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ABSTRACT

The centered form is an efficient and effective tool for evaluating the range

of a function with error estimation. This thesis is concerned with centered

- forms for different kinds of functions and algorithmic approaches to these

centered forms.

The thesis provides a systematic theory dealing with complex centered
forms for polynomial, rational, analytic and meromorphic functions. Using
this theory, the three basic properties of inclusion, convergence and inclusion
isotonicity are proven systematically forv all the above functic;ns. It general- .
izes centered forms to multi-variate functions and presents low complexity
algorithms for evaluating these forms. The thesis shows for the first time
that for é polynomial there are a great number of different centered forms
evaluated over different arrangements of variables. An asymptotic formula
for estimation of this number is given. An algorithrh is furthermore presen’ced‘
to generate all the variable arrangements which produce different forms for
.a polynomial. The thgsis also defines a new type of low complexity Tay-
lor formé for multi-variate functions. Evaluation of these forms needs no
computation of the derivatives and only requires the repetiti‘ve division of

the polynomials and the rational functions by scalar linear factors. A low
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complexily algorithn for evaluating these forms is given. Pinally the thesis
defines a type of special Taylor expansions for multi-variate polynomials and
rational functions and a low complexity algorithm for evaluating these forms.

The number of zero entries and the number of interval variables replaced by

scalar variables in these forms are both estimated.
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Chapter 1

Introduction

1.1 Background and Motivation

In science and mathematics (analysis) one usually works with continua, that
is, physical quantities and variables that can take on an infinite number of
values hence requiring inﬁﬁite precision for their representation. Representa-
tion and numerical calculation on a digital computer can, however, only take
place in finite spaces. A transition therefore has to be made from the infinite
spaces to the finite spaces via approximations. This transition is most ele-
gantly done by introducing intervals having finitely representable upper and

lower limits, but containing real quantities not representable in this manner.



This leads in a natural manner to an interval arithmetic and a corresponding
interval analysis.

Interval analysis is therefore recognized as a very useful tool for develop-
ing algorithms in numerical analysis. These algorithms have the important
property that they are able to account for all data, truncation and compu-
tational errors.

The groundwork for interval analysis was laid by the publication of the
book “Interval Analysis” by Moore[23]. Many of the basic ideas of interval
analysis were here made available to a large audience. A number of books|[2,
25, 34, 35] then appeared discussing aspects of interval analysis that were
developed since the publication of [23]. Interval analysis has the advantage
that it generates both an approximation to the exact solutions to a given
problem and the magnitude of the error for the approximation. For example,
when evaluating a polynomial at a point using double precision or significant
digit arithmetic, we only obtain an approximate value. It is unknown how far
this approximation is from the value obtained using infinite precision. Using
interval arithmetic, we evaluate the polynomial over an interval containing
this point. The result interval contains the polynomial value at that point.

If we choose the center of the interval to be an approximation to the true



value, then the error is bounded by the radius of the interval.

Interval arithmetic can easily be built into the software for a computer.
For a given elementary operation, a low-order bit is added to the right-end
point and a low-order bit is subtracted from the left-end point to compute an
interval as small as possible containing the real interval result. This process
is called rounded interval arithmetic. If the exact value of initial data can
be contained in intervals, we will obtain a final interval containing the exact
result using this arithmetic for practical computation with round-off error.
Taking the center point as an approximate value, the radius of this computed
interval will give an error bound. The details of both exact and rounded
interval analysis are well covered in for example [2].

Orie of the most interesting ideas presented in[23] was that of the centered
form, a tool for the computation of the range, or an inclusion for the range, of
a function over an interval. This form was introduced by Moore in[23]. When
he computed the range of specific functions, Moore noticed that he obtained
better results on the average if he developed the functions around the center
of the domain of the function. Moore’s original definition for centered forms
was not precise. Hansen (1969) therefore defined a centered form as the

natural extension of the Taylor expansion of the polynomial developed at



a point. Explicit forms were given by Hansen[12] for polynomials and by
Ratschek[33] for rational functions. Krawczyk’s[19] (1983) recursively defined
centered forms are also of importance due to their low complexity.
Alefeld-Herzberger[2] (1974) defined centered forms for real functions.
A very convenient and useful version may be found in Krawczyk-Nickle[21]
(1982). Centered forms for interval valued polynomials are defined in Rokne[37]

(1981). Centered forms for functions in k variables were described by Ratschek-

Schréder|[36].

The so-called quadratic convergence is a measure of how quickly good
inclusions for the range of functions can be computed. It was conjectured
that centered 'forms are quadratically convergent with respect to the width
of the domain interval. This was verified by Hansen[12]. Because of the
property of quadratic convergence, centered forms are widely used for the
inclusion estimate of the range of functions, which guarantees an efficient
improvement of the inclusion by subdivision methods.

A natural generalization of real intervals to the complex plane is provided
by circular intervals. Based on this generalization, a circular interval anal-
ysis was developed by Gargantini-Henrici[10]. It has been proven to be a

powerful tool for estimating the range of complex functions as well as roots



of complex functions[2, 11, 45, 46]. Centered forms are also defined in this
case[11, 46] and they formed the inspiration to this thesis when a conjecture
by L. D. Petkovic[29] (1985) concerning the inclusion isotonicity of the cir-
cular centered forms was solved as part of this thesis. It was conjectured
that the complex centered forms have properties of inclusion, quadratic con-
vergence and inclusion isotonicity. Inclusion and quadratic convergence were
partially verified by Rokne and Wu[46]. Inclusion isotonicity was verified for
polynomials by Bao and Roknel[3].

This research was then carried further and the following questions were
considered based on the fact that different evaluations on different represen-
tations (arrangements) of a function over a circular disk will result in different
inclusions:

(1) How many distinct forms will be generated using an evaluation on
different arrangement of a function?

(2) Are there forms among them which give sharper estimates for the
range of the function over others?

(8) Do these forms have the desirable properties of inclusion, convergence
and inclusion isotonicity?

(4) Are there low complexity algorithms to compute these forms?



(5) Is there a theory which unifies the centered forms and their proper-

ties for polynomials, rational functions, analytic functions and meromorphic

functions?
These problems are very important for centered forms both theoretically
and practically. They have remained unsolved in varying degrees although

many mathematician and computer scientists have worked on these problems

for a couple of decades.

The present thesis provides answers to some of the questions by giving
detailed theoretical analysis and practical algorithm design for a large class
of centered forms and in doing so, it also presents new insights and new

interesting problems.

1.2 Scope and Structure of the Thesis

This thesis provides the theoretical basis for centered forms for polynomials,
rational functions, analytic functions and meromorphic functions. With this
theoretical basis, we present a number of algorithms for evaluating different
forms for different functions. In order not to dilute the main theme of the

thesis, we stress the art of designing these algorithms and only discuss time



complexity and the practical implementations of the algorithms briefly. The
thesis also gives an asymptotic formula estimating the number of the centered
forms obtained from different arrangements of the variables for multi-variate
functions. Centered form algorithms for complex functions over complex
circular disks are discussed in depth. The corresponding algorithms for real
centered forms over real intervals can be considered as special cases of the
complex form algorithms using real interval arithmetic instead of the complex
circular arithmetic and the algorithms for circular forms remain valid for
the real forms when the real interval arithmetic is substituted for circular
arithmetic. The real form algorithms will therefore not be discussed explicitly
but the corresponding results are included implicitly. For simplicity, however,
some numerical realizations will be given for real forms, which are enough to
illustrate our methods and algorithms for both real and complex forms.

The structure of the thesis is as follows. The introductory chapter gives
the historical background of interval circular analysis and centered forms.
The chapter introduces the main development of the centered forms dur-
ing past two decades and discusses briefly the properties of inclusion and
convergence of centered forms for the range of functions.

The following chapter gives the basic definitions of interval and circular



analysis, and lists those properties of interval and circular arithmetic which
are required in the sequel. All definitions and proofs of propositions in this
chapter can be found in[2]. Therefore we only state them for convenience.

The next chapter is dedicated to the establishment of the centered form
theory for polynomials and rational functions, the properties of the inclusion,
the convergence and the inclusion isotonicity of the centered forms, and the
design and description of the algorithms for calculating the centered forms. In
this chapter a number of centered forms with different properties are defined
and three important properties of the centered forms: inclusion, quadratic
convergence and inclusion isotonicity are proven for all forms.

Based on the results in Chapter 3, a number of algorithms with low com-
plexity are designed in detail and their time complexity and implementations
are discussed briefly in Chapter 4. A class of low complexity algorithms for
multi-variate Taylor and centered forms are given in detail with their time
complexity analysis and numerical realizations. A formula is also derived
that estimates the number of distinct centered forms for multi-variate func-
tions. This number is surprisingly large for polynomials with the usual sizes
of degrees. Some numerical realizations are given to illustrate the algorithms

discussed in the chapter.



Chapter 5 introduces a special Taylor form with a special remainder term
which gives a very sharp estimate for the range of functions and which can
be generated using a low complexity algorithm. The number of zeros in the
remainder term and the number of the scalar variables in the gradient and
the remainder term of the special Taylor expansion are estimated and asymp-
totic formulas for both numbers are given. The algorithm to calculate the
special Taylor expansion is given in detail. An application of the algorithm
to factorable functions is discussed and a numerical example is presented.

Chapter 6 extends the major results in Chapter 3 to meromorphic func-
tions. It proves the three properties of the centered forms for meromorphic
functions. Algorithmic approaches with error estimates for meromorphic
functions are discussed. Some numerical results are also given for illustra-
tion.

Chapter 7 contains some concluding remarks on the results found in Chap-
ters 3 to 6. It is noted that the results developed in the earlier chapters form
the basis for a unified theory of centered forms where the three important
properties: inclusion, quadratic convergence and inclusion isotonicity play
important roles. The chapter is concluded with a summary of the signifi-

cant results, and suggestions for the future development, improvement and
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application of circular analysis and centered forms as well as the designing
of algorithrhs for calculating centered forms. It also raises a question: how
to determine an optimal form for a function which gives the best estimation
for the range of the function and how to design an algorithm for calculating

the form.



Chapter 2

Interval Analysis and Circular

Arithmetic

2.1 Real Interval Arithmetic

In this section, we will define real intervals and their arithmetic. Also we will
give some basic properties of real interval arithmetic. The proofs of all the
propositions can be found in[2], Chapter 1. Complex circular arithmetic will
be defined in Section 2.2.

In the sequel, the field of real numbers is denoted by £ and real numbers

are denoted by lowercase letters a,b,¢,...,2,y, 2.

11



12

DEFINITION 2.1 A subset of R of the form
I=[a,b]={tla<t<b}

where a < b,a,b € R, is called a closed real interval. The set of all closed

intervals is called the interval set, denoted by I(R), or more simply by 1.

The members of the interval set I are denoted by uppercase letters I, 4, B, C, . ..

X,Y,Z. Real numbers ¢ € £ may be considered special members [a,a] of I

and they will be called point intervals.

DEFINITION 2.2 Two intervals Iy = [a1,b1] and I, = [az,b;) are called

equal, if they are equal in the set theoretical sense.
From this definition, it follows that
I =L iff a1 = ag,b; = bs,.
Now we define the arithmetic operations on elements in I.

DEFINITION 2.3 Let * € {+,—,-,/} be a binary operation on the set of

real numbers R. If I, I, € 1, then a binary operation on I is defined by

Il*I2={$=a*b|a€I1,b€Ig}.
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It is assumed that 0 & I, in the case * = / and this assumption will be
kept implicitly in the sequel.
The operations on intervals Iy = [aq,b;] and Iy = [az, by] may be calcu-

lated explicitly as follows
L + I = [a1 + a3, b1 + B3],
LI = I; = [a3 — bz, by — ay],
I1 . Iz = [min{a1a2, a]_bz, blaz, blbz}, max{alag, albg, blag, b]_bz}],
LI = [a1,b1] - [1/bs,1/as).

Since the function f(z,y) = z*y,* € {+,—,-,/} is a continuous function
(for case /, y # 0) on a compact set, it follows that I; * I, is a closed real
interval (if 0 & I, for case /). Hence the set I is closed under the allowed
operations.

In addition to these operations there are further common operations on

intervals.
DEFINITION 2.4 If s(z) is a continuous unary operation on R, then
$(X) = |mip s(e), mags(a)

defines a unary operation on I.
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We now give some basic and important properties for interval operations.

PROPOSITION 2.1 Let I, I3,I3 € 1. Then it follows that

I1 + Iz = I2 + I1,I1 . Iz = Iz . I1 (commutativity), (21)
(I1 + L) + Is = I + (I2 + I5) (associativity), (2.2)
(I1 - I2) - Is = I - (I - I3) (associativity). (2.3)

The interval X = [0,0] and Y = [1,1] are the unique neutral elements with

respect to addition and multiplication. I has no zero divisors.

I=I+X=X+1foral I€Iiff X =10,0] (2.4)
I=I-Y=Y -Tforall€Tiff X =][1,1] (2.5)
(2.6)

4

L(Io+I3) C LI, + I1I5  (subdistributivity)

{ a(lh+L)=ah+al;, ac®R (2.7)

I1(I2 -+ I3) = L1+ 1115 lf be >0 fO?‘ all b € Iz,c € Is.

Proof. The proof can be found in[2] Theorem 1.4. O

A fundamental property of interval operations is inclusion isotonicity.
PROPOSITION 2.2 Let I;,J; € 1,: = 1,2 and assuming that

I C J;,i=1,2.
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Then for * € {+,—,-,/} it follows that

Il*Izc_:J1*J2.

Proof. The proof is in[2], Chapter 1. O
Defining the distance between a pair of intervals, we can view I as a

metric space. The distance is defined as follows.

DEFINITION 2.5 Let Iy = [a1,b1] and I, = [ag,bs]. Then the distance

between I and I, is defined by

q(I1, Ib) = max{|a; — a2, [b1 — b2}

It is easy to see that the map ¢ introduces a metric in I since it satisfies

the following properties.

q(h,I2) = 0,
q(I1, ) =0iff I; = Iy,
q(I1, ) < q(I1, Ib) + q(I, I5).
For degenerate intervals Iy = [a1,a41] and I, = [az, a3, the metric g reduces

to the ordinary Euclidean distance between two reals

q(I1, I) = |ay — aql.
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Now since I is a metric space, the concepts of convergence and continuity

therefore may be introduced as for a metric space.

DEFINITION 2.6 Let I; = [a;, bi],2 =1,2,.... Then we say that sequence

I; converges to I = [a,b], off lim;—e0o q(L;, 1) = 0.

From the definition, it is easy to show that the following proposition is

valid.
PROPOSITION 2.3 Let {I;}32, satisfy
L2L21,2---.
Then the sequence {I;}32, converges to the interval I = N, 1.

Proof. The proof can be found in[2], Chapter 1. O

Now we define the absolute value of an interval.

DEFINITION 2.7 The absolute value of an interval I = [a,b] is defined

as

iII = Q(I7 [0’0]) = ma'X{Ia|7 Ibl}

Clearly, we have |I| = maxgerla| and Iy C L = || < | L.

We have the following properties related to the metric in I.
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PROPOSITION 2.4 Let I = [CL]_, bl],Iz = [az, bz],.[;; = [CL3, b3], Iy = [CL4, b4] c

I. Then
g(h+ L, 1+ ) = q(I2, I5), (2.8)
gL+ L, I3+ L) < q(I1, Is) + (I3, Iy), (2.9)
q(aly, alz) = |alg(I1, I2),a € R, (2.10)
q(hily, I Is) < |L|g(I2, Is). (2.11)

Proof. The proof can be found in[2], Theorem 2.7. O

Finally we define the width of an interval.

DEFINITION 2.8 The width of an interval I = [a,b] is defined as

d(I)=b—a.

We give the following propositions for further use, whose proofs can be

found in[2], Chapter 2.

PROPOSITION 2.5 Let I, I € 1 be real intervals. Then

d(ILIy) < d(I)| L] + |I]d(L), (2.12)
d(I1Iz) = max{|I1|d(L), |12|d(11)}, (2.13)

d(aly) = |ald(L), (2.14)
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d(Ir) < n|L*Yd(L),n =1,2,..., (2.15)
d((X —z)™) < 2(d(X))* forz € X,n=1,2,..., (2.16)
|L| < d(I) < 2|L, i 0 € L. (2.17)

PROPOSITION 2.6 Let Iy, I, € I be real intervals and I, a symmetric

tnterval; i.e., I, = —I;. Then it follows that

I]_Iz - |I2|I1, (218)

d(Iy12) = |Ia|d(I1). (2.19)
PROPOSITION 2.7 Let I, I, € I be real intervals. Then

d(L) = |I - L, (2.20)

L C L= (dB) — d()/2 < oI, I) < d(I) — d(I).  (2.21)

2.2 Complex Interval Arithmetic

Circular intervals and circular arithmetic form the natural extension of real
intervals to the complex plane. They were first introduced by Gargnatini
and Henrici[10] They applied it to develop a method for the simultaneous

inclusion of polynomial zeroes. Subsequently it has been used by a number of



19

authors (see[2, 27, 40]) for a variety of numerical uses such as the computation
of eigenvalues[40] and complex numerical integration[27]. Implementation
details were discussed in[2] and variations of the arithmetic in[17].

This section will define the circular complex arithmetic operations, in-

cluding infinite operations, and give all the properties required in the sequel.

DEFINITION 2.9 Let C be the set of complex numbers and let ¢ € C, and

p>0. The set

Z={zllz—¢|<p,z€ C}

is called a circular interval or disk. A circular disk may also be written as
Z = {c,p)
and the set of all circular disks will be denoted by K(C), or simpler by K.

The arithmetic operations over K, introduced by Gargantini and Henrici[10],

are defined as follows.

DEFINITION 2.10 Let Z; = (¢;,p;) € K, i =1,...,n and a € C. Then

it follows that

a+Z = {a+ep), (2.22)
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aZ = (ac,|alp), (2.23)
Nz = (D), (2.24)
=1 =1 t=1
Z1Zy = (ciey,lalps + lealpr 4 p1p2), (2.25)

A 1 _ .

7 = m(cwz, leilpz + lealpr + p1p2), if p2 < lea|. (2.26)

From the definitions it is easily shown that (see[10])

{er*coler € Zy,00 € 22} C 21 % Zoy, * € {+,-,/}. (2.27)
Furthermore if Z; € K, ¢ = 1,...,4 and Z; C Z,,Z3 C Z, then for
x € {+,-,/} we have

1 % Z3 C Zo % Zy. (2.28)

The commutative and associative laws hold for the operations + and -, but

not the distributive law. Only the subdistributivity
Z1(Za + Z3) C 2122 + Z1Z3
is valid in general, as was the case for real interval arithmetic (eg. Section
2.1.1).
Let Z1 = (a0, iy |ail) and Zp = (bo, 252y [Bil). If [Bof® — (T2, 16:])% > 0,

we then have the following identity

__Z_l_ — <a0b—0, o lai] Yo |bi] — |aobol)
Z 6ol — (7, |6])? '

(2.29)
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These operations are now generalized to the infinite case. Let Z; = (c;, p;) €
Kandlet p; >0, 7=1,....Ifthe limits ceo = lim; 0 ¢; and poo = lim;_,c0 p;
exist, we define

{Co0s poo) = lim (c;, ps). (2.30)

If the series 3732, ¢; and Y22, p; converge then it follows from (2.30) that

izi = (i} Ci’iﬂi)- (2.31)

For the infinite case, the subdistributivity

23 Z:CYy. 2% (2.32)
=1 i=1
holds and furthermore
Zoo CYo0, if Z; CY;fori >N (2.33)

where N is some positive number.

Let also Z1 = (a0, X2, |ai|) and Zy = (bo, Y52, [bs]). If |bo2— (2, |:])% >

=

0, we then have the identity

Zy _ {aobo, T2 |as] 55826 [0:] — |aobol)
Zy |bol? — (%24 [:])* ’

(2.34)

which will be used later.



Chapter 3

Centered Forms for
Polynomials and Rational

Functions

In this chapter, the idea of a centered form, introduced by Moore[23], is briefly
discussed. A formal definition for centered forms is then given for real and -
complex functions defined by power-series. The three important properties:
inclusion, quadratic convergence and inclusion isotonicity are shown to hold

for these forms. Some of results presented have already appeared in[3, 33,

22
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41, 48].

Centered forms for uni-variate polynomials and rational functions over
real intervals and their properties are treated briefly for completeness. These
forms are then generalized to uni-variate complex circular centered forms
for functions defined by finite complex power-series. Centered forms for
multi-variate polynomials and rational functions will be discussed in Chap-
ter 4 when the corresponding algorithms are presented. Generalized centered

forms for meromorphic functions and their properties will be given in Chapter

6.

3.1 Centered Forms

In this section, the centered form for polynomials is defined first. Then the
definition is extended to the rational functions. Before defining the com-
plex circular forms, we discuss the real centered forms briefly. The results
presented in this section can be found in[33, 41, 46].

Let p(z) = Yo axz* be a polynomial, X € I an interval and ¢ = m(X).
If p(z) is written as

pu(x) = p(c) + 9(2) (& — )
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then g(z) is a unique polynomial of degree n — 1. If now each occurrence of
the variable z is replaced by X and the arithmtic defined (2.23) to (2.26) is
used then the resulting interval p.(X) is is called centered form evaluation of
p(z) over X, where the actual interval obtained depends on the order of the
evaluation of g(X) (it may itself be a centered form evaluation).

Independently of the evaluation of g(X), we have
P(X) = {p(z)|z € X} C po(X).

Let f(x) = p(z)/q(z), where p(z) = TF_o arz® and ¢(z) = 7, brz® are

two polynomials, be a rational function, X € I an interval and ¢ = m(X).

_ Po(X)
‘Ic(X)

Je(0)(X)

is called the zeroth order centered form evaluation, or semi-centered form
evaluation, of f(z) over X based on the centered form evaluations p.(X) and

go(X) over X.

If we now write
= p____(c) z)(z —c
f(x)_ q(c)'l'g( )( )

then

Fu () = % T 0 (X)(X - 0
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is a first order centered form evaluation of f(z) over X, where g.)(X) is
some zeroth order centered form evaluation of the polynomial g(z) defined

by

o) = |10 - 9] (e - o

Generally the k-th order centered form evaluation for f(z) can be defined as

follows

fc(k)(X) = % + gc(k_l)(X)(X - C).

It is easy to show[33] that

A more specific definition of a set of centered forms is given as follows
(see p. 42 of [34]).

Let f(z) = p(z)/q(x) be a rational function, where p(z) and g¢(z) are
polynomials of degree » and m. Let X be a compact interval with ¢ = m(X).

For any natural number £, let

B=1{ h
7% =P(h)(c)_z f(z)(c)Q(h—'Z)(c)’h: kyooosk+1

=0 2

where | = max(n,m).
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DEFINITION 3.1 The interval

Fen(®) = JO+ @O =9+ + 6D EZI )

tkk(X — c)k/k! + e tk,k-{-ll(X — c)k+l—1/(k +1{— 1)'/

T O dOE )+ OE —

3.2)

is called the standard centered form of order k for f(z) over X.

For theoretical and practical purposes, the properties of inclusion, con-
vergence and inclusion isotonicity are of importance for these forms. These

properties are verified by the following three theorems which are valid for the

forms in Definition 3.1.
THEOREM 3.1 For k=2,3,... the inclusions
F(X) C fey(X) S fer-1y(X)
hold.
Proof. The proof can be found in[34], p.45. O

THEOREM 3.2 Let f(z) be a rational function and X € I an interval.

Then we have

wlfy(X)] = wlF(X)] < M(w(X))%, k= 0,1,2,...

where M > 0 is a constant.
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Proof. The proof can be found in[34], Chapter 3. O
THEOREM 3.3 Let f(z) be a polynomial. Let X,Y € I be two intervals
satisfying X CY. Then
fo(X) € fe(Y).
Proof. See[21]. O

Now we turn our attention to complex forms. Let p(2) = 3F_, arz” be a

polynomial over C'. The circular form for p(z) is defined as
= Z arZ*,
k=0
where Z € K.

DEFINITION 3.2 Let p(z) be a complez polynomial. The centered form

of p(z) is defined as

2@ =30 o

k=0

The evaluation of p.(z) over Z is denoted by

Pc(Z Zp (C)(Z_ )k

k=0

It can be explicitly written[46, 47] as

Pe(Z) = (p(0), 2 1) (6) /1),
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In general, the exact range of p(z) over Z, denoted by p(Z), is not a

circular interval. However we do have the following inclusion

B(Z) S po(Z)

independent of the method used for evaluating p.(Z) because of (2.27).
The circular complex centered form can be extended to analytic functions.

Here we only present the definition. Its properties will be included in Chapter

6 as a special case of meromorphic functions.

DEFINITION 3.3 Let f(z) be an analytic function over C. Writing f(z)

as

£ =3 e - o,

k=0
then a centered form evaluation of fo(z) over Z = (c, p) using the arithmetic

(2.23) to (2.81) is

f(2) = Z f — o).

k=0

It will be seen in Chapter 6 that

12) = (£(0), i FB ()]0 /1),
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Now we generalize the centered forms to complex rational functions. Let
p(2) = Thoo arz® and g(z) = 37, byz* be two complex polynomials. Then
f(2) = p(2)/q(2) is a complex rational function.

The range of f(z) over a circular disk is defined as

F(2) = {f(2)|z € Z}.

Generally f(Z) is not a circular disk. How to compute a good circular outer
estimate of the range is an interesting and important problem. As for the
polynomial case, for each rational function there is an infinite number of
expressions which can be used to compute outer disks. The centered form of
f(z) will give some advantages over others.

Before defining the centered form evaluations for rational functions, we
give the power-sum form evaluations of f(z) over a disk Z = (c, p).

Let the power-sum form evaluations for the polynomials p(z) = 3% ; a;2*

and ¢(z) = Y% b;z* be given by

Szt S b7
=0 1=0
respectively (see[41]). Then applying the disk division we arrive at a disk

Fo0)(Z) = (i az-Z") / (i b;Zi) .

=0 =0
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This disk is called the zero order power-sum form evaluation for the rational

function f(2). In the following theorem the explicit formula for this form is

given.

THEOREM 3.4 Let f(z) = p(2)/q(2) be a rational function. Then the

zeroth order power-sum form evaluation

T2 (Z) = {cp(0)s Po(0))

satisfies
Co(0) = %p(C)Wc), (3.3)
o= 5 [0+ 3 a1l + 0 = PN+ 32 Bl + ) = If) = (o)
(3.4)
where
A= la(@) = | Ibd((el + o) = Ief) 2 (3-9)

i=1

and assuming A > 0. Furthermore f(Z) C fpo)(2Z).

Proof. In[46] it was shown that if Z, = (c,, pn) is the power-sum form

evaluation of the polynomial p(z) = ¥% a;2* over Z = (c, p) then it satisfies

¢p = p(c)



n

pp = _ lail((lel + p)* = Ief").

=0

Similarly for ¢(z) we obtain Z, = (c,, p,) where

cg = ¢(c)

o = S0 15((lel + o) ~ |el).

=0
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Since fp(0)(Z) = Zp/Z, we obtain the explicit formulas (3.3) and (3.4) using

the identity (2.29).

The inclusion property is an immediate consequence of the inclusion iso-

tonicity of the operations (2.23) to (2.31). O

We note that in the sequel A is always defined by (3.5).

The higher order power-sum form evaluations for rational functions are

now defined. Let

0]
f( )—q(z)

be rearranged as

_ple) | s(2)
U g(e) * q(z)

Then

s(2) = pl2) - %q@

(3.6)
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with s(¢) = 0. Therefore a polynomial

r(z) =1(2)/(z— )
may be defined and f(z) may be written as

_plo)  rlz)
Suppose now that the rational function g, (2) = r(2)/q(z) has the zeroth

order power-sum form evaluation g,)(Z) over the disk Z. Using this we

obtain a disk
fowy(2) = E g + 90)(2)(Z — ¢)
where the disk operation are given by (2.23) to (2.31).

This disk is called the first order power-sum form evaluation for the ra-

tional function f(z).

Generally the k-th order power-sum form evaluation for f(z) is defined
by
B9+ 0 (2)(Z - ) (5.5)

where gpx-1)(Z) is the (k — 1)-th order power-sum form evaluation for the

fp(k)( ) =

function g(z). This is a recursive definition.
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It is possible to develop explicit formulae for higher order power-sum form
evaluations. In the following theorem the explicit formulae for the first and

second order power-sum form evaluations are given.

THEOREM 3.5 Let f(z) = p(2)/q(2), p(z) = T aizt, q(2) = S0, bizt,
be a rational function. The the explicit formulas for its first and second order

power-sum form evaluations

Fo)(Z) = {cp1), Po(1))s To(2)(Z) = (Cn(2), Po(2))

satisfy

O] ‘
Co(1) = a(c) (3.9)

h—1
oy = % @+ 3 Il + 5~ 1)

[|q<c>| #3218l + 5 - lcr')} (3.10)

p(e)

a0 = (3.11)
2 -1 .
o = 5 |11+ S 160l + )~ 1)

[|q(c>| £ 30 Bl + ) - |cr')] L olr(@/a(@)]  (3.12)

i=1
where r(c) = Yk, rict, h = max(n,m) and t(c) = Thot:ic’,] = max(h,m)

satisfy f(2) = f(e)+r(2)q(2)(2=0) andr(2)/q(2) = r(c) a(c)+H(2)/a(2) (s~
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c) respectively and where r;,1 =0,1,...,%4,2 =0,1,..., are the Taylor coef-
ficients of r(z) and t(z).

Furthermore f(Z) C fou)(Z).

Proof. The first order power-sum form evaluation of f(z) can be written

as

. rp(Z)
fo)(Z2) = fe) + —q—XZ_)-(Z —c)

where 7,(Z) and ¢,(Z) are the power-sum form evaluations for r(z) and

¢(2). From Theorem 3.4, the zeroth order power-sum form evaluation for

9(2z) =r(2)/q(2) is

rp(Z) — (¢

qp(Z) _< I,Pl)
where

O
and

o= 2 U@+ S Irl((el + o)~ lef)

1=1

(1O + S 1B((lel + ) — Ielf) — Ir(@)a ()]

1=1

where the coefficients r; are the Taylor coefficients. From the definitions of
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the disk operations it follows that

fp(l)(Z) = <cp(1)7pp(1)>7

where
Gy = 3% o (3.13)
o = & [+ 5 Gl + 47 = 1)
401+ 35 (el + 0 = 1l (314

Continuing this process we develop the first order power-sum form eval-

uation for g(z) as

50)(2) = 5(0) + 2T~ )

We obtain from (3.14) and the definitions of disk operations that

9p(1)(Z) = {c2, p2)
where
ez =r(c)/q(c)

and

i=1

1@+ 32 1l + 0 = 1)

= & [0+ S il + o 1)
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where the #; are the Taylor coefficients of ¢(z) at c.

The second order power-sum form evaluation for f(z) now can be written

as
Fo2)(2) = £(0) + o) (Z2)(Z — ©) = (cp(2), Po(2))
where
ep(2) = p(c)/q(c) (3.15)
and

2 -1
i = 4 1M1+ Sl + )~ o)

[|Q(C)l + f: [B:1((le] + p)* — ICI")} +elr(c)/g(c)l.  (3.16)

=1
The inclusion property is again a direct consequence of the inclusion isotonic-
ity. O
Now we are in a position to define the centered forms for complex rational
functions.

Let

po(Z) = (p(¢), }5 PP (c)]*/R!) and ¢-(Z) = (g(e), i ¥ ()l /RY)

k=1 k=1

be the centered form evaluations of p(z) and ¢(z) over Z = (c, p) (see[27, 46,
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47]). We define a disk
fe)(2) = pe(2)/4:(Z)
where the disk division follows formula (2.29). This disk is called the ze-
roth order centered form evaluation, or semi-centered form evaluation, of the
rational function f(z).
Similarly, the first order centered form evaluation of f(z) over Z can be

defined as

fan(2) = B3 + 0u0(2)(2 -

where ¢(z) satisfies

F(z) = % +9(2)(z — o).

Generally the k-th order centered form evaluation of the meromorphic func-

tion f(2) = p(2)/q(2) is defined by

fu(2) = % t 0 (2)(Z — )

where g,(t-1)(Z) is the (k — 1)-th order centered form evaluation of g(z) over
Z.

Explicit formulas for £-th order centered form evaluation can be derived
easily. First the explicit formula of the semi-centered form evaluation is

given.
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In the sequel

B = o - (55 15005)

i=1

and assuming B > 0.

THEOREM 3.6 Let f.0)(Z) = (cc(0), Pe(0)) De the zeroth order centered
form evaluation for the rational function f(z) = p(2)/q(z) over the disk

Z = (¢,p). Then we have

. 1 (p(c)
OB’

i = 3 (32 05 O oy

i=1 i=1

and

F(2) € fu0)(2).

Proof. From(46] the centered form evaluations of p(z) and ¢(z) over Z

are

p(2) = (99, 2 (IR,
2(2) = {43 1¢™()e/h).

k=1
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Using disk division (2.34) we obtain explicit formulas for ce(0) and pe(o). The

inclusion property is an immediate consequence of the inclusion isotonicity
of the operations (2.23) to (2.31). O

The explicit formulas of the first and second order centered form evalua-

tions for the rational function f(z) are now given.

THEOREM 8.7 Let fo1)(Z) = (ce(r) pe(i)) be the centered form evaluation

of order k for the rational function f(z) = p(2)/q(z) over the disk Z = (c, p).

Then we have

Cok) = fle),k=1,2,..

o = 55152 §|q<c>|(z+1> RCICRER S
ror = 5515 lqm(c)l o8 e~ +
where
@)= 5 56—
and

190 = s B (©(0) - Nz — o)

and where b = max(n,m). Furthermore

F(Z) C fuy(2),k =1,2,...,
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Proof. The first order centered form evaluation of f(z) can be written

rc(Z)

l2) (7 - ¢
where the Taylor coefficients of r(2) are

r00) = e — €O, i=1,2,.

From Theorem 3.6, the zeroth order centered form evaluation for g(z) =

r(z)/q(z) has the explicit representation

ro2) _ AU CIFSULICTI
D) - S, 5 My SO g,

1=0 ' =1

It follows that

@(c r@(c
Fan(@) = (50, £ 3 @ S I

A
1=] v 1=0

f(c),leq(’)(C)I "lep(’“ (c)g(c) = ¢V (c)p(c)| . @I

T lg(e)l(z + 1)

Continuing this process we dévelop the first centered form evaluation for

1=0

9(z) as
s.(2)

9e1)(2) = g(c) + (Z -9
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where the Taylor coefficients of s(z) are

1
g(9)(i +1)

It follows from (3.17) that

s(c) = [r()g(e) — ¢ (e)r(c)],i = 1,2,.

gey(Z) = T(C) P Z lq(’)(6)| =L r6H) () g(e) — gD (e)r(c)|

@B N P ][R A )

The second order centered form evaluation for f(z) now can be written as

f2)(Z) = f(c)+gc(1)(Z)(Z—c)

= (f(e), - Z |q(1).(c)|

=0

=11 (Q)g(e) — ¢ (e)r(c
— I);I((c))l(zi:)t( & )IP +[r(e)/a(c)lp). (3.19)

i=1
The inclusion property is again a direct consequence of the inclusion iso-
tonicity. O
There are different methods for evaluating p.(Z), which may result in
different p,(Z). There is, however, the simplest evaluation method, power—E
sum evaluation, to evaluate p.(Z). We will assume that in the sequel p.(2)
is evaluated using power-sum evaluation over the circular disk Z — c. The

power-sum evaluation has an important property as follows.

PROPOSITION 3.1 Let the complex polynomial p(z) = ¢, arz® be writ-



42

ten in the centered form

pc(z) Z p (C) c)k'

Then the result of the power sum evaluation of this polynomial over the cir-

cular disk Z = (c, p) is still a circular disk Z' = (', p') where

¢ = p(c),

p®(c)
A

pFr=3

k=0

Proof. The proof can be found in[46]. O

COROLLARY 1 Let p(z) = Yi_oarz* be a complez polynomial. Then
the evaluation of p(z) over Z = (c, p) using the Horner-scheme results in a

circular disk Z' = (c, p') where

P\

If we evaluate polynomial p(z) directly using power-sum evaluation, we

still obtain a circular disk as follows.
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PROPOSITION 3.2 Letp(z) = St arz® be a complex polynomial. Then
the result of the power sum evaluation of this polynomial over the circular

disk Z = (c, p) is still a circular disk Z' = (¢, p') where
¢ = p(e),

o= z lal((lel + o) — [elP).

Proof. The proof can be found in[46]. O

Based on these propositions we have the following interesting inclusion

relation.

THEOREM 3.8 Let p(2) = %o axz® be a complex polynomial. Let Z' =
(¢, p') be the disk evaluated from p(z) over Z using the power-sum evaluation

and Z" = (c", p") the disk evaluated from the centered form of p(z) using the

power-sum evaluation. Then

This implies that Z" C Z'.

Proof. The proof is in[46]. O
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3.2 Inclusion Properties

In[41] Rokne showed that the the complex centered forms of higher order for

rational functions are included in the lower order forms.

'"THEOREM 3.9 Let f(z) = p(2)/q(2),p(2) = Thowz',q(2) = Ty biz’
be a rational function and let fi(1)(Z) and fy2)(Z) be its first and second

centered form evaluations over the disk Z = (c,p). Then

F(2) C fu2)(2) C fo)(2).

Proof. Let f.1)(Z) = (21, p1) and Je2)(Z) = (22, p2). Since 21 = 2y, it is
sufficient to prove that p; < p;.

From Theorem 3.6, we have

D = p1—p;
™ g (c) 7-(.7)
— %; lg ( Z(:) 2 | . )
AP OTEN It 7.(:+1) — () (e
B LGNS L L CLC PR

where again k = max(m,n).
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Let
Bt = @]+ 315
B~ = |q(¢)| - leq(’).(cﬂ

then B = B*B~. Since B > 0 and Bt > 0, it follows that B~ > 0.

Let

)r@(e)| — |r®(e)g(e) — ¢ (c)r(c
a—-ZIQ() () = Ir"(c)g(e) q()()l

=0 z!
Multiplying D by B~|q(c)|/p we obtain after some rearrangements

DBla(@llp = o -+lale)r(@)| - Ir@) [la(@) - 133 =D

i=1

= o+l - (a9 + (9] 35 1L

- a+|r<c>|§'q "l
B SLCIUICIET GG HEEPUCRCINN

This proves the theorem. O

Let for)(Z) be the k-th order centered form evaluation of f(z) over Z.

We then have
COROLLARY 2

F(2) C fo)(Z) € fop—1)(Z) C -~ C Fon)(2).
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Proof. According to the recursive definition of the centered forms, the (k —

1)-th order centered form evaluation fy;-1)(Z) can be written as

£

Je-1)(Z2) = f()+ () (Z =)+ -+ (k—2)!

(Z —c)k? +9e(0)(Z)(Z —)F?

where g(z) is a rational function. Therefore the k-th and (k 4+ 1)-th order

form evaluations of f(z) can be written as

’ F*3(c) k-2 k-1
fe)(Z) =f(c)+f(C)(Z~c)+"'+m(z—c) +9:1)(Z)(Z — )",
and

’ FE=2(c) k-2 k-1
Fers1)(Z) = f()+ f()(Z~e)+- 'er(z—c) +902)(Z)(Z =)™

Applying Theorem 3.9 to g(z) we obtain g.z)(Z) C ge(1)(Z) which along with

the inclusion isotonicity of the operations gives

fee1)(Z) C for)(2)-

The corollary follows. O

The power-sum forms and centered forms both have the property that
they give increasingly better inclusion for the range of the function. Numer-
ical examples show, however, that there are functions f(z) and disks Z such
that both por) < ppr) and pery > Pp(k) are possible, where p.(x) and p,() are

radii of fox)(Z) and fu(r)(Z) respectively.



47

3.3 Quadratic Convergence

It was shown in[41] that the centered forms for complex rational functions
were quadratically convergent to the range as the size of the domain tended
to zeroth in the sense of diameter inclusion.

In this section we will show centered forms of all orders are quadratically

convergent in the norm of DI-pseudo-distance. This distance is defined as

follows (see[46, 47]).

DEFINITION 3.4 Let Z1,Z; € K. If there exist di,dy € Zy such that
|di — da| = 2rad(Z:) and dy,dy € Z, then Zy is diameter included in Z,

written as Z1 < 2

DEFINITION 3.5 Let Zy = (c1,p1),Z2 = (c2,p2) € K. Then the DI-

pseudo-distance of two disks is defined as

lpl-—p2| ZfZ1 < 4y or Zy < 74
@(ZlaZZ) =

|pr — pa| + |1 — ca|  otherwise .

THEOREM 8.10 Let f,1y(Z) be the first order centered form evaluation

of the rational function f(z) = p(z)/q(z) over Z = {(c,p). If W € K is the

smallest circle containing f(Z) then

(W, fun)(2)) = O(p%).



Proof. Let u,v € Z be chosen such that
|f(w) = f(v)| = max |f(z1) — f(22)|
21,22€Z

and Y = (3(f(u) + f(v)), 315 (w) = F()]).

Then clearly
Y < W, F(2) S W and F(2) C f.u)(2).
We now write f(2) as

£(2) = 1)+ 2z — o)

q(2)
where
() = 2 r@i!(c) (2 — o)
and

; P (e)g(e) — ¢ (9p(e) . _
r()(c)= RIS , t=0,1,....
Let 21,29 € Z be any two points. We have
) = Sl = 15— - T =)
r(c t 21 9 t
2 |"q—'c—)”zl_z2|—|q(zl)(z1_c) q(z2)

2 t(ZZ)
=) q(22)
“(z2 — )’

48
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where t(z) satisfies

) _r), He),
) = a0 T e

Let 21, 29 to be chosen such that |z; — 23| = 2p . Then we have

[f(w) = F) 2 f(z1) — f(22)]

|r(c)| it(zl) 21 _ It(zz) zl
1@ @) T (@)’
"The radius p) of f(1)(Z) may be expanded as
_ Iq(’)(C)l 2 P (e)g(e) — ¢V ()p(o)| 2 l¢¢ (C)I
Py = (% Z 2> IS (g - 2 =
_ Iq(’)(C)I K2 [P (©)g(e) — ¢V (e)p(e)| P
- 5% S A e ARl O)
— (lole Ip'(C)c_J(C) — ¢'(c)p(c)|
= (401 +0() [ LWL 005)| o+ 00)
— [Ip (c)q(c|)q(_c)ql (c)p(c)| +O( )} P+O(P2)-

Now the DI-pseudo-distance between Y and f.1)(Z) can be estimated as

| ( 1)
q(c) q(z1)
(21)

2 (z2)|>
o ()
— _1/2 (| 24 2 )|)+0(p )

¥ 0<p2)~p|@| 1/2p e

| +1

Since t(z)/q(z) — t(c)/q(c) when p — 0 for any z € Z. We have

(Y, fo)(2)) = O(p*).
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It follows from ®(W, fc(l)(Z)) < @Y, fc(l)(Z)) that @(W,fc(l)(Z)) =
O(p*). O

COROLLARY 3 &(W, f.)(Z)) = O(p?) for all k > 1.

Proof. From Corollary 2 fex)(Z) € fe1)(Z). The corollary follows. O
In[41]} Rokne showed the zeroth order centered form is also quadratically

convergent for complex rational functions given certain conditions. Here we

_ present this theorem.

THEOREM 83.11 Let f.0)(Z) be the zeroth order centered form of the ra-

tional function f(z) = p(z)/q(z) over Z = (c,p). If W € K is the smallest

circle containing f(Z) then
(W, fe(0)(2)) = O(p?).
whenever arg(p'(c)q(c)) = — arg(q'(c)p(c)).

Proof. Let W = (cw, pw). From the fact rad(Y) < rad(W), where Y is

defined in Theorem 3.10, and a result of Theorem 3.10, we have

(0 ",
- [t D+ 00 )] > (8945 + 00,
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From Theorem 3.6, we have

Pe(0) = Ipl(c)Q(cl)ql(t )'li'(c)p (c)|p + 0(p?).

It then follows from arg(p'(c)q(c)) = —arg(¢'(c)p(c)) that

UW, £uo)(2)) = poto) — pw

lp'(e)a(e)| + lg'(ahp(c)|  [p'()a(c) — ¢'(c)p(c)] 2
S A
< Ip'(c)q(c)| + lg (C)p(0|21|(:)||2p (c)q(c) — ¢ (c)p(c)|p +0 )

= 0(p?).

This proves the theorem. O

3.4 Inclusion Isotonicity

It was stated in [8] that the circular complex centered form for polynomials
was inclusion isotone. In this section, we will prove that the circular complex
centered form for polynomials and rational functions has this property. In
fact, we will prove a more general theorem, which states that the circular
centered form for arbitrary analytic functions is inclusion isotone. Then we

will extend this result to rational functions.
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Inclusion isotonicity[23] is of fundamental importance for the applications.
It was stated without proof in[29] which these centered forms were inclusion
isotone. In this section this claim is verified both for polynomials and analytic

functions in full generality.

DEFINITION 8.6 Let Z1,Z, € K. Let f(2) be any function. Then the
centered form evaluation f.(Z) of f(z) is said to be inclusion isotone over K
if

Zl g Z2 - fc(Zl) g fc(Z2)~ (320)

In[29] some special cases were verified, however, the general theorem has
remained unproven up to now. In this section, we present a rigorous proof
for the theorem.

If f(2) is an analytic function then the generalization of the centered form

above is given by
0 (k) k
72) = (70, 3 =PI

for Z € K. This form was first discussed in[23]. It is shown here that this
form is also inclusion isotone.

This more general statement is equivalent to the following theorem:
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THEOREM 38.12 Let z; and z; be any complex numbers and py and py be
any real numbers. Let f(z) be analytic in |z — 2| < pa. If |21 — 22| < pa — p1
then

0 (k) 2 00 (k) 7
|f(z1) — f(=z2)| < kz=:1 wpg _kX::l |f kk(l )Ipllc

We first prove the inclusion isotonicity for the circular complex centered
form for polynomials, then for the more general form for analytic functions.
The theorem for polynomials is of course a corollary of the more general
theorem for analytic functions. Both proofs are given, however, since the
polynomial theorem introduces the ideas in a simpler framework than what
is required for the analytic case.

It is easy to see that the conjecture (3.20) is equivalent to the following

theorem.

THEOREM 3.13 Let 21 and 2z, be any complex numbers and p; and py be

any real numbers. Let p(z) be any complex polynomial of degree n. If

|21 — 22| < p2 — py,



o4

then

| (zl) p l < Z Ip (Z2)| Z Ip( )(zl

k=1

First we prove the following lemma.
LEMMA 3.1 For a polynomial p(z) of degree n, we have

Ip(z1) — plz2)] < kz'p Gl .

Proof. Expanding p(z) in Taylor series at z;, we have

k) (2

() = plea) + 3 T e sy

k=1
This means that
*)
p\) (2
| ( | < Zl ( 2)| ZZIk-

With z = z; the lemma follows. O
The next theorem proves an inequality that is somewhat more general

than the required inequality.
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THEOREM 8.14 Let A = |2z, — 23|. Then the following inequality is valid:

Ip(22) — p(=2) |<2'P el kz;lp“(zl)l ;.

Proof. Let

A = 3 By S BTN ) ),

= K
When p; = 0, from Lemma 3.1 we have A(0) > 0. For p; > 0, taking the

derivative with respect to p;, we arrive at

A,(p ) - Zz:; |p(k+1)(z2)|( + )\)k I;} |p(k+1)(z1)|

It is now shown that A’(p1) > 0 for p; > 0. Expanding p(k”"l)(z) at z, for
k in the range 1 < k£ < n —1 yields

Akl J(k+541) (5 V(5 — 2,)d
p(k+1)(z) _ Z p ( 2)( 2) )

=0 J!

Since p(z) is a polynomial of degree n, it follows that p(*+/+1)(z) = 0 for
J >n—k~—1. It is therefore only necessary to sum over j’s running from 0
ton—k—1.

Setting z = 2z, and taking the absolute values on both sides, it follows

that

n—k—1| (B+j+1) — i
p (22)|l21 — 22
™ (1) < -
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e ARICOIEY

3=0 .7!

Summing over k yields

pofanl QLIS o s 25

k=0 k! - k=0 j=0 ]!k!

and replacing &k + j by k;, the formula

nl (k1) ko n=l k1—j \i
b (z1)|P1 (k1 +1) P A
S 2L P (=) e

k=0 kl k1z=0 2. Jlk!

0<k<n-1
0<j<n-1
Jtk=k

is obtained. The inner summation is a sum over j and k with j + % = &; (i.e.

constant). This means that it can be rewritten as

k1i—-jyvi k=1  _kyki—k
pr N R pIA™

Z glE =5 (ky — k)k!
0<k<n-1
0<j<n—-1
Jtk=Fk

and it follows that

n—1

k n—1
¥ Ip(k+1)(zl)|_/]:_1l <Y [p*+0) ()] A2

A
k=0 Y k=0 itk IR
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(5141) ok /\kl kkl

= Z p% e )l(”l“) .

(3.21)
k1=0

Equation (38.21) implies that A'(py) > 0, for p; > 0 which in turn implies
Proof of theorem 3.13. This theorem is a direct corollary of Theorem

3.14. O

Now we show that the circular centered forms for analytic functions are

inclusion isotone.

LEMMA 3.2 Let f(z) be an analytic function in |z — 25| < ps. Then for

|2 — 22| < po the series

lf(")(Z)l
Z
has a finite sum. Hence the series

*) z2
Z f ( Z2)k

k=1

is absolutely convergent in the domain |z — z;| < ps.

Proof. Since the function f(2) is analytic in the domain |z — 25| < pa, so

is the function f®(z). Thus we have M, = max |z — 23| < ps|f®(2)] < +o0
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. From the Cauchy theorem, it follows that |f(**+2)(z)| < szzni . Therefore

n Pz n p2 n-4-2
nX_%If(’z)l nZ_%If( ’(z)l +nZ_:2|f(+)( )I( +2),

o 1
<Z @ ()22 1 M 2y < 4oo.
2 @I+ 22 2 i Dnt2) T

Thus the series

is convergent in the domain |z — 23| < p; . O

LEMMA 3.3 Let f(z) be an analytic function in |z — z3| < py and assume

that |21 — 23| < p2. Then

) = Sl < 3 L0,
k=1 :

Proof. Since f(z) is analytic in |2 — 22| < py, it can be expanded in a

Taylor series around 2z, and we get

k) P
F(z) = f(zz)+Zf 1), _ 2

k=1

or with a small rearrangement

( f(Z ) — Z f (z2 Z _ Zz)k-

k=1
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From the previous lemma it follows

|F(z = f( )I—IZf .zZ)(z z)|<2|f z2|[z 2| < co.

k=1

Replacing z by 2z; we get

#(e0) = o)) < 3o L0,
k=1 :

We now introduce a few notations for convenience, namely:

S & | f(mR)
Fnn =Y '—Jfk—,(lH = zaff = 11 a1) - £ ),

k=1
(*) z2 ®) z1

with p = p; + X and the obvious interpretations for Om,c0 aDd Aoo.

We have from Lemmas 3.2 and 3.3 ‘

Ao = lim A,,

n—roo
Om,c0 = Jgglo Ommn = 0.
LEMMA 3.4 For any real number € there exists a number Ny(€) such that

n
z Uk,n—k > —

for any n > Ny(e).



Proof. There exists obviously a constant N; > 0 such that

> (2 <5

k>N, P2

The following estimate can then be performed

Z If(’“)(z ) = £ (z)]

k>N1
< 3 ()] + If(k)(zz)l) <> (£2)F < 2Me/(4M) < /2.
k>N; k>Ny
Since the series
oo | £(k+3) )
2 i -|(z2“’)| |21 — 22/’

j=1 J:

is convergent, there exists a Ny such that if n > N, then

lf(k'”) (22)] i
.7‘%-:!-1 J! o1 = zaf < 2er

holds for all k. Therefore if n > N, it follows that

n | £(k+7)
S, o 150 (e) - )

i=1

|f(L+J)'(z2)| 21 — zaf .

j=n+1
[e) (k J) :
+ (Z %@—”h —zf — l(k)(zl)f(k)(zZ)l)
J=1 )

i If(k+;)(z2)||z Cmf > -

eP1
j=n-1

60
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using Lemma 3.3. Taking No(¢) = max(Ny, N;) and applying both inequali-
ties above, we obtain for any n > 2Ny (e€) that

n k No(e) n k

Z %"O'k,n—k = Z %ak,n—k + Z %O'k,n—k

k=1 " k=1 ™* k=No(e)+1

No (6)

00 k
235 B = 5 150 - 10

k>Np(e)

No(e) ey
.t (Zf LGOI

[\Dlm

k=1 B

zlf = |9 () — f(")(Zz)l)

=1 7

( k € €
> (- 2em>z=:%1—§ (zem)z 3=

Proof of Theorem 3.12. Let Ay, = limyye0 A, =6 < 0. Take e < —%

. From Lemma 3.3, there exists a number N3 such that

L OTeA .
> wm — z|" — [ f(21) — f(z2)] > —¢ (3.22)

el 1

whenever n > Nz. Similar to the polynomial case, we have

A, = Zn: Lkj,c(lzz—ﬂ((;fh + |z — zzl) - P1)
k=1 -
L FE) ()] — (£ (2
_I_kz—:lfk( )Ikllfk( )lplf—|f(z1)—f(z2)|

) — | F(k)
_ E I z2)| Zokpl zzlk—z + Z |f (z2)| |f (z1)|p11c

|
k=1 =1 k=1 k!
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(Z By ot~ 1£) - fen).

From formula (3.22), the last term in above formula is greater then +%.

Furthermore

1f B (22)] = 1FB (z1)] 2 ~|FP(22) — £ (21)-
Therefore
A > Z If(k)(z2)| E Gl i |2 — zaF — zn: |F%)(23) — f(k)(zl)lpk + s

k=1 =1 k=1 k' ! 2 .
(3.23)

Changing the order of summation in the first term of (3.23) we find after

straightforward reductions that it can be written as (j =4 — k)

zn; z nz—: |f(z+.7)(z2)| o2 — l

Therefore whenever n > N = max(No(€), N3) we have, using Lemma 3.4,

that

A, > iﬁn~im|m — ) — zn: 1f ¥ (z) — f(k)(zl)lpk n s

Sale =~ ! 12
n_ ok [n=k | p(k+i)(, ] )
>4 (Z Py g~ 1709an) - f(")(zz)l) 2

k=1 " \j=1 ]

é
>—€+§>5.
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Since this is true for any n > N it follows that in the limit that A, >

—€+ % > 6 . This is a contradiction. Therefore A, > 0. O

3.5 Summary

This chapter gives the formal definitions of centered forms for polynomials
and rational functions over circular disks. Power-sum forms for polynomials
and rational functions are also defined and compared with centered forms.
Then the explicit formulas of the zero, first and second power-sum forms and
centered forms are presented for rational functions. In the last three sections,
the properties of inclusion, quadratic convergence and inclusion isotonicity

are proven for centered forms discussed in this chapter.



Chapter 4

Algorithmic Approaches for

Centered Forms

In this chapter, a number of algorithms of low complexity are developed.
These algorithms compute centered form evaluations for uni-variate and
multi-variate functions. Time complexity and implementations of these al-
gorithms are discussed briefly. A formula is also derived that estimates the
number of distinct centered form evaluations for multi-variate functions. This
number is surprisingly large even for polynomials of moderate degrees. Some
numerical realizations are given to illustrate the algorithms discussed in the
chapter.

64
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4.1 A Generalization of the Centered Form

and Its Algorithms

4.1.1 Generalization of the Centered Form

In this section, a general centered form for multi-variate polynomials is de-
fined. This centered form is based on the concept of an arrangement of the
variables of the polynomial. A formula for the number of arrangements of
a term and of a polynomial is given. Some examples are computed showing
that even polynomials with moderately many variables may have a very large
number of possible centered forms.

This section focuses on a discussion of the algorithm given in Rokne[39)].
A generalization of this algorithm is first presented showing that many dif-
ferent centered forms can be derived based on the original algorithm in[39].
From those forms it is possible to choose the most appropriate fé)rm for a
particular application. The different centered forms are generated from the
different arrangements of the variables of a polyno;nial. A formula is given
for the number of possible arrangements of the variables from which different

forms can be derived. An algorithm and a corresponding program in Prolog
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based on the formula is given in[44]. The program generates all the different
centered forms for any multi-variate polynomial. The rational forms are ob-
tained as a simple extension of the polynomial forms in the same manner as
in[39].

The notation R is used for the set of integers, C for the set of complex
numbers and K for the set of compact intervals over C. The sets ®*, C* and

KF are the k-dimensional versions of the above. In general we write
z=(z,...,2,) € CF

and
f=(f1,...,fk):Ck——>C.

Members of K and K* are Z and Z respectively. The discussion in this
section will mainly focus on the notion of arrangements of polynomials over
C*. These arrangements provide algorithmic information that may be used

to compute inclusions in KF.
The centered forms first discussed in[23] are now introduced. If f : C*F —
C is given then a possible centered form function for f(z) over Z € K* is

given by an expression of the form

f(z) = f(c) +9(z,¢) - (z—c)
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where g:C* — C* (using an inner product notation) is a vector-valued func-
tion. Evaluating this centered form function at Z in the interval arithmetic

sense we obtain the centered form evaluation
f(Z) = f(c) +9(Z,c) - (Z —c) 2 {f(z)|z € Z}.

We note that for a given function f and point ¢ there might be many different
centered form functions depending on the choice of g(z, ¢). In fact, let f(z) =

p(2z) = z123. Then two possible centered form functions for p(z) at c are

p(z) = p(c) + q1(z,¢) - (z — c)

with
91(2, ¢) = (23, 122 + c2))
and
p(z) = p(c) + g2(z,¢) - (z — ¢)
with

92(2,€) = (022, (7122 + c12)).

Here, although p(z) and c are unchanged the functions g;(z,c) and go(z,c)

are different. The functions ¢g; and g, are called the kernels of the centered
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form functions and we note that the centered form functions are different if
their kernels are different.

It should be noted that the centered form evaluations of one centered form
function may yield different results depending on the order of the operations
in the evaluation even though the kernel is unchanged as a function. In the
sequel, however, we will only be concerned with the kernels that are different
as functions so this difference will not be taken into account. For brevity
we also shorten the term “centered form function” to “centered form” in the

remainder of the thesis since there will be no confusion.

4.1.2 Low Complexity Algorithm

In this section, a low complexity algorithm for calculating multi-variate cen-
tered form evaluations is given. The centered form evaluation for multi-
variate polynomials and rational functions were given in general in the pre-
vious section (see also [8]). Here we focus on the developments that resulted
in a computationally efficient form in[39]. This form is now summarized by
the following algorithm where we employ the notation of multi-indices (see

for example (8]).
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Algorithm 1. (Description)
Let p(z) = 2 =0 a»z” be a polynomial in % variables of degree n, where
z € CF, ay € C, A € ¥, We write the polynomial as p(z) = pi(z) =
*o0di(1)z , where d;(1) = d;i(z,...,2). Then p;(z) is a polynomial in
one variable z; with coefficients that are functions of zs,..., 2. Using the

small Horner-scheme applied to p1(z1) at the point ¢; we obtain

p1(z1) = pi(er) + s1(z1,61) (21 — 1)

Whére
n=1 n L. .
s1(#,e) = 3 0( D di()e™ )4
=0 j=i+1

Since p1(c1) is a function of z,,. .., zx, we may write

pr(er) = pa(za) = 3 di(2)2,

1=0
where d;(2) = di(c1,23,...,2 ) , and using same the method as above we

obtain
p2(22) = pa(ca) + s2(22, c2) (22 — ¢2).

Continuing in this manner we finally arrive at

Pr(z) = pr(ck) + sk(zk, cr) (2K — cx)
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where pi(cx) = p(c), ¢ = (e1,...,c;) € C*. Combining all the above steps

we obtain
p(2) = pr(c1)+s1(z1, 1) (z1—c1) = pa(ca)+sa(22, €2) (z2—c2)+s1 (21, 1) (z1—c1) =

p(c) + se(z,cr)(zk —ck) + ... + 81(z1,¢1)(21 — 1)

where s;(z;,¢;) = si(er, ..., ¢, 2, . .., 2;). This may be written as
p(z) = p(e) + (51,5 88) (21 — 1), oo, (21 — 1)), (4.1)
using the inner product notation where the kernel g(z,c¢) = (s1,...,s;). This

is therefore a centered form as defined in[21].
If this algorithm is applied to the polynomial p(2) = 222 discussed above

then the resulting centered form is given by the form having the kernel ¢;

above.

4.1.3 Generalization of the Algorithm

In the previous section it was shown that a function may have more than one
possible centered form at a point. Furthermore, an algorithm was given that
generated one centered form for a multi-variate polynomial. In this section

this algorithm is generalized to an algorithm that generates a centered form
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at a point ¢ for a given rearrangement of the variables of a multi-variate
polynomial, a concept that will be made precise below.

In order to simplify the development of the general algorithm it is also
assumed without loss of generality that the polynomials p(z) = > 3j=0 @ Az
have the constant term ag = 0

In Rokne’s algorithm of the previous section examples show that the ker-
nel of a centered form depends on the order and to which power the variables
of the polynomial are considered. Different arrangements of variables may
therefore generate different kernels and hence centered forms for a polyno-
mial. A precise definition of an arrangement of variables is therefore first
introduced. Based on this definition a new algorithm is developed that gen-
erates a centered form given an arrangement of the variables. In the next
section it will then be shown that the forms generated from different arrange-

ments are different in that they have kernels that are different as functions.

DEFINITION 4.1 An ordered set (2%, 2}2,...,25:7) is called an arrange-

1 2%52 0
ment of a set of variables (zy,...,z) of degree (n1,...,ny), if it satisfies the

conditions :
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@)z #ziani=1,...,7— 1L
(3) Z m, = n;.

mu=exponent of z
4 m=2li=1,...,7.

Two arrangements (z;*,...,25") and (zﬁl,...,zi") are different if one
of the following three conditions are satisfied:
(4) T#p.
(27) T =p and §; # I; for some 1,1 <1< 1.

(¢53) T=p,Ji=1 for alli,1 <1 <7 and m; # difor some i.

For example, the ordered set (22,23, 21,2%,23) is an arrangement of 3
variables (21, 22, 23) of degree (3,6,4) whereas the ordered set (22, 23, z1, 24, 22)
is not an arrangement of this set of variables, because the sum of exponents
of z; in this ordered set is 5. Furthermore (22, 23, 21, 24, 23) is different from
(21,23, 21, 25, 23)

Having made the notion of an arrangement of a set of variables precise,
the new algorithm can now be presented.

Algorithm 2. (Description)

Let p(z) be a polynomial with variables (z1, ..., 2;) of maximum degrees
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(n1,...,n) and let (27, 25%,...,27'") be an arrangement of this set of vari-

ables. We write p(z) as
"y
p(2) = pr(2iy) = Y i), (4.2)
=0
where d;(j1) does not contain z;. The polynomial pi(2;,) is now evaluated
at z; = c¢;, as follows:
51
pile) = o di(i)d + 3o dilin)epem.

=0 i=mi+1

Dividing p1(z;,) = p1(cj) by (25, — ¢;,) the expansion

P1 (z.h) =h (c.’il) + 31(Zj1, cj1)(z.1'1 - CJ'1) (4'3)

is obtained. Since p;(c;,) is a function of z;, , we can write p1(c;,) as
iz .
piei) = pa(2;) = 3 di(42)2,,

=0

where d;(j;) does not contain z;,. We obtain

pz(ZjQ) = p2(cj2) + 32(z.7'27 cjz)(zjz - cjz)'

We assume now that at stage ! pi(c;;) and s(z;, c;,) have been obtained. At
the (I + 1)th stage pi(c;,) is written as
g,

pl(c{it) = Pl+1(zj,+1) = Edi(jl-*'l)z;:ﬁl’
=0
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where 7, is nj minus the sum of all exponents of z;, appearing before z;*in

the arrangement. Using the same method as above we obtain
Pi1(Zi41) = praa(Ciprn) + s141(Ziwr, Cirrn) (Zer — Cjrg)-
Continuing in this manner we finally obtain
pr(25,.) = pr(ci,) + s+ (2., ¢5. ) (25, = ¢i0),
where p,(c;,) = p(c). Combining all the above steps we obtain
p(2) = p(e) + s-(2., €5, ) (25, = ¢i.) + ...+ s1(2i, €5 ) (2 — ¢31)-
Finally combining terms with same factor (2j; — ¢;;) we have
p(z) = p(c) + s, (21,01)(21 — €1) + -+ + 5, (20, k) (21 — ).
Using the inner product notation this can be written as

p(Z) = p(c) + (sPu .. °’3pk) (21— C1)seees (2 — Ck))-

Letting g(2z,¢) = (8py5---,55,) be the kernel, a centered form is obtained.
As an example, let p(z) = 2125 + 2z, and let an arrangement be A =
(22, 71,23). This means that 7 = 3. In the first step we consider z;, = 2, and

we get

p1(22) = (22) + 73(21), pi(c2) = ¢z + co(2123)
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where extra parentheses are used to separate out the quantities used in (4.2).

In (4.3) we get s; = (2123 + 1). We continue with z;, = z; and get

pa(z1) = co + 622321, pa(c1) = ¢ + c2z§C1
and
82 = cp22.
Finally with z;, = 22 we get
pa(23) = 2 + crc0%3, pa(e3) = ez + 163
and
s3 = c162(22 + ¢2),

which results in
p(2z) = p(c) + (2125 + 1)(22 — e2) + 223 (21 — 1) + (c1c222 + e162) (2 — ),
and finally
p(z) = p(e) + ((c223), (2123 + e1¢222 + x5 +1)) - (z — ©),

where g(z, c) = ((c223), (2122 + c1ca20+ c1c2 +1)) is the kernel of the centered
form. If Z= (Z,Z;) € K? such that mid(Z;) = ¢;, ¢ = 1,2 ( the midpoints
of the intervals ) then p(Z) would provide an outer estimate for the range of

p(z) over Z (see also[39]).
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4.2 The Number of the Centered Forms

The algorithm in Section 4.1.3 computes a centered form given an arrange-
ment of the variables of a polynomial. It is then natural to ask whether
different arrangements generate different centeréd forms. Since this question
is answered affirmatively below, the number of centered forms (that is the
number of distinct kernels for a given p(z) and c) can then be counted by
counting the number of arrangements. A lemma that gives a formula for the

number of arrangements for a set of variables is first proven.

The number of different arrangements Fi(nq,...,n;) of a set of variables
(21,...,2) with degrees (ny,...,n;) is given by the following lemma.
LEMMA 4.1

Fi(ny,... ) = (nln-:!......:;k?;k)!.

Proof. The total number of arrangements of variable set (1, .. ., 2) with

degrees (n1,...,nk) s (ny+...+nk)!. Among them, the permutations within

same variable name 2;** does not yield different arrangements. Therefore the
total number should be divided by the number of all permutations for each

variable name, i.e., n;!,1 < ¢ < k. It follows that

(n1+ ...+ ng)!

Fk(n17"'7nk)= ’n1' nk'
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DEFINITION 4.2 A centered form for a polynomial is called the centered

Jorm corresponding to an arrangement, if it is generated by Algorithm 2 with

this arrangement.

THEOREM 4.1 The number of centered forms for a uni-term polynomial

p(z) = arzi? ... 20"

18

N(p) = Fk(n17 o ',nk)’

Proof. We only need to prove that the centered forms corresponding to
different arrangements are different.

Let A and B therefore be two different arrangements of k variables
(#1,...,21) of degrees (ny,...,n;). Let 2™ and 2™ be the first powers
in A and B respectively that are different and let 7,0 < i < 7,7, denote
their position. Then the following two cases have to be considered:

Casel: 2, = 2, = 2,mq # My §

Case 2 : 2z, # 2z, = 2.
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. Ma,l1 Ma,i~1 mg . Ma,itl
Case 1. Assuming that m, < m;. Then, term Ca ' *tt Cajiy €2l

occurs in form A does not occur in form B, since all terms from z, in form
B contains ¢ with its exponent > m,.

Case 2. Similarly term ¢ 3" - - - iyt c™azy " -« 2oy in form A never
occurs in form B, since any term in form B from z, must contain factor ¢,

which is not in above term.

Therefore, centered forms derived from different variable arrangements
are different. This completes the proof.

O

As an example; polynomial p(z) = 2123 is considered. We have
N(p) = F2(1,3) = 4.

which means that the polynomial has four different centered forms. Their
kernels ;Lre

(1) 91(2,€) = (15 8¢,) = (23, €1(25 + 2202 + 3))

(2) 92(3,¢) = (8¢, S¢;) = (€222, 2122 + crc222 + c162)

(3) g3(2z,¢) = (8¢, 80,) = (2263, 1% + z129¢o + 2123)

(4) 94(2, €) = (3e1,80,) = (63, (e} + caza + 23)).

Some definitions are now necessary prior to proving the main theorem of

Ma,r)

* Za,m
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the section.

DEFINITION 4.3 A product t = Z2t ... 277 of powers of variables z;, is

Jz

called a variable product.

Thus a term a)z* of a polynomial is the product of a variable product

and a real constant.

DEFINITION 4.4 A variable product t = 2* ...z} is called a common

variable product of two variable products t, and ts, if t divides t; and t, .

DEFINITION 4.5 A variable product t = 27} ...z}7 is called the greatest

common variable product of two variable products t; and t, , denoted by
t = {t1,t2}, if t satisfies the conditions
(1) t is @ common variable product of t; and t, .

(2) If to is any common variable product of t1 and to then to divides t.

For example,
3.9 4.2 .4 3.5
212921 = {zlzzzl,z1z2z1}.

Consider now a polynomial

p(z) = Zn: ayz’.

IA|=0
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The polynomial may be written as p(z) = 17, t; where t; = ayz* and for
any two terms t; = a)z* and ¢; = a,z*, if i # j then A # p. Only essentially
different centered forms are therefore counted below. As an illustration let

p(z) = 22222z;. This polynomial may be written as

p(2) = p1(2) + pa(2)

where p;(2z) = 222223 and ps(z) = 2?2225. There are 15 centered forms for

each of p(z), pi1(z) and py(z) corresponding to the different arrangements
of 2223z3. Further centered forms for p(z) could therefore be generated by
considering combinations of forms for p;(z) and py(z). Such hybrid forms are
not counted in the sequel.

The number of centered forms for a term t = czf*...2% is N(t) =

Fi(ny,...,n;) from Theorem 4.1. Also if ¢ € C is a constant then F(c) = 0.

Using this the main theorem of the section is now proven.

THEOREM 4.2 Let p(z) = Yo ar2™ = Tloti = py-1(2) +t,. Then the
number N(p) of centered forms of the polynomial p satisfies the recurrence

equation

NG) = N Ver. o m) = 5 N5 5 (M2, 5y -1),

0<i<j<n Ti Tj

(4.4)
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— e iy ti e . — t
where ro = {t,,to}, r; = {r1...r;_1’ Grogsi=Lon—1liu= P ——y and

where z is any single variable and z; is any single variable when r; # 1 or

zi=lwhenr;=11=1,...,7.

Proof. Let A be an arrangement of the variables of Pp—1. Since r; =

{m.f:;—l’ T ti’::_l}} it follows that the variable product r; in ¢, appears in term

t;. When deriving centered forms for term %, the order among the variables
in r; can therefore not be rearranged and they must obey the order among
these variables in A. Therefore when A is fixed r; can only be considered
as one variable. The discussion above is valid for all ¢’s , 0 <3 <9 —1. It

follows that term ¢, only has
N(z...zu)

centered forms corresponding to the arrangement A. The total number of

centered forms is therefore
N(p) = N(py—1)N(z1 ... zqu). (4.5)

In this number, however, some variable arrangements for term ¢, are incon-
sistent with the arrangement A for p, , because the orders between some

pairs of r; and r; are fixed in the arrangement A and cannot be changed
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in the term £,. Assuming that %"- and ;L include a common variable prod-
uct v = {T ¥ } # 1. Only orders (...vyrw;...) and (...vy75v...) in A,
where v1v; = v,v; # 1,v2 # 1, do not restrict an order between r; and ;.
If some v; is in the orders (...vy7;...) and (...7rjvy...), r; and 7; is in the
order (rj,...,r;) then the corresponding variable arrangement for term t,
is inconsistent with the arrangement A and must be excluded. The num-
ber of arrangements containing orders (...virvy...) and (...vi7rvq...) is
N(vz), where z is any variable and the total number of different pairs of
ordered sets (r;,v) and (r;,v) is N(vz)? . So the number of inconsistent
variable arrangements for ¢, is N(vz)? — N(vz) . This number has to be
subtracted from the total number (4.5). Subtracting this number for each
pair (4,7),0 <4 < j <9 — 1, the final result is

N(p) = N(pp)N(z1 . z)) — 3 N(e{E

1<i<i<n Ti

2y (W By ).

For example, for the polynomial p(z) = 2122 + 2923 + 2123 We have
N(pl) = N(Z].IQ\ = 2

N(pz) = N(p1)N(z123) =2-2=14
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N(p) = N(p2)N(z122) — N(z122)(N(z122) — 1) =8 —2 = 6.

This polynemial therefore has 6 different centered forms given by the

following kernels and arrangements of variables:

5:

6:

kernels
g1(z,¢) = (z2 + z3,¢1 + 23,01 + ¢3)
g2(z,¢) = (22 + z3,¢1 + 3,01 + T3)
gs(z,¢) = (e2 + 3,21 + 23,01 + ¢2)
ga(z,c) = (c2 + 3, z1 + 23, 21 + ¢2)

gs(z,c) = (c2 + 3,1 + 3,21 + T2)

- g6(z,¢) = (m2 + c3, 01 + €3, 71 + 22)

arrangements
(901, T2, 373)
(-’171, T3, «’Ez)
(»’Uz, L1, sz)
(wz, Z3, $1)
(3, 22, 21)

(w37 21, 372)

These are all centered forms for the polynomial in the sense described

above.

A theorem is now proven that forms the basis for an algorithm for obtain-

ing all the arrangements that derive different centered forms. Let S(p) denote

the set of all the arrangements of the variables in p which derive different

centered forms; this set S(p) is called the arrangement set of p(z). Obvi-

ously, when p is a uni-term polynomial, S(p) is the set of all arrangements



84

of variables in p.

DEFINITION 4.6 An ordered set U is called the ordered union of two
ordered sets Sy and Sy , denoted by U = Sy Sy , if U is the (usual) union
of S1 and Sy and the orders between any pair of elements of U obey the
orders both in Sy and set Sy . If the order between two elements in one set

contradicts the order between same pair elements in another set then U is

empty.
For example,
(z:%> Zg, z3) L‘*_J(Z%, zg, z3) = (z%a Zg, z§> z3)-

and

(z17 zg’ z.?2>) L-I_'J(z?zn 21, ZZ) = ¢

THEOREM 4.3 Let p= p, + t, where p, is a n-term polynomial and t is

a uni-term polynomial. We have

S(p) = {s1l s2ls1 € S(pn), 52 € (1)}
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Proof. This theorem is a corollary of Theorem 4.2. O

Based on Theorem 4.3, an algorithm to obtain all those arrangements
which derive the distinct centered forms for a polynomial is designed as
follows.

Algorithm 3.

Let p(z) = Y[ij=0 arz” be a m-term polynomial in k variables of degree
n, where z € C*, a) € C, A € N¥,

Step 1. Set ¢ =1 and S = ®. Go to Step 2.

Step 2. Let ¢; be the i-th term of p(z). Generate all permutations of
the variable product of #; and remove all duplicate permutations to form the
arrangement set S(¢;). Go to Step 3.

Step 3. Union S and S(¢;) to form S. If ¢ = m, output S, which is the

" arrangement set S(p) of p(z); otherwise go back step 2.

We have written this algorithm in Pascal codes that gives all these ar-
rangements for any pélynomial. Then for a given variable arrangement,
Algorithm 2 can be used to derive the corresponding centered form.

The numbers of centered forms obtained from Algorithm 3 was now cal-

culated for three simple polynomials using the results of this section. These

numbers and their corresponding polynomials are given in Table 4.1. These
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p(z) number of forms
z12223 60

T12525 2528 37837800
2223252828 | 2.0532304¢%2

Table 4.1: Number of different centered forms

numbers are surprisingly large.

Remark

In this section an algorithm is given that produces a very large number
of genuinely different centered forms for a polynomial, where the kernels are
different from each other as functions. From this set of centered forms it may
be possible to chose a form that is most suitable for a given application.

From formula (4.4) and the numerical examples it is clear that the number
of different centered forms of this type increases very fast with the number
of terms and with the degree of the polynomial. The choice of the most
effective centered form for a particular application might therefore be quite
time-consuming.

It is now interesting to reflect briefly on the history of interval methods

for range inclusions. The natural interval extension was first discussed by
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Moore[23]. From these extensions he conjectured that the subset of centered
forms gave good results. In this thesis we have shown that a particular
class of these forms contain a rather large number of centered forms that are
obtained simply by manipulating the expressions algebraically (that is, no
“coarsening” has taken place prior to the actual interval evaluation). It is
now an open question as to which of these good forms can be selected to be

the best one prior to an actual evaluation of all the possible forms.

4.3 Low Complexity Algorithms for Multi-
variate Taylor Forms

Taylor expansions are special cases of centered forms, called Taylor forms.
This section gives algorithms for the computation of Taylor forms in % vari-
ables for polynomials and for rational functions at a point. These algorithms
do not require the explicit computation of the derivatives, they are simply
based on the repetitive division of the polynomials and the rational functions
by scalar linear factors. Some sample calculations are also performed using

these algorithms.
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The work in[39] and[38] forms the background for these methods. Related
ideas are found in[14] and[1].

Taylor series are useful toois in numerical computations. For example, in
many iterative methods for solving nonlinear equations the first term, or the
Jacobean is required. In global optimization problems solved iteratively the
second term, or the Hessian occurs frequently(see for example [31] and[16]).

An interesting discussion on the difficulties encountered when analytically
calculating the gradient is given in[50]. Such difficulties are avoided when

the techniques presented in this section are implemented as computer codes.

4.3.1 Centered Form Algorithm

Let p(z) = X0 axz” be a polynomial in k variables and let maximum de-
gree of z; be n; , 0 <4 < k. Rokne[39] developed a low complexity algorithm
to obtain centered forms(see[34] for a definition) for p(z) by using the small
Horner-scheme. This algorithm was given is Section 4.1.2 as Algorithm 1.
The expansion (4.1) in Algorithm 1 resembles a Taylor expansion of one
term where the inner product takes the place of the error term. In the

following sections the resemblance is taken advantage of in the development
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of an actual Taylor expansion for both polynomials and rational functions.
Before discussing the algorithms for Taylor expansion, we generalize the

above algorithm to rational functions.

Let p(z) = Y%_oaxz* and ¢(z) = 7, bxz* be two polynomials. Then

0
f()_q(z)

is a rational function of degree ! = max(n,m). The polynomials p(z) and

q(z) are now developed as centered form expressions

p(z) = p(c) + 5(z)(z — c)

0(2) = 4(6) + 2)(z — o).
If we write
@) = 56+ "D (a— 9

then it follows immediately that f(c) = p(c)/¢(c). Asin[44] r(z) is computed

as follows
(f(z) — f(c))a(z) = r(2)(z - c)

or using the centered form expressions for f(z) and ¢(z) we obtain

_(p+s@E=a) .
@-er(e) = (BFEEHE=I _ 10)) g
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= 5(155((20(‘3) + 5(z)(z — ©))g(c) — p(c)(g(c) + t(z)(z — ¢)))

_ s(z)g(c) — t(z)p(c) zZ—cC
N q(c) 2=¢)

where the vector (z — ¢) is explicitly factored out since p(z) and ¢(z) were

written as centered form expressions. Therefore the computations for a ratio-
nal centered form expression only involves the computation of two polynomial
centered forms as well as one scalar multiplication of a vector and a vector

addition. The processing may be continued using

r(z)
q(z)

hence successively computing higher order forms for rational functions. These
are not discussed here explicitly. In Chapter 6, we will discuss the higher
order forms in the sense of meromorphic functions. The rational forms may
be considered as special cases of meromorphic forms.

The following is an example to illustrate the centered form algorithm for

rational functions. For simplicity, the example is given for real function.

Let

_ px)
f(x) - q(x)
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where
p(x) =3+ 21 + 22 + zlx,
and
¢(x) = @iz; + 2.
Let also

X=(l-¢l+¢,[2—¢2+¢€,),e>0

with ¢ = (1,2). The centered form expressions for p(x) and g(x) are

p(x) = 8 + (2122 + 1 + 22,2) - (21 — 1)(z2 — 2))

q(x) = 8 + (z123 + 22,25 + 4) - ((z1 — 1)(z2 — 2))
respectively. Hence
r(x) = (z1z2 + 1 + 22 — 2125 — 23, -2 — 2x3)

and the centered form expression for f(x) is

14 oy — 1)(ay —
£6) = 14 75 (o = D)(e2 = 2).
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4.3.2 Algorithm for the Polynomial Taylor Expansion

It is known that a multi-variate function can be expanded into its Taylor
expansion if this function is holomorphic (see [9] p. 39). Since both polyno-
mials and rational functions are holomorphic, their Taylor expansions exist.
Based on this, the centered form algorithm outlined in the previous section
is generalized to an algorithm that computes the Taylor expansion for a
multi-variate polynomial in this section.

Algorithm 4. (Description)

In Section 4.1.2 the inner product expansion (4.1) was obtained for a

polynomial p(z1,...,2;). In this expansion the quantity si(z,...,2) is
a polynomial in the variables z,..., 2k, the quantity ss(e1,2s,...,2) is a
polynomial in the variables 2o, ..., 2z;; and so on. Clearly, each of these poly-

nomials also have centered forms which can be computed using the centered
form algorithm from the fifst section. The centered forms for the first two

polynomials are

si(c1, 21,00, 2k) =
(s1(erseay.evye),81(C1, 21500y 28),y - - -5 S1p(C1, €15 - - - 5 Ch,s E)

(L (21— 1)y o (25 — ) (4.6)
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and

s2(e1, ¢, 22, - . ) 2k) =

(sa(c1y¢2,€2,€8,+ o5 Ch), 82,1(C1y €2, 22y« v 3 ZR)y -+« 5 S2,5—1(C1y C2y Cy v v - s 5 Chy 1))

(1, (22 —¢2)y ooy (21— ck)) - (47)
where a second subscript has been introduced to indicate that this is the
second set of centered forms.

The above scheme for labelling the successive polynomials does not suffice

for the algorithm to be developed below, however. The following notation is

therefore introduced. Tlie polynomial p(z1,...,2x) is written as

S0,..0(#1y .+« s 21)-

Furthermore the polynomial

Si(C1y e vey CiyZiye oy 2k)
is written as
30,...,0,1,0,...,0(01) RS« 1 Py PRI zk)

where the 1 in the subscript is in the ith position in the subscript array.

In this manner the successive polynomials will have k& explicit parameters
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Cly+++5Cim1y%iy+ -+, 2k - Lhe parameter ¢; is implicit. Consider now the poly-
nomial

's)\1,...,}\,'—1,0,...,0(cla S T R 2 PR Zk).

If the centered form algorithm is applied to this polynomial then the

S1(Cyee ey Gty Zjyee ey 28),0 <5<k

generated in equation (4.1) corresponding to this polynomial is denoted by

3>\1,...,>\,-,0,...,0(01, ey Ci1,24, ... ,zk))J =1

3)\1,...,)\;-—-1,0,...,1,...,0(c17 ceeyCim1y25500 0, Zk), 1+ 1 S J < k.

Using this notation formulas (4.6) and (4.7) can be written as

81,0,..,0(Z1, -« - 5 28)
= (81,0,...,0(61, ‘o ,Ck), 32,0,,_,,0(21, ceey zk), ... 31’0’”_’0’1(01, ey Chot, zk))

(la (zl - cl)a AR (zk - ck)) (4'8)
and

30,1,...,0(017 2250 7Zk)

= (30’1’_._’0(01, ce 7Ck),
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30,2,0,...,0(61) 2250 ey zk),

» $0,1,0,...,0,1 (01, e ooy Chi, Zk))

(L, (22— c2)y- -y (26— ck)) - (4.9)

In general the following, somewhat complicated formula is obtained

3)\1,...,/\;,0,...,0(617 ey Cim1y 25000y Zk)
= (3A1,...,Ag,0,...,0(01, oo Ck),
S)q,...,A.‘..l,)\.'+1,0,...,0(cl7 ooy i1, %5500 ,Zk),

3A1,...,A;,1,0,...,o(01, e o9 CiyRitly ey Zk),

y SA1 ,...,,\.-,o,...,o,1(01, c ooy Cha1, zk))

-(1,(zi—ci),...,(zk—ck)). (4.10)

Each application of the centered form procedure reduces the degree of at
least one variable in the resulting polynomials by one. This implies that the

algorithm will terminate in a finite number of steps. Eventually the terms

3/\1,...,)\k._.1,/\nk (cl) <oy Ch—1, zk)) 0 S /\1 S Ni,y... )0 S /\k—l .S Ng—1
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are arrived at. These terms are constants, that is,

8)‘1"“’>‘k"'1”\"k (C]_, e v oy Ch1, Zk) = 3)1,...,/\;;_1,)\”,‘ (cla ceey ck))

0< A1 <n3y.0,0 < Apmt < gy

Plugging formula (4.10) into the first expression step by step and expanding

the expression

P21, ..y 28) =

Z SAI)"'vAk(c17 L )ck)(zl - cl)Al e (Zk - ck)Ak (4:.11)
0< A1 <11 40 0L A <N,

1s obtained.

In a slightly unconventional manner the notation

Aqdeerede)
oMt rep(ey, ..., cp)
021022 - - - Dzp*

is now used for the partial derivative of p(z1,...,2;) with respect to z; A\
times and so on up to the partial derivative with respect to z; A; times, then
evaluated at cy,...,ct.

It is now shown, using the compact partial derivative notation, that ex-
pression (4.11) is the Taylor expansion of the polynomial p(zy,...,2;) at

(Cl,. . ,Ck).
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THEOREM 4.4

1 Mt tep(e L )
Al Ag! 8z{\18z§\2 cee Bz,’c\k

3>\1,-o-1>\k(cl) v )ck) = (4.12)

Proof. Taking the partial differentials in (4.11) and evaluating at z = ¢

the expression

oMEF ey .. )
021022 -+ - Dzt

= All)\zl oo )\k!s,\h.,,,,\k(cl, ooy ck).

is obtained. A slight rearrangement gives

Sxgpei (€ Ck) = 1 QhttMepley, ..., )
vee 2 DRI b
LyeosgAp\E1y oo vy DY VIERED T8 azi‘lazé\z 6z,’c\’°

which is the desired expression. O
A recursive definition of the Taylor coefficients for a multi-variate poly-

nomial is now given based on the last theorem.

THEOREM 4.5

801100 Ais000e0(CLy 0 Ci1y Ziy evey 28) =

1
Gi—c)) [S,\l,...,,\,-—1,0,...,o(c1, c0e93Cim13 255000, zk) - S,\l,...,,\,--l,o,...,o(c1, s ooy Ciy Ziga,

Proof. This expression follows directly from algorithm in Section 4.3.2.

ooz
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4.3.3 Algorithm for Rational Functions

The usual method for obtaining the Taylor series for a multi-variate poly-
nomial is to evaluate all the required partial derivatives. The polynomial
algorithm in the previous section does not improve significantly on the time-
complexity of this process. The technique using the partial derivatives is
normally also used to form the Taylor series for a rational function. Here,
however, evaluating the partial derivatives for a function f(z) = (p(2)/q(2))
is a task of high time-complexity. The algorithm given in this section provides
a low complexity alternative.

A low complexity algorithm for the Taylor series for a rational function in
one variable was developed in Rokne[38]. This algorithm is given as follows.

Algorithm 5. (Description)

Let p(z) and ¢(2) be polynomials of degree n and degree m respectively.

Then

_pz)
fz) = q(2)

is a rational function. It may be written as

L2 s
D=0



where

381\ 2 z)— Zp()
1() () Q()q(c)

Clearly s1(2) is divisible by (z — ¢) since s1(c) = 0 and therefore

81(2) = p1(2)(z — ¢).

It follows that

f(z) _ p(c) pl(Z)( —0)

IOMEC)

with
/ pl(c)
9= g(c)

Suppose now that the Taylor expansions

o) = 3 (- oy

=0

and
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for p(z) and ¢(z) are already known. Then p;(2) can be calculated as follows

n(2) = 3 4 [0 — @092 (o _ oy,

1=0 ?’, q c)

where k = max(n,m). Repeating this process we obtain

f(z) = f(e) + 2(0) (z—c)+--+ pi(e) (z—¢) n pis1(2) (2 — )

q(c)

a0 T g GFy
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where

@) (c) = p,(C)

The quantity p;(c) is furthermore defined via

k—i+1 p(a)( )
pi(z) = >, (2 —cf
7=0

and

(D () = it gy — oli+D) () PLE)
pi’(e) =pili7(c) ~ ¢ ()q(c)'

This simple method for computing the Taylor expansion of a rational
function in one variable is now generalized to multi-variate rational functions.

Algorithm 6. (Description)

Let

f(zl,...,zk)z———_p( y:::s2n)

be a multivariate rational function and let k = max(n,m).
Considering this function as a rational function of one variable z; and

applying the above algorithm the expression

Fletse o)
fo,..o(c1, 22, . .. ,zk)

+ fi,.0(c, 22,005 28) (21 — 1)
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21— )™
+ fnl,...,o(C1, 29y ,zk)(_l____ll)_
n1.
zy —¢p)mtl
+ fn1+1""’0(z1’ 2200 7zk)-((T}'l1-)!—)

is obtained where

pi(C1y 225+« 5 21)

filer 22y oy 2) = g(e1, 22y .oy 2k)

Since pi(e1, 22, . . ., 2k) is a rational function in the variables z,, ..., 2 it fol-
lows that fig,.o(c1,22,...,2k) is as well.
Considering now p;p....o(c1, 22,. .., 2x) as a function of the variable z, and

applying the algorithm the expression

Pi,o,...,O(cla 22y 00 >zk)

Pio,...0(C1,C25 .oy 25)
g(er,¢2y0 vy 2m)
piyly“wo(cl, c27 MR zk)

+ q(cl)'cfla L azm) (22 B CZ)
4 Pimg,..0(C15Co, .+, 21) (22 — €2)™
gler, 2y -0y 2m) nay!
n Ping+1,..,0(C15 22, . - ., 2) (22 — )2 T
gle1, 22y« - oy Zm) (ng + 1)!

is obtained.
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The general step is given by

DAL Ais0,n0(CLy + v Ciy Zi1y o v v 28)

g(C1ye ey CiyZit1y e vy 21)

P,\l,...,A,-,o,...,o(Ch <o Cig1y 242,00 ,Zk)
glety- ooy Cints Zitay - - -5 28)

pAlt"-y/\i,]-,u.,O(cl) v ey ci+1, zi+2, oo ,zk)
+ o
gCiyeen s Cig1y Zigay e v vy 2k) (2i41 = cig1)

+ pAly'"rAi;nH-l101"'10(01, crc Ci.*.]_, z‘i+27 cry zk) (z'i+1 -— ci+1)ni+1

g(Cye vy Citly Zig2y e - -5 2k) M1l
i 1
+ PAl,...,/\,-,n,-+1 +1,0,...,0(CI) e o9 Ciy Zit1y .. ,Zk) (z'i-}-l - ci+1)n +1¥
q(C1y e vy Ciy Zigty v vy 2k) (nigr + D)

Expanding all the expressions

P oo dii0000n0(Cly + + o3 Ciy Zig1y o o vy Z1)
q(cl, ee ey CiyZidlyeney zk)

J1<i<k

in this manner until A; 4---+ A; = N and combining all the expansions, the

expression

f(z) =

PAl,...,Ak (Cl,...,Ck) HJ: 0 (z]_c])AJ +

Z0S>\1'|""'|‘>\k <N q(c1eeCk) A5t

. Py ,...,A;,O,...,O(cl yoeesCi—1 zi:'"rzk) 3 !Z,‘—C' !A"
Dodg et Mi=N1<i<k — . [l 7 (4.13)

q(cll"‘!ci—lizi)"'lzk) Ail
is obtained. From formula (4.13) we get for 0 < Ay + -+ 4+ Az < N that

Prapelens oo rer) _ (e, )
g(ery. v yem) OMzy - OMngy
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A set of operators ®,1 < 4 < k is now introduced. These operators are
defined as follows on constants

(21— e @ (2 — ) B3] (1, -, ck)

p/\1,--~,>\k(cl7 cee >ck) k A
z._c. N
glery .-y cr) JI;J(:)( )

and on variables

[(z1 — )M B (2 — ci)A‘QQ\‘] (21, .., 28)

_ PAI,..,,,\.-,O,...,O(Cl, ceeyCi13 %5y,

.,Zk) : A s
z;i—c¢;))V, 1 <1< k.
q(cli"'aci—l,Zk,...,zk) ;EI(:)( 7 -7) 1=t =

The operators also satisfy the commutativity conditions

(zi — i) ®i(25 — ¢;)®; = (21 — i) (25 — ¢;)Bi®; = (2 — ;) (25 — ¢;)B; P,

For example,

— e )M
(2 = ) @] (cas... ) = Pru0,..0(C1 - -+, k) (21 — 1)

qeay -5 2)
Then the expression (4.13) may be written as
N-1 1 l
flz) = 7 [((Z1 —c)® 4+ (2 — ck)@k)] (c1,---yCk)
=0 "

+ YV:ET [((zl - Cl)@l + -4 (Zk — Ck)ék)N] (zl, .. zk) (4.14-)

This formula is the Taylor expansion of function f(z) with a remainder.
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The Taylor coefficients may also be calculated using the following recur-

sive formula

p)\l,...,)\,',O,...,O(cl, eeey3Cin1y %4y ,Zk) =

[p>‘1"°-1Ai_110v"10(617 ceeh Ci_l, zi’ MR Zk) -

p;\l,,,,,A;_1,o,..,,o(c1,...,c.‘,zi+1,...,zk)] % 1 (415)

q(cl, tr ci_l, zi, tht zk) Q(clv“;ciyzi-{-ly'“yzk) (zi_cl') :

If the Taylor expansions of p(z) and ¢(z),

Mt tnple) (21— c))™ -+ (2 — ca)™

p(Z) = Z A An 1 N y
0< M4+ 4 AN Oz -+ Ornzy Al ARt

and

q(z) o Z 8A1+-..+Amq(c) (zl _ cl)Al . e (zm —_— cm)Am
05,\1+..;+,\mSM Qrizy - Pmz,, SYLERED W ’

are known, where N and M are the degrees of p(z) and ¢(z), the above

recursive formula may be written as

p,\l,...,,\.-,o,..;,o(cl, ceeyCim1, %4, . 7zk) =

-1

11 . ,
Z ﬁpf\?,...,,\,-,o,...,o(cla EEPECTELES PR )zk)(zi - ci)J) (4'16)
Jj=14°

where

) . _
pAl,...,Ag,O,...,O(CM ce o3 Ciy Zigly . s 7zk) -
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(7+1)
P nim1,0,0(Cly e v v 5 Ciy Zig1y + o o, 2k)
(g+1) . R Pr ..., A;—1,0,...,0 (C1 3eeyCi 9241 )'":zk)
g (e, ..oy 0iy Ziy ooy 28) o) . (417)

In next section two examples are given showing the application of the above

algorithms.

4.3.4 Time Complexity Analysis and Numerical Ex-

amples

From formula (4.15) we see that in this algorithm we only need a polynomial
division by a factor (z—c) and an evaluation at (z; = ¢, ..., 2, = ¢;) for each
coefficient of the Taylor form. The coefficients are obtained recursively by
formula (4.15). If we know the Taylor expansions of p(z) and ¢(z) , we only
need a polynomial multiplication by a constant and an addition between two
polynomials for each Taylor coefficient. Therefore this algorithm is very low
complexity and much better than the algorithm obtained by evaluating the
analytic derivatives..
Now an example is given for illustration of the algorithms.

Let

p(z,w) 2wt zw+1
¢(z,w) 2w+l

flz,w) = ,c=(1,1).
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We want to obtain the Taylor expansion of f(z,w) up to degree 2. If the
Taylor’s forms of p(z,w) and ¢(z,w) are unknown, we can use formula (4.15)
to calculate the Taylor coefficients of f(z,w) recursively.

We have all p; ; with ¢ + j < 3 as the following

pro(2,w) = Tora +(i : Sw i = zw + z_v—tj-_l
pao(eve) = BT (zfi)wm%wﬂ eEs
)= Rt
7—(w+1)k

1
—_ 2 /4 —
poyz(l’w) - w— 1 4:
1 1
_i—(w+lz 1
p013(17w)_ w—1 - 8'

w? +2w— (w+1)?2 w43

p1a(l,w) = — ==
vl _ (w+1)21 w42
_ 1 i _
p1,2(1,w) - w—l - 4: M
w—(w-l—l):% 2
p2a(l,w) = — =w’ + 4w — 1.

Therefore we obtain by formula (4.13)

3 (z—1) 1(z—-12 1(w-=1) 1(w-12 (z-1D(w-1
f(z’w)=5+( 1! )+Z( 2! : +§( 1! )+Z( 2!) : 1)!(11 )
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w (z—1P° 1(w—-1)°

(w413 3 8§ 3l
w+2(z—1)(w—1)2 . (z—1)*(w-1)
Ty 1191 + (@ 4w —1) om!

This is the Taylor expansion of f(z,w) up to degree 3.

4.4 Summary

In Section 4.2, the centered forms were generalized to multi-variate polynomi-
als. A low complexity algorithm is presented for evaluating these generalized
forms. It was shown in Section 4.3 that centered forms evaluated over dif-
ferent arrangement of the variables of a polynomial may be different. The
number of the different centered forms was estimated asymptotically. Some
numerical examples were given showing that this number is surprisingly large.
An efficient algorithm was designed for.generating the all the arrangements
of the variables which result in different centered forms. Based on the idea of
multi-variate centered forms, a type of computationally efficient multi-variate
Taylor forms were given in Section 4.4. Low complexity algorithms for evalu-
ating these forms for both polynomials and rational functions were presented

in detail. Also a detailed time complexity analysis for these algorithms was
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given and some numerical examples were shown for the illustration.



Chapter 5

A Special Multi-variate Taylor

Form

In this chapter, a special Taylor form for real multi-variate functions is dis-
cussed. It employs a particular remainder term in a Taylor expansion. Com-
pared with the standard Taylor remainder term, this remainder term has
very few nonzero terms and some of these nonzero are scalar terms. The
algorithm generating this special Taylor form is given, which has a very low
time complexity because of this special remainder term. The number of ze-
ros and the number of scalar variables in the remainder term are estimated
asymptotically. An application of the special Taylor form to the factorable

109
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functions is presented in detail and some numerical examples are given.

5.1 Special Taylor Form

In this section we introduce a special Taylor expansion for real functions. The
corresponding algorithm generating this expansion will be given in Section
5.2.

In intervai analytic methods it is important to be able to replace as many
interval variables as possible with scalar variables in order to reduce the
width of the interval computed in a given computation. This was recognized
early both by Moore[24] and Hansen[14]. In Hansen[14] an expansion for the
gradient and the hessian of a multi-variate function was therefore developed
that contains a number of interval variables replaced by scalars as well as
some components replaced by zeros. This expansion is here generalized to
an arbitrary order and estimates for the number of zero components and
interval variables replaced by scalars are given.

It is also of importance to compute non-linear functions in a convenient
and effective manner. This is possible for the so-called factorable functions.

These functions, introduced by McCormick([22] are important in that their
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value and derivatives may be computed in a natural manner.

A method for computing the range of a factorable function using the
above expansion is then developed.

Thus the advantages of using an expansion of the Hansen type can be
retained for factorable functions resulting in an expansion both having low
implementation complexity and small width.

In this section we therefore give a class of special Taylor expansions. Let
[+ ®R* - R be a multi-variate fﬁnction, differentiable as required below.
Hansen proposed an expansion for the gradient and the hessian of f of a
special form in[14]. The suggested form has zero elements in the hessian
and some interval variables replaced by scalars both in the gradient and the
hessian. Thus it was a form suitable for use in interval methods of various
kinds. This form is here generalized to an expansion up to the m-th term.
Furthermore an asymptotic estimate is found for the number of zero elements
of the interval remainder term. The number of variables replaced by' scalars
in the remainder term is also estimated.

The following theorem gives the generalization of the expansion found
in Hansen[14]. It differs from the usual Taylor expansions in the remainder

terms.
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THEOREM 5.1 Let f(z1,22,...,2,) be a multi-variate function and let
X € I" be an interval. Let furthermore x,y € X. Then for m > 1 the

following expansion is valid.

id )
Fy1,92, -y ¥n) = f(Z1, 22, . ., T0) + E(yi - 5101')—5%(371,. ey Tp)

=1

& -z )M\ gm-1
+ > (k 1(yk /\k!k) ) 5—f(21,33,...,2n)

A4t An=m—1

3 M1 (Wi — 23) O™
<

kl' P Oz -+ Oz (yl,"')yjm—17€j11~~-1jm7wjm+17"
Poookp! 7 i

(5.1)

where &,.,...im € X and k; is the number of indices j,,1 < r < m, equal to

¢ tn the corresponding term.

Proof. Consider f(y) to be a function of the last variable y,, only and expand

it in a Taylor series up to the m-th order obtaining

‘ 0
f(y1)° . ')yn) = f(yl)' . )yn—lawn) + (yn - mn)é{'(yly cee 7'yn—1>$n)
(yn _ mn)m amf

m!  Ozm

(yh ceeyYn-1, gn,,n) (52)

')xn)
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In the next step the first (n—1) terms on the right-side of (5.2) are expanded

with respect to the variable y,—1 in m-th degree Taylor expansions. The first

of these terms expanded results in

f(yh' . ')yn—laxn) = f(yla' . 7yn—27wn—-17wn)
of

Tyoos -2, Lp—-1,T
awn_l(ya yYn—2, Tn-1, n)

(yn—-l - wn—l)m amf
m! 3:(::',_7'_1

+ (yn—-l - wn—l)

+ et

(y1, ey Yn—2, fn—1,...,n—1, wn)-

The remaining terms are expanded in the same manner until the (m — 1)-th

term which results in the expansion

am—lf am—lf
aa}'m_l (yl, sesyYn—1, mn) = awm_l (?/h oy Yn—2,Tn-1, mn)
n n
o f
+ (yn—l - xn—l) 0»’62‘_1%-1 (yh ey Yn—2, €n,...,n,n—17 1177,,)

This sequential expansion is continued until every term with degree less than
m is evaluated at the point x. When these results are combined equation(5.1)
is obtained. O

In equation(5.1) the term,

omf

O Oz (yb cer s Yim—1s €j1,.--,jm7 Limtly e 7$n)
Ji v Jm



114

can be considered as an element of an m-dimensional remainder tensor

fjl 1-~-,jm *

It should be noted that the coefficient of the terms are zero in the remainder
tensor if 3 < jo < ¢+ < Jm.

If the expansion is started with y; then the terms of the remainder tensor
are zero if j3 > jo > <+ - > .

Below the example of this expansion from[48] is given for n = 3 and

fy) = £+ —%"g)
Rh11(éi1, 22, T3) 0 0

1
+ E(y - X)T h21(€21, T2, ~'L'3) h22(y1,§22, -’133) 0 (y - X)°

i ha1(€a1, ©2, T3) haa(y1, a2, 3) h33(’y1,y2,§33) |
Here g(x) is Kthe gradient of f(x) evaluated at x with components g;(x) =
0f(x)/0x;,t =1,2,...,n and the components of the hessian are the appro-
priate second partial derivatives evaluated as required.

The matrix in the above formula is the special hessian matrix used for

example in the global optimization algorithms discussed in[48],[14].
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The tensor defined above has non-zero and zero elements. Below the

number of zero elements are estimated by an asymptotic formula.

THEOREM 5.2 Let N(n,m) be the number of the zero elements in the

tensor fi,. in then
N(n,m) = (1 —=1/mhn™ + O(n™). (5.3)
In particular, if m = 2, then
N(n,2) = M (5.4)

2

This theorem is proven below. A supporting lemma is first developed.
LEMMA 5.1

n m nm+1 m
>OA =m+1+0(n )
A=1

Proof.

We have

A A+l A+1
/ z™dx < Z A< / z™dz.
A-1 3 A

Summing up from A =1 to n, we get

n n n+1
/ z"dz < Z A S/ z™dz
0 = 1
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or
m-+1

n+1)™+1-1
m+1 '

D <Sam< (5.5)
=1

m+17 %
From (5.2) we get
m-+1

= m_n m
,\z=:1)\ —m+1+0(n ).

Proof of Theorem 2.24. We have

N = > l=na"-— > L (5.6)

1<ny < <nm<n n2ng 2 2nm>1
We use induction to prove

m

> 1= +40("). (5.7)

n>ny 3 2nm 1
For m =1, ¥,5,,511 = n, so (5.7) is obvious. Assuming

m~—1
1 = ____n_ + O(nm—2)

nomiosamoizt (M= 1)

is true. From lemma, we have

-3l

nRng 2 >nm>1 n1=1 \n12n2>2nm>1
n n;n—l .
- 3 (o)
n1z=:1 ((m - 1)‘ !

. nm m—1
= m-i-O(n ).
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This is the formula (5.7). So from (5.6) and (5.7), we finally get
N =(1-1/m)n™+ O(n™).

Formula (5.2) is obvious. O
Compared to the regular remainder term in the Taylor expansion up to

the second order the new remainder has almost half the terms zero. As

m — oo the remainder tends to a zero tensor.

THEOREM 5.3 Let M(n,m) be the number of variables y and ¢ in the

remainder tensor, then

m+1

M(n,m) = Z":Tl)'

+ O(n™). (5.8)

In particular, when m = 2, then

n(n+ 1)(n + 2).

M(n,2) = 5

(5.9)

Proof. We know that in an element f;, .. ;.. , the number of variables y
and € is j,, . This means that the number of all these variables in the tensor
is

m-+1

M(n,m)= >  jm= > 1= —— 4 O(n™).

- |
212 im>1 npiSimzizt (ML)
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For m = 2, we have
M(n, 2) = Z jz
n2j12j2>1

" (i +1)  n(n+1)(n+2)

The standard Taylor form as given in for example[34] has n™ elements
in the remainder, each element being a function of n variables. If the new
form is used as a Taylor form up to the degree m for an interval X € I"
then clearly the width of the form is going to be less than the width of the
corresponding form from[34].

Now we present an application of the Taylor form to real factorable func-
tions. In McCormick([22] it is rightly pointed out that the effort expended on
developing methods for solving non-linear problems in several variables has
not been paralelled by a similar effort in finding suitable means of represent-
ing non-linear functions. He points out that the process of implementing a
non-linear multivariate algorithm is in general seriously hampered by the ef-
fort required to actually code the algorithm and that there exists no general
scheme for this coding. As a means of overcomming this problem he in-

troduced the class of factorable functions (see[22] Chapter 3, and references



119

found there). This class includes all functions explicitly representable by a
computer program. Exceptions are functions given implicitly or not included
in a list of primitive functions such as sin, cos etc. Table 3.2.3 of[22] gives

a typical example of such a list. The class of factorable functions is now

defined below.

DEFINITION 5.1 A function f(z1,...,%y) is a factorable function of sev-
eral variables if it can be represented as the last in a finite sequence of func-

tions {f;(z)}. This sequence consists of the basis functions
fi(z) = zj, J=1,...,n.

Using the basis functions the functions f;(z),j > n are formed by

,

either  fi(z) + fi(z), k1< j

fi(z) =19 or fe(z) x fi(z), k1< j

or T[f(2)], k < 4,

\

where T'(f) is a function of a single variable included in a table of primitive

functions.

The function

a—21) —2

F@) == as(m)y ™2 [T e, (5.10)

-
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Function | Form of
Sequence | Composition |  T'(f) T(f) T(f)
fi(z) = z;
i=1,2,3 |
film)y= | a- fi(z) a—f -1 0

fiz)= | )22 | 1/2f7? —f3 3

fo(z)= | fa(z)fs(=)

f.fe(r) =t (24 ff e—t2/24
—o0 -0

i) = et | st
(2")1/2 (2")1/2 (2,‘.)1/2 (21r)1/2

fa(z) = | fa(z)fr(2)

fo()= | (b—fs(®))* | (6= |=206-f)| 2

Table 5.1: Factorable function example
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from McCormick [22] is an example of a factorable function. The sequence
of steps for the evaluation of the function is given in Table 5.1 where T'(f) =
oT(f)/of a;nd T(f) = 8*T(f)/ 82 which are required later are also included.

Again following[22] it is clear that a factorable function has a first and
second derivative. The first derivative is formed for each step in the function

sequence using the rules

(1) + (o) it fi(e) = fule) + i)
@) =1 ful@)fl@) + fil@)file) i fi(z) = fiul)fila) (5.11)
| T1f(@))fi(e) if f;(z) = T[fu()]
and the second derivative using the rules
k(@) + fi'() if fi(z) = f(z) + filz)
F(z) = fi(2) fi' (=) + fi () fi)
+ fi(z)" fi(z) + fi() fu(z) if fi(z) = fi(2)fi(z)
(@) T (@) + (@) T fu(2)]fi(z) i fi(e) = Tlfu()].
(5.12)

The first derivative of the function (5.10) is developed in Table 5.2 as an
example where P* denotes the previous entry in the same column. Second

and higher derivatives are developed in the same manner.
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Function
fi(=) 0fi(x)/ 0z 0fi(z)/ 0wz 0f;(z)/ 0wy
Ty 1 0 0
Zo 0 1 0
Z3 0 0 1
a— fi(z) -1 0 0
[f2(2)]*/2 0 fa 0
fi(@)fo(2) s fuf 0
Bt | e | e :
fs(z) f2(=) faP* fsP* fa
(b— fa(z))* | —2(b— fa(2))2P* | —2(b - fs(2))P* | —2(b— fs(z))P*

Table 5.2: Derivative Example
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5.2 Taylor Form Algorithm

5.2.1 Algorithm

In this section a twice differentiable function f : ®* — R is considered. The

range of f over X € I", written by f(X), is

FX) = {f(x)x e X}.

Since f is twice differentiable it can be expanded in a Taylor series

F¥) = f(x) + F()(y —x) + 1/2(y —x)" () (y — x)

up to the first order with a remainder of second order where £ € x V y (that
is the interval spanned by = and y).

In[34] it was shown that this series could be used to compute an including

estimate
fr(X) = f(e) + f(e)(X - c) +1/2(X = )" f"(X)(X ~ ¢)

for the range of f over an interval X where f”(X) is an including evaluation of
the Hessian over the domain interval X and ¢ = midX € X is the evaluation
vector. This estimate is known as the second order Taylor form. In[34] it

- was shown that the second order Taylor forms are quadratically convergent
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if the remainder tensor is bounded. The first order forms (see[34]) require
difficult to establish Lipschitz conditions in order to achieve the same order

of convergence. Higher order forms may also be defined as in[34], but this is

not considered here.
With this in mind the Taylor form for a factorable function using the

expansion (5.1) is developed. The resulting Taylor form is
F5(X) = £(e) + £()(X - ©) + 1/2(X — ¢/ H'(e, X, X)(X —¢) (5.13)

where H(x, X, X) is defined to be the special Hessian

h11(X1,Cz,...,Cn) 0 0
hzl(Xl,Cg,...,Cn) hzg(Xl,...,Xn_l,Cn) 0
Hx,X,X) =
hn]_(X]_,Cg,...,Cn) hng(Xl,...,Xn_1,Cn) [N hnn(X]_,...,Xn)
(5.14)

From the definitions of fr(X) and fs(X) it clearly follows that

F(X) € fs(X) € fr(X)

(see also[34]).

It is therefore of interest to compute the second order Taylor expansion

for a factorable function applied to computing the range of a function f
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via the form (5.13) as efficiently as possible. An algorithm in a Pascal-like
notation is given for the computation of the value and the first derivative at
c and the special second derivative inclusion at ¢ and X. Translating this
to an actual implementation in Pascal-SC (see Kaucher et al[18]) is fairly
simple. The above notation is, however, used both for clarity and brevity.

Essentially the algorithm consists of an implementation of the derivative

formulas (5.11) and (5.12).

The input to the algorithm is an array containing the function in a fac-
tored form, an evaluation vector ¢ and an interval X over which the range
is sought. The output is the first derivative in an one-dimensional array and
the special interval Hessian in a two dimensional interval array. The final
evaluation of the special Taylor form is omitted for brevity. It consists of
applying the formula (5.13) given above.

The main procedure Hessian-expansion consists of a call to an input
procedure reading the factorable function sequence followed by calls to the
derivative and second derivative procedures. The factorable function se-
quence is assumed to be K elements long. A further assumption is that
there exists a repertoire of primitive functions T for which the derivative

D(T) and the second derivative D(D(T")) are known.
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Algorithm 7.

procedure Taylor;

end.

: Array to store the factorable function sequence;
: Array to store the derivative sequence;
: Array to store the hessian sequence;

: Developing interval; Developing vector is c=mid(X);

Input the function in factorable form into array F;
Number of functions is K, final function is F(K);
Input interval vector X and developing vector c;
value(F, V, ¢);

derivative(F, V, W, c);

special-hessian(F, H, X, c);

evaluate (5.13) using V, W, H, X, c.

output resulting interval X;
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The procedure value evaluates the factorable function at a point c¢. The

result is found in V(K).

procedure value(F, c, V);
begin
for j =1 step 1 to n do V(j) = ¢;;
for j =n+4 1 step 1 to K do begin
case F(5) of
FE)+F(O): V() =V(k)+V({);
FR)»F(1): V() =V(k)* V(D)
T(F(k): V() =TV(k));
end;

end;

In the procedure derivative the derivative values of a function sequence
is calculated using the cases of (5.11). The result is in the N x K array W.
procedure derivative(F, V, W, c);

begin

for i =1 step 1 to K do W(z) = e;;
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for i =n + 1 step 1 to K do begin
case F(j) of
F(B)+F(I): W) = WE) + W();
Fk)=F(): W(F) = V(k)* W) + W(k) = V();
T(F(k): W() = V(DT (V(k)))) = W(k)
{V(D(T'(V(5)))); is the value of the derivative of the built-in
function T at V(j) };
xeJ : W(j) = ey;
end;
end;
In the procedure hessian the values of the hessian of a function sequence is
calculated using the cases of (5.12).
procedure hessian(F, V, W, H, X, c);
for 2 = 1 step 1 to KX do W(3) = 0;
for 2 =n 4+ 1 step 1 to K do begin
case F(j) of
F(k)+ F (1) : H(j) = H(k) + H(D);
F(k)=F(): H(F) = W(k) = H() + H(k) « W();

T(F (k) : H(5) = W(D(T(W(k)))) * H(k);
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{ W(D(T(W())))) is the value of the derivative of the built-in
function T at W(j) };
xel : H(j) = ey
end;
end;
The procedure special-hessian now calculates the special hessian given in
(5.14).
procedure special-hessian(F, H, X, c);
var : Auxiliary arrays VV, WW, HH, Xx;
begin
for ¢ = 1 step 1 to NV do Xx(2)=c(7);
for 2 =1step 1 to N do
begin
Xx(2)=X(2);
value(F, Xx, VV);
derivative(F, VYV, WW);
hessian(F, VYV, WW, HH);
for j =i step 1 to N do H(2,5) = HH(3,5);

end;
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end;

The above procedures form the skeleton of the algorithm for the special
Taylor-form range computation. It is of course assumed that the appropriate

menu of fundamental functions and their first two derivatives are available.

5.2.2 Numerical Realizations

In this section, a numerical example is given illustrating the use of the algo-
rithm discussed in the previous section for a real factorable function.

The inclusions fr(X) and fs(X) were calculated for the factorable func-

tion

) = - as@m) 2 [T Pl (5.15)
using an implementation of the pseudo-Pascal code given in the last section
in FORTRAN. As an example of the calculation procedure some symbolic

calculations are given in Table 5.3.

With the input values ¢ = 0.1, 6 = 1.0 and

X = {[0.2,1.5],[1.0,2.0], [1.0, 2.0]}
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Function

Sequence fi(z) dfi(z) hfi(z)
=1 fil=) 1 0
=2 f2(2) 0 0
i=3 fo(2) 0 0
i=t | a-file) |  (@—AENAEE) | (a— f)hd— [T
i=5 | [fa(=)]/2 dfz(z) /2 f2()]? hf2/2f)? — [df2)?/ (2]
i=6 | fa(@)fs(z) | dfa(2)fs(2) + fa(e)dfs(z) | fahfs + hfsfs + dfadfs
i=7 %ﬁ’ﬁ %fidfe(x) I %,;jfd'hfs+{g;;f;: &2
i=8 | fa(a)fr(z) | dfs(e)folz) + fa(e)dfz(e) | fahfr+ hfsfr + dfsdfs
i=9 | (b fs(=)) —2(b — fs)dfs(z) —2(b — fs)hfs + 2[dfs]”

Table 5.3: f(x), f'(x)(1st. component), f”(x)( component 1,1) (when i=9)
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the results were

fr(X) = [-1.9973993,2.2413865], fs(X) = [—1.0345017, 1.2784888].
Similarly with the inputs @ = 0.1, b = 2.5 and
X = {[0.4,2.1],[0.4,2.1],[0.4,2.1]}

the results were

fr(X) = [~1545.8111,1554.2526], fs(X) = [—451.01445, 459.45599)].

These and further calculations show that the width of the inclusions

fs(X) is 0.5 to 0.25 of the width of the inclusions fr(X) for reasonably

large input intervals.

5.3 Summary

In this chapter, a special Taylor form for multi-variate polynomials is dis-
cussed in detail as a special case of centered forms. This special Taylor form
can be evaluated with very low complexity using interval arithmetic. An
asymptotic estimate is given for the number of zero entries in the interval

remainder terms of this form. Also the number of variables replaced by
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scalars in the remainder term is estimated. The implementation of the new
form for factorable functions is given and some numerical examples are pre-
sented showing that significant improvements are obtained for one particular
factorable function. |

In this chapter a low complexity algorithm has been developed for the
special Taylor expansion of real multi-variate polynomials and rational func-
tions. In the polynomial case, the algorithm is comparable to the direct
derivative algorithm. The new algorithm for the rational case provides, how-
ever, a significant improvement in time-complexity.

The resulting Taylor expansion for rational functions consists of main
terms and a remainder. These remainders, which differ from the usual re-

mainders, have the forms

8)‘1+"'+/\if(cla ey Cim1y iy e ny :vk) (5171 - 01)/\1 te (wk - ck)/\k
Ozy* - - - fz Ao Al

that is they are exact. Practically, this algorithm provides a computational
method to calculate Taylor coefficients for rational functions. Based on re-

cursive formulae (5.13) and (5.14), the algorithm is easily implemented as

computer programs.



Chapter 6

Centered Forms for

Meromorphic Functions

In this chapter, power-sum forms and centered forms are generaliized to
meromorphic functions. The three properties of the centered forms: inclu-
sion, quadratic convergence and inclusion isotonicity are shown to hold for
meromorphic functions. Algorithmic approaches with error estimates for
meromorphic functions are discussed briefly. Some numerical results are

given for illustration.

134
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6.1 Meromorphic Functions

6.1.1 Forms for Meromorphic Functions

In this chapter, the centered forms will be extended to meromorphic functions
and the corresponding properties for these forms will be proven. Also some
algorithms for calculating these forms will be given briefly.

We first define the power-sum forms for meromorphic functions. Then
based on them we define centered forms and give their properties of inclusion,
convergence and inclusion isotonicity. Some results of this section appeared
in[6, 7). Let p(z) and ¢(z) be entire functions on the complex plane. Then
f(2) = p(z)/q(z) is a meromorphic function on the complex plane. Expand-
ing p(#) and ¢(2) in Taylor series at z = 0 we get p(z) = 2,(»™(0)/(i!))2
and ¢(2) = ¥2,(¢)(0)/(i!))2" and we may write f(z) as

_ E2e(M(0)/ (1))
f(z) = % (D0 /()"

In the sequel the range of f(z) over the disk Z = {c, p) is denoted by

F(2) ={f(2)l= € Z}.

For notational convenience we also define
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If f(2) is now evaluated by replacing the variable z by a circular interval
Z using the operations (2.23) to (2.26) obtaining a circular interval f(Z)
then

f(2) < f(2)
because of (2.27) and (2.28). Both ¢ and p may vary, however, depending
on the organization of the operations. This was first realized by Moore[23]
for real functions. In the following some forms are defined for meromorphic
functions and some interesting and useful properties are verified. Results
in this section may be compared to those results for rational functions in
Section 4.1.

The first forms we consider are the power-sum forms starting with the
zeroth order power-sum form. For this we first develop the power-sum forms
for the polynomials p(z) = %, ;2" and ¢(z) = T%, b;2* given by

n n
SaZ, > b7
i=1 i=1
respectively (see[41]). Then letting n tend to infinity we obtain

Z a,-Zi, Z szz

=1 1=1
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Applying the disk division we arrive at a disk
fo0)(2) = (Z a,-Z") / (Z b,-Z"> :
i=1 =1
This disk is called the zeroth order power-sum form for the meromorphic
function f(2). In the following theorem the explicit formula for this form is

given.

THEOREM 6.1 Let f(z) = p(2)/q(z) be a meromorphic function. Then

the zeroth order power-sum form

fp(O)(Z) = (Cp(o), Pp(O))

satisfies

1
Cp(0) = ZP(C)Q(C) 3

o = (201 + Lo lai((el+ ) = e )(1a(0) + S Ib1((el+ ) = 1) = (e

where
2

A=1g@)P = [S Bl + o) — [e)] - (6.1)

=1

Furthermore f(Z) C fo)(2).

Proof. In[46] it was shown that if Z, = (cn, pn) is the power-sum form of

the polynomial p(z) = Y, @iz’ over Z = (c,p) then it satisfies ¢, = p(c)
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and pn = T3 lail((lel + o) = lel). Let Z, = (cp, pp) and Z, = (cg, pg) be
the power-sum forms for p(2) and ¢(z) and Z,, = (cpn,ppn) and Z,, =

(Cams Pan) Tor T g @izt and 7 b;2%. Using the above results we have

¢ = lim ¢pp = p(c), pp = lim pp, = Z |a,-|((|c| + P)i - |c]’)

n~+00 n—+co 4
=0

and

¢q = lm con =q(c), pg = Hm pgm = |b:l((le| + p)* — |cff).

n~—+00 £
=0

Since fp(0)(Z) = Z,/Z, we obtain the explicit formulas above using the iden-
tity (2.34).

The inclusion property is an immediate consequence of the inclusion iso-
tonicity of the operations (2.23) to (2.31). O

We note that in the sequel A is always defined by (6.1).

The higher order power-sum forms for meromorphic functions are now

defined. Let

be rearranged as

_pe) | s(z)
TO=@* ey (6:2)
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Then

5(2) = p(z) - %ﬁ«)

with s(¢) = 0. Therefore

s(z) = r(2)(z — ¢)
and f(z) may be written as

_ p(e) G
TO= ot i@~

Suppose now that the meromorphic function ¢1(2) = r(2)/q(z) has the

(6.3)

zeroth order power-sum form g,0)(Z) over the disk Z. Using this form we

obtain a disk
o(2) = B3+ 50(2)(Z — 9
where the disk operation are given by (2.23) to (2.31).

This disk is called the first order power-sum form for the meromorphic
function f(z).

Generally the k-th order power-sum form for f(2) is defined by

ﬁm()—gg+%wn@XZ 9 (6.4)

where gp(x-1)(Z) is the (k—1)-th order power-sum form for the function ¢(z).

This is a recursive definition.
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It is possible to develop explicit formulae for higher order power-sum
forms. In the following theorem the explicit formulae for the first and second

order power-sum forms are given.

THEOREM 6.2 Let f(2) = p(z)/q(z) be a meromorphic function. The the

explicit formulas for its first and second order power-sum forms

Fo)(Z2) = (epays Po(1))s  Fo(2)(Z) = (cp2)s Po(2))

satisfy
- po)
%0 = 00 (6.5)
iy = % I+ S5l + = )

[|q<c>| £SOl + o) — lcr')] (6.6)

Cp(z) = z—% (6.7)

ey = 5 1460+ S0+ = 1)

=1

[lq(c)l S0 BI((el + o) lcr‘)} Folr(@fa@]  (68)

i=1
where r(c) = T2y ric* and t(c) = 12, tic' satisfy f(2) = f(c)+r(2)/q(z)(z—
¢) and r(z)/q(z) = r(c)/q(c) + t(2)/q(2)(z — ) respectively and where t;,i =
0,1,...,%,:=0,1,..., are the Taylor coefficients of r(z) and ¢(z).

Furthermore f(Z) C fp)(2).
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Proof. The first order power-sum form of f(z) can be written as

rp(Z)
foy)(Z) = f(c) + M(z —c)

where r,(Z) and ¢,(Z) are the power-sum forms for 7(z) and ¢(z). From

Theorem 6.1, the zeroth order power-sum form for g(2) = r(z)/q(2) is

rp(Z) — (e

qp(Z) - ( 1,P1>
where

= —%r(c)q—(cj
and

L S i i
pro= (@ + 2 Iril((lel + £)* = lel)
i=1
(lg()l + 22 +15:l((lel + p)* = lel) = Ir(e)a(e)]| -
1=
and where the coefficients r; are the Taylor coefficients of r(2) expanded
around zp = ¢. From the definitions of the disk operations it follows that

Fo)(Z) = (epays Pp())>

where

(1) = Zqi(—cj (6.9)
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oy = [+ Sl + )~ 1]

=1

[Iq(c)l £ 3Bl + ) — |c|f>] . (6.10)

=1
Continuing this process we develop the first order power-sum form for
9(2) as

_ tp(Z)
9)(Z) = g(c) + 5;(—2_)(2 ~¢).

We obtain from (6.10) and the definitions of disk operations that

951)(Z) = (c2, p2)

where
¢z =r(c)/q(c)

and

mo= &[N+ St + )~ 1]

i=1

[|q<c>| £SO IB (el + ) — lcr')] .

t=1
where the ¢; are the Taylor coefficients of ¢(z) at c.

The second order power-sum form for f(z) now can be written as

Fo2)(Z) = f(e) + 9p1)(2)(Z — ) = (ep2), Pp(2))
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where
cp(2) = p(c)/q(c) (6.11)

| and

o = 5 1O+ S il + o) = 1)
1)1+ S84+ ) = 1) +le (Vg (612

i=1
The inclusion property is again a direct consequence of the inclusion isotonic-
ity. O
Now we extend the notion of a centered form to meromorphic functions.

Let

re(2) = (p(C),g; [p¥ ()" /%) and ¢(2) = (q(C),g:l M ()1 /1Y)
be the centered forms of p(z) and ¢(z) over Z = (c, p) (see[27]). We define a
disk
fe0)(2) = pe(2)/4:(Z)

where the disk division follows formula (2.34). This disk is called the zeroth

order centered form, or semi-centered form, of the meromorphic function

f(2).
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Similarly, the first order centered form of f(2) can be defined as

Fin(@) =B + aa(2)(2 - )
where g(z) satisfies
#2) = BF +4o) e~ 0.

Generally the k-th order centered form of the meromorphic function f (2) =

p(2)/q(#) is defined by

fewy(2) = E;*—Qc(k—l)(z)(z c)

where g (x—1)(Z) is the (k — 1)-th order centered form of g(=z).
Explicit formulas for k-th order centered form can be derived easily. First
we will give the explicit formula of the semi-centered form.

In the sequel

B =lar - (3 ‘-’(").(c)'p")z

1=1 il
and assuming B > 0.
THEOREM 6.3 Let f,0)(Z) = (ceo); pe()) be the zeroth order centered
form for the meromorphic function f(z) = p(z)/q(2) over the disk Z = (c, p).

Then we have

Ce(0) = %(P(C)m,
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) (e c
pc(o)—— le ()l Zlq()( )l — |p(c)g(e)|

i=1

and (2) € f.0)(2)-

Proof. From([46] the centered forms of p(2) and ¢(2) over Z are

p(2) = <p<c>,§|p<k>(c)|pk/k!>,

4(2) <q<c>,§|q<k><c>|pk/k!>.

Using (2.34) we obtain explicit formulas for ce(0) and peoy. The inclusion

property is an immediate consequernice of the inclusion isotonicity of the op-

erations (2.23) to (2.31). O

The explicit formulas of the first and second order centered forms for the

meromorphic function f(z) are now given.

THEOREM 6.4 Let fox)(Z) = (cc(r)s pe(r)) be the centered form of order

k for the meromorphic function f(z) = p(z)/q(2) over the disk Z = {c, p).

Then we have

Ce(k)

Pe(1)

Pe(2)

fle),k=1,2,..

@) (¢
LIS s |<z T - I Opa)|

(’) c . r(c
C B IS ot a9 - ara] +
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where
@) =5 o
and
") = aH () — RN — o)
Furthermore

F(2) C fuy(2),k=1,2,....

Proof. The first order centered form of f(z) can be written as

ro(Z)
fey(Z) = f(e) + qc(Z)(Z —c)

where the Taylor coefficients of r(z) are

rO(c) = —————[p*(e)g(c) — ¢*I()p(e)], i =1,2,.

ﬂ®@+D
From Theorem 6.3, the zeroth order centered form for g(z) = r(z)/q(2) has
the explicit representation

r2) _ 1 LGS LCTE
) = pren@ S - Ir(@a()).

1=0 ! =1

It follows that

()| @) (¢
fe)(Z2) = f(c), 5 Z lg z( Z | ( )l

1=0 ¢ i=1
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(c), - Z l49(e)] i IpCt () g(c) — q(i+1)(c)P(c)|pi).

o = g(c)(@ + 1)! (6.13)

Continuing this process we develop the first centered form for g(z) as

s(Z
0(2) = 4(0) + 5 R(Z - 9
where the Taylor coefficients of s(z) are

1
g(c)(i+1)

It follows from (6.13) that

s(c) = [V ()a(e) — (D ()i =1,2,....

79 0 & 1O 21 ~ I ep(a)
(D) = (G 2 T )

(6.14)

The second order centered form for f(z) now can be written as

fa@)(Z2) = f(e)+ gc(l)(Z)(z - ¢)

(‘c

e |r<z+1><_c)q(c) _ q<’+1><c) @) ;
2 GOl + D)

p'+r(c)/q(c)lp). (6.15)

The inclusion property is again a direct consequence of the inclusion iso-

tonicity. O
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6.1.2 Inclusion

In Section 3.2 it was shown that the the complex centered forms of higher
order for rational functions are included in the lower order forms.
In this section, we show that the centered forms for meromorphic func-

tions have the same property.

THEOREM 6.5 Let f(z) = p(2)/q(z) be a meromorphic function and let
fe)(Z) and fy2)(Z) be its first and second centered forms over the disk Z =

(¢, p). Then

?(Z) - fc(2)(Z) - fc(l)(Z).

Proof. Let fy1)(Z) = (21, p1) and fo2)(Z) = (22, p2). Since 2z = 2y, it is
sufficient to prove that p; < py.

From Theorem 6.3, we have

D = p1—pe
_ P [q(’)(c | C)| ;
B ;0 AL

B B - (@)
b e - Ir(@)/a(@)

= * 1=1
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Let

Bt = |q(c)|+z|q (c)]

i=1

B = ll- 3

i=1

then B = B*B~. Since B > 0 and Bt > 0, it follows that B~ > 0.

Multiplying D by B~|q(c)|/p we obtain

DB~ la(e)l/p = 2-la( c)@OM" Gl ;T”(c)l _ eE—
(¢ rE+) (Ya(e) — ) () (e
2o 55 55 ) — (09
r@()a(c O()r(A) — D (ale) — a@(e)(e
-5 LI O] 9()a(9) = 4 e)r(@)

This proves the theorem. O

Let fox)(Z) be the k-th order centered form of f(z) over Z. We then

have

COROLLARY 4

Proof. According to the recursive definition of the centered forms, the (k —

1)-th order centered form f,(;—1)(Z) can be written as

(k=2) ¢
e (2) = FOH QT4 AT (70 (27—
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where g(z) is a meromorphic function. Therefore the (k)-th and (k + 1)-th

order forms of f(z) can be written as

(b=2) (¢
F0(2) = FO+ FZ =) b+ Tl (2= P4y (D) -

and

(k=2) (¢
Farin(2) = FO+FOF= -+ TG g 4 (2) 2t

Applying Theorem 6.5 to g(z) we obtain ge2)(Z) C ge)(Z) which along with

the inclusion isotonicity of the operations gives

Fer1)(2) S feiry (2).

The corollary follows. O

The power-sum forms and centered forms both have the property that
they give increasingly better inclusion for the range of the function. Numer-
ical examples show, however, that there are functions f(z) and disks Z such
that both per) < ppx) and pery > pp(r) are possible, where Pe(ry and pp(r) are

radii of for)(Z) and f,)(Z) respectively.
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6.1.3 Quadratic Convergence

It was shown in Section 3.3 that the centered forms for complex rational
functions were quadratically convergent to the range as the size of the domain
tended to zeroth in the sense of diameter inclusion.

In this section we will show centered forms of all orders are quadratically
convergent in the norm of DI-pseudo-distance. This distance was defined in

Section 3.3(see[46]).

THEOREM 6.6 Let f.1)(Z) be the first order centered form of the mero-

morphic function f(z) = p(2)/q(2) over Z = (¢, p). If W € K is the smallest

circle containing f(Z) then

(W, fu1)(2)) = O(p?).

Proof. Let u,v € Z be chosen such that

[f(u) = F(v)l = max |f(z1) = f(z)]

and

Y = (50 + £, 515) - SO,
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Then clearly
Y < W, F(Z) S W and F(Z) C f.0)(2).

We now write f(z) as

1) = 1) + "z g

q(z)
where
® (@) (e :
") =3 e - o
and
o0 = PE(a(e) — ¢ (p(e) . _
r()(c)_ OG+1) , t=0,1,....
Let 21,22 € Z be any two points. We have
F) = Fe)] = |;‘Ej}) )- 2 g( -9
_ 7‘(0) (C) _ t(zl) R t(zz) o2
r(c) t 7 A% — t o), RY:

where t(2) satisfies

ONECI G
O R R G

Let 21, 2, to be chosen such that |z; — 23] = 2p . Then we have

|F(u) = F(@)] = |f(=z1) — f(22)]

") ) g Hem)
He@"” a1 ey
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The radius py) of fe1)(Z) may be expanded as

_ IQ")(C)I 2, [P0 (e)g(e) — ¢l + 1)(e)p(<)] ; 2 l¢®( C)I ;
Pe(ry = ; pa q(C)(Z—I—l) )/(l C)l IZ; il |

- Iq(")(C)I i & [P (e)g(c) — ¢ (e ()l ;e

S BX @ P4 @G P jept tOw)

_ . |P'(c)g(c) — ¢'(e)p(c)]

= (a(@)]+ 0 [HLIHDZLERN , o] L1+ o)

_ [Ip (C)Q(C)qucc)zl(C)p(C)! + 0 p)} o+ 0().

The DI-pseudo-distance between ¥ and f.1)(Z) can now be estimated as

@(Y, fc(l)(Z)) < []p,(C)Q(c) — q'(c)p(c)[ + O(p)] p

la(e)l
+ 00 — oz - 12 (2 + |22y
= 120 2 4 o),

Since t(z)/q(z) — t(c)/q(c) when p — 0 for any z € Z. We have
(Y, foy(2)) = O(p*).

It follows from @(VV,fc(l)(Z)) < @(Y,fc(l)(Z)) that @(I/V,fc(l)(Z)) =

O(p*). O
COROLLARY 5 ®(W, fou)(Z)) = O(p?) for all k > 1.

Proof. From Corollary 4 f.x)(Z) € fery(Z). The corollary follows. O
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In Section 3.3 (see also[41]) it was shown that the zeroth order centered
form is also quadratically convergent for complex rational functions given
certain conditions. Here we show that it is true for meromorphic functions

under the same conditions.

THEOREM 6.7 Let fo0)(Z) be the zeroth order centered form of the mero-

morphic function f(z) = p(2)/q(z) over Z = (c,p). If W € K is the smallest

circle containing f(Z) then
(W, fo0)(2)) = O(p?).
whenever arg((¢)a(c)) = ~ arg(¢/(c)p(c)).

Proof. Let W = (ew, pw). From the fact rad(Y) < rad(W) (see [41]),

where Y is defined in Theorem 6.6, and a result of Theorem 6.6, we have

(), o] (o)
- D()m+apﬂ_|ow+0@>

From Theorem 6.3, we have

o = QIO+ [(p(o)
“©) l4(9)]?

p+0(p%).
It then follows from arg(p'(c)q(c)) = — arg(¢'(c)p(c)) that

(W, fo0)(2)) = peo) —
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< @I +17(p()] | P(<)a(e) — ¢ (c)p(e)]
" la(e)l? la(e)l?

lp'(c)a(c)| + |Q'(C)P(C|;|(;;|lzp'(c)q(c) — ¢(S)p(c)] ot O()

p+0(p?)

IA

= 0(p").
This proves the Theorem. O

Using a similar method and the explicit formulas (6.1), (6.6) and (6.8)
for the power-sum forms we obtain the following two theorems. The proofs

are omitted.

THEOREM 6.8 Let f,1)Z be the first order power-sum form for the mero-

morphic function f(z) = p(2)/q(z) over Z = (c,p). If W € K is the smallest

circle containing f(Z) then

(W, fo1)(2)) = O(p).

THEOREM 6.9 Let f,0)(Z) be the zeroth order power-sum form for the

meromorphic function f(z) = p(2)/q(z) over Z = (c,p). If W € K is the

smallest circle containing f(Z) then
(W, fo0)(Z) = O(p*)

whenever arg(p'(c)q(c)) = —arg(q'(c)p(c))-
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6.1.4 Inclusion Isotonicity

In Section 3.4 (see also[6]) it was shown that the centered form for arbitrary
analytic furctions is inclusion isotone, that is, if Z;, Z, € K and A(2) is an

analytic function then

721 C Zy = her)(Z1) C ho)(Z2)

where the centered forms for analytic functions is defined in a natural manner.

Clearly the property of inclusion isotonicity is of importance in the ap-
plications. In fact, if the domain is restricted then it is desirable that the
estimate of the range should improve. This property is not always guaranteed
as shown for example in Moore[24].

In this note the inclusion isotonicity is verified for all orders of centered
forms for rational and meromorphic circular functions.

Obviously the meromorphic case implies the rational case. Therefore we
only need to show that it is true for meromorphic functions. In fact we
will prove the following theorem which also covers the power-sum forms for
meromorphic functions (see[7] for definitions of power sum forms. We use

the same notation f,)(Z) as in[7] for the k-th power sum form).

THEOREM 6.10 Let Zy,2Z; € K be any two disks and f(z) = p(2)/q(z)
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be a meromorphic function. If Zy C Z, , then

(¢) Fo)(Z1) C for)(Z2), £=0,1,...

()  fur)(Z1) € fery(Z2), k=0,1,.

Proof. By induction in both cases.

(i) From the inclusion isotonicity of disk operations and (2.33), it follows

that if Z;y C Z, then

o0

Z a,-Zf (_Z Z a,-Z;,
$=0 =0
YobZi C S biZi.

=0 =0

From the isotonicity of disk division, we have

z—O alzz 21—0 a"l

_____ C = .
fp(O)(Zl) Z;)EO b Zz fp(O)(Z2) 21_0 b Z2

Assume that Z; C Z, implies fyx-1)(Z1) C fp(r-1)(Z2) for any meromor-
phic function f(z). Thus gy-1)(Z1) S Gp(k-1)(Z2), Where gnx—1)(2) is the

(k — 1) th power sum form of the g(z) that satisfies

f(2) = f(e) + g(2) (2 — o).



158

It follows that

for)(Z1) = .f(0)+gp(k—1)(Z1)(Z1 —¢) S for)(Z2) = F(e)+9p(e-1)(Z2)(Z2 ).

This proves (i).
(i1) Let p.(Z) and ¢.(Z) be the centered forms(6] of the analytic functions

p(z) and ¢(2) over Z respectively. From the main theorem in[6], we have
7y C Zy => p.(Z1) C pe(Z3), 9:(Z1) C ‘ZC(ZZ)'

Thus it follows from (2.28) that

pC(Zl) C fc(O)(Z2) — pc(Z2)

qc(Zl) - qc(Z2)

fe0)(Z1) =

Assume that Z; C Z, implies for-1)(Z1) C fe(k—1)(Z2) for any meromor-

phic function f(z). We have

fer)(Z) = f(¢) + 9e(e-1)(Z2)(Z — ¢)

where g (t-1)(Z) satisfies Jek-1)(Z1) C ge(k—1)(Z2) from the induction hy-
pothesis.

It follows that

few)(Z1) = () +9e(r-1)(Z1)(Z1 =€) C Fo(i)(Z2) = F(€) + Gee1)(Z2)(Z2 — €.

This proves (ii) and the theorem. O
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6.2 Algorithmic Approaches

6.2.1 Circular Approximation

In this section, the circular approximation to the circular centered forms for
analytic functions is defined and the error estimation for the approximation
is presented. This definition then is extended to the meromorphic functions.
Based on this approximation, all the algorithms discussed in Chapter 4 can
be used to compute the approximations to circular centered forms for a mero-
morphic function. It v;zill be shown that this approximation to the centered
form is always better than the centered form obtained from the polynomial
approximation to the analytic functions up to same degree as the approxi-
mation to the analytic centered form.

Centered forms can be generalized to multi-variate meromorphic functions
as to multi-variate rational functions. The corresponding properties hold for
multi-variate meromorphic forms. With the above approximation, all the
algorithms for multi-variate rational forms discussed in Chapter 4 can be
used to evaluate approximately multi-variate meromorphic forms. However,

this is not a part of this thesis.



160

DEFINITION 6.1 Let f(z) be an analytic function and Z = (c,p) a cir-
cular disk. Then disk
Fu(2) = (£(2), 217 B el /1)
k=1
is called the approzimation of degree n to the centered form evaluation f.(Z)

with error

B(fe(2), fu(2)) = D 1F® ()| " /.

k>n
Let p(z;n) be the Taylor expansion at z = ¢ of f(z) of degree n and
pe(Z,n) the value of centered form p.(z,n) over disk Z = (¢, p). Then the

following theorem holds.

THEOREM 6.11 For any analytic function f(z) and circular disk 7 =

(C,p) € K, let fc(Z) = (Cl,PI),fn(Z) = <Cz,p2) and pc(Z,’I’I/) = (C3,p3>.

Then
G =0C= f(c)’ €3 = p(c, n): (616)
pr=pa = 3 1FO(Nt /I, (6.17)
k=1

0(fe(2), fu(2)) < @(f(Z), pc(Z,n)). (6.18)
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Proof. Formulae (6.16) and (6.17) are obvious. From these two formulae,
it follows f.(Z) < f.(Z). However, relations p.(Z,n) < f.(Z) or f.(Z) <

P.(Z,n) may not true. Therefore we have

O(f(2), f2(2)) = 3 1fP(c)|p*/ k!

e
and
&(fe(2),pe(2,n)) = g 1F® () |k /R + A
where
A= 0 if po(2,1) < fe(2) ot fo(Z) < pe(Z,n)

|f(¢) — p(c,n)] otherwise .
It follows that @(fe(Z), f2(2)) < ®(f(Z),p.(Z,n)), which proves the theo-
rem. O

Based on the above definition, the approximations to meromorphic forms

are recursively defined as follows.

DEFINITION 6.2 Let f(z) = p(2)/q(z) be a meromorphic function, where
p(2) and q(2) are analytic functions. Let p,(2) and ¢n(z) be the approzima-
tions of degree n and m to p(z) and ¢(z) respectively. Then the approzima-

tion of degree (n,m) to the zeroth order centered form evaluation for f(z) is
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defined as

FEN(2) = pa(2) /g (2),

and recursively the approzimation of degree (n,m) to the k-th order centered

form evaluation is defined as

157 = B+ o522 -

(nym)

where g, "1\(Z)(Z — ¢) is the approzimation to the (k — 1)-th order centered

form evaluation of g(z) and g(z) satisfies
p( )

Similarly, we can define approximations to the power-sum meromorphic
form evaluations. Here, however, we will not present the definition.

Based on two definitions above, all the algorithms discussed in Chapter
4 can be used to compute the approximations up to arbitrary degree, i.e., to
compute the centered form evaluations for analytic and meromorphic func-
tions up to certain error bound. From theorem 6.11, these approximation are
better than those centered form evaluations obtained from Taylor expansions

to the functions with same degree.
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6.2.2 Numerical Realizations

In[41] examples are given for the numerical realization of rational circular
centered forms and in[29] examples are given for the inclusion of standard
functions using Taylor series, that is, an application of the circular centered
form for functions that are analytic. Here we similarly give examples showing
how the the meromorphic forms may be used in the applications.

Let therefore f(z) = sin(z)/e* with Z = (¢, p). As usual we wish to find

including approximations to f(Z). The Taylor series for sin(z) and e* are

. 1 2i+1
Sln(Z) 2(2( +)1)1 *

and

©.

o0
ez=zz—

$2) = 3 o 73 5 27(2)

The centered forms for sin(z) and e* over Z are

2z+1

sinc(Z) = (sin(c),|sin(c) IZ (2 ), + |COS(C)IZ 1)!

=1 2—1

= (sin(e), |sin(c)|(e” + €7*)/2 + | cos(c)|(e” — e7*)/2)



164

and

e(Z) = {5, 5520 5) = e, el e - 1),

=1

Thus we obtain from Theorem 6.3
B = |e°|(|e°] — (e” — 1)%)

co(0) = (sin(c)ec)/ B

and

CleP

ooy = 1 ([ sin(e) + | cos(e))(e? — &%) — 2l cos(9)).

From Theorem 6.4 we obtain

co(1) = sin(c)/e°

and

bty = 5 (1 sin() (™) +] os(e) (e ~2)) (| con(c) -~ sin(e) (e ~e7).

In the general case we do not expect to be able to obtain closed expressions

as above. Instead we would have to use further estimations and coarsenings.

6.3 Summary

This chapter generalizes the power-sum forms and centered forms with all

degrees to meromorphic functions. The explicit formulas for the zero, first
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and second degree forms are obtained. Similarly to the rational forms, the
properties of inclusion, quadratic convergence and inclusion isotonicity for
meromorphic forms are proven.

For computational purpose, the disk approximations to a meromorphic
form are defined. It is proven that these approximations are always sharper
than the forms obtained from approximate polynomials to the meromorphic
function with same degree; i.e., these approximations are closer to the original
meromorphic form than the polynomial forms in the DI-pseudo-distance.

The disk approximations can be computed using the algorithms discussed
in Chapter 4 and the errors are remainders of real serieses which can be
estimated easily using usual series estimations. Some numerical examples

are presented for illustration of meromorphic forms.



Chapter 7

Conclusion

7.1 Theory of Centered Forms

With the series of theorems in this thesis we have established three impor-
tant properties for the centered forms of meromorphic functions: inclusion,
quadratic convergence and inclusion isotonicity. These properties are of im-
portance in the applications.

It is known that all the rational, analytic and polynomial functions are
special cases of the meromorphic functions. Also when a meromorphic func-
tion reduces to one of above three kinds of functions, the centered forms

reduce to the centered forms of corresponding function (k-th order form re-

166
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duces to k-th order form for rational function; but for analytic and polyno-
mial functions all different order forms reduce to the unique centered form
for corresponding functions). All other concepts and relations remain valid
after reductions.

Since we have established those three important properties for the cen-
tered forms of meromorphic functions: inclusion, quadratic convergence and
inclusion isotonicity, simultaneously we have implicitly establish these three
properties for centered forms for the three classes of functions; tl;ough these
properties were obtained for each class of functions by different methods orig-
inally. Thus we have an unified theory for the centered forms of all classes

of functions.

7.2 Significant Achievements of the Thesis

This thesis provides a systematic theory dealing with centered forms for
polynomial, rational, analytic and meromorphic functions. Using this theory,
the three basic properties of inclusion, convergence and inclusion isotonicity
are proven systematically for all the above functions.

Furthermore, a type of special Taylor expansion forms for multi-variate
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polynomials and rational functions has been designed. These expansions can
be evaluated efficiently using a low complexity algorithm, since there are a
lot of zero entries and scalar variables in the remainder. The number of
zero entries and the number of interval variables replaced by scalar variables
are both estimated. As an application, these forms are implemented for
factorable functions showing the forms can be evaluated very efficiently.

The centered forms have also been generalized to multi-variate functions
and the low complexity algorithms for evaluating these forms have been pre-
sented.

It has been shown that for a polynomial there are a great number of
different centered forms evaluated over different arrangements of variables.
An asymptotic formula for estimation of this number is given showing that
this number is surprisingly large. An algorithm is presented to generate all
the variable arrangements which produce different forms for a polynomial.

A type of low complexity Taylor forms for multi-variate functions has
been obtained. Evaluation of this form needs no computation of the deriva-
tives and only requires the repetitive division of the polynomials and the
rational functions by scalar linear factors. The low complexity algorithm for

evaluating this form is given with comparison of the direct derivative method.
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A detailed time complexity is given for the algorithm.

7.3 Suggestions for the Further Research

The centered forms of a function over circular disks have been discussed and
researched systematically in the thesig. A number of low complexity algo-
rithms for evaluating these forms are presented. Nevertheless, the centered
form theory is far from complete. A lot of problems need to be solved and a
lot of new questions are arising. The following are two of them, which would
constitute interesting topics of my further research in this area.

(A) For a multi-variate function, there are a great number of different
centered forms evaluated with different variable arrangements. Is there an
optimal centered form for each function which gives the' sharpest estimate
for range of the function over a disk? If so, is there an efficient algoritilm
which generates the variable arrangement producing the sharpest form for a
polynomial?

(B) The interval and circular arithmetic used for evaluating forms is just
one, maybe the most popular one, of different arithmetic systems. Using the

existing forms and algorithms, is there an interval and circular arithmetic
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which gives the best inclusion disk for the range of a function?

There is a number of other unsolved problems in this area which are of
much importance both theoretically and practically. We will not list them
here, which can been found in various references listed in the Bibliography

below.
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