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Abstract

Mean field (McKean–Vlasov) control problems model strategic decision-making in large pop-

ulations of (approximately) symmetric agents interacting through an aggregate, or the so

called mean field term. The dependence on the population measure in both the state dy-

namics and the objective naturally leads to infinite-dimensional formulations. As in finite-

dimensional cases, the associated Hamilton–Jacobi–Bellman equations typically do not admit

classical solutions, making viscosity solutions a natural and powerful framework. In the first

part of this thesis, we explore the theory of viscosity solutions for mean field control problems.

In the second part, we study a novel Feynman–Kac representation. Traditionally, Feyn-

man–Kac formulas connect parabolic partial differential equations (PDEs) with stochastic

differential equations (SDEs). We extend this connection to Schrödinger-type equations,

which are prototypical non-parabolic PDEs, and demonstrate how this approach facilitates

efficient simulation of high-dimensional PDEs.
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Preface

This thesis consists of two submitted works, one published work, and one unfinished work

that will be submitted after further polishing.

Chapter 2 of this thesis has been published as Cheung et al. (2025), under the title “Viscosity

Solutions of a Class of Second-Order Hamilton–Jacobi–Bellman Equations in the Wasserstein

Space” in the journal Applied Mathematics & Optimization.

Chapter 3 of this thesis has been submitted to the SIAM Journal on Control and Optimiza-

tion, entitled “Viscosity Solutions of Fully Second-Order HJB Equations in the Wasserstein

Space”, and is currently under minor revision.

Chapter 4 of this thesis has been submitted to Stochastic Processes and their Applications,

entitled “Feynman–Kac Formula for Time-Dependent Nonlinear Schrödinger Equations with

Applications in Numerical Approximations”, and is currently under minor revision.

Chapter 5 of this thesis is titled “A Viscosity Solution Theory of Stochastic Hamilton-Jacobi-

Bellman equations in the Wasserstein Space” and is under polishing, as our future work.
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Chapter 1

Introduction

The purpose of this chapter is to offer heuristic insights and motivation; a rigorous develop-

ment will follow in later chapters.

1.1 Part I: Viscosity Solutions of Mean Field Control Problems

1.1.1 Mean Field Control Problems and its related Hamilton-Jacobi-Bellman PDEs

We introduce over Rd the space of probability measures P(Rd) and its subset Pp(Rd) con-

sisting of those with finite p-th moment for p ≥ 1. The space Pp(Rd) is equipped with the

p-Wasserstein distance

Wp(µ, ν) = inf
π∈Π(µ,ν)

(∫
Rd×Rd

|x− y|pπ(dx, dy)

) 1
p

, for µ, ν ∈ Pp(Rd),

where Π(µ, ν) is the set of probability measures on Rd × Rd such that for any π ∈ Π(µ, v),

π(Rd× ·) = µ(·) and π(· ×Rd) = ν(·). We call (Pp(Rd),Wp) the p-th Wasserstein space over

Rd, and it is a Polish space.

The above discussion is somewhat abstract, so let us illustrate the idea with a simple example.

Suppose we want to transport two point masses located at (x, y) to two point masses located

at (a, b).

1



First way:

π = 1
2
δ(x,a) +

1
2
δ(y,b),

Second way:

π = 1
2
δ(x,b) +

1
2
δ(y,a),

Naturally, we prefer the first transport plan over the second one, as it requires less ‘effort’

to transport x and y to a and b. This leads us to the notion of a distance: the minimal cost

required to transfer a distribution µ into another distribution ν. Although the Wasserstein

distance is only a metric, we can equip it with a notion of derivative as follows.

Definition 1.1.1. The function f : [0, T ] × P2(Rd) → R is said to be first order Lions-

differentiable (L-differentiable) if its lifting F : [0, T ] × L2(Ω,F ,P;Rd) → R; F (t, ξ) :=

2



f(t,L(ξ)) admits a continuous Fréchet derivative, where L(ξ) is the law of ξ. We denote ∂µf

for first order derivative, ∂2µf for second order derivative.

Now, we consider the solution X t,ξ,α of the following state dynamics:

Xs = ξ +

∫ s

t

b
(
r,Xr,PW 0

Xr
, αr

)
dr +

∫ s

t

σ
(
r,Xr, αr

)
dWr +

∫ s

t

σ0(r) dW 0
r , (1.1.1)

for s ∈ [t, T ], t ≥ 0, where PW 0

Xr
denotes the conditional distribution of Xr given W 0. In

(1.1.1), the function b is the drift, Wr is the idiosyncratic noise, and W 0
r is the common

noise, which is independent of Wr, and α ∈ At, α being the control, while At denotes the

set of admissible controls initiated at time t. The coefficients b, σ, and σ0 are assumed to

be deterministic. The dynamics in (1.1.1) can be interpreted as the mean-field limit of the

following n-particle system: for each i = 1, 2, . . . , n, consider

X i
s = ξi +

∫ s

t

b
(
r,X i

r, pµn
r , α

i
r

)
dr +

∫ s

t

σ
(
r,X i

r, α
i
r

)
dW i

r +

∫ s

t

σ0(r) dW 0
r ,

where

pµn
r =

1

n

n∑
i=1

δXi
r
,

and each ξi has the same law as ξ. In this framework, W 0 is the noise shared by all

players, and is therefore called the common noise, while the collection {W i}ni=1 represents

the idiosyncratic noises, as each W i is distinct for each player i.

We are subject to the payoff function:

J(t, ξ, α) := E

[∫ T

t

f(s,X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

]
.

Finally, we define the value function V to be

V (t, ξ) := sup
α∈At

J(t, ξ, α), for any (t, ξ) ∈ [0, T ]× L2(Ω1,F1
t ,P1;Rd). (1.1.2)

It could be shown that V (t, ξ) = V (t,L(ξ)), where L(ξ) is the law of ξ, thus V is a function

on the Wasserstein space. We have the following standard toy model to motivate the mean

field control problem.

3



Example A set {1, . . . , N} of firms compete in an economy where greenhouse gas emissions

are regulated over a fixed period [0, T ], for some T > 0. For each firm i, let X i
t denote at

time t its perceived cumulative emissions up to maturity T . We assume that its dynamics

satisfy

dX i
t =

(
bit − αi

t

)
dt+ σi

t dW
i
t + σ0;i

t dW 0
t , t ∈ [0, T ], X i

0 = x(0).

Here bit represents the individual emission rate, σi
t the idiosyncratic volatility, σ0;i

t the

systematic (common) volatility, and αi
t the abatement rate of firm i, which can be viewed as

the control variable governing its emissions output.

Each firm i is allocated Λi allowances. The regulator imposes a cap Λ(N) =
∑N

i=1 Λi as

the aggregate emissions target for the economy over [0, T ]. If at the end of the period the

total emissions exceed the cap, i.e.,

N∑
i=1

X i
T > Λ(N),

then each firm i must offset its own emissions X i
T by paying a penalty λ for each unit not

covered by a certificate. In this case, firm i incurs the payment

λi = λ
(
X i

T − Λi

)+
1(Λ(N),∞)

(
N∑
j=1

Xj
T

)
.

Suppose there is a (large) upper bound U > 0 on the penalty. Then firm i at time T

pays

λi = min

{
λ
(
X i

T − Λi

)+
1(Λ(N),∞)

(
N∑
j=1

Xj
T

)
, U

}
.

Each firm seeks to maximize its terminal wealth

W i
T = E

[
wi −

∫ T

0

ci(αi
t) dt−min

{
λ
(
X i

T − Λi

)+
1(Λ(N),∞)

(
N∑
j=1

Xj
T

)
, U

}]
,

where wi denotes the initial wealth and ci the cost associated with controlling emissions via

the abatement policy αi. We further assume that there is also a large cap on ci.

4



Assume now that all firms are identical and that N is very large. Conditional on the

common noise, the variables {X i
T}Ni=1 are i.i.d. In this regime,

wi −min

{
λ
(
X i

T − Λi

)+
1 1
N

∑N
j=1 X

j
T>

Λ(N)

N

, U

}
−→ w −min

{
λ
(
XT − Λ

)+
1E[XT |W 0

T ]>Λ, U

}
,

which is of the form g
(
XT ,PW 0

XT

)
, w being the common initial wealth. To conclude, we arrive

at the following mean-field type control problem:

dXt =
(
bt − αt

)
dt+ σt dWt + σ0

t dW
0
t , t ∈ [0, T ], X0 = x(0),

subject to the cost functional

WT = E

[
−
∫ T

0

c(αt) dt+ w −min

{
λ
(
XT − Λ

)+
1E[XT |W 0

T ]>Λ, U

}]
,

with−c being the running cost and w−min

{
λ
(
XT−Λ

)+
1E[XT |W 0

T ]>Λ, U

}
being the terminal

cost.

These control problems often enjoy the dynamic programming principle, i.e., the value

function V satisfies the dynamic programming principle: for every t ∈ [0, T ] and ξ ∈

L2(Ω1,F1
t ,P1;Rd), it holds that

V (t, ξ) = sup
α∈At

{
inf

s∈[t,T ]
E

[∫ s

t

f(r,X t,ξ,α
r ,PW 0

Xt,ξ,α
r

, αr)dr + V (s,X t,ξ,α
s )

]}

= sup
α∈At

{
sup

s∈[t,T ]

E

[∫ s

t

f(r,X t,ξ,α
r ,PW 0

Xt,ξ,α
r

, αr)dr + V (s,X t,ξ,α
s )

]}
.

This formally leads to the Hamilton-Jacobi-Bellman (HJB) equations:

∂tV (t, µ) +

∫
Rd

sup
a∈A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µV (t, µ)(x)

+
1

2
tr
(
σ(t, x, a)

[
σ(t, x, a)

]⊤
∂x∂µV (t, µ)(x)

)}
µ(dx) +

1

2
tr
[
σ0(t)[σ0(t)]⊤HV (t, µ)

]
= 0;

V (T, µ) =

∫
Rd

g(x, µ)µ(dx),

5



where H is defined as Bayraktar et al. (2023b),

Hu(µ) := d2

dw2
u((w + Id)♯µ)

∣∣∣
w=0
∈ Rd×d,

and (Id + w)♯µ is the pushforward measure associated with the map x 7→ x + w; and d
dw

is the usual gradient operator on Rd. For sufficiently smooth functions u : P2(Rd) → R, it

holds that:

Hu(µ) =
∫
Rd

∂x∂µu(µ)(x)µ(dx) +

∫
Rd

∫
Rd

∂2µu(µ)(x, x̃)µ(dx)µ(dx̃).

It is well-known that HJB equations in Wasserstein space generally do not have classical

solutions. Here we provide a simple example. Define k(x) := max{−1,min{1, x}}. Consider

the following simple dynamics: 
dXs = αsk(Xs)ds,

Xt = ξ,

(1.1.3)

where αs ∈ [−1, 1] and is adapted to σ(ξ,Ws) (although Ws is not in the dynamics). We

consider the cost functional to be J(t, ξ, α) := E[k(XT )]. The ODE has no other sorts of

randomness besides ξ (as we can choose αs as a function of ξ only), we can simply think of it

as a collection of ODEs starting at ξ(ω). We consider cases, if 1 < ξ(ω), in order to maximize

it, we choose α = 1, then Xs will be ξ + s− t. If 0 < ξ(ω) < 1, we still choose α = 1, then

Xs = ξeτ
+−t+ s− τ+, where τ+ is when Xs hit 1. On the other hand, if ξ(ω) < −1, in order

to maximize it, we choose α = −1, then Xs will be [ξ + (τ− − t)]1τ−=s + −1e−(s−τ−)1τ−<s,

where τ− is the time when Xs hits −1. If −1 < ξ(ω) < 0, we still choose α = −1, then Xs

will be ξe−(s−t). Thus

XT =
[
ξ + T − t

]
1ξ>1 +

[
ξeτ

+−t + T − τ+
]
10<ξ<1 + ξe−(T−t)1−1<ξ<0

+
[
[ξ + (τ− − t)]1τ−=T +−1e−(T−τ−)1τ−<T

]
1ξ≤−1,

with τ+ := min{T, t − log ξ}, τ− := min{T,−1 − ξ + t}. Thus the value function V of this
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control problem reads

V (t, µ) =Ek

([
ξ + T − t

]
1ξ≥1 +

[
ξeτ

+−t + T − τ+
]
10<ξ<1

+ ξe−(T−t)1−1<ξ<0 +
[
[ξ + (τ− − t)]1τ−=T +−1e−(T−τ−)1τ−<T

]
1ξ≤−1

)

=

∫
[et−T ,∞)

µ(dx) +

∫
(0,et−T )

xeT−t µ(dx)−
∫
(−∞,−T−1+t]

1µ(dx)

−
∫
(−T−1+t,−1]

e−(T−(−1−x+t)) µ(dx) + e−(T−t)

∫
(−1,0)

xµ(dx).

It can be easily seen that V is not Lions differentiable at measure with µ({0}) > 0, hence it

is not possible for V to be a classical solution to any PDE. However, V can still be shown

to be the solution of the following PDE in the sense of viscosity solution, which is our main

focus of this thesis.
∂tu(t, µ)+

∫
R

sup
a∈[−1,1]

[
ak(x) · ∂µu(t, µ)(x)

]
µ(dx) = 0,

u(T, µ) =

∫
k(x)µ(dx).

(1.1.4)

1.1.2 Literature Review

Mean field type (McKean–Vlasov) control problems and the closely related mean field games

(MFGs), introduced independently by Huang et al. (2006) and Lasry & Lions (2007), model

strategic decision making in large populations of (approximately) symmetric agents interact-

ing through an aggregate, or mean field, term. The measure dependence in both the state

dynamics and the objective naturally leads to infinite-dimensional formulations. We refer

the reader to the monographs of Bensoussan et al. (2013), Carmona & Delarue (2018a,b),

and Gomes et al. (2016) for comprehensive overviews.

Two classical approaches underpin stochastic control: the Pontryagin maximum prin-

ciple and the dynamic programming principle leading to Hamilton–Jacobi–Bellman (HJB)

equations. The maximum principle provides necessary (and sometimes sufficient) optimality

conditions, typically via mean-field forward–backward SDEs; see, among many others, An-
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dersson & Djehiche (2011); Li (2012); Buckdahn et al. (2011); Carmona & Delarue (2015);

Bensoussan et al. (2023a,b); Gangbo et al. (2022); Mou & Zhang (n.d.); Chassagneux et al.

(2022); Bayraktar et al. (2018, 2023c). The PDE route connects the value function to an

HJB equation. Beyond special cases (e.g., linear–quadratic settings), classical solutions to

HJB equations are generally out of reach; the viscosity-solution framework of Crandall et al.

(1992); Lions (1983) therefore plays a central role. Foundational results in Euclidean and

Hilbert spaces include Crandall & Lions (1983, 1985); Cannarsa & Soner (1987).

In the Wasserstein space of probability measures, viscosity theory faces two structural

obstacles: the lack of local compactness and the non-smoothness of the Wasserstein distance.

Several lines of work address these. Pham & Wei (2017) developed dynamic programming

with controls adapted to the common-noise filtration and proved well-posedness by lifting

the HJB to a Hilbert space of random variables. To avoid lifting, Wu & Zhang (2020)

proposed a notion of viscosity solutions with maxima/minima enforced over compact subsets

of the Wasserstein space, enabling a comparison principle in the first-order case. In another

direction, Cosso et al. (2024) tried to adapt the Crandall–Lions definition using the Borwein–

Preiss variant of Ekeland’s variational principle to overcome local compactness issues via

smooth gauge perturbations.

Common noise introduces second-order (L-) derivatives in the HJB. Exploiting that the

second-order L-derivative enters through a finite-dimensional integral operator (the “partial

Hessian”), Bayraktar et al. (2023b)—building on the Fourier–Wasserstein metric from Soner

& Yan (2024a)—established an Ishii lemma directly in the measure space and obtained com-

parison for a class of second-order equations, albeit under strong regularity assumptions

tailored to that metric. Using a finite-dimensional approximation and delicate smoothing

estimates, Daudin et al. (2023) proved well-posedness for semi-linear Hamilton–Jacobi equa-

tions on the torus; see also convergence results in Bayraktar et al. (2024). More recently,

Zhou et al. (2024) introduced a new viscosity notion on the lifted process space, adding a
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singular component to test functions to handle second-order terms without Ishii’s lemma,

and proved existence and comparison under Lipschitz assumptions. Related intrinsic ap-

proaches include Bertucci (2024), who established well-posedness for equations of the form

H(µ, ∂µu) +
σ(t)2

2
Hu under suitable structure, and Bertucci & Lions (2024), who obtained

comparison for equations involving ∂µu and ∇x∂µu via sup-convolution regularity.

1.1.3 Summary of our main results

We prove that the value function V in (1.1.2) is the unique viscosity solution of some HJB

equations under different circumstances.

In Chapter 2, we are concerned with the functions:

b : [0, T ]× Rd × P2(Rd)× A→ Rd, σ : [0, T ]× Rd × A→ Rd×d, σ0 : [0, T ]→ Rd×d,

f : [0, T ]× Rd × P2(Rd)× A→ R, g : Rd × P2(Rd)→ R.

We use the following assumptions:

Assumption. (A). The functions b, σ, σ0, f and g satisfy the following:

(1). the functions b, σ, σ0, f and g are continuous;

(2). there exist constants K ≥ 0 and β ∈ (0, 1] such that for any a ∈ A, (t, x, µ), (t′, x′, µ′) ∈

[0, T ]× Rd × P2(Rd), it holds that∣∣b(t, x, µ, a)− b(t′, x′, µ′, a)
∣∣+ ∣∣σ(t, x, a)− σ(t′, x′, a)∣∣+ ∣∣σ0(t)− σ0(t′)

∣∣
+
∣∣f(t, x, µ, a)− f(t′, x′, µ′, a)

∣∣+ ∣∣g(x, µ)− g(x′, µ′)
∣∣ ≤ K

[
|x− x′|+ |t− t′|β +W2(µ, µ

′)
]
,

∣∣b(t, x, µ, a)∣∣+ ∣∣σ(t, x, a)∣∣+ ∣∣σ0(t)
∣∣+ ∣∣f(t, x, µ, a)∣∣+ ∣∣g(x, µ)∣∣ ≤ K.

Assumption. (B). For any a ∈ A, the function σ(·, ·, a) belongs to C1,2
(
[0, T ]× Rd

)
. More-

over, there exists a constant K ≥ 0 such that

|∂tσ(t, x, a)|+ |∂xσ(t, x, a)|+
∣∣∂2xxσ(t, x, a)∣∣+ ∣∣∂tσ0(t)

∣∣ ≤ K,

for all (t, x, a) ∈ [0, T ]× Rd × A.
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Assumption. (A*). Suppose that Assumption (A) holds and we assume further that there

exist constants K ≥ 0 and β ∈ (0, 1] such that for any a ∈ A, (t, x, µ), (t′, x′, µ′) ∈ [0, T ] ×

Rd × P2(Rd), it holds that

∣∣b(t, x, µ, a)− b(t′, x′, µ′, a)
∣∣+ ∣∣f(t, x, µ, a)− f(t′, x′, µ′, a)

∣∣+ ∣∣g(x, µ)− g(x′, µ′)
∣∣

≤ K
[
|x− x′|+ |t− t′|β +W1(µ, µ

′)
]
.

Remark 1.1.1. Assumption (A*) is a strengthening assumption of Assumption (A). We

write Assumption (A) and Assumption (A*) separately to emphasize that some of the lemmas

and theorems still hold without assuming the stronger condition in Assumption (A*).

Also, we set Ft = (F t
s)s≥0 := (σ(W 0

r )0≤r≤s ∨ σ(Wr∨t − Wt)0≤r≤s ∨ G)s≥0. Let A be a

compact subset of the Euclidean space Rd equipped with the distance dA. Let t > 0 and

denote by At the set of Ft-progressively measurable processes on Ω valued in A.

For every t ∈ [0, T ], ξ ∈ L2(Ω1,F1
t ,P1;Rd) and α ∈ At, we consider the solution X t,ξ,α of

the following state dynamics:

Xs = ξ +

∫ s

t

b(r,Xr,PW 0

Xr
, αr)dr +

∫ s

t

σ(r,Xr, αr)dWr +

∫ s

t

σ0(r)dW 0
r , for s ∈ [t, T ],

(1.1.5)

where PW 0

Xr
denotes the conditional distribution of Xr given W 0. We are subject to the payoff

functional:

J(t, ξ, α) := E

[∫ T

t

f
(
s,X t,ξ,α

s ,PW 0

Xt,ξ,α
s

, αs

)
ds+ g

(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

)]
. (1.1.6)

Finally, we define the value function V to be

V (t, ξ) := sup
α∈At

J(t, ξ, α), for any (t, ξ) ∈ [0, T ]× L2(Ω1,F1
t ,P1;Rd). (1.1.7)
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We showed that V is the unique viscosity solution to the following HJB:

− ∂tu(t, µ) =
1

2
tr
[
σ0(t)[σ0(t)]⊤Hu(t, µ)

]
+

∫
Rd

sup
a∈A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
(
σ(t, x, a)

[
σ(t, x, a)

]⊤
∂x∂µu(t, µ)(x)

)}
µ(dx) , (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

g(x, µ)µ(dx) , µ ∈ P2(Rd).

(1.1.8)

For details, readers are referred to Chapter 2.

In Chapter 3, we are concerned with the functions:

b : [0, T ]× Rd × P2(Rd)× A→ Rd, σ : [0, T ]× Rd × A→ Rd×d, σ0 : [0, T ]× Rd → Rd×d,

f : [0, T ]× Rd × P2(Rd)× A→ R, g : Rd × P2(Rd)→ R,

where A is a compact subset of the Euclidean space Rd equipped with the distance dA. The

coefficient functions satisfy the following assumptions:

Assumption. The functions b, σ, σ0, f and g are jointly continuous in (t, x, µ, a) ∈ ([0, T ], |·

|)× (Rd, | · |)× (P2(Rd),W1)× (A, | · |). Moreover, there exist constants K ≥ 0, ρ ∈ [0, 1) and

β ∈ (0, 1] such that for any a ∈ A, (t, x, µ), (t′, x′, µ′) ∈ [0, T ]× Rd × P2(Rd), it holds that

(1 ).
∣∣b(t, x, µ, a)− b(t′, x′, µ′, a)

∣∣+ ∣∣σ(t, x, a)− σ(t′, x′, a)∣∣+ ∣∣σ0(t, x)− σ0(t′, x′)
∣∣

+
∣∣f(t, x, µ, a)− f(t′, x′, µ′, a)

∣∣+ ∣∣g(x, µ)− g(x′, µ′)
∣∣ ≤ K

[
|x− x′|+ |t− t′|β +W1(µ, µ

′)
]
;

(2 ).
∣∣b(t, x, µ, a)∣∣+ ∣∣σ(t, x, a)∣∣+ ∣∣σ0(t, x)

∣∣ ≤ K(1 + |x|ρ);

(3 ).
∣∣f(t, x, µ, a)∣∣+ ∣∣g(x, µ)∣∣ ≤ K.

Assumption. For any a ∈ A, the functions σ(·, ·, a) and σ0(·, ·) belong to C1,2
(
[0, T ]× Rd

)
.

Moreover, there exists a constant K ≥ 0 such that

|∂tσ(t, x, a)|+ |∇xσ(t, x, a)|+
∣∣∇2

xxσ(t, x, a)
∣∣+ ∣∣∂tσ0(t, x)

∣∣+ ∣∣∇xσ
0(t, x)

∣∣+ ∣∣∇2
xxσ

0(t, x)
∣∣ ≤ K,
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for all (t, x, a) ∈ [0, T ]× Rd × A.

Remark 1.1.2. The growth rate condition ρ ∈ [0, 1) in Assumption 3.1.2 will be used for

proving the uniqueness of viscosity solution in Theorem 3.3.3. Specifically, when controlling

the error term of the perturbation of solution in (3.3.21), we are unable to achieve a sufficient

decay rate if ρ = 1. Furthermore, we impose the W1-Lipschitz continuity to obtain better

convergence results in the finite-dimensional particle approximation in Lemma 3.2.2. The

W2-Lipschitz continuity is insufficient, as noted in (Cheung et al., 2025, Remark 2.5). See

also the second part of Remark 3.1.6 for a reason on the compactness issue.

Also, we set Ft = (F t
s)s≥0 := (σ(W 0

r∨t−W 0
t )0≤r≤s ∨ σ(Wr∨t−Wt)0≤r≤s ∨G)s≥0. Let A be

a compact subset of the Euclidean space Rd equipped with the distance dA. Let t > 0 and

denote by At the set of Ft-progressively measurable processes on Ω valued in A.

We now introduce a mean field control problem related to the HJB equation (3.0.1). For

every t ∈ [0, T ], ξ ∈ L2(Ω1,F1
t ,P1;Rd) and α ∈ At, we consider the solution X t,ξ,α of the

following state dynamics:

Xs = ξ +

∫ s

t

b(r,Xr,PW 0

Xr
, αr)dr +

∫ s

t

σ(r,Xr, αr)dWr +

∫ s

t

σ0(r,Xr)dW
0
r , for s ∈ [t, T ],

(1.1.9)

where PW 0

Xr
denotes the conditional distribution of Xr given W 0. We are subject to the cost

functional:

J(t, ξ, α) := E

[∫ T

t

f
(
s,X t,ξ,α

s ,PW 0

Xt,ξ,α
s

, αs

)
ds+ g

(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

)]
. (1.1.10)

We define the value function V to be

V (t, ξ) := sup
α∈At

J(t, ξ, α), for any (t, ξ) ∈ [0, T ]× L2(Ω1,F1
t ,P1;Rd). (1.1.11)
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We showed that V is the unique viscosity solution to the HJB equation

∂tu(t, µ) +

∫
Rd

sup
a∈A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
(
(σ(t, x, a)

[
σ(t, x, a)

]⊤
+ σ0(t, x)[σ0(t, x)]⊤)∇x∂µu(t, µ)(x)

)}
µ(dx)

+
1

2

∫
Rd×Rd

tr
[
σ0(t, x)[σ0(t, y)]⊤∂2µu(t, µ)(x, y)

]
µ⊗2(dx, dy) = 0, for any (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

g(x, µ)µ(dx) for µ ∈ P2(Rd),

Note that, compared to Chapter 2, we allow for the common noise volatility to be dependent

on the state rather than only explicitly on time. Moreover, we allow the state dynamics to

be unbounded. For details, readers are referred to Chapter 3.

In Chapter 5 (which is our future work), we are in concern with the following settings:

b : [0, T ]× Ω0 × Rd × P2(Rd)× A→ Rd, σ, σ0 : [0, T ]× Ω0 × Rd × P2(Rd)× A→ Rd×d,

f : [0, T ]× Ω0 × Rd × P2(Rd)× A→ R, g : Ω0 × Rd × P2(Rd)→ R.

For any t ∈ [0, T ], ξ ∈ L2((Ω,Ft,P);Rd) and α ∈ At, we consider the process X t,ξ,α evolving

as follows:
dX t,ξ,α

s = bs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ σs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)dWs

+σ0
s(X

t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)dW
0
s , for s ∈ [t, T ];

X t,ξ,α
t = ξ.

(1.1.12)

The cost functional J on [0, T ]× L2((Ω,Ft,P);Rd)×At × Ω0 is defined by

J(t, ξ, α) :=E
ï∫ T

t

fs

(
X t,ξ,α

s ,PW 0

Xt,ξ,α
s

, αs

)
ds+ g

(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

) ∣∣∣∣F0
t

ò
. (1.1.13)

We study the corresponding value function v on [0, T ]× L2((Ω,Ft,P);Rd)× Ω0:

v(t, ξ) := ess inf
α∈At

J(t, ξ, α). (1.1.14)

The following assumptions will be used throughout our work.
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Assumption (A1). The coefficient functions g and h = f , b, σ or σ0 satisfy the following:

(1). For all a ∈ A,
(
ht(·, ·, a)

)
0≤t≤T

is (F0
t )t≥0-adapted. (or progressively measurable)

(2). For L1 ⊗ P0-a.e. (t, ω0) ∈ [0, T ]× Ω0, ht(·, ·, ·) is continuous on Rd × P2(Rd)× A.

(3). There exists K > 0 such that for all x, x′ ∈ Rd, t ∈ [0, T ] and µ, µ′ ∈ P2(Rd) such that

ess sup
ω0∈Ω0

|g(x, µ)|+ ess sup
ω0∈Ω0

(
sup
a∈A
|ht(x, µ, a)|

)
≤ K and

ess sup
ω0∈Ω0

|g(x, µ)− g(x′, µ′)|+ ess sup
ω0∈Ω0

(
sup
a∈A
|ht(x, µ, a)− ht(x′, µ′, a)|

)
≤ K(|x− x′|+W2(µ, µ

′)).

Assumption (A1*). This is a strengthening assumption of (A1). In addition to (A1),

we further assume that there exists K > 0 such that for all x, x′ ∈ Rd, t ∈ [0, T ] and

µ, µ′ ∈ P2(Rd), it holds that

ess sup
ω0∈Ω0

|g(x, µ)− g(x′, µ′)|+ ess sup
ω0∈Ω0

(
sup
a∈A
|ht(x, µ, a)− ht(x′, µ′, a)|

)
≤ K(|x− x′|+W1(µ, µ

′))

Assumption (A3). We need the following assumption in order to ensure the approximation

results like Lemma 5.1.6.

(1). The map g : (Ω0,F0
T ,P0)→ C(Rd × P2(Rd)) is Bochner measurable.

(2). For all t ∈ [0, T ], the maps
(
Ω0,F0

t ,P0
)
∋ ω0 7→ bt(ω

0, ·, ·, ·) ∈ C(Rd × P2(Rd) × A),(
Ω0,F0

t ,P0
)
∋ ω0 7→ ft(ω

0, ·, ·, ·) ∈ C(Rd × P2(Rd) × A) and
(
Ω0,F0

t ,P0
)
∋ ω0 7→

σt(ω
0, ·, ·) ∈ C(Rd × A) are Bochner measurable.

(3). For h = f , b, σ, (Ω0 × [0, T ],F0 ⊗ B[0, T ],P0 ⊗ ds) ∋ (ω0, t) 7→ ht(ω
0, ·, ·, ·) ∈ C(Rd ×

P2(Rd)× A) is progressively measurable.
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Our goal is to showed that v is the unique viscosity solution to the SHJB equation:

− ⅁tv(t, µ) =

(∫
Rd

ess inf
a∈A

{
ft(x, µ, a) +

〈
bt(x, µ, a), ∂µv(t, µ)(x)

〉
+

1

2
tr
{
(σtσ

⊺
t (x, µ, a)

+ σ0
t σ

0;⊺
t (x))∂x∂µv(t, µ)(x)

}
+

∫
Rd

1

2
tr
{
σ0
t (x)σ

0;⊺
t (x′)∂2µv(t, µ)(x, x

′)
}
µ(dx′)

+ tr
{
σ0;⊺
t (x)∂µ⅁wv(t, µ)(x)

}}
µ(dx)

)
dt,

v(T, µ) =

∫
Rd

g(x, µ)µ(dx).

(1.1.15)

We have finished the existence part, while leaving the uniqueness part. Details can be found

in Chapter 5.

1.2 Part II: A Feynman-Kac Formula for Nonlinear Schrödinger Equations

1.2.1 The Feynman–Kac Formula for Linear Parabolic Equations

Let (Ws)s≥0 be a one-dimensional Brownian motion on a filtered probability space satisfying

the usual conditions. Consider the Itô diffusion

dX t,x
s = µ(s,X t,x

s ) ds+ σ(s,X t,x
s ) dWs, X t,x

t = x,

where µ, σ : [0, T ] × R → R are measurable and satisfy the standard Lipschitz and linear-

growth conditions ensuring a unique strong solution. Define the (time-inhomogeneous) gen-

erator

(Lsϕ)(x) := µ(s, x) ∂xϕ(x) +
1
2
σ2(s, x) ∂xxϕ(x).

Given f : [0, T ] × R → R and ψ : R → R of at most polynomial growth, consider the

terminal-value problem
∂tu(t, x) + Ltu(t, x) + f(t, x) = 0, (t, x) ∈ [0, T )× R,

u(T, x) = ψ(x), x ∈ R.
(1.2.1)

Assume u ∈ C1,2([0, T )× R) ∩ C([0, T ]× R) with polynomial growth.
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Theorem 1.2.1 (Feynman–Kac). For all (t, x) ∈ [0, T ]× R,

u(t, x) = E
ñ
ψ
(
X t,x

T

)
+

∫ T

t

f
(
s,X t,x

s

)
ds

ô
. (1.2.2)

Proof sketch. By Itô’s formula applied to s 7→ u(s,X t,x
s ),

du(s,X t,x
s ) =

(
∂tu+ Lsu

)
(s,X t,x

s ) ds+ ∂xu(s,X
t,x
s )σ(s,X t,x

s ) dWs.

Using (1.2.1) gives

du(s,X t,x
s ) = −f(s,X t,x

s ) ds+ ∂xu(s,X
t,x
s )σ(s,X t,x

s ) dWs.

Integrate from t to T and take conditional expectation given X t,x
t = x; the stochastic integral

is a martingale of mean zero, yielding (1.2.2).

It is often convenient to write the representation in forward–backward SDE form. Define

Ys := u(s,X t,x
s ), Zs := ∂xu(s,X

t,x
s )σ(s,X t,x

s ).

Then (X, Y, Z) satisfies
dXs = µ(s,Xs) ds+ σ(s,Xs) dWs, Xt = x,

dYs = −f(s,Xs) ds+ Zs dWs, YT = ψ(XT ),

and in particular Yt = u(t, x).

Remarks. (1) The multidimensional extension has Ltu = µ ·∇u + 1
2
Tr
(
(σσ⊤)∇2u

)
. (2)

Discounting, killing, and boundary conditions are incorporated by adding a term −r(t, x)u

to the PDE or by stopping at boundary hitting times.

1.2.2 Schrödinger Equations and its Feynman-Kac Representation

The Schrödinger equation is a fundamental equation in quantum mechanics that describes

the temporal evolution of the quantum state of a physical system. It is central to the theory

of quantum mechanics and essential for the development of quantum theory, with significant
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applications in fields such as chemistry, materials science, and quantum computing. In this

work, we consider the following Cauchy problem for deterministic backward nonlinear time-

dependent Schrödinger equation for the wave function of a quantum mechanical system:

i∂tu(t, x) =
ν

2
∆u(t, x) + f(t, x, u), t ≤ T ; u(T, x) = G(x), (1.2.3)

which is equivalent to the classical Schrödinger equation via the time-reversing transforma-

tion: u(t, x) 7−→ u(T − t, x), for t ≤ T, x ∈ Rd. Here and throughout this work, ν > 0

is a real constant and f(t, x, u) is a continuous function with polynomial growth in u, for

instance, as in Kato (1987). The unknown function u : [0, T ] × Rd → C is complex-valued

and is written as u(t, x) = uR(t, x) + iuI(t, x), where both uR and uI are real-valued and

defined on [0, T ]× Rd. Analogously, we write

f(t, x, y) = fR(t, x, y) + if I(t, x, y), G(x) = GR(x) + iGI(x), (t, x, y) ∈ [0, T ]× Rd × C,

with fR, f I , GR, andGI being real-valued continuous functions. Then the nonlinear Schrödinger

equation above may be written as a coupled system of partial differential equations:
−∂tuR(t, x) = −

ν

2
∆uI(t, x)− f I(t, x, u), t ≤ T ; uR(T, x) = GR(x);

−∂tuI(t, x) =
ν

2
∆uR(t, x) + fR(t, x, u), t ≤ T ; uI(T, x) = GI(x).

(1.2.4)

Associated to (1.2.4), we propose the following backward stochastic differential equation

(BSDE):

−dY R
s (t, x) = −

√
ν(ZR

s (t, x) + ZI
s (t, x)) ∗ dWs

− f I(s,
√
ν(Ws −Wt) + x, Ys(t, x)) ds−

√
νZR

s (t, x) dWs;

−dY I
s (t, x) =

√
ν(ZR

s (t, x)− ZI
s (t, x)) ∗ dWs

+ fR(s,
√
ν(Ws −Wt) + x, Ys(t, x)) ds−

√
νZI

s (t, x) dWs;

YT (t, x) = G(
√
ν(WT −Wt) + x),

(1.2.5)

where Ys(t, x) = Y R
s (t, x)+iY I

s (t, x), Zs(t, x) = ZR
s (t, x)+iZ

I
s (t, x), and ∗dWs := ◦dWs−dWs

with ◦dWs and dWs being Fisk-Stratonovich integral and Itô integral, respectively. They are
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related to each other by the following:

Ys(t, x) = u(s,
√
ν(Ws −Wt) + x), Zs(t, x) = ∇u(s,

√
ν(Ws −Wt) + x), (1.2.6)

for all (s, x) ∈ [t, T ] × Rd. The system (1.2.5) can be viewed as an uncoupled forward-

backward stochastic differential equation (FBSDE) but is distinguished by the inclusion of

nonstandard integrals ∗dWs. The term “uncoupled” indicates that the backward process does

not affect the forward dynamics that is nothing but the Wiener process (Wt)t≥0, in contrast

to “coupled” systems where such an interaction is present.

1.2.3 Literature Review

It is now well-established that FBSDEs are intrinsically linked to a large class of parabolic

partial differential equations (PDEs) with real-valued coefficients, which may be linear or

nonlinear (see, for example, Cheridito et al. (2007); Delarue (2002); Delbaen et al. (2015);

Hu & Peng (1995); Ma et al. (1994); Pardoux & Peng (1992); Pardoux & Tang (1999)).

These links yield generalized Feynman-Kac formulas for the corresponding parabolic PDEs,

enabling their resolutions to be reformulated as solving FBSDEs (see Cheridito et al. (2007);

Lejay & González (2020) for instance). Recently, a class of deep learning-based (also called

deep-BSDE) methods has been introduced to address the curse of dimensionality often en-

countered in numerical approximations of such parabolic PDEs; see Beck et al. (2019); E

et al. (2017); Han et al. (2018); Huré et al. (2020); Zhang (2004) among others. However,

this framework does not extend to time-dependent Schrödinger equations such as (1.2.3),

due to the presence of the imaginary coefficient before the time derivative. As a result, ex-

isting deep-BSDE methods are not directly applicable in this context. This limitation along

with the broader challenge in numerical approximations of high-dimensional time-dependent

nonlinear Schrödinger equations, exists as an open problem in the seminal work Han et al.

(2018) and further discussed in Han et al. (2024).

This chapter addresses the gap in the availability of a Feynman-Kac representation for non-
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linear time-dependent Schrödinger equations. Based on this representation, we propose and

investigate learning-based approaches which effectively tackle the curse of dimensionality in

numerical simulations. To the best of our knowledge, we are the first to give a Feynman-Kac

formula for time-dependent nonlinear Schrödinger equations using BSDEs. This is novel

even for the linear case as both complex time transformation and Feynman path integrals

(cf. (Albeverio et al. (1976); Feynman (1948); Kac (1949); Yan (1994))) are avoided in the

representation. Inspired by the deep-BSDE methods introduced in seminal works Beck et al.

(2019); E et al. (2017); Han et al. (2018); Huré et al. (2020), we propose a novel learning-based

approach for numerical approximations for the Schrödinger equation (1.2.3). Our numerical

experiments on such BSDEs demonstrate strong agreement with the explicit solutions of the

linear and nonlinear Schrödinger equations in both low- and high-dimensional settings, as

demonstrated in Section 4.2.2. Furthermore, a convergence analysis is provided to support

these findings. In the numerical experiments and convergence analysis, we utilize neural

network approximations for the unknown functions, enabling the algorithm and convergence

analysis to be extended to high-dimensional time-dependent Schrödinger equations; in this

context, deep neural networks are instrumental in addressing the curse of dimensionality (cf.

Han et al. (2018); Isozaki (2004)).

The integrals with ∗dWt in BSDE (1.2.5), which combine Fisk-Stratonovich and Itô inte-

grals, capture the leading differential operators, thereby reflecting imaginary coefficient and

wave-like behavior of Schrödinger equations. This feature poses significant challenges in

both theoretical study and numerical analysis. On the theoretical side, the Feynman-Kac

formula is proved for both classical and weak solutions, while several open questions are

raised regarding the pure probabilistic resolution of BSDE (1.2.5) in Section 4.1.3. From a

numerical perspective, this feature distinguishes the proposed learning-based approach (see

Algorithm 1 and Remark 4.2.1) from those tailored to non-Schrödinger-type parabolic PDEs

(cf. Beck et al. (2019); E et al. (2017); Han et al. (2018); Huré et al. (2020)). For the
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challenges in numerical analysis, some non-standard calculations are introduced to derive

estimates in the convergence analysis (see Remark 4.3.2). For other numerical methods for

nonlinear Schrödinger equations, we refer to Bao & Wang (2024); Ji et al. (2024); Li & Wu

(2021); Ostermann & Yao (2022) and references therein.

1.2.4 Main Goal

we present a novel Feynman-Kac formula and investigate learning-based methods for ap-

proximating general nonlinear time-dependent Schrödinger equations which may be high-

dimensional. Details can be found in Chapter 4.

20



Chapter 2

Viscosity Solutions of a class of Second Order

Hamilton-Jacobi-Bellman Equations in the

Wasserstein Space

The primary objective of this chapter is to establish the well-posedness of viscosity solu-

tions for second order Hamilton-Jacobi-Bellman (HJB) equations, which arise from control

problems in the space of probability measures over Rd, under a newly proposed notion (see

Definition 2.5.1 and Remark 2.5.2 for the rationale behind this definition). This is achieved

under mild assumptions on the coefficients, as detailed in Section 2.3. The main HJB equa-

tion of interest is given by:

− ∂tu(t, µ) =
1

2
tr
[
σ0(t)[σ0(t)]⊤Hu(t, µ)

]
+

∫
Rd

sup
a∈A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
(
σ(t, x, a)

[
σ(t, x, a)

]⊤
∂x∂µu(t, µ)(x)

)}
µ(dx) , (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

g(x, µ)µ(dx) , µ ∈ P2(Rd).

(2.0.1)

In the above, the operator H is defined as in Bayraktar et al. (2023b), that is,

Hu(µ) := d2

dw2
u
(
(Id + w)♯µ

)∣∣∣
w=0
∈ Rd×d, (2.0.2)
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where (Id +w)♯µ is the pushforward measure associated with map x 7→ x+w; and d
dw

is the

usual gradient operator on Rd. Indeed, for sufficiently smooth functions u : P2(Rd)→ R, it

holds that (see Lemma 2.1.5):

Hu(µ) =
∫
Rd

∂x∂µu(µ)(x)µ(dx) +

∫
Rd

∫
Rd

∂2µu(µ)(x, x̃)µ(dx)µ(dx̃),

and thus H can be viewed as the second order differential operator with respect to the

measure variable in a “weaker” sense. We refer readers to Section 2 for notations used in the

above. This HJB equation characterizes the value function for the following mean field type

control problem with common noise:

sup
α∈At

E

[∫ T

t

f
(
s,X t,ξ,α

s ,PW 0

Xt,ξ,α
s

, αs

)
ds+ g

(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

)]

subject to the dynamics

X t,ξ,α
s = ξ +

∫ s

t

b
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr +

∫ s

t

σ(r,X t,ξ,α
r , αr)dWr +

∫ s

t

σ0(r)dW 0
r ,

where W and W 0 are independent Wiener processes representing idiosyncratic and common

noises respectively; and PW 0

Xt,ξ,α
r

denotes the conditional distribution of X t,ξ,α
r given W 0.

To establish the uniqueness of the viscosity solution to (2.0.1), a pivotal idea is to seek a suit-

able comparison function with adequate regularity and favorable estimates on its derivatives,

for the purpose of the comparison theorem. Drawing inspiration from Cosso et al. (2024), we

choose a gauge-type function to construct the comparison function via the Borwein-Preiss

variational principle. However, the gauge function used in Cosso et al. (2024) encounters

difficulties when dealing with the second order L-derivative, particularly in addressing mean

field-type control problems involving common noise. To resolve this, we adopt the Gaussian

regularized sliced Wasserstein distance proposed in Bayraktar et al. (2023a) to compose our

gauge function. This provides a metric over the space of high-dimensional probability distri-

butions using their one-dimensional projections, offering the advantage of explicitly deriving

the optimal transport map, which facilitates estimates of the derivatives. We observe that
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when the state and the law of the first order L-derivative of this metric move together in a

deterministic direction (which is captured by the operator H, see Lemma 2.3.7), the gauge

function behaves linearly with respect to the perturbed direction, enabling the estimation

of the second order L-derivative of this gauge function in a “weaker” sense. As this gauge

function will be used as a test function, we have to define a customized function space which

is PC1,2
1 ([0, T ]×P2(Rd)) (see Definition 2.1.4) as our set of test functions. Then, we perturb

the HJB equation and mollify the coefficients as in Cosso et al. (2024), together with the

favorable estimates derived for the gauge function to complete the comparison theorem, as

presented in Theorem 2.5.3. By the specific form of the optimal transport map in R, we

provide further regularity results of this metric for the purpose of the relaxed Itô’s formula in

Theorem 2.1.6, which is crucial in establishing the existence of viscosity solutions. Moreover,

this gauge function lacks standard linear or quadratic growth, which requires a more subtle

analysis in the proof of the existence of viscosity solution compared to standard test func-

tions. We note that our proposed definition of the viscosity supersolution in Definition 2.5.1

is stronger than that of Crandall-Lions. It aims to overcome technical difficulties arising

from the supremum taken in equation (2.0.1), which leads to scarce choice of test functions

in the proof of the comparison for the supersolution. The cost functional with a fixed control

is used to construct the test function for supersolutions as in Cosso et al. (2024), but with

the domain of [0, T ] × P2(Rd × A) rather than [0, T ] × P2(Rd). The strong dependency of

the initial random variable and the control makes it hard to use only the Crandall-Lions’

definition to draw the conclusion. See Remark 2.5.2 for more details.

This chapter is organized as follows: Section 2 covers the foundational elements: the control

problem set-up, some definitions of our tools, Itô’s formula and the standing assumptions.

In Section 3, we explore fundamental properties of the value function and introduce the

dynamic programming principle. Moving to Section 4, we provide some estimates of the

Gaussian regularized sliced Wasserstein distance and state the Borwein-Preiss variational
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principle. In Section 5, we outline the finite-dimensional approximation scheme of the value

function, drawing inspiration from Cosso et al. (2024). Section 6 is dedicated to proving the

existence and uniqueness of the viscosity solution, which stands as the value function of our

control problem.

2.1 Preliminary

2.1.1 Probabilistic Setting and Notations

Fix a probability space (Ω,F ,P) of the form (Ω0 × Ω1,F0 ⊗ F1,P0 ⊗ P1). The space

(Ω0,F0,P0) supports a d-dimensional Brownian motion W 0 which we regard as the com-

mon noise. For (Ω1,F1,P1), it is of the form (Ω̃1 × Ω̂1,G ⊗ F̂1, P̃1 ⊗ P̂1). On (Ω̂1, F̂1, P̂1),

there lives a d-dimensional Brownian motion W which we regard as the idiosyncratic noise,

whereas (Ω̃1,G, P̃1) is where the initial random variables live. We assume that the probability

space (Ω̃1,G, P̃1) is rich enough to support all probability laws in Rd, i.e., for any probability

law µ in Rd, there exists X(ω) : Ω̃1 → Rd such that the law of X, denoted by L(X), is µ.

We write ω ∈ Ω as ω = (ω0, ω1), and regard the Brownian motions W (ω) = W (ω1),

W 0(ω) = W 0(ω0). We denote by E the expectation under P and by E0 (resp. E1) the expec-

tation under P0 (resp. P1). Also, we set F = (Fs)s≥0 := (σ(W 0
r )0≤r≤s ∨ σ(Wr)0≤r≤s ∨ G)s≥0,

Ft = (F t
s)s≥0 := (σ(W 0

r )0≤r≤s∨σ(Wr∨t−Wt)0≤r≤s∨G)s≥0, FW 0
= (FW 0

s )s≥0 := (σ(W 0
r ))0≤r≤s,

and F1 = (F1
s )s≥0 := (σ(Ws) ∨ G)0≤r≤s. Without loss of generality, we assume they are P-

complete.

Let A be a compact subset of the Euclidean space Rd equipped with the distance dA. Let

t > 0 and denote by A (resp. At) the set of F-progressively measurable processes (resp.

Ft-progressively measurable processes) on Ω valued in A. Note that both A and At are

separable metric spaces endowed with the Krylov distance ∆(α, β) := E
[ ∫ T

0
dA(αr, βr)dr

]
.

Denote by BA (resp. BAt) the Borel σ-algebra of A (resp. At). We assume that (Ω0,F0,P0)
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is the canonical space, i.e., Ω0 = C(R+,Rd), the set of continuous functions from R+ into

Rd. For any ω0, ω̂0 ∈ Ω0, r ∈ [0, T ], we set

ω̂0 ⊗r ω
0(s) := ŵ0(s)1[0,r)(s) +

[
ŵ0(r) + ω0(s)− ω0(r)

]
1[r,T ](s).

Let r ∈ [0, T ], for P0-a.s. ω̃0, α ∈ At for some t ∈ [0, T ], we define:

αr,ω̃0

(ω0, ω1) := α(ω̃0 ⊗r ω
0, ω1).

For any x ∈ Rd, we use |x| to denote the Euclidean norm of x in Rd, xi (sometimes we also use

(x)i or [x]i) to denote the i-th component of x, ⟨·, ·⟩ (or simply the x·y for x, y ∈ Rd) to denote

the standard scalar product on Rd. Let n ∈ N and x1, x2, . . . , xn ∈ Rd, we use x ∈ Rdn to

denote x := (x1, x2, . . . , xn). For any matrix M ∈ Rd×d, we use trM :=
∑d

i=1Mii to denote

its trace, M⊤ to denote its transpose, and |M | :=
[
tr
(
MM⊤)]1/2 =

Ä∑d
i,j |Mij|2

ä1/2
to

denote the Frobenius norm of M . If M0 ∈ Rd×d is another matrix, we use M0;⊤ to denote

the transpose of M0. We denote the identity matrix over Rd by Id ∈ Rd×d. If x ∈ R is a

scalar variable, the notation ∂xh ∈ R means the usual partial derivative of the scalar function

h with respect to x; if x ∈ Rd is a vector variable, then ∂xh ∈ Rd means the gradient vector

of h.

Remark 2.1.1. Here we explain a little bit about the definition of Ft. It makes no technical

difference whether we consider the control sets which is progressively measurable with respect

to Ft = (F t
s)s≥0 := (σ(W 0

r )0≤r≤s ∨ σ(Wr∨t −Wt)0≤r≤s ∨ G)s≥0 or F̊t = (F̊ t
s)s≥0 := (σ(W 0

r∨t −

W 0
t )0≤r≤s ∨ σ(Wr∨t −Wt)0≤r≤s ∨ G)s≥0. All the arguments in this article remain valid with

slight or no modification. In fact, denoting Åt to be the set of all F̊t-progressively measurable

processes taking value in A, and the value function V̊ (t, ξ) := supα∈Åt
J(t, ξ, α) (see (2.1.4)

for the definition), we actually have

V̊ (t, ξ) = V (t, ξ),

where V is defined in (2.1.5). This can be seen from the following: First of all, as Åt ⊂ At,

it follows that V̊ (t, ξ) ≤ V (t, ξ). To show the other direction of the inequality, let α ∈ At,

25



then

J(t, ξ, α) =E

[∫ T

t

f(s,X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g
(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

)]

=E0E

[∫ T

t

f(s,X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g
(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

)∣∣∣F0
t

]

=E0[J(t, ξ, αt,ω0

)]

≤E0[V̊ (t, ξ)]

= V̊ (t, ξ).

Taking supremum with respect to α ∈ At we conclude the desired equality.

The requirement that the controls are adapted to G for every s ≥ 0 is a bit technical. The

condition that the controls have to be adapted to G is used in the existence theorem. Because

of the nonlocal nature of the HJB equations in the Wasserstein space, assuming that φ is our

test function, in the proof of existence of viscosity solution we can only conclude that

∂tφ(t0, µ0) + sup
α′∈Mt

E
{
f(t0, ξ, µ0, α

′) + ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, α
′)

+
1

2
tr
[
∂x∂µφ(t0, µ0)(ξ)σ(t0, ξ, α

′)σ(t0, ξ, α
′)⊤
] }

+
1

2
tr
[
Hφ(t0, µ0)σ

0(t0)σ
0(t0)

⊤] ≤ (or ≥) 0,

(2.1.1)

where L(ξ) = µ0, and Mt is the set of F t
t -measurable random variables. The condition of

requiring the control set to be adapted to G makes the controls rich enough such that we can

choose controls to make the above equivalent to

∂tφ(t0, µ0) +

∫
Rd

sup
a∈A

{
f(t0, x, µ0, a) + b(t0, x, µ0, a) · ∂µφ(t0, µ0)(x)

+
1

2
tr
[
∂x∂µφ(t0, µ0)(x)σ(t0, x, a)[σ(t0, x, a)]

⊤
]}

µ0(dx) +
1

2
tr
{
Hφ(t0, µ0)σ

0(t0)[σ
0(t0)]

⊤
}
≤ (or ≥) 0,

(2.1.2)

see Theorem 2.5.2.
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2.1.2 Sense of Differentiability in the Wasserstein Space

We introduce over Rd the space of probability measures P(Rd) and its subset Pp(Rd) con-

sisting of those with finite p-th moment for p ≥ 1. The space Pp(Rd) is equipped with the

p-Wasserstein distance

Wp(µ, ν) = inf
π∈Π(µ,ν)

(∫
Rd×Rd

|x− y|pπ(dx, dy)

) 1
p

, for µ, ν ∈ Pp(Rd),

where Π(µ, ν) is the set of probability measures on Rd × Rd such that for any π ∈ Π(µ, v),

π(Rd×·) = µ and π(·×Rd) = ν. We call (Pp(Rd),Wp) the p-Wasserstein space over Rd, and

it is a Polish space. Finally, we denote by Supp(µ) the support of µ ∈ P(Rd). For a map

f : [0, T ]×P2(Rd)→ R, we adopt the notion of L-derivative (see Cardaliaguet et al. (2019)

for instance) which is recalled as follows:

Definition 2.1.1. The function f : [0, T ] × P2(Rd) → R is said to be first order L-

differentiable if its lifting F : [0, T ] × L2(Ω,F ,P;Rd) → R; F (t, ξ) := f(t,L(ξ)) admits

a continuous Fréchet derivative DξF : [0, T ]× L2(Ω,F ,P;Rd)→ L2(Ω,F ,P;Rd).

Remark 2.1.2. By (Carmona & Delarue, 2018a, Proposition 5.25), if f is first order L-

differentiable, then it can be shown that there is a measurable function, denoted by ∂µf(t, µ)(·) :

Rd → Rd, such that DξF (t, ξ) = ∂µf(t, µ)(ξ) for any (t, µ) ∈ [0, T ] × P2(Rd) and ξ ∈

L2(Ω,F ,P;Rd) with L(ξ) = µ. We say that ∂µf : [0, T ]×P2(Rd)×Rd → Rd is the first order

L-derivative of f .

Definition 2.1.2. The function f : [0, T ] × P2(Rd) → R is said to be second order L-

differentiable if f is first order L-differentiable and for any x ∈ Rd, the function µ 7→

∂µf(t, µ)(x) is L-differentiable, i.e., the lifting F ′ : L2(Ω,F ,P;Rd)→ Rd of µ 7→ ∂µf(t, µ)(x)

admits a continuous Fréchet derivative DξF
′ : [0, T ]× L2(Ω,F ,P;Rd)→ L2(Ω,F ,P;Rd×d).

Remark 2.1.3. Similar to Remark 2.1.2, if f is second order L-differentiable, then there

is a measurable function, denoted by ∂2µf(t, µ)(x, ·) : Rd → Rd×d, such that DξF
′(t, ξ′) =
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∂2µf(t, µ)(x, ξ
′) for any (t, µ, x) ∈ [0, T ]×P2(Rd)×Rd and ξ′ ∈ L2(Ω,F ,P;Rd) with L(ξ′) = µ.

We say that ∂2µf : [0, T ]× P2(Rd)× Rd × Rd → Rd×d is the second order L-derivative of f .

As in Bayraktar et al. (2023b), we define the set of fully second order L-differentiable func-

tions and the set of partially second order L-differentiable functions.

Definition 2.1.3. The set C1,2
1 ([0, T ] × P2(Rd)) consists of all continuous functions f :

[0, T ]× P2(Rd)→ R satisfying the following:

(1). the derivatives ∂tf(t, µ), ∂µf(t, µ)(x), ∂x∂µf(t, µ)(x), ∂2µf(t, µ)(x, x′) exist and are jointly

continuous in the respective arguments;

(2). there is a constant Cf ≥ 0 such that for any (t, µ, x, x′) ∈ [0, T ]×P2(Rd)×Rd×Rd, we

have

|∂µf(t, µ)(x)| ≤ Cf

(
1 + |x|

)
;

|∂tf(t, µ)|+ |∂x∂µf(t, µ)(x)|+
∣∣∂2µf(t, µ)(x, x′)∣∣ ≤ Cf .

We define the operator H:

Hu(µ) := d2

dw2
u((Id + w)♯µ)

∣∣∣
w=0
∈ Rd×d,

where (Id +w)♯µ is the pushforward measure associated with map Id +w : Rd → Rd defined

by x 7→ x + w for w ∈ Rd; and we are differentiating with respect to finite-dimensional

w ∈ Rd.

Definition 2.1.4. The set PC1,2
1 ([0, T ] × P2(Rd)) consists of all continuous functions f :

[0, T ]× P2(Rd)→ R satisfying the following:

(1). the derivatives ∂tf(t, µ), ∂µf(t, µ)(x), ∂x∂µf(t, µ)(x), Hf(µ) exist and are jointly con-

tinuous in the respective arguments;

(2). there exists Cf ≥ 0 such that for any (t, µ) ∈ [0, T ]× P2(Rd), it holds that∫
Rd

|∂µf(t, µ)(x)|2 µ(dx) ≤ Cf

Å
1 +

∫
Rd

|x|2µ(dx)
ã
;
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|∂tf(t, µ)|+ |Hf(t, µ)|+
∫
Rd

|∂x∂µf(t, µ)(x)|2 µ(dx) ≤ Cf .

We have the following lemma relating PC1,2
1 ([0, T ]× P2(Rd)) and C1,2

1 ([0, T ]× P2(Rd)).

Lemma 2.1.5. If u ∈ C1,2
1 ([0, T ]× P2(Rd)), then we have

Hu(t, µ) =
∫
Rd

∂x∂µu(t, µ)(x)µ(dx) +

∫
Rd

∫
Rd

∂2µu(t, µ)(x, x̃)µ(dx)µ(dx̃),

and hence u ∈ PC1,2
1 ([0, T ]× P2(Rd)).

Proof. Let µ ∈ P2(Rd) and X ∈ L2(Ω,F ,P;Rd) such that L(X) = µ. We denote the lifting

of u ∈ C1,2
1 ([0, T ]× P2(Rd)) to Hilbert space by u∗, we have

d

dw
u∗(t,X + w) = E

[
∂µu(t,L(X + w))(X + w)

]
.

Besides, we consider

d

dw
∂µu(t,L(X + w))(X + w)

= ∂x∂µu(t,L(X + w))(X + w) + Ē
[
∂2µu(t,L(X + w))(X + w, X̄ + w)

]
,

where X̄ is an independent copy of X and Ē is the expectation with respect to X̄. We

assume that |w| ≤ 1 and use the fact that u ∈ C1,2
1 ([0, T ]× P2(Rd)) to yield that∣∣∣∣ ddw∂µu(t,L(X + w))(X + w)

∣∣∣∣ ≤ Cu,

for some constant Cu > 0 independent of w and X. By the dominated convergence theorem

we have

d

dw

d

dw
u∗(t,X + w)

∣∣∣
w=0

=
d

dw
E
[
∂µu(t,L(X + w))(X + w)

]∣∣∣
w=0

=E
{
∂x∂µu(t,L(X + w))(X + w) + Ē

[
∂2µu(t,L(X + w))(X + w, X̄ + w)

]}∣∣∣∣
w=0

=

∫
Rd

∂x∂µu(t, µ)(x)µ(dx) +

∫
Rd

∫
Rd

∂2µu(t, µ)(x, x̃)µ(dx)µ(dx̃).
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We have the following extension of Itô’s formula for functions in PC1,2
1 ([0, T ]×P2(Rd)). This

is inspired by Bayraktar et al. (2023b).

Theorem 2.1.6. Let bt ∈ Rd and σt ∈ Rd×d be two F-adapted processes such that there

exists L > 0 satisfying |bt| ∨ |σt| ≤ L P-a.s. for all t ∈ [0, T ]. Let σ0
t : [0, T ] → Rd×d be

deterministic and ξ ∈ L2(Ω,F ,P). Consider the following Rd-valued Itô process:

Xt = ξ +

∫ t

0

bsds+

∫ t

0

σsdWs +

∫ t

0

σ0
sdW

0
s , for t ∈ [0, T ].

We write µW 0

t for PW 0

Xt
, then it holds P0-a.s. that for φ ∈ PC1,2

1 ([0, T ]× P2(Rd)),

φ(t, µW 0

t ) =φ(0, µW 0

0 ) +

∫ t

0

∂tφ(s, µ
W 0

s )ds+

∫ t

0

E1
[
∂µφ(s, µ

W 0

s )(Xs) · bs
]
ds

+

∫ t

0

E1
[
σ0;⊤
s ∂µφ(s, µ

W 0

s )(Xs)
]
· dW 0

s +
1

2

∫ t

0

E1
{
tr
[
∂x∂µφ(s, µ

W 0

s )(Xs)σsσ
⊤
s

]}
ds

+
1

2

∫ t

0

tr
[
Hφ(s, µW 0

s )σ0
sσ

0;⊤
s

]
ds.

Proof. For P0-a.s. ω0 ∈ Ω0, we consider

Xt(ω
0, ·) = ξ(ω0, ·) +

Å∫ t

0

brdr

ã
(ω0, ·) +

Å∫ t

0

σrdWr

ã
(ω0, ·) +

Å∫ t

0

σ0
rdW

0
r

ã
(ω0).

We define Y ω0

t (·) := Xt(ω
0, ·) −

( ∫ t

0
σ0
rdW

0
r

)
(ω0). Applying the standard mean field Itô’s

formula (see (Carmona & Delarue, 2018a, Proposition 5.102)) to φ(t,L(Y ω0

t + y)) for any

y ∈ Rd and φ ∈ PC1,2
1 ([0, T ]× P2(Rd)), we conclude that for P0-a.s. ω0 ∈ Ω0,

φ(t,L(Y ω0

t + y)) =φ(0,L(Y ω0

0 + y)) +

∫ t

0

∂tφ(s,L(Y ω0

s + y))ds

+

∫ t

0

E1
[
∂µφ(s,L(Y ω0

s + y))(Y ω0

s + y) · bs
]
ds

+
1

2

∫ t

0

E1
{
tr
[
∂x∂µφ(s,L(Y ω0

s + y))(Y ω0

s + y)σsσ
⊤
s

]}
ds.

We define Ψ(s, y) := φ(s,L(Y ω0

s +y)). By the finite-dimensional Itô-Kunita-Wentzell formula

(Dos Reis & Platonov, 2022, Theorem 2.3), we have

Ψ

Å
t,

∫ t

0

σ0
sdW

0
s

ã
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=Ψ(0, 0) +

∫ t

0

∂tφ
(
s,L

(
Y ω0

s +

∫ s

0

σ0
rdW

0
r

))
ds

+

∫ t

0

E1
[
∂µφ

(
s,L

(
Y ω0

s +

∫ s

0

σ0
rdW

0
r

))(
Y ω0

s +

∫ s

0

σ0
rdW

0
r

)
· bs
]
ds

+
1

2

∫ t

0

E1
[
tr
{
∂x∂µφ

(
s,L

(
Y ω0

s +

∫ s

0

σ0
rdW

0
r

))(
Y ω0

s +

∫ s

0

σ0
rdW

0
r

)
σsσ

⊤
s

}]
ds

+

∫ t

0

E1
[
σ0;⊤
s ∂µφ

(
s,L

(
Y ω0

s +

∫ s

0

σ0
rdW

0
r

))(
Y ω0

s +

∫ s

0

σ0
rdW

0
r

)]
· dW 0

s

+
1

2

∫ t

0

[
tr
{
∂2yφ

(
s,L

(
Y ω0

s +

∫ t

0

σ0
sdW

0
s

))
σ0
sσ

0;⊤
s

}]
ds

=φ(0, µW 0

0 ) +

∫ t

0

∂tφ(s, µ
W 0

s )ds+

∫ t

0

E1
[
∂µφ(s, µ

W 0

s )(Xs) · bs
]
ds

+
1

2

∫ t

0

E1
[
tr{∂x∂µφ(s, µW 0

s )(Xs)σsσ
⊤
s }
]
ds+

∫ t

0

E1
[
σ0;⊤
s ∂µφ(s, µ

W 0

s )(Xs)
]
· dW 0

s

+
1

2

∫ t

0

[
tr
{
Hφ(s, µW 0

s )σ0
sσ

0;⊤
s

}]
ds.

2.1.3 Assumptions and the Control Problem

Define the functions:

b : [0, T ]× Rd × P2(Rd)× A→ Rd, σ : [0, T ]× Rd × A→ Rd×d, σ0 : [0, T ]→ Rd×d,

f : [0, T ]× Rd × P2(Rd)× A→ R, g : Rd × P2(Rd)→ R.

Throughout this work, we use the following assumptions:

Assumption. (A). The functions b, σ, σ0, f and g satisfy the following:

(1). the functions b, σ, σ0, f and g are continuous;

(2). there exist constants K ≥ 0 and β ∈ (0, 1] such that for any a ∈ A, (t, x, µ), (t′, x′, µ′) ∈

[0, T ]× Rd × P2(Rd), it holds that

∣∣b(t, x, µ, a)− b(t′, x′, µ′, a)
∣∣+ ∣∣σ(t, x, a)− σ(t′, x′, a)∣∣+ ∣∣σ0(t)− σ0(t′)

∣∣
+
∣∣f(t, x, µ, a)− f(t′, x′, µ′, a)

∣∣+ ∣∣g(x, µ)− g(x′, µ′)
∣∣ ≤ K

[
|x− x′|+ |t− t′|β +W2(µ, µ

′)
]
,
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∣∣b(t, x, µ, a)∣∣+ ∣∣σ(t, x, a)∣∣+ ∣∣σ0(t)
∣∣+ ∣∣f(t, x, µ, a)∣∣+ ∣∣g(x, µ)∣∣ ≤ K.

Assumption. (B). For any a ∈ A, the function σ(·, ·, a) belongs to C1,2
(
[0, T ]× Rd

)
. More-

over, there exists a constant K ≥ 0 such that

|∂tσ(t, x, a)|+ |∂xσ(t, x, a)|+
∣∣∂2xxσ(t, x, a)∣∣+ ∣∣∂tσ0(t)

∣∣ ≤ K,

for all (t, x, a) ∈ [0, T ]× Rd × A.

Assumption. (A*). Suppose that Assumption (A) holds and we assume further that there

exist constants K ≥ 0 and β ∈ (0, 1] such that for any a ∈ A, (t, x, µ), (t′, x′, µ′) ∈ [0, T ] ×

Rd × P2(Rd), it holds that

∣∣b(t, x, µ, a)− b(t′, x′, µ′, a)
∣∣+ ∣∣f(t, x, µ, a)− f(t′, x′, µ′, a)

∣∣+ ∣∣g(x, µ)− g(x′, µ′)
∣∣

≤ K
[
|x− x′|+ |t− t′|β +W1(µ, µ

′)
]
.

Remark 2.1.4. Assumption (A*) is a strengthening assumption of Assumption (A). We

write Assumption (A) and Assumption (A*) separately to emphasize that some of the lemmas

and theorems still hold without assuming the stronger condition in Assumption (A*).

Remark 2.1.5. Here, the coefficients b, σ, f and g are assumed to be W1-Lipschitz contin-

uous in Assumption (A*), which is different from the W2-Lipschitz continuity assumption in

(Cosso et al., 2024, Assumption (A)). The main reason of adopting W1-Lipschitz continuity

instead of W2 is to provide a better estimate when we establish the smooth approximation

of the coefficients in Lemma 2.4.2. We note that the inequalities (Cosso et al., 2024, (A.6)

and (A.7)) are invalid if only W2-Lipschitz continuity is assumed as in (Cosso et al., 2024,

Assumption (A)). This leads to flaws in the proofs of (Cosso et al., 2024, Theorem 5.1,

Theorem A.7). See more discussions in Remark 2.4.1.

For every t ∈ [0, T ], ξ ∈ L2(Ω1,F1
t ,P1;Rd) and α ∈ At, we consider the solution X t,ξ,α of the
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following state dynamics:

Xs = ξ +

∫ s

t

b(r,Xr,PW 0

Xr
, αr)dr +

∫ s

t

σ(r,Xr, αr)dWr +

∫ s

t

σ0(r)dW 0
r , for s ∈ [t, T ],

(2.1.3)

where PW 0

Xr
denotes the conditional distribution of Xr given W 0. We are subject to the cost

functional:

J(t, ξ, α) := E

[∫ T

t

f
(
s,X t,ξ,α

s ,PW 0

Xt,ξ,α
s

, αs

)
ds+ g

(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

)]
. (2.1.4)

Finally, we define the value function V to be

V (t, ξ) := sup
α∈At

J(t, ξ, α), for any (t, ξ) ∈ [0, T ]× L2(Ω1,F1
t ,P1;Rd). (2.1.5)

2.2 Basic Properties

This section collects some basic properties. First we give some standard results concerning

the regularity of the solution of the SDE in (2.1.3) and the value function V . Proofs are

standard and therefore omitted, and readers are referred to Yong & Zhou (1999).

Proposition 2.2.1. Suppose that Assumption (A) holds. For every t ∈ [0, T ], ξ ∈ L2(Ω1,F1
t ,P1;Rd),

α ∈ At, there exists a unique (up to P-indistinguishability) continuous F-progressively mea-

surable solution X t,ξ,α = (X t,ξ,α
s )s∈[t,T ] of equation (2.1.3). Moreover, there is a constant C

depending only on p, K, T , d such that

E
[
sup

s∈[t,T ]

|X t,ξ,α
s |2

]1/p
≤ C

(
1 + E|ξ|2

)1/2
; (2.2.1)

E
[
sup

s∈[t,T ]

|X t,ξ,α
s −X t,ξ′,α

s |2
]1/2
≤ CE

(
|ξ − ξ′|2

)1/2
; (2.2.2)

E
[

sup
s∈[t,t+h]

|X t,ξ,α
s − ξ|2

]
≤ Ch, (2.2.3)

for any t ∈ [0, T ], h ∈ [0, T − t], ξ, ξ′ ∈ L2(Ω1,F1
t ,P1;Rd) and α ∈ At.
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Proposition 2.2.2. Suppose that Assumption (A) holds. The function V satisfies the fol-

lowing properties:

(1). V is bounded and jointly continuous;

(2). there exists a constant C ≥ 0 such that for any t, t′ ∈ [0, T ], ξ, ξ′ ∈ L2(Ω,Ft,P;Rd),

|V (t, ξ)− V (t′, ξ′)| ≤ C
[
E
(
|ξ − ξ′|2

)1/2
+ |t− t′|1/2

]
.

The constant C depends on d, K, T and independent of t, t′,ξ, ξ′, α.

Proposition 2.2.3 (Law Invariance). Suppose that Assumption (A) holds. For every t ∈

[0, T ] and ξ, η ∈ L2(Ω1,F1
t ,P1;Rd), with L(ξ) = L(η), it holds that V (t, ξ) = V (t, η).

Proof. This proof is modified from (Cosso et al., 2023, Theorem 3.6) to suit the case with

common noise. We only highlight the differences, and interested readers are referred to

(Cosso et al., 2023, Theorem 3.6). Fix t ∈ [0, T ]. Let ξ, η ∈ L2(Ω1,F1
t ,P1;Rd) with L(ξ) =

L(η). By Proposition 2.2.2, the function ξ 7→ V (t, ξ) is continuous. Thus, without loss of

generality (see (Cosso et al., 2023, Theorem 3.6, Substep 2.2)), we consider the case where

ξ, η are discrete, i.e.,

L(ξ) = L(η) =
m∑
i=1

piδxi ,

for some {x1, x2, . . . , xm} ⊂ Rd with xi being distinct. Here δxi is the Dirac measure at

xi. For i = 1, 2, . . . ,m, the numbers pi satisfy pi > 0 and
∑m

i=1 pi = 1. By (Cosso et al.,

2023, Lemma B.3), there exist two F1
t -measurable random variables Uξ and Uη with uniform

distribution on [0, 1], such that ξ and Uξ are independent, as are η and Uη. Let FW,W 0,t be the

P-completion of the filtration generated by (Ws∨t−Wt)s≥0 and (W 0
s )s≥0 and let Prog(FW,W 0,t)

be the σ-algebra of [0, T ] × Ω of all FW,W 0,t-progressively measurable sets. Fixing α ∈ At,

we claim that there exists a measurable function:

a :
(
[0, T ]× Ω× Rd × [0, 1], P rog(FW,W 0,t)⊗ B(Rd)⊗ B([0, 1])

)
→ (A,B(A))
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such that

L
(
ξ, (as(ξ, Uξ))s∈[t,T ], (W

0
s )s≥0, (Ws −Wt)s∈[t,T ]

)
=L
(
ξ, (αs)s∈[t,T ], (W

0
s )s≥0, (Ws −Wt)s∈[t,T ]

)
. (2.2.4)

This claim can be seen from the following: denote

Ω̂ = [0, T ]× Ω, F̂ = B([0, T ])⊗F , P̂ = λT ⊗ P, Ē = [0, T ]× Ω, Ē = Prog(FW,W 0,t),

E = Ē × Rd, E = Ē ⊗ B(Rd),

with λT being the uniform distribution on ([0, T ],B([0, T ])). Consider the canonical extension

of Uξ to Ω̂, denoted by Ûξ. Define IW,W 0,t : (Ω̂, F̂) → (Ē, Ē ) the identity map and Γ :=

(IW,W 0,t, ξ). Then Γ : (Ω̂, F̂ , P̂) → (E,E ) is independent of Uξ as Uξ is F1
t measurable.

Applying (Kallenberg, 2006, Theorem 6.10), we get a map ā : [0, T ] × Ω × Rd × [0, 1] →

(A,B(A)), being measurable with respect to the σ-algebra Prog(FW,W 0,t)⊗B(Rd)⊗B([0, 1])

such that

L(Γ, ā(Γ, Ûξ)) = L(Γ, α).

From the definition of Γ we conclude that

L
(
ξ, (ās(ξ, Uξ))s∈[0,T ], (Ws −Wt)s∈[t,T ], (W

0
s )s≥0

)
=L
(
ξ, (αs)s∈[0,T ], (Ws −Wt)s∈[t,T ], (W

0
s )s≥0

)
.

Given an arbitrary u0 ∈ A, we can choose the required measurable function a : [0, T ]× Ω×

Rd × [0, 1]→ A to be

as(ω, x, u) := u01[0,t)(s) + ās(ω, x, u)1[t,T ](s), for any (s, ω, x, u) ∈ [0, T ]× Ω× Rd × A.

Then (as(ξ, Uξ))s∈[0,T ] is F-progressively measurable and (2.2.4) is satisfied. The measurable

function a satisfies

L
(
ξ, (αs)s∈[t,T ], (Ws −Wt)s∈[t,T ], (W

0
s )s≥0

)
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=L
(
ξ, (as(ξ, Uξ))s∈[t,T ], (Ws −Wt)s∈[t,T ], (W

0
s )s≥0

)
=L
(
η, (as(η, Uη))s∈[t,T ], (Ws −Wt)s∈[t,T ], (W

0
s )s≥0

)
=L
(
η, (βs)s∈[t,T ], (Ws −Wt)s∈[t,T ], (W

0
s )s≥0

)
,

where βs := as(η, Uη). It can be shown therefore that

L
(
(X t,ξ,α

s )s∈[t,T ], (αs)s∈[t,T ], (W
0
s )s≥0

)
= L

(
(X t,η,β

s )s∈[t,T ], (βs)s∈[t,T ], (W
0
s )s≥0

)
,

and therefore J(t, ξ, α) = J(t, η, β), implying V (t, ξ) = V (t, η).

Theorem 2.2.4 (Dynamic Programming Principle). Suppose that Assumption (A) holds.

The value function V satisfies the dynamic programming principle: for every t ∈ [0, T ] and

ξ ∈ L2(Ω1,F1
t ,P1;Rd), it holds that

V (t, ξ) = sup
α∈At

{
inf

s∈[t,T ]
E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + V (s,X t,ξ,α

s )

]}

= sup
α∈At

{
sup

s∈[t,T ]

E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + V (s,X t,ξ,α

s )

]}
.

Proof. Put

Λ(t, ξ) := sup
α∈At

{
inf

s∈[t,T ]
E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + V (s,X t,ξ,α

s )

]}
,

Λ(t, ξ) := sup
α∈At

{
sup

s∈[t,T ]

E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + V (s,X t,ξ,α

s )

]}
.

We shall show Λ(t, ξ) ≤ V (t, ξ) ≤ Λ(t, ξ). We start with V (t, ξ) ≤ Λ(t, ξ). Let α ∈ At be ar-

bitrary. Note that our value function V (t, ξ) is in fact defined only for ξ ∈ L2(Ω1,F1
t ,P1;Rd),

thus V (s,X t,ξ,α
s ) is in fact random in the sense that V (s,X t,ξ,α

s )(ω0) = V (s,X t,ξ,α
s (ω0, ·)).

Note that by the uniqueness of the SDE, for P0-a.s. ω0 ∈ Ω0, the process
(
X t,ξ,α

r (ω0, ·)
)
r∈[s,T ]

is the unique solution of

Xr(ω
0, ·) =

(
X t,ξ,α

s +

∫ r

s

b(k,Xk,PW 0

Xk
, αk)dk +

∫ r

s

σ(k,Xk, αk)dWk +

∫ r

s

σ0(k)dW 0
k

)
(ω0, ·),
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thus for P0 ⊗ P0-a.s. (ω0, ω00) ∈ Ω0 × Ω0,
(
X t,ξ,α

r (ω0 ⊗s ω
00, ·)

)
r∈[s,T ]

solves

Xr(ω
0 ⊗s ω

00, ·) =
(
X t,ξ,α

s +

∫ r

s

b(k,Xk,PW 0

Xk
, αk)dk +

∫ r

s

σ(k,Xk, αk)dWk

+

∫ r

s

σ0(k)dW 0
k

)
(ω0 ⊗s ω

00, ·). (2.2.5)

Since X t,ξ,α
s (ω0, ·) is F t

s-measurable, we have X t,ξ,α
s (ω0⊗sω

00, ·) = X t,ξ,α
s (ω0, ·) and for P0-a.s.

ω0 ∈ Ω0, (2.2.5) is equivalent to

Xr(ω
0 ⊗s ω

00, ·)

= X t,ξ,α
s (ω0, ·) +

(∫ r

s

b(k,Xk,PW 0

Xk
, αk)dk +

∫ r

s

σ(k,Xk, αk)dWk +

∫ r

s

σ0(k)dW 0
k

)
(ω0 ⊗s ω

00, ·).

For P0-a.s. ω0 ∈ Ω0 and ω̃ = (ω̃0, ω̃1) ∈ Ω0×Ω1, we define α̂ω0

r (ω̃) := αr(ω
0⊗s ω̃

0, ω̃1). Then

for P0-a.s. ω0 ∈ Ω0, X t,ξ,α
r (ω0 ⊗s ω

00, ·) solves

Yr(ω
00, ω1) =X t,ξ,α

s (ω0, ω1)

+
(∫ r

s

b(k, Yk,PW 0

Yk
, α̂ω0

k )dk +

∫ r

s

σ(k, Yk, α̂
ω0

k )dWk +

∫ r

s

σ0(k)dW 0
k

)
(ω00, ω1).

Therefore

EV (s,X t,ξ,α
s ) =E0

[
V (s,X t,ξ,α

s (ω0, ·))
]

≥E0

{
E00E1

[∫ T

s

f
Ä
r,X t,ξ,α

r (ω0 ⊗s ω
00, ω1),PW 0

Xt,ξ,α
r

(ω0 ⊗s ω
00), α̂ω0

r (ω00, ω1)
ä
dr

+ g
(
X t,ξ,α

T (ω0 ⊗s ω
00, ω1),PW 0

Xt,ξ,α
T

(ω0 ⊗s ω
00)
)]}

=E

[∫ T

s

f(r,X t,ξ,α
r ,PW 0

Xt,ξ,α
r

, αr)dr + g
(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

)]
.

Therefore

E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + V (s,X t,ξ,α

s )

]
≥ J(t, ξ, α),

since s ∈ [t, T ] is arbitrary, we have

inf
s∈[t,T ]

E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + V (s,X t,ξ,α

s )

]
≥ J(t, ξ, α).
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As α is arbitrary, so

Λ(t, ξ) ≥ V (t, ξ).

On the other hand, for any β ∈ At, s ∈ [t, T ], by the continuity of J(·, ·, ·) and V (·, ·),

we use the measurable selection theorem (see Wagner (1977) for instance) to find a γ :

(Ω0,FW 0

s ,P0)→ (As,BAs) such that

V (s,X t,ξ,β
s (ω0)) ≤E

[∫ T

s

f

Å
r,Xs,Xt,ξ,β

s (ω0),γ(ω0)
r ,PW 0

X
s,X

t,ξ,β
s (ω0),γ(ω0)

r

, γr(ω
0)

ã
dr

+ g

Å
X

s,Xt,ξ,β
s (ω0),γ(ω0)

T ,PW 0

X
s,X

t,ξ,β
s (ω0),γ(ω0)

T

ã]
+ ε.

Put Γr(ω
0, ω1) := βr(ω

0, ω1)1[0,s)(r)+γr(ω
0)(ω0, ω1)1[s,T ](r). Then by (Soner & Touzi, 2002,

Lemma 2.1), we have Γ ∈ At and

E

[∫ s

t

f(r,X t,ξ,β
r ,PW 0

Xt,ξ,β
r

, βr)dr + V (s,X t,ξ,β
s )

]

≤E

[∫ T

t

f(r,X t,ξ,Γ
r ,PW 0

Xt,ξ,Γ
r

,Γr)dr + g(X t,ξ,Γ
T ,PW 0

Xt,ξ,Γ
T

)

]
+ ε

≤V (t, ξ) + ε.

Taking supremum in s ∈ [t, T ] on both sides gives

sup
s∈[t,T ]

E

[∫ s

t

f(r,X t,ξ,β
r ,PW 0

Xt,ξ,β
r

, βr)dr + V (s,X t,ξ,β
s )

]
≤ V (t, ξ) + ε

and by the arbitrariness of ε > 0 and β ∈ At, we have Λ(t, ξ) ≤ V (t, ξ).

From Proposition 2.2.3, we can define a function v(t, µ) : [0, T ]× P2(Rd)→ R such that for

any t ∈ [0, T ] and µ ∈ P2(Rd), it is given by

v(t, µ) := V (t, ξ) (2.2.6)

for any ξ ∈ L2(Ω1,F1
t ,P1;Rd) such that L(ξ) = µ, where V (t, ξ) is defined in (2.1.5). From

Theorem 2.2.4 and (2.2.6), the dynamic programming principle can therefore be recast as

38



Theorem 2.2.5 (Dynamic Programming Principle). Suppose that Assumption (A) hold.

The value function v satisfies the dynamic programming principle: for every t ∈ [0, T ] and

µ ∈ P2(Rd), it holds that

v(t, µ) = sup
α∈At

sup
s∈[t,T ]

{
E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + v

(
s,PW 0

Xt,ξ,α
s

)]}
= sup

α∈At

inf
s∈[t,T ]

{
E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + v

(
s,PW 0

Xt,ξ,α
s

)]}
,

for any ξ ∈ L2(Ω1,F1
t ,P1;Rd) such that L(ξ) = µ.

2.3 Smooth Variational Principle

This section is devoted to the study of the regularity of our chosen gauge function for the

comparison theorem of viscosity solutions. As outlined in Cosso et al. (2024), the key to

the comparison theorem of viscosity subsolutions/supersolutions is the existence of a smooth

gauge function, so that when the value function is slightly perturbed by the gauge function, it

can attain its maximum/minimum, as indicated by the Borwein-Preiss variational principle.

To this purpose, we shall make use of the Gaussian regularized sliced Wasserstein distance

defined in (Bayraktar et al., 2023a, Section 2) as our gauge function. By a gauge function,

we mean the following:

Definition 2.3.1. Let d2 be a metric on P2(Rd) such that (P2(Rd), d2) is complete. Consider

the set [0, T ] × P2(Rd) endowed with the metric ((t, µ), (s, ν)) 7→ |t − s| + d2(µ, ν). A map

ρ : ([0, T ]× P2(Rd))2 → [0,+∞) is said to be a gauge-type function if the following hold:

(1). ρ((t, µ), (t, µ)) = 0, for every (t, µ) ∈ [0, T ]× P2(Rd);

(2). ρ is continuous on ([0, T ]× P2(Rd))2;

(3). for any ε > 0, there exists η > 0 such that, for any (t, µ), (s, ν) ∈ [0, T ] × P2(Rd), the

inequality ρ((t, µ), (s, ν)) ≤ η implies |t− s|+ d2(µ, ν) ≤ ε.
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2.3.1 Properties of the Smooth Gauge Function

We recall the definition of the Gaussian regularized sliced Wasserstein distance in (Bayraktar

et al., 2023a, Section 2).

Definition 2.3.2 (Gaussian regularized sliced Wasserstein distance). For any µ ∈ P2(Rd)

and θ ∈ Sd−1 := {x ∈ Rd : |x| = 1}, we define the mapping Pθ : Rd → R by Pθ(x) := θ⊤x and

the pushforward measure µθ := Pθ♯µ ∈ P2(R). For any µ, ν ∈ P2(Rd), the sliced Wasserstein

distance is defined by

SW2(µ, ν) :=

ß∫
Sd−1

[
W2(µθ, νθ)

]2
dθ

™1/2

,

where the integration is taken with respect to the standard spherical measure on Sd−1. More-

over, the Gaussian regularized sliced Wasserstein distance is defined by

SW σ
2 (µ, ν) := SW2(µ

σ, νσ),

where µσ := µ ∗ Nσ and Nσ ∈ P2(Rd) is the normal distribution with variance σ2Id for σ ∈

(0,∞). By abuse of notation, Nσ(y)dy also denotes the 1-dimensional normal distribution

with mean 0 and variance σ2. We have that µσ
θ := (µσ)θ = (µ ∗ Nσ)θ = µθ ∗ Nσ = (µθ)

σ,

where the first Gaussian is d-dimensional and the second one is 1-dimensional.

Denoting the cumulative distribution function of µ by Fµ, it is well known that (for example,

see (Villani, 2003, Theorem 2.18)) in the one-dimensional case, the optimal transport map

from µσ
θ to νσθ is given by

T σ
θ,µ(x) := F−1

νσθ

(
Fµσ

θ
(x)
)
,

which satisfies
[
W2(µ

σ
θ , ν

σ
θ )
]2

=
∫
R

1
2

∣∣x−T σ
θ,µ(x)

∣∣2µσ
θ (dx). Note that because it is the optimal

transport map from µσ
θ to νσθ , for any X ∈ L2(Ω,F ,P;Rd) such that L(X) = µ,

L
(
T σ
θ,µ(θ

⊤(X +Nσ))
)
= νσθ , (2.3.1)
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where Nσ ∈ Rd is a normal random variable independent of X, following the distribution Nσ.

The following lemma is taken from (Bayraktar et al., 2023a, Lemmas 2.1).

Lemma 2.3.3. For any σ > 0, (P2(Rd), SW σ
2 ) is a complete metric space, and it is equal

to (P2(Rd),W2) as a topological space.

In order to establish the regularity of the derivatives of this metric, we require an estimate

on the optimal transport map as outlined below.

Lemma 2.3.4. Fix σ > 0. Let V, U ⊂ P2(Rd) be any compact sets such that all measures

in V, U are of the form µ ∗Nσ for some µ ∈ P2(Rd). Let X ⊂ Rd be any compact set. There

is a positive constant CU ,V,X ,σ depending only on U , V, X and σ such that

|T σ
θ,µ(z)| exp

Å−(z − θ⊤x)2
2σ2

ã
≤ CU ,V,X ,σ

ß
exp

Å−z2
4σ2

ã
∨
ï(
|z|1/2 + 1

)
exp

Å−z2
8σ2

ãò™
,

for all νσ ∈ V, µσ ∈ U , x ∈ X , z ∈ R and θ ∈ Sd−1.

Proof. The values of the constants in this proof may change from line to line in this proof,

but they still depend on the same set of parameters as mentioned. First of all, we show that

the map U × Sd−1 ∋ (µσ, θ) 7→ µσ
θ ∈ P2(R) is continuous. Let (µσ

n, θn)n∈N be a sequence

converging to (µσ, θ). For a L2 random variable X such that L(X) = µσ, it yields that

W2(µ
σ
n,θn , µ

σ
θ ) ≤ W2(µ

σ
n,θn , µ

σ
θn) +W2(µ

σ
θn , µ

σ
θ )

≤ W2(µ
σ
n, µ

σ) +
»

E|θ⊤nX − θ⊤X|2,

where µσ
n,θn

:= (µn)
σ
θn

and µσ
n := (µn)

σ. Taking n→∞ and using the dominated convergence

theorem, we conclude our desired continuity. It also implies the continuity of the map

V × Sd−1 ∋ (νσ, θ) 7→
∫
R |y|

2νσθ (dy) and hence CV,σ := sup
νσ∈V,θ∈Sd−1

∫
R |y|

2νσθ (dy) < ∞ by the

compactness of V . By Markov’s inequality, we have

Fνσθ
(z) ≤ CV,σ/z

2, for any z < 0,
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and hence for z = F−1
νσθ

(y) < 0 with 0 < y < Fνσθ
(0), we have

|F−1
νσθ

(y)| ≤
»
CV,σ/y, for 0 < y < Fνσθ

(0). (2.3.2)

Letmσ,θ,µ be the median of µσ
θ , i.e.,mσ,θ,µ := F−1

µσ
θ
(1/2). We have that CU ,σ := sup

µσ∈U ,θ∈Sd−1

∣∣F−1
µσ
θ
(1/2)

∣∣ <
∞ due to the continuity of the map U × Sd−1 ∋ (µσ, θ) 7→ F−1

µσ
θ
(1/2) (see (Van der Vaart,

2000, Lemma 21.2)). Therefore, there is a large enough positive constant LU ,σ > 0 depending

only on σ, U such that for any z < −LU ,σ, µσ ∈ U and θ ∈ Sd−1, we have

Fµσ
θ
(z) =

∫ ∞

z−mσ,θ,µ

Fµθ
(z − y)Nσ(y)dy +

∫ z−mσ,θ,µ

−∞
Fµθ

(z − y)Nσ(y)dy

≥
∫ z−mσ,θ,µ

−∞
Fµθ

(mσ,θ,µ)Nσ(y)dy

=
1

2

∫ z−mσ,θ,µ

−∞
Nσ(y)dy

≥ σ2

2|z −mσ,θ,µ|

Å
1− σ2

|z −mσ,θ,µ|2

ã
exp

Å
−|z −mσ,θ,µ|2

2σ2

ã
≥ σ2

4|z −mσ,θ,µ|
exp

Å
−|z −mσ,θ,µ|2

2σ2

ã
, (2.3.3)

where the second last inequality comes from, for instance, (Durrett, 2019, Theorem 1.2.6).

Note that inf
νσ∈V,θ∈Sd−1

Fνσθ
(0) > 0 since every measures νσ is Gaussian regularized, and the

infimum can actually be attained due to compactness. There is a LU ,V,σ ≥ LU ,σ such that

0 < Fµσ
θ
(z) < Fνσθ

(0) for any z < −LU ,V,σ. Thus, by (2.3.2),∣∣T σ
θ,µ(z)

∣∣ = ∣∣F−1
νσθ

(Fµσ
θ
(z))
∣∣ ≤ 2C

1/2
V,σ|z −mσ,θ,µ|1/2

σ
exp

Å |z −mσ,θ,µ|2

4σ2

ã
for any z < −LU ,V,σ. The case for the right tail is similar. By Markov’s inequality, we have

|F−1
νσθ

(y)| ≤
»
CV,σ/(1− y), for Fνσθ

(0) < y < 1. (2.3.4)

Taking LU ,V,σ > 0 large enough, we see that for any z > LU ,V,σ,

Fµσ
θ
(z) =

∫ ∞

z−mσ,θ,µ

Fµθ
(z − y)Nσ(y)dy +

∫ z−mσ,θ,µ

−∞
Fµθ

(z − y)Nσ(y)dy

≤
∫ ∞

z−mσ,θ,µ

1

2
Nσ(y)dy +

∫ z−mσ,θ,µ

−∞
Nσ(y)dy
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= 1−
∫ ∞

z−mσ,θ,µ

1

2
Nσ(y)dy,

and therefore

1− Fµσ
θ
(z) ≥ 1

2

∫ ∞

z−mσ,θ,µ

Nσ(y)dy.

By the symmetry of the distribution of Nσ, a similar estimate as (2.3.3) can be derived.

Therefore, together with (2.3.2) and (2.3.4), we have that for any |z| > LU ,V,σ,∣∣T σ
θ,µ(z)

∣∣ = ∣∣F−1
νσθ

(Fµσ
θ
(z))
∣∣ ≤ 2C

1/2
V,σ|z −mσ,θ,µ|1/2

σ
exp

Å |z −mσ,θ,µ|2

4σ2

ã
.

Since both the distribution and quantile functions of probability measures in U , V are contin-

uous and strictly increasing on the spatial variable, T σ
θ,µ(z) is strictly increasing. For the re-

gion |z| ≤ LU ,V,σ, as the map T σ
θ,µ(z) is continuous on µ and θ, K := sup

µσ∈U ,θ∈Sd−1

|T σ
θ,µ(LU ,V,σ)|∨

|T σ
θ,µ(−LU ,V,σ)| <∞. Since T σ

θ,µ(z) is strictly increasing in z, we have

CU ,V,σ := sup
µσ∈U ,θ∈Sd−1

sup
|z|≤LU,V,σ

|T σ
θ,µ(z)| <∞. Therefore, for any x ∈ Rd and z ∈ R, we have

|T σ
θ,µ(z)| exp

Å
−|z − θ

⊤x|2

2σ2

ã
≤
ï
CU ,V,σ exp

Å
−|z − θ

⊤x|2

2σ2

ãò
∨

[
2C

1/2
V,σ|z −mσ,θ,µ|1/2

σ
exp

Å |z −mσ,θ,µ|2 − 2|z − θ⊤x|2

4σ2

ã]
.

Recall that |mσ,θ,µ| = |F−1
µσ
θ
(1/2)| ≤ CU ,σ. Thus, we can use Young’s inequality to obtain

that

|T σ
θ,µ(z)| exp

Å
−|z − θ

⊤x|2

2σ2

ã
≤
ï
CU ,V,σ exp

Å−z2/2 + |θ⊤x|2
2σ2

ãò
∨

[
2C

1/2
V,σ

(
|z|1/2 + C

1/2
U ,σ

)
σ

exp

Ç
−z2/2 + 14|θ⊤x|2 + 5C2

U ,σ

4σ2

å]
.

As x is in the compact set X , we conclude the required result.

We have the following lemmas for the derivatives of
[
SW σ

2 (µ, ν)
]2

, when fixing ν ∈ P2(Rd)

and σ > 0:

Lemma 2.3.5. Let ν ∈ P2(Rd) and σ > 0 be fixed. It holds that
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(1). the mapping P2(Rd) ∋ µ 7→
[
SW σ

2 (µ, ν)
]2

is L-differentiable with

∂µ
[
SW σ

2 (µ, ν)
]2
(x) =

∫
Sd−1

θ
{
θ⊤x− E

[
T σ
θ,µ(θ

⊤(x+Nσ))
]}
dθ;

(2). there is a constant Cd > 0 depending only on d such that∫
Rd

∣∣∣∂µ[SW σ
2 (µ, ν)

]2
(x)
∣∣∣2 µ(dx) ≤ Cd

(∫
Rd

|x|2µ(dx) +
∫
Rd

|y|2νσ(dy)
)
;

(3). the mapping Rd × P2(Rd) ∋ (x, µ) 7→ ∂µ
[
SW σ

2 (µ, ν)
]2
(x) is jointly continuous.

Proof. We follow (Bayraktar et al., 2023a, Lemma 2.2) to obtain items (1) and (2). To prove

(3), we let {xn}n∈N ⊂ Rd and {µn}n∈N ⊂ P2(Rd) such that |xn − x| → 0 and W2(µn, µ)→ 0

as n→∞. It is sufficient to consider∫
Sd−1

θ
{
E
[
T σ
θ,µn

(
θ⊤(xn +Nσ)

)
− T σ

θ,µ

(
θ⊤(x+Nσ)

)]}
dθ

=

∫
Sd−1

θ
{
E
[
T σ
θ,µn

(
θ⊤xn +Nσ

)
− T σ

θ,µ

(
θ⊤x+Nσ

)]}
dθ

=

∫
Sd−1

θ

∫
R

[
T σ
θ,µn

(
θ⊤xn + y

)
− T σ

θ,µ

(
θ⊤x+ y

)] 1

(2πσ2)1/2
exp

Å
− y2

2σ2

ã
dydθ

=
1

(2πσ2)1/2

∫
Sd−1

∫
R
θT σ

θ,µn
(y) exp

Å
−|y − θ

⊤xn|2

2σ2

ã
− θT σ

θ,µ(y) exp

Å
−|y − θ

⊤x|2

2σ2

ã
dydθ,

where the normal random variable in the first line is d-dimensional and that in the second line

is 1-dimensional. By Lemma 2.3.4, the pointwise convergence of T σ
θ,µn

(z) and the Lebesgue

dominated convergence theorem, we conclude that the above term converges to zero as

n→∞, which implies the desired continuity.

Lemma 2.3.6. Let ν ∈ P2(Rd) and σ > 0 be fixed. It holds that

(1). for each µ ∈ P2(Rd), the mapping Rd ∋ x 7→ ∂µ
[
SW σ

2 (µ, ν)
]2
(x) is differentiable with

respect to x with

∂x∂µ
[
SW σ

2 (µ, ν)
]2
(x) = E

ï∫
Sd−1

θθ⊤
Å
1− d

dz
T σ
θ,µ(z)

∣∣∣
z=θ⊤(x+Nσ)

ã
dθ

ò
=

∫
Sd−1

θθ⊤dθ +

∫
R

∫
Sd−1

Å
θθ⊤

(θ⊤x− y)
σ2

T σ
θ,µ(y)Nσ(θ

⊤x− y)
ã
dθdy;
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(2). there is a constant Cd > 0 depending only on d such that∫
Rd

∣∣∣∂x∂µ[SW σ
2 (µ, ν)

]2
(x)
∣∣∣2 µ(dx) ≤ Cd

Å
1 +

1

σ2

∫
Rd

|x|2νσ(dx)
ã
;

(3). the mapping Rd × P2(Rd) ∋ (x, µ) 7→ ∂x∂µ
[
SW σ

2 (µ, ν)
]2
(x) is jointly continuous.

Proof. Item (1) is obtained by directly differentiating (1) in Lemma 2.3.5 and the integration

by part. The interchange of the differentiation and the integration is justified in the proof

of (Bayraktar et al., 2023a, Lemma 2.4). To prove (2), we use (2.3.1) to obtain that∫
Rd

∣∣∣∂x∂µ[SW σ
2 (µ, ν)

]2
(x)
∣∣∣2 µ(dx)

=

∫
Rd

∣∣∣∣∫
Sd−1

θθ⊤dθ +

∫
R

∫
Sd−1

Å
θθ⊤

(θ⊤x− y)
σ2

T σ
θ,µ(y)Nσ(θ

⊤x− y)
ã
dθdy

∣∣∣∣2 µ(dx)
≤ 2

∣∣∣∣∫
Sd−1

θθ⊤dθ

∣∣∣∣2 + 2

∫
Rd

∣∣∣∣∫
R

∫
Sd−1

Å
θθ⊤

(θ⊤x− y)
σ2

T σ
θ,µ(y)Nσ(θ

⊤x− y)
ã
dθdy

∣∣∣∣2 µ(dx)
≤Cd +

2

σ4

∫
Rd

Å∫
R×Sd−1

(θ⊤x− y)2Nσ(θ
⊤x− y)dθdy

ãÅ∫
R×Sd−1

[
T σ
θ,µ(y)

]2
Nσ(θ

⊤x− y)dθdy
ã
µ(dx)

≤Cd

Å
1 +

1

σ2

∫
Rd

|x|2νσ(dx)
ã
.

To prove (3), we let {xn}n∈N ⊂ Rd and {µn}n∈N ⊂ P2(Rd) such that |xn − x| → 0 and

W2(µn, µ)→ 0 as n→∞. It is sufficient to consider∫
R

∫
Sd−1

θθ⊤
Å
(θ⊤xn − y)

σ2
T σ
θ,µn

(y)Nσ(θ
⊤xn − y)−

(θ⊤x− y)
σ2

T σ
θ,µ(y)Nσ(θ

⊤x− y)
ã
dθdy

=

∫
R

∫
Sd−1

θθ⊤
(θ⊤xn − θ⊤x)

σ2
T σ
θ,µn

(y)Nσ(θ
⊤xn − y)dθdy

+

∫
R

∫
Sd−1

θθ⊤
(θ⊤x− y)

σ2

[
T σ
θ,µn

(y)− T σ
θ,µ(y)

]
Nσ(θ

⊤xn − y)dθdy

+

∫
R

∫
Sd−1

θθ⊤
(θ⊤x− y)

σ2
T σ
θ,µ(y)

[
Nσ(θ

⊤xn − y)−Nσ(θ
⊤x− y)

]
dθdy.

By Lemma 2.3.4, the pointwise convergence of T σ
θ,µn

(y) and the Lebesgue dominated conver-

gence theorem, we conclude that the above term converges to zero as n→∞, which implies

the desired continuity.

We have the following estimate when acting H on the metric:

45



Lemma 2.3.7. Let ν ∈ P2(Rd) and σ > 0 be fixed. We have∣∣∣H[SW σ
2 (µ, ν)

]2∣∣∣ ≤ Cd.

Proof. For ease of notation, let h denote the map:

h : P2(Rd)→ R ; µ 7−→ h(µ) :=
[
SW σ

2 (µ, ν)
]2
.

For each X ∈ L2(Ω,F ,P;Rd) such that µ = L(X), we denote T σ
θ,X to be the map T σ

θ,X(x) :=

F−1
νσθ

(
Fµσ

θ
(x)
)
. For µ ∈ P2(Rd) such that µ = L(X), we also denote h∗ to be the lifting of

h to Hilbert space, then h∗(X + w) = h((Id + w)♯µ), where Id + w : Rd → Rd is the map

x 7→ x+ w for w ∈ Rd, and

d

dw
h∗(X + w) = E[∂µh(L(X + w))(X + w)],

where
d

dw
is the usual gradient operator on Rd. Therefore, as the laws of T σ

θ,X+w

(
θ⊤(X +

w + N̄σ)
)

and T σ
θ,X

(
θ⊤(X + N̄σ)

)
are the same by (2.3.1), we have

E[∂µh(L(X + w))(X + w)]− E[∂µh(L(X))(X)]

=E
∫
Sd−1

θ
{
θ⊤(X + w)− Ē

[
T σ
θ,X+w

(
θ⊤(X + w + N̄σ)

)]}
dθ

− E
∫
Sd−1

θ
{
θ⊤X − Ē

[
T σ
θ,X

(
θ⊤(X + N̄σ)

)]}
dθ

=

∫
Sd−1

θθ⊤wdθ,

and thus

Hh =

∫
Sd−1

θθ⊤dθ,

from which |Hh| ≤ Cd is obvious.

For each σ > 0, we define ρσ : ([0, T ]× P2(Rd))2 → R by

ρσ((s, µ), (t, ν)) := |t− s|2 +
[
SW σ

2 (µ, ν)
]2
. (2.3.5)

It is a gauge type function on ([0, T ]×P2(Rd), (ρσ)
1/2) by Definition 2.3.1. We conclude the

following smooth variational principle:
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Theorem 2.3.8. Fix δ > 0 and let G : [0, T ] × P2(Rd) → R be upper semicontinuous and

bounded from above. If there exists λ > 0 and (t0, µ0) ∈ [0, T ]× P2(Rd) such that

sup
(t,µ)∈[0,T ]×P2(Rd)

G(t, µ)− λ ≤ G (t0, µ0) ,

then there exists (t̃, µ̃) ∈ [0, T ]×P2(Rd) and a sequence {(tn, µn)}n∈N ⊂ [0, T ]×P2(Rd) such

that:

(1). ρ1/δ
(
(t̃, µ̃), (tn, µn)

)
≤ λ

2nδ2
for any n = 0, 1, 2, . . .;

(2). G (t0, µ0) ≤ G(t̃, µ̃)− δ2φδ(t̃, µ̃) with φδ : [0, T ]× P2(Rd)→ [0,+∞) given by

φδ(t, µ) :=
+∞∑
n=0

1

2n
ρ1/δ ((t, µ), (tn, µn)) , for any (t, µ) ∈ [0, T ]× P2(Rd); (2.3.6)

(3). G(t, µ)− δ2φδ(t, µ) < G(t̃, µ̃)− δ2φδ(t̃, µ̃), for every (t, µ) ∈
(
[0, T ]× P2(Rd)

)
\{(t̃, µ̃)};

(4). φδ ∈ PC1,2
1 ([0, T ] × P2(Rd)) and there exists a constant Cd > 0 depending only on d

such that for any (t, µ) ∈ [0, T ]× P2(Rd), we have

|∂tφδ(t, µ)| ≤ 4T ;∫
Rd

|∂µφδ(t, µ)(x)|2 µ(dx) ≤ Cd

Å
1 + λ

δ2
+

∫
Rd

|x|2µ(dx) +
∫
Rd

|x|2µ0(dx)

ã
;∫

Rd

|∂x∂µφδ(t, µ)(x)|2 µ(dx) ≤ Cdδ
2
(1 + λ

δ2
+

∫
Rd

|x|2µ0(dx)
)
;

|Hφδ(t, µ)| ≤ Cd.

Proof. For items (1) to (3), we refer readers to (Jonathan M. Borwein, 2005, Theorem 2.5.2).

As there is a constant κd > 0 depending only on d such that
∫
Sd−1 θθ

⊤dθ = κdId, by a simple

application of the triangle inequality we conclude that

κd

∫
Rd

|x|2ν(dx) =
∫
Sd−1

∫
R
|y|2νθ(dy)dθ ≤ Cd

Å∫
Rd

|x|2µ(dx) +
[
SW2(µ, ν)

]2ã
. (2.3.7)

The constant Cd changes from line to line in this proof, but it still depends only on d.

Replacing ν and µ with µ1/δ
n and µ1/δ

0 respectively in the above, we have∫
Rd

|x|2µ1/δ
n (dx) ≤ Cd

Å∫
Rd

|x|2µ1/δ
0 (dx) +

[
SW2(µ

1/δ
n , µ̃1/δ)

]2
+
[
SW2(µ̃

1/δ, µ
1/δ
0 )
]2ã
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≤ Cd

Å∫
Rd

|x|2µ0(dx) +

∫
Rd

|y|2N1/δ(dy) +
λ

2nδ2
+
λ

δ2

ã
≤ Cd

Å∫
Rd

|x|2µ0(dx) +
1 + λ

δ2
+

λ

2nδ2

ã
. (2.3.8)

From Lemmas 2.3.5-2.3.7, we see that the derivatives ∂tρ1/δ ((t, µ), (tn, µn)), ∂µρ1/δ ((t, µ), (tn, µn)) (x),

∂x∂µρ1/δ ((t, µ), (tn, µn)) (x) and Hρ1/δ ((t, µ), (tn, µn)) exist for each n = 0, 1, 2, . . . and also

|∂tρ1/δ((t, µ), (tn, µn))| = 2t and
∣∣∣H(ρ1/δ((t, µ), (tn, µn))

)∣∣∣ ≤ Cd. (2.3.9)

The interchange of the differentiation and the infinite sum for ∂tφ1/δ(t, µ) and Hφ1/δ(t, µ) are

obvious by the above bounds and Lemma 2.3.4. Therefore, ∂tφ1/δ(t, µ) and Hφ1/δ(t, µ) exist

and have the desired upper bounds by using the definition of φ1/δ(t, µ) and (2.3.9). Moreover,

we are safe to interchange the measure differentiation and the infinite sum for ∂µφ1/δ(t, µ)(x)

by the proof of (Bayraktar et al., 2023a, Proposition 2.5), thus the derivative ∂µφ1/δ(t, µ)(x)

also exists. According to Lemmas 2.3.4 and 2.3.6, we see that the derivative ∂x∂µφ1/δ(t, µ)(x)

also exists by interchanging the differentiation and the infinite sum. The joint continuity of

these derivatives follows from the dominating function constructed in Lemma 2.3.4, (3) in

Lemma 2.3.5, (3) in Lemma 2.3.6, Lemma 2.3.7, the definition of φ1/δ(t, µ) and the dominated

convergence theorem. Finally, from Lemmas 2.3.5-2.3.7 and (2.3.8), we have∫
Rd

|∂µρ1/δ((t, µ), (tn, µn))(x)|2µ(dx) ≤Cd

(1 + λ

δ2
+

λ

2nδ2
+

∫
Rd

|x|2µ(dx) +
∫
Rd

|x|2µ0(dx)
)
,∫

Rd

|∂x∂µρ1/δ((t, µ), (tn, µn))(x)|2µ(dx) ≤Cd

(
1 + λ+

λ

2n
+ δ2

∫
Rd

|x|2µ0(dx)
)
.

By the above bounds, (2.3.9) and the definition of φ1/δ(t, µ), we conclude the desired bounds.

48



2.4 Smooth Finite-dimensional Approximations of the Value

Function

This section is to carry out the smooth finite-dimensional approximations of the value func-

tion through the n-particles approximation of the measure argument and the mollification

of the coefficient functions b, f and g.

2.4.1 Infinite-dimensional Approximation

Fix a complete probability space (Ω̌, F̌ , P̌), also of the form (Ω̌0× Ω̌1, F̌0⊗F̌1, P̌0⊗ P̌1). The

space (Ω̌0, F̌0, P̌0) supports a d-dimensional Brownian motion W̌ 0. For (Ω̌1, F̌1, P̌1), it is of

the form ( ˇ̃Ω1 × ˇ̂
Ω1, Ǧ ⊗ ˇ̂F1, ˇ̃P1 ⊗ ˇ̂P1). On (

ˇ̂
Ω1,

ˇ̂F1,
ˇ̂P1), there lives d-dimensional Brownian

motions W̌ and B̌. The space ( ˇ̃Ω1, Ǧ, ˇ̃P1) is where the initial random variables live. We

assume that ( ˇ̃Ω1, Ǧ, ˇ̃P1) is rich enough to support all probability laws in Rd, i.e., for any

probability law µ in Rd, there exists X ∈ ˇ̃Ω1 such that L(X) = µ. The expectation E is

taken with respect to P̌0 ⊗ P̌1.

Set F̌ = (F̌s)s≥0 :=
(
σ(W̌ 0

r )0≤r≤s ∨ σ(W̌r)0≤r≤s ∨ σ(B̌r)0≤r≤s ∨ Ǧ
)
s≥0

, F̌t = (F t
s)s≥0 :=(

σ(W̌ 0
r )0≤r≤s∨σ(W̌r∨t−W̌t)0≤r≤s∨σ(B̌r∨t− B̌t)0≤r≤s∨Ǧ

)
s≥0

. Without loss of generality, we

assume that they are P̌-complete. Let t > 0, denote Ǎ (resp. Ǎt) the set of F̌-progressively

measurable process (resp. F̌t-progressively measurable process) α̌ valued in A.

Letting ε > 0, t ∈ [0, T ), ξ̌ ∈ L2(Ω̌1, F̌1, P̌1;Rd) and α̌ ∈ Ǎ, we consider the unique so-

lution X̌ε,t,ξ̌,α̌ = (X̌ε,t,ξ̌,α̌
s )s∈[t,T ] of the system of the perturbed equation:

Xs = ξ̌ +

∫ s

t

b(r,Xr,PW̌ 0

Xr
, α̌r)dr +

∫ s

t

σ(r,Xr, α̌r)dW̌r +

∫ s

t

σ0(r)dW̌ 0
r

+ ε(B̌s − B̌t). (2.4.1)
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For any t ∈ [0, T ] and ξ̌ ∈ L2(Ω̌1, F̌1, P̌1;Rd), we consider the value function:

Vε(t, ξ̌) = sup
α̌∈Ǎt

Jε(t, ξ̌, α̌) := sup
α̌∈Ǎt

E

[∫ T

t

f
(
s, X̌ε,t,ξ̌,α̌

s ,PW̌ 0

X̌ε,t,ξ̌,α̌
s

, α̌s

)
ds+ g

(
X̌ε,t,ξ̌,α̌

T ,PW̌ 0

X̌ε,t,ξ̌,α̌
T

)]
.

(2.4.2)

By the law invariance property, we can define a function vε(t, µ) : [0, T ]×P2(Rd)→ R such

that

vε(t, µ) := Vε(t, ξ̌), (2.4.3)

for any ξ̌ ∈ L2(Ω̌1, F̌1, P̌1;Rd) such that L(ξ̌) = µ.

Lemma 2.4.1. Suppose that Assumption (A) holds. There exists a constant C5 = C5(d,K, T )

such that for any ε ≥ 0 and (t, µ) ∈ [0, T ]×P2(Rd), it holds that |vε(t, µ)− v0(t, µ)| ≤ C5ε.

The proof is standard by using Assumption (A), equation (2.4.1) and the definition in (2.4.2).

We omit it here.

2.4.2 Finite-dimensional Approximation

In this section, we will illustrate the finite-dimensional approximation. Consider a complete

probability space (Ω,F ,P), it is also of the form (Ω
0 × Ω

1
,F0 ⊗ F1

,P0 ⊗ P1
). The space

(Ω
0
,F0

,P0
) supports a d-dimensional Brownian motion W

0. For (Ω
1
,F1

,P1
), it is of the

form (Ω̃
1

× Ω̂
1

,G ⊗ F̂
1

, P̃
1

⊗ P̂
1

). Let n ∈ N, there lives d-dimensional Brownian motions

W
1
, . . . ,W

n and B1
, . . . , B

n on (Ω̂
1

, F̂
1

, P̂
1

). We require W 1
, . . . ,W

n
, B

1
, . . . , B

n to be mu-

tually independent. The space (Ω̃
1

,G, P̃
1

) is where the initial random variables live. We

assume that (Ω̃
1

,G, P̃
1

) is rich enough to support all probability laws in Rd, i.e., for any

probability law µ in Rd, there exists X ∈ Ω̃
1

such that L(X) = µ.

Put F = (F s)s≥0 :=
Ä
σ(W

0

r)0≤r≤s ∨ σ(W
i

r)0≤r≤s,i=1,...,n ∨ σ(B
i

r)0≤r≤s,i=1,...,n ∨ G
ä
s≥0

, Ft
=

(F t
s)s≥0 :=

Ä
σ(W

0

r)0≤r≤s ∨ σ(W
i

r∨t −W
i

t)0≤r≤s,i=1,...,n ∨ σ(B
i

r∨t −B
i

t)0≤r≤s,i=1,...,n ∨ G
ä
s≥0

. With-

out loss of generality, we assume that they are P-complete. Let t > 0 and denote An (resp.
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An

t ) the set of F-progressively measurable process (resp. Ft-progressively measurable pro-

cess) α = (α1, . . . , αn) valued in An.

Let ξ = (ξ
1
, . . . , ξ

n
) ∈ Rdn, we consider the solution Xε,t,ξ,α

s = (X
1,ε,t,ξ,α

s , . . . , X
n,ε,t,ξ,α

s ) ∈ Rdn

of the system of the perturbed equation:

X i
s = ξ

i
+

∫ s

t

b(r,X i
r, pµn

r , α
i
r)dr +

∫ s

t

σ(r,X i
r, α

i
r)dW

i

r +

∫ s

t

σ0(r)dW
0

r

+ ε(B
i

s −B
i

t), (2.4.4)

for each i = 1, 2, . . . , n and Xs = (X1
s , . . . , X

n
s ) with

pµn
r =

1

n

n∑
i=1

δ
X

i
r
.

Denoting pµn,ε,t,ξ,α
s :=

1

n

n∑
i=1

δ
X

i,ε,t,ξ,α
s

, we consider the value function:

ṽε,n(t, µ) := sup
α∈An

t

Jε,n(t, ξ, α)

:= sup
α∈An

t

1

n

n∑
i=1

E

[∫ T

t

f(s,X
i,ε,t,ξ,α

s , pµn,ε,t,ξ,α
s , αi

s)ds+ g(X
i,ε,t,ξ,α

T , pµn,ε,t,ξ,α
T )

]
,

for any t ∈ [0, T ] and µ ∈ P2(Rdn) such that L(ξ) = µ.

Now we introduce the smooth approximation of the coefficients. For n,m ∈ N and i =

1, . . . , n, we define bin,m : [0, T ]×Rdn×A→ Rd, f i
n,m : [0, T ]×Rdn×A→ Rd, gin,m : Rdn → Rd

be the smooth approximation of b,f and g respectively such that

bin,m(t, x, a) := mdn+1

∫
Rdn+1

b

(
(t− s)+ ∧ T, xi − yi, 1

n

n∑
j=1

δxj−yj , a

)
ϕ(ms)

n∏
k=1

Φ(myk)dykds;

(2.4.5)

f i
n,m(t, x, a) := mdn+1

∫
Rdn+1

f

(
(t− s)+ ∧ T, xi − yi, 1

n

n∑
j=1

δxj−yj , a

)
ϕ(ms)

n∏
k=1

Φ(myk)dykds;

(2.4.6)
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gin,m(x) := mdn

∫
Rdn

g

(
xi − yi, 1

n

n∑
j=1

δxj−yj

)
n∏

k=1

Φ(myk)dyk, (2.4.7)

where t ∈ [0, T ], a ∈ A and x = (x1, . . . , xn). The functions ϕ : R → R+, Φ : Rd → R+

are two compactly supported smooth functions satisfying
∫
R ϕ(s)ds = 1 and

∫
Rd Φ(y)dy = 1.

First, we establish some basic properties of these approximation functions.

Lemma 2.4.2. Suppose that Assumption (A*) holds and define

pµn,x :=
1

n

n∑
j=1

δxj .

For any i = 1, 2, . . . , n, we have the following

(1). Upper Bound: for any n,m ∈ N and (t, x, a) ∈ [0, T ]× Rdn × A, we have

|bin,m(t, x, a)| ∨ |f i
n,m(t, x, a)| ∨ |gin,m(x)| ≤ K;

(2). Convergence: it holds that

lim
m→∞

bin,m(t, x, a) = b(t, xi, pµn,x, a), lim
m→∞

f i
n,m(t, x, a) = f(t, xi, pµn,x, a)

lim
m→∞

gin,m(x) = g(xi, pµn,x),

uniformly in (t, x, a) ∈ [0, T ]× Rdn × A;

(3). Convergence Rate: for any n,m ∈ N, (t, x, a) ∈ [0, T ] × Rdn × A, we have the

estimates

(i). for b and f :

|bin,m(t, x, a)− b(t, xi, pµn,x, a)| ∨ |f i
n,m(t, x, a)− f(t, xi, pµn,x, a)|

≤Km
∫
R

∣∣∣t− [T ∧ (t− s)+
]∣∣∣β ϕ(ms)ds+Kmdn

∫
Rdn

(
|yi|+ 1

n

n∑
j=1

|yj|

)
n∏

k=1

Φ(myk)dyk;

(ii). for g:

|gin,m(x)− g(xi, pµn,x)| ≤ Kmdn

∫
Rdn

(
|yi|+ 1

n

n∑
j=1

|yj|

)
n∏

k=1

Φ(myk)dyk;
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(4). Continuity: for any n,m ∈ N, (t, x, x′, a) ∈ [0, T ] × Rdn × Rdn × A, we have the

estimate

|bin,m(t, x, a)− bin,m(t, x′, a)| ∨ |f i
n,m(t, x, a)− f i

n,m(t, x
′, a)| ∨ |gin,m(x)− gin,m(x′)|

≤ K

[
|xi − x′i|+ 1

n

n∑
j=1

∣∣xj − x′j∣∣] . (2.4.8)

Proof. Assertion (1) is obvious by the definitions in (2.4.5)-(2.4.7) and Assumption (A*).

We prove assertion (3) for g by considering∣∣g(xi, pµn,x)− gin,m(x)
∣∣ ≤ mdn

∫
Rdn

∣∣∣∣g(xi, pµn,x)− g
Å
xi − yi, 1

n

n∑
j=1

δxj−yj

ã∣∣∣∣ n∏
k=1

Φ(myk)dyk.

Using the Lipschitz continuity of g in Assumption (A*) and the fact that

W1

Å
pµn,x,

1

n

n∑
j=1

δxj−yj

ã
=W1

Å
1

n

n∑
j=1

δxj ,
1

n

n∑
j=1

δxj−yj

ã
≤
∫
Rd×Rd

|x− y|

[
1

n

n∑
j=1

δ(xj ,xj−yj)(dx, dy)

]

=
1

n

n∑
j=1

|yj|, (2.4.9)

we obtain that∣∣g(xi, pµn,x)− gin,m(x)
∣∣ ≤ Kmdn

∫
Rdn

Å
|yi|+ 1

n

n∑
j=1

|yj|
ã n∏

k=1

Φ(myk)dyk.

We prove assertion (3) for b by considering (the proof for f is exactly the same)

|b(t, xi, pµn,x, a)− bin,m(t, x, a)|

≤ mdn+1

∫
Rdn+1

∣∣∣∣∣∣b(t, xi, pµn,x, a)− b
Å
T ∧ (t− s)+, xi − yi, 1

n

n∑
j=1

δxj−yj , a

ã∣∣∣∣∣∣ϕ(ms) n∏
k=1

Φ(myk)dykds

≤ m

∫
R

∣∣b(t, xi, pµn,x, a)− b
(
T ∧ (t− s)+, xi, pµn,x, a

)∣∣ϕ(ms)ds
+mdn+1

∫
Rdn+1

∣∣∣∣∣∣b (T ∧ (t− s)+, xi, pµn,x, a
)
− b
Å
T ∧ (t− s)+, xi − yi, 1

n

n∑
j=1

δxj−yj , a

ã∣∣∣∣∣∣ ·
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ϕ(ms)
n∏

j=1

Φ(myj)dyjds.

The inequality in (2.4.9) and Assumption (A*) implies that

|b(t, xi, pµn,x, a)− bin,m(t, x, a)|

≤ Km

∫
R

∣∣t− (T ∧ (t− s)+))
∣∣β ϕ(ms)ds+Kmdn

∫
Rdn

Å
|yi|+ 1

n

n∑
j=1

|yj|
ã n∏

k=1

Φ(myk)dyk.

Assertion (2) follows immediately from assertion (3). For the proof of assertion (4) for g (the

proofs for f and b are exactly the same), we let x, z ∈ Rdn and estimate

|gin,m(x)− gin,m(z)|

≤ mdn

∫
Rdn

∣∣∣∣gÅxi − yi, 1n n∑
j=1

δxj−yj

ã
− g
Å
zi − yi, 1

n

n∑
j=1

δzj−yj

ã∣∣∣∣ n∏
k=1

Φ(myk)dyk.

Then the inequality in (2.4.9) yields that

|gin,m(x)− gin,m(z)| ≤ Kmdn

∫
Rdn

ï
|xi − zi|+ 1

n

n∑
j=1

|xj − zj|
ò n∏

k=1

Φ(myk)dyk

= K

ï
|xi − zi|+ 1

n

n∑
j=1

|xj − zj|
ò
.

Remark 2.4.1. It is worth noting that the coefficients b, f and g are assumed to be W1-

Lipschitz continuous in Assumption (A*), which is stronger than theW2-Lipschitz continuity

assumed in (Cosso et al., 2024, Assumption (A)). The main reason is to provide a better

Lipschitz estimate when we establish the smooth approximation of the coefficients in Lemma

2.4.2, which is critical in the proof of Lemma 2.4.5 and Theorem 2.5.3. We note that there

are some gaps in the proofs of (Cosso et al., 2024, Theorem 5.1, Theorem A.7) if only W2-

Lipschitz continuity is assumed in (Cosso et al., 2024, Assumption (A)). More precisely, if

we assume the coefficients are only W2-Lipschitz continuous, then we only have

W2

Å
pµn,x,

1

n

n∑
j=1

δxj−yj

ã
=W2

Å
1

n

n∑
j=1

δxj ,
1

n

n∑
j=1

δxj−yj

ã
≤ 1

n1/2

n∑
j=1

|yj|, (2.4.10)
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instead of the estimate in (2.4.9). It seems that the corresponding estimate ofW2

(
pµn,x, 1

n

∑n
j=1 δxj−yj

)
in the proof of (Cosso et al., 2024, Lemma A.3) is not true, see the counterexample at the

end of this remark and the estimate in (2.4.12). Hence, adopting theW2-Lipschitz continuity

and the estimate in (2.4.10), assertion (3) of Lemma 2.4.2 becomes

|bin,m(t, x, a)− bin,m(t, x′, a)| ∨ |f i
n,m(t, x, a)− f i

n,m(t, x
′, a)| ∨ |gin,m(x)− gin,m(x′)|

≤ K

[
|xi − x′i|+ 1

n1/2

n∑
j=1

∣∣xj − x′j∣∣] , (2.4.11)

see the corresponding estimate in (Cosso et al., 2024, (A.7)). This causes a problem when

we apply Lemma 2.4.2 to prove Lemma 2.4.5 and the bound of the first order derivative in

(2.4.18) (see also the corresponding estimate in (Cosso et al., 2024, (A.12))), which is crit-

ical in the proof of Theorem 2.5.3. While (Cosso et al., 2024, Assumption (A)) adopts the

W2-Lipschitz continuity assumption, the estimate in (Cosso et al., 2024, (A.7)) is invalid

and we should have (2.4.11) instead. However, by using the arguments in Lemma 2.4.2,

2.4.5, we showed that the estimates (Cosso et al., 2024, (A.6), (A.7), (A.12)) and the proofs

of (Cosso et al., 2024, Theorem 5.1, Theorem A.7) should be valid if (Cosso et al., 2024,

Assumption (A)) adopts to the W1-Lipschitz continuity.

Here is a counterexample to the estimate of W2

(
pµn,x, 1

n

∑n
j=1 δxj−yj

)
in the proof of (Cosso

et al., 2024, Lemma A.3)) which claims that

W2

Å
pµn,x,

1

n

n∑
j=1

δxj−yj

ã
≤ 1

n

n∑
j=1

|yj|. (2.4.12)

Suppose d = 1, x = (x1, x2, . . . , xn)⊤ = (0, . . . , 0)⊤ and y = (y1, y2, . . . , yn)⊤ = (y1, 0, . . . , 0)⊤.

Consider the probability measures pµn,x = δ0 and 1
n

∑n
j=1 δxj−yj =

1
n

∑n
j=1 δ−yj . As pµn,x = δ0,

all mass should be transported from/into this point only (see (Villani, 2003, (11) in Chapter

1)), therefore, there is only one joint distribution π such that π(A × R) = pµn,x(A) = δ0(A)

and π(R × B) = 1
n

∑n
j=1 δ−yj(B) for any measurable sets A and B in R. It is given by
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π(A×B) = 1
n

∑n
j=1 δ0(A)δ−yj(B). Thus, for n > 1, we have

W2

Å
pµn,x,

1

n

n∑
j=1

δxj−yj

ã
=

(∫
R
|y|2 1

n

n∑
j=1

δ−yj(dy)

)1/2

=

(
1

n

n∑
j=1

|yj|2
)1/2

=
1

n1/2

n∑
j=1

|yj|,

where we have used (y1, y2, . . . , yn)⊤ = (y1, 0, . . . , 0)⊤ ∈ Rn in the last equality. It contradicts

(2.4.12).

Let Xm,ε,t,ξ,α

s = (X
1,m,ε,t,ξ,α

s , . . . , X
n,m,ε,t,ξ,α

s ) ∈ Rdn be the solution of

X i
s = ξ

i
+

∫ s

t

bin,m(r,Xr, α
i
r)dr +

∫ s

t

σ(r,X i
r, α

i
r)dW

i

r +

∫ s

t

σ0(r)dW
0

r

+ ε(B
i

s −B
i

t), (2.4.13)

for i = 1, . . . , n, where X i
s is the ith-component of Xs. We define

ṽε,n,m(t, µ) := sup
α∈An

t

J∗
ε,n(t, ξ, α)

:= sup
α∈An

t

1

n

n∑
i=1

E

[∫ T

t

f i
n,m

(
s,X

1,m,ε,t,ξ,α

s , . . . , X
n,m,ε,t,ξ,α

s , αi
s

)
ds

+ gin,m

(
X

1,m,ε,t,ξ,α

T , . . . , X
n,m,ε,t,ξ,α

T

)]
, (2.4.14)

for any t ∈ [0, T ] and µ ∈ P2(Rdn) such that L(ξ) = µ. We define vε,n,m(t, µ), vε,n(t, µ) :

[0, T ]× P2(Rd)→ R by

vε,n,m(t, µ) := ṽε,n,m(t, µ⊗ . . .⊗ µ) and vε,n(t, µ) := ṽε,n(t, µ⊗ . . .⊗ µ). (2.4.15)

Lemma 2.4.3. Suppose that Assumption (A*) holds. There exists a constant C6 = C6(K,T, d)

such that for any (t, µ) ∈ [0, T ]× P2(Rd), we have |vε,n,m(t, µ)− v0,n,m(t, µ)| ≤ C6ε.

Proof. For every i = 1, . . . , n, m ∈ N, ε ≥ 0, t ∈ [0, T ], ξ ∈ L2(Ω,F t,P;Rnd), α ∈ An

t ,

as ε is the only parameter that is varying, we write X
ε

s to stand for (X
1;ε

s , . . . , X
n;ε

s ) =

(X
1,m,ε,t,ξ,α

s , . . . , X
n,m,ε,t,ξ,α

s ) which solves (2.4.13). Then with (2.4.8), it is easily seen that

there is some constant Cd,K,T > 0 such that

E
[
|X i;ε

s −X i;0
s |2

]
≤ Cd,K,TE

ï∫ s

t

|X i;ε
r −X i;0

r |2dr +
1

n

n∑
j=1

∫ s

t

|Xj;ε
r −Xj;0

r |2dr
ò
+ ε2d(s− t).
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Summing on i = 1, . . . , n, we have

E

[
n∑

i=1

|X i;ε
s −X i;0

s |2
]
≤ Cd,K,T

[
E

(∫ s

t

n∑
i=1

|X i;ε
r −X i;0

r |2dr

)
+ nε2(s− t)

]
,

and hence Grönwall’s inequality gives

E

[
n∑

i=1

|X i;ε
s −X i;0

s |2
]
≤ Cd,K,Tnε

2(s− t)eCd,K,T (s−t).

Let µ ∈ P2(Rd) and take ξ = (ξ, . . . , ξ) ∈ Rdn such that L(ξ) = µ, we have

|vε,n,m(t, µ)− v0,n,m(t, µ)|

≤ sup
α∈An

t

1

n

n∑
i=1

E
ñ∫ T

t

∣∣∣f i
n,m

Ä
s,X

ε

s, α
i
s

ä
− f i

n,m

Ä
s,X

0

s, α
i
s

ä∣∣∣ ds+ ∣∣∣gin,m ÄXε

T

ä
− gin,m

Ä
X

ε

T

ä∣∣∣ô
≤ 2K

n
sup
α∈An

t

n∑
i=1

®∫ T

t

E
[∣∣∣X i;ε

s −X
i;0

s

∣∣∣] ds+ E
[∣∣∣X i;ε

T −X
i;0

T

∣∣∣]´
≤ 2
√
2K

n1/2
sup
α∈An

t

{
n∑

i=1

∫ T

t

TE
ï∣∣∣X i;ε

s −X
i;0

s

∣∣∣2ò ds+ E
ï∣∣∣X i;ε

T −X
i;0

T

∣∣∣2ò}1/2

≤ 2
√
2Kε

(
Cd,K,T (T

3 + T )eCd,K,TT
)1/2

.

Lemma 2.4.4. Suppose that Assumption (A) holds and let (t, µ) ∈ [0, T ]×P2(Rd). If there

exists q > 2 such that µ ∈ Pq(Rd), then lim
n→∞

lim
m→∞

vε,n,m(t, µ) = vε(t, µ).

Proof. The proof goes as the same line as (Cosso et al., 2024, Theorem A.6) with (Djete

et al., 2022, Theorem 3.1, Theorem 3.6) replacing the limit theory in Cosso et al. (2024),

because of the appearance of the common noise.

Lemma 2.4.5. Suppose that Assumptions (A*) and (B) hold. The function vε,n,m : [0, T ]×

Rdn → R defined by

vε,n,m(t, x) = vε,n,m(t, x
1, . . . , xn) := ṽε,n,m(t, δx1 ⊗ . . .⊗ δxn) (2.4.16)
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is a classical solution of the Bellman equation

∂tu(t, x) + sup
a∈An

{
1

n

n∑
i=1

f i
n,m(t, x, a

i) +
1

2

n∑
i=1

tr
[(

(σσ⊤)(t, xi, ai) + (σ0σ0;⊤)(t) + ε2Id

)
∂2xixiu(t, x)

]
+

n∑
i=1

〈
bin,m(t, x, a

i), ∂xiu(t, x)
〉
+

1

2

n∑
i,j=1,i ̸=j

tr
[
(σ0σ0;⊤)(t)∂2xixju(t, x)

]}

= 0 in [0, T )× Rdn;

u(T, x) =
1

n

n∑
i=1

gin,m(x) in Rdn,

(2.4.17)

where a = (a1, . . . , an) with ai ∈ A for i = 1, 2, . . . , n. Moreover, there are constants

C4 = C4(d,K, T ) and Cn,m such that for any ε > 0, n,m ∈ N, t, t′ ∈ [0, T ] and x, x′ ∈ Rdn,

we have

|∂xivε,n,m(t, x)| ≤
C4

n
for every i = 1, 2, . . . , n and

− Cn,m ≤ ∂2xjxk
vε,n,m(t, x) ≤

Cn,m

ε2
for every j, k = 1, 2, . . . , dn,

(2.4.18)

where we denote by ∂2xjxk
v(t, x) ∈ R the second order derivative with respect to xj and xk for

j, k = 1, 2, . . . , dn.

Proof. We refer readers to (Cosso et al., 2024, Theorem A.7) for proving that vε,n,m is a

classical solution of the Bellman equation to (2.4.17). From (Krylov, 2008, Chapter 4.7,

Theorem 4), we deduce the estimate of the second order derivative in (2.4.18). It remains to

prove the estimate of the first order derivative in (2.4.18). We would like to point out that the

proof presented below differs from that in (Cosso et al., 2024, Theorem A.7). Specifically,

we were unable to reproduce identity (Cosso et al., 2024, (A.21)) therein, which may be

attributed to a possible typographical error. As vε,n,m(t, x) ∈ C1,2([0, T ] × Rdn), we notice

that it is enough to establish that

|vε,n,m(t, x)− vε,n,m(t, z)| ≤
C4

n
|x− z| ,

when the components of x = (x1, . . . , xn) and z = (z1, . . . , zn) are all equal, apart from one

component xk ̸= zk for some k = 1, 2, . . . , n. Recalling the relations in (2.4.14) and (2.4.16),
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we use the continuity in (4) of Lemma 2.4.2 to yield that

|vε,n,m(t, x)− vε,n,m(t, z)|

≤ 2K sup
α∈An

t

1

n

n∑
i=1

E
ñ∫ T

t

∣∣∣X i,m,ε,t,x,α

s −X i,m,ε,t,z,α

s

∣∣∣ ds+ ∣∣∣X i,m,ε,t,x,α

T −X i,m,ε,t,z,α

T

∣∣∣ô . (2.4.19)

Suppose that x and z differ only for the first component x1 ̸= z1. For each i = 1, 2, . . . , n,

the Rd-valued process Xx,i
:= (X

i,m,ε,t,x,α

s )s∈[t,T ] solves the following equation on [t, T ]:

X
x,i

s = xi+

∫ s

t

bin,m(r,X
x,1

r , . . . , X
x,n

r , αi
r)dr+

∫ s

t

σ(r,X
x,i

r , αi
r)dW

i

r+

∫ s

t

σ0(r)dW
0

r+ε(B
i

s−B
i

t).

Denote ∆x1X
i

s := X
z,i

s −X
x,i

s . Then we have

∆x1X
i

s =(z1 − x1)δ1i +
∫ s

t

bin,m(r,X
z,1

r , . . . , X
z,n

r , αi
r)− bin,m(r,X

x,1

r , . . . , X
x,n

r , αi
r)dr

+

∫ s

t

σ(r,X
z,i

r , α
i
r)− σ(r,X

x,i

r , α
i
r)dW

i

r.

Letting ϑ > 0, we consider the function uϑ : Rd → R defined by

uϑ(y) :=
»
|y|2 + ϑ2.

Direct calculation gives

∂yuϑ(y) =
y

uϑ(y)
, ∂2yyuϑ(y) =

1

uϑ(y)
Id −

1[
uϑ(y)

]3yy⊤.
Applying Itô’s formula to uϑ

Ä
∆x1X

i

s

ä
gives

duϑ
Ä
∆x1X

i

s

ä
=
〈
∂yuϑ

Ä
∆x1X

i

s

ä
, d∆x1X

i

s

〉
+

1

2
tr
{î
σ(r,X

z,i

s , α
i
s)− σ(r,X

x,i

s , α
i
s)
ó⊤
∂2yyuϑ

Ä
∆x1X

i

s

ä î
σ(r,X

z,i

s , α
i
s)− σ(r,X

x,i

s , αi
s)
ó}

ds

=

〈
∆x1X

i

s

uϑ(∆x1X
i

s)
,
Ä
bin,m(s,X

z,1

s , . . . , X
z,n

s , αi
s)− bin,m(s,X

x,1

s , . . . , X
x,n

s , αi
s)
ä
ds

+
î
σ(s,X

z,i

s , α
i
s)− σ(s,X

x,i

s , αi
s)
ó
dW

i

s

〉
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+
1

2
tr

{ î
σ(s,X

z,i

s , α
i
s)− σ(s,X

x,i

s , α
i
s)
ó⊤

(
1

uϑ(∆x1X
i

s)
Id −

(
∆x1X

i

s

)(
∆x1X

i

s

)⊤[
uϑ(∆x1X

i

s)
]3 ) î

σ(s,X
z,i

s , α
i
s)− σ(s,X

x,i

s , α
i
s)
ó}

ds.

It is clear that

∆x1X
i

s

uϑ(∆x1X
i

s)
−→ ∆x1X

i

s∣∣∆x1X
i

s

∣∣1{∆x1X
i
s ̸=0
}, P-a.s. as ϑ→ 0.

Moreover, in view of the Lipschitz-continuity of σ, we have

1

2
tr
®î
σ(s,X

z,i

s , α
i
s)− σ(s,X

x,i

s , α
i
s)
ó⊤Ç 1

uϑ(∆x1X
i

s)
Id

åî
σ(s,X

z,i

s , α
i
s)− σ(s,X

x,i

s , α
i
s)
ó´

−→1

2

Ñ
1∣∣∆x1X

i

s

∣∣1{∆x1X
i
s ̸=0
}é tr

{î
σ(s,X

z,i

s , α
i
s)− σ(s,X

x,i

s , αi
s)
ó⊤ î

σ(s,X
z,i

s , α
i
s)− σ(s,X

x,i

s , αi
s)
ó}

P-a.s. as ϑ→ 0. Similarly, it holds that

1

2
tr

îσ(s,Xz,i

s , α
i
s)− σ(s,X

x,i

s , αi
s)
ó⊤Ñ∆x1X

i

s

(
∆x1X

i

s

)⊤[
uϑ(∆x1X

i

s)
]3
éî

σ(s,X
z,i

s , α
i
s)− σ(s,X

x,i

s , α
i
s)
ó

−→1

2

Ñ
1∣∣∆x1X

i

s

∣∣31{∆x1X
i
s ̸=0
}é

tr
{î
σ(s,X

z,i

s , α
i
s)− σ(s,X

x,i

s , αi
s)
ó⊤ (

∆x1X
i

s

(
∆x1X

i

s

)⊤) î
σ(s,X

z,i

s , α
i
s)− σ(s,X

x,i

s , αi
s)
ó}

P-a.s. as ϑ → 0. Therefore, by taking expectation and then passing ϑ → 0, together with

the dominated convergence theorem, we conclude that

E
[
|∆x1X

i
s|
]
− |z1 − x1|δ1i

=E

∫ s

t

∞
∆x1X

i
r∣∣∆x1X
i
r

∣∣ , bin,m(r,X
z,1
r , . . . , X

z,n
r , αi

r)− bin,m(r,X
x,1
r , . . . , X

x,n
r , αi

r)

∫
1{

∆x1X
i
r ̸=0
}dr


+

1

2
E


∫ s

t

1∣∣∆x1X
i
r

∣∣trßîσ(r,Xz,i
r , αi

r)− σ(r,X
x,i
r , αi

r)
ó⊤ î

σ(r,X
z,i
r , αi

r)− σ(r,X
x,i
r , αi

r)
ó™

1{
∆x1X

i
r ̸=0
}dr


− 1

2
E

{∫ s

t

1∣∣∆x1X
i
r

∣∣3 tr

{ î
σ(r,X

z,i
r , αi

r)− σ(r,X
x,i
r , αi

r)
ó⊤ (

∆x1X
i
r

(
∆x1X

i
r

)⊤)
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î
σ(r,X

z,i
r , αi

r)− σ(r,X
x,i
r , αi

r)
ó}

1{
∆x1X

i
r ̸=0
}dr}.

(2.4.20)

The term in the third line of (2.4.20) can be estimated by Assumption (A):

1∣∣∆x1X
i

r

∣∣tr{îσ(r,Xz,i

r , α
i
r)− σ(r,X

x,i

r , α
i
r)
ó⊤ î

σ(r,X
z,i

r , α
i
r)− σ(r,X

x,i

r , αi
r)
ó}

1{
∆x1X

i
r ̸=0
}

≤K2
∣∣∆x1X

i

r

∣∣.
Similarly, the term in the forth and fifth lines of (2.4.20) can be estimated by

1∣∣∆x1X
i

r

∣∣3 tr

{ î
σ(r,X

z,i

r , α
i
r)− σ(r,X

x,i

r , α
i
r)
ó⊤ (

∆x1X
i

r

(
∆x1X

i

r

)⊤)î
σ(r,X

z,i

r , α
i
r)− σ(r,X

x,i

r , αi
r)
ó}

1{
∆x1X

i
r ̸=0
}

≤K2
∣∣∆x1X

i

r

∣∣.
Therefore, with (4) in Lemma 2.4.2, (2.4.20) reduces to

E
[
|∆x1X

i
s|
]

≤ |z1 − x1|δ1i + E
ï∫ s

t

∣∣bin,m(r,X
z,1
r , . . . , X

z,n
r , αi

r)− bin,m(r,X
x,1
r , . . . , X

x,n
r , αi

r)
∣∣+K2

∣∣∆x1X
i
r

∣∣drò
≤ |z1 − x1|δ1i + E

∫ s

t
K

Ñ∣∣∆x1X
i
r

∣∣+ 1

n

n∑
j=1

∣∣∆x1X
i
r

∣∣é+K2
∣∣∆x1X

i
r

∣∣dr .

Summing over i = 1, 2, . . . , n, we have

E

[
n∑

i=1

∣∣∆x1X
i

s

∣∣] ≤ |z1 − x1|+ E

[∫ s

t

(2K +K2)
n∑

i=1

∣∣∆x1X
i

r

∣∣dr] .
Grönwall’s inequality yields

E

[
n∑

i=1

∣∣∆x1X
i

s

∣∣] ≤ e(2K+K2)T |z1 − x1|, for every s ∈ [t, T ]. (2.4.21)

From (2.4.19), (2.4.21), we obtain that

|vε,n,m(t, x)− vε,n,m(t, z)|
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≤ 2K sup
α∈An

t

1

n

n∑
i=1

E
ñ∫ T

t

∣∣∣X i,m,ε,t,x,α

s −X i,m,ε,t,z,α

s

∣∣∣ ds+ ∣∣∣X i,m,ε,t,x,α

T −X i,m,ε,t,z,α

T

∣∣∣ô
≤ Cd,K,T

n
|z1 − x1|.

Theorem 2.4.6. Suppose that Assumptions (A)-(B) hold. For every ε > 0, n,m ∈ N,

the function vε,n,m defined in (2.4.16) and the function vε,n,m defined in (2.4.15) satisfy the

following:

(1). for any (t, µ) ∈ [0, T ]× P2(Rd), we have

vε,n,m(t, µ) =

∫
Rdn

vε,n,m(t, x
1, . . . , xn)µ(dx1)⊗ . . .⊗ µ(dxn) ; (2.4.22)

(2). vε,n,m(t, µ) ∈ C1,2
1 ([0, T ]× P2(Rd));

(3). there is a constant ℓ2 = ℓ2(K,T ) such that for any (t, µ) ∈ [0, T ] × P2(Rd), we have

|vε,n,m(t, µ)| ≤ ℓ2;

(4). vε,n,m(t, µ) solves the following equation in the classical sense

∂tu(t, µ)

+

∫
Rdn

sup
a∈An

{
1

n

n∑
i=1

f i
n,m(t, x, ai) +

1

2

n∑
i=1

tr
[(

(σσ⊤)(t, xi, ai) + (σ0σ0;⊤)(t) + ε2Id

)
∂2
xixivε,n,m(t, x)

]
+

1

2

n∑
i,j=1,i ̸=j

tr
[
(σ0σ0;⊤)(t)∂2

xixjvε,n,m(t, x)
]

+
n∑

i=1

〈
bin,m(t, x, ai), ∂xivε,n,m(t, x)

〉}
µ(dx1)⊗ . . .⊗ µ(dxn)

= 0 for any (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =
1

n

n∑
i=1

∫
Rdn

gin,m(x)µ(dx1)⊗ . . .⊗ µ(dxn) for any µ ∈ P2(Rd).

Proof. The proof follows from Lemma 2.4.5 and (Cosso et al., 2024, Theorem A.7).
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2.5 Viscosity Solution Theory

Our main goal in this chapter is to show that the value function defined by (2.2.6) is the

unique viscosity solution to the following HJB equation:

∂tu(t, µ) +

∫
Rd

sup
a∈A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
(
σ(t, x, a)

[
σ(t, x, a)

]⊤
∂x∂µu(t, µ)(x)

)}
µ(dx) +

1

2
tr
[
σ0(t)[σ0(t)]⊤Hu(t, µ)

]
= 0 for (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

g(x, µ)µ(dx) for µ ∈ P2(Rd).

(2.5.1)

We choose the set of test function to be PC1,2
1 ([0, T ]×P2(Rd)). Now, we are ready to define

our notion of viscosity subsolution (resp. supersolution).

Definition 2.5.1. A continuous function u : [0, T ] × P2(Rd) → R is called a viscosity

subsolution of equation (2.5.1) if

(1a). u(T, µ) ≤
∫
Rd

g(x, µ)µ(dx), for every µ ∈ P2(Rd);

(1b). for any (t, µ) ∈ [0, T ) × P2(Rd) and φ ∈ PC1,2
1 ([0, T ] × P2(Rd)) such that

u−φ attains a maximum with a value of 0 at (t, µ), then the first equation of

(2.5.1) holds with the inequality sign ≥ replacing the equality sign and with φ

replacing u.

For any function h : P2(Rd)→ R, it could be naturally interpreted as a function with domain

P2(Rd × A) by h(ν) := h(µ), with µ being the marginal distribution of ν on Rd such that

ν(·×A) = µ(·). We define the respective projections πd : R2d → Rd and πd×d : R2d×2d → Rd×d

such that for any y = (y1, y2, . . . , y2d)
⊤ ∈ R2d and M ∈ R2d×2d, it holds that πd(y) =

(y1, y2, . . . , yd)
⊤ and (πd×d(M))ij = Mij. A continuous function u : [0, T ] × P2(Rd) → R is

called a viscosity supersolution of equation (2.5.1) if
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(2a). u(T, µ) ≥
∫
Rd

g(x, µ)µ(dx), for every µ ∈ P2(Rd);

(2b). for any s0 ∈ [0, T ], (t, ν) ∈ [0, s0) × P2(Rd × A) and φ ∈ PC1,2
1 ([0, s0] ×

P2(Rd×A)) such that u−φ attains a minimum with a value of 0 at (t, ν) over

[0, s0]× P2(Rd × A), the following inequality holds:

∂tφ(t, ν) +

∫
Rd×A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µφ(t, ν)(x, a)

+
1

2
tr
(
(σ(t, x, a)

[
σ(t, x, a)

]⊤
)∂x∂µφ(t, ν)(x, a)

)}
ν(dx, da) +

1

2
tr
[
σ0(t)[σ0(t)]⊤Hd×dφ(t, ν)

]
≤ 0, (2.5.2)

where µ is the marginal distribution of ν on Rd, ∂µφ(t, ν)(·, ·) := πd(∂νφ(t, ν)(·, ·)),

Hd×dφ := πd×d(Hφ), recalling that ∂νφ(t, ν)(·, ·) : Rd × A → Rd × A and H

maps functions on P2(Rd × A) to R2d×2d.

A continuous function u : [0, T ]×P2(Rd)→ R is called a viscosity solution of (2.5.1) if it is

both a viscosity subsolution and a viscosity supersolution.

Remark 2.5.1. We note that this definition of viscosity supersolution is stronger than

Crandall-Lions’ definition which is adopted by Cosso et al. (2024). In fact, items (2a)-(2b)

in Definition 2.5.1 are sufficient conditions for the usual Crandall-Lions’ definition of super-

solution. Assume u is a viscosity supersolution satisfying items (2a)-(2b) in Definition 2.5.1.

Let φ ∈ PC1,2
1 ([0, T ]×P2(Rd)) such that u−φ attains a minimum with a value of 0 at (t0, µ0).

Now, we interpret both u, φ as functions on [0, T ] × P2(Rd × A). Let ξ ∈ L2(Ω,F ,P;Rd),

L(ξ) = µ0, and α′ ∈ Mt0 be arbitrary, where Mt is the set of F t
t -measurable random vari-

ables. Then for ν0 := L(ξ, α′) ∈ P2(Rd × A), u− φ attains a minimum at (t0, ν0), therefore

from (2.5.2)

∂tφ(t0, µ0) + E
ß
f(t0, ξ, µ0, α

′) +
[
∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, α

′)
]

+
1

2
tr
[
∂x∂µφ(t0, µ0)(ξ)σ(t0, ξ, α

′)[σ(t0, ξ, α
′)]⊤
]
+

1

2
tr
[
σ0(t0)[σ

0(t0)]
⊤Hφ(t0, µ0)

]™
≤ 0.
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Since α′ ∈Mt0 is arbitrary, we have

∂tφ(t0, µ0) + sup
α′∈Mt0

E
ß
f(t0, ξ, µ0, α

′) + ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, α
′)

+
1

2
tr
[
∂x∂µφ(t0, µ0)(ξ)σ(t0, ξ, α

′)[σ(t0, ξ, α
′)]⊤
]
+

1

2
tr
[
σ0(t0)[σ

0(t0)]
⊤Hφ(t0, µ0)

]™
≤ 0.

We claim that the above is equivalent to the following:

∂tφ(t0, µ0) +

∫
Rd

sup
a∈A

{
f(t0, x, µ0, a) + b(t0, x, µ0, a) · ∂µφ(t0, µ0)(x)

+
1

2
tr
[
∂x∂µφ(t0, µ0)(x)σ(t0, x, a)[σ(t0, x, a)]

⊤
]}

µ0(dx) +
1

2
tr
[
σ0(t0)[σ

0(t0)]
⊤Hφ(t0, µ0)

]
≤ 0.

(2.5.3)

Define H(t, x, µ, a) := f(t, x, µ, a)+∂µφ(t, µ)(x)·b(t, x, µ, a)+1
2
tr
[
∂x∂µφ(t, µ)(x)σ(t, x, a)σ(t, x, a)

⊤],
we aim to show that

sup
α′∈Mt0

EH(t0, ξ, µ0, α
′) =

∫
Rd

sup
a∈A

H(t0, x, µ0, a)µ0(dx), for ξ ∈ L2(Ω,F ,P;Rd) such that L(ξ) = µ0.

To see this, we observe that for any α′ ∈Mt0,

EH(t0, ξ, µ0, α
′) ≤

∫
Rd

sup
a∈A

H(t0, x, µ0, a)µ0(dx),

and thus supα′∈Mt0
EH(t0, ξ, µ0, α

′) ≤
∫
Rd supa∈AH(t0, x, µ0, a)µ0(dx). Invoking the regular-

ity of f , φ, b and σ, for any ε > 0, we apply the measurable selection theorem (see for

instance Wagner (1977)) to find a αε ∈Mt0 such that

sup
α′∈Mt0

EH(t0, ξ, µ0, α
′) ≥ EH(t0, ξ, µ0, α

ε) ≥
∫
Rd

sup
a∈A

H(t0, x, µ0, a)µ0(dx)− ε.

Since ε is arbitrary, we conclude the claim in (2.5.3), which is the classical Crandall-Lions’

definition.

Remark 2.5.2. We impose this stronger definition because when proving the comparison

theorem for the viscosity supersolution, we encounter technical difficulties that the Crandall-

Lions’ definition alone cannot resolve. We believe that a similar issue arises in Step II of
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the proof of (Cosso et al., 2024, Theorem 5.1), resulting in certain gaps in the arguments

presented therein. Specifically, when we imitate the method used for the subsolution in the

proof of Theorem 2.5.3, it requires the inequality (2.5.19) but with a reversed sign. Due to

the supremum taken and the integration in (2.5.19), only one direction of the inequality is

allowed. To bypass this issue, we prove the comparison theorem by showing that for every

step control, i.e., controls of the form α =
∑n−1

i=0 ai1[ti,ti+1), with 0 =: t0 < t1 < . . . < tn := T

and ai ∈ Mti (where Mt is the set of F t
t -measurable random variables), the supersolution

u2 satisfies

u2(t, µ) ≥ J(t, ξ, α), (2.5.4)

for every (t, ξ) ∈ [0, T ] × L2(Ω,F ,P;Rd) such that µ = L(ξ). Clearly this leads to u2 ≥ v

where v is the value function defined in (2.2.6). By using inductive arguments, it is sufficient

to prove (2.5.4) by proving that for every t, t ∈ [0, T ] with t < t, it holds that

u2(t, µ) ≥ E

[∫ t

t

f
Ä
r,X t,ξ,a

r ,P
X

t,ξ,a
r

, a
ä
dr + u2(t,PW 0

X
t,ξ,a

t

)

]
,

for every ξ ∈ L2((Ω,F ,P);Rd) with L(ξ) = µ, and a ∈ Mt. It is not hard to see that the

right-hand side is law invariant with respect to the joint law of the initial random variable and

the control. Thus, v∗(t, ν) := E
ï∫ t

t
f
Ä
r,X t,ξ,a

r ,PXt,ξ,a
r

, a
ä
dr + u2(t,PW 0

Xt,ξ,a

t

)

ò
is a real-valued

function on [0, t]×P2(Rd ×A) with ν being the joint law of the initial random variable and

the control. It seems that we must involve the function v∗n,m(t, ν), the smooth and finite-

dimensional approximation of v∗(t, ν), as a part of the test function used for comparison.

The Crandall-Lions’ definition cannot handle cases where the minimum point lies in [0, T ]×

P2(Rd × A). A natural approach is to modify the test function on [0, T ] × P2(Rd × A) to

be a function on [0, T ] × P2(Rd). However, finding such a modification that remains within

our set of test functions and retains the necessary information (such as the L-derivatives) is

challenging. For instance, we are unable to treat v∗n,m(t, ν) as a function on [0, T ]× P2(Rd)

for a fixed control a directly, as v∗n,m(t, ν) is not law invariant with respect to the marginal
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of ν on Rd (law of ξ). Furthermore, we define v∗ : [0, T ]× P2(Rd)→ R by

v∗(t, µ) = sup
ν ∈ P2(Rd ×A) s.t.

marginal of ν on Rd is µ

v∗n,m(t, ν),

However, there is no guarantee that v∗(t, µ) is L-differentiable with respect to µ. Moreover,

even if it is L-differentiable, it is not certain that it could be related to ∂νv
∗
n,m. This issue

seems to also arise in Step II of the proof of (Cosso et al., 2024, Theorem 5.1). Finally, we

remark that assuming non-degenerate volatility does not remedy this issue.

2.5.1 Existence

Theorem 2.5.2. Suppose that Assumption (A) holds. The value function v defined in (2.2.6)

is a viscosity solution of (2.5.1).

Proof. Part 1. v is a viscosity supersolution: For any s′0 ∈ [0, T ] and φ ∈ PC1,2
1 ([0, s′0]×

P2(Rd×A)), we assume that v−φ attains a minimum at (t0, ν0) ∈ [0, s′0]×P2(Rd×A)) with

a value of 0. Recalling that Mt is the set of F t
t -measurable random variables, let α′ ∈ Mt0

and ξ ∈ L2((Ω1,F1
t ,P1);Rd) such that L(ξ, α′) = ν0. Letting a ∈ A be arbitrary, we define

αs := a1[0,t0)(s) + α′
1[t0,T ](s), which belongs to At0 . Let (X t0,ξ,α

s )s∈[t0,T ] be the solution of

the dynamic (2.1.3) with initial time t0, initial data ξ and control α defined in the above.

Then for h > 0 small enough, we use the dynamic programming in Theorem 2.2.5 and Itô’s

formula in Theorem 2.1.6 to obtain that

0 ≥ 1

h
E
[
(v − φ)(t0, ν0)− (v − φ)(t0 + h,PW 0

(X
t0,ξ,α
t0+h ,αt0+h)

)
]

≥ 1

h
E

[∫ t0+h

t0

f(s,X t0,ξ,α
s ,PW 0

X
t0,ξ,α
s

, αs) + ∂tφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)

+ E1
[
∂µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs) · b(s,X t0,ξ,α

s ,PW 0

X
t0,ξ,α
s

, αs)
]

+
1

2
E1
{
tr
[
∂x∂µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs)σ(s,X

t0,ξ,α
s , αs)σ

⊤(s,X t0,ξ,α
s , αs)

]}
+

1

2
tr
[
Hd×dφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)σ0(s)[σ0(s)]⊤
]
ds

]
.
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We proceed as follows: for any ε > 0,

P0

Ç
sup

t∈[s,s+h]

W2(PW 0

X
t0,ξ,α
t

,PW 0

X
t0,ξ,α
s

) > ε

å
≤

E0 sup
t∈[s,s+h]

[
W2(PW 0

X
t0,ξ,α
t

,PW 0

X
t0,ξ,α
s

)
]2

ε2

≤
E sup

t∈[s,s+h]

|X t0,ξ,α
t −X t0,ξ,α

s |2

ε2

≤ Ch
ε2
,

where in the last inequality we have used Proposition 2.2.1. The above term goes to 0 as

h→ 0, thus the flow of measure s 7→ PW 0

X
t0,ξ,α
s

is also continuous for P-a.s. ω0 ∈ Ω0 and for any

s ∈ [t0, T ], so is s 7→ PW 0

(X
t0,ξ,α
s ,αs)

for P-a.s. ω0 ∈ Ω0 and any s ∈ [t0, T ]. From the regularity

of the coefficients in Assumption (A), the regularity of the test function, the continuity of

the process s 7→ X t0,ξ,α
s for P-a.s. ω ∈ Ω and the dominated convergence theorem, we have

E
®
1

h

∫ t0+h

t0

[
f(s,Xt0,ξ,α

s ,PW 0

X
t0,ξ,α
s

, αs) + ∂tφ(s,PW 0

(X
t0,ξ,α
s ,αs)

) +
1

2
tr
[
Hd×dφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)σ0(s)[σ0(s)]⊤
]]
ds

´
−→ E

ß
f(t0, ξ, µ0, α

′) + ∂tφ(t0, ν0) +
1

2
tr
[
Hd×dφ(t0, ν0)σ

0(s)[σ0(s)]⊤
]™

as h→ 0. (2.5.5)

We claim that the map [t0, t0+h] ∋ s 7→ EE1
[
∂µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs)·b(s,X t0,ξ,α

s ,PW 0

X
t0,ξ,α
s

, αs)
]

is continuous. Writing ∂µφs · bs := ∂µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs) · b(s,X t0,ξ,α

s ,PW 0

X
t0,ξ,α
s

, αs) for

ease of notation, the continuity of ∂µφ, b, X t0,ξ,α
s and PW 0

(X
t0,ξ,α
s ,αs)

imply the continuity of

∂µφs · bs with respect to s for P-a.s. ω ∈ Ω. Furthermore, due to Markov’s inequality,

Definition 2.1.4 and Proposition 2.2.1, we have

sup
s∈[t0,t0+h]

EE1
[
|∂µφs · bs|1{|∂µφs·bs|≥M}

]
≤K sup

s∈[t0,t0+h]

EE1
[
|∂µφs|1{|∂µφs·bs|≥M}

]
≤K sup

s∈[t0,t0+h]

EE1
[
|∂µφs|1{K|∂µφs|≥M}

]
≤K sup

s∈[t0,t0+h]

»
EE1|∂µφs|2

»
EE11{K|∂µφs|≥M}

≤ K
2

M
sup

s∈[t0,t0+h]

EE1|∂µφs|2

≤ K
2

M
Cφ(1 + E|ξ|2 + E|α′|2)→ 0 as M →∞.

(2.5.6)
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The continuity of the concerned map thus follows from Vitali convergence theorem. The con-

tinuity of the map s 7→ EE1 tr
[
∂x∂µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs)σ(s,X

t0,ξ,α
s , αs)σ

⊤(s,X t0,ξ,α
s , αs)

]
follows similarly. Hence, when h→ 0, together with (2.5.5) we conclude that

∂tφ(t0, ν0) + E
ß
f(t0, ξ, µ0, α

′) +
[
∂µφ(t0, ν0)(ξ, α

′) · b(t0, ξ, µ0, α
′)
]

+
1

2
tr
[
∂x∂µφ(t0, ν0)(ξ, α

′)σ(t0, ξ, α
′)[σ(t0, ξ, α

′)]⊤
]
+

1

2
tr
[
Hd×dφ(t0, ν0)σ

0(t0)[σ
0(t0)]

⊤
]™
≤ 0.

Part 2. v is a viscosity subsolution: For any φ ∈ PC1,2
1 ([0, T ] × P2(Rd)), we assume

that v−φ attains a maximum at (t0, µ0) with value 0. Let ε > 0 and ξ ∈ L2(Ω1,F1,P1;Rd)

satisfy L(ξ) = µ0. There is an αε ∈ At such that

v(t0, µ0)− ε < inf
h∈[0,T−t0]

E

[∫ t0+h

t0

f(r,X t0,ξ,αε

r ,PW 0

X
t0,ξ,α

ε

r
, αε

r)dr + v(t0 + h,PW 0

X
t0,ξ,α

ε

t0+h

)

]

≤E

[∫ t0+h

t0

f(r,X t0,ξ,αε

r ,PW 0

X
t0,ξ,α

ε

r
, αε

r)dr + v(t0 + h,PW 0

X
t0,ξ,α

ε

t0+h

)

]
, ∀h ∈ [0, T − t0],

where (X t0,ξ,αε

s ) solves the dynamic (2.1.3) with initial time t0, initial data ξ and control αε.

Then Theorem 2.1.6 implies

0 ≤ 1

h
E
[
(v − φ)(t0, µ0)− (v − φ)(t0 + h,PW 0

X
t0,ξ,α

ε

t0+h

)
]

<
1

h
E

{∫ t0+h

t0

f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, αε

s) + ∂tφ(s,PW 0

X
t0,ξ,α

ε

s
)

+ E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, αε

s)
]

+
1

2
E1
{
tr
[
∂x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ(s,X t0,ξ,αε

s , αε
s)σ

⊤(s,X t0,ξ,αε

s , αε
s)
]}

+
1

2
tr
[
Hφ(s,PW 0

X
t0,ξ,α

ε

s
)σ0(s)σ0;⊤(s)

]
ds

}
+ ε

≤1

h
E

{∫ t0+h

t0

sup
a∈A

Å
f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a) + ∂tφ(s,PW 0

X
t0,ξ,α

ε

s
)

+ E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
]

+
1

2
E1
{
tr
[
∂x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ(s,X t0,ξ,αε

s , a)σ⊤(s,X t0,ξ,αε

s , a)
]}

+
1

2
tr
[
Hφ(s,PW 0

X
t0,ξ,α

ε

s
)σ0(s)σ0;⊤(s)

]ã
ds

}
+ ε.
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Arguing as in (2.5.5), we have

1

h
E
®∫ t0+h

t0

∂tφ(s,PW 0

X
t0,ξ,α

ε

s
) +

1

2
tr
[
Hφ(s,PW 0

X
t0,ξ,α

ε

s
)σ0(s)σ0;⊤(s)

]
ds

´
−→ ∂tφ(t0, µ0) +

1

2
tr
[
Hφ(t0, µ0)σ

0(t0)σ
0;⊤(t0)

]
as h→ 0.

We estimate the following terms:

I :=
1

h
E
∫ t0+h

t0

sup
a∈A

{
f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)− f(t0, ξ, µ0, a)

}
ds;

II :=
1

h
E
∫ t0+h

t0

sup
a∈A

{
E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)

− ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, a)
]}
ds;

III :=
1

h
E
∫ t0+h

t0

sup
a∈A

ß
1

2
E1
{
tr
[
∂x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ(s,X t0,ξ,αε

s , a)σ⊤(s,X t0,ξ,αε

s , a)
]}

− 1

2
E1
{
tr
[
∂x∂µφ(t0, µ0)(ξ)σ(t0, ξ, a)σ

⊤(t0, ξ, a)
]}™

ds.

Then the above gives

1

h
E

{∫ t0+h

t0

sup
a∈A

Å
f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a) + E1

[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
]

+
1

2
E1
{
tr
[
∂x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ(s,X t0,ξ,αε

s , a)σ⊤(s,X t0,ξ,αε

s , a)
]}ã

ds

}

≤ I + II + III + E sup
a∈A

{
f(t0, ξ, µ0, a) + ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, a)

+
1

2
tr
[
∂x∂µφ(t0, µ0)(ξ)σ(t0, ξ, a)σ

⊤(t0, ξ, a)
]}
.

We now show that all these three terms I, II, III→ 0 as h→ 0. We first investigate I:

I =
1

h
E
∫ t0+h

t0

sup
a∈A

{
f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)− f(t0, ξ, µ0, a)

}
ds

≤ 1

h
E
∫ t0+h

t0

K
{
|X t0,ξ,αε

s − ξ|+W2(PW 0

X
t0,ξ,α

ε

s
, µ0) + |s− t0|β

}
ds

−→ 0,

as h→ 0 by Proposition 2.2.1 and Assumption (A). For II, we have

II =
1

h
E
∫ t0+h

t0

sup
a∈A

{
E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
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− ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, a)
]}
ds

≤ 1

h
E
∫ t0+h

t0

sup
a∈A

ß
E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
]

− E1
[
∂µφ(t0, µ0)(ξ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
]™
ds

+
1

h
E
∫ t0+h

t0

sup
a∈A

E1
[
∂µφ(t0, µ0)(ξ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)− ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, a)

]
ds

≤ K
h
E
∫ t0+h

t0

E1
[∣∣∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )− ∂µφ(t0, µ0)(ξ)
∣∣]ds

+
K

h
E
∫ t0+h

t0

E1
[∣∣∂µφ(t0, µ0)(ξ)

∣∣(|s− t0|β + |X t0,ξ,αε

s − ξ|+W2(PW 0

X
t0,ξ,α

ε

s
, µ0)

)]
ds

≤ K
h
E
∫ t0+h

t0

E1
[∣∣∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )− ∂µφ(t0, µ0)(ξ)
∣∣]ds (2.5.7)

+

√
3K

h

»
EE1|∂µφ(t0, µ0)(ξ)|2

∫ t0+h

t0

…
EE1

(
|s− t0|2β + |X t0,ξ,αε

s − ξ|2 +
[
W2(PW 0

X
t0,ξ,α

ε

s

, µ0)
]2)

ds.

The convergence of the term in (2.5.7) is due to the continuity as proved in (2.5.6). Thus,

the term II converges to zero as h → 0 with the aid of Proposition 2.2.1. Similar estimate

holds for the term III, thus as h→ 0,

0 ≤ ∂tφ(t0, µ0) + E sup
a∈A

ß
f(t0, ξ, µ0, a) +

[
∂µφ(t0, µ0)(ξ) · b(t0, ξ, a, µ0)

]
+

1

2
tr
[
∂x∂µφ(t0, µ0)(ξ)σ(t0, ξ, a)σ

⊤(t0, ξ, a)
]™

+
1

2
tr
[
Hφ(t0, µ0)σ

0(t0)σ
0;⊤(t0)

]
+ ε.

2.5.2 Comparison Theorem and Uniqueness

Theorem 2.5.3. Suppose that Assumptions (A*) and (B) hold. Let u1, u2 : [0, T ] ×

P2(Rd) → R be bounded functions such that they are the viscosity subsolution and super-

solution (in the sense of Definition 2.5.1) of equation (2.5.1) respectively. Then it holds that

u1 ≤ u2 on [0, T ]× P2(Rd). Hence, the viscosity solution of equation (2.5.1) is unique.

Proof. The following proof is inspired by (Cosso et al., 2024, Theorem 5.1). Recalling

the function defined in (2.4.3) with ε = 0, we shall prove that u1 ≤ v0 and v0 ≤ u2 on
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[0, T ]× P2(Rd).

Part 1. Proof of u1 ≤ v0:

We prove by contradiction and suppose that there exists (t0, µ̃0) ∈ [0, T ]×P2(Rd) such that

(u1 − v0)(t0, µ̃0) > 0.

Let ξ ∈ L2(Ω,F ,P;Rd) such that L(ξ) = µ̃0. For any k ∈ N, we let µk
0 ∈ P2(Rd) be the law

of ξ1{|ξ|≤k}. We see that µk
0 ∈ Pq(Rd) for any q ≥ 1 and[

W2(µ
k
0, µ̃0)

]2
≤ E

[
|ξ1{|ξ|≤k} − ξ|2

]
=

∫
|x|>k

|x|2µ̃0(dx) −→ 0

as k → ∞. Therefore, as both u1 and v0 are continuous on [0, T ] × P2(Rd), we can find a

k ∈ N large enough such that µ0 := µk
0 ∈ Pq(Rd) for any q ≥ 1 and

(u1 − v0)(t0, µ0) > 0. (2.5.8)

The purpose of adopting this µ0 := µk
0 instead of just working with µ̃0 is to apply the ap-

proximation theorem in Lemma 2.4.4 which requires the point (t, µ) with µ having a higher

moment q > 2.

Step 1A: Choice of the comparison function:

For any ε > 0, n,m ∈ N, we define qu1(t, µ) := et−t0u1(t, µ) for any (t, µ) ∈ [0, T ] × P2(Rd).

Recalling the definition in (2.4.15), (2.4.6), (2.4.7), we define similarly for qvε,n,m, qf i
n,m, qf

from vε,n,m, f i
n,m, f respectively; we also define qg := eT−t0g and qgin,m := eT−t0gin,m. By direct
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computation, we see that qu1 is a viscosity subsolution of the equation

∂tu(t, µ) +

∫
Rd

sup
a∈A

{
qf(t, x, µ, a) +

1

2
tr
{[

(σσ⊤)(t, x, a)
]
∂x∂µu(t, µ)(x)

}
+
〈
b(t, x, µ, a), ∂µu(t, µ)(x)

〉}
µ(dx) +

1

2
tr
{[

(σ0σ0;⊤)(t)
]
Hu(t, µ)

}
− u(t, µ)

= 0 for any (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

qg(x, µ)µ(dx) for any µ ∈ P2(Rd).

(2.5.9)

Besides, recalling the definition in (2.4.16), we define qvε,n,m(t, x) := et−t0vε,n,m(t, x) where

x = (x1, . . . , xn) for each xi ∈ Rd with i = 1, 2, . . . , n. By Theorem 2.4.6, we obtain that

qvε,n,m solves the following equation in the classical sense:

∂tu(t, µ)

+

∫
Rdn

sup
a∈An

{
1

n

n∑
i=1

qf i
n,m(t, x, a

i) +
1

2

n∑
i=1

tr
[(

(σσ⊤)(t, xi, ai) + (σ0σ0;⊤)(t) + ε2Id

)
∂2xixi

qvε,n,m(t, x)
]

+
1

2

n∑
i,j=1,i ̸=j

tr
î
(σ0σ0;⊤)(t)∂2xixj

qvε,n,m(t, x)
ó

+
n∑

i=1

〈
bin,m(t, x, a

i), ∂xiqvε,n,m(t, x)
〉} n⊗

k=1

µ(dxk)− u(t, µ)

= 0 for any (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =
1

n

n∑
i=1

∫
Rdn

qgin,m(x)
n⊗

k=1

µ(dxk) for any µ ∈ P2(Rd),

(2.5.10)

where we write
n⊗

k=1

µ(dxk) := µ(dx1)⊗ . . .⊗µ(dxn) and a = (a1, . . . , an) for each ai ∈ A with

i = 1, 2, . . . , n. As vε,n,m, u1 and G := qu1 − qvε,n,m are bounded by a constant independent of

ε,m, n and continuous due to Theorem 2.4.6 and the assumption of this theorem, there is a

λ0 > 0 (depending only on K, u1, T ) such that

sup
(t,µ)∈[0,T )×P2(Rd)

G(t, µ) = sup
(t,µ)∈[0,T )×P2(Rd)

[
qu1(t, µ)− qvε,n,m(t, µ)

]
≤ qu1(t0, µ0)− qvε,n,m(t0, µ0) + λ0.

(2.5.11)
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Recalling the definitions of ρ1/δ and φδ in (2.3.5) and (2.3.6) for δ > 0 respectively, we

apply Theorem 2.3.8 to show that there exists (t̃, µ̃) ∈ [0, T ] × P2(Rd) and a sequence

{(tn, µn)}n∈N ⊂ [0, T ]× P2(Rd) converging to
Ä
t̃, µ̃
ä

such thatî
SW

1/δ
2 (µ̃, µ0)

ó2
≤ ρ1/δ

Ä
(t̃, ũ), (t0, µ0)

ä
≤ λ0/δ

2.

Therefore, by the stability result stated in (Nietert et al., 2021, Lemma 1), there is a constant

Cd > 0 depending only on d such that

SW2(µ̃, µ0) ≤
√
2SW

1/δ
2 (µ̃, µ0) +

Cd

δ
≤
√
2λ0 + Cd

δ
.

The values of Cd may change from line to line in this proof, but it still depends only on

d. Furthermore, the first equality in (2.3.7) yields that κdW2(µ, δ0) = SW2(µ, δ0) for all

µ ∈ P2(Rd), which implies

W2(µ̃, µ0) ≤ W2(µ̃, δ0) +W2(δ0, µ0)

≤ CdSW2(µ̃, µ0) + CdSW2(µ0, δ0) +W2(δ0, µ0)

≤ Cd

√
λ0 + 1

δ
+ CdSW2(µ0, δ0) +W2(δ0, µ0)

≤ Cd

Ç√
λ0 + 1

δ
+ SW2(µ0, δ0)

å
. (2.5.12)

Besides, item (2) in Theorem 2.3.8 implies that

G(t0, µ0) = (qu1 − qvε,n,m)(t0, µ0) = (u1 − vε,n,m)(t0, µ0) ≤ qu1(t̃, µ̃)− qvε,n,m(t̃, µ̃)− δ2φδ(t̃, µ̃)

≤ qu1(t̃, µ̃)− qvε,n,m(t̃, µ̃). (2.5.13)

Step 1B. Proof of t̃ < T :

In this step, we shall prove that t̃ < T . Suppose not, we have t̃ = T and hence (2.5.13)

implies that u1(t0, µ0) − vε,n,m(t0, µ0) ≤ qu1(T, µ̃) − qvε,n,m(T, µ̃). Thus, for pµn,x :=
1

n

n∑
j=1

δxj ,

we can use equations (2.5.9), (2.5.10) to obtain that

u1(t0, µ0)− vε,n,m(t0, µ0) ≤
eT−t0

n

n∑
i=1

ñ∫
Rdn

(
g(xi, µ̃)− gin,m(x1, . . . , xn)

) n⊗
k=1

µ̃(dxk)

ô
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=
eT−t0

n

n∑
i=1

ñ∫
Rdn

(
g(xi, µ̃)− g(xi, pµn,x)

) n⊗
k=1

µ̃(dxk)

ô
+
eT−t0

n

n∑
i=1

ñ∫
Rdn

(
g(xi, pµn,x)− gin,m(x1, . . . , xn)

) n⊗
k=1

µ̃(dxk)

ô
.

Using the Lipschitz property of g and (3) of Lemma 2.4.2, we further have

u1(t0, µ0)− vε,n,m(t0, µ0) ≤KeT−t0

ñ∫
Rdn

W1(µ̃, pµn,x)
n⊗

k=1

µ̃(dxk)

ô
+

2KeT−t0

n

[
mdn

∫
Rdn

(
n∑

i=1

|yi|

)
n∏

j=1

Φ(myj)dyj

]
. (2.5.14)

From (Fournier & Guillin, 2015, Theorem 1), there is a constant Cd > 0 depending on d only

and a sequence {hn}n∈N ⊂ R such that∫
Rdn

W1(µ̃, pµn,x)
n⊗

k=1

µ̃(dxk) ≤ Cd

ï∫
Rd

|x|q0µ̃(dx)
ò1/q0

hn. (2.5.15)

The sequence hn and the number q0 are given by

hn =


n−1/2 + n−(q0−1)/q0 if d = 1;

n−1/2 log(1 + n) + n−(q0−1)/q0 if d = 2;

n−1/d + n−(q0−1)/q0 if d > 2,

with q0 =

 3/2 if d = 1, 2;

5/3 if d > 2,

where hn satisfies limn→∞ hn = 0. Together with (2.5.12), we further have

1

Cdhn

∫
Rdn

W1(µ̃, pµn,x)
n⊗

k=1

µ̃(dxk) ≤
ï∫

Rd

|x|2µ̃(dx)
ò1/2

=W2(µ̃, δ0) ≤ Cd

ñ√
λ0 + 1

δ
+ SW2(µ0, δ0)

ô
.

(2.5.16)

Hence, from (2.5.14), we have,

u1(t0, µ0)− vε,n,m(t0, µ0) ≤KeT−t0Cdhn

ñ√
λ0 + 1

δ
+ SW2(µ0, δ0)

ô
+

2KmdneT−t0

n

[∫
Rdn

(
n∑

i=1

|yi|

)
n∏

j=1

Φ(myj)dyj

]
.

Passing m→∞ and then n→∞ subsequently, we use the fact that hn → 0 to yield that

u1(t0, µ0)− lim
n→∞

lim
m→∞

vε,n,m(t0, µ0) ≤ 0.
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Finally, using Lemmas 2.4.1 and 2.4.4, we pass ε→ 0 to conclude that u1(t0, µ0)−v0(t0, µ0) ≤

0 which contradicts (2.5.8), and thus t̃ < T .

Step 1C. Estimate of u1 − vε,n,m:

Recalling from Theorems 2.3.8, 2.4.6, it implies that qvε,n,m+δ2φδ is in PC1,2
1 ([0, T ]×P2(Rd))

(see Definition 2.1.4). From item (3) of Theorem 2.3.8 with G := qu1−qvε,n,m and (2.5.11), we

observe that qu1 − qvε,n,m − δ2φδ attains the maximum at (t̃, µ̃). Suppose the maximum value

is M∗ ∈ R, then qu1− qvε,n,m− δ2φδ −M∗ attains the maximum with value zero at (t̃, µ̃). We

use the fact that qu1 is the viscosity subsolution of (2.5.9) to see that

0 ≤ ∂t(qvε,n,m + δ2φδ)(t̃, µ̃)− (qvε,n,m + δ2φδ)(t̃, µ̃)−M∗

+

∫
Rd

sup
a∈A

{
qf(t̃, x, µ̃, a) +

1

2
tr
{[

(σσ⊤)(t̃, x, a)
]
∂x∂µ(qvε,n,m + δ2φδ)(t̃, µ̃)(x)

}
+

1

2
tr
[
(σ0σ0;⊤)(t̃ )H(qvε,n,m + δ2φδ)(t̃, µ̃)

]
+
〈
b(t̃, x, µ̃, a), ∂µ(qvε,n,m + δ2φδ)(t̃, µ̃)(x)

〉}
µ̃(dx).

Therefore, as qu1(t̃, µ̃)−qvε,n,m(t̃, µ̃)−δ2φδ(t̃, µ̃)−M∗ = 0 and qvε,n,m solves (2.5.10), we further

have

(qu1 − qvε,n,m)(t̃, µ̃)

≤ δ2∂tφδ(t̃, µ̃) +

∫
Rd

sup
a∈A

{
qf(t̃, x, µ̃, a) +

1

2
tr
{[

(σσ⊤)(t̃, x, a)
]
∂x∂µ(qvε,n,m + δ2φδ)(t̃, µ̃)(x)

}
+

1

2
tr
{[

(σ0σ0;⊤)(t̃ )
]
H(qvε,n,m + δ2φδ)(t̃, µ̃)

}
+
〈
b(t̃, x, µ̃, a), ∂µ(qvε,n,m + δ2φδ)(t̃, µ̃)(x)

〉}
µ̃(dx)

−
∫
Rdn

sup
a∈An

{
1

n

n∑
i=1

qf i
n,m(t̃, x, a

i) +
1

2

n∑
i=1

tr
[(

(σσ⊤)(t̃, xi, ai) + (σ0σ0;⊤)(t̃ ) + ε2Id

)
∂2xixi

qvε,n,m(t̃, x)
]

+
1

2

n∑
i,j=1,i ̸=j

tr
î
(σ0σ0;⊤)(t̃ )∂2xixj

qvε,n,m(t̃, x)
ó
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+
n∑

i=1

〈
bin,m(t̃, x, a

i), ∂xiqvε,n,m(t̃, x)
〉} n⊗

k=1

µ̃(dxk). (2.5.17)

We estimate term by term. First, Theorem 2.3.8 and Assumption (A*) tell us that

∂tφδ(t̃, µ̃) +

∫
Rd

sup
a∈A

ß¨
b(t̃, x, µ̃, a), ∂µφδ(t̃, µ̃)(x)

∂
+

1

2
tr
{[

(σσ⊤)(t̃, x, a)
]
∂x∂µφδ(t̃, µ̃)(x)

}™
µ̃(dx)

+
1

2
tr
{[

(σ0σ0;⊤)(t̃ )
]
Hφδ(t̃, µ̃)

}
≤ 4T +

∫
Rd

K
∣∣∂µφδ(t̃, µ̃)(x)

∣∣+ K2

2

∣∣∂x∂µφδ(t̃, µ̃)(x)
∣∣µ̃(dx) + K2

2

∣∣∣Hφδ(t̃, µ̃)
∣∣∣

≤ 4T +K
√
Cd

Å∫
Rd

|x|2µ̃(dx) +
∫
Rd

|x|2µ0(dx) +
1 + λ0
δ2

ã1/2
+
K2

2

√
Cdδ

Å∫
Rd

|x|2µ0(dx) +
1 + λ0
δ2

ã1/2
+
K2

2
Cd. (2.5.18)

Second, we recall the representation of qvε,n,m(t, µ) = et−t0vε,n,m(t, µ) in (2.4.22) and also (1),

(2) of Theorem 2.4.6. Inequality in (2.4.18) shows that we can directly compute that

∂µqvε,n,m(t, µ)(x) =
n∑

i=1

∫
Rd(n−1)

∂xiqvε,n,m(t, x)
∣∣∣
xi=x

n⊗
k=1,k ̸=i

µ(dxk);

and (2) in Theorem 2.4.6, Lemma 2.1.5 yield that

Hqvε,n,m(t, µ) =
n∑

i=1

n∑
j=1

∫
Rdn

∂2xixj
qvε,n,m(t, x)

n⊗
k=1

µ(dxk).

Hence, we estimate the term∫
Rd

sup
a∈A

ß
qf(t̃, y, µ̃, a) +

1

2
tr
{[

(σσ⊤)(t̃, y, a)
]
∂x∂µqvε,n,m(t̃, µ̃)(y)

}
+

1

2
tr
{[

(σ0σ0;⊤)(t̃ )
]
Hqvε,n,m(t̃, µ̃)

}
+
〈
b(t̃, y, µ̃, a), ∂µqvε,n,m(t̃, µ̃)(y)

〉}
µ̃(dy)

=

∫
Rd

sup
a∈A

{
n∑

j=1

∫
Rd(n−1)

1

n
qf(t̃, y, µ̃, a)

n⊗
k=1,k ̸=j

µ̃(dxk)

+
1

2
tr
ß[

(σσ⊤)(t̃, y, a)
] n∑

j=1

∫
Rd(n−1)

∂2xjxj
qvε,n,m(t, x)

∣∣∣
xj=y

n⊗
k=1,k ̸=j

µ̃(dxk)

™
+

1

2
tr
{[

(σ0σ0;⊤)(t̃ )
] n∑

j=1

n∑
l=1

∫
Rdn

∂2xjxl
qvε,n,m(t, x)

n⊗
k=1

µ̃(dxk)
}
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+
〈
b(t̃, y, µ̃, a),

n∑
j=1

∫
Rd(n−1)

∂xjqvε,n,m(t, x)
∣∣∣
xj=y

n⊗
k=1,k ̸=j

µ̃(dxk)
〉}

µ̃(dy)

≤
n∑

j=1

∫
Rdn

sup
aj∈A

{
1

n
qf(t̃, xj, µ̃, aj) +

1

2
tr
ß[

(σσ⊤)(t̃, xj, aj)
]
∂2xjxj

qvε,n,m(t, x)

™
+
〈
b(t̃, xj, µ̃, aj), ∂xjqvε,n,m(t, x)

〉} n⊗
k=1

µ̃(dxk)

+
1

2
tr
{[

(σ0σ0;⊤)(t̃ )
] n∑

j=1

n∑
l=1

∫
Rdn

∂2xjxl
qvε,n,m(t, x)

n⊗
k=1

µ̃(dxk)
}
. (2.5.19)

Putting (2.5.18) and (2.5.19) into (2.5.17), we use (2.4.18) and Theorem 2.3.8 to deduce that

(qu1 − qvε,n,m)(t̃, µ̃)

≤ 4Tδ2 +Kδ2
√
Cd

Å∫
Rd

|x|2µ̃(dx) +
∫
Rd

|x|2µ0(dx) +
1 + λ0
δ2

ã1/2
+
K2δ2

2

√
Cd

Å
1 + λ0 + δ2

∫
Rd

|x|2µ0(dx)

ã1/2
+
K2δ2Cd

2

+

∫
Rdn

n∑
i=1

sup
ai∈A

{
1

n
qf(t̃, xi, µ̃, ai)− 1

n
qf i
n,m(t̃, x, a

i)− ε2

2
tr∂2xixi

qvε,n,m(t̃, x)

+
¨
b(t̃, xi, µ̃, ai)− bin,m(t̃, x, ai), ∂xiqvε,n,m(t̃, x)

∂} n⊗
k=1

µ̃(dxk)

≤ 4Tδ2 +Kδ2
√
Cd

Å∫
Rd

|x|2µ̃(dx) +
∫
Rd

|x|2µ0(dx) +
1 + λ0
δ2

ã1/2
+
K2δ2

2

√
Cd

Å
1 + λ0 + δ2

∫
Rd

|x|2µ0(dx)

ã1/2
+
K2δ2Cd

2

+

∫
Rdn

n∑
i=1

sup
ai∈A

{
et̃−t0

n

∣∣f(t̃, xi, µ̃, ai)− f i
n,m(t̃, x, a

i)
∣∣− ε2

2
tr∂2xixi

qvε,n,m(t̃, x)

+
C4e

t̃−t0

n

∣∣b(t̃, xi, µ̃, ai)− bin,m(t̃, x, ai)∣∣} n⊗
k=1

µ̃(dxk). (2.5.20)

We use Assumption (A*) and Lemma 2.4.2 to estimate the following term:∣∣f(t̃, xi, µ̃, ai)− f i
n,m(t̃, x, a

i)
∣∣+ C4

∣∣b(t̃, xi, µ̃, ai)− bin,m(t̃, x, ai)∣∣
≤
∣∣f(t̃, xi, µ̃, ai)− f(t̃, xi, pµn,x, ai)

∣∣+ ∣∣f(t̃, xi, pµn,x, ai)− f i
n,m(t̃, x, a

i)
∣∣

+ C4

∣∣b(t̃, xi, µ̃, ai)− b(t̃, xi, pµn,x, ai)
∣∣+ C4

∣∣b(t̃, xi, pµn,x, ai)− bin,m(t̃, x, ai)
∣∣

≤K(1 + C4)W1(µ̃, pµn,x) +K(1 + C4)m

∫
R

∣∣∣t̃− [T ∧ (t̃− s)+
]∣∣∣β ϕ(ms)ds
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+K(1 + C4)m
dn

∫
Rdn

(
|yi|+ 1

n

n∑
j=1

|yj|

)
n∏

k=1

Φ(myk)dyk. (2.5.21)

Putting (2.5.21), (2.5.13) and (2.5.16) into (2.5.20), we see that

(u1 − vε,n,m)(t0, µ0)

≤ 4Tδ2 +Kδ2
√
Cd

(ñ√
λ0 + 1

δ
+ SW2(µ0, δ0)

ô2
+

∫
Rd

|x|2µ0(dx) +
1 + λ0
δ2

)1/2

+
K2δ2

2

√
Cd

ï
1 + λ0 + δ2

∫
Rd

|x|2µ0(dx)

ò1/2
+
K2δ2Cd

2

−
∫
Rdn

ε2

2

n∑
i=1

tr∂2xixi
qvε,n,m(t̃, x)

n⊗
k=1

µ̃(dxk) + eT−t0CdhnK(1 + C4)

ñ√
λ0 + 1

δ
+ SW2(µ0, δ0)

ô
+ eT−t0K(1 + C4)m

∫
R

∣∣∣t̃− [T ∧ (t̃− s)+
]∣∣∣β ϕ(ms)ds

+ 2eT−t0K(1 + C4)
mdn

n

∫
Rdn

(
n∑

j=1

|yj|

)
n∏

k=1

Φ(myk)dyk.

Using Lemma 2.4.3, 2.4.5 and (2.4.18), we first take ε → 0+ and then m → ∞ to obtain

that

(u1 − lim
m→∞

v0,n,m)(t0, µ0)

≤ 4Tδ2 +Kδ2
√
Cd

(ñ√
λ0 + 1

δ
+ SW2(µ0, δ0)

ô2
+

∫
Rd

|x|2µ0(dx) +
1 + λ0
δ2

)1/2

+
K2δ2

2

√
Cd

ï
1 + λ0 + δ2

∫
Rd

|x|2µ0(dx)

ò1/2
+
K2δ2Cd

2

+ eT−t0CdhnK(1 + C4)

ñ√
λ0 + 1

δ
+ SW2(µ0, δ0)

ô
.

By (2.5.15), (2.5.16), Lemmas 2.4.4 and 2.4.1, we take n → ∞ and then δ → 0+ to obtain

that

(u1 − v0)(t0, µ0) =
(
u1 − lim

n→∞
lim

m→∞
v0,n,m

)
(t0, µ0) ≤ 0,

which contradicts (2.5.8).
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Part 2. Proof of u2 ≥ v0:

This step mainly follows the same pattern as in Step II of (Cosso et al., 2024, Theorem

5.1) as the presence of the common noise does not alter the arguments of the approximated

control problems there. However, due to the technical gap presented in Remark 2.5.2, we

give a sketch of the new proof here. Following the arguments of the first part of Step II of

the proof of (Cosso et al., 2024, Theorem 5.1), showing u2 ≥ v0 is equivalent to showing

u2(t, µ) ≥ vs(t, ν) := E
ï∫ s

t

f
Ä
r,X t,ξ,a

r ,PW 0

Xt,ξ,a
r

, a
ä
dr

ò
+ Eu2

Ä
s,PW 0

Xt,ξ,a
s

ä
,

for every (t, µ) ∈ [0, T ]×P2(Rd), s ∈ (t, T ], ξ ∈ L2(Ω,Ft,P;Rd), with L(ξ) = µ, and a ∈Mt,

where Mt denotes the set of F t
t -measurable random variables α : Ω → A and ν := L(ξ, a).

Moreover, it is without loss of generality that u2(s, ·) is Lipschitz continuous for every s ∈

[0, T ] by the arguments of the first part of Step II of the proof of (Cosso et al., 2024, Theorem

5.1). Suppose that there exist t0 ∈ [0, T ), s0 ∈ (t0, T ] and µ0 ∈ P2(Rd) and ν0 ∈ P2(Rd×A),

with µ0 being the marginal of ν0 on Rd, such that

vs0(t0, ν0) > u2(t0, µ0).

As in the beginning of Part 1 of this proof, we can suppose that there exists some q > 2 such

that ν0 ∈ Pq(Rd × A).

The function qu2(t, µ) := et−t0u2(t, µ) is a viscosity supersolution of the following equation

∂tu(t, µ) +

∫
Rd

sup
a∈A

{
qf(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
(
σ(t, x, a)

[
σ(t, x, a)

]⊤
∂x∂µu(t, µ)(x)

)}
µ(dx) +

1

2
tr
[
σ0(t)[σ0(t)]⊤Hu(t, µ)

]
− u(t, µ)

= 0 for (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

qg(x, µ)µ(dx) for µ ∈ P2(Rd).

where qf(t, x, µ, a) := et−t0f(t, x, µ, a) and qg(x, µ) := et−t0g(x, µ). That is, for any s0 ∈ [0, T ],

for any φ ∈ PC1,2
1 ([0, s0]×P2(Rd×A)) such that qu2−φ attains a minimum with a value of
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0 at (t∗, ν∗) ∈ [0, s0)× P2(Rd × A), then the following inequality holds:

0 ≥ ∂tφ(t∗, ν∗) +
∫
Rd×A

{
qf(t∗, x, µ∗, a) + b(t∗, x, µ∗, a) · ∂µφ(t∗, ν∗)(x, a)

+
1

2
tr
[
σ(t∗, x, a)

[
σ(t∗, x, a)

]⊤
∂x∂µφ(t

∗, ν∗)(x, a)
]}

ν∗(dx, da)

+
1

2
tr
[
σ0(t∗)[σ0(t∗)]⊤Hd×dφ(t

∗, ν∗)
]
− φ(t∗, ν∗), (2.5.22)

where µ∗ is the marginal of ν∗ on Rd. We regularize the coefficients for the control variable.

Let Ψ : Rd → R+ be a compactly supported smooth function satisfying
∫
Rd Ψ(y)dy = 1. We

extend b and f trivially (for example, f(t, x, µ, a) = 0 when a ∈ Rd is not in A) on the space

[0, T ]× Rd × P2(Rd)× Rd, these extensions are still denoted by b and f . We further define

the functions b̃in,m and f̃ i
n,m by

b̃in,m(t, x, a) = md

∫
Rd

bin,m(t, x, a− a′)Ψ(ma′) da′,

f̃ i
n,m(t, x, a) = md

∫
Rd

f i
n,m(t, x, a− a′)Ψ(ma′) da′,

for any n,m ∈ N, i = 1, 2, . . . , n, x = (x1, x2, . . . , xn) ∈ Rdn and (t, a) ∈ [0, T ]×A. Recalling

the compactly supported smooth function Φ defined in Section 2.4.2, we also define

un,m(t, x) = mnd

∫
Rdn

u2

(
t,
1

n

n∑
j=1

δxj−yj

)
n∏

j=1

Φ(myj) dyj,

and

vs0n,m(t, ν) :=
1

n

n∑
i=1

E
ï∫ s0

t

f̃ i
n,m

Ç
r, X̃

1,m,t,ξ,a0

r , . . . , X̃
n,m,t,ξ,a0

r , ai0

å
dr

+ un,m

Ç
s0, X̃

1,m,t,ξ,a0

s0
, . . . , X̃

n,m,t,ξ,a0

s0

åò
,

for any t ∈ [0, s0] and ν ∈ P2(Rd × A), where ξ = (ξ
1
, ξ

2
, . . . , ξ

n
) ∈ L2(Ω,Ft,P;Rdn), a0 =

(a10, a
2
0, . . . , a

n
0 ) ∈ (Mt)

n such that L(ξ, a0) = ν⊗. . .⊗ν and X̃
m,t,ξ,a0

s =
(
X̃

1,m,t,ξ,a0

s , . . . , X̃
n,m,t,ξ,a0

s

)
is the solution to (2.4.4) with α = a0, ε = 0 and b replacing by b̃in,m for s ∈ [t, s0].
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For every n,m ∈ N, (t, µ) ∈ [0, s0] × P2(Rd), we define qvs0n,m := et−t0vs0n,m and similarly

for q

f̃ i
n,m and qun,m from f̃ i

n,m and un,m. Let

vs0n,m(t, x, a) := ṽs0n,m(t, δ(x1,a1) ⊗ . . .⊗ δ(xn,an))

with x = (x1, . . . , xn) ∈ Rdn and a = (a1, . . . , an) ∈ An, where

ṽs0n,m(t, ν) :=
1

n

n∑
i=1

E

[∫ s0

t

f̃ i
n,m

Ç
s, X̃

1,m,t,ξ,a0

s , . . . , X̃
n,m,t,ξ,a0

s , ai0

å
ds

+ un,m

Ç
X̃

1,m,t,ξ,a0

s0
, . . . , X̃

n,m,t,ξ,a0

s0

å]
, (2.5.23)

with ν = L(ξ, a0). Moreover, by (Cosso et al., 2024, Theorem A.8), we deduce that qvs0n,m can

be represented by

qvs0n,m(t, ν) = et−t0

∫
Rdn×An

vs0n,m(t, x, a)ν(dx
1, da1) . . . ν(dxn, dan),

and it could be shown by following the proofs of Lemma 2.4.5, Theorem 2.4.6 and (Cosso

et al., 2024, Theorem A.8) that

(1). vs0n,m ∈ C1,2
(
[0, s0]× Rdn × An

)
and vs0n,m ∈ C1,2

(
[0, s0]× P2

(
Rd × A

))
;

(2). for any i = 1, . . . , n and (t, x, a) ∈ [0, s0]× Rdn × An, it holds that

∣∣∂xivs0n,m(t, x, a)
∣∣ ≤ CK

n

where the constant CK ≥ 0 depends on K, but independent of n,m;

(3). if t ∈ [0, s0] and ν ∈ Pq

(
Rd × A

)
for some q > 2, then

lim
n→+∞

lim
m→+∞

vs0n,m(t, ν) = vs0(t, ν);
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(4). the function qvs0n,m(t, ν) solves the following equation classically:

∂tu(t, ν) + E

[
n∑

i=1

ß
1

n
q

f̃ i
n,m(t, ξ, a

i
0) +

〈
b̃in,m(t, ξ, a

i
0), ∂xivs0n,m(t, ξ, a0)

〉
+

1

2
tr
Äî
(σσ⊤)(t, ξ

i
, ai0) + (σ0σ0;⊤)(t)

ó
∂2xixivs0n,m(t, ξ, a0)

ä™
+

1

2

n∑
i,j=1,i ̸=j

tr
[
(σ0σ0;⊤)(t)∂2xixjvs0n,m(t, ξ, a0)

]]

− u(t, ν) = 0;

u(s0, ν) = E[qun,m(s0, ξ)],

for any t ∈ [0, s0) and ν ∈ P2(Rd × A), where ξ = (ξ
1
, ξ

2
, . . . , ξ

n
) ∈ L2(Ω,Ft,P;Rdn),

a0 = (a10, a
2
0, . . . , a

n
0 ) ∈ (Mt)

n such that L(ξ, a0) = ν ⊗ . . .⊗ ν.

Now, notice that vs0n,m is bounded by a constant independent of n,m. As a consequence,

there exists λ ≥ 0, independent of n,m, satisfying

sup
[0,T ]×P2(Rd×A)

(qvs0n,m − qu2) ≤ (qvs0n,m − qu2)(t0, ν0) + λ. (2.5.24)

Since qvs0n,m−qu2 is bounded and continuous, by (2.5.24) and Theorem 2.3.8 applied on [0, s0]×

P2(Rd × A) with G = qvs0n,m − qu2, we obtain that for every δ > 0 there exist {(tk, νk)}k≥1 ⊂

[0, s0] × P2(Rd × A) converging to some (t̃, ν̃) ∈ [0, s0] × P2(Rd × A) and a function φδ

such that items (1)-(4) of Theorem 2.3.8 hold. It deduces that there is M∗ ∈ R such that

qvs0n,m − qu2 − δ2φδ −M∗ attains the maximum with a value of 0 at (t̃, µ̃). If t̃ = s0 = T , then

we proceed as in Step 1B to get a contradiction. If t̃ = s0 < T , then it is straightforward to

draw the contradiction by following (2.5.13) and using the definition of ṽs0n,m(t, ν) in (2.5.23).

If t̃ < s0, we apply Definition 2.5.1 of supersolution and put φ = qvs0n,m−δ2φδ−M∗ in (2.5.22).

Then we proceed as in Step 1C and utilize items (1)-(4) in the above to find a contradiction

and conclude the proof.
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Chapter 3

Viscosity Solutions of Fully second-order HJB

Equations in the Wasserstein Space

This chapter establishes the existence and uniqueness of viscosity solution to the following

Hamilton-Jacobi-Bellman (HJB) equation in the Wasserstein space arising from mean field

control problems with common noise

∂tu(t, µ) +

∫
Rd

sup
a∈A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
(
(σ(t, x, a)

[
σ(t, x, a)

]⊤
+ σ0(t, x)[σ0(t, x)]⊤)∇x∂µu(t, µ)(x)

)}
µ(dx)

+
1

2

∫
Rd×Rd

tr
[
σ0(t, x)[σ0(t, y)]⊤∂2µu(t, µ)(x, y)

]
µ⊗2(dx, dy) = 0, ∀ (t, µ) ∈ [0, T )× P2(Rd),

u(T, µ) =

∫
Rd

g(x, µ)µ(dx) for µ ∈ P2(Rd),

(3.0.1)

where A is the control space, and b, σ, σ0, f, g are coefficients of the associated optimization

problem. Here ∂µu and ∂2µu denote the respective first and second-order L-derivatives of u

Carmona & Delarue (2018a); Cardaliaguet et al. (2019), and (3.0.1) is a degenerate fully

second-order equation in the Wasserstein space. By “fully” second-order, we mean that the

second-order term is infinite-dimensional, rather than a finite-dimensional operator as in

Bayraktar et al. (2023b); Daudin et al. (2023); Cheung et al. (2025). Our manuscript is the
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first work in the literature to address the viscosity solution directly in the Wasserstein space

and to allow for unbounded dynamics and state-dependent common noise volatility.

In this chapter, we address the HJB equations directly in the Wasserstein space, establish-

ing the existence and uniqueness of viscosity solution to equation (3.0.1) under a Crandall-

Lions-like Definition 3.1.5. A viscosity solution to equation (3.0.1) is provided by the value

function v of the corresponding mean-field control problem; see Theorem 3.3.2. To prove

uniqueness, we adopt the idea of smooth approximation vn → v, as n→∞ from Cosso et al.

(2024); Cheung et al. (2025). For any subsolution u1, we aim to show that u1 ≤ v. Suppose

the contrary, u1(t0, µ0) > v(t0, µ0) at some (t0, µ0) in the interior. Therefore, for sufficiently

large n, sup(t,µ) u1(t, µ)− vn(t, µ) > 0. To show a contradiction, we want to find a maximum

point of (t, µ) 7→ u1(t, µ)−vn(t, µ) and apply the definition of viscosity solution. However, the

Wasserstein space is not locally compact and the maximizer may not be obtained. Therefore,

Cosso et al. (2024); Cheung et al. (2025) applied the smooth variational principle so that per-

turbed functions achieve their global maximum. In Cosso et al. (2024); Cheung et al. (2025);

Bayraktar et al. (2023a), the perturbation terms are not second-order L-differentiable, and

hence they were not able to prove uniqueness for fully second-order HJB equations in the

Wasserstein space. In this chapter, to overcome the compactness issue of the Wasserstein

space, instead of applying the smooth variational principle, we adopt the idea of moment

penalization from Soner & Yan (2024b). For any µ ∈ P2(Rd), we define M2(µ) :=
∫
x2 µ(dx).

We can always find a small δ > 0 such that u1(t0, µ0)−vn(t0, µ0)−δM2(µ0) > 0. This implies

that the maximum point of u1− vn− δM2, if exists, must be attained in the set of measures

with bounded second moments. As shown in Lemma 3.1.1, such a set is compact with respect

to the finer topology induced by 1-Wasserstein metric. Moreover, the coefficient functions

are assumed to be Lipschitz continuous under the 1-Wasserstein metric in our framework,

which implies the same property for the value function. Therefore, the maximum point of

u1 − vn − δM2 is attained, and we derive the desired contradiction using the definition of
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viscosity solution. Another advantage of this approach is that M2(µ) possesses L-derivatives

up to second-order in a very clean form, ∂µM2(µ)(x) = 2x and ∂2µM2(µ)(x, y) = 0, which

allows unbounded state dynamics and state dependent common noise in our estimate.

We note that the definition of viscosity subsolution in this chapter follows the standard

Crandall-Lions framework, but we need to modify the definition of viscosity supersolution

in a stronger sense when dealing with equations with mean field terms. This modification

aims to address the technical difficulty posed by the supremum in equation (3.0.1), which

leads to scarce choice of test functions in the proof of the comparison for the supersolution.

Similarly to Cosso et al. (2024), we construct smooth test functions for supersolutions using

the cost functional with fixed control, but with the domain of [0, T ]×P2(Rd×A) rather than

[0, T ]×P2(Rd). The strong dependence on the initial random variable and the control makes

it difficult to rely solely on the Crandall-Lions definition to draw the conclusion. We note

that this modification of the definition is only required for the comparison theorem; however,

the value function can still be shown to be the viscosity solution under the Crandall-Lions

definition. Nonetheless, for consistency, we shall work on the Crandall-Lions-like definition

for both the existence and the uniqueness theorem. See Remark 3.1.5 for more details.

The rest of the chapter is organized as follows. In Section 2, we present the problem

formulation along with some preliminary results. Section 3 introduces the smooth finite-

dimensional approximation of the value function and provides the related estimates. Section

4 contains the proof of the existence and uniqueness of the viscosity solution.

3.1 Preliminaries

In this section, we introduce the framework for setting up the HJB equation in (3.0.1)

and recall some basic results. Before this, we shall introduce some notations which are

frequently used in the article. For any random variable X, the law of X is denoted by L(X).

For any x ∈ Rd, we denote its Euclidean norm by |x|, and its i-th component by xi or
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(x)i. The standard scalar product of x, y ∈ Rd is written as ⟨x, y⟩ or x · y. Let n ∈ N and

x1, x2, . . . , xn ∈ Rd, we denote the vector x ∈ Rdn by x = (x1, x2, . . . , xn)⊤. For any matrix

M ∈ Rd×d, the trace of M is denoted by tr(M) :=
∑d

i=1Mii, its transpose by M⊤, and its

Frobenius norm by |M | :=
[
tr(MM⊤)

]1/2. If M0 ∈ Rd×d is another matrix, its transpose is

denoted by M0;⊤. The identity matrix in Rd is denoted by Id. For a scalar variable x ∈ R,

∂xh ∈ R refers to the partial derivative of the scalar function h with respect to x. For a

vector x ∈ Rd, ∇xh ∈ Rd denotes the gradient of h.

3.1.1 Compactness and Differentiation in the Wasserstein space

We introduce over Rd the space of probability measures P(Rd) and define the p-th moment

of any µ ∈ P(Rd) by

Mp(µ) :=

∫
Rd

|x|p µ(dx), for any p ≥ 1, (3.1.1)

if it is finite. We also denote Pp(Rd) the subset of P(Rd) consisting of those with finite p-th

moment for p ≥ 1. The space Pp(Rd) is typically equipped with the q-Wasserstein distance

with q ∈ [1, p] and

Wq(µ, ν) := inf
π∈Π(µ,ν)

(∫
Rd×Rd

|x− y|qπ(dx, dy)

) 1
q

, for µ, ν ∈ Pp(Rd),

where Π(µ, ν) is the set of probability measures on Rd × Rd satisfying π(· × Rd) = µ and

π(Rd×·) = ν. We present a simple compactness criterion for some subsets of the Wasserstein

space, which is crucial for our uniqueness result.

Lemma 3.1.1. Let K > 0 and p2 > p1 ≥ 1. The set V p1,p2
K := {µ ∈ Pp1(Rd) : Mp2(µ) ≤

K} = {µ ∈ Pp2(Rd) :Mp2(µ) ≤ K} is compact in (Pp(Rd),Wp1) for any p ∈ [p1, p2].

Proof. Consider the closed ball BR centered at 0 with radius R > 0 in Rd. Then for any

µ ∈ V p1,p2
K and any random variable Xµ with law µ, we have

µ(BR) = P(Xµ ∈ BR) = 1− P(|Xµ| > R) ≥ 1−K/Rp2 ,

87



by Markov’s inequality. V p1,p2
K is thus tight. Therefore, by Prokhorov’s theorem, for any

sequence {µn}n∈N ⊆ V p1,p2
K , there exists a subsequence {µnk

}k∈N and µ∗ ∈ Pp1(Rd) such that

µnk
→ µ∗ weakly in the sense that

∫
Rd f(x)µnk

(dx) →
∫
Rd f(x)µ

∗(dx) as k → ∞, for any

bounded and continuous function f : Rd → R. Hence, it holds that
∫
Rd

(
|x|p2∧M

)
µ∗(dx) ≤ K

as
∫
Rd

(
|x|p2 ∧M

)
µnk

(dx) ≤ K for any k ∈ N. Passing M →∞, the monotone convergence

theorem implies that
∫
Rd |x|p2µ∗(dx) ≤ K, therefore µ∗ ∈ V p1,p2

K .

We claim that also Wp1(µnk
, µ)→ 0. This can be easily seen from the fact (see (Villani,

2003, Theorem 7.12)) that Wp1(µnk
, µ)→ 0 if and only if

(1). µnk
→ µ in weak convergence;

(2). lim
R→∞

lim sup
k→∞

∫
|x|≥R

|x|p1µnk
(dx) = 0.

Take a Lp1-random variable Xnk with its law L(Xnk) = µnk
, the second condition in the

above follows from the fact that∫
|x|≥R

|x|p1µnk
(dx) = E

[
|Xnk |p11{|Xnk |≥R}

]
≤
{
E
[
|Xnk |p2

]}p1/p2 {
E
[
1{|Xnk |≥R}

]}1−p1/p2

≤ K

Rp2−p1
,

hence V p1,p2
K is compact in (Pp(Rd),Wp1) for any p ∈ [p1, p2].

Remark 3.1.1. Note that if µn, µ ∈ P2(Rd) for any n ∈ N such that µn → µ in the W1-

topology as n→∞, then µn weakly converges to µ, and hence with L(Xn) = µn, L(X) = µ,

it holds that lim infn Ef(Xn) ≥ Ef(X), for all nonnegative and continuous functions f . In

particular, for any p ≥ 1 we choose f(x) := |x|p and see that lim infnMp(µn) ≥Mp(µ), i.e.,

Mp is lower semicontinuous with respect to W1.

In the rest of this subsection, we fix a rich enough probability space (Ω,F ,P) such that

it supports all probability laws on Rd, i.e., for any probability law µ on Rd, there exists

X : Ω → Rd such that the law of X, denoted by L(X), is µ. We recall the calculus in

the Wasserstein space. For a function f : [0, T ] × P2(Rd) → R, we adopt the notion of

L-derivatives (see Cardaliaguet et al. (2019) for instance) which are recalled as follows:
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Definition 3.1.2. The function f : [0, T ] × P2(Rd) → R is said to be first-order L-

differentiable if its lifting F : [0, T ] × L2(Ω,F ,P;Rd) → R; F (t, ξ) := f(t,L(ξ)) admits

a continuous Fréchet derivative DξF : [0, T ]× L2(Ω,F ,P;Rd)→ L2(Ω,F ,P;Rd).

Remark 3.1.2. By (Carmona & Delarue, 2018a, Proposition 5.25), if f is first-order L-

differentiable, then it can be shown that there is a measurable function, denoted by ∂µf(t, µ)(·) :

Rd → Rd, such that DξF (t, ξ) = ∂µf(t, µ)(ξ) for any (t, µ) ∈ [0, T ] × P2(Rd) and ξ ∈

L2(Ω,F ,P;Rd) with L(ξ) = µ. We say that ∂µf : [0, T ]×P2(Rd)×Rd → Rd is the first-order

L-derivative of f .

Definition 3.1.3. The function f : [0, T ] × P2(Rd) → R is said to be second-order L-

differentiable if f is first-order L-differentiable and for any x ∈ Rd, the function µ 7→

∂µf(t, µ)(x) is L-differentiable, i.e., the lifting F ′ : L2(Ω,F ,P;Rd)→ Rd of µ 7→ ∂µf(t, µ)(x)

admits a continuous Fréchet derivative DξF
′ : [0, T ]×L2(Ω,F ,P;Rd)→ L2(Ω,F ,P;Rd×d).

Remark 3.1.3. Similarly, if f is second-order L-differentiable, then there is a measurable

function, denoted by ∂2µf(t, µ)(x, ·) : Rd → Rd×d, such that DξF
′(t, ξ′) = ∂2µf(t, µ)(x, ξ

′) for

any (t, µ, x) ∈ [0, T ] × P2(Rd) × Rd and ξ′ ∈ L2(Ω,F ,P;Rd) with L(ξ′) = µ. We say that

∂2µf : [0, T ]× P2(Rd)× Rd × Rd → Rd×d is the second-order L-derivative of f .

3.1.2 Problem Formulation

This article aims to provide the proof of existence and uniqueness of viscosity solution of the

HJB equation

∂tu(t, µ) +

∫
Rd

sup
a∈A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
(
(σ(t, x, a)

[
σ(t, x, a)

]⊤
+ σ0(t, x)[σ0(t, x)]⊤)∇x∂µu(t, µ)(x)

)}
µ(dx)

+
1

2

∫
Rd×Rd

tr
[
σ0(t, x)[σ0(t, y)]⊤∂2µu(t, µ)(x, y)

]
µ⊗2(dx, dy) = 0, for any (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

g(x, µ)µ(dx) for µ ∈ P2(Rd),
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with the coefficient functions

b : [0, T ]× Rd × P2(Rd)× A→ Rd, σ : [0, T ]× Rd × A→ Rd×d, σ0 : [0, T ]× Rd → Rd×d,

f : [0, T ]× Rd × P2(Rd)× A→ R, g : Rd × P2(Rd)→ R,

where A is a compact subset of the Euclidean space Rd equipped with the distance dA. The

coefficient functions satisfy the following assumptions:

Assumption. The functions b, σ, σ0, f and g are jointly continuous in (t, x, µ, a) ∈ ([0, T ], |·

|)× (Rd, | · |)× (P2(Rd),W1)× (A, | · |). Moreover, there exist constants K ≥ 0, ρ ∈ [0, 1) and

β ∈ (0, 1] such that for any a ∈ A, (t, x, µ), (t′, x′, µ′) ∈ [0, T ]× Rd × P2(Rd), it holds that

(1 ).
∣∣b(t, x, µ, a)− b(t′, x′, µ′, a)

∣∣+ ∣∣σ(t, x, a)− σ(t′, x′, a)∣∣+ ∣∣σ0(t, x)− σ0(t′, x′)
∣∣

+
∣∣f(t, x, µ, a)− f(t′, x′, µ′, a)

∣∣+ ∣∣g(x, µ)− g(x′, µ′)
∣∣ ≤ K

[
|x− x′|+ |t− t′|β +W1(µ, µ

′)
]
;

(2 ).
∣∣b(t, x, µ, a)∣∣+ ∣∣σ(t, x, a)∣∣+ ∣∣σ0(t, x)

∣∣ ≤ K(1 + |x|ρ);

(3 ).
∣∣f(t, x, µ, a)∣∣+ ∣∣g(x, µ)∣∣ ≤ K.

Assumption. For any a ∈ A, the functions σ(·, ·, a) and σ0(·, ·) belong to C1,2
(
[0, T ]× Rd

)
.

Moreover, there exists a constant K ≥ 0 such that

|∂tσ(t, x, a)|+ |∇xσ(t, x, a)|+
∣∣∇2

xxσ(t, x, a)
∣∣+ ∣∣∂tσ0(t, x)

∣∣+ ∣∣∇xσ
0(t, x)

∣∣+ ∣∣∇2
xxσ

0(t, x)
∣∣ ≤ K,

for all (t, x, a) ∈ [0, T ]× Rd × A.

Remark 3.1.4. The growth rate condition ρ ∈ [0, 1) in Assumption 3.1.2 will be used for

proving the uniqueness of viscosity solution in Theorem 3.3.3. Specifically, when controlling

the error term of the perturbation of solution in (3.3.21), we are unable to achieve a sufficient

decay rate if ρ = 1. Furthermore, we impose the W1-Lipschitz continuity to obtain better

convergence results in the finite-dimensional particle approximation in Lemma 3.2.2. The

W2-Lipschitz continuity is insufficient, as noted in (Cheung et al., 2025, Remark 2.5). See

also the second part of Remark 3.1.6 for a reason on the compactness issue.
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Before giving the definition of viscosity solution, we introduce the set of test functions

adopted in the article.

Definition 3.1.4. The set C1,2([0, T ] × P2(Rd)) consists of all ([0, T ], | · |) × (P2(Rd),W2)

continuous functions φ : [0, T ]× P2(Rd)→ R satisfying the following:

(1). the derivatives ∂tφ(t, µ), ∂µφ(t, µ)(x), ∇x∂µφ(t, µ)(x), ∂2µφ(t, µ)(x, x′) exist and are

jointly continuous in (t, µ, x, x′) ∈ ([0, T ], | · |)× (P2(Rd),W2)× (Rd, | · |)× (Rd, | · |);

(2). there is a constant Cφ ≥ 0 such that for any (t, µ, x, x′) ∈ [0, T ]×P2(Rd)×Rd×Rd, we

have

|∂tφ(t, µ)|+
∣∣∂2µφ(t, µ)(x, x′)∣∣+ ∣∣∇x∂µφ(t, µ)(x)

∣∣ ≤ Cφ and
∣∣∂µφ(t, µ)(x)∣∣ ≤ Cφ

(
1 + |x|

)
.

We now introduce the notion of viscosity solution used in this article. The subsolution

part follows the standard Crandall-Lions’ definition. However, for equations involving the

mean field term, we have to modify the supersolution part.

Definition 3.1.5. A bounded ([0, T ], | · |) × (P2(Rd),W1)-continuous function u : [0, T ] ×

P2(Rd)→ R is called a viscosity subsolution of equation (3.0.1) if

(1a). u(T, µ) ≤
∫
Rd

g(x, µ)µ(dx), for every µ ∈ P2(Rd);

(1b). for any (t, µ) ∈ [0, T )×P2(Rd) and φ ∈ C1,2([0, T ]×P2(Rd)) such that u− φ

attains a maximum with a value of 0 at (t, µ) over [0, T ] × P2(Rd), the first

equation of (3.0.1) holds with the inequality sign ≥ replacing the equality sign

and with φ replacing u.

For any function h : P2(Rd)→ R, we extend it to a function on P2(Rd×A) by h(ν) = h(µ),

with µ being the marginal distribution of ν on Rd such that ν(· × A) = µ(·). We define

the respective projections πd : R2d → Rd and πd×d : R2d×2d → Rd×d such that for any

y = (y1, y2, . . . , y2d)
⊤ ∈ R2d and M ∈ R2d×2d, it holds that πd(y) = (y1, y2, . . . , yd)

⊤ and
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(πd×d(M))ij = Mij for i, j = 1, . . . , d. A bounded ([0, T ], | · |) × (P2(Rd),W1)-continuous

function u : [0, T ]× P2(Rd)→ R is called a viscosity supersolution of equation (3.0.1) if

(2a). u(T, µ) ≥
∫
Rd

g(x, µ)µ(dx), for every µ ∈ P2(Rd);

(2b). for any s ∈ (0, T ], (t, ν) ∈ [0, s)×P2(Rd×A) and φ ∈ C1,2([0, s]×P2(Rd×A))

such that u−φ attains a minimum with a value of 0 at (t, ν) over [0, s]×P2(Rd×

A), the following inequality holds:

∂tφ(t, ν) +

∫
Rd×A

{
f(t, x, µ, a) + b(t, x, µ, a) · ∂µφ(t, ν)(x, a)

+
1

2
tr
(
(σ(t, x, a)

[
σ(t, x, a)

]⊤
+ σ0(t, x)[σ0(t, x)]⊤)∇x∂µφ(t, µ)(x, a)

)}
ν(dx, da)

+
1

2

∫
Rd×A×Rd×A

tr
[
σ0(t, x)[σ0(t, y)]⊤∂2µφ(t, µ)(x, a, y, α)

]
ν⊗2(dx, da, dy, dα)

≤ 0, (3.1.2)

where µ is the marginal distribution of ν on Rd, u(t, ν) is defined as u(t, µ),

∂µφ(t, ν)(·, ·) := πd(∂νφ(t, ν)(·, ·)), and ∂2µφ(t, ν)(·, ·) := πd×d(∂νφ(t, ν)(·, ·)).

Here ∂νφ(t, ν)(·, ·) : Rd ×A→ R2d and ∂2νφ(t, ν)(·, ·, ·, ·) : Rd ×A×Rd ×A→

R2d×2d are similarly defined as in Definitions 3.1.2, 3.1.3, respectively, but over

Rd × A.

A function u : [0, T ] × P2(Rd) → R is called a viscosity solution of (3.0.1) if it is both a

viscosity subsolution and a viscosity supersolution.

Remark 3.1.5. As noted in (Cheung et al., 2025, Remark 6.1), conditions (2a)-(2b) in

Definition 3.1.5 provide sufficient criteria for the standard Crandall-Lions’ definition of a

supersolution. This formulation is adopted because, in proving the comparison theorem for

viscosity supersolutions, there are technical difficulties that the Crandall-Lions’ definition

alone cannot resolve. For further details, see (Cheung et al., 2025, Remark 6.2). It is

important to note that this modification is required only for the comparison theorem; the
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value function can still be shown to be a viscosity solution to the HJB equation (3.0.1) under

the standard Crandall-Lions’ definition, using essentially the same proof as in Theorem 3.3.2.

Remark 3.1.6. There are two key reasons for adopting the W1-Lipschitz continuity in Def-

inition 3.1.5. First, as highlighted in (Cheung et al., 2025, Remark 2.5), to apply the finite-

dimensional particle approximation of the value function v in the comparison theorem, it

is inevitable to assume the W1-Lipschitz continuity of the coefficient functions in Assump-

tion 3.1.2. This assumption ensures that the value function is also W1-Lipschitz continuity

(see Lemma 3.3.1). Hence, it is natural to seek candidate solutions among W1-continuous

functions. Second, the W1-continuity provides a suitable compactness property, replacing

the smooth variational principle to guarantee the existence of extrema for functions in the

Wasserstein space. To effectively apply the smooth variational principle, a gauge function

that matches the order of the HJB equations is required. However, constructing a gauge

function that is smooth up to second-order is challenging, which complicates the extension of

viscosity solutions to fully nonlinear second-order HJB equations. Fortunately, this compact-

ness property allows us to bypass the need for a second-order L-differentiable gauge function.

3.1.3 Associated Mean Field Control Problems

We consider a probability space (Ω,F ,P) structured as (Ω0×Ω1,F0⊗F1,P0⊗P1). The space

(Ω0,F0,P0) supports a d-dimensional Brownian motion W 0, which represents the common

noise. The space (Ω1,F1,P1) is of the form (Ω̃1× Ω̂1,G⊗F̂1, P̃1⊗ P̂1). On (Ω̂1, F̂1, P̂1), there

is a d-dimensional Brownian motion W , which represents the idiosyncratic noise. Mean-

while, (Ω̃1,G, P̃1) supports the initial random variables. We further assume, without loss of

generality, that the probability space (Ω̃1,G, P̃1) is rich enough to support any probability

law on Rd. Specifically, for any probability measure µ on Rd, there exists a random variable

X(ω) : Ω̃1 → Rd such that the distribution of X, denoted by L(X), is µ.
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We represent ω ∈ Ω as ω = (ω0, ω1), where the Brownian motions are given by W (ω) =

W (ω1) and W 0(ω) = W 0(ω0). Let E denote the expectation under P, while E0 and E1

represent the expectations under P0 and P1, respectively. We define the filtrations as follows:

• F = (Fs)s≥0 := (σ(W 0
r )0≤r≤s ∨ σ(Wr)0≤r≤s ∨ G)s≥0;

• Ft = (F t
s)s≥0 := (σ(W 0

r∨t −W 0
t )0≤r≤s ∨ σ(Wr∨t −Wt)0≤r≤s ∨ G)s≥0;

• FW 0
= (FW 0

s )s≥0 := (σ(W 0
r ))0≤r≤s;

• F1 = (F1
s )s≥0 := (σ(Ws) ∨ G)0≤r≤s.

For simplicity, we assume they are P-complete.

Recall that A ⊂ Rd is a compact subset equipped with the distance dA. For t > 0, let A

(resp. At) denote the set of F-progressively measurable (resp. Ft-progressively measurable)

processes on Ω that take values in A. The set A (resp. At) is a separable metric space

with the Krylov distance defined as ∆(α, β) := E
î∫ T

0
dA(αr, βr) dr

ó
(resp. ∆t(α, β) :=

E
î∫ T

t
dA(αr, βr) dr

ó
). We denote by BA (resp. BAt) the Borel σ-algebra on A (resp. At).

Without loss of generality, let (Ω0,F0,P0) be the canonical space, i.e., Ω0 = C(R+,Rd), the

space of continuous functions from R+ to Rd.

We now introduce a mean field control problem related to the HJB equation (3.0.1). For

every t ∈ [0, T ], ξ ∈ L2(Ω1,F1
t ,P1;Rd) and α ∈ At, we consider the solution X t,ξ,α of the

following state dynamics:

Xs = ξ +

∫ s

t

b(r,Xr,PW 0

Xr
, αr)dr +

∫ s

t

σ(r,Xr, αr)dWr +

∫ s

t

σ0(r,Xr)dW
0
r , for s ∈ [t, T ],

(3.1.3)

where PW 0

Xr
denotes the conditional distribution of Xr given W 0. We are subject to the cost

functional:

J(t, ξ, α) := E

[∫ T

t

f
(
s,X t,ξ,α

s ,PW 0

Xt,ξ,α
s

, αs

)
ds+ g

(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

)]
. (3.1.4)
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We define the value function V to be

V (t, ξ) := sup
α∈At

J(t, ξ, α), for any (t, ξ) ∈ [0, T ]× L2(Ω1,F1
t ,P1;Rd). (3.1.5)

As in (Cosso et al., 2023, Appendix B) and (Cheung et al., 2025, Proposition 3.3), it can

be shown that the value function is law invariant under Assumption 3.1.2, i.e., for every

t ∈ [0, T ] and ξ, η ∈ L2(Ω1,F1
t ,P1;Rd), with L(ξ) = L(η), it holds that V (t, ξ) = V (t, η).

Therefore we can define a function v(t, µ) : [0, T ]× P2(Rd) 7→ R such that for any t ∈ [0, T ]

and µ ∈ P2(Rd), it holds that

v(t, µ) := V (t, ξ), (3.1.6)

for any ξ ∈ L2(Ω1,F1
t ,P1;Rd) such that L(ξ) = µ, where V (t, ξ) is defined in (3.1.5). The

main goal of this article is to prove that the value function v(t, µ) is the unique viscosity

solution to the HJB equation (3.0.1), under Definition 3.1.5. To address this, we need some

preliminary results. We first give the regularity of the solution of the SDE (3.1.3) and the

value function v. Proofs are standard and therefore omitted, and readers are referred to

Yong & Zhou (1999).

Proposition 3.1.6. Suppose that Assumption 3.1.2 holds. For every t ∈ [0, T ], ξ ∈ L2(Ω1,F1
t ,P1;Rd)

and α ∈ At, there exists a unique (up to P-indistinguishability) continuous F-progressively

measurable solution X t,ξ,α = (X t,ξ,α
s )s∈[t,T ] of equation (3.1.3). Moreover, there is a constant

C depending only on K, T , d such that

E
[
sup

s∈[t,T ]

|X t,ξ,α
s |2

]
≤ C

(
1 + E|ξ|2

)
, E

[
sup

s∈[t,T ]

|X t,ξ,α
s −X t,ξ′,α

s |2
]
≤ CE

(
|ξ − ξ′|2

)
and

E
[

sup
s∈[t,t+h]

|X t,ξ,α
s − ξ|2

]
≤ Ch,

for any t ∈ [0, T ], h ∈ [0, T − t], ξ, ξ′ ∈ L2(Ω1,F1
t ,P1;Rd) and α ∈ At.

Proposition 3.1.7. Suppose that Assumption 3.1.2 holds. There exists a constant C ≥ 0

such that for any t, t′ ∈ [0, T ], µ, µ′ ∈ P2(Rd),

|v(t, µ)| ≤ (1 + T )K and |v(t, µ)− v(t′, µ′)| ≤ C
[
W2(µ, µ

′) + |t− t′|1/2
]
. (3.1.7)
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The constant C depends on d, K, T and independent of t, t′, µ, µ′.

We then state the dynamic programming principle which is essential to verify that the

value function v is the viscosity solution to the HJB equation (3.0.1). The proof is standard

and can be obtained following arguments similar to those in Pham & Wei (2017).

Theorem 3.1.8 (Dynamic Programming Principle). Suppose that Assumption 3.1.2 holds.

The value function v satisfies the dynamic programming principle: for every t ∈ [0, T ] and

µ ∈ P2(Rd), it holds that

v(t, µ) = sup
α∈At

sup
s∈[t,T ]

{
E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + v

(
s,PW 0

Xt,ξ,α
s

)]}
= sup

α∈At

inf
s∈[t,T ]

{
E

[∫ s

t

f
(
r,X t,ξ,α

r ,PW 0

Xt,ξ,α
r

, αr

)
dr + v

(
s,PW 0

Xt,ξ,α
s

)]}
,

for any ξ ∈ L2(Ω1,F1
t ,P1;Rd) such that L(ξ) = µ.

We recall the following version of Itô’s formula for functions in C1,2([0, T ]× P2(Rd)), as

stated in (Carmona & Delarue, 2018b, Theorem 4.14).

Theorem 3.1.9. Let (̃bt)t≥0, (σ̃t)t≥0 and (σ̃0
t )t≥0 be progressively measurable processes with

respect to F, with values in Rd, Rd×d and Rd×d respectively, such that for any finite horizon

T > 0,

E
ñ∫ T

0

(
|̃bt|2 + |σ̃t|4 + |σ̃0

t |4
)
dt

ô
<∞.

Consider the following Rd-valued Itô process:

Xt = ξ +

∫ t

0

b̃sds+

∫ t

0

σ̃sdWs +

∫ t

0

σ̃0
sdW

0
s , for t ∈ [0, T ],

where ξ ∈ L2(Ω,F ,P;Rd). It holds P0-a.s. that for φ ∈ C1,2([0, T ]× P2(Rd)),

φ(t,PW 0

Xt
)

=φ(0,PW 0

X0
) +

∫ t

0

∂tφ(s,PW 0

Xs
)ds+

∫ t

0

E1
[
∂µφ(s,PW 0

Xs
)(Xs) · b̃s

]
ds
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+

∫ t

0

E1
[
σ̃0;⊤
s ∂µφ(s,PW 0

Xs
)(Xs)

]
· dW 0

s +
1

2

∫ t

0

E1
{
tr
[
∇x∂µφ(s,PW 0

Xs
)(Xs)σ̃sσ̃

⊤
s

]}
ds

+
1

2

∫ t

0

E1
{
tr
[
∇x∂µφ(s,PW 0

Xs
)(Xs)σ̃

0
s σ̃

0;⊤
s

]}
ds+

1

2

∫ t

0

E1
qE1
{
tr
[
∂2µφ(s,PW 0

Xs
)(Xs, qXs)σ̃

0
s

(
qσ̃0
s

)⊤]}
ds,

where qE1 is the expectation under (qΩ1, qF1, qP1) which is a copy of (Ω1,F1,P1); and ( qXt)t≥0,

(
q

b̃t)t≥0, (qσ̃t)t≥0, ( qσ̃0
t )t≥0 are copies of (Xt)t≥0, (̃bt)t≥0, (σ̃t)t≥0, (σ̃0

t )t≥0 on (qΩ1, qF1, qP1).

3.2 Smooth Finite-dimensional Approximations of Value

Function

In this section, we construct C1,2([0, T ] × P2(Rd)) approximations of the value function v.

As similar results have been proved in Cosso et al. (2024); Cheung et al. (2025) and the

notations are quite heavy, we only provide main ideas of the construction in this section

and postpone the details to Appendix. The main idea is to first add a small term in the

volatility to ensure that the HJB equation (3.0.1) is non-degenerate in the second-order term.

Then, we mollify the coefficient functions and use the empirical measure to approximate the

measure arguments. It ensures that the approximated coefficient functions are smooth and

on a finite-dimensional domain. These procedures allow us to construct a regular enough

test function from the approximations of value function v.

3.2.1 Approximation by Non-degenerate Problem

Fix a complete probability space (Ω̌, F̌ , P̌), also of the form (Ω̌0× Ω̌1, F̌0⊗F̌1, P̌0⊗ P̌1). The

space (Ω̌0, F̌0, P̌0) supports a d-dimensional Brownian motion W̌ 0. For (Ω̌1, F̌1, P̌1), it is of

the form ( ˇ̃Ω1 × ˇ̂
Ω1, Ǧ ⊗ ˇ̂F1, ˇ̃P1 ⊗ ˇ̂P1). On (

ˇ̂
Ω1,

ˇ̂F1,
ˇ̂P1), there lives d-dimensional Brownian

motions W̌ and B̌. The space ( ˇ̃Ω1, Ǧ, ˇ̃P1) is where the initial random variables live. We

assume that ( ˇ̃Ω1, Ǧ, ˇ̃P1) is rich enough to support all probability laws on Rd, i.e., for any

probability law µ on Rd, there exists X : ˇ̃Ω1 → Rd such that L(X) = µ. The expectation E
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in this subsection is taken with respect to P̌ = P̌0 ⊗ P̌1.

Set F̌ = (F̌s)s≥0 :=
(
σ(W̌ 0

r )0≤r≤s ∨ σ(W̌r)0≤r≤s ∨ σ(B̌r)0≤r≤s ∨ Ǧ
)
s≥0

, F̌t = (F t
s)s≥0 :=(

σ(W̌ 0
r −W̌ 0

t )0≤r≤s∨σ(W̌r∨t−W̌t)0≤r≤s∨σ(B̌r∨t−B̌t)0≤r≤s∨Ǧ
)
s≥0

. Without loss of generality,

we assume that they are P̌-complete. Let t > 0, denote by Ǎ (resp. Ǎt) the set of F̌-

progressively measurable processes (resp. F̌t-progressively measurable processes) valued in

A.

Letting ε > 0, t ∈ [0, T ), ξ̌ ∈ L2(Ω̌1, F̌1, P̌1;Rd) and α̌ ∈ Ǎ, we consider the unique

solution X̌ε,t,ξ̌,α̌ = (X̌ε,t,ξ̌,α̌
s )s∈[t,T ] of the perturbed equation:

Xs = ξ̌ +

∫ s

t

b(r,Xr,PW̌ 0

Xr
, α̌r)dr +

∫ s

t

σ(r,Xr, α̌r)dW̌r +

∫ s

t

σ0(r,Xr)dW̌
0
r

+ ε(B̌s − B̌t). (3.2.1)

For any t ∈ [0, T ] and ξ̌ ∈ L2(Ω̌1, F̌1, P̌1;Rd), we consider the value function:

Vε(t, ξ̌) = sup
α̌∈Ǎt

Jε(t, ξ̌, α̌) := sup
α̌∈Ǎt

E

[∫ T

t

f
(
s, X̌ε,t,ξ̌,α̌

s ,PW̌ 0

X̌ε,t,ξ̌,α̌
s

, α̌s

)
ds+ g

(
X̌ε,t,ξ̌,α̌

T ,PW̌ 0

X̌ε,t,ξ̌,α̌
T

)]
.

(3.2.2)

By the law invariance property similar to (Cosso et al., 2023, Appendix B) and (Cheung

et al., 2025, Proposition 3.3), we can define a function vε(t, µ) : [0, T ] × P2(Rd) → R such

that

vε(t, µ) := Vε(t, ξ̌), (3.2.3)

for any ξ̌ ∈ L2(Ω̌1, F̌1, P̌1;Rd) such that L(ξ̌) = µ.

Lemma 3.2.1. Suppose that Assumption 3.1.2 holds. There exists a constant C5 = C5(d,K, T ) >

0 such that for any ε ≥ 0 and (t, µ) ∈ [0, T ]×P2(Rd), it holds that |vε(t, µ)− v0(t, µ)| ≤ C5ε.

Proof. It is standard to see that E
[
|X̌ε,t,ξ̌,α̌

s − X̌0,t,ξ̌,α̌
s |2

]
≤ Cε2 for any s ∈ [t, T ] by using

Assumption 3.1.2 and equation (3.2.1). The result follows by

|vε(t, µ)− v0(t, µ)|2 ≤ 2K2E
ñ
T

∫ T

t

∣∣∣X̌ε,t,ξ̌,α̌
s − X̌0,t,ξ̌,α̌

s

∣∣∣2 ds+ ∣∣∣X̌ε,t,ξ̌,α̌
T − X̌0,t,ξ̌,α̌

T

∣∣∣2ô ≤ C2
5ε

2.
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3.2.2 Smooth Finite-dimensional Approximation of Coefficient Func-

tions

In this section, we illustrate the finite-dimensional approximation. Consider a complete

probability space (Ω,F ,P), which is also of the form (Ω
0 × Ω

1
,F0 ⊗ F1

,P0 ⊗ P1
). The

space (Ω
0
,F0

,P0
) supports a d-dimensional Brownian motion W

0. For (Ω
1
,F1

,P1
), it is

of the form (Ω̃
1

× Ω̂
1

,G ⊗ F̂
1

, P̃
1

⊗ P̂
1

). Let n ∈ N. There lives d-dimensional Brownian

motions W 1
, . . . ,W

n and B1
, . . . , B

n on (Ω̂
1

, F̂
1

, P̂
1

). We require W 1
, . . . ,W

n
, B

1
, . . . , B

n to

be mutually independent. The space (Ω̃
1

,G, P̃
1

) is where the initial random variables live.

We assume that (Ω̃
1

,G, P̃
1

) is rich enough to support all probability laws on Rd, i.e., for any

probability law µ on Rd, there exists X : Ω̃
1

→ Rd such that L(X) = µ.

We define F = (F s)s≥0 :=
Ä
σ(W

0

r)0≤r≤s ∨ σ(W
i

r)0≤r≤s,i=1,...,n ∨ σ(B
i

r)0≤r≤s,i=1,...,n ∨ G
ä
s≥0

,

Ft
= (F t

s)s≥0 :=
Ä
σ(W

0

r −W
0

t )0≤r≤s ∨ σ(W
i

r∨t −W
i

t)0≤r≤s,i=1,...,n ∨ σ(B
i

r∨t −B
i

t)0≤r≤s,i=1,...,n ∨ G
ä
s≥0

.

Without loss of generality, we assume that they are P-complete. Let t > 0 and denote by An

(resp. An

t ) the set of F-progressively measurable processes (resp. Ft-progressively measurable

processes) α = (α1, . . . , αn) valued in An.

Now we introduce the smooth approximations of the coefficients. Let m ∈ N, ϕ : R→ R+

and Φ : Rd → R+ be two compactly supported smooth functions satisfying
∫
R ϕ(s)ds = 1,∫

Rd Φ(y)dy = 1 and
∫
Rd |y|ρΦ(y)dy ≤ CΦ,ρ for some constant CΦ,ρ > 0, where ρ is the

parameter given in Assumption 3.1.2. For n,m ∈ N and i = 1, . . . , n, we define bin,m :

[0, T ] × Rdn × A → Rd, f i
n,m : [0, T ] × Rdn × A → Rd, gin,m : Rdn → Rd by the smooth

approximations of b, f and g respectively such that

bin,m(t, x, a) := mdn+1

∫
Rdn+1

b

(
(t− s)+ ∧ T, xi − yi, 1

n

n∑
j=1

δxj−yj , a

)
ϕ(ms)

n∏
k=1

Φ(myk)dykds;

(3.2.4)
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f i
n,m(t, x, a) := mdn+1

∫
Rdn+1

f

(
(t− s)+ ∧ T, xi − yi, 1

n

n∑
j=1

δxj−yj , a

)
ϕ(ms)

n∏
k=1

Φ(myk)dykds;

(3.2.5)

gin,m(x) := mdn

∫
Rdn

g

(
xi − yi, 1

n

n∑
j=1

δxj−yj

)
n∏

k=1

Φ(myk)dyk. (3.2.6)

First, we establish some basic properties of these approximation functions.

Lemma 3.2.2. Suppose that Assumption 3.1.2 holds, and define pµn,x :=
1

n

n∑
j=1

δxj . For any

n,m ∈ N, i = 1, 2, . . . , n and (t, x, z, a) ∈ [0, T ]× Rdn × Rdn × A, we have the following:

(1). |f i
n,m(t, x, a)| ∨ |gin,m(x)| ≤ K and |bin,m(t, x, a)| ≤ K

(
1 + CΦ,ρm

−ρ + |xi|ρ
)
;

(2). |bin,m(t, x, a)− b(t, xi, pµn,x, a)| ∨ |f i
n,m(t, x, a)− f(t, xi, pµn,x, a)|

≤ Km

∫
R

∣∣∣t− [T ∧ (t− s)+
]∣∣∣β ϕ(ms)ds+Kmdn

∫
Rdn

(
|yi|+ 1

n

n∑
j=1

|yj|

)
n∏

k=1

Φ(myk)dyk;

|gin,m(x)− g(xi, pµn,x)| ≤ Kmdn

∫
Rdn

(
|yi|+ 1

n

n∑
j=1

|yj|

)
n∏

k=1

Φ(myk)dyk;

(3). |bin,m(t, x, a)− bin,m(t, z, a)| ∨ |f i
n,m(t, x, a)− f i

n,m(t, z, a)| ∨ |gin,m(x)− gin,m(z)|

≤ K

[
|xi − zi|+ 1

n

n∑
j=1

∣∣xj − zj∣∣];
(4). lim

m→∞
bin,m(t, x, a) = b(t, xi, pµn,x, a), lim

m→∞
f i
n,m(t, x, a) = f(t, xi, pµn,x, a) and

lim
m→∞

gin,m(x) = g(xi, pµn,x). These limits hold uniformly in (t, x, a) ∈ [0, T ]× Rdn × A.

For the proof of Lemma 3.2.2, please refer to Appendix 3.4.

Let Xm,ε,t,x,α

s = (X
1,m,ε,t,x,α

s , . . . , X
n,m,ε,t,x,α

s ) be the solution of

X i
s =xi +

∫ s

t

bin,m(r,Xr, α
i
r)dr +

∫ s

t

σ(r,X i
r, α

i
r)dW

i

r +

∫ s

t

σ0(r,X i
r)dW

0

r + ε(B
i

s −B
i

t),

(3.2.7)

where Xs = (X1
s , . . . , X

n
s ) with Rd-valued processes X i

s for i = 1, . . . , n. We define

vε,n,m(t, x) := sup
α∈An

t

J∗
ε,n,m(t, x, α)
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:= sup
α∈An

t

1

n

n∑
i=1

E

[∫ T

t

f i
n,m

Ä
s,X

1,m,ε,t,x,α

s , . . . , X
n,m,ε,t,x,α

s , αi
s

ä
ds

+ gin,m
Ä
X

1,m,ε,t,x,α

T , . . . , X
n,m,ε,t,x,α

T

ä]
, (3.2.8)

for any t ∈ [0, T ] and x ∈ Rdn. This approximation of the value function is defined on a finite-

dimensional domain. Owing to the non-degeneracy and smoothness of the coefficients, the

approximation belongs to the class C1,2([0, T ]×Rdn) and possesses the following properties:

Lemma 3.2.3. Suppose that Assumptions 3.1.2-3.1.2 hold. There are positive constants

C4 = C4(d,K, T ) and Cn,m such that the function vε,n,m : [0, T ] × Rdn 7−→ R satisfies the

following:

(1). For any (t, x) in [0, T ]× Rdn and i = 1, 2, . . . , n, we have

|∇xivε,n,m(t, x)| ≤
C4

n
; (3.2.9)

(2). Denoting by ∂2xixj
v(t, x) ∈ R the second-order derivative with respect to xi and xj, it

holds that

−Cn,m ≤ ∂2xixj
vε,n,m(t, x) ≤

Cn,m

ε2
, (3.2.10)

for any (t, x) in [0, T ]× Rdn and every i, j = 1, 2, . . . , dn;

(3). The function vε,n,m ∈ C1,2([0, T ] × Rdn) is the unique classical solution of the Bellman

equation

∂tu(t, x) + sup
a∈An

{
1

n

n∑
i=1

f i
n,m(t, x, ai) +

1

2

n∑
i=1

tr
[(

(σσ⊤)(t, xi, ai) + σ0σ0;⊤(t, xi) + ε2Id

)
∇2

xixiu(t, x)
]

+

n∑
i=1

〈
bin,m(t, x, ai),∇xiu(t, x)

〉
+

1

2

n∑
i,j=1,i ̸=j

tr
[
σ0(t, xi)σ0;⊤(t, xj)∇2

xixju(t, x)
]}

= 0 in [0, T )× Rdn;

u(T, x) =
1

n

n∑
i=1

gin,m(x) in Rdn,

(3.2.11)

where a = (a1, . . . , an) with ai ∈ A for i = 1, 2, . . . , n.
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The proof of Lemma 3.2.3 is delegated to Appendix 3.4.

3.2.3 Approximation of Value Function

Recalling the definition of J∗
ε,n,m in (3.2.8), we define

ṽε,n,m(t, µ) := sup
α∈An

t

J∗
ε,n,m(t, ξ, α)

for any t ∈ [0, T ] and µ ∈ P2(Rdn) such that L(ξ) = µ. It is clear that vε,n,m(t, x) =

ṽε,n,m(t, δx1 ⊗ . . .⊗ δxn). We define vε,n,m(t, µ) : [0, T ]× P2(Rd)→ R by

vε,n,m(t, µ) := ṽε,n,m(t, µ⊗ . . .⊗ µ). (3.2.12)

Theorem 3.2.4. Suppose that Assumptions 3.1.2-3.1.2 hold. For every ε > 0, n,m ∈ N,

the function vε,n,m defined in (3.2.8) and the function vε,n,m defined in (3.2.12) satisfy the

following:

(1). For any (t, µ) ∈ [0, T ]× P2(Rd), we have

vε,n,m(t, µ) =

∫
Rdn

vε,n,m(t, x
1, . . . , xn)µ(dx1)⊗ . . .⊗ µ(dxn) ; (3.2.13)

(2). vε,n,m(t, µ) ∈ C1,2([0, T ]× P2(Rd));

(3). There is a positive constant ℓ2 = ℓ2(K,T ) such that for any (t, µ) ∈ [0, T ]×P2(Rd), we

have |vε,n,m(t, µ)| ≤ ℓ2;
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(4). The function vε,n,m(t, µ) solves the following equation in the classical sense:

∂tu(t, µ)

+

∫
Rdn

sup
a∈An

{
1

n

n∑
i=1

f i
n,m(t, x, a

i) +
n∑

i=1

〈
bin,m(t, x, a

i),∇xivε,n,m(t, x)
〉

+
1

2

n∑
i=1

tr
[(

(σσ⊤)(t, xi, ai) + (σ0σ0;⊤)(t, xi) + ε2Id

)
∇2

xixivε,n,m(t, x)
]

+
1

2

n∑
i,j=1,i ̸=j

tr
[
σ0(t, xi)σ0;⊤(t, xj)∇2

xixjvε,n,m(t, x)
]}

µ(dx1)⊗ . . .⊗ µ(dxn)

= 0 for any (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =
1

n

n∑
i=1

∫
Rdn

gin,m(x)µ(dx
1)⊗ . . .⊗ µ(dxn) for any µ ∈ P2(Rd).

Proof. The proof of item (1) follows from Steps I-II of the proof of (Cosso et al., 2024,

Theorem A.7), together with Lemma 3.2.3. The function vε,n,m(t, x) is in C1,2([0, T ]× Rdn)

from Lemma 3.2.3 and its boundedness is ensured by its definition. Then, item (2) follows

by differentiating (3.2.13) and item (3) is ensured by the boundedness of vε,n,m(t, x). Item

(4) is easily obtained by integrating (3.2.11) with u = vε,n,m.

Lemma 3.2.5. Suppose that Assumption 3.1.2 holds. There exists a positive constant C6 =

C6(K,T, d) such that for any n,m ∈ N and (t, µ) ∈ [0, T ] × P2(Rd), we have |vε,n,m(t, µ) −

v0,n,m(t, µ)| ≤ C6ε.

Proof. This proof follows the same approach as the proof of Lemma 3.2.1, with the aid of

Lemma 3.2.2. The details are omitted here.

Lemma 3.2.6. Suppose that Assumption 3.1.2 holds. Let ε > 0 and (t, µ) ∈ [0, T ]×P2(Rd).

If there exists q > 2 such that µ ∈ Pq(Rd), then lim
n→∞

lim
m→∞

vε,n,m(t, µ) = vε(t, µ) where vε(t, µ)

is defined in (3.2.3).

Proof. The proof follows the same reasoning as (Cosso et al., 2024, Theorem A.6), but with

(Djete et al., 2022, Theorems 3.1, 3.6) replacing the limit theory in Cosso et al. (2024) when
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passing to the limit n→∞ in limm→∞ vε,n,m(t, µ), because of the appearance of the common

noise.

3.3 Viscosity Solution Theory

In this section, we prove the main result of the article, which is the existence and uniqueness

of the viscosity solution of the HJB equation in (3.0.1). We first need the following lemma.

Lemma 3.3.1. The value function v(t, µ) defined (3.1.6) and its finite-dimensional approx-

imation vε,n,m(t, µ) defined (3.2.12) satisfy

|vε,n,m(t, µ)− vε,n,m(t, µ′)| ≤ C4W1(µ, µ
′), |v(t, µ)− v(t, µ′)| ≤ C4W1(µ, µ

′)

for any (t, µ, µ′) ∈ [0, T ]× P2(Rd)× P2(Rd), where C4 is given in Lemma 3.2.3.

Proof. Let µ, µ′ ∈ P2(Rd). Let (ξ1, η1), . . . , (ξn, ηn) be a sequence of independent and iden-

tically distributed random variables, with L(ξi) = µ, L(ηi) = µ′, for i = 1, . . . , n. Theorem

3.2.4 deduces that vε,n,m(t, µ) = Ev̄ε,n,m(t, ξ1, . . . , ξn) and vε,n,m(t, µ′) = Ev̄ε,n,m(t, η1, . . . , ηn).

Lemma 3.2.3 implies that

|vε,n,m(t, µ)− vε,n,m(t, µ′)| ≤ E|v̄ε,n,m(t, ξ1, . . . , ξn)− v̄ε,n,m(t, η1, . . . , ηn)| ≤
C4

n

n∑
i=1

E|ξi − ηi|

=C4E|ξ1 − η1|.

Since ξ1 and η1 are arbitrary random variables such that L(ξ1) = µ and L(η1) = µ′, we

conclude that

|vε,n,m(t, µ)− vε,n,m(t, µ′)| ≤ C4W1(µ, µ
′).

Now we consider v. Let L(ξ) = µ and L(η) = µ′. By applying Proposition 3.1.7, together

with Lemmas 3.2.5 and 3.2.6, we have

|v(t, µ)− v(t, µ′)| =|V (t, ξ)− V (t, η)|
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= lim
k→∞
|V (t, ξ1{|ξ|≤k})− V (t, η1{|η|≤k})|

= lim
k→∞

lim
ε→0

lim
n→∞

lim
m→∞

|vε,n,m(t,L(ξ1{|ξ|≤k}))− vε,n,m(t,L(η1{|η|≤k}))|

≤C4 lim
k→∞

E|ξ1{|ξ|≤k} − η1{|η|≤k}|

=C4E|ξ − η|.

As ξ, η are arbitrary, provided that L(ξ) = µ and L(η) = µ′, we conclude that |v(t, µ) −

v(t, µ′)| ≤ C4W1(µ, µ
′).

3.3.1 Existence

We verify that the value function v is a viscosity solution of (3.0.1) by applying the Itô’s

formula in Theorem 3.1.9 and the dynamic programming in Theorem 3.1.8. Similarly, the

value function v can be shown to be a viscosity solution under the standard Crandall-Lions

definition by following the approach outlined in the theorem below. However, for consistency

with the uniqueness theorem, we provide the proof under Definition 3.1.5.

Theorem 3.3.2. Suppose that Assumption 3.1.2 holds. The value function v defined in

(3.1.6) is a viscosity solution of (3.0.1).

Proof. From Lemma 3.3.1, the value function v is ([0, T ], | · |) × (P2(Rd),W1)-continuous,

and its boundedness follows from the boundedness of f and g. Now we show separately that

it is a viscosity supersolution and a viscosity subsolution of (3.0.1), according to Definition

3.1.5.

Part 1. v is a viscosity supersolution: For any s0 ∈ (0, T ] and φ ∈ C1,2([0, s0] ×

P2(Rd × A)), we assume that v − φ attains a minimum at (t0, ν0) ∈ [0, s0) × P2(Rd × A)

with a value of 0, where v(t0, ν0) is defined as v(t0, µ0) with µ0 being the marginal of ν0

on Rd. Recalling that Mt is the set of F t
t -measurable random variables, we let α′ ∈ Mt0

and ξ ∈ L2(Ω1,F1
t ,P1;Rd) such that L(ξ, α′) = ν0. Letting a ∈ A be arbitrary, we define
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αs := a1[0,t0)(s) + α′1[t0,T ](s), which belongs to At0 . Let (X t0,ξ,α
s )s∈[t0,T ] be the solution of

the dynamic (3.1.3) with initial time t0, initial data ξ and control α defined in the above.

Then for h > 0 small enough, we use the dynamic programming in Theorem 3.1.8 and Itô’s

formula in Theorem 3.1.9 to obtain that

0 ≥ 1

h
E
[
(v − φ)(t0, ν0)− (v − φ)(t0 + h,PW 0

(X
t0,ξ,α
t0+h ,αt0+h)

)
]

≥ 1

h
E

[∫ t0+h

t0

f(s,X t0,ξ,α
s ,PW 0

X
t0,ξ,α
s

, αs) + ∂tφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)

+ E1
[
∂µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs) · b(s,X t0,ξ,α

s ,PW 0

X
t0,ξ,α
s

, αs)
]

+
1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs)σ(s,X

t0,ξ,α
s , αs)σ

⊤(s,X t0,ξ,α
s , αs)

]}
+

1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs)σ

0(s,X t0,ξ,α
s )σ0;⊤(s,X t0,ξ,α

s )
]}

+
1

2
E1

qE1
{
tr
[
∂2µφ(s,PW 0

(X
t0,ξ,α
s ,αs)

)(X t0,ξ,α
s , αs, qX t0,ξ,α

s , qαs)σ
0(s,X t0,ξ,α

s )σ0;⊤(s, qX t0,ξ,α
s )

]}
ds

]
,

where the operators ∂µ, ∂2µ are defined as in Definition 3.1.5, through the projection. The

process ( qX t0,ξ,α
s , qαs) is an independent copy of (X t0,ξ,α

s , αs). For any ε > 0, it holds that

P0

Ç
sup

t∈[s,s+h]

W2(PW 0

X
t0,ξ,α
t

,PW 0

X
t0,ξ,α
s

) > ε

å
≤

E0 sup
t∈[s,s+h]

[
W2(PW 0

X
t0,ξ,α
t

,PW 0

X
t0,ξ,α
s

)
]2

ε2

≤
E sup

t∈[s,s+h]

|X t0,ξ,α
t −X t0,ξ,α

s |2

ε2

≤ Ch
ε2
,

(3.3.1)

where in the last inequality we have used Proposition 3.1.6. The above term goes to 0 as

h→ 0+, thus the flow of measure s 7→ PW 0

X
t0,ξ,α
s

is continuous on [t0, s0] for P-a.s. ω0 ∈ Ω0, so

is s 7→ PW 0

(X
t0,ξ,α
s ,αs)

for P-a.s. ω0 ∈ Ω0. From the regularity of the coefficients in Assumption

3.1.2, the regularity of the test function φ, the continuity of the processes s 7→ X t0,ξ,α
s ,

s 7→ PW 0

(X
t0,ξ,α
s ,αs)

for P-a.s. ω0 ∈ Ω0 and the dominated convergence theorem, we have as
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h→ 0+,

∂tφ(t0, ν0) + EqE
ß
f(t0, ξ, µ0, α

′) +
[
∂µφ(t0, ν0)(ξ, α

′) · b(t0, ξ, µ0, α
′)
]

+
1

2
tr
[
∇x∂µφ(t0, ν0)(ξ, α

′)σ(t0, ξ, α
′)[σ(t0, ξ, α

′)]⊤
]
+

1

2
tr
[
∇x∂µφ(t0, ν0)(ξ, α

′)σ0(t0, ξ)[σ
0(t0, ξ)]

⊤
]

+
1

2
tr
[
∂2µφ(t0, ν0)(ξ, α

′, qξ, qα′)σ0(t0, ξ)[σ
0(t0, qξ)]⊤

]™
≤ 0.

(3.3.2)

Part 2. v is a viscosity subsolution: For any φ ∈ C1,2([0, T ] × P2(Rd)), we assume

that v − φ attains a maximum at (t0, µ0) ∈ [0, T ) × P2(Rd) with a value of 0. Let ε > 0

and ξ ∈ L2(Ω1,F1,P1;Rd) satisfying L(ξ) = µ0. There is an αε ∈ At such that for any

h ∈ (0, T − t0], we have

v(t0, µ0)− ε ≤E

[∫ t0+h

t0

f(r,X t0,ξ,αε

r ,PW 0

X
t0,ξ,α

ε

r
, αε

r)dr + v(t0 + h,PW 0

X
t0,ξ,α

ε

t0+h

)

]
,

where (X t0,ξ,αε

s )s∈[t0,T ] solves the dynamic (3.1.3) with initial time t0, initial data ξ and control

αε. Then Theorem 3.1.9 implies

0 ≤ 1

h
E
[
(v − φ)(t0, µ0)− (v − φ)(t0 + h,PW 0

X
t0,ξ,α

ε

t0+h

)
]

<
1

h
E

{∫ t0+h

t0

f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, αε

s) + ∂tφ(s,PW 0

X
t0,ξ,α

ε

s
)

+ E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, αε

s)
]

+
1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ(s,X t0,ξ,αε

s , αε
s)σ

⊤(s,X t0,ξ,αε

s , αε
s)
]}

+
1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ0(s,X t0,ξ,αε

s )σ0;⊤(s,X t0,ξ,αε

s )
]}

+
1

2
E1

qE1
{
tr
[
∂2µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s , qX t0,ξ,αε

s )σ0(s,X t0,ξ,αε

s )σ0;⊤(s, qX t0,ξ,αε

s )
]}
ds

}
+ ε

≤1

h
E

{∫ t0+h

t0

sup
a∈A

Å
f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a) + ∂tφ(s,PW 0

X
t0,ξ,α

ε

s
)

+ E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
]

+
1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ(s,X t0,ξ,αε

s , a)σ⊤(s,X t0,ξ,αε

s , a)
]})

107



+
1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ0(s,X t0,ξ,αε

s )σ0;⊤(s,X t0,ξ,αε

s )
]}

+
1

2
E1

qE1
{
tr
[
∂2µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s , qX t0,ξ,αε

s )σ0(s,X t0,ξ,αε

s )σ0;⊤(s, qX t0,ξ,αε

s )
]}}

ds+ ε.

(3.3.3)

Arguing as in (3.3.2), we have

1

h
E
∫ t0+h

t0

{
∂tφ(s,PW 0

X
t0,ξ,α

ε

s
) +

1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(Xt0,ξ,αε

s )σ0(s,Xt0,ξ,αε

s )σ0;⊤(s,Xt0,ξ,αε

s )
]}

+
1

2
E1

qE1
{
tr
[
∂2
µφ(s,PW 0

X
t0,ξ,α

ε

s
)(Xt0,ξ,αε

s , qXt0,ξ,αε

s )σ0(s,Xt0,ξ,αε

s )σ0;⊤(s, qXt0,ξ,αε

s )
]}}

ds

−→ ∂tφ(t0, µ0) +
1

2
EqE

{
tr
[
∇x∂µφ(t0, µ0)(ξ)σ

0(t0, ξ)[σ
0(t0, ξ)]

⊤
]
+ tr

[
∂2
µφ(t0, µ0)(ξ, qξ)σ0(t0, ξ)[σ

0(t0, qξ)]⊤
]}

,

(3.3.4)

as h→ 0+. We define the following terms:

I :=
1

h
E
∫ t0+h

t0

sup
a∈A

{
f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)− f(t0, ξ, µ0, a)

}
ds;

II :=
1

h
E
∫ t0+h

t0

sup
a∈A

{
E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)

− ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, a)
]}
ds;

III :=
1

h
E
∫ t0+h

t0

sup
a∈A

ß
1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ(s,X t0,ξ,αε

s , a)σ⊤(s,X t0,ξ,αε

s , a)
]}

− 1

2
E1
{
tr
[
∇x∂µφ(t0, µ0)(ξ)σ(t0, ξ, a)σ

⊤(t0, ξ, a)
]}™

ds.

Then the above gives

1

h
E

{∫ t0+h

t0

sup
a∈A

Å
f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a) + E1

[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
]

+
1

2
E1
{
tr
[
∇x∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )σ(s,X t0,ξ,αε

s , a)σ⊤(s,X t0,ξ,αε

s , a)
]}ã

ds

}

≤ I + II + III + E sup
a∈A

{
f(t0, ξ, µ0, a) + ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, a)

+
1

2
tr
[
∇x∂µφ(t0, µ0)(ξ)σ(t0, ξ, a)σ

⊤(t0, ξ, a)
]}
. (3.3.5)
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We now show that all these three terms I, II, III→ 0 as h→ 0+. We first investigate I by

I =
1

h
E
∫ t0+h

t0

sup
a∈A

{
f(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)− f(t0, ξ, µ0, a)

}
ds

≤ 1

h
E
∫ t0+h

t0

K
{
|X t0,ξ,αε

s − ξ|+W1(PW 0

X
t0,ξ,α

ε

s
, µ0) + |s− t0|β

}
ds

−→ 0,

as h→ 0+ by Proposition 3.1.6 and Assumption 3.1.2. For II, we have

II =
1

h
E
∫ t0+h

t0

sup
a∈A

{
E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)

− ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, a)
]}
ds

≤ 1

h
E
∫ t0+h

t0

sup
a∈A

ß
E1
[
∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
]

− E1
[
∂µφ(t0, µ0)(ξ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
]™
ds

+
1

h
E
∫ t0+h

t0

sup
a∈A

E1
[
∂µφ(t0, µ0)(ξ) · b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)− ∂µφ(t0, µ0)(ξ) · b(t0, ξ, µ0, a)

]
ds

≤ 1

h
E
∫ t0+h

t0

sup
a∈A

E1
[∣∣∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )− ∂µφ(t0, µ0)(ξ)
∣∣∣∣b(s,X t0,ξ,αε

s ,PW 0

X
t0,ξ,α

ε

s
, a)
∣∣]ds

+
K

h
E
∫ t0+h

t0

E1
[∣∣∂µφ(t0, µ0)(ξ)

∣∣(|s− t0|β + |X t0,ξ,αε

s − ξ|+W1(PW 0

X
t0,ξ,α

ε

s
, µ0)

)]
ds

≤ K
h
E
∫ t0+h

t0

E1
[∣∣∂µφ(s,PW 0

X
t0,ξ,α

ε

s
)(X t0,ξ,αε

s )− ∂µφ(t0, µ0)(ξ)
∣∣(|1 + |X t0,ξ,αε

s |ρ
)]
ds (3.3.6)

+

√
3K

h

»
EE1|∂µφ(t0, µ0)(ξ)|2

∫ t0+h

t0

…
EE1

(
|s− t0|2β + |X t0,ξ,αε

s − ξ|2 +
[
W1(PW 0

X
t0,ξ,α

ε

s

, µ0)
]2)

ds.

The convergence of the term in (3.3.6) is due to the continuity as proved in (3.3.1), Propo-

sition 3.1.6, the regularity of the test function φ and the dominated convergence theorem.

Thus, the term II converges to zero as h → 0+ with the aid of Proposition 3.1.6. Similar

estimate holds for the term III, thus putting (3.3.4) and (3.3.5) into (3.3.3) and then passing

h→ 0+, we obtain that

0 ≤ ∂tφ(t0, µ0) + E sup
a∈A

ß
f(t0, ξ, µ0, a) +

[
∂µφ(t0, µ0)(ξ) · b(t0, ξ, a, µ0)

]
+

1

2
tr
[
∇x∂µφ(t0, µ0)(ξ)σ(t0, ξ, a)σ

⊤(t0, ξ, a)
]™

+ EqE

{
1

2
tr
[
∇x∂µφ(t0, µ0)(ξ)σ

0(t0, ξ)[σ
0(t0, ξ)]

⊤
]

109



+
1

2
tr
[
∂2µφ(t0, µ0)(ξ, qξ)σ0(t0, ξ)[σ

0(t0, qξ)]⊤
]}

+ ε.

As ε > 0 is arbitrary, the claim is proved.

3.3.2 Uniqueness

This subsection demonstrates that any viscosity subsolution is less than or equal to any

viscosity supersolution, leading to the uniqueness of viscosity solution which is the main

result of this article.

Theorem 3.3.3. Suppose that Assumptions 3.1.2-3.1.2 hold. Let u1, u2 : [0, T ]×P2(Rd)→

R be the viscosity subsolution and supersolution (in the sense of Definition 3.1.5) of equation

(3.0.1) respectively. Then it holds that u1 ≤ u2 on [0, T ] × P2(Rd). Hence, the viscosity

solution of equation (3.0.1) is unique.

Proof. Recalling the function v0 defined in (3.2.3) with ε = 0, we shall prove that u1 ≤ v0 and

v0 ≤ u2 on [0, T ]×P2(Rd). We prove the cases for subsolution and supersolution separately.

Part 1. Proof of u1 ≤ v0: Let u1 be a bounded viscosity subsolution of the equation (3.0.1).

To prove u1 ≤ v0 by contradiction, we assume that there exists (t0, µ̃0) ∈ [0, T ] × P2(Rd)

such that

(u1 − v0)(t0, µ̃0) > 0.

Let ξ ∈ L2(Ω,F ,P;Rd) such that L(ξ) = µ̃0. For any k ∈ N, we let µk
0 ∈ P2(Rd) be the law

of ξ1{|ξ|≤k}. We see that µk
0 ∈ Pq(Rd) for any q ≥ 1 and[

W1(µ
k
0, µ̃0)

]2
≤
[
W2(µ

k
0, µ̃0)

]2
≤ E

[
|ξ1{|ξ|≤k} − ξ|2

]
=

∫
|x|>k

|x|2µ̃0(dx) −→ 0

as k → ∞. Therefore, as both u1 and v0 are continuous on [0, T ] × P2(Rd), we can find a

k ∈ N large enough such that µ0 := µk
0 ∈ Pq(Rd) for any q ≥ 1 and

(u1 − v0)(t0, µ0) > 0. (3.3.7)
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Step 1A: Construction of the comparison function: Recalling the approximations

defined in (3.2.5), (3.2.6), (3.2.8) and (3.2.13), we define qu1(t, x) := et−t0u1(t, x) and similarly

for qvε,n,m, qvε,n,m, qf i
n,m, qf from vε,n,m, vε,n,m, f i

n,m, f respectively. We also define qg := eT−t0g

and qgin,m := eT−t0gin,m. By direct computation, we see that qu1 is a viscosity subsolution of

the equation

∂tu(t, µ) +

∫
Rd

sup
a∈A

{
qf(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
[(
σ(t, x, a)

[
σ(t, x, a)

]⊤
+ σ0(t, x)[σ0(t, x)]⊤

)
∇x∂µu(t, µ)(x)

]}
µ(dx)

+
1

2

∫
R2d

tr
[
σ0(t, x)[σ0(t, y)]⊤∂2µu(t, µ)(x, y)

]
µ⊗2(dx, dy)− u(t, µ)

= 0 for (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

qg(x, µ)µ(dx) for µ ∈ P2(Rd),

(3.3.8)

in the sense of Definition 3.1.5. By Theorem 3.2.4, we obtain that qvε,n,m solves the following

equation in the classical sense:

∂tu(t, µ) +

∫
Rdn

sup
a∈An

{
1

n

n∑
i=1

qf i
n,m(t, x, a

i) +
n∑

i=1

〈
bin,m(t, x, a

i),∇xiqvε,n,m(t, x)
〉

+
1

2

n∑
i=1

tr
[(

(σσ⊤)(t, xi, ai) + (σ0σ0;⊤)(t, xi) + ε2Id

)
∇2

xixi
qvε,n,m(t, x)

]
+

1

2

n∑
i,j=1,i ̸=j

tr
î
σ0(t, xi)σ0;⊤(t, xj)∇2

xixj
qvε,n,m(t, x)

ó} n⊗
k=1

µ(dxk)− u(t, µ)

= 0 for (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =
1

n

n∑
i=1

∫
Rdn

qgin,m(x)
n⊗

k=1

µ(dxk) for µ ∈ P2(Rd),

(3.3.9)

where we write
n⊗

k=1

µ(dxk) := µ(dx1)⊗ . . .⊗µ(dxn) and a = (a1, . . . , an) for each ai ∈ A with

i = 1, 2, . . . , n.

Let l0 := (u1−v0)(t0, µ0) > 0. Referring to (3.1.1) for the definition of M2(µ0), we choose

a sufficiently small δ > 0, depending on M2(µ0) and l0 only, such that u1(t0, µ0)−v0(t0, µ0)−
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δM2(µ0) ≥ l0/2 and thus u1(t0, µ0)− vε,n,m(t0, µ0)− δM2(µ0) ≥ l0/3, for small enough ε > 0

and large enough n, m ∈ N depending on l0, by Lemmas 3.2.1 and 3.2.6. Thus, it holds that

sup
(t,µ)∈[0,T ]×P2(Rd)

qu1(t, µ)− qvε,n,m(t, µ)− δM2(µ) ≥ l0/3, (3.3.10)

for small enough ε > 0 and large enough n, m ∈ N depending on l0. Define the set

U2
δ,ε,n,m :=

{
(t, µ) ∈ [0, T ]× P2(Rd) : qu1(t, µ)− qvε,n,m(t, µ)− δM2(µ) ≥ l0/3

}
,

which is non-empty as u1(t0, µ0)− vε,n,m(t0, µ0)− δM2(µ0) ≥ l0/3. It is obvious that

sup
(t,µ)∈[0,T ]×P2(Rd)

qu1(t, µ)− qvε,n,m(t, µ)− δM2(µ) = sup
(t,µ)∈U2

δ,ε,n,m

qu1(t, µ)− qvϵ,n,m(t, µ)− δM2(µ).

Since qu1 and qvε,n,m are bounded independent of ε, n,m by Theorem 3.2.4, it yields that for

any µ ∈ U2
δ,ε,n,m,

δM2(µ) ≤ l0/3 + eT∥u1∥∞ + eT∥vε,n,m∥∞ ≤ l0/3 + eT (∥u1∥∞ + ℓ2) < +∞, (3.3.11)

where ℓ2 is the constant given in Theorem 3.2.4. Then we see that

U2
δ,ε,n,m ⊂

{
(t, µ) ∈ [0, T ]× P2(Rd) :M2(µ) ≤

1

δ

[
l0/3 + eT (∥u1∥∞ + ℓ2)

]}
=: U2

δ .

The set U2
δ is compact in

(
[0, T ], | · |

)
× (P2(Rd),W1) due to Lemma 3.1.1. Note that

qu1(t, µ) is
(
[0, T ], | · |

)
× (P2(Rd),W1)-continuous by our definition of viscosity solution,

qvε,n,m(t, µ) is
(
[0, T ], | · |

)
× (P2(Rd),W1)-continuous by Lemma 3.3.1, and −δM2(µ) is W1-

upper semicontinuous from Remark 3.1.1, therefore qu1−qvε,n,m−δM2 is upper semicontinuous

in
(
[0, T ], | · |

)
× (P2(Rd),W1). It implies that the set U2

δ,ε,n,m is a closed subset of U2
δ under(

[0, T ], | · |
)
× (P2(Rd),W1). Therefore, U2

δ,ε,n,m is compact in
(
[0, T ], | · |

)
× (P2(Rd),W1).

The same arguments imply that U2
δ,ε,n,m is compact in

(
[0, T ], | · |

)
× (P1(Rd),W1) as well.

Let {(tk, µk)}k∈N be a sequence in U2
δ,ε,n,m such that

qu1(tk, µk)− qvε,n,m(tk, µk)− δM2(µk) > sup
(t,µ)∈U2

δ,ϵ,n,m

qu1(t, µ)− qvε,n,m(t, µ)− δM2(µ)−
1

k
.

(3.3.12)
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By the compactness of U2
δ,ε,n,m and the upper semicontinuity of qu1 − qvε,n,m − δM2, there

exists (t̃, µ̃) ∈ [0, T ]×U2
δ,ε,n,m such that (tk, µk)→ (t̃, µ̃) in

(
[0, T ], | · |

)
× (P2(Rd),W1). From

(3.3.12), we conclude that

qu1(t̃, µ̃)− qvε,n,m(t̃, µ̃)− δM2(µ̃) ≥ lim sup
k

[
qu1(tk, µk)− qvε,n,m(tk, µk)− δM2(µk)

]
≥ sup

(t,µ)∈U2
δ,ε,n,m

qu1(t, µ)− qvε,n,m(t, µ)− δM2(µ),

and the maximum is attained at (t̃, µ̃). We note that this maximum point depends on

δ, ε, n,m.

Step 1B. Proof of t̃ < T : In this step, we aim to prove that t̃ < T . Suppose, on the

contrary, that t̃ = T . The definition of the point (t̃, µ̃) = (T, µ̃) implies that u1(t0, µ0) −

vε,n,m(t0, µ0)− δM2(µ0) ≤ qu1(T, µ̃)− qvε,n,m(T, µ̃)− δM2(µ̃) ≤ qu1(T, µ̃)− qvε,n,m(T, µ̃). Thus,

for pµn,x :=
1

n

n∑
j=1

δxj , we can use the terminal conditions in equations (3.3.8) and (3.3.9) to

obtain that

u1(t0, µ0)− vε,n,m(t0, µ0)

≤ e
T−t0

n

n∑
i=1

ñ∫
Rdn

(
g(xi, µ̃)− gin,m(x1, . . . , xn)

) n⊗
k=1

µ̃(dxk)

ô
+ δM2(µ0)

=
eT−t0

n

n∑
i=1

ñ∫
Rdn

(
g(xi, µ̃)− g(xi, pµn,x)

) n⊗
k=1

µ̃(dxk)

ô
+
eT−t0

n

n∑
i=1

ñ∫
Rdn

(
g(xi, pµn,x)− gin,m(x1, . . . , xn)

) n⊗
k=1

µ̃(dxk)

ô
+ δM2(µ0).

Using the Lipschitz property of g in Assumption 3.1.2 and (2) of Lemma 3.2.2, we further

have

u1(t0, µ0)− vε,n,m(t0, µ0)

≤KeT−t0

ñ∫
Rdn

W1(µ̃, pµn,x)
n⊗

k=1

µ̃(dxk)

ô
+

2KeT−t0

n

[
mdn

∫
Rdn

(
n∑

i=1

|yi|

)
n∏

j=1

Φ(myj)dyj

]

+ δM2(µ0). (3.3.13)
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From (Fournier & Guillin, 2015, Theorem 1), there is a constant Cd > 0 depending on d only

and a sequence {hn}n∈N ⊂ R such that∫
Rdn

W1(µ̃, pµn,x)
n⊗

k=1

µ̃(dxk) ≤ Cdhn

ï∫
Rd

|x|q0µ̃(dx)
ò1/q0

. (3.3.14)

The sequence {hn}n∈N and the number q0 are given by

hn =


n−1/2 + n−(q0−1)/q0 if d = 1;

n−1/2 log(1 + n) + n−(q0−1)/q0 if d = 2;

n−1/d + n−(q0−1)/q0 if d > 2,

with q0 =

 3/2 if d = 1, 2;

5/3 if d > 2,

where hn satisfies limn→∞ hn = 0. Inequalities (3.3.11) and (3.3.14) further imply

1

Cdhn

∫
Rdn

W1(µ̃, pµn,x)
n⊗

k=1

µ̃(dxk) ≤
ï∫

Rd

|x|2µ̃(dx)
ò1/2
≤ 1

δ1/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

]1/2
.

(3.3.15)

Hence, from (3.3.13) and (3.3.15), we have,

u1(t0, µ0)− vε,n,m(t0, µ0)

≤ KCdhne
T−t0

δ1/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

]1/2
+

2KeT−t0mdn

n

[∫
Rdn

(
n∑

i=1

|yi|

)
n∏

j=1

Φ(myj)dyj

]

+ δM2(µ0).

Passing m→∞ and then n→∞ subsequently, we use the fact that hn → 0 to yield that

u1(t0, µ0)− lim
n→∞

lim
m→∞

vε,n,m(t0, µ0) ≤ δM2(µ0).

Finally, using Lemmas 3.2.1 and 3.2.6, we pass ε → 0+ then δ → 0+ to conclude that

u1(t0, µ0)− v0(t0, µ0) ≤ 0, which contradicts (3.3.7) and thus t̃ < T .

Step 1C. Estimate of u1−vε,n,m: We assume the maximum value of qu1(t, µ)−qvε,n,m(t, µ)−

δM2(µ) attained at (t̃, µ̃) over [0, T ] × P2(Rd) is M∗ ∈ R. As qvε,n,m(t, µ) + δM2(µ) ∈
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C1,2([0, T ] × P2(Rd)), we use the fact that qu1 is the viscosity subsolution of (3.3.8) to see

that

0 ≤ ∂t(qvε,n,m + δM2)(t̃, µ̃)− (qvε,n,m + δM2)(t̃, µ̃)−M∗

+

∫
Rd

sup
a∈A

{
qf(t̃, x, µ̃, a) +

〈
b(t̃, x, µ̃, a), ∂µ(qvε,n,m + δM2)(t̃, µ̃)(x)

〉
+

1

2
tr
{[
σ(t̃, x, a)

[
σ(t̃, x, a)

]⊤
+ σ0(t̃, x)[σ0(t̃, x)]⊤

]
∇x∂µ(qvε,n,m + δM2)(t̃, µ̃)(x)

}}
µ̃(dx)

+
1

2

∫
R2d

tr
[
σ0(t̃, x)[σ0(t̃, y)]⊤∂2µ(qvε,n,m + δM2)(t̃, µ̃)(x, y)

]
µ̃⊗2(dx, dy).

Therefore, as qu1(t̃, µ̃)− qvε,n,m(t̃, µ̃)− δM2(µ̃) ≤M∗ and qvε,n,m solves (3.3.9), we further have

(qu1 − qvε,n,m)(t̃, µ̃)

≤
∫
Rd

sup
a∈A

{
qf(t̃, x, µ̃, a) +

〈
b(t̃, x, µ̃, a), ∂µ(qvε,n,m + δM2)(t̃, µ̃)(x)

〉
+

1

2
tr
{[
σ(t̃, x, a)

[
σ(t̃, x, a)

]⊤
+ σ0(t̃, x)[σ0(t̃, x)]⊤

]
∇x∂µ(qvε,n,m + δM2)(t̃, µ̃)(x)

}}
µ̃(dx)

+
1

2

∫
R2d

tr
[
σ0(t̃, x)[σ0(t̃, y)]⊤∂2µ(qvε,n,m + δM2)(t̃, µ̃)(x, y)

]
µ̃⊗2(dx, dy)

−
∫
Rdn

sup
a∈An

{
1

n

n∑
i=1

qf i
n,m(t̃, x, a

i) +
n∑

i=1

〈
bin,m(t̃, x, a

i),∇xiqvε,n,m(t̃, x)
〉

+
1

2

n∑
i=1

tr
[(

(σσ⊤)(t̃, xi, ai) + (σ0σ0;⊤)(t̃ , xi) + ε2Id

)
∇2

xixi
qvε,n,m(t̃, x)

]
+

1

2

n∑
i,j=1,i ̸=j

tr
î
σ0(t̃ , xi)σ0;⊤(t̃ , xj)∇2

xixj
qvε,n,m(t̃, x)

ó} n⊗
k=1

µ̃(dxk). (3.3.16)

We divide the estimate into three parts: the part involving M2, the part involving qvε,n,m

and the term (qu1 − qvε,n,m)(t̃, µ̃). First, by direct computation, we obtain ∂µM2(µ)(x) = 2x,

∂2µM2(µ)(x, y) = 0 and ∇x∂µM2(µ)(x) = 2Id. Assumption 3.1.2 and (3.3.15) tell us that∫
Rd

sup
a∈A

ß¨
b(t̃, x, µ̃, a), ∂µM2(µ̃)(x)

∂
+

1

2
tr
{[

(σσ⊤)(t̃, x, a) + σ0(t̃, x)[σ0(t̃, x)]⊤
]
∇x∂µM2(µ̃)(x)

}™
µ̃(dx)

+
1

2

∫
R2d

tr
[
σ0(t̃, x)[σ0(t̃, y)]⊤∂2µM2(µ̃)(x, y)

]
µ̃⊗2(dx, dy)
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=

∫
Rd

sup
a∈A

ß¨
b(t̃, x, µ̃, a), 2x

∂
+ tr

[
(σσ⊤)(t̃, x, a) + σ0(t, x)[σ0(t, x)]⊤

]™
µ̃(dx)

≤
∫
Rd

[
2K(1 + |x|ρ)|x|+ 4K2(1 + |x|2ρ)

]
µ̃(dx)

≤CK

∫
Rd

(1 + |x|ρ+1)µ̃(dx)

≤CK + CK

[
M2(µ̃)

](1+ρ)/2

≤CK +
CK

δ(1+ρ)/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

](1+ρ)/2
, (3.3.17)

for some fixed constant CK depending only on K. Second, we recall the representation of

qvε,n,m(t, µ) = et−t0vε,n,m(t, µ) from (3.2.13), as well as (1) and (2) of Theorem 3.2.4. Using

inequalities (3.2.9) and (3.2.10), we can directly compute that

∂µqvε,n,m(t, µ)(x) =
n∑

i=1

∫
Rd(n−1)

∇xiqvε,n,m(t, x)
∣∣∣
xi=x

n⊗
k=1,k ̸=i

µ(dxk); (3.3.18)

and use (2) in Theorem 3.2.4 to yield that

∂2µqvε,n,m(t, µ)(x, y) =
n∑

i=1

n∑
j=1,j ̸=i

∫
Rd(n−2)

∇2
xixj

qvε,n,m(t, x)
∣∣∣
xi=x,xj=y

n⊗
k=1,k ̸=i,j

µ(dxk).

Hence, we estimate the term∫
Rd

sup
a∈A

ß
qf(t̃, y, µ̃, a) +

1

2
tr
{[

(σσ⊤)(t̃, y, a) + (σ0σ0;⊤)(t̃, y)
]
∇x∂µqvε,n,m(t̃, µ̃)(y)

}
+
〈
b(t̃, y, µ̃, a), ∂µqvε,n,m(t̃, µ̃)(y)

〉}
µ̃(dy)

+
1

2

∫
R2d

tr
[
σ0(t̃, z)[σ0(t̃, y)]⊤∂2

µqvε,n,m(t̃, µ̃)(z, y)
]
µ̃⊗2(dz, dy)

=

∫
Rd

sup
a∈A

{
n∑

j=1

∫
Rd(n−1)

1

n
qf(t̃, y, µ̃, a)

n⊗
k=1,k ̸=j

µ̃(dxk)

+
1

2
tr
ß[

(σσ⊤)(t̃, y, a) + (σ0σ0;⊤)(t̃, y)
] n∑
j=1

∫
Rd(n−1)

∇2
xjxj

qvε,n,m(t, x)
∣∣∣
xj=y

n⊗
k=1,k ̸=j

µ̃(dxk)

™
+
〈
b(t̃, y, µ̃, a),

n∑
j=1

∫
Rd(n−1)

∇xjqvε,n,m(t, x)
∣∣∣
xj=y

n⊗
k=1,k ̸=j

µ̃(dxk)
〉}

µ̃(dy)

+
1

2

∫
R2d

tr

[σ0(t̃, z)σ0;⊤(t̃, y)
] n∑
j=1

n∑
l=1,l ̸=j

∫
Rd(n−2)

∇2
xjxl

qvε,n,m(t, x)
∣∣∣
xj=z,xl=y

n⊗
k=1,k ̸=j,l

µ̃(dxk)

 µ̃⊗2(dz, dy)
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≤
n∑

j=1

∫
Rdn

sup
aj∈A

{
1

n
qf(t̃, xj , µ̃, aj) +

1

2
tr
ß[

(σσ⊤)(t̃, xj , aj) + (σ0σ0;⊤)(t̃, xj)
]
∇2

xjxj
qvε,n,m(t, x)

™
+
〈
b(t̃, xj , µ̃, aj),∇xjqvε,n,m(t, x)

〉} n⊗
k=1

µ̃(dxk)

+
1

2

n∑
j=1

n∑
l=1,l ̸=j

∫
Rdn

tr
¶[

σ0(t̃, xj)σ0;⊤(t̃, xl)
]
∇2

xjxl
qvε,n,m(t, x)

© n⊗
k=1

µ̃(dxk). (3.3.19)

Third, as qu1 − qvε,n,m − δM2 attains its maximum over the space [0, T ]×P2(Rd) at (t̃, µ̃), it

holds that

(u1 − vε,n,m − δM2)(t0, µ0) = (qu1 − qvε,n,m − δM2)(t0, µ0) ≤ qu1(t̃, µ̃)− qvε,n,m(t̃, µ̃)− δM2(µ̃)

≤ qu1(t̃, µ̃)− qvε,n,m(t̃, µ̃). (3.3.20)

After substituting (3.3.17), (3.3.19) and (3.3.20) into (3.3.16), we make use of (3.2.9) and

(3.2.10) to deduce that

(u1 − vε,n,m)(t0, µ0)− δM2(µ0)

≤ δ
ï

CK

δ(1+ρ)/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

](1+ρ)/2
+ CK

ò
+

∫
Rdn

n∑
i=1

sup
ai∈A

{
1

n
qf(t̃, xi, µ̃, ai)− 1

n
qf i
n,m(t̃, x, a

i)− ε2

2
tr∇2

xixi
qvε,n,m(t̃, x)

+
¨
b(t̃, xi, µ̃, ai)− bin,m(t̃, x, ai),∇xiqvε,n,m(t̃, x)

∂} n⊗
k=1

µ̃(dxk)

≤ δ
ï

CK

δ(1+ρ)/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

](1+ρ)/2
+ CK

ò
+

∫
Rdn

n∑
i=1

sup
ai∈A

{
et̃−t0

n

∣∣f(t̃, xi, µ̃, ai)− f i
n,m(t̃, x, a

i)
∣∣− ε2

2
tr∇2

xixi
qvε,n,m(t̃, x)

+
C4e

t̃−t0

n

∣∣b(t̃, xi, µ̃, ai)− bin,m(t̃, x, ai)∣∣} n⊗
k=1

µ̃(dxk). (3.3.21)

We use Assumption 3.1.2 and (2) of Lemma 3.2.2 to estimate the following term:∣∣f(t̃, xi, µ̃, ai)− f i
n,m(t̃, x, a

i)
∣∣+ C4

∣∣b(t̃, xi, µ̃, ai)− bin,m(t̃, x, ai)∣∣
≤
∣∣f(t̃, xi, µ̃, ai)− f(t̃, xi, pµn,x, ai)

∣∣+ ∣∣f(t̃, xi, pµn,x, ai)− f i
n,m(t̃, x, a

i)
∣∣

+ C4

∣∣b(t̃, xi, µ̃, ai)− b(t̃, xi, pµn,x, ai)
∣∣+ C4

∣∣b(t̃, xi, pµn,x, ai)− bin,m(t̃, x, ai)
∣∣
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≤K(1 + C4)W1(µ̃, pµn,x) +K(1 + C4)m

∫
R

∣∣∣t̃− [T ∧ (t̃− s)+
]∣∣∣β ϕ(ms)ds

+K(1 + C4)m
dn

∫
Rdn

(
|yi|+ 1

n

n∑
j=1

|yj|

)
n∏

k=1

Φ(myk)dyk. (3.3.22)

Putting (3.3.22) and (3.3.15) into (3.3.21), we see that

(u1 − vε,n,m − δM2)(t0, µ0)

≤ δ
ï

CK

δ(1+ρ)/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

](1+ρ)/2
+ CK

ò
−
∫
Rdn

ε2

2

n∑
i=1

tr∇2
xixi

qvε,n,m(t̃, x)
n⊗

k=1

µ̃(dxk) +
eT−t0CdhnK(1 + C4)

δ1/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

]1/2
+ eT−t0K(1 + C4)m

∫
R

∣∣∣t̃− [T ∧ (t̃− s)+
]∣∣∣β ϕ(ms)ds

+
2eT−t0K(1 + C4)m

dn

n

∫
Rdn

(
n∑

j=1

|yj|

)
n∏

k=1

Φ(myk)dyk.

Using Lemmas 3.2.3 and 3.2.5, we first take ε→ 0+ and then m→∞ to obtain that

(u1 − lim
m→∞

v0,n,m − δM2)(t0, µ0)

≤ δ
ï

CK

δ(1+ρ)/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

](1+ρ)/2
+ CK

ò
+
eT−t0CdhnK(1 + C4)

δ1/2

[
l0/3 + eT (∥u1∥∞ + ℓ2)

]1/2
.

By (3.3.14), (3.3.15), Lemmas 3.2.1 and 3.2.6, we take n → ∞ and then δ → 0+ to obtain

that

(u1 − v0)(t0, µ0) =
(
u1 − lim

n→∞
lim

m→∞
v0,n,m

)
(t0, µ0) ≤ 0,

which contradicts (3.3.7).

Part 2. Proof of u2 ≥ v0: Following the arguments of the first part of Step II of the

proof of (Cosso et al., 2024, Theorem 5.1), we can assume without loss of generality that

u2(s, ·) is W1-Lipschitz continuous for every s ∈ [0, T ]; and showing u2 ≥ v0 is equivalent to

showing

u2(t, µ) ≥ vs(t, ν) := E
ï∫ s

t

f
Ä
r,X t,ξ,a

r ,PW 0

Xt,ξ,a
r

, a
ä
dr

ò
+ Eu2

Ä
s,PW 0

Xt,ξ,a
s

ä
, (3.3.23)

118



for every (t, µ) ∈ [0, T ] × P2(Rd), s ∈ (t, T ], ξ ∈ L2(Ω,Ft,P;Rd) with L(ξ) = µ, and

a ∈ Mt, where Mt denotes the set of F t
t -measurable random variables α : Ω → A and

ν := L(ξ, a). Suppose, for contradiction, that (3.3.23) does not hold. Then, there exist

t0 ∈ [0, T ), s0 ∈ (t0, T ], µ0 ∈ P2(Rd) and ν0 ∈ P2(Rd × A), with µ0 being the marginal of ν0

on Rd, such that

vs0(t0, ν0) > u2(t0, µ0). (3.3.24)

Following the approach outlined at the beginning of Part 1 of this proof, we assume that

there exists q > 2 such that ν0 ∈ Pq(Rd × A). The function qu2(t, µ) := et−t0u2(t, µ) is a

viscosity supersolution of the following equation:

∂tu(t, µ) +

∫
Rd

sup
a∈A

{
qf(t, x, µ, a) + b(t, x, µ, a) · ∂µu(t, µ)(x)

+
1

2
tr
(
(σ(t, x, a)

[
σ(t, x, a)

]⊤
+ σ0(t, x)[σ0(t, x)]⊤)∇x∂µu(t, µ)(x)

)}
µ(dx)

+
1

2

∫
R2d

tr
[
σ0(t, x)[σ0(t, y)]⊤∂2µu(t, µ)(x, y)

]
µ⊗2(dx, dy)− u(t, µ) = 0 for (t, µ) ∈ [0, T )× P2(Rd);

u(T, µ) =

∫
Rd

qg(x, µ)µ(dx) for µ ∈ P2(Rd),

where qf(t, x, µ, a) := et−t0f(t, x, µ, a) and qg(x, µ) := eT−t0g(x, µ). That is, for any s1 ∈ (0, T ]

and φ ∈ C1,2([0, s1]×P2(Rd ×A)) such that qu2 − φ attains a minimum with a value of 0 at

(t∗, ν∗) ∈ [0, s1)× P2(Rd × A), then the following inequality holds:

0 ≥ ∂tφ(t∗, ν∗) +
∫
Rd×A

{
qf(t∗, x, µ∗, a) + b(t∗, x, µ∗, a) · ∂µφ(t∗, ν∗)(x, a)

+
1

2
tr
[
(σ(t∗, x, a)

[
σ(t∗, x, a)

]⊤
+ σ0(t∗, x)[σ0(t∗, x)]⊤)∇x∂µφ(t

∗, ν∗)(x, a)
]}

ν∗(dx, da)

+
1

2

∫
Rd×A×Rd×A

tr
[
σ0(t∗, x)[σ0(t∗, y)]⊤∂2µφ(t

∗, ν∗)(x, a, y, α)
]
(ν∗)⊗2(dx, da, dy, dα)− φ(t∗, ν∗),

(3.3.25)

where µ∗ is the marginal of ν∗ on Rd, and the operators ∂µ, ∂2µ are defined as in Definition

3.1.5, through the projection.
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We regularize the coefficients with respect to the control variable. Let Ψ : Rd → R+ be a

compactly supported smooth function satisfying
∫
Rd Ψ(y)dy = 1. We extend b and f to the

space [0, T ]×Rd ×P2(Rd)×Rd by setting b(t, x, µ, a) = 0 and f(t, x, µ, a) = 0 when a ∈ Rd

is not in A. For simplicity, we continue to denote these extensions by b and f . We further

define the functions b̃in,m and f̃ i
n,m by

b̃in,m(t, x, a) := md

∫
Rd

bin,m(t, x, a− a′)Ψ(ma′) da′,

f̃ i
n,m(t, x, a) := md

∫
Rd

f i
n,m(t, x, a− a′)Ψ(ma′) da′,

for any n,m ∈ N, i = 1, 2, . . . , n, x = (x1, x2, . . . , xn) ∈ Rdn and (t, a) ∈ [0, T ]×A. Here bin,m

and f i
n,m are as defined in (3.2.4) and (3.2.5). Recalling the compactly supported smooth

function Φ defined in Section 3.2.2, we also define

un,m(t, x) := mdn

∫
Rdn

u2

(
t,
1

n

n∑
j=1

δxj−yj

)
n∏

j=1

Φ(myj) dyj.

We now introduce

vs0n,m(t, ν) :=
1

n

n∑
i=1

E
ï∫ s0

t

f̃ i
n,m

Ç
r, X̃

1,m,t,ξ,a0

r , . . . , X̃
n,m,t,ξ,a0

r , ai0

å
dr

+ un,m

Ç
s0, X̃

1,m,t,ξ,a0

s0
, . . . , X̃

n,m,t,ξ,a0

s0

åò
, (3.3.26)

for any t ∈ [0, s0] and ν ∈ P2(Rd × A), where ξ = (ξ1, ξ2, . . . , ξn) ∈ L2(Ω,Ft,P;Rdn), a0 =

(a10, a
2
0, . . . , a

n
0 ) ∈ (Mt)

n such that L(ξ, a0) = ν⊗· · ·⊗ν and X̃
m,t,ξ,a0

s =
(
X̃

1,m,t,ξ,a0

s , . . . , X̃
n,m,t,ξ,a0

s

)
is the solution to (3.2.7) on [t, s0] with α = a0, ε = 0 and b replaced by b̃in,m. For every

n,m ∈ N, (t, ν) ∈ [0, s0]× P2(Rd × A), we define qvs0n,m := et−t0vs0n,m and also similarly define
q

f̃ i
n,m and qun,m from f̃ i

n,m and un,m, respectively. Let

vs0n,m(t, x, a) := ṽs0n,m(t, δ(x1,a1) ⊗ · · · ⊗ δ(xn,an))

for any x = (x1, . . . , xn) ∈ Rdn and a = (a1, . . . , an) ∈ An, where

ṽs0n,m(t, ν) :=
1

n

n∑
i=1

E

[∫ s0

t

f̃ i
n,m

Ç
s, X̃

1,m,t,ξ,a0

s , . . . , X̃
n,m,t,ξ,a0

s , ai0

å
ds
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+ un,m

Ç
X̃

1,m,t,ξ,a0

s0
, . . . , X̃

n,m,t,ξ,a0

s0

å]
, (3.3.27)

for any t ∈ [0, s0] and ν ∈ P2

(
Rdn × An

)
, where ξ and a0 satisfy L(ξ, a0) = ν. Moreover, by

(Cosso et al., 2024, Theorem A.8), we deduce that qvs0n,m can be represented by

qvs0n,m(t, ν) = et−t0

∫
Rdn×An

vs0n,m(t, x, a)ν(dx
1, da1)⊗ · · · ⊗ ν(dxn, dan),

and it could be shown by following the proofs of Lemma 3.2.3, Theorem 3.2.4 and (Cosso

et al., 2024, Theorem A.8) that

(1). vs0n,m ∈ C1,2
(
[0, s0]× (Rdn × An)

)
and vs0n,m ∈ C1,2

(
[0, s0]× P2

(
Rd × A

))
;

(2). for any i = 1, . . . , n and (t, x, a) ∈ [0, s0]× Rdn × An, it holds that

∣∣∇xivs0n,m(t, x, a)
∣∣ ≤ CK

n
,

where the constant CK ≥ 0 depends on d, K, T , but independent of n,m;

(3). if t ∈ [0, s0] and ν ∈ Pq

(
Rd × A

)
for some q > 2, then

lim
n→+∞

lim
m→+∞

vs0n,m(t, ν) = vs0(t, ν); (3.3.28)

(4). the function vs0n,m(t, ν) solves the following equation classically:

∂tu(t, ν) + E

[
n∑

i=1

ß
1

n
f̃ i
n,m(t, ξ, a

i
0) +

〈
b̃in,m(t, ξ, a

i
0),∇xivs0n,m(t, ξ, a0)

〉
+

1

2
tr
([
(σσ⊤)(t, ξi, ai0) + (σ0σ0;⊤)(t, ξi)

]
∇2

xixivs0n,m(t, ξ, a0)
)™

+
1

2

n∑
i,j=1,i ̸=j

tr
[
σ0(t, ξi)σ0;⊤(t, ξj)∇2

xixjvs0n,m(t, ξ, a0)
]]

= 0;

u(s0, ν) = E[un,m(s0, ξ)],

for any t ∈ [0, s0) and ν ∈ P2(Rd × A), where ξ = (ξ1, ξ2, . . . , ξn) ∈ L2(Ω,Ft,P;Rdn),

a0 = (a10, a
2
0, . . . , a

n
0 ) ∈ (Mt)

n such that L(ξ, a0) = ν ⊗ . . .⊗ ν.
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We now return to the hypothesis (3.3.24), with µ0 and ν0 mentioned therein. Let l0 :=

vs0(t0, ν0)−u2(t0, µ0) > 0. For small enough δ > 0 depending on M2(ν0) and l0 only, we have

vs0(t0, ν0) − u2(t0, µ0) − δM2(ν0) ≥ l0/2 and thus vs0n,m(t0, ν0) − u2(t0, µ0) − δM2(ν0) ≥ l0/3,

where vs0n,m is defined in (3.3.26), and this holds for large enough n, m ∈ N depending on δ,

M2(ν0) and l0 only, by (3.3.28). Thus, it holds that

sup
(t,ν)∈[0,T ]×P2(Rd×A)

qvs0n,m(t, ν)− qu2(t, µ)− δM2(ν) ≥ l0/3, (3.3.29)

where µ is the marginal of ν on Rd, for large enough n, m ∈ N depending on δ, M2(ν0) and

l0 only. By the compactness of

Ũ2
δ,n,m :=

{
(t, ν) ∈ [0, T ]× P2(Rd × A) : qvs0n,m(t, ν)− qu2(t, µ)− δM2(ν) ≥ l0/3

}
,

and the upper semicontinuity of qvs0n,m − qu2 − δM2, we argue as in Part 1A to deduce that

there exists (t̃, ν̃) ∈ [0, T ]× Ũ2
δ,n,m such that the maximum of qvs0n,m − qu2 − δM2 is attained at

(t̃, ν̃). We note that this maximum point depends on δ, n,m. If t̃ = s0 = T , then we proceed

as in Step 1B to get a contradiction. If t̃ = s0 < T , then

(vs0n,m − u2 − δM2)(t0, ν0) = (qvs0n,m − qu2 − δM2)(t0, ν0) ≤ qvs0n,m(s0, ν̃)− qu2(s0, ν̃)− δM2(ν̃)

≤ qvs0n,m(s0, ν̃)− qu2(s0, ν̃)→ 0,

as m → ∞ then n → ∞, by using the definition of qvs0n,m := et−t0vs0n,m and that of vs0n,m in

(3.3.26). If t̃ < s0, we apply Definition 3.1.5 of supersolution and put φ = qvs0n,m − δM2 −M∗

in (3.3.25), with M∗ ∈ R such that qvs0n,m− qu2− δM2−M∗ attains the maximum with a value

of 0 at (t̃, ν̃). Then we proceed as in Step 1C and utilize items (1)-(4) in the above to draw

a contradiction and conclude the proof.

3.4 Technical Proofs in Section 3.2

Proof of Lemma 3.2.2: The bounds of f i
n,m and gin,m in assertion (1) are obvious by the

definitions in (3.2.4)-(3.2.6) and Assumption 3.1.2. For the bound of bin,m in assertion (1),
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we have

|bin,m(t, x, a)| ≤ Kmdn

∫
Rdn

[1 + |xi|ρ + |yi|ρ]
n∏

k=1

Φ(myk)dyk

≤ K

Å
1 + |xi|ρ +m−ρ

∫
Rd

|yi|ρΦ(yi)dyi
ã

≤ K
(
1 + CΦ,ρm

−ρ + |xi|ρ
)
.

We prove assertion (2) for g by considering∣∣g(xi, pµn,x)− gin,m(x)
∣∣ ≤ mdn

∫
Rdn

∣∣∣∣g(xi, pµn,x)− g
Å
xi − yi, 1

n

n∑
j=1

δxj−yj

ã∣∣∣∣ n∏
k=1

Φ(myk)dyk.

Using the Lipschitz continuity of g in Assumption 3.1.2 and the fact that

W1

Å
pµn,x,

1

n

n∑
j=1

δxj−yj

ã
=W1

Å
1

n

n∑
j=1

δxj ,
1

n

n∑
j=1

δxj−yj

ã
≤
∫
Rd×Rd

|x− y|

[
1

n

n∑
j=1

δ(xj ,xj−yj)(dx, dy)

]

=
1

n

n∑
j=1

|yj|, (3.4.1)

we obtain that∣∣g(xi, pµn,x)− gin,m(x)
∣∣ ≤ Kmdn

∫
Rdn

Å
|yi|+ 1

n

n∑
j=1

|yj|
ã n∏

k=1

Φ(myk)dyk.

We prove assertion (2) for b by considering (the proof for f is exactly the same)

|b(t, xi, pµn,x, a)− bin,m(t, x, a)|

≤ mdn+1

∫
Rdn+1

∣∣∣∣∣∣b(t, xi, pµn,x, a)− b
Å
T ∧ (t− s)+, xi − yi, 1

n

n∑
j=1

δxj−yj , a

ã∣∣∣∣∣∣ϕ(ms) n∏
k=1

Φ(myk)dykds

≤ m

∫
R

∣∣b(t, xi, pµn,x, a)− b
(
T ∧ (t− s)+, xi, pµn,x, a

)∣∣ϕ(ms)ds
+mdn+1

∫
Rdn+1

∣∣∣∣∣∣b (T ∧ (t− s)+, xi, pµn,x, a
)
− b
Å
T ∧ (t− s)+, xi − yi, 1

n

n∑
j=1

δxj−yj , a

ã∣∣∣∣∣∣ ·
ϕ(ms)

n∏
j=1

Φ(myj)dyjds.

123



The inequality in (3.4.1) and Assumption 3.1.2 imply that

|b(t, xi, pµn,x, a)− bin,m(t, x, a)|

≤ Km

∫
R

∣∣t− (T ∧ (t− s)+))
∣∣β ϕ(ms)ds+Kmdn

∫
Rdn

Å
|yi|+ 1

n

n∑
j=1

|yj|
ã n∏

k=1

Φ(myk)dyk.

For the proof of assertion (3) for g (the proofs for f and b are exactly the same), we let x,

z ∈ Rdn and estimate

|gin,m(x)− gin,m(z)|

≤ mdn

∫
Rdn

∣∣∣∣gÅxi − yi, 1n n∑
j=1

δxj−yj

ã
− g
Å
zi − yi, 1

n

n∑
j=1

δzj−yj

ã∣∣∣∣ n∏
k=1

Φ(myk)dyk.

Then the inequality in (3.4.1) yields that

|gin,m(x)− gin,m(z)| ≤ Kmdn

∫
Rdn

ï
|xi − zi|+ 1

n

n∑
j=1

|xj − zj|
ò n∏

k=1

Φ(myk)dyk

= K

ï
|xi − zi|+ 1

n

n∑
j=1

|xj − zj|
ò
.

Finally, assertion (4) follows immediately from assertion (2).

Proof of Lemma 3.2.3: Step 1. Lipschitz continuity of vε,n,m(t, x) in x: Note that

the identity (Cosso et al., 2024, (A.21)) may contain potential typographical errors, so we

reproduce the proof of the Lipschitz continuity property here for the case involving common

noise. We aim to establish that

|vε,n,m(t, x)− vε,n,m(t, z)| ≤
C4

n
|x− z| ,

when the components of x = (x1, . . . , xn) and z = (z1, . . . , zn) are all equal, apart from one

component xk ̸= zk for some k = 1, 2, . . . , n. Recalling the definition in (3.2.8), we use the

continuity in (3) of Lemma 3.2.2 to yield that

|vε,n,m(t, x)− vε,n,m(t, z)|

≤ 2K sup
α∈An

t

1

n

n∑
i=1

E
ñ∫ T

t

∣∣∣X i,m,ε,t,x,α

s −X i,m,ε,t,z,α

s

∣∣∣ ds+ ∣∣∣X i,m,ε,t,x,α

T −X i,m,ε,t,z,α

T

∣∣∣ô . (3.4.2)
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Suppose that x and z differ only for the first component x1 ̸= z1. For i = 1, 2, . . . , n, the

Rd-valued process X i
:= (X

i,m,ε,t,x,α

s )s∈[t,T ] solves the following equation on [t, T ]:

X
i

s = xi+

∫ s

t

bin,m(r,X
1

r, . . . , X
n

r , α
i
r)dr+

∫ s

t

σ(r,X
i

r, α
i
r)dW

i

r+

∫ s

t

σ0(r,X
i

r)dW
0

r+ε(B
i

s−B
i

t).

As the coefficients of the above equation are regular enough and have bounded continuous

derivatives by Lemma 3.2.2, the process ∆X
i

s := X
i,m,ε,t,z,α

s −X i,m,ε,t,x,α

s satisfies

∆X
i

s =(z1 − x1)δ1i +
∫ s

t

n∑
j=1

b̃i,jn,m,r∆X
j

rdr +

∫ s

t

d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r dW

i

r,

+

∫ s

t

d∑
k=1

(
∆X

i

r

)
k
σ̃0,i,k
r dW

0

r,

where b̃i,jn,m,r :=
∫ 1

0
∇xjbin,m(r,X

1

r + θ∆X
1

r, . . . , X
n

r + θ∆X
n

r , α
i
r)dθ, σ̃i,k

r :=
∫ 1

0
∂xk

σ(r,X
i

r +

θ∆X
i

r, α
i
r)dθ and σ̃0,i,k

r :=
∫ 1

0
∂xk

σ0(r,X
i

r + θ∆X
i

r)dθ. The Rdn-valued continuous process

∆Xs := (∆X
1

s, . . . ,∆X
n

s )
⊤ is the unique solution to the above system of linear stochastic

equations such that E
[
sups∈[t,T ] |∆Xs|2

]
<∞. Next, we provide an estimate of sups∈[t,T ] E

[∑n
i=1 |∆X

i

s|
]

with a method akin to the proof of Tanaka’s formula. Letting ϑ > 0, we consider the function

uϑ : Rd → R defined by

uϑ(y) :=
»
|y|2 + ϑ2.

Direct calculation gives

∇yuϑ(y) =
y

uϑ(y)
, ∇2

yyuϑ(x) =
1

uϑ(y)
Id −

1[
uϑ(y)

]3yy⊤.
Applying Itô’s formula to uϑ

Ä
∆X

i

s

ä
gives

duϑ
Ä
∆X

i

s

ä
=
〈
∇yuϑ(∆X

i

s), d∆X
i

s

〉
+

1

2
tr


[

d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]⊤
∇2

yyuϑ
Ä
∆X

i

s

ä[ d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

] ds
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+
1

2
tr


[

d∑
k=1

(
∆X

i

s

)
k
σ̃0,i,k
s

]⊤
∇2

yyuϑ
Ä
∆X

i

s

ä[ d∑
k=1

(
∆X

i

s

)
k
σ̃0,i,k
s

] ds

=

〈
∆X

i

s

uϑ(∆X
i

s)
,

n∑
j=1

b̃i,jn,m,s∆X
j

sds+

[
d∑

k=1

(
∆X

i

s

)
k
σ̃i,k
s

]
dW

i

s +

[
d∑

k=1

(
∆X

i

s

)
k
σ̃0,i,k
s

]
dW

0

s

〉

+
1

2
tr


[

d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]⊤Ñ
1

uϑ(∆X
i

s)
Id −

(
∆X

i

s

)(
∆X

i

s

)⊤[
uϑ(∆X

i

s)
]3
é[

d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

] ds

+
1

2
tr


[

d∑
k=1

(
∆X

i

s

)
k
σ̃0,i,k
s

]⊤Ñ
1

uϑ(∆X
i

s)
Id −

(
∆X

i

s

)(
∆X

i

s

)⊤[
uϑ(∆X

i

s)
]3
é[

d∑
k=1

(
∆X

i

s

)
k
σ̃0,i,k
s

] ds.

It is clear that

∆X
i

s

uϑ(∆X
i

s)
−→ ∆X

i

s∣∣∆X i

s

∣∣1{∆X
i
s ̸=0
}, P-a.s. as ϑ→ 0.

Moreover,

1

2
tr


[

d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]⊤Ç
1

uϑ(∆X
i

s)
Id

å[ d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]
−→1

2

Ñ
1∣∣∆X i

s

∣∣1{∆X
i
s ̸=0
}é tr


[

d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]⊤ [ d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]
P-a.s. as ϑ→ 0. Similarly,

1

2
tr


[

d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]⊤Ñ
∆X

i

s

(
∆X

i

s

)⊤[
uϑ(∆X

i

s)
]3
é[

d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]
−→1

2

Ñ
1∣∣∆X i

s

∣∣31{∆X
i
s ̸=0
}é tr


[

d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]⊤ (
∆X

i

s

(
∆X

i

s

)⊤)[ d∑
k=1

(
∆X

i

s

)
k
σ̃i,k
s

]
P-a.s. as ϑ → 0. The terms involving σ̃0,i,k

s exhibit similar convergences as established in

the preceding two results. Therefore, by taking the expectation and applying the dominated

convergence theorem as ϑ→ 0, we conclude that

E
[
|∆X i

s|
]
− |z1 − x1|δ1i

=E

∫ s

t

∞
∆X

i

r∣∣∆X i

r

∣∣ , n∑
j=1

b̃i,jn,m,r∆X
j

r

∫
1{

∆X
i
r ̸=0
}dr


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+
1

2
E


∫ s

t

Ñ
1∣∣∆X i

r

∣∣1{∆X
i
r ̸=0
}é tr


[

d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r

]⊤ [ d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r

] dr


− 1

2
E

{∫ s

t

Ñ
1∣∣∆X i

r

∣∣31{∆X
i
r ̸=0
}é tr


[

d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r

]⊤ (
∆X

i

r

(
∆X

i

r

)⊤)[ d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r

] dr

}

+
1

2
E


∫ s

t

Ñ
1∣∣∆X i

r

∣∣1{∆X
i
r ̸=0
}é tr


[

d∑
k=1

(
∆X

i

r

)
k
σ̃0,i,k
r

]⊤ [ d∑
k=1

(
∆X

i

r

)
k
σ̃0,i,k
r

] dr


− 1

2
E

{∫ s

t

Ñ
1∣∣∆X i

r

∣∣31{∆X
i
r ̸=0
}é tr


[

d∑
k=1

(
∆X

i

r

)
k
σ̃0,i,k
r

]⊤ (
∆X

i

r

(
∆X

i

r

)⊤)[ d∑
k=1

(
∆X

i

r

)
k
σ̃0,i,k
r

] dr

}
.

(3.4.3)

The term in the third line of (3.4.3) can be estimated by the Cauchy–Schwarz inequality:Ñ
1∣∣∆X i

r

∣∣1{∆X
i
r ̸=0
}é tr


[

d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r

]⊤ [ d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r

]
=

1∣∣∆X i

r

∣∣ d∑
p,q=1

∣∣∣∣∣
d∑

k=1

(
∆X

i

r

)
k

(
σ̃i,k
r

)
pq

∣∣∣∣∣
2

1{
∆X

i
r ̸=0
}

≤K2
∣∣∆X i

r

∣∣.
Similarly, the term in the forth line of (3.4.3) can be estimated byÑ

1∣∣∆X i

r

∣∣31{∆X
i
r ̸=0
}é tr


[

d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r

]⊤ (
∆X

i

r

(
∆X

i

r

)⊤)[ d∑
k=1

(
∆X

i

r

)
k
σ̃i,k
r

]
≤ 1∣∣∆X i

r

∣∣3 ∣∣∆X i

r

∣∣4 d∑
k=1

∣∣σ̃i,k
r

∣∣2 1{
∆X

i
r ̸=0
}

≤K2
∣∣∂x1

k
X

i

r

∣∣.
The terms involving σ̃0,i,k

s can be estimated in a manner similar to the preceding results.

Therefore, (3.4.3) reduces to

E
[
|∆X i

s|
]
≤ |z1 − x1|δ1i + E

[∫ s

t

n∑
j=1

∣∣̃bi,jn,m,r∆X
j

r

∣∣+ 2K2
∣∣∆X i

r

∣∣dr] .
Summing over i = 1, 2, . . . , n, we have

E

[
n∑

i=1

|∆X i

s|

]
≤ |z1 − x1|+

∫ s

t

E

[
n∑

j=1

(
n∑

i=1

∣∣̃bi,jn,m,r

∣∣) ∣∣∆Xj

r

∣∣+ 2K2

n∑
i=1

∣∣∆X i

r

∣∣] dr
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≤ |z1 − x1|+
∫ s

t

E

[
max
1≤ℓ≤n

(
n∑

i=1

∣∣̃bi,ℓn,m,r

∣∣) n∑
j=1

∣∣∆Xj

r

∣∣+ 2K2

n∑
j=1

|∆Xj

r|

]
dr.

The Lipschitz continuity estimate for bin,m in Lemma 3.2.2 deduces that

max
1≤ℓ≤n

n∑
i=1

∣∣∣̃bi,ℓn,m,s

∣∣∣ ≤ max
1≤ℓ≤n

n∑
i=1

sup
x∈Rdn

∣∣∇xℓbin,m(s, x, α
i
s)
∣∣

= max
1≤ℓ≤n

(
sup
x∈Rdn

∣∣∇xℓbℓn,m(s, x, α
ℓ
s)
∣∣+ n∑

i=1,i ̸=ℓ

sup
x∈Rdn

∣∣∇xℓbin,m(s, x, α
i
s)
∣∣)

≤
√
d

ï
K

Å
1 +

1

n

ã
+K

n− 1

n

ò
= 2
√
dK.

It gives us that E
î∑n

i=1 |∆X
i

s|
ó
≤ |z1−x1|+2(

√
dK+K2)

∫ s

t
E
î∑n

i=1

∣∣∆X i

r

∣∣ó dr. Grönwall’s

inequality yields

E

[
n∑

i=1

∣∣∆X i

s

∣∣] ≤ |z1 − x1|e2(√dK+K2)T , for every s ∈ [t, T ].

Thus, we obtain from (3.4.2) that

|vε,n,m(t, x)− vε,n,m(t, z)|

≤ 2K sup
α∈An

t

1

n

n∑
i=1

E
ñ∫ T

t

∣∣∣X i,m,ε,t,x,α

s −X i,m,ε,t,z,α

s

∣∣∣ ds+ ∣∣∣X i,m,ε,t,x,α

T −X i,m,ε,t,z,α

T

∣∣∣ô
≤ Cd,K,T

n
|z1 − x1|. (3.4.4)

Step 2. vε,n,m(t, x) is the unique classical solution of (3.2.11): In this step, the definition

of viscosity solution is referred to the usual Crandall-Lions’ definition as the equation is on

[0, T ]×Rdn instead of the Wasserstein space. First note that the volatility term (the second-

order term) of equation (3.2.11) can be written as 1
2
tr
[
Q∇2

x̄x̄v
]
, with

Q :=



σσ⊤(t, x1, a1) 0 . . . 0

0 σσ⊤(t, x2, a2) . . . 0

...
... . . .

...

0 0 . . . σσ⊤(t, xn, an)


+ ε2Idn +



σ0(t, x1)

σ0(t, x2)

...

σ0(t, xn)





σ0(t, x1)

σ0(t, x2)

...

σ0(t, xn)



⊤

.
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It can be easily shown that Q is positive definite. Consequently, we have Q∇2
x̄x̄vε,n,m =

ΣΣ⊤∇2
x̄x̄vε,n,m, where Σ satisfies ΣΣ⊤ ≥ ε2Idn. Using (Yong & Zhou, 1999, Chatper 4.6,

Theorem 6.2), we conclude that vε,n,m is the unique viscosity solution of the Bellman equation

(3.2.11). Due to the 1/2-Hölder continuity of vε,n,m(t, x) in t, Lipschitz continuity in x as

established in (3.4.4) and the boundedness of the non-homogeneous term f i
n,m of (3.2.11), we

consider the equation (3.2.11) on [0, T ]×BR ⊂ [0, T ]×Rdn with the parabolic boundary value

of vε,n,m(t, x). For this localized equation, we can apply (Crandall et al., 2000, Theorem 8.4)

to obtain a unique strong solution v†ε,n,m(t, x) which lies in C
1+α
2

,1+α

loc ([0, T )×BR)∩C([0, T ]×

BR). We see that v†ε,n,m(t, x) is also the viscosity solution to (3.2.11) in [0, T ] × BR under

the usual Crandall-Lions’ definition, by (Crandall et al., 2000, Proposition 2.10). Therefore,

as the viscosity solution to (3.2.11) on [0, T ] × Rdn is unique, then we see that vε,n,m =

v†ε,n,m1[0,T ]×BR
+ vε,n,m1[0,T ]×(Rdn\BR) for any R > 0. In other words, vε,n,m is continuously

differentiable with respect to x on Rdn × [0, T ). We consider another equation

∂tu(t, x) + sup
a∈An

{
1

n

n∑
i=1

f i
n,m(t, x, a

i) +
1

2

n∑
i=1

tr
[(

(σσ⊤)(t, xi, ai) + σ0σ0;⊤(t, xi) + ε2Id

)
∇2

xixiu(t, x)
]

+
n∑

i=1

〈
bin,m(t, x, a

i),∇xivε,n,m(t, x)
〉
+

1

2

n∑
i,j=1,i ̸=j

tr
[
σ0(t, xi)σ0;⊤(t, xj)∇2

xixju(t, x)
]}

= 0 in [0, T )× Rdn;

u(T, x) =
1

n

n∑
i=1

gin,m(x) in Rdn.

(3.4.5)

In the above equation, we note the unknown u is only involved in the time differentiation

and the second-order spatial differentiation, the remaining terms are all in C0,α([0, T )×BR′)

for any R′ > 0 and some α > 0. As vε,n,m is the unique viscosity solution to (3.2.11) on

[0, T ]×Rdn under the usual Crandall-Lions’ definition, it is also a viscosity solution to (3.4.5)

under the usual Crandall-Lions’ definition as it is continuously differentiable on x. By con-

sidering the equation in (3.4.5) in a local region with the parabolic boundary value vε,n,m, we

can apply (Mou, 2019, Theorem 5.2) to find a classical solution v∗ε,n,m(t, x) to (3.4.5) on that
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local region. As the viscosity solution of (3.4.5) on [0, T ]×Rdn is unique by (Yong & Zhou,

1999, Chatper 4.6, Theorem 6.2), we see that vε,n,m(t, x) = v∗ε,n,m(t, x) is actually classical.

Step 3. Bounds of derivatives of vε,n,m(t, x): Note that vε,n,m(t, x) ∈ C1,2([0, T ]×Rdn),

the boundedness of the first-order derivative with respect to x follows from (3.4.4), while the

boundedness of the second-order derivative is established using (Krylov, 2008, Chapter 4.7,

Theorem 4).
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Chapter 4

Feynman-Kac Formula for Time-Dependent

Nonlinear Schrödinger Equations with

Applications in Numerical Approximations

In this chapter, we present a novel Feynman-Kac formula and investigate learning-based

methods for approximating general nonlinear time-dependent Schrödinger equations which

may be high-dimensional. Our formulation integrates both the Fisk-Stratonovich and Itô

integrals within the framework of backward stochastic differential equations (BSDEs). Uti-

lizing this Feynman-Kac representation, we propose learning-based approaches for numerical

approximations. To demonstrate the accuracy and effectiveness of the proposed method, we

conduct numerical experiments in both low- and high-dimensional settings, complemented by

a convergence analysis. These results address the open problem concerning deep-BSDE meth-

ods for numerical approximations of high-dimensional time-dependent nonlinear Schrödinger

equations (cf. [Proc. Natl. Acad. Sci. 15 (2018), pp. 8505–8510] and [Frontiers Sci. Awards

Math. (2024), pp. 1-14] by Han, Jentzen, and E).

This chapter is organized as follows: In Section 1, we introduce our Feynman-Kac formula

for both classical and weak solutions of general Schrödinger equations and highlight some

open questions arising from this Feynman-Kac representation. In Section 2, we propose a
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machine learning scheme for numerically computing the BSDEs (1.2.5), covering both linear

and nonlinear cases of f in both low- and high-dimensional problems. The experimental

results demonstrate that the solutions of the BSDEs are in strong agreement with the explicit

solutions of the Schrödinger equations. Finally, in Section 3 we present a convergence analysis

regarding the proposed algorithm for simulations. Additionally, the appendix contains the

estimate of certain error terms involved in the proof of Lemma 4.3.2, along with the complete

proof of Lemma 4.3.2.

4.1 Feynman-Kac formula for the nonlinear Schrödinger

equation

A less rigorous form of Feynman-Kac formula is based on the complex time transformation,

τ = i t. By defining U(τ, x) = u(it, x), we arrive at the following parabolic PDE:

−∂tU(τ, x) =
ν

2
∆U(τ, x) + f(τ, x, U); U(T, x) = G(x). (4.1.1)

This equation may be approached using the established theory of FBSDEs (see Delarue

(2002); Hu & Peng (1995); Ma et al. (1994); Pardoux & Peng (1992); Pardoux & Tang

(1999) for instance), which suggests a representation via a C-valued BSDE:
−dỸs(τ, x) = f(s,

√
ν(Ws −Wτ ) + x, Ỹs(τ, x)) ds−

√
νZ̃s(τ, x) dWs;

ỸT (τ, x) = G(
√
ν(WT −Wτ ) + x),

(4.1.2)

with the relation

Ỹs(τ, x) = U(s,
√
ν(Ws −Wτ ) + x), Z̃s(t, x) = ∇U(s,

√
ν(Ws −Wτ ) + x). (4.1.3)

Through equation (4.1.2) and relation (4.1.3), we obtain a Feynman-Kac representation for

Schrödinger equation (1.2.3). It is important to note that for all equations (1.2.3), (4.1.1),

(4.1.2), and (4.1.3), the time domain lies in the real interval [0, T ]. However, the complex
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time transformation τ = i t necessitates extending the time domain to an imaginary time

interval, which imposes significant restrictions on both theory and applications. A formal

representation for linear Schrödinger equations was in fact given via so-called Feynman

path integrals. However, these path integrals are not well-defined in most of their uses (cf.

Albeverio et al. (1976); Feynman (1948); Kac (1949); Yan (1994)).

In this section, we shall present a Feynman-Kac formula that avoids both the complex

time transformation and Feynman path integrals. The representation is developed for both

classical and weak solutions of Schrödinger equation (1.2.5). Some further explorations of

the resolution of BSDE (1.2.5) using purely probabilistic methods are left as open questions.

4.1.1 Feynman-Kac formula for classical solutions

Denote by C1,2([0, T ]×Rd;C) the space of complex-valued continuous functions u(t, x) with

bounded continuous derivatives ∂tu(t, x), ∂xj
u(t, x), and ∂xkxl

u(t, x), j, k, l = 1, . . . , d. In the

following theorem, the Feynman-Kac formula establishes a connection between the classical

solution of Schrödinger equation (1.2.3) in C1,2([0, T ]×Rd;C) and the BSDE (1.2.5) via the

relation (1.2.6).

Theorem 4.1.1. (i) Suppose that u ∈ C1,2([0, T ] × Rd;C) is a solution to the

Schrödinger equation (1.2.3). Then the pair (Y, Z) defined through (1.2.6) is

a solution to BSDE (1.2.5).

(ii) If the pair (Y, Z) with Ys(t, x) = Y R
s (t, x)+ iY I

s (t, x) and Zs(t, x) = ZR
s (t, x)+

iZI
s (t, x) for 0 ≤ t ≤ s ≤ T, x ∈ Rd satisfies BSDE (1.2.5) and there exists

a function u ∈ C1,2([0, T ] × Rd;C) satisfying the relation (1.2.6), then the

function u is a solution to the Schrödinger equation (1.2.3).

Proof. First, we prove (i). Without loss of generality, we take t = 0. Applying Itô’s formula

133



to uR and uI respectively yields that

duR(s, x+
√
νWs) =

(
∂su

R +
ν

2
∆uR

)
(s, x+

√
νWs) ds+

√
ν∇uR(s, x+

√
νWs) dWs,

duI(s, x+
√
νWs) =

(
∂su

I +
ν

2
∆uI

)
(s, x+

√
νWs) ds+

√
ν∇uI(s, x+

√
νWs) dWs.

Here, we shall only verify the real part as the imaginary part follows in a similar way. In

view of (1.2.3) and (1.2.4), we have further

duR(s, x+
√
νWs) =

[ν
2
∆(uI + uR)(s, x+

√
νWs) + f I(s, x+

√
νWs, u(s, x+

√
νWs))

]
ds

+
√
ν∇uR(s, x+

√
νWs) dWs. (4.1.4)

Recalling the relationships between Fisk-Stratonovich integrals and Itô integrals (see (Revuz

& Yor, 2013, Chapter 4, Exercise 2.18)), we have

ν

2
∆(uI + uR)(s, x+

√
νWs)ds =

√
ν∇(uI + uR)(s, x+

√
νWs)(◦dWs − dWs)

=
√
ν∇(uI + uR)(s, x+

√
νWs) ∗ dWs, (4.1.5)

which together with relation (1.2.6) substituted in (4.1.4) gives

dY R
s (0, x) =

√
ν(ZR

s (0, x) + ZI
s (0, x)) ∗ dWs + f I(s,

√
νWs + x, Ys(0, x)) ds+

√
νZR

s (0, x) dWs.

Analogously, we justify the second stochastic differential equation in (1.2.5) for the imaginary

part. The terminal condition is obvious and this justifies (i).

For (ii), suppose (Y, Z) and u satisfy BSDE (1.2.5) as well as the relation (1.2.6). Let φ be

an arbitrary infinitely differentiable real-valued function with compact support on Rd. Then

Itô’s formula implies

dφ(x+
√
νWs) =

ν

2
∆φ(x+

√
νWs) ds+

√
ν∇φ(x+

√
νWs) dWs.

Notice that substituting the representation (1.2.6) into the equation for Y R(0, x) in (1.2.5)

gives

duR(s, x+
√
νWs) =

√
ν(∇uR +∇uI)(s, x+

√
νWs) ∗ dWs + f I(s, x+

√
νWs, u(s, x+

√
νWs)) ds
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+
√
ν∇uR(s, x+

√
νWs) dWs

=
[ν
2
∆(uI + uR)(s, x+

√
νWs) + f I(s, x+

√
νWs, u(s, x+

√
νWs))

]
ds

+
√
ν∇uR(s, x+

√
νWs) dWs,

where we have used the relation (4.1.5). Applying Itô’s formula to the product (uRφ)(s, x+
√
νWs) and taking integration w.r.t. (ω, x) on Ω× Rd under P⊗ dx (where dx denotes the

Lebesgue measure), we have for each t ∈ [0, T ],∫
Rd

uR(t, x)φ(x) dx = E
ï∫

Rd

(uRφ)(t, x+
√
νWt) dx

ò
=

∫
Rd

E
[
(uRφ)(t, x+

√
νWt)

]
dx

=

∫
Rd

E
ñ
(uRφ)(T, x+

√
νWT )−

∫ T

t

(ν
2
∆(uI + uR) + f I(·, ·, u)

)
φ(s, x+

√
νWs) ds

−
∫ T

t

ν

Å
(∇uR) · (∇φ) + 1

2
uR∆φ

ã
(s, x+

√
νWs) ds

−
√
ν

∫ T

t

(
φ∇uR + uR∇φ

)
(s, x+

√
νWs) dWs

ô
dx

=

∫
Rd

E
ñ
(uRφ)(T, x+

√
νWT )−

∫ T

t

(ν
2
∆(uI + uR) + f I(·, ·, u)

)
φ(s, x+

√
νWs) ds

−
∫ T

t

ν

Å
(∇uR) · (∇φ) + 1

2
uR∆φ

ã
(s, x+

√
νWs) ds

ô
dx

= E

{∫
Rd

ñ
(uRφ)(T, x+

√
νWT )−

∫ T

t

(ν
2
∆(uI + uR) + f I(·, ·, u)

)
φ(s, x+

√
νWs) ds

−
∫ T

t

ν

Å
(∇uR) · (∇φ) + 1

2
uR∆φ

ã
(s, x+

√
νWs) ds

ô
dx

}

=

∫
Rd

uR(T, x)φ(x) dx−
∫ T

t

∫
Rd

(ν
2
∆uI(s, x) + f I(s, x, u(s, x))

)
φ(x) dxds,

(4.1.6)

where we have used Fubini’s theorem, the fact that
∫
Rd g(x+

√
νWs)dx =

∫
Rd g(x)dx, ∀ g ∈

L1(Rd), the integration-by-parts formula∫
Rd

ï
(∇uR)(s, x) · (∇φ)(x) + 1

2
uR(s, x)∆φ(x)

ò
dx =

∫
Rd

ï
−∆uR(s, x)φ(x) + 1

2
∆uR(s, x)φ(x)

ò
dx
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= −1

2

∫
Rd

∆uR(s, x)φ(x) dx,

and the zero-expectation of the stochastic integrals since φ, uR, ∇φ, and ∇uR are bounded

continuous functions. Thus, by the arbitrariness of the test function φ, it follows that the

function uR satisfies the partial differential equation

−∂tuR(t, x) = −
ν

2
∆uI(t, x)− f I(t, x, u); uR(T, x) = GR(x).

In a similar way, we may justify the imaginary part uI satisfying (1.2.4) and thus (1.2.3).

4.1.2 Feynman-Kac formula for weak solutions

The associated solution to (1.2.3) in Theorem 4.1.1 is confined to the space C1,2([0, T ]×Rd;C)

which may be replaced by the set of functions valued in Sobolev spaces, for instance, as in

Kato (1987).

For each (k, q) ∈ N0×[1,∞), we define the k-th Sobolev space (Hk,q, ∥·∥k,q) on Rd and its dual

space (H−k,q′ , ∥·∥−k,q′), where q′ = q
q−1

. We denote by C∞
c (Rd) (respectively, C∞

c (O) for each

open set O ⊂ Rd) the set of all infinitely differentiable functions with compact support on Rd

(respectively, O). As usual, when k = 0 we also write (Lq, ∥·∥q) for (H0,q, ∥·∥0,q), and by ⟨·, ·⟩,

we denote the duality between the space Lq and its dual Lq′ for q ∈ (1,∞). For simplicity,

if a complex, vector or matrix-valued function v = (vjl)1≤j≤N,1≤l≤n has vjl ∈ Hk,q for j =

1, . . . , N , l = 1, . . . , n with some n,N ∈ N+, we shall write v ∈ (Hk,q)N×n or just simply,

v ∈ Hk,q if there is no confusion on dimensions, with ∥v∥k,q =
Ä∑n

l=1

∑N
j=1

∥∥vjl∥∥q
k,q

ä1/q
. Let

u ∈ C1([0, T ];H1,2) ∩ C([0, T ];H−1,2) and f(·, ·, u) ∈ Lp(0, T ;Lq) for some p, q ≥ 1, (4.1.7)

and suppose that such a function u : [0, T ]× Rd → C is a weak solution to (1.2.3), i.e., for

any φ ∈ C∞
c (Rd), it holds that for each t ∈ [0, T ],
⟨uR(t), φ⟩ = ⟨GR, φ⟩+

∫ T

t

⟨ν
2
∇uI(s), ∇φ⟩ds−

∫ T

t

⟨f I(s, u), φ⟩ ds,

⟨uI(t), φ⟩ = ⟨GI , φ⟩ −
∫ T

t

⟨ν
2
∇uR(s), ∇φ⟩ds+

∫ T

t

⟨fR(s, u), φ⟩ ds.
(4.1.8)
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Due to the lack of continuous differentiability, one cannot apply Itô’s formula to the com-

position u(t, x +
√
νWt). Instead, one may apply the Itô-Kunita-Wentzell-Krylov formula

(Krylov, 2010, Theorem 1) to distribution-valued functions and it yields that

duR(s, x+
√
νWs) =

(ν
2
∆uI(s, x+

√
νWs) + f I(s, x+

√
νWs, u(s, x+

√
νWs))

)
ds

+
ν

2
∆uR(s, x+

√
νWs) ds+

√
ν∇uR(s, x+

√
νWs) dWs

=
(
f I(·, ·, u) + ν

2
(∆uI +∆uR)

)
(s, x+

√
νWs) ds+

√
ν∇uR(s, x+

√
νWs) dWs,

which holds in the distributional sense as in (4.1.8).

Remark 4.1.1. For each g ∈ L2(0, T ; (L2)d), the compositions like g(s, x +
√
νWs) make

senses dP̄⊗dt⊗dx-a.e. by (Barles & Lesigne, 1997, Theorem 14.3) (see also (Delbaen et al.,

2015, Lemma 3.1)) and the divergence ∇ · g(s, x +
√
νWs) may be understood as H−1,2-

valued process. In view of the probabilistic interpretation for the divergence (see (Stoica,

2003, Lemma 3.1)), we have the equivalent representation for the integral ∗dWt, i.e., for

each 0 ≤ t ≤ s ≤ T ,∫ s

t

g(τ, x+
√
νWτ ) ∗ dWτ =

1

2

d∑
j=1

Å∫ s

t

gj(τ, x+
√
νWτ ) dW

j
τ +

∫ s

t

gj(τ, x+
√
νWτ )

←−−
dW j

τ

ã
=

√
ν

2

∫ s

t

∇ · g(τ, x+
√
νWτ ) dτ,

with the integral
←−−
dW j

τ being the backward stochastic integral (see Nualart & Pardoux (1988))

and dW j
τ the standard Itô integral.

Recalling u ∈ C1([0, T ];H1,2), we have by Remark 4.1.1 that

duR(s, x+
√
νWs) = f I(s, x+

√
νWs, u(s, x+

√
νWs)) ds+

√
ν(∇uI +∇uR)(s, x+

√
νWs) ∗ dWs

+
√
ν∇uR(s, x+

√
νWs) dWs.

By relation (1.2.6), straightforward substitution gives

dY R
s (0, x) =

√
ν(ZR

s (0, x) + ZI
s (0, x)) ∗ dWs + f I(s,

√
νWs + x, Ys(0, x)) ds+

√
νZR

s (0, x) dWs.
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Analogously, we justify the second stochastic differential equation in (1.2.5) for the imaginary

part.

On the other hand, the converse holds in a similar way to (ii) of Theorem 4.1.1.

To sum up, we reach the following result:

Theorem 4.1.2. (i) Suppose that u satisfying (4.1.7) is a weak solution to the

Schrödinger equation (1.2.3). Then the pair (Ys(t, x), Zs(t, x)) defined through

(1.2.6) is a solution to BSDE (1.2.5) for a.e. x ∈ Rd.

(ii) If the pair (Y, Z) with Ys(t, x) = Y R
s (t, x)+ iY I

s (t, x) and Zs(t, x) = ZR
s (t, x)+

iZI
s (t, x) for 0 ≤ t ≤ s ≤ T, x ∈ Rd satisfies BSDE (1.2.5) for a.e. x ∈ Rd

and there exists a function u satisfying (4.1.7) and the relation (1.2.6), then

the function u is a solution to the Schrödinger equation (1.2.3).

Remark 4.1.2. In the above theorem, a Feynman-Kac formula is established between weak

solutions of the Schrödinger equation (1.2.3) and the associated BSDE (1.2.5). The integra-

bility of f(·, ·, u) in (4.1.7) helps to ensure that the corresponding integrals in (4.1.8) and

BSDE (1.2.5) are well-defined, and at the same time, it allows f to be nonlinear and of

polynomial growth in u (see Kato (1987)).

4.1.3 Open questions

In Theorems 4.1.1 and 4.1.2, we presuppose the existence of the function u(t, x), either as a

classical or weak solution of the Schrödinger equation (1.2.3), or as a function representing the

solution pair (Y, Z) of BSDE (1.2.5). In fact, the Schrödinger equation has been extensively

studied, as seen in references such as Berezin & Shubin (2012); Colliander et al. (2008);

Kato (1987), which discuss the existence and uniqueness of solutions. Using the Feynman-

Kac formula in Theorems 4.1.1 and 4.1.2, the existence and uniqueness of the solution to the

Schrödinger equation (1.2.3) implies the unique existence of the solution to BSDE (1.2.5).
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The open question is the converse: without relying on existing well-posedness results of the

associated Schrödinger equations, how can we establish the existence and uniqueness of the

solution to BSDE (1.2.5), from which one may derive the unique existence of solutions to

the associated Schrödinger equations?

In what follows, we explore BSDE (1.2.5) within the framework of two established solution

theories for BSDEs to better understand the associated challenges.

On one hand, in comparison to the standard BSDE theory developed by Pardoux and Peng

Pardoux & Peng (1990), the integral terms∫ T

τ

g(s, Zs(t, x)) ∗ d(
√
νWs), t ≤ τ ≤ T, (4.1.9)

need special consideration. Indeed, such integrals are utilized for the interpretation of di-

vergence terms of parabolic equations; see Barles & Lesigne (1997); Stoica (2003). The

well-posedness of the associated BSDEs involving terms (4.1.9) hinges on the function g

being Lipschitz-continuous with respect to Z. Specifically, there exists α ∈ (0, 1) such that

|g(s, z1) − g(s, z2)| ≤ α|z1 − z2|, ∀ z1, z2 ∈ Rd, s ∈ [0, T ]. This condition mandates that the

Lipschitz constant α is strictly less than 1, which is essential for deriving certain estimates

of Z in the solution theory; refer to Stoica (2003) for more details. However, in the context

of BSDE (1.2.5), we have g(s, Zs(t, x)) = ZR
s (t, x) ± ZI

s (t, x), t ≤ τ ≤ s ≤ T, where the

function g remains Lipschitz-continuous in Z, but with a Lipschitz constant α ≥ 1. This

poses a significant challenge in estimating Z.

On the other hand, BSDE (1.2.5) can be interpreted as a C-valued second order BSDE. In

fact, inspired by the work of Cheridito et al. (2007); Soner et al. (2012), we express Z as an

Itô process satisfying: dZs(t, x) =
√
νΓs(t, x) dWs+As(t, x) ds, t ≤ s ≤ q. By Remark 4.1.1,

we have: for t ≤ τ ≤ T ,∫ T

τ

√
ν(ZR

s (t, x)± ZI
s (t, x)) ∗ dWs =

∫ T

τ

√
ν

2
∇ · (
√
νZR

s (t, x)±
√
νZI

s (t, x)) ds

=

∫ T

τ

ν

2
tr(ΓR

s (t, x)± ΓI
s(t, x)) ds, (4.1.10)
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which, substituted into the (1.2.5), results in a second order BSDE. In this scenario, Ys(t, x)

is complex-valued, and, to the best of our knowledge, such a BSDE has not been previously

studied or addressed in any existing theoretical framework.

4.2 Algorithm and Numerical Experiment

4.2.1 An algorithm

Our BSDE (1.2.5) can be rewritten as the following FBSDE:

dXs(t, x) =
√
νdWs, Xt(t, x) = x;

−dY R
s (t, x) = −

√
ν(ZR

s (t, x) + ZI
s (t, x)) ∗ dWs

− f I (s,Xs(t, x), Ys(t, x)) ds−
√
νZR

s (t, x) dWs;

−dY I
s (t, x) =

√
ν(ZR

s (t, x)− ZI
s (t, x)) ∗ dWs

+ fR (s,Xs(t, x), Ys(t, x)) ds−
√
νZI

s (t, x) dWs;

YT (t, x) = G(XT (t, x)),

(4.2.1)

for all (s, x) ∈ [t, T ]× Rd. It is related to the solution u of equation (1.2.3) by

Ys(t, x) = u(s,Xs(t, x)), Zs(t, x) = ∇u(s,Xs(t, x)), (4.2.2)

thus the solution u(s, x) would exactly be Ys(s, x). In our BSDE system (1.2.5), the presence

of both the Fisk-Stratonovich integral and the Itô integral complicates the numerical compu-

tation using any conventional methods (see, for instance, Zhang (2004)). Additionally, the

deep learning method proposed in Han et al. (2018) is not capable of handling this atypical

form of BSDEs. However, the following will numerically demonstrate the effectiveness of

our proposed BSDE approach in solving the Schrödinger equations (1.2.3), using a scheme

inspired by Huré et al. (2020).

For function approximations, in the subsequent presentation of the algorithm, the execution
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of numerical experiments, and the proof of convergence analysis, we employ neural network

approximations for the unknown functions. This approach allows for the extension of both

the algorithm and convergence analysis to high-dimensional time-dependent Schrödinger

equations (cf. Isozaki (2004)); in this context, deep neural networks play a crucial role in

tackling the curse of dimensionality (cf. Han et al. (2018)).

Let Nd,d1,L,m denote the set of functions represented by feedforward neural networks with

L + 1 layers (where integer L > 1), d-dimensional inputs, d1-dimensional outputs, and m

neurons in each hidden layer. Typically, we represent the parameters for each neural network

function by θ ∈ RNm where Nm = d(1 +m) +m(1 +m)(L− 2) +m (1 + d1) and ϱ denotes

the activation function.

For any M ∈ N+, we introduce the time grid π :=
{
t0, t1, . . . , tM |0 =: t0 < t1 < . . . < tM :=

T
}
, with modulus |π| = maxj=0,...,M−1∆tj,∆tj := tj+1 − tj. Without loss of generality, we

assume (t, x) to be (0, x0) for some fixed x0 ∈ Rd. We employ the Euler scheme to discretize

our forward process in (4.2.1) as Xtj+1
= Xtj +

√
ν∆Wtj , j = 0, . . . ,M − 1, X0 = x0,

where we set ∆Wtj := Wtj+1
− Wtj . To alleviate notations, we omit the dependence of

X = Xπ(0, x0) on the time grid π, initial time 0 and initial data x0 as there is no ambiguity.

Define

FR(t, x, uR, uI , zRt+1, z
I
t+1, z

R
t , z

I
t ,∆t,∆w)

:= uR +

√
ν

2
(zRt+1 + zIt+1)∆w +

√
ν

2
(zRt − zIt )∆w + f I(t, x, uR, uI)∆t,

F I(t, x, uR, uI , zRt+1, z
I
t+1, z

R
t , z

I
t ,∆t,∆w)

:= uI −
√
ν

2
(zRt+1 − zIt+1)∆w +

√
ν

2
(zRt + zIt )∆w − fR(t, x, uR, uI)∆t.

Here and in what follows, we do not distinguish the writings f(t, x, u) and f(t, x, uR, uI).

From the equations (4.2.1) and (4.2.2), for j = 1, . . . ,M , we have that

uR(tj+1, Xtj+1
)

≈FR
(
tj, Xtj , u

R(tj, Xtj), u
I(tj, Xtj), z

R(tj+1, Xtj+1
), zI(tj+1, Xtj+1

), zR(tj, Xtj), z
I(tj, Xtj),∆tj,∆Wtj

)
;
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uI(tj+1, Xtj+1
)

≈F I
(
tj, Xtj , u

R(tj, Xtj), u
I(tj, Xtj), z

R(tj+1, Xtj+1
), zI(tj+1, Xtj+1

), zR(tj, Xtj), z
I(tj, Xtj),∆tj,∆Wtj

)
.

Denote θ = (ξ, η). For each j = 0, . . . ,M − 1, we set up neural networks UR
tj

, U I
tj
, ZR

tj
, ZI

tj
∈

Nd,d1,L,m to approximate uR(tj, ·), uI(tj, ·), zR(tj, ·), zI(tj, ·) respectively. The algorithm is

stated below.

Algorithm 1 Deep Learning-based scheme for the Schrödinger equation (1.2.3)

Initialize: pUR
tM

:= GR(·), pU I
tM

:= GI(·), pZR
tM

:= ∇GR(·), pZI
tM

:= ∇GI(·) j = M − 1 to 0

Given pUR
tj+1

, pU I
tj+1

, pZR
tj+1

, pZI
tj+1

, minimize

Lj(θ) : = E
∣∣∣ pUR

tj+1

(
Xtj+1

)
− FR

(
tj, Xtj ,UR

tj
(Xtj ; ξ),U I

tj
(Xtj ; ξ),

pZR
tj+1

(Xtj+1
), pZI

tj+1
(Xtj+1

),

ZR
tj
(Xtj ; η),ZI

tj
(Xtj ; η),∆tj,∆Wtj

)∣∣∣2
+ E

∣∣∣ pU I
tj+1

(
Xtj+1

)
− F I

(
tj, Xtj ,UR

tj
(Xtj ; ξ),U I

tj
(Xtj ; ξ),

pZR
tj+1

(Xtj+1
), pZI

tj+1
(Xtj+1

),

ZR
tj
(Xtj ; η),ZI

tj
(Xtj ; η),∆tj,∆Wtj

)∣∣∣2;
θ∗j = (ξ∗j , η

∗
j ) ∈ arg min

θ∈RNm
Lj(θ).

Update pUR
tj
= UR

tj

(
.; ξ∗j

)
, pU I

tj
= U I

tj

(
.; ξ∗j

)
, pZR

tj
= ZR

tj

(
.; η∗j

)
, and pZI

tj
= ZI

tj

(
.; η∗j

)
.

Remark 4.2.1. The above algorithm is inspired by, yet distinct from, the work of Huré,

Pham, and Warin in Huré et al. (2020). Indeed, due to the presence of integrals with ∗dWt

in BSDE (1.2.5), at each time step [tj, tj+1], the iteration functions FR and F I depend on the

values of Ztj+1
and pZtj+1

at time tj+1, a dependence that is absent in non-Schrödinger-type

parabolic cases (see, for instance, Beck et al. (2019); E et al. (2017); Han et al. (2018); Huré

et al. (2020)).

4.2.2 Numerical experiments

We conduct numerical experiments in both low-dimensional (1D) and high-dimensional (48D)

settings, addressing both linear and nonlinear scenarios. Due to the oscillatory behavior of
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Schrödinger equation solutions, standard activation functions such as Tanh, Sigmoid, and

Softplus do not perform well in capturing these intricate patterns. Nonetheless, these activa-

tions remain important in less oscillatory regions, where the solution is less curved and rapid

variations are absent. To this end, for each j = 0, . . . ,M−1, we implement a common neural

architecture for the networks UR
tj

, U I
tj
, ZR

tj
, and ZI

tj
, purposefully designed to accommodate

the specific characteristics of Schrödinger equation solutions. Each network is constructed

using a gated dual-branch framework that integrates two parallel nonlinear transformation

paths. One branch applies a sequence of fully connected layers with hyperbolic tangent

(Tanh) activations, while the other, inspired by Sitzmann et al. (2020), mirrors this struc-

ture but employs sinusoidal activation functions. This configuration equips the network to

capture a wide spectrum of input features, from less curved regions to highly oscillatory or

periodic behaviors.

Each branch contains two hidden layers: the first linear layer maps the input of dimension d

to a hidden width of either d+h (in the case of UR
tj

and U I
tj
) or d×h (for ZR

tj
and ZI

tj
), where

h is a tunable hidden expansion parameter. This is followed by a Softplus activation and a

second linear layer of the same width, ending with either a Tanh or sinusoidal activation.

The outputs of the two branches are blended using a soft gating mechanism, implemented

as a learnable single-neuron feedforward layer followed by a sigmoid activation. This mech-

anism produces a scalar gating value in (0, 1) for each input, which is used to compute a

convex combination of the two branch outputs. The resulting gated representation is then

passed through a final fusion layer, consisting of a single linear transformation. For UR
tj

and

U I
tj
, the fusion layer maps the hidden features to a scalar output, while for ZR

tj
and ZI

tj
, it

projects to a vector in Rd. A diagram of the architecture is provided to visually illustrate

the computational structure and data flow.
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Figure 4.1: Illustration of the architecture of the proposed neural network.

Our code is available at GitHub: https://github.com/HenryCHEUNG7373/Schrodinger_

Feynman_Kac.

Example We consider the following linear Schrodinger equation in d = 1:

i∂tu(t, x) =
1

2
∆u(t, x), t ≤ T ; u(T, x) = ei

√
2x, (4.2.3)

which admits the solution u(t, x) := ei(
√
2x−(T−t)). We choose T = 0.5, M = 25, batch size

to be 4096 and train each networks with 30 epochs. The results are plotted in the following

figures.

Figure 4.2: Real & imaginary parts of u(0, ·) and its estimate.
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Table 4.1: Average value and standard deviation of u(0, 0) over 10 independent runs.

Parts True value Average estimated value Standard deviation

Real 0.8776 0.8630 0.0122

Imaginary -0.4794 -0.4728 0.0115

Example Let d = 1 and consider the following nonlinear Schrodinger equation:

i∂tu(t, x) =
1

2
∆u(t, x) + |u(t, x)|2u(t, x), t ≤ T ; u(T, x) = sech(x)eix, (4.2.4)

which has solution u(t, x) := sech(x − (T − t))eix. Due to high nonlinearity, we take a big

M = 64. For other parameters, we choose T = 0.5, batch size to be 4096 and train each

networks with 10 epochs. The results are plotted in the following figures.

Figure 4.3: Real & imaginary parts of u(0, ·) and its estimate.

Table 4.2: Average value and standard deviation of u(0, 0) over 10 independent runs.

Parts True value Average estimated value Standard deviation

Real 0.8868 0.8723 0.0174

Imaginary 0 0.0164 0.0142
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The true curves at time T = 0.5 correspond to the evaluations of the terminal functions,

specifically ei
√
2x in the linear case and sech(x)eix in the nonlinear case. The figures above

indicate that the computed numerical solution closely approximates the analytical solution

at time t = 0, while both remain noticeably distinct from the prescribed terminal conditions.

This is further supported by Tables 4.2.2 and 4.2.2, where, combining the real and imaginary

parts, the relative L2 error, calculated as
√

(x̂real−xreal)2+(x̂img−ximg)2

x2
real+x2

img
for the true value x =

xreal + iximg and the predicted value x̂ = x̂real + ix̂img, is approximately 1.6% in the linear

case and around 2.5% in the nonlinear case.

In addition to the above one-dimensional examples, we further provide the following linear

and nonlinear numerical results in high-dimensional spaces.

Example Let d = 48 and consider the linear Schrödinger equation

i∂tu(t, x) =
1

2
∆u(t, x), t ≤ T ; u(T, x) = e

√
2
d
i
∑d

j=1 xj . (4.2.5)

This system admits the exact solution u(t, x) = e
i
(√

2
d

∑d
j=1 xj−(T−t)

)
. We choose T =

0.5,M = 25, batch size to be 245760 and train each networks with 30 epochs. The re-

sults are plotted in the following figures at t = 0 and x = (x1, 0, · · · , 0).

Figure 4.4: Real & imaginary parts of u(0, x) and its estimate with x = (x1, 0, · · · , 0).
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Parts True value Average estimated value Standard deviation

Real 0.8776 0.8649 0.0074

Imaginary -0.4794 -0.4700 0.0023

Table 4.3: Average value and standard deviation of u(0, 0⃗) over 10 independent runs

Example Let d = 48 and denote S := 1
d

∑d
j=1 xj. Consider the nonlinear Schrödinger

equation

i∂tu(t, x) =
1

2
∆u(t, x) + f(t, x, u), t ≤ T ; u(T, x) = eiSsech(S), (4.2.6)

with the nonlinear term

f(t, x, u) := |u|2u+
Å
1 +

1

d
sech2(S) + i

d
tanh(S)

ã
ei[T−t+S]sech(S)− ei[T−t+S]sech3(S).

This system admits the exact solution u(t, x) = ei(T−t+S)sech(S). We choose T =

0.5,M = 50, batch size to be 245760 and train each networks with 30 epochs. The results are

plotted in the following Figure 4.5 at t = 0 and x = (x1, 0, · · · , 0). We further provide Figure

4.6 at t = 0 and x = (x1, · · · , x1) to show that our algorithm is capable of approximating

solutions with more curving behaviors in high-dimensional nonlinear problems.

Figure 4.5: Real & imaginary parts of u(0, x) and its estimate with x = (x1, 0, · · · , 0).
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Figure 4.6: Real & imaginary parts of u(0, x) and its estimate with x = (x1, · · · , x1).

Parts True value Average estimated value Standard deviation

Real 0.8776 0.8662 8.96× 10−4

Imaginary 0.4794 0.4773 4.40× 10−4

Table 4.4: Average value and standard deviation of u(0, 0⃗) over 10 independent runs.

From the above figures, again we observe that our algorithm fits the true solution reasonably

well even in the higher dimensional cases with d = 48. Table 4.2.2 and 4.2.2 further supports

our numerical results where the relative L2 error can be computed in the same way as in the

one-dimensional cases. The linear Example 4.2.2 exhibits a relative error around 1.58% and

in the nonlinear Example 4.2.2, it is approximately 1.16%.

4.3 Convergence Analysis of Algorithm 1

4.3.1 Assumption and notations

Throughout this section, we assume the following:

(i) The function u is a bounded solution to the Schrödinger equation (1.2.3) with

its derivatives ∂tu, ∂xu, ∂xxu, ∂xxxu, ∂xxxxu, ∂t∂xu, ∂t∂xxu well defined as
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continuous functions.

(ii) The derivatives of u in (i) above belong to L∞([0, T ];L2(Rd;C)) with their

norms less than K.

(iii) There exists L > 0 such that for all x, x′ ∈ Rd, y, y′ ∈ C, t, t′ ∈ [0, T ], and

ϕ ∈ C(Rd;C),

|f(t, x, y)− f(t, x, y′)| ≤ L(|y − y′|),

|f(t, x, ϕ(x))− f(t′, x′, ϕ(x))| ≤ L
(»

ρ(|t− t′|) + |x− x′|
)
|ϕ(x)|,

where ρ : [0,∞)→ [0,∞) is a continuous increasing function with ρ(0) = 0.

The above conditions (i)–(iii) are assumed for simplicity and to avoid cumbersome arguments.

Relaxations of these conditions are feasible. Here, we assume the Lipschitz-continuity of f

in y in condition (iii). In certain nonlinear cases, such as in (4.2.4), the function f takes the

form f(t, x, uR, uI) = |u|2u. When confined to bounded solutions as assumed in (i), we may

truncate this function by replacing it with fN(u) = ΦN(|u|2u), where N > 0 is sufficiently

large and ΦN is a smooth, compactly supported function that satisfies ΦN(x) = x for |x| ≤ N .

Also, the solution to (4.2.4) is explicitly given as u = sech(x − (T − t))eix which obviously

satisfies both (i) and (ii). Therefore, the example (4.2.4) actually fits in well with the above

assumption.

To avoid cumbersome notations, we further assume that d = 1, while the multi-dimensional

cases follow analogously. Also, w.l.o.g., the time partition is evenly spaced, i.e., tj+1−tj = δt

for j = 0, . . . ,M − 1.

Inspired by Huré et al. (2020), we first introduce an auxiliary system. For each j, given
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pUR
tj+1

, pU I
tj+1

, pZR
tj+1

and pZI
tj+1

, we define the following:

pVR
tj
:=Ej

pUR
tj+1
−
√
ν

2
Ej

îÄ
pZR
tj+1

+ pZI
tj+1

ä
δWtj

ó
− f I(tj, Xtj ,

pVR
tj
, pVI

tj
)δt,

pVI
tj
:=Ej

pU I
tj+1

+

√
ν

2
Ej

îÄ
pZR
tj+1
− pZI

tj+1

ä
δWtj

ó
+ fR(tj, Xtj ,

pVR
tj
, pVI

tj
)δt,

xWR
tj
:=

1

δt
√
ν
Ej

îÄ
pUR
tj+1

+ pU I
tj+1

ä
δWtj

ó
− 1

δt
Ej

î
pZI
tj+1

(δWtj)
2
ó
,

xWI
tj
:=

1

δt
√
ν
Ej

îÄ
pU I
tj+1
− pUR

tj+1

ä
δWtj

ó
+

1

δt
Ej

î
pZR
tj+1

(δWtj)
2
ó
,

(4.3.1)

where Ej denotes the conditional expectation given Wt1 , . . . ,Wtj . Since f is Lipschitz, by

a standard fixed point argument the above system has unique solution for δt small enough.

From the Markov property of the involved processes, there exist deterministic functions v̂Rj ,

v̂Ij , ŵR
j and ŵI

j such that

pVR
tj
= v̂Rj (Xtj),

pVI
tj
= v̂Ij (Xtj),

xWR
tj
= ŵR

j (Xtj),
xWI

tj
= ŵI

j (Xtj), j = 0, . . . ,M − 1.

(4.3.2)

Further, by martingale representation theorem there exist integrable processes pZR
t , pZI

t such

that
pUR
tj+1

=pVRtj + f I(tj , Xtj ,
pVRtj , pVItj )δt+

√
ν

2
( pZR

tj+1
+ pZI

tj+1
)δWtj −

√
ν

2
(xWR

tj +
xWI

tj )δWtj +
√
ν

∫ tj+1

tj

pZR
s dWs,

pUI
tj+1

=pVItj − fR(tj , Xtj ,
pVRtj , pVItj )δt−

√
ν

2
( pZR

tj+1
− pZI

tj+1
)δWtj +

√
ν

2
(xWR

tj − xWI
tj )δWtj +

√
ν

∫ tj+1

tj

pZI
sdWs.

(4.3.3)

In this way, it follows straightforwardly that

xWR
tj
=

1

δt
Ej

∫ tj+1

tj

pZR
s ds,

xWI
tj
=

1

δt
Ej

∫ tj+1

tj

pZI
sds. (4.3.4)

On the other hand, we define the L2-projections of the processes ZR and ZI in the true

solution to BSDE (1.2.5):

Z
R

tj
:=

1

δt
Ej

∫ tj+1

tj

ZR
s ds, Z

I

tj
:=

1

δt
Ej

∫ tj+1

tj

ZI
sds. (4.3.5)
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Note that from (1.2.6) and (4.3.2), the random variables Y R
tj

, pVR
tj

, ZR
tj
, pZR

tj
, xWR

tj
and their

imaginary counterparts can be interpreted as deterministic functions, with Xtj = Xtj =

x+
√
νWtj as input.

Denote hR := ∇uR(t, x), hI := ∇uI(t, x) and recall the relation (1.2.6), and the forward

dynamics (Xs)0≤s≤T and its Euler discretization Xs. Define the error terms as follows:

IRA,j :=
ν

2

[
∂xh

R(tj,Xtj)δt− ∂xhR(tj,Xtj)(δWtj)
2 + ∂xh

I(tj,Xtj)δt− ∂xhI(tj,Xtj)(δWtj)
2
]

IRB,j :=
√
ν

∫ tj+1

tj

(ZR
s + ZI

s ) ∗ dWs −
√
ν

2
(ZR

tj+1
+ ZI

tj+1
− ZR

tj
− ZI

tj
)δWtj − IRA,j

IIRA,j :=
√
ν

∫ tj+1

tj

ZR
s dWs −

√
ν Z

R

tj
δWtj

IIRB,j :=
√
ν Z

R

tj
δWtj −

√
νZR

tj
δWtj

IIIRj :=

∫ tj+1

tj

f I(s,Xs, Y
R
s , Y

I
s )ds− f I(tj,Xtj , Y

R
tj
, Y I

tj
)δt

IVR
j :=
√
ν

∫ tj+1

tj

pZR
s dWs −

√
νxWR

tj
δWtj

IIA,j :=−
ν

2

[(
∂xh

R(tj,Xtj)δt− ∂xhR(tj,Xtj)(δWtj)
2
)
−
(
∂xh

I(tj,Xtj)δt− ∂xhI(tj,Xtj)(δWtj)
2
)]

IIB,j :=−
√
ν

∫ tj+1

tj

(ZR
s − ZI

s ) ∗ dWs +

√
ν

2
(ZR

tj+1
− ZI

tj+1
− ZR

tj
+ ZI

tj
)δWtj − IIA,j

IIIA,j :=
√
ν

∫ tj+1

tj

ZI
sdWs −

√
ν Z

I

tj
δWtj

IIIB,j :=
√
ν Z

I

tj
δWtj −

√
νZI

tj
δWtj

IIIIj :=−
∫ tj+1

tj

fR(s,Xs, Y
R
s , Y

I
s )ds+ fR(tj,Xtj , Y

R
tj
, Y I

tj
)δt

IVI
j :=
√
ν

∫ tj+1

tj

pZI
sdWs −

√
νxWI

tj
δWtj .
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By (1.2.5), for each j ∈ {0, . . . ,M − 1} the true solution satisfies:

Y R
tj+1
−
√
ν

2
(ZR

tj+1
+ ZI

tj+1
)δWtj − IRB,j − IIRB,j − IIIRj − f I(tj,Xtj , Y

R
tj
, Y I

tj
)δt

=Y R
tj
−
√
ν

2
(ZR

tj
+ ZI

tj
)δWtj +

√
νZR

tj
δWtj + IIRA,j + IRA,j,

Y I
tj+1

+

√
ν

2
(ZR

tj+1
− ZI

tj+1
)δWtj − IIB,j − IIIB,j − IIIIj + fR(tj,Xtj , Y

R
tj
, Y I

tj
)δt

=Y I
tj
+

√
ν

2
(ZR

tj
− ZI

tj
)δWtj +

√
νZI

tj
δWtj + IIIA,j + IIA,j.

(4.3.6)

Meanwhile, (4.3.3) can be represented as
pUR
tj+1
−
√
ν

2
( pZR

tj+1
+ pZI

tj+1
)δWtj − f I(tj , Xtj ,

pVRtj , pVItj )δt =pVRtj −
√
ν

2
(xWR

tj +
xWI

tj )δWtj +
√
νxWR

tj δWtj + IVR
j ,

pUI
tj+1

+

√
ν

2
( pZR

tj+1
− pZI

tj+1
)δWtj + fR(tj , Xtj ,

pVRtj , pVItj )δt =pVItj +
√
ν

2
(xWR

tj − xWI
tj )δWtj +

√
νxWI

tjδWtj + IVI
j .

(4.3.7)

Combining equations (4.3.6) and (4.3.7) yields

Y R
tj −

√
ν

2
(ZR

tj + ZI
tj )δWtj +

√
νZR

tj δWtj + IRA,j + IIRA,j −
[

pVRtj −
√
ν

2
(xWR

tj +
xWI

tj )δWtj +
√
νxWR

tj δWtj + IVR
j

]
= Y R

tj+1
−
√
ν

2
(ZR

tj+1
+ ZI

tj+1
)δWtj − IRB,j − IIRB,j − IIIRj − f I(tj ,Xtj , Y

R
tj , Y

I
tj )δt

−
[

pUR
tj+1
−
√
ν

2
( pZR

tj+1
+ pZI

tj+1
)δWtj − f I(tj , Xtj ,

pVRtj , pVItj )δt
]
,

Y I
tj +

√
ν

2
(ZR

tj − ZI
tj )δWtj +

√
νZI

tjδWtj + IIA,j + IIIA,j −
[

pVItj +
√
ν

2
(xWR

tj − xWI
tj )δWtj +

√
νxWI

tjδWtj + IVI
j

]
= Y I

tj+1
+

√
ν

2
(ZR

tj+1
− ZI

tj+1
)δWtj − IIB,j − IIIB,j − IIIIj + fR(tj ,Xtj , Y

R
tj , Y

I
tj )δt

−
[

pUI
tj+1

+

√
ν

2
( pZR

tj+1
− pZI

tj+1
)δWtj + fR(tj , Xtj ,

pVRtj , pVItj )δt
]
.

(4.3.8)

4.3.2 Convergence analysis

To simplify notations, by convention we write
∫
R g short for the integral

∫
R g(x) dx in this

work. Indeed, integration w.r.t. x helps us obtain estimates which are non-standard in the

BSDE literature. For ϕ = Y, Z, pV , xW , pU , pZ, pZ, recall the notations ϕ = ϕR + iϕI and the

facts like E
∫
R |ϕ

R/I(tj, x+
√
νWtj)|2 =

∫
R |ϕ

R/I(tj, x+
√
νWtj)|2 =

∫
R |ϕ

R/I(tj, x)|2.

Define the following errors caused by the neural network approximations:

εvj :=

∫
R
inf
ξ
E|v̂tj(Xtj)− Utj(Xtj ; ξ)|2, εWj :=

∫
R
inf
η
E|xWtj(Xtj)−Ztj(Xtj ; η)|2.
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For Algorithm 1, we have the following convergence analysis whose proof follows straight-

forwardly by combining Lemmas 4.3.2 and 4.3.2.

Theorem 4.3.1. There exists a constant C > 0 depending on K, L, T , ν such that the

following holds:

max
j=0,...,M−1

∫
R

[
|Ytj − pUtj |2 +

(δt)ν

2
|Ztj − pZtj |2

]
≤ C

δt

M−1∑
j=0

εvj + Cν
M−1∑
j=0

εWj + C[δt+ ρ(δt)].

(4.3.9)

Remark 4.3.1. The right-hand side of (4.3.9) is the error contributions for Algorithm 1,

and it consists of four terms. The first two correspond to the error caused by neural network

approximations; the better the neural networks are able to approximate or learn the functions

v and w for each j = 0, · · · ,M−1, the smaller these terms are in the error estimation. From

the universal approximation (Hornik et al., 1989, theorem (I)), the neural network error

terms can be made arbitrarily small for sufficiently large number of neurons and sufficiently

many hidden layers. The other two terms are due to the regularity of Y , Z and f . On the

other hand, Theorem 4.3.1, mainly addresses the error w.r.t. Y as δt tends to zero. This is

consisting with Schrödinger equation’s wave-like feature, which can be illustrated as follows.

Itô formula gives

d(Y R
s )2 = 2Y R

s

î√
ν(ZR

s + ZI
s ) ∗ dWs + f I

s ds+
√
νZR

s dWs

ó
+ ν|ZR

s |2 ds,

d(Y I
s )

2 = 2Y I
s

î
−
√
ν(ZR

s − ZI
s ) ∗ dWs − fR

s ds+
√
νZI

s dWs

ó
+ ν|ZR

s |2 ds.

Using integration by parts and the relation (1.2.6), we obtain∫
R
E|Y R

T |2 −
∫
R
E|Y R

t |2 = −νE
∫
R

∫ T

t
ZR
s Z

I
s ds+ 2E

∫
R

∫ T

t
Y R
s f I

s ds,∫
R
E|Y I

T |2 −
∫
R
E|Y I

t |2 = νE
∫
R

∫ T

t
ZR
s Z

I
s ds− 2E

∫
R

∫ T

t
Y I
s f

R
s ds.

Summing these equations leads to the cancellation of the Z-terms, highlighting the challenges

in deriving non-trivial estimates for ZR
s and ZI

s .

For the neural network approximations, we have the following estimate whose proof is more

or less standard and postponed to Appendix 4.4.1. There exists a constant C > 0 depending
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on L, ν such that∫
R
|pVtj − pUtj |2 +

νδt

2

∫
R

[
|xWtj − pZtj |2

]
≤ C

[
εvj + (δt)εWj

]
.

The following result measures the distance between Ytj and pUtj . There exists a constant

C > 0 depending on K, L, T , ν such that the following holds:

max
j=0,...,M−1

∫
R

[
|Ytj − pUtj |2 +

(δt)ν

2

(
|Ztj − pZtj |2

)]
≤ C

δt

M−1∑
j=0

[∫
R

[
| pUtj − pVtj |2

]
+ Cν

M−1∑
j=0

[∫
R

(
|xWtj − pZtj |2

)]]
+ C [δt+ ρ(δt)] . (4.3.10)

Proof. Step 1. Notice that both sides of (4.3.10) are deterministic. First, we examine the

left-hand side of the real part of (4.3.8). Using the L2-projections (4.3.4) and (4.3.5), we

arrive at

Ej

((
Y R
tj
−
√
ν

2
(ZR

tj
+ ZI

tj
)δWtj +

√
νZR

tj
δWtj

−
[

pVR
tj
−
√
ν

2
(xWR

tj
+ xWI

tj
)δWtj +

√
νxWR

tj
δWtj

])
+ (IRA,j + IIRA,j − IVR

j )

)2

=Ej

Å
Y R
tj
−
√
ν

2
(ZR

tj
+ ZI

tj
)δWtj +

√
νZR

tj
δWtj −

[
pVR
tj
−
√
ν

2
(xWR

tj
+ xWI

tj
)δWtj +

√
νxWR

tj
δWtj

]ã2
+ Ej

(
IRA,j + IIRA,j − IVR

j

)2
≥Ej

Å
Y R
tj
−
√
ν

2
(ZR

tj
+ ZI

tj
)δWtj +

√
νZR

tj
δWtj −

[
pVR
tj
−
√
ν

2
(xWR

tj
+ xWI

tj
)δWtj +

√
νxWR

tj
δWtj

]ã2
=Ej

{[
(Y R

tj
− pVR

tj
) +

(
−
√
ν

2
(ZR

tj
+ ZI

tj
)δWtj +

√
ν

2
(xWR

tj
+ xWI

tj
)δWtj

)]2
+ ν
(

xWR
tj
+ xWI

tj
− ZR

tj
− ZI

tj

)
(δWtj)

2(ZR
tj
− xWR

tj
) + ν(ZR

tj
− xWR

tj
)2(δWtj)

2

}
. (4.3.11)

Meanwhile, with similar calculation the left-hand side of the imaginary part yields

Ej

(
Y I
tj
+

√
ν

2
(ZR

tj
− ZI

tj
)δWtj +

√
νZI

tj
δWtj

−
[

pVI
tj
+

√
ν

2
(xWR

tj
− xWI

tj
)δWtj +

√
νxWI

tj
δWtj

]
+
(
IIA,j + IIIA,j − IVI

j

))2
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≥ Ej

{[
(Y I

tj
− pVI

tj
) +

(√ν
2

(ZR
tj
− ZI

tj
)δWtj −

√
ν

2
(xWR

tj
− xWI

tj
)δWtj

)]2
+ ν
(
− xWR

tj
+ xWI

tj
+ ZR

tj
− ZI

tj

)
(δWtj)

2(ZI
tj
− xWI

tj
) + ν(ZI

tj
− xWI

tj
)2(δWtj)

2

}
. (4.3.12)

Then adding (4.3.11) and (4.3.12) leads to

Ej

((
Y R
tj
−
√
ν

2
(ZR

tj
+ ZI

tj
)δWtj +

√
νZR

tj
δWtj

−
[

pVR
tj
−
√
ν

2
(xWR

tj
+ xWI

tj
)δWtj +

√
νxWR

tj
δWtj

])
+ (IRA,j + IIRA,j − IVR

j )

)2

+Ej

((
Y I
tj
+

√
ν

2
(ZR

tj
− ZI

tj
)δWtj +

√
νZI

tj
δWtj

−
[

pVI
tj
+

√
ν

2
(xWR

tj
− xWI

tj
)δWtj +

√
νxWI

tj
δWtj

])
+ (IIA,j + IIIA,j − IVI

j )

)2

≥Ej

[
(Y R

tj
− pVR

tj
) +

(
−
√
ν

2
(ZR

tj
+ ZI

tj
)δWtj +

√
ν

2
(xWR

tj
+ xWI

tj
)δWtj

)]2
+ Ej

[
(Y I

tj
− pVI

tj
) +

(√ν
2

(ZR
tj
− ZI

tj
)δWtj −

√
ν

2
(xWR

tj
− xWI

tj
)δWtj

)]2
.

Finally, integrating both sides under the Lebesgue measure yields that

Ej

∫
R

[
(Y R

tj
− pVR

tj
) +

(
−
√
ν

2
(ZR

tj
+ ZI

tj
)δWtj +

√
ν

2
(xWR

tj
+ xWI

tj
)δWtj

)]2
+ Ej

∫
R

[
(Y I

tj
− pVI

tj
) +

(√ν
2

(ZR
tj
− ZI

tj
)δWtj −

√
ν

2
(xWR

tj
− xWI

tj
)δWtj

)]2
=Ej

∫
R

[
(Y R

tj
− pVR

tj
)2 +

(δt)ν

4

(
(ZR

tj
+ ZI

tj
)− (xWR

tj
+ xWI

tj
)
)2]

+ Ej

∫
R

[
(Y I

tj
− pVI

tj
)2 +

(δt)ν

4

(
(ZR

tj
− ZI

tj
)− (xWR

tj
− xWI

tj
)
)2]

.

Step 2. We examine the right-hand side of (4.3.8). Using the inequality (a + b)2 ≤ (1 +

γδt)a2 +
Ä
1 + 1

γδt

ä
b2, for some constant γ > 0, we obtain

Ej

∫
R
|RHS|2

:= Ej

∫
R

(
Y R
tj+1
−
√
ν

2
(ZR

tj+1
+ ZI

tj+1
)δWtj − IRB,j − IIRB,j − IIIRj − f I(tj,Xtj , Y

R
tj
, Y I

tj
)δt
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−
[

pUR
tj+1
−
√
ν

2
( pZR

tj+1
+ pZI

tj+1
)δWtj − f I(tj, Xtj ,

pVR
tj
, pVI

tj
)δt
])2

≤ (1 + γδt)Ej

∫
R

([
Y R
tj+1
− pUR

tj+1

]
+

√
ν

2
δWtj

[
( pZR

tj+1
+ pZI

tj+1
)− (ZR

tj+1
+ ZI

tj+1
)
])2

+ 4
(
1 +

1

γδt

)
Ej

∫
R

(
(IRB,j)

2 + (IIRB,j)
2 + (IIIRj )

2 +
(
f I(tj,Xtj , Y

R
tj
, Y I

tj
)δt− f I(tj, Xtj ,

pVR
tj
, pVI

tj
)δt
)2)

.

Further, in view of the Lipschitz-continuity of function f in condition (iii), we have

Ej

∫
R
|RHS|2

≤ (1 + γδt)Ej

∫
R

([
Y R
tj+1
− pUR

tj+1

]
+

√
ν

2
δWtj

[
( pZR

tj+1
+ pZI

tj+1
)− (ZR

tj+1
+ ZI

tj+1
)
])2

+
8

γ

(
γδt+ 1

)
L2(δt)

(
Ej

∫
R
|Y R

tj
− pVR

tj
|2 + Ej

∫
R
|Y I

tj
− pVI

tj
|2
))

+ 4
(
1 +

1

γδt

)
Ej

∫
R

(
(IRB,j)

2 + (IIRB,j)
2 + (IIIRj )

2
)

= (1 + γδt)

(
Ej

∫
R

[
Y R
tj+1
− pUR

tj+1

]2
+

(δt)ν

4

[
( pZR

tj+1
+ pZI

tj+1
)− (ZR

tj+1
+ ZI

tj+1
)
]2)

+
8

γ

(
γδt+ 1

)
L2(δt)

(
Ej

∫
R
|Y R

tj
− pVR

tj
|2 + Ej

∫
R
|Y I

tj
− pVI

tj
|2
))

+ 4
(
1 +

1

γδt

)
Ej

∫
R

(
(IRB,j)

2 + (IIRB,j)
2 + (IIIRj )

2
)
,

where in the last equality we have used the facts

Ej

∫
R

[
Y R
tj+1
− pUR

tj+1

]
δWtj

[
( pZR

tj+1
+ pZI

tj+1
)− (ZR

tj+1
+ ZI

tj+1
)
]

= EjδWtj

∫
R

[
Y R
tj+1
− pUR

tj+1

][
( pZR

tj+1
+ pZI

tj+1
)− (ZR

tj+1
+ ZI

tj+1
)
]

= 0, (4.3.13)

and analogously,

Ej

∫
R
(δWtj)

2
∣∣∣( pZR

tj+1
+ pZI

tj+1
)− (ZR

tj+1
+ ZI

tj+1
)
∣∣∣2 = δtEj

∫
R

∣∣∣( pZR
tj+1

+ pZI
tj+1

)− (ZR
tj+1

+ ZI
tj+1

)
∣∣∣2.

Step 3. We combine the separate estimates for the left-hand and right-hand sides of (4.3.8).
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Let γ = L + 1. Together with the imaginary part, for δt small enough, and a constant C

which is possibly changing line by line, we have

Ej

∫
R

[
(Y R

tj
− pVR

tj
)2 +

(δt)ν

4

(
(ZR

tj
+ ZI

tj
)− (xWR

tj
+ xWI

tj
)
)2]

+ Ej

∫
R

[
(Y I

tj
− pVI

tj
)2 +

(δt)ν

4

(
(ZR

tj
− ZI

tj
)− (xWR

tj
− xWI

tj
)
)2]

≤(1 + Cδt)

(
Ej

∫
R

[
Y R
tj+1
− pUR

tj+1

]2
+

(δt)ν

4

[
( pZR

tj+1
+ pZI

tj+1
)− (ZR

tj+1
+ ZI

tj+1
)
]2)

+ (1 + Cδt)

(
Ej

∫
R

[
Y I
tj+1
− pU I

tj+1

]2
+

(δt)ν

4

[
( pZR

tj+1
− pZI

tj+1
)− (ZR

tj+1
− ZI

tj+1
)
]2)

+ 8
(
1 +

1

γδt

)
Ej

∫
R
(IRB,j)

2 + (IIRB,j)
2 + (IIIRj )

2 + (IIB,j)
2 + (IIIB,j)

2 + (IIIIj )
2.

Using the inequality (a+ b)2 ≥ (1− δt)a2 − 1
δt
b2, we obtain

Ej

∫
R

[
(Y R

tj
− pVR

tj
)2 +

(δt)ν

4

(
(ZR

tj
+ ZI

tj
)− (xWR

tj
+ xWI

tj
)
)2]

+ Ej

∫
R

[
(Y I

tj
− pVI

tj
)2 +

(δt)ν

4

(
(ZR

tj
− ZI

tj
)− (xWR

tj
− xWI

tj
)
)2]

≥(1− δt)

{
Ej

∫
R

[
(Y R

tj
− pUR

tj
)2 +

(δt)ν

4

(
(ZR

tj
+ ZI

tj
)− ( pZR

tj
+ pZI

tj
)
)2]

+ Ej

∫
R

[
(Y I

tj
− pU I

tj
)2 +

(δt)ν

4

(
(ZR

tj
− ZI

tj
)− ( pZR

tj
− pZI

tj
)
)2]

dx

}

− 1

δt

{
Ej

∫
R

[
( pUR

tj
− pVR

tj
)2 +

(δt)ν

4

(
(xWR

tj
+ xWI

tj
)− ( pZR

tj
+ pZI

tj
)
)2]

+ Ej

∫
R

[
( pU I

tj
− pVI

tj
)2 +

(δt)ν

4

(
(xWR

tj
− xWI

tj
)− ( pZR

tj
− pZI

tj
)
)2]}

.

Thus for δt small enough, it follows that

Ej

∫
R

[
(Y R

tj
− pUR

tj
)2 +

(δt)ν

4

(
(ZR

tj
+ ZI

tj
)− ( pZR

tj
+ pZI

tj
)
)2]

+ Ej

∫
R

[
(Y I

tj
− pU I

tj
)2 +

(δt)ν

4

(
(ZR

tj
− ZI

tj
)− ( pZR

tj
− pZI

tj
)
)2]

≤(1 + Cδt)

(
Ej

∫
R

[
Y R
tj+1
− pUR

tj+1

]2
+

(δt)ν

4

[
( pZR

tj+1
+ pZI

tj+1
)− (ZR

tj+1
+ ZI

tj+1
)
]2)

+ (1 + Cδt)

(
Ej

∫
R

[
Y I
tj+1
− pU I

tj+1

]2
+

(δt)ν

4

[
( pZR

tj+1
− pZI

tj+1
)− (ZR

tj+1
− ZI

tj+1
)
]2)
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+ C
(
1 +

1

γδt

)
Ej

∫
R
(IRB,j)

2 + (IIRB,j)
2 + (IIIRj )

2 + (IIB,j)
2 + (IIIB,j)

2 + (IIIIj )
2

+
C

δt

{
Ej

∫
R

[
( pUR

tj
− pVR

tj
)2 +

(δt)ν

4

(
(xWR

tj
+ xWI

tj
)− ( pZR

tj
+ pZI

tj
)
)2]

dx

+ Ej

∫
R

[
( pU I

tj
− pVI

tj
)2 +

(δt)ν

4

(
(xWR

tj
− xWI

tj
)− ( pZR

tj
− pZI

tj
)
)2]}

.

Further simplification gives us

Ej

∫
R

[
|Ytj − pUtj |2 +

(δt)ν

2
|Ztj − pZtj |2

]
≤(1 + Cδt)

(
Ej

∫
R

∣∣∣Ytj+1
− pUtj+1

∣∣∣2 + (δt)ν

2
| pZtj+1

− Ztj+1
|2
)

+
C

δt
Ej

∫
R

[
| pUtj − pVtj |2 +

(δt)ν

2
|xWtj − pZtj |2

]
+ 16

(
1 +

1

γδt

)
Ej

∫
R
(IRB,j)

2 + (IIRB,j)
2 + (IIIRj )

2 + (IIB,j)
2 + (IIIB,j)

2 + (IIIIj )
2.

Recalling XT = XT , taking expectations, and using the discrete Grönwall’s inequality, we

obtain

max
j=0,...,M−1

∫
R

[
|Ytj − pUtj |2 +

(δt)ν

2
|Ztj − pZtj |2

]
≤ C

δt

M−1∑
j=0

∫
R
| pUtj − pVtj |2 + Cν

M−1∑
j=0

∫
R
|xWtj − pZtj |2

+
C

δt

M−1∑
j=0

E
∫
R

(
|IRB,j|2 + |IIRB,j|2 + |IIIRj |2 + |IIB,j|2 + |IIIB,j|2 + |IIIIj |2

)
. (4.3.14)

Then the proof may be completed by appropriately estimating the Roman numeral error

terms. To avoid cumbersome arguments, the estimate is postponed to Appendix 4.4.2.

Remark 4.3.2. The proofs of Lemma 4.3.2 and Lemma 4.3.2 are inspired by, but dis-

tinct from, the work of Huré, Pham, and Warin in Huré et al. (2020). The integrals with

∗dWt in BSDE (1.2.5), in each time step [tj, tj+1], generate terms involving the backward

processes such as Ztj+1
, pZtj+1

at time tj+1, which are multiplied by the increment of the

Brownian motion (see terms of the form Ej[( pZR
tj+1

+ pZI
tj+1

)δWtj ] in (4.3.1) and its coun-

terpart in (4.3.6)). This is in contrast to (Huré et al., 2020, Equation 4.5), where no
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such terms appear. The difficulty arises in the estimation of these terms due to the ran-

domness x +
√
νWtj+1

introduced in Ztj+1
, pZtj+1

which are not Ftj -measurable. However,

by taking integration over x under the Lebesgue measure, and applying Fubini’s Theorem,

we can recover key properties such as
∫
Rd Ej[(Y

R
tj+1
− pUR

tj+1
)( pZR

tj+1
+ pZI

tj+1
)δWtj ] = 0 and∫

Rd Ej[(Y
R
tj+1
− pUR

tj+1
)( pZR

tj+1
+ pZI

tj+1
)(δWtj)

2] = (δt)
∫
R(Y

R
tj+1
− pUR

tj+1
)( pZR

tj+1
+ pZI

tj+1
), which are

crucial for our analysis. Another significant challenge in our problem arises from the struc-

ture of the complex-valued Schrödinger equation. This requires us to carefully split certain

terms, such as IRA,j and IRB,j, allowing us to carry out error calculations through cancellations,

measurability arguments, and conditional expectations.

4.4 Appendix

4.4.1 Proof of Lemma 4.3.2

Proof of Lemma 4.3.2. Recalling equation (4.3.7), the L2 projection (4.3.4), and the real

part of cost functional LR
j (θ) in Algorithm 1, for all neural network parameters θ = (ξ, η) we

have

LR
j (θ) =E

∣∣∣pVR
tj
− UR

tj
(Xtj ; ξ) + f I(tj, Xtj ,

pVR
tj
, pVI

tj
)δt− f I(tj, Xtj ,UR

tj
(Xtj ; ξ),U I

tj
(Xtj ; ξ))δt

+

√
ν

2

(
xWR

tj
−ZR

tj
(Xtj ; η)

)
δWtj −

√
ν

2

(
xWI

tj
−ZI

tj
(Xtj ; η)

)
δWtj

∣∣∣2 + νE
∫ tj+1

tj

| pZR
s − xWR

tj
|2ds

=E
∣∣∣pVR

tj
− UR

tj
(Xtj ; ξ) + f I(tj, Xtj ,

pVR
tj
, pVI

tj
)δt− f I(tj, Xtj ,UR

tj
(Xtj ; ξ),U I

tj
(Xtj ; ξ))δt

∣∣∣2
+ E

∣∣∣√ν
2

(
xWR

tj
−ZR

tj
(Xtj ; η)

)
δWtj −

√
ν

2

(
xWI

tj
−ZI

tj
(Xtj ; η)

)
δWtj

∣∣∣2 + νE
∫ tj+1

tj

| pZR
s − xWR

tj
|2ds

=:L̃R
j (θ) + νE

∫ tj+1

tj

| pZR
s − xWR

tj
|2ds.

Note that the last integral term is a constant independent of the parameters, hence the

minimization only involves L̃R
j . Similarly we derive the L̃I

j of the imaginary part to be

L̃I
j (θ) :=E

∣∣∣pVI
tj
− U I

tj
(Xtj ; ξ)− fR(tj, Xtj ,

pVR
tj
, pVI

tj
)δt+ fR(tj, Xtj ,UR

tj
(Xtj ; ξ),U I

tj
(Xtj ; ξ))δt

∣∣∣2
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+ E
∣∣∣√ν
2

(
xWR

tj
−ZR

tj
(Xtj ; η)

)
δWtj +

√
ν

2

(
xWI

tj
−ZI

tj
(Xtj ; η)

)
δWtj

∣∣∣2.
Adding L̃R

j and L̃I
j together and using the Lipschitz property of f and the parallelogram law

yield

L̃R
j (θ) + L̃I

j (θ) ≤
(
2(1 + Lδt)2 + 2L2(δt)2

)
|pVtj − Utj(Xtj ; ξ)|2 +

ν(δt)

2
E|xWtj −Ztj(Xtj ; η)|2.

Using the inequality (a+ b)2 ≥ (1− δt)a2 − 1
δt
b2, we derive that

L̃R
j (θ) + L̃I

j (θ) ≥(1− Cδt)
[
E|pVtj − Utj(Xtj ; ξ)|2

]
+
νδt

2
E
[
|xWtj −Ztj(Xtj ; η)|2

]
.

Thus taking θ∗j = (ξ∗j , η
∗
j ) ∈ argminθ∈RNm Lj(θ) such that pUR

tj
= UR

tj
(Xtj ; ξ

∗
j ), pU I

tj
= U I

tj
(Xtj ; ξ

∗
j ),

pZR
tj
= ZR

tj
(Xtj ; η

∗
j ) and pZI

tj
= ZI

tj
(Xtj ; η

∗
j ), we have

(1− Cδt)E|pVtj − pUtj |2 +
νδt

2
E|xWtj − pZtj |2 ≤ L̃R

j (θ
∗
j ) + L̃I

j (θ
∗
j ) ≤ L̃R

j (θ) + L̃I
j (θ)

≤
(
2(1 + Lδt)2 + 2L2(δt)2

)
E
[
|pVtj − Utj(Xtj ; ξ)|2

]
+
ν(δt)

2
E|xWtj −Ztj(Xtj ; η)|2.

Minimizing w.r.t. θ and integrating w.r.t. x yield the desired estimate when δt is small

enough.

4.4.2 Estimate of the Roman-numeral error terms in the proof of

Lemma 4.3.2

Complete the proof of Lemma 4.3.2. We complete the proof of Lemma 4.3.2, by appropri-

ately estimating the error terms associated with Roman numerals in (4.3.14). We focus on

the real parts, as the imaginary components can be treated similarly. First, there holds

1

νδt

M−1∑
j=0

E
∫
R
|IIRB,j|2 =

M−1∑
j=0

1

δt

∫
R
E
∣∣∣(ZR

tj
)δWtj − (ZR

tj
)δWtj

∣∣∣2
=

M−1∑
j=0

1

(δt)3

∫
R
E

[Ç
Ej

∫ tj+1

tj

(ZR
s − ZR

tj
)ds

å2

δW 2
tj

]
.
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Recalling hR = ∇uR(t, x) and the relation (1.2.6), we have by Itô’s formula

M−1∑
j=0

1

(δt)3

∫
R
E

[Ç
Ej

∫ tj+1

tj

(ZR
s − ZR

tj )ds

å2

δW 2
tj

]

=

M−1∑
j=0

1

δt3

∫
R
E

[(
Ej

∫ tj+1

tj

(∫ s

tj

∂th
R(k,Xk)dk +

√
ν

∫ s

tj

∂xh
R(k,Xk)dWk +

ν

2

∫ s

tj

∂xxh
R(k,Xk)dk

)
ds

)2

(δWtj )
2

]

=
M−1∑
j=0

1

δt3

∫
R
E

[(
Ej

∫ tj+1

tj

(∫ s

tj

∂th
R(k,Xk)dk +

ν

2

∫ s

tj

∂xxh
R(k,Xk)dk

)
ds

)2

(δWtj )
2

]

≤
M−1∑
j=0

1

δt

∫
R
E

[(
Ej

(∫ tj+1

tj

|∂thR(k,Xk)|dk +
ν

2

∫ tj+1

tj

|∂xxhR(k,Xk)|dk
))2

(δWtj )
2

]

≤
M−1∑
j=0

E
∫
R

[(
Ej

(∫ tj+1

tj

2 |∂thR(k,Xk)|2dk +
ν2

2

∫ tj+1

tj

|∂xxhR(k,Xk)|2dk
))

(δWtj )
2

]

=(δt)
M−1∑
j=0

(∫
R

∫ tj+1

tj

2|∂thR(k, x)|2dk +

∫
R

ν2

2

∫ tj+1

tj

|∂xxhR(k, x)|2dk

)

=(δt)

(∫
R

∫ T

0
2|∂thR(k, x)|2dk +

∫
R

ν2

2

∫ T

0
|∂xxhR(k, x)|2dk

)
.

Next, the continuity of function f in condition (iii) implies that

1

δt

M−1∑
j=0

E
∫
R
(IIIRj )

2 =
1

δt

M−1∑
j=0

E
∫
R

(∫ tj+1

tj

f I(s,Xs, Y
R
s , Y I

s )ds− f I(tj ,Xtj , Y
R
tj , Y

I
tj )δt

)2

≤
M−1∑
j=0

E
∫
R

∫ tj+1

tj

|f I(s,Xs, Y
R
s , Y I

s )− f I(tj ,Xtj , Y
R
tj , Y

I
tj )|

2ds

≤ C
M−1∑
j=0

E
∫
R

∫ tj+1

tj

î
|Y R

s − Y R
tj |

2 + |Y I
s − Y I

tj |
2 + (ρ(s− tj) + |Xs −Xtj |2)|Ytj |2

ó
ds

≤ C [ρ(δt) + δt] + C
M−1∑
j=0

E
∫
R

∫ tj+1

tj

î
|Y R

s − Y R
tj |

2 + |Y I
s − Y I

tj |
2
ó
ds.

We will only look at the real part as the imaginary part is concluded similarly.

C
M−1∑
j=0

E
∫
R

∫ tj+1

tj

|Y R
s − Y R

tj
|2ds

≤ C

M−1∑
j=0

E
∫
R

∫ tj+1

tj

∣∣∣∣∣
∫ s

tj

∂tu(k,Xk)dk

∣∣∣∣∣
2

+

∣∣∣∣∣
∫ s

tj

∂xu(k,Xk)dWk

∣∣∣∣∣
2

+

∣∣∣∣∣
∫ s

tj

∂xxu(k,Xk)dk

∣∣∣∣∣
2
 ds.
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We concentrate only on the middle term as this term gives us the worst decay, and the other

terms are handled similarly. Itô isometry and straightforward calculations yield that

C

M−1∑
j=0

E
∫
R

∫ tj+1

tj

∣∣∣∣∣
∫ s

tj

∂xu(k,Xk)dWk

∣∣∣∣∣
2

≤ (δt)C

∫
R

∫ T

0

|∂xu(k,Xk)|2dk.

Thus, 1
δt

∑M−1
j=0 E

∫
R(III

R
j )

2 ≤ C {δt+ ρ(δt)} .

Now we examine

1

δt

M−1∑
j=0

E
∫
R
(IRB,j)

2 =
1

δt

M−1∑
j=0

E
∫
R

(
√
ν

∫ tj+1

tj

(ZR
s + ZI

s ) ∗ dWs −
√
ν

2
(ZR

tj+1
+ ZI

tj+1
− ZR

tj
− ZI

tj
)δWtj

−ν
2

[
∂xh

R(tj,Xtj)δt− ∂xhR(tj,Xtj)(δWtj)
2 + ∂xh

I(tj,Xtj)δt− ∂xhI(tj,Xtj)(δWtj)
2
])2

.

As the part involving ZI is similar, we only focus on

1

δt

M−1∑
j=0

E
∫
R

(
√
ν

∫ tj+1

tj

ZR
s ∗ dWs −

√
ν

2
(ZR

tj+1
− ZR

tj )δWtj −
ν

2

[
∂xh

R(tj ,Xtj )δt− ∂xh
R(tj ,Xtj )(δWtj )

2
])2

≤C

δt

M−1∑
j=0

E
∫
R

[
ν

2

∫ tj+1

tj

∂xh
R(s,Xs)ds−

ν

2
∂xh

R(tj ,Xtj )δt

]2

+
C

δt

M−1∑
j=0

E
∫
R

[√
ν

2
(ZR

tj+1
− ZR

tj )δWtj −
ν

2
∂xh

R(tj ,Xtj )(δWtj )
2

]2

=:J1 + J2.

For J1, applying Itô’s formula yields that

J1 =
C

δt

M−1∑
j=0

E
∫
R

[
ν

2

∫ tj+1

tj

∂xh
R(s,Xs)ds−

ν

2
∂xh

R(tj, x+
√
νWtj)δt

]2

≤C
M−1∑
j=0

E
∫
R

∫ tj+1

tj

∣∣∣∂xhR(s,Xs)ds− ∂xhR(tj, x+
√
νWtj)

∣∣∣2ds
=C

M−1∑
j=0

E
∫
R

∫ tj+1

tj

∣∣∣ ∫ s

tj

∂t∂xh
R(k,Xk)dk

∣∣∣2 + ∣∣∣ ∫ s

tj

∂xxh
R(k,Xk)dWk

∣∣∣2 + ∣∣∣ ∫ s

tj

∂xxxh
R(k,Xk)dk

∣∣∣2ds.
The middle term has the worst decay rate, but it is still enough for our purpose, as

C

M−1∑
j=0

E
∫
R

∫ tj+1

tj

∣∣∣ ∫ s

tj

∂xxh
R(k,Xk)dWk

∣∣∣2ds ≤ Cδt
M−1∑
j=0

E
∫
R

∫ tj+1

tj

|∂xxhR(k,Xk)|2dk
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= CδtE
∫
R

∫ T

0

|∂xxhR(k, x)|2dk.

For J2, we have

J2 =
C

δt

M−1∑
j=0

E
∫
R

[√
ν

2
(hR(tj+1,Xtj+1

)− hR(tj,Xtj))δWtj −
ν

2
∂xh

R(tj,Xtj)(δWtj)
2

]2

≤C
δt
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E
∫
R

[√
ν

2
(hR(tj+1,Xtj+1

)− hR(tj+1,Xtj))δWtj −
ν

2
∂xh

R(tj+1,Xtj)(δWtj)
2

]2

+
C

δt
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j=0

E
∫
R

[√
ν

2
(hR(tj+1,Xtj)− hR(tj,Xtj))δWtj

]2

+
C

δt

M−1∑
j=0

E
∫
R
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ν
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∂xh

R(tj+1,Xtj)(δWtj)
2 − ν

2
∂xh

R(tj,Xtj)(δWtj)
2

]2
=:J1

2 + J2
2 + J3

2 .

For J2
2 , it holds that

J2
2 =

C

δt

M−1∑
j=0

E
∫
R

[(
hR(tj+1, x+

√
νWtj)− hR(tj, x+

√
νWtj)

)
δWtj

]2

=
C

δt

M−1∑
j=0

E
∫
R

[(∫ tj+1

tj

∂th
R(k, x+

√
νWtj)dk

)2
(δWtj)

2

]

≤ C
M−1∑
j=0

E
∫
R

[(∫ tj+1

tj

|∂thR(k, x+
√
νWtj)|2dk

)
(δt)

]

= Cδt

∫
R

∫ T

0

|∂thR(k, x)|2dk.

For J3
2 , applying Fubini theorem and Hölder’s inequality gives

J3
2 =

C

δt
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E
∫
R
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∂xh
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2 − ν

2
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2
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=
C

δt

M−1∑
j=0

E
∫
R

[∫ tj+1
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∂t∂xh
R(k, x+

√
νWtj)dk

]2
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≤C
M−1∑
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E
∫
R

∫ tj+1

tj

|∂t∂xhR(k, x+
√
νWtj)|2dk(δWtj)

4

≤C|δt|2
∫
R

∫ T

0

|∂t∂xhR(k, x)|2dk.
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For J1
2 , simply integrating by parts gives

J1
2 =

C

δt

M−1∑
j=0

E
∫
R

[√
ν

2
(hR(tj+1,Xtj+1)− hR(tj+1,Xtj ))δWtj −

ν

2
∂xh

R(tj+1,Xtj )(δWtj )
2

]2

=
C

δt

M−1∑
j=0

E
∫
R

[√
ν

2

(
∂xh

R(tj+1, x+
√
νWtj )

√
ν(δWtj )

2

+

∫ 1

0
∂xxh

R
(
tj+1, x+

√
νWtj + θ(

√
νWtj+1 −

√
νWtj )

)
(1− θ)dθν(δWtj )

3

)
− ν

2
∂xh

R(tj+1,Xtj )(δWtj )
2

]2

≤ C

δt

M−1∑
j=0

E
∫
R

∫ 1

0
|∂xxhR

(
tj+1, x+

√
νWtj + θ(

√
νWtj+1 −

√
νWtj )

)
|2dθ(δWtj )

6

≤ C|δt|2
∫
R

M−1∑
j=0

|∂xxhR(tj+1, x)|2.

Summing up the above estimates yields the desired result.
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Chapter 5

Future Work: A Viscosity Solution Theory for

Stochastic Hamilton-Jacobi-Bellman Equations

in Wasserstein Space

This chapter treats the stochastic-coefficient case: we rigorously prove the dynamic program-

ming principle and subsequently show existence of a viscosity solution; we do not address

uniqueness here.

5.1 Dynamic Programming Principle of the McKean Vlasov

Control Problem

5.1.1 Setup of the Probability Space

Fix a probability space (Ω,F ,P) of the form (Ω0 × Ω1,F0 ⊗ F1,P0 ⊗ P1). The space

(Ω0,F0,P0) supports a d-dimensional Brownian motion W 0 which we regard as the com-

mon noise. The space (Ω1,F1,P1) is further decomposed as (Ω̃1 × Ω̂1,G ⊗ F̂1, P̃1 ⊗ P̂1).

On (Ω̂1, F̂1, P̂1), there lives a d-dimensional Brownian motion W which is independent of

W 0 and is regarded as the idiosyncratic noise. The space (Ω̃1,G, P̃1) is where the initial
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random variables lives. Without loss of generality, we assume that this space is rich enough

to support all probability laws on Rd.

We write an element ω ∈ Ω as ω = (ω0, ω1), and identify the Brownian motions W (ω) =

W (ω1), W 0(ω) = W 0(ω0). Expectation with respect to P is denoted by E, while E0 (resp.

E1) refers to expectation under P0 (resp. P1). Also, we define the following filtrations:

• F = (Fs)s≥0 := (σ(W 0
r )0≤r≤s ∨ σ(Wr)0≤r≤s ∨ G)s≥0;

• Ft = (F t
s)s≥0 := (σ(W 0

r )0≤r≤s ∨ σ(Wr∨t −Wt)0≤r≤s ∨ G)s≥0;

• F0 = (F0
s )s≥0 := (σ(W 0

r )0≤r≤s)s≥0, F1 = (F1
s )s≥0 := (σ(Wr)0≤r≤s ∨ G)s≥0;

• F1;t = (F1;t
s )s≥0 := (σ(Wr∨t−Wt)0≤r≤s∨G)s≥0, F̂1;t = (F̂1;t

s )s≥0 := (σ(Wr∨t−

Wt)0≤r≤s)s≥0;

• F̄t = (F̄ t
s)s≥0 := (σ(W 0

r∨t − W 0
t )0≤r≤s ∨ σ(Wr∨t − Wt)0≤r≤s ∨ G)s≥0, F̄0;t =

(F̄0;t
s )s≥0 := (σ(W 0

r∨t −W 0
t )0≤r≤s)s≥0.

Without loss of generality, we assume they are P-complete.

5.1.2 Sense of Differentiability in the Wasserstein Space

Definition 5.1.1. We introduce over Rd the space of probability measures P(Rd) and its

subset Pp(Rd) of those with finite p-th moment for p ≥ 1. For q ∈ [1,∞), the q-Wasserstein

distance is defined by

Wq(µ, ν) = inf
π∈Π(µ,ν)

(∫
Rd×Rd

|x− y|qπ(dx, dy)

) 1
q

, for µ, ν ∈ Pp(Rd) and p ≥ q (5.1.1)

where Π(µ, ν) denotes the set of probability measures on Rd × Rd with first marginal µ and

second marginal ν.

We call (Pp(Rd),Wp) the p-th Wasserstein space over Rd, and it is a Polish space. Finally,

we denote Supp(µ) the support of µ ∈ P(Rd).
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For a map f : [0, T ] × P2(Rd) → R, we adopt the notion of L-derivative (see Cardaliaguet

et al. (2019) for instance) which is recalled as follows:

Definition 5.1.2. The function f : [0, T ] × P2(Rd) → R is said to be first order L-

differentiable if its lifting F : [0, T ]× L2((Ω,F ,P);Rd)→ R; F (t, ξ) := f(t,L(ξ)) is Fréchet

differentiable in L2((Ω,F ,P);Rd) for each t ∈ [0, T ].

Remark 5.1.1. By (Carmona & Delarue, 2018c, Proposition 5.25), the Fréchet derivative

DξF can be represented by a measurable function, denoted by ∂µf(t, µ)(·) : Rd → Rd, such

that DξF (t, ξ) = ∂µf(t, µ)(ξ) for any (t, µ) ∈ [0, T ]× P2(Rd) and ξ ∈ L2((Ω,F ,P);Rd) with

L(ξ) = µ. We say that ∂µf : [0, T ]×P2(Rd)×Rd → Rd is the first order L-derivative of f .

Definition 5.1.3. The function f : [0, T ] × P2(Rd) → R is said to be second order L-

differentiable if f is first order L-differentiable and for any (t, x) ∈ [0, T ]×Rd, the function

µ 7→ ∂µf(t, µ)(x) is L-differentiable. Similar to Remark 5.1.1, we say that ∂2µf = ∂µ(∂µf) :

[0, T ]× P2(Rd)× Rd × Rd → Rd×d is the second order L-derivative of f .

5.1.3 The Set of Admissible Controls

Let A ⊂ Rd be a compact subset equipped with the distance dA. Let t ∈ [0, T ], we denote A

(resp. At) the set of A-valued F-progressively measurable processes (resp. Ft-progressively

measurable processes). The spaces A and At, endowed with the respective Krylov distances

∆(α, β) := E
[ ∫ T

0
dA(αr, βr)dr

]
and ∆t(α, β) := E

[ ∫ T

t
dA(αr, βr)dr

]
, are separable metric

spaces. Denote by BA (resp. BAt) the Borel σ-algebra of A (resp. At).

Without loss of generality, we assume that (Ω0,F0,P0) and (Ω̂1, F̂1, P̂1) are the canonical

spaces, i.e., Ω0 = C(R+,Rd) and Ω̂1 = C(R+,Rd). We introduce the class of shifted control

processes constructed by concatenation of paths: for α ∈ A and (r, ω̄0, ¯̂ω1) ∈ [0, T ]×Ω0×Ω̂1,

set

αr,ω̄0, ¯̂ω1

s (ω0, ω̂1, ω̃1) := αs(ω̄
0 ⊗r ω

0, ¯̂ω1 ⊗r ω̂
1, ω̃1), for (s, ω0, ω̂1, ω̃1) ∈ [0, T ]× Ω0 × Ω̂1 × Ω̃1,
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where

ω̄0 ⊗r ω
0(s) := ω̄0(s)1{s<r} +

(
ω̄0(r) + ω0(s)− ω0(r)

)
1{s≥r},

and similarly for ¯̂ω1 ⊗r ω̂
1. For α ∈ A, and (r, ω̄0) ∈ [0, T ]× Ω0, we set

αr,ω̄0

s (ω0, ω̂1, ω̃1) := αs(ω̄
0 ⊗r ω

0, ω̂1, ω̃1), for (s, ω0, ω̂1, ω̃1) ∈ [0, T ]× Ω0 × Ω̂1 × Ω̃1.

Fix t ∈ [0, T ], the concatenations αr,ω̄0, ¯̂ω1 and αr,ω̄0 for α ∈ At and (r, ω̄0, ¯̂ω1) ∈ [t, T ]×Ω0×Ω̂1

are defined in the same way. For s ∈ [0, T ], we define αs by

αs(ω0, ω1) := αs,ω0,ω1

(ω0, ω1), for (ω0, ω1) ∈ Ω0 × Ω1.

Finally, we define Āt as the set of A-valued F̄t-progressively measurable processes, with the

Krylov distance ∆t(α, β). Denote by BĀt
the Borel σ-algebra of Āt.

Lemma 5.1.4. Let t ∈ [0, T ] and α ∈ At, the map (Ω0,F0
t ) ∋ ω0 7→ αt,ω0 ∈ (Āt,BĀt

) is

measurable.

We postpone the proof of the above lemma to Appendix 5.3.

5.1.4 Function Spaces and Notations

Notations We denote by P the σ-algebra of predictable sets on Ω0 × [0, T ] associated

with {F0
t }t≥0. Let Prog(F0) denote the σ-algebra on [0, T ] × Ω0 of all F0-progressive sets.

Furthermore, let T 0
t,T be the set of F0-stopping times taking values in [t, T ], and denote by

Mt the set of F t
t -measurable random variables.

As we will be working with both measures and measure-valued random variables, we use

bold letters to distinguish between them. For instance, we denote a measure by µ and a

measure-valued random variable by µ. Since we will not consider any deterministic flow

of measures, µs (without the use of bold letters) will refer to a measure-valued stochastic

process.
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For any µ ∈ P2(Rd), φ ∈ L2((Rd,B(Rd), µ);Rd), µ⊗ µ, ψ ∈ L2(Rd ×Rd,B(Rd ×Rd), µ⊗ µ),

we define the notation,

µ(φ) :=

∫
Rd

φ(x)µ(dx), µ⊗ µ(ψ) :=
∫
Rd×Rd

ψ(x, x′)µ(dx)µ(dx′).

Definition 5.1.5. (Function Spaces). Let B be a Banach space equipped with the norm ∥·∥B.

For each t ∈ [0, T ], denote by L0((Ω,Ft,P);B) the space of B-valued Ft-measurable random

variables. For p ≥ 1, denote by Lp((Ω,Ft,P);B) the Banach space of p-integrable B-valued

Ft-measurable random variables equipped with the norm:

∥X∥p := (E∥X∥pB)
1/p.

For p ∈ [1,∞], Sp(B) is set of all the B-valued, P-measurable continuous processes {Xt}t∈[0,T ]

such that

∥X∥Sp(B) :=

∥∥∥∥ sup
t∈[0,T ]

∥Xt∥B
∥∥∥∥
Lp(Ω0,F0,P0)

<∞.

Denote by Lp(B) totality of all the B-valued, P-measurable processes {Xt}t∈[0,T ] such that

∥X∥Lp(B) :=

∥∥∥∥Å∫ T

0

∥Xt∥pBdt
ã1/p∥∥∥∥

Lp(Ω0,F0,P0)

<∞.

Obviously (Sp(B), ∥ · ∥Sp(B)) and (Lp(B), ∥ · ∥Lp(B)) are Banach spaces. Now, we introduce

various spaces of continuous functions. Let (X, d) be a metric space, define

C(X;B) :=
{
f : X → B

∣∣∣ sup
x∈X
∥f(x)∥B <∞

}
.

We equip this space with the usual supremum norm, i.e., ∥f∥C(X;B) := supx∈X ∥f(x)∥B. We

consider the following subspaces of C(X;B),

C0(X;B) :=

{
f ∈ C(X;B)

∣∣∣∣∣
for all ε > 0, there exists a

compact subset J ⊆ X such that sup
x∈X\J

∥f∥C(X;B) < ε

}
,
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CLip(K)(X;B) :=
{
f ∈ C(X;B)

∣∣ ∥f(x)− f(y)∥B ≤ Kd(x, y) for all x, y ∈ X
}
, where K > 0.

We write C(X), C0(X), and CLip(K)(X) if B = R. Whenever a function from these classes

allows for a version with enhanced properties, we consistently choose the version with superior

attributes.

5.1.5 The Problem

Let the following functions

b : [0, T ]× Ω0 × Rd × P2(Rd)× A→ Rd, σ, σ0 : [0, T ]× Ω0 × Rd × P2(Rd)× A→ Rd×d,

f : [0, T ]× Ω0 × Rd × P2(Rd)× A→ R, g : Ω0 × Rd × P2(Rd)→ R.

For any t ∈ [0, T ], ξ ∈ L2((Ω,Ft,P);Rd) and α ∈ At, we consider the process X t,ξ,α evolving

as follows: 
dX t,ξ,α

s = bs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ σs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)dWs

+σ0
s(X

t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)dW
0
s , for s ∈ [t, T ];

X t,ξ,α
t = ξ.

(5.1.2)

The cost functional J on [0, T ]× L2((Ω,Ft,P);Rd)×At × Ω0 is defined by

J(t, ξ, α) :=E
ï∫ T

t

fs

(
X t,ξ,α

s ,PW 0

Xt,ξ,α
s

, αs

)
ds+ g

(
X t,ξ,α

T ,PW 0

Xt,ξ,α
T

) ∣∣∣∣F0
t

ò
. (5.1.3)

We study the corresponding value function v on [0, T ]× L2((Ω,Ft,P);Rd)× Ω0:

v(t, ξ) := ess inf
α∈At

J(t, ξ, α). (5.1.4)

The following assumptions will be used throughout our work.

Assumption (A1). The coefficient functions g and h = f , b, σ or σ0 satisfy the following:

(1). For all a ∈ A,
(
ht(·, ·, a)

)
0≤t≤T

is (F0
t )t≥0-adapted. (or progressively measurable)

(2). For L1 ⊗ P0-a.e. (t, ω0) ∈ [0, T ]× Ω0, ht(·, ·, ·) is continuous on Rd × P2(Rd)× A.
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(3). There exists K > 0 such that for all x, x′ ∈ Rd, t ∈ [0, T ] and µ, µ′ ∈ P2(Rd) such that

ess sup
ω0∈Ω0

|g(x, µ)|+ ess sup
ω0∈Ω0

(
sup
a∈A
|ht(x, µ, a)|

)
≤ K and

ess sup
ω0∈Ω0

|g(x, µ)− g(x′, µ′)|+ ess sup
ω0∈Ω0

(
sup
a∈A
|ht(x, µ, a)− ht(x′, µ′, a)|

)
≤ K(|x− x′|+W2(µ, µ

′)).

Assumption (A1*). This is a strengthening assumption of (A1). In addition to (A1),

we further assume that there exists K > 0 such that for all x, x′ ∈ Rd, t ∈ [0, T ] and

µ, µ′ ∈ P2(Rd), it holds that

ess sup
ω0∈Ω0

|g(x, µ)− g(x′, µ′)|+ ess sup
ω0∈Ω0

(
sup
a∈A
|ht(x, µ, a)− ht(x′, µ′, a)|

)
≤ K(|x− x′|+W1(µ, µ

′))

Assumption (A3). We need the following assumption in order to ensure the approximation

results like Lemma 5.1.6.

(1). The map g : (Ω0,F0
T ,P0)→ C(Rd × P2(Rd)) is Bochner measurable.

(2). For all t ∈ [0, T ], the maps
(
Ω0,F0

t ,P0
)
∋ ω0 7→ bt(ω

0, ·, ·, ·) ∈ C(Rd × P2(Rd) × A),(
Ω0,F0

t ,P0
)
∋ ω0 7→ ft(ω

0, ·, ·, ·) ∈ C(Rd × P2(Rd) × A) and
(
Ω0,F0

t ,P0
)
∋ ω0 7→

σt(ω
0, ·, ·) ∈ C(Rd × A) are Bochner measurable.

(3). For h = f , b, σ, (Ω0 × [0, T ],F0 ⊗ B[0, T ],P0 ⊗ ds) ∋ (ω0, t) 7→ ht(ω
0, ·, ·, ·) ∈ C(Rd ×

P2(Rd)× A) is progressively measurable.

The below approximation result follows from Assumption (A3), with the proof deferred to

the Appendix 5.3.

Lemma 5.1.6. For each ε > 0, there exists a partition 0 = t0 < t1 < · < tN−1 < tN = T for

some N > 3 and functions

(gN , fN , bN) ∈ C
(
P2(Rd);C3(Rd×N × Rd)

)
× C

(
P2(Rd)× A;C3([0, T ]× Rd×N × Rd)

)
×
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×C
(
P2(Rd)× A;C3([0, T ]× Rd×N × Rd)

)
such that

gε := ess sup
(x,µ)∈Rd×P2(Rd)

∣∣∣gN(W 0
t1
, . . . ,W 0

tN
, x, µ)− g(x, µ)

∣∣∣,
f ε
t := ess sup

(x,µ,a)∈Rd×P2(Rd)×A

∣∣∣fN
t (W 0

t1∧t, . . . ,W
0
tN∧t, x, µ, a)− ft(x, µ, a)

∣∣∣,
bεt := ess sup

(x,µ,a)∈Rd×P2(Rd)×A

∣∣∣bNt (W 0
t1∧t, . . . ,W

0
tN∧t, x, µ, a)− bt(x, µ, a)

∣∣∣,
are F0

t -adapted with

∥gε∥L2((Ω0,F0
T ,P0);R) + ∥f ε∥L2(R) + ∥bε∥L2(R) < ε,

and gN , fN and bN are uniformly Lipschitz continuous in the variables x, µ with an identical

Lipschitz constant K independent of N and ε. Moreover, for fixed (t, x, µ, a) ∈ [0, T ]×Rd×

P2(Rd)× A, the functions h = gN , fN , bN have compact support on Rd×N when considering

ht(·, . . . , ·, x, µ, a).

Below are some properties of strong solutions to the SDE (5.1.2).

Lemma 5.1.7. Suppose that (A1) holds. For any p ∈ [2,∞), there exists a constant C > 0

depending only on K, p and T such that for any 0 ≤ r ≤ t ≤ s ≤ T , α ∈ Ar, ξ ∈

Lp((Ω,Fr,P);Rd) and strong solution Xr,ξ,α to the SDE (5.1.2), there following statements

are true.

(1). The two processes (Xr,ξ,α
s )t≤s≤T and (X

t,Xr,ξ,α
t ,α

s )t≤s≤T are P-indistinguishable.

(2). EF0
r
sup

r≤l≤T
|Xr,ξ,α

l |p ≤ C
(
1 + EF0

r
|ξ|p
)
, P0-a.s.;

(3). EF0
r
|Xr,ξ,α

s −Xr,ξ,α
t |p ≤ C

(
1 + EF0

r
|ξ|p
)
(s− t)p/2, P0-a.s.;

(4). Given another η ∈ Lp((Ω,Fr,P);Rd), it holds that EF0
r
max
r≤l≤T

|Xr,ξ,α
l −Xr,η,α

l |p ≤ C EF0
r
|ξ−

η|p, P0-a.s..

The cost functional J and the value function v exhibit certain regularity properties.
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Lemma 5.1.8. Suppose that (A1) holds. For each t ∈ [0, T ], α ∈ At and η, ξ ∈ L2((Ω,Ft,P);Rd),

the following are true:

(1). The process
(
E[J(s,X t,ξ,α

s , α)|F0
s ]
)
t≤s≤T

is continuous;

(2). The process (v(s,X t,ξ,α
s ))t≤s≤T is continuous;

(3). There exists C > 0 depending on K and T such that

|v(t, ξ)− v(t, η)|+ |J(t, ξ, α)− J(t, η, α)| ≤ C
(
EF0

r
|ξ − η|2

)1/2
, P0-a.s.

(4). v(·, ξ) and J(·, ξ, α) are continuous on [t, T ] with probability 1 and

ess sup
(t,ξ)∈[0,T ]×L2((Ω,Ft,P);Rd)

max{|v(t, ξ)|, |J(t, ξ, α)|} ≤ K(T + 1), P0-a.s.;

(5). When the control is restricted on Āt, J(t, ξ, ·) is continuous in Āt with probability 1.

Proof. Proofs of (2): For each β ∈ At, define the nonempty set

J (t, ξ, β) :=
{
J(t, ξ, β†) : J(t, ξ, β†) ≤ J(t, ξ, β) for β† ∈ At

}
.

For any J(t, ξ, β1), J(t, ξ, β2) ∈J (t, ξ, β), we define

γs := βs1[0,t)(s) +
(
β1
s1{J(t,ξ,β1)≤J(t,ξ,β2)} + β2

s1{J(t,ξ,β1)>J(t,ξ,β2)}
)
1[t,T ](s).

One has γ ∈ At and

J(t, ξ, β1) ∧ J(t, ξ, β2) = J(t, ξ, γ) ∈J (t, ξ, β).

Hence, by (Karatzas et al., 1998, Theorem A.3), there exists {ϑn}n∈N ⊂ At such that

J(t, ξ, ϑn) converges decreasingly to v(t, ξ) as n→∞, with probability 1.

Thus, for 0 ≤ t ≤ t2 ≤ T , there is {ϑ̄n}n∈N ⊂ At such that J(t2, X t,ξ,α
t2 , ϑ̄n) converges

decreasingly to v(t2, X t,ξ,α
t2 ) as n→∞, with probability 1. Therefore, for 0 ≤ t ≤ t1 ≤ t2 ≤ T ,

dominated convergence theorem guarantees

EF0
t1
v(t2, X

t,ξ,α
t2 ) = lim

n→∞
EF0

t1
J(t2, X

t,ξ,α
t2 , ϑ̄n)
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Let Fs(t, ξ, α) := fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) and G(t, ξ, α) := g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

). Hence, for 0 ≤ t ≤

t1 ≤ t2 ≤ T , we have

EF0
t1
v(t2, X

t,ξ,α
t2 ) + EF0

t1

∫ t2

t1

Fs(t, ξ, α) ds

= lim
n→∞

EF0
t1

[∫ T

t2

Fs

Ä
t2, X

t,ξ,α
t2 , ϑ̄n

ä
ds+

∫ t2

t1

Fs(t, ξ, α) ds+G
Ä
t2, X

t,ξ,α
t2 , ϑ̄n

ä]
≥ v(t1, X

t,ξ,α
t1 ),

P-a.s.. Consequently, Assumption (A1) implies

I := ess inf
ϑ∈At

EF0
t1

[∫ T

t1

Fs

Ä
t1, X

t,ξ,α
t1 , ϑ

ä
ds+G

Ä
t1, X

t,ξ,α
t1 , ϑ

ä]
− EF0

t1

{
ess inf
ϑ∈At

EF0
t2

[∫ T

t2

Fs

Ä
t2, X

t,ξ,α
t2 , ϑ

ä
ds+G

Ä
t2, X

t,ξ,α
t2 , ϑ

ä]}
≤EF0

t1

∫ t2

t1

Fs(t, ξ, α) ds

≤K(t2 − t1) (5.1.5)

For the reverse inequality sign, we interchange the infimum and expectation to yield the

inequality

I ≥ ess inf
ϑ∈At

EF0
t1

ß ∫ t2

t1

Fs

Ä
t1, X

t,ξ,α
t1 , ϑ

ä
ds+

∫ T

t2

î
Fs

Ä
t1, X

t,ξ,α
t1 , ϑ

ä
− Fs

Ä
t2, X

t,ξ,α
t2 , ϑ

äó
ds

+G
Ä
t1, X

t,ξ,α
t1 , ϑ

ä
−G
Ä
t2, X

t,ξ,α
t2 , ϑ

ä™
Noting that Assumption (A1) and Lemma 5.1.7 deduce

EF0
t1

∫ T

t2

∣∣∣∣∣fs
Ç
X

t1,X
t,ξ,α
t1

,ϑ
s ,PW 0

X
t1,X

t,ξ,α
t1

,ϑ

s

, ϑs

å
− fs

Ç
X

t2,X
t,ξ,α
t2

,ϑ
s ,PW 0

X
t2,X

t,ξ,α
t2

,ϑ

s

, ϑs

å∣∣∣∣∣ ds
≤ KEF0

t1

ï∫ T

t2

∣∣∣∣X t1,X
t,ξ,α
t1

,ϑ
s −X

t2,X
t,ξ,α
t2

,ϑ
s

∣∣∣∣+ ÅE∣∣∣∣X t1,X
t,ξ,α
t1

,ϑ
s −X

t2,X
t,ξ,α
t2

,ϑ
s

∣∣∣∣2 ã1/2

ds

ò
≤ CK,TEF0

t1

ï
EF0

t2

∣∣∣∣X t1,X
t,ξ,α
t1

,ϑ

t2 −X t,ξ,α
t2

∣∣∣∣+ ÅE∣∣∣∣X t1,X
t,ξ,α
t1

,ϑ

t2 −X t,ξ,α
t2

∣∣∣∣2 ã1/2ò
≤ CK,TEF0

t1

ïÅ
EF0

t2

∣∣∣∣X t1,X
t,ξ,α
t1

,ϑ

t2 −X t,ξ,α
t1

∣∣∣∣2 ã1/2 + ÅEF0
t2

∣∣∣∣X t,ξ,α
t1 −X t,ξ,α

t2

∣∣∣∣2 ã1/2ò
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+ CK,TEF0
t1

ïÅ
E
∣∣∣∣X t1,X

t,ξ,α
t1

,ϑ

t2 −X t,ξ,α
t1

∣∣∣∣2 ã1/2 + ÅE∣∣∣∣X t,ξ,α
t1 −X t,ξ,α

t2

∣∣∣∣2 ã1/2ò
≤ CK,TEF0

t1

ï(
1 + EF0

t2
|X t,ξ,α

t1 |
2
)1/2

(t2 − t1)1/2 +
(
1 + EF0

t2
|ξ|2
)1/2

(t2 − t1)1/2
ò

+ CK,TEF0
t1

ï(
1 + E|X t,ξ,α

t1 |
2
)1/2

(t2 − t1)1/2 +
(
1 + E|ξ|2

)1/2
(t2 − t1)1/2

ò
.

where the constant CK,T > 0 may have varying values from line to line, but depending only

on K and T . Similar inequality holds for G
Ä
t1, X

t,ξ,α
t1 , ϑ

ä
−G
Ä
t2, X

t,ξ,α
t2 , ϑ

ä
. Hence, we have

I ≥ −CK,TEF0
t1

ï
(t2 − t1)1/2 +

(
1 + EF0

t2
|X t,ξ,α

t1 |
2
)1/2

+
(
1 + EF0

t2
|ξ|2
)1/2ò

(t2 − t1)1/2

− CK,TEF0
t1

ï
(t2 − t1)1/2 +

(
1 + E|X t,ξ,α

t1 |
2
)1/2

+
(
1 + E|ξ|2

)1/2ò
(t2 − t1)1/2 (5.1.6)

Together with (5.1.5), we conclude that I → 0 as |t2 − t1| → 0+.

Following the same derivations of (5.1.5) and (5.1.6), one proves the continuity of Ev(s,X t,ξ,α
s )

in s ∈ [t, T ]. Thus, by Doob’s regularization theorem and the supermartingale nature of

v(s,X t,ξ,α
s ), it holds that v(s,X t,ξ,α

s ) is right continuous in s ∈ [t, T ]. Furthermore, by the

BSDE theory, EFsv(t2, X
t,ξ,α
t2 ) is continuous in s ∈ [t, t2]. Together with the calculations of

(5.1.5) and (5.1.6), it implies the left continuity of v(s,X t,ξ,α
s ) in s ∈ [t, T ]. Hence, v(s,X t,ξ,α

s )

is a continuous process.

Proof of (1): Following a similar arguments as in (5.1.5), we have∣∣EF0
t1

[
J(t2, X

t,ξ,α
t2 , α)− J(t1, X t,ξ,α

t1 , α)
]∣∣ ≤ CK(t2 − t1)

for 0 ≤ t ≤ t1 ≤ t2 ≤ T . Thus, the desired continuity can be argued similarly as in those

after (5.1.6).

Proof of (5): For P0-a.s. ω0, fixed (t, ξ) ∈ [0, T ] × L2((Ω1,F1
t ,R1);Rd), consider α ∈ Āt,

αn ∈ Āt, n ∈ N, and ∆t(α
n, α) → 0 as n → ∞. Without loss of generality, we may assume

that αn → α dt ⊗ P-a.s.. Let Xn be the solution of the SDE (5.1.2) subject to the control

αn, and X is subject to the control α. We have the following trivial inequality:

E0

[
sup
t≤r≤s

W2
2 (PW 0

Xn
r
,PW 0

Xr
)
∣∣∣F0

t

]
≤ E

[
sup
t≤r≤s

|Xn
r −Xr|2

∣∣∣F0
t

]
.
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By applying the BDG inequality, Gronwall’s inequality, and the above relation, we can

identify a constant CK,T , independent of n but dependent on the Lipschitz constant K of

the coefficients and T , such that

E

[
sup

t≤s≤T
|Xn

s −Xs|2
∣∣∣F0

t

]
≤ CK,TE

[∫ T

t

|br(Xr,PW 0

Xr
, αn

r )− br(Xr,PW 0

Xr
, αr)|2dr

+ |σr(Xr,PW 0

Xr
, αn

r )− σr(Xr,PW 0

Xr
, αr)|2

+ |σ0
r(Xr,PW 0

Xr
, αn

r )dr − σ0
r(Xr,PW 0

Xr
, αr)|2dr

∣∣∣F0
t

]
→ 0,

as n → ∞, by the dominated convergence theorem. Now, for some constant CK,T not

necessarily the same as the one above, but independent on n and depends only on K, T , we

have

|J(t, ξ, αn)− J(t, ξ, α)|

≤E

[∫ T

t

|fs(Xn
s ,PW 0

Xn
s
, αn

s )− fs(Xs,PW 0

Xs
, αs)|+ |g(Xn

T ,PW 0

Xn
T
)− g(XT ,PW 0

XT
)|
∣∣∣F0

t

]

≤CK,TE

[
sup

t≤s≤T
|Xn

s −Xs|+
∫ T

t

|fs(Xs,PW 0

Xs
, αn

s )− fs(Xs,PW 0

Xs
, αs)|

∣∣∣F0
t

]
→ 0,

again by the dominated convergence theorem.

We now define the function J̄ on [0, T ]× L2((Ω1,F1
t ,P1);Rd)× Āt × Ω0 by

J̄(t, ξ, α) := J(t, ξ, α).

We have the following lemma relating J and J̄ .

Lemma 5.1.9. Let (A1) hold. For ξ ∈ L2((Ω,Ft,P);Rd), α ∈ At, we have

J(t, ξ, α)(ω0) = J̄(t, ξ(ω0), αt,ω0

)(ω0), P0 a.s..

Proof. First of all we look at ξ, α (in the interpretation of Lemma 5.1.4) being simple

functions. Note that ξ could be written as ξ =
∑m

j=1 ξj(ω
1)1B0

j
(ω0), where for j = 1, . . . ,m,

B0
j ∈ F0

t , {B0
j }mj=1 is a disjoint partition of Ω0, ξj ∈ L2((Ω1,F1

t ,P1);Rd). Without loss
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of generality, we assume α(t, ω0, ω1) :=
∑m

j=1 αj(t, ω
0, ω1)1B0

j
(ω0), αj ∈ Āt. Solving for

j = 1, . . . ,m,
dX

t,ξj ,αj
s = bs(X

t,ξj ,αj
s ,PW 0

X
t,ξj ,αj
s

, αj;s)ds+ σs(X
t,ξj ,αj
s ,PW 0

X
t,ξj ,αj
s

, αj;s)dWs

+σ0
s(X

t,ξj ,αj
s ,PW 0

X
t,ξj ,αj
s

, αj;s)dW
0
s , s ∈ [t, T ],

X
t,ξj ,αj

t = ξj,

(5.1.7)

we have
m∑
j=1

X t,ξj ,αj
s 1B0

j
(ω0) =

m∑
j=1

ξj1B0
j
(ω0) +

m∑
j=1

(∫ s

t

br(X
t,ξj ,αj
r ,PW 0

X
t,ξj ,αj
r

, αj;r)dr

)
1B0

j
(ω0)

+
m∑
j=1

(∫ s

t

σr(X
t,ξj ,αj
r ,PW 0

X
t,ξj ,αj
r

, αj;r)dWr

)
1B0

j
(ω0)

+
m∑
j=1

(∫ s

t

σ0
r(X

t,ξj ,αj
r ,PW 0

X
t,ξj ,αj
r

, αj;r)dW
0
r

)
1B0

j
(ω0)

=
m∑
j=1

ξj1B0
j
(ω0) +

∫ s

t

br

( m∑
j=1

X t,ξj ,αj
r 1B0

j
,PW 0∑m

j=1 X
t,ξj ,αj
r 1

B0
j

, αr

)
dr

+

∫ s

t

σr

( m∑
j=1

X t,ξj ,αj
r 1B0

j
,PW 0∑m

j=1 X
t,ξj ,αj
r 1

B0
j

, αr

)
dWr

+

∫ s

t

σ0
r

( m∑
j=1

X t,ξj ,αj
r 1B0

j
,PW 0∑m

j=1 X
t,ξj ,αj
r 1

B0
j

, αr

)
dW 0

r .

Thus by uniqueness of solution we have
m∑
j=1

X t,ξj ,α
s 1B0

j
(ω0)

solves 
dX t,ξ,α

s = bs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ σs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)dWs

+σ0
s(X

t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)dW
0
s , s ∈ [t, T ],

X t,ξ,α
t = ξ.

(5.1.8)

Therefore it holds that

J(t, ξ, α)(ω0) =E

[∫ T

t

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)
∣∣∣F0

t

]
(ω0)
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=E

[∫ T

t

fs(
m∑
j=1

X t,ξj ,αj
s 1B0

j
,PW 0∑m

j=1 X
t,ξj ,αj
s 1

B0
j

, αs)ds

+ g(
m∑
j=1

X
t,ξj ,αj

T 1B0
j
,PW 0∑m

j=1 X
t,ξj ,αj
T 1

B0
j

)
∣∣∣F0

t

]
(ω0)

=
m∑
j=1

E

[∫ T

t

fs(X
t,ξj ,αj
s ,PW 0

X
t,ξj ,αj
s

, αj;s)ds+ g(X
t,ξj ,αj

T ,PW 0

X
t,ξj ,αj
T

)
∣∣∣F0

t

]
1B0

j
(ω0)

=
m∑
j=1

J̄(t, ξj, αj)1B0
j
(ω0)

=J̄(t, ξ(ω0), αt,ω0

)(ω0), P0 -a.s. ω0.

Now, for general ξ ∈ L2((Ω,Ft,P);Rd) and α ∈ L0((Ω0,F0
t ,P0); Āt), there exists a sequence

of simple functions {ξn} and {αn} that converge pointwise to ξ and α, respectively, and

ξn, αn can be written in the form ξn =
∑mn

j=1 ξ
n
j (ω

1)1Bn;0
j
(ω0), αn =

∑mn

j=1 α
n
j 1Bn;0

j
(ω0). By

Lemma 5.1.8 we have

E0
[
|J(t, ξ, α)− J̄(t, ξ(ω0), αt,ω0

)|2
]

≤C E0
[
|J(t, ξ, α)− J(t, ξn, αn)|2

]
+ C E0

[
|J(t, ξn, αn)− J̄(t, ξ(ω0), αt,ω0

)|2
]

≤C E0
[
|J(t, ξ, α)− J(t, ξn, αn)|2

]
+ C E0

[
|J̄(t, ξn, αn)− J̄(t, ξ(ω0), αn)|2

]
+ C E0

[
|J̄(t, ξ, αn)− J̄(t, ξ(ω0), αt,ω0

)|2
]
,

taking n→∞ concludes the proof.

Define the function v̄ on [0, T ]× L2((Ω1,F1
t ,P1);Rd)× Ω0 by

v̄(t, ξ) := ess inf
α∈Āt

J̄(t, ξ, α),

we have a similar relation between v and v̄ as J and J̄ .

Lemma 5.1.10. Let (A1) hold. Let ξ ∈ L2((Ω,Ft,P);Rd), we have that

v(t, ξ)(ω0) = v̄(t, ξ(ω0))(ω0), P0-a.s. ω0.
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Proof. Let α ∈ At be arbitrary. Again, we start with simple functions. As in the beginning of

the proof of Lemma 5.1.9 we can assume that ξ(ω0, ω1) =
∑m

j=1 ξj(ω
1)1B0

j
(ω0), where m ∈ N,

and for j = 1, . . . ,m, B0
j ∈ F0

t , {B0
j }mj=1 is a disjoint partition of Ω0, ξj ∈ L2((Ω1,F1

t ,P1);Rd).

It holds that

m∑
j=1

X t,ξj ,α
s 1B0

j
(ω0)

solves the SDE
dX t,ξ,α

s = bs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ σs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)dWs

+σ0
s(X

t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)dW
0
s , s ∈ [t, T ],

X t,ξ,α
t = ξ.

(5.1.9)

Thus,

J(t, ξ, α)(ω0)

= J(t, ξ, αt,ω0

)(ω0)

=E

[∫ T

t

fs(X
t,ξ,αt,ω0

s ,PW 0

Xt,ξ,αt,ω0

s

, αt,ω0

s )ds+ g(X t,ξ,αt,ω0

T ,PW 0

Xt,ξ,αt,ω0

T

)
∣∣∣F0

t

]
(ω0)

=
m∑
j=1

E

[∫ T

t

fs(X
t,ξj ,α

t,ω0

s ,PW 0

X
t,ξj ,α

t,ω0

s

, αt,ω0

s )ds+ g(X
t,ξj ,α

t,ω0

T ,PW 0

X
t,ξj ,α

t,ω0

T

)
∣∣∣F0

t

]
1B0

j
(ω0)

≥
m∑
j=1

v̄(t, ξj)1B0
j
(ω0)

= v̄(t,
m∑
j=1

ξj1B0
j
(ω0)), P0-a.s..

By arbitrariness of α we have

v(t, ξ) ≥ v̄(t,
m∑
j=1

ξj1B0
j
(ω0)), P0-a.s..

On the other hand, for each j = 1, . . . ,m, there exists αji ∈ At, i ∈ N such that

lim
i→∞

J(t, ξj, αji) = v̄(t, ξj), P0-a.s..
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Define α̂i :=
∑m

j=1 αji1B0
j

, then α̂i ∈ At. Thus

v(t, ξ) ≤ J(t, ξ, α̂i) =
m∑
j=1

E

[∫ T

t

fs(X
t,ξj ,αji
s ,PW 0

X
t,ξj ,αji
s

, αji,s)ds+ g(X
t,ξj ,αji

T ,PW 0

X
t,ξj ,αji
T

)
∣∣∣F0

t

]
1B0

j
(ω0)

→
m∑
j=1

v̄(t, ξj)1B0
j
, P0-a.s., as i→∞.

Thus we have

v(t, ξ) ≤ v̄(t,
m∑
j=1

ξj1B0
j
(ω0)), P0-a.s..

Finally, for general ξ ∈ L2((Ω,F ,P);Rd), the proof is essentially the same as the last part

in Lemma 5.1.9.

Remark 5.1.2. For 0 ≤ t ≤ k and α ∈ At, α is not necessarily in Ak. However, for every

fixed (ω0, ω̂1) ∈ Ω0 × Ω̂1, αk,ω0,ω̂1 ∈ Ak. Thus, for ξ ∈ L2((Ω,Fk,P);Rd), J(k, ξ, α) can be

regard as a function on Ω0 × Ω̂1, i.e.,

J(k, ξ, α)(ω0, ω̂1) = J(k, ξ, αk,ω0,ω̂1

)(ω0).

We actually have the following lemma about the explicit form of J(k, ξ, α).

Lemma 5.1.11. Let (A1) holds. Let 0 ≤ t ≤ k ≤ T , ξ ∈ L2((Ω,Fk,P);Rd), α ∈ At. We

have

J(k, ξ, α) = E

[∫ T

k

fs(X
k,ξ,α
s ,PW 0

Xk,ξ,α
s

, αs)ds+ g(Xk,ξ,α
T ,PW 0

Xk,ξ,α
T

)
∣∣∣F0

k ∨ F̂
1;t
k

]
, P0 × P1-a.s.,

and hence

E[J(k, ξ, α)|F0
k ] = E

[∫ T

k

fs(X
k,ξ,α
s ,PW 0

Xk,ξ,α
s

, αs)ds+ g(Xk,ξ,α
T ,PW 0

Xk,ξ,α
T

)
∣∣∣F0

k

]
, P0-a.s..

Proof. Let (u0, û1) be elements of Ω0 × Ω̂1. We denote Eω0 as the expectation with respect

to P0(dω0), similarly for Eω̃1 and Eω̂1 . Writing explicitly the arguments we have:

E

[∫ T

k

fs(X
k,ξ,α
s ,PW 0

Xk,ξ,α
s

, αs)ds+ g(Xk,ξ,α
T ,PW 0

Xk,ξ,α
T

)
∣∣∣F0

k ∨ F̂
1;t
k

]
(u0, û1)
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=E

[∫ T

k

fs

(
ω0, Xk,ξ,α

s (ω0, ω̂1, ω̃1),PW 0

Xk,ξ,α
s

(ω0), αs(ω
0, ω̂1, ω̃1)

)
ds

+ g
(
Xk,ξ,α

T (ω0, ω̂1, ω̃1),PW 0

Xk,ξ,α
T

(ω0)
)∣∣∣F0

k ∨ F̂
1;t
k

]
(u0, û1)

=Eω̃1Eω̂1Eω0

[∫ T

k

fs

(
u0 ⊗k ω

0, Xk,ξ,α
s (u0 ⊗k ω

0, û1 ⊗k ω̂
1, ω̃1),

PW 0

Xk,ξ,α
s

(u0 ⊗k ω
0), αs(u

0 ⊗k ω
0, û1 ⊗k ω̂

1, ω̃1)
)
ds

+ g
(
Xk,ξ,α

T (u0 ⊗k ω
0, û1 ⊗k ω̂

1, ω̃1),PW 0

Xk,ξ,α
T

(u0 ⊗k ω
0)
)]

=E

[∫ T

k

fs(X
k,ξ,αk,u0,û1

s ,PW 0

Xk,ξ,αk,u0,û1

s

, αk,u0,û1

s )ds+ g(Xk,ξ,αk,u0,û1

T ,PW 0

Xk,ξ,αk,u0,û1

T

)
∣∣∣F0

k

]
(u0)

=J(k, ξ, αk,u0,û1

)(u0)

=J(k, ξ, α)(u0, û1).

Lemma 5.1.12. Let (A1) holds. Letting θ ∈ T 0
t,T , for all ξ ∈ L2((Ω,Fθ,P);Rd), we have

E
[
J(θ,X t,ξ,α

θ , αθ)

∣∣∣∣F0
θ

]
=E

[∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θ

]
, P0-a.s..

(5.1.10)

Proof. Recall that from the uniqueness of SDE we have the flow property:

X t,ξ,α
s (ω0, ω̂1, ω̃1) = X

θ,Xt,ξ,α
θ ,αθ

s (ω0, ω1).

Assume θ =
∑n

i=1 ti1B0
i
, where for i = 1, . . . , n, t ≤ ti ≤ T , and {B0

i }ni=1 is a disjoint

partition of Ω0, thus B0
i = {θ = ti}, and B0

i ∈ F0
ti
. Let A ∈ F0

θ . Then∫
A

E

[∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θ

]
dP0

=

∫
A

(∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

)
n∑

i=1

1{θ=ti}dP
0

=

∫
Ω0

(∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

)
n∑

i=1

1{θ=ti}∩AdP
0

181



=
n∑

i=1

∫
Ω0

E

[∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
ti

]
1{θ=ti}∩AdP

0

=
n∑

i=1

∫
Ω0

E

[∫ T

ti

fs(X
ti,X

t,ξ,α
ti

,αti

s ,PW 0

X
ti,X

t,ξ,α
ti

,αti

s

, αti
s )ds+ g(X

ti,X
t,ξ,α
ti

,αti

T ,PW 0

X
ti,X

t,ξ,α
ti

,αti

T

)

∣∣∣∣F0
ti

]
1{θ=ti}∩AdP

0

=
n∑

i=1

∫
Ω0

E
[
J(ti, X

t,ξ,α
ti , αti)

∣∣∣F0
ti

]
1{θ=ti}∩AdP

0 (by Lemma 5.1.11)

=

∫
A

E
[ n∑

i=1

J(ti, X
t,ξ,α
ti , αti)1{θ=ti}

∣∣∣F0
ti

]
dP0

=

∫
A

E[J(θ,X t,ξ,α
θ , αθ)|F0

θ ]dP0.

For the general case, let θi be an increasing sequence of discrete stopping times such that

limi θi = θ. By Theorem 4.6.10 in Durrett (2019) and Chapter 1, Exercises 24 and 27 in

Protter (2005), it holds that

E
ï∫ T

θi

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θi

ò
→ E
ï∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θ

ò
P0-a.s.,

which, together with 1 of Lemma 5.1.8 , implies that∣∣∣∣E[J(θ,X t,ξ,α
θ , αθ)

∣∣∣F0
θ

]
− E
ï∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θ

ò∣∣∣∣
=

∣∣∣∣E[J(θ,X t,ξ,α
θ , αθ)

∣∣∣F0
θ

]
− E

[
J(θi, X

t,ξ,α
θi

, αθi)
∣∣∣Fθ0i

]
+ E

[
J(θi, X

t,ξ,α
θi

, αθi)
∣∣∣Fθ0i

]
− E
ï ∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θ

ò∣∣∣∣
=

∣∣∣∣E[J(θ,X t,ξ,α
θ , αθ)

∣∣∣F0
θ

]
− E

[
J(θi, X

t,ξ,α
θi

, αθi)
∣∣∣Fθ0i

]
+ E
ï∫ T

θi

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θi

ò
− E
ï∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θ

ò∣∣∣∣
→0 P0 a.s. as i→∞.
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Theorem 5.1.13. (Dynamic Programming Principle). Let (A1) hold. We have for all

(t, ξ) ∈ [0, T ]× L2((Ω,Ft,P);Rd),

v(t, ξ) = ess inf
α∈At

ess inf
θ∈T 0

t,T

E
ï∫ θ

t

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
=ess inf

α∈At

ess sup
θ∈T 0

t,T

E
ï∫ θ

t

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
.

Proof. Let (t, ξ, α) ∈ [0, T ]× L2((Ω;Ft,P);Rd)×At. From (5.1.10) it follows that

J(t, ξ, α) =E
ß ∫ θ

t

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ E
ï∫ T

θ

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ g(X t,ξ,α
T ,PW 0

Xt,ξ,α
T

)

∣∣∣∣F0
θ

ò ∣∣∣∣F0
t

™
=E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + J(θ,X t,ξ,α
θ , αθ)

∣∣∣∣F0
t

ò
.

Now assume that θ =
∑n

i=1 ti1B0
i
, where for i = 1, . . . , n, t ≤ ti ≤ T , and {B0

i }ni=1 is a

disjoint partition of Ω0, then

E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + J(θ,X t,ξ,α
θ , αθ)

∣∣∣∣F0
t

ò
=

n∑
i=1

E
ïï ∫ ti

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + J(ti, X
t,ξ,α
ti , αti)

ò
1B0

i

∣∣∣∣F0
t

ò
≥

n∑
i=1

E
ïï∫ ti

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(ti, X
t,ξ,α
ti )

ò
1B0

i

∣∣∣∣F0
t

ò
=E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
.

Thus if θ is simple,

J(t, ξ, α) ≥ E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
.

Now, let θ ∈ T 0
t,T and θi → θ a simple increasing approximation of stopping times of θ, then

we have

J(t, ξ, α) ≥ E
ï∫ θi

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(θi, X
t,ξ,α
θi

)

∣∣∣∣F0
t

ò
, for every i ∈ N.

Take limit on the right hand side and from Lemma 5.1.8 2 we have

J(t, ξ, α) ≥ E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
.
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Since θ ∈ T 0
t,T and α ∈ At are arbitrary, we have

v(t, ξ) ≥ ess inf
α∈At

ess sup
θ∈T 0

t,T

E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
.

For the other side of inequality, again assume that θ =
∑n

i=1 ti1B0
i
, where for i = 1, . . . , n,

t ≤ ti ≤ T , and {B0
i }ni=1 is a disjoint partition of Ω0. Let α ∈ At be arbitrary. For each ti,

there exists αij ∈ Ati , j ∈ N such that

lim
j→∞

J(ti, X
t,ξ,α
ti , αij) = v(ti, X

t,ξ,α
ti ), P0-a.s..

Define α∗
j;s := αs1s<θ +

∑n
i=1 αij;s1s≥ti1B0

i
. Then we have

v(t, ξ) ≤ J(t, ξ, α∗
j ) =

n∑
i=1

E
ïï ∫ ti

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + J(ti, X
t,ξ,α
ti , αij)

ò
1B0

i

∣∣∣∣F0
t

ò
→

n∑
i=1

E
ïï ∫ ti

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(ti, X
t,ξ,α
ti )

ò
1B0

i

∣∣∣∣F0
t

ò
=E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
.

Again, using increasing simple function approximation to stopping times and from Lemma

5.1.8, we have for any θ ∈ T 0
t,T ,

v(t, ξ) ≤ E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
,

and by arbitrariness of α ∈ At, θ ∈ T 0
t,T , we have

v(t, ξ) ≤ ess inf
α∈At

ess inf
θ∈T 0

t,T

E
ï∫ θ

t

f(X t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs) + v(θ,X t,ξ,α
θ )

∣∣∣∣F0
t

ò
,

and we conclude the required equality.

5.1.6 Dynamic Programming Principle

5.1.7 Conditional Law Invariant Interpretation

Theorem 5.1.14. Let (A1) hold. Let t ∈ [0, T ], ξ, η ∈ L2((Ω,Ft,P);Rd). If for P0-a.s. ω0,

L(ξ(ω0, ·)) = L(η(ω0, ·)), then

v(t, ξ) = v(t, η) P0-a.s..
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Proof. The proof is inspired by (Cosso et al., 2023, Theorem 3.6). First of all, we suppose

that both ξ, η are discrete. By Lemma 5.3.6, there exists Uξ and Uη, which are Ft measurable,

and when given F0
t (which is characterized by the random variable ζ in Definition (5.3.3)),

they are independent of ξ and η respectively, having the uniform distribution. By Theorem

5.3.5, there exists b : [0, T ]×Ω0×Ω1×Rd×[0, 1]→ A, measurable with respect to Prog((F0∨

F̂1;t))⊗ B(Rd)⊗ B([0, 1]) such that (bs(ξ, Uξ))s∈[0,T ] is Ft progressively measurable, and

L
(
ξ, (αs)s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣∣
ζ

=L
(
ξ, (bs(ξ, Uξ))s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣∣
ζ

P0-a.s..

Note that when ζ is given,

L
(
ξ, (bs(ξ, Uξ))s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣∣
ζ

=L
(
ξ, (bs(ξ, Uξ))s∈[0,T ], (W

0
s )s∈[0,t], (W

0
s −W 0

t )s∈[t,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣∣
ζ

=L
(
η, (bs(η, Uη))s∈[0,T ], (W

0
s )s∈[0,t], (W

0
s −W 0

t )s∈[t,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣∣
ζ

=L
(
η, (βs)s∈[0,T ], (W

0
s )s∈[0,t], (W

0
s −W 0

t )s∈[t,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣∣
ζ

,

where βs := bs(η, Uη), and the second last equality follows from the fact that ξ, Uξ are Ft-

measurable, and therefore independent of W 0
s −W 0

t , Ws −Wt, s ≥ t when given F0
t . By

Lemma 5.3.7, we have

L
(
(X t,ξ,α

s )s∈[t,T ], (αs)s∈[0,T ], (W
0
s )s∈[0,T ]

)∣∣∣∣∣
ζ

= L
(
(X t,η,β

s )s∈[t,T ], (βs)s∈[0,T ], (W
0
s )s∈[0,T ]

)∣∣∣∣∣
ζ

P0-a.s..

Note that this also implies PW 0

Xt,ξ,α
s

= PW 0

Xt,η,β
s

P0-a.s., ∀s ∈ [t, T ]. Therefore we have

J(t, ξ, α) = J(t, η, β) P0-a.s..

As a consequence we have that v(t, ξ) = v(t, η). The general case follows from standard

continuity arguments and the fact that for P0-a.s. ω0, v(t, ·) is continuous.
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As we have assumed that G is rich enough to support all laws in P2(Rd), by leveraging

the results obtained in the above theorem and Lemma 5.1.10, albeit with a slight abuse of

notation, we can define the following function

v : [0, T ]× P2(Rd)× Ω0 → R,

v(t, µ) := v(t, ξ),

for all ξ ∈ L2((Ω1,F1
t ,P1);Rd) such that L(ξ) := µ. Immediately we have the following

corollary from Theorem 5.1.13:

Corollary 5.1.14.1. (Dynamic Programming Principle). Let (A1) hold. For all (t, µ) ∈

[0, T ]× P2(Rd),

v(t, µ) = ess inf
α∈At

ess inf
θ∈T 0

t,T

E

[∫ θ

t

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ v(θ,PW 0

Xt,ξ,α
θ

)

∣∣∣∣F0
t

]

=ess inf
α∈At

ess sup
θ∈T 0

t,T

E

[∫ θ

t

fs(X
t,ξ,α
s ,PW 0

Xt,ξ,α
s

, αs)ds+ v(θ,PW 0

Xt,ξ,α
θ

))

∣∣∣∣F0
t

]
,

for all ξ ∈ L2((Ω̃1,G, P̃1);Rd), L(ξ) = µ.

Moreover, for all (t, ξ, α) ∈ [0, T ]×L2((Ω,Ft,P);Rd)×At, by solving the dynamics equation

(5.1.2), we obtain a process (X t,ξ,α
s )t≤s≤T . By conditioning on F0, this process can actually

be interpreted as a P2(Rd)-valued process, and shares the following property from Pham &

Wei (2017):

Lemma 5.1.15. Let (A1) hold. For any t ∈ [0, T ], µ ∈ P2(Rd), α ∈ At, the relation given

by

ρt,µ,αs := PW 0

Xt,ξ,α
s

, t ≤ s ≤ T, for ξ ∈ L2((Ω,Ft,P);Rd) s.t. PW 0

ξ = µ,

defines a square integrable FW 0-progressive continuous process in P2(Rd). Moreover, the map

(s, t, ω0, µ, α) ∈ [0, T ]× [0, T ]×Ω0×P2(Rd)×At → ρt,µ,αs (ω0) ∈ P2(Rd) (with the convention

that ρt,µ,αs = µ for s ≤ t) is measurable.

Proof. See Pham & Wei (2017) Lemma 3.1.
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5.2 A Theory of Viscosity Solution

5.2.1 The Space K1,2(P2(Rd)) and Itô-Wentzell Formula

Definition 5.2.1. (The Space K1,2(P2(Rd))). In the context of the settings outlined in

Section 5.1.4, we say that u ∈ K1,2(P2(Rd)) if

(1). u ∈ S2(C(P2(Rd))).

(2). There exists (⅁tu,⅁wu) ∈ L2(C(P2(Rd)))× L2(C(P2(Rd))) such that for P0-a.s. ω0,

u(t, µ) = u(T, µ)−
∫ T

t

⅁su(s, µ)ds−
∫ T

t

⅁wu(s, µ)dW
0
s ∀(t, µ) ∈ [0, T ]× P2(Rd).

(3). For any t ∈ [0, T ] the map µ 7→ u(t, µ) is L-differentiable P0-a.s. at every µ ∈ P2(Rd),

and ∂µu ∈ S∞(C(P2(Rd)× Rd)).

(4). For any (t, µ) ∈ [0, T ] × P2(Rd) the map x 7→ ∂µu(µ, x) is Rd differentiable P0-a.s. at

every x ∈ Supp(µ), and ∂x∂µu ∈ S∞(C(P2(Rd)× Rd)).

(5). For any (t, x) ∈ [0, T ] × Supp(µ), the map µ 7→ ∂µu(t, µ, x) is L-differentiable P0-a.s.

at every µ ∈ P2(Rd), and ∂2µu ∈ S∞(C(P2(Rd)× Rd × Rd)).

(6). For any t ∈ [0, T ], the map µ 7→ ⅁wu(µ) is L-differentiable P0-a.s. at every point

µ ∈ P2(Rd), and ∂µ⅁wu ∈ S∞(C(P2(Rd)× Rd)).

Theorem 5.2.2. (Itô-Wentzell Formula). Let u ∈ K1,2(P2(Rd)), and (Xt)0≤t≤T solves

(5.1.2). For P0 -a.s. ω0 take (ρt)t∈[0,T ] := L(Xt(ω
0, ·))t∈[0,T ]. Then (ut(ρt))t∈[0,T ] is an

Itô process P0-a.s. satisfying the expansion

ut(ρT )− u0(ρ0) =
∫ T

0

⅁sus(ρs)ds+

∫ T

0

⅁wus(ρs)dW
0
s

+

∫ T

0

Ẽ1
[
∂µus(ρs)(X̃s) · b̃s

]
ds+

∫ T

0

Ẽ1
[
σ̃0;⊺
s ∂µus(ρs)(X̃s)

]
· dW 0

s

+

∫ T

0

1

2
Ẽ1
[
tr{∂x∂µus(ρs)(X̃s)(σ̃

0
s σ̃

0;⊺
s + σ̃sσ̃

⊺
s )}
]
ds
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+

∫ T

0

1

2
Ê1
[
Ẽ1
[
tr{∂2µus(ρs)(X̃s, X̂s)σ̃

0
s σ̂

0;T
s }

]]
ds

+

∫ T

0

Ẽ1
[
tr{∂µ⅁wus(ρs)(X̃s)σ

0;⊺
s }
]
ds,

where the formula above Ẽ and Ê denote the expectation acting on the model twin spaces

(Ω̃, F̃, P̃) and (Ω̂, F̂, P̂) respectively, and let the processes (X̃t, b̃t, σ̃t, σ̃
0
t )t∈[0,T ] and (X̂t, b̂t, σ̂t, σ̂

0
t )t∈[0,T ]

be the independent twin processes of (Xt, bt, σt, σ
0
t )t∈[0,T ] respectively living within.

Proof. We refer readers to Dos Reis & Platonov (2022).

5.2.2 Test Functions, Definition of Viscosity solution

We are concerned with the following BSPDE: for (t, µ) ∈ [0, T ] × P2(Rd), v : Ω0 × [0, T ] ×

P2(Rd)→ R satisfies

− ⅁tv(t, µ) =

(∫
Rd

ess inf
a∈A

{
ft(x, µ, a) +

〈
bt(x, µ, a), ∂µv(t, µ)(x)

〉
+

1

2
tr
{
(σtσ

⊺
t (x, µ, a)

+ σ0
t σ

0;⊺
t (x))∂x∂µv(t, µ)(x)

}
+

∫
Rd

1

2
tr
{
σ0
t (x)σ

0;⊺
t (x′)∂2µv(t, µ)(x, x

′)
}
µ(dx′)

+ tr
{
σ0;⊺
t (x)∂µ⅁wv(t, µ)(x)

}}
µ(dx)

)
dt,

v(T, µ) =

∫
Rd

g(x, µ)µ(dx).

(5.2.1)

For ease of notation, we define the following function:

H(t, µ, P,Q,R, S) :=

∫
Rd

ess inf
a∈A

{
ft(x, µ, a) +

〈
bt(x, µ, a), P

〉
+

1

2
tr
{(
σtσ

⊺
t (x, µ, a) + σ0

t σ
0;⊺
t (x)

)
Q
}

+

∫
Rd

1

2
tr
{
σ0
t (x)σ

0;⊺
t (x′)R

}
µ(dx′) + tr

{
σ0;⊺
t (x)S

}}
µ(dx),

J(t, ν, P,Q,R, S) :=
∫
Rd×A

{
ft(x, µ, a) +

〈
bt(x, µ, a), P

〉
+

1

2
tr
{(
σtσ

⊺
t (x, µ, a) + σ0

t σ
0;⊺
t (x)

)
Q
}

+

∫
Rd

1

2
tr
{
σ0
t (x)σ

0;⊺
t (x′)R

}
µ(dx′) + tr

{
σ0;⊺
t (x)S

}}
ν(dx, da),
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where µ is the Rd marginal distribution of ν, H : Ω0×[0, T ]×P2(Rd)×L2(L2((Rd,B(Rd), µ);Rd))×

L2(L2((Rd,B(Rd), µ);Rd×d)×L2(L2((Rd×Rd,B(Rd×Rd), µ⊗µ);Rd×d))×L2(L2((Rd,B(Rd), µ);Rd×d))→

R,

and J : Ω0× [0, T ]×P2(Rd×A)×L2(L2((Rd,B(Rd), ν);Rd))×L2(L2((Rd,B(Rd), ν);Rd×d)×

L2(L2((Rd × Rd,B(Rd × Rd), ν ⊗ ν);Rd×d))× L2(L2((Rd,B(Rd), ν);Rd×d))→ R.

Definition 5.2.3. (The set of test functions S ). We say that u ∈ S if

(1). u ∈ K1,2(P2(Rd)).

(2). There exists a constant β ∈ (0, 1) such that there exists a constant Lu,β > 0 such that

for P0 a.s. ω0 ∈ Ω0,

(a). for all t ∈ [0, T ], µ, µ′ ∈ P2(Rd),

|⅁tu(t, µ)− ⅁tu(t, µ
′)| ≤ Lu,βWβ

2 (µ, µ
′),

(b). for all t ∈ [0, T ], x, x′ ∈ Rd, µ, µ′ ∈ P2(Rd), h = ∂µu, ∂x∂µu, ∂µ⅁wu,

|h(t, µ)(x)− h(t, µ′)(x′)| ≤ Lu,β

(
Wβ

2 (µ, µ
′) + |x− x′|β

)
,

(c). for all t ∈ [0, T ], x, x′, y, y′ ∈ Rd, µ, µ′ ∈ P2(Rd),

|∂2µu(t, µ)(x, y)− ∂2µu(t, µ′)(x′, y′)| ≤ Lu,β

(
Wβ

2 (µ, µ
′) + |x− x′|β + |y − y′|β

)
.

Remark 5.2.1. As a consequence that u ∈ K1,2(P2(Rd)), there exists a constant Lu > 0

such that for P0 a.s. ω0, for all t ∈ [0, T ], x, x′ ∈ Rd, µ ∈ P2(Rd),

|∂µu(t, µ)(x)|+ |∂x∂µu(t, µ)(x)|+ |∂2µu(t, µ)(x, x′)|+ |∂µ⅁wu(t, µ)(x)| < Lu.

Each u ∈ S can be thought of as an Itô process and thus a semi-martingale parameterized

by µ ∈ P2(Rd). The Doob-Meyer decomposition theorem ensures the uniqueness of the in-

tegrable pair (⅁tu,⅁wu).
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Recall for each F0-stopping time τ ≤ T , we denote by T 0
t,T the set of F0-stopping times

τ valued in [t, T ] and by T 0
t+ the subset of T 0

t,T such that τ > t for any τ ∈ T 0
t,T . When we

are referring to P2(Rd)-valued random variables, we will use bold fonts to avoid potential

confusions. For example, we refer to µ ∈ P2(Rd) while µ refers to a P2(Rd)-valued random

variable.

We are ready to define our test functions for the purpose of viscosity solutions.

Definition 5.2.4. (Set of test functions). Let τ ∈ T 0
0,T , τ̂ ∈ T 0

τ+, Ω0
τ ∈ F0

τ with P0(Ω0
τ ) > 0,

ρ ∈ L2((Ω0
τ ,F0

τ ,P0);P2(Rd)), we define the following set of test functions:

Gu(τ,ρ, τ̂ ; Ω0
τ ) :=

{
ϕ ∈ S

∣∣∣ (ϕ− u)(τ,ρ)1Ω0
τ
= 0

= ess sup
τ̄∈T 0

τ,T

EF0
τ

[
ess sup
µ∈P2(Rd)

(ϕ− u)(τ̄ ∧ τ̂ , µ)
]
1Ω0

τ
P0−a.s.

}
.

Let τ ∈ T 0
0,T , τ̂ ∈ T 0

τ+, Ω0
τ ∈ F0

τ with P0(Ω0
τ ) > 0, ν ∈ L2((Ω0

τ ,F0
τ ,P0);P2(Rd×A)), we define

the following set of test functions:

Gu(τ,ν, τ̂ ; Ω0
τ ) :=

{
ϕ ∈ S

∣∣∣ (ϕ− u)(τ,ν)1Ω0
τ
= 0

= ess inf
τ̄∈T 0

τ,T

EF0
τ

[
ess inf

η∈P2(Rd×A)
(ϕ− u)(τ̄ ∧ τ̂ , η)

]
1Ω0

τ
P0−a.s.

}
.

Definition 5.2.5. (Viscosity supersolution). We say u ∈ S2(C(P2(Rd),W1)) is a viscosity

supersolution of the BSPDE (5.2.1) if

(1). For the terminal condition, we have for all µ ∈ P2(Rd),

u(T, µ) ≥
∫
Rd

g(x, µ)µ(dx) P0 - a.s..

(2). For any τ ∈ T 0
0,T , τ̂ ∈ T 0

τ+, Ω0
τ ∈ F0

τ with P(Ω0
τ ) > 0, ρ ∈ L2((Ω0

τ ,F0
τ ,P0);P2(Rd)), and

any ϕ ∈ Gu(τ,ρ, τ̂ ; Ω0
τ ), there holds

ess limsup
(s,µ)→(τ+,ρ)

EF0
τ

[
1s<τ̂

[
− ⅁sϕ(s, µ)
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−H
(
s, µ, ∂µϕ(s, µ)(·), ∂x∂µϕ(s, µ)(·), ∂2µϕ(s, µ)(·, ·), ∂µ⅁wϕ(s, µ)(·)

)]]
≥ 0,

for almost all ω0 ∈ Ω0
τ .

(Viscosity subsolution). We say u ∈ S2(C(P2(Rd),W1)) is a viscosity subsolution of the

BSPDE (5.2.1) if

(1). For the terminal condition, we have for all µ ∈ P2(Rd),

u(T, µ) ≤
∫
Rd

g(x, µ)µ(dx) P0 - a.s..

(2). For any τ ∈ T 0
0,T , τ̂ ∈ T 0

τ+, Ω0
τ ∈ F0

τ with P(Ω0
τ ) > 0, ν ∈ L2((Ω0

τ ,F0
τ ,P0);P2(Rd × A))

and any ϕ ∈ Gu(τ,ν, τ̂ ; Ω0
τ ), there holds

ess liminf
(s,η)→(τ+,ν)

EF0
τ

[
1s<τ̂

[
− ⅁sϕ(s, η)

− J
(
s, η, ∂µϕ(s, η)(·), ∂x∂µϕ(s, η)(·), ∂2µϕ(s, η)(·, ·), ∂µ⅁wϕ(s, η)(·)

)]]
≤ 0,

for almost all ω0 ∈ Ω0
τ .

We say u is a viscosity solution of the BSPDE (5.2.1) if it is both viscosity subsolution and

supersolution. Our definition is a simple extension of the case of Rd, in which it is typical

that the classical solution u may not be differentiable in the time variable t, and (⅁tu,⅁wu)

may not be time-continuous but just measurable in t, this fact motivating us to use essential

limits in the above.

Remark 5.2.2. For a progressively measurable function H : [0, T ]×P2(Rd)×Ω0 → R, when

we refer to ess liminf
(s,µ)→(τ+,ρ)

(
resp. ess limsup

(s,η)→(τ+,ν)

)
, we are taking the following limit for stopping

times s, s ≥ τ and Fs-measurable µ:

ess liminf
(s,µ)→(τ+,ρ)

H(s, µ) :=δ→0

(
ess inf

s∈Bδ(τ),s≥τ
µ∈Bδ(ρ)

H(s, µ)

)
,

(resp. ess limsup
(s,η)→(τ+,ν)

H(s, η) :=δ→0

(
ess sup

s∈Bδ(τ),s≥τ
η∈Bδ(ν)

H(s, η)

)
).
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5.2.3 Existence of the viscosity solution

We introduce the following notation which will be useful in the proof of existence of viscosity

solution. Write

Q+
r (t, ρ) :=

{
(s, µ) ∈ [t, t+ r2)×Br(ρ)

}
.

Also, for convenience of notation, for ϕ ∈ S , t ∈ [0, T ], α ∈ A (or some Ak, k ≥ 0),

ξ ∈ (Ω,Ft,P) and µ ∈ P2(Rd) or P2(Rd × A), we denote

L αϕ(t, ξ, µ)

:=⅁tϕ(t, µ) + E1
〈
bt(ξ, µ, α), ∂µϕ(t, µ)(ξ)

〉
+

1

2
E1tr

{
(σtσ

⊺
t (ξ, µ, α) + σ0

t σ
0;⊺
t (ξ))∂x∂µϕ(t, µ)(ξ)

}
+

1

2
E1E1′tr

{
σ0
t (ξ)σ

0;⊺
t (ξ′)∂2µϕ(t, µ)(ξ, ξ

′)
}
+ E1tr

{
σ0;⊺
t (ξ)∂µ⅁wϕ(t, µ)(ξ)

}
,

with ξ′ being an independent copy of ξ. We have the following existence theorem:

Theorem 5.2.6. Let (A1), (A2) hold. The value function v is a viscosity solution of the

stochastic HJB equation (5.2.1).

Proof. Step 1. (W1 continuity of v). The proof follows the same argument as that used to

estimate

|vε,n,m(t, x)− vε,n,m(t, z)| in (Cheung et al., 2025, Lemma 5.5), and is therefore omitted here.

Step 2. (v is a subsolution). Let τ ∈ T 0
0,T , τ̂ ∈ T 0

τ+, Ω0
τ ∈ F0

τ with P0(Ω0
τ ) > 0,

ν ∈ L2((Ω0
τ ,F0

τ ,P0);P2(Rd × A)), ϕ ∈ Gv(τ,ν, τ̂ ; Ω0
τ ). By Lemma 5.3.2, there exists ξ,

α′ on L2((Ω0
τ × Ω1,F0

τ ⊗ F1,P0 ⊗ P1);Rd) such that L
(
ξ(ω0, ·), α′(ω0, ·)

)
= ν(ω0). Pick

a ∈ A arbitrary, define αs := a1[0,τ)(s) + α′1[τ,T ](s). Let (Xτ,ξ,α
s )τ≤s≤T be the solution of the

dynamics solves (5.1.2) with initial time τ , and initial data ξ, control α. By Lemma 5.1.15, we

can now examine the P2(Rd)-valued process (ντ,νs )τ≤s≤T := L(Xτ,ξ,α
s (ω0, ·), αs(ω

0, ·))τ≤s≤T ,

(ρτ,νs )τ≤s≤T := L(Xτ,ξ,α
s (ω0, ·))τ≤s≤T . Define τα := inf{s > τ : ρτ,νs /∈ Bδ̃/4(ρ)}, by Lemma
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5.1.7 we have the estimate:

EF0
τ
[1τ+h>τα ] =EF0

τ

[
1maxτ≤s≤τ+h W2(ρ

τ,ν
s ,ρ)>δ̃/4

]
≤Cδ̃,T,KEF0

τ
max

τ≤s≤τ+h
W2

2 (ρ
τ,ν
s ,ρ)

≤Cδ̃,T,K(1 + EF0
τ
|ξ|2)h, (5.2.2)

where Cδ̃,T,K is a constant depending only on δ̃, T and K and independent of the control α.

By the dynamic programming principle and the Itô-Wentzell formula, for any h ∈ (0, δ),

h small enough and P0-a.s. ω0 ∈ Ω0
τ , we have

0 ≥1

h
EF0

τ

[
(ϕ− v)(τ,ν)− (ϕ− v)

(
(τ + h) ∧ τ̂ , ντ,ν(τ+h)∧τ̂

)]
≥1

h
EF0

τ

[
ϕ(τ,ν)− ϕ((τ + h) ∧ τ̂ , ντ,ν(τ+h)∧τ̂ )−

∫ (τ+h)∧τ̂

τ

E1fs(X
τ,ξ,α
s , ρτ,νs , αs)ds

]
=
1

h
EF0

τ

[ ∫ (τ+h)∧τ̂

τ

−L αϕ(s,Xτ,ξ,α
s , ντ,νs )− E1fs(X

τ,ξ,α
s , ρτ,ρs , αs)ds

]
=
1

h

∫ τ+h

τ

EF0
τ

[
1s<τ̂

[
−L αϕ(s,Xτ,ξ,α

s , ντ,νs )− E1fs(X
τ,ξ,α
s , ρτ,ρs , αs)

]]
ds

=
1

h

∫ τ+h

τ

EF0
τ

[
1τ+h≤τα1s<τ̂

[
−L αϕ(s,Xτ,ξ,α

s , ντ,νs )− E1fs(X
τ,ξ,α
s , ρτ,ρs , αs)

]]
ds

−1

h

∫ τ+h

τ

EF0
τ

[
1τ+h>τα

∣∣∣L αϕ(s,Xτ,ξ,α
s , ντ,νs ) + E1fs(X

τ,ξ,α
s , ρτ,ρs , αs)

∣∣∣]ds
≥1

h

∫ τ+h

τ

EF0
τ

[
1τ+h≤τα1s<τ̂

[
−L αϕ(s,Xτ,ξ,α

s , ντ,νs )− E1fs(X
τ,ξ,α
s , ρτ,ρs , αs)

]]
ds

−1

h

 ∫ τ+h

τ

EF0
τ

∣∣∣L αϕ(s,Xτ,ξ,α
s , ντ,νs ) + E1fs(X

τ,ξ,α
s , ρτ,ρs , αs)

∣∣∣2ds ∫ τ+h

τ

EF0
τ
1τ+h>ταds

≥ ess inf
(s,η)∈Q+

δ (τ,ν)
EF0

τ

[
1s<τ̂

[
− ⅁sϕ(s, η)

− J
(
s, η, ∂µϕ(s, η)(·), ∂x∂µϕ(s, η)(·), ∂2µϕ(s, η)(·, ·), ∂µ⅁wϕ(s, η)(·)

)]]

−1

h

 ∫ τ+h

τ

EF0
τ

∣∣∣L αϕ(s,Xτ,ξ,α
s , ντ,νs ) + E1fs(X

τ,ξ,α
s , ρτ,ρs , αs)

∣∣∣2ds ∫ τ+h

τ

EF0
τ
1τ+h>ταds
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taking limit on δ → 0, with the help of (5.2.2) we get the desired conclusion.

Step 3. (v is a supersolution). Now we prove that v is a viscosity supersolution. Sup-

pose to the contrary, that there exists τ ∈ T 0
0,T , τ̂ ∈ T 0

τ+, ρ ∈ L2((Ω0
τ ,F0

τ ,P0);P2(Rd)),

Ω0
τ ∈ F0

τ , ϕ ∈ Gv(τ,ρ, τ̂ ; Ω0
τ ) such that there exists ε, δ̃ > 0, and Ω0′

τ ∈ F0
τ , Ω0′

τ ⊆ Ω0
τ ,

P0(Ω0′
τ ) > 0, with

ess sup
(s,µ)∈Q+

δ̃
(τ,ρ)

EF0
τ

[
1s<τ̂

[
− ⅁sϕ(s,µ)

−H
(
s,µ, ∂µϕ(s,µ)(·), ∂x∂µϕ(s,µ)(·), ∂2µϕ(s,µ)(·, ·), ∂µ⅁wϕ(s,µ)(·)

)]]
≤ −ε,

P0-a.s. ω0 in Ω0′
τ . As in Step 1, there exists ξ on L2((Ω0

τ × Ω1,F0
τ ⊗ F1,P0 ⊗ P1);Rd) such

that L(ξ(ω0, ·)) = ρ(ω0). For each α ∈ Aτ , let (Xτ,ξ,α
s )τ≤s≤T solves (5.1.2) with inital time

τ , initial data ξ and control α. By Lemma 5.1.15, we can now examine the P2(Rd)-valued

process (ρτ,ρ,αs )τ≤s≤T := L(Xτ,ξ,α
s (ω0, ·))τ≤s≤T . Define τα := inf{s > τ : ρτ,ρ,αs /∈ Bδ̃/4(ρ)}, by

Lemma 5.1.7 we have the estimate:

EF0
τ
[1τ+h>τα ] =EF0

τ

[
1maxτ≤s≤τ+h W2(ρ

τ,ρ,α
s ,ρ)>δ̃/4

]
≤Cδ̃,T,KEF0

τ
max

τ≤s≤τ+h
W2

2 (ρ
τ,ρ,α
s ,ρ)

≤Cδ̃,T,K(1 + EF0
τ
|ξ|2)h, (5.2.3)

where Cδ̃,T,K is a constant depending only on δ̃, T and K and independent of the control

α. For h ∈ (0, δ̃2/4) and h small enough, by the dynamic programming principle and the

Ito-Wentzell formula, for P0-a.s. ω0 ∈ Ω0′
τ , we have

0 =
1

h

(
v(τ,ρ)− ϕ(τ,ρ)

)
=
1

h
ess inf
α∈Aτ

EF0
τ

[∫ τ̂∧(τ+h)

τ

E1fs(X
τ,ρ,α
s , ρτ,ρ,αs , αs)ds+ v(τ̂ ∧ (τ + h), ρτ,ρ,ατ̂∧(τ+h))− ϕ(τ,ρ)

]

≥1

h
ess inf
α∈Aτ

EF0
τ

[∫ τ̂∧(τ+h)

τ

E1fs(X
τ,ρ,α
s , ρτ,ρ,αs , αs)ds+ ϕ(τ̂ ∧ (τ + h), ρτ,ρ,ατ̂∧(τ+h))− ϕ(τ,ρ)

]
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=
1

h
ess inf
α∈Aτ

EF0
τ

[∫ τ+h

τ

(
E1fs(X

τ,ρ,α
s , ρτ,ρ,αs , αs) + L αϕ(s,Xτ,ρ,α

s , ρτ,ρ,αs )
)
1s≤τ̂ds

]

≥1

h
ess inf
α∈Aτ

EF0
τ

[∫ τ+h

τ

(
E1fs(X

τ,ρ,α
s∧τα , ρ

τ,ρ,α
s∧τα , αs∧τα) + L αϕ(s,Xτ,ρ,α

s∧τα , ρ
τ,ρ,α
s∧τα)

)
1s≤τ̂1τ+h≤ταds

]

− 1

h
ess sup
α∈Aτ

EF0
τ

[∫ τ̂∧(τ+h)

τ

∣∣∣E1fs(X
τ,ρ,α
s , ρτ,ρ,αs , αs) + L αϕ(s,Xτ,ρ,α

s , ρτ,ρ,αs )
∣∣∣1τ+h>ταds

]

≥1

h
ess inf
α∈Aτ

EF0
τ

[∫ τ+h

τ

(
E1fs(X

τ,ρ,α
s∧τα , ρ

τ,ρ,α
s∧τα , αs∧τα) + L αϕ(s,Xτ,ρ,α

s∧τα , ρ
τ,ρ,α
s∧τα)

)
1s≤τ̂ds

]

− 1

h
ess sup
α∈Aτ

EF0
τ

[∫ τ+h

τ

∣∣∣E1fs(X
τ,ρ,α
s∧τα , ρ

τ,ρ,α
s∧τα , αs∧τα) + L αϕ(s,Xτ,ρ,α

s∧τα , ρ
τ,ρ,α
s∧τα)

∣∣∣1s≤τ̂1τ+h>ταds

]

− 1

h
ess sup
α∈Aτ

EF0
τ

[∫ τ̂∧(τ+h)

τ

∣∣∣E1fs(X
τ,ρ,α
s , ρτ,ρ,αs , αs) + L αϕ(s,Xτ,ρ,α

s , ρτ,ρ,αs )
∣∣∣1τ+h>ταds

]

≥ε− 1

h
ess sup
α∈Aτ

 
EF0

τ

∫ τ+h

τ

∣∣∣E1fs(X
τ,ρ,α
s , ρτ,ρ,αs , αs) + L αϕ(s,Xτ,ρ,α

s , ρτ,ρ,αs )
∣∣∣2ds EF0

τ

∫ τ+h

τ

∣∣∣1τ+h>τα

∣∣∣2ds
− 1

h
ess sup
α∈Aτ

 
EF0

τ

∫ τ+h

τ

∣∣∣E1fs(X
τ,ρ,α
s∧τα , ρ

τ,ρ,α
s∧τα , αs∧τα) + L αϕ(s,Xτ,ρ,α

s∧τα , ρ
τ,ρ,α
s∧τα)

∣∣∣2ds EF0
τ

∫ τ+h

τ

∣∣∣1τ+h>τα

∣∣∣2ds
→ε, as h→ 0, with the help of (5.2.3).

The above draws a contradiction and hence the value function v is a viscosity supersolution.

5.3 Measurable Selection Theorem and some technical lem-

mas

First of all, we provide a proof of Lemma 5.1.6.

Proof of Lemma 5.1.6. We focus exclusively on f , given that the remaining cases are anal-

ogous. First of all we assume that for P0-a.s. ω0, t 7→ f(ω0, t, ·, ·, ·) ∈ C(Rd × P2(Rd) × A)

is continuous. We approximate f by random fields of the form:

f̄ l(ω0, t, ·, ·, ·) = ϕ1(ω
0, ·, ·, ·)1[0,t1](t) +

l∑
j=2

ϕj(ω
0, ·, ·, ·)1(tj−1,tj ](t),
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where 0 = t0 < t1 < . . . < tl < T , and for j = 1, . . . , l, ϕj = f(tj−1, ·, ·, ·) ∈ L2
(
(Ω0,F0

tj−1
,P0);C(Rd×

P2(Rd)× A)
)
. By the dominated convergence theorem and the continuity, we have

E
∫ T

0

∥f̄ l − f∥2C(Rd×P2(Rd)×A) → 0, as max
j=1,...,l

|tj − tj−1| → 0.

By the Bochner measurability, ϕj can be approximated pointwisely (in C(Rd×P2(Rd)×A))

by functions of the form

lj∑
i=1

1Aj
i
(ω0)hji (x, µ, a), with hji ∈ C(Rd × P2(Rd)× A), Aj

i ∈ F0
tj−1

, i = 1, . . . , lj.

(5.3.1)

In fact we can take

hji ∈ C
(
P2(Rd)× A;C∞ (Rd

))
, i = 1, . . . , lj.

This is because for each fixed µ ∈ P2(Rd), a ∈ A, we consider its mollification on Rd, given

by

hj;εi (x, µ, a) :=

∫
Rd

ηε(x− y)hji (y, µ, a)dy,

where η is the standard mollifier given by

η(x) :=


C exp

Ä
1

|x|2−1

ä
if |x| < 1,

0 if |x| ≥ 1,

the constant C > 0 is selected so that
∫
Rd ηdx = 1, and ηε(x) := 1

εd
η
(
x
ε

)
for each ε > 0.

Note that

|hj;εi (x, µ, a)− hji (x, µ, a)| ≤
∫
Rd

ηε(x− y)|hji (y, µ, a)− h
j
i (x, µ, a)|dy

≤K
∫
Rd

ηε(x− y)|x− y|dy → 0, as ε→ 0,

uniformly on (x, µ, a) ∈ Rd×P2(Rd)×A, and K is the constant in the Assumption (A1), thus

∥hj;εi −h
j
i∥C(Rd×P2(Rd)×A) → 0 as ε→ 0. Note that |hj;εi (x, µ, a)−hj;εi (x′, µ′, a)| ≤ K[|x−x′|+
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W2(µ, µ
′)] (orK[|x−x′|+W1(µ, µ

′)] under Assumption (A1*)). (Øksendal & Øksendal, 2003,

Lemma 4.3.1) implies that each 1Aj
i

may be approximated in L2(Ω0,F0
tj−1

,P0) by functions

in the following setß
g

Å
W 0

t̃1
, . . . ,W 0

t̄
l
j
i

ã
: t̃r ∈ [0, tj−1] , g ∈ C∞

0

Ä
Rd×lji

ä
, i.e., smooth functions with compact support

™
.

In addition, each 1(tj−1,tj ] can be increasingly approximated by compactly-supported non-

negative functions φj ∈ C∞ ((tj−1, T ] ;R) in L2([0, T ],B([0, T ]), ds). To sum up, f can be

approximated in L2
(
C
(
Rd × P2(Rd)× A

))
by the following random fields:

fN (Wt̄1∧t, . . . ,Wt̄N∧t, t, x, µ, a) =
l∑

j=1

lj∑
i=1

gji
Ä
W 0

t̄1∧tj−1
, . . . ,W 0

t̄N∧tj−1

ä
hji (x, µ, a)φj(t),

where 0 = t̄0 < t̄1 < . . . < t̄N−1 < t̄N = T , the functions gji have compact support, and

the functions hji are Lipschitz continuous with respect to x and µ, with Lipschitz constant K.

Now we consider the case for t 7→ f(ω0, t, ·, ·, ·) ∈ C(Rd × P2(Rd) × A) not necessarily

continuous. We define the continuous approximation ξn :
(
Ω0× [0, T ], P rog(F0),P0⊗ ds

)
→

C(Rd × P2(Rd)× A) by

ξn(ω0, t) :=

∫ t

0

ψn(s− t)f(ω0, s, ·, ·, ·)ds,

where ψn(s) = nψ(ns), and ψ(s) is any nonnegative bounded continuous function on R

with support in [−1, 0] and such that
∫
R ψ(s)ds = 1. We now show that for P0-a.s. ω0,

t 7→ ξn(ω0, t) is continuous. We have

∥ξn(ω0, t+ h)− ξn(ω0, t)∥C(Rd×P2(Rd)×A)

=

∥∥∥∥∥
∫ t+h

0

ψn(s− (t+ h))f(ω0, s, ·, ·, ·)ds−
∫ t

0

ψn(s− t)f(ω0, s, ·, ·, ·)ds

∥∥∥∥∥
C(Rd×P2(Rd)×A)

≤

∥∥∥∥∥
∫ t

0

[
ψn(s− (t+ h))− ψn(s− t)

]
f(ω0, s, ·, ·, ·)ds

∥∥∥∥∥
C(Rd×P2(Rd)×A)

+

∥∥∥∥∥
∫ t+h

t

ψn(s− (t+ h))f(ω0, s, ·, ·, ·)ds

∥∥∥∥∥
C(Rd×P2(Rd)×A)

,

197



the second term goes to zero by dominated convergence theorem. For the first term, we have∥∥∥∥∥
∫ t

0

[
ψn(s− (t+ h))− ψn(s− t)

]
f(ω0, s, ·, ·, ·)ds

∥∥∥∥∥
C(Rd×P2(Rd)×A)

≤
 ∫ t

0

|ψn(s− (t+ h))− ψn(s− t)|2ds
 ∫ t

0

∥f(ω0, s, ·, ·, ·)∥2
C(Rd×P2(Rd)×A)

ds

→0, as h→ 0 by dominated convergence theorem.

By (Hytönen et al., 2016, Proposition 1.2.32), for P0-a.s. ω0,
∫ T

0
∥ξn(ω0, s)−f(ω0, s)∥2

C(Rd×P2(Rd)×A)
ds→

0 as n→∞. By the dominated convergence theorem, E
∫ T

0
∥ξn(ω0, s)−f(ω0, s)∥2

C(Rd×P2(Rd)×A)
ds→

0. Note that from our assumption, for all t ∈ [0, T ], (ω0, s) ∈ Ω0× [0, t], f(ω0, s) can be writ-

ten as the pointwise limit of simple functions of the form
∑k

i=1 1Ai
(s)1Bi

(ω0)hi, Ai ∈ B([0, t]),

Bi ∈ F0
t , hi ∈ C(Rd ×P2(Rd)×A). Hence for each fixed t ∈ [0, T ], ξn can be written as the

pointwise limit of functions of the form

k∑
i=1

1Bi
(ω0)

[∫ t

0

ψn(s− t)1Ai
(s)ds

]
hi,

which is still of the form in (5.3.1).

We now provide a proof of Lemma 5.1.4.

Proof of Lemma 5.1.4. As in the proof of Lemma 5.1.6 in Appendix 5.3, for any α ∈ At, there

exists a sequence of progressively measurable, continuous ξn : (Ω×[t, T ], P rog(F0),P⊗ds)→

A such that E[
∫ T

t
|ξn − α|2|F0

t ] → 0 as n → ∞. Therefore, it is without loss of generality

that we assume that for P-a.s. (ω0, ω1) ∈ Ω0×Ω1, [t, T ] ∋ s 7→ αs(ω
0, ω1) is continuous. We

consider approximation of the form

αn
s (ω

0, ω1) := αt(ω
0, ω1)1{t}(s) +

n−1∑
i=0

αti(ω
0, ω1)1(ti,ti+1](s)

where t =: t0 < . . . < tn−1 < tn := T . Note that for all (s, ω0, ω1), αn(s, ω0, ω1) →

α(s, ω0, ω1) due to the continuity, as maxi=0,...,n−1 |ti+1 − ti| → 0. For each ti, αti(ω
0, ω1) =

αti(ω
0 ⊗t ω

0, ω1), hence αti can be interpreted as (Ω0 × Ω0 × Ω1,F0
t ⊗ F̄

0;t
ti ⊗ F

1;t
ti ) → A.
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Therefore, each αti(ω
0, ω1) can be approximated by function of the form

ni∑
j=1

aij1Ai
j
(ω0)1Bi

j
(ω0)1Ci

j
(ω1), aij ∈ A,Ai

j ∈ F0
t , B

i
j ∈ F̄

0;t
ti , C

i
j ∈ F

1;t
ti .

Note that this approximation is also pointwise. Hence, αn can be approximated by functions

of the form

ϕm(s, ω0, ω1) :=

n0∑
j=1

a0j1A0
j
(ω0)1C0

j
(ω1)1{t}(s) +

n−1∑
i=0

ni∑
j=1

aij1Ai
j
(ω0)1Bi

j
(ω0)1Ci

j
(ω1)1(ti,ti+1](s).

Rearranging gives the representation

ϕm(s, ω0, ω1) =

n0∑
j=1

a0j1A0
j
(ω0)1C0

j
(ω1)1{t}(s)

+

nn−1∑
jn−1=1

. . .

n0∑
j0=1

1A0
j0
∩A1

j1
∩...∩An−1

jn−1

(ω0)

(
n−1∑
i=0

aiji1Bi
ji
(ω0)1Ci

ji
(ω1)1(ti,ti+1](s)

)
︸ ︷︷ ︸

∈Āt

.

Moreover, because of the pointwise approximation, and the fact that A is a compact subset

of the Euclidean space, by the dominated convergence theorem for conditional expectation,

we conclude that

E

[∫ T

t

|ϕm(s, ω0, ω1)− α(s, ω0, ω1)|2
∣∣∣F0

t

]
→ 0,

which leads to our desired conclusion.

Recall the measurable selection theorem in Wagner (1977):

Theorem 5.3.1. Let (Λ,M ) be a measurable space equipped with a nonnegative measure µ,

and let (O,B(O)) be a Polish space. Suppose F is a set-valued function from Λ to B(O)

satisfying the following:

(1). for µ-a.s. λ ∈ Λ, F (λ) is a closed nonempty subset of O,

(2). for any open set O ⊂ O, {λ : F (λ) ∩O ̸= ϕ} ∈M .

Then there exists a measurable function f : (Λ,M )→ (O,B(O)) such that for µ-a.s. λ ∈ Λ,

f(λ) ∈ F (λ).
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Note that the above sets are non-empty due to the compactness of J in (P2(Rd),W1)

and upper-semicontinuouity of the concerned functions in (P2(Rd),W1). By invoking the

regularity conditions for the concerned functions, we can apply the measurable selection

theorem.

Lemma 5.3.2. Let t ≥ 0, p ≥ 1, let µ : (Ω0,F0
t ,P0) → (Pp(Rd),B(Pp(Rd))) be a random

variable, where B(Pp(Rd)) is the Borel σ-algebra of Pp(Rd), and
∫
Ω0

∫
|x|pµ(ω0, dx)dP0(ω0) <

∞. Then there exists a ξ ∈ Lp(Ω,Ft,P) such that L(ξ(ω0, ·)) = µ(ω0) for P0-a.s. ω0.

Proof. It is without loss of generality that we may assume µ : (Ω0,F0
t ,P0) →(

Pp([0, 1]),B(Pp([0, 1]))
)
, as Rd is a Borel space. We claim that ∀a ∈ [0, 1],

ω0 7→ µ(ω0, [0, a]) (5.3.2)

is measurable. Define the map ϕa : Pp(Rd) → R, ϕa(µ) := µ([0, a]). This map is upper

semi-continuous since if µn → µ inWp, then µn converges weakly µ, thus lim supµn([0, a]) ≤

µ([0, a]), i.e., lim supϕa(µn) ≤ ϕa(µ). Therefore ϕa is measurable, and the mapping in (5.3.2)

is simply ω0 7→ ϕa(µ(ω
0)) is therefore measurable. Define

f(ω0, t) := sup{a ∈ [0, 1] : µ(ω0, [0, a]) < t}, ω0 ∈ Ω0, t ∈ [0, 1].

f is product measurable on Ω0× [0, 1], since the set {(ω0, t); µ(ω0, [0, a]) < t} is measurable

for each a, and the supremum could be restricted to rational a. Let U ∈ Lp(Ω̃1,G, P̃1),

U ∼ U(0, 1), the uniform distribution on [0, 1], then

P̃1{f(ω0, U) ≤ a} = P̃1{U ≤ µ(ω0, [0, a])} = µ(ω0, [0, a]),

so f(ω0, U) has distribution µ(ω0, ·). Moreover,

E0E1|f(ω0, U(ω1))|p =
∫
Ω0

∫
|x|pµ(ω0, dx)dP0(ω0) <∞.
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5.3.1 Conditional Law Invariance

The below proof is inspired by (Cosso et al., 2023, Appendix B). First of all we recall the

definition of probability kernel.

Definition 5.3.3. (Probability kernel). Given two measurable spaces (S,S) and (T, T ),

a mapping µ : S × T → R+ is called a (probability) kernel from S to T if the function

µsB = µ(s, B) is S-measurable in s ∈ S for fixed B ∈ T and a (probability) measure in

B ∈ T for fixed s ∈ S.

Before we proceed, we recall the readers the notion of conditional independence. Consider

sub σ-algebras F1, F2, G ⊂ F . We say that F1 and F2 are conditional independent given G

if

P(B1 ∩B2|G) = P(B1|G)P(B2|G) a.s., B1 ∈ F1, B2 ∈ F2.

We denote the above by F1 ⊥⊥G F2. This notation is generalised to the case of random

variable by considering their induced σ-algebras.

Theorem 5.3.4. Fix a probability space (Ω,F ,P), measurable spaces (K,K), (S,S) and a

Borel space (T,B(T )). Define the random variables:

ζ : (Ω,F ,P)→ (K,K),

ξ, ξ̃ : (Ω,F ,P)→ (S,S),

η : (Ω,F ,P)→ (T,B(T )).

Assume that

(1). For P-a.s. ω, ∀B ∈ S, P(ξ ∈ B|ζ) = P(ξ̃ ∈ B|ζ),

(2). there exists a random variable θ such that θ ⊥⊥ζ ξ̃, ξ and for P-a.s. ω, L(θ|ζ) = U(0, 1),

where U(0, 1) is the law of a Uniform(0,1) distribution.
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Then, there exists a measurable mapping f : K × S × [0, 1]→ T such that if η̃ := f(ζ, ξ̃, θ),

then for P a.s. ω,

E[g(ξ̃, η̃)|ζ](ω) = E[g(ξ, η)|ζ](ω), for any bounded measurable g : S × T → R.

Proof. By (Kallenberg, 2006, Theorem 6.3), there exists a probability kernel µ from K×S →

T satisfying for P-a.s. ω, ∀B ∈ B(T ),

µ(ζ, ξ, B) = P[η ∈ B|ζ, ξ].

By (Kallenberg, 2006, Lemma 3.22), we choose a measurable function f : K×S× [0, 1]→ T

such that when given ζ, f(k, s, θ) has the distribution µ(k, s, ·) for every (k, s) ∈ K × S.

Define η̃ := f(ζ, ξ̃, θ). We have P-a.s. ω for all bounded measurable g,

E[g(ξ̃, η̃)|ζ] =E
[
g(ξ̃, f(ζ, ξ̃, θ))

∣∣ζ]
=E
[
g(ξ, f(ζ, ξ, θ))

∣∣ζ] (due to (i) and (ii))

=E
[
E
[
g(ξ, f(ζ, ξ, θ))|ζ, ξ

]
|ζ
]

=E
[
E
[
g(ξ, η)|ζ, ξ

]
|ζ
]

=E[g(ξ, η)|ζ].

We introduce the setting for the next theorem. Let t ∈ [0, T ] and

Ω = [0, T ]× Ω, F = B([0, T ])⊗F0
T ⊗ F̂

1;t
T ⊗ G, P = λ[0,T ] ⊗ P,

with λ[0,T ] being the uniform distribution on ([0, T ],B([0, T ])). Let Prog((F0 ∨ F̂1;t)) denote

the progressive σ-algebra w.r.t. F0 ∨ F̂1;t, and ζ : (Ω,F) → (Ω0,F0
t ) be the following

projection map,

ζ(s, ω0, ω1) := ω0
·∧t. (5.3.3)
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Theorem 5.3.5. Let (A1) hold. Let α ∈ At, ξ ∈ L2((Ω,Ft,P);Rd). Suppose that there

exists an Ft-measurable random variable Uξ, Uξ ⊥⊥ζ ξ and for P-a.s. ω, L(Uξ|ζ) = U(0, 1).

Then, there exists a function b : [0, T ]×Ω0× Ω̂1×Rd× [0, 1]→ A, measurable with respect to

Prog((F0∨ F̂1;t))⊗B(Rd)⊗B([0, 1]) such that (bs(ξ, Uξ))s∈[0,T ] is Ft-progressively measurable,

and

L
(
ξ, (bs(ξ, Uξ))s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣∣
ζ

=L
(
ξ, (αs)s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣∣
ζ

P0-a.s..

Proof. Consider the canonical extension of Uξ, ξ to Ω, denoted by U ξ, ξ. Let (Ē, Ē ) be

the measurable space defined as Ē = [0, T ] × Ω0 × Ω̂1 and Ē = Prog((F0 ∨ F̂1;t)). Let π :

(Ω,F)→ (Ē, Ē ) be the following projection map, π : [0, T ]×Ω0×Ω̂1×Ω̃1 → [0, T ]×Ω0×Ω̂1,

π(s, ω0, ω̂1, ω̃1) := (s, ω0, ω̂1).

Define Γ := (π, ξ). One readily verifies that when given ζ, U ξ is independent of Γ. Γ takes

values in the measurable space (E,E ), with E = [0, T ]×Ω0×Ω̂1×Rd, E = Prog((F0∨F̂1;t))⊗

B(Rd). Working under the conditional expectation on F0
t is equivalent to conditioning on

the random variable ζ. From above Theorem 5.3.4, there exists a function a : Ω0 × [0, T ]×

Ω0×Ω̂1×Rd× [0, 1]→ A, measurable with respect to the σ-algebras F0
t ⊗Prog((F0∨ F̂1;t))⊗

B(Rd)⊗ B([0, 1]), such that we have

L
(
Γ, (as(ζ,Γ, U ξ))s∈[0,T ]

)∣∣∣
ζ
= L

(
Γ, (αs)s∈[0,T ]

)∣∣∣
ζ

P-a.s.,

from which we deduce that

L
(
ξ, (as(ζ,Γ, U ξ))s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣
ζ

=L
(
ξ, (αs)s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣
ζ

P0-a.s..

Now we define b : [0, T ]× Ω0 × Ω1 × Rd × [0, 1]→ A by

b(s, ω0, ω1, x, u) := αs(ω
0, ω1)1[0,t)(s) + as(ω

0
·∧t, s, ω

0, ω̂1, x, u)1[t,T ],
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then (bs(ξ, Uξ))s∈[0,T ] is Ft-progressively measurable, and

L
(
ξ, (bs(ξ, Uξ))s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣
ζ

=L
(
ξ, (αs)s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣
ζ

P0-a.s..

Lemma 5.3.6. Assume (A1) holds and let ξ be Ft-measurable. Suppose that

ξ =
n∑

i=1

ai1B0
i
(ω0)1B1

i
(ω1),

where {B0
i×B1

i }i=1,...,n is a (disjoint) partition of Ω0×Ω1. Then there exists an Ft-measurable

random variable Uξ, for P-a.s. ω, L(θ|ζ) = U(0, 1) and Uξ ⊥⊥ζ ξ, where ζ is defined in

(5.3.3).

Proof. Note that ξ can also be written as

ξ =
m∑
i=1

Ξi(ω
1)1C0

i
(ω0),

where Ξi is discrete value random variable on (Ω1,F1,P1), and {C0
i }i=1,...,m is a disjoint

partition of Ω0. For each Ξi, apply Lemma B.3 in Cosso et al. (2023), we get UΞi
of uniform

distribution on [0, 1] and independent of Ξi. Then

Uξ :=
m∑
i=1

UΞi
(ω1)1C0

i
(ω0),

is Ft measurable, having uniform distribution on [0, 1], and independent of ξ, when given

ζ.

Lemma 5.3.7. Assume (A1) and (A3) hold. If

L
(
ξ, (αs)s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣
ζ

= L
(
η, (βs)s∈[0,T ], (W

0
s )s∈[0,T ], (Ws∨t −Wt)s∈[0,T ]

)∣∣∣∣
ζ

P0-a.s.,

then

L
(
(X t,ξ,α

s )s∈[t,T ], (αs)s∈[0,T ], (W
0
s )s∈[0,T ]

)∣∣∣∣
ζ

= L
(
(X t,η,β

s )s∈[t,T ], (βs)s∈[0,T ], (W
0
s )s∈[0,T ]

)∣∣∣∣
ζ

P0-a.s.
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Proof. We establish this result by examining the finite-dimensional distributions. We ex-

tract a subsequence such that the Picard iteration supt≤k≤s |X
(n),t,ξ,α
k − X t,ξ,α

k | → 0 P-a.s.

and supt≤k≤s |X
(n),t,η,β
k − X t,η,β

k | P-a.s.. By Lemma 5.1.6, for b, σ, there exists bN , σN such

that bN is of the form bNt (W
0
t1∧t, . . . ,W

0
tN∧t, x, µ, a) (and similarly for σN), and bεt → 0 as

N →∞ (and similarly for σε).

Let h be an arbitrary bounded continuous function (it is without loss of generality by trun-

cation and mollification argument). For k1, . . . , kq ∈ [t, T ], q ∈ N, we have

E
[
h(X

(1),t,ξ,α
k1

, αk1 ,W
0
k1
, . . . , X

(1),t,ξ,α
kq

, αkq ,W
0
kq)|ζ

]
=E
[
h
(
ξ +

∫ k1

t

br(0, δ0, αr)dr +

∫ k1

t

σr(0, δ0, αr)dWr +

∫ k1

t

σ0
r(0, δ0, αr)dW

0
r , αk1 ,W

0
k1
, . . . ,

ξ +

∫ kq

t

br(0, δ0, αr)dr +

∫ kq

t

σr(0, δ0, αr)dWr +

∫ kq

t

σ0
r(0, δ0, αr)dW

0
r , αkq ,W

0
kq

)∣∣ζ]
= lim

N
E
[
h
(
ξ +

∫ k1

t

bNr (0, δ0, αr)dr +

∫ k1

t

σN
r (0, δ0, αr)dWr +

∫ k1

t

σ0;N
r (0, δ0, αr)dW

0
r , αk1 ,W

0
k1
, . . . ,

ξ +

∫ kq

t

bNr (0, δ0, αr)dr +

∫ kq

t

σN
r (0, δ0, αr)dWr +

∫ kq

t

σ0;N
r (0, δ0, αr)dW

0
r , αkq ,W

0
kq

)∣∣ζ]
= lim

N
E
[
h
(
η +

∫ k1

t

bNr (0, δ0, βr)dr +

∫ k1

t

σN
r (0, δ0, βr)dWr +

∫ k1

t

σ0;N
r (0, δ0, βr)dW

0
r , βk1 ,W

0
k1
, . . . ,

η +

∫ kq

t

bNr (0, δ0, βr)dr +

∫ kq

t

σN
r (0, δ0, βr)dWr +

∫ kq

t

σ0;N
r (0, δ0, βr)dW

0
r , βkq ,W

0
kq

)∣∣ζ] (by our assumption)

=E
[
h
(
η +

∫ k1

t

br(0, δ0, βr)dr +

∫ k1

t

σr(0, δ0, βr)dWr +

∫ k1

t

σ0
r(0, δ0, βr)dW

0
r , βk1 ,W

0
k1
, . . . ,

η +

∫ kq

t

br(0, δ0, βr)dr +

∫ kq

t

σr(0, δ0, βr)dWr +

∫ kq

t

σ0
r(0, δ0, βr)dW

0
r , βkq ,W

0
kq

)∣∣ζ]
=E
[
h(X

(1),t,η,β
k1

, βk1 ,W
0
k1
, . . . , X

(1),t,η,β
kq

, βkq ,W
0
kq)|ζ

]
,

hence

L
(
(X

(1),t,ξ,α
k )k∈[t,T ], (αk)k∈[t,T ], (W

0
k )k∈[t,T ]

)∣∣∣∣∣
ζ

= L
(
(X

(1),t,η,β
k )k∈[t,T ], (βk)k∈[t,T ], (W

0
k )k∈[t,T ]

)∣∣∣∣∣
ζ

P0-a.s..

Inductively, we have ∀n ∈ N,

L
(
(X

(n),t,ξ,α
k )k∈[t,T ], (αk)k∈[t,T ], (W

0
k )k∈[t,T ]

)∣∣∣∣∣
ζ

= L
(
(X

(n),t,η,β
k )k∈[t,T ], (βk)k∈[t,T ], (W

0
k )k∈[t,T ]

)∣∣∣∣∣
ζ

P0-a.s..
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Finally, let h be an arbitrary bounded continuous function,

E
[
h(X t,ξ,α

k1
, αk1 ,W

0
k1
, . . . , X t,ξ,α

kq
, αkq ,W

0
kq)|ζ

]
= lim

n
E
[
h(X

(n),t,ξ,α
k1

, αk1 ,W
0
k1
, . . . , X

(n),t,ξ,α
kq

, αkq ,W
0
kq)|ζ

]
= lim

n
E
[
h(X

(n),t,η,β
k1

, αk1 ,W
0
k1
, . . . , X

(n),t,η,β
kq

, αkq ,W
0
kq)|ζ

]
=E
[
h(X t,η,β

k1
, αk1 ,W

0
k1
, . . . , X t,η,β

kq
, αkq ,W

0
kq)|ζ

]
.
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