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Abstract

As a competitive recovery method for heavy oil, In-Situ Combustion (ISC) shows its

great potential accompanied by technological advances in recent years. Reservoir simulation

will play an indispensable role in the prediction of the implementation of ISC projects. With

the computational complexity, it is imperative to develop an effective and robust parallel

in-situ combustion simulator.

First of all, a mathematical model for In Situ Combustion is proposed. The model

takes full consideration for related physical phenomena, including multi-dimensional multi-

component three-phase flow, heat convection and conduction, chemical reactions, and mass

transfer between phases. In the mathematical model, different governing equations and con-

straints are involved, forming a complicated PDE (partial differential equation) system. For

physical and chemical behaviors, some special treatments for the ISC simulator are discussed

and applied. Also, a modified PER (Pseudo-Equilibrium Ratio) method is proposed in the

thesis.

To solve the PDE system, a fully implicit scheme is applied, and discretization is imple-

mented with the FDM (Finite Difference Method). In solving nonlinear systems, the Newton

Method is introduced, and both numerical and analytical Jacobian matrices are applied. Due

to the complexity of an ISC problem, an appropriate decoupling method must be consid-

ered. Thus the Gauss-Jordan transformation is raised. Then, with certain preconditioners

and iterative solvers, a numerical solution can be obtained.

For the treatment of a thin combustion front, a direct idea is to apply a fine grid to an ISC

model. However, the scale of a numerical problem will increase significantly. The approach
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given in this thesis is parallelization. Because of their outstanding characteristics, clusters

are considered to be the platform of the simulator. Communications and synchronizations

are deemed to be the significant factors that affect the parallelization. A dynamic load

balancing grid partitioning method, HSFC, is applied for this purpose.

The results of different models are given, which are validated with the results from CMG

STARS. Also, the scalability of parallelization is proved, indicating the excellent performance

of parallel computing. This accurate, efficient, parallel ISC simulator applies to complex

reservoir models.

Keywords: In-situ combustion, reservoir simulator, parallel
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Chapter 1

Introduction

1.1 Background

The International Energy Agency reports that global demand for oil will rise from 90

million barrels per day in 2012 to 121 million barrels per day in 2040. The main driver of the

increase will be China and India (Conti, J. et al. (2016)). However, reserves of conventional

crude oil are declining, and the emphasis is shifting from conventional oil production to

the development of unconventional sources, including oil sands. Canada’s proven petroleum

hydrocarbon reserves include the oil sands in the Athabasca Basin in northeastern Alberta

and Saskatchewan. These deposits, regarded as a safe and secure source of oil for North

America, are the second largest in the world (Kelly, E. N. et al. (2010)). However, these

oil sands resources have extremely high viscosity and cannot flow under the reservoir con-

ditions. To reduce its viscosity, thermal recovery methods, for example, Steam Flooding,

Cyclic Steam Stimulation (CSS), Steam Assisted Gravity Drainage (SAGD) and In-Situ

Combustion (ISC), are widely used in reservoirs in Canada.
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In-Situ Combustion was first discovered in the 1900s and has been researched for decades.

Heat generated in-situ by oxidation of hydrocarbons in a reservoir can effectively reduce the

viscosity of bitumen, which makes ISC highly energy efficient and productive with outstand-

ing recovery rates, thus becoming attractive especially to deep or thin reservoirs. However,

field applications of ISC have not yielded as much success in Canada as compared to other

thermal methods such as SAGD. It is considered that the challenge of controlling and pre-

dicting the process of ISC is the key obstacle.

The first planned successful in-situ combustion project took place in October 1920 in

southern Ohio, U.S (Mills, 1923). Despite the long history and commercial success of many

field projects, the process has not found widespread acceptance among operators due to the

excessive number of failures in many early field trials. Most of these failures can be traced

to the inappropriate application of the process in poorer prospects (Sarathi, P. (1999)). By

adopting the most updated technology planning, implementation, operation and manag-

ing firefloods, and applying reliable numerical simulation of ISC, operators will be able to

minimize the risk of failures.

In contrast to the steam injection method, steam in the ISC process is generated in the

reservoir. An oxygen-containing gas such as air is injected into the reservoir. And ignition is

done near the wellbore, forming an oxidation zone, where oxidation reactions occur between

hydrocarbons and oxygen. Heat generated from the reactions raised the temperature of a

reservoir adjusted to an oxidation zone, where the viscosity of heavy oil is reduced. Also,

steam and gases produced by the reactions, besides the propagation of a combustion front,

displaced oil near the oxidation zone toward a producing well (Moore, R. G. et al. (1995);
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Mahinpey, N., Ambalae, A., and Asghari, K. (2007); Ursenbach, M. G., Moore, R. G., and

Mehta, S. A. (2010); Chen, X. et al. (2014)).

Usually, a dry forward ISC is implemented. In this process, hydrocarbons are ignited

near an injection well using methods such as spontaneously ignition, ignition with electric

heaters or burners, and chemical ignition. The combustion begins at the injection well and

then propagates towards a producing well. In the process, behind a combustion zone is the

burnt zone, where saturation of injected gas is almost 100% and nearly all hydrocarbons

have been displaced. An oxidizing agent (air or oxygen-containing gases), which is injected

continuously, gets contact with fuel, usually coke, a reaction product of oxidation and crack-

ing reaction. In this zone, the temperature is typically above 500 oC for heavy oil. Beside

the combustion front, there is a cracking zone, where the cracking reaction occurs. In the

reaction, oil cracks and forms coke in place, providing fuel for the combustion zone; light

components and water vaporize and are being pushed forward. For this reason, the zone is

also called the vaporization zone. In front of this zone, the vapor gets in contact with the

cold reservoir, carrying away a large amount of heat, by heat conduction and latent heat

release in liquefaction increases the temperature of the reservoir. With the enormous heat,

the viscosity of oil decreased rapidly, thus increasing its mobility so that it is possible for

the oil to flow forward in the direction of the producing well. Because there is steam formed

from connate water and water produced from the reaction, this zone is defined as a steam

zone, where the temperature is reduced to a level slightly higher than that of the native

reservoir. And mobilized oil formed an altered saturation zone (Moore, R. G. et al. (1995);

Sarathi, P. (1999); Sequera, B. et al. (2010); Ursenbach, M. G., Moore, R. G., and Mehta, S.
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A. (2010)). Figure 1.1 indicates the process of the dry forward ISC, with each characteristic

region depicted, and temperatures and saturations are also indicated.

Figure 1.1: Schematic diagram illustrating the temperatures and saturations associated with
the dry in-situ combustion process for heavy oils and bitumen (Ursenbach, M. G., Moore,
R. G., and Mehta, S. A. (2010))

Besides water flooding, ISC is the IOR (Improved Oil Recovery) method that is most

widely applicable. And it has significant economic advantages.

First, it is the most thermally efficient recovery process. ISC usually uses air, the least

expensive and the most readily available fluid, as the injectant. Also, ISC only takes a heavy

component in oil as the fuel in the combustion process, which merely consists 10% of the

oil in the reservoir, a small amount considering its high recovery rate. On the other hand,

with the cracking reactions of heavy components, the quality of heavy oil can be significantly

improved.

ISC can recover oil economically from a variety of reservoir settings. The process has

proven to produce economical oil from not only shallow reservoirs but also deep ones (even for
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11,000 ft.), which other recovery methods are incapable of. For example, in deep reservoirs,

steam injection is not effective due to excessive heat losses, and water flooding is economically

unattractive for high lifting costs. In such reservoirs, combustion and gas are the only

processes that can be applied to recover oil economically.

Though most combustion methods were originally designed especially for heavy oil reser-

voirs, they are increasingly used to recover light oil from deep reservoirs. In the U.S., more

combustion projects are in operation in light oil reservoirs than in heavy oil reservoirs, which

is known as the High-Pressure Air Injection process (HPAI) (Fassihi, M. R., Yannimaras,

D. V., and Kumar, V. K. (1997); Gutierrez, D., Skoreyko, F., et al. (2009); Montes, A. R.

et al. (2010)).

Also, it is an ideal process for thin formations. Economically, successful projects have

been implemented in reservoirs with a gross pay of 4-150 feet. Pernicious effects due to heat

loss to underburden and overburden cannot be neglected for the steam injection process,

but it is not the case for the combustion process. Reservoir pressure does not affect the

technical success of the process and permeability has little effect on the process. ISC has

been successfully implemented in formations whose permeability ranges from 5 md to 10,000

md. A crucial factor of ISC is that its recovery efficiency is better than other oil recovery

processes. Its displacement efficiency can be as high as 95% and compound recovery efficiency

can be 56% (Hasiba, H. H. and Wilson, L. A. (1974)).

Furthermore, this process can be implemented as a follow-up to water flood and steam

injection processes. Combustion projects allow for the use of wider well spacing and achieve

higher ultimate oil recovery in comparison to steam injection methods. However, one of the
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main limitations of ISC is that its field performance is difficult to control and predict.

Reservoir simulation is an area of reservoir engineering in which computer models are

used to predict the flow of fluids (typically, oil, water, and gas) through porous media.

The purpose of the simulation is to estimate field performance, for example, oil recovery

under one or more producing schemes. A model can be run many times at a low expense

over a short time span, while the field can be produced only once. Results of simulation,

representing different producing conditions, assist the selection of an optimal set of strategies

for the reservoirs. With an effective leverage of reservoir simulation, the economic return

can be maximized during the recovery of hydrocarbons.

Before a reservoir project is implemented, computer modeling helps management identify

the proper recovery process, well layout and completion, the present and future needs for

artificial lift and the expected production of oil, water, and gas. After the project is put

into operation, computer modeling can help improve oil recovery by adjusting production

strategies. Highly deviated and horizontal wells can also be simulated to improve production

rates. In addition, the re-injection of produced gas, or a different fluid, as an enhanced oil

recovery process, can be evaluated during the later period of field production. Simulation

can assist in minimizing project risk and making informed investment decisions based on

results in a field operation.

Grid cells, the core of a discrete computer model, are traced by a structured or unstruc-

tured grid and store the physical properties of a reservoir. Typically, the computer model

can be a geological model that describes static properties, or a reservoir simulation model

that describes the flow, thermal and chemical processes throughout the entire life of the
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recovery of the reservoir by solving partial differential equations numerically.

Many attempts were made for the early mathematical models. In the late 1950s, con-

duction was assumed to be the only one mode of heat transfer. And in 1960, convection was

also included, but heat losses to the strata were neglected (Ramey Jr, H. J. (1959); Bailey,

H. R. and Larkin, B. K. (1959); Bailey, H. R. and Larkin, B. K. (1960)). Chu proposed

a numerical model for the radial flow of combustion with conduction, convection and heat

loss (Chu, C. (1963)). Thomas also described an analytical treatment of combustion in an

infinite system (Thomas, G. W. (1963)). Since computers were introduced to the oil indus-

try in the 1950s, engineers began to leverage mathematical models in performing reservoir

engineering calculations.

Gottfried presented a linear numerical model which described the thermal recovery of

oil. In his model, three-phase flow, conduction, convection, heat loss and chemical reactions

between oxygen and oil were all included. Mass balance equations and Darcy’s laws were

introduced, which still constitute the fundamentals of reservoir simulation today. There

were some limitations due to the complexity of the numerical model and uncertainties in

numerical values, although the model still represents a major advance to simulate the ISC

process (Gottfried, B. S. (1965)).

James and Farouq Ali developed a 2D mathematical model of the forward combustion

process. This model assumed a single phase flow and a constant fuel consumption. The

conventional implicit differencing scheme was adopted with several explicit techniques. The

model incorporated changes of permeability in a burnt zone, heat transfer by conduction

and convection, and heat loss in a reservoir (Smith, J. T. and Ali, S. M. (1971)).
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Alder presented a new mathematical model of in-situ combustion as a further devel-

opment of Gottfried’s model. The model included physical-chemical processes, including

combustion of the oil components both in the oil phase and the gas phase, as well as the

effect on the viscosities and heat transfer. The oil is considered as a mixture of two compo-

nents with evaporation. And the solution of combustion gas in the oil and aqueous phases

also constituted an important factor (Adler, G. (1975)).

Farouq Ali developed a 2D three-phase four-component (one oil component) simulator

for in-situ combustion. The solution scheme employed an iterative solution in pressure and

an explicit solution in other variables. The in-place oil was assumed to be consumed by

oxidation, representing an Arrhenius-type reaction equation, neglecting coke formation and

oxidation. Also, an implicit pressure and explicit saturation (IMPES) method was used,

which was somewhat slow, and, therefore, a higher implicit level was suggested (Ali, S.

M. (1977)).

Crookston et al. presented a semi-implicit two-dimensional three-phase-flow model with

vaporization-condensation effects. A well rate was calculated semi-analytically and Newton

iteration was not used for well calculation. The primary focus was on the simulation of

in-situ combustion, where four chemical reactions were accounted for: formation of coke

from the heavy hydrocarbon component and the oxidation of coke and both heavy and light

components (Crookston, R. B., Culham, W. E., and Chen, W. H. (1979)).

Rubin and Vinsome developed a comprehensive one-dimensional in-situ combustion sim-

ulator, which was highly implicit and stable, providing an option of the sequential implicit

scheme that made it possible to extend to a two- or three-dimensional model (Rubin, B. and
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Vinsome, P. K. W. (1980)).

Grabowski et al. introduced the sequential implicit method into a thermal model, de-

scribing both in-situ combustion and steam processes. They also discovered that the fully

implicit scheme of the solution method guaranteed simplicity of programming and robustness

with a proper time step (Grabowski, J. W. et al. (1979)).

Youngren described a 3D three-phase in-situ combustion simulator which factored in

five components: water, oxygen, two arbitrary volatile components distributed between

the oil and gas phases, and non-volatile oil for combustion. The equations of the model

were five material balance equations, an energy conservation equation and a gas-phase mole

fraction constraint. In the interest of time for calculation, only the most important essential

variables, such as combustion reactions and fluid flow, were treated implicitly (Youngren, G.

K. (1980)).

Coats put forward a general fully-implicit four-phase multi-component multi-dimensional

combustion model. This model extended the generality of previous models and reduced the

computing time. Any numbers of phases and components were allowed and any chemical

reactions were extensive. In Youngren’s simulator, it was assumed that a combustion rate

equaled an oxygen flux, but it was no longer required in Coats’s model. And a fully implicit

scheme is provided, which maximized efficiency and minimized time consumption; with an

implicit scheme, a longer time step size was allowed, so the number of total time steps was

reduced (Coats, 1980).

Hwang, Jines, and Odeh developed a new black-oil simulator for an ISC process named

THERMS. It simulated field scale ISC projects, with experimental data acquired from lab-
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oratory combustion tube runs. Notably, a moving front was considered as a burning zone,

which was both a moving heat source and a displacement pump that enhanced oil flow. The

model was designed with field-oriented features, and the simulator could also be used for

other recovery methods such as hot water flooding, steam injection and gas displacement

(Hwang, M. K., Jines, W. R., and Odeh, A. S. (1982); Odeh, A. S. (1969)).

Sensitivity studies were made for the in-situ combustion simulators. Anis et al. found

that flow convection parameters, such as a grid block size and dimensionality, were the

crucial factors. Numerical distortion of the convection effects with large grid blocks limits

the utility of such models (Anis, M., Hwang, M. K., and Odeh, A. S. (1983)). Lin et al. used

Crookston’s model and found that simulation results were always sensitive to the K-values

of a light oil component. Therefore, more than two crude oil components were required to

simulate the evaporation effect of crude oil accurately (Lin, C. Y. et al. (1984)).

Rubin and Buchanan improved the previous model by introducing a fully coupled implicit

wellbore model, which eliminated the lagging of a rate or pressure between the wellbore and

the reservoir. They reduced the implicitness by expressing the pressure loss along the well

through an explicit hydraulic gradient. Also, the simulator made use of powerful incomplete

factorization iterative methods to allow the practical solution of large problems (Rubin, B.

and Vinsome, P. K. W. (1985)).

Ito and Chow focused on the field-scale simulation of ISC and developed a new and nu-

merically stable algorithm to achieve the desired fuel consumption. This algorithm involved

an oil-flow-enhancement scheme. Arrhenius-type reactions were found to be inadequate in

field-scale combustion simulation. A new pseudo-kinetic scheme was introduced to field-scale
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studies in which a reaction zone was not simulated accurately because of a large size of grid

blocks (Ito, Y. and Chow, A. K. Y. (1988)).

Oklany noticed that the in-situ combustion models in the past were private and he de-

veloped a model accessible to the academic community. His model included multi-phase

multi-component and multi-dimension. A code in FORTRAN was also presented in his the-

sis. He noticed that when a multi-dimensional case runs on the simulator, the computational

power turned into a bottleneck at that time (Oklany, J. S. F. (1992)).

For the ISC process, simulation is complicated, because a very fine grid is required to

capture a combustion front. Because of a thin reaction zone, many previous models are

not adequate to resolve a front structure, and an accurate field simulation is extremely

time-consuming.

Traditionally, kinetic upscaling has been applied to field scale ISC simulation. It is

well known that the kinetics developed from laboratory scale experiment simulation cannot

be directly used for field scale simulation to produce a reliable prediction. The Arrhenius

equation shows that the reaction rate depends on temperature and time through the fuel

dependence. The dependence on temperature makes the reactions sensitive to a grid size

because large grid blocks need more heat to achieve a certain temperature level (Gutierrez,

D., Moore, R. G., et al. (2012)). Several attempts have been made to upscale kinetics for

field scale simulation. In some cases, the activation energy was adjusted to a low level and,

therefore, the oil burned more easily (Coats, K. H. (1983)).

Zhu et al. proposed a new upscaling method with non-Arrhenius kinetics. In their

method, the most important parameters (e.g., the fuel amount) for ISC design were ex-
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tracted, which were then incorporated into the field scale reservoir simulation. When a

reaction front was propagating through a reservoir, the reaction source and sink terms were

calculated based on the fuel amount. In this method, the ISC front was treated as a sub-

grid phenomenon. Equivalent reaction effects (e.g., the amount of heat released, fuel con-

sumed, and reaction products) were substituted into field scale simulation grid blocks (Zhu,

Z. (2011a); Zhu, Z. (2011b)).

Nissen et al. further extended previous work and proposed the Work-Flow-Based Upscaling-

for-Grid-Independence (WUGI) scheme, in which Arrhenius kinetics was replaced by equiva-

lent sources terms to represent heat generation and fuel consumption (Nissen, A. et al. (2015)).

Akkutlu and Yortsos proposed a different approach for ISC simulation with an analyt-

ical framework for an ISC combustion front. They used a transport limiting approach for

reactions, treated a combustion zone as a discontinuous front and derived appropriate jump

conditions relating a change in variables across the front. Then the problem was reduced to

modeling the combustion front dynamics and the regions on either side of the front (Akkutlu,

I. Y. and Yortsos, Y. C. (2003)).

Kristensen designed two ISC models: the Virtual Combustion Tube (VCT) and the

Virtual Kinetic Cell (VKC). VCT is an equation of state compositional ISC model, which

accounts for the simultaneous flow, transport of heat and mass, chemical reactions and phase

equilibrium. The VKC is a zero-dimensional version of the VCT, which models a multiphase,

chemical batch reactor, which facilitates the isolated study of chemical reactions and phase

behavior. Together, the two models provide a flexible platform and play an important role

in ISC simulation (Kristensen, M. R. (2008)).
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A dynamic gridding technique is a popular approach for field scale ISC simulation (Sam-

mon, P. H. (2003); Christensen, J. R. et al. (2004)). It allows the use of small grids in

the regions where most of the sharp fronts occur (i.e., a combustion front) and coarser grid

blocks in the other region. An implementation of dynamic grid refinement has been achieved

in a commercial thermal simulator, STARS, a product of Computer Modelling Group Ltd.

(CMG), which is the industry standard today for ISC simulation. The technique can reduce

a grid number in the simulation and decreases the computation time. It was found that

dynamic gridding is able to reduce the CPU time by up to two-thirds while keeping good

accuracy when applied to combustion and SAGD simulations (CMG (2015)).

1.2 Objective

Because of the complexity of the physical process, the in-situ combustion simulators are

computationally complex. Parallel supercomputers become more and more computational

powerful in the past years. With the parallelization, the power of a simulator for the in-situ

combustion process will increase significantly. However, ISC simulators on supercomputers,

especially on shared-memory parallel computers, which can run on thousands of CPUs, are

not currently available yet. The primary objective of this study is to design a capable and

robust parallel In-Situ Combustion simulator on shared-memory computers. The simula-

tor aims to be run on advanced research computing (ARC) systems provided by Compute

Canada. The number of CPUs employed is only limited by the hardware. Therefore, the

computational power can increase to any required level ideally.

In the development of the simulator, our research will focus on some parts.
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First of all, the model in the simulator is adopted from historical research. However,

some modifications are required for a general model. Also, the simplicity of parallelization

should also be considered. For the phase equilibrium, a modified PER (Pseudo-Equilibrium

Ratios) method is purposed, which will prevent a singular phenomenon of an ISC problem.

Besides, in the solution process of the ISC simulator, traditional decoupling methods are

not so powerful. A new decoupling method is proposed especially for this complex problem.

With this method, the equation alignment problem is also solved.

Furthermore, for parallelization, some new parallel algorithms are first introduced to the

ISC simulator. Parallel grid management, parallel preconditioners, and parallel solvers are

all employed. Especially for the grid partitioning method, a dynamic load balancing method

is newly adopted from thermal simulators, achieving high partitioning quality in a shorter

time.

As a result, the simulator with the improvements above illustrates its effectiveness. The

accuracy is expected to be shown in the validation with the results from CMG STARS.

Also, the profiles of some variables are shown to coincide with their physical phenomena. In

parallelization, scalability and parallelization should be guaranteed in the simulator.

The development will become an essential module of a Reservoir Simulation platform

in the Reservoir Simulation Group. With specific physical and chemical properties directly

coming from the user’s input, the simulator is not merely an illustration of several particular

models but a general one. Finally, with our simulator, accurate predictions can be made on

the performance of reservoirs.
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1.3 Outline of the thesis

This thesis comprises six chapters. Specifically, Chapter 1 is an introduction to the

topic together with the major research objectives. Chapter 2 introduces a comprehensive

mathematical model of the ISC process. Chapter 3 presents the methodologies of numerical

solutions. Chapter 4 focuses on the parallel implementation of the ISC simulator. Chapter

5 provides the results and validations as well as the performance of parallelization of the

simulator. Finally, Chapter 6 put forward conclusions and future work for the whole project.
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Chapter 2

Mathematical Model

The mathematical model and governing equations for in-situ combustion are introduced.

For the ISC process, the mathematical model is a system of nonlinear partial differential

equations describing multi-phase multi-component fluid flow and heat transfer. Chemical

reactions and pressure-volume-temperature (PVT) relationships of the reservoir fluids are

all included.

2.1 Mathematical description

Several characteristics of physical and chemical processes are described, including:

• Viscosity, gravity, and capillary forces;

• Heat conduction and convection processes;

• Heat losses to overburden and underburden of a reservoir;

• Mass transfer between phases;
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• Effects of temperature on the physical property parameters of oil, gas, and water;

• Chemical reactions, resulting in a change in mass of certain components and temper-

ature;

• Rock compression and expansion.

These factors can all be reflected in different governing equations, constraints and calcu-

lations of properties. With all equations and properties combined, the In-situ Combustion

process can be well described.

2.1.1 Governing equations

2.1.1.1 Darcy’s Law

The velocity of a fluid phase is the key to the flow of that fluid, which can measure

material and energy spatial exchange. In porous media, permeabilities of different phases

are different, where effective and relative permeabilities are introduced. In addition, the

pressure and viscosity of different phases differ. Therefore, th velocity of each phase is

considered separately by Darcy’s law. The solid phase, representing the existence of coke,

does not flow in porous media. There are three flow equations for the gas phase, the oil

phase and the water phase, with a lower case denoting each phase with g, o, w separately
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(Chen, Z. (2007)).

~uw = −krw
µw

~k (∇pw − γw∇z)

~uo = −kro
µo
~k (∇po − γo∇z)

~ug = −krg
µg
~k (∇pg − γg∇z)

(2.1)

In the above equations, γα, α = w, o, g, is the specific weight of a certain phase, which is

computed by the phase density ρα and acceleration due to gravity g. µα and krα denote

the dynamic viscosity and relative permeability of a phase. Darcy’s law applies to laminar

flow, where the fluid movement is dominated by viscous forces. This occurs when a fluid

moves slowly, along parallel streamlines. When a flow velocity increases or a kinetic viscosity

decreases, a fluid moves chaotically and the streamlines are no longer in parallel formation.

Flow acts in turbulent flow and the inertial forces are more influent than the viscous forces.

2.1.1.2 Mass conservation equations

For a multi-phase, multi-component system, we introduce the molar fraction xc,α of a

component in the α-phase. The molar number of a component in a phase and the total molar

number of the phase are denoted as nc,α and nα, respectively. Thus the molar fractions are

xc,α =
nc,α
nα

. (2.2)
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The total molar number of component c is conserved as below (Chen, Z. (2007)):

∂

∂t

(
φΣNα

α ραSαxc,α
)

= −∇ ·
(
ΣNα
α ραSα~uα

)
+ ΣNα

α qα,wellxc,α + qc,reac. (2.3)

Also, we have a single mass conservation for coke (Oklany, J. S. F. (1992)):

∂

∂t
Cc = qc,reac. (2.4)

Since the solid phase does not flow, there is no convection term in the equation. Only

chemical reaction terms can affect the coke concentration.

In this equation, it is noticeable that different from other models, the “mass” conserved

here is only the molar number rather than the mass. Also, ρα and qα are the molar density

and molar production/injection of phase α. Specifically, qc,reac here represents a reaction

term, which has a similar effect as a well term. When a component is the reactant of a

reaction, the sign of the reaction term can be negative, since the molar number of that

component will decrease when the reaction takes place. Also, if a component is the product

of a reaction, the sign can be positive due to an increase in its molar number during the

reaction. This reaction term can be a sum of several reactions, since a component can be

a reactant or a product in different reactions. For example, oxygen is consumed in each

oxidation reaction with different rates, so this term can be a superposition.
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2.1.1.3 Energy conservation equation

The energy conservation equation must be taken into account besides the mass conser-

vation equation for a thermal process (Chen, Z. (2007)):

∂

∂t
(φ(ρwSwUw + ρoSoUo + ρgSgUg) + (1− φ)Ur + CcUc)

= ∇ · (KT∇T )−∇ · (ρwHw~uw + ρoHo~uo + ρgHg~ug)

+ (qw,wellHw + qo,wellHo + qg,wellHg) +Qreac −Qloss.

(2.5)

In the equation above, the only causes for an energy change are heat conduction, heat

convection, and kinetic and potential energy. The effects of a viscous force and an energy

addition due to radiation and electromagnetism are ignored.

On the left-hand side of the equation, the variations in the bracket represent the mo-

lar internal energy of all fluid phases and the solid phase (which only contains coke as a

component), as well as the rock. U denotes the volumetric internal energy.

On the right-hand side, the first term represents the conduction term. This is caused

by a difference in temperature, where the rate of conduction is constraint by KT , the bulk

thermal conductivity. The thermal conductivity here is a combination of liquid, rock and

solid matter, where a linear mixing rule is applied (CMG (2015)). For the ISC process, coke

is considered in the normal mixing rule:

KT = φ [SwKw + SoKo + SgKg] + (1− φ)Kr + CcKc. (2.6)
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In the equation, Kw, Ko, Kg, Kr, Kc denote thermal conductivities for water phase, oil

phase, gas phase, rock and coke separately.

The second term denotes the heat convection, a result of fluid flow. The molar enthalpy

of different phases are different and an enthalpy change occurs when a fluid flows. The third

term represents the energy exchange rate due to a source/sink well, which is negative for

production and positive for injection. The expression is similar to the convection term, since

both describe an enthalpy change due to fluid flow. For the fourth term, a thermal effect

of reactions is described, which can be a positive term (exothermic reaction) or a negative

term (endothermic reaction).

A heat loss term to underburden and overburden is also considered in the last term

(Chen, Z. (2007)):

Qloss = AKob

(
T (ob)− Tini

d
− ρ
)
, (2.7)

where A is the interface area with overburden/underburden, T (ob) is the temperature at

the interface, and ρ is a fitted parameter.

2.1.1.4 Reaction terms

For an ISC simulator, the main difference between the ISC simulator and a pure thermal

recovery simulator is the involvement of chemical reactions. As mentioned above, reaction

terms are added to the mass conservation equations and energy conservation equation. For

the mass conservation equation of component c, the reaction term qc,reac can be expressed
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as below (Chen, Z. (2007)):

qc,reac =

NR∑
R

sc,RrR, (2.8)

where rR is the reaction rate of reaction R and sc,R is the stoichiometric coefficient of

component c in reaction R. With a stoichiometric coefficient, if component c is a reactant,

then we note that this coefficient is negative. If a component is a product, then it will

be taken as a positive number. If it does not participate in a reaction, the coefficient will

then be zero. With the stoichiometric coefficients, the chemical reaction equation can be

expressed as follows:

Nc∑
c

sc,R · (Chemical formula of component c) −→ 0. (2.9)

With all the stoichiometry matrix listed together, the following stoichiometry matrix can be

obtained:

N = (sc,R)c,R =



s1,1 s2,1 ... sNc,1

s1,2 s2,2 ... sNc,2

... ... ... ...

s1,NR s2,NR ... sNc,NR


. (2.10)

When a chemical reaction model is input into our simulator, all the coefficients must

be checked. Otherwise, mass conservation of the total system may not hold. For chemical
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reactions that obey the law of conservation of matter, the following equation holds:

N ~M = ~0, (2.11)

where ~M is the vector of molar masses of components. The c-th entry of the vector is the

molar mass of component c.

As for the reaction term in the energy conservation equation, it can be expressed as:

Qreac =

NR∑
R

HRrR, (2.12)

where HR is the reaction enthalpy of the R-th reaction (Coats, K. H. (1980)).

Expressions of reaction terms in both the mass conservation equations and energy con-

servation equation are all in the form of a linear combination of reaction rates. Therefore,

calculations of a reaction rate are crucial in the ISC simulator.

2.1.2 Constraint equations

Furthermore, some constraint equations are required to solve these conservation equa-

tions. Constraint equations are functions that do not involve any convection or conduction

term and are only dependent on local properties. They express all secondary variables and

parameters as functions of a set of primary thermodynamic variables selected.
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2.1.2.1 Phase saturation constraint

The saturation constraint forces all the available pores of rock to be saturated with fluids,

which is encountered for in all multi-phase flows (Chen, Z. (2007)):

Sw + So + Sg = 1. (2.13)

This constraint indicates that a pore volume is occupied only by the water, oil, and gas

phases. Specifically, we only take these three phases into account as coke does not take a

volume obviously, and, therefore, a saturation for the solid phase is not introduced.

2.1.2.2 Capillary pressure constraints

A constraint is a conversion from the oil pressure (the default system pressure) to the

water pressure and gas pressure. A capillary pressure Pc is the pressure difference across

the interface between two immiscible fluids arising from capillary forces. These capillary

forces are surface tension and interfacial tension. Capillary pressures are usually functions

of saturation. In a three-phase system, we have the following relationship (Chen, Z. (2007)):

pw = po − pcow(Sw), pg = po + pcog(Sg). (2.14)

These capillary pressures are assumed to be known.
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2.1.2.3 Phase composition constraints

A constraint implies that the sum of all the components’ mole fractions in a phase adds

up to one, which is usually encountered for in compositional flow (Chen, Z. (2007)):

ΣNα
α xc,α = 1, α = w, o, g. (2.15)

It comes from the total mole number of a given phase that

ΣNα
α nc,α = nα, α = w, o, g. (2.16)

2.1.2.4 Phase equilibrium constraints

A constraint characterizes the variation of mass distribution of a given component in

its phases. Based on the assumption that the mass interchange between phases occurs

much faster than the flow in porous media, all the phases are in the equilibrium state.

Consequently, the distribution of each component is subjected to the condition of a stable

thermodynamic equilibrium, which is given by minimizing the Gibbs free energy of the

compositional system. The component distributed phases are arbitrary and determined by

the component properties. The following equation expresses the thermodynamic equilibrium

state of component c being distributed in two different phases α1 and α2 (Chen, Z. (2007)):

fc,α1(pα1 , T, x1,α1 , · · · , xNc,α1) = fc,α2(pα2 , T, x1,α2 , · · · , xNc,α2). (2.17)

In the equilibrium equation, fc,α denotes the fugacity of component c in phase α, which
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is an effective partial pressure that replaces the mechanical partial pressure in an accurate

computation of the chemical equilibrium constant. It is a function of pressure, temperature,

and molar fractions of all components existing in a phase.

Several mathematical techniques handle the mass interchange in different phases of chem-

ical components. The most common ones are based on (1) the K value approach, (2) an

equation of state, and (3) a variety of empirical tables from experiments.

In a multi-component system, a K value (or an equilibrium ratio) is defined as the ratio

of the mole fractions of a component in its distributed two phases:

Kc,α1,α2 =
xc,α1

xc,α2

. (2.18)

For ideal solutions, a K value is a function of only the system pressure and temperature,

regardless of the overall composition of the mixture. It may be calculated from an analytic

equation as:

K =

(
kv1

p
+ kv2p+ kv3

)
exp

(
kv4

T − kv5

)
. (2.19)

For our simulator, the K value approach is used. Due to the complexity of a non-isothermal

process, the analytic equation is used for phase saturation constraint calculations. However,

for a real solution, a K value is not only a function of pressure and temperature, but also

depends on the composition of the system.

While the K value approach is easy to set up, it lacks generality and may result in inaccu-

rate reservoir simulation. In recent years, an EOS has been more widely employed due to the
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more consistent compositions, densities and molar volumes produced. The most famous EOS

is the van der Waals EOS (Van der Waals, J. D. (1910)). Here we discuss three more accurate

and reliable EOS: Peng–Robinson (PR), Redlich–Kwong (RK), and Redlich–Kwong–Soave

(RKS) (Peng, D. Y. and Robinson, D. B. (1976); Redlich, O. and Kwong, J. N. (1949);

Soave, G. (1972)). The main advantage of using an EOS is that the same equation can

be used to model the behavior of all phases, thereby assuring consistency when performing

phase equilibria calculations. Introduction of the compositions into the K value functions,

however, adds considerable complexity to the flash computation (CMG (2015); Coats, K.

H. (1976)).

2.1.3 Unknowns and equations

In our ISC simulator, 3Nc + 11 unknowns need to be solved for. They consist of three

pressures, saturations, velocities for each phase, and molar fraction in each phase of each

component. Also, temperature and concentration of coke, which is the only component of the

solid phase, are also involved. As for the equations, mass conservation, coke conservation,

energy conservation and Darcy’s law are included, which add up to Nc + 5 equations. The

phase equilibrium constraints, phase composition constraints, phase saturation constraint

and capillary pressure constraints add up to 2Nc + 6 equations. Therefore, we have 3Nc + 11

unknowns and 3Nc + 11 equations; this problem can be solved. Initial conditions and closed

boundary conditions are applied.

The table below lists the unknowns and equations.

Since the dimension of this problem is huge, a lot of computing resources would be

27



Unknowns Definition Number

pw, po, pg Pressure of 3 phases 3

T Temperature 1

Sw, So, Sg Saturation of 3 phases 3

~uw, ~uo, ~ug Velocity of 3 phases 3

xc,w, c = 1, 2, · · · , Nc Mole fraction of single component in water phase Nc

xc,o, c = 1, 2, · · · , Nc Mole fraction of single component in oil phase Nc

xc,g, c = 1, 2, · · · , Nc Mole fraction of single component in gas phase Nc

Cc Coke concentration 1

Summation 3Nc + 11

Table 2.1: Unknowns of the mathematical model

consumed when running the simulator. To reduce the simulation time, some unknowns need

to be eliminated in the problem.

Darcy’s law is used to eliminate the velocities of the three phases; K value calculations

are used to eliminate the molar fraction of each component in the water and gas phases,

keeping the molar faction of each component in the oil phase; capillary pressure constraints

are used to eliminate pressures in the water and gas phases, with the oil pressure kept; the

phase saturation constraint is used to eliminate the oil saturation.

In our simulator, the components we consider can be divided into the water components,

oil components, and gas components. The oil components can only exist in the oil phase

and gas phase, and the water components can only exist in the water phase and gas phase.

However, the gas components here denote non-condensate gas, which can only exist in the
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Equations Index in the thesis Number

Mass conservation of Nc components (2.3) Nc

Energy conservation equation (2.5) 1

Darcy’s law (2.1) 3

Phase equilibrium equations between phase o & w (2.17) Nc

Phase equilibrium equations between phase o & g (2.17) Nc

Coke conservation equation (2.4) 1

Phase composition constraint for 3 phases (2.15) 3

Capillary pressure constraint (2.14) 2

Phase saturation constraint (2.13) 1

Summation 3Nc + 11

Table 2.2: Equations of the mathematical model
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Unknowns Index Unknowns Index

po 0 Mass equation for comp 1 1− 1 = 0

T 1 Mass equation for comp 2 2− 1 = 1

Sw 2 · · ·

Sg 3 Mass equation for comp i i− 1

x1,o 1 + 3 = 4 · · ·

· · · Mass equation for comp Nc Nc − 1

xc,o c+ 3 Energy equation Nc

· · · Oil constraint equation Nc + 1

xNc−1,o Nc + 2 Gas constraint equation Nc + 2

Cc Nc + 3 Coke equation Nc + 3

Table 2.3: Unknowns and equations of In-Situ Combustion Simulator

gas phase. With the definition of the three kinds of components, there is no component which

can exist both in the oil phase and water phase. Therefore, K value equations between the

oil and water phases are no longer needed, meaning that the number of equations should

decrease by Nc.

For the water components, usually we have only one water component:

xw,w = 1,

which means that Nc unknowns are no longer needed. After the elimination, only Nc + 3

unknowns and equations are left, forming our final system of unknowns and equations.

In our simulator, one water component is mandatory. Also, coke is mandatory for the

30



combustion reaction. Hence, the breakdown of Nc is

Nc = ncw + nco + ncg + ncc, (2.20)

We actually have

Nc = 2 + nco + ncg. (2.21)

Here, ncα denotes the number of the “default” components in phase α. For example, ncg

here denotes the number of non-condensate gas components. For all other components such

as the water, light oil, and heavy oil components, they are not originally from the gas phase.

In addition, a large fraction of each component is not in the gas phase under the standard

conditions. The “gas components”, however, will meet these two requirements. In the ISC

model, a gas component mostly refers to a real component or a pseudo component such as

inert gas, oxygen, carbon-monoxide, and carbon-dioxide.

For non-condensate gas components that do not dissolve into the oil phase, their molar

fractions in the oil phase, x, will be zero. Therefore, x can no longer be kept as an un-

known for them. The molar fraction of non-condensate gas in the gas phase will be the new

unknowns for them.

For a clearer demonstration, different from the general model, the molar fraction of a

component in the gas phase is denoted by y; in the oil phase, it is still denoted by x. The

numbering of a component is also noted as a subscript.

For an ISC model, a well is a crucial part and well equations must be included. For

each well, according to different well control conditions, well equations can be different. But
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for one single well, only one unknown is required (bhp), and other parts of the equation

are constants or functions of other unknowns. Therefore, with the well equations and bhp

included, the system is still well-defined.

po can be seen as a basic pressure of a reservoir since the pressures of the gas phase

and water phase can be calculated through these capillary pressure functions. Actually, the

difference between the oil pressure and pw, pg is relatively small in some cases. So we denote

p as po directly.

At this point, we can obtain a manipulated mathematical system which is shown in Table

2.4.

This is the final table of unknowns and equations. Specifically, the indices of the corre-

sponding unknowns and equations are also displayed. In the programming of the simulator,

these indices are used especially when building a linear system, including Jacobian matrices

and right-hand side vectors in Newton iterations.

2.2 Properties and specific treatments

2.2.1 Reaction model

To illustrate our general chemical model with relative ease, we introduce a four-phase six-

component model as an example. This model is originally from Crookston’s model (Crook-

ston, R. B., Culham, W. E., and Chen, W. H. (1979)). The six components involved in this

model are Oxygen, Inert gas, Light oil, Heavy oil, water, and coke. There are four phases

considered in our model. They are Gaseous (gas), Oleic (oil), Aqueous (water) and Solid
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Index Unknowns Equations

0 p Water mass equation

1 x0 Oil mass equation for oil component 0

· · · · · · · · ·

nco xnco−1 Oil mass equation for oil component nco − 1

nco + 1 y0 Gas mass equation for gas component 0

· · · · · · · · ·

nco + ncg yncg−1 Gas mass equation for gas component ncg − 1

nco + ncg + 1 T Energy equation

nco + ncg + 2 Sw Oil constraint equation

nco + ncg + 3 Sg Gas constraint equation

nco + ncg + 4 Cc Coke equation

nco + ncg + 5 bhp Well equation

Table 2.4: Modified mathematical system for ISC
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Component
Phase (Mole Fraction)

Gaseous Oleic Aqueous Solid

0 Water y0 = K0 1

1 Light Oil y1 = K1x0 x0

2 Heavy Oil y2 = K2x1 x1

3 Oxygen y3

4 Inert Gas y4

3 Coke 1

Table 2.5: Correlation of phase and components in a simple model

(coke).

For the gas components, only oxygen and inert gas are considered. The inert gas consists

of all the non-condensate gases except the oxygen, including nitrogen, carbon monoxide,

carbon dioxide and other oxides of carbon. Therefore, the inert gas component is actually a

pseudo-component.

Water is assumed to be immiscible with oil. Vaporization and condensation of both water

and oil are controlled by vapor-liquid equilibrium.

The situation of a component existing in different phases can be different on a case-by-

case basis. This part is designed to be user input. The relationship between components

and phases is shown in the following table.

For the oil component, we just make a simple breakdown of the light component and

heavy component in this model. Besides the physical properties of the two components, the

main difference is that there is a pyrolysis reaction for the heavy component, but not for
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Index Name Chemical reaction equation Reaction rate

1 Light Oil Oxidation LO + s1O2 −→ s2COx + s3H2O r1

2 Heavy Oil Oxidation HO + s4O2 −→ s5COx + s6H2O r2

3 Heavy Oil Cracking HO −→ s7LO + s8Coke+ s9COx r3

4 Coke Oxidation Coke+ s10O2 −→ s11COx + s12H2O r4

Table 2.6: Unknowns and equations of In-Situ Combustion Simulator

the light component. Besides oxidation reactions for the two components, there are three

reactions for oil components.

As the main product of the pyrolysis reaction, there is an oxidation reaction for coke,

which is the main fuel source of heat generation in this model. As shown in Table 2.6, only

four reactions are included in this model.

According to the discussion, we know that the reaction sets are directly related to the

division of components. These four reactions are only a chemical reaction model for this

certain six-component four-phase model. If the user inputs a SARA model, with saturated,

aromatic, resin and asphaltene as oil components, the reaction model will be totally different.

From these four reactions, a reactant and production, which are the basic components,

can be known with certainty. Mass change of certain components is described by a kinetic

reaction rate, which has a dimension of MT−1L−3. This rate is taken from the Arrhenius

equation (Coats, K. H. (1980)), a formula describing the temperature dependence of reaction

rates. Arrhenius’ equation gives the dependence of the rate constant of a chemical reaction
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on the absolute temperature, a pre-exponential factor and other constants of the reaction:

k(T ) = Ae−(Ea/RT ) (2.22)

In this equation, k(T ) is a reaction rate constant. It is actually a function of temperature,

not a constant; the parameter of concentration is not included here. E is the activation

energy of a reaction. The larger the activation energy, the slower the reaction. T is the

reaction temperature. A is a pre-exponential factor, a constant for each chemical reaction

that defines the rate due to the frequency of collisions in the correct orientation. In fact,

this factor is a function of oil type, pressure, and other parameters.

At a low temperature, a combustion reaction is not likely to happen. Another explanation

would be that oxidation is happening at a very low reaction rate, making the combustion

reaction to appear not to happen. When the temperature is higher, the energy of a molecular

system is easier to exceed the activation energy. Movement of particles becomes much more

violent at higher temperature, resulting in more possibility of effective collisions between

particles of reactants. Therefore, the reaction rate will be much higher.

Temperature plays an extremely significant role in chemical reaction rates, and an expo-

nential function perfectly describes this behavior. A rate will be accelerated exponentially

by raising the temperature of a system. Thus we have the following accurate expressions of
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kinetic reaction rates:

r1 = A1e
−
Ea,1
RT (y3pg)(φSoρox0),

r2 = A2e
−
Ea,2
RT (y3pg)(φSoρox1),

r3 = A3e
−
Ea,3
RT (φSoρox1)(1− (

Cc
Cc,max

)5),

r4 = A4e
−
Ea,4
RT (y3pg)(Cc).

(2.23)

In these equations, we can see that a reaction rate depends on several physical properties

of the reactants, including concentration and pressure. If a reaction occurs between the gas

phase and the oil phase, the reaction rate is affected by the concentration of an oil component

and partial pressure of a gas component. For a reaction occurring between the solid phase

and the gas phase, the rate is proportional to the concentration of coke and partial pressure of

the gas component, oxygen. Particularly, for the oil cracking reaction, the term (1−( Cc
Ccmax

)5)

is added to control the production of coke. When the coke concentration is approaching the

concentration limit of coke, this term will reduce the reaction rate, preventing the cracking

reaction from producing more coke.

This model is only one fulfillment of the chemical reactions in which oxidation reactions

of oil components in the gas phase are ignored, and oxidation reactions are not divided

into the low-temperature and high-temperature reactions (LTO and HTO). The chemical

reactions are open to users of this simulator and any scheme can be decided and input by

the user, such as the SARA model (Belgrave, J. D. M. et al. (1993)).
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2.2.2 Phase equilibrium

Due to the complexity of a non-isothermal model, phase equilibrium simulation is really

time-consuming, so we use a K value approach to describe the phase behavior. Calculations

of K-values are as follows (Chen, Z. (2007); CMG (2015)):

KW = K[0](p, T )

=

(
kv1W
p

+ kv2W · p+ kv3W

)
exp

(
kv4W

T − kv5W

)
,

KO,i = K[i+ 1](p, T )

=

(
kv1O,i
p

+ kv2O,i · p+ kv3O,i

)
exp

(
kv4O,i

T − kv5O,i

)
.

(2.24)

However, the K value calculations above are correct when two phases co-exist: the water

component exists in both the water phase and the gas phase or an oil component exists

in both the oil phase and the gas phase. However, for an ISC process, temperature varies

dramatically, leading to significant changes in phases.

For example, when a combustion front propagates, temperature rises rapidly. At first,

water will evaporate due to its lower boiling point compared to the oil phase. With the

higher temperature, the oil phase will also disappear. Since light components evaporate

at high temperatures, heavy components will decrease to zero due to their participation in

chemical reactions such as heavy oil cracking and heavy oil oxidation. That is to say, even

if Sor is given in a relative permeability table when the saturation of the oil phase is low

enough, mobilization is restricted and the oil phase will also disappear in the ISC process.

Ideally, when the temperature is high enough, at positions near the combustion front, both
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the water phase and the oil phase disappear, leading to only the gas phase and solid phase.

The water component and oil components take a large portion of the gas phase. When the

combustion process is over, the temperature will decrease. If water or oil components exist

in the gas phase, these gasses will condense, forming the water phase and oil phase.

When such changes in phases occur, the K value formulas or the equation system will not

be suitable anymore, resulting in a failure of the simulator. Therefore, proper handling of the

appearance and disappearance of phases is significant. Typically, we have two approaches

to deal with such a problem. First, the VS (Variable Substitution) method can be applied

to the entire system, while the unknowns and equations need to be changed (Coats, K.

H. (1980)). Judging the process of the method to be added to the simulator, it would result

in complicated logic in the coding part and discontinuity of the system, leading to instability

of the simulator.

As a result, we implement the PER (Pseudo-Equilibrium Ratios) method in our simulator

(Crookston, R. B., Culham, W. E., and Chen, W. H. (1979); Abou-Kassem, J. H. and

Aziz, K. (1985)). With this method, a correction term is added to the original K-value, and

a pseudo K value is acquired:

K∗W = K∗[0](p, T ) =

(
Sw

Sw + ncg

)
K[0](p, T ), (2.25)

K∗O,i = K∗[i+ 1](p, T ) =

(
So

So + ε

)
K[i+ 1](p, T ). (2.26)

Therefore, the gas phase molar fraction for the oil components and water component are

functions of p, T, Sw, Sg. The molar fraction in the gas phase for gas components are the
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basic unknowns:

y = y(p, T, Sw, Sg). (2.27)

In calculations of pseudo K-values, ε is a small number of the order of 1e− 4. When the

water or oil phase exists, Sw � ε, and the term
(

Sw
Sw+ε

)
≈ 1. Thus the pseudo K-values are

extremely close to the K-values. As the liquid phase gradually disappears, the saturation

decreases and approaches ε, and the term
(

Sw
Sw+ε

)
approaches 0.5. When the saturation

keeps decreasing, the term
(

Sw
Sw+ε

)
approaches 0.

For a typical K-value, when the liquid phase disappears, the K value approach cannot be

used anymore. We take pure water as an example. When there is only a water phase, we heat

the system and the temperature keeps rising. Below the boiling point, the K value is always

less than 1. When the boiling point at a certain pressure is achieved, the K value equals 1.

This can be used in the calculated saturated steam temperature. When the temperature of

the mixture increases, the water phase disappears, leaving only the gas phase. The K value

under this condition is greater than 1.

Obviously, if the water phase and gas phase co-exist, the molar fraction of the water

component in the water phase and gas phase should be 1, leading to a K value of 1. In

other words, a K value is only validated when it equals 1; i.e., two phases coexist. If the

liquid phase and gas phase do not co-exist, the formula of a K value has no meaning. This is

because the K value is defined by formula K = y
x
, and the liquid phase and gas phase must

appear.

In the ISC process, the disappearance of the liquid phase can be described by the PER
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method. With an increase in the K value as temperature rises, the y values can be greater

than 1, meaning that the molar fraction of a certain component is greater than 1. Obviously,

this is wrong. With the correction term, however, pseudo K-values can be less than K-

values. Therefore, although phase equilibrium no longer applies, with the pseudo K-values,

the relationship y = K∗x still applies.

When saturation approaches 0, both the pseudo K-values and fraction y of a certain

component approach 0. This process can be described by the formulas perfectly. With the

formulas, we can get the saturation by solving the equation system at each time step. The

unknowns and saturation can be calculated to a non-zero value.

Although its saturation should be zero when the liquid phase disappears, it seems that

the PER method introduces an obvious error deviation in this case. However, the correction

term will be effective only when the liquid phase begins to disappear. At that time, the

calculated saturation will be close to ε or even smaller. So, when we take ε = 1e − 4, the

absolute error of saturation is less than 1e−4, which is acceptable, especially when the great

convenience the method brings is considered.

Besides the above error, the characteristic of the correction term can lead to a problem.

As shown in Figure 2.1, when S approaches 0, the value and derivative of the function
(

s
s+ε

)
change dramatically. The behavior of the function is similar to a discontinuous function,

which will lead to convergence failure in Newton iterations. Thus the pseudo K-values

are extremely sensitive to saturation, and very fine Newton step sizes on phase saturation

are required. Also, in Newton iterations, when S is not at the order of ε, the tangent

slope is near zero. This causes the saturation easily converging to a negative value, which
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Figure 2.1: Schematic of correction term in PER method

is not acceptable. Therefore, a special treatment of saturation in each Newton step is

needed(Oklany, J. S. F. (1992)):

Sk+1
o =

√
ε · Sko . (2.28)

Sk+1
w =

√
ε · Skw. (2.29)

or

Sk+1
o = 0.5Sko . (2.30)

Sk+1
w = 0.5Skw. (2.31)

Here, the superscript k or k + 1 denotes the k-th or (k+1)-th Newton step. If saturation is

directly set to a small value, a Newton iteration fails easily.

During the implementation, there is a modification to the PER method. Crookston, R.
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B., Culham, W. E., and Chen, W. H. (1979) set a model for only two components in oil

phase. A pseudo K value is only applied to heavy oil component. Oklany, J. S. F. (1992)

applied pseudo K values to all components in his simulator. In our simulator, pseudo K

values for the oil phase is only applied to one component, which is the heaviest component.

There are two reasons for this. First of all, during the physical process, lighter components

will disappear first when the oil phase is heated. This usually leaves the heaviest component

to evaporate last. Molar fractions are evaluated:

yLO = KLO(p, T )xLO, (2.32)

yHO =

(
So

So + ε

)
KHO(p, T )xHO. (2.33)

For a light component, its K value will increase earlier than a heavy component, and its molar

fraction in the oil phase x will decrease earlier. After evaporation of the light component,

the molar fraction in the oil phase of the heavy component will approach 1. Thus a small

value for y of the light component results from a small x value. As for the heavy component,

a small value for y results from a small So value. This realization is close to the physical

process.

On the other hand, this implementation deals with potential problems in numerical

solution. When the oil phase disappears (So −→ 0), the mass conservation equation of an

oil component is changed to yn+1 = 0, where n+1 denotes the (n+1)-th time step. According
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to Equation 2.32 and 2.33, the equation system becomes

xLO ' 0,

So ' 0.

(2.34)

However, if the correction term is added to each component, every single mass conservation

equation for an oil component will be

SoxO,i ' 0. (2.35)

Since we know that So ' 0, the value of xoil[i] cannot be determined by the system. In the

solution process, it will result in linear dependence of the linear system as well as a singular

Jacobian system. An accurate solution to the linear system cannot be determined. Without

this modified PER method, the problem remains soluble when a restriction is applied to

oil phase. When the oil phase almost disappears, both convection term and reaction term

should be set to zero, which prevent the oil phase decrease to zero. The oil phase will remain

an extremely small number, and the system will remain non-singular. However, this method

includes new discontinuity in the whole problem. The failures in Newton iteration are more

common. As a result, this modified PER method in multicomponent system showed its

effectiveness in solution process.

2.2.3 Properties of fluid

Compressibility factor of real gas

Since an EOS equation is not introduced in our model for the calculation of phase equi-
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librium, a compressibility factor of gas is not acquired by this EOS approach. Another

approach of this physical variable is implemented.

In our model, the Redlich-Kwong EOS (Redlich, O. and Kwong, J. N. (1949)) is used to

calculate the Z factor.

A = A(p, T ) = 0.427480

(
p

pcrit

)(
Tcrit
T

)2.5

, (2.36)

B = B(p, T ) = 0.086640

(
p

pcrit

)(
Tcrit
T

)
. (2.37)

IN addition, the following mixing method is applied:

a =
∑
i

yiTcrit,i

√
Tcrit,i
pcrit,i

, (2.38)

b =
∑
i

yi
Tcrit,i
pcrit,i

, (2.39)

Tcrit =

(
a2

b

) 2
3

, (2.40)

pcrit =
Tcrit
b
. (2.41)

Then, after we have the coefficients A and B, the compressibility factor of real gas satisfies

the equation

Z3 − Z2 + (A−B −B2)Z − AB = 0. (2.42)

This equation is cubic. Therefore, there are three roots for the equation. Also, a root might

be virtual. In this case, we choose the biggest real root. With the calculation of all the
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coefficients, the Z factor is a function of p, T , xi and yi:

Z = Z(p, T, xi, yi). (2.43)

Figure 2.2: Z factor of air vs temperature (79% N2, 21% O2)

Critical temperatures and pressures for different components are different. This difference

cannot be neglected. In the ISC process, temperature varies greatly, as well as the molar

fraction of each component in the gas phase and Z factor. As shown in Figure 2.2, at the

pressure of 10 atm, the Z factor of air changes a lot with temperature. Obviously, the value

is different from 1. To get the accurate result, the real gas equation must apply.

2.2.3.1 Density

We introduce the molar density: the molar amount of certain material in unit volume in

the simulator. This usage ensures the unit of a mass conservation equation to be [mole/t].

The calculation here are consistent with CMG (2015).
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For different phases, the calculation of densities varies a lot. We must consider them

separately.

First of all, for the gas phase, in 1834 Émile Clapeyron first stated the ideal gas law.

Since a volume taken by the gas phase is mainly affected by molecular collisions, the volume

taken by a certain amount of gas material is irrelevant to the type of the material itself.

With the ideal gas law, under a condition of certain pressure and temperature, the molar

density of all kinds of gas remains the same. (Clapeyron, É. (1834))

However, the ideal gas law is only an approximation to the real case. Though different

EOS equations are all approximations to the real case, they perform better than the ideal gas

model when comparing to results from the laboratory. For EOS equations, a compressibility

factor Z is introduced as a correction term for the real gas model, while in the ideal gas

model we have Z = 1. According to the discussion above, there is a significant difference

between the compressibility factor and 1. Not only pressure and temperature also different

composition of the gas phase will lead to a significant difference in the Z factor. For dif-

ferent components, the critical pressure and critical temperature may differ, resulting in a

significant difference in gas behavior.

With a real gas equation considered, the density of the gas phase can be calculated as:

ρg = ρg(p, T, xi, yi) =
p

Z(p, T, xi, yi) ·R · T

The water phase only contains one water component in this model, so the calculation of
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the water density is simple:

ρw = ρw(p, T ) = ρw,ref exp(cpw(p− pref )− ct1w(T − Tref ) (2.44)

−ct2w
2

(T − Tref )2 + cptw(p− pref )(T − Tref )) (2.45)

where ρw,ref is the reference density of the water phase at the reference temperature and

pressure.

For the oil phase, if only component O[i] is in the oil phase, the density can be calculated

similarly:

ρO[i] = ρO[i](p, T ) = ρO[i],ref exp(cpO[i](p− pref )− ct1O[i](T − Tref ) (2.46)

−
ct2O[i]

2
(T − Tref )2 + cptO[i](p− pref )(T − Tref )) (2.47)

However, under most circumstances, more than one component exist in the oil phase. The

density of the oil phase should be considered with molar fractions of oil components. If there

is one gmol of material in the oil phase, then for component O[i], there will be xi gmol of

it. Moreover, for one gmol of component O[i] in the oil phase, it will take a volume of 1
ρO[i]

.

Therefore, for unit gmol of material in the oil phase, it will take the volume of:

1

ρo
=

nco∑
i

1

ρO[i]

xi. (2.48)
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Therefore, using a mixing principle, the harmonic average is introduced for the oil phase:

ρo = ρo(p, T, xi) = 1/
nco∑
i

xi
ρO[i](p, T )

. (2.49)

When the water phase contains multiple components, this equation is also valid for this

phase.

2.2.3.2 Viscosity

The viscosity of heavy oil is very high, making it very hard to mobilize. With this

characteristic, thermal recovery is introduced. The mechanism is that, when temperature

is higher, the viscosity of heavy oil will decrease dramatically. For calculation, correlation

methods are adopted here (CMG (2015)).

For the oil phase, if only component O[i] is in the oil phase, it will have a viscosity:

µO[i] = aviscO[i] exp

(
bviscO[i]

T

)
. (2.50)

This viscosity can be obtained from a viscosity table as well. As a mixture of different

components, the oil phase viscosity is obtained by a logarithmic mixing rule:

ln(µo) =
nco∑
i

x[i] ln(µO[i](T )). (2.51)
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Therefore, we see that

µo = µo(T, xi) = exp

(
nco∑
i

x[i] ln(µO[i](T ))

)
=

nco∑
i

(
µO[i](T )

)xi . (2.52)

For the water phase, since it has only one component, the viscosity can be derived

directly:

µw = µw(T ) = aviscw exp

(
bviscw
T

)
. (2.53)

For the gas phase, however, the viscosity is usually much smaller than the oil viscosity

or the water viscosity, and the effect of temperature on its viscosity is not as important as

that for the oil phase or the water phase. Thus, another formula for the viscosity calculation

is introduced:

µg,c = µg,c(T ) = avgc · T bvgc . (2.54)

In this formula, the viscosity will not decline so fast with an increasing temperature. But

under standard conditions, the viscosity of water is around 1 cp, while the viscosity of air is

about 0.01 cp, much smaller than that of water. Therefore, the flow of gas will dominate.

According to a mixing rule, the molar mass of a component is included:

µg = µg(p, T, Sw, Sg, xi, yi) =

∑
c µg,c · yc

√
Mc∑

c yc
√
Mc

. (2.55)
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2.2.4 Properties relative to rocks

2.2.4.1 Porosity

Porosity is the ratio of the pore volume to the bulk volume in a porous medium, describing

the volume containing fluids. When pressure is high, due to the effort of fluids, pores are

also enlarged. For a non-isothermal model, the porosity is also influenced by temperature.

We define a coefficient as a total compressibility of porosity (Chen, Z. (2007)):

ctot = ctot(p, T ) = cpor(p− pref )− ctpor(T − Tref ) + cptpor(p− pref )(T − Tref ). (2.56)

This factor is a function of pressure and temperature. For the calculation of porosity, we

have two approaches with this factor:

Linear:

φ = φ(p, T ) = φref · (1 + ctot(p, T )). (2.57)

Nonlinear:

φ = φ(p, T ) = φref · ectot(p,T ). (2.58)

For both two approaches, porosity is a function of pressure and temperature.

Especially, for the ISC process, we consider the effect of coke. In Coats’ simulator, when

coke is generated, the solid phase appears. The saturations of all four phases should be
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considered. (Coats, K. H. (1980)) The phase constraint becomes

Sw + So + Sg + Ss = 1. (2.59)

In other words, when the solid phase appears, it will take up a part of the pore volume, but

porosity will not be affected. Nevertheless, we will take the same treatment as in CMG’s

STAR. When the solid phase appears, it is immobile and thus takes a volume of the fluid

space. In this case, coke has a similar effect as the matrix. This process can also be treated

as porosity declining. With the formula

φf = φ− φcoke, (2.60)

the porosity for fluids can be calculated by the original porosity and porosity is altered by

coke. The concentration of coke is an unknown, which is defined by the amount of material

(gmol) in unit volume (m3). So the porosity taken by coke φcoke can be calculated by

φcoke = Cc/ρcoke (2.61)

In the solid phase, the volume can hardly be affected by pressure or temperature. Thus, the

molar density of coke can be taken as a constant. As a result, with the volume of coke being

considered, porosity is a function of pressure, temperature and coke concentration:

φ = φ(p, T, Cc) (2.62)
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With this treatment of coke, our ISC simulator can also handle the process like in-situ coal

gasification problems.

2.2.4.2 Relative permeabilities

Just like any model containing three phases, relative permeabilities have the similar

expression. Although a solid phase of coke is involved, this phase is not movable.

For the relative permeability of water krw, the relative permeability in a three-phase

system equals the relative permeability in a water-oil system. Thus, from the SWT table

(a water-oil relative permeability table), krw can be obtained with interpolation. krw is a

function only of Sw:

krw = krw(Sw). (2.63)

In addition, the relative permeability of gas krg in a three-phase system or an oil-gas system

can be calculated in the same manner. Through interpolation with a SLT table (a liquid-gas

relative permeability table), krg can be calculated. Also, krg is a function only of Sg:

krg = krg(Sg). (2.64)

As for the relative permeability of oil kro, there are several models available (Corey, A.

T. et al. (1956); Naar, J. and Wygal, R. J. (1961), 1961; Stone, H. L. (1970); Delshad, M.

and Pope, G. A. (1989)). In this simulator, we only include Stone’s model II (Stone, H.
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L. (1973)):

kro = kro(Sw, Sg) (2.65)

= krocw

[(
krow(Sw)

krocw
+ krw(Sw)

)(
krog(Sg)

krocw
+ krg(Sg)

)
− krw(Sw)− krg(Sg)

]
. (2.66)

where krocw is the oil-water two-phase relative permeability to oil at connate water saturation,

krog is the oil-gas two-phase relative permeability to oil, and krow is the oil-water two-phase

relative permeability to oil.

krocw = krow(Sw = Swc) = krog(Sg = 0). (2.67)

krow and krog are interpolated from a SWT table and a SLT table separately.

However, for our ISC simulator, temperature will change during the entire process. The

temperature will affect the properties of non-isothermal flow such as relative permeabilities.

During implementation, the Stone II model needs to be adjusted. However, due to the

complexity of non-isothermal flow, the effect is not considered in our simulator at present.

Also, in the upstream direction of a combustion front, the temperature is very high, which

has a very big effect on relative permeabilities; while only the gas phase is present, the

effect on total flow is not that important. Furthermore, in the downstream direction of a

combustion zone, the temperature is not that high, and thus the effect of temperature is not

necessarily involved.
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2.2.5 Non-isothermal description

Enthalpy is a measurement of energy in a thermodynamic system. It is the thermody-

namic quantity equivalent to the total heat content of a system. It is equal to the internal

energy of the system plus the product of pressure and volume. For the gas phase, if only

component c exists, the gas enthalpy is calculated as follows (CMG (2015)):

Hg,c = Hg,c(T ) =

∫ T

Tref

(
cpg1c + cpg2c · t+ cpg3c · t2 + cpg4c · t3

)
dt, (2.68)

cpgic, i = 1, 2, 3, 4, are constants for component c. Here, the component c can refer to not

only a gas component, but also an oil component or a water component. All the components

must be able to exist in the gas phase, and the enthalpy of a component in the gas phase

can generally be calculated by this formula.

Since the gas phase is a mixture, the gas enthalpy can be calculated by a weighted mean

with gas molar fractions yc:

Hg = Hg(p, T, Sw, Sg, xi, yi) =
Nc∑
c

ycHg,c. (2.69)

For the oil and water phases, the heat of vaporization should be considered. From the

gas phase to a liquid phase, steam will condense, and part of the energy is released as heat.

This part of the heat is measured by the heat of vaporization, which is the amount of energy

(enthalpy) that must be added to a liquid substance to transform a unit amount of that
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substance into a gas. It can be calculated by:

Hv,c = Hv,c(T ) = u(Tcrit,c − T ) · hvrc · (Tcrit,c − T )evc . (2.70)

Here u(x) denotes the Heaviside unit step function. The component’s enthalpy will de-

crease from the gas phase to a liquid phase when the temperature is lower than the critical

temperature. This heat is also influenced by temperature.

Therefore, for a certain component c, its enthalpy in a liquid phase can be calculated as:

Hc = Hc(T ) = Hg,c −Hv,c. (2.71)

where Hg,c is the enthalpy of component c in the gas phase, which can be calculated using

the formula above.

As a result, for the water phase which only includes one component, the enthalpy is:

Hw = Hw(T ) = Hg,W −Hv,W . (2.72)

For the oil phase, as a mixture, the enthalpy is:

Ho = Ho(p, T, xi) =
nco∑
i

xi(Hg,O[i] −Hv,O[i]). (2.73)

Now, we have enthalpy for all three fluid phases, which are used to measure energy in

heat convection. Including the mechanical work, it is the energy carried by the material of

a phase.
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As heat accumulates, the internal energy must be used, because the pushing work is not

necessarily included. For a liquid phase, its volume is set and cannot be changed much,

leading to zero pushing work. Thus, the pushing work will only have a significant effect on

the gas phase. Hence we have the formulas for three fluid phases (CMG (2015)):

Uw = Uw(T ) = Hw − p/ρw, (2.74)

Uo = Uo(p, T, xi) = Ho − p/ρo, (2.75)

Ug = Ug(p, T, Sw, Sg, xi, yi) = Hg − p/ρg. (2.76)

For our simulator, since the solid phase and rock have no mobility, the related properties

are not included, such as density. Both have internal energy, and for heat conduction, this

part of the energy will also play an important role in the whole process.

For rock, a similar formula is used:

Ur = Ur(T ) = cp1r(T − Tref ) +
cp2r

2
(T 2 − T 2

ref ). (2.77)

One thing to notice is that the internal energy for rock has a unit of energy per unit volume,

while others have energy per unit amount of material.

As for the solid phase, if coke has a heat capacity, which is the only component in the

solid phase, then the enthalpy can be calculated as:

Uc = Uc(T ) = cpc(T − Tref ). (2.78)
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2.2.6 Well terms

A Peaceman’s model is adopted for well modeling. A well may have many perforations.

For each perforation at a grid cell, its well rate for phase α, Qα = V qα, is calculated by the

following formula (Peaceman, D. W. (1978)):

Qα,well = WI
ραkrα
µα

(bhp− pα − γαg(zbh − z)) , (2.79)

where WI is the well index. For a vertical well, it can be defined as:

WI =
2πh3

√
k11k22

ln( re
rw

) + s
. (2.80)

A well index defines the relationship among a well bottom hole pressure, a flow rate and a

grid block pressure. bhp is the bottom hole pressure defined at the reference depth z, zbh is

the depth of the perforation in grid cell, and pα is the phase pressure in grid block m.

From the mass conservation equation of component c, the well term can be obtained:

Qc,well = V qc,well =
Nα∑
α

Qα,well · xc,α. (2.81)

From the energy conservation equation, the well term can be obtained:

Qwell =
Nα∑
α

Qα,well ·Hα. (2.82)

If a well is added to the reservoir model, the bottom hole pressure of a well becomes

an unknown. Due to various operation constraints, a fixed bottom hole pressure, a fixed oil
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rate, a fixed water rate or a fixed liquid rate may be applied to a well at different time stages.

When the fixed bottom hole pressure condition is applied to a well, the well equation is

bhp = c. (2.83)

Here c is a constant pressure.

The fixed rate operation for phase α is described by the following equation:

∑
perf

(Qα,well)perf = c, (2.84)

where c is a constant rate and known.

The total fixed rate operation is described by the following equation:

∑
perf

(Qw,well +Qo,well +Qg,well)perf = c. (2.85)

Different from other equations, the well equations are handled by the last processor

when running a parallel simulation. As discussed before, a given grid will be divided into

different subdomains, stored on different nodes. All the cells and related properties are

stored together. Thus, for one single processor, all the equations in cells in this part are

handled by this processor.

In one scenario, cells with perforations of a certain well should not be divided into different

parts. Otherwise, for a certain processor, when assembling well equations, communications

between different processors are required, which will increase the overhead of the total as-

sembling time and solution time. However, the loading balance solution we use makes it
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kind of difficult to consider the integrity of perforation cells of one well. On the other side,

comparing both effectiveness and quality of a loading balance method, the overhead resulting

from well perforation cells is acceptable.

Therefore, to have the best performance and quality of domain partitioning, wells are

not considered in separate processors. All the well equations will be handled only by the

last processor. With message passing from/to other processors, the well equations can be

assembled.
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Chapter 3

Numerical Methods

The partial differential equations and constraints are discretized based on structured

or unstructured grids. The main purposes of a numerical discretization method include

providing geometrical information and computing residuals and derivatives on each element

or control volume. Detailed information will be introduced in the following sections.

3.1 Discretization scheme

Typically, different time discretization (time marching) methods can be applied. Explicit

(or forward difference, forward Euler) and implicit (or backward difference, backward Euler)

schemes are the two most popular methods and are both first-order accurate in time. The

Crank-Nicolson scheme is second-order accurate.

An explicit scheme is the simplest method in which all fluxes and sources are evaluated

by using their previous time step values. It is stable provided that a time step is sufficiently

small (conditionally stable). Therefore, if a time step is large, a stable constraint must be
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determined to restrict and modify the time step. Under a given set of conditions, a time

step cannot exceed this constraint, which will prevent the time step from increasing and the

total number of iterations from deceasing. Therefore, for an explicit scheme, its performance

may not be very good with a large number of time iterations.

The Crank-Nicolson scheme is second-order accurate and is particularly useful when time

accuracy is of importance. Although this scheme is more accurate, it requires almost the

same computational effort as other implicit schemes. This scheme is quite popular since it

is unconditionally stable, but oscillatory solutions are possible when using large time steps.

For this reason, it is not suitable for our simulator either.

For an implicit scheme, its fluxes and sources are evaluated in terms of the unknown

variable values at the new time step. So both the current state of a system and the later

one are involved. Although an implicit scheme requires more memory (a linear system of

algebraic equations needs to be stored and solved), the use of the implicit Euler scheme

allows for large time steps to be taken, increasing the overall performance of a simulator.

However, a time step may be limited due to the severely nonlinear nature of reservoir dy-

namics created by multi-phase, multi-component mass and heat flow with chemical reactions

through heterogeneous porous media.

As a result, the time discretization is carried out with an implicit scheme in our simulator.

As for spatial discretization, typically, the Finite Difference Method (FDM), Finite Element

Method (FEM), and Finite Volume Method (FVM) can be applied in the ISC process. In our

approach, we adopt the FDM due to its good performance with simplicity of parallelization

and development.
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Before discretization, let us illustrate some concepts and quantities. First, we have the

following relationship in time steps:

tn+1 = tn + ∆tn.

Here, superscript n denotes the previous time step and n+ 1 the current time.

Second, recalling the mass conservation equations (2.3) and energy conservation equation

(2.5), we introduce the potential for each fluid phase, defined as

Φw = pw − γwz

Φo = po − γoz

Φg = pg − γgz

Therefore, Darcy’s flow equations can be rewritten in the form of

~uw = −kkrw
µw
∇Φw,

~uo = −kkro
µo
∇Φo,

~ug = −kkrg
µg
∇Φg.

Third, we introduce the difference sign ∆ and take a potential as an example:

∆Φα,face = (Φα)c − (Φα)face.
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Here, a face is a direction in space. Typically, it is defined by a Cartesian coordinate system.

Along with the x, y, and z directions and three opposite directions, we have six directions

defined. Each direction is denoted by an integer from 0 to 5. A face can denote the meaning

of front, back, left, right, up or down. c here denotes a center cell. Thus, a face here actually

refers to the neighboring cell in the direction of the “face”.

Then we have the discretization of the governing equations. Here, we omit the superscript

n + 1, and n is preserved. Also, if not noted by a “face”, all properties and equations are

regarding the center cell c. Otherwise, they are regarding the neighboring cell in the “face”

direction.

First, we obtain mass conservation equations in new forms. For the water component

W :

FW = −
5∑

face=0

(
Ak

h

)
avg

(
krwρw
µw

)
avg

∆Φw,face

+
V

∆t
[φρwSw − (φρwSw)n]

−
5∑

face=0

(
Ak

h

)
avg

(
krgρg
µg

yW

)
avg

∆Φg,face

+
V

∆t
[φρgSgyW − (φρgSgyW )n]

−V qW,well − V qW,reac.

Here, V denotes the volume of a center cell, A denotes a cross-sectional area, and h denotes

the length of an edge of the cell. The water phase and the gas phase have mass transfer so

these two phases need to be involved in this equation.
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Similarly, for the oil component O[i]:

FO[i] = −
5∑

face=0

(
Ak

h

)
avg

(
kroρo
µo

xi

)
avg

∆Φo,face

+
V

∆t
[φρoSoxi − (φρoSoxi)

n]

−
5∑

face=0

(
Ak

h

)
avg

(
krgρg
µg

yO[i]

)
avg

∆Φg,face

+
V

∆t

[
φρgSgyO[i] − (φρgSgyO[i])

n
]

−V qO[i],well − V qO[i],reac.

But for the gas component G[i], it only exists in the gas phase so that

FG[i] = −
5∑

face=0

(
Ak

h

)
avg

(
krgρg
µg

yG[i]

)
avg

∆Φg,face

+
V

∆t

[
φρgSgyG[i] − (φρgSgyG[i])

n
]

−V qG[i],well − V qG[i],reac.

For the coke equation, we have:

FCoke =
V

∆t
[Cc − (Cc)

n]− V qc,reac.
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Similarly, for the energy conservation equation, we have the discrete form:

FE = −
5∑

face=0

(
Ak

h

)
avg

(
krwρw
µw

Hw

)
avg

∆Φw,face

−
5∑

face=0

(
Ak

h

)
avg

(
kroρo
µo

Ho

)
avg

∆Φo,face −
5∑

face=0

(
Ak

h

)
avg

(
krgρg
µg

Hg

)
avg

∆Φg,face

+
V

∆t
[φρwSwUw − (φρwSwUw)n] +

V

∆t
[φρoSoUo − (φρoSoUo)

n] +
V

∆t
[φρgSgUg − (φρgSgUg)

n]

+
V

∆t
[(1− φ)Ur − ((1− φ)Ur)

n] +
V

∆t
[CcUc − (CcUc)

n]

−
5∑

face=0

(
A

h

)
avg

(KT )avg ∆Tface

−V Qwell − V Qreac + V Qloss.

For the gas and oil composition constraints, we also have the discrete form:

FGS =
∑
c

yc − 1,

FOS =
nco∑
i

xi − 1.

Therefore, all the discretization is finished for all cell equations.

The properties of a grid, rock, and fluids, such as thickness, permeability, and porosity,

can significantly differ from one block to another. The properties are often given only at

the centers of cells, but the transmissibilities are computed at the boundaries of cells. For

transmissibilities at grid block boundaries, proper average techniques between two adjacent

blocks should be taken into consideration.

For transmissibility in a “face” direction, a different method of calculating averages should
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be applied. For the first term, grid and rock properties are depicted, and a harmonic average

should be used: (
Ak

h

)
avg

=
2
(
Ak
h

)
c

(
Ak
h

)
face(

Ak
h

)
c

+
(
Ak
h

)
face

The fluid properties are described in the second term in transmissibility. Especially for

multi-phase flow, upstream weighting should be applied to calculate rock/fluid properties.

This prevents a physically incorrect solution. With a fluid potential defined,

(
krαρα
µα

)
avg

=


(
krαρα
µα

)
c
, if(Φα)c > (Φα)face(

krαρα
µα

)
face

, if(Φα)c < (Φα)face

If (Φα)c > (Φα)face, we call cell c the upstream cell, and the cell face is the downstream

block. We should take the properties of the upstream cell to be the term at the boundary

(Ertekin, T., Abou-Kassem, J. H., and King, G. R. (2001); Chen, Z. (2007)).

In the in-situ combustion process, the gas phase will not disappear for non-condensable

gas injected and produced during chemical reactions. Such gases include oxygen, carbon ox-

ides, and nitrogen. A saturated state for a thermal model always exists. With the correction

terms of K-values, the liquid phases also exist. Therefore, the structure of this system does

not change during calculations.

3.2 Linearization of nonlinear system

For one cell, there are several equations and unknowns in this cell. If we denote

~Fc =
(
FW , FO[0], · · · , FO[nco−1], FG[0], · · · , FG[ncg−1], FCoke, FE, FOC , FGC

)T
,
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~uc =
(
p, T, Sw, Sg, x0, · · · , xnco−1, yG[0], · · · , yG[ncg−1], Cc

)T
,

combining these vectors cell by cell and adding well equations and bottom hole pressure,

we can get a global equation vector ~F and a global unknown vector vecu. With these two

vectors, we can get the nonlinear system at time step n+ 1:

F n+1(un+1) = 0.

In other words, at each time step n + 1, we need to solve this system to find a un+1. Most

of the time, this system is nonlinear. So, to solve this system, we must linearize it. Usually,

iteration methods can be applied to deal with this problem. We can choose the Newton

method or the Inexact Newton Method.

Typically, if there is an equation

f(x) = 0,

where f is a nonlinear function, a root of this equation xR needs to be obtained. Then we

consider the Taylor expansion at x = x∗:

f(x) = f ′(xR)(x− xR) + o(x− xR).

If the high-order infinitesimal is omitted, we obtain

x∗ ≈ x− f(x)/f ′(xR).

If there is an initial value of x0, since f ′(xR) is unknown, f ′(x0) is taken instead. Then we
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can get

x1 = x0 − f(x0)/f ′(x0).

Here, x1 is closer to x∗ than x0. If we repeat this procedure:

xk+1 = xk − f(xk)/f ′(xk),

and if function f satisfies certain properties, xk+1 will approach xR. This method is called

the Newton method, which is shown in Figure 3.1.

Figure 3.1: Schematic of the Newton method

The Newton method can be extended to multivariate functions. We use the Taylor

expansion

~f(~x+ δ~x) = ~f(~x) + J(~x)δ~x+ δ~xTH(~x)δ~x+ · · · .

Here, J(~x) is the Jacobian matrix and H(~x) is the Hessen matrix. With this expansion, the
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Newton method can be modified to:

J(~xk)δ~xk+1 = −f(~xk),

δ~xk = ~xk+1 − ~xk.

Therefore, calculations of the Jacobian matrix are crucial in the Newton method to solve a

nonlinear system.

J =
∂ ~f

∂~x
=


∂ ~f1
∂ ~x1

· · · ∂ ~f1
∂ ~xn

· · · · · · · · ·

∂ ~fn
∂ ~x1

· · · ∂ ~fn
∂ ~xn

 .

However, linear systems from reservoir simulations are usually hard to solve, and the time

spent on their solution may take up more than 70% of the total simulation time. To achieve

high accuracy, the stopping tolerance of the standard Newton method is usually set to be

low, exacerbating time consumption. Actually, in the first few Newton iterations, a solution

may be far from the real solution. Therefore, it is not necessary to solve the linear systems

very accurately, and the Inexact Newton Method is considered in the simulator (Dembo, R.

S., Eisenstat, S. C., and Steihaug, T. (1982); Toselli, A. and Widlund, O. (2006); Chen, Z.,

Huan, G., and Ma, Y. (2006); Chen, T. et al. (2009); Zhong, H. et al. (2016)).

The inexact Newton algorithm is shown in Algorithm 1.

In the Inexact Newton method, solving the linear system J~u = −~F accurately is replaced

by finding an approximate solution ~u∗ of the linear system.
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Algorithm 1 Inexact Newton method

Set ~ul=0 = ~un, J l=0 = ∂ ~Fn

∂~un
, ~F l=0 = ~F n, l = 0

while Newton iteration step l < lmax do
Determine ηl
Find a δ~ul such that

||J lδ~ul + ~F l||2 ≤ ηl||~F l||2

Update the unknown vector
~ul+1 = ~ul + δ~ul

Update the residual vector
~F l+1 = ~F (~ul+1)

Update the Jacobian matrix

J l+1 =
∂ ~F l+1

∂~ul+1

if ||~F l+1||2 ≤ ε then
Break

end if
Set l = l + 1

end while

In the inequality above, the forcing term ηl forces the residual to be low enough, thus

assuring fast local convergence and avoiding over-solving of the linear system. One can

choose the forcing term in the following ways:

ηl =



||~F (~ul)−~rl−1||2
||~F (~ul−1)||2

,

||~F (~ul)||2−||~rl−1||2
||~F (~ul−1)||2

,

γ
(
||~F (~ul)||2
||~F (~ul−1)||2

)β
.

where R is the residual of the l-th iteration rl = ~F (~ul−1) − J(~ul−1)~ul. And β, γ are

constants, and ηl ∈ [0.01, 0, 1].
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3.3 Jacobian matrix

As discussed in the last subsection, the calculation of a Jacobian matrix is crucial in

the Newton method. For the calculation of a matrix, we have two choices: analytical and

numerical.

For the analytical choice, a matrix consists of partial derivatives, and it can be obtained

through the chain rule. The chain rule is a formula for computing the derivative of the

composition of two or more functions.

For example, for functions f and g, if we define the function F by F = f(g(x)), then the

derivative of F is

F ′(x) = f ′(g(x)) · g′(x).

Also, for a multivariate function ~f = ~f(~x),

∂ ~f

∂xi
=

m∑
l=1

∂ ~f

∂ul

∂~ul
∂xi

.

Then, with the chain rule, we can calculate a Jacobian matrix one entry by one entry to

obtain its analytical Jacobian matrix.

Also, there is a choice of a numerical Jacobian matrix. If a partial derivative is not easily

obtained, a difference can be used to approach a derivative. For the definition of a partial

derivative:

∂fi
∂xj

= lim
∆xj→0

fi(x0, · · · , xj + ∆xj, · · · , xn)− fi(x0, · · · , xj, · · · , xn)

∆xj
,
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when ∆xj is small enough, we will have

∂fi
∂xj
≈ fi(x0, · · · , xj + ∆xj, · · · , xn)− fi(x0, · · · , xj, · · · , xn)

∆xj
.

With this formula, as a set of partial derivatives, a Jacobian matrix can be calculated

approximately.

Figure 3.2: Pattern of Jacobian matrix

As shown in Figure 3.2, the Jacobian matrix has a pattern of the 7-block-diagonal matrix.

The grid has a structure of 3 × 4 × 5 cells. Here the well equation part is omitted in this

figure. In the figure, each asterisk sign denotes a small matrix. This small matrix has a size

of a number of cell equations. For a small matrix, the condition number can be very big for

an ISC simulator. Also, if there is a large number of grid cells in the model, the condition

number can be very big for a large scale.
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For the condition number of matrix A, which is not singular, it has a definition:

cond(A) = ||A−1|| · ||A||.

Here ||A|| denotes a norm of matrix A. And it can be any norm of a matrix, such as 1-norm,

2-norm or ∞-norm. Also, for the definition, we have

cond(A) ≥ ||A−1 · A|| = 1.

Therefore, the best case for a matrix is that its condition number equals 1.

We consider a linear system A~x = ~b, and hypothesize that there is a disturbance δ~b, and

the solution to the disturbed system is ~x + δ~x, which satisfies A(~x + δ~x) = ~b + δ~b. Then

there is an estimation that

||δ~x||
||~x||

≤ cond(A)
||δ~b||
||~b||

(3.1)

Moreover, if there is a disturbance δA, the solution to the disturbed system is ~x + δ~x,

satisfying (A+ δA)(~x+ δ~x) = ~b+ δ~b. Then there is an estimation that

||δ~x||
||~x||

≤
cond(A) ||δA||||A||

1− cond(A) ||δA||||A||

. (3.2)

When ||δA|| is small enough, the right-hand side approximately equals cond(A) ||δA||||A|| (Belsley,

D. A., Kuh, E., and Welsch, R. E. (2005)).

As a result, according to Eq. (3.1) and Eq. (3.2), if there is a disturbance of the system
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with a big condition number, even if a solution is obtained, this solution can be extremely

inaccurate.

Also, if the condition number is big for a matrix when an iterative method is applied, the

convergence speed can be very slow with this ill-conditioned problem. If the nature of the

matrix is better, the performance of the Krylov subspace method will typically be better.

We take GMRES as an example, if the matrix is not too far from normality, fast convergence

will occur. On the other hand, fast convergence will occur when all eigenvalues of a matrix

are clustered away from the origin. But if the condition number is big, the matrix is similar

to a singular matrix and there will be at least one eigenvalue close to the origin. Therefore,

a large condition number prevents a Krylov subspace method from fast convergence.

3.4 Decoupling and solution

Typically, a big condition number results from two aspects: coupling in a cell matrix and

a large scale of grid cells.

First, for the matrix in a single cell, when the number of components is large, the coupling

phenomenon can be extremely obvious, making its condition number extremely big. If the

condition number gets bigger, it indicates that the matrix is closer to a singular matrix,

which makes a linear system very hard to solve.

According to the nature of a system of the equations, there are three main reasons for

a large condition number for a small matrix. First, for the in-situ combustion method, the

number of components of a single model can be very large. However, the mass conservation

equations and energy conservation equation are similar. If the number of similar equations is
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large in the system, the linear correlation of rows in this matrix can be very strong. We know

that for an orthogonal matrix, one row is orthogonal to another one, the linear correlation

of rows is the least in this case. Also, the condition number of this matrix is one, which is

the best case.

Second, for the adoption of pseudo K-values as discussed in the sub-section of K-values,

the derivatives of these pseudo K-values with respect to saturation can be extremely large

when the saturation of water or oil is very small. As shown in Figure 2.1, the tangent at

s = 0 is nearly parallel to the y-axis. For a correlation term, if we take function the

f(s) =
s

s+ ε
,

then

f ′(s) =
ε

(ε+ s)2
.

Therefore,

f ′(0) =
1

ε
,

indicating that when the oil phase or water phase is about to disappear, the entries in

the Jacobian matrices ∂Fi
∂Sw

and ∂Fi
∂Sg

can be extremely big compared to other entries. This

phenomenon also makes a matrix ill-conditioned. In the implementation, we set the crk mod

to be not too small. According to the literature and our tests, a number around 1e-4 would

lead to a good balance between the condition number and relative error of mass conservation.

However, with an application of the PER method, the matrix is still not well-conditioned.

In this case, a preconditioner is required.
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Third, the primary variable selection and variable alignment are considered in many

reservoir simulators with the aim to make the nature of a matrix better. One example is to

make a matrix diagonally dominant or positive definite. But in a process of ISC, changes

among phases are violent. The correspondence between equations and unknowns set at the

beginning may preserve the good nature of a matrix, but it may not be suitable for a new

state of equations as time goes. Therefore, a good arrangement may be damaged. Under

this circumstance, the matrix may not be so well-conditioned.

Therefore, we adopt a decoupling method, especially for a small matrix. For full decou-

pling, a Schur complement can be used. In practical problems, however, this is impossible

to implement. Many approximate decoupling methods are proposed, such as the quasi-

IMPES method and classical IMPES method. These decoupling methods can remove the

pressure-saturation coupling in a diagonal block in a Jacobian matrix (Gries, S. (2015);

Jiang, Y. (2008); Lacroix, S., Vassilevski, Y. V., and Wheeler, M. F. (2000)). Furthermore,

some methods do not only focus on the pressure-saturation coupling but also some general

inter-equation couplings of a linear system, such as the ABF (Alternate Block Factoriza-

tion) method and local QR decomposition for decoupling (Klie, H., Rame, M., and Wheeler,

M. (1996); Bank, R. E. et al. (1989); Lacroix, S., Vassilevski, Y. V., and Wheeler, M.

F. (2000)).

The coupling problem is caused not only by the pressure-saturation coupling but also

caused by multi-components. Therefore, a general inter-equation couplings exists in a sys-

tem, which ABF can handle.

The ABF method is achieved by scaling a Jacobian matrix J such that its diagonal blocks
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become the unit block. For the linear system Jδ~u = −~f , J = (Ji,j)ncell×ncell, where Ji,j is

the main cell matrix of the first cell. Then we define

CL =


(J1,1)−1

. . .

(Jncell,ncell)
−1

 .

A new linear system can be obtained:

CLJδ~u = −CL ~f.

With this decoupling, the diagonal blocks of this Jacobian matrix will change to the unit

block.

When implementing the ABF decoupling method, the Gauss-Jordan transformation is

employed. Different form multiplied by an inverse matrix directly, each diagonal block in the

Jacobian matrix is transformed in less steps than traditional ABF method. The complexity

of computations can be reduced from ncell ·O(nequ3) to ncell ·O(nequ2).

In the process of Gauss-Jordan transformation, three types of elementary row operations

are employed to achieve this goal. The main difference between this method and ABF is

that multiplications between blocks are avoided. This method is called the Gauss-Jordan

elimination through pivoting. The detailed algorithm of the transformation is listed as

follows:
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Algorithm 2 Gauss-Jordan transformation

Initialize a flag array d with zero.
for c = 0 : ncell − 1 do

for k = 0 : ncell − 1 do
amax = 0
for i = c : c+ nequ− 1 do

if d[i] == 1 then
continue

end if
for j = c : c+ nequ− 1 do

if d[j] == 1 then
continue

end if
if |aij| > |amax| then

Set r = i, l = j
amax = aij

end if
end for

end for
if r 6= l then

Exchange row Ar,: and Al,:
Exchange entry br and bl

end if
for j = c : c+ nequ− 1 do
alj = alj/amax

end for
for i = c : c+ nequ− 1 do

if i == l then
continue

end if
for j = 0 : ncell · nequ do
aij = aij − ailalj
bi = bi − ailbl

end for
end for
d[i] == 1

end for
end for
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With this decoupling method, the condition number of a diagonal block will reduce to

one directly. In testing, without the Gauss-Jordan transformation, the simulator cannot

execute successfully. The main problem occurs in the solution of the linear system. The

iterative solution can hardly reach a convergence without the proper decoupling method.

Another common decoupling method, DRS, also failed in the simulator. ABF succeed in

the execution, while the performance is still not as good as Gauss-Jordan transformation.

These performances indicate the effectiveness of this novel decoupling method.

On the other hand, if the condition number of a diagonal block is small enough and

the scale of the problem is enormous, the problem will still be ill-conditioned. Under this

circumstance, Krylov subspace methods are adopted to solve this problem (Van der Vorst,

H. A. (2003); Greenbaum, A. (1997); Meurant, G. (1999); Hackbusch, W. (1994); Elman,

H. C., Silvester, D. J., and Wathen, A. J. (2014); Liesen, J. and Strakos, Z. (2013);

Olshanskii, M. A. and Tyrtshnikov, E. E. (2014)). For the effectiveness and reliability

of these methods, preconditioning must be adopted. Trefethen and Bau III once said in

their book, “Nothing will be more central to computational science in the next century than

the art of transforming a problem that appears intractable into another whose solution can

be approximated rapidly. For Krylov subspace matrix iterations, this is preconditioning”

(Trefethen, L. N. and Bau III, D. (1997)).

Many general preconditioners are proposed: ILU(k), ILUT, domain decomposition and

AMG (algebraic multi-grid). In addition, special preconditioners including the classical

CPR (pressure constrained residual) preconditioner and other CPR-like preconditioners are

contained (Wallis, J. R., Kendall, R. P., and Little, T. E. (1985); Cai, X. C. and Sarkis,
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M. (1999); Falgout, R. D. and Yang, U. M. (2002); Cao, H. et al. (2005); Cao, H. (2002);

Liu, H., Wang, K., and Chen, Z. (2016)).

Also, in our simulator, commonly used Krylov subspace solvers are implemented, includ-

ing the restarted GMRES solver and BiCGSTAB solver (Saad, Y. and Schultz, M. H. (1986);

Saad, Y. (2003); Van der Vorst, H. A. (1992); Sleijpen, G. L. and Fokkema, D. R. (1993)).

AMG solvers are also an effective iterative solver. But only when a matrix is positive

definite, the solution process will be efficient. For Krylov subspace solvers, these solvers

are suitable for arbitrary linear systems. Linear systems from the ISC simulator are neither

symmetric nor positive definite, so the Krylov subspace solvers are more suitable for our

simulator. (Huang, C. K. (2009))

3.5 Overall structure

For a simulator, simulation results are required in a period of [tstart, tend] so a PDE system

can be solved numerically with a sequence of time steps:

tstart = t0 < t1 < · · · < tn < tn+1 < · · · = tend.

At the beginning, an initial condition is needed, which can be used at the first time step.

When the first step is calculated, the time step size is directly given by user setting. But for

the following steps, time steps can be adjusted to minimize the total number of time steps,

and, therefore, decrease the total iterations for a solution. However, if the time step ∆tn is

too big, there will be a big truncation error, which is the error of a mathematical model from
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simple linear behavior in time. Therefore, the time steps should be controlled and adjusted

at every time step.

There are some desired changes of unknowns according to user-specified parameters. The

user can set max changes for some variables, which are regarded as the best case to minimize

a truncation error. The aim of a time step selection is to try to approach the max changes of

the desired changes of unknowns at each time step. Therefore, the change in each unknowns

should be noted. Also, the size from the previous time step should be included as well

(Grabowski, J. W. et al. (1979); Sammon, P. H. and Rubin, B. (1986); Todd, M. R., O’dell,

P. M., and Hirasaki, G. J. (1972); Chappelear, J. E. and Rogers, W. L. (1974); Jensen, O.

K. (1980); Mehra, R., Hadjitofi, M., and Donnelly, J. K. (1982)).

We introduce a time step size ratio ϑ:

ϑ =
∆tn+1

∆tn
= min

ui
min
cell

(
(1 + η)∆ui
δuni + η∆ui

)
cell

.

Here, (ui)cell is the i-th unknown in a cell, and ∆ui is the desired change of (ui)cell. η is a

tuning factor, which is between 0 and 1.

Then, at each time step, a nonlinear system will be solved with the Newton method. If

the Newton method fails, it indicates that the convergence condition does not meet within

the number of iterations. Then the time step will be cut to a smaller one, and the iteration

will be redone. If the iteration remains a failure until a limit of time step cuts (NCUTS)

is reached, the simulator will stop with an error. However, if convergence is reached during

iteration, the unknowns ~u will be updated.

The Newton iteration will continue for the next time step. The flow chart of the simulator

82



is illustrated in Figure 3.3.

83



Figure 3.3: Flow Chart of In-Situ Combustion simulator.

84



Chapter 4

Parallel Computing

4.1 Why parallelization?

Parallel computing is a type of computation in which multiple computing units work

simultaneously on one single computation problem. For a serial computing, one computing

unit can solve one problem solely (as shown in Figure 4.1), but if a problem is computationally

intensive, its computation will be extremely time-consuming.

Figure 4.1: Schematic of serial computing (Barney, B. (2007)).

Traditionally, programs have been written for serial computing. For hardware, most of

these programs will be run on a single computer with one single Central Processing Unit

85



(CPU). Nowadays, computers with multi-processors are common in our daily life, from PCs

to clusters. With all processor units working together, computationally intensive engineering

problems can be solved by multiple computing units so that the solution time will be reduced

significantly. Decades ago, parallel computing has been considered as “the high end of

computing” and has been adopted for various scientific and engineering problems by scientists

and engineers.

As shown in Figure 4.2, a large-scale problem can be divided into small parts that can

be solved concurrently, and each part will be assigned to one processor. Each part can be

further divided into a series of instructions, which will simultaneously execute on different

processors.

Figure 4.2: Schematic of parallel computing (Barney, B. (2007)).

There are three main advantages with parallel computing. First of all, the solution time

of problems is decreased significantly. When more computing resources are used, more com-

puting power will be obtained, shortening the solution time. Here, the computing resources

refer to both numbers of multiple processors/cores in a single computer or the number of

such computers connected by a network.

Besides, the capability of computing will be improved. This refers to a distributed-

86



memory parallel system, especially for clusters. Multiple memories are combined, thus large-

scale problems with a large amount of data can be stored separately, and the limitation of

one computer with one memory can be overcome.

Furthermore, a low price and performance ratio can be achieved. For an advanced sin-

gle processor computer, its cost will increase even faster than increasing computing power

due to physical limits, such as the effectiveness of heat dissipation. So parallel computing

is economical. For the ISC process, the rapid-changing temperature and a thin moving

combustion front make a time step small.

With a thin combustion front, extremely fine grids are applied. Therefore, comparing to

other reservoir simulators, a problem to be solved in an in-situ combustion simulator will be

more complex. Thus, running a simulation is even more time-consuming. To deal with this

problem, a dynamic gridding technique is used to separately deal with the region of a com-

bustion front and other regions (Sammon, P. H. (2003); CMG (2015)). Another approach

is to adopt a new upscaling method with non-Arrhenius kinetics (Zhu, Z. (2011a)). But

with parallel computing, methods to simplify a model are not necessary. A computationally

intensive reservoir model can be simulated in the acceptable time.

From the discussion above, parallel computing is extremely beneficial for an in-situ com-

bustion model, but is an ISC simulator suitable for implementation of parallelization? The

answer is yes.

For the process of parallel computing, a computational problem can be broken down into

small discrete pieces. These pieces must be solved simultaneously. For a reservoir simulation

model, all the properties, unknowns, and equations are based on a grid. For a whole grid, it
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can be partitioned into different sub-domains.

Besides, the time spent can be reduced if a problem is solved with multiple compute

resources than with a single compute resource, as mentioned above. As a matter of fact,

70–90% of the computational time is spent on the assembly and solution of linear systems

of algebraic equations for any simulator. In addition, for Krylov subspace solvers, a parallel

algorithm can be applied. Also, assembling of a system can be finished by a processor

separately. Therefore, the computational time of any main part can be shortened by the

cooperation of processors.

With parallelization, the performance of a simulator can be highly-improved. Parallel

simulators have been developed and documented in the literature (Wheeler and Smith, 1989;

Rutledge, J. M. et al. (1992); Killough, J. E. and Bhogeswara, R. (1991); Kaarstad, T. et

al. (1995); Anguille, L. et al. (1995); Parashar, M. et al. (1997); Killough, J. E., Camilleri,

D., et al. (1997)).

Also, in our Reservoir Simulation Group, a lot of work related to parallel simulators has

been done (Liu, H., Wang, K., Chen, Z., Jordan, K. E., et al. (2015); Liu, H., Wang, K.,

Chen, Z., Yang, B., et al. (2016); Wang, K., Liu, H., and Chen, Z. (2015); Liu, H., Wang,

K., Chen, Z., Luo, J., et al. (2015); Zhong, H. et al. (2016)).

4.2 Parallel computers

For parallel systems, supercomputers or high-performance clusters are a good choice.

Compared to personal computers, supercomputers have strong computing power. Taking a

laptop with an Intel Core i5 CPU as an example, its speed is 43.4467 GFLOPS. But for
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Sunway TaihuLight in China, the fastest supercomputer in the world, its speed is over 125

PFLOPS. It is faster than the Intel Core i5 CPU by over 3,000,000 times, meaning that if

a simulation is run for more than one month on PCs, it will only take one second on this

supercomputer. Therefore, with supercomputers, a simulator will be much more effective.

Also, clusters are systems in which multiple stand-alone computers (nodes) are connected

with a network. As shown in Figure 4.3, every node is connected by an interconnection

network. Inside a single node, processors are connected by a crossbar. For each node, data

is all stored in the memory of the node. But if data stored in another node is required,

communication between different nodes is needed through an interconnection network.

Figure 4.3: Block diagram of a cluster system with a “hybrid” network (Van der Steen, A.
J. and Dongarra, J. J. (2012)).

Clusters have a hybrid shared-distributed memory. Typically, there are three types of ar-

chitecture for parallel computers, including shared memory, distributed memory, and hybrid

shared-distributed memory.
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For a shared memory system (Figure 4.4), all processors can get access to the global

address of the memory. Therefore, the memory is shared by all processors. If there is a

large number of processors, with a limited bandwidth, there may be a traffic restriction on a

program. Besides, cache/memory management can be a problem for a developer. Moreover,

the changes in a memory location are affected by all processors, and changes are visible to

all other processors. Therefore, the problem of synchronization remains to be dealt with by

developers. For hardware, its scalability is limited to the number of processors.

For a distributed memory system (Figure 4.5), each processor has an independent mem-

ory, which other processors do not have the permission to get access to. The address is

only available to its own processor. With this, overhead spent on maintaining global cache

coherency is prevented. Additionally, save/load will not be interfered by other processors.

Scalability can be easily achieved, as the size of memory will increase proportionately when

the number of processors increases. Besides, if a problem requires a large amount of data, a

memory limitation will not be easily reached if data is stored in a distributive manner. How-

ever, communications between processors are all remote communications with low efficiency,

which will take a longer time than local memory access.

For the reasons above, the hybrid shared-distributed memory system is applied to clusters

(Figure 4.6). With this structure, different small shared memory systems are connected

together within a network. The advantages of the two systems are combined. The system

is scalable with the number of nodes and processors. Also, the complexity of development

is weakened.

With the great effort of Compute Canada and Westgrid, we can get access to their
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Figure 4.4: Schematic of shared memory architecture.

Figure 4.5: Schematic of distributed memory architecture.

Figure 4.6: Schematic of hybrid shared-distributed memory architecture.

clusters, such as Niagara. Therefore, our parallel simulator can be developed successfully.

At present, CMG STARS only support parallelization on shared-memory structure com-

puters (CMG (2015)). Therefore, the main difference between our simulator and CMG
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STARS is the architecture of parallel computers. With the distributed memory architecture,

the scalability will achieve a better result when the number of cores is about 100 or even

more.

4.3 Data communication

In the illustration of the distributed memory architecture, we discussed processor com-

munications. Communications are the processes to exchange data across different computing

units. In most of the cases, a parallel program requires data exchange on a processor. Net-

work latency is introduced in total computation time. Resulting from a delay on hardware,

latency is the time spent on sending a message from one point to another, constituting an

important part in the total overhead. An inefficient process of communications will cause a

significant overhead. Thus investigation of communications is of great importance.

For clusters, there are two different APIs (application programming interfaces) that can

be used to fulfill all communications, Message Passing Interface (MPI) and Open Multi-

Processing (OpenMP). The role of two APIs is shown in Figure 4.7.

Figure 4.7: Role of MPI and OpenMP on a cluster (Barney, B. (2007)).

Communications occurring between processors on different nodes use MPI, which is ac-
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complished over a network. Communications occurring between local processors on a com-

putational node use OpenMP, which is based on a shared memory. Thus a cluster is actually

a combination of a message passing model and a thread model.

Communications on a node are much faster than communications between nodes. Thus

latency is mainly resulting from message passing. In 1994, Message Passing Interface (MPI),

the industry standard for message passing, was first released. Thus we also adopt MPI for

the standard of message passing.

Message passing is required when one processor cannot get access to the data which is

stored on another node. There are several types of operations of message passing defined by

MPI. Generally, the operations can be divided into two parts.

The first part is a point-to-point communication. For this kind of communication, the

action is finished by a pair of processors. In one communication, the message is passed from

one processor to another. During this procedure, MPI Send() is called by the message

sender and MPI Recv() is called by the receiver. Both functions are from the MPI library

(Figure 4.8 (1)).

But in some programs, there may be many communication pairs. Thus the identification

between a desired sender and a desired receiver is necessary. In other words, in one single

message passing between one sender and one receiver, a sender needs to select a section of

memory, copy it, and send it. Nevertheless, as a receiver, many difficulties may arise.

First, in a program, a large number of messages are not only passed by a sender, but also

by other processors as well. To deal with this problem, a rank is introduced. Each processor

has a unique rank as an index among all processors. In the operation of MPI Send()
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and MPI Recv(), the ranks of both a sender and a receiver need to be specified in both

functions as a parameter. This can prevent the receiver from capturing a message from other

processors.

Second, with a confirmed processor pair, the problem of a message passing order remains.

For example, there may be two different messages (A and B) passing between two processors.

Message sending of A is earlier than message sending of B. However, due to the latency of

a network, there is a possibility that message A arrives later than message B. If the receiver

captures the first-arrived message first, it may receive the wrong message, causing a failure

in execution. Therefore, a tag is used to identify the message passing between the same

processor pair. The tag is used as a parameter when calling a function.

Third, what is coming next is the deadlock phenomenon. Taking a sender as an example,

if a message is sent, there are two options. One is blocking a communication: waiting until

this message is received by the receiver. While waiting, no instructions are executed by the

processor. Another is a non-blocking communication: after sending the message, the data

is put into the buffer and the processor keeps executing the following instructions.

For the blocking option, there is a case in which different processors send messages at

the same time and receiving is not accomplished by any processor. Then all the senders

will have to wait until receiving is finished and returned. If no receiving is returned, all

processors will continue waiting, resulting in a deadlock.

As for the non-blocking option, although the deadlock of this type can be prevented, there

is also a disadvantage. That is, exception control is weak for non-blocking communications.

Additionally, the implementation of non-blocking introduces low maintainability and high
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coding complexity. Nevertheless, the deadlock will still occur for an inappropriately coded

structure. For example, if there are two processors and all communications only occur

between them, each processor first call the MPI Send() function followed by MPI Recv().

In this case, a deadlock also happens as no message is sent and receiving is impossible.

Therefore, deadlocks can only be prevented by setting up a proper structure for paral-

lelization.

For all the difficulties introduced by point-to-point communications, precise development

is required in coding. This includes structural design and instruction implementation, which

are all fulfilled in our simulator.

In addition to the point-to-point communications, there are also collective communica-

tions, which refers to message passing among multiple processors. There are three types of

communications: one-to-all, all-to-one and all-to-all communications.

For one-to-all communications, data on one processor (“root” processor) is passed to

multiple processors. If the data is a whole trunk, it is a broadcasting process (MPI Bcast())

(Figure 4.8 (2)). If the data is segmented and passed separately, it is a scattering process

(MPI Scatter()) (Figure 4.8 (4)).

For all-to-one communications, data on multiple processors are passed to one processor

(“root” processor). If the data is collected, calculated, and stored as one single variable, it

is a reducing process (MPI Reduce()) (Figure 4.8 (3)). If the data is collected and stored

separately, it is a gathering process (MPI Gather()) (Figure 4.8 (5)).

If messages are sent from multiple processors and received by multiple processors, it is an

all-to-all communication, which can be implemented by MPI Alltoall(), MPI Allgather()
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and MPI Allreduce().

All of these communications are called in our in-situ combustion simulator, making par-

allel computing feasible. In general, it is a better choice to apply collective communica-

tions than the combination of point-to-point communications, since optimization has been

achieved in collective communication functions to overcome difficulties such as deadlocks. If

the implementation is optimized based on data flow and suitable for network topology, the

implementation is a good MPI implementation (Hager, G. and Wellein, G. (2010)). This

optimization of implementation is achieved mainly through collective communications.
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Figure 4.8: Typical types of communications in MPI.
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4.4 Quality of parallelization

The goal of parallelization of the ISC simulator is to accelerate simulation. Speed is the

main factor for us to evaluate the quality of parallelization.

Ideally, with an increasing number of processors, a proportionate increase in parallel speed

is expected. However, overhead prevents the program from achieving the ideal scenario.

With a good performance of increased speed, it is also an indicator of good scalability.

Speedup is commonly used as a criterion. For a model with a fixed size, it presents the

efficiency of parallelization implementation of a program. It is defined as:

speedup =
speedwithmoreprocessors

originalspeed
=

executiontime

executiontimewithmoreprocessors
.

Ideally, a proportionate increase in speedup with the number of processors is expected. In

fact, a smaller speedup is common in a parallel program, as additional time is wasted in

execution. This waste in time is the parallel overhead.

Overhead is the additionally-required time in parallel execution, which is mainly influ-

enced by data communication and synchronization.

As discussed before, communication overhead results from factors such as latency. A

direct thought to reduce the communication overhead is to decrease the total volume of

communications. This part will be illustrated in grid partitioning.

As for synchronization, overhead mainly comes from load imbalance. Here, the termi-

nology of load balance is introduced: all the processors are kept busy at all times. On the

contrary, load imbalance can be explained in Figure 4.9. The workload of different tasks is
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not equal. If all tasks are assigned to one processor and the speed of all processors are all

the same, some processors will finish their work earlier while others are still busy executing

all the instructions assigned. Before synchronization, the processors which finish earlier will

have to wait until all processors finish their work. In the figure, as an example, the workload

of task 1 is heavier than any other tasks, causing all other processors to wait. This is a waste

of computing power. If the workload is equally assigned, all processors will finish at about

the same time, and the computing resource is utilized at its maximum.

Figure 4.9: Schematic of load balancing.

Therefore, a smaller volume of communications and better load balancing will improve

the quality of the parallel implementation of the in-situ combustion simulator.

99



4.5 Grid partitioning

A regular reservoir can be described as a hexahedral domain with hexahedral cells. A

grid can be uniform or non-uniform. Structured grids support finite difference methods,

finite volume methods, and finite element methods. They have been widely applied in most

commercial reservoir simulators. A grid and coordination are shown in Figure 4.10.

Figure 4.10: Structured grid.

A cell-centered grid is used by our simulator. For this type of grid, cells are the elements

in the whole grid. All data is stored within the unit of a cell. For all cells constituting the

whole grid, all cell data, referring to properties most of the time, constitutes all the data in

a model.

First of all, each cell has a unique integer coordinate (i, j, k) (i ≥ 0, j ≥ 0, k ≥ 0). Here,

i is the x coordinate component along the x axis, j is the y coordinate component along the

y axis and k is the z coordinate component along the z axis. All coordinate components are

numbered from the negative direction to the positive direction along each axis. In addition,
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an index of a cell is calculated by:

index = nx · ny · k + nx · j + i,

where nx and ny are the numbers of cells in the x-direction and y-direction, respetcively.

This numbering is the global index, since a partitioning of the grid is not yet applied.

With global indexes of cells, vectors can be adopted to store all properties in a model.

The index of a element in a vector directly corresponds to the global index of a cell.

As discussed before, the main bottleneck for adopting the shared-memory system is a

large-scale model, with a large amount of data to be stored in the memory. With clusters,

the large amount of data can be first divided into different parts and then stored in each

node separately. Since data is all based on cells, we consider decomposing the whole grid

into sub-grids of cells. For each sub-grid, we call its cells the local cells, as data is stored in

the form of vectors. In fact, when we say that data is stored separately, it is different parts

of vectors that are stored separately.

For a part of a vector, with the aim to save memory resource, only elements corresponding

to the local cells are stored in the form of local vectors. As a local vector, the length is

shortened, and there is a natural index of this local vector. With one-to-one correspondence

between vector elements and cells, there is also a local index besides the global index for

a cell. A map is introduced to express the relationship between the global index and local

index of each cell.

For grid partitioning, we denote a grid at G, which is a union of all the cells in the grid.

For Np processors, the grid is partitioned into Np sub-grids, and each sub-grid consists of
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a number of cells. For a sub-grid Gi, it is assigned to the i-th processor. Moreover, for all

sub-grids, we see that


Gi 6= ∅, i = 1, · · · , Np,

Gi ∩Gj = ∅, i 6= j,

∪Gi = G i = 1, · · · , Np.

For a single cell in the sub-grid Gi, it is an interior cell for Gi. Also, this cell has six

neighboring cells in the space. For a neighboring cell, if it is located in another sub-grid Gj,

i 6= j, then it is a remote neighbor. An interior cell itself is a local neighbor.

Once a global grid is set up, the approach to partition the global grid and build the rela-

tionship between the global and local grids is the first step to implement parallel computing.

First of all, for grid partitioning approaches, the main principle is to improve the quality

of parallelization as much as possible. Thus parallel overheads need to be minimized in the

partitioning. Therefore, a reduction in the communication volume and improvement of load

balance are required for a partitioning algorithm.

For load balance, we assume that calculations of any cell are similar in a grid. The

best case for load balance is that every processor is assigned with a sub-grid with the even

number.

However, the assumption does not always hold. For example, if a water phase or oil

phase disappears in one cell, the nature of a small cell matrix gets worse, and then more

iterations will be required in a linear solver to get changes of unknowns. If a large number

of these cells exist in one sub-grid on one processor, the linear solution converges in fewer
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iterations with a shorter time, and other processors will have to wait until the solution on

this processor converges. Therefore, a typical load imbalance occurs.

To deal with this problem, a dynamic load balancing grid partitioning method is required.

With this method, the solution time on each processor is monitored, and a modification of

partitioning is done periodically. With the historical workload, optimization of partitioning

is fulfilled dynamically. So, this method is called the dynamic load balancing grid partition-

ing method. This kind of dynamic load balancing grid partitioning method is fulfilled in

ParMETIS, Zoltan and HSFC (Karypis, G., Schloegel, K., and Kumar, V. (1997); Boman,

E. et al. (2007); Liu, H. (2008); Liu, H., Wang, K., Yang, B., et al. (2017); Liu, H., Zhang,

P., et al. (2016)).

As discussed before, in terms of a communication volume, data communication is required

when data is owned by other processors. It is needed as data are all corresponded with a

cell. If a cell is in other sub-grid, the corresponding data is owned by another processor,

leading to communications taking place between cells in different sub-grids. Based on the

knowledge in the previous chapter, we know that for a single equation in one cell, data of all

neighboring cells is required. Reflected in a numerical solution, the assembly of a Jacobian

system and a linear solver requires data in the neighboring cells.

Therefore, data communications are required by the neighboring cells in different sub-

grids. In other words, between a local neighboring cell and a remote neighbor cell, messages

are passed. Therefore, to minimize the communication volume, the number of pairs of local

neighboring cells and remote neighbor cells need to be minimized.

To sum up, the main objective for a successful grid partitioning is to create partitions
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with the equal number of cells and minimize the number of partition interfaces.

With ParMETIS, the package of graph partitioning Karypis, G. and Kumar, V. (1998),

a grid can be partitioned topologically, with the two objectives achieved.

4.6 Parallel algorithm

As for the connection relations, a dual graph G = (V,E) is employed, which can be

presented by CSR (Compressed Sparse Row). Thus the adjacency structure can be stored.

As a part of initialization, grid partitioning is finished. Recalling the entire process of

the ISC simulator, in Figure 3.3, two processes still remain to be dealt with explicitly.

The first one is assembling a Jacobian matrix. In this process, recalling the equations in

the previous chapter, data communications are required between processors. In this process,

as a processor, data of remote neighbor cells is collected/received from other processors at

one synchronization. All the operations adopted are all listed in the section of data com-

munications. The data is stored as a stand-alone vector corresponding to ”remote neighbor

cells”, and different from local vector entries is all related to local indexes of remote neigh-

bor cells. Here, for remote neighbor cells, although they are not local cells, they have local

indexes. So all these cells can be accessed by the local indexes.

Afterward, a Jacobian matrix on a processor will be finished with the data of remote

neighbor cells. This data will be cleaned by this processor for the sake of memory man-

agement. Once the Jacobian matrix is assembled, all the unknowns will be updated in a

Newton iteration, and all the properties will also be updated. Therefore, the updated data

will be passed to help assemble the Jacobian matrix for the next iteration.
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With the Jacobian system assembled, the system will be passed as a parameter to a

linear solver. Also, this procedure is paralleled with the parallel iterative solver. Typically,

the linear solver only solves the whole linear system of A~x = ~b. Here A is a square matrix

of size n× n. However, as a parallel solver, the system is only

[Alocal Aremote] ~xlocal = ~blocal,

which is not a typical linear system. Alocal refers to the square block of the matrix, and

Aremote denotes the remaining block of the whole local block on a processor. This remaining

part represents the interactions between cells in a local sub-grid and other sub-grids. Since

the number of neighboring cells is limited, the number of local cells without a remote neighbor

is much bigger than the number of local cells with a remote neighbor. Therefore, this block

Aremote is much sparser than Alocal.

To take an example, we assume that 1-th subgrid is only adjacent to 2-th subgrid. There-

fore, with the respect to the 1-th processor and the corresponding linear system, the inter-

action only occurs between the 1-th subgrid and the 2-th subgrid. So the linear system

assigned to the 1-th processor is

[A11 A12] ~x1 = ~b1,

where A11 is the local block for the 1-th sub-grid, and A12 is the interaction block with the

effect from the 2-th sub-grid to the 1-th subgrid. For a processor, its aim is actually to solve

a linear system in the following form:
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 A11 A12

A21 A22


 ~x1

~x2

 =

 ~b1

~b2


With block Gaussian elimination, the linear system changes to

A11~x1 = ~b1 − A12~x2.

With this transformation, a local processor will only be required to solve this local linear

system. Furthermore, the data of ~x2 is passed from the 2-th processor.
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Chapter 5

Results and discussions

In this chapter, some results of different experiments will be presented and some dis-

cussions will be given. Also, validations will be shown to examine the legitimacy of the

numerical model. Mainly, results from our simulator RSGISC will be compared with CMG

STARS.

5.1 Combustion tube experiment

First of all, a combustion tube experiment is presented as a 1-D case. All the data was

constructed from CMG case stdrm001.dat.

In this case, the validity is shown first by the physical properties profile and second by

the comparison between the simulator and CMG STARS.
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Initial condition

kx,y,z (md) 12700, 12700, 12700

φ 0.4142

p (psi) 2014.7

T (◦F ) 100

Sw,o,g 0.178, 0.654, 0.168

xLO,HO 0.744 0.256

yW,LO,HO,O2,IR 0.0, 0.0, 0.0, 0.21, 0.79

Table 5.1: Input data for tube model.

5.1.1 Model description

The reservoir is 0.1602ft long, 0.1602ft wide, and 2.6458ft high, and performed as a one-

dimensional model, which is partitioned into 12 cells vertically. Air is injected from the top

into the tube and fluids are produced at the bottom. Oil sample in this combustion tube

test is light oil sample (24.26 ◦API at ◦F ). The viscosity is 22.6 cp, which is not very high.

Therefore, this sample is suitable for Crookston’s model, where the combustion is mainly for

light oil. LO and HO denote the light oil component and heavy oil component. IR denotes

the inert gas pseudo-component, where nitrogen and carbon oxides exist. The set of data is

listed below:
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Numerical control

Newton inexact

Solver BiCGSTAB

Preconditioner RAS

Jacobian numerical

Tolerance of solver 1e-3

Max solver iteration 100

Tolerance of newton 1e-2

Max Newton iteration 15

Max p change (psi) 40

Max Sw change 0.1

Max Sg change 0.1

Max T change (◦F ) 50

Max molar fraction change 0.1

Table 5.2: Input data for tube model (cont’d).
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Properties H2O LO HO O2 IR Coke

M (lb/lbmole) 18 156.7 675 32 40.8 13

pcrit (psi) 3155 305.7 120 730 500

Tcrit (◦F ) 705.7 651.7 1138 -181 -232

ρref (lbmole/ft
3) 3.466 0.3195 0.0914 57.2

cp (1/psi) 3e-6 5e-6 5e-6

ct1 (1/◦F ) 1.2e-4 2.839e-4 1.496e-4 4.06

cpg1 (Btu/(◦F · lbmol)) 7.613 -1.89 -8.14 6.713 7.44

cpg2 (Btu/(◦F 2 · lbmol)) 8.616e-4 0.1275 0.549 -4.883e-7 -0.0018

cpg3 (Btu/(◦F 3 · lbmol)) 0 -3.9e-5 -1.68e-4 1.287e-6 1.975e-6

cpg4 (Btu/(◦F 4 · lbmol)) 0 4.6e-9 1.98e-8 -4.36e-10 -4.78e-10

hvr (Btu/(◦F ev · lbmol)) 1657 1917 12198

ev 0.38 0.38 0.38

avg (cp/◦F ) 8.822e-6 2.166e-6 3.926e-6 2.196e-4 2.127e-4

bvg 1.116 0.943 1.102 0.721 0.702

avisc (cp) 4.7352e-3 4.02e-4 4.02e-4

bvisc (◦F ) 2728.2 6121.6 6121.6

kv1 (psi) 1.7202e6 1.4546e5 2.7454e5 kv3 and kv4 are all 0

kv4 (◦F ) -6869.59 -4458.73 -8424.83

kv5 (◦F ) -376.64 -387.78 -205.69

Table 5.3: Input data for tube model (cont’d).
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SLT table

Sl Krg Krog Pcg

0.21 0.784 0 0

0.32 0.448 0.01 0

0.4 0.288 0.024 0

0.472 0.184 0.052 0

0.58 0.086 0.152 0

0.68 0.024 0.272 0

0.832 0.006 0.448 0

0.872 0 0.9 0

SWT table

Sw Krw Krow Pcw

0.1 0 0.9 0

0.25 0.004 0.6 0

0.44 0.024 0.28 0

0.56 0.072 0.144 0

0.672 0.168 0.048 0

0.752 0.256 0 0

Table 5.4: Input data for tube model (cont’d).
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Reaction data

LO + 14.06O2 −→ 11.96IR + 6.58H2O r1

HO + 60.55O2 −→ 51.53IR + 28.34H2O r2

HO −→ 2.154LO + 25.96Coke r3

Coke+ 1.18O2 −→ 1IR + 0.55H2O r4

AR (1/(psi · day)) 7.248e11, 7.248e11, 1.00008e7, 1.00008e4

EaR (Btu/lbmol) 59450, 59450, 27000, 25200

HR (Btu/lbmol) 2.9075e6, 1.2525e7, 4.0e4, 2.25e5

Well conditions

Injector air rate (O2:N2 = 0.21:0.79) (ft3/hr) 0.554

wi (ft ·md) 5.54

pinjw (psi) 10000.0

tinjw (◦F ) 70

heat rate (Btu/day) 4800

heat stop time (day) 0.02083333333

Producer bhp (psi) 2014.7

Table 5.5: Input data for tube model (cont’d).
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5.1.2 Physical behavior

Figures 5.1, 5.2, 5.3, 5.4, 5.5, and 5.6 present the time variations of temperature, oil

pressure, water saturation, oil saturation, a light oil molar fraction and coke concentration

at cell #0, 2, 4, 6, 8, and 10, respectively.

First of all, for the temperature profile, we can find that at a single cell, the temperature

will go up at first and reach the highest point, which indicates that the combustion front

reaches this position. Then the temperature will decrease due to the heat conduction and

low-temperature air flow from the injector.

Also, for the pressure of each cell, the profile is similar to the behavior of the bottom-hole

pressure of the injector. Since the heater is open in the first period, the temperature will

increase rapidly in the first cell. Then the water and oil will evaporate in a very short time.

Next the pressure of the first cell will rapidly increase. To inject gas with a constant rate,

the bottom-hole pressure will also perform a correspondence of the raised pressure. Due to

a small size of the model, the change of pressure in the first cell will quickly be conducted

on all the cells.

Now, for the water saturation, in the first cell, heated by the well, water evaporation

is observed easily. But in the following cells, the water saturation will first rise and then

decline. It is mainly about the formation of the steam zone. In the front of the steam zone,

the steam will condense for the low temperature. When steam condenses, the total amount

of the water component in the water phase will be more than the original amount in the

cell. Therefore, the volume of the water phase will increase. But as the propagation of the

combustion front goes, the steam zone will also move forward. The water in the cell will all
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become steam and then be pushed to the producer at the end.

From the very beginning, the oil saturation will increase a little and then gradually

decline. The peaks are because of the early build-up of the pressure, which pushes fluids to

flow. For the high transmissibility of the gas phase, the gas phase is much easier to move in

the direction of the producer. The oil phase is least likely to flow for the high viscosity with

low temperature.

For the molar fraction of the light oil, it will rise up quickly in the first period. It

results from the condensation of light oil vapor, just like the rising of water saturation.

Since the light oil component is more likely to vaporize than the heavy component, the

heavy component will quickly condense near the high-temperature zone. The vapor of the

light component will move further. Therefore, at a cell far from the combustion front, the

oil vapor is mainly light oil vapor. Moreover, condensation oil is mainly light oil. When

the high-temperature zone keeps moving forward, the light component in the cell will also

vaporize since the temperature is higher. The residual is the heavy component, which will

vaporize with a higher temperature than light oil. Also, in a single cell, the heavy oil in

the gas or oil phase will arrive at the cell eventually, and there is a small peak on the oil

saturation for this reason. But as the temperature is high enough, the residual of the oil will

finally approach 0 for both evaporation and pyrolysis reaction.

The coke concentration profile indicates the pyrolysis reaction. First of all, we can observe

a rapid increasing coke concentration when the temperature is higher. In the calculation of a

reaction rate, the temperature is an exponential parameter, so the reaction becomes violent

in a short time. But when the temperature is about to achieve the ignition temperature,
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the coke concentration slows down and reaches its peak very soon. It indicates that the

coke oxidation reaction is much faster than the heavy oil pyrolysis reaction at a very high

temperature. Also, prior to this point, the total concentration of heavy oil approaches 0,

which slows down the reaction rate of pyrolysis and help the rate of coke oxidation surplus

and the rate of pyrolysis in a much shorter time. Moreover, we can find that when the coke

concentration approaches 0, the temperature of this cell will also reach its peak. When the

coke concentration reaches 0, there is no fuel in the cell at all, and, therefore, the temperature

will gradually decline.
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Figure 5.1: Profile of temperature.
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Figure 5.2: Profile of pressure.
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Figure 5.3: Profile of water saturation.
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Figure 5.4: Profile of oil saturation.
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Figure 5.5: Profile of light oil molar fraction.
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Figure 5.6: Profile of coke concentration.
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Figure 5.7: Oil rate profile.

Figure 5.8: Accumulated oil rate profile.
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According to the temperature profile versus time over the whole model in Figure 5.9, the

area around the temperature peak is the combustion zone. Since the cells in the model are

discrete, the peak in the figure and location of the combustion front are not exactly the same.

In the direction of downstream of the combustion front, the temperature is raised for heat

conduction and convection. With this profile, the propagation procedure of the combustion

front is observed.

Also, in front of the combustion zone, there is a cracking (pyrolysis) zone/vaporization

zone. The area around the peak represents the cracking zone, since coke is one of the main

products in the pyrolysis reaction. Coke is accumulated in this zone. In Figure 5.10, taking

t = 0.5 day as an example, the peak of the temperature is around 30 cm and the coke

concentration at this position is about 0.0004 gmol/cm3̂, which indicates that as time goes,

the coke will continue to be oxidized and thus the temperature will increase until a peak is

reached. Thus the combustion front will arrive at this point between 0.5 day and 0.7 day.

Also, in this cracking zone, oil and water will evaporate. The vapor will be pushed

downstream and form a water bank and an oil bank downstream. This steam zone can be

observed mainly from Figures 5.11 and 5.12. Also, the heavy oil component is harder to

evaporate than the water component. This phenomenon can be observed in the profile at t

= 0.3 day. In the area around 30 cm, the water saturation is 0, but there is still some oil.

Moreover, from Figure 5.13, it indicates that at this point, in the oil phase, there is mostly

the heavy component, and most of the light component has changed to vapor already and

be pushed to downstream. Also, in Figure 5.14, it shows that a large amount of steam is

generated in this zone, which takes about one-third of the total gas phase on average. This

123



is the reason that this zone is called the steam zone.

In front of the steam zone, the temperature and the saturation of oil and water remain

the same as the original reservoir. So the effect of combustion has not influenced this part

yet. However, in the gas phase, the gas molar fraction of inert gas is very high (Figure 5.16)

and there is almost no oxygen in this area, since oxygen is used up in the combustion zone

(Figure 5.15). Also, in the profiles of the gas molar fraction of inert gas and oxygen, yIR

and yO2 increase at the same time. However, the gas molar fraction of inert gas will be even

less than its original gas molar fraction in the air. From Figure 5.14, it indicates that it

is because there is a large amount of water vaporized at this position, which takes a large

portion of the total gas phase.

In Figure 5.17, the characteristics of each zone can be observed more clearly. The most

obvious zone is the combustion zone, in which the temperature is higher than in any other

positions. Also, in this zone, among the four phases, only the solid phase - coke exists.

In front of the combustion zone, the oil phase and water phase are vaporized, forming a

vaporization zone. Moreover, the cracking reaction of the heavy component mostly occurs

here, and the zone is also called the cracking zone. In front of the cracking zone, the steam

takes a large portion of the gas phase, and some vapor of water and oil condenses, forming

a water/oil bank. This zone is the steam zone.

Behind the zones we mentioned above, there is a burnt zone, in which only the gas phase

exists, and the gas molar fractions are the same as the injected gas. Also, the temperature

is gradually lowered for both the injected gas and heat conduction. In the opposite, at the

very front of the reservoir, the properties have not been changed. Furthermore, in the gas
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phase, mainly inert gas exists.
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Figure 5.9: Temperature profile over the model at various times.

Figure 5.10: Coke concentration profile over the model at various times.
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Figure 5.11: Water saturation profile over the model at various times.

Figure 5.12: Oil saturation profile over the model at various times.
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Figure 5.13: Oil molar fraction of light oil profile over the model at various times.

Figure 5.14: Gas molar fraction of steam profile over the model at various times.
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Figure 5.15: Gas molar fraction of oxygen profile over the model at various times.

Figure 5.16: Gas molar fraction of inert gas profile over the model at various times.

129



Figure 5.17: Temperature and saturation profile over the model after t = 0.3 days.
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5.1.3 Validation with CMG STARS

Before adopting a simulator for practical purposes, the establishment of confidence in its

predictive capability is important. To achieve this goal, its simulation results are compared

with those by the CMG STARS.

CMG, founded in 1978, is a world-class software company focusing on reservoir modeling

and is known for its expertise in heavy oil reservoir simulation. As a key module, released

in 1983, STARS is the standard of thermal recovery modeling in the petroleum industry. As

mentioned before, the biggest difference between CMG STARS and the RSGISC simulator

is that RSGISC is specially designed for parallel computing on distributed-memory clus-

ters. However, STARS currently supports the shared-memory system, and the distributed-

memory system has not been supported yet (CMG STARS (2018); CMG (2015)).

From the following figures, it indicates that the results from our simulator RSGISC match

very well with those from CMG STARS.

Generally, some properties of three cells (#0, 6, 11) are selected to compare. From

Figures 5.18 to 5.25, the profiles of cell properties are presented, including temperature,

water saturation, oil saturation, the oil molar fraction of light oil, the gas molar fraction of

steam, oxygen and inert gas. Also, well bottom hole pressures are compared with those from

STARS.

The properties mentioned above are all the primary unknowns in our simulator, and

if these unknowns are validated, all other properties can be obtained by these unknowns.

Hence the validated unknowns ensure the validity of other properties.
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Figure 5.18: Temperature profile with results from CMG STARS.

Figure 5.19: Bottom hole pressure profile with results from CMG STARS.
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Figure 5.20: Water saturation profile with results from CMG STARS.

Figure 5.21: Oil saturation profile with results from CMG STARS.
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Figure 5.22: Oil molar fraction of light oil profile with results from CMG STARS.

Figure 5.23: Gas molar fraction of steam profile with results from CMG STARS.
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Figure 5.24: Gas molar fraction of oxygen profile with results from CMG STARS.

Figure 5.25: Gas molar fraction of inert gas profile with results from CMG STARS.
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5.2 Field-scale in-situ combustion simulation

After a combustion tube experiment, a field-scale model is the task of the next step. We

adopt the data from another set of data from different papers (Crookston, R. B., Culham,

W. E., and Chen, W. H. (1979); Grabowski, J. W. et al. (1979); Vaughn, P. and Wyoming,

L. (1986)). Historically used as a benchmark, this model is used to explain the validation of

our simulator as well.

5.2.1 Model description

The reservoir itself is 164ft long, 115ft wide and 21ft high, in which the behavior of in-situ

combustion in about one year is considered. In this model, pure oxygen is injected as the

oxidizer. The oil has a density of 76.5 API at standard condition. The viscosity is 138.837

cp at initial condition. The components and corresponding reactions are different from the

combustion tube model. All properties, reactions, and operations are listed as follows. All

denotations remain the same meanings as the previous model.
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Initial condition

kx,y,z(md) 4000, 4000, 4000

φ 0.38

p(psi) 65

T (◦F ) 200

Sw,o,g 0.2, 0.5, 0.3

xLO,HO 0.0 1.0

yW,LO,HO,O2,IR 0.0, 0.0, 0.0, 1.0, 0.0

Cc 0

Table 5.6: Input data for field-scale model.

137



Properties H2O LO HO O2 IR Coke

M (lb/lbmole) 18 44 170 32 44 13

pcrit (psi) 3206.2 615.9 264.6 730 1073

Tcrit (◦F ) 705.73 205.93 725.23 -181.77 88.03

ρref (lbmole/ft3) 3.47 0.4545 0.25 80.002

cp (1/psi) 1.00e-5 7.69e-4 3.80e-4

ct1 (1/◦F ) 3.80e-4 2.20e-4 1.00e-5 3.9

cpg1 (Btu/(◦F · lbmol)) 7.613 -52.0192 57.8 7.68 11

cpg2 (Btu/(◦F 2 · lbmol)) 8.616e-4 1.519e-1 6.018e-2 0 0

hvr (Btu/(◦F ev · lbmol)) 1657 1917 12198

ev 0.38 0.38 0.38

avg (cp/◦F ) 8.822e-6 2.166e-6 3.926e-6 2.196e-4 2.127e-4

bvg 1.116 0.943 1.102 0.721 0.702

avisc (cp) 4.7352e-3 4.02e-4 4.02e-4

bvisc (◦F ) 2728.2 6121.6 6121.6

kv1 (psi) 1.7202e6 1.4546e5 2.7454e5

kv2 (1/psi) 0 0 0

kv3 0 0 0

kv4 (◦F ) -6869.59 -4458.73 -8424.83

kv5 (◦F ) -376.64 -387.78 -205.69

Table 5.7: Input data for field-scale model (cont’d).
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SLT table

Sl Krg Krog Pcg

0.29000 0.700000000 0.000000000 0.0

0.33125 0.656250000 0.000244141 0.0

0.37250 0.612500000 0.001953130 0.0

0.41375 0.568750000 0.006591800 0.0

0.45500 0.525000000 0.015625000 0.0

0.49625 0.481250000 0.030517600 0.0

0.53750 0.437500000 0.052734400 0.0

0.57875 0.393750000 0.083740200 0.0

0.62000 0.350000000 0.125000000 0.0

0.66125 0.306250000 0.177979000 0.0

0.70250 0.262500000 0.244141000 0.0

0.74375 0.218750000 0.324951000 0.0

0.78500 0.175000000 0.421875000 0.0

0.82625 0.131250000 0.536377000 0.0

0.86750 0.087500000 0.669922000 0.0

0.90875 0.043750000 0.823975000 0.0

0.95000 0.000000000 1.000000000 0.0

Table 5.8: Input data for field-scale model (cont’d).
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SLT table

SWT table

Sw Krw Krow Pcw

0.20000 0.000000000 1.000000000 0.0

0.23125 0.0000610352 0.823975000 0.0

0.26250 0.000488281 0.669922000 0.0

0.29375 0.001647950 0.536377000 0.0

0.32500 0.003906250 0.421875000 0.0

0.35625 0.007629390 0.324951000 0.0

0.38750 0.013183600 0.244141000 0.0

0.41875 0.020935100 0.177979000 0.0

0.45000 0.031250000 0.125000000 0.0

0.48125 0.044494600 0.083740200 0.0

0.51250 0.061035200 0.052734400 0.0

0.54375 0.081237800 0.030517600 0.0

0.57500 0.105469000 0.015625000 0.0

0.60625 0.134094000 0.006591800 0.0

0.63750 0.167480000 0.001953130 0.0

0.66875 0.205994000 0.000244141 0.0

0.70000 0.250000000 0.000000000 0.0

Table 5.9: Input data for field-scale model (cont’d).
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Reaction data

LO + 5O2 −→ 3IR + 4H2O r1

HO + 18O2 −→ 11.64IR + 13H2O r2

HO −→ 2LO + 4.67Coke+ 0.484IR r3

Coke+ 1.25O2 −→ 1IR + 0.5H2O r4

AR (1/(psi · day)) 1e6, 1e6, 0.3e6, 1e6

EaR (Btu/lbmol) 3.33e4, 3.33e4, 2.88e4, 2.34e4

HR (Btu/lbmol) 9.48e5, 3.49e6, 2.0e4, 2.25e5

Well conditions

Injector gas rate (O2:N2 = 1:0) (ft3/hr) 115000

rc (ft) 0.5

pinjw (psi) 10000

tinjw (◦F ) 200

Producer bhp (psi) 65

Table 5.10: Input data for field-scale model (cont’d).
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5.2.2 Physical behavior and validation

From the combustion tube to a field-scale model, here we focus on the differences in

physical behavior.

Different from the combustion tube model, there is an obvious period of the water phase

to evaporate. When we focus on Figure 5.35, we can observe that the temperature is stable

around 425 K, which is about the boiling point of the water phase. At this time, the water

phase kept evaporating, which is shown in Figure 5.30. However, in this model, only the

heavy oil component exists in the oil phase originally, which is harder to evaporate than the

water component. Thus, when the water phase changes to steam, at a temperature lower

than its boiling point, the vapor of the heavy oil component, which flows from the upstream,

kept condensing, resulting in an increasing oil saturation, which can be seen in Figure 5.29.

Also, steam takes the most portion in the gas phase, and coke is produced at a certain rate

under a steady temperature (Figure 5.31, 5.32).

When the water phase disappears, everything changes dramatically. First of all, the

heat conducted from the upstream no longer needs to support the heat of vaporization of

water, and the temperature in a certain cell begins to increase rapidly. Thus the rate of

all chemical reactions increases exponentially. When the ignition point of coke is reached,

the coke is consumed rapidly, resulting in a rapid coke burning reaction and leading to

an exponentially-increasing temperature (Figure 5.27, 5.30, 5.32). Therefore, the oil phase

evaporates instantly at the high temperature, and the coke concentration reached the highest

peak for the accelerated cracking reaction. For extremely high reaction rate, as the main

product of all reactions, the molar fraction of steam even reached a small peak (Figure 5.29,
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5.31, 5.32).

After oil also evaporates, only gas and coke take the pore volume in the reservoir. After

coke is consumed, there is no longer any fuel in the cells, the violent reactions end and

temperature begins to decrease for the low-temperature injected gas and heat loss.

This procedure continues to occur cell by cell, resulting in the propagation of the combus-

tion zone. In addition, for the violent physical and chemical process, the change in pressure

at each cell is very violent. For the conduction by the gas phase, several peaks of pressure

can be observed in Figure 5.28.

In Figure 5.26, similar to last section, all zones in around the combustion front are easy

to identify.

Also, the validations of some physical properties with CMG STARS are displayed in

Figures 5.35 to 5.40.

Figure 5.26: Temperature, saturation, steam fraction profile over the model after t = 30
days.
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Figure 5.27: Temperature profile for field-scale model.
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Figure 5.28: Pressure profile for field-scale model.
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Figure 5.29: Oil saturation profile for field-scale model.
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Figure 5.30: Water saturation profile for field-scale model.
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Figure 5.31: Gas molar fraction profile of steam for field-scale model.
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Figure 5.32: Coke concentration profile for field-scale model.
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Figure 5.33: Oil rate profile for field-scale model.

Figure 5.34: Accumulated oil rate profile for field-scale model.
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Figure 5.35: Temperature profile for field-scale model with results from CMG STARS.

Figure 5.36: Pressure profile for field-scale model with results from CMG STARS.

151



Figure 5.37: Oil saturation profile for field-scale model with results from CMG STARS.

Figure 5.38: Water saturation profile for field-scale model with results from CMG STARS.
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Figure 5.39: Gas molar fraction profile of steam for field-scale model with results from CMG
STARS.

Figure 5.40: Coke concentration profile for field-scale model with results from CMG STARS.
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5.2.3 Finer grid

In the previous subsection, a 1-D field scale model is presented. Here we consider ex-

tending this model into a 3-D model. We keep the division in the x-direction, and divide

the edge in the y-direction into five parts and the edge in the y-direction into three parts.

Therefore, totally 150 cells are included in the model. Compared to the 1-D model, a finer

grid is applied. Two wells, the injector and the producer, are located at the centers of the

two ends.

Results of the 3-D model are provided in Figures 5.41 to 5.48. In general, the temperature

and oil saturation distribution at 60, 120, 180, and 240 days are given. In each figure, three

layers in the reservoir are presented, which are the top layer on the left, the middle layer at

the center and the bottom layer on the right.

Compared with the 1-D model, more detailed information is included in the 3-D model.

First of all, at the bottom layer, the oil phase concentrates, leading to a higher oil satu-

ration, where all reactions mainly occur and displacement of the oil phase mainly happens.

Thus in-situ combustion mainly happens in the lower part of the reservoir, which appears a

high-temperature combustion front. For the heat conduction and convection, the tempera-

ture of the higher part in the reservoir is also lifted. But the temperature is not as high as

in the lower part.

In the horizontal direction, propagation at different locations differ. Generally, the com-

bustion front advances in a shape of a cone. At the very front of the injection well, the

combustion front moves the fastest. In addition, the position in the very front of the injec-

tion well is much earlier to reach a breakthrough of gas.
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Figure 5.41: Temperature distribution on 3 layers after t = 60 days in 3-D model.

Figure 5.42: Temperature distribution on 3 layers after t = 120 days in 3-D model.
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Figure 5.43: Temperature distribution on 3 layers after t = 180 days in 3-D model.

Figure 5.44: Temperature distribution on 3 layers after t = 240 days in 3-D model.
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Figure 5.45: Oil saturation distribution on 3 layers after t = 60 days in 3-D model.

Figure 5.46: Oil saturation distribution on 3 layers after t = 120 days in 3-D model.
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Figure 5.47: Oil saturation distribution on 3 layers after t = 180 days in 3-D model.

Figure 5.48: Oil saturation distribution on 3 layers after t = 240 days in 3-D model.

158



If we adopt an even finer grid to this model, the subtle physical behavior becomes even

clearer. The total grid size is 20 × 23 × 7, and two wells are still located at the center of

each end. All conditions and other input remain the same. All the results are shown from

Figures 5.49 to 5.56, in which temperature and oil saturation of three different layers are

displayed.

In these figures, the characteristics mentioned above can be observed more clearly. The

cone-shaped combustion front can be seen through both the temperature and oil saturation

profiles.

Besides, it can be noticed that the peak temperature of the combustion zone reaches

around 1000 K in the 3-D model. In the 1-D model, however, the peak temperature is only

about 800 K. Therefore, with the finer grid, the temperature of the combustion front is

much higher. With a coarse grid, the temperature of the combustion zone can even be lower

than the ignition temperature, leading to a failure of extinguished combustion, which is not

the case in reality. It is all because of numerical errors. Thus applying a fine grid can be

essential in a typical simulator of in-situ combustion. Different from applying a dynamic

grid and other approaches, parallel implementation is applied to fine-grid models. In the

next section, we will discuss the performance of parallelization.
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Figure 5.49: Temperature distribution on 3 layers after t = 60 days on finer grid.

Figure 5.50: Temperature distribution on 3 layers after t = 120 days on finer grid.
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Figure 5.51: Temperature distribution on 3 layers after t = 180 days on finer grid.

Figure 5.52: Temperature distribution on 3 layers after t = 240 days on finer grid.
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Figure 5.53: Oil saturation distribution on 3 layers after t = 60 days on finer grid.

Figure 5.54: Oil saturation distribution on 3 layers after t = 120 days on finer grid.
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Figure 5.55: Oil saturation distribution on 3 layers after t = 180 days on finer grid.

Figure 5.56: Oil saturation distribution on 3 layers after t = 240 days on finer grid.
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5.3 Performance of parallel computation

In this section, we adopt finer grids for in-situ combustion, and parallelization is imple-

mented to accelerate these models. For hardware, two clusters from Compute Canada are

employed to our simulator, Niagara and Graham.

5.3.1 Example 1

In the previous chapter, we have discussed the factors in grid partitioning to influence

the performance of the parallel implementation. To easily illustrate the result of grid parti-

tioning, three models are employed in our simulator.

Figure 5.57: Schematic of grid partitioning of a 1-D model.

As shown in Figures 5.57, 5.58 and 5.59, three million-cell models are introduced. For

the 1-D grid, grid dimenson is 1000000 × 1 × 1. For the 2-D grid, the grid dimension is

1000× 1000× 1. And for the 3-D grid, the grid dimension is 100× 100× 100. For the three

models, 16 processors are used to handle the whole model, and 16 sub-grids are generated

in the process of grid partitioning. For grid partitioning, we know that to improve the load

balancing effect and to minimize the volume of communications, there are two factors to
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Figure 5.58: Schematic of grid partitioning of a 2-D model.

consider, which are the number of cells in each part, and the number of interfaces of the

whole grid.

For the 1-D, 2-D and 3-D model, we can see that each sub-grid has nearly the same

number of cells. Since each cell is equally constructed, each part of a processor has a similar

area/volume.

For the number of interfaces, if a 1-D million case is employed, the number of interfaces

between sub-grids are about 16−1 = 15. But for the 2-D model, the number of of interfaces

is about 1000 · (3 + 3) = 6, 000. For 3-D model, it is 100 · 100 · (1 + 1 + 3) = 50, 000. We

165



Figure 5.59: Schematic of grid partitioning of a 3-D model.

define the communication ratio

comm ratio =
number of interfaces

number of cells
.

Then the comm ratio of 1-D, 2-D and 3-D models are 0.0015%, 0.6% and 5%, respectively.

Therefore, the overhead resulting from data communication will also increase from a 1-D

model to a 3-D model.

The following part will consider the performance of some examples, and the scalability

is the main factor of concern. Also, some numerical treatments and grid characteristics are

all taken into consideration.
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#Processors 8 × 1 8 × 2 8 × 4 8 × 8 8 × 16

#Steps 77 77 77 77 77

#Newton 202 202 202 202 202

#Solver 871 896 910 923 963

#Avg. solver 4.31 4.44 4.50 4.57 4.77

Time (s) 2552.72 1334.31 704.32 366.33 208.91

Avg. time (s) 2.931 1.489 0.774 0.397 0.217

speedup (total) 1.000 1.913 3.624 6.968 12.219

speedup (solver) 1.000 1.968 3.787 7.384 13.510

Table 5.11: Numerical summaries of 1D model in Example 1.

The first case is employed as an in-situ combustion model. The grid is a sufficiently fine

grid. The grid dimension of the model is 1, 000, 000×1×1 cells. That’s actually a 1-D model

with one million cells. The chemical model is the basic chemical model from (Crookston,

R. B., Culham, W. E., and Chen, W. H. (1979)). The BiCGSTAB solver is employed with

the tolerance of 1e-5. In addition, the stopping criterion for Newton iteration is 1e-2. The

preconditioner pc index 3 is used.

The second and third models are applied with the different grids. For the second case,

it is a 2-D model, and the grid dimension of the model is 1, 000 × 1, 000 × 1 cells. For the

third case, the 3-D model, the grid dimension is 100× 100× 100.

All the models are run on 8 nodes. From 1 core per node to 16 cores per node are

leveraged. The numerical summary is listed in Table 5.11, 5.12 and 5.13.

For the total running time, we can generate a graph for speedup in Figure 5.60. In this
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#Processors 8 × 1 8 × 2 8 × 4 8 × 8 8 × 16

#Steps 70 70 70 70 70

#Newton 137 137 137 137 137

#Solver 1412 1455 1501 1554 1686

#Avg. solver 10.31 10.62 10.96 11.34 12.31

Time (s) 3703.12 1984.52 1050.18 578.53 322.79

Avg. time (s) 2.623 1.489 0.774 0.397 0.217

speedup (total) 1.000 1.866 3.526 6.401 11.472

speedup (solver) 1.000 1.923 3.748 7.045 13.699

Table 5.12: Numerical summaries of 2D model in Example 1.

#Processors 8 × 1 8 × 2 8 × 4 8 × 8 8 × 16

#Steps 156 155 151 152 151

#Newton 698 695 687 690 685

#Solver 5440 5500 5584 5750 5961

#Avg. solver 4.47 7.91 8.13 8.33 8.70

Time (s) 34353.9 18468.1 10551.8 6233.7 3682.7

Avg. time (s) 6.315 3.358 1.890 1.084 0.618

speedup (total) 1.000 1.860 3.256 5.511 9.328

speedup (solver) 1.000 1.881 3.342 5.825 10.222

Table 5.13: Numerical summaries of 3D model in Example 1.
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case, only one processor is used on each node, the first 8× 1 is the base case.

As shown in the figure, the speedup deviates from the ideal case, which means that the

overhead wasted in the total solution process cannot be neglected. If we concentrate on the

numerical summary table, we will find that the number of linear solver iterations increases

a lot in all three models, which means that the stability of the solver is not strong in this

case. When the number of processors or MPI tasks increase, the whole solution of the linear

system is hard to achieve the convergence. Therefore, more iterations are required for the

whole linear system.

This result indicates that not only will synchronization and communications affect the

total overhead, but also the parallel algorithm itself will also require additional operations

and additional time.

In the figure, we can conclude that for the same model, the 1-D model requires fewer

communications than the 2-D model does, and the 2-D requires fewer communications than

the 3-D model does. Therefore, the 1-D model has the best speed up in this case.
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Figure 5.60: Comparison of speedup profiles of Example 1.

5.3.2 Example 2

In this example, we would like to investigate the influence of nodes number. Bandwidth

of memory access played an important role in the speedup profile.

For the model, we directly apply the 3D model in last example, and run the simulation

on 1 node, 2 nodes and 4 nodes separately.

The numerical summary is listed below:

From the numerical summaries, it can be noticed that number of solver increases rapidly
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#Processors 1 × 1 1 × 2 1 × 4 1 × 8 1 × 16 1 × 32

#Steps 10 10 10 10 10 10

#Newton 22 22 22 22 22 22

#Solver 22 23 26 26 28 33

#Avg. solver 1.00 1.05 1.18 1.18 1.27 1.50

Time (s) 5026.9 2687.9 1364.3 733.7 416.6 243.9

Avg. time (s) 228.50 116.87 52.47 28.22 14.88 7.39

speedup (total) 1.000 1.870 3.684 6.851 12.066 20.614

speedup (solver) 1.000 1.955 4.354 8.097 15.357 30.921

Table 5.14: Numerical summaries of 1-node case in Example 2.

#Processors 2 × 1 2 × 2 2 × 4 2 × 8 2 × 16 2 × 32

#Steps 10 10 10 10 10 10

#Newton 22 22 22 22 22 22

#Solver 22 23 26 28 33 33

#Avg. solver 1.00 1.05 1.18 1.27 1.50 1.50

Time (s) 2642.0 1356.8 723.8 395.9 232.1 140.9

Avg. time (s) 120.09 58.99 27.84 14.14 7.03 4.27

speedup (total) 1.000 1.947 3.650 6.673 11.385 18.746

speedup (solver) 1.000 2.036 4.314 8.493 17.077 28.119

Table 5.15: Numerical summaries of 2-node case in Example 2.
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#Processors 4 × 1 4 × 2 4 × 4 4 × 8 4 × 16 4 × 32

#Steps 10 10 10 10 10 10

#Newton 22 22 22 22 22 22

#Solver 23 26 28 33 35 36

#Avg. solver 1.05 1.18 1.27 1.50 1.59 1.64

Time (s) 1330.2 717.9 390.4 220.3 129.4 78.4

Avg. time (s) 57.84 27.61 13.94 6.68 3.70 2.18

speedup (total) 1.000 1.853 3.408 6.039 10.277 16.960

speedup (solver) 1.000 2.095 4.149 8.664 15.639 26.547

Table 5.16: Numerical summaries of 4-node case in Example 2.

with number of tasks per node increasing, which has a significant effect on the speedup.

Thus, a speedup of solver is chosen for comparison.

In Figure 5.61, it indicates that number of nodes will affect the effects the result of

speedup. Generally, when the number of nodes increases, more data communications are

required, which will cost a large number of time. In the 1-nodes case, all data communications

happen between cores on the same node. Message passing between cores on one node is faster

than that on different nodes. And
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Figure 5.61: Comparison of speedup profiles of Example 2.

5.3.3 Example 3

In this section, we adopt the models in Example 1, and changes the tolerance of linear

solver. Also, the time steps are adjusted to similar. Preconditioner is changed to CPR-PF

from RAS. With this modification, the number of solvers will remain stable when number of

tasks increases. Also, for efficiency of parallelization, 4 nodes are adopted in this example.

The numerical summary is listed below:

It indicates from Figure 5.62 that without the effects of unstable solver, the speedup is
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#Processors 4 × 1 4 × 2 4 × 4 4 × 8 4 × 16

#Steps 41 41 41 41 41

#Newton 77 77 77 77 77

#Solver 77 77 77 77 77

#Avg. solver 1.00 1.00 1.00 1.00 1.00

Time (s) 2248.2 1029.2 518.0 274.7 168.8

Avg. time (s) 29.197 13.366 6.728 3.568 2.192

speedup (total) 1.000 2.184 4.340 8.183 13.319

speedup (solver) 1.000 2.184 4.340 8.183 13.319

Table 5.17: Numerical summaries of 1-D case in Example 3.

#Processors 4 × 1 4 × 2 4 × 4 4 × 8 4 × 16

#Steps 48 48 48 48 48

#Newton 78 78 78 78 78

#Solver 78 78 78 78 78

#Avg. solver 1.00 1.00 1.00 1.00 1.00

Time (s) 2900.4 1481.9 764.0 404.5 231.2

Avg. time (s) 37.184 18.999 9.794 5.185 2.965

speedup (total) 1.000 1.957 3.797 7.171 12.543

speedup (solver) 1.000 1.957 3.797 7.171 12.543

Table 5.18: Numerical summaries of 2-D case in Example 3.
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#Processors 4 × 1 4 × 2 4 × 4 4 × 8 4 × 16

#Steps 60 60 60 60 60

#Newton 72 72 72 72 72

#Solver 72 72 72 75 83

#Avg. solver 1.00 1.00 1.00 1.04 1.15

Time (s) 4716.0 2568.1 1434.6 803.9 458.9

Avg. time (s) 65.499 35.668 19.926 10.718 5.529

speedup (total) 1.000 1.836 3.287 5.867 10.277

speedup (solver) 1.000 1.836 3.287 6.111 11.847

Table 5.19: Numerical summaries of 3-D case in Example 3.

better than the Example 1.
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Figure 5.62: Comparison of speedup profiles of Example 3.
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Chapter 6

Summary and Future Work

6.1 Summary

In this work, a new parallel In-Situ Combustion Simulator is developed. On the mathe-

matical model, some modifications of methods are implemented. For numerical methods, a

novel decoupling method is proposed. In parallelization, some advanced algorithms are first

adopted to an ISC simulator.

For the mathematical base of the simulator, both mass conservation equations and en-

ergy conservation equations are included. With well equations and the oil phase and gas

phase constraint equations, a PDE (partial differential equation) system is established. The

multi-component multi-phase flow is described by conservation equations and Darcy’s flow

equations. Effects of temperature, pressure, and saturation on fluids, rock and rock-fluid

properties are taken into account. With all these equations, the non-isothermal process can

be well described. For chemical reactions, the Arrhenius models are considered to couple

with the equations. With the mathematical model, the discretization and linearization can
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be achieved with the finite difference method and Newton method. For a general component

model, different from adopting the VS method, a modified PER method is adopted. The

results indicate its simplicity and effectiveness. In the validation part, the total error of the

simulator is not apparent, which illustrates that the error introduced by this method is tiny.

There is no noticeable difference between this method and the VS method in the aspect of

accuracy.

In the numerical method, a novel decoupling method, Gauss-Jordan transformation is

introduced. Due to the existence of multiple components, the strong coupling phenomenon

resulted in the complexity of solving an ISC problem. Without a proper decoupling method,

the parallel iterative linear solver cannot reach convergence in expected steps. The new

decoupling method not only solves the coupling phenomenon, but its efficiency is also better

than some traditional decoupling methods. Furthermore, with a row exchange, a dynamic

equation alignment is achieved, which is suitable for the process with rapid and frequent

phase appearance and disappearance.

To deal with a complex ISC model and to accurately describe a combustion front, par-

allelization is implemented. Parallel algorithms are adopted in the simulator, including grid

partitioning, parallel preconditioners, and parallel solvers. Among them, the grid partition-

ing method played a significant role. Since clusters have a distributed-memory architecture,

the message passing among nodes is fulfilled by MPI (Message Passing Interface). The vol-

ume of data communications will affect the speedup of parallelization, which is an ordinary

index of quality or scalability of parallelization. Besides, loading balance will affect the per-

formance as well. Therefore, a dynamic load balancing method, HSFC, is the basis of the

178



parallel simulator. With this method, the effect of communications and load balancing on

the quality of parallelization can be minimized with high efficiency.

With the simulator, results can be obtained from a lab-scale model to a field-scale model.

Results from the multi-dimensional model can be validated with CMG STARS, and prop-

erties and profiles match the physical process as well. Both suggest positive validations of

our simulator. Afterward, the performance of parallelization is evaluated, which indicates

the scalability of the simulator.

6.2 Future Work

Although this is the last chapter of the thesis, it does not signify the coda of the whole

project. Several aspects of work or improvements remain valuable to finish.

First of all, the improvement of computational efficiency needs to be discussed. For ex-

ample, using ABF decoupling mainly prevented the consideration of an equation alignment

approach especially for the diagonal block. However, for other blocks, a different alignment

approach may affect the efficiency of solving linear systems. Also, different decoupling meth-

ods and preconditioners may have a different impact on the performance of the simulator,

which needs to be discussed in future work. Moreover, this simulator includes the exact and

inexact Newton methods, and numerical and analytic Jacobian matrices, their efficiency and

behavior in parallelization remain to be investigated.

Second, although the simulator is a general in-situ combustion simulator, more chemical

models such as a SARA model have not been tested. In the future work, more models

will be tested with this ISC simulator. Also, since parallelization aims to deal with a thin
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combustion front, its performance remains to be compared with other approaches such as

dynamic gridding.
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Clapeyron, É. (1834). “Mémoir sur la Puissance Motrice de la Chaleur”. In: Journal de
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