is that the permuted mask aligns with the loss basin of the

model W?T

, which is necessary for sparse training and, therefore, the sparse
model can be more easily optimized (see fig. 3.4). We denote training with
the permuted mask, 7(my,) as permuted and with the non-permuted mask,

my as naive.
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Figure 3.4: The overall framework of the training procedure, beginning with

two distinct dense random weight initializations, w’,”, w,™ sampled from

a normal distribution, N. The sparse training problem attempts to train
=0 using the naive mask my, found by pruning

the random initialization, Wy
a dense trained model, w’=!. However, this results in poor generalization
=k

A
performance (Frankle et al., 2020b). We propose to instead train w,

at some rewound epoch k, equipped with a permuted mask 7n(m,). We
show that this achieves more comparable generalization to the pruned
model/trained LTH solution, wﬁfT ® my. Sourced from Yani Ioannou.

3.3 Sparse Training

We first show that the dense solution WZZT and the LTH solution obtained by
training a model with sparse mask m4 remain in the same linearly connected
mode as defined in eq. (2.10) if one fixes the variance collapse identified
by Jordan et al. (2023) by updating the activation statistics via the REPAIR
method. We show in fig. 4.5a the error barrier after applying the REPAIR
method remains considerably lower as we increase sparsity by iteratively
pruning (IMP). These results extend the findings of Paul et al. (2023) to show
that when variance collapse is taken into account, the LTH solution remains
in the same linearly connected basin as the original dense solution.

In sparse training, the model is trained with a mask m, masking some of

the weights, during both forward and backward passes. To evaluate the
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transferability of the permuted LTH mask we train, a different random ini-
tialization w?o, the LTH sparse mask m, and permuted LTH mask 7 (my),
which we denote the naive and permuted solution respectively. We also
evaluate the LTH baseline, i.e., training model wifo with mask my. Since
LTH requires weight rewinding to an earlier point in training, we also use a
rewind checkpoint from epoch ¢ = k < T for both the baselines and per-
muted solution. This rewind checkpoint is a snapshot of the network’s dense

weight configuration at a designated earlier point in its training trajectory.
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Chapter 4

Experiments and Results

To validate our hypothesis, we trained ResNet20 (He et al., 2016) and VGG11 (Si-

monyan and Zisserman, 2015) models on the CIFAR-10/100 datasets (Krizhevsky,

2009) (details in section 4.4.1) across different levels of sparsity (S = 0.80, 0.90, 0.95, 0.97).
Each of our results for a given rewound point, k, is averaged over 3 runs. We

used ResNet20 with varying widths (w = 1, 4, 8, 16) to study the effect of in-

creasing width on the permutation matching and, thereby, the performance

of the permuted sparse model. We also demonstrate our hypothesis on the

large-scale ImageNet dataset (Deng et al., 2009) using ResNet50, showing

the efficacy of our method across different models and datasets of varying

sizes.

53



4. Experiments and Results

4.1 Experimental Results

4.1.1 ResNet20/CIFAR-10 & CIFAR-100

We trained ResNet20 on the CIFAR-10/100 datasets. More details in sec-
tion4.4.1.1. Asshown in figs. 4.1 and 4.2, the permuted solution outperforms
the naive baseline across all model widths and rewind points. Since it is more
difficult to train models with higher sparsity, the gap between naive and
permuted solutions increases as sparsity increases, as shown in fig. 4.1d for
width multiplier 1,4,8, and 16. Details about width multiplier implementa-
tionis outlined in section 4.3.1. It can also be observed that at higher sparsity
increasing the rewind point improves both the LTH and permuted solution
but not the naive solution. The improved performance of the permuted
solution over naive supports our hypothesis and shows that misalignment
of the LTH mask and loss basin corresponding to the new random initializa-
tion could explain why LTH masks do not transfer to different initializations.
We also show accuracy vs. sparsity plots for k = {10, 25,50, 100} (details
in section 4.4.2); as sparsity increases, the gap between permuted and naive
solution increases for all rewind points. As illustrated in figure fig. 4.1, nei-
ther the LTH nor the permuted solution performs effectively with random
initialization (k = 0) but improves on increasing the rewind point up to
a certain point, beyond which it plateaus. Detailed results are presented
in tables 4.7 to 4.10 in section 4.4. Overall, as the width increases, the gap
between training from a random initialization with the permuted mask and
the LTH/dense baseline decreases, unlike training with the non-permuted

mask (naive), showing a model trained with the permuted mask generalizes
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Figure 4.1: ResNet20x{w}/CIFAR-10.Test accuracy of sparse network solu-
tions vs. increasing rewind points for different sparsity levels and widths, w.
The effect of the rewind point on the test accuracy for different sparsities is
shown. The dashed (- -) line shows the dense model accuracy.

better than naive. We observe that beyond a particular rewind point (i.e.
epoch) as we achieve stability (Frankle et al., 2020b), increasing the rewind
point does not significantly improve generalization performance.

We also validated our hypothesis on CIFAR-100 using ResNet20 with
varying widths. As shown in fig. 4.2, the permuted solution consistently
outperforms the naive solution, showing that our hypothesis holds true
across different models and datasets. Similar to the CIFAR-10 dataset, as
we increase the model width multiplier, the gap between the permuted
and naive solution increases, showing the efficacy of our method. Detailed

results are presented in tables 4.13 to 4.16 in section 4.4.
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Figure 4.2: ResNet20x{w }/CIFAR-100. Test accuracy of sparse network so-
lutions vs. increasing rewind points for different sparsity levels and widths,
w. The effect of the rewind points on the test accuracy for different sparsities
is shown. As the width increases, the gap between training from a random
initialization with the permuted mask and the LTH/dense baseline (dashed
line) decreases, unlike training with the non-permuted mask (naive), show-
ing the model trained with the permuted model generalizes better than
naive. The dashed (- -) line shows the dense model accuracy.

4.1.2 VGGI11/CIFAR-10

For convolutional neural networks, we train a modified version of the stan-
dard VGG11 implemented by Jordan et al. (2023) on CIFAR-10. More details

in section 4.4.1.1. Primary differences are:

* Asingle fully connected layer at the end which directly maps the flat-
tened feature map output from the convolutional layers to the 10

classes for CIFAR-10 classification.
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* The classifier is set up for CIFAR-10 with 10 output classes, as originally
VGG11 was designed for ImageNet with 1000 output classes (Deng

et al., 2009).

We observe that for a moderate sparsity (80%) in fig. 4.3a, the gap between
the permuted and the naive baseline is not large, however for a higher spar-
sity level (90%), the permuted solution significantly outperforms the naive
solution as shown in fig. 4.3b. For the VGG11 model, on increasing the
rewind point, the permuted solution closely matches the accuracy of LTH,
while the naive solution significantly plateaus and does not improve on
increasing the rewind point. As shown in fig. 4.3b, we find that beyond
k > 10, the naive solution plateaus, but the permuted solution persistently
approaches the performance level of the LTH solution. For higher sparsities,
the naive baseline was unstable in training as the modified VGG11 archi-
tecture does not have BatchNorm layers (Ioffe and Szegedy, 2015); we omit
those results in the discussion for a fair comparison. Detailed results are

presented in Table 4.11 in section 4.4. x

4.1.3 ResNet50/ImageNet

We utilize the standard ResNet50 implementation provided by torchvision
and customize PyTorch’s distributed data parallel codebase (Contributors,
2024) for training models on the ILSVRC 2012 (ImageNet) dataset, which
consists of 1.28 million images across 1, 000 classes (Deng et al., 2009). More
details in section 4.4.1.2. We used the ResNet50 model to evaluate the per-
formance of the permuted mask at different sparsity levels. As observed

in fig. 4.4, the permuted solution outperforms the naive solution across
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Figure 4.3: VGG11x{1}/CIFAR-10. Test accuracy of sparse network solu-
tions at increasing rewind points for different sparsity levels. In fig. 4.3b, the
permuted solution closely matches the LTH solution. We also see a more
noticeable gap between the permuted and naive solutions compared to
fig. 4.3a. The dashed (- -) line shows the dense model accuracy.

all sparsity levels, showing that our hypothesis holds true on large-scale
datasets as well. While the permuted solution performs better than the naive
solution, there is still a significant gap between LTH and the permuted solu-
tion in the case of the ImageNet dataset as compared to the CIFAR-10/100
dataset. This could be due to permutation matching not being accurate
enough, as only a small subset of the training dataset was used for activation
matching. This can also be visualized in terms of the loss barrier in fig. 4.7c
between the permuted model A and model B; the loss barrier after permu-
tation is more prominent compared to the CIFAR dataset, figs. 4.7a and 4.7b.
Thus, the permutation mapping 7= cannot match the models perfectly in the

case of ImageNet since the permutation matching algorithm uses a greedy
search algorithm to find the permutation mapping. However, given a better
mapping, it may be possible to further improve the performance of the

permuted solution as discussed in section 4.3.2. Upon increasing model

capacity, we observe an improved ability to capture the complexity of the
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Figure 4.4: ResNet50x{1}/ImageNet. Top-5 test accuracy vs. rewinds points
of sparse network solutions at various sparsity levels. We observe the per-
muted solution consistently performing better than the naive solution for
all sparsities. The dashed (- -) line shows the dense model accuracy.

input distribution, leading to improved LMC. This is reflected in a nearly
57% reduction in the loss barrier for ResNet50x{2}/ImageNet, as shown
in fig. 4.7c. Detailed results are presented in table 4.12 in section 4.4. As
demonstrated in table 4.12, the permuted solution outperforms the naive

approach by nearly 2% at higher sparsity levels.

4.1.4 Early Permutation Matching

In our current methodology, we train both models A and B to convergence,
resulting in the weight configurations /" and w’-", respectively. However,
it has been observed in (Sharma et al., 2024) that it is possible to find per-
mutation mapping earlier in training. In effort to reduce the computational
cost associated with our approach, we aim to find a permutation 7 that
allows us to suitably align the weights of model A at convergence (WTT

with the weights of model B at an earlier training iteration i < T, w%:i. The
initial results presented in 4.1 demonstrate the feasibility of obtaining a suit-

able permutation early in the training process. Specifically, the permuted

solutions derived at early matching points, such as ¢ = 5, 20, are sufficient
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to achieve a level of generalization comparable to those obtained at later

points in training, such as ¢ = 100 and ¢ = 200 (fully-converged).

4.1.4.1 Computational Cost of the Permuted Solution

The primary difference in computational complexity between the L'TH,
naive, and permuted solutions lies in the process of neuronal alignment,
where weight/activation matching is used to locate permutations in order
to bring the hidden units of two networks into alignment. To obtain the
permuted solution, two distinct models must be trained independently to
convergence, after which their weights or activations are aligned through a
permutation-matching process. This alignment, though relatively efficient,
adds a small computational overhead compared to LTH and naive solutions,

which do not involve matching steps.

4.1.5 Analysis of Mask Reusage

In an additional experiment, we derived a sparsity mask from a model
trained on the CIFAR-10 dataset and then applied this mask with a new
random initialization to train models on the SVHN dataset. Across all tested
sparsity levels, the model initialized with the permuted mask consistently

outperformed the model initialized with the unpermuted (naive) mask.

4.1.5.1 Experimental Setup and Results

The experimental setup for this specific analysis, conducted on ResNet20x{1}
using the SVHN dataset and with the rewinding point set to k = 20, is defined

as follows:
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Table 4.1: ResNet20x{1}/CIFAR-10. Results using the ResNet20x{1} trained on
CIFAR-10, from arewind point k = 20, using various methods of sparse training with
sparsity S. The LTH and naive methods remain fixed, as they are independent of
matching. For the permuted method, the permutation, r, is obtained by matching
a fully trained dense model W;ZT and w%:" at an early point in training, where
i € {5,20,50,100}.

Early Matching Point ¢ = i

S Method t=5 20 50 100 200
LTH 92.25+0.14

80% naive 90.13 £ 0.11
perm. 90.49+0.37 90.34+0.63 90.42+0.29 90.42+0.25 90.68+0.18
LTH 91.18 £ 0.27

90% naive 88.83 + 0.27
perm. 89.16 £0.51 89.23+0.59 89.39+0.69 89.31+0.60 89.50+0.27
LTH 90.58 £ 0.26

95% naive 87.31 +0.36
perm. 87.37+033 87.68+0.77 87.43+1.00 87.54+043 88.29+0.52
LTH 89.21 +0.23

97% naive 85.36 +0.14

perm. 85.77+0.44 8593+094 86.09+0.51 85.88+047 86.12+0.27

. Dense train wffo to convergence w'

t=T

L we trained the model for T =

200 epochs on CIFAR-10.

. Prune w'=T via IMP-FT to obtain sparse mask, my.

A

. = —_T .
. Dense train wg—o to convergence w'=T" we trained the model for T’ =

B
50 epochs on SVHN.

Use activation matching to find a permutation, 7, such that n(wi‘:T) ~
W?T in weight-space, evaluated on SVHN.

. LTH solution: Dense train wfqzo from Step 1. on SVHN for k epochs

and then sparse train wffk © my on SVHN for T’ — k epochs.
Naive solution: Load a rewound checkpoint from Step 3. at k, we

sparse train w%:k © my on SVHN for 7’ — k epochs.

61



4. Experiments and Results

7. Permuted solution: Load a rewound checkpoint from Step 3. at k,

we sparse train w?k © m(my) on SVHN for T’ — k epochs.

As demonstrated in table 4.2, our results indicate that across all sparsity
levels (S) tested, the permuted solution consistently outperforms the naive
solution and closely approaches the performance of the LTH solution. We
observed statistically more significant improvements for the rewind point
set at k = 20, suggesting enhanced stability in the sparse training of the

permuted solution compared to the results obtained at k = 10.

Table 4.2: ResNet20x{1}/SVHN. Mask reusage results for different sparsity
levels and rewind points k.

S Method Rewind k =10 Rewind k =20

LTH 9521+ 0.06  95.23 + 0.09
80%  haive 94.69+0.04  94.09 + 0.53
perm. 94.45 £ 0.98 95.08 + 0.10
LTH 94.52 +0.20  94.53 + 0.07
95%  haive 93.05+0.80  92.61 + 0.64
perm.  92.94+081  93.54 +0.99
LTH 93.87+0.08  93.75 = 0.08
7% haive 92.27+1.22  90.69 + 2.78
perm.  9234+055  92.61+0.11

4.2 Diversity Analysis of Permuted Models

4.2.1 Loss Landscape Analysis

A limitation of LTH is that it consistently converges to very similar solu-

tions to the original pruned model (Evci et al., 2022). Evci et al. (2022)
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speculate this occurs because the LTH is always trained with the same ini-
tialization/rewind point, and effectively relearns the same solution. Our
hypothesis is that permuted LTH masks, trained with distinct initializa-
tion/rewind points and subject to approximation errors in permutation
matching, may learn more diverse functions than the L'TH itself. The 0-1
loss landscape of our permuted solution, as seen in 4.6a, converges to the

same linearly connected mode as the LTH and dense solutions.
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Figure 4.5: LTH solution remains in the same linearly connected mode as
the dense solution. In fig. 4.5a we plot the error barrier between the dense
solution and the sparse solution (y-axis) vs the IMP iteration corresponding
to the sparse solution (x-axis), for 90% sparsity. We observe that after fixing
variance collapse via the REPAIR method, the error barrier between the
dense and the sparse solutions remains small, thus showing that the LTH
solution remains in the same linearly connected mode as the dense solution.
In fig. 4.5b, we demonstrate the same result as fig. 4.5a except we use IMP-FT
and still see a small error barrier between the dense and pruned solution.

4.2.2 Permuted Ensemble Analysis

We analyze the functional diversity of sparse models trained at 90% sparsity,
with either a permuted mask (permuted), the LTH mask (naive), LTH mask
& initialization and the original pruned solution (i.e. IMP) on which the

LTH is based. We follow the same analysis as Evci et al. (2022) and compare
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the diversity of the resulting models, over five different training runs, using
disagreement score, KL divergence and JS divergence. We also compare with
an ensemble of five models trained independently with different random
seeds.

2.5
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(a) ResNet20x4/CIFAR-100: 0-1 loss landscape

Figure 4.6: We show that, modulo permutations, reusing the permuted mask
leads to convergence in the same mode as the LTH solution. Hence, thereis a
small loss barrier between the permuted and LTH solutions, demonstrating
they are within the same linearly connected mode. Sourced from Ekansh
Sharma.
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Table 4.3: Ensemble Diversity Metrics for CIFAR-10/CIFAR-100. Although
the mean test accuracy of LTH is higher, the ensemble of permuted models
achieves better test accuracy due to better functional diversity of permuted
models.

Mask Test Acc. (%) Ensemble Disagreement KL ]S
Acc. (%)

ResNet20x{1}/CIFAR-10

none (dense)  92.76 + 0.106 - - - -
IMP 91.09 £ 0.041 93.25 0.093 0.352 0.130

LTH 91.15 + 0.163 91.43 0.035 0.038 0.011
permuted 89.38 + 0.170 91.75 0.107 0.273 0.091
naive 88.68 £+ 0.205 91.07 0.113 0.271 0.089

ResNet20x{4}/CIFAR-100
none (dense)  78.37 + 0.059 - - - -

IMP 74.46 £ 0.321 79.27 0.259 1.005 0.372
LTH 75.35 +0.204 75.99 0.117 0.134 0.038
permuted 72.48 + 0.356 77.85 0.278 0.918 0.327
naive 71.05 + 0.366 76.15 0.290 0.970 0.348

In table 4.3, we compare the functional similarity of the generated models
using several metrics, including disagreement, which quantifies prediction
differences (Fort et al., 2020), and Kullback-Leibler (KL) divergence and
Jensen-Shannon (JS) divergence, which measure the dissimilarity between
the output distributions of different models (Evci et al., 2022). The results
indicate that permuted masks achieve a level of diversity comparable to
that of computationally intensive IMP solutions, consequently resulting in
ensembles with a similar increase in generalization performance. In the case
of IMP, which involves training independently over five different random
seeds to obtain five distinct solutions with different sparse masks/topolo-
gies (i.e; m;, m,, m3, my, ms), the process is computationally expensive and
often impractical for creating large ensembles. The IMP baseline serves as

an upper bound, as both training from different random initializations and
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learning different topologies introduces a high level of stochastic noise to
learn diverse solutions. The LTH ensemble, on the other hand, is generated
by training with the same mask (m; ) and weight initialization (w ) across
five different training runs with different data orders. As noted in (Evci et al.,
2022) and our analysis in fig. 4.6, LTH ensembles do not typically exhibit
high diversity because they are constrained by the same initial conditions
and sparsity pattern, making them less suitable for ensemble learning. How-
ever, our proposed method allows us to reuse the LTH mask with different
random initializations, introducing a greater source of randomness com-
pared to the LTH baseline and thus improving the diversity of the solutions.
While the diversity achieved with permuted masks (using the same mask
m; with five different permutations, i.e; 7y, 72, 73, 74, 75) is expected to be
lower than that of IMP (due to the fixed topology), it offers a more com-
putationally efficient way to improve diversity. As shown in table 4.3, the
LTH ensemble does not significantly improve the accuracy compared to a
single model, whereas the permuted ensemble significantly enhances the
performance compared to a single model. Specifically, on CIFAR-100, the
permuted ensemble achieves an accuracy of 77.85%, surpassing the LTH
ensemble’s accuracy of 75.99%. This demonstrates that permuting the mask
can help train more diverse solutions while being computationally more

efficient than IMP.
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4.3 Effect of Model Width Multiplier

4.3.1 Experimental Details

In our experiments, we mainly focused on varying the widths of the ResNet20
model, as VGG11 and ResNet50 are already vastly overparameterized. For
residual neural networks, we train the standard ResNet20 on CIFAR-10 and
CIFAR-100 with varying width. We implemented a scalar, w, that adjusts the

number of channels in each convolutional and fully connected layer:

¢ First Convolution Layer: The number of output channels is scaled

from 16 to w x 16.

* Layer 1,2,3: The number of output channels for the convolutional
blocks in these layers are scaled from 16, 32, and 64 to w X 16, w X 32,

and w X 64, respectively.

* Fully Connected Layer: The input dimension to the final linear layer

is scaled to w x 64.

4.3.2 Model Width Analysis

Permutation matching is an NP-hard problem; the activation matching
algorithm proposed by Ainsworth et al. (2023) does not find the global
optimum; rather, it uses a greedy search to explore a restricted solution
space. Therefore, in practice permutation matching does not perfectly
align two models. However, it has been observed that for wider models,
the algorithm can more closely align two models (Ainsworth et al., 2023;

Sharma et al., 2024). To understand how the performance of the permuted
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model is affected by the approximation error of the matching algorithm, we
evaluated the LMC and the accuracy of the permuted solution on ResNet20
models with varying layer widths. As shown in fig. 4.7, on increasing the
layer width, the loss barrier of the interpolated network reduces, showing
that permutation mapping becomes more accurate and aligns two models
better. Also, it can be observed in figs. 4.1 and 4.2 that the permuted solution
becomes close to the LTH solution on increasing the model width, showing
that as the permutation matching becomes more accurate, the gap between

the LTH and the permuted solution reduces.
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(a) ResNet20x{w}/CIFAR-10  (b) ResNet20x{w}/CIFAR-100  (c) ResNet50x{w}/ImageNet

Figure 4.7: Larger width exhibits better LMC. Plots showing linear interpo-
lation between n(wZZT) and w%:T where 7 was obtained through activation
matching between two dense models for varying widths, w. As the width of
the model increases, the permutation matching algorithm gets more accu-
rate, thereby reducing the loss barrier (i.e; better LMC), which is evaluated
on the test set. This shows that the permutation matching can find a better
mapping, 7, for wider models, explaining why the permuted mask works
better in the case of wider models.
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4.4 Additional Results and Details

4.4.1 Architectural Details
4.4.1.1 ResNet20 & VGG11 on CIFAR-10/100

Datasets For our set of experiments, we used the CIFAR-10 and CIFAR-100
datasets (Krizhevsky, 2009). We apply the following standard data augmen-

tation techniques to the training set:

* RandomHorizontalFlip: Randomly flips the image horizontally with

a given probability (by default, 50%).

* RandomCrop: Randomly crops the image to a size of 32 x 32 pixels,

with a padding of 4 pixels around the image.

Optimizers We use the following hyperparameters for ResNet20 and VGG11

trained on CIFAR-10/100, as outlined in table 4.4.

Hyperparameter Value
Optimizer SGD
Momentum 0.9

Dense Learning Rate | 0.08
Sparse Learning Rate | 0.02

Weight Decay 5x 107
Batch Size 128
Epochs (T) 200

Table 4.4: Hyperparameters for dense and sparse training of both ResNet20
and VGGL11.
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4.4.1.2 ResNet50 on ImageNet

Dataset For our set of experiments we used the ImageNet datatset (Deng

et al., 2009). We apply the following standard data augmentation techniques

to the training set:

* RandomHorizontalFlip: Randomly flips the image horizontally with

a given probability (by default, 50%).

* RandomResizedCrop: Randomly crops a region from the image and

resizes it to 224 x 224 pixels.

Optimizers We use the following hyperparameters for ResNet50 trained

on ImageNet, as outlined in table 4.5.

Hyperparameter Value
Optimizer SGD
Momentum 0.9

Dense Learning Rate | 0.4
Sparse Learning Rate | 0.4

Weight Decay 1x107*
Batch Size 1024
Epochs (T) 80

Table 4.5: Hyperparameters for dense and sparse training of ResNet50.

4.4.2 Pruning Hyperparameters

Hyperparameter ResNet20/VGG11 | ResNet50
train_epochs_per_prune | 50 20
Learning Rate 0.01 0.04

Table 4.6: Hyperparameters used for pruning ResNet20/VGG11 on CIFAR-10/100
and ResNet50 on ImageNet.
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Table 4.8: ResNet20x{4}/CIFAR-10. Results using the ResNet20x{4} trained
on CIFAR-10, from a rewind point k, using various methods of sparse training
with sparsity S. LTH trains within the original dense/pruned solution basin, while
naive/permuted train from a new random initialization. Note this table is the same
setting as table 4.7 except w = 4.

Rewind Epoch k

N Method k=0 5 10 15 20 25 50 75 100
LTH 94.67£0.14 95.57+0.05 95.84+0.15 9580+0.12 95.88+0.20 95.72+0.09 95.81+0.10 95.83+0.21 95.71+0.16
80% naive 9436 £0.04 94.55+0.14 94.59+0.29 94.74+0.13 94.69+0.09 94.81+£0.06 95.07+0.17 95.02+0.11 94.97+0.21
perm. 94.39+0.19 94.88+0.28 95.15+0.14 95.20+0.16 95.17+0.21 9528 +0.29 95.43+0.14 9540+0.10 95.30+0.08
LTH 9443 £0.17 95.53+0.21 95.63+0.07 95.65+0.30 95.66+0.07 95.61+0.14 95.56+0.16 95.62+0.14 95.50 +0.04
90% naive 93.79+0.15 93.96+0.05 94.09+0.11 94.20+0.29 94.35+0.25 94.20+0.13 94.27+0.19 94.23+0.08 94.19+0.27
perm. 93.97+£0.29 94.64+0.13 94.73+0.17 94.93+£0.12 94.92+0.11 94.90+0.07 95.04+0.14 95.07+0.18 94.91+0.19
LTH 93.65+0.12 95.26+0.08 95.39+0.05 9532+0.18 95.26+0.03 9533 +0.07 95.40+0.14 95.19+0.05 95.37+0.21
95% naive 93.27+0.07 93.30+0.11 93.63+0.04 93.61+0.21 93.66+0.13 93.67+0.14 93.43+0.21 93.51+0.32 93.14+0.03
perm. 93.54+£0.24 94.17+0.07 94.46+0.10 94.27+0.19 94.61+0.07 94.54+0.07 94.75+0.11 94.75+0.09 94.54+0.27
LTH 93.00 £0.11 94.77+0.09 94.86+0.06 94.94+0.17 94.96+0.06 94.89+0.21 95.00+0.24 94.94+0.10 94.97+0.13
97% naive 92.63+£0.12 92.80+0.10 92.85+0.21 92.66+0.21 92.74+0.11 92.69+0.14 92.28+0.09 92.02+0.18 91.87+0.10
perm. 92.81£0.27 93.54+0.08 93.83+0.12 93.75+0.34 94.00+0.33 94.12+0.04 94.07+0.31 94.32+0.24 94.14+0.04

Detailed results for ResNet20x{w}/CIFAR-10 are provided in tables 4.7
to 4.10, for VGG11x{1}/CIFAR-10 in table 4.11, for ResNet50x{1}/ImageNet

in table 4.12, and for ResNet20x{w}/CIFAR-100 in tables 4.13 to 4.16.

Table 4.7: ResNet20x{1}/CIFAR-10. Results using the ResNet20x{1} trained
on CIFAR-10, from a rewind point k, using various methods of sparse training
with sparsity S. LTH trains within the original dense/pruned solution basin, while
naive/permuted train from a new random initialization.

Rewind Epoch k
S Method k=0 5 10 15 20 25 50 75 100
LTH 90.41£0.14 92.12+0.25 92.08+0.36 92.10+£0.27 92.25+0.14 92.32+0.26 92.15+0.13 92.26+0.19 92.21+0.16
80% naive 89.67+0.35 89.74+0.69 90.16+0.14 90.07+0.09 90.13+£0.11 90.40+0.11 90.66+0.12 90.31+0.27 90.45+0.22
perm. 89.74 £0.05 90.15+0.16 90.26+0.08 90.72+0.12 90.68+0.18 90.72+0.28 90.76 +0.27 91.13 £0.06 90.82 +0.21
LTH 89.45+0.10 91.27+0.37 91.34+0.29 91.34+0.09 91.18+0.27 91.43+0.22 91.44+0.12 91.36+0.18 91.68+0.28
90% naive 88.47+0.21 88.70+0.14 88.77+0.21 88.84+043 88.83+0.27 88.78+0.02 8899+0.08 88.81+0.17 88.82+0.07
perm. 88.59+£0.11 89.09+0.22 89.56+0.28 89.71+0.12 89.50+0.27 89.97+0.13 89.84+0.15 90.03 +£0.07 89.77 +0.15
LTH 87.83+0.38 90.33+0.22 90.39+0.28 90.37+0.21 90.58+0.26 90.43+0.20 90.56+0.29 90.44+0.26 90.40+0.19
95% naive 86.89 £0.21 87.01+0.23 86.88+0.13 87.28+0.19 87.31+0.36 87.00+0.19 86.88+0.08 86.99+0.29 86.50+0.22
perm. 87.24+0.22 87.70+0.08 87.92+0.25 88.23+0.52 88.29+0.52 88.24+0.20 88.21+0.30 88.21+0.20 88.04+0.22
LTH 86.03 £0.22 88.00+0.02 88.73+0.05 89.00+0.24 89.21+0.23 89.27+0.14 89.03+0.27 89.12+0.25 89.06+0.21
97% naive 85.60 £ 0.38 85.43+0.40 85.89+0.37 8548+0.13 8536+0.14 85.70+0.21 8530+0.32 85.14+0.29 84.64+0.34
perm. 85.61 £0.48 8593 +0.34 86.26+0.40 86.48+0.39 86.12+0.27 86.16+0.14 86.43 +0.27 86.06+0.26 85.95+0.14

Refer to Figure 4.8 and Figure 4.9 for additional accuracy-vs-sparsity plots
for ResNet20 on CIFAR-10 and CIFAR-100, respectively. Refer to Figure 4.10

for Top-1 accuracy vs. rewind points for ResNet50 on ImageNet.
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Table 4.9: ResNet20x{8}/CIFAR-10. Results using the ResNet20x{8} trained
on CIFAR-10, from a rewind point k, using various methods of sparse training
with sparsity S. LTH trains within the original dense/pruned solution basin, while
naive/permuted train from a new random initialization. Note this table is the same
setting as table 4.7 except w = 8.

Rewind Epoch k
S Method k=0 10 25 50 100
LTH 9535+ 0.07 9598+0.14 96.12+0.04 96.10+0.20 96.21 +0.06
80% jaive  95.17+0.17 95.32+0.13 95.63+0.13 9562+0.08 9579+ 0.15
perm.  95.36+0.14 95.60+0.15 95.89+0.19 95.94+0.17 95.94 + 0.06
ITH 94.96+0.18 9597 +0.15 96.02+0.05 96.00+0.19 96.12+0.10
90%  jaive  95.05+0.07 95124003 95204022 9544+014 95.06 £ 0.25
perm.  95.05+0.05 9558+0.06 9578+0.12 95.87+0.13 95.85+0.11
LTH 94.86+0.08 9590+0.15 9593+0.26 96.07+025 96.00+0.25
95%  haive  94.60+0.14 94.84+0.13 94.93+0.17 9501 +0.33 94.59 + 0.52
perm.  94.85+0.19 9529+027 9563+0.11 95.67=0.16 95.59 = 0.22
LTH 9454+ 023 9579+0.14 9587+0.03 95.78+021 95.90 +0.04
97%  haive 94394004 94394004 9449+0.18 94194011 93.83 +0.08
perm.  94.46+0.14 9526+0.10 95.16+0.26 95.56=0.06 95.45 = 0.05

Table 4.10: ResNet20x{16}/CIFAR-10. Results using the ResNet20x{8} trained
on CIFAR-10, from a rewind point k, using various methods of sparse training
with sparsity S. LTH trains within the original dense/pruned solution basin, while
naive/permuted train from a new random initialization. Note this table is the same
setting as table 4.7 except w = 16.

Rewind Epoch k
S Method k=0 10 25 50 100
ITH 95.62+0.19 95.84+036 96.05+034 9631+0.18 96.36+0.24
80% jaive  9547+0.15 9571+022 95.71+£0.26 96.09+0.04 9599 +0.21
perm.  9577+0.11 95.79+0.29 96.00+0.14 96.24+0.11 96.21 = 0.06
ITH 9559+ 0.22 96.10+048 96.19+049 96.18+020 96.41+0.14
90%  haive  9537+0.09 95474013 95.66+001 95.70+0.13 95.76 +0.14
perm.  9558+0.22 95.80+0.14 96.11+0.13 96.17+0.17 96.04 = 0.05
ITH 95.08+0.21 95.96+039 96.12+021 96.16+0.30 96.26 +0.23
95%  naive  95.27+0.13 9543+0.09 9557 +037 95.63+0.25 9527+ 0.55
perm.  9539+0.26 96.02+022 96.12+0.18 96.18+0.18 96.06 = 0.09
ITH 9519+ 027 95.84+025 96.14+030 96.12+027 96.17 +0.33
97%  naive  94.94+0.04 9506+0.17 9529+0.15 95.13+0.19 94.35+0.45
perm.  95.07+0.06 95.51+0.22 95.88+0.14 95.90+0.24 95.88 + 0.09
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Table 4.11: VGG11x{1}/CIFAR-10. Results using the VGG11 trained on CIFAR-10,
from a rewind point k, using various methods of sparse training with sparsity S.
LTH trains within the original dense/pruned solution basin, while naive/permuted
train from a new random initialization.

Rewind Epoch k
S Method k=0 5 10 15 20 25 50
LTH 89.94+0.06 90.44 +£0.17 90.91+0.12 90.87+0.16 91.14+0.28 91.11+0.08 91.22+0.08

80% naive 89.70+0.13 89.90+0.18 90.04 +0.07 90.34+0.16 90.48+0.19 90.55+0.17 90.87 +0.19

perm. 89.94+0.1 90.18+0.08 90.52+0.17 90.71 +£0.22 90.77+0.19 90.81 £0.19 91.07 +0.21
LTH 89.33+0.16 90.82+0.09 90.97+0.14 91.05+0.04 91.15+0.11 90.91+0.17 91.08 +0.31

naive 89.17+0.2 89.55+0.02 89.81 £0.02 89.49+0.05 89.68+0.11 89.80+0.03 89.80+0.05
perm. 89.30 +0.02 90.33+0.08 90.44+0.14 90.46+0.04 90.75+0.22 90.76 +0.12 91.01 £ 0.06

90%

Table 4.12: ResNet50x{1}/ImageNet. Top-1 and Top-5 Accuracies of
ResNet50x{1} trained on ImageNet, from a rewind point k, using various methods
of sparse training with sparsity S.

Top-1Accuracy |  Top-5Accuracy
S  Method k=10 25 50 |[k=10 25 50
LTH 72.87 72.16 65.23 ‘ 91.13 90.66 86.65

80% aive  69.13 6894 60.30| 88.85 88.1 83.22
perm.  69.87 69.85 61.14 | 89.16 89.45 84.04
LTH 7140 7074 60.62 | 90.27 90.00 83.94

naive 65.49 64.77 54.46 | 86.55 86.26 79.07
perm. 66.25 66.37 57.40 | 87.23 87.37 81.45

LTH 68.61 68.07 59.83‘ 89.03 88.25 82.96

naive 61.39 60.77 51.78 | 83.79 83.58 76.79
perm. 62.48 62.77 5298 | 84.51 84.79 78.11

90%

95%
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Table 4.13: ResNet20x{1}/CIFAR-100. Results using the ResNet20x{1} trained
on CIFAR-100, from a rewind point k, using various methods of sparse training
with sparsity S. LTH trains within the original dense/pruned solution basin, while
naive/permuted train from a new random initialization.

Rewind Epoch k
S Method k=0 10 25 50 100
LTH 63.69+0.41 67.67+0.08 67.66+025 67.82+0.17 67.73+0.38
80% aive  62.89+0.16 63.37+009 63.07+0.44 63.36+027 63.33+0.35
perm.  63.04+024 64.07+0.15 64.71+0.10 64.52+0.78 64.57  0.49
LTH 59.81+029 6521+0.17 65154028 65104030 65.17+0.21
0% haive  58.77+028 59.59+0.18 5944 +027 59.19+0.41 58.58 +0.16
perm.  59.32+0.32 60.60+0.79 61.32+033 61.53+0.65 60.93+ 0.51
ITH 55.71+052 61.08+054 61.73+0.18 61.65+037 61.684+0.18
95%  jaive  54.04+£029 5520+039 54.65+038 54.96+057 53.97 %091
perm.  55.12+0.17 56.93+0.26 57.64+0.36 57.47+0.66 57.13+0.34
LTH 5110+ 034 56.14+0.56 56.92+025 56.94+0.13 56.93 +0.06
7% haive  49.70+0.64 49.60+025 4949+032 49.16+021 47.70 +0.83
perm.  50.34+021 51.55+0.69 51.88+1.08 52.64+0.34 50.96+1.15

Table 4.14: ResNet20x{4}/CIFAR-100. Results using the ResNet20x{4} trained
on CIFAR-100, from a rewind point k, using various methods of sparse training
with sparsity S. LTH trains within the original dense/pruned solution basin, while
naive/permuted train from a new random initialization. Note this table is the same
setting as table 4.13 except w = 4.

Rewind Epoch k
S Method k=0 10 25 50 100
LTH 7446 +0.12 77.57+0.06 77.35+031 77.75+026 77.64+0.14
80% jaive  73.30+0.08 74.10+0.12 74.98+0.17 7521+0.12 75.204+0.16
perm.  73.68+0.09 75.24+031 7574+041 76.12+037 76.19+0.39
LTH 7254+ 057 76.56+0.11 76.56+0.32 76.80+0.34 76.80 +0.21
0% haive  71.97+030 72564022 72.89+027 72.59+0.15 72.54 +0.33
perm.  72.18+023 74.17+035 74.21+023 74.45+027 74.89+0.47
ITH 7116+ 023 7541+0.18 7553+0.11 75.68+0.17 7576+ 0.17
95%  jaive  70.17+£0.47 70.95+050 70.90+0.18 71.21+026 69.95 + 0.42
perm.  70.41+0.07 72.70+0.21 72.92+0.39 73.65+0.28 73.41 +0.18
LTH 69.06+0.03 74.00+039 74.08+037 74.18+018 74.29+0.31
7%  haive  68.40+021 69.26+0.19 69.06+0.11 68.67+047 68.42+0.78
perm.  69.08+022 71.41+054 71.49+032 71.92+0.17 72.20 +0.08
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Table 4.15: ResNet20x{8}/CIFAR-100. Results using the ResNet20x{8} trained
on CIFAR-100, from a rewind point k, using various methods of sparse training
with sparsity S. LTH trains within the original dense/pruned solution basin, while
naive/permuted train from a new random initialization. Note this table is the same
setting as table 4.13 except w = 8.

Rewind Epoch k
S Method k=0 10 25 50 100
LTH 78.09+ 028 80.63+032 80.83+039 80.92+006 80.66<+0.34
80% jaive  76.86+0.17 77.47+035 7820+0.61 78.65+033 78.74 % 0.39
perm.  77.34+026 78.82+034 79.20+0.16 79.55=0.38 79.54 = 0.39
LTH 76.47 +0.43 80.02+0.07 80.10+0.13 79.98 +0.33 79.98 + 0.20
90%  jaive  75.68+£023 7636+021 76.80+0.14 77.27+0.12 76.55 + 0.49
perm.  76.17+0.26 77.99+0.17 78.22+0.15 78.62+0.19 78.82+0.17
LTH 7538+ 0.02 79.42+0.06 79.24+0.19 79.35+0.06 79.29 +0.13
95%  haive  74.78+0.15 7548+0.18 7553+0.15 7527 +£0.15 74.38 +0.65
perm.  75.07+0.14 76.97+0.46 77.80+0.14 77.74+051 78.04 +0.42
LTH 7397+ 021 78.63+0.25 78.65+0.50 78.74+049 78.47+0.16
97%  haive  73.13+026 73.73+0.12 73.76+027 73.26+0.07 72.79 + 0.46
perm.  73.81+0.67 7629+0.14 76.38+057 76.57+0.29 76.79 +0.76

Table 4.16: ResNet20x{16}/CIFAR-100. Results using the ResNet20x{16} trained
on CIFAR-100, from a rewind point k, using various methods of sparse training
with sparsity S. LTH trains within the original dense/pruned solution basin, while
naive/permuted train from a new random initialization. Note this table is the same
setting as table 4.13 except w = 16.

Rewind Epoch k
S Method k=0 10 25 50 100
LTH 80.21+0.18 82.32+034 8240+026 82.48+038 82.16+0.30
80% aive  79.31+0.06 79.50+0.09 80.24+0.17 81.02+0.11 81.01 0.07
perm.  79.35+0.11 80.44+0.40 81.15+0.48 81.57+0.38 81.810.21
LTH 79.31+0.16 82.26+0.18 82.14+008 81.95+0.03 82.11+0.12
0% haive  78.78+037 79.26+0.11 7942+051 7956+ 026 79.57 +0.13
perm.  79.20+0.09 80.49+032 80.59+0.15 81.12+0.05 81.24+0.09
LTH 7832+ 034 81.57+0.09 81.57+032 81.47+025 81.63+0.07
95%  haive  78.01+0.02 7853+0.10 78.45+021 78.38+043 77.49 % 0.06
perm.  78.25+0.20 79.76+020 80.50+0.04 80.47+0.08 80.250.21
LTH 7749+027 81.07+0.07 81.06+011 81.11+0.18 81.14+032
7% haive 76464044 76.71+041 77.19+0.09 76.93 %036 75.53 + 0.40
perm.  77.04+038 79.14+0.17 79.30+021 79.62+0.14 79.63 + 0.06
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Figure 4.8: Accuracy vs sparsity trend for ResNet20x{w}/CIFAR-10.As the width
increases, the gap between permuted and naive solutions increases, showing per-
muted masks help with sparse training. With increased width, we observe a more
significant gap seen throughout figs. 4.8d, 4.8h, 4.8 and 4.8p and the permuted
solution approaches the LTH solution. The dashed (- -) line shows the dense model
accuracy.
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Figure 4.9: Accuracy vs sparsity trend for ResNet20x{w }/CIFAR-100. Similar to
the phenomenon seen in fig. 4.8, with higher width the gap between permuted
and naive solutions increases. As seen in figs. 4.9d, 4.9h, 4.91 and 4.9p and the
permuted solution approaches the LTH solution. The dashed (- -) line shows the
dense model accuracy.
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Figure 4.10: ResNet50x{1}/ImageNet. Top-1 test accuracy vs rewinds points
of sparse network solutions at various sparsity levels. We observe the permuted
solution consistently performing better than the naive solution for all sparsities.
The dashed (- -) line shows the dense model accuracy.
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Chapter 5

Conclusion

5.1 Discussion

The remarkable success of DNNSs has revolutionized various fields, achiev-
ing significant breakthroughs in tasks ranging from image recognition, and
medical imaging, to natural language processing and beyond. However,
this success is often accompanied by vastly overparameterized, increas-
ingly large, and complex models, demanding substantial computational
resources for both training and inference. In resource-constrained envi-
ronments, this presents a significant challenge, motivating the rise of SNN
and the development of efficient training methodologies. A critical area
of research in this domain has been the ability to train highly sparse SNN
from scratch, with works such as the LTH suggesting the existence of sparse
subnetworks within pre-trained dense models that can achieve comparable
generalization performance to their dense counterparts. However, LTH does
not solve the sparse training problem, as retraining a winning ticket mask

with an arbitrary weight initialization often results in poor generalization
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5. Conclusion

performance. In this work, we present new insights into sparse training
from random initialization and the LTH by leveraging the inherent weight
symmetries in DNNs. As shown in fig. 3.3, we demonstrate that by finding a
permutation to align two arbitrary networks and subsequently permuting
the mask to align with the loss basin in which the new initialization resides,
effective sparse training can be enabled. Our empirical findings across vari-
ous models and datasets support the hypothesis that misalignment between
the mask and the loss basin prevents the effective use of LTH masks with
new initializations. Although finding a permutation to align dense models
can be computationally expensive, the primary goal of our work is to de-
velop a deeper understanding of the limitations of LTH and explore how the
winning ticket mask can be reused effectively, rather than to improve the
efficiency of LTH itself. We hope that our work will spur future work in this
direction and will be useful to the research community working in the realm

of sparse training.

5.2 Limitations and Future Directions

e Imperfect Neuronal Alignment: Our procedure for neuronal align-
ment relies on activation matching, which is a greedy approximation.
The stochasticity present in the data, coupled with the computational
constraints of LAP, means that obtaining a perfect one-to-one cor-
respondence between neurons is not always possible. Furthermore,
the problem of finding a perfect permutation to achieve a completely
zero loss barrier between two models after accounting for all possible

permutation symmetries is classified as NP-hard. Potentially, using
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5. Conclusion

more advanced neuronal alignment techniques could lead to identify
stronger permutations, potentially enabling our permuted solutions

to surpass the performance of the LTH baseline and approach dense.

Early Matching: Throughout our study, we focused on training both
models A and B to convergence to derive the permutation, which in-
troduces a significant computational cost. While we presented some
preliminary results in section 4.1.4, a more rigorous experimental
investigation across a diverse set of models and datasets would be
required to affirmatively establish the viability of early matching. An-
other compelling direction for future research would involve explor-
ing techniques to effectively align a densely converged model (i.e., at

t = T) with a dense model at its random initialization (i.e., at t = 0).

Larger Models: Our current experimental design focused on CNNs
and RNNs, supported by existing literature demonstrating their align-
ment in weight space due to the existence of permutation symmetries
in these architectures. However, with the increasing prominence of
Transformer models, investigating whether our hypothesis extends
to these larger architectures would provide valuable insights. Most
recently, Zhang et al. (2025) introduced “rotation symmetry" in Trans-
formers, a novel type of parameter space symmetry that generalizes
permutation symmetries. Potential future directions could involve
further exploration of the optimization dynamics of these Transformer
models and the development of methodologies to align them by lever-

aging these specific parameter space symmetries.
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Appendix

Mathematical Proof: Permutation Symmetries

Consider a simple neural network with:
* Inputlayer with ny neurons.
* One hidden layer with n; neurons.
e Qutput layer with n, neurons.

* The weights connecting the input layer to the hidden layer are repre-

sented by a matrix W) € R™*" and the biases by b)) € R,

* The weights connecting the hidden layer to the output layer are repre-

sented by a matrix W e R™*™  and the biases by b?) € R",
Let o be the activation function applied element-wise. For an input x € R":

* The activation of the hidden layer is

h=0 (W(l)x + b(l)) e R™,

* The output of the network is
y=Wh+p® e R™.
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Let L(60; (x,t)) be the loss function for a single data point (x, t), where:

1. xis the input.
2. tis the target output.

3. 6=WW, b W® p®) are the network parameters.

Theorem I: If a neural network with at least one hidden layer of size n; > 1
has a global minimum 6* for a non-zero loss function, L, then 3 another
global minimum 6’ # 6* obtained by permuting the neurons in the hidden
layer.

Lemma I: Let a neural network with parameters 6 and a hidden layer of
size n; have a loss function L(6, (x, t)) for an input x and target . Consider
a permutation 7 of the n; neurons in the hidden layer, represented by a
permutation matrix, P € % of size n; x n;, where P is orthogonal such
that PT = P~! and P # I. Define a new parameter configuration 6, ob-
tained by applying this permutation to the hidden layer neurons and their

corresponding weights as follows:

0, = (Wn(l), bj('[l)’ WH(Z), bj(rz)) — (PW(I)’Pb(l), W(Z)PT, b(z))

Then, for any input x, the output of the network with parameters 6 is the
same as the output with parameters 6,, and consequently, the loss function

value remains invariant under this permutation:

L(Q, (x! t)) = L(Hn’ (x: t))
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Proof of Lemma I:

To prove the lemma, it suffices to show that the output of the neural
network remains invariant under the described permutation of the hidden
layer neurons.

Consider the activation of the hidden layer with the permuted parame-
ters 0;:

he = oWV x + b))
Substituting the definitions of the permuted weights and biases, we get:
h, = O'(PW(I)X + Pb(l))
Factoring out the permutation matrix P:

hy = c(PWWx + b))

Let z = WWx + bV be the pre-activation of the hidden layer with the
original parameters. Then the activation with the original parameters is

h = 0(z). Thus, we can write:
h, =0(Pz)

Since the activation function o is applied element-wise, and the permuta-
tion matrix P rearranges the elements of the vector z, the application of o
to the permuted vector Pz results in a vector whose elements are the same
as the permuted elements of o (z).

Hence, this can be expressed as:
h, =Ph

Now, consider the activation of the output layer with the permuted
parameters 0;:

Yn = Wn(Z)hn + b7(12)
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Substituting the definitions of the permuted weights, biases, and the per-

muted hidden layer activation:
yx = (WPT)(Ph) +b?
Using the associativity of matrix multiplication:
V=W PTP)h +b?

Since P is a permutation matrix, it is orthogonal, meaning PTP = I, where [

is the identity matrix. Therefore:
Va=WPIh+p®

Ve =WPh4+p?

The right-hand side of this equation is the output of the network with the
original parameters 6, which we denoted as y. Thus, we have shown that
¥z =Y. Since the output of the network remains the same under the permu-
tation, the value of the loss function for a given input-target pair (x, t) will
also be the same:

L(Q, (x’ t)) = L(enr (x’ t))

This holds for all data points in the training dataset, and therefore, the overall

loss function remains invariant under the permutation:

L(Q) = L(Hn)
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Proof of Theorem I:
Let 6% = (W*(), p*(D w*(?) p*()) be a weight configuration that achieves
a global minimum loss, L,,;, = L(6*). Consider a permutation matrix, P, of

size n; X ni, where P # I. We define a new parameter configuration 6’ as:
o' = (Pw*) pp*(M) WH@pT p*2))

By Lemma I, 6’ must also be a global minimum. It suffices to show that
0’ # 0” in the general case.

Assume for the sake of contradiction, 6’ = 8*

1. pw*) =y
2. Pp* = p*@

3. W*(Z)PT — W*(Z)

However, these conditions imply that the weights and biases are invariant
under the permutation, P. But for a general weight configuration, this raises
a contradiction as we chose P to be a non-identity permutation matrix,
hence 6’ # 6. Therefore, if a global minimum exists, it is not unique due to
permutation symmetries and hence, there exist multiple global minima.
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