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ABSTRACT 

The centered form is an efficient and effective tool for evaluating the range 

of a function with error estimation. This thesis is concerned with centred 

forms for different kinds of functions and algorithmic approaches to these 

centered forms. 

The thesis provides a. systematic theory dealing with complex centered 

forms for polynomial, rational, analytic and meromorphic functions. Using 

this theory, the three basic properties of inclusion, convergence and ihclusion 

isotonicity are proven systematically for all the above functions. It general-

izes centered forms to multi-variate functions and presents low complexity 

algorithms for evaluating these forms. The thesis shows for the first time 

that for a polynomial there are a great number of different centered forms 

evaluated over different arrangements of variables. An asymptotic formula 

for estimation of this number is given. An algorithm is furthermore presented, 

to generate all the variable arrangements which produce different forms for 

a polynomial. The thesis also defines a new type of low complexity Tay-

lor forms for multi-variate functions. Evaluation of these forms needs no 

computation of the derivatives and only requires the repetitive division of 

the polynomials and the rational functions by scalar linear factors. A low 



complexity algorithm for evaluating these forms is given. Finally the thesis 

defines a type of special Taylor expansions for multi-variate polynomials and 

rational functions and a low complexity algorithm for evaluating these forms. 

The number of zero entries and the number of interval variables replaced by 

scalar variables in these forms are both estimated. 
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Chapter 1 

Introduction 

1.1 Background and Motivation 

In science and mathematics (analysis) one usually works with continua, that 

is, physical quantities and variables that can take on an infinite number of 

values hence requiring infinite precision for their representation. Representa-

tion and numerical calculation on a digital computer can, however, only take 

place in finite spaces. A transition therefore has to be made from the infinite 

spaces to the finite spaces via approximations. This transition is most ele-

gantly done by introducing intervals having finitely representable upper and 

lower limits, but containing real quantities not representable in this manner. 

1 
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This leads in a natural manner to an interval arithmetic and a corresponding 

interval analysis. 

Interval analysis is therefore recognized as a very useful tool for develop-

ing algorithms in numerical analysis. These algorithms have the important 

property that they are able to account for all data, truncation and compu-

tational errors. 

The groundwork for interval analysis was laid by the publication of the 

book "Interval Analysis" by Moore[23]. Many of the basic ideas of interval 

analysis were here made available to a large audience. A number of books[2, 

25, 34, 35] then appeared discussing aspects of interval analysis that were 

developed since the publication of [23]. Interval analysis has the advantage 

that it generates both an approximation to the exact solutions to a given 

problem and the magnitude of the error for the approximation. For example, 

when evaluating a polynomial at a point using double precision or significant 

digit arithmetic, we only obtain an approximate value. It is unknown how far 

this approximation is from the value obtained using infinite precision. Using 

interval arithmetic, we evaluate the polynomial over an interval containing 

this point. The result interval contains the polynomial value at that point. 

If we choose the center of the interval to be an approximation to the true 
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value, then the error is bounded by the radius of the interval. 

Interval arithmetic can easily be built into the software for a computer. 

For a given elementary operation, a low-order bit is added to the right-end 

point and a low-order bit is subtracted from the left-end point to compute an 

interval as small as possible containing the real interval result. This process 

is called rounded interval arithmetic. If the exact value of initial data can 

be contained in intervals, we will obtain a final interval containing the exact 

result using this arithmetic for practical computation with round-off error. 

Taking the center point as an approximate value, the radius of this computed 

interval will give an error bound. The details of both exact and rounded 

interval analysis are well covered in for example [2]. 

One of the most interesting ideas presented in[23] was that of the centered 

form, a tool for the computation of the range, or an inclusion for the range, of 

a function over an interval. This form was introduced by Moore in[23]. When 

he computed the range of specific functions, Moore noticed that he obtained 

better results on the average if he developed the functions around the center 

of the domain of the function. Moore's original definition for centered forms 

was not precise. Hansen (1969) therefore defined a centered form as the 

natural extension of the Taylor expansion of the polynomial developed at 
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a point. Explicit forms were given by Hansen{12J for polynomials and by 

Ratschek[33] for rational functions. Krawczyk's[19] (1983) recursively defined 

centered forms are also of importance due to their low complexity. 

Alefeld-Herzberger[2] (1974) defined centered forms for real functions. 

A very convenient and useful version may be found in Krawczyk-Nickle[21] 

(1982). Centered forms for interval valued polynomials are defined in Rokne[37] 

(1981). Centered forms for functions in k variables were described by Ratschek-

Schröder[36]. 

The so-called quadratic convergence is a measure of how quickly good 

inclusions for the range of functions can be computed. It was conjectured 

that centered forms are quadratically convergent with respect to the width 

of the domain interval. This was verified by Hansen[12]. Because of the 

property of quadratic convergence, centered forms are widely used for the 

inclusion estimate of the range of functions, which guarantees an efficient 

improvement of the inclusion by subdivision methods. 

A natural generalization of real intervals to the complex plane is provided 

by circular intervals. Based on this generalization, a circular interval anal-

ysis was developed by Gargantini-Henrici[1O]. It has been proven to be a 

powerful tool for estimating the range of complex functions as well as roots 



5 

of complex functions[2, 11, 45, 46]. Centered forms are also defined in this 

case[11, 46] and they formed the inspiration to this thesis when a conjecture 

by L. D. Petkovic[29] (1985) concerning the inclusion isotonicity of the cir-

cular centered forms was solved as part of this thesis. It was conjectured 

that the complex centered forms have properties of inclusion, quadratic con-

vergence and inclusion isotonicity. Inclusion and quadratic convergence were 

partially verified by Rokne and Wu[46]. Inclusion isotonicity was verified for 

polynomials by Bao and Rokne[3]. 

This research was then carried further and the following questions were 

considered based on the fact that different evaluations on different represen-

tations (arrangements) of a function over a circular disk will result in different 

inclusions: 

(1) How many distinct forms will be generated using an evaluation on 

different arrangement of a function? 

(2) Are there forms among them which give sharper estimates for the 

range of the function over others? 

(3) Do these forms have the desirable properties of inclusion, convergence 

and inclusion isotonicity? 

(4) Are there low complexity algorithms to compute these forms? 
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(5) Is there a theory which unifies the centered forms and their proper-

ties for polynomials, rational functions, analytic functions and meromorphic 

functions? 

These problems are very important for centered forms both theoretically 

and practically. They have remained unsolved in varying degrees although 

many mathematician and computer scientists have worked on these problems 

for a couple of decades. 

The present thesis provides answers to some of the questions by giving 

detailed theoretical analysis and practical algorithm design for a large class 

of centered forms and in doing so, it also presents new insights and new 

interesting problems. 

1.2 Scope and Structure of the Thesis 

This thesis provides the theoretical basis for centered forms for polynomials, 

rational functions, analytic functions and meromorphic functions. With this 

theoretical basis, we present a number of algorithms for evaluating different 

forms for different functions. In order not to dilute the main theme of the 

thesis, we stress the art of designing these algorithms and only discuss time 
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complexity and the practical implementations of the algorithms briefly. The 

thesis also gives an asymptotic formula estimating the number of the centered 

forms obtained from different arrangements of the variables for multi-variate 

functions. Centered form algorithms for complex functions over complex 

circular disks are discussed in depth. The corresponding algorithms for real 

centered forms over real intervals can be considered as special cases of the 

complex form algorithms using real interval arithmetic instead of the complex 

circular arithmetic and the algorithms for circular forms remain valid for 

the real forms when the real interval arithmetic is substituted for circular 

arithmetic. The real form algorithms will therefore not be discussed explicitly 

but the corresponding results are included implicitly. For simplicity, however, 

some numerical realizations will be given for real forms, which are enough to 

illustrate our methods and algorithms for both real and complex forms. 

The structure of the thesis is as follows. The introductory chapter gives 

the historical background of interval circular analysis and centered forms. 

The chapter introduces the main development of the centered forms dur-

ing past two decades and discusses briefly the properties of inclusion and 

convergence of centered forms for the range of functions. 

The following chapter gives the basic definitions of interval and circular 
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analysis, and lists those properties of interval and circular arithmetic which 

are required in the sequel. All definitions and proofs of propositions in this 

chapter can be found in[2]. Therefore we only state them for convenience. 

The next chapter is dedicated to the establishment of the centered form 

theory for polynomials and rational functions, the properties of the inclusion, 

the convergence and the inclusion isotonicity of the centered forms, and the 

design and description of the algorithms for calculating the centered forms. In 

this chapter a number of centered forms with different properties are defined 

and three important properties of the centered forms: inclusion, quadratic 

convergence and inclusion isotonicity are proven for all forms. 

Based on the results in Chapter 3, a number of algorithms with low com-

plexity are designed in detail and their time complexity and implementations 

are discussed briefly in Chapter 4. A class of low complexity algorithms for 

multi-variate Taylor and centered forms are given in detail with their time 

complexity analysis and numerical realizations. A formula is also derived 

that estimates the number of distinct centered forms for multivariate func-

tions. This number is surprisingly large for polynomials with the usual sizes 

of degrees. Some numerical realizations are given to illustrate the algorithms 

discussed in the chapter. 
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Chapter 5 introduces a special Taylor form with a special remainder term 

which gives a very sharp estimate for the range of functions and which can 

be generated using a low complexity algorithm. The number of zeros in the 

remainder term and the number of the scalar variables in the gradient and 

the remainder term of the special Taylor expansion are estimated and asymp-

totic formulas for both numbers are given. The algorithm to calculate the 

special Taylor expansion is given in detail. An application of the algorithm 

to factorable functions is discussed and a numerical example is presented. 

Chapter 6 extends the major results in Chapter 3 to meromorphic func-

tions. It prbves the three properties of the centered forms for meromorphic 

functions. Algorithmic approaches with error estimates for meromorphic 

functions are discussed. Some numerical results are also given for illustra-

tion. 

Chapter 7 contains some concluding remarks on the results found in Chap-

ters 3 to 6. It is noted that the results developed in the earlier chapters form 

the basis for a unified theory of centered forms where the three important 

properties: inclusion, quadratic convergence and inclusion isotonicity play 

important roles. The chapter is concluded with a summary of the signifi-

cant results, and suggestions for the future development, improvement and 
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application of circular analysis and centered forms as well as the designing 

of algorithms for calculating centered forms. It also raises a question: how 

to determine an optimal form for a function which gives the best estimation 

for the range of the function and how to design an algorithm for calculating 

the form. 



Chapter 2 

Interval Analysis and Circular 

Arithmetic 

2.1 Real Interval Arithmetic 

In this section, we will define real intervals and their arithmetic. Also we will 

give some basic properties of real interval arithmetic. The proofs, of all the 

propositions can be found in[2], Chapter 1. Complex circular arithmetic will 

be defined in Section 2.2. 

In the sequel, the field of real numbers is denoted by R and real numbers 

are denoted by lowercase letters a, b, c... . , x, y, -'-

11 
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DEFINITION 2.1 A subset of R of the form 

I = [a, b] = {tla ≤ t ≤ b} 

where a ≤ b, a, b E R, is called a closed real interval. The set of all closed 

intervals is called the interval set, denoted by I(), or more simply by I. 

The members of the interval set I are denoted by uppercase letters I, A, B, C,..., 

X, Y, Z. Real numbers a E R may be considered special members [a, a] of I 

and they will be called point intervals. 

DEFINITION 2.2 Two intervals I = [ai, b1] and 12 = [a2, b2] are called 

equal, if they are equal in the set theoretical sense. 

From this definition, it follows that 

11=12 Hf a1 = a2,b1 = b2. 

Now we define the arithmetic operations on elements in I. 

DEFINITION 2.3 Let * E {+, -, •, /} be a binary operation on the set of 

real numbers R. If 11,12 El, then a binary operation on I is defined by 

Ii*I2={x=a*blaE I1,bEI2}. 
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It is assumed that 0 0 12 in the case * = / and this assumption will be 

kept implicitly in the sequel. 

The operations on intervals I [ai, b1] and '2 = [a2, b2] may be calcu-

lated explicitly as follows 

11+12 = [ai + a2,bi + b2], 

I - 12 = [ai b2, b1 - a2], 

I '2 = [min{a1a2, a1b2, b1a2, b1 b2} , max{a1a2, a1b2, b1a2, b1b2}], 

11/12 = [a1, b1]. [1/b2, 1/a2]. 

Since the function f(x, y) = x * y, * E {+, —, •, /} is a continuous function 

(for case /, y 0) on a compact set, it follows that I * 12 is a closed real 

interval (if 0 0 12 for case /). Hence the set I is closed under the allowed 

operations. 

In addition to these operations there are further common operations on 

intervals. 

DEFINITION 2.4 If .s(x) is a continuous unary operation on R, then 

s(X) = min s (x), max s (x) 
IxEX  oEX 

defines a unary operation on I. 
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We now give some basic and important properties for interval operations. 

PROPOSITION 2.1 Let 11,12,13 E I. Then it follows that 

Il + 12 = '2 + 11,11 . 12 = 12 I (commutativity), 

(Ii + 12) + 13 = IT, + (12 + 13) (associativity), 

(I 12) 13 = .11. ('2 13) (associativity). 

(2.1) 

(2.2) 

(2.3) 

The interval X = [0, 0] and Y = [1, 1] are the unique neutral elements with 

respect to addition and multiplication, I has no zero divisors. 

I = I + X = X+Ifor all IE I iffX = [0,0] (2.4) 

I—IY=Y.I for all IEIiffX=[1,1] (2.5) 

(2.6) 

11 (12 + 13) 1112 + 1113 (subdistributivity) 

a(Il+I2) ='all +a12 a  

11(12+13) = 1112+1113 ifbc ≥ 0 for all b  I2,c E 13. 

Proof. The proof can be found in[2] Theorem 1.4. 0 

A fundamental property of interval operations is inclusion isotonicity. 

PROPOSITION 2.2 Let 1j, Ji E I,i = 1,2 and assuming that 

ii 9 Ji, i = 1, 2. 

(2.7) 



15 

Then for * E {+, —, •, /} it follows that 

Ij * 12 C J1 * J2. 

Proof. The proof is in[2], Chapter 1. 0 

Defining the distance between a pair of intervals, we can view I as a 

metric space. The distance is defined as follows. 

DEFINITION 2.5 Let 11 = [a1, b1] and 12 = [a2, b2]. Then the distance 

between 11 and 12 is defined by 

q(11, 12) = max{Iai - a21, lbi - b21}. 

It is easy to see that the map q introduces a metric in I since it satisfies 

the following properties. 

q(11, 12) ≥ 0, 

q(I1,I2)=Oiffl1=I2, 

q(11, 12) q(I1,I2) + q(I2,I3). 

For degenerate intervals I [ai, ai] and 12 = [a2, a2], the metric q reduces 

to the ordinary Euclidean distance between two reals 

q(11, 12) = Iai—a21. 
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Now since I is a metric space, the concepts of convergence and continuity 

therefore may be introduced as for a metric space. 

DEFINITION 2.6 Let 1i = [ai, b1], i = 1,2..... Then we say that sequence 

Ii converges to I = [a, b], ifflim_+ q(1, I) = 0. 

From the definition, it is easy to show that the following proposition is 

valid. 

PROPOSITION 2.3 Let {I} satisfy 

IO D 11 DI2 

Then the sequence {I} converges to the interval I = 

Proof. The proof can be found in[2], Chapter 1. D 

Now we define the absolute value of an interval. 

DEFINITION 2.7 The absolute value of an interval I = [a, b] is defined 

as 

Ill = q(I, [0,0]) = max{IaI, IbI}. 

Clearly, we haveII  = maxa€I I al and 11 C 12 Iii ≤ 1121. 

We have the following properties related to the metric in I. 
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PROPOSITION 2.4 Let 11 = [ai,bi],I2 = [a2,b2},I3 = [a3, b31,14 = [a4, b4] E 

I. Then 

q(I + 12, Ii + 13) = q(I2, 13), (2.8) 

q(I1+I2,I3+I4) ≤ q(Ii,I3)+q(I2,I4), (2.9) 

q(a11,a12) = IaJq(Ii,I2),a E R, (2.10) 

q(lj.I2,I1I3) ≤ III Jq(I,I3). (2.11) 

Proof. The proof can be found in[2], Theorem 2.7. 0 

Finally we define the width of an interval. 

DEFINITION 2.8 The width of an interval I = [a, b] is defined as 

d(I)= b — a. 

We give the following propositions for further use, whose proofs can be 

found in[2], Chapter 2. 

PROPOSITION 2.5 Let I, '2 E I be real intervals. Then 

d(11I2) ≤ d(I1)II2I + IIiId(I2), 

d(I1I2) ≥ max{IIiId(I2), II2Id(Ii)}, 

d(all) = ajd(Ii), 

(2.12) 

(2.13) 

(2.14) 
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d(I) ≤ n III 11d(Ij),n = 1,2,..., (2.15) 

d((X - )) ≤ 2(d(X))' for x E X, n = 1,2,..., (2.16) 

IIiI ≤ d(I1) ≤ 21111, if 0 E Ii. (2.17) 

PROPOSITION 2.6 Let 11,12 E I be real intervals and I a symmetric 

interval; i.e., I = —Ii. Then it follows that 

1112 = 112111, (2.18) 

d(I1I2) = II2Id(Ii). (2.19) 

PROPOSITION 2.7 Let 11,12 E I be real intervals. Then 

d(I1) = I -  11  (2.20) 

11 c 12 =- (d(I2) - d(11)) /2 < q(Ii,I) ≤ d(I2) - d(I1). (2.21) 

2.2 Complex Interval Arithmetic 

Circular intervals and circular arithmetic form the natural extension of real 

intervals to the complex plane. They were first introduced by Gargnatini 

and Henrici[10] They applied it to develop a method for the simultaneous 

inclusion of polynomial zeroes. Subsequently it has been used by a number of 
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authors (see[2, 27, 40]) for a variety of numerical uses such as the computation 

of eigenvalues[40] and complex numerical integration [27]. Implementation 

details were discussed in[2] and variations of the arithmetic in[17]. 

This section will define the circular complex arithmetic operations, in-

cluding infinite operations, and give all the properties required in the sequel. 

DEFINITION 2.9 Let C be the set of complex numbers and let c E C, and 

p> 0. The set 

Z = {zz — ci ≤ p,z E C} 

is called a circular interval or disk. A circular disk may also be written as 

Z=(c,p) 

and the set of all circular disks will be denoted by K(C), or simpler by K. 

The arithmetic operations over K, introduced by Gargantini and Henrici[10], 

are defined as follows. 

DEFINITION 2.10 Let Zj = (ci, p) E K, i = 1,. . . , n and a E C. Then 

it follows that 

a+Z = (a+c,p), (2.22) 
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aZ = (ae,IaIp), (2.23) 

>zj = (> cj,pj), (2.24) 
i=1 i=1 i=1 

Z1Z2 = (dC2, k11P2 + Ic2Ipi + p1p2), (2.25) 

Zi _  1  
2(c1 , Ic1Ip2 + k2Ip1+ PI P2), if P2< Ic2I. (2.26) 

- c2 2 — p2 

From the definitions it is easily shown that (see[10]) 

{ci*c2lci E Z1,c2eZ2}cZ1*Z2, *E{+,.,/}. (2.27) 

• Furthermore if Zi E K, i = 1,. . . , 4 and Z1 9 Z2, Z3 9 Z4 then for 

* € {+, *)/I we have 

Z1*Z3cZ2*Z4. (2.28) 

The commutative and associative laws hold for the operations + and ., but 

not the distributive law. Only the subdistributivity 

Z1(Z2 + z3) c z1z2 + z1z3 

is valid in general, as was the case for real interval arithmetic (eg. Section 

2.1.1). 

Let Z1 = (ao, > i IaI) and Z2 = (b0, lb l). If I bo2 - bi 1)2 > 0, 

we then have the following identity 

Z1  IaIo IbI - IaoboI>  
Z2 - 1b012 - IbI)2 (2.29) 
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These operations are now generalized to the infinite case. Let Zi = (ci, p) E 

K and let pi > 0, i 1.....If the limits c00 lim. ci and P00 = limj, p 

exist, we define 

(coo) Poo) = im(c,p). 
2-+00 

(2.30) 

If the series ci and pi converge then it follows from (2.30) that 

00 00 00 

= 

i=1 1=1 i=1 

For the infinite case, the subdistributivity 

holds and furthermore 

00 00 

(2.31) 

Z>ZZZ (2.32) 
1=1 i=1 

Z00cY00,ifZcY for i≥N (2.33) 

where N is some positive number. 

Let also Z1 = (ao,E1IaI) and Z2 = (bo,.1IbI). If IboI2—(> 1IbI)2 

0, we then have the identity 

- (aobo, IaI IbI - IaoboI)  
IboI2—( 1IbI)2 

which will be used later. 

> 

(2.34) 



Chapter 3 

Centered Forms for 

Polynomials and Rational 

Functions 

In this chapter, the idea of a centered form, introduced by Moore[23], is briefly 

discussed. A formal definition for centered forms is then given for real and 

complex functions defined by power-series. The three important properties: 

inclusion, quadratic convergence and inclusion isotonicity are shown to hold 

for these forms. Some of results presented have already appeared in[3, 33, 

22 
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41, 46]. 

Centered forms for uni-variate polynomials and rational functions over 

real intervals and their properties are treated briefly for completeness. These 

forms are then generalized to uni-variate complex circular centered forms 

for functions defined by finite complex power-series. Centered forms for 

multi-variate polynomials and rational functions will be discussed in Chap-

ter 4 when the corresponding algorithms are presented. Generalized centered 

forms for meromorphic functions and their properties will be given in Chapter 

6. 

3.1 Centered Forms 

In this section, the centered form for polynomials is defined first. Then the 

definition is extended to the rational functions. Before defining the com-

plex circular forms, we discuss the real centered forms briefly. The results 

presented in this section can be found in[33, 41, 46]. 

Let p(x) >I akx c be a polynomial, X E I an interval and c = m (X). 

If p(x) is written as 

PC(X ) = p(c) + g(x)(x - c) 
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then g(x) is a unique polynomial of degree ri - 1. If now each occurrence of 

the variable x is replaced by X and the arithmtic defined (2.23) to (2.26) is 

used then the resulting interval p(X) is is called centered form evaluation of 

p(x) over X, where the actual interval obtained depends on the order of the 

evaluation of g(X) (it may itself be a centered form evaluation). 

Independently of the evaluation of g(X), we have 

(X) = {p(x)Ix E X} 9 MX). 

Let f(x) p(x)14(x), where p(x) = E0 akx '' and q(x) = bx' are 

two polynomials, be a rational function, X E I an interval and c = m(X). 

f m (X) - p (X)  q(X) 

is called the zeroth order centered form evaluation, or semi-centered form 

evaluation, of f(x) over X based on the centered form evaluations p(X) and 

q(X) over X. 

If we now write 

AX) = p(c) + g(x)(x - c) 
q(c) 

then 

fc(l)(X) --  q(c) + g(o)(X)(X - c) 
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is a first order centered form evaluation of f(x) over X, where g(o)(X) is 

some zeroth order centered form evaluation of the polynomial g(x) defined 

by 

g(x) = [1(x) - 1c ] /(x - 

Generally the k-th order centered form evaluation for 1(x) can be defined as 

follows 

- p(c) 
f(k)(X) -  + g(k_l)(X)(X - c). 

It is easy to show[33] that 

7(X) C f(k)(X). 

A more specific definition of a set of centered forms is given as follows 

(see p. 42 of [34]). 

Let f(x) = p(x)/q(x) be a rational function, where p(x) and q(x) are 

polynomials of degree n and m. Let X be a compact interval with c = m(X). 

For any natural number k, let 

k-i I h 
tkhp(C)_> ) f(i)(c)q(h_j)(c),h=k ..... kl 

i=O 
i 

where 1 = max(n,m). 
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DEFINITION 3.1 The interval 

fc(k)(X) = f(c) + f'(c)(X - c) + + f(k 1)(c)  (3.1) 

•tkk(X - c)'  /k! + + tk,k+11(X - c)k+l_h/(k + 1— 1)! 2 

+ q(c) + q'(c)(X - c) + + q(1)(c)(X - c)1/i! 

is called the standard centered form of order k for f(x) over X. 

For theoretical and practical purposes, the properties of inclusion, con-

vergence and inclusion isotonicity are of importance for these forms. These 

properties are verified by the following three theorems which are valid for the 

forms in Definition 3.1. 

THEOREM 8.1 For k = 2,3,... the inclusions 

7(X) 9 f(k)(X) 9 f(k...1)(X) 

hold. 

Proof. The proof can be found in[34], p.45. 0 

THEOREM 3.2 Let f(x) be a rational function and X E I an interval. 

Then we have 

- WV(X)1 ≤ M(w(X))2, Ic = 0,1,21 ... 

where M> 0 is a constant. 
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Proof. The proof can be found in[34], Chapter 3. D 

THEOREM 3.3 Let f(x) be a polynomial. Let X, Y E I be two intervals 

satisfying X C Y. Then 

f(X) ç f(Y). 

Proof. See[21]. 0 

Now we turn our attention to complex forms. Let p(z) = ajz' be a 

polynomial over C. The circular form for p(z) is defined as 

P(Z) 

= 

where Z E K. 

DEFINITION 3.2 Let p(z) be a complex polynomial. The centered form 

of p(z) is defined as 

n  pc(z)= > (k)(c)k! (z_c)k. 

k=O 

The evaluation of Pc(Z) over Z is denoted by 

n P (k) 
p(z)= Ic! (Z_c)k. 

It can be explicitly written{46, 47] as 

n 

PC(Z) = (p(c), E Ip(k)(c)pkl/k!) 
k=1 
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In general, the exact range of p(z) over Z, denoted by p(Z), is not a 

circular interval. However we do have the following inclusion 

(Z) 9 p(Z) 

independent of the method used for evaluating p(Z) because of (2.27). 

The circular complex centered form can be extended to analytic functions. 

Here we only present the definition. Its properties will be included in Chapter 

6 as a special case of meromorphic functions. 

DEFINITION 3.3 Let f(z) be an analytic function over C. Writing f(z) 

as 

00 f(z) = f) (z - 
k=O 

then a centered form evaluation of f(z) over Z = (c, p) using the arithmetic 

(2.23) to (2.31) is 

oo(k) 

f(Z)=E k! (Z_c)c. 

It will be seen in Chapter 6 that 

00 

f(Z) = (f (C), If()(c)Ipk/k!). 
k=1 
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Now we generalize the centered forms to complex rational functions. Let 

p(z) = En  Q az' and q(z) = bkz' be two complex polynomials. Then 

f(z) = p(z)/q(z) is a complex rational function. 

The range of 1(z) over a circular disk is defined as 

f(Z) = {f(z)Iz E Z}. 

Generally 7(Z) is not a circular disk. How to compute a good circular outer 

estimate of the range is an interesting and important problem. As for the 

polynomial case, for each rational function there is an infinite number of 

expressions which can b used to compute outer disks. The centered form of 

f (z) will give some advantages over others. 

Before defining the centered form evaluations for rational functions, we 

give the power-sum form evaluations of f(z) over a disk Z = (c, p). 

Let the power-sum form evaluations for the polynomials p(z) = LJ azt 

and q(z) = biz' be given by 

EbZ 

respectively (see{41]). Then applying the disk division we arrive at a disk 

n in 

f(o)(Z) = ( ai Z') / ( bzi). 
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This disk is called the zero order power-sum form evaluation for the rational 

function f(z). In the following theorem the explicit formula for this form is 

given. 

THEOREM 3.4 Let f(z) = p(z)/q(z) be a rational function. Then the 

zeroth order power-sum form evaluation 

f(o) (Z) = (c(0), Pp(o)) 

satisfies 

Cp(o) = (3.3) 

P(o) = + IaI((IcI + p) - ci))(q(c) + IM((IcI + p)' -  cI) - IP(c)q(c)I] 

(3.4) 

where 

2 

A = Iq(c) 2 - IbI((IcI + p) - IcI) 
i=1 

and assuming A> 0. Furthermore 7(Z) ç f(o)(Z). 

(3.5) 

Proof. In[46] it was shown that if Zn = (ca, pm) is the power-sum form 

evaluation of the polynomial p(z) = aizi over Z = (c, p) then it satisfies 

c, = p(c) 
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n 

cI). 

Similarly for q(z) we obtain Zq = (Cq, pq) where 

Cq = q(c) 

m 

Pq = E  II((kI + p)' - IcI). 
i=O 

Since f(o) (Z) = ZpIZ, we obtain the explicit formulas (3.3) and (3.4) using 

the identity (2.29). 

The inclusion property is an immediate consequence of the inclusion iso-

tonicity of the operations (2.23) to (2.31). D 

We note that in the sequel A is always defined by (3.5). 

The higher order power-sum form evaluations for rational functions are 

now defined. Let 

be rearranged as 

Then 

P(C) + s(--) 
q(c) q(z) 

.s(z) = p(z P(C)) - — q(z) 
q(c) 

(3.6) 
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with s(c) = 0. Therefore a polynomial 

r(z) = r(z)/(z - c) 

may be defined and f(z) may be written as 

p(c) r(z)  
+ (z— c). f(z) - q(c) q(z) (3.7) 

Suppose now that the rational function g1(z) = r(z)/q(z) has the zeroth 

order power-sum form evaluation g(o) (Z) over the disk Z. Using this we 

obtain a disk 

f1(Z) - - p(c) q(c) + 9(o)(Z)(Z - c) 

where the disk operation are given by (2.23) to (2.31). 

This disk is called the first order power-sum form evaluation for the ra-

tional function f(z). 

Generally the k-th order power-sum form evaluation for f(z) is defined 

by 

- q(c) + g(k_l)(Z)(Z - c) (3.8) 

where g(k_1)(Z) is the (Ic - 1)-th order power-sum form evaluation for the 

function .g(z). This is a recursive definition. 
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It is possible to develop explicit formulae for higher order power-sum form 

evaluations. In the following theorem the explicit formulae for the first and 

second order power-sum form evaluations are given. 

THEOREM 3.5 Let f(z) = p(z)/q(z), p(z) = q(z) = 

be a rational function. The the explicit formulas for its first and second order 

power-sum form evaluations 

= (Cp(i),pp(i)) ; fp(2) (Z) = KCp(2),Pp(2)) 

satisfy 

Cp (2) 

Pp(2) 

q(e) 
h-i 

[jr(c)l + 1r4((lel + p) - Icli)] 

[i(c)l + Ibd((Iel + p)i - Icl)] 

q(c) 

[ 1-1 itci + Jt((c + p) - cli)] 

I jq(c)j + b((c + p)2 ldl)] + plr(c)/q(c)l 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

where r(c) = >I.0rc,h = max(n,m) and t(c) = = max(h,m) 

satisfy f(z) = f(c)+r(z)/q(z)(z—c) and r(z)/q(z) = r(c)/q(c)+t(z)/q(z)(z— 
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c) respectively and where r,i = 0,1,... ,t,i = 0,1,..., are the Taylor coef-

ficients of r(z) and t(z). 

Furthermore 7(Z) C 

Proof. The first order power-sum form evaluation of f(z) can be written 

as 

f(i) (Z) = f(c) + q(Z) rP(Z)(Z - c) 

where r(Z) and q(Z) are the power-sum form evaluations for r(z) and 

q(z). From Theorem 3.4, the zeroth order power-sum form evaluation for 

g(z) = r(z)/q(z) is 

where 

and 

r(Z)  
q (Z) = (ci)pi) 

ci = r(c)) 

[(Ir(c)l P1 = + IriK(IcI + p) - 

-I 

(Iq(c)I + I bI((Icj + p)' - IcI) - r(c)q(c) I 
i=1 ] 

where the coefficients ri are the Taylor coefficients. From the definitions of 
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the disk operations it follows that 

f(i) (Z) = (Cp(i),Pp(i)), 

where 

Pp(1) 

q(c) 
h-i 

- L [Ir(c)I + riJ((c + p)' -  IcI) I 
AL  j 

in 1 

{I(c)I + Ib1I((IcI + p)1 - cI) I. 
1=1 J 

(3.13) 

(3.14) 

Continuing this process we develop the first order power-sum form eval-

uation for g(z) as 

g(i)(Z) = g(c) + t(Z)(Z - c). 
qp j 

We obtain from (3.14) and the definitions of disk operations that 

where 

and 

P2 

C2 = r(c)/q(c) 

1-i 1 

- ['t(c)' + ItiI((IcI + p1 - IcI) 
- 1=1 .1 

[lcI + Ib1I((IcI + p)2 - c)1. 
i=i ] 
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where the ti are the Taylor coefficients of t(z) at c. 

as 

where 

The second order power-sum form evaluation for 1(z) now can be written 

f(2) (Z) = f(c) + g (1) (Z)(Z - c) = (C(2), Pp(2)) 

C(2) = p(c)/q(c) (3.15) 

and 

p2 •1 
Pp(2) = [ 1-1 + jt((jc + p) - IcI) I 

i=1 J 

1jq(c)j +E jbjj ((jcj +p)' - jcIi)1 + pIr(c)/q(c). (3.16) 
i=1 j 

The inclusion property is again a direct consequence of the inclusion isotonic-

ity. 0 

Now we are in a position to define the centered forms for complex rational 

functions. 

Let 

n m 
PC (Z) 

= (i(c),E Ip(k)(c)IPk/k!) and q(Z) = (q(c), > q(k)(c)pk/k!) 
k=1 k=1 

be the centered form evaluations of p(z) and q(z) over Z = (c, p) (see[27, 46, 
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47]). We define a disk 

f(o)(Z) = p(Z)/q(Z) 

where the disk division follows formula (2.29). This disk is called the ze-

roth order centered form evaluation, or semi-centered form evaluation, of the 

rational function f(z). 

Similarly, the first order centered form evaluation of f(z) over Z can be 

defined as 

- p(c) 
fc(l)(Z) -  + g(o)(Z)(Z - c) 

where g(z) satisfies 

f(z) = + g(z)(z— c). 
q(c) 

Generally the lc-tli order centered form evaluation of the meromorphic func-

tion f(z) = p(z)/q(z) is defined by 

fk(Z) - - q(c) + gc(/c_l)(Z)(Z - c) 

where gc(k.1) (Z) is the (ic - 1)-th order centered form evaluation of g(z) over 

Z. 

Explicit formulas for lc-th order centered form evaluation can be derived 

easily. First the explicit formula of the semi-centered form evaluation is 

given. 
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In the sequel 

B = q(c)2 - ( q(i)( 2 

i=1 i! 

and assuming B> 0. 

THEOREM 3.6 Let f(o)(Z) = (C(o) ) i°c(0)) be the zeroth order centered 

form evaluation for the rational function f(z) = p(z)/q(z) over the disk 

Z = (c, p). Then we have 

1 (p(c) 
Cc(Q) = ii: 

r 10) in I ()(c)I i 
Pc(0) = i! p - Ip(c)q(c)11 

L=i  

and 

are 

7(Z) C f(0)(Z). 

Proof. From[46] the centered form evaluations of p(z) and q(z) over Z 

PC (Z) = (p(c),E Ip(k)(c)lpklk!), 

q(Z) = 

k=1 

k=1 
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Using disk division (2.34) we obtain explicit formulas for Cc(0) and Pc(o)• The 

inclusion property is an immediate consequence of the inclusion isotonicity 

of the operations (2.23) to (2.31). 0 

The explicit formulas of the first and second order centered form evalua-

tions for the rational function f(z) are now given. 

THEOREM 3.7 Let f(k)(Z) = (C(k),,oC(k)) be the centered form evaluation 

of order k for the rational function f(z) = p(z)/q(z) over the disk Z = (c, p). 

Then we have 

Cc(k) 

Pc(i) 

Pc(2) 

where 

and 

= f(c),lc=1,2,... 

[,n q(i)() h1 p 

B . q(c)l(i + 1)! Ip(i+i)(c)q(c) - q(i+i)(c)P(c)I] = 

i=O 

2 lm q(i)(c) I h.-i 

B E iO q(e)(i + 1)! r (1)(c)q (c) - q(i+i)(c)r(c)I] 
= , 

h—i (i)( ) 

,r(i ) 1(c) =  [p(i+1)(c)q(c) - q'(c)p(c)](z - 
q(c)(i + 1) 

and where h = max(n, in). Furthermore 

7(z) 9 f(k)(Z),k = 1,2..... 

Ir(c)I 
Iq(c) IP 
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Proof. The first order centered form evaluation of f(z) can be written 

as 

f(l)(Z) = f(c) + r (Z) - c) 

where the Taylor coefficients of r(z) are 

1  
r(') (c) = (c) (i + 1)! 

From Theorem 3.6, the zeroth order centered form evaluation for g(z) 

r(z)/q(z) has the explicit representation 

r(Z) h 1 
q(Z)  i=1 

It follows that 

m 
f(l)(Z) = (f (c), 4 

ii 

  - r(c)q(c)I). 

h-i Ir(c) 
i! 1p) 

i=O 

(f (c), m h-i p(i+i)(c)q(c) - q(i+1)(c)p(c) 

BF-' i! 
(3.17) 

Continuing this process we develop the first centered form evaluation for 

g(z) as 

g(i)(Z) = g(c) + s(Z)  (Z - c) 
qc(Z) 
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where the Taylor coefficients of s(z) are 

s() (c) =  1 q(c)(i + 1) {r ' (c)q(c) - q(i+1)(c)r(c)], i = 1,2 

It follows from (3.17) that 

r(c) e_.E:_ q (i)(c )1 r(1)(c)q (c) - q(i+1)(c)r(c). (3.18) 
BL.1 i! I  p 9(1)(Z) = i=O Iq(c)I(i + 1)! 

The second order centered form evaluation for f(z) now can be written as 

f(2) (Z) = f(c) + (Z) (Z - c) 

= (f() , I • p 
E 

1-1 r()(c)q(c) - q(i+1)(c)r(c) + Jr(c)/q(c)Jp). (3.19) 

i=1 Jq(c)I(i+ 1)! 

The inclusion property is again a direct consequence of the inclusion iso-

tonicity. 0 

There are different methods for evaluating p(Z), which may result in 

different p(Z). There is, however, the simplest evaluation method, power-

sum evaluation, to evaluate p(Z). We will assume that in the sequel p(Z) 

is evaluated using power-sum evaluation over the circular disk Z - c. The 

power-sum evaluation has an important property as follows. 

PROPOSITION 3.1 Let the complex polynomialp(z) = 0 akzk be writ-
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ten in the centered form 

Pc(') = p (k)()(z c)'. 

k=O k. 

Then the result of the power sum evaluation of this polynomial over the cir-

cular disk Z = (c, p) is still a circular disk Z' = (c', p') where 

C' = p(c), 

= 

Proof. The proof can be found in[46]. O 

COROLLARY 1 Let p(z) = be a complex polynomial, Then 

the evaluation of p(z) over Z = (c, p) ising the Homer-scheme results in a 

circular disk Z' = (c', p') where 

C' = 

p(k)(c) k 

  P. 

If we evaluate polynomial p(z) directly using power-sum evaluation, we 

still obtain a circular disk as follows. 



43 

PROPOSITION 3.2 Let p(z) = > o be a complex polynomial. Then 

the result of the power sum evaluation of this polynomial over the circular 

disk Z = (c, p) is still a circular disk Z' = (c', p') where 

= p(c), 

= E IakI((IcI + )k - IcIk). 
k=O 

Proof. The proof can be found in[46]. 0 

Based on these propositions we have the following interesting inclusion 

relation. 

THEOREM 3.8 Let p(z) = E0 akzc be a complex polynomial. Let Z' = 

(c', p') be the disk evaluated from p(z) over Z using the power-sum evaluation 

and Z" = (c", p") the disk evaluated from the centered form of p(z) using the 

power-sum evaluation. Then 

This implies that Z" C Z', 

Proof. The proof is in[46]. 0 
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3.2 Inclusion Properties 

In[41] Rokne showed that the the complex centered forms of higher order for 

rational functions are included in the lower order forms. 

THEOREM 3.9 Let f(z) = p(z)/q(z),p(z) = 0azi,q(z) = 

be a rational function and let f(l)(Z) and f(2)(Z) be its first and second 

centered form evaluations over the disk Z = (c, p). Then 

7(z) C fc(2)(Z) C f(l)(Z). 

Proof. Let fc(l)(Z) = (z1, p1) and f(2) (Z) = (z2,p2). Since z1 = z2, it is 

sufficient to prove that P2 < P1. 

From Theorem 3.6, we have 

D = P1 — P2 

m ,(i)(,,'I k-i L,(i)f,\I 
2 - .!_ I'i •'-1I i I'  

- B. i! j! z=O 3=0 

2 m q(O(c) k-i r (i+i)(c)q (c) - q(i+1)(c)r(c)J a - r(c)/q(c)p 

Jq(c)I(j+1)! B E j=0 

where again k = max(m, n). 
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Let 

BI = Iq(c)+ E i! 

B = q(c)I —  i! 

then B = BB. Since B> 0 and B > 0, it follows that B > 0. 

Let 

k-i q(c)r(i) (c)I - r(O(c)q(c) - q()(c)r(c) 
i! Ip• 

i=O 

Multiplying D by B- Iq(c)I/p we obtain after some rearrangements 

1 
DBIq(c)/p = a Iq(c)r(c)I - Ir(c)I ll q(c) I - I I (E0(c) i! Pi 

m q(i)() j 

= 0. + lq(c)r(c)I - Ir(c)q(c) + Ir(c)I 
i=1 

M 

= o+Ir(c)IE  

''' Jr(c)q()(c) + q(c)r(i)(c) - -  j ≥ 0. 
=E 

i=O 

This proves the theorem. 0 

Let f(k)(Z) be the lc-th order centered form evaluation of f(z) over Z. 

We then have 

COROLLARY 2 

7(z) f(k)(Z) fC(kl)(Z) C ... f(l)(Z). 
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Proof. According to the recursive definition of the centered forms, the (k - 

1)-th order centered form evaluation f(k-1) (Z) can be written as 

(k-2) 

fc(k_l)(Z) = f(c)+f'(c)(Z—c)+. (k - 2)! (Z_c)2+g(0)(Z)(Z_c)k_1 

where g(z) is a rational function. Therefore the lc-th and (Ic + 1)-th order 

form evaluations of f(z) can be written as 

(k._.2) 

= f(e)+f'(c)(Z — c)+ . • (Ic - 2)1 

and 

fc(k+l)(Z) = f(c)+f'(c)(Z— c)+. f(k.2) + (k - 2)! (Z_c)k_2+gC(2)(Z)(Z_c)k_l. 

Applying Theorem 3.9 to g(z) we obtain 9,(2) (Z) g1(Z) which along with 

the inclusion isbtonkity of the operations gives 

fc(k+1)(Z) c f(k)(Z). 

The corollary follows. 0 

The power-sum forms and centered forms both have the property that 

they give increasingly better inclusion for the range of the function. Numer-

ical examples show, however, that there are functions 1(z) and disks Z such 

that both Pc(k) < Pp(k) and Pe(k) > Pp(k) are possible, where Pc(k) and pp(k) are 

radii of fc(k) (Z) and fp(k) ( Z) respectively. 
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3.3 Quadratic Convergence 

It was shown in[41] that the centered forms for complex rational functions 

were quadratically convergent to the range as the size of the domain tended 

to zeroth in the sense of diameter inclusion. 

In this section we will show centered forms of all orders are quadratically 

convergent in the norm of DI-pseudo-distance. This distance is defined as 

follows (see[46, 47]). 

DEFINITION 3.4 Let Z1, Z2 E K. If there exist d1, d2 E Z1 such that 

Idi - d21 = 2rad(Zi) and d1, d2 E Z2 then Z1 is diameter included in Z2 

written as Z1 -< Z2 

DEFINITION 3.5 Let Z1 = (ci, pi), Z2 = (c2, p2) E K. Then the DI-

pseudo-distance of two disks is defined as 

= { IP1P2I ifZ1-.<Z2orZ2-.<Z1 

Ipi - P21 + Ici - c21 otherwise 

THEOREM 3.10 Let f(l)(Z) be the first order centered form evaluation 

of the rational function f(z) = p(z)/q(z) over Z = (c, p). If W E K is the 

smallest circle containing 7(Z) then 
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Proof. Let u, v E Z be chosen such that 

If(u) - f(v)I = max If(z1) - 

z,,z2EZ 

and Y = ((f(u) + f(v)), If (u) - f(v)I). 

Then clearly 

Y - W, 7(z) 9 W and 7(Z) 

We now write f(z) as 

where 

and 

f(z) = f(c) + r(z)— (z - c) 
q(z) 

°° r() (c) 
r(z)=  (z_c)i 

i=O 

r()(c) = p(i+1)(c)q(c) - q(i+1)(c)p(c) 
  i 0,1..... 

q(c)(i+1) 

Let z1, z2 E Z be any two points. We have 

r(zi) - r(z2) 
  Z2 - c)j If ( 4-1) — f(z2)I = I (z — c)  q(z1) q(Z2) 

r(c) r(c) * 1) t(z2) 
I (z1 - c) - (z2 - c) + (z1 - c)2 -  (z2 - c)21 
q(c) q(c) q(z1) q(z2) 

I r(c) IIz1—z21 t(zi) 2 t(z2)  (z2_c)21 
q(c) q(zi) q(z2) 
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where t(z) satisfies 
r(z) r(c) t(z) 
- - + —(z - c). 
q(z) q(c) q(z) 

Let z1, z2 to be chosen such that Izi - z21 = 2p . Then we have 

If(u) - f(v)I ≥ If(zi) - f(z2)I 

> 2 i(c) t(zi) 2 t(z2) 2 1. 

- IPH q(zi)P I 

The radius Pc(i) of f(i)(Z) may be expanded as 

7Th q(i)(c) k-i jp(+')(c)q(c) -  q(i+1)(c)p(c) pi)/(q()2 - q(i)() i2) 

= Pc(i) ( B - Pi Ei! q(c)(i+1)! 
i=O i=i 

m q(i)() k-i p (i+i)(c)q(c) - q(i+i)(c)p(c) 

- i! q(c)(i+1)! P$ B q()1(1+0(p)) 

i=O= IP(c)(c) -  q'(c)p(c)I 1 p  
+ 0(p)i (1+ 0 (P)) (NMI + 0 (p)) I  

- [lP(c)(c) -  q'(c)p(c)j 1 

+ O(P) j p + 0(p2). 
- Iq(c)I 

Now the DI-pseudo-distance between Y and f(l)(Z) can be estimated as 

lp'(c)q(c)—q'(c)p(c)I + 0(p)l p 
(Y,f(i)(Z)) ≤  Iq(c)I J 

I) 
r(c) 1(zi) t(z2)  

I 1+1 + 0(p2) - pI•I - 1/2p2( q() q(z2) 

(i(zi) 1 1t(z2)1 
= —1/2p2 'q(z1) q(z2) ) + 0(p2). 

Since t(z)/q(z) - t(c)/q(c) when p - 0 for any z E Z. We have 

= 0(p2). 



50 

It follows from 'I(W,f (l) (Z)) ≤ (Y,f(l)(Z)) that (W,f(l)(Z)) = 

o(p2). 0 

COROLLARY 3 (W,f(k)(Z)) = O(p2) for all k ≥ 1. 

Proof. From Corollary 2 f, ,(A;)  fc(l)(Z). The corollary follows. 0 

In[41] Rokne showed the zeroth order centered form is also quadratically 

convergent for complex rational functions given certain conditions. Here we 

present this theorem. 

THEOREM 3.11 Let f(o)(Z) be the zeroth order centered form of the ra-

tional function f(z) = p(z)/q(z) over Z = (c, p). If W € K is the smallest 

circle containing 7(Z) then 

(W,f(o)(Z)) = 0(p2). 

whenever arg(p'(c)q(c)) = —arg(q'(c)p(c)). 

Proof. Let W (cw, pw). From the fact rad(Y) ≤ rad(W), where Y is 

defined in Theorem 3.10, and a result of Theorem 3.10, we have 

• r(e) r(c) pw ≥ l + o(p2)] ≥ I--Ip + 0(p2). 
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From Theorem 3.6, we have 

Ip'(c)q(c) + Iq'(c)p(c) 
Pc(0) = p+0(p2). 

It then follows from arg(p'(c)q(c)) = - arg(q'(c)p(c)) that 

(W,f(o)(Z)) = Pc(0) - pw 

Ip'(e)q(c)I + Iq'(c)p(c)I P Ip'(c)q(c) - '( c)P(c)I + 0(p2) 
1q(c)1' Iq(c)I2 

p'(c)q(c)I + Iq'(c)p(c)I - Ip'(c)q(c) - q'(c)p(c)I + 0(p2) 

q(c)I2 

This proves the theorem. 0 

3.4 Inclusion Isotonicity 

It was stated in [8] that the circular complex centered form for polynomials 

was inclusion isotone. In this section, we will prove that the circular complex 

centered form for polynomials and rational functions has this property. In 

fact, we will prove a more general theorem, which states that the circular 

centered form for arbitrary analytic functions is inclusion isotone. Then we 

will extend this result to rational functions. 
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Inclusion isotonicity[23] is of fundamental importance for the applications. 

It was stated without proof in[29] which these centered forms were inclusion 

isotone. In this section this claim is verified both for polynomials and analytic 

functions in full generality. 

DEFINITION 3.6 Let Z1, Z2 E K. Let f(z) be any function. Then the 

centered form evaluation f(Z) of 1(z) is said to be inclusion isotone over K 

if 

z1 ç Z2 - f(Z1) c f(Z2). (3.20) 

In[29] some special cases were verified, however, the general theorem has 

remained unproven up to now. In this section, we present a rigorous proof 

for the theorem. 

If f(z) is an analytic function then the generalization of the centered form 

above is given by 

00 If(c)IP') 1(Z) = (f(c), >1 
k=1 

for Z E K. This form was first discussed in[23]. It is shown here that this 

form is also inclusion isotone. 

This more general statement is equivalent to the following theorem: 
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THEOREM 3.12 Let z1 and z2 be any complex numbers and p' and P2 be 

any real numbers. Let f(z) be analytic in I  - z21 ≤ P2. If Izi - z21 ≤ P2 - pi 

then 

00 If(z2)1 k 110 If(k)(z) 
If(zi)-f(z2)I≤ • p2 — s k! 

k=i k=i 

We first prove the inclusion isotonicity for the circular complex centered 

form for polynomials, then for the more general form for analytic functions. 

The theorem for polynomials is of course a corollary of the more general 

theorem for analytic functions. Both proofs are given, however, since the 

polynomial theorem introduces the ideas in a simpler framework than what 

is required for the analytic case. 

It is easy to see that the conjecture (3.20) is equivalent to the following 

theorem. 

THEOREM 3.13 Let z1 and z2 be any complex numbers and p, and P2 be 

any real numbers. Let p(z) be any complex polynomial of degree n. If 

I zi - z21 ≤ P2 - Pi, 
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then. 

Ip(lc)(z2)I k 1p(k)(zi)I k 

k! P2 k=1 k! Pi• 
k=1  

First we prove the following lemma. 

LEMMA 3.1 For a polynomial p(z) of degree n, we have 

Ip(zj)-p(z2)I  k! IZ1_Z21k. 
E 

Proof. Expanding p(z) in Taylor series at z2, we have 

(z) 
p(z)p(2)p(k) lc! (z_z2)k. 

k=1 

This means that 

Ip(')(z2)I  
Iz - z2'. Ip(z)-p(z2)I≤E k! 

k=1 

With z = z1 the lemma follows. D 

The next theorem proves an inequality that is somewhat more general 

than the required inequality. 
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THEOREM 3.14 Let ) = Izi - z21. Then the following inequality is valid: 

Ip(Ic)(z2)I n Ii(zi)I k 
Jp(zi) — p(z2)I ≤ k=1 k!  (pi+)) k _E 

k! k=1  

Proof. Let 

A(pi) I + Ir'(zi)I - Ir(zi) — p(z2). 
= k! kt 

k=1 k=1 

When p' = 0, from Lemma 3.1 we have A(0) ≥ 0. For Pi > 0, taking the 

derivative with respect to p1, we arrive at 

n-i Ip(k+1)(z2)I n-i p(k+1)(zi)I L-

k!  (pi+A)k_E  k! 
k=Q k=O 

It is now shown that A'(p1) ≥ 0 for Pi > 0. Expanding p')(z) at z2 for 

k in the range 1 ≤ k ≤ n - 1 yields 

p(k+1)(z) = n-k-i (k+J+i) (z)(z - z2)1 

Since p(z) is a polynomial of degree n, it follows that (ki+1) (z) = 0 for 

j > n - k - 1. It is therefore only necessary to sum over j's running from 0 

to n - lc - 1. 

Setting z = zi and taking the absolute values on both sides, it follows 

that 

n-k-i 
p(ki1)(z)I ≤ Ip('')(z2)IIzi - z2Ji 

j! 
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n—k—i 

= 

Summing over k yields 

fl1 (k+1) (z1) I pk n—i n—k—i (k+i+i) (z2)  

Ic! k=O j=O j!Ic! 

and replacing Ic + j by k1, the formula 

n—i 

< 
k=O Ic! k1=O 

Ok<n-1 

O≤j≤n-1 

j+k=k 

is obtained. The inner summation is a sum over j and Ic with i + Ic = Ic1 (i.e. 

constant). This means that it can be rewritten as 

k1 —i 
  = 

kO (Icr - k)! k! 

and it follows that 

n—i n-i 1 

3\2 - 2p(k+i)()pP Ip(k1+i)(z2)l E p 
k=O k=O j+k=ka P1.  k=O  
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n—i i k 

= E 
k1 =O 1• to (k1 - k)!lc! 

= i IP 1+1)(z2 )I (01 +)) d1 

Equation (3.21) implies that A'(pi) ≥ 0, for p' > 0 which in turn implies 

that A(pi) ≥ 0 0 

Proof of theorem 3.13. This theorem is a direct corollary of Theorem 

3.14. 0 

Now we show that the circular centered forms for analytic functions are 

inclusion isotone. 

(3.21) 

LEMMA 3.2 Let f(z) be an analytic function in Iz - z21 ≤ p2. Then for 

Iz - 221 < p2 the series 

01, If(k)(z)I h 
j, P2 

k=1 lb. 

has a finite sum. Hence the series 

\22.. fQc)(z ) 

kt ( 
k=i 

Z - 

is absolutely convergent in the domain Jz - z2J ≤ P2. 

Proof. Since the function f(z) is analytic in the domain I  - z2J ≤ P2, so 

is the function f(2)(z). Thus we have M2 = max Iz - z21 ≤ p2If'2(z)I <+00 
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From the Cauchy theorem, it follows that If(' 2)(z)I ≤ M2 . Therefore 

00 n 3. n 00 n+2 : If ' (z)I- = I If)(z)I9. + P2  
n=O n=O n=2 (n+2)! 

00 1 
≤ E If(z)I+M2P 

n=O E (n+1)(n+2) <+00. n=1 

Thus the series 

00 If(z)I k 
kt P2 

k=1 

is convergent in the domain Iz - z21 < P2 . 0 

LEMMA 3.3 Let f(z) be an analytic function in Iz - z21 ≤ P2 and assume 

that Izi - z21 ≤ P2 Then 

00 If(z2)I  
Jf(zi) - f(z2)I ≤ E k! Izi - Z2I'. 

k=i 

Proof. Since f(z) is analytic in Jz - z2J ≤ P2, it can be expanded in a 

Taylor series around z2 and we get 

00 f(/c)(z) 
f(z)=f(z2)+ k! (Z— Z2)' 

or with a small rearrangement 

f(z)—f(z2)= 00 f(k)(z2)k!(z_z2)k. 
Ek=1 
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From the previous lemma it follows 

00 f(k)(z) 00 If:'(z2)I  
if(z-f(z2)I=I k! (z_z2)kl≤> lc! IZ—z2I<co. 

Replacing z by z1 we get 

00 If(z2)I  I zi - zI. If (--I) -  f(z2)l ≤ :: 
k=1 

0 

We now introduce a few notations for convenience, namely: 

UM = n lf(z2)i Izi - z21k - If(m)(zi) - f(m)(z2 )l, 
k1 

n  Jf(k)( k _ 

If(zi) - f(z2)I. A= Id If(z)I k Pi k=1 k=1 

with p = pi + A and the obvious interpretations for cTm,00 and A00. 

We have from Lemmas 3.2 and 3.3 

A00 = urn A, 
fl.- 00 

m,00 = limcrmn ≥O. 
fl- 00 

LEMMA 3.4 For any real number e there exists a number No(e) such that 

for any n ≥ No(e). 
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Proof. There exists obviously a constant N1 > 0 such that 

00 
(P1)k < 

k>Nj P2 2M 

The following estimate can then be performed 

00 k 

- f(k)(z)J 

00 k 00 

(If i)I + If(Z2)I) ( <2Me/(4M) <€/2. 
k>N1 k>N1 P2 

Since the series 

00 If"'(z2)I  

j=1 

is convergent, there exists a N2 such that if n > N2 then 

j! Izi - z212 < 

holds for all k. Therefore if n > N2 it follows that 

f(k+i)(z)I 
I zi - z213 j!  

(oo If(z2)I  
Izi - z2j - j! 

6 
00  Iz1 z2 Ij > -- 

j!  2ev' 
j=m+1 
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using Lemma 3.3. Taking No(6) = max(Ni, N2) and applying both inequali-

ties above, we obtain for any n > 2N0(6) that 

n k No()k n Pi /c 

= i 0 .'c,n— + 
k=1 /c=1 k=N0()+1 

No (e) 00 k 

If(zi) - f(z2)l ≥ - k! 
k=1 k>No(6) 

No(c) k (j=1 n_k If ('(Z2)1  
> 1--1 - z21 - If(zi) - 

k=1 Ic! j! 

No(E) k 00 k 
6 

- (--2eeP 1 )  k=1 k=i ! - 2 - 

6 

2 

Proof of Theorem 3.12. Let A00 = limn--.,O,, An = S < 0. Take 6 < 
2 

From Lemma 3.3, there exists a number N3 such that 

If(z)I  
L_i Ic! Izi - z2I' - 1(z1) - f(Z2)1 > —€ 
k=1 

whenever n> N3. Similar to the polynomial case, we have 

Pk If(z)I  ((P1 + !Zi — Z21)k — Pi) 
/c1 

+ If(z)I - If(zi)I k p1 — If (-Z1) —  f(z2)I 
Ic! k=1 

:  f()(z2)I k—i k n If(z2)1 -  

k! >: ckP1IZ1Z2I+ Ici 
k=1 i=i /c=1 

(3.22) 
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/ 

k! 1 Z — z2 lk — 11(z1) - f(z2)l 
k=1 

). 

From formula (3.22), the last term in above formula is greater then +-. 

Furthermore 

If(z2)I — If'(zi)l ≥ If  (z2) — 

Therefore 

jf(k)(z2)I k-i If'(z2) — f(k)(z)I k k-i 
A≥ k! ckpii  -E Ic! Pi+. 

k=1 i=1 k=i 

(3.23) 

Changing the order of summation in the first term of (3.23) we find after 

straightforward reductions that it can be written as (j = i — Ic) 

i A If' 5(z2)l .1 
j! Iz1z2I. 

Therefore whenever n > N = max(No(E), N3) we have, using Lemma 3.4, 

that 

i n-_i f(+i) (2)J If (k)  — f(k)(z)I k 
•  lzi-z2I-E k! Pi+ 

i=1 j=i j! k=i 

k (j=1 n-k If(' )(z2)lE  jzi - Z21' — 11zi — f(k)(z)Ik=i  j! 

S 
> - E+ >8. 

a 
+-
2 

S 

2 
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Since this is true for any n > N it follows that in the limit that A0.> 

- + I > 8. This is a contradiction. Therefore A ≥ 0. 0 

3.5 Summary 

This chapter gives the formal definitions of centered forms for polynomials 

and rational functions over circular disks. Power-sum forms for polynomials 

and rational functions are also defined and compared with centered forms. 

Then the explicit formulas of the zero, first and second power-sum forms and 

centered forms are presented for rational functions. In the last three sections, 

the properties of inclusion, quadratic convergence and inclusion isotonicity 

are proven for centered forms discussed in this chapter. 



Chapter 4 

Algorithmic Approaches for 

Centered Forms 

In this chapter, a number of algorithms of low complexity are developed. 

These algorithms compute centered form evaluations for uni-vari ate and 

multi-variate functions. Time complexity and implementations of these al-

gorithms are discussed briefly. A formula is also derived that estimates the 

number of distinct centered form evaluations for multi-variate functions. This 

number is surprisingly large even for polynomials of moderate degrees. Some 

numerical realizations are given to illustrate the algorithms discussed in the 

chapter. 

64 
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4.1 A Generalization of the Centered Form 

and Its Algorithms 

4.1.1 Generalization of the Centered Form 

In this section, a general centered form for multi-variate polynomials is de-

fined. This centered form is based on the concept of an arrangement of the 

variables of the polynomial. A formula for the number of arrangements of 

a term and of a polynomial is given. Some examples are computed showing 

that even polynomials with moderately many variables may have a very large 

number of possible centered forms. 

This section focuses on a discussion of the algorithm given in Rokne[39]. 

A generalization of this algorithm is first presented showing that many dif-

ferent centered forms can be derived based on the original algorithm in[39]. 

From those forms it is possible to choose the most appropriate form for a 

particular application. The different centered forms are generated from the 

different arrangements of the variables of a polynomial. A formula is given 

for the number of possible arrangements of the variables from which different 

forms can be derived. An algorithm and a corresponding program in Prolog 



66 

based on the formula is given in[44]. The program generates all the different 

centered forms for any multi-variate polynomial. The rational forms are ob-

tained as a simple extension of the polynomial forms in the same manner as 

in[39]. 

The notation R is used for the set of integers, C for the set of complex 

numbers and K for the set of compact intervals over C. The sets 1P, C' and 

V are the k-dimensional versions of the above. In general we write 

z=(zl,...,zk)ECk 

and 

f=(fl,...,fk):Ck C. 

Members of K and K' are Z and Z respectively. The discussion in this 

section will mainly focus on the notion of arrangements of polynomials over 

C''. These arrangements provide algorithmic information that may be used 

to compute inclusions in K/C. 

The centered forms first discussed in[23] are now introduced. If f : C1 -* 

C is given then a possible centered form function for f(z) over Z KC is 

given by an expression of the form 

f(z) = f(c) + g(z, c) (z - c) 
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where g:C2k C' (using an inner product notation) is a vector-valued func-

tion. Evaluating this centered form function at Z in the interval arithmetic 

sense we obtain the centered form evaluation 

AZ) = f(c) + g(Z, c). (Z - c) {f(z)Iz E Z}. 

We note that for a given function f and point c there might be many different 

centered form functions depending on the choice of g(z, c). In fact, let f(z) = 

p(z) = z14. Then two possible centered form functions for p(z) at c are 

with 

and 

with 

Here, although p(z) and c are unchanged the functions gi(z,c) and g2(z,c) 

are different. The functions g1 and 92 are called the kernels of the centered 
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form functions and we note that the centered form functions are different if 

their kernels are different. 

It should be noted that the centered form evaluations of one centered form 

function may yield different results depending on the order of the operations 

in the evaluation even though the kernel is unchanged as a function. In the 

sequel, however, we will only be concerned with the kernels that are different 

as functions so this difference will not be taken into account. For brevity 

we also shorten the term "centered form function" to "centered form" in the 

remainder of the thesis since there will be no confusion. 

4.1.2 Low Complexity Algorithm 

In this section, a low complexity algorithm for calculating multi-variate cen-

tered form evaluations is given. The centered form evaluation for multi-

variate polynomials and rational functions were given in general in the pre-

vious section (see also [8]). Here we focus on the developments that resulted 

in a computationally efficient form in[39]. This form is now summarized by 

the following algorithm where we employ the notation of multi-indices (see 

for example [8]). 
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Algorithm 1. (Description) 

Let p(z) = Z'1=0 a,zA be a polynomial in Ic variables of degree n, where 

z ECk, aA E C, A E We write the polynomial as p(z) = pj(z1) = 

where d1(1) = d(z2,...,zk). Then p1(z1) is a polynomial in 

one variable z1 with coefficients that are functions of z2,.. , Zk. Using the 

small Homer-scheme applied to p1 (zi) at the point c1 we obtain 

Pi (--I) = pi(ci) + 8 1(Zi, CI) (Zi - c1) 

where 

n-i n 

si(i,ci) = ( E d1(1)c 1)z* 
i=O j=i+1 

Since pi (ci) is a function of z2,. ,Zk, we may write 

n 

Pi (CI) = P2 (4-2) = 
i=O 

where d(2) = d(ci, z3,.. , zi ) , and using same the method as above we 

obtain 

P2 (Z2) = P2 (C2) + 82 (Z2, C2) (Z2 - c2). 

Continuing in this manner we finally arrive at 

p/c(zk) = Pk(Ck) + Sk(Zk, Ck)(Zk - Ck) 



70 

where pk(ck) = p(c), c = (c1,.. . , cj) € C'. Combining all the above steps 

we obtain 

P(Z) = pi (CO +si(zi,ci)(zi 1 = P2(c2)+s2(z2, C2)(Z2 — C2)+si(Zi, c1)(zi—c1) = 

P(C) + Sk(Zk, Ch) (Zk Ck) + .. . + si(zi,ci)(z1 - c1) 

where s(z, c) = s(ei,.. . ,c, z,. . . , zj). This may be written as 

p(z) = p(c)±(sl,...,sk) . ((zl — cl),...,(zk — ck)), (4.1) 

using the inner product notation where the kernel g(z, c) = (Si,.. . , sb). This 

is therefore a centered form as defined in[21]. 

If this algorithm is applied to the polynomial p(z) = z14 discussed above 

then the resulting centered form is given by the form having the kernel gj 

above. 

4.1.3 Generalization of the Algorithm 

In the previous section it was shown that a function may have more than one 

possible centered form at a point. Furthermore, an algorithm was given that 

generated one centered form for a multi-variate polynomial. In this section 

this algorithm is generalized to an algorithm that generates a centered form 
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at a point c for a given rearrangement of the variables of a multi-variate 

polynomial, a concept that will be made precise below. 

In order to simplify the development of the general algorithm it is also 

assumed without loss of generality that the polynomials p(z) =  En 1=0 a.z' 

have the constant term a0 = 0. 

In Rokne's algorithm of the previous section examples show that the ker-

nel of a centered form depends on the order and to which power the variables 

of the polynomial are considered. Different arrangements of variables may 

therefore generate different kernels and hence centered forms for a polyno-

mial. A precise definition of an arrangement of variables is therefore first 

introduced. Based on this definition a new algorithm is developed that gen-

erates a centered form given an arrangement of the variables. In the next 

section it will then be shown that the forms generated from different arrange-

ments are different in that they have kernels that are different as functions. 

DEFINITION 4.1 An ordered set (z7'l, z 2,. . . , z) is called an arrange-

ment of a set of variables (zi,.. . , zk) of degree (ni, . . . , nk), if it satisfies the 

conditions : 

(1) 1≤j≤k,i=1, ... 'r. 
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(2) z, = 1,... , r — 1. 

(3) 

(4) 

M11 = n. 
m=exponent of z 

m≥l,i=1,...,r. 

(l m 7 dl Z d, Two arrangements zm1 ,. . . , z / and (z,. . . , are different if one 

of the following three conditions are satisfied: 

(i) Tp. 

r = p and ji 54 li for some i, 1 < i ≤ 

T = p, ji = li for all i,i. ≤ i _< r and m1 0 dfor some i. 

For example, the ordered set (4,4, zi, 4,4) is an arrangement of 3 

variables (zi, z2, z3) of degree (3,6,4) whereas the ordered set (4, 4, z1, 4,4) 

is not an arrangement of this set of variables, because the sum of exponents 

of z2 in this ordered set is 5. Furthermore (4,4, z1, 44) is different from 

1 3243 
iZ1, Z2, D--31 Z2 

Having made the notion of an arrangement of a set of variables precise, 

the new algorithm can now be presented. 

Algorithm 2. (Description) 

Let p(z) be a polynomial with variables (zi,.. . , zk) of maximum degrees 
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(ni... , nk) and let . ,z) be an arrangement of this set of vari-

ables. We write p(z) as 

nil 

p(z) = p1(z31) - (4.2) 
i=O 

where d(j1) does not contain zj. The polynomial pi(Zji) is now evaluated 

at z1 = cj,as follows: 

flj1 

pi(Cj1) = d(ji)c 1 + i-mi 
i=O i=mi +1 

Dividing p1 (z11) -- p (c1) by (z11 - c51) the expansion 

pi (z11) = p1 (c11) + .Si(Zj1, c11) (z11 - cj) 

is obtained. Since pi (c11) is a function of z12 , we can write p1 (c11) as 

pi(Cjj) = p2(z12) = d1(j2)z 2, 

where d(j2) does not contain zj2. We obtain 

p2(z32 ) = p(cj2) + s2(z 2, c2)(z2 - 

(4.3) 

We assume now that at stage 1 pl(cj1) and .si(z,, cj1) have been obtained. At 

the (1 + 1)th stage pl(Cjj) is written as 

Ail 
pl(Cj1) = (zjl  = 

i=O 
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where is Tij minus the sum of all exponents of zj appearing before z' in 

the arrangement. Using the same method as above we obtain 

pi+i(z+i) = pl+i(cjz+i) + si+i(z1+1, c+1)(z1+1 - cj+i). 

Continuing in this manner we finally obtain 

P, (--j,) = PT(Cjr) + cjr)(zjr - Cjr), 

where p(cj) = p(c). Combining all the above steps we obtain 

P(Z) = p(c) + s1.(z17, Cjr)(Zjr - Cir) + ... + Si(Zj, cj)(zj1 - cj). 

Finally combining terms with same factor (z1 - cj) we have 

PM = p(c) + sp1(zi, Cl) (zi - CO + . + •Spk(zk,ck)(zk - 

Using the inner product notation this can be written as 

P(Z) = p(c) + . . s) ((zi - ci),... ,(zk - Cl,))-

Letting g(z, c) (spl , . . , .s,,k) be the kernel, a centered form is obtained. 

As an example, let p(z) = z14 + z2 and let an arrangement be A = 

(z2, z1, 4). This means that r = 3. In the first step we consider zj1 = z2 and 

we get 

pi(z 2) = (z2) + 4(zi), p1(c2) = c2 + c2(z14) 
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where extra parentheses are used to separate out the quantities used in (4.2). 

In (4.3) we get 81 = (ziz + 1). We continue with z 2 = z1 and get 

p2(z1) = c2 + c2zz1, p2(c1) = C2 + C2Z2C1 

and 

82 = C2Z. 

Finally with z3 = z2 we get 

p3(z) = C2 + e1c2z, p3(c) = C2 + ClC 32 

and 

-53 = c1c2(z2 + c2), 

which results in 

p(z) = p(c) + (ziz + 1)(z2 - c2) + C2z(zi - Cl) + (c1c2z2 + cic)(z2 - 

and finally 

P(Z)  p(c) + ((c2 z), (ziz + c1c2z2 + c1c +  (z - c), 

where g(z, c) = ((c2z), (z14 + c1c2z2 + cic + 1)) is the kernel of the centered 

form. If Z= (Z1, Z2) E K2 such that mid(Z) = c, i = 1,2 ( the midpoints 

of the intervals ) then p(Z) would provide an outer estimate for the range of 

p(z) over Z (see also[39]). 
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4.2 The Number of the Centered Forms 

The algorithm in Section 4.1.3 computes a centered form given an arrange-

ment of the variables of a polynomial. It is then natural to ask whether 

different arrangements generate different centered forms. Since this question 

is answered affirmatively below, the number of centered forms (that is the 

number of distinct kernels for a given p(z) and c) can then be counted by 

counting the number of arrangements. A lemma that gives a formula for the 

number of arrangements for a set of variables is first proven. 

The number of different arrangements FA; (rll,. . . , n,,) of a set of variables 

(zi,.. . , zig) with degrees (n1,.. . , nj) is given by the following lemma. 

LEMMA 4.1 

Fk(n1,...,nk)=   
flu. .. flk. 

Proof. The total number of arrangements of variable set (z1,.. . , zk) with 

degrees (ni,. .. , fik) is (m1 +. . . + 12k)!. Among them, the permutations within 

same variable name does not yield different arrangements. Therefore the 

total number should be divided by the number of all permutations for each 

variable name, i.e., ni!, 1 ≤ i ≤ Ic. It follows that 

Fk( 121,.. . , nk) = ( i + ...  + 12k)!  
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0 

DEFINITION 4.2 A centered form for a polynomial is called the centered 

form corresponding to an arrangement, if it is generated by Algorithm 2 with 

this arrangement. 

THEOREM 4.1 The number of centered forms for a uni-term polynomial 

is 

p(z) = a.z 1 .. . 

N(p) = Fk(nl, . . ., flk). 

Proof. We only need to prove that the centered forms corresponding to 

different arrangements are different. 

Let A and B therefore be two different arrangements of Ic variables 

(z1,. .. , zk) of degrees (ni,. . . , nk). Let z and z be the first powers 

in A and B respectively that are different and let i, 0 ≤ i ≤ 71, 72 denote 

their position. Then the following two cases have to be considered: 

Case 1 : Za Zb Z ma mb 

Case 2 : Za 54 Zb = Z. 
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m a,1 ma,i_1 ma ma,i+1 ma,71 Case 1. Assuming that ma < mb. Then, term Ca,1 Ca,j_1 C Za,i+1 Za,.r1 

occurs in form A does not occur in form B, since all terms from zb in form 

B contains c with its exponent > m a. 

Case 2. Similarly term C ma 1 ma i—i m ma i+1 ma r1 
a ,1' C aZa 4 1 • —a,Ti in form A never 

occurs in form B, since any term in form B from Zb must contain factor cmbb  

which is not in above term. 

Therefore, centered forms derived from different variable arrangements 

are different. This completes the proof. 

0 

As an example, polynomial p(z) = z14 is considered. We have 

N(p) = F2(1,3) = 4. 

which means that the polynomial has four different centered forms. Their 

kernels are 

(1) gi(z,c)  (4,ci(4+z2c2-i-c)) 

(2) g2(z,c) = (s 1,$) = (c24,zl4+cic2z2+cic) 

(3) g3(z, c) = (s , Sc,) = (z2 2 2 c, cic + z1z2c2 + ziz) 

(4) 94(Z ' C) = (sd,, 8 d2) = (c,zi(c+C2z2+4)). 

Some definitions are now necessary prior to proving the main theorem of 
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the section. 

DEFINITION 4.3 A product t = zj',' ...zjz of powers of variables zji is 

called a variable product. 

Thus a term aAz" of a polynomial is the product of a variable product 

and a real constant. 

DEFINITION 4.4 A variable product t = z ... z7 is called a common 

variable product of two variable products t1 and t2, if t divides t1 and t2 

DEFINITION 4.5 A variable product t = . . . z7 is called the greatest 

common variable product of two variable products tj and t2 , denoted by 

t = {ti, t2}, if t satièfies the conditions 

(1) t is a common variable product of t1 and t2 

(2) If to is any common variable product of ti and t2 then to divides t. 

For example, 

zzz1 = 

Consider  now a polynomial 

n 

p(z) = 
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The polynomial may be written as p(z) = LO t where t = aAz and for 

any two terms tj = az' and tj = az L, if i 54 j then ). 0 M. Only essentially 

different centered forms are therefore counted below. As an illustration let 

p(z) = 2z4z3. This polynomial may be written as 

P(Z) = pi(z)+p2(z) 

where p, (Z) = z4za and p2(z) = 44z3. There are 15 centered forms for 

each of p(z), pj(z) and P2(z) corresponding to the different arrangements 

of z4za. Further centered forms for p(z) could therefore be generated by 

considering combinations of forms for p1 (z) and P2(z). Such hybrid forms are 

not counted in the sequel. 

The number of centered forms for a term t = cz 1 . . . z is N(t) = 

n) from Theorem 4.1. Also if c E C is a constant then F(c) = 0. 

Using this the main theorem of the section is now proven. 

THEOREM 4.2 Let p(z) = Ell az' = Z=O ti = Pu-i (z) + t,. Then the 

number N(p) of centered forms of the polynomial p satisfies the recurrence 

equation 

N(p) = N(p i)N(--1 ... zu) - N(z{, }) (N(z ti {, }) _ i) 
O<i<j< r r r r 

(4.4) 
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where r0 = {t ________ ,0}, r =  ... ti {tj,rj_i}} , = 1,... — 1; u and 

where z is any single variable and zi is any single variable when ri or 

zi = 1 when ri = 1,i= 1, ... ,q. 

Proof. Let A be an arrangement of the variables of p 1. Since ri = 

ri ... r {t,r-1} J it follows that the variable product r in appears in term 1-1'  

t. When deriving centered forms for term t, the order among the variables 

in ri can therefore not be rearranged and they must obey the order among 

these variables in A. Therefore when A is fixed ri can only be considered 

as one variable. The discussion above is valid for all i's , 0 ≤ i ≤ - 1. It 

follows that term t, only has 

N(z1 ... zu) 

centered forms corresponding to the arrangement A. The total number of 

centered forms is therefore 

N(p) = N(p_i)N(zi ... zu). (4.5) 

In this number, however, some variable arrangements for term t are incon-

sistent with the arrangement A for p , because the orders between some 

pairs of ri and rj are fixed in the arrangement A and cannot be changed 
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in the term t,. Assuming that and L include a common variable prodri 

uct v =  54 1. Only orders (... virv2...) and (... virv2...) in A, 
rj' rj J 

where v1v2 = v, v1 0 1, v2 0 1, do not restrict an order between ri and r. 

If some v1 is in the orders (... vin ... ) and (... rvi . . .), ri and rj is in the 

order (ri,. . . , r) then the corresponding variable arrangement for term t, 

is inconsistent with the arrangement A and must be excluded. The num-

ber of arrangements containing orders (... vjrv2 ... ) and (... vjrv2...) is 

N(vz), where z is any variable and the total number of different pairs of 

ordered sets (ri, v) and (r1, v) is N(vz)2 . So the number of inconsistent 

variable arrangements for t, is N(vz)2 - N(V2) . This number has to be 

subtracted from the total number (4.5). Subtracting this number for each 

pair (i, i) 0 ≤ i <j - 1, the final result is 

t (N({i,})_1. N(p) N(p_i)N(zi . . . z,,u) - N(z{—, -}) 
r r r r 

0 

For example, for the polynomial p(z) = z1z2 + z2z3 + z1z3 we have 

N(p1) = N(z1z2) = 2, 

N(p2) = N(pi)N(z1z3) = 2.2 = 4 
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and finally 

N(p) = N(p2)N(z1z2) - N(z1z2)(N(z1z2) - 1) = 8 - 2 = 6. 

This polynomial therefore has 6 different centered forms given by the 

following kernels and arrangements of variables: 

kernels 

1: g1(x,c)=(x2+x3,c1+x3,c1+c2) 

2: 92(x)c)=(x2+x3,ci-i-ca,ci --i-x2) 

3: g3(x,c)=(c2+x3,x1+x3,c1+c2) 

4: 94(x,c) = (c2+x3,xl+.xa,xl+c2) 

5: 95(x,c)=(c2+e3,xi+c3,xi+x2) 

6: g6(X) c) = (a2 + C3 c + c3, x1 + x2) 

arrangements 

These are all centered forms for the polynomial in the sense described 

above. 

A theorem is now proven that forms the basis for an algorithm for obtain-

ing all the arrangements that derive different centered forms. Let S(p) denote 

the set of all the arrangements of the variables in p which derive different 

centered forms; this set 8(p) is called the arrangement set of p(z). Obvi-

ously, when p is a uni-term polynomial, S(p) is the set of all arrangements 
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of variables in p. 

DEFINITION 4.6 An ordered set U is called the ordered union of two 

ordered sets S1 and 82 , denoted by U = S ttJ 82 , if U is the (usual) union 

of S and S2 and the orders between any pair of elements of U obey the 

orders both in 52 and set S1 . If the order between two elements in one set 

contradicts the order between same pair elements in another set then U is 

empty. 

For example, 

= (z,z,z,z3). 

and 

= q. 

THEOREM 4.3 Let p= pn + t, where p,- is a n-term polynomial and t is 

a uni-term polynomial. We have 

S(p) = {si(Js2Js1 E S(p),s2 E S(t)}. 
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Proof. This theorem is a corollary of Theorem 4.2. 0 

Based on Theorem 4.3, an algorithm to obtain all those arrangements 

which derive the distinct centered forms for a polynomial is designed as 

follows. 

Algorithm 3. 

Let p(z) = En 1=0 az' be a rn-term polynomial in k variables of degree 

n, where z E C1, a, E C, ) € Nk. 

Step 1. Set i = 1 and S = C Go to Step 2. 

Step 2. Let ti be the i-th term of p(z). Generate all permutations of 

the variable product of t1 and remove all duplicate permutations to form the 

arrangement set 8(t1). Go to Step 3. 

Step 3. Union S and 8(t1) to form S. If i = m, output S, which is the 

'arrangement set 8(p) of p(z); otherwise go back step 2. 

We have written this algorithm in Pascal codes that gives all these ar-

rangements for any polynomial. Then for a given variable arrangement, 

Algorithm 2 can be used to derive the corresponding centered form. 

The numbers of centered forms obtained from Algorithm 3 was now cal-

culated for three simple polynomials using the results of this section. These 

numbers and their corresponding polynomials are given in Table 4.1. These 
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number of forms 

z1 44 60 

37837800 

z1 44444 2.0532304e12 

Table 4.1: Number of different centered forms 

numbers are surprisingly large. 

Remark 

In this section an algorithm is given that produces a very large number 

of genuinely different centered forms for a polynomial, where the kernels are 

different from each other as functions. From this set of centered forms it may 

be possible to chose a form that is most suitable for a given application. 

From formula (4.4) and the numerical examples it is clear that the number 

of different centered forms of this type increases very fast with the number 

of terms and with the degree of the polynomial. The choice of the most 

effective centered form for a particular application might therefore be quite 

time-consuming. 

It is now interesting to reflect briefly on the history of interval methods 

for range inclusions. The natural interval extension was first discussed by 
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Moore[23]. From these extensions he conjectured that the subset of centered 

forms gave good results. In this thesis we have shown that a particular 

class of these forms contain a rather large number of centered forms that are 

obtained simply by manipulating the expressions algebraically (that is, no 

"coarsening" has taken place prior to the actual interval evaluation). It is 

now an open question as to which of these good forms can be selected to be 

the best one prior to an actual evaluation of all the possible forms. 

4.3 Low Complexity Algorithms for Multi-

variate Taylor Forms 

Taylor expansions are special cases of centered forms, called Taylor forms. 

This section gives algorithms for the computation of Taylor forms in lc vari-

ables for polynomials and for rational functions at a point. These algorithms 

do not require the explicit computation of the derivatives, they are simply 

based on the repetitive division of the polynomials and the rational functions 

by scalar linear factors. Some sample calculations are also performed using 

these algorithms. 
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The work in[39] and[38] forms the background for these methods. Related 

ideas are found in[14] and[1]. 

Taylor series are useful tools in numerical computations. For example, in 

many iterative methods for solving nonlinear equations the first term, or the 

Jacobean is required. In global optimization problems solved iteratively the 

second term, or the Hessian occurs frequently(see for example [31] and[16]). 

An interesting discussion on the difficulties encountered when analytically 

calculating the gradient is given in[50]. Such difficulties are avoided when 

the techniques presented in this section are implemented as computer codes. 

4.3.1 Centered Form Algorithm 

Let p(z) = En az> be a polynomial in k variables and let maximum de-

gree of zi be n , 0 ≤ i ≤ k. Rokne[39] developed a low complexity algorithm 

to obtain centered forms(see[34] for a definition) for p(z) by using the small 

Homer-scheme. This algorithm was given is Section 4.1.2 as Algorithm 1. 

The expansion (4.1) in Algorithm 1 resembles a Taylor expansion of one 

term where the inner product takes the place of the error term. In the 

following sections the resemblance is taken advantage of in the development 
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of an actual Taylor expansion for both polynomials and rational functions. 

Before discussing the algorithms for Taylor expansion, we generalize the 

above algorithm to rational functions. 

Let p(z) = a,z Fn A and q(z) = bz'>' be two polynomials. Then 

f(z) = 

is a rational function of degree 1 = max(n, in). The polynomials p(z) and 

q(z) are now developed as centered form expressions 

P(Z) = p(c) + .s(z)(z - c) 

q(z) = q(c)+t(z)(z—c). 

If we write 

f(z)=f(c)+ r(z) (Z C) 
q(z) 

then it follows immediately that f(c) = p(c)/q(c). As in[44] r(z) is computed 

as follows 

(f(z) - f(c))q(z) = r(z)(z - c) 

or using the centered form expressions for f(z) and q(z) we obtain 

(q(c) 

p(c) + s(z)(z -  c) 
(z - c)r(z) =  + t(z)(z - c) f(c)) q(z) 
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1  
((p(c) + s(z)(z - c))q(c) - p(c)(q(c) + t(z)(z - c))) 

= q(c) 

.s(z)q(c) -  t(z)p(c) - 

q(c) 

I t(Z)P(C)\ 
q(c) )(z_c) 

where the vector (z - c) is explicitly factored out since p(z) and q(z) were 

written as centered form expressions. Therefore the computations for a ratio-

nal centered form expression only involves the computation of two polynomial 

centered forms as well as one scalar multiplication of a vector and a vector 

addition. The processing may be continued using 

r(z) 

q(z) 

hence successively computing higher order forms for rational functions. These 

are not discussed here explicitly. In Chapter 6, we will discuss the higher 

order forms in the sense of meromorphic functions. The rational forms may 

be considered as special cases of meromorphic forms. 

The following is an example to illustrate the centered form algorithm for 

rational functions. For simplicity, the example is given for real function. 

Let 
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where 

and 

Let also 

p(x) =3 +xi -i- x2 -i- xx2 

q(x) = xx 2 + x. 

X=([1— ,1 +e],[2— ,2-.- e],),>O 

with c = (1, 2). The centered form expressions for p(x) and q(x) are 

p(x)8+(x1x2+1+x2,2).((xi-1)(x2-2)) 

and 

q(x) = 8 + (x1x + x,2x2 + 4) ((a1 - 1)(x2 —2)) 

respectively. Hence 

r(x) = (x1x2 + 1 + x2 - x1x - x ) —2 - 2x2) 

and the centered form expression for f(x) is 

f(x) = 1 + r (x ) ((xi - 1)(x2 - 2)). 
q(x) 
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4.3.2 Algorithm for the Polynomial Taylor Expansion 

It is known that a multi-variate function can be expanded into its Taylor 

expansion if this function is holomorphic (see [9] p. 39). Since both polyno-

mials and rational functions are holomorphic, their Taylor expansions exist. 

Based on this, the centered form algorithm outlined in the previous section 

is generalized to an algorithm that computes the Taylor expansion for a 

multi-variate polynomial in this section. 

Algorithm 4. (Description) 

In Section 4.1.2 the inner product expansion (4.1) was obtained for a 

polynomial p(z1,. .. , zi). In this expansion the quantity sj(zi,. . . , zk) is 

a polynomial in the variables z1,.. . , zj, the quantity 82(cl, z2,. .. , zk) is a 

polynomial in the variables Z2,.. . , zk; and so on. Clearly, each of these poly-

nomials also have centered forms which can be computed using the centered 

form algorithm from the first section. The centered forms for the first two 

polynomials are 

s1(c1,z1,. . . ,zk) = 

(S1(C1,C1...,Ck),S1,1(C1)Z1,...,Zk),...,S1,k(C1,C1,...,Ck,Zk)) 

(1, (zi - ci),. . . , (zk - Ck)) (4.6) 
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and 

.s2(ci,c2,z2,.. . Zj) = 

(8 2(C1,C2)C2)C3,...,Ck), 8 2,1(C1,C2,Z2,...,Zk), .... 8 2,k_1(Cj)C2,C2,...,,Ck,Zk)) 

•(1,(z2—c2),...,(zk—ck)) (4.7) 

where a second subscript has been introduced to indicate that this is the 

second set of centered forms. 

The above scheme for labelling the successive polynomials does not suffice 

for the algorithm to be developed below, however. The following notation is 

therefore introduced. The polynomial p(zi,.. . , z.) is written as 

Furthermore the polynomial 

is written as 

z,.. . Zk) 

where the 1 in the subscript is in the ith position in the subscript array. 

In this manner the successive polynomials will have k explicit parameters 
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c1,.. . , c_1, z,.. . , Zk . The parameter ci is implicit. Consider now the poly-

nomial 

• Ci_1 Z,. .. , Zk). 

If the centered form algorithm is applied to this polynomial then the 

S1(C1) .... Ca_1,Za,...,Zk),i ≤j ≤ k 

generated in equation (4.1) corresponding to this polynomial is denoted by 

• , c_1, z,. .. . = 

• , c_1, z,. .. , zk), i + 1 ≤ j < k. 

Using this notation formulas (4.6) and (4.7) can be written as 

,Zk) 

= (si,o,...,o(ci,. .. , Ck), s2,o,...,o(zi,.. . , Zk),. .. si,o,...,o,i(c1,.. .) Ck_1, Zk)) 

(1, (Z1 — c1),...,(zk—ck)) (4.8) 

and 

so,i,...,o(ci,z2,.. . ,Zk) 

= (s0,1,...,0(c1,. .. ) ck), 
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SO,2,O,...,O(cl,Z2,. . 

SO,i3O,...,O,i (Cl ,. .. , Ck.1 7 Zk)) 

(4.9) 

In general the following, somewhat complicated formula is obtained 

cj..1, z,. . . , Zk) 

= .0k), 

(Cl ... . , c_1, z,. . . , 

• , c, . . , Zk), 

• , Zk)) 

(4.10) 

Each application of the centered form procedure reduces the degree of at 

least one variable in the resulting polynomials by one. This implies that the 

algorithm will terminate in a finite number of steps. Eventually the terms 

(ci,.. . , 0k-1, Zk), 0 ≤ ) i ≤ ni,. . . , 0 ≤ 'k-1 ≤ k-1 
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are arrived at. These terms are constants, that is, 

(ci). .. , Ck_i, Zk) = s nk (c1). .. , 

O≤)¼1≤n1,...,0≤Xk_1≤nk_1. 

Plugging formula (4.10) into the first expression step by step and expanding 

the expression 

ck)(z1 - .. (zk - 

is obtained. 

In a slightly unconventional manner the notation 

8z' OZ 2 . 5zj 

(4.11) 

is now used for the partial derivative of p(zi,.. . , zk) with respect to z1 

times and so on up to the partial derivative with respect to Zk )'k times, then 

evaluated at c1,... , ck. 

It is now shown, using the compact partial derivative notation, that ex-

pression (4.11) is the Taylor expansion of the polynomial p(zi,. . . , zk) at 

(c1,. . . ,ck). 
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THEOREM 4.4 

= 1!2!Ak! 5z 1ôz 2...8z 

1 oA1+.+p(c1,. .., ck) 

(4.12) 

Proof. Taking the partial differentials in (4.11) and evaluating at z = c 

the expression 

ck) A1,.. . , Ck). 
Oz ôz2 

is obtained. A slight rearrangement gives 

1  5A1++AIcp(ci,. .  

Ck) = . . . )! 5z 18z 2 . . 

which is the desired expression. 0 

A recursive definition of the Taylor coefficients for a multi-variate poly-

nomial is now given based on the last theorem. 

THEOREM 4.5 

...c 1, z, ..., zk) = 

(Zj-Cj) {8 A1, ... ,A_1,o, .... o(c1,. ... c_1, z, . . . ) zk) - sA1, ... ,A1,o, .... o(c1,. ... ci ) . , 

Proof. This expression follows directly from algorithm in Section 4.3.2. 

0 
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4.3.3 Algorithm for Rational Functions 

The usual method for obtaining the Taylor series for a multi-variate poly-

nomial is to evaluate all the required partial derivatives. The polynomial 

algorithm in the previous section does not improve significantly on the time-

complexity of this process. The technique using the partial derivatives is 

normally also used to form the Taylor series for a rational function. Here, 

however, evaluating the partial derivatives for a function f(z) = (p(z)/q(z)) 

is a task of high time-complexity. The algorithm given in this section provides 

a low complexity alternative. 

A low complexity algorithm for the Taylor series for a rational function in 

one variable was developed in Rokne[38]. This algorithm is given as follows. 

Algorithm 5. (Description) 

Let p(z) and q(z) be polynomials of degree n and degree m respectively. 

Then 

f(z) = p(z)  
q(z) 

is a rational function. It may be written as 

Az) - p(c) + s(z) 
- q(c) q(z) 
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where 

si(z) = p(z) - q(z) p(c) 
q(c) 

Clearly s, (z) is divisible by (z - c) since si(c) = 0 and therefore 

Si(z) = pi(z)(z - c). 

It follows that 

Az) - 

q(c) q(z) 

with 

f'(c) Pi (C) 
- 

Suppose now that the Taylor expansions 

n (1)(c) 
. (z C) 

i=O 2. 

and 

n ()(c)  
q(z)=  (z — c) 

iO 

for p(z) and q(z) are already known. Then Pi (z) can be calculated as follows 

pi (z) = . [+1) - q(i+1) P(c)c)  (c) (z - 
i=o z. q(c)  

where lc = max(n, m). Repeating this process we obtain 

Az) = f(c) + pi(c) (z - c) + ... 
+ p1(c) (z - c)1 + P1+1 (Z) (z - c)1' 

q(c) q(c) 1! q(z) (1+ 1)! 
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where 

f1(c) = pi(C) 

q(c) 

The quantity pi(c) is furthermore defined via 

k-i±1 (3) ( ) 
pj(z) 2 Pie  (z - 

O  

and 

= p(3+1_i ) (c) - q() (c) 1 -. 
q(c) 

This simple method for computing the Taylor expansion of a rational 

function in one variable is now generalized to multi-variate rational functions. 

Algorithm 6. (Description) 

Let 

= p(zi ). .. ,z) 
f(zi,.. . ,Zk) 

q(zi,.. ., Zm) 

be a multivariate rational function and let Ic = max(n, m). 

Considering this function as a rational function of one variable z1 and 

applying the above algorithm the expression 

f(zi,. .., zk) 

= fo,...,o(ci,z2,... ,Zk) 

+ fi,...,o(ci, z2,... Zk)(Z1 - c1) 
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(z1 - 

+ 1fl1 , ... ,o(cl,z2,. . . n1! 

+ f 1+i,...,o(zi, z2,.. . , Z) (zi - 

(n1+1)! 

is obtained where 

f1(ci,z2, Zk) pj(ci,z2,.. ., Zk) . . . ,  
q(c1,z2,. . . 

Since pj(ci, z2,. .. , Zk) is a rational function in the variables z2,. . . , Zk it fol-

lows that f,o,...,o(ci, z2,. . . , Zk) is as well. 

Considering now pj,o, ... ,o(ci, z2,.. . , Zk) as a function of the variable z2 and 

applying the algorithm the expression 

pi,o,...,o(Ci,Z2,. .. ,Zk) 

+ 

pi,o .... ,o(ci,c2,. . . ,Zk) 

q(ci,c2,. • ,Zm ) 

Pi,i,...,O(Ci,C2,.. ., Zk) 
 (z2 - c2) 

q(ci,c2,. .. ,Zm ) 

+ Pi,n2,...,o(Ci, C2. . . Zk) (z2 - C2 )n2 

q(ci,c2,. .., Zm) 

+ Pi,n2-i-i,...,o(Ci, Z2. . . , Zk) (z2 - 

q(ci,z2,...,zm ) (n2+1)! 

is obtained. 
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The general step is given by 

pA1 .. . , Ci, Zi+i, . Zk)  

q(c1).. . ,ci,zi+l,.. . ,z) 

pA1 ,...,A,o,...,o(c1, . . . , cj, zj2 ). .. , zk)  

q(c1,. . .) Ci+l,Zi+2, ... ,Zk) 

+ 

+ 

+ 

Ci+l, . , Zk)  

,Zk) 

PA1 ,o, .... o(Ci). .. , cj1, 

q(c1,. . . , . . , Zk) 

PA1 . .. ,ci, z+i,. .. . zk) (z+i - Cj+l)+1+l 

q(ci,. . . , c, . . , Zk) 

(-- +i - c+1) 

• Zk) (z+i - c+1)Th+1 

Expanding all the expressions 

pA1 ...... o, .... o(ci,. . • )Ci, Zk) 1 < i < k 
q(cj,... • ., Zk) 

in this manner until A, +.. + Ai = N and combining all the expansions, the 

expression 

Az) = 

PA1 .....Ak(d1) i_Ti (z_c)'V  
2_.O≤Ai++Ai<N q(cl,...,ck) IJ.3=O A! 

PA1.....A,o.....O(C1) ... ,Cj_1,Zj,...,Zk) —çj (z—c)'i  
>i++A=N,1i≤k q(cl,...,cj_1,zj,...,zk) llj=1 )j (4.13) 

is obtained. From formula (4.13) we get for 0 ≤ A, + • - + Ak ≤ N that 

PA1,...,Ak(C1,. . ., ck) - 5A1+•••+Akf(ci ,. . .,cj) 

f9A1 Zl .. . 0AkZk 
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A set of operators 1. ≤ i ≤ k is now introduced. These operators are 

defined as follows on constants 

[(zi - ci ) 11 (zig - Ck)} (ci,. . . ) Ck) 

k 

 fl(z1-
- q(cl, ... ,Ck) j=O 

and on variables 

[(Zi - • (z - (z1,... , zk) 

,Cs_i)Zi,. .. ,Zk) IJ(zj - c1)',1 ≤ i ≤ k. 
q(ci;. . ., Cj_j,Zk,.. ., zk) 

The operators also satisfy the commutativity conditions 

(z - - c1)1 = (z - - = (z - c)(--3 - 

For example, 

[(zi - Ci)11] (cii... ,Ck) = pA1,o,...,o(cl,. .. ,Ck)(Zi - ci)''  
q(c1,.. . ,zk) 

Then the expression (4.13) may be written as 

1(z) = [((z1 - ci)1 + .. + (zk - Ck)k)1] (c1,. . . Ck) 

+ [((z1 - ci)i + . + (zk - Ck) k)N] (z1,.. . , zk). (4.14) 

This formula is the Taylor expansion of function f(z) with a remainder. 
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The Taylor coefficients may also be calculated using the following recur-

sive formula 

PAi,...,A,o,...,o( c 1) . .. , c_1, z,.. . , Zk) = 

• . C_1 .. , Zk) - 

q(c1, • . • ) • • • , Z)  ..... 
q(cl , ... ,Cj,Zj+1 .... ,Z/) 

If the Taylor expansions of p(z) and q(z), 

and 

X (z,z—c) (4.15) 

P(Z) = O'1+'"+p(c) (zi - C1) .>1 • . (.z, -  c) An 

O≤) 1+.•.+)<N • 

q(c) (z1 - C O ", •. (Zm -  

q(z) 81Zl ... 8mZm 

are known, where N and M are the degrees of p(z) and q(z), the above 

recursive formula may be written as 

where 

• • , cj 1, z,.. . . Zk) = 

p ,•••,170 ,•••,0(c1,. . . , c, z,. • • zk)(z - 

p 00 (c1,. .. , c, , Zk) = 

(4.16) 
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(j+i) 
. . , c, zj) 

- q(i+1)(ci, . . . , Cj, z+i, . • • , Zj) .Aj_1,O.O (Cl , ... 
,Ci,Zi+1,...,Zh)  

(4.17) 

In next section two examples are given showing the application of the above 

algorithms. 

4.3.4 Time Complexity Analysis and Numerical Ex-

amples 

From formula (4.15) we see that in this algorithm we only need a polynomial 

division by a factor (z - c) and an evaluation at (Zi = ci,.. . , zj = oh) for each 

coefficient of the Taylor form. The coefficients are obtained recursively by 

formula (4.15). If we know the Taylor expansions of p(z) and q(z) , we only 

need a polynomial multiplication by a constant and an addition between two 

polynomials for each Taylor coefficient. Therefore this algorithm is very low 

complexity and much better than the algorithm obtained by evaluating the 

analytic derivatives.. 

Now an example is given for illustration of the algorithms. 

Let 

f(z,w) - p(z,w) - z2w + zw + 1 
- q(z,w) - zw+1 

,c= (1, 1). 



P2,0 (Z) w) 
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We want to obtain the Taylor expansion of f(z, w) up to degree 2. If the 

Taylor's forms of p(z,w) and q(z,w) are unknown, we can use formula (4.15) 

to calculate the Taylor coefficients of f(z, w) recursively. 

We have all pi,j with i + j ≤ 3 as the following 

z2w+zw+1—(zw+1)' w  
pi,o(z)w) = = zw + 

(z-1) w+1 • 

W 
-  w+1  

p3,o(z, w) 

z-1 (w+ 1)2' 

  ( = (w+1 zw + 1) )2 (w+1)3 w2 
z-1 - 

po,1(1,w) = 

(tv-I-i)3 

2w+i—(w+1)  _ 1 

w-1 2' 

Therefore we obtain by formula (4.13) 

3 (z — i) 1(z-1)2 1(w-1) 1(w-1)2 (z- 1)(w-

1! + 4 2! + 2 1! + 4 2! + 1!1! 
1) 
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w2 (z - 1) 1 (w - 1)  

(w+1)3 3! + 8 3! 

w+2(z— 1)(w— 1)2 + (w2+4w— 1) (Z 1)2(w— 1)  
4 1!2! 2!1! 

This is the Taylor expansion of f(z, w) up to degree 3. 

4.4 Summary 

In Section 4.2, the centered forms were generalized to multi-variate polynomi-

als. A low complexity algorithm is presented for evaluating these generalized 

forms. It was shown in Section 4.3 that centered forms evaluated over dif-

ferent arrangement of the variables of a polynomial may be different. The 

number of the different centered forms was estimated asymptotically. Some 

numerical examples were given showing that this number is surprisingly large. 

An efficient algorithm was designed for. generating the all the arrangements 

of the variables which result in different centered forms. Based on the idea of 

multi-variate centered forms, a type of computationally efficient multi-variate 

Taylor forms were given in Section 4.4. Low complexity algorithms for evalu-

ating these forms for both polynomials and rational functions were presented 

in detail. Also a detailed time complexity analysis for these algorithms was 
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given and some numerical examples were shown for the illustration. 



Chapter 5 

A Special Multi-variate Taylor 

Form 

In this chapter, a special Taylor form for real multi-variate functions is dis-

cussed. It employs a particular remainder term in a Taylor expansion. Com-

pared with the standard Taylor remainder term, this remainder term has 

very few nonzero terms and some of these nonzero are scalar terms. The 

algorithm generating this special Taylor form is given, which has a very low 

time complexity because of this special remainder term. The number of ze-

ros and the number of scalar variables in the remainder term are estimated 

asymptotically. An application of the special Taylor form to the factorable 

109 
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functions is presented in detail and some numerical examples are given. 

5.1 Special Taylor Form 

In this section we introduce a special Taylor expansion for real functions. The 

corresponding algorithm generating this expansion will be given in Section 

5.2. 

In interval analytic methods it is important to be able to replace as many 

interval variables as possible with scalar variables in order to reduce the 

width of the interval computed in a given computation. This was recognized 

early both by Moore[24] and Hansen[14]. In Hansen[14] an expansion for the 

gradient and the hessian of a multi-variate function was therefore developed 

that contains a number of interval variables replaced by scalars as well as 

some components replaced by zeros. This expansion is here generalized to 

an arbitrary order and estimates for the number of zero components and 

interval variables replaced by scalars are given. 

It is also of importance to compute non-linear functions in a convenient 

and effective manner. This is possible for the so-called factorable functions. 

These functions, introduced by McCormick[22] are important in that their 
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value and derivatives may be computed in a natural manner. 

A method for computing the range of a factorable function using the 

above expansion is then developed. 

Thus the advantages of using an expansion of the Hansen type can be 

retained for factorable functions resulting in an expansion both having low 

implementation complexity and small width. 

In this section we therefore give a class of special Taylor expansions. Let 

f : &n -* R be a multi-variate function, differentiable as required below. 

Hansen proposed an expansion for the gradient and the hessian of f of a 

special form in[14]. The suggested form has zero elements in the hessian 

and some interval variables replaced by scalars both in the gradient and the 

hessian. Thus it was a form suitable for use in interval methods of various 

kinds. This form is here generalized to an expansion up to the m-th term. 

Furthermore an asymptotic estimate is found for the number of zero elements 

of the interval remainder term. The number of variables replaced by scalars 

in the remainder term is also estimated. 

The following theorem gives the generalization of the expansion found 

in Hansen[14]. It differs from the usual Taylor expansions in the remainder 

terms. 



1 ≤ ji ≤ n 
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THEOREM 5.1 Let f(xi, x2,. . . , x) be a multi-variate function and let 

X E I be an interval. Let furthermore x,y E X. Then for m ≥ 1 the 

following expansion is valid. 

f(yi) Y2,.. . , yn) = f(xi) x2,. .. , x) + >(yi - x)—(x1,. . . , x) 
i=i Dxi 

' (w — xk)  am_i 

+ E A! ) ax f(x1)x2). .. ,x) 
k =i 

L-Lkm  i\(Y3k _ X.fl ) .1 .\ Jm 

k1!. .. k! Ox1• .. 8. 

(5.1) 

where E Xjm and ki is the number of indices j,, 1 ≤ r ≤ rn, equal to 

i in the corresponding term. 

Proof. Consider f(y) to be a function of the last variable Yn only and expand 
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In the next step the first (n — i) terms on the right-side of (5.2) are expanded 

with respect to the variable Yn-1 in m-th degree Taylor expansions. The first 

of these terms expanded results in 

f(yi) ... ,Yn_i,Xn) = f(yi).. . ,Yn_2,Xn.1,Xn) 

+ (yn-i - Xn_i) 5 0f (yi).. . , Yn-2, x_i, x,) 
sn-i 

+...+ (Yn-i - 51)m 57nf 

in! axm (i/i,... , Yn-2,n_1,...,n_1, 5 n). 
n-i 

The remaining terms are expanded in the same manner until the (m - I)-th 

term which results in the expansion 

am_if OM-1 f 
 (yi). .. , y 4, x) = (Yi). .. , Yn-2, 5ni Xn) 

+ (Y,-i - Omf  (yl,. . . ,Yn_2,n,...,n,n_i)Xn). 

This sequential expansion is continued until every term with degree less than 

m is evaluated at the point x. When these results are combined equation(5-i) 

is obtained. i: 

In equation(5.1) the term, 

amf (ui,.. Yimi eii,...,im, ji•• . , asia .. . an. 
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can be considered as an element of an rn-dimensional remainder tensor 

fji, ... ,jm . 

It should be noted that the coefficient of the terms are zero in the remainder 

tensor if j, < 32<••• <jm. 

If the expansion is started with Yi then the terms of the remainder tensor 

are zero if .ii > j2 > > jm• 

Below the example of this expansion from[48] is given for n. = 3 and 

m=2. 

f(y) = f(x)+(y—x)Tg(x) 

+ (y — x) 

hii(ii'x2,x3) 0 0 

h2i(2i ,x2,x3) h22 (yj,22,xa) 0 

x2, x3) h32 (yi,. 32, x3) h33(yi, Y2)33) 

(y— x). 

Here g(x) is the gradient of f(x) evaluated at x with components gj(x) 

Of i = 1,2,... , n and the components of the hessian are the appro-

priate second partial derivatives evaluated as required. 

The matrix in the above formula is the special hessian matrix used for 

example in the global optimization algorithms discussed in[48],[14]. 
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The tensor defined above has non-zero and zero elements. Below the 

number of zero elements are estimated by an asymptotic formula. 

THEOREM 5.2 Let N(n, m) be the number of the zero elements in the 

tensor fji,...,jm then 

N(n, m) = (1— 1/m!)nm + 0(ntm). (5.3) 

In particular, if m = 2, then 

N(n, 2) - n(n - 1) 
- 2 

(5.4) 

This theorem is proven below. A supporting lemma is first developed. 

LEMMA 5.1 

Proof. 

We have 

Em- m+1 
fl+1Q(m) 

A+1 \+I 

JA_I xrnd<>.Am< I 
Summing up from .\ = 1 to n, we get 

0 xmdx Atm 1:7 xmdx 1+1 
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or 

From (5.2) we get 

0 

m+l ≤ m≤(Th+1)m+1_1  

m+1 A=I m+1 

n 

EArn m+ 1+O(n). 

Proof of Theorem 2.24. We have 

(5.5) 

N= E 1=nm— E 1. (5.6) 
l<fll<<flm<fl Th≥fl≥ ... ≥flm≥1 

We use induction to prove 

Th≥fl1≥ ... ≥flm≥ 1 m. 

For m = 1, >Ifl>fli>1 1 = n, so (5.7) is obvious. Assuming 

1 = (m - 1)! + Q(m-2) 
fl≥fll≥"≥flm_l≥1 

is true. From lemma, we have 

Th≥fl1≥ ... ≥flm≥1 

n 

M 

1 
≥≥ ≥ n=i \flln2..•nm≥i 
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This is the formula (5.7). So from (5.6) and (5.7), we finally get 

N (1. - 1/m!)ritm +0(ntm ). 

Formula (5.2) is obvious. D 

Compared to the regular remainder term in the Taylor expansion up to 

the second order the new remainder has almost half the terms zero. As 

m —* oo the remainder tends to a zero tensor. 

THEOREM 5.3 Let M(n.,rn) be the number of variables y and e in the 
remainder tensor, then 

m+l 

M(n,m) = (m+1)! + 0(ntm). 

In particular, when m = 2, then 

M(n,2) = n(n-I- 1)(n+2)  

(5.8) 

(5.9) 

Proof. We know that in an element fji ..... jm , the number of variables y 

and ' is im  This means that the number of all these variables in the tensor 

is 

m+1 

M(n,m) = E irn = 1 = + 0(ntm). 
n≥ji ... ≥jrn≥1 n≥j1••≥jrn≥j≥1 m+ . 
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For m = 2, we have 

M(n,2)= >1 i 
fl≥il≥32 ≥1 

= ji(ji+1) - n(n+1)(m+2) 

E 2 - 6 

0 

The standard Taylor form as given in for example[34] has m  elements 

in the remainder, each element being a function of n. variables. If the new 

form is used as a Taylor form up to the degree m for an interval X E I 

then clearly the width of the form is going to be less than the width of the 

corresponding form from[34]. 

Now we present an application of the Taylor form to real factorable func-

tions. In McCormick[22] it is rightly pointed out that the effort expended on 

developing methods for solving non-linear problems in several variables has 

not been paralelled by a similar effort in finding suitable means of represent-

ing non-linear functions. He points out that the process of implementing a 

non-linear multivariate algorithm is in general seriously hampered by the ef-

fort required to actually code the algorithm and that there exists no general 

scheme for this coding. As a means of overcomming this problem he in-

troduced the class of factorable functions (see[22] Chapter 3, and references 
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found there). This class includes all functions explicitly representable by a 

computer program. Exceptions are functions given implicitly or not included 

in a list of primitive functions such as sin, cos etc. Table 3.2.3 of[22] gives 

a typical example of such a list. The class of factorable functions is now 

defined below. 

DEFINITION 5.1 A function f(x1,.. . ,x) is afactorable function of sev-

eral variables if it can be represented as the last in a finite sequence of func-

tions {f1(x)}. This sequence consists of the basis functions 

MX)  x5, j = 1,... 

Using the basis functions the functions f(),j > n are formed by 

either fk(x)+fl(x), lc,l<j 

or fk(x) xfi(x), lc,l<j 

or T[f(x)], k <j, 

where T(f) is a function of a single variable included in a table of primitive 

functions. 

The function 

(a-x1)  

f(x) = [b-

x3(2ir)h/2 L 00 2 X2 e_t212dt]2, (5.10) 
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Function Form of 

Sequence Composition T(f)  

j = 1,2,3 

f4(x)= a — fi(x) a — f —1 0 

f5(x) = [f2(x)]2/2 1/2f 2 -f 3 3f-4 

f6(x)= f4(x)15(x) 

f7(x) = Cf6(D ) c—t2l2dt ff. c_t2/2 dt 
J —co 

J— 

fe 12/2 I ,—f2 /2 

(2,)1/2 (2)1/2 (2,)1/2 (2,)1/2 

f8(x)= f3(x)f7(x) 

f9(x) = (b - f(x))2 (b - f)2 —2(b - f) 2 

Table 5.1: Factorable function example 
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from McCormick [22] is an example of a factorable function. The sequence 

of steps for the evaluation of the function is given in Table 5.1 where i'(f) = 

5T(f)/ôf and t(f) = 02T(f)/3f2 which are required later are also included. 

Again following[22] it is clear that a factorable function has a first and 

second derivative. The first derivative is formed for each step in the function 

sequence using the rules 

) 

fL(x)+f!(x) if fJ(r)=fk(x)+fj(x) 

fk(X)ff(x) + f(x)fl(x) if f(x) = fk(x)fl(x) 

i[fk(a)]fL(x) if fj(x) = T[fk(x)] 

and the second derivative using the rules 

(5.11) 

f'(a) + ff'(x) if f(x) = fk(x) + fl(X) 

fk(x)f('(x) + fL'(v)fi(x) 

+ fL(x)T fl, (x) + fl, (x)Tfk(x) if f(x) = fk(a)fl(x) 

f,''(x)T[fk(x)] + fL(a)TT[fk(x)]f(x) if f(x) = T[fk(x)]. 

(5.12) 

The first derivative of the function (5.10) is developed in Table 5.2 as an 

example where P" denotes the previous entry in the same column. Second 

and higher derivatives are developed in the same manner. 
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Function 

j f(x) ôfa(x)/ôxi &f(x)/8x1 

1 XI 1 0 0 

2 X2 0 1 0 

3 X3 0 0 1 

4 a — fi(x) -1 0 0 

5 [f(x)]2/2 0 f2 0 

6 f4(x)f5(x) —f f4f2 0 

7 f
I6(') e—t2/2dt 
_o 

e_f6/2dtp* 
0 (2,)1/2 

_____ 

_________ 

(2)h/2 (2 1T)h/2 

8 f3(x)f7(x) f3p* f 

9 (b - fs(x))2 —2(b - f(x))2P* —2(b - fs(x))P* —2(b - fs(x))P* 

Table 5.2: Derivative Example 
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5.2 Taylor Form Algorithm 

5.2.1 Algorithm 

In this section a twice differentiable function f : Rn -+ is considered. The 

range of f over X E F, written by 7(X), is 

f(X) = {f(x)Ix E X}. 

Since f is twice differentiable it can be expanded in a Taylor series 

1(y) = 1(x) + f'(x)(y - x) + l/2(y - x)Tf"()(y - x) 

up to the first order with a remainder of second order where x V y (that 

is the interval spanned by x and y). 

In[34] it was shown that this series could be used to compute an including 

estimate 

fT(X) = f(c) + f'(c)(X - c) + 1/2(X - c)Tf"(X)(X - c) 

for the range of f over an interval X where f"(X) is an including evaluation of 

the Hessian over the domain interval X and c = midX E X is the evaluation 

vector. This estimate is known as the second order Taylor form. In[34] it 

was shown that the second order Taylor forms are quadratically convergent 



124 

if the remainder tensor is bounded. The first order forms (see[34]) require 

difficult to establish Lipschitz conditions in order to achieve the same order 

of convergence. Higher order forms may also be defined as in[34], but this is 

not considered here. 

With this in mind the Taylor form for a factorable function using the 

expansion (5.1) is developed. The resulting Taylor form is 

fs(X) = f(c) + f'(c)(X - c) + 1/2(X - c)TH1(c, X, X)(X - c) (5.13) 

where H(x, X, X) is defined to be the special Hessian 

H(x,X,X) = 

,c) 0 ... 0 

h2i(Xi,c2,...,c) h22(X1,...,X_1,c) 

• , c) h2(X1) . . . , X_1, c,-4) 

From the definitions of fT(X) and fs(X) it clearly follows that 

7(X) c fs(X) c fT(X) 

0 

(5.14) 

(see also[34]). 

It is therefore of interest to compute the second order Taylor expansion 

for a factorable function applied to computing the range of a function f 
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via the form (5.13) as efficiently as possible. An algorithm in a Pascal-like 

notation is given for the computation of the value and the first derivative at 

c and the special second derivative inclusion at c and X. Translating this 

to an actual implementation in Pascal-SC (see Kaucher et al[18}) is fairly 

simple. The above notation is, however, used both for clarity and brevity. 

Essentially the algorithm consists of an implementation of the derivative 

formulas (5.11) and (5.12). 

The input to the algorithm is an array containing the function in a fac-

tored form, an evaluation vector c and an interval X over which the range 

is sought. The output is the first derivative in an one-dimensional array and 

the special interval Hessian in a two dimensional interval array. The final 

evaluation of the special Taylor form is omitted for brevity. It consists of 

applying the formula (5.13) given above. 

The main procedure Hessian-expansion consists of a call to an input 

procedure reading the factorable function sequence followed by calls to the 

derivative and second derivative procedures. The factorable function se-

quence is assumed to be K elements long. A further assumption is that 

there exists a repertoire of primitive functions T for which the derivative 

D(T) and the second derivative D(D(T)) are known. 
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Algorithm 7. 

procedure Taylor; 

var 

F: Array to store the factorable function sequence; 

V : Array to store the derivative sequence; 

Array to store the hessian sequence; 

X: Developing interval; Developing vector is c=mid(X); 

begin 

Input the function in factorable form into array ; 

Number of functions is K, final function is F(K); 

Input interval vector X and developing vector c; 

value(.T, V, c); 

derivative(T, V, W, c); 

special-hessian(,T, 7-, X, c); 

evaluate (5.13) using V, W, 7-1, X, c. 

output resulting interval X; 

end. 
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The procedure value evaluates the factorable function at a point c. The 

result is found in V(K). 

procedure value(.F, c, V); 

begin 

for j=1 step! ton doV(j)=c; 

for j = n + 1 step 1 to K do begin 

case '(j) of 

(k) + ,F(l): V(j) = V(lc) + V(l); 

..'F(k) * : V(j) = V(lc) * 

T(F(k)): V(j) = T(V(lc)); 

end; 

end; 

In the procedure derivative the derivative values of a function sequence 

is calculated using the cases of (5.11). The result is in the N x K array W. 

procedure derivative(.F, V, )IV, c); 

begin 

for i=lstep ltoKdoW(i)=e2; 



128 

for i = n + 1 step 1 to K do begin 

case T(j) of 

.F(k) + F(l): W(j) = )'V(lc) + )/V(I); 

.F(k) * .7'(l) : W(j) = V(k) * )'V(l) + )'V(lc) * V(l); 

T(J(k)): )'V(j) = V(D(T(V(k)))) * W(lc) 

{ V(D(T(V(j)))); is the value of the derivative of the built-in 

function T at V(j) }; 

xe': W(j) = ej; 

end; 

end; 

In the procedure hessian the values of the hessian of a function sequence is 

calculated using the cases of (5.12). 

procedure hessian(.T, V, )IV, R, X, c); 

for i=lstep ltoKdoW(i)=O; 

for i = ii + 1 step 1 to K do begin 

case .F(j) of 

T(k) + .F(l): R(j) = 7-1(k) + 7-1(l); 

(k) * 9(l): 7-1(j) = )/V(k) * 7-1(l) + 7-1(k) * )/V(I); 

T(.F(k)): 7-1(j) = W(D(T(W(k)))) *7-1(k); 
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{ W(D(T'V(j)))) is the value of the derivative of the built-in 

function T at W(j) }; 

xe3' : = ej; 

end; 

end; 

The procedure special-hessian now calculates the special hessian given in 

(5.14). 

procedure special-hessian(F, fl, X, c); 

var: Auxiliary arrays VV, WW, 717-1, Xx; 

begin 

for i = 1 step 1 to N do Xx(i)=c(i); 

fori=l step itoNdo 

begin 

Xx(i)=X(i); 

value(, Xx, VV); 

derivative(.F, VV, )IV)'V); 

hessian(, VV, )'VW,  

for j = i step ito N do 7-1(i, j) = 

end; 



130 

end; 

The above procedures form the skeleton of the algorithm for the special 

Taylor-form range computation. It is of course assumed that the appropriate 

menu of fundamental functions and their first two derivatives are available. 

5.2.2 Numerical Realizations 

In this section, a numerical example is given illustrating the use of the algo-

rithm discussed in the previous section for a real factorable function. 

The inclusions fT(X) and fs(X) were calculated for the factorable func-

tion 
X2(a-x1)  

f(x) = [b - x3(2ir)_h/2 J 2 e_i212c1t]2 (5.15) 

using an implementation of the pseudo-Pascal code given in the last section 

in FORTRAN. As an example of the calculation procedure some symbolic 

calculations are given in Table 5.3. 

With the input values a = 0.1, b = 1.0 and 

X = 1[0.2, 1.5], [1.0, 2.0], [1.0,2.0]} 
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Function 

Sequence f(x) df(x) hf(x) 

i=1 fi(x) 1 0 

1=2 f2(x) 0 0 

i=3 f3(x) 0 0 

= 4 a - fi(x) (a - fi(x))dfi(cc) (a - f1)hd1 - [df1]2 

I = 5 [f2(x)]2/2 df2(x)/2[f2(x)]2 hf2/2[f2]2 - [df2]2/[f2]3 

= 6 f4(x)f5(x) df4(x)f&() + f4(a)df5(x) f4hf5 + hf4f5 + df4df5 

I=  7 

rf6(x) e—t2 /2dt 

-°° 

r' e—t2/2dt 
____________ 

df6(v) 

ff6 _t2/2dt_f2/2 

(2,)-1/2 (21r)1/2 (2r)_1/2 (21r)I2 df 62 

I = 8 f3(x)f7(x) df3(x)f7(x) + f3(x)df7(x) f3hf7 + hf3f7 + df3df7 

= 9 (b - f8(x))2 —2(b - fs)dfs(x) —2(b - f8)hf8 + 2[df8]2 

Table 5.3: f(x), f'(x)(lst. component), f"(x)( component 1,1) (when i=9) 
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the results were 

fT(X) = [- 1.9973993,2.2413865], fs(X) = [- 1.0345017,1.2784888]. 

Similarly with the inputs a = 0.1, b = 2.5 and 

X = {[0.4,2.1], [0.4, 2.1], [0.4,2.1]} 

the results were 

fT(X) = [- 1545.8111,1554.2526], fs(X) = [-451.01445,459.45599]. 

These and further calculations show that the width of the inclusions 

fs(X) is 0.5 to 0.25 of the width of the inclusions fT(X) for reasonably 

large input intervals. 

5.3 Summary 

In this chapter, a special Taylor form for multi-variate polynomials is dis-

cussed in detail as a special case of centered forms. This special Taylor form 

can be evaluated with very low complexity using interval arithmetic. An 

asymptotic estimate is given for the number of zero entries in the interval 

remainder terms of this form. Also the number of variables replaced by 
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scalars in the remainder term is estimated. The implementation of the new 

form for factorable functions is given and some numerical examples are pre-

sented showing that significant improvements are obtained for one particular 

factorable function. 

In this chapter a low complexity algorithm has been developed for the 

special Taylor expansion of real multi-variate polynomials and rational func-

tions. In the polynomial case, the algorithm is comparable to the direct 

derivative algorithm. The new algorithm for the rational case provides, how-

ever, a significant improvement in time-complexity. 

The resulting Taylor expansion for rational functions consists of main 

terms and a remainder. These remainders, which differ from the usual re-

mainders, have the forms 

c_1, xi,. . . , xk) (x1 - .. . (xk  1 < < k 
Ox . . . 9i ' - - 

that is they are exact. Practically, this algorithm provides a computational 

method to calculate Taylor coefficients for rational functions. Based on re-

cursive formulae (5.13) and (5.14), the algorithm is easily implemented as 

computer programs. 



Chapter 6 

Centered Forms for 

Meromorphic Functions 

In this chapter, power-sum forms and centered forms are generaliized to 

meromorphic functions. The three properties of the centered forms: inclu-

sion, quadratic convergence and inclusion isotonicity are shown to hold for 

meromorphic functions. Algorithmic approaches with error estimates for 

meromorphic functions are discussed briefly. Some numerical results are 

given for illustration. 

134 
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6.1 Meromorphic Functions 

6.1.1 Forms for Meromorphic Functions 

In this chapter, the centered forms will be extended to meromorphic functions 

and the corresponding properties for these forms will be proven. Also some 

algorithms for calculating these forms will be given briefly. 

We first define the power-sum forms for meromorphic functions. Then 

based on them we define centered forms and give their properties of inclusion, 

convergence and inclusion isotonicity. Some results of this section appeared 

in[6, 7]. Let p(z) and q(z) be entire functions on the complex plane. Then 

f(z) = p(z)/q(z) is a meromorphic function on the complex plane. Expand-

ing p(z) and q(.) in Taylor series at z = 0 we get p(z) = 

and q(z) = .1(q()(0)/(i!))z1 and we may write f(z) as 

In the sequel the range of f(z) over the disk Z = (c, p) is denoted by 

7(Z) = {f(z)Iz E Z}. 

For notational convenience we also define 

a = p(i)(o) b = q()(0)  



136 

If f(z) is now evaluated by replacing the variable z by a circular interval 

Z using the operations (2.23) to (2.26) obtaining a circular interval f(Z) 

then 

f(Z) C f(Z) 

because of (2.27) and (2.28). Both e and p may vary, however, depending 

on the organization of the operations. This was first realized by Moore[23] 

for real functions. In the following some forms are defined for meromorphic 

functions and some interesting and useful properties are verified. Results 

in this section may be compared to those results for rational functions in 

Section 4.1. 

The first forms we consider are the power-sum forms starting with the 

zeroth order power-sum form. For this we first develop the power-sum forms 

for the polynomials p(z) = > aizi and q(z) = bizi given by 

EajZ, > bZ 
i=1 1=1 

respectively (see{41]). Then letting ri tend to infinity we obtain 
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Applying the disk division we arrive at a disk 

f(o)(Z) = ( aiz) / ( bZ). 
This disk is called the zeroth order power-sum form for the meromorphic 

function f(z). In the following theorem the explicit formula for this form is 

given. 

THEOREM 6.1 Let f(z) = p(z)/q(z) be a rneromorphic function. Then 

the zeroth order power-sum form 

f(o)(Z) = (Cp(o),pp(o)) 

satisfies 

1 - 

Cp(o) p(c)q(c), 

P(o) 00 A [1rc1 + jai((c + p) — ci))(q(e) + E IbiI((IcI + p) — IcI) - IP(C)(c)I] 

where 

00 
A = Jq(c)I2 - bI((IcI + p)' -  IcI) 

Furthermore 7(Z) C f(o)(Z). 

]2 

(6.1) 

Proof. In[46] it was shown that if Zn = (ca, p) is the power-sum form of 

the polynomial p(z) = az1 over Z = (c, p) then it satisfies c = p(c) 
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and pn = >=o lail((lct + p)1 - tel1). Let Z = (cp,pp) and Zq = (Cq,pq) be 

the power-sum forms for p(z) and q(z) and Zp,. = p) and Zq,n = 

(cq,n) pq,n) for >: az1 and b1z1. Using the above results we have 

00 

c = lim = P(C), Pp = Jim Pp,n = i lal((lcl + p)1 - ic!1) 
n-00 n-00 

1=0 

and 

00 

Cq = urn Cq ,n = q(c), Pq = urn P9,n=  E lbil((lcl + p)1 - 
n-+00 

1=0 

Since f(o)(Z) = Zp/Zq we obtain the explicit formulas above using the iden-

tity (2.34). 

The inclusion property is an immediate consequence of the inclusion iso-

tonicity of the operations (2.23) to (2.31). 0 

We note that in the sequel A is always defined by (6.1). 

The higher order power-sum forms for meromorphic functions are now 

defined. Let 

f(z) 

be rearranged as 

q(c) q(z) 
(6.2) 
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Then 

s(z) = p(z) - p(c)—q(z) 
q(c) 

with s(c) = 0. Therefore 

$(z) = r(z)(z - c) 

and f(z) may be written as 

f( =1 + r(z) z) —(z—c). 
q(c) q(z) 

(6.3) 

Suppose now that the meromorphic function g1(z) = r(z)/q(z) has the 

zeroth order power-sum form g(o)(Z) over the disk Z. Using this form we 

obtain a disk 

fp(i)(Z) = + g(o)(Z)(Z - e) 

where the disk operation are given by (2.23) to (2.31). 

This disk is called the first order power-sum form for the meromorphic 

function f(z). 

Generally the lc-th order power-sum form for f(z) is defined by 

f(k)(Z) = + g(k_l)(Z)(Z - c) 
q(c) 

(6.4) 

where g(,,—,)(Z) is the (k— 1)-th order power-sum form for the function g(z). 

This is a recursive definition. 
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It is possible to develop explicit formulae for higher order power-sum 

forms. In the following theorem the explicit formulae for the first and second 

order power-sum forms are given. 

THEOREM 6.2 Let f(z) = p(z)/q(z) be a meromorphic function. The the 

explicit formulas for its first and second order power-sum forms 

f(i)(Z) = (cp(i) ,pp(j) , f(2) (Z) = (cp(2) ,pp(2)) 

satisfy 

Pp(i) 

Cp(2) 

Pp(2) 

- 

— q(c) 

- L [jr(c)j 00 + rjI((Icl + p)1 - JcI) I 
1 - A 1=1 j 

E IbiK(IcI + p) - JcI) 11q(c) 1 + 00 I 

- 

- q(c) 

[jt(C)j 00  + Eti((IcI + p)1 -  Icl 

[Iq(c)I + bJ((c + p)1 - Icli)] + pjr(c)/q(c)I 

(6.5) 

(6.6) 

(6.7) 

(6.8) 

where r(c) rc1 and t(c) = tc1 satisfy f(z) = f(c)+r(z)/q(z)(z— 

c) and r(z)/q(z) = r(c)/q(c) + t(z)/q(z) (z - c) respectively and where t1, i = 

0,1,.. ., t1,i = 0,1,..., are the Taylor coefficients of r(z) andt(z). 

Furthermore 7(Z) 9 
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Proof. The first order power-sum form of f(z) can be written as 

= f(c) + 'r, ( Z) (z - c) 
q(Z) 

where r(Z) and q(Z) are the power-sum forms for r(z) and q(z). From 

Theorem 6.1, the zeroth order power-sum form for g(z) = r(z)/q(z) is 

where 

and 

Pi 

r(Z) 

q(Z) 
= (ci,p1) 

1 - 

Cl = r(c)q(c) 

[(Ir(c)l + >: IriI((IcI + p)' - IcI)) 
- i=1 

00 (q(c) + +IbI((IcI + p)' - IcI) - Ir(c)(c)l]. 

and where the coefficients ri are the Taylor coefficients of r(z) expanded 

around z0 = c. From the definitions of the disk operations it follows that 

where 

p(c) 
Cp(1) = q(c) 

(Cp(i),pp (i)), 

(6.9) 
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Pp 00 (i) = [irci + ErilMCI + p)i - IcI)1 
i=1 

col 

[Iq(c)I + bj((c + p)' - IcI) I. 
i=1 ] 

(6.10) 

Continuing this process we develop the first order power-sum form for 

g(z) as 

= g(c) + t(Z)  (Z - c). 
q(Z) 

We obtain from (6.10) and the definitions of disk operations that 

where 

and 

P2 

flp(i)(Z) = (C2, P2) 

C2 = r(c)/q(c) 

- L [It(c)I + EOO til((IcI + p) - IcI)1 
- AL J 

1Iq(C)I + E Ib4((IcI + p)' -  IcI)1. 
i=1 .1 

where the ti are the Taylor coefficients of t(z) at c. 

The second order power-sum form for f(z) now can be written as 

= f(c) + g(l) (Z)(Z c) = (C(2), Pp(2)) 
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where 

and 

Cp (2) = p(c)/q(c) (6.11) 

1 
Pp(2) = [It(C )I + 00 t((Icl + p) - IcI)i 

i=1 j 
00 -I 

Iq(c)I + Jb((c + p) - IcJ) I + pIr(c)/q(c). (6.12) 
[ i=1 J 

The inclusion property is again a direct consequence of the inclusion isotonic-

ity. 0 

Now we extend the notion of a centered form to meromorphic functions. 

Let 

00 
PC(Z) = (p(c), Ip(k)(c)Ipk/k!) and q0(Z) = (q(c), E jq(')(c)jp'1 k- !) 

k=1 lc=1 

be the centered forms of p(z) and q(z) over Z = (c, p) (see[27]). We define a 

disk 

f0(o) (Z) = p0(Z)/q0(Z) 

where the disk division follows formula (2.34). This disk is called the zeroth 

order centered form, or semi-centered form, of the meromorphic function 

f(z). 
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Similarly, the first order centered form of f(z) can be defined as 

fccl)(Z) --  q(c) + g(0) (Z)(Z - c) 

where g(z) satisfies 

A z ) - + g(z)(z— c). 

Generally the k-th order centered form of the meromorphic function f(z) = 

p(z)/q(z) is defined by 

fc(k)(Z) --  q(c) + g(k_l)(Z)(Z - c) 

where gC(k_1)(Z) is the (Ic - 1)-th order centered form of g(z). 

Explicit formulas for k-th order centered form can be derived easily. First 

we will give the explicit formula of the semi-centered form. 

In the sequel 

00 
B = - ( (i)(C)Ipi)2 

and assuming B> 0. 

THEOREM 6.3 Let fc(0)(Z) = (e0(0), Pc(0)) be the zeroth order centered 

form for the meromorphic function 1(z) = p(z)/q(z) over the disk Z = (c, p). 

Then we have 

C0(o) = 
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00 Ip(i) (c)I 00   - IP(C)(c)I] 
Pc(0) = FE 

L=i i=1 

and 7(Z) g f0(o) (Z). 

Proof. From[46] the centered forms of p(z) and q(z) over Z are 

00 

PC(Z) = 
k=1 
00 

q(Z) = 
k=1 

Using (2.34) we obtain explicit formulas for cc(o) and Pc(0). The inclusion 

property is an immediate consequence of the inclusion isotonicity of the op-

erations (2.23) to (2.31). 0 

The explicit formulas of the first and second order centered forms for the 

meromorphic function f(z) are now given. 

THEOREM 6.4 Let f0(k)(Z) = (cc(k) )pc(k)) be the centered form of order 

Ic for the meromorphic function f(z) = p(z)/q(z) over the disk Z = (c, p). 

Then we have 

= 1,2,... 

1 00   
Jq(c) 

00 pt  r(+1)(c)q(c) - q (i+1)(c)r (c )J] 

=o Jq(c)i + 1)! 

p(i+1)(c)q(c) - q(i+1)(c)P(c)!] 
(i+ 1)! 

Ir(c)  
Iq(c) I 
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where 

00 r(z) = r(0 (c) (z - c) 

i=O 

and 

r() (c) = 1 {p(i+1)(c)q(c) - q(i+1) (c)p(c)](z - c). 
q(c)(i + 1) 

Furthermore 

7(Z) fC(k)(Z), k = 1,2..... 

Proof. The first order centered form of f(z) can be written as 

f-(1) (Z) = f(c) + (Z - c) 

where the Taylor coefficients of r(z) are 

r ) (c) - - 1 
 [p(') (c)q(c) - q( ')(c)p(c)J, i = 1, 2 
q(c)(i+1) 

From Theorem 6.3, the zeroth order centered form for g(z) = r(z)/q(z) has 

the explicit representation 

r(Z) 1   °° Ir°(c)I °° Jq(i)(c). - Ir(c)q(c)I). 
q(Z) = (r(c)q(c),  z! 

i=O i=1 

It follows that 

Co q (i) 

f(l)(Z) = (f (C), (c) i! 
i=O i=1 
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00 Iq(j)(c)'  P i 00 p(i+1)(c)q(c) - q (i+1)()p () (6.13) 
= 

B i! i=o i=1 q(c)(i+1)! 

Continuing this process we develop the first centered form for g(z) as 

g0(i)(Z) = g(c) + SC(Z)(z - c) 
q(Z) 

where the Taylor coefficients of .s(z) are 

1  
= [r')(c)q(c) - q )(c)r(c)], i = 1,2 

q(c)(i + 1) 

It follows from (6.13) that 

r(c) q (i)( c ) 1 00 
q(i+1)(c)q(c) - q(i+1)(c)r(c) pd). (6.14) 

'B-  i! P>J   = c;y i=O 1=1 q(c)J(i + 1)! 

The second order centered form for f(z) now can be written as 

f(2) (Z) = 1(c) + (Z) (Z - c) 

2 q 00 (i)( ) 

- F--' - \JC)B &_ P 

00 r(+l)(c)q(c)_ q(')(c)r(c) Ip + r(c)/q(c) Ip) (6.15) 
i=1 

The inclusion property is again a direct consequence of the inclusion iso-

tonicity. 0 
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6.1.2 Inclusion 

In Section 3.2 it was shown that the the complex centered forms of higher 

order for rational functions are included in the lower order forms. 

In this section, we show that the centered forms for meromorphic func-

tions have the same property. 

THEOREM 6.5 Let f(z) = p(z)/q(z) be a meromorphic function and let 

f0(i) (Z) and f0(2)(Z) be its first and second centered forms over the disk Z = 

(C7 P). Them 

7(z)9 f,(2) (Z) C f0(I)(Z) 

Proof. Let f,(,) (Z) = (z1, p1) and f,(2) (Z) = (z2,p2). Since z1 = z2, it is 

sufficient to prove that P2 < P1. 

From Theorem 6.3, we have 

P1 - P2 

P 00 Iq (i) (c)i 00 Ir(c)  
i! Pi B j0 i=1 

P_ 
B. 2=0 

r (i+1)(c)q (c) - q(i+1)(c)r(c) - jr(c)/q(c)p. 
1q(c)1(i + 1)! i=1 
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Let 

00 B = q(c)l+  i! 
i=1 

00 

B = Iq(c)I—  i! 
i=1 

then B = BB. Since B> 0 and B > 0, it follows that B > 0. 

Multiplying D by Bq(c)/p we obtain 

B 
- Ir(e)IB-DBq(c)/p -- q(c) E Jq()(c) . r()(c)  

i=O i=O 

B 00 q(i) (c) r(1)(c)q(c) - 

-Iq(c)J E i! + i=O (i 1)! 

= lq(c)r(c)HIr(c)q(e)I+ 00 r(i) (c)q(c)I + q()(c)r(c) -  r(i)(c)q(c) - q(i)(c)r(c) 

i=1 (i)! 

This proves the theorem. 0 

Let f0(k) (Z) be the k-th order centered form of f(z) over Z. We then 

have 
COROLLARY 4 

7z) ç f(k)(Z) 9 fc(kl)(Z) C ... f0(i)(Z). 

Proof. According to the recursive definition of the centered forms, the (lc - 

1)-th order centered form f(kl)(Z) can be written as 

(k-2) 

fc(k_1)(Z) = f(c)+f'(c)(Z—c)+. (k - 2)! (Z_c)2+gC(o)(Z)(Z_c)k_1 
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where g(z) is a meromorphic function. Therefore the ( k).-th and (k + 1)-th 

order forms of f(z) can be written as 

f f(k.2) (C) (k 
(Z) = f(c) + f'(e)(Z - e) + +  (k - 2)! (Z - c)c_2 + 9c(I) (Z)(Z - c)'', 

and 

f(k+1)(Z) = f(c)+f'(c)(Z — c)+ .. • f(k_2) (c) (k —2)! (Z_c)/_2+g(2)(Z)(Z_c)_1 

Applying Theorem 6.5 to g(z) we obtain 9,(2) (Z) ç g0(1) (Z) which along with 

the inclusion isotonicity of the operations gives 

fC(k+1)(2 ) C fC (Z). 

The corollary follows. 0 

The power-sum forms and centered forms both have the property that 

they give increasingly better inclusion for the range of the function. Numer-

ical examples show, however, that there are functions f(z) and disks Z such 

that both Pc(k) < Pp(k) and Pc(k) > Pp(k) are possible, where Pc(k) and pp(k) are 

radii of f(k) ( Z) and f(k) ( Z) respectively. 
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6.1.3 Quadratic Convergence 

It was shown in Section 3.3 that the centered forms for complex rational 

functions were quadratically convergent to the range as the size of the domain 

tended to zeroth in the sense of diameter inclusion. 

In this section we will show centered forms of all orders are quadratically 

convergent in the norm of DI-pseudo-distance. This distance was defined in 

Section 3.3(see[46]). 

THEOREM 6.6 Let f(l)(Z) be the first order centered form of the mero-

morphic function f(z) = p(z)/q(z) over Z = (c, p). If WE K is the smallest 

circle containing 7(Z) then 

= 0(p2). 

Proof. Let u, v E Z be chosen such that 

max If(zl) — f(z2)I 
zi,z2EZ 

and 

Y = (f (u) + f(v)), — If (u) - f(v)J). 
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Then clearly 

Y - W, 7(Z) 9 W and 7(Z) 

We now write f(z) as 

where 

and 

f(z) = f(c) + —r(z) (z - c) 
q(z) 

°° r() (e) 
 (z — c) 

i=O 

r()(c) = p(i+1)(c)q(c) - q( ')(c)p(c) 

q(c)(i+1)  i=O,1 

Let z1, z2 E Z be any two points. We have 

If(zl) — f(z2)I = 

> 

where (z) satisfies 

r(zi) i c) - r(z2)  
(z - (z2—c)I 

q(z1) q(z2) 

r(c) r(c) t(zi) t(z2) 
(zi—c) 2— (z 

q(c) q(o) q(zi) q(z2) 

- t(zi) (zi c)2 - t(z2) 21 
q(zi) -  (Z2— C) 

q(z2) 

r(z) - r(c) i(z) 

q(z) q(c) q(z) 

Let z1, z2 to be chosen such that Izi - z2I = . Then we have 

If(u)-f(v)I ≥ If(zl) — f(z2)I 

>  * 1) 2 t(z2) 2 1. 

- q(c)''q(z1) I q()P 
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The radius p,(,) of f0(i) (Z) may be expanded as 

Pc(1) 
00 q(i)()1 t 00 jp(+')(c)q(c) - q(i + 1) MAC) 

Ipi)/(q(c)2 - 
B i=o i=i q(c)(i + 1)! i=1 

=-

00 q(O(c) 00 (+')(c)q(c) - q(i+1) (c)p(c)I i B i!  q(c) 2(' + O(p)) 
j=O i=1 q(c)(i + 1)! 

I(lq(c)l  + O(p)) + O()j IPF(e)(c) - q'(c)p(c)I 1 
q( ) 2(1 + O(p)) 

= [IP(c)(c) - q'(c)p(c)2 + 0(p)] p + 0(p2). 
Iq(c) I 

The DI-pseudo-distance between Y and f0(i) (Z) can now be estimated as 

(Y; f0(l) (Z)) 
< [jp'(c)q(c) - q'(c)p(c)j + 0(P)I 

p q(c)I  
r(c) Iz1) I + 1t(z2)  I) 

+ 0(p2) - - 1/2p2( q(zi) q(z2) 

- —1/2p2( Jt(zi)1 + 1t(z2)  I) + 0(p2). 
- q(z1) q(z2) 

Since t(z)/q(z) -+ t(e)/q(c) when p -* ü for any z E Z. We have 

= 0(p2). 

It follows from cI(W,f0(1) (Z)) ≤ (Y,f0(l) (Z)) that (T'V,f0(l) (Z)) = 

0(p2). 0 

COROLLARY 5 (W,fc(k)(Z)) = 0(p2) for all k ≥ 1. 

Proof. From Corollary 4 f0(k)(Z) 9 f0(i) (Z). The corollary follows. 0 
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In Section 3.3 (see also[41]) it was shown that the zeroth order centered 

form is also quadratically convergent for complex rational functions given 

certain conditions. Here we show that it is true for meromorphic functions 

under the same conditions. 

THEOREM 6.7 Let f(o)(Z) be the zeroth order centered form of the mero-

morphic function f(z) = p(z)/q(z) over Z = (c, p). If W E K is the smallest 

circle containing 7(Z) then 

'(W,fc(o)(Z)) = 0(p2). 

whenever arg(p'(c)q(c)) = - arg(q'(c)p(c)). 

Proof. Let W = (cw,pw). From the fact rad(Y) ≤ rad(W) (see 

where Y is defined in Theorem 6.6, and a result of Theorem 6.6, we have 

pw ≥ + o(p2)] ≥ + Q(2). 

From Theorem 6.3, we have 

Ip'(c)q(c)J + Iq'(c)p(c)I  
Pc(o) = p + 0 Iq(c)I2 (p2). 

It then follows from arg(p'(c)q(c)) = - arg(q'(c)p(c)) that 

(W,f(o)(Z)) = Pc(0) - Pw 
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< p'(c)q(c)I + q'(c)p(c)I p p'(c)q(c) - q'(c)p(c)I + 0(p2) 
Iq(c) 2 

< Ip'(c)q(c) + q'(c)p(c) -  Ip'(c)q(c) -  q'(c)p(c)I + 0(p2) 
Iq(c)I2 

= 0(p2). 

This proves the Theorem. D 

Using a similar method and the explicit formulas (6.1), (6.6) and (6.8) 

for the power-sum forms we obtain the following two theorems. The proofs 

are omitted. 

THEOREM 6.8 Let f(i)Z be the first order power-sum form for the mero-

morphic function f(z) = p(z)/q(z) over Z = (c, p). If W E K is the smallest 

circle containing 7(z) then 

= 0(p2). 

THEOREM 6.9 Let f(o)(Z) be the zeroth order power-sum form for the 

meromorphic function f(z) = p(z)/q(z) over Z = (c, p). If W E K is the 

smallest circle containing 7(Z) then 

(W,f(o)(Z) = 0(p2) 

whenever arg(p'(c)q(c)) = - arg(q'(c)p(c)). 
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6.1.4 Inclusion Isotonicity 

In Section 3.4 (see also[6]) it was shown that the centered form for arbitrary 

analytic functions is inclusion isotone, that is, if Z1, Z2 E K and h(z) is an 

analytic function then 

Z1 9 Z2 = h(k)(Zl) 9 hC (Z2) 

where the centered forms for analytic functions is defined in a natural manner. 

Clearly the property of inclusion isotonicity is of importance in the ap-

plications. In fact, if the domain is restricted then it is desirable that the 

estimate of the range should improve. This property is not always guaranteed 

as shown for example in Moore {24J. 

In this note the inclusion isotonicity is verified for all orders of centered 

forms for rational and meromorphic circular functions. 

Obviously the meromorphic case implies the rational case. Therefore we 

only need to show that it is true for meromorphic functions. In fact we 

will prove the following theorem which also covers the power-sum forms for 

meromorphic functions (see[7] for definitions of power sum forms. We use 

the same notation f(k) (Z) as in[7] for the k-th power sum form). 

THEOREM 6.10 Let Zj, Z2 E K be any two disks and f(z) = p(z)/q(z) 
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be a meromorphic function. If Z1 C Z2 , then 

(i) f(k)(Zl) c f(k)(Z2), k = 0,1,... 

(ii) f(k)(Zl) 9 f(k)(Z2), k = 0, 1..... 

Proof. By induction in both cases. 

(1) From the inclusion isotonicity of disk operations and (2.33), it follows 

that if Z1 C Z2 then 

00 00 

00 00 

EbZ. 

From the isotonicity of disk division, we have 

f(o)(Zi) -  aZ 
- bZ fp(o)(Z2) =  o aZ  

Assume that Z1 C Z2 implies f(k_l)(Z1) 9 f(k_l)(Z2) for any meromor-

phic function f(z). Thus g(,,-1)(Z1) c g(k_1)(Z2), where flp(k_1)(Z) is the 

(k - 1) th power sum form of the g(z) that satisfies 

f(z) = f(c) + g(z)(z - c). 
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It follows that 

fp(k) (Z1) = f(c) + gp(k_1) (Z1) (Z1 - c) 9 f(k)(Z2) = f(c) + gp(k_1) (Z2)(Z2 - c). 

This proves (i). 

(ii) Let p(Z) and q(Z) be the centered forms[6] of the analytic functions 

p(z) and q(z) over Z respectively. From the main theorem in[6], we have 

= p0(Zi) 9 p. (Z2), q0 (Z1) g q(Z2). 

Thus it follows from (2.28) that 

f(o)(Zl) = p(Z1) f(o)(Z2) = p(Z2)  
q(Zi) - q(Z2) 

Assume that Z1 c Z2 implies f(k..l)(Zl) 9 fc_i(Z) for any meromor-

phic function f(z). We have 

f(k)(Z) = f(c) +g(k_l) (Z)(Z - c) 

where g(k_l)(Z) satisfies g(k...l)(Z1) C gC(k_l)(Z2) from the induction hy-

pothesis. 

It follows that 

f(k)(Z1) = 1(c) +g(k_1)(Z1)(Z1 - c) 9 fc(k)(Z2) = f(c) + g(k_l)(Z2)(Z2 - c). 

This proves (ii) and the theorem. 0 
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6.2 Algorithmic Approaches 

6.2.1 Circular Approximation 

In this section, the circular approximation to the circular centered forms for 

analytic functions is defined and the error estimation for the approximation 

is presented. This definition then is extended to the meromorphic functions. 

Based on this approximation, all the algorithms discussed in Chapter 4 can 

be used to compute the approximations to circular centered forms for a mero-

morphic function. It will be shown that this approximation to the centered 

form is always better than the centered form obtained from the polynomial 

approximation to the analytic functions up to same degree as the approxi-

mation to the analytic centered form. 

Centered forms can be generalized to multi-variate meromorphic functions 

as to multi-variate rational functions. The corresponding properties hold for 

multi-variate meromorphic forms. With the above approximation, all the 

algorithms for multi-variate rational forms discussed in Chapter 4 can be 

used to evaluate approximately multi-variate meromorphic forms. However, 

this is not a part of this thesis. 
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DEFINITION 6.1 Let f(z) be an analytic function and Z = (c, p) a cir-

cular disk. Then disk 

fn (Z) = (f (c), E If(c)IpkIk!) 
k=1 

is called the approximation of degree n to the centered form evaluation f0(Z) 

with error 

= :i: lf(')(c)Ip'/k!. 
k>n 

Let p(z, n) be the Taylor expansion at z = c of f(z) of degree n and 

p(Z, n) the value of centered form Pc(Z, n) over disk Z = (c, p). Then the 

following theorem holds. 

THEOREM 6.11 For any analytic function f(z) and circular disk Z = 

(C) P) E K, let f(Z) = (ci,pi),f(Z) = (C2, P2) and p(Z,n) = (c3, p,3). 

Then 

= c2 = f(c), c3 = p(c, n), (6.16) 

P2 = P3 = E If(c)Ipk/k!, 
k=1 

(6.17) 

11 (f (Z), fn (Z)) ≤ (f(Z),p(Z, n)). (6.18) 
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Proof. Formulae (6.16) and (6.17) are obvious. From these two formulae, 

it follows f(Z) -< f(Z). However, relations p(Z,n) -< f(Z) or f(Z) - 

p(Z, n) may not true. Therefore we have 

= i2 If(c)I1o''/k 

and 

11P (fC(Z),pC(Z,n)) = E lf (k)(C)lphlk!  + A 
k>n 

where 

0 if PC (Z, n) - f: (Z) or f(Z) - PC (Z, n) 

If(c) — p(c, n) I otherwise 

It follows that (f(Z),f(Z)) ≤ (fc(Z),pc(Z,n)), which proves the theo-

rem. 0 

Based on the above definition, the approximations to meromorphic forms 

are recursively defined as follows. 

DEFINITION 6.2 Let f(z) = p(z)/q(z) be a meromorphic function, where 

p(z) and q(z) are analytic functions. Let p(z) and qm (z) be the approxima-

tions of degree n and in to p(z) and q(z) respectively. Then the approxima-

tion of degree (n, m) to the zeroth order centered form evaluation for f(z) is 
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defined as 

fr(Z) = pn(Z)/qm (Z), 

and recursively the approximation of degree (n, m) to the k-th order centered 

form evaluation is defined as 

f (nm) = + g(J )(Z)(Z - c) 
c(k) q(c) 

where g )(Z)(Z - c) is the approximation to the (k - 1)-th order centered 

form evaluation of g(z) and g(z) satisfies 

Az) = +g(z)(z— c). 
q(  c) 

Similarly, we can define approximations to the power-sum meromorphic 

form evaluations. Here, however, we will not present the definition. 

Based on two definitions above, all the a1gorithns discussed in Chapter 

4 can be used to compute the approximations up to arbitrary degree, i.e., to 

compute the centered form evaluations for analytic and meromorphic func-

tions up to certain error bound. From theorem 6.11, these approximation are 

better than those centered form evaluations obtained from Taylor expansions 

to the functions with same degree. 
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6.2.2 Numerical Realizations 

In[41] examples are given for the numerical realization of rational circular 

centered forms and in[29] examples are given for the inclusion of standard 

functions using Taylor series, that is, an application of the circular centered 

form for functions that are analytic. Here we similarly give examples showing 

how the the meromorphic forms may be used in the applications. 

Let therefore f(z) = sin(z)/el with Z = (c, p). As usual we wish to find 

including approximations to 7(Z). The Taylor series for sin(z) and ez are 

00 (- 1)  
sin(z) = (2i + l)! Z 

and 

00 Z 

and we immediately have a first estimate 

00 

AZ) = (2i+1)! Z2" I 2 7(z). 

The centered forms for sin(z) and e over Z are 

00 2i 00 ,0 2i+1 

sin0(Z) = (sin (c), J sin (e)J + cos (c) 
(2i 1)!> 

= (sin(c), I sin(c)I(e' + e)/2 + cos(c)I(e" - e)/2) 
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and 

00  e, (Z) = (ec, i1pi) = (ec, Iec1(el - 1)). 

Thus we obtain from Theorem 6.3 

B = jedl(IedJ (el - i)2) 

Cc(0) = (sin(c))/B 

and 

Pc(0) = 16C e" 2B ((I sin(c)I + I cos (c))(e" - e") - 21 cos(c)I). 

From Theorem 6.4 we obtain 

Cc(l) = sin(c)/e 

and 

Pc(i) = 1-- (I sin(c) I (e+&°)+I cos(c) I(e"—&"-2))(l cos(c) J-1 sin(c) I) (e"_e_") 

In the general case we do not expect to be able to obtain closed expressions 

as above. Instead we would have to use further estimations and coarsenings. 

6.3 Summary 

This chapter generalizes the power-sum forms and centered forms with all 

degrees to meromorphic functions. The explicit formulas for the zero, first 
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and second degree forms are obtained. Similarly to the rational forms, the 

properties of inclusion, quadratic convergence and inclusion isotonicity for 

meromorphic forms are proven. 

For computational purpose, the disk approximations to a meromorphic 

form are defined. It is proven that these approximations are always sharper 

than the forms obtained from approximate polynomials to the meromorphic 

function with same degree; i.e., these approximations are closer to the original 

meromorphic form than the polynomial forms in the DI-pseudo-distance. 

The disk approximations can be computed using the algorithms discussed 

in Chapter 4 and the errors are remainders of real serieses which can be 

estimated easily using usual series estimations. Some numerical examples 

are presented for illustration of meromorphic forms. 



Chapter 7 

Conclusion 

7.1 Theory of Centered Forms 

With the series of theorems in this thesis we have established three impor-

tant properties for the centered forms of meromorphic functions: inclusion, 

quadratic convergence and inclusion isotonicity. These properties are of im-

portance in the applications. 

It is known that all the rational, analytic and polynomial functions are 

special cases of the meromorphic functions. Also when a meromorphic func-

tion reduces to one of above three kinds of functions, the centered forms 

reduce to the centered forms of corresponding function (k-th order form re-

166 
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duces to k-th order form for rational function; but for analytic and polyno-

mial functions all different order forms reduce to the unique centered form 

for corresponding functions). All other concepts and relations remain valid 

after reductions. 

Since we have established those three important properties for the cen-

tered forms of meromorphic functions: inclusion, quadratic convergence and 

inclusion isotonicity, simultaneously we have implicitly establish these three 

properties for centered forms for the three classes of functions; though these 

properties were obtained for each class of functions by different methods orig-

inally. Thus we have an unified theory for the centered forms of all classes 

of functions. 

7.2 Significant Achievements of the Thesis 

This thesis provides a systematic theory dealing with centered forms for 

polynomial, rational, analytic and meromorphic functions. Using this theory, 

the three basic properties of inclusion, convergence and inclusion isotonicity 

are proven systematically for all the above functions. 

Furthermore, a type of special Taylor expansion forms for multi-variate 
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polynomials and rational functions has been designed. These expansions can 

be evaluated efficiently using a low complexity algorithm, since there are a 

lot of zero entries and scalar variables in the remainder. The number of 

zero entries and the number of interval variables replaced by scalar variables 

are both estimated. As an application, these forms are implemented for 

factorable functions showing the forms can be evaluated very efficiently. 

The centered forms have also been generalized to multi-variate functions 

and the low complexity algorithms for evaluating these forms have been pre-

sented. 

It has been shown that for a polynomial there are a great number of 

different centered forms evaluated over different arrangements of variables. 

An asymptotic formula for estimation of this number is given showing that 

this number is surprisingly large. An algorithm is presented to generate all 

the variable arrangements which produce different forms for a polynomial. 

A type of low complexity Taylor forms for multi-variate functions has 

been obtained. Evaluation of this form needs no computation of the deriva-

tives and only requires the repetitive division of the polynomials and the 

rational functions by scalar linear factors. The low complexity algorithm for 

evaluating this form is given with comparison of the direct derivative method. 
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A detailed time complexity is given for the algorithm. 

7.3 Suggestions for the Further Research 

The centered forms of a function over circular disks have been discussed and 

researched systematically in the thesis. A number of low complexity algo-

rithms for evaluating these forms are presented. Nevertheless, the centered 

form theory is far from complete. A lot of problems need to be solved and a 

lot of new questions are arising. The following are two of them, which would 

constitute interesting topics of my further research in this area. 

(A) For a multi-variate function, there are a great number of different 

centered forms evaluated with different variable arrangements. Is there an 

optimal centered form for each function which gives the sharpest estimate 

for range of the function over a disk? If so, is there an efficient algorithm 

which generates the variable arrangement producing the sharpest form for a 

polynomial? 

(B) The interval and circular arithmetic used for evaluating forms is just 

one, maybe the most popular one, of different arithmetic systems. Using the 

existing forms and algorithms, is there an interval and circular arithmetic 
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which gives the best inclusion disk for the range of a function? 

There is a number of other unsolved problems in this area which are of 

much importance both theoretically and practically. We will not list them 

here, which can been found in various references listed in the Bibliography 

below. 
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