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Abstract

Mean field (McKean—Vlasov) control problems model strategic decision-making in large pop-
ulations of (approximately) symmetric agents interacting through an aggregate, or the so
called mean field term. The dependence on the population measure in both the state dy-
namics and the objective naturally leads to infinite-dimensional formulations. As in finite-
dimensional cases, the associated Hamilton—Jacobi-Bellman equations typically do not admit
classical solutions, making viscosity solutions a natural and powerful framework. In the first
part of this thesis, we explore the theory of viscosity solutions for mean field control problems.

In the second part, we study a novel Feynman—Kac representation. Traditionally, Feyn-
man—Kac formulas connect parabolic partial differential equations (PDEs) with stochastic
differential equations (SDEs). We extend this connection to Schrédinger-type equations,
which are prototypical non-parabolic PDEs, and demonstrate how this approach facilitates

efficient simulation of high-dimensional PDEs.



Preface

This thesis consists of two submitted works, one published work, and one unfinished work
that will be submitted after further polishing.

Chapter 2 of this thesis has been published as Cheung et al. (2025), under the title “Viscosity
Solutions of a Class of Second-Order Hamilton—Jacobi—Bellman Equations in the Wasserstein
Space” in the journal Applied Mathematics & Optimization.

Chapter 3 of this thesis has been submitted to the SIAM Journal on Control and Optimiza-
tion, entitled “Viscosity Solutions of Fully Second-Order HJB Equations in the Wasserstein
Space”, and is currently under minor revision.

Chapter 4 of this thesis has been submitted to Stochastic Processes and their Applications,
entitled “Feynman—Kac Formula for Time-Dependent Nonlinear Schridinger Equations with
Applications in Numerical Approximations”, and is currently under minor revision.
Chapter 5 of this thesis is titled “A Viscosity Solution Theory of Stochastic Hamilton-Jacobi-

Bellman equations in the Wasserstein Space” and is under polishing, as our future work.
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Chapter 1

Introduction

The purpose of this chapter is to offer heuristic insights and motivation; a rigorous develop-

ment will follow in later chapters.

1.1 Part I: Viscosity Solutions of Mean Field Control Problems

1.1.1 Mean Field Control Problems and its related Hamilton-Jacobi-Bellman PDEs

We introduce over R? the space of probability measures P(R?) and its subset P,(R?) con-
sisting of those with finite p-th moment for p > 1. The space P,(R?) is equipped with the

p-Wasserstein distance

WP(M? V) = inf (/ |(L’ - y|p7T(d[L‘7 dy)) ) for V€ Pp(Rd)7
R xR4

mell(p,v)

where II(u, v) is the set of probability measures on R? x R? such that for any = € II(u,v),
(R x -) = p(-) and 7(- x RY) = v(-). We call (P,(R?),W,) the p-th Wasserstein space over
R¢, and it is a Polish space.

The above discussion is somewhat abstract, so let us illustrate the idea with a simple example.
Suppose we want to transport two point masses located at (x,y) to two point masses located

at (a,b).



First way:

Second way:

T = 50(b) + 50(y.0),

Naturally, we prefer the first transport plan over the second one, as it requires less ‘effort’
to transport x and y to @ and b. This leads us to the notion of a distance: the minimal cost
required to transfer a distribution p into another distribution v. Although the Wasserstein

distance is only a metric, we can equip it with a notion of derivative as follows.

Definition 1.1.1. The function f : [0,T] x Po(R?) — R is said to be first order Lions-
differentiable (L-differentiable) if its lifting F : [0,T] x L*(Q, F,P;RY) — R; F(t,§) =

2



f(t,L(§)) admits a continuous Fréchet derivative, where L(€) is the law of . We denote 0, f

. . 2 . .
for first order derwative, 03 f for second order derivative.

Now, we consider the solution X*&® of the following state dynamics:

X8:§+/ b(r,Xr,IP’%(),ar) dr+/ U(T,Xr,ar) dWr+/ a’(r) dW?, (1.1.1)
t t t

for s € [t,T], t > 0, where IP’E(VTO denotes the conditional distribution of X, given W°. In
(1.1.1), the function b is the drift, W, is the idiosyncratic noise, and W? is the common
noise, which is independent of W,., and o € A;, o being the control, while A; denotes the
set of admissible controls initiated at time ¢. The coefficients b, o, and o" are assumed to
be deterministic. The dynamics in (1.1.1) can be interpreted as the mean-field limit of the

following n-particle system: for each i = 1,2,...,n, consider

Xi=¢ +/ b(r, X\, A7, al) dr +/ o(r, X, aL) dW; —i—/ a?(r)dW?,
t t t

where

I

DL

n <
=1

and each ¢ has the same law as & In this framework, W is the noise shared by all
players, and is therefore called the common noise, while the collection {WW*}"_, represents

the idiosyncratic noises, as each W is distinct for each player i.

We are subject to the payoff function:

J(t, & a) =K / f(s, Xt& IP’XtEa,ozs)ds+g(Xt€a IP)tha) .

Finally, we define the value function V' to be

V(t,€) = sup J(t,& ), for any (t,€) € [0,T] x L*(Q, F}, PL; RY). (1.1.2)

acAg
It could be shown that V(¢,&) = V (¢, £(£)), where L(§) is the law of £, thus V' is a function
on the Wasserstein space. We have the following standard toy model to motivate the mean

field control problem.



Example A set {1,..., N} of firms compete in an economy where greenhouse gas emissions
are regulated over a fixed period [0, T], for some T > 0. For each firm i, let X} denote at
time ¢ its perceived cumulative emissions up to maturity 7. We assume that its dynamics
satisfy

dX} = (b — i) dt + ol dWi + o dW?, te[0,T], X;=a2".

Here b} represents the individual emission rate, o! the idiosyncratic volatility, 0,? * the
systematic (common) volatility, and ! the abatement rate of firm 4, which can be viewed as
the control variable governing its emissions output.

Each firm i is allocated A; allowances. The regulator imposes a cap AY) = Zf\il A; as
the aggregate emissions target for the economy over [0,7]. If at the end of the period the

total emissions exceed the cap, i.e.,
N
> Xp > AW,
i=1

then each firm 7 must offset its own emissions X% by paying a penalty A for each unit not

covered by a certificate. In this case, firm 7 incurs the payment

N
A= A(X5 — Ai)+1(A(N)m) (Z X%) .
j=1

Suppose there is a (large) upper bound U > 0 on the penalty. Then firm i at time T

pays N
)\i = mln{ )\(X% - Ai)+1(A(N),oo) <Z X%) 7U}
j=1
Each firm seeks to maximize its terminal wealth

T N
w' — /o c(al)dt — min{ /\(X} — Ai)+1(A(N>,oo) (Z X%) ,U}
j=1

where w' denotes the initial wealth and ¢* the cost associated with controlling emissions via

Wi =E

Y

the abatement policy af. We further assume that there is also a large cap on c'.



Assume now that all firms are identical and that N is very large. Conditional on the

common noise, the variables { X7.}%¥ | are i.i.d. In this regime,

w' — min{ /\(Xr} — Ai)+1 AN 5 U} —w — min{ )\(XT — A)+1]E[XT|W%}>A, U},

% Z;'V:I X3> N
which is of the form g(Xr, ]P)V}/TO), w being the common initial wealth. To conclude, we arrive

at the following mean-field type control problem:
dXt = (bt — Oét) dt + O¢ th + O‘? thO, te [O, T], X() = .I'(O),
subject to the cost functional

Wr=E

Y

T
—/ C(Oét) dt—l—w—min{)\(XT—A)+1]E[XT|W%>A,U}
0

with —c being the running cost and w—min{ )\(XT—A)+1E[XT |WOI> A U} being the terminal

cost. O

These control problems often enjoy the dynamic programming principle, i.e., the value
function V' satisfies the dynamic programming principle: for every ¢ € [0,7] and £ €

LAY, FL P RY), it holds that

aeAt EIS [t,T]

V<t,€)=sup{ inf B / Flr, XEEo W a)dr + V (s, X05) }
t T

= Sup{ sup E / Fr, X080 PYes o )dr + V (5, X05%) }
t s

acA; | set,T]

This formally leads to the Hamilton-Jacobi-Bellman (HJB) equations:

4

oV (t,n) + / sup {f(t, x, p,a) +b(t,z, pw,a)- 0,V (¢ 1) (x)

Rd a€A

+ %tr (ot 2. a)[o(t,2,0)] 0,0,V (1. u)()) } u(dz) + %tr [ (WO (2. 1)




where H is defined as Bayraktar et al. (2023b),
d2

Hu(p) = ——ul(w+ lahp)| € R,

w=0

and (Iy + w)yp is the pushforward measure associated with the map = +— = + w; and ﬁ
is the usual gradient operator on R?. For sufficiently smooth functions u : Py(R?) — R, it

holds that:

W) = [ 00 @tde) + [ [ oo a(dn)n(as).

It is well-known that HJB equations in Wasserstein space generally do not have classical
solutions. Here we provide a simple example. Define k(x) := max{—1, min{1,z}}. Consider

the following simple dynamics:
(1.1.3)

where a; € [—1,1] and is adapted to o(&, Wy) (although Wy is not in the dynamics). We
consider the cost functional to be J(t,§, ) := E[k(X7)]. The ODE has no other sorts of
randomness besides ¢ (as we can choose a; as a function of € only), we can simply think of it
as a collection of ODEs starting at {(w). We consider cases, if 1 < £(w), in order to maximize
it, we choose v = 1, then X, will be £ + s —t. If 0 < (w) < 1, we still choose av = 1, then
X, =¢e" t+s5—7t where 7T is when X, hit 1. On the other hand, if £(w) < —1, in order
to maximize it, we choose a = —1, then X, will be [¢ + (77 — #)]1,——s + —Lle G771,
where 77 is the time when X, hits —1. If —1 < £(w) < 0, we still choose @ = —1, then X

will be e~ (=8 Thus

Xp = [5 +T — t] Test + [567+_t +T — Tﬂ lo<e<1 + fe_(T_t)171<£<o

+ [[5 + (7 =Dl + —167(T777)17_<T] le<r,

with 77 := min{T, ¢t —log &}, 7~ := min{T, —1 — £ + t}. Thus the value function V' of this



control problem reads
V(t, ,u) =Ek < [5 + T — t] 1521 + [567+_t + 1T — T+:| 10<§<1

+ e T eo+ [[5 + (7 =)l + —16_(T_T_)1T—<T] 155—1>

:/ p(dr) +/ el pu(dr) — / 1 p(dx)
[et=T ,00) (0,et=T) (—o0,—T—1+t]

(=T—1+4t,—1]

(~1,0)
It can be easily seen that V' is not Lions differentiable at measure with p({0}) > 0, hence it
is not possible for V' to be a classical solution to any PDE. However, V' can still be shown
to be the solution of the following PDE in the sense of viscosity solution, which is our main

focus of this thesis.

@uwur54M§?”hmm-@mwuwawmazo, ™

mnmzfummm»

1.1.2 Literature Review

Mean field type (McKean—Vlasov) control problems and the closely related mean field games
(MFGs), introduced independently by Huang et al. (2006) and Lasry & Lions (2007), model
strategic decision making in large populations of (approximately) symmetric agents interact-
ing through an aggregate, or mean field, term. The measure dependence in both the state
dynamics and the objective naturally leads to infinite-dimensional formulations. We refer
the reader to the monographs of Bensoussan et al. (2013), Carmona & Delarue (2018a,b),
and Gomes et al. (2016) for comprehensive overviews.

Two classical approaches underpin stochastic control: the Pontryagin maximum prin-
ciple and the dynamic programming principle leading to Hamilton—Jacobi-Bellman (HJB)
equations. The maximum principle provides necessary (and sometimes sufficient) optimality

conditions, typically via mean-field forward-backward SDEs; see, among many others, An-

7



dersson & Djehiche (2011); Li (2012); Buckdahn et al. (2011); Carmona & Delarue (2015);
Bensoussan et al. (2023a,b); Gangbo et al. (2022); Mou & Zhang (n.d.); Chassagneux et al.
(2022); Bayraktar et al. (2018, 2023c). The PDE route connects the value function to an
HJB equation. Beyond special cases (e.g., linear—quadratic settings), classical solutions to
HJB equations are generally out of reach; the viscosity-solution framework of Crandall et al.
(1992); Lions (1983) therefore plays a central role. Foundational results in Euclidean and
Hilbert spaces include Crandall & Lions (1983, 1985); Cannarsa & Soner (1987).

In the Wasserstein space of probability measures, viscosity theory faces two structural
obstacles: the lack of local compactness and the non-smoothness of the Wasserstein distance.
Several lines of work address these. Pham & Wei (2017) developed dynamic programming
with controls adapted to the common-noise filtration and proved well-posedness by [lifting
the HJB to a Hilbert space of random variables. To avoid lifting, Wu & Zhang (2020)
proposed a notion of viscosity solutions with maxima/minima enforced over compact subsets
of the Wasserstein space, enabling a comparison principle in the first-order case. In another
direction, Cosso et al. (2024) tried to adapt the Crandall-Lions definition using the Borwein—
Preiss variant of Ekeland’s variational principle to overcome local compactness issues via
smooth gauge perturbations.

Common noise introduces second-order (L-) derivatives in the HJB. Exploiting that the
second-order L-derivative enters through a finite-dimensional integral operator (the “partial
Hessian”), Bayraktar et al. (2023b)—building on the Fourier—Wasserstein metric from Soner
& Yan (2024a)—established an Ishii lemma directly in the measure space and obtained com-
parison for a class of second-order equations, albeit under strong regularity assumptions
tailored to that metric. Using a finite-dimensional approximation and delicate smoothing
estimates, Daudin et al. (2023) proved well-posedness for semi-linear Hamilton—Jacobi equa-
tions on the torus; see also convergence results in Bayraktar et al. (2024). More recently,

Zhou et al. (2024) introduced a new viscosity notion on the lifted process space, adding a



singular component to test functions to handle second-order terms without Ishii’s lemma,
and proved existence and comparison under Lipschitz assumptions. Related intrinsic ap-
proaches include Bertucci (2024), who established well-posedness for equations of the form
H(p,0,u) + %t)z Hu under suitable structure, and Bertucci & Lions (2024), who obtained

comparison for equations involving d,u and V,0,u via sup-convolution regularity.

1.1.3 Summary of our main results

We prove that the value function V' in (1.1.2) is the unique viscosity solution of some HJB
equations under different circumstances.

In Chapter 2, we are concerned with the functions:
b:[0,T] xR x Po(RY) x A = R%  o0:[0,T] x REx A = R™ 5°:[0,T] — R,
Fi0,T] xR x Py(RY) x A =R, g:RYx Py(RY) — R.

We use the following assumptions:

Assumption. (A). The functions b, o, 0°, f and g satisfy the following:

(1). the functions b, o, a°, f and g are continuous;

(2). there exist constants K > 0 and 8 € (0,1] such that for any a € A, (t,z,p), (t', 2", 1) €

[0, 7] x R x Py(RY), it holds that
b(t, 2, pya) = b(t', 2’ 1 a)| + |o(t, z,a) — o', 2’ a)| + ‘ao(t) - ao(t’)|

+ |f(t,x,,u,a) - f(t',x',u’,a)‘ + ‘g(:p,p,) - g([El,/L,)| < K[|$ - $/| + |t - t/|ﬁ + WQ(ﬂH :u/)}’

b(t, 2, p,a)| + |o(t, z,a)| + |o°)| + | F(t, 2, p,a)| + |g(z, p)| < K.

Assumption. (B). For any a € A, the function o(-, -, a) belongs to C** ([0,T] x R?). More-

over, there exists a constant K > 0 such that
|0y (t, z,a)| + |0.0(t,x,a)| + }8§xa(t,x,a)| + }8,;00(25)} <K,

for all (t,x,a) € [0,T] x R? x A.



Assumption. (A*). Suppose that Assumption (A) holds and we assume further that there
exist constants K > 0 and 8 € (0,1] such that for any a € A, (t,z,p), (t',2', 1) € [0,T] x

R? x Py(RY), it holds that

|b(t, @, p,a) = b(t', o' ' a)| + | f(t, 2, a) — f(E, 2 1 a)| + |g(x, pw) — g2/, 1)

< K[l — 2| + [t =17+ Wilp, 1))

Remark 1.1.1. Assumption (A*) is a strengthening assumption of Assumption (A). We
write Assumption (A) and Assumption (A*) separately to emphasize that some of the lemmas

and theorems still hold without assuming the stronger condition in Assumption (A*).

Also, we set F! = (F!)s0 = (0(W2)o<rcs V o(Wive — Wi)o<r<s V G)e>0- Let A be a
compact subset of the Euclidean space R? equipped with the distance d4. Let ¢t > 0 and
denote by A; the set of Fi-progressively measurable processes on €2 valued in A.

For every t € [0,T], £ € L*(Q, FL,PL; RY) and o € A;, we consider the solution X% of

the following state dynamics:

X :§+/ b(r, XT,IP’)”(/TO,aT)dr—i—/ o(r, X, a,)dW, +/ o’(r)dw?, for s € [t,T],
t t t

(1.1.5)

where P%O denotes the conditional distribution of X, given W°. We are subject to the payoff

functional:

J(t,§a):=E

T
/ f<s, X6 P a8> ds + g<X;&a, p)vgfg,a)] . (1.1.6)
t

Finally, we define the value function V' to be

V(t,€) = sup J(t, & ), for any (t,€) € [0,T] x L*(Q, F}, PL; RY). (1.1.7)

acA;
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We showed that V' is the unique viscosity solution to the following HJB:

(

—Qult, ) = e [0 (Ol (0)] Hut, )]

+/R Sup {f(tvl'>ﬂv a) +b(t>$’:u7a) 'aﬂu(t"uxx)

d a€A

+ %tr(o(t,m, o) [o(t, ,a)] " D0,ult, ,u)(:v)) }p(das) L (L) €[0,T) x Po(RY):

\U(T, ) = /Rdg(fr,u)u(dl‘), p € Pa(RY).

(1.1.8)

For details, readers are referred to Chapter 2.

In Chapter 3, we are concerned with the functions:
b:[0,T] x RTx Po(RY) x A = R% 0:[0,T] x R* x A — R 5%:[0,T] x R — R,
Fo0,T] xR x Py(RY) x A - R, g:R?x P(RY) — R,

where A is a compact subset of the Euclidean space R? equipped with the distance d4. The

coefficient functions satisfy the following assumptions:

Assumption. The functionsb, o, c°, f and g are jointly continuous in (t, z, u,a) € ([0,T], |-
) % (R, |- ]) x (Po(RE), W) x (A, |-|). Moreover, there exist constants K >0, p € [0,1) and

B € (0,1] such that for any a € A, (t,x,pn), (t',2', 1) € [0,T] x R x Py(RY), it holds that
(1). [b(t, @, p,a) = b(t', 2’ i a)| + |o(t,z,a) — o(t', 2" a)| + |0°(t, ) — (', 2')|
+ | [, pa) — f(E, 2 1 )| + |g(a, p) — g(of, 1) | < K lw — 2| + [t =17 + Wa(u, 1)];
(2). ‘b(t,x,,u,a)‘ + ‘U(t,x,aﬂ + }Uo(t,x)‘ < K1+ |x]P);
(3)- |f(t,x, p,0)| + |g(z, p)] < K.

Assumption. For any a € A, the functions o(-,-,a) and o°(-,-) belong to C** ([0,T] x R?).

Moreover, there exists a constant K > 0 such that
|Oyo (t, x,a)| + |Veo(t,x,a)| + ‘mea(t,x,a)‘ + {atao(t,x)‘ + ‘Vwao(t,a:)} + ‘meao(t,x)‘ <K,
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for all (t,z,a) € [0,T] x R? x A.

Remark 1.1.2. The growth rate condition p € [0,1) in Assumption 3.1.2 will be used for
proving the uniqueness of viscosity solution in Theorem 3.3.3. Specifically, when controlling
the error term of the perturbation of solution in (3.3.21), we are unable to achieve a sufficient
decay rate if p = 1. Furthermore, we impose the Wy-Lipschitz continuity to obtain better
convergence results in the finite-dimensional particle approzimation in Lemma 3.2.2. The
Wi -Lipschitz continuity is insufficient, as noted in (Cheung et al., 2025, Remark 2.5). See

also the second part of Remark 3.1.6 for a reason on the compactness issue.

Also, we set Ft = (F!) >0 := (0(W2, — W)o<r<s Vo (Wive — Wi)o<r<s V G)s>0. Let A be
a compact subset of the Euclidean space R? equipped with the distance d4. Let ¢t > 0 and
denote by A; the set of Fl-progressively measurable processes on 2 valued in A.

We now introduce a mean field control problem related to the HJB equation (3.0.1). For
every t € [0,T], £ € L*(QY, F}, P RY) and o € A;, we consider the solution X*&® of the

following state dynamics:
X, =¢ —|—/ b(r, XT,IP))VgTO,ozr)dqu/ o(r, Xy, a,)dW, —I—/ a(r, X,)dw?, for s € [t,T),
t t t
(1.1.9)

where P}"{TO denotes the conditional distribution of X, given W% We are subject to the cost

functional:

T
J(t,6,0) =E / f(s,X?ﬁ,a7IP>)‘1/;m,as>ds+g<X;;5va,[P)”{/;w>]. (1.1.10)
t

We define the value function V to be

V(t,€) = sup J(t, & ), forany (t,€) € [0,T] x L*(Q', F}, PL; RY). (1.1.11)

acA;
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We showed that V' is the unique viscosity solution to the HJB equation

p

Rd acA

Ou(t, ) + / sup {f(t, z, p,a) + b(t,z, p,a) - Oyult, 1) ()

+ %tr((a(t, v,a)[o(t,z,0)] " + 0Ot 2)[0°(t, 2)] ) V.d,ult, p) (:1:)) } u(da)

1

+ 5 /Rd y tr [go(t,x)[ao(t,y)]Taiu(t,M)(x,y)} p®2(d;p,dy) =0, for any (t,u) € [0,T) x PQ(Rd);

o) = [ sl n(dn) for € Po(RS,

Note that, compared to Chapter 2, we allow for the common noise volatility to be dependent
on the state rather than only explicitly on time. Moreover, we allow the state dynamics to
be unbounded. For details, readers are referred to Chapter 3.

In Chapter 5 (which is our future work), we are in concern with the following settings:
b:[0,T] x Q° x R x Py(RY) x A = R o, 06°:[0,T] x Q0 x R* x Po(R%) x A — R
F00,T] x Q" x RTx Py(RY) x A =R, ¢g:Q° x R? x Py(R?) = R.

For any t € [0,7T], £ € L*>((Q, F;,P); RY) and o € A;, we consider the process X&® evolving

as follows:
(
dX;’f,Oé = bs(X;{va, P)M(/;g,a, Oés>d8 + Us(Xz’é’a7 P)Vg;g,a7 as)dWs
) +o0(XEE PWY, . 0 )dW?, for s € [t T); (1.1.12)
X =g
\

The cost functional J on [0, 7] x L?((2, F;, P); RY) x A; x QO is defined by
T 0 0
J(t,€, ) ::E[/ 1. (X;»&a,]pggt,g,a, a3> ds + 9<X;€»a,p§§t,g,a> ‘FE] (1.1.13)
t s T
We study the corresponding value function v on [0, 7] x L2((2, F;, P); R?) x QO
v(t,€) == essJiLlnf J(t, &, ). (1.1.14)
acAt

The following assumptions will be used throughout our work.
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Assumption (Al). The coefficient functions g and h = f, b, o or o° satisfy the following:

(1). Forallae A, (Iy(-,-,a)) is (F7),o-adapted. (or progressively measurable)

0<t<T

(2). For L' @ P%-a.e. (t,w°) €[0,T] x Q°, hy(-,,-) is continuous on R? x Py(R?) x A.

(3). There exists K > 0 such that for all x, ' € R, t € [0,T] and u, i’ € P2(R?) such that

esssup |g(z, )| + esssup (sup |ht(x,,u,a)|) <K and

wleo wleno acA

esssup |g(z, 1) — g(o', )| + esssup (sup hy(w, 1, @) — hala', 1 a))

wleNo w%eNO0 acA

< K(lo — a'| + Wa(p, 1)).

Assumption (A1*). This is a strengthening assumption of (A1). In addition to (Al),
we further assume that there exists K > 0 such that for all x, 2’ € R, t € [0,T] and

w, 1 € Pa(RY), it holds that

esssup [g(x, u) — g(2', 4t')| + esssup (sup (s pya) — (2, 40, a)l)

wleNo w%eNo acA

< K(|z =2/ + Wi(p, 1))

Assumption (A3). We need the following assumption in order to ensure the approrimation

results like Lemma 5.1.6.

(1). The map g : (Q°, F2,P%) — C(R? x Py(R?)) is Bochner measurable.

(2). For all't € [0,T], the maps (Q°, F?,P°) 3 w® — by(w?,,-,-) € C(R x Py(RY) x A),
(00 F2PY) 5 b o [ih,e,-) € CRY x Py(RY x A) and (90,70, %) 5 o s
oi(w?,-,-) € C(R? x A) are Bochner measurable.

(3). Forh=f,b, o, (20x[0,T],F°® B[0,T],P*®@ds) > (w°,t) — hy(w?,-,-,-) € C(RY x

Po(RY) x A) is progressively measurable.
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Our goal is to showed that v is the unique viscosity solution to the SHJB equation:

(

—ow(t,pu) = (/]Rd ess inf {ft(x, W, a) + <bt(x, W, a),0,v(t, ,u)(x)> + %tr{(atag(x, @)

acA

+ ot @)0dult )@} + [ Su{a@ol @)ttt u)e. ) fulde)

Rd

+ tr{af”(m)ﬁuawv(t, u)(m)} } Md@) dt,

(T ) = /Rdg(x,u)u(d:c)-
(1.1.15)

We have finished the existence part, while leaving the uniqueness part. Details can be found

in Chapter 5.

1.2 Part II: A Feynman-Kac Formula for Nonlinear Schrédinger Equations

1.2.1 The Feynman—Kac Formula for Linear Parabolic Equations

Let (Ws)s>0 be a one-dimensional Brownian motion on a filtered probability space satisfying

the usual conditions. Consider the [t6 diffusion
AX = p(s, XY ds + ofs, X)W, X =1,

where p,0 : [0,7] x R — R are measurable and satisfy the standard Lipschitz and linear-
growth conditions ensuring a unique strong solution. Define the (time-inhomogeneous) gen-

erator
(Lso)(x) = p(s, x) 0op(x) + 50°(s,7) Duw(2).
Given f : [0,7] x R — R and ¢ : R — R of at most polynomial growth, consider the

terminal-value problem

Owu(t,z) + Lyu(t,x) + f(t,z) =0, (t,z)€[0,T) xR,
(1.2.1)

w(T,z) =(x), z € R.
Assume u € CY2([0,T) x R) N C([0,T] x R) with polynomial growth.
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Theorem 1.2.1 (Feynman-Kac). For all (t,z) € [0,T] x R,
T
u(t,r) = E[¢(X;x) +/ f(s, X07) ds] : (1.2.2)
t
Proof sketch. By It6’s formula applied to s — u(s, X5%),
du(s, X% = (@u + Esu> (5, X5%) ds + Byu(s, X1%) o(s, X2) dW,.
Using (1.2.1) gives
du(s, XP") = — f(s, Xb") ds + O,u(s, X0%) o(s, X17) dW.

Integrate from ¢ to T and take conditional expectation given X} = x: the stochastic integral

is a martingale of mean zero, yielding (1.2.2). O

It is often convenient to write the representation in forward—backward SDE form. Define
Y, == u(s, X'7), Zs = Opu(s, X'") o(s, X0").
Then (X,Y, Z) satisfies

dXs = p(s, Xs)ds + o(s, Xs)dWs, X, ==,
d}/; = _f(87 XS) ds + Zs dW87 YT = ¢(XT>7
and in particular Y; = u(t, x).

Remarks. (1) The multidimensional extension has Lo = p-Vu + 3Tr((00")V?u). (2)
Discounting, killing, and boundary conditions are incorporated by adding a term —r(t, z)u

to the PDE or by stopping at boundary hitting times.

1.2.2  Schrodinger Equations and its Feynman-Kac Representation

The Schrodinger equation is a fundamental equation in quantum mechanics that describes
the temporal evolution of the quantum state of a physical system. It is central to the theory

of quantum mechanics and essential for the development of quantum theory, with significant
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applications in fields such as chemistry, materials science, and quantum computing. In this
work, we consider the following Cauchy problem for deterministic backward nonlinear time-

dependent Schrodinger equation for the wave function of a quantum mechanical system:

idu(t,z) = S Au(t, ) + f(tau), L<T; u(Tx) = G(a), (1.2.3)

which is equivalent to the classical Schrodinger equation via the time-reversing transforma-
tion: wu(t,x) — u(T —t,z), for t < T, v € RL Here and throughout this work, v > 0
is a real constant and f(t,x,u) is a continuous function with polynomial growth in wu, for
instance, as in Kato (1987). The unknown function u : [0,7] x R? — C is complex-valued
and is written as u(t,z) = u®(t,z) + iu!(t,z), where both uf and u! are real-valued and

defined on [0, 7] x R%. Analogously, we write
ftzy) = R,y +iff (tey), Gla)=GMa)+iG (), (ta,y) €[0,T] xR x C,

with ff, fI, G% and G’ being real-valued continuous functions. Then the nonlinear Schrédinger

equation above may be written as a coupled system of partial differential equations:

—Ouf(t, x) = —gAuI(t,x) — it ), t<T; (T, 2)=G%x);
(1.2.4)
—Oul (t,7) = gAuR(t,x) + Rt z,u), t<T; u' (T, z) = G' ().

Associated to (1.2.4), we propose the following backward stochastic differential equation

(BSDE):

.

—dYE(t,x) = —uv(ZE(t, x) + ZL(t, 2)) * dW,
— (s, Vv(Ws = W,) + 2,Yi(t,x)) ds — Vv Z[(t, ) dW;

—dY!(t, ) = Vu(ZE(t, x) — Z!(t, ) » dW, (1.2.5)
+ [ (5, V(W = Wh) + 2, Yo(t, @) ds — Vv ZL(t, x) dW;

YT(t, J,’) = G(\/;(WT - Wt) + $),

\

where Y, (t,z) = YE(t, ) +iYI(t, ), Z,(t,x) = ZE(t,x)+iZ!(t, z), and *dW, := odW,—dW,

with odW, and dW; being Fisk-Stratonovich integral and It6 integral, respectively. They are
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related to each other by the following:
Yi(t, ) = u(s, Jv(Ws — Wy) + ), Z(t,x) = Vu(s, Vv(W, — W) + z), (1.2.6)

for all (s,z) € [t,T] x R The system (1.2.5) can be viewed as an uncoupled forward-
backward stochastic differential equation (FBSDE) but is distinguished by the inclusion of
nonstandard integrals xdW,. The term “uncoupled” indicates that the backward process does
not affect the forward dynamics that is nothing but the Wiener process (W});>0, in contrast

to “coupled” systems where such an interaction is present.

1.2.3 Literature Review

It is now well-established that FBSDEs are intrinsically linked to a large class of parabolic
partial differential equations (PDEs) with real-valued coefficients, which may be linear or
nonlinear (see, for example, Cheridito et al. (2007); Delarue (2002); Delbaen et al. (2015);
Hu & Peng (1995); Ma et al. (1994); Pardoux & Peng (1992); Pardoux & Tang (1999)).
These links yield generalized Feynman-Kac formulas for the corresponding parabolic PDEs,
enabling their resolutions to be reformulated as solving FBSDEs (see Cheridito et al. (2007);
Lejay & Gonzélez (2020) for instance). Recently, a class of deep learning-based (also called
deep-BSDE) methods has been introduced to address the curse of dimensionality often en-
countered in numerical approximations of such parabolic PDEs; see Beck et al. (2019); E
et al. (2017); Han et al. (2018); Huré et al. (2020); Zhang (2004) among others. However,
this framework does not extend to time-dependent Schrédinger equations such as (1.2.3),
due to the presence of the imaginary coefficient before the time derivative. As a result, ex-
isting deep-BSDE methods are not directly applicable in this context. This limitation along
with the broader challenge in numerical approximations of high-dimensional time-dependent
nonlinear Schrédinger equations, exists as an open problem in the seminal work Han et al.

(2018) and further discussed in Han et al. (2024).

This chapter addresses the gap in the availability of a Feynman-Kac representation for non-
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linear time-dependent Schrodinger equations. Based on this representation, we propose and
investigate learning-based approaches which effectively tackle the curse of dimensionality in
numerical simulations. To the best of our knowledge, we are the first to give a Feynman-Kac
formula for time-dependent nonlinear Schrédinger equations using BSDEs. This is novel
even for the linear case as both complex time transformation and Feynman path integrals
(cf. (Albeverio et al. (1976); Feynman (1948); Kac (1949); Yan (1994))) are avoided in the
representation. Inspired by the deep-BSDE methods introduced in seminal works Beck et al.
(2019); E et al. (2017); Han et al. (2018); Huré et al. (2020), we propose a novel learning-based
approach for numerical approximations for the Schrodinger equation (1.2.3). Our numerical
experiments on such BSDEs demonstrate strong agreement with the explicit solutions of the
linear and nonlinear Schrédinger equations in both low- and high-dimensional settings, as
demonstrated in Section 4.2.2. Furthermore, a convergence analysis is provided to support
these findings. In the numerical experiments and convergence analysis, we utilize neural
network approximations for the unknown functions, enabling the algorithm and convergence
analysis to be extended to high-dimensional time-dependent Schrédinger equations; in this
context, deep neural networks are instrumental in addressing the curse of dimensionality (cf.

Han et al. (2018); Isozaki (2004)).

The integrals with *dWW; in BSDE (1.2.5), which combine Fisk-Stratonovich and Ito inte-
grals, capture the leading differential operators, thereby reflecting imaginary coefficient and
wave-like behavior of Schrodinger equations. This feature poses significant challenges in
both theoretical study and numerical analysis. On the theoretical side, the Feynman-Kac
formula is proved for both classical and weak solutions, while several open questions are
raised regarding the pure probabilistic resolution of BSDE (1.2.5) in Section 4.1.3. From a
numerical perspective, this feature distinguishes the proposed learning-based approach (see
Algorithm 1 and Remark 4.2.1) from those tailored to non-Schrédinger-type parabolic PDEs

(cf. Beck et al. (2019); E et al. (2017); Han et al. (2018); Huré et al. (2020)). For the
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challenges in numerical analysis, some non-standard calculations are introduced to derive
estimates in the convergence analysis (see Remark 4.3.2). For other numerical methods for
nonlinear Schrédinger equations, we refer to Bao & Wang (2024); Ji et al. (2024); Li & Wu

(2021); Ostermann & Yao (2022) and references therein.

1.2.4 Main Goal

we present a novel Feynman-Kac formula and investigate learning-based methods for ap-
proximating general nonlinear time-dependent Schrodinger equations which may be high-

dimensional. Details can be found in Chapter 4.
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Chapter 2

Viscosity Solutions of a class of Second Order
Hamilton-Jacobi-Bellman Equations in the

Wasserstein Space

The primary objective of this chapter is to establish the well-posedness of viscosity solu-
tions for second order Hamilton-Jacobi-Bellman (HJB) equations, which arise from control
problems in the space of probability measures over R?, under a newly proposed notion (see
Definition 2.5.1 and Remark 2.5.2 for the rationale behind this definition). This is achieved
under mild assumptions on the coefficients, as detailed in Section 2.3. The main HJB equa-

tion of interest is given by:

—duult, ) = Six[ (000 Hut, )|

dacA

+ / sup {f(t, z, 1, a) + bt x, pw,a) - Oult, p)(x)
R

+ %tr(a(t, z,a)[o(t,z, a)]T(‘)xauu(t, u)(a:)) }u(dw), (t, 1) € [0,T) x Po(R%);

u(T, 1) = /R (e wpld), e PR,

(2.0.1)
In the above, the operator H is defined as in Bayraktar et al. (2023b), that is,
d? dxd
R X
Hu(p) == wu((fd + w)ﬂ,u) )wzo € R¥™, (2.0.2)
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where (I;+ w)yp is the pushforward measure associated with map = — z + w; and ﬁ is the
usual gradient operator on R%. Indeed, for sufficiently smooth functions u : Py(R?) — R, it

holds that (see Lemma 2.1.5):

Wt = [ 0di)@ntdn) + [ | [ oo autdnntas)

and thus H can be viewed as the second order differential operator with respect to the
measure variable in a “weaker” sense. We refer readers to Section 2 for notations used in the
above. This HJB equation characterizes the value function for the following mean field type

control problem with common noise:

sup E
ac At

T
|7 (sxes B o )ds g (X5 PKZ;,&)]
t

subject to the dynamics
X;’&a = 5 + / b(T’, X1€757a7 P)V}/:é,aa O‘r) dr + / O-(Ta Xﬁ’&aa &r)dWT + / UO(T>dW79 >
t " t t

where W and W are independent Wiener processes representing idiosyncratic and common

noises respectively; and IP’)V?(?M denotes the conditional distribution of X% given W°.

To establish the uniqueness of the viscosity solution to (2.0.1), a pivotal idea is to seek a suit-
able comparison function with adequate regularity and favorable estimates on its derivatives,
for the purpose of the comparison theorem. Drawing inspiration from Cosso et al. (2024), we
choose a gauge-type function to construct the comparison function via the Borwein-Preiss
variational principle. However, the gauge function used in Cosso et al. (2024) encounters
difficulties when dealing with the second order L-derivative, particularly in addressing mean
field-type control problems involving common noise. To resolve this, we adopt the Gaussian
regularized sliced Wasserstein distance proposed in Bayraktar et al. (2023a) to compose our
gauge function. This provides a metric over the space of high-dimensional probability distri-
butions using their one-dimensional projections, offering the advantage of explicitly deriving

the optimal transport map, which facilitates estimates of the derivatives. We observe that
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when the state and the law of the first order L-derivative of this metric move together in a
deterministic direction (which is captured by the operator H, see Lemma 2.3.7), the gauge
function behaves linearly with respect to the perturbed direction, enabling the estimation
of the second order L-derivative of this gauge function in a “weaker” sense. As this gauge
function will be used as a test function, we have to define a customized function space which
is PCT2([0,T] x Py(R%)) (see Definition 2.1.4) as our set of test functions. Then, we perturb
the HJB equation and mollify the coefficients as in Cosso et al. (2024), together with the
favorable estimates derived for the gauge function to complete the comparison theorem, as
presented in Theorem 2.5.3. By the specific form of the optimal transport map in R, we
provide further regularity results of this metric for the purpose of the relaxed It6’s formula in
Theorem 2.1.6, which is crucial in establishing the existence of viscosity solutions. Moreover,
this gauge function lacks standard linear or quadratic growth, which requires a more subtle
analysis in the proof of the existence of viscosity solution compared to standard test func-
tions. We note that our proposed definition of the viscosity supersolution in Definition 2.5.1
is stronger than that of Crandall-Lions. It aims to overcome technical difficulties arising
from the supremum taken in equation (2.0.1), which leads to scarce choice of test functions
in the proof of the comparison for the supersolution. The cost functional with a fixed control
is used to construct the test function for supersolutions as in Cosso et al. (2024), but with
the domain of [0, 7] x Pa(R? x A) rather than [0,7] x Py(R?). The strong dependency of
the initial random variable and the control makes it hard to use only the Crandall-Lions’

definition to draw the conclusion. See Remark 2.5.2 for more details.

This chapter is organized as follows: Section 2 covers the foundational elements: the control
problem set-up, some definitions of our tools, Ité’s formula and the standing assumptions.
In Section 3, we explore fundamental properties of the value function and introduce the
dynamic programming principle. Moving to Section 4, we provide some estimates of the

Gaussian regularized sliced Wasserstein distance and state the Borwein-Preiss variational
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principle. In Section 5, we outline the finite-dimensional approximation scheme of the value
function, drawing inspiration from Cosso et al. (2024). Section 6 is dedicated to proving the
existence and uniqueness of the viscosity solution, which stands as the value function of our

control problem.

2.1 Preliminary

2.1.1 Probabilistic Setting and Notations

Fix a probability space (Q,F,P) of the form (Q° x Q! F* @ F1,P® ® P'). The space
(20 FO, P%) supports a d-dimensional Brownian motion W which we regard as the com-
mon noise. For (Q', F',P!), it is of the form (Q' x QLG FLP' I@’l) On (Ql,]}l,]f”l),
there lives a d-dimensional Brownian motion W which we regard as the idiosyncratic noise,
whereas (Q!, G, P') is where the initial random variables live. We assume that the probability
space (Q!, G, P!) is rich enough to support all probability laws in R i.e., for any probability
law ;2 in R?, there exists X (w) : Q' — R such that the law of X, denoted by £(X), is .

0 w!), and regard the Brownian motions W(w) = W(w'),

We write w € Q as w = (w
Wo(w) = W%w?). We denote by E the expectation under P and by EY (resp. E') the expec-
tation under P (resp. P!). Also, we set F = (Fy)s>0 := (6(W?)o<r<s Vo (W, )o<r<s V G) >0,
F = (Fi)szo0 = (6(WD)ozr<s VO(Wive— Wi)o<r<s VG )sz0, Y = (FI°) 20 1= (0(WD))o<r<s,
and F! = (F) 0 := (6(Ws) V G)o<r<s. Without loss of generality, we assume they are P-

complete.

Let A be a compact subset of the Euclidean space R? equipped with the distance d4. Let
t > 0 and denote by A (resp. A;) the set of F-progressively measurable processes (resp.
F-progressively measurable processes) on 2 valued in A. Note that both A and A; are
separable metric spaces endowed with the Krylov distance A(a, §) := E[ fOT d (o, Br)dr}.

Denote by B4 (resp. By,) the Borel o-algebra of A (resp. A;). We assume that (Q°, F°, P?)
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is the canonical space, i.e., Q° = C(R,,R?), the set of continuous functions from R, into

R?. For any w°, &% € Q° r € [0, T], we set
P ®, wo(s) = wo(s)]l[oﬂq)(s) + [IDO(T‘> + wo(s) — wo(r)] L7 (s).

Let r € [0,T), for P%-a.s. @° a € A; for some t € [0,T], we define:

o (W, wh) 1= (@ @, W, wh).

For any x € R%, we use |x| to denote the Euclidean norm of x in R?, z; (sometimes we also use
(z); or [x];) to denote the i-th component of x, (-, -) (or simply the z-y for z,y € R?) to denote
the standard scalar product on R?. Let n € N and 2!, 22%,...,2" € R%, we use T € R to
denote T := (z',22,...,2"). For any matrix M € R™? we use trM := 37 M;; to denote
its trace, M " to denote its transpose, and |[M| = [tr (M']\/[T)}l/2 = (ij \M¢j|2)l/2 to
denote the Frobenius norm of M. If M° € R%*? is another matrix, we use M%" to denote
the transpose of M°. We denote the identity matrix over R% by I; € R™?. If x € Ris a
scalar variable, the notation d,h € R means the usual partial derivative of the scalar function
h with respect to x; if x € R? is a vector variable, then d,h € R? means the gradient vector

of h.

Remark 2.1.1. Here we explain a little bit about the definition of Ft. It makes no technical
difference whether we consider the control sets which is progressively measurable with respect
to F' = (I‘;t)szo = (U(Wf)ogrgs V o (Wi — Wi)o<r<s V G)s>0 or I = (Ji'ﬁ)szo = (U(vat -
W) o<r<s Vo (Wiye — Wi)o<r<s V G)sso. All the arguments in this article remain valid with
slight or no modification. In fact, denoting A, to be the set of all Iﬁ‘t-progressively measurable
processes taking value in A, and the value function ‘O/(t,é‘) 1= sup, 4, J(t, €, ) (see (2.1.4)

for the definition), we actually have

V(t,€) = V(t¢),

where V' is defined in (2.1.5). This can be seen from the following: First of all, as A, C A,

it follows that V(t,f) < V(t,&). To show the other direction of the inequality, let o € Ay,
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then

J(t,€, ) = / (s, Xt6o P tga,as)ds—i—g(tha]P’ §>]

_EE / (s XWPm,as)ds+g(xt“1%w)\f£]

=E°[J(t,£,atvw°>]

Taking supremum with respect to o € A; we conclude the desired equality.

The requirement that the controls are adapted to G for every s > 0 is a bit technical. The
condition that the controls have to be adapted to G is used in the existence theorem. Because
of the nonlocal nature of the HJB equations in the Wasserstein space, assuming that o is our

test function, in the proof of existence of viscosity solution we can only conclude that

at@(tm H’O) + SU./B[ E{f(t07 57 Ho, O/> + auSO(tm MO)(g) : b(th ga Ho, O/)
o'e t

+ %tr [0:0,0(to, p0) (E)a (to, &, &) (o, &, ') '] } + %tr [Heo(to, 110)0° (to)o"(to) '] < (or >) 0,
(2.1.1)

where L(§) = po, and M, is the set of F}-measurable random variables. The condition of
requiring the control set to be adapted to G makes the controls rich enough such that we can

choose controls to make the above equivalent to

Ap(to, o) + /Rd Sup {f(to, T, po, @) + blto, T, f1o, a) - Iuip(to, o) ()
tr [ 0u0, (1o, o) ()or (b, 2, @) [0 (o, 2, )] | }mwm + 5t {Hiplto, 1) ()0 (t0)] T} < (or 2) 0,
(2.1.2)
see Theorem 2.5.2.
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2.1.2 Sense of Differentiability in the Wasserstein Space

We introduce over R? the space of probability measures P(R?) and its subset P,(R?) con-
sisting of those with finite p-th moment for p > 1. The space P,(R?) is equipped with the

p-Wasserstein distance

Wy, v) = inf ( / |x—y|pw<dx,dy>), for 1,0 € P,(RY),
R xRd

mell(p,v)

where II(u, v) is the set of probability measures on R? x R? such that for any 7 € II(u,v),
7(R?x ) = pand 7(- x R?) = v. We call (P,(R?),W,) the p-Wasserstein space over R, and
it is a Polish space. Finally, we denote by Supp(u) the support of u € P(R?). For a map
f:1]0,T] x Po(R?) — R, we adopt the notion of L-derivative (see Cardaliaguet et al. (2019)

for instance) which is recalled as follows:

Definition 2.1.1. The function f : [0,T] x Py(RY) — R is said to be first order L-
differentiable if its lifting F - [0,T] x L*(Q, F,P;RY) — R; F(t,€) = f(t,L£(€)) admits

a continuous Fréchet derivative D¢F : [0,T] x L*(Q, F,P;R?Y) — L*(Q, F,P;R?).

Remark 2.1.2. By (Carmona € Delarue, 2018a, Proposition 5.25), if f is first order L-
differentiable, then it can be shown that there is a measurable function, denoted by 0,,f(t, 1) (-) :
R?Y — RY, such that DeF(t,€) = 0,f(t, 1) (&) for any (t,p) € [0,T] x P2(R?) and & €
L2(Q, F,P;RY) with L(£) = p. We say that 0, f : [0, T] x Pa(R?) x R — R? is the first order

L-derivative of f.

Definition 2.1.2. The function f : [0,T] x Po(R?) — R is said to be second order L-
differentiable if f is first order L-differentiable and for any x € R?, the function u
O.f(t, u)(x) is L-differentiable, i.e., the lifting F' : L*(Q, F,P;RY) — RY of u — 0, f(t, ) ()
admits a continuous Fréchet derivative D¢ F' : [0, T] x L*(Q, F,P;R?) — L*(Q, F,P;R¥*9).

Remark 2.1.3. Similar to Remark 2.1.2, if f is second order L-differentiable, then there

is a measurable function, denoted by &2 f(t,u)(z,-) : R? — R such that D¢F'(t, &) =
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02 (1, 1), ) for any (¢, p, ) € [0, T)xPa(RY) xRY and ¢’ € L@, F, B, RY) with L(E) = .
We say that 07 f : [0,T] x Po(R?) x R? x R? — R is the second order L-derivative of f.

As in Bayraktar et al. (2023b), we define the set of fully second order L-differentiable func-

tions and the set of partially second order L-differentiable functions.

Definition 2.1.3. The set C*([0,T] x Py(RY)) consists of all continuous functions f :

[0, 7] x Po(RY) — R satisfying the following:

(1). the derivatives 9, f(t, 1), O, f(t, p)(x), 0x0, f(t, ) (), D f(t, ) (x, ') exist and are jointly

continuous in the respective arguments;

(2). there is a constant C; > 0 such that for any (t,p, z,2") € [0,T] x Py(R?) x R x R?, we

have

10 f (8, ) ()] < Cp(1+ |2));
01001 + 10001 (1 @) + [0S 2] < .

We define the operator H:

d? dxd
Hulp) i= gLt wl)| | R
where (I;+w)yu is the pushforward measure associated with map I; +w : R? — R? defined

by z — z + w for w € R%, and we are differentiating with respect to finite-dimensional

w € R,

Definition 2.1.4. The set PC*([0,T] x P2(RY)) consists of all continuous functions f :

[0, T] x Po(R%) — R satisfying the following:

(1). the derivatives O f(t, 1), Ouf(t, 1)(z), 0:0,f(t, p)(x), Hf(1) exist and are jointly con-

tinuous in the respective arguments;

(2). there exists C; > 0 such that for any (t, ) € [0,T] x Po(R?), it holds that
[ 10ustt )P utdn) < &5 (1+ [ Jafutan) )
Rd R4
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[0 (&, )| + [HLF(E, )] +/ 1020, (8, ) (2)|” u(der) < Cy.
R4
We have the following lemma relating PC| ([0, T] x Py(R%)) and C}?([0,T] x Py(R%)).

Lemma 2.1.5. If u € C*([0,T] x Py(R%)), then we have

Hult.0 = [ ottt p)@nian) + [ [ outt e dudouta),

R4

and hence u € PC}?([0,T] x Py(R?)).

Proof. Let u € Po(R%) and X € L*(Q, F,P;R%) such that £(X) = u. We denote the lifting

of u € C*([0,T] x Py(R%)) to Hilbert space by u*, we have

S, X+ w) = E[Daut, LOX +w))(X + )],

Besides, we consider

%@Lu(t, L(X 4+ w))(X + w)

= Du0u(t, L(X + w))(X +w) + E[Qu(t, L(X +w))(X +w, X +w)],

where X is an independent copy of X and E is the expectation with respect to X. We

assume that [w| < 1 and use the fact that u € C*([0,T] x Py(R?)) to yield that

'%auu(t, L(X +w))(X + w)' < Cu,

for some constant C,, > 0 independent of w and X. By the dominated convergence theorem

we have
d d d
%%u (t, X + w)’wzo = %E[(?Hu(t, L(X +w))(X + w)} ’w:O

:]E{&Cé?uu(t, L(X +w))(X +w) + E[02ult, L(X +w))(X +w, X +w)] }

= /. 0,0 u(t, p)(z)pu(dr) + /]Rd g Oou(t, p) (x, ) p(d) p(d).
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We have the following extension of It6’s formula for functions in PC}*([0, T] x Py(R?)). This

is inspired by Bayraktar et al. (2023b).

Theorem 2.1.6. Let by € R? and o, € R™? be two F-adapted processes such that there
exists L > 0 satisfying |by| V |oy| < L P-a.s. for allt € [0,T]. Let o? : [0,T] — R™>? pe

deterministic and & € L*(Q, F,P). Consider the following R%-valued Ité process:

t t t
=¢ +/ bsds +/ osdW +/ a%dW?,  fort e [0,T).
0 0 0

We write j1)”° for P’ then it holds P°-a.s. that for ¢ € PC?([0,T] x Pa(R%)),

t t
et ) =00, 1y )+/ Drp(s, )d8+/ E' [up(s, 11y )(Xs) - bs]ds
0
t
/ B! [ 5 Buapls, 1Y) (X)) - dWD 4 / BN tr 0,0, 005 11¥) (X)o7 | bs
0
1 5050 T

Proof. For P%-a.s. w° € Q°, we consider

Xy =6+ ([ var) 6o ([ owaw) w4 ([ otawe) @)

We define V(1) := X,(w°,-) — (f(f a?dWB)(wO). Applying the standard mean field It6’s
formula (see (Carmona & Delarue, 2018a, Proposition 5.102)) to ¢(t, L(Y#" + y)) for any

y € R and p € PC?([0,T] x Po(R?%)), we conclude that for PO-a.s. w € Q°,

L7 +) = (0.L05 +) + [ (s, LV +y)ds

t
i / E' (s, L0 + ) (V" +y) - b ds
0

i % /t El{ tr [axam@(& £(sto + y))(yw +y)os0o, ]}ds

0
We define (s, ) := @(s, L(Y*"+y)). By the finite-dimensional It6-Kunita-Wentzell formula

(Dos Reis & Platonov, 2022, Theorem 2.3), we have

t
\If(t, / anWf)
0

30



:\IJ(O,O)—I—/Otatgo(s,E(Y;wO+/OSUEdWB>)ds
+ /0 tIE: [%cp(s,E(Y;“’o—i- /0 S oﬁdwf))(nw°+ /0 s agdw,?) -bs}ds
+% /0 ]El[tr{ﬁxa#w(s,ﬁ(}/fo—i— /0 S anwf))(xgwu /O s afdwf)asaj}]ds
+ B o (s (v + [ovaw?)) (v« [ ovaw?)] - aw:
w5 [ Ter{e(se(ve + [ otawd))otot ] as

t t
st(O,MKVO)Jr/ Gtw(s,uﬁvo)dSJr/ E' [0up(s, p")(X.) - ba] ds
0

1 ! . 0

+ 5/0 E'[ tr{0,0,¢0(s, p )(Xs)asa;r}]ds+/0 E! [US’Taugo(s,uZV )(X,)] - dW?
1 0_0;T

+§/ tr ’Hcps,us oo Hds

2.1.3 Assumptions and the Control Problem

Define the functions:
b:[0,T] x R x Po(RY) x A = R%  o:[0,T] x REx A = R™ 5°:[0,T] — R,
Fo0,T] xR Py(RY) x A =R, g:RYx Py(RY) — R.

Throughout this work, we use the following assumptions:

Assumption. (A). The functions b, o, 0°, f and g satisfy the following:

1). the functions b, o, 0°, f and g are continuous;
g

(2). there exist constants K > 0 and 8 € (0,1] such that for any a € A, (t,z,p), (t',2', 1) €
0, 7] x RY x Py(RY), it holds that

}b(t,a:,u, CL) - b(t,7$/7ulaa)’ + |0<t7$aa) - 0<tlax/ﬂ CL)l + ‘O—O(t) - O_O<t/)|
+ |f(t,:c7,u,a) - f(tlvwlnu/va)‘ + ‘g({E,p,) - g(x/nu,” < KUI‘ - IE/| + |t - t/|ﬁ + W2(//“7 :u/)}’

31



b(t, 2, 1, a)| + |o(t, z,a)| + |o°F)| + | F(t, 2, p,a)| + |g(z, p)| < K.

Assumption. (B). For any a € A, the function o(-, -, a) belongs to C** ([0,T] x R?). More-

over, there exists a constant K > 0 such that
0,0 (t, z, a)| + 0,0 (t, x,a)| + |02,0(t, x,a)| + |9,0°(t)| < K,
for all (t,z,a) € [0,T] x R x A.

Assumption. (A*). Suppose that Assumption (A) holds and we assume further that there
exist constants K > 0 and 8 € (0,1] such that for any a € A, (t,z,p), (t',2', 1) € [0,T] x

R? x Py(RY), it holds that

|b(t, @, pp,a) = O(t', ', i a) | + [ f(t, 2, p0) = F(E, 2, 1 a)| + |g(, ) — g2, 1)

< K[l — 2| + [t =17 + Wilp, 1))

Remark 2.1.4. Assumption (A*) is a strengthening assumption of Assumption (A). We
write Assumption (A) and Assumption (A*) separately to emphasize that some of the lemmas

and theorems still hold without assuming the stronger condition in Assumption (A*).

Remark 2.1.5. Here, the coefficients b, o, f and g are assumed to be W, -Lipschitz contin-
uous in Assumption (A*), which is different from the Wh-Lipschitz continuity assumption in
(Cosso et al., 2024, Assumption (A)). The main reason of adopting W -Lipschitz continuity
instead of Wh is to provide a better estimate when we establish the smooth approzimation
of the coefficients in Lemma 2.4.2. We note that the inequalities (Cosso et al., 2024, (A.6)
and (A.7)) are invalid if only Wh-Lipschitz continuity is assumed as in (Cosso et al., 202/,
Assumption (A)). This leads to flaws in the proofs of (Cosso et al., 2024, Theorem 5.1,

Theorem A.7). See more discussions in Remark 2.4.1.

For every t € [0, 7], £ € L2(QY, FL,PL; RY) and o € A;, we consider the solution X% of the
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following state dynamics:

X, :§+/ b(r, XT,IP’)VKO,Q,«)dr—i—/ o(r, X, a,.)dW, +/ o (r)ydW?, for s € [t,T),
t t t
(2.1.3)

where IP’E(VTU denotes the conditional distribution of X, given W". We are subject to the cost

functional:

J(t, & a) =K

T
/ f(s, Xhee I[D)Vgg,a, as> ds + g(X;57a7[P>)VgM>] ) (2.1.4)
t
Finally, we define the value function V' to be

V(t,€) = sup J(t,&,a), forany (t,&) € [0,T] x L*(Q', F},PL; RY). (2.1.5)

€A

2.2 Basic Properties

This section collects some basic properties. First we give some standard results concerning
the regularity of the solution of the SDE in (2.1.3) and the value function V. Proofs are

standard and therefore omitted, and readers are referred to Yong & Zhou (1999).

Proposition 2.2.1. Suppose that Assumption (A) holds. For everyt € [0,T], € € L*>(QY, F},PYRY),
a € Ay, there exists a unique (up to P-indistinguishability) continuous F-progressively mea-
surable solution X6 = (X1%%) e of equation (2.1.3). Moreover, there is a constant C

depending only on p, K, T, d such that

r 1/p

E[ sup Xt < o1+ ElgP) (2.2.1)
- selt,T]
[ t€,a b oy2] V2 n2\1/2

E| sup [xtéo — Xt < CR(je - %) (2.2.2)
- selt,T]

E| sup |Xb&e —§|2] < Ch, (2.2.3)
- s€[t,t+h]

foranyt €[0,T), h € [0,T —t], £, ¢ € L2(QY, FLPLRY) and a € A,.
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Proposition 2.2.2. Suppose that Assumption (A) holds. The function V satisfies the fol-

lowing properties:

(1). V is bounded and jointly continuous;

(2). there exists a constant C' > 0 such that for any t,t' € [0,T)], &, & € L*(Q, F;, P;R?),
1/2
V() - V(&) < C[B(g - &) 7 + 1t — 2.
The constant C' depends on d, K, T and independent of t, t' &, &, a.

Proposition 2.2.3 (Law Invariance). Suppose that Assumption (A) holds. For every t €
0,T] and &, n € L2(QY, FLPYLRY), with £L(€) = L(n), it holds that V (t,€) = V(t,n).

Proof. This proof is modified from (Cosso et al., 2023, Theorem 3.6) to suit the case with
common noise. We only highlight the differences, and interested readers are referred to
(Cosso et al., 2023, Theorem 3.6). Fix t € [0,T]. Let &, n € L*(QY, FL PLRY) with £(¢) =
L(n). By Proposition 2.2.2; the function £ — V'(¢,£) is continuous. Thus, without loss of
generality (see (Cosso et al., 2023, Theorem 3.6, Substep 2.2)), we consider the case where

&, n are discrete, i.e.,

L) = L(n) = Zpiéxia

for some {x', 22 ...,2™} C R? with 2’ being distinct. Here d,: is the Dirac measure at
z'. For i =1,2,...,m, the numbers p; satisfy p; > 0 and >_/", p; = 1. By (Cosso et al.,
2023, Lemma B.3), there exist two F}-measurable random variables Us and U, with uniform
distribution on [0, 1], such that { and U are independent, as are n and U,. Let FW-W° he the
P-completion of the filtration generated by (Wiye—W;)ss0 and (W0),50 and let Prog(FW-W°1)
be the o-algebra of [0,7] x Q of all IFW’WO’t—progressively measurable sets. Fixing a € A,

we claim that there exists a measurable function:
a:([0,T] x QxR x [0,1], Prog(F"""") @ B(R?) @ B([0,1])) — (A, B(A))

34



such that

E(fa (as(ga UE))SE[t,T]? (WSO)5207 (Ws - Wt)sG[t,T])

=L (57 (&s)se[t,T}a (Wso)szo, (Ws - Wt)sé[t,T]) . (224>

This claim can be seen from the following: denote

0,7]xQ, F=B([0,T)®F, P=x&P, E=[0,T]xQ, &= ProgE"W"),

Q
E

E x RY, & =& @ B(RY),

with Az being the uniform distribution on ([0, 7], B([0,77])). Consider the canonical extension
of Ue to Q, denoted by Ue. Define ZW°* . (Q, F) — (E, &) the identity map and T' :=
(ZWW €). Then I : (Q,F,P) — (E,&) is independent of Us as Ue is F; measurable.
Applying (Kallenberg, 2006, Theorem 6.10), we get a map a : [0,7] x Q x R? x [0,1] —
(A, B(A)), being measurable with respect to the o-algebra Prog(FW"W"* ) @ B(R%) @ B([0, 1])

such that
‘C(F> EL(F7 UE)) = E(Fa Oé)'
From the definition of I' we conclude that

£, (@&, Ue)sctom, (Ws = Wi, (W)ao )

=L (57 (as>SE[O,T]7 (Ws - Wt)se[t,T}; (Wf)sz())‘

Given an arbitrary uy € A, we can choose the required measurable function a : [0,7] x Q x

R? x [0,1] = A to be
as(w, z, 1) = uglpy(s) + as(w, z,u) Ly r(s), for any (s,w,z,u) € [0,T] x 2 x RY x A.

Then (as(§, Ue))sejo,r is F-progressively measurable and (2.2.4) is satisfied. The measurable

function a satisfies

£<§7 (as)se[t,T]7 (Ws - Wt)se[t,T}a (W;])sZO)
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=L (57 (as(§7 UE))se[t,T}a (Ws - Wt)SE[t,T]v (WS())SZ(])
=L (77’ (a’s (777 UT]))SE[t,T]) (Ws - Wt)se[t,T}a (W;))sZO)

=L (1, (B:)sctuzy, (Ws = Wosetpr, (W)so )

where (3, := as(n,U,). It can be shown therefore that

‘C((X?é’a)se[t,ﬂa (as)se[t,T]a (WS)SZO) = ‘C((Xz’nﬁ)se[t,T]a (ﬁs)se[t,T]a (W5)320>7
and therefore J(t,&, ) = J(t,n, B), implying V (¢,£) = V(t,n). ]

Theorem 2.2.4 (Dynamic Programming Principle). Suppose that Assumption (A) holds.
The value function V' satisfies the dynamic programming principle: for every t € [0,T] and

€ e LAY, FL P RY), it holds that

V(t,§) =sup ¢ inf E

ac A { s€ [t’T}

flr, X5 P)ngg,a, ozr> dr 4+ V (s, X69)

=sup § sup E| [ f (r, X0 P, ozr) dr +V (s, X7

acAr | s€lt,T] | } .

/
/

Proof. Put

ac Ay SE[LT]

A(t,€) := sup { inf E / f(ra X£7£7Q7P)Vgt(?§,aaoér)d7' + V(s, X050
t ka

A(t,€) = sup { sup E / £, X0 PR )i+ V (5, XEE9)
t s

a€A: | s€t,T]

We shall show A(t,&) < V(t,€) < A(t, ). We start with V (£, &) < A(t,€). Let a € A, be ar-
bitrary. Note that our value function V' (¢, ) is in fact defined only for £ € L*(Q', F}, P RY),
thus V (s, X5$?) is in fact random in the sense that V (s, X552)(w%) = V (s, Xt5(w0,)).
Note that by the uniqueness of the SDE, for P-a.s. w® € Q°, the process (X4 (w?, -))Te[sﬂ

is the unique solution of

XT(WO,.):(X;M+/ b(k:,Xk,IP’B’(V:,ak)dk+/ a(k,Xk,ak)deJr/ ao(k;)dW,S)(wO,-),
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thus for P? ® PP-a.s. (w? w®) € QY x Q°, (X142 (w° @, w™ solves

) '))re[s,T]
X, (0 @y W%, ) = (Xzafva + /T b(k,Xk,JP’)M(;O, ag)dk + /Ta(k,Xk, ay)dWi,
+ / ' a°(k)dw,3) (W @, W™, -). (2.2.5)
Since X“4(w0, +) is Fl-measurable, we have X4 (w® ®,w", ) = X150, .) and for P-a.s.
w? € QY (2.2.5) is equivalent to
X (w? @5 w”, )
= X5oo(0 ) + (/ b(k:,Xk,]P’%O,ak)dk+/Ta(k,Xk,ak)de—I—/T ao(k:)dW,S) (W @, W, ).
For P-a.s. w® € Q0 and & = (2°,&") € Q9 x Q', we define & (@) := a,(w° ®,&°, &"). Then
for P%a.s. w® € Q0 X56%(w® @, w, ) solves
Yo(w®, wh) = X4 w’, w')

+ (/ b(k‘,Yk,Pgo Y )dk+/ a(k,m,dgo)de+/ (k)de)(w L wh).

Therefore

EV (s, X05) =BV (s, X15(u, )]

S

T
ZEO{EOO]El / f('r X502 (0 @, w? wh), P tga(w Rs W 0),&$0(w00,w1)> dr

+g <X;§’°‘(w0 ®s w0, wh), P tga(w Qs w 0)) ] }

/ flr, X5 P ffaaar>dr+g(Xt£a P tm)]-
Therefore

E

/ f( Xhee p tga,ar>dr + V(S,Xﬁ’g’a)] > J(t, &, a),
¢
since s € [t, T is arbitrary, we have

inf E
s€(t,T]

/ f(?” tha ]P) t&aaar>dr+v<S7X?§,O{)] Z J<t7£7a)
t
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As « is arbitrary, so

A(t,§) = V(t,€).

On the other hand, for any g € A;, s € [t,T], by the continuity of J(-,-,-) and V(-,-),
we use the measurable selection theorem (see Wagner (1977) for instance) to find a v :

(Q0, F° P%) — (A, B4.) such that

T
6.8
V(S,Xﬁ’&ﬁ(ojo)) <E / f (7", Xﬁ,Xg (@) 7 () P)M(/O tgﬁ(w()),y(wo)y’}/r( 0)) dr

€8
+g<XsX @)W) P ) .

x5 X @)

Put I', (w?, w!) := B,(w”, wh) L5 (r) + 7 (w°) (w®,w") L5 77 (r). Then by (Soner & Touzi, 2002,

Lemma 2.1), we have I' € A; and

/ f(r, X067 thw,ﬁr)drvLV(s,Xﬁ’f’B)]

<E / f(r, X6 th“,r)dwg(xt“ PXM) +e

<V(t,&)+e
Taking supremum in s € [t, 7] on both sides gives

sup E
s€[t,T)

<V(t,&) +¢€

/ Flr, X6 P01 B)dr + V (s, X169)

and by the arbitrariness of ¢ > 0 and 3 € A;, we have A(¢,£) < V(¢,€). O

From Proposition 2.2.3, we can define a function v(¢, i) : [0, 7] x Po(R?) — R such that for
any t € [0,7] and pu € Po(R?), it is given by
ot 1) = V(1,€) (2:2:6)

for any & € L2(Q!, FL, P, RY) such that £(€) = u, where V (¢, €) is defined in (2.1.5). From

Theorem 2.2.4 and (2.2.6), the dynamic programming principle can therefore be recast as
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Theorem 2.2.5 (Dynamic Programming Principle). Suppose that Assumption (A) hold.
The value function v satisfies the dynamic programming principle: for every t € [0,T] and

p € Po(RY), it holds that

U(t, #’) = Sup Ssup {E / f<T7 X:7£7aa P)I/I(/t(?é,aa ar) d?“ + U(*SvP)Vzv/t(,)ﬁ,a) }
t T s

acA; s€(t,T] J
) y o 0 0
= sgi)t selﬁ,fT] {E /t f<7“, Xﬁ’g’ ,P%)gya, ozr> dr + U(S, P)I/}/;g,g,a) },

for any & € L*(Q', FL,PL;RY) such that L(E) = p.

2.3 Smooth Variational Principle

This section is devoted to the study of the regularity of our chosen gauge function for the
comparison theorem of viscosity solutions. As outlined in Cosso et al. (2024), the key to
the comparison theorem of viscosity subsolutions/supersolutions is the existence of a smooth
gauge function, so that when the value function is slightly perturbed by the gauge function, it
can attain its maximum/minimum, as indicated by the Borwein-Preiss variational principle.
To this purpose, we shall make use of the Gaussian regularized sliced Wasserstein distance
defined in (Bayraktar et al., 2023a, Section 2) as our gauge function. By a gauge function,

we mean the following:

Definition 2.3.1. Let dy be a metric on Py(R?) such that (P2(R?),ds) is complete. Consider
the set [0,T] X Pa(R?) endowed with the metric ((t,u), (s,v)) — |t — s| + do(u,v). A map
p: ([0, T] x Py(RY))? — [0, +00) is said to be a gauge-type function if the following hold:
(1), pl(t 1), (12 1)) = 0, for every (t, 1) € [0.T] x Po(R);

(2). p is continuous on ([0,T] x Py(R%))?;

(3). for any e > 0, there exists 1 > 0 such that, for any (t,p), (s,v) € [0,T] x Px(R?), the

inequality p((t, 1), (s,v)) < n implies |t — s| + da(u,v) < e.
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2.3.1 Properties of the Smooth Gauge Function

We recall the definition of the Gaussian regularized sliced Wasserstein distance in (Bayraktar

et al., 2023a, Section 2).

Definition 2.3.2 (Gaussian regularized sliced Wasserstein distance). For any p € Po(R9)
and 6 € STt .= {x € RY: |z| = 1}, we define the mapping Py : RY — R by Py(z) := 0"z and
the pushforward measure g := Py € Po(R). For any p, v € Po(R?), the sliced Wasserstein

distance is defined by

SWau,v) = {/Sdl [WZ(,UG,VQ):FCZQ}UQJ

where the integration is taken with respect to the standard spherical measure on S'. More-

over, the Gaussian reqularized sliced Wasserstein distance is defined by
SW3 (p,v) = SWa(u?,v7),

where p° = px Ny and Ny € Po(R?) is the normal distribution with variance a*I; for o €
(0,00). By abuse of notation, N,(y)dy also denotes the 1-dimensional normal distribution
with mean 0 and variance 0. We have that pug = (u%)s = (u* Ny)o = po * N, = (ug)°,

where the first Gaussian is d-dimensional and the second one is 1-dimensional.

Denoting the cumulative distribution function of y1 by F),, it is well known that (for example,
see (Villani, 2003, Theorem 2.18)) in the one-dimensional case, the optimal transport map

from pg to vg is given by
1%

15 (7) = F_g1 (Fug (x)),

which satisfies [Wh(ug, v§)] 2= Je 3le =15, (x) |2ug(dx). Note that because it is the optimal

transport map from g to vg, for any X € L?(Q, F,P;R?) such that £(X) = u,
L(T5,(07(X + N,))) = v, (2.3.1)
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where N, € R?is a normal random variable independent of X, following the distribution A/.

The following lemma is taken from (Bayraktar et al., 2023a, Lemmas 2.1).

Lemma 2.3.3. For any o > 0, (P2(R%), SWY) is a complete metric space, and it is equal

to (Po(R?), W) as a topological space.

In order to establish the regularity of the derivatives of this metric, we require an estimate

on the optimal transport map as outlined below.

Lemma 2.3.4. Fiz 0 > 0. Let V, U C Po(R?) be any compact sets such that all measures
inV, U are of the form pux Ny for some u € Po(RY). Let X C R be any compact set. There

s a positive constant Cyy x, depending only on U, V, X and o such that

17, e (“E 0 < iy, o () v (1512 + 1) en (23]}

202 402

forallve eV, yf” e, z€ X, z€ R and 6 € ST 1.

Proof. The values of the constants in this proof may change from line to line in this proof,
but they still depend on the same set of parameters as mentioned. First of all, we show that
the map U x ST 5 (u?,0) — ug € Po(R) is continuous. Let (uZ,0,)nen be a sequence

converging to (u?, ). For a L? random variable X such that £(X) = u7, it yields that

Wa (5, 6,5 g ) < Walpis o5 g, ) + Walpg, , 1)

< Wa(ug, 1) + /EIO] X — 07 X2,

where pi7 o = (un)g, and p; = (p,,)°. Taking n — oo and using the dominated convergence
theorem, we conclude our desired continuity. It also implies the continuity of the map
Vx 85 (1v7,0) = [, |yl*vg(dy) and hence Cy, :=  sup  [p |[y[*v§(dy) < oo by the

voeV,fesd-1
compactness of V. By Markov’s inequality, we have

Fe(2) < Cy,/2%, for any z < 0,

o
2
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and hence for z = Fu_gl (y) <0 with 0 <y < F,¢(0), we have

|F,/_gl(y)| </ COye/y, for 0 <y < Fe(0). (2.3.2)

Let Mg, be the median of ug, i.e., mgg, = F,;'(1/2). We have that Cyyy :=  sup
? 1o €U, HeSI—1
oo due to the continuity of the map U x S¥ 3 (u?,0) — Fl;gl(l/Q) (see (Van der Vaart,

F2l(1/2)] <

2000, Lemma 21.2)). Therefore, there is a large enough positive constant L, > 0 depending

only on o, U such that for any z < —Ly,, u° € U and € S, we have

Z2—=Mg,0,u

Fle(z) = /OO Flp(z = )N, (y)dy + / Fly(z = y)NG(y)dy

—Mg.0,u —00

Z—Mg 0,1
> / E, (Mo, N, (y)dy

2 2 _ 2
> 7 (1 S — 2) exp <——‘Z m(;g,“\ )
2|z — Mg, |2 — Mo, 20

2 _ 2
T exp @W) 7 (2.3.3)

~ Az =Ml 20°
where the second last inequality comes from, for instance, (Durrett, 2019, Theorem 1.2.6).
Note that inf . 1F,,{;r(O) > 0 since every measures 17 is Gaussian regularized, and the
vreV fesi-

infimum can actually be attained due to compactness. There is a Ly y, > Ly, such that

0< Fug(z) < Fl,g(O) for any z < —Lyy . Thus, by (2.3.2),

1/2
203/2|2 — Mg g )2 exp (lZ - mo,e,u|2)

}Tgu@)} - 402

Fu_gl(Fug(Z))‘ <

o

for any 2 < —Ly v . The case for the right tail is similar. By Markov’s inequality, we have

|F;g1(y)y <\ Cyo/(1—y), for Fie(0) <y < 1. (2.3.4)

Taking Ly, > 0 large enough, we see that for any z > Ly y o,

Z=Mo,0,u

Fug(z) = /Oo Fuy (2 = y)No(y)dy + / Fly(z = y)No(y)dy

—Mg.0,u —00

[e’¢] 1 Z2—Ms 0,1
<[ N [ Ny

—Mg 0,4 —00
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o 1
—1- [ Nl

—Mg,0,u
and therefore
1 oo
L= FHZ(Z> > 2 No(y)dy.
2—Mg. 0,
By the symmetry of the distribution of N,, a similar estimate as (2.3.3) can be derived.

Therefore, together with (2.3.2) and (2.3.4), we have that for any |z| > Ly v,

|75,.(2)| = |Fog! (Fig ()] <

o
2

1/2
20V{0’|Z - m0797M|1/2 ( |Z - ma,@,,u,|2)

exp :
o 402
Since both the distribution and quantile functions of probability measures in I/, V are contin-
uous and strictly increasing on the spatial variable, T¢ u(z) is strictly increasing. For the re-
gion |2| < Ly v, as the map Ty (z) is continuouson pand 0, K .= sup [Ty (Lyyo)|V

ue e ,0eSa—1
175 (= Lyy,o)| < oo. Since Ty (z) is strictly increasing in 2, we have

Cyyes:=  sup sup [Ty ,(z)| < co. Therefore, for any z € R? and z € R, we have
ueeU,0€8A1 |z|<Lyv,o ’
|z — 0T x|?
15, exp (5510

—(9T 2
< |:CI/{,V,0 exp (—uﬂ \Y

202 o 402

2011,/3|z — m(,,g,ﬂll/2 exp <|z — Mo pul®> — 2|z — QT:E|2>]

Recall that |myg,| = |F M_gl(l /2)] < Cy,. Thus, we can use Young’s inequality to obtain

that
o ’Z B HT:CP
175, () esp (50
e —22/2 4 |07 a)? 2032 (|22 + C/2) —22/2 4+ 14|07 [* +5CF,
< |Cuy,s eXp 9572 v . exp 102

As z is in the compact set X', we conclude the required result.

We have the following lemmas for the derivatives of {S W (1, V)]Q, when fixing v € P,(R?)

and o > 0:

Lemma 2.3.5. Let v € Po(R?) and o > 0 be fized. It holds that
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(1). the mapping Pa(R?) >y [SWZ"(M, 1/)}2 is L-differentiable with

9, [SWs ()] (2) = /S 9{9% ~E[15,67(x+ N,))] }d@;

(2). there is a constant Cy > 0 depending only on d such that

J.

(3). the mapping R? x Py(RY) > (x, p) — 9, [SWQ"(,LL, V)]Q(I) is jointly continuous.

0,57 u.)] @) ntde) < Cal [ laPutaa)+ [ o))

Proof. We follow (Bayraktar et al., 2023a, Lemma 2.2) to obtain items (1) and (2). To prove
(3), we let {z }neny C R and {1, bneny C P2(R?) such that |z, — 2| — 0 and Wa(pun, i) — 0

as n — 0o. It is sufficient to consider
[ I 07 o)~ 15,07 o) ot
o [ BT 4 ) 17, e )
1 2
B /Sdl 0 /R [Tg,un (0T +y) =I5, (072 + y)] otz P <—%z) dydf

_ 1 o ]y—GTa:n|2> " < ‘y—QTxP)
— (271'0'2)1/2 /Sdl /RQTQJM (y) exp (——202 — HTQ,M(y) exp _T‘? dyd®,

where the normal random variable in the first line is d-dimensional and that in the second line
is 1-dimensional. By Lemma 2.3.4, the pointwise convergence of Ty “n(z) and the Lebesgue
dominated convergence theorem, we conclude that the above term converges to zero as

n — 0o, which implies the desired continuity.

Lemma 2.3.6. Let v € Po(R?) and o > 0 be fized. It holds that

(1). for each p € Py(R?), the mapping R? > z +— 9, [SWQU(,LL, V)r(a:) is differentiable with
respect to x with

d

o 2 . T o
o0 [swio '@ =e[[ o (1- Lo Yl

0Ta —
- /S 6079+ / /S d (09TMT;M@)A@(0%—@) dfdy;
—1 R —1

g
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(2). there is a constant Cy > 0 depending only on d such that

M[SWzi’(u,V)]Q(:v))zu(d:v) < Cy (1 + % /Rd |:B|21/"(d:v)> ;

(3). the mapping RY x Py(RY) > (x, u) — 0,0, [SW;(M, l/)}2(l’) is jointly continuous.

Proof. Ttem (1) is obtained by directly differentiating (1) in Lemma 2.3.5 and the integration
by part. The interchange of the differentiation and the integration is justified in the proof

of (Bayraktar et al., 2023a, Lemma 2.4). To prove (2), we use (2.3.1) to obtain that

J.

4&@%@&@@@@

:/ /Sd1 9Td9+//8d1 eeT )T9u< )NU(GT:c—y))dedy

T
/ 99%9 +2 / / / GGTMTM( )NU(QTx—y)) dfdy
Sd—1 R4 Sd—1

<cut 5 [ ([ @ pniee - pasay)( [ [25,00] Nel67 0 pdody) n(a)

xSd—1

1 ag
SCd (1+ ;/1; ’37‘27/ (da:))

2

p(de)

2

<2 p(dz)

To prove (3), we let {z,} nen € RY and {pntnen C Po(R?) such that |z, — 2| — 0 and

Wa(ptn, 1) — 0 as n — oo. It is sufficient to consider
Q x" _ 0"z —
/ /S LT (0, A0 ) = T Nl ) ) dody
-
- / / QQTM—MTG‘{M"@)NU(@% — y)dédy
Sd—1
To —
/ /Sd 1 HHT ) [Taﬂ (y> - T;u(y)}Na(eTxn - y)dﬁdy

//Sd 100T )TGM( )[Ng(eTgpn —y) _NJ(QTl‘_y)}dey,

By Lemma 2.3.4, the pointwise convergence of Ty (y) and the Lebesgue dominated conver-
gence theorem, we conclude that the above term converges to zero as n — oo, which implies
the desired continuity:. O

We have the following estimate when acting H on the metric:

45



Lemma 2.3.7. Let v € Po(R?) and o > 0 be fized. We have
Y 2
[ [sWs ()| < Ca
Proof. For ease of notation, let h denote the map:
2
h:Py(RY) = R; p— hip) = [SW;(M,U)] :
For each X € L*(Q2, F,P;R?) such that y = £(X), we denote T§ y to be the map Ty y () :=

Ft (F o(x)) For pu € Py(RY) such that p = L(X), we also denote h* to be the lifting of

vy Ho

h to Hilbert space, then h*(X + w) = h((Iz + w)yu), where I; + w : R? — R? is the map
x+— x4+ w for w € R?, and

%h*(x +w) = E[8h(L(X + w)(X + w)],

d
where T is the usual gradient operator on R?. Therefore, as the laws of Tg v, (HT(X +
w 7

w+ Ng)) and Ty <0T(X + Na)) are the same by (2.3.1), we have
E[0uh(L(X + w))(X + w)] = E[0,h(L(X))(X)]
:E/ 0 {eT(X tuw)—E [T;X+w (07(X +w+ No))] } do
Sd—1
. T ) o T \T
E/Sd_1 9{9 X E[Tex(& (X +N0))]}d0
:/ 00 " wdo,
Sd—1
and thus
Hh = / 06" df,
Sd—1
from which |Hh| < Cy is obvious. O
For each o > 0, we define p, : ([0, T] x Po(R%))? — R by
2
(5,10, (1,0) = It = 5P+ [SWE ()] (235)

It is a gauge type function on ([0, 7] x Py(R?), (p,)*/?) by Definition 2.3.1. We conclude the

following smooth variational principle:
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Theorem 2.3.8. Fiz § > 0 and let G : [0,T] x P2(RY) — R be upper semicontinuous and

bounded from above. If there exists X > 0 and (to, o) € [0,T] x Po(R?) such that

sup G(t, ) — A < G (to, o) ,
(t,p)€[0,T] x P2 (R4)

then there exists (¢, i) € [0,T] x Po(R?) and a sequence {(tn, i)}, C [0, T] X Pa(RY) such

that:

- A
(1) P1/s ((t7 :U’)7 (tTH :U’n>) < on§2 fOT anyn = 07 17 27 ceey

(2). G (to, o) < G(t, f1) = 6%¢5(t, 1) with s : [0, T] x Pa(RT) — [0, +00) given by
+oo

IANEESY 21nm/5 ((t, 1), (tny pin)) 5 for any (t, ) € [0,T] x Po(RY);  (2.3.6)

n=0

(3) G(tnu) - 52905(t7 M) < G(fv Ia) - 52905(57 /1)7 fOT every (tu :u) S ([OaT] X PQGRd)) \{(57 ﬂ)}7
4). ps € PCI2([0,T] x Po(RY)) and there exists a constant Cy > 0 depending only on d
1

such that for any (t,u) € [0,T] x Po(R?), we have

Ovps(t, )| < AT
1—|— A
[ westtnte) i) < o (52 + [ loPutdn) + [ loPpatan)
1 + A
[ 1005t @ nlde) < Cas? (<557 + [ JaPpaldo));
R4 5 R4

[Hes(t, p)| < Ca.

Proof. For items (1) to (3), we refer readers to (Jonathan M. Borwein, 2005, Theorem 2.5.2).
As there is a constant k4 > 0 depending only on d such that f Sd-1 007 dO = rqly, by a simple

application of the triangle inequality we conclude that

Hd/Rd |2 (dx) :/SM/Rnyye(dy)degcd (/R ) u(da) + [SWa(u, 1/)]2). (2.3.7)

The constant Cj changes from line to line in this proof, but it still depends only on d.

Replacing v and p with un * and ,uo respectively in the above, we have

/ 22 ulo(dx) < Cy / 26l (d [SW (Iui/é,/ubl/é)} [SW( 1/57%/5)} )
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A A
< Ca( [ ot + [ oA sin) + 5o + )
R4 R4 L) )

1+ A A
2

(2.3.8)

From Lemmas 2.3.5-2.3.7, we see that the derivatives 0;p1/5 ((t, it), (tn, itn)), Ouprss ((t, 1), (tns pin)) (),

020up17s ((t, 1), (tn, ptn)) () and Hpass ((t, ), (tn, pn)) exist for each n =0,1,2,... and also

|8tp1/6((t> 1), (tn, pin))| = 2t and ’H<P1/§<<t7ﬂ>7 (tmﬂn)))‘ < Cy. (2.3.9)

The interchange of the differentiation and the infinite sum for 0,1 5(t, i) and Hey 5(t, 1) are
obvious by the above bounds and Lemma 2.3.4. Therefore, 0,1 /5(t, jt) and Hp/s(t, 1) exist
and have the desired upper bounds by using the definition of ¢y 5(¢, 1) and (2.3.9). Moreover,
we are safe to interchange the measure differentiation and the infinite sum for 0,¢1/5(t, 1t)(x)
by the proof of (Bayraktar et al., 2023a, Proposition 2.5), thus the derivative 0,¢1/5(t, it)(x)
also exists. According to Lemmas 2.3.4 and 2.3.6, we see that the derivative 0,0,1/5(t, 1) ()
also exists by interchanging the differentiation and the infinite sum. The joint continuity of
these derivatives follows from the dominating function constructed in Lemma 2.3.4, (3) in
Lemma 2.3.5, (3) in Lemma 2.3.6, Lemma 2.3.7, the definition of ¢y /5(¢, ;) and the dominated

convergence theorem. Finally, from Lemmas 2.3.5-2.3.7 and (2.3.8), we have

[ 0ums o (o) @) Pude) < Ca( %+ s+ [ laPntan) + [ laPo(da)

1000t (o) )tdn) < Cal14 3+ 5 8 [ faPal).

By the above bounds, (2.3.9) and the definition of ¢q/5(¢, 1), we conclude the desired bounds.
[l
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2.4 Smooth Finite-dimensional Approximations of the Value
Function

This section is to carry out the smooth finite-dimensional approximations of the value func-
tion through the n-particles approximation of the measure argument and the mollification

of the coefficient functions b, f and g.

2.4.1 Infinite-dimensional Approximation

Fix a complete probability space (€, F,P), also of the form (Q°x Q', FO® F' P @ P'). The
space (Q°, F°, P%) supports a d-dimensional Brownian motion W°. For (Q', F!,P'), it is of
the form (él x OG0 FL P g Iﬁ’l) On ((Xll,}x"l,]fbl), there lives d-dimensional Brownian
motions W and B. The space (él,g,@l) is where the initial random variables live. We
assume that (él,é,ﬁl) is rich enough to support all probability laws in R?, i.e., for any
probability law p in R? there exists X € Q' such that L(X) = p. The expectation E is

taken with respect to P° @ P

Set F = (ﬁS)SZO = <U<W79)0§7‘§8 V O'(Wr)ogrgs Vv O'(BT>0§T§3 V g)szo, Ft — (H)SEO =
(U(Wq9>0§r§s V U(WTW — Wt)()S,.SS Vv O'(Brvt — Bt)()grgs V G) >0 Without loss of generality, we
assume that they are P-complete. Let t > 0, denote A (resp. A;) the set of F-progressively

measurable process (resp. [Ft-progressively measurable process) & valued in A.

Letting ¢ > 0, t € [0,T), £ € L*(Q', F',P;R%) and & € A, we consider the unique so-
lution Xt4% = (Xe464) ., 1 of the system of the perturbed equation:
XS:€+/ b(r,Xr,IP)VKO,dT)drjt/ a(r,Xr,dr)dWT+/ o (r)dW?
t ¢ ¢

+e(By — By). (2.4.1)
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For any t € [0,T] and £ € L*(Q', F',P1; R?), we consider the value function:
T P S
/ f(s, XS&t,E,a’ P;YE’t,g’d, ds>ds + g<X;t,£,a7 P;Ymm> .
t s T

(2.4.2)

Va(t,€) = sup Jo(t,€,6) := sup E

aeAy; acA;

By the law invariance property, we can define a function v.(¢, i) : [0, T] x Po(R?) — R such

that

v=(t, ) == Ve(t, €), (2.4.3)

for any £ € L?(Q', F',PY; R?) such that £(€)

i
Lemma 2.4.1. Suppose that Assumption (A) holds. There exists a constant Cs = Cs(d, K, T)

such that for any e > 0 and (t,p) € [0,T] x Po(R?), it holds that |v.(t, 1) — vo(t, )| < Cse.

The proof is standard by using Assumption (A), equation (2.4.1) and the definition in (2.4.2).

We omit it here.

2.4.2 Finite-dimensional Approximation

In this section, we will illustrate the finite-dimensional approximation. Consider a complete
probability space (€2, F,P), it is also of the form (ﬁo X 51’]—__0 ® ]_-"1,@0 ® @1). The space
(QO,J_:O,@O) supports a d-dimensional Brownian motion W’. For (ﬁl,?l,@l), it is of the
form (51 X 61,3 ® .7:"1,51 ® ﬁl) Let n € N, there lives d-dimensional Brownian motions
Wl, ..., W" and Fl, ...,B"on (61,;1,?). We require Wl, e ,Wn,El, ..., B" to be mu-
tually independent. The space (51,6, ﬁl) is where the initial random variables live. We

=1 _ =1
assume that (Q ,G,P ) is rich enough to support all probability laws in R? i.e., for any

=1
probability law u in RY, there exists X € Q such that £(X) = pu.

— — —o0 —i —i — —
Put F = (Fy)e0 = <U(Wr)0§r§s VoW, )o<r<s,i=1,..n V 0(B,)o<r<s,i=1,..n V g)s>0, F =
—0 —i —i — —i =
(Fo)szo == (U(WT)OSTSS Vo (Wi = Wiogrsi=t,n V 0 (B, — Bylogr<si=t,.n V g)s With-

out loss of generality, we assume that they are P-complete. Let ¢ > 0 and denote A" (resp.
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71?) the set of F-progressively measurable process (resp. Ft—progressively measurable pro-

cess) a = (a@',...,a") valued in A™.

777 1 7t7777 ’ 7t7777
S S

S S

Let £ = (El, ..., &) € R we consider the solution Yz’t’
of the system of the perturbed equation:
i __ ¢ ’ i on i ’ i =i\ T ® 0 T
Xe=¢+ | b(r, X,y ey )dr+ | o(r, X, @)dW,+ | o (r)dW,
t t t
+e(B. - B), (2.4.4)
for each i = 1,2,...,n and X, = (X!,..., X?) with

JU

n

Denoting 75! £ = Z E (5?—,5,,5,357 we consider the value function:
S
i=1

fﬁe,n(tul—f/) .= sup Js,n(tagv a)

acA;
z LEa ~ne a — et a ~net.Ea
— s L30E / F(s, T Gt qiyds 4 g(Xor % fnetde |
ac Ay i=1

for any ¢ € [0, 7] and i € Po(R%) such that £(§) =

Now we introduce the smooth approximation of the coefficients. For n,m € N and ¢ =
1,...,n, wedefine b}, . : [0,T|xR™"x A —= R fi :[0,T]xR"xA—R gl R — R

be the smooth approximation of b, f and g respectively such that

; A n
b (t,%,a) = md"+1/ bl (t—s)T AT, 2" —y', — Opi—yyi > @ ms O (my*)dy*ds:
o (1,7 0) el y nz woa | o(ms) | ] @(my")dy

k=1
(2.4.5)
: : R -
(6T a) = mantt / f ((t —8)TAT, 2" — - Z@Lya‘, a) H O (my"*)dy" ds;
Rdn+1 =1 el
(2.4.6)

51



Rdn

) — n ) i 1 - -
Gron(T) = m? g (90 —y > (5xjyj> [ [ ®(my*)dy*, (2.4.7)
j=1 kel

where t € [0,T], a € A and T = (x!,...,2"). The functions ¢ : R — R, & : R — R*
are two compactly supported smooth functions satisfying fR s)ds = 1 and fRd Ydy = 1.

First, we establish some basic properties of these approximation functions.

Lemma 2.4.2. Suppose that Assumption (A*) holds and define

Anm — _Zéxﬂ

For anyi=1,2,...,n, we have the following

(1). Upper Bound: for any n,m € N and (t,7,a) € [0,T] x R x A, we have

(8T, @)V | fr (8T, @) V[ 5, (T)] < K
(2). Convergence: it holds that

lim b;l m(t’ T’ CL) = b(t> lﬂ;: ﬁn’f7 a)a lim fé,m(t f’ CI,) = f(t, xia ﬁn@’ CI,)

m—00 ) m—00

hm gnm( ) - g(xi7ﬁnj)7
m—00

uniformly in (t,7,a) € [0,T] x R x A;

(3). Convergence Rate: for any n,m € N, (t,7,a) € [0,T] x R™ x A, we have the

estimates
(i). forb and f:
|1, (8, T, a) = b(t, 2", ™7 a)| V| fy, . (6T, a) — f(E, 2", 17, a)

. 1 <& . n
i 2Ny ®(my*)d
(|y|+n;!y\>l[l (my*)dy*;

<Km [ [t—|TA({t—3s)"|| ¢(ms)ds+ Km™"
fle=rae—srf

Rdn

(ii). for g:

7 — i An,T n 7 1 - j
9y (T) = g, )| < Ko™ | <|y|+ﬁ§ IyJ|>H<I> my")dy";
Rdn =



(4). Continuity: for any n,m € N, (t,7,7,a) € [0,T] x R x R™ x A, we have the

estimate
|biz,m(t’f7 a) - b;,m(tvf/a a)| v |f7€,m(t7§a CL) - ;,m(tvjlv a>| \% |g;,m(f) - g;,m(flﬂ

T l - /]
SK[]QJ x!+n2|x3 a:]|] (2.4.8)

j=1

Proof. Assertion (1) is obvious by the definitions in (2.4.5)-(2.4.7) and Assumption (A*).

We prove assertion (3) for g by considering

. ~N,T 7 7 1 .
g(z*, ™ )—g<:r —y § 5xjyj)
j=1

Using the Lipschitz continuity of g in Assumption (A*) and the fact that
150 ) (e )
1\ M ' 4 wi—yi | = VV1 n 4 @ls 2 @i —yJ
7j=1 7j=1 7j=1
1 n
< T =Yl |- 5xj,mj—j df]?,dy
[ \L§;< yx 1
_ ! i | (2.4.9)
n 4 ’
7j=1

9. 2") = g ()] < | T o0my*
k=1

Rdn

we obtain that
i SN,T ) — n 7 1 & j -
|9(a', 7)) = i ()] < K <|y +=> ij|> [ ®(my*)dy*
Rdn n =1 k1
We prove assertion (3) for b by considering (the proof for f is exactly the same)
b(t, «", "7, a) — b, (£, T, a)]
< dn+1/ b(t, x', ™", —b(T/\ t— Oy ) O (my*)dy"d
= Rdn+1 ( L ) ( S Z —y7 mS)H (my)y S

k=1

< m/ b(t, 2", 1™, a) = b (T A (t—s)*, 2", "7, a)| p(ms)ds
R
dn+1 _ + i SnT _ _ .
+m /}Rdn+1 b(T/\(t )Tt i ,a) b(T/\(t s)* Zézg N )
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The inequality in (2.4.9) and Assumption (A*) implies that

|b(t’ xiv :anj’ CL) - b;’m(t, z, a)|

< Km/ }t — (T A (t— s)ﬂ)‘ﬁ p(ms)ds + Km™ <|y1] + 1 Z |yj|> H d(my")d
R Rdn N4 k=1

yr

Assertion (2) follows immediately from assertion (3). For the proof of assertion (4) for ¢ (the

proofs for f and b are exactly the same), we let Z, Z € R and estimate

195.m(T) = g3, (Z)]

S LA I R SN

g\xr yan'lwﬂfyf g\ =z yvn‘lszyj
J= J=

Then the inequality in (2.4.9) yields that

n
S mdn
Rdn

k=1

n

, . R
i =\ _ 4t N < K dn |: ) - J o :| P k d k
19, (T) = Gnm (Z)] < Em " = 2| + ;21 ja? — 27| ] @(my")dy

Rdn k1

4 . 1 < . .
_K[Z—Z Iy ﬂ_ﬂ].
|z z|+nj1|x 2

[T ®my*)ay*.

]

Remark 2.4.1. It is worth noting that the coefficients b, f and g are assumed to be W;-

Lipschitz continuous in Assumption (A*), which is stronger than the Wy-Lipschitz continuity

assumed in (Cosso et al., 2024, Assumption (A)). The main reason is to provide a better

Lipschitz estimate when we establish the smooth approrimation of the coefficients in Lemma

2.4.2, which is critical in the proof of Lemma 2.4.5 and Theorem 2.5.3. We note that there

are some gaps in the proofs of (Cosso et al., 2024, Theorem 5.1, Theorem A.7) if only Ws-

Lipschitz continuity is assumed in (Cosso et al., 2024, Assumption (A)). More precisely, if

we assume the coefficients are only Wh-Lipschitz continuous, then we only have

o 1 n 1 n 1 n 1 n .
Wg(,u ’ - E 5xj_yj> = W2<ﬁ E 5;01,5 E 5xj_yj> < 72 E lv’|, (2.4.10)
j=1 7=1 j=1 j=1
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instead of the estimate in (2.4.9). It seems that the corresponding estimate 0fW2< e % ?:1 (5xj_yj)
in the proof of (Cosso et al., 2024, Lemma A.3) is not true, see the counterexample at the
end of this remark and the estimate in (2.4.12). Hence, adopting the Wh-Lipschitz continuity

and the estimate in (2.4.10), assertion (3) of Lemma 2.4.2 becomes

|biz,m(t’f7 a) - biz,m(twflv a)| \ |frizm(tafa a) - friz,m(tafla a)| \% |g;bz,m(f) - g;,m(flﬂ

<K ||zt — 2| + I/QZW 27|, (2.4.11)

see the corresponding estimate in (Cosso et al., 2024, (A.7)). This causes a problem when
we apply Lemma 2.4.2 to prove Lemma 2.4.5 and the bound of the first order derivative in
(2.4.18) (see also the corresponding estimate in (Cosso et al., 2024, (A.12))), which is crit-
ical in the proof of Theorem 2.5.3. While (Cosso et al., 2024, Assumption (A)) adopts the
Wi-Lipschitz continuity assumption, the estimate in (Cosso et al., 2024, (A.7)) is invalid
and we should have (2.4.11) instead. However, by using the arguments in Lemma 2.4.2,
2.4.5, we showed that the estimates (Cosso et al., 2024, (A.6), (A.7), (A.12)) and the proofs
of (Cosso et al., 2024, Theorem 5.1, Theorem A.7) should be valid if (Cosso et al., 2024,

Assumption (A)) adopts to the Wy -Lipschitz continuity.

Here is a counterexample to the estimate of W, (A””” 1 = O yj) in the proof of (Cosso

et al., 2024, Lemma A.3)) which claims that

s 1 n 1 n .
Wz(ﬂ ’ ,ﬁz(xﬂ_yj) < EZM. (2.4.12)
j=1 j=1

Supposed = 1,7 = (1, 2%,...,2")" = (0,...,0)" andy = (y*, 9%, ...,y")" = (¥1,0,...,0)".
Consider the probability measures i"™* = &y and %Z?:l Opiyi = = s i1 0y As i™T = 0y,
all mass should be transported from/into this point only (see (Villani, 2003, (11) in Chapter
1)), therefore, there is only one joint distribution 7w such that 7(A x R) = p™*(A) = do(A)

and 7(R x B) = %Z’;:l d_yi(B) for any measurable sets A and B in R. It is given by
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(A X B) = %Z?Zl 00(A)6_yi(B). Thus, forn > 1, we have

. . 1/2 . 1/2 .
nz 1 B 51 (1 - 1 :
W2(,U ,Ez5xj—ya‘> = </R!y| EZ(S—W(C@)) = (EZW’ ) = WZW”
J=1 7j=1 7j=1 7=1
where we have used (y*,y%,...,y")" = (y,0,...,0)T € R" in the last equality. It contradicts
(2.4.12).

m7€7t7£’a _ ( 13m357t7£7a n’m’€7t7£7a

Let X X X

S

) € R be the solution of

S P S

Xi=€ s [ B Xeadr [ ol Xa)dW 4 [,
t t t
+e(B. - B)), (2.4.13)
for i =1,...,n, where X! is the ith-component of X,. We define

5E,n,m(taﬁ) = Sup J:,n(tE) a)

acA;
1 n T _ _
; ~1m.eta ~nmetla _;
e 7 s TS50 Gy LRI Z 1) 2
= sulo—g E / fnm<s,XS ey X ,as>ds
aeA?ni:1 t

n g:%m (7;771,8775,576’ o ’yg,m,s,t,&E) ] : (2414)

for any t € [0,T] and fi € Po(R™) such that £(£) = . We define v, n(t, i), ven(t, p) :
0, 7] x Po(R?) — R by

Venm (o) = Vet @ ... @ p) and v, (t, 1) =00t p® ... p). (2.4.15)

Lemma 2.4.3. Suppose that Assumption (A*) holds. There exists a constant Cg = C(K, T, d)

such that for any (t, ) € [0,T] X Po(R?), we have |vzpm(t, 1) — Vonm(t, 1) < Coe.

Proof. For every i = 1,...,n, m € N, e > 0, t € [0,T], € € L*(Q, F,,P;R™), @ € A,

as ¢ is the only parameter that is varying, we write YZ to stand for (7?57 o ,Y:;E) =
(XS XN which solves (2.4.13). Then with (2.4.8), it is casily scen that

there is some constant Cy g > 0 such that

E[|XF — X2°P] < CyxrE

I ) 1 e [ )
/ |X,ﬁ’€—)(f:0|2dr+— g / ]Xﬁ’e—)(ﬁ’0|2dr +62d(s—t).
t n < t
]:1

56



Summing on ¢ = 1,...,n, we have

n

> IXE - X

i=1

E < Cayxkr

E (/ Z | X5 — Xﬁ50|2d7’> +ne?(s — t)] ,
t =1

and hence Gronwall’s inequality gives

n

DX - X

=1

= S Cd,K,TTLSZ(s — t)ecd,K,T(S—t)‘

Let € Po(RY) and take € = (€, ...,€) € R such that £(€) = u, we have
’Us,n,m (t, ,u) - UO,n,m(ta ,u)|
1< r
< sup — ZE [/ ds +
EEZ? n i=1 t

2K T ~hE 4
§—supZ{/ IEHXS’ _Xs,o ]}
n —_—n t
n 1/2
22K T —ie =302 —ie  —i;0|2
< S S {;/t TE[XS - X, - ]

i N A i 0 i
n,m ($7Xs’as) T Jnm (87Xs7as)

o (X7) = s (53

|as+E||X7 - X7

} ds +E “X}’s X

< 2\/§K€ (Cd,K,T(T3 + T)ch’K’TT) 1/2.

[]

Lemma 2.4.4. Suppose that Assumption (A) holds and let (t, 1) € [0,T] x Po(RY). If there

exists ¢ > 2 such that u € Py(R?), then lim lim v, (¢, 1) = v(t, p).

n—o0 mMm—0oo

Proof. The proof goes as the same line as (Cosso et al., 2024, Theorem A.6) with (Djete
et al., 2022, Theorem 3.1, Theorem 3.6) replacing the limit theory in Cosso et al. (2024),

because of the appearance of the common noise. O

Lemma 2.4.5. Suppose that Assumptions (A*) and (B) hold. The function V., : [0,T] X
R — R defined by

Vet T) = Vet 2, 2") = Ve (8,601 @ ... @ Gpn) (2.4.16)
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1s a classical solution of the Bellman equation

(

acAn

Owu(t,T) + sup { folm T Ztr [( )(t, 2%, a) + (%% T (1) —|—52]d>3§ixiu(t,f)}

+Z m(6,T,a"), 0pu(t,T)) +% Z tr[(O’OUO;T)(t)azixju@,f)]}

i,j=1,i#j

=0 in [0,T) x R

IR
) — ) — . ]Rdn
n ;1 gn,m<x> mn )

(2.4.17)
where a = (a',...,a") with a* € A fori = 1,2,...,n. Moreover, there are constants
Cy = Cy(d, K, T) and C,,,, such that for any e >0, n,m € N, t,#' € [0,T] and 7,7 € R,

we have

C,y
1040z o (8, T)| < — for’ everyi=1,2,...,n and
(2.4.18)

_'(zzm/g 82

T Ty

Ean,m(t,f) < % for every 5,k =1,2,...,dn,
where we denote by 8% 7.0(t,T) € R the second order derivative with respect to T; and Ty, for
jk=1,2,....dn.

Proof. We refer readers to (Cosso et al., 2024, Theorem A.7) for proving that o., ,, is a
classical solution of the Bellman equation to (2.4.17). From (Krylov, 2008, Chapter 4.7,
Theorem 4), we deduce the estimate of the second order derivative in (2.4.18). It remains to
prove the estimate of the first order derivative in (2.4.18). We would like to point out that the
proof presented below differs from that in (Cosso et al., 2024, Theorem A.7). Specifically,
we were unable to reproduce identity (Cosso et al., 2024, (A.21)) therein, which may be
attributed to a possible typographical error. As U.,,,,(t,7) € CY%([0,T] x R™), we notice

that it is enough to establish that
[Tean(t:7) = Tepm(t,2)] < 2T =7,
1

when the components of T = (z',...,2") and Z = (2',...,2") are all equal, apart from one

component z¥ # 2* for some k = 1,2,...,n. Recalling the relations in (2.4.14) and (2.4.16),
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we use the continuity in (4) of Lemma 2.4.2 to yield that

|Es,n,m (t7 E) - Es n m(t 7)|

<2K sup— [/ ‘—’LmEtIOl zmstza

s
aE.At

2,M,€,1,T, 00 —t,m,e,t,z,a

ds+‘X _ X

] . (2.4.19)

Suppose that T and z differ only for the first component x! # z'. For each i = 1,2,...,n

Z’7m7€’t7f?a

the R%valued process X7 = (X, )seft,r) solves the following equation on [t,T):

X0 = oy / b X0 X ) dr+ / o(r, X2 @) dW '+ / o (r)dWo+2(B.—B,).
t t t

Denote AI172 = in — Yfl Then we have

ApX = (s — 2h)oy + / XX a b (X X adr
t
+ [ o X a) — o(r, X )diT

t

Letting ¥ > 0, we consider the function uy : R¢ — R defined by
ug(y) == \/Iy|* + 9.

Direct calculation gives

Oyuy(y) = v 02, us(y) = ! Iq— ! Yy

uy(y)
Applying [t6’s formula to uy (Axlyi> gives
du19 <Axlyz>
=(0yus (AnX,),dALX)
+ %m« {lo, X a) —o(r, X a)] 2ug (8 X0 [o0n X2 a0 — o, X0 )] b ds

A17i , —z —zn —E —zn _;
(e (b (s XX ) = 0 (s, XX Al ) ds
ug(Axle) ’

+ [o(s, X2 al) — o(s, X7 @) dW§>
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+%tr{ [ (s, Xslﬂ 5) o(s, XS Z’ 5)}T

Axlyz Azlyl ! 52,0 T,0
< ! — 1 — ( )( — 3> ) [0(3 X'a)—o(s, X", S)} }ds.
qu(A

0 X,) s (A0 X)]
It is clear that
Ag X Ap X
e {A _, }, P-a.s. as ¥ — 0.
u,ﬂ(Ales) |A leg.?éO

Moreover, in view of the Lipschitz-continuity of o, we have

1 7,0 T 1 Z,i <Ti
§t {[ (S Xs ) s) (8 Xs ) s)} <m[d> [ (8 Xs ) s) (S Xs ) s):|}

1 1 Z0 T, — T ) —
D) (M——iﬂ{Amlxiio}) tr{[ (5 X o (s, X0 0] [ols, X0 00) — o5, X7, S)]}

P-a.s. as ¢ — 0. Similarly, it holds that

—zi —7,i T Axlyz Azlyz ! ~Z,i R
%tr{[ (s, X, ,a.) —o(s, X, ,_2)} ( ( — 2, ) [U(Sva ) — (s, Xs , s)]}

s (An X)]
1 1 1
T\ e

o { [o(s, X 00) — o5, X s)}T(Axlfi(Axlyi)T)[ (s, X, a) - o(s, X2 al) ]}

P-a.s. as 9 — 0. Therefore, by taking expectation and then passing ¢ — 0, together with

the dominated convergence theorem, we conclude that

E[‘Axlyi’] — [zt = (b1

s AnX, xo! xn <! —En
et X ) i i 7 o
/t <|Ax1Yi 7bn,m(T7Xr e X, 00) — b XX Ay H{Axlyi#o}dr

+;E{ ts A et { ot X w0 ot XA [0, X5 ) - o X T)]}H{AM#O}CZT}

=E

_;E{ /t 12,3“{ ot X7 ) —o(r X7 )] (80X (20 %)T)




(o, X" @) — o(r, X, )] }n{A lxi#o}dr}.
(2.4.20)

The term in the third line of (2.4.20) can be estimated by Assumption (A):

w{ [o0n X700 — o(rn X0 a)] [0 X7 a0 — o0 X7 ah)] b1 (ot}

1

ALK,

< K?|AnX,

Similarly, the term in the forth and fifth lines of (2.4.20) can be estimated by

‘A:Yi Str{ o, XA — ol X0 a)] (80X (20 %))
[O’(T, vai’ai) —o(r, Yf’iafﬂ)] }H{Alei?éO}
<K*|AaX,|.

Therefore, with (4) in Lemma 2.4.2, (2.4.20) reduces to

E[|Aq X ]
<\t =2l oy +E U
t

/SKOAzlYi
t

Summing over 1 = 1,2, ..., n, we have

by, X2 X ) = b (r X X )

9 r Y i T ) Y T ? T
dr] .

/5(2K+K2)Xn: AL, dr] .
t i=1

+ K2|A X, dr}

< |t =26y +E

n . .
+ i; 1AL X, ) + K’|An X,

E

Z |Ax171|] <|Zt -2+ E
i=1

Gronwall’s inequality yields

E

Z ‘Amlygl < CEHEDT |0 _ 1| for every s € [t,T). (2.4.21)
i=1
From (2.4.19), (2.4.21), we obtain that

|@e,n,m (ta f) - @e,n,m (ta 5)|
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2,m,€,1,T, 0 —t,m,e,t,z,a
d5+‘x X

1 - r ~1,m,&,t, 2,0 —t,m,e,t,z,a
<2K sup — Y E ‘XS e
aeA; 3 t

Od,K,T ’21 o xl‘
n

<

]

Theorem 2.4.6. Suppose that Assumptions (A)-(B) hold. For every e > 0, n,m € N,

the function ., defined in (2.4.16) and the function v., , defined in (2.4.15) satisfy the

following:
(1). for any (t, ) € [0,T] x Po(RY), we have

Conanltor) = [ Tty () 9 e (2.4.22)
]Rdn

(2). Vepm(t, 1) € Cr([0,T] x Po(RY));

(3). there is a constant by = lo(K,T) such that for any (t,u) € [0,T] x P2(RY), we have
Ve (L, )| < Lo;

(4). Venm(t, ) solves the following equation in the classical sense

8tu(t> :U)

n

/R sup { folm (t, T, a) ; Ztr [((JUT)(t,xi,ai) + (%% (¢ )—l—sQId)@I 2iVen,m(t,T)

dn ge An i1
IR .
+ ) Z tr [(UOUO’T)( )821:2]@5,“7,”(15,5)}
ij=1,i#j
—I—Z m (6, T,0"), 0,0 (8, 7)) },u,(dxl)®...®u(d:v”)

=0 for any (t,p) € [0,T) x Pa(R%);

I :
= Z/ gf%m(f)u(d:nl) ® ... ® p(dz™) for any p € Po(RY).
=1 Rdn

Proof. The proof follows from Lemma 2.4.5 and (Cosso et al., 2024, Theorem A.7). O]
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2.5 Viscosity Solution Theory

Our main goal in this chapter is to show that the value function defined by (2.2.6) is the

unique viscosity solution to the following HJB equation:

(

Ou(t, 1) + / sup {f(t,a:, p,a) +b(t,z, pw,a) - Ou(t, 1) ()

Rd acA

1 T 1 0 0 T
+ste(oft 2, @)olt, 2, a)] 8x6MU(t,M)($)>}M(d$)+§tr o°(1)[o" (0] Hult, )| (2.5.1)

=0 for (t,p) € [0,T) x Pa(RY);

w(T, p) = /Rd g(w, p)u(dz) for e Py(RY),

We choose the set of test function to be PC{*([0,T] x Py(R%)). Now, we are ready to define

our notion of viscosity subsolution (resp. supersolution).

Definition 2.5.1. A continuous function u : [0,T] x Po(R?) — R is called a viscosity

subsolution of equation (2.5.1) if

(10) T, < [ gla.p)alds), for cvery u € PalR)
R4

(1b). for any (t, ;) € [0,T) x Po(RY) and ¢ € PC?([0,T] x Py(RY)) such that

u — @ attains a mazimum with a value of O at (¢, p), then the first equation of

(2.5.1) holds with the inequality sign > replacing the equality sign and with ¢

replacing u.

For any function h : Po(R?) — R, it could be naturally interpreted as a function with domain
Po(R? x A) by h(v) := h(u), with p being the marginal distribution of v on R? such that
v(-x A) = u(-). We define the respective projections g : R* — RY and mqyq : R4 — RIxd
such that for any y = (y1,Y2,...,y2a)" € R?? and M € R>*>24 it holds that mq(y) =
(Y1, Y2, - - ya) | and (maxa(M))i; = My;. A continuous function u : [0,T] X Po(R?) — R is

called a viscosity supersolution of equation (2.5.1) if

63



(20). u(T0) = [ gl ouldo), for every € Pa(R)
R4
(2). for any sy € [0,T), (t,v) € [0,50) x Po(R? x A) and ¢ € PC>([0,s0] x

Py(RE x A)) such that u— ¢ attains a minimum with a value of 0 at (t,v) over

[0, s0] X Po(R? x A), the following inequality holds:

Op(t,v) + /

{f(t, x, iy a) + bt z, 1, a) - Oup(t,v)(z,a)
Rix A

+ %tr((a(t, z,a)[o(t, z,a)] )0.0,0(t, v)(z, a)) }V(dx, da) + %tr [a%s) (1)) Hawap(t, V)
<0, (2.5.2)

where 1 is the marginal distribution of v on R, 9,0(t,v)(-,-) :== ma(Dup(t,v)(+, ),
Haxap = Taxa(Hp), recalling that 0,0(t,v)(-,+) : R4 x A — R4 x A and H

maps functions on Pa(R? x A) to R¥*24,

A continuous function u : [0, T] x Po(R?) — R is called a viscosity solution of (2.5.1) if it is

both a viscosity subsolution and a viscosity supersolution.

Remark 2.5.1. We note that this definition of wviscosity supersolution is stronger than
Crandall-Lions’ definition which is adopted by Cosso et al. (2024). In fact, items (2a)-(2b)
wn Definition 2.5.1 are sufficient conditions for the usual Crandall-Lions’ definition of super-
solution. Assume u is a viscosity supersolution satisfying items (2a)-(2b) in Definition 2.5.1.
Let o € PC2([0, T) x Pa(RY)) such that u—p attains a minimum with a value of 0 at (to, o).
Now, we interpret both u, ¢ as functions on [0,T] x Py(R% x A). Let £ € L*(Q, F,P;RY),
L(§) = po, and o' € My, be arbitrary, where M, is the set of F}-measurable random vari-
ables. Then for vy := L(§,a’) € Po(R? x A), u — ¢ attains a minimum at (tg,vp), therefore

from (2.5.2)

A (to, po) + E{f(tm& po, ') + [Bup(to, 110) (&) - blto, €, o, )]
+ %tr [6xaug0(t0, 10)(€)a (to, £, &) (b, €, o/)ﬂ + %tr [ao(to)[ao(to)]T’H@(to, MO)” <.

64



Since o € My, is arbitrary, we have

dip(to, pto) + sup E{f@o;@ tho, @) + Oup(to, 110)(§) - D(to, &, po, @)

o’ €My,

430 [00,plto, 1) €0 (i, €, 0o (o, €,0)]T] + 5t 0”(00) (1) Mol )] | < 0

We claim that the above is equivalent to the following:

R4 acA

atQO(t(), MO) + / sup {f(t()? x, to, CL) + b(to, x, Ho, CL) ' 8#900(:0’ /‘LO)(:L‘)

+ %tr [8xﬁug0(t0, wo)(z)o(ty, x, a)[o(to, x, a)]T] },uo(dx) + %tr |:O'O(t0>[0'0(t0)]—r7'[90(t0, MO)] <0.
(2.5.3)

Define H(t,x, ju,a) == f(t,z, p,a)+0,p(t, 1) ()-b(t, x, p, a)+3 tr [0:0,0(t, p)(x)o(t, x, a)o(t, z,a) "],

we aim to show that

sup EH (tg, &, pig, ') = / sup H (to, z, o, a)po(dx),  for € € L*(Q, F,P;R?) such that L(€) = po.
R

a’eMy, d aeA

To see this, we observe that for any o/ € My,,

EH(t()?gJ/’LOJO/) S / SupH(t()?,I',/LO’CL)ILL()(dQT),

Rd a€A
and thus supyep, EH (to, &, po, ') < Jga UL 4 H (o, x, po, a)po(dzx). Invoking the regular-
ity of f, ¢, b and o, for any € > 0, we apply the measurable selection theorem (see for

instance Wagner (1977)) to find a of € My, such that

sup EH(to,§, po, ') > EH(to, €, po, o) > / sup H (to, 7, o, @) pio(dz) — €.
R

o’ EMy, d a€cA
Since € is arbitrary, we conclude the claim in (2.5.3), which is the classical Crandall-Lions’

definition.

Remark 2.5.2. We impose this stronger definition because when proving the comparison
theorem for the viscosity supersolution, we encounter technical difficulties that the Crandall-

Lions’ definition alone cannot resolve. We believe that a similar issue arises in Step II of
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the proof of (Cosso et al., 2024, Theorem 5.1), resulting in certain gaps in the arguments
presented therein. Specifically, when we imitate the method used for the subsolution in the
proof of Theorem 2.5.3, it requires the inequality (2.5.19) but with a reversed sign. Due to
the supremum taken and the integration in (2.5.19), only one direction of the inequality is
allowed. To bypass this issue, we prove the comparison theorem by showing that for every
step control, i.e., controls of the form a = Z?;Ol il e, ), with O =1ty <ty <...<t, =T
and a; € My, (where M, is the set of Ff-measurable random variables), the supersolution

uo satisfies
U2(taﬂ) > J(t,f,a), (254)

for every (t,€) € [0,T] x L2(Q2, F,P;R?) such that u = L(£). Clearly this leads to us > v
where v is the value function defined in (2.2.6). By using inductive arguments, it is sufficient

to prove (2.5.4) by proving that for every t,t € [0,T] with t < t, it holds that

t
UQ(L ,LL) Z ]E / f (Ta Xf,&a? }P}XB@% a) d?“ + U2 (Ea ]P)Vz—/t(?&ﬂ)] )
t t

for every & € L?((Q, F,P); RY) with L(§) = p, and a € M,. It is not hard to see that the
right-hand side is law itnvariant with respect to the joint law of the initial random variable and
the control. Thus, v*(t,v) := E {fttf <r, Xﬁ’g’a,Pxﬁ,g,a, a) dr + us(t, IP)V}E(?W)} is a real-valued
function on [0,1] x Po(R? x A) with v being the joint law of the initial random variable and
the control. It seems that we must involve the function v}, . (t,v), the smooth and finite-
dimensional approximation of v*(t,v), as a part of the test function used for comparison.
The Crandall-Lions’ definition cannot handle cases where the minimum point lies in [0, T] x
Po(RY x A). A natural approach is to modify the test function on [0,T] x Pa(R? x A) to
be a function on [0,T] x Py(R?). However, finding such a modification that remains within
our set of test functions and retains the necessary information (such as the L-derivatives) is
challenging. For instance, we are unable to treat vy, . (t,v) as a function on [0, T] x Pa(R?)

for a fived control a directly, as vy, . (t,v) is not law invariant with respect to the marginal
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of v on R? (law of ). Furthermore, we define v* : [0, T] x P2(RY) — R by

* *
v (t> N) = sup Un,m(t7 V)?
v € P2(R? x A) s.t.
marginal of v on R% is p

However, there is no guarantee that v*(t, ) is L-differentiable with respect to u. Moreover,
even if it is L-differentiable, it is not certain that it could be related to O,vy,,,. This issue
seems to also arise in Step II of the proof of (Cosso et al., 2024, Theorem 5.1). Finally, we

remark that assuming non-degenerate volatility does not remedy this issue.

2.5.1 Existence

Theorem 2.5.2. Suppose that Assumption (A) holds. The value function v defined in (2.2.6)

is a viscosity solution of (2.5.1).

Proof. Part 1. v is a viscosity supersolution: For any s}, € [0,7] and ¢ € PC}*([0, sj] x
Py(R?E x A)), we assume that v — o attains a minimum at (¢, ) € [0, sj] x Po(R? x A)) with
a value of 0. Recalling that M, is the set of F/-measurable random variables, let o/ € M,
and £ € L2((QY, FL,P); RY) such that L£(£, ') = 1y Letting a € A be arbitrary, we define
as = alp)(s) + &L, 7)(s), which belongs to Ay, Let (X24%),cq, 7 be the solution of
the dynamic (2.1.3) with initial time ¢y, initial data & and control « defined in the above.
Then for h > 0 small enough, we use the dynamic programming in Theorem 2.2.5 and It6’s

formula in Theorem 2.1.6 to obtain that

1 0
> —E[ - — (v - Ptoso ]
02 B[~ @)t0,m) ~ (0 = @)to + 1 Plge, )
1 to+h to.rcr WO Wwo
Z EE tO f(87 XS ” ’ IP)X‘EO’E’a7 aS) + 8t(p(87 P(xé0151a7a5))

0 o o 0
+E' [aﬂ(tp(57 szo,f,a,as))(Xzoyg ) Oés) ’ b(s7 X§O7£7 7]P))Vg§075"1’ as)}

+ lEl{ tr [&E(?”(p(s, PV’

(XEOv&aa as))<X;0,§7a7 OJS)O'<8, X;fo,ﬁ,a7 a8)0T<S7 X;&O’&aa as)] }

=N

+ B tr [’dedW(Sa Pg(zo,s,a’as))ao(s)[UO(S)F}dS] :
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We proceed as follows: for any ¢ > 0,

2
E° suph [Wg(]P’ toga,]P) toga)]

tels,s
IEDO( sup Wg(IP) toga;]P) togu)>€) < Sl

te(s,s+h]

e2
B sup |5 - XS

< tels,s+h]

o2
C’h

52’

where in the last inequality we have used Proposition 2.2.1. The above term goes to 0 as
h — 0, thus the flow of measure s — PY, to c.o 18 also continuous for P-a.s. w° € QY and for any
s € [to,T], so is s ]P’ toga . for P-a.s. w® € Q° and any s € [tg, T]. From the regularity
of the coefficients in Assumptlon (A), the regularity of the test function, the continuity of

the process s — X104 for P-a.s. w € Q and the dominated convergence theorem, we have

1 [toth ‘ 0 1 0
_ Re w - w 0 0 T
’ {h / |:f(8 X 0 ]P) fo &y S) + 81590(871?()(;07570@5)) + 2 tr [ded(p(sap(xéo,é,a’as))a (8)[0 (8)] ]]dS

to

— E{f(to,& po, ') 4+ Oyp(to, vo) + %tr [ded%@(th VO)UO(S)[UO(S)]T]} as h — 0. (2.5.5)

We claim that the map [t to+h] 3 s — EE! [aﬂg;(s IP’ J(Xlo&e a,)-b(s, Xlobe PWJ; e 1) |

t
oéaa

is continuous. Writing d,,¢s - bs := 9,p(s, PV )(X;O’é"", s) - b(s, Xlote ]P’Wt(z)ga, o) for

(t““ a)

ease of notation, the continuity of d,p, b, X% and PV imply the continuity of
nP

( tO §,a Oés)
Oups - bs with respect to s for P-a.s. w € Q. Furthermore, due to Markov’s inequality,
Definition 2.1.4 and Proposition 2.2.1, we have

sup EEl[yaugos-bs\ﬂ{\aws-bgzM}]SK sup EElUau%m{lausoybsle}}
SE[to,to—l-h] SG[to,to—‘rh}

s€[to,to+h]

<K sup \/IEEllf?usosl \/EElﬂ{mawspM}
s€lto,to+h]

K2

<—  sup I[‘ZIEl|8M<,05|2
s€lto,to+h]

K2
< ﬁoso(l +E|¢)? +E|o/[?) = 0 as M — oo.

(2.5.6)
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The continuity of the concerned map thus follows from Vitali convergence theorem. The con-
tinuity of the map s — EE! tr [Oxﬁugp(s, szo’&a’as))(Xﬁo’g’a, ag)o(s, X5 ag)o (s, Xlode, Oés)}

follows similarly. Hence, when h — 0, together with (2.5.5) we conclude that
3tcp(t0, VO) + E{f(t()u 57 Mo, O/) + [augo(t(h VO)(&: O/) : b(t07 é'a Ho, O/)}

+ %tr [8xé9ug0(t0, 1) (&, a')o(to, &, a)|o(to, &, a')]T] + %tr [dedg@(t[), VO)O'O(tO)[O'O(tO)]T}} <0.

Part 2. v is a viscosity subsolution: For any ¢ € PC}*([0,T] x P2(R%)), we assume
that v — ¢ attains a maximum at (g, o) with value 0. Let € > 0 and ¢ € L*(Q!, F', PL; RY)

satisfy £(&) = po. There is an o € A, such that

t —e< inf E
U( 0>M0) he[(l)%ito]

to+h
/ f(r, Xﬁo,ﬁ,of, P)Véz,g,aa ol )dr +v(to + h, P)I/‘(/t(;ygae)]

to to+h

to+h
<E / F(r, X080 P e 05)dr + v(to + P%,g,as)] Vhe0,T —t,

to tg+h

where (X!0%) solves the dynamic (2.1.3) with initial time #;, initial data £ and control af.

Then Theorem 2.1.6 implies

1
0<-E [(v — ¢)(to, o) — (v — @) (to + h, Py e o)
h Xt0+h
1 tot+h PP Pr—— Wo
< ﬁE /to f(S,XS()’ “ 7]P)X§015»0457Oé§> + 8t90(57PX£075v0‘5)

B D5, PV e J(XL067) b5, X106 YL )]

1 1> 154 £
+ §E1{ tr [8968Hg0(3,IP‘)’(V;@,&E)(X;O@” Yo (s, X108 of)o T (s, XS ,ag)}}

S S

1 0 .
+3 tr [’H(p(s, PZ‘:O’&QE)UO(S)UQT(S)}ds} +e

1 tot+h .
SEE{ / sup (f<s, Xloko® P o) + 0uip(s, Pep coc)
tO S S

acA
B [Dp(s, P e JXDE) - bls, X6 P ., a)]

+ —El{ tr [833@@(3, P)‘gﬁ%,ws)()(;o’f’ag)a(s, X g)o (s, X047, a)} }

+ 3 tr [’H(p(s, ]P’)M(/;,ws)ao(s)aoﬁ(s)])ds} +e.
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Arguing as in (2.5.5), we have

to

1 to+h 1 .

EE {/ Op(s, IP’)VZ(;@QE) + 3 tr [H@(S,P}VI{;@OE)UO(S)UO’T(S)} ds}
1 0 0;T

— Oyp(to, po) + St [Hsﬁ(to, po)o (to)o™” (to)] as h — 0.

We estimate the following terms:

acA

1 t0+h e 0
I ::EE/ sup {f(s,X;mE,a 7P)Vgto,5,as,a) — f(to,f,,uo,a)}ds;

to s

1 t0+h 0 5 £ 0

:=+F / sup {]El [Ouep(s, P)ngo,g,aa)(xgofva ) - b(s, Xiobe ,IP’)VEOME ,a)
to a ; §
- u@(to,/,to)(é-) ’ b(t07£7u07a):| }dS,
1 t0+h 0 e € £
111 ::E]E/ sup {51['31{ tr [817@90(87P)Vgto,g,as)(Xﬁo’f’a Yo (s, X0 q)o T (s, Xt ,a)}}

to s

a€A

- 3B { b1 [0.0,p(t0, 1) (©)ot0, , a)o (10 € )]} .

Then the above gives

1 t0+h 1> £ &
EIE{ / sup ( Fls, X[080" P e, a) + B! [%g@(s, PV e )(XL807) (s, XI000" PV e a)]
tO a S S S

1 e : ’
+ §E1{ tr [axam@(saP)VI(/%(;,EM)(X;O{’O‘ Jo(s, Xlote ca)o ! (s, Xﬁo’ﬁ’a ,a)} }>ds}

< T+ I+ T+ Esup { f(to,€, 10, @) + By (to, 1) (€) - blto, €, o, )

acA
+ % tr [ama,ugo(tm ,U/O)<€>0-<t07 57 a)JT (t()a 57 CI,):| }

We now show that all these three terms I, II, III — 0 as A — 0. We first investigate I:

]_ t0+h t £ WO
I :%E/ Sup{f(S’XSO:&& 7IP)Xto,§70<£7a> - f(t07€7ﬁb07a)}d5
to s

a€A
1 to+h . o
S 5]E/ K{|X§O’£’a - f‘ + W2<]P)Xto,€v<¥57ﬂ0> + |S - t0|ﬁ}d8
to ?
— 0,

as h — 0 by Proposition 2.2.1 and Assumption (A). For II, we have

1 [loth . -
= EE/t sup { B[00, Py a0 J(XL67) - s, X6 P o)
0

acA
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— Oup(to, 1o)(§) - b(to,é,,uo,a)] }ds

acA

1 [loth . .
< EE/t sup {El [6ug0(s, IP)VZ;,ME)(X;O’E’O‘ ) - b(s, Xlose ,P)Vé(;,g,aa,a)]
0
B [0t 1) €) - bls, X0 B e a)] s
1 oeh 1 to,£,0° WP
+ E]E/ SUIIZ E |:8N90(t0a NO)(&) : 6(87 XSO7§70l ) ]:P)Xto,ﬁ,as ) CL) - auSD(th MO)(f) : b(to, g’ Ho, a)i| ds
to a€c s

K foth 1 wo t e
<HE [ B[ Y o JXE) = Byl o) )] ds
to ;

K_ [toth .
+ - / E'||0up(to, 10)(&)] (15 = tol” + X6 = €] + Wa(PWe e, o)) | ds
to s

K_ [toth .
<TE / E'||0up(s, Pl e ) (XE5) = Bycp(to, 10)(€)] | s (2.5.7)
to s

V3K tot+h o 2
+ L VBB elte, i) ©OF [ VEE (Is = to2% + X057 2+ WY e, 0] s
to s

The convergence of the term in (2.5.7) is due to the continuity as proved in (2.5.6). Thus,
the term II converges to zero as h — 0 with the aid of Proposition 2.2.1. Similar estimate

holds for the term III, thus as h — 0,

0 < sp(to, po) + Esup {f(tO,&Mo; a) + [up(to, o) (€) - b(to, €, a, pi0)]

ac€A

+ %tr {Qﬁu%@(to; 110)(€)o(to, &, a)a ' (to, &, a)]} + %tr [7'[90(750, Mo)ao(to)aoﬁ(to)} +e.

]

2.5.2 Comparison Theorem and Uniqueness

Theorem 2.5.3. Suppose that Assumptions (A*) and (B) hold. Let uy, us : [0,T] X
Py(RY) — R be bounded functions such that they are the viscosity subsolution and super-
solution (in the sense of Definition 2.5.1) of equation (2.5.1) respectively. Then it holds that

up < up on [0,T] x Po(RY). Hence, the viscosity solution of equation (2.5.1) is unique.

Proof. The following proof is inspired by (Cosso et al., 2024, Theorem 5.1). Recalling

the function defined in (2.4.3) with e = 0, we shall prove that u; < vy and vy < uy on
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[0, T] X PQ (Rd)

Part 1. Proof of u; < vy:

We prove by contradiction and suppose that there exists (o, fio) € [0,T] x P2(R?) such that

(u1 — vo)(to, o) > 0.

Let € € L*(Q, F,P;R?) such that £(§) = fip. For any k € N, we let uf € Po(R?) be the law
of {1yjej<ky. We see that ph € P,(RY) for any ¢ > 1 and
~\12 ~
Waluf, Tio)|” < B[|€1 i<k — €] = / | |2 *Fio(dx) — 0
z|>k
as k — oo. Therefore, as both u; and vy are continuous on [0, 7] x Py(R?), we can find a

k € N large enough such that pg := pf € P,(R?) for any ¢ > 1 and

(u1 — Uo)(t07 ,u()) > 0. (258)

The purpose of adopting this g := uf instead of just working with g is to apply the ap-
proximation theorem in Lemma 2.4.4 which requires the point (¢, u) with p having a higher

moment g > 2.

Step 1A: Choice of the comparison function:

For any € > 0, n,m € N, we define (¢, u) := e'~"uy(t, p) for any (t, ) € [0, T] x Pa(RY).

~. ~
7

Recalling the definition in (2.4.15), (2.4.6), (2.4.7), we define similarly for U nm, f, ., f

T—to — ,I'—tg

from vz pm, fi ., f respectively; we also define g :=e” g and g, ,, :=e'"g;, . By direct

72



computation, we see that ; is a viscosity subsolution of the equation

(

Rd a€A

Oru(t, p) + / sup {f(t, T, p,a) + %tr{ [(O’O’T)(t, x, a)]@xauu(t, u)(x)}

+ <b(t, z, @, a), 0 u(t, ,u)(x)> }u(dm) + %tr{ [(UOUO;T)(t)}Hu(t, ,u)} — u(t, )

= 0 for any (t, ) € [0,T) x Py(RY);

u(Top) = [ Gl pntds) for any p € PaR).
\ R

(2.5.9)
Besides, recalling the definition in (2.4.16), we define ., (t, %) = €T, ,, (t,T) Where
Z = (2%,...,2") for each 2' € R? with i = 1,2,...,n. By Theorem 2.4.6, we obtain that

Ue.n,m solves the following equation in the classical sense:

&fu(tv :u)

+ /Rdn aseuA[i{ Z ém Ztr [( )(t,zt,a’) + (%% T)(¢ )—i—é?zld)&wlwmmm(t T)

1 0,_0;T 2 = —
+ 5 Z 'tI‘ |:<J o )(t)axifoE,Thm(ta l’)]
1,J=1,i#]
Z< (t,7,a") 8mzv€nmtx>}®ﬂ ) — u(t, p)
=1 k=1

=0 for any (t,u) € [0,T) x Po(RY);

1 .
T = 23 [ Ghnl®) @ p(da) for any s € Po(R),
,L:1 n

( k=1
(2.5.10)
where we write @) p(dz") == p(de") ®... @ pu(dz™) and @ = (a', ..., a") for each a’ € A with
k=1
i=1,2,...,n. AS Uepm, w1 and G := Uy — V., are bounded by a constant independent of

g, m,n and continuous due to Theorem 2.4.6 and the assumption of this theorem, there is a

Ao > 0 (depending only on K, uy, T') such that

sup  G(tp)= sup (Wt p) = Tegm(t, )| < Ua(tos p10) = Bemn(tos o) + Ao
(t)l0.T)xPa(B?) (LE0.T) P ()

(2.5.11)
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Recalling the definitions of py/5 and s in (2.3.5) and (2.3.6) for § > 0 respectively, we
apply Theorem 2.3.8 to show that there exists (t,71) € [0,7] X P2(RY) and a sequence

)
(¢,
{(tn, 1) }pew € [0, T] x Po(R?) converging to <£ ﬁ) such that

[SW3"2 (71, 10)]” < pugs (), (to, 1)) < ho/ 8.

Therefore, by the stability result stated in (Nietert et al., 2021, Lemma 1), there is a constant

Cy > 0 depending only on d such that

\/2/\ + C’d
(5 s

SWi(fi, p10) < V2SW,° (i, 1) +
The values of Cj; may change from line to line in this proof, but it still depends only on
d. Furthermore, the first equality in (2.3.7) yields that kgWh(u, do) = SWa(p, dp) for all

p € Po(R?), which implies

Wa (1, o) < Wa(fz, do) + Wa(do, o)

< CaSWa(j, po) + CaSWa(po, do) + Wa(o, 10)

Ao+ 1
< Cd\/_% + CaSWa(po, d0) + Wa(do, o)

SCd<\/A_o+1

5+ SWQ(uo,50)> : (2.5.12)

Besides, item (2) in Theorem 2.3.8 implies that

G(t(b :u()) = (1\21 - '\U/a,mm)(tm MO) = (ul - U&n,m)(t()a ,UO) < '1\21 (%/7 ﬁ) - i}/‘8777,,777,(%/7 ﬁ) - 52@5(%; ﬁ)
< (6 1) = Topm(, ). (2.5.13)

Step 1B. Proof of ¢t < T*:

In this step, we shall prove that ¢ < T. Suppose not, we have ¢ = T and hence (2.5.13)
-~ - U
implies that u;(to, fto) — Venm(to, o) < Wi(T, 1) — Ve ppm(T, ). Thus, for p™* = — Z Oi s
n
=1

we can use equations (2.5.9), (2.5.10) to obtain that

Tto

w1 (to, 40) — Vem.m(to, po) <

||M:
| B —|
T
%
m
s=
3\
SN—
@:
o
3



Using the Lipschitz property of g and (3) of Lemma 2.4.2, we further have

Uy (t07 NO) - Ua,n,m<t07 MO) S KeT_tO [

" Wi (i, i™° ®/~L(dl’ )]
. @ [mdn /Rdn (Z W‘;) H(I)(myj)dyj] . (2.5.14)

From (Fournier & Guillin, 2015, Theorem 1), there is a constant Cy > 0 depending on d only

and a sequence {h,},en C R such that

n 1/q0
(7, A ® (dz™) < Cy / || (dx) P (2.5.15)
Rd" k=1

The sequence h,, and the number ¢, are given by

n_1/2 —+ n_(qo_l)/QO lf d — ]_7

' 3/2 ifd=1,2;
hn =< n2log(l14n) +n-(@-N/w ifd=12, with ¢ =
5/3 ifd > 2,
n_l/d + n_(QO_l)/‘ZO

ifd> 2,

where h,, satisfies lim,,_,, h, = 0. Together with (2.5.12), we further have

o [ Wi @ < [ [ ] =i <,

k=1

Vo +1
5

+ SWQ(/L(), 50)

(2.5.16)
Hence, from (2.5.14), we have,

o+1
w1 (to, fto) — Venm(to, Ho) < Kel=Cyh, [\/_ +SW2(/L0,50)]

2Kmd” T—tg n ) n ) )
(5 o]
R\ =1 j=1

Passing m — oo and then n — oo subsequently, we use the fact that h,, — 0 to yield that

uy(to, pto) — lim lim v, 1 (o, o) < 0.

n—00 M—r00

I6)



Finally, using Lemmas 2.4.1 and 2.4.4, we pass ¢ — 0 to conclude that u;(tg, 110) —vo(to, tt0) <

0 which contradicts (2.5.8), and thus ¢ < T'.

Step 1C. Estimate of u; — vt

Recalling from Theorems 2.3.8, 2.4.6, it implies that 7. ,, , +6%ps is in PC}2([0, T] x Pa(R%))
(see Definition 2.1.4). From item (3) of Theorem 2.3.8 with G := Uy — Uz ., and (2.5.11), we
observe that % — U.,,.m — 0%ps attains the maximum at (Z ). Suppose the maximum value
is M* € R, then %y — Uz p;m — 0%s — M* attains the maximum with value zero at (E ). We

use the fact that @, is the viscosity subsolution of (2.5.9) to see that

0 S at(ﬁ-:,n,m + 52905)({7 /7) - (ll\js,n,m + 52()05)(%/7 /7) - M

d geA

+ /R sup {f(’{, v, i) + %tr{ (00 7)(F 2,0)] 00y (T + 825 (E ) () |

+ %tr [(JOUO;T)(’{)H<6E,n,m +6°0s) (¢, ﬁ)}

o+ (b(F, 2. 1, @), 0 (Tegm + 0%05) 7 ﬁ><x>>}ﬁ<dx>.

Therefore, as iy (£, 71) — Ve (t, 1) — 0205 (t, 1) — M* = 0 and ¥, ., solves (2.5.10), we further

have

(1\21 - E&,n,m)(ta ﬁ)

- - 1 ~ . ~
<805 ) + [ sup 3 FEw,i,a) + 50{[(00T)E2,0)] 0,0, (T + 6%5) (E. ) ()|
Rd a€A 2

+ otr] [(0%0% )@ He i + 5) (1)}

1
5
o+ (b(F, 2. i, @), 0u(Tean + 0%05) 0 ﬁ)(af)>}ﬁ(dfc)

fim@7 )+ 2>t (00, a) + (%0 T)(E) + €L ) 82T (. )

Z tr [(O’OO'O;T) (%v)@gimj%a,n,m (a E)}
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n

+ Z <b;7m(£f,a ), Oy Ve mm (1, T >} & n(dx") (2.5.17)

i=1

We estimate term by term. First, Theorem 2.3.8 and Assumption (A*) tell us that

Ouos (T + /Rd sup { (b(T. 2, T, @), Qo5 (F. ) (2) ) + %tr{ (00 T)(E,2,0)] 0:0,05 (1, ﬁ)(m)}}ﬁ(dm)
+5tr{ (0% HsE )}
<iT+ [ K|ouws@i)] +

o ) 1+ X\ "2
< AT + K/ Cq [2["aldz) + | |2 po(dz) + —5
]Rd Rd

K? 1+ X0\ K
+ 7\/@5 </ |z pao(d) + +2 0) + —Cy. (2.5.18)
Rd

Do, 1)) [ + 75 [ F, )

) 2

Second, we recall the representation of U. ,, (¢, 1) = € "0v. 1 (¢, 1) in (2.4.22) and also (1),

(2) of Theorem 2.4.6. Inequality in (2.4.18) shows that we can directly compute that

0,7, (t U (t,7
b9 z/m )

and (2) in Theorem 2.4.6, Lemma 2.1.5 yield that

é) p(da®);

=T fti

n

HUe (1, 1) = ZZ/M 02 Ve (1, T) @

i=1 j=1 k=1

Hence, we estimate the term

[ s {7070+ o] [(00)Eo. 0] .0, E ) }

d g€ A

- 1tr{ (%% ) ()| HVe u)} + <b(’£, Yy 11 @), OV (2, ﬁ)(y)>}ﬁ(dy)

2
sup . t ) [ dl’k
fen{S [ S & s
1 _ n _
+ —tr{[(agT)(t,y,a)] Z/ 0% i Venm(t,T) ® fi(dz” }
2 j=1 /R =Y f=1 kA
1 n n . "
t{[@PDD] Y [ Bt ) @ i)}
=1 I=1 k=1
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+ <b(£ y?ﬁ? a’)?Z/ axj%57n7m(t’ .’17)
‘=1 JRAD

L ) + g [(00T) F 07 )] (1.7

n

® fi(da" >}/7(dy)

=Y f=1 k)

<2 [z

dn gicA

—

+ <b(ﬁxj,ﬁ,aj) Oi Ve (8, T >} & fi(dz")

+%tr{[ 050 T) ZZ/ 8, (1) (%) } (2.5.19)

=1 Il=1

Putting (2.5.18) and (2.5.19) into (2.5.17), we use (2.4.18) and Theorem 2.3.8 to deduce that

(7\11 - Ba,n,m)(’tva /7)

<ATS + K§2\/C 25i(d 2 )+ L)
<ar5t+ K5/ [ lalitan) + [ fofuntan) + 25

K?5? VK280
+— v Cy (1+)\0+52/ \xﬁm(dm)) +— a
Rd

~

t ——f (T, a") — —t10% Venm(t,T
+/Ransup{nf< o) = F ) = S0 T (5

i—1 a'€A 2

k=1

+ <b(ftv7 T i, at) — b;m(a T,a"), Oyile pn(t, E)> } & ni(da™)

1 1/2
<ATS + K§2\/Cy / |z|?fi(dw) + /|x|2,u0 (dz) + _:5—2)\0>

K24? V2 K220
+ 5 vV Cy (1+)\0+52/ \x|2u0(dx)> + 5 a
Rd

n e?_to ~ . ) . ~ ) -~ ~
+ su t,x', m,a')— fro(t,T,a ——tra2 Venm(t, @
/Zp{ — | f(F, 2, ) = fi 7, 00)| = S0, T ()

n 046?_150

b(t, ', i, a') —b’ (t,7,a'

} & fi(dr*).  (2.5.20)

We use Assumption (A*) and Lemma 2.4.2 to estimate the following term:
’f(’t: lj? /j7 ai) - é,m(f? z, ai)
<|f@Ea' B a) - f(E ', 0", a')

+ Cu|b(t, ', i, a') — b(t, ', i, a)

|b<’tv7 xia /77 ai) - b;,m({? z, ai)

a'i)_ i, (’tv?faa'l)

G0 ) b, (70

<KQQ+ CoWi(i, g™+ K(1+ C’4)m/ ‘?— [T At — s)ﬂ ‘ﬂ d(ms)ds

78



+ K(1+4 Cym™ /Rdn (\yll + % Z \yﬂ) H ®(my*)dy*. (2.5.21)

j=1 k=1

Putting (2.5.21), (2.5.13) and (2.5.16) into (2.5.20), we see that

(ul - Us,n,m)(tm MO)

1
<ATS* + K6*\/Cy ( [\/A_ﬁ + SWa (o, 6o)

2 1+ 1/2
+ Ao
5 ﬁ&ummw+52>

K25 VK280
+ 2#@&+%+ﬁ/pﬁmmﬂ + 2d
Rd

2 " o - no A 1
_ /R Y 0 BB 7) @ lda") + €T Cab K (14 C) [ﬂy *SWz(“O"SO)]
[ k=1

+eT K1+ C4)m/R ‘?— [T/\ (t— S>+} )5¢(ms)d8

+ 2K (1 + 04)_n /d <Z |y”|> H O (my")dy".
R\ j=1 k=1

Using Lemma 2.4.3, 2.4.5 and (2.4.18), we first take ¢ — 07 and then m — oo to obtain

that

(ug — lim vgpm)(tos to)
m—00

Ao+ 1
§4T52+K(52\/ Cd ([\/_%_’_ +SW2(/JJ0,(SO>

2 14 1/2
+
+/ |20 (dz) + 5 0)
Rd

K242 Y2 K220
+— v Cq {1 + Ao + 52/ |x|2u0(dx)] + d
R4

2
Vo +1
5

ﬁwPWQMKﬂ+CD[ +&%mm%ﬂ.

By (2.5.15), (2.5.16), Lemmas 2.4.4 and 2.4.1, we take n — oo and then ¢ — 07 to obtain

that
(u1 — vo)(to, pto) = (Ul — lim lim Uo,n,m> (to, o) <0,

n—00 Mm—oQ

which contradicts (2.5.8).
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Part 2. Proof of uy > vg:

This step mainly follows the same pattern as in Step II of (Cosso et al., 2024, Theorem
5.1) as the presence of the common noise does not alter the arguments of the approximated
control problems there. However, due to the technical gap presented in Remark 2.5.2, we
give a sketch of the new proof here. Following the arguments of the first part of Step II of

the proof of (Cosso et al., 2024, Theorem 5.1), showing uy > vy is equivalent to showing

u2<t7 M) > Us(ta V) =E |:/ f (Ta Xﬁ’&av P‘)/I(/i(?é,uv Cl) d{’{| + IEu2 (57 P?(/i(?é,u) )
t ka S

for every (t, ) € [0, T] x Po(R%), s € (t,T],& € L?(Q, F;, P;RY), with £(£) = p, and a € M;,
where M, denotes the set of Ff-measurable random variables o : Q@ — A and v := L(&, a).
Moreover, it is without loss of generality that wus(s,-) is Lipschitz continuous for every s €
[0, T] by the arguments of the first part of Step II of the proof of (Cosso et al., 2024, Theorem
5.1). Suppose that there exist to € [0,T), so € (to, 7] and pp € Po(R?) and vy € Po(R? x A),

with g being the marginal of 1 on R?, such that

0™ (to, v0) > ua(to, Ho)-

As in the beginning of Part 1 of this proof, we can suppose that there exists some ¢ > 2 such

that 1y € Py(R? x A).

The function s (t, p) := e'~"uy(t, 1) is a viscosity supersolution of the following equation

Ou(t, u) + / sup {f(t, z, p,a) + b(t,z, p,a) - ult, 1) ()

4 %tr (o(t.2.0) [0 (t,2,0)] "D,D,u(t. () } u(dz) + %tr [ ()00 Hu(t, )] — u(t.)

=0 for (t, ) € [0,T) x Po(R?);

w(T, p) = /Rd gla, p)u(dx) for ju € Py(RY),

~

where f(t,x,pu,a) := e f(t,x, u,a) and g(z, p) := e~ g(x, u). That is, for any sq € [0, T,

for any ¢ € PC}?(]0, so] x Pa(R? x A)) such that i, — ¢ attains a minimum with a value of
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0 at (t*,v%) €0, 80) x P2(R% x A), then the following inequality holds:

0 = Opp(t", ") +/

{f(t*,x,/ﬁ,a) + b(t*,x,u*,a) ' aMQO@*, u*)(x,a)
Rdx A

+ —tr [a(t*, z,a)[o(t, z,a)] Taxﬁugo(t*, v)(x, a)] }V*(dx, da)

_|_

N~ N~

tr [0 ()0 ()] Hasap(t,77)] = (8, 07), (25.22)

where p* is the marginal of v* on R?. We regularize the coefficients for the control variable.
Let ¥ : R? — R* be a compactly supported smooth function satisfying f]Rd U(y)dy = 1. We
extend b and f trivially (for example, f(¢, 2,1, a) = 0 when a € R? is not in A) on the space
[0, 7] x R? x Py(R?) x RY, these extensions are still denoted by b and f. We further define
the functions gfzm and ]?;sz by

fl;f%m(t, 7,a) = m? bf%m(t,f, a—a)¥(ma)dd,
R4

(6T, a) = md/ frm (T a—a')¥(ma') dad,
R4
forany n,m € N, i=1,2,...,n, T = (2',2%,...,2") € R™ and (¢,a) € [0,T] x A. Recalling

the compactly supported smooth function ® defined in Section 2.4.2, we also define

1 n n ' A
n,m ta_ = m" t7_ 5xjf J @ ) d ]7
ont,7) = m (z y>g<my>y

Rdn

and
1 < 50 __ —1Lmt& —=nmt&io
S0 PO 7 T
v (t, V) = g E | T X oy X, ,ag | dr
: t
=1

—1,m,t,€,do —n,m,t,£,do
+ Un,m | S0, X, s Xy ,

for any t € [0, s0] and v € Py(R? x A), where £ = (51,52, L LEY e LA(Q, FL PR dy =
—m,t,€,d0 (71,m,t,5,a0 —n,m,t,€,do

(ab,a2,... an) € (M,)" such that £(€,dy) = v®...®v and X, X,

g ey s

is the solution to (2.4.4) with @ =@y, ¢ = 0 and b replacing by gﬁlm for s € [t, s¢].
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For every n,m € N, (t,u) € [0,50] x Po(R?), we define 7%, := "0, and similarly

n,m

for fi, ., and @,y from f} = and w,,,. Let

5781?m(t, T, 5) = ii?m(tv 5(3:1,111) ®...® 5(90"7“”))

with 7 = (2!,...,2") € R and @ = (a!,...,a") € A", where
e _ ]_ n S0 ~. 717m7t>g7a0 Tn7m7tvg7a0 .
o, (t,7) ::EZ]E / . <S,Xs X, ,a6> ds
i=1 t
Tl,m,t,gﬁo ﬂ,m,t,é,ﬁo
+ Unm XSO Y ,XS0 , (2.5.23)

with 7 = L(£,@). Moreover, by (Cosso et al., 2024, Theorem A.8), we deduce that ¢, can

be represented by
v (t,v) = et / v (t,7,a)v(dxt, da") ... v(dx", da™),
7 Rdn x An
and it could be shown by following the proofs of Lemma 2.4.5, Theorem 2.4.6 and (Cosso
et al., 2024, Theorem A.8) that
(1). w50, € CH2 ([0, 0] x R™ x A™) and v, € C? ([0, s] x P2 (R? x A));

(2). forany i=1,...,n and (¢,7,a) € [0, s0] x R™ x A" it holds that
C
10,750, (¢, 7, @) | < ——
' n
where the constant C'x > 0 depends on K, but independent of n, m;

(3). if t € [0, so) and v € P, (R? x A) for some ¢ > 2, then

3 i 50 — )50 .
n1—1>r—|¥loo ml—lg—loo /Un’m(t’ V) v (t7 V),
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(4). the function 70, (¢, ) solves the following equation classically:

( n

> {08 o) + (5l 0.8 ), D (1.6

=1

Oow(t,v) +E

+ %tr ([(crgT)(tgi7 ay) + (UOUO;T)(t)} 02500 (8, €, ﬁo)) }

Z tr [(O‘OO'O;T) (t)ﬁiimﬁffm(@ g, 50)} ]

i.j=1,ij

+

DN | —

—u(t,v) =0;

\u(so, v) = E[ﬁn,m(sm &),

for any ¢ € [0, 50) and v € Po(R? x A), where &€ = (£,€,...,€") € L¥(Q, F,, P; R,

o = (aj,a2,...,al) € (M,)" such that L({,0) =v®...Qv.

Now, notice that v?° is bounded by a constant independent of n,m. As a consequence,

n,m

there exists A > 0, independent of n, m, satisfying

sup (ESO — 1\22) S (E}/SO - ﬂg)(to, V()) + A (2524)

n,m n,m

[0,T]x P2 (R x A)
Since ¥;°,, — 1 is bounded and continuous, by (2.5.24) and Theorem 2.3.8 applied on [0, 5] x
P2(R? x A) with G = ¥, — Tz, we obtain that for every 6 > 0 there exist {(tx, %) }iz1 C
[0, 50] X P2(R? x A) converging to some (£,7) € [0,s0] x Po(R? x A) and a function s

such that items (1)-(4) of Theorem 2.3.8 hold. It deduces that there is M, € R such that

50

030, — Uy — 0*ps — M, attains the maximum with a value of 0 at (t, 7). If t = sp = T, then

we proceed as in Step 1B to get a contradiction. If ¢ = sy < T, then it is straightforward to
draw the contradiction by following (2.5.13) and using the definition of ¥;°, (¢, 7) in (2.5.23).
If t < so, we apply Definition 2.5.1 of supersolution and put ¢ = (e, —0%ps— M, in (2.5.22).
Then we proceed as in Step 1C and utilize items (1)-(4) in the above to find a contradiction

and conclude the proof. O
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Chapter 3

Viscosity Solutions of Fully second-order HJB

Equations in the Wasserstein Space

This chapter establishes the existence and uniqueness of viscosity solution to the following
Hamilton-Jacobi-Bellman (HJB) equation in the Wasserstein space arising from mean field

control problems with common noise

P

Oru(t, p) + / sup {f(t, z, p,a) + b(t,z, p,a) - u(t, 1) ()

R4 acA

+ %tr((a(t, z,a)[o(t,z,a)] " + 0t 2)[0°(t, 2)] ) Vad,ult, u)(x)) } p(dz)

1

+ 5 /]Rd y tr [go(t,x)[go(ty)]'r(‘)iu(t,u)(x,y)} 1®2(dx, dy) =0, Y (t, 1) € [0,T) x Po(RY),

u(T, p) = /Rd g(x, wp(dz) for p e Py(R?),

(

(3.0.1)
where A is the control space, and b, o, 0, f, g are coefficients of the associated optimization
problem. Here 0,u and 8iu denote the respective first and second-order L-derivatives of u
Carmona & Delarue (2018a); Cardaliaguet et al. (2019), and (3.0.1) is a degenerate fully
second-order equation in the Wasserstein space. By “fully” second-order, we mean that the
second-order term is infinite-dimensional, rather than a finite-dimensional operator as in

Bayraktar et al. (2023b); Daudin et al. (2023); Cheung et al. (2025). Our manuscript is the
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first work in the literature to address the viscosity solution directly in the Wasserstein space
and to allow for unbounded dynamics and state-dependent common noise volatility.

In this chapter, we address the HJB equations directly in the Wasserstein space, establish-
ing the existence and uniqueness of viscosity solution to equation (3.0.1) under a Crandall-
Lions-like Definition 3.1.5. A viscosity solution to equation (3.0.1) is provided by the value
function v of the corresponding mean-field control problem; see Theorem 3.3.2. To prove
uniqueness, we adopt the idea of smooth approximation v, — v, as n — oo from Cosso et al.
(2024); Cheung et al. (2025). For any subsolution u;, we aim to show that u; < v. Suppose
the contrary, u (to, o) > v(to, po) at some (o, i1o) in the interior. Therefore, for sufficiently
large n, supy, ) u1(t, p1) — vn(t, ) > 0. To show a contradiction, we want to find a maximum
point of (¢, i) — wuy(t, u)—v,(t, 1) and apply the definition of viscosity solution. However, the
Wasserstein space is not locally compact and the maximizer may not be obtained. Therefore,
Cosso et al. (2024); Cheung et al. (2025) applied the smooth variational principle so that per-
turbed functions achieve their global maximum. In Cosso et al. (2024); Cheung et al. (2025);
Bayraktar et al. (2023a), the perturbation terms are not second-order L-differentiable, and
hence they were not able to prove uniqueness for fully second-order HJB equations in the
Wasserstein space. In this chapter, to overcome the compactness issue of the Wasserstein
space, instead of applying the smooth variational principle, we adopt the idea of moment
penalization from Soner & Yan (2024b). For any p € Py(RY), we define My(p) := [ 2% p(dz).
We can always find a small § > 0 such that u; (to, po) — vn(to, tio) —0Ma(g) > 0. This implies
that the maximum point of u; — v,, — d My, if exists, must be attained in the set of measures
with bounded second moments. As shown in Lemma 3.1.1, such a set is compact with respect
to the finer topology induced by 1-Wasserstein metric. Moreover, the coefficient functions
are assumed to be Lipschitz continuous under the 1-Wasserstein metric in our framework,
which implies the same property for the value function. Therefore, the maximum point of

up — v, — 0 My is attained, and we derive the desired contradiction using the definition of
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viscosity solution. Another advantage of this approach is that My (p) possesses L-derivatives
up to second-order in a very clean form, 9,M,(u)(x) = 2z and 02 M(u)(z,y) = 0, which
allows unbounded state dynamics and state dependent common noise in our estimate.

We note that the definition of viscosity subsolution in this chapter follows the standard
Crandall-Lions framework, but we need to modify the definition of viscosity supersolution
in a stronger sense when dealing with equations with mean field terms. This modification
aims to address the technical difficulty posed by the supremum in equation (3.0.1), which
leads to scarce choice of test functions in the proof of the comparison for the supersolution.
Similarly to Cosso et al. (2024), we construct smooth test functions for supersolutions using
the cost functional with fixed control, but with the domain of [0, T] x Po(R? x A) rather than
[0, 7] x P2(R?). The strong dependence on the initial random variable and the control makes
it difficult to rely solely on the Crandall-Lions definition to draw the conclusion. We note
that this modification of the definition is only required for the comparison theorem; however,
the value function can still be shown to be the viscosity solution under the Crandall-Lions
definition. Nonetheless, for consistency, we shall work on the Crandall-Lions-like definition
for both the existence and the uniqueness theorem. See Remark 3.1.5 for more details.

The rest of the chapter is organized as follows. In Section 2, we present the problem
formulation along with some preliminary results. Section 3 introduces the smooth finite-
dimensional approximation of the value function and provides the related estimates. Section

4 contains the proof of the existence and uniqueness of the viscosity solution.

3.1 Preliminaries

In this section, we introduce the framework for setting up the HJB equation in (3.0.1)
and recall some basic results. Before this, we shall introduce some notations which are
frequently used in the article. For any random variable X, the law of X is denoted by £(X).

For any # € RY, we denote its Euclidean norm by |z|, and its i-th component by z; or
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(z);. The standard scalar product of x,y € R? is written as (z,y) or x -y. Let n € N and
xl, 2% . .. 2" € RY we denote the vector 7 € R¥™ by T = (2!, 22,...,2")". For any matrix
M € R¥4_ the trace of M is denoted by tr(M) := Zle M;;, its transpose by M T, and its

1/2

Frobenius norm by |M| := [tr(MM")]"". If M° € R is another matrix, its transpose is
denoted by M%T. The identity matrix in R? is denoted by I;. For a scalar variable z € R,
0:h € R refers to the partial derivative of the scalar function h with respect to x. For a

vector # € R? V,h € R? denotes the gradient of h.

3.1.1 Compactness and Differentiation in the Wasserstein space

We introduce over R? the space of probability measures P(R¢) and define the p-th moment
of any u € P(R?) by

M,(p) = /Rd |z|P p(dx), for any p > 1, (3.1.1)

if it is finite. We also denote P,(R?) the subset of P(R?) consisting of those with finite p-th
moment for p > 1. The space P,(R?) is typically equipped with the g-Wasserstein distance

with ¢ € [1,p] and

Wil v) = inf ( / rx—yrwdx,dy)), for s, v € P (RY),
Ra x R4

mell(p,v)

where II(p,v) is the set of probability measures on R? x R? satisfying 7(- x RY) = p and
m(R%x-) = v. We present a simple compactness criterion for some subsets of the Wasserstein

space, which is crucial for our uniqueness result.

Lemma 3.1.1. Let K > 0 and py > py > 1. The set VPP = {u € P, (RY) : M,,(n) <

K} ={u € Pp(RY) : M,(1) < K} is compact in (Pp(RY), W,,) for any p € [p1,pa).

Proof. Consider the closed ball By centered at 0 with radius R > 0 in R?. Then for any

p € V3P and any random variable X* with law p, we have
w(Br) =P(X" € Bg) =1—-P(|X*| > R) >1—- K/R",
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by Markov’s inequality. VZ'" is thus tight. Therefore, by Prokhorov’s theorem, for any
sequence { i, tneny C VE'P?| there exists a subsequence { i, }ren and p* € P, (R?) such that
fin, — p* weakly in the sense that [, f(@)tin, (dz) = [pu f(@)p*(dz) as k — oo, for any
bounded and continuous function f : R* — R. Hence, it holds that [, (|x\p2AM ) p(dr) < K
as [pa <|m|p2 A M)unk(dx) < K for any k € N. Passing M — oo, the monotone convergence
theorem implies that [, |z[P2p*(dz) < K, therefore p* € VR,

We claim that also W), (s, , 1£) — 0. This can be easily seen from the fact (see (Villani,

2003, Theorem 7.12)) that W, (tin,, 1) — 0 if and only if
(1). fin, — p in weak convergence;

(2). lim limsup/ |z [Pt o, (dz) = 0.
lz|>R

R—oo oo

Take a LP'-random variable X™ with its law £(X™) = p,,, the second condition in the

above follows from the fact that

p1/p2 1—p1/p2
[ el e) = B[P oo < (B[]} (B [Lgesn] )
lz|>R

K

— Rp2—p1’

hence V'7? is compact in (P,(R?), W,,) for any p € [p1, pa). O

Remark 3.1.1. Note that if ji,, u € P2(RY) for any n € N such that p,, — p in the W;-
topology as n — oo, then w, weakly converges to i, and hence with L£(X,,) = pn, L(X) = p,
it holds that liminf, Ef(X,) > Ef(X), for all nonnegative and continuous functions f. In
particular, for any p > 1 we choose f(x) := |z|P and see that liminf,, M,(u,) > M,(u), i.e.,

M, is lower semicontinuous with respect to W.

In the rest of this subsection, we fix a rich enough probability space (2, F,P) such that
it supports all probability laws on R?, i.e., for any probability law p on R, there exists
X : Q — R? such that the law of X, denoted by £(X), is u. We recall the calculus in
the Wasserstein space. For a function f : [0,7] x Po(R?) — R, we adopt the notion of

L-derivatives (see Cardaliaguet et al. (2019) for instance) which are recalled as follows:
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Definition 3.1.2. The function f : [0,T] x P2(RY) — R is said to be first-order L-
differentiable if its lifting F : [0,T] x L*(Q, F,P;RY) — R; F(t,€) = f(t,L£(€)) admits

a continuous Fréchet derivative D¢F : [0,T] x L*(Q,F,P;R?) — L2(Q, F,P;RY).

Remark 3.1.2. By (Carmona & Delarue, 2018a, Proposition 5.25), if f is first-order L-
differentiable, then it can be shown that there is a measurable function, denoted by 0,,f(t, 11)(-) :
RY — RY, such that DeF(t,€) = 0,f(t, 1) (&) for any (t,p) € [0,T] x Px(R?) and & €
L2(Q, F,P;RY) with L(£) = p. We say that O,f : [0, T] x Po(R?) x RY — R? is the first-order

L-derivative of f.

Definition 3.1.3. The function f : [0,T] x Po(R?Y) — R is said to be second-order L-
differentiable if f is first-order L-differentiable and for any x € R?, the function u —
O, f(t, p)(z) is L-differentiable, i.e., the lifting F' : L*(Q, F,P;RY) — R? of u +— 9, f(t, u)(x)

admits a continuous Fréchet derivative DeF' : [0, T] x L*(Q, F,P;R?Y) — L2(Q, F,P; R¥?),

Remark 3.1.3. Similarly, if f is second-order L-differentiable, then there is a measurable
function, denoted by 92 f(t, pu)(x,-) : R — R™, such that DeF'(t, &) = O3 f(t, p)(z, &) for
any (t,p, ) € [0,T] x Po(R?) x R? and & € L*(Q, F,P;RY) with L(&') = u. We say that

2f 0, T] x Po(R?Y) x R x RY — R™? is the second-order L-derivative of f.

3.1.2 Problem Formulation

This article aims to provide the proof of existence and uniqueness of viscosity solution of the

HJB equation

p

Ou(t, ) + / sup {f(t, z, p,a) + b(t,z, p,a) - Oult, 1) (z)

R4 acA

+ %tr((a(t, ,0)[o(t,z,a)] " + 0t 2)[0°(t, 2)] ) Vad,ult, ) (:1:)) } u(da)

1

+ 3 /Rd y tr [go(t,x)[ao(t,y)]Tazu(t,M)(I,y)} p®?(dx, dy) = 0, for any (t, 1) € [0,T) x Py(RY);

u(T, ) = /Rd g(a, Wp(dz) for p e Py(R?),

\
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with the coefficient functions
b:[0,T] x RTx Po(RY) x A = R% 0:[0,T] x R* x A — R™ 5%:[0,T] x R — R,
Fi0,T]xRYx Py(RY) x A= R, g:R?x P(RY) — R,

where A is a compact subset of the Euclidean space R? equipped with the distance d4. The

coefficient functions satisfy the following assumptions:

Assumption. The functionsb, o, 0°, f and g are jointly continuous in (t,z, u,a) € ([0,T], |-
) % (R, |- ]) x (Po(RY), W) x (A, |-|). Moreover, there exist constants K >0, p € [0,1) and

B € (0,1] such that for any a € A, (t,x,pn), (t',2', 1) € [0,T] x R x Py(RY), it holds that

(1). [b(t, @, p,a) = b(t', 2’ i a)| + |o(t,z,a) — o(t',2',a)| + |0°(t, ) — (', 2')|

+ | ftw pya) = F(E, 2 1 a)| + gl p) — g2, 1) < Ko — 2| + [t — )7 + Walp, )]
(2). [b(t, z, p,a)| + |o(t,z,a)| + |0°(t, x)| < K(1 + |z|°);

(3). [f(t, 2, p,0)| + |g(z, )| < K.

Assumption. For any a € A, the functions o(-,-,a) and o°(-,-) belong to C* ([0,T] x R?).

Moreover, there exists a constant KK > 0 such that
0,0 (t, z,a)| + | Vo (t,z,a)| + |Vio(t,z, a)| + |00°(t, 2)| + [ VLo (t, z)| + | V2,00t 2)| < K,
for all (t,x,a) € [0,T] x R? x A.

Remark 3.1.4. The growth rate condition p € [0,1) in Assumption 3.1.2 will be used for
proving the uniqueness of viscosity solution in Theorem 3.3.3. Specifically, when controlling
the error term of the perturbation of solution in (3.3.21), we are unable to achieve a sufficient
decay rate if p = 1. Furthermore, we impose the W-Lipschitz continuity to obtain better
convergence results in the finite-dimensional particle approzimation in Lemma 3.2.2. The
Wi-Lipschitz continuity is insufficient, as noted in (Cheung et al., 2025, Remark 2.5). See

also the second part of Remark 3.1.6 for a reason on the compactness issue.
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Before giving the definition of viscosity solution, we introduce the set of test functions

adopted in the article.

Definition 3.1.4. The set CY2([0,T] x Po(R%)) consists of all ([0,T],]-]) x (P2(R%), Ws)

continuous functions ¢ : [0, T] x Pa(R?) — R satisfying the following:

(1). the derivatives Opp(t, ), Oup(t, p)(x), VeOuo(t, u)(x), 02p(t, p)(x, ') evist and are
jointly continuous in (t, u,x,2') € ([0,T],]-]) x (P2(RY), Ws) x (R, ] -1]) x (R, |- |);
(2). there is a constant C, > 0 such that for any (¢, p, z, ') € [0,T] x P2(R?) x R x R?, we

have

Op(t, )| + |Tp(t, ) (, 2')

+ [ Vabup(t,p)(@)| < Cpand  |Dp(t, 1) ()| < Cp(1 + [a]).

We now introduce the notion of viscosity solution used in this article. The subsolution
part follows the standard Crandall-Lions’ definition. However, for equations involving the

mean field term, we have to modify the supersolution part.

Definition 3.1.5. A bounded ([0,T],] - |) x (Po(R?), W))-continuous function u : [0,T] X

Py(RY) — R is called a viscosity subsolution of equation (3.0.1) if

(10). w(T.p) < [ oo tdo), for cvery i € Po(R):

(1b). for any (t, u) € [0,T) x Po(R?) and ¢ € CH2([0,T] x Po(R?)) such that u — ¢
attains a mazimum with a value of 0 at (t,u) over [0,T] x P2(RY), the first
equation of (3.0.1) holds with the inequality sign > replacing the equality sign

and with ¢ replacing u.

For any function h : Po(R?) — R, we extend it to a function on Py(REx A) by h(v) = h(p),
with p being the marginal distribution of v on R such that v(- x A) = pu(-). We define
the respective projections mq : R?*? — R? and mgyq : R?*>24 — RIXD sych that for any

y = (yl,yg,...,ygd)T € R? and M € R?¥*2_ 4t holds that ma(y) = (yl,yg,...,yd)T and
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(Taxa(M))ij = My; fori,j = 1,...,d. A bounded ([0,T],|]) x (P2(R?), Wr)-continuous

function u : [0, T] x Py(RY) — R is called a viscosity supersolution of equation (3.0.1) if

(20 u(Tp) = [ oo ptdo), for cvery i € PR

(2b). for any s € (0,T], (t,v) € [0,5) x Po(R¥x A) and ¢ € C*2([0, s] x Po(R? x A))
such that u—yp attains a minimum with a value of 0 at (t,v) over [0, s] x Py(R x
A), the following inequality holds:

Op(t,v) + /

Ridx A

{f(t, z,p,a) +b(t,z, pw,a) - 0up(t,v)(x,a)

+ %tr((a(t, z,a)[o(t,z,a)l s a%(t, 2)[0°(t,2)] ") V.0up(t, 1) (z, a)) }V(dx, da)

+ / tr [ao(t, z)[o°(t, y)]Taﬁgp(t, w)(z,a,y,a)| v**(dz, da, dy, da)
RIx AxRIx A

1
2

<0, (3.1.2)

where p is the marginal distribution of v on RY, u(t,v) is defined as u(t, p),

Dt v) (-, ) = ma(D(t,v)(+,-)), and Dnp(t,v)(-,-) = Taxa(Oup(t, V) (:,-)).
Here ,0(t,v)(+,-) : REx A — R?? and 02p(t,v)(-,+,+,-) :RIX AXRIx A —

R24%24 gre similarly defined as in Definitions 3.1.2, 3.1.3, respectively, but over

R x A.

A function u : [0,T] x Po(R?) — R is called a viscosity solution of (3.0.1) if it is both a

viscosity subsolution and a viscosity supersolution.

Remark 3.1.5. As noted in (Cheung et al., 2025, Remark 6.1), conditions (2a)-(2b) in
Definition 3.1.5 provide sufficient criteria for the standard Crandall-Lions’ definition of a
supersolution. This formulation is adopted because, in proving the comparison theorem for
viscosity supersolutions, there are technical difficulties that the Crandall-Lions’ definition
alone cannot resolve. For further details, see (Cheung et al., 2025, Remark 6.2). It is

important to note that this modification s required only for the comparison theorem; the
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value function can still be shown to be a viscosity solution to the HJB equation (3.0.1) under

the standard Crandall-Lions’ definition, using essentially the same proof as in Theorem 3.3.2.

Remark 3.1.6. There are two key reasons for adopting the W, -Lipschitz continuity in Def-
inition 3.1.5. First, as highlighted in (Cheung et al., 2025, Remark 2.5), to apply the finite-
dimensional particle approximation of the value function v in the comparison theorem, it
is inevitable to assume the W, -Lipschitz continuity of the coefficient functions in Assump-
tion 3.1.2. This assumption ensures that the value function is also Wi-Lipschitz continuity
(see Lemma 3.3.1). Hence, it is natural to seek candidate solutions among W;-continuous
functions. Second, the Wi-continuity provides a suitable compactness property, replacing
the smooth variational principle to guarantee the existence of extrema for functions in the
Wasserstein space. To effectively apply the smooth variational principle, a gauge function
that matches the order of the HJB equations is required. However, constructing a gauge
function that is smooth up to second-order is challenging, which complicates the extension of
viscosity solutions to fully nonlinear second-order HJB equations. Fortunately, this compact-

ness property allows us to bypass the need for a second-order L-differentiable gauge function.

3.1.3 Associated Mean Field Control Problems

We consider a probability space (2, F,P) structured as (Q2°x Q! FO@F1 P°@P!). The space
(Q° FO P%) supports a d-dimensional Brownian motion W?, which represents the common
noise. The space (Q1, FL,P1) is of the form (Q! x Q!, G F*, P*@P!). On (Q!, F',P), there
is a d-dimensional Brownian motion W, which represents the idiosyncratic noise. Mean-
while, (', G,P") supports the initial random variables. We further assume, without loss of
generality, that the probability space (Ql, g ,}f”l) is rich enough to support any probability
law on R?. Specifically, for any probability measure p on R?, there exists a random variable

X (w) : Q' = R? such that the distribution of X, denoted by £(X), is .
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We represent w € Q as w = (w®,w'), where the Brownian motions are given by W (w) =
W(w') and W9 w) = W%wP). Let E denote the expectation under P, while E® and E!

represent the expectations under P° and P!, respectively. We define the filtrations as follows:
o F=(F)s0 = (0(W)ozr<s V(W )or<s V G)szo;
o F' = (F)sz0 = (0(W2 = W)ozr<s V o(Wive = Wiozres V §)s>o0

o FV' = (FV) 50 == (0(W?))o<res;

o Fl = (‘Fs,l)SZO = (O'<Ws) Vv g)Ogrgs'

For simplicity, we assume they are P-complete.

Recall that A C R? is a compact subset equipped with the distance d4. For t > 0, let A
(resp. A;) denote the set of F-progressively measurable (resp. F‘-progressively measurable)
processes on ) that take values in A. The set A (resp. .A;) is a separable metric space
with the Krylov distance defined as A(«a, ) := E UOT da(ay, Br) dr} (resp. Ay, B) =
E UtT da(ay, Br) dr} ). We denote by B4 (resp. By,) the Borel o-algebra on A (resp. A).
Without loss of generality, let (Q2°, F°,P°) be the canonical space, i.e., Q° = C(R,,R%), the
space of continuous functions from R* to RY.

We now introduce a mean field control problem related to the HJB equation (3.0.1). For
every t € [0,T], £ € L*(QY, F}, P RY) and o € A;, we consider the solution X%&® of the

following state dynamics:
X, =¢ —|-/ b(r, XT,P%O,O&T)dT—F/ o(r, X, a,.)dW, +/ a’(r, X,)dw?, for s € [t,T),
t t t
(3.1.3)

where IP’I)/(VTO denotes the conditional distribution of X, given W". We are subject to the cost

functional:

T
J(t,6,0) :=E / f(s, X;,f,ajpgé‘;,a,%)czw g<X;5)a,p)V(V;5,a)]. (3.1.4)
t
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We define the value function V to be

V(t,€) = sup J(t,&,a), forany (t,&) €[0,T] x L*(Q', F},PL;RY). (3.1.5)

aEAt

As in (Cosso et al., 2023, Appendix B) and (Cheung et al., 2025, Proposition 3.3), it can
be shown that the value function is law invariant under Assumption 3.1.2, i.e., for every
t €[0,7) and &, n € L*(Q', FL PLRY), with £(€) = L(n), it holds that V(t,£) = V(¢,n).
Therefore we can define a function v(t, i) : [0, T] X P2(R?) — R such that for any ¢ € [0, 7]

and p € Py(RY), it holds that

v(t, ) = V(t,8), (3.1.6)

for any £ € L*(Q, FL, P R?) such that £(€) = pu, where V (t,&) is defined in (3.1.5). The
main goal of this article is to prove that the value function v(¢, 1) is the unique viscosity
solution to the HJB equation (3.0.1), under Definition 3.1.5. To address this, we need some
preliminary results. We first give the regularity of the solution of the SDE (3.1.3) and the
value function v. Proofs are standard and therefore omitted, and readers are referred to

Yong & Zhou (1999).

Proposition 3.1.6. Suppose that Assumption 3.1.2 holds. For everyt € [0,T], € € L*(Q, F!, PY RY)
and o € Ay, there exists a unique (up to P-indistinguishability) continuous F-progressively
measurable solution X% = (X14%) e 1) of equation (3.1.3). Moreover, there is a constant

C' depending only on K, T, d such that

E| sup [X!4°P| <C(1+EP), E| sup |Xi6e - X!¥)2| <CE(lg—¢?)  and

s€ft,T] selt,T)

E| sup | x40 —¢P| <Cn,
sE[t,t+h]
for any t € [0,T), h e [0,T —t], £,& € L*(QY, FLPLRY) and a € A;.

Proposition 3.1.7. Suppose that Assumption 3.1.2 holds. There exists a constant C' > 0

such that for any t,t' € [0,T], p, i’ € Po(RY),
wt, W < A+T)K  and |o(t, 1) —v(t', )] < C[Wz(/l,l/) +t— t'|1/2]- (3.1.7)
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The constant C' depends on d, K, T and independent of t, t', u, 1.

We then state the dynamic programming principle which is essential to verify that the
value function v is the viscosity solution to the HJB equation (3.0.1). The proof is standard

and can be obtained following arguments similar to those in Pham & Wei (2017).

Theorem 3.1.8 (Dynamic Programming Principle). Suppose that Assumption 3.1.2 holds.
The value function v satisfies the dynamic programming principle: for every t € [0,T] and

w € Po(RY), it holds that

v(t, 1) = sup sup {E /t f(r, Xﬁ’g’a,]}")@%,a,ar>dr—|—v<5,IP’)Vgg,a) }

a€Ar s€[t,T] |
. * o 0 0
s g (B 70 B o) |

for any & € L*(QY, FL,PLRY) such that L(E) = p.

We recall the following version of Itd’s formula for functions in CH2([0,T] x Pa(R9)), as

stated in (Carmona & Delarue, 2018b, Theorem 4.14).

Theorem 3.1.9. Let (b;)i>0, (0¢)i>0 and (39)i>0 be progressively measurable processes with
respect to F, with values in R?, R¥4 and R*? respectively, such that for any finite horizon

T7>0,

< 00.

T ~
E [/ (Bl + 3" + [3°") e
0

Consider the following R*-valued It6 process:
t t t
X, =¢ +/ bsds +/ o dW; +/ audw?,  fort € [0,T),
0 0 0
where € € L*(Q, F,P;RY). It holds P°-a.s. that for ¢ € C12([0,T] x Pa(RY)),

0
e(t,PY)

t t _
:gp(o,IP%))jL/ atgo(s,IP’)”(/:)ds—i-/ E'[0,p(s, PY ) (X,) - by]ds
0 0
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t t

P o B 5 |8 {900 PR 07 s
0 ° 2 Jo

X

+%/tE1{tr [V.0u(s, PN (X, )52~2T}}ds+2/0tElel{tr [0290(8 P (X, X2 (32) ] s

0

where B! is the expectation under ((Vll,]t"l,ﬁ)l) which is a copy of (', F1,P!); and (Xt)tzm

~
~

(B) =0, (61)iz0, (69)i=0 are copies of (X,)i=0, (b)is0, (G1)iz0, (52)im0 on (L, FL,BY).

3.2 Smooth Finite-dimensional Approximations of Value
Function

In this section, we construct C12([0,T] x Py(R?)) approximations of the value function v.
As similar results have been proved in Cosso et al. (2024); Cheung et al. (2025) and the
notations are quite heavy, we only provide main ideas of the construction in this section
and postpone the details to Appendix. The main idea is to first add a small term in the
volatility to ensure that the HJB equation (3.0.1) is non-degenerate in the second-order term.
Then, we mollify the coefficient functions and use the empirical measure to approximate the
measure arguments. It ensures that the approximated coefficient functions are smooth and
on a finite-dimensional domain. These procedures allow us to construct a regular enough

test function from the approximations of value function v.

3.2.1 Approximation by Non-degenerate Problem

Fix a complete probability space (€, F,P), also of the form (Q°x Q', FO® F' P° @ P'). The
space (Q°, F°,P°) supports a d-dimensional Brownian motion W°. For (Q', F1,P'), it is of
the form ({21 x QLG FL P @ Iﬁ’l) On (lel,]-x"l,ﬁ"l), there lives d-dimensional Brownian
motions W and B. The space (él,é,@l) is where the initial random variables live. We
assume that (521, G,ﬁ’l) is rich enough to support all probability laws on RY, i.e., for any

probability law p on RY, there exists X : Q! — R? such that L(X) = p. The expectation E
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in this subsection is taken with respect to P = P° @ P'.

Set F = (Fo)sz0 = (0(WP)osres V o (Wi )osres V 0 (B )o<r<s \/g)szm F' = (Fl)szo =
(J(Wf—Wto)ogrgsvU(WM—Wt)OSTSSvJ(BM—Bt)OSTSSvG)SZO. Without loss of generality,
we assume that they are P-complete. Let ¢ > 0, denote by A (resp. At) the set of F-

progressively measurable processes (resp. F'-progressively measurable processes) valued in

A.

Letting ¢ > 0, t € [0,T), £ € L*(Q', F',P;R%) and @ € A, we consider the unique
solution X=t6% = (X&663) i, 11 of the perturbed equation:
X, :€+/sb(r, XT,PXWT°,ar)dr+/sa(r, Xr,ézr)dWr+/S o (r, X,.)dW?
t t t
+e(B,s — By). (3.2.1)
For any t € [0,T] and & € L*(Q', F*,P';R%), we consider the value function:
[ (s B i (X w)] |

(3.2.2)

Vo(t,&) = sup Jo(t,€, @) := sup E

aEA, acA;

By the law invariance property similar to (Cosso et al., 2023, Appendix B) and (Cheung
et al., 2025, Proposition 3.3), we can define a function v (¢, i) : [0,7] x P2(R%) — R such

that

ve(t, ) := Ve(t,§), (3.2.3)
for any £ € L2(Q', F!,P'; R?) such that £(£) = p.

Lemma 3.2.1. Suppose that Assumption 3.1.2 holds. There exists a constant Cs = Cs(d, K,T) >

0 such that for any e > 0 and (t, 1) € [0, T] X Po(R?), it holds that |v.(t, 1) —vo(t, p)] < Cse.

Proof. Tt is standard to see that E[|X§’t’5’d — Xg’tf’éﬂ?} < Cée? for any s € [t,T] by using

Assumption 3.1.2 and equation (3.2.1). The result follows by

2

2 . Z o . .
ds+ | X5 — Xprée| | < et

T s~ ~ P
e (t, 1) — vo(t, ) |* < 2K°E [T/ [Xptbe — xonde
t
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3.2.2 Smooth Finite-dimensional Approximation of Coefficient Func-
tions

In this section, we illustrate the finite-dimensional approximation. Consider a complete
probability space (2, F,P), which is also of the form (ﬁo X 51,7—0 ® 7—"1,@0 ® Fl). The
space (ﬁo,fo FO) supports a d-dimensional Brownian motion W . For (51,5_51,@1), it is
of the form (Q X Q G ® .7-"1 P ® ﬁl) Let n € N. There lives d-dimensional Brownian
motions W ..., W" and E ,B" on (Q .7-"1 E) We require Wl, o ,Wn,El, ...,B" to
be mutually independent. The space (Q ,E,I?’ ) is where the initial random variables live.

=1 _ =1
We assume that (Q ,G,P ) is rich enough to support all probability laws on RY, i.e., for any

—=1
probability law u on R? there exists X : @ — R? such that £(X) = u.

We define F = (Ts)szo = <0(W2)0§r§s V U(Wi)0<'r<s i=1,..., U(F)O<r<s i=1,..n V G)s>0’
F = (]: )s>0 = (U(WS - W?)ogrgs \ U(Wivt - W)o<r<sz Lon V U(Eivt - Ei)0<r<sz 1,...,

Without loss of generality, we assume that they are P-complete. Let ¢ > 0 and denote by A"
(resp. Ay ) the set of F-progressively measurable processes (resp. Ft—progressively measurable
processes) @ = (a',...,a") valued in A™.

Now we introduce the smooth approximations of the coefficients. Let m € N, ¢ : R — R*
and ® : R? — R* be two compactly supported smooth functions satisfying Jpd(s)ds =1,
Joa ®(W)dy = 1 and [o, y|*®(y)dy < Cq, for some constant Cp, > 0, where p is the
parameter given in Assumption 3.1.2. For n,m € N and ¢« = 1,...,n, we define bfljm :

0,T] x R x A — RE fi 2 [0,T] x Ri" x A — R%, : R™ — RY by the smooth

Inm -

approximations of b, f and g respectively such that

) , B -
b, (t,T,a ::md"+1/ bl (t—s)" AT, 2" —y', — Oi—yis @ O (my")dy"ds;
(6,5 @) Nt yh =D deiy g y*)dy

Jj=1

(3.2.4)
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i - n R -
b (T, a) = m /RdnH f ((t — )" AT, 2" -y, - Z(ng,yj, a) d(ms) H ®(my")dy"ds;

j=1 k=1

(3.2.5)

Gom (@) :=m™ | g (m —Y > 5xj—yj> [T e0my*)ayt. (3.2.6)
J=1 k=1

Rdn

First, we establish some basic properties of these approximation functions.

1l
Lemma 3.2.2. Suppose that Assumption 3.1.2 holds, and define p™* = — g 04i. For any
n
j=1

n,meN,i=1,2....,n and (t,7,%Z,a) € [0,T] x R™ x R™ x A, we have the following:
(1) [ (6.7, a)| V| Gh (@) < K and [b, (17, 0)] < K(1+ Co m™ + [27]7);

(2)- by (t, T, a) = b(t, 2, @7, a) | V [ f (8, Ty @) = f (2,27, ™7, a)

< Km/ )t - [T A (t— s)+] ‘ﬁ o(ms)ds+Km™ ) (!y’\ + %Z |yj|> H O (my*)dy*;
R Rem j=1 k=1

- - R
|98 (B) — g(a, i™7)| < Kmd ) (Iy R ) |yj|> [T ®(my*)dy";
Rdn i

k=1
(3) |b77;1,m<taf7 CL) - bjl,m(tazv a)' \ ’f?i,m(taf7 CL) - é,m(taza a>| \ |g;L,m(f) - g%,m(zﬂ

R
SK[|$—2|+52|#—2J],

j=1

(4). lim bl (t,T,a) =b(t, 2’ i"™" a), lm f. (t,T,a) = f(t,2', 0", a) and

m—00 ’ m— 00

lim g . (%) = g(a',i"™"). These limits hold uniformly in (t,7,a) € [0,T] x R™ x A.

m— 00

For the proof of Lemma 3.2.2, please refer to Appendix 3.4.

——m,e,t, T, (—l,m,s,t,i,a ——n,m,e,t,T,a

Let X, = (X X ) be the solution of

Xsi—x“r/ b;,m(r,xr,aj;)dw/ a(r,X};,aj;)dWiJr/ o(r, X1)dW, + e(B, — By),
t t t
(3.2.7)

where X, = (X!,..., X") with R%valued processes X! for i = 1,...,n. We define

Ve (t,T) := sup J2, (1,7, @)

acA;
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n T
1 ; —1lm.etx,a "N, M,E,t,T,a
_ 1 2 110585 0ydby 2 110550, —’L
—SUP_E E fn7m<s,Xs e, X )ds
EEA?n i=1 t
—1lm.et,x,a —n,m,e,t,x,a

for any t € [0, T] and T € R%". This approximation of the value function is defined on a finite-
dimensional domain. Owing to the non-degeneracy and smoothness of the coefficients, the

approximation belongs to the class C12([0, T x R9") and possesses the following properties:

Lemma 3.2.3. Suppose that Assumptions 3.1.2-3.1.2 hold. There are positive constants
Cy = Cy(d,K,T) and C,,,, such that the function V., ., : [0,T] x R™ — R satisfies the

following:

(1). For any (t,7) in [0,T] x R™ andi=1,2,...,n, we have

C
Vi Uemm (8, T)| < = (3.2.9)
n

(2). Denoting by agﬁjv(t,f) € R the second-order derivative with respect to @; and T;, it
holds that

Cn,m

_Cnm S 82 -Ea,n,m(taf) S 52

: (3.2.10)

for any (t,7) in [0,T] x R™ and everyi,j =1,2,...,dn;

(3). The function V., € CY2([0,T] x R¥) is the unique classical solution of the Bellman

equation

/

acAn

+Z": m(t, T, a") Vziu(t,f)>+% Zn: tr[ao(t,x) 0T (t, 27V, u (t,x)]}

i,j=1,i#]

=0 in [0,T) x R,

1~
T)=— g gt (@) in R,
n 7
i=1

(3.2.11)

where @ = (a*,...,a") with a* € A fori=1,2,...,n.
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The proof of Lemma 3.2.3 is delegated to Appendix 3.4.

3.2.3 Approximation of Value Function

Recalling the definition of J*,, . in (3.2.8), we define

£,n,m

/65,n,m(t7 ﬁ) = SUP J;n,m(ta Z? a)
acA;

for any ¢ € [0,7] and i € Po(R%) such that £(§) = 7. It is clear that T., (L, T) =

Ve (t, 001 @ ... @ Opn ). We define v (t, 1) : [0, 7] X Po(R?) — R by

Venm(ts ) = Ve m(t, 0 @ ... @ p). (3.2.12)

Theorem 3.2.4. Suppose that Assumptions 3.1.2-3.1.2 hold. For every e > 0, n,m € N,
the function U, ,m defined in (3.2.8) and the function v. ., defined in (3.2.12) satisfy the

following:
(1). For any (t,p) € [0,T] x Po(R?), we have
Ve nm (L, 1) = / Venm(t,x', . 2" p(de") ®@ ... @ p(dz™); (3.2.13)
Rdn

(2). Venm(t, 1) € CH2([0,T] x Pa(RY));

(3). There is a positive constant by = lo(K,T) such that for any (t, p) € [0,T] x Po(R%), we

have |V pm(t, )| < L
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(4). The function v.,m(t, 1) solves the following equation in the classical sense:

(Ou(t, )
/Rdn seuﬁ{ Zﬂ;m +Z<b VoiTenm(t, T))

+ ; Ztr [( )t 2, ab) + (000 T)(t, ) + &2 ]d> Viixiﬁe’n,m(t’f)]

+% R [Uo(t,x) 0T (¢, 29) V2, xjva,n,m(t,f)]}u(dxl) ®...® u(dz")

ij=1,i%j

=0 for any (t,p) € [0,T) x Py(RY);

\

1 & :
T =122 /R Inm(@p(de") @ ... ® p(da") for any p € Po(RY).
i=1 YR

Proof. The proof of item (1) follows from Steps I-II of the proof of (Cosso et al., 2024,
Theorem A.7), together with Lemma 3.2.3. The function v, ,,,,(t,T) is in C*2([0,T] x R)
from Lemma 3.2.3 and its boundedness is ensured by its definition. Then, item (2) follows
by differentiating (3.2.13) and item (3) is ensured by the boundedness of T, ,, (¢, T). Item

(4) is easily obtained by integrating (3.2.11) with u = Ug ;. O

Lemma 3.2.5. Suppose that Assumption 3.1.2 holds. There exists a positive constant Cg =
Co(K,T,d) such that for any n,m € N and (t,u) € [0,T] X P2(R?), we have |ve nm(t, 1) —

'UO,n,m(ta ,u)| S 065-

Proof. This proof follows the same approach as the proof of Lemma 3.2.1, with the aid of

Lemma 3.2.2. The details are omitted here. O

Lemma 3.2.6. Suppose that Assumption 3.1.2 holds. Lete > 0 and (t, 1) € [0,T] x Pa(RY).

If there exists ¢ > 2 such that p € P,(RY), then im lm v, (¢, 1) = ve(t, ) where ve(t, p)
n— o0 Mm—r0o0

is defined in (3.2.3).

Proof. The proof follows the same reasoning as (Cosso et al., 2024, Theorem A.6), but with

(Djete et al., 2022, Theorems 3.1, 3.6) replacing the limit theory in Cosso et al. (2024) when
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passing to the limit n — 0o in limy, 00 Ve nm(t, 1), because of the appearance of the common

noise.

3.3 Viscosity Solution Theory
In this section, we prove the main result of the article, which is the existence and uniqueness
of the viscosity solution of the HJB equation in (3.0.1). We first need the following lemma.

Lemma 3.3.1. The value function v(t, ) defined (3.1.6) and its finite-dimensional approzx-

imation v ,.m(t, 1) defined (3.2.12) satisfy

[Venam (£, 1) = Vemm (t; )] < CV1 (), ot ) — ot 1)) < CaWa (s, 1)
for any (t, p, (') € [0,T] x Po(R) x Py(RY), where Cy is given in Lemma 3.2.5.

Proof. Let u, i/ € Po(RY). Let (€1, 1Y),...,(€",7") be a sequence of independent and iden-
tically distributed random variables, with L£(£) = pu, L(n') =y, for i = 1,...,n. Theorem
3.2.4 deduces that ve pm (t, 1) = Evepm(t, &4 ... €") and vz (t, 1) = B (t, 0t .o 0™).

Lemma 3.2.3 implies that

~ - wyy - Ci Zn i
|va,n,m(t7 lu) - Ua,n,m(ta ,LL/)| S E|U8,n,m(t7 517 o ag ) - va,n,m(tv nla ) )| S n E|€ -n |
=1

=C4E[¢" —n'].

Since ¢! and n' are arbitrary random variables such that £(¢') = p and L(n') = u/, we

conclude that

|U6,n,m(tv M) - Us,n,m(ta ,u,)| < CyWy (,u, ,u,).

Now we consider v. Let £(§) = p and L(n) = p/. By applying Proposition 3.1.7, together

with Lemmas 3.2.5 and 3.2.6, we have
|U(t7 lu) - U(tv lu,)| :|V(t7€) - V(ta 77)|
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= lim |V (t,€1qg<n) = V(1L gg<iy)

= lim lim lim lim ’?Jaymm(t,ﬁ(g]l{mgk})) — Ug,nym(t,ﬁ(n]l{mgk}))’

k—o00 e—0 n—o00 m—o0

< Cy lim E|gTi¢i<r) — 7l o<y

= C4E’f - 77|-

As &, n are arbitrary, provided that £(§) = p and L(n) = p/, we conclude that |v(t, pu) —

o(t, 1) < CoVi (s ). O

3.3.1 Existence

We verify that the value function v is a viscosity solution of (3.0.1) by applying the It6’s
formula in Theorem 3.1.9 and the dynamic programming in Theorem 3.1.8. Similarly, the
value function v can be shown to be a viscosity solution under the standard Crandall-Lions
definition by following the approach outlined in the theorem below. However, for consistency

with the uniqueness theorem, we provide the proof under Definition 3.1.5.

Theorem 3.3.2. Suppose that Assumption 3.1.2 holds. The value function v defined in

(3.1.6) is a wviscosity solution of (3.0.1).

Proof. From Lemma 3.3.1, the value function v is ([0,7],] - |) x (P2(R?), W) )-continuous,
and its boundedness follows from the boundedness of f and g. Now we show separately that

it is a viscosity supersolution and a viscosity subsolution of (3.0.1), according to Definition

3.1.5.

Part 1. v is a viscosity supersolution: For any sy € (0,7] and ¢ € C%2([0, so] x
Py(R? x A)), we assume that v — ¢ attains a minimum at (to,v9) € [0,50) X Pa(R? x A)
with a value of 0, where v(to, 1) is defined as wv(to, po) with po being the marginal of 1,
on RY. Recalling that M, is the set of Ff-measurable random variables, we let o/ € My,

and £ € L2(QY, FL,PL;RY) such that £(€,a') = vy. Letting a € A be arbitrary, we define
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o = al)(s) + &Ly, 71(s), which belongs to Ay,. Let (X24%),cp, 1 be the solution of
the dynamic (3.1.3) with initial time ¢y, initial data & and control « defined in the above.
Then for h > 0 small enough, we use the dynamic programming in Theorem 3.1.8 and [t6’s

formula in Theorem 3.1.9 to obtain that

1 0
1 - o W
0> hIE [(v ©)(to,v0) — (v —@)(to + A, P(Xt‘gf,;",ato+h)
1 to+h to.6,0 WO wo
> EE f(s, X% ?Pxﬁo,é,aa as) + Orp(s, IED(Xﬁo’g’Cx o ))
to ‘ ‘ o

+E [9u0(s, PV, DX ay) - s, X6, Pig.ear 05))]

tg,§a
(XSO ;s

1
+ §E1{ tr [anuip(s, ngto,g,a N ))(Xzo’f’o‘, a)o(s, X5 oo (s, Xlobe ozs)} }

(X108 o ))(X§°’§’“, ag)o? (s, X0 g% T (s, Xﬁoé«x)]}

1
+ §]E1{ tr [Vxﬁugo(s, PV,

1 ~ by ~ ; v
+ §E1E1{ tr [834,0(3, ngo,g,aas))(Xﬁo’g’a, g, X108 §,)0%(s, X[06) g% T (s, X;O’f’a)} }ds] )

where the operators d,, 83 are defined as in Definition 3.1.5, through the projection. The

process ()?;0’5"‘, d,) is an independent copy of (X% ay). For any & > 0, it holds that

2
0 wo wo
]E Sup W2 (]P)XtO"f!o‘7 IP)XtO"ng‘)
te[s,s+h] t s

0 0
PV ( sup WQ(PZO»E,Q7P¥§O£’Q) > 6) <

[s.5-+1] t e
te|s,s+ t
E sup |X:o,€,04 _X;fo,&a‘? (3.3.1)
te[s,s+h]
Ch
-~ 8_27

where in the last inequality we have used Proposition 3.1.6. The above term goes to 0 as

wo

h — 07, thus the flow of measure s P60 I8 continuous on [to, so] for P-a.s. w® € Q°, so

. WO
iss—P
(Xéo,f,a@s

) for P-a.s. w® € Q°. From the regularity of the coefficients in Assumption
3.1.2, the regularity of the test function ¢, the continuity of the processes s +— X6

0 .
5 Pgto,m ) for P-a.s. w” € Q° and the dominated convergence theorem, we have as
s Qs
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h— 0F,
drp(to, o) + EE{f(to, &, 1o, ') + [Oup(to, o) (€, &) - blto, €, pro, )]

b5 00 [VaBuplto, ) (€)oo, & @)oo, € @] + 3 tr [ Vayeplto 1) (€, @) (1o, €)[0 (1, €]

+ %u« [020(t, 10) (€, o, €, 6")0° (to, ) [0° (to, Eﬂ} <0.
(3.3.2)

Part 2. v is a viscosity subsolution: For any ¢ € CY2([0,T] x P(R?)), we assume
that v — ¢ attains a maximum at (tg, o) € [0,7) x Po(R?) with a value of 0. Let € > 0
and & € L2(QY, F1,PL;RY) satisfying £(£) = po. There is an of € A; such that for any

h € (0,T — to], we have

to+h
v(to, o) —e <E / Flr, X000 PV e af)dr + oty + PV <) |

to to+h

where (X!0%) c1, 77 solves the dynamic (3.1.3) with initial time ¢, initial data & and control

. Then Theorem 3.1.9 implies

1
0 <3 E|(v = ¢)(to, o) = (v = 9)(to + , Plhiecce)|
h Xio+h
]. toth t 5 £ wo wo
< EE [O f(S’XSOv fres ’IEDX?)’&O[E’OéZ) + at@(S,PX;O,gya.s)

|95, P ) (XI67) - b, XIS P e,
1 € ' €
+ §1E1{ 1 [Va0up(5, Py c.oe ) (X2 ) (s, XI0407 af)o T (5, X147, af) ] }

1 € £ . £
+ BN 1 [Vl P e S (XL, XU062)0T (s, X005 |

1 ~ e % 5 > . g 5
+ §E1El{ tr [ 020, P e ) (X[0607, K0607) 0 X0607) 0T (5, Kot }ds} +e

a€A

]- t0+h af 0 0
SEE{ [ Sup (f(S’X£07£7 7P)‘20,§1a57a) +at90<57p?{207§’a5>
0
+ B Do (5, Pt e J(XL6) - b(s, X106 P e, )]

]_ € £ €
+ §]E1{ tr [Vm(?ugo(s,PZ{V;,&,&E)(X?’&“ Yo (s, X0 a)o T (s, X0t ,a)] })
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DO | —

SEH 0 [Va0up(s, Pl e J (X 49)00 (5, X107 )00T (5, X106 )] |

DO | —

_EIIEI{ tr [ﬁzgp(s, P)V(th),g,as)( Xlobo Xlo£a®)50(g xloba) 50T (g )cho,&aa)} }}ds + €.

(3.3.3)
Arguing as in (3.3.2), we have

1_ [toth 1 . < o .
hE/t {815(,0(8,]?2/,;75,,15) + iEl{tr [Vmaﬂcp(s,]P’I;(V,g)@ae)(Xgov§va )00<3’X50757a )UO,T(S’X§07§,a )]}
O S S

1 ~ 0 e X £ £ . hd €
BB tr 0205, Py .o J(XI607, KI0607)00 (5, X1060%) 00T (5, Klo6)| }}ds

o

— Oyp(to, po) + ;EE{ tr [anu@(to,Mo)(f)ao(to,f)[UO(tmi)]T] + tr [9p(to, 10) (€, €)0° (20, €)[0° (£, &)] ] },
(3.3.4)

as h — 0. We define the following terms:

a€A

1 [loth -
I ::EE/t sup {f(s,XﬁO’g’a ,P)Véo,ma,a) — f(to, &, o, a)}ds;
1 toth 0 . S
I:=—E /to sup {El (0P (5, P .0 J(XI4) - b(s, X9 PG v, )
= uipltos 10) (€) - blto. &, o, )] [ ds:
1 [loth 0 . . .
Il = E /to sup {51511{ 60 [Vao0up(s, PYg.cac ) (X050 (s, X0 a)o " (s, X104 ,a)]}

— 2B 0 [Vaduplto, po) oo, €, a)o (0, €,0)] s

Then the above gives

1 t0+h € £ '
EE{ / Slel,lz (f(87 X;fo,f#l 9 P)Vgt?)@,af 9 CL) + El [auso(sa ]P)Vz—/t?),&af )(Xzo,ﬁ,a ) : b(S, XEO@OC ) P)Vz—/i(:),é,as ) (l):|
tO a S S S

1 £ € €
4 2B 11 [ Voo (s, Bl X4 (s, X106 )T (5, X4 a)] })ds}
< [+II+ I+ Esup {f(t07 57 Ko, CL) + au@(toa /’LO)(g) ’ b(t()’ f? Ko, a)

acA

+ %tr V9,0l 1) (€)o 0, €,a)0 " (10, €. )] }. (3.3.5)
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We now show that all these three terms I, II, III — 0 as h — 07. We first investigate I by

1 to+h
I:—]E/ sup{f( Xloter pW togas a) — f(to,f,ug,a)}ds
h to acA
1 to+h
<GE [ {5 € WO o i) s — ol s
to
— 0,

as h — 07 by Proposition 3.1.6 and Assumption 3.1.2. For II, we have

1 to+h
=18 [ sup (B [Bupto, B OXD5) s, X5 P
to ®

a€A

— Oup(to, o) (§) 'b(tovﬂﬂoﬂ)} }ds

1 to+h
EE/ sup {El [augo(s P togae)(XtO“‘) b(s, Xt P, togaa a)}

a€A

~ B[00l )€ - bls, X005 B2 e, )] s

1 to+h
B [ S Bl 10)(©) - b X B, 1) = it o) (€)Wt o)
to

a€A

1 to+h
< — / supEl[‘augp(s P togas)(Xtoga) (o, o) (€ ||bs Xtoga . PW, togaa a)”ds

a€A

D‘

t0+h
WE [ E[utto mo)(©)] 15 = tol? + X5 — €]+ WA (P )
to

toth 0 e e
< E / ElUauso(s,Pzgo,g,aexxﬁm>—w(to,uo)(&)\(m!Xﬁﬂfva #)]as (33.6)

\/_K to+h o . 9
Vo EE 9, (to, 10) (€ / VEE (Is = to27 + X005 g2+ @2 e, 00)]” ) s

The convergence of the term in (3.3.6) is due to the continuity as proved in (3.3.1), Propo-
sition 3.1.6, the regularity of the test function ¢ and the dominated convergence theorem.
Thus, the term II converges to zero as h — 0% with the aid of Proposition 3.1.6. Similar
estimate holds for the term III, thus putting (3.3.4) and (3.3.5) into (3.3.3) and then passing

h — 0T, we obtain that

0 < 9yp(to, po) + Esup {f(t07£7M0a a) 4 [8p(to, o) (€) - b(to, &, a, po)]

acA

+ 30 [Vl lto, wo) O, €, 0)o T (10,6, )]} +EIE{%H [Va0uplto. o) (€)0° (b0, )0 (10, )|
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+ %tf [8590(750, Mo)(57g)00(t0>5)[00(t0’g)]q } e

As ¢ > 0 is arbitrary, the claim is proved. O

3.3.2 Uniqueness

This subsection demonstrates that any viscosity subsolution is less than or equal to any
viscosity supersolution, leading to the uniqueness of viscosity solution which is the main

result of this article.

Theorem 3.3.3. Suppose that Assumptions 3.1.2-5.1.2 hold. Let uy, uy : [0,T] X Po(RY) —
R be the viscosity subsolution and supersolution (in the sense of Definition 3.1.5) of equation
(3.0.1) respectively. Then it holds that uy < uy on [0,T] x Po(R?). Hence, the viscosity

solution of equation (3.0.1) is unique.

Proof. Recalling the function vy defined in (3.2.3) with e = 0, we shall prove that u; < vy and

vy < ug on [0, 7] X Py(R?). We prove the cases for subsolution and supersolution separately.

Part 1. Proof of u; < vy: Let u; be a bounded viscosity subsolution of the equation (3.0.1).
To prove u; < vy by contradiction, we assume that there exists (¢, f1g) € [0,7] x Po(R?)

such that

(u1 — vo)(to, f1o) > 0.

Let £ € L*(Q, F,P;R?) such that £(£) = [ip. For any k € N, we let uf € Po(R?) be the law

of lg¢j<ky- We see that pff € Py(R?) for any ¢ > 1 and

Wiluo )] < [t o))" < B[l ey — 6] = [ JolRo(dn) — 0

lz|>k
as k — oo. Therefore, as both u; and vy are continuous on [0, 7] x Py(R?), we can find a

k € N large enough such that g := puk € P,(R?) for any ¢ > 1 and

(Ul — ’l)())(to,,llo) > 0. (337)
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Step 1A: Construction of the comparison function: Recalling the approximations
defined in (3.2.5), (3.2.6), (3.2.8) and (3.2.13), we define u; (¢, ) := e'""u, (¢, x) and similarly
T—tg

for Ve nmy Veinmy frvms [ IOM Ve Venims frms f 1espectively. We also define g := e” g

and Eflm = eIt gnm By direct computation, we see that i, is a viscosity subsolution of

the equation

;

Rd a€A

Ou(t, u) + / sup {f(t, z, p,a) + b(t,z, p,a) - ult, 1) ()

+ %tr [(a(t, z,a)[o(t,x,a)] T4 o'(t,z)[o°(t, a:)]T>V18Hu(t, u)(x)] },u(dx)

+ % /]R?d tr [go(t, x)[gﬂ(t, y)]Taiu(t, M)@)w] M®2(d:v, dy) — ult, p)
=0 for (t, ) € [0,T) x Py(RY);

() = / Gl ) for € Po(RY),

(3.3.8)
in the sense of Definition 3.1.5. By Theorem 3.2.4, we obtain that ¥, , ,, solves the following

equation in the classical sense:

(&U(t,ﬂ) /R sup { folm Z< (t,7,a") in5£,n7m(t,f)>

dn ge A"
4= Ztr[( )(t, 2t a') + (6%0%T)(, x)+521d>v”mmm(t m)}
1 < N o : ~ .
+ 5 Z tr [ao(t, 2o T (t, 27\ V2, Ve (8, T } } Q) p(dz®) — u(t, p)
i,j=1,i#] k=1

=0 for (t,u) €[0,T) x PQ(Rd);

Z/ Jom(@ & p(da®) for p € Py(RY),
Rdn

\ k:l

(3.3.9)
where we write é p(de®) = p(de') @ ... @ p(de™) and @ = (a', ..., a") for each a’ € A with
1=1,2,...,n -

Let lo := (uy —vo)(to, to) > 0. Referring to (3.1.1) for the definition of Ms(pg), we choose

a sufficiently small § > 0, depending on M5 (o) and [y only, such that uy (tg, to) — vo(to, po) —
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IMs(po) > lo/2 and thus uy (to, to) — Venm(to, o) — 0Ma(o) > ly/3, for small enough € > 0

and large enough n, m € N depending on [y, by Lemmas 3.2.1 and 3.2.6. Thus, it holds that

sup U (t, 1) = Venm(t, o) — Mo (1) > 1o/3, (3.3.10)
(t,w)€[0,T]x P2 (R9)

for small enough £ > 0 and large enough n, m € N depending on [y. Define the set
U(?,E,n,m = {(tnu’) S [OvT] X P2<Rd) : 61@7 :u) - EE,n,m(tJ :U’) - 5M2(M) > 10/3}7
which is non-empty as uy (to, f10) — Venm(to, to) — 0Ma(0) > lo/3. It is obvious that

sup Ur(t, p) = Vem(t, p) — OMa(p) = sup  U(t, ) — Ve (t, 1) — OMa(p).
(t,p)€[0,T] x P2 (R) (t7M)EU§,£,n,m

Since @; and 9., are bounded independent of €,n, m by Theorem 3.2.4, it yields that for

any [ € Ugan,m,
SMo(p) < lo/3 + el + € [Vmmlloo < lo/3 + " (||t loe + £2) < 400, (3.3.11)
where /5 is the constant given in Theorem 3.2.4. Then we see that

U © { (6,12) € [0.7) x Po(RY) : Ma(pr) < < [Io/3+ € ([Jur oo + 2)] } = UZ.

ST

The set U} is compact in ([0,7],]-]) x (P2(R%),W;) due to Lemma 3.1.1. Note that
Uy(t, ) is ([0,T],]-]) x (P2(R?%), Wy)-continuous by our definition of viscosity solution,
Ve (t, 1) is ([0, 7], ] [) x (P2(R%), W, )-continuous by Lemma 3.3.1, and —dMa () is Wi-
upper semicontinuous from Remark 3.1.1, therefore @y — ¥, ,, ,, — I M> is upper semicontinuous
in ([0,7],]-]) x (P2(R%),Wy). It implies that the set U7_, . is a closed subset of Uj under
(10, 7], ] [) x (P2(R),Wr). Therefore, Uz, ., is compact in ([0,T],]-[) x (P2(R?), Wy).
The same arguments imply that U, is compact in ([0,T],] - |) x (Pi(R%),W;) as well.
Let {(tk, px) }ren be a sequence in Uy, . such that

o - - - 1
Uy (tlm #k) - UE,n,m(tka ILLk) - 6M2(:uk) > sup Uy (ta :u) - Ua,n,m(tv ILL) - 5M2(H’) - E
(t’u)eUg,e,n,m

(3.3.12)
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By the compactness of Ug_, . and the upper semicontinuity of & — Uepnm — 0Ms, there
exists (t, 1) € [0,T] x U§ e nm such that (tg, puz) — (t, 1) in ([0, 77, ]-]) x (P2(R%), Wy). From

(3.3.12), we conclude that

7\21 (,{7 /j) - /l\js,n,m(g; ﬁ) - 6M2(/7) Z hmkSUp [7\21 (tka ,uk) - 176,n,m(tk7 uk) - 5M2(Mk)]

> sup Ul p) = Venm(t, p) — OMa(p),
(t,n)eU}

d,e,m,m

and the maximum is attained at (£,77). We note that this maximum point depends on

d,e,m,m.

Step 1B. Proof of ¢ < T: In this step, we aim to prove that ¢ < T. Suppose, on the
contrary, that t = 7. The definition of the point (¢, i) = (T, 7) implies that wu, (to, o) —

Us,n,m<t07 ,UO) - 5M2(ﬂ0) S 7\21 <T7 ﬁ) - /I\}/s,n,m<T7 ﬁ) - 5M2</7) S 61 (Ta ﬁ) - 7\)/5,n,m(T7 /7) ThUS,

| _ L .
for p™® = — E d4i, we can use the terminal conditions in equations (3.3.8) and (3.3.9) to
n
i=1
obtain that

ul(t(h NO) - Us,n,m(t[); ﬂO)

< 2 [/ (902" 1) = ool 7)) ® ‘7<d”’k)] o

=Y [ | (ol — gt ) @ it
-1 L/Ran k=1

& ;‘ UR (9(", 0"7) = gi (@', . 2™)) é) ﬁ(dxk)] + 6 My (o).

n

Using the Lipschitz property of g in Assumption 3.1.2 and (2) of Lemma 3.2.2, we further

have

Uy (t07 NJO) - Ua,n,m(t0> MO)

oD okt [ "\ o
< Kel™t [ Wi (1, i™ )®u(dl"“)] + [md / <§ ly |> | |<1>(myj)dy”]
Rdn Rdn

k=1 i=1 j=1
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From (Fournier & Guillin, 2015, Theorem 1), there is a constant Cy > 0 depending on d only

and a sequence {h, },en C R such that

n 1/q0
~ Anx ® dl‘ < Cd / |ZL‘|qO d!L’):| . (3314)

Rdn

The sequence {h, }nen and the number g are given by

n=1/2 4 p=(90-1)/90 ifd=1;
3/2 ifd=1,2
hn =< n72log(14n) +n-(@-N/w0 ifd=2, with ¢ =
5/3 ifd> 2,
n~1d 4 p—(20-1)/a0 if d > 2,

where h,, satisfies lim,, ,o h, = 0. Inequalities (3.3.11) and (3.3.14) further imply

1
thn ]Rdn

1/2

~ ~ n B 1/2 1
na: ? < [ o |l'|2,u(dl’>:| 51/2 [l0/3+6 (||u1||oo_|_£2)}

=1
(3.3.15)

Hence, from (3.3.13) and (3.3.15), we have,

Uy (to, ,LLO) - Us,n,m(to; //JO)
KCyhpe™™" 1/2 2K el —topmdn NS e o
< — 5 /3 + € (lurlloo + )] 7 + ———— /Rdn Dy Hlfb(my])dy]
i=1 =
+ 5M2([L0)

Passing m — oo and then n — oo subsequently, we use the fact that h, — 0 to yield that

uy (to, o) — Um lim v. o (to, po) < OMa(po).

n—o0 m—oo

Finally, using Lemmas 3.2.1 and 3.2.6, we pass ¢ — 07 then 6 — 07 to conclude that

uy (to, o) — vo(to, po) < 0, which contradicts (3.3.7) and thus ¢ < T'.

Step 1C. Estimate of u; —v. ,,,,: We assume the maximum value of @, (¢, ) — Uc (¢, 1) —

OMy(p) attained at (t,71) over [0,T] x Pa(RY) is M* € R. As Tepm(t, 1) + 6Ma(p) €
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CH2([0, T] x P2(R9)), we use the fact that 1; is the viscosity subsolution of (3.3.8) to see

that
0 < 0y (Vem + OM)(E, 1) — (Vem + 6Ma)(E, 1) — M*

+ /R sup {JF(Z @, i, a) + <b(?, 2, 1y @), O (Ve m + OMa)(E, /7)(13)>

d acA
+ 5t [0 2, @) [0 F )]+ 0°F )0 F )| Vb + M) E 1) <x>}}ﬁ<dx>
t5 [ o o C O+ SV E )] )
Therefore, as U, (’tv, ) — Esnm(?, f) — 0Ms () < M* and Ue 4, solves (3.3.9), we further have
(@ = Tem) (£, 11)

d geA

< /]R sup {J\;(a T, i, a) + <b(£ T, i, a), 8#(56,71,771 + 5M2)(£ ﬁ)(l‘)>
+ %tr{ (0@ 2,0)[oF,0)] T + 0 )0 2)] 7| V(oo + 6M)E ) () } }ﬁ(d:p)
+3 | o[ @D C o G T + M E R o) 7 )

_[R sup {%zn:f;m +Z< t z, CL ini,n,m(af)>

d n
n g€A i—1

1 ~ .. ~ . - ~
5> | ((00")Ea',a) + (0°0" ) 2) + ) V2T (1.7)]
i=1
1 - 0/7 i\ 0;T w2 = -
+ §ij;¢jtr [a (t, 2% (t, 2))V2 Venm(t, T } @ (3.3.16)

We divide the estimate into three parts: the part involving M, the part involving i,mm
and the term (%, — ¥z m)(t, 71). First, by direct computation, we obtain 0, My(u)(z) = 2z,

I My(p)(z,y) = 0 and V0, My (p)(x) = 214, Assumption 3.1.2 and (3.3.15) tell us that

[ sw{ (.70 0,0(0@) + gie{ [(70 ) Eor, ) + 0" E ) )] "] V.0, Ma (o)} i)

d acA

+ % /de tr [00('5, )0, )] 2 Ma(ji) y)} 1%2(dz, dy)
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— /R sup { (b(t, i, a), 22) + tr[(00")(,2,0) + 0°(t, 2)[0"(t, 7)) ] }ﬁ(dx)

d geA

guédPK11+LM%M4+4K%1+Md%ﬂﬁ@m)
SC&¥4;1+%xV+Uﬁﬁh)

S OK + CK |:M2 (/’I):| (1+p)/2

Ck

<Cx + sava

] (+0)/2 (3.3.17)

[l0/3 + €" (||t [loo + £2

for some fixed constant C'x depending only on K. Second, we recall the representation of
Venm(ty ) = €700 (¢, 1) from (3.2.13), as well as (1) and (2) of Theorem 3.2.4. Using
inequalities (3.2.9) and (3.2.10), we can directly compute that

é p(da®); (3.3.18)

T=T pq poti

Ot @) =3 [ Vet
i=1 "

and use (2) in Theorem 3.2.4 to yield that

aib/s,n,m(t7 M) (ZL’, y) = Z Z /]R viimﬂ'%&n,m (ta f)

d(n—2
i=1 =121 7RO

Hence, we estimate the term

[ sup {FE e + g [0 Ena) + (00T E0)] Vo7
}ﬁ(dy)

1 ~ ~
+3 / tr[0(F.2) 0 F )] 2 (1) (2. 9) | %22, )
R2d

~_

+ <b(?, Y, 11, @), Op e . (£, 11) ()
|

® il

TV k=1k#j

el [0e)Epa) + O DEDN] S [ Tl
j=1

P=Y k=1 k£

+ (.. fi.a). > Lo Toteanta] | ® ﬁ(dw’“)>}ﬁ(dy)

3/ thr{[w@z)ao;way)]z > Vet

=1 =11 TRITY

® ﬁ(dw’“)} A2z, dy)

P=BY p kit
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Z / sup{n F0, fah) + gir{ [(00 T E 07, ) + (0% T)F,0)] V2, B (1,7) )

Rdn gicA

—|—<b(£.’L’j,ﬁ, )Vxﬂ}enmtx>}®:u'dx

n

1 n
2R

Third, as @ — Tz pm — 0 M> attains its maximum over the space [0, T] x Po(R?) at (£, 1), it

/Rdn {[Uo(i xj)UO;T(;, xl)} Vijxlvgnm t,7) } é (3.3.19)

holds that

(U1 — Ve m — OM2) (to, po) = (W1 — Vemm — O M) (to, o) < Ur(t, 1) — i}/s,n,m(?a ) — 0 My (1)

<A (t 1) = Vemm(t, 1) (3.3.20)

After substituting (3.3.17), (3.3.19) and (3.3.20) into (3.3.16), we make use of (3.2.9) and

(3.2.10) to deduce that

(ul - Us,n,m)(tm ,UO) - 5M2(:u0)

Cr +p)/
=0 Lsm s lo/3 4+ ¢ (lurlloe + )] +CK]
+/ zn: 1}{(? ‘ ) Ly (?_ z) 82‘0 V2 % (%v_)
su x — = 7,d") — —trV% BT
Rdn i—1 aielil n ,U/, n n,m\"» % 2 i n,

+ <b(£ {L‘i,ﬁ, ai) - biz,m(%vﬂfv ai) vzlvanm t LL‘ > } ®

k=1

(1+p)/2

C’

n et_to ~ . ~ . 52 9 ~
—i—/d Zsup ft, 2", g, a") — f (LT, a") 5 2iziVenm(t,T)

_, aicA n

} & n(dz™).  (3.3.21)
We use Assumption 3.1.2 and (2) of Lemma 3.2.2 to estimate the following term:
|F(t ', i, d') = (5 F, ')

<|f@a' B,a) - f(E 2", 0", a)

|b<’tv7 xia /77 ai) - b’;z,m(t: z, ai)

ai) —f (afa a’i)

n,m

+Cy \ b(t, 2, i, a’) — b(E, 2*, i, a')

bfF, 2%, 7%, ) b, (7,0
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K1+ CoWi(p, i™®) + K(1 + C’4)m/]R ‘?— [T At — s)ﬂ ‘ﬂ d(ms)ds

ol =
+ K(1+ C4)md”/ <|y1] + Z |yj]> H ®(my*)dy*. (3.3.22)
Rén j=1 k=1

Putting (3.3.22) and (3.3.15) into (3.3.21), we see that

(ul — VUenym — 5M2)<t07 MO)

C (1+p)
<0 [6( K [lo/3+e (Hu1|yoo+€2)} 0/ +CK]
i e~ Cyh, K (14 Cy) T 1/2
E:HVxﬂ%nmtx(g (dz*) + s [0/3 + €" ([t ]loo + £2)]
Rdn i—1 k=1 oY/

+eT K (1 + C4)m/ ‘?— [TA (t — S)+] )5¢(ms)d8

2eT 0K (14 Cy)m
+ (n 4 /d <§ |y|)||¢)my
Rdn \ ©

Using Lemmas 3.2.3 and 3.2.5, we first take ¢ — 0" and then m — 0o to obtain that

(uy — Wlllgéo Vo,n,m — 0M2)(to, f1o)

C (1+p)
§5{W[lo/3+e(||u1||oo+g2)} p)/ +CKj|

el = Cyh, K (1 + Cy)

1/2
= [l0/3+ € (unlloo + £2)]

By (3.3.14), (3.3.15), Lemmas 3.2.1 and 3.2.6, we take n — oo and then ¢ — 07 to obtain

that

(u1 — vo)(to, po) = (u1 — lim lim Uonm> (to, po) <0,

n—00 M—0o0

which contradicts (3.3.7).

Part 2. Proof of us; > vy: Following the arguments of the first part of Step II of the
proof of (Cosso et al., 2024, Theorem 5.1), we can assume without loss of generality that
us(s, +) is Wi-Lipschitz continuous for every s € [0, T]; and showing uy > vy is equivalent to

showing
ug(t, ) > v¥(t,v) = E [/ f( Xhee thsu, )dr} + Euy <s IP)tha> (3.3.23)
¢
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for every (t,u) € [0,T] x Po(R?), s € (t,T), & € L*(Q, F;,P;R?Y) with £(¢) = p, and
a € M;, where M; denotes the set of F/-measurable random variables o : @ — A and
v = L(&,a). Suppose, for contradiction, that (3.3.23) does not hold. Then, there exist
to € [0,T), sg € (to, T, pto € Po(R?) and vy € Po(RY x A), with po being the marginal of 1

on RY, such that
%0 (to, V()) > Ug(to, /L()) (3324)

Following the approach outlined at the beginning of Part 1 of this proof, we assume that
there exists ¢ > 2 such that vy € P,(R? x A). The function Uy (¢, ) := e'"uy(t, pu) is a

viscosity supersolution of the following equation:

(

Rd a€A

Oyu(t, ) + / sup {f(t, z, p,a) + b(t,z, pw,a) - ult, 1) ()

+ %tr((a(t, v,a)[o(t,z,a)] " + 0t 2)[0°(t, 2)] ) Vad,ult, ,u)(x)) } p(dz)

w5 [ o ale el gt )] 1. dy) = ) =0 for (1) € [0.7) x Pa(R;

() = [ Flonnldn) tor g€ Pur),

R
where f(t, x,pya) = e f(t,x, p,a) and §(o, p) = el g(x, n). That is, for any s; € (0,7
and ¢ € C12([0, 51] X Po(R? x A)) such that Uy — ¢ attains a minimum with a value of 0 at
(t*,v*) € [0,51) x Po(R? x A), then the following inequality holds:

0> duplt", 1) + /

Rdx A

{f(t*,x,,u*,a) + b(t*axaﬂ*7a) ' 6ug0(t*, V*)(ZE,G>

+ —tr [(a(t*, z,a)[o(t*, x, a)}T + 00 (t*, 2)[0°(t*, 2)] ") VL0, (t, v*) (x, a)} }V*(dx, da)

N~ N

+ / tr [Uo(t*,:c)[ao(t*,y)]Taigo(t*, u*)(x,a,y,a)} (v9)®2(dx, da, dy, do) — o(t*, V"),
Rix AxRIx A
(3.3.25)

where p* is the marginal of v* on R?, and the operators d,, 97 are defined as in Definition

3.1.5, through the projection.
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We regularize the coefficients with respect to the control variable. Let ¥ : R? — R* be a
compactly supported smooth function satisfying fRd U(y)dy = 1. We extend b and f to the
space [0, T] x R? x Py(RY) x R by setting b(t, z, u,a) = 0 and f(t,z,u,a) = 0 when a € R?
is not in A. For simplicity, we continue to denote these extensions by b and f. We further
define the functions g;m and f:ﬁm by

b;m(t,f, a) = m? bi’m(t,f, a—a)¥(ma)dd,
]Rd

:ﬁ’m(t,f, a) = md/ f};ym(t,f, a—a )V (ma")dd,
R4
forany n,m e N,i=1,2,....,n, T = (z',2%,...,2") € R and (¢,a) € [0,T] x A. Here }, ,,
and f) . are as defined in (3.2.4) and (3.2.5). Recalling the compactly supported smooth

function ® defined in Section 3.2.2, we also define

n

1 « o
7\ .— ,ppdn o
Upm(t,T) :=m . Us (t, - ]El 5xj_y]) H d(my’) dyy’.

j=1

We now introduce

s 1 -~ S0 i Tlumatvg?ao Tnumutvg?aO i
v (E, V) = E E wm | 75 X oo X, ,ag | dr
¢

=1
Tl,m,t,g,ﬁo Tn,m,t,g,ﬁo
+ Unm | S0, X4 oo X }, (3.3.26)

0 S0

for any ¢ € [0,s0] and v € Py(R? x A), where £ = (£1,€%,...,¢&") € L*(Q, F,,P;R™), ay =

_ —m,t,,d0 <71,m,t,§,ao Tn,m,t,g,ao>

(ab,a2,...,al) € (M,)" such that L(£,dy) = v®- - Qv and X, = | X, ¢

is the solution to (3.2.7) on [t,s¢] with @ = @, ¢ = 0 and b replaced by E}Lm For every

n,m €N, (t,v) € [0,s0] x Po(R? x A), we define 732, := €03, and also similarly define

~

ftnm and Uy, from f;’bm and uy, ,, respectively. Let

750 T A7) -— 7,50

U (6T, @) = 0,0, (F, 61,01y @« @ G(gn qny)
for any 7 = (x!,...,2") € R" and @ = (a',...,a") € A", where

S0 _ —=1m,t&do —n,m,t,Ed0 |

7 3

nm S,XS ,...,XS , Og ds
t
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—1,m,t,€,dp —n,m,t,€,do
+ U | X, o Xy, : (3.3.27)

for any ¢ € [0, so] and 7 € P, (R x A™), where € and a, satisfy £(¢,dy) = 7. Moreover, by

(Cosso et al., 2024, Theorem A.8), we deduce that 0,0, can be represented by
v (t,v) = e / v (t,7,a)v(dr',da") ® - - @ v(da", da™),
’ RdnxAn ’

and it could be shown by following the proofs of Lemma 3.2.3, Theorem 3.2.4 and (Cosso
et al., 2024, Theorem A.8) that

(1). v, € CH2 ([0, 5] x (R™ x A™)) and v, € C*2 ([0, 5] x Py (R x A));
(2). forany i =1,...,n and (t,7,a) € [0, s0] x R™ x A" it holds that

C
< K

Vw0, (8T, a)| < -

where the constant C'x > 0 depends on d, K, T, but independent of n, m;

(3). if t € [0, s0] and v € P, (R? x A) for some ¢ > 2, then

lim lim v,°.(¢t,v) =0v"(tv); (3.3.28)

n,m
n—-+o0o0 m—-+o00 ’

(4). the function vy?,,(t, ) solves the following equation classically:

( n

> (T8 05) + (B (1 E ), V7, (1.8, 0)

1=

Ow(t,v) +E

+ %tr ([(oo")(t, &, ah) + (6°0%T)(t, )] V2V, (8, €, 80)) }

3 3 “[00@’52’)0(”@,5J‘>Vimn?m<tf,aoﬂ] =0;

1,j=1,i#j

u(80,v) = Etn,m (50, )],

.
for any t € [0,50) and v € Py(R? x A), where £ = (£1,€2,...,€") € L*(Q, F, P;R™),

G = (ab,a2,...,al) € (M,)" such that L(£,T) =v®...®v.
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We now return to the hypothesis (3.3.24), with po and vy mentioned therein. Let [y :=
V% (to, vo) —ua(to, tto) > 0. For small enough § > 0 depending on Ms (1) and [y only, we have
v*(to, o) — ua(to, o) — OMa(rg) > lo/2 and thus v;°, (to, o) — ua(to, po) — 0Ma(vo) > 1o/3,
where v}, is defined in (3.3.26), and this holds for large enough n, m € N depending on 4,

Ms(vp) and Iy only, by (3.3.28). Thus, it holds that

sup U0 (t,v) — Us(t, u) — IMy(v) > 1y/3, (3.3.29)
(t)E0,T)xPa(RixA)

where 1 is the marginal of v on R¢, for large enough n, m € N depending on §, M, (vy) and

lp only. By the compactness of
lN];nﬁm = {(t, v) € [0,T] x Po(R? x A) : 00, (t,v) — Us(t, 1) — SMa(v) > ZO/S},

and the upper semicontinuity of ¥,°,, — @iz — dM,, we argue as in Part 1A to deduce that
there exists (¢,7) € [0, 7] x (NJ(gnm such that the maximum of ;7 — ti; — 0 M, is attained at
(?, v). We note that this maximum point depends on 9, n, m. If t = sy = T, then we proceed

as in Step 1B to get a contradiction. If ¢ = sy < T, then

(USO — Uy — 5M2)(t0, l/()) = (1\;80 - 62 - (SMQ)(t(), l/()) S Ei?m(S(),,l\//) — ’1\22(80, f]) - 5M2(D>

n,m n,m

<

IN
<

fz?m(s()?,lj) — 62(8075) — 0,

as m — oo then n — oo, by using the definition of 7;0,, := e'~*v:0  and that of v;9,, in
(3.3.26). If t < so, we apply Definition 3.1.5 of supersolution and put ¢ = Uyl — OMa — M,
in (3.3.25), with M, € R such that Eflom — Uy — OMy — M, attains the maximum with a value
of 0 at (£,7). Then we proceed as in Step 1C and utilize items (1)-(4) in the above to draw

a contradiction and conclude the proof. O

3.4 Technical Proofs in Section 3.2

Proof of Lemma 3.2.2: The bounds of f}, and g/ ,, in assertion (1) are obvious by the

definitions in (3.2.4)-(3.2.6) and Assumption 3.1.2. For the bound of ¥/ ,, in assertion (1),

n,m
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we have

n

V(8T 0)| < K™ | [ |+ [y 7] [ ] @(my
Rdn

<K (14l m [ peay)
Rd
< K(l + Cop,m™" + |xi]”).
We prove assertion (2) for g by considering
gz, i™*) — gz —MZ @i~y
7=1
Using the Lipschitz continuity of ¢ in Assumption 3.1.2 and the fact that
50 w5 )
1 /J/ 7n : xd —yJ — 1 n 4 x],n : xd —yJ
7=1 7j=1 7=1
1 n
< - — Y (i wi_yiy(dx,d
< /Rded @ —y| [n; (0 21—y (A y)]
1,
NI (3.4.1)
j=1

9 2") = g ()] < |

Rdn

[T 20my*)ay*.
k=1

we obtain that
i ~N,T ) — n 7 1 & j <
|92, 177) = g (®)] < K <|y +=) ij|> [ 2(my*)dy*
Rdn n j=l el
We prove assertion (2) for b by considering (the proof for f is exactly the same)
b(t, 2", @™", a) — b, (t,7,a)|
< dn+1/ b(t, x', i, —b(T/\ t— O —yi ) ®(my*)dy*d
<m0 (¢~ 5)* Z )| 66ms) T @my )y ds

k=1

< m/ b(t, 2", 1™ a) = b (T A (t—s)*, 2", "7, a)| p(ms)ds
R

—i—mdnH/ b(TA(t—s)+,xi,ﬁ"’x,a)—b(T/\(t—s Z(SW N ) :
Rdn+l
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The inequality in (3.4.1) and Assumption 3.1.2 imply that
b{t, @, %, @) = B (8,7, )
I R
< sm [ [t= (@ n (=99 stms)as + K [ (1145 3 1]) [T o0ms s
R Rem j=1 k=1

For the proof of assertion (3) for g (the proofs for f and b are exactly the same), we let T,

Z € R% and estimate

193.(T) = G5, (2)]

D S BV ERES S

g\r yuﬁ‘lzﬂ—yJ g\ =z y’ﬁ.lzj_yj
J= J=

Then the inequality in (3.4.1) yields that

[T @my*)dy*.
k=1

Rdn

n

(= T n i i IR j
i (P) — G2 < B [ [t = 24 L5792 T] oy
j=1

Rdn el
:K[|Jzi—zi|+lzn:|xj—zj|].
n“
7j=1
Finally, assertion (4) follows immediately from assertion (2). O

Proof of Lemma 3.2.3: Step 1. Lipschitz continuity of v.,,(t,Z) in Z: Note that
the identity (Cosso et al., 2024, (A.21)) may contain potential typographical errors, so we
reproduce the proof of the Lipschitz continuity property here for the case involving common

noise. We aim to establish that

C
Ve (t,T) — Ve (t,Z)| < g T —7Z|,

when the components of 7 = (z!,...,2") and z = (2!,...,2") are all equal, apart from one

component ¥ # z¥ for some k = 1,2,...,n. Recalling the definition in (3.2.8), we use the

continuity in (3) of Lemma 3.2.2 to yield that

‘@a,n,m (ta f) - Ua,n,m (t, z) ‘

1 < T, . . -
S 2K sup ~ ZE [/ ‘Xz,m,a,t,z,a _ Xz,m,a,t,z,a
1 t

s
acA; n =

—t,m,e,t, T, —1t,m,e,t,z,a

ds + ‘XT - X

] . (34.2)
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Suppose that T and z differ only for the first component z* # z'. For i = 1,2,...,n, the

L‘?m?€7t7f7a

Re-valued process X = (X, )sept,r] solves the following equation on [t, T7:

71_x¢+/ b;m(?a,yi,.__,y;‘,aj;)dwr/ a<r,7i,a:;)deL+/ o°(r, X,)dW,+<(B,~B,).
t t t

As the coefficients of the above equation are regular enough and have bounded continuous

—t,m,e,t,z,a —1,m,e,t,x,a

derivatives by Lemma 3.2.2, the process AY =X, - X, satisfies
‘ ) s _d . .
AT = (21— a')oy; + / anmrAYierr / S (AXY) Gk
t k=1
+ / Z AX,) G W,

where er = fol Vbl (7, Yi + QAYi, LX)+ OAX, a@l)de, T = fol axka(r,z +
OAX.,@i)df and GOk = 1N 05, 0°(r, X + OAX.)d0. The R"-valued continuous process
AX, = (Af; ...,AX)T is the unique solution to the above system of linear stochastic
equations such that E [sup g 7 |AX|?] < oo. Next, we provide an estimate of SuPsept 7] E [ Yoy |AY;|}

with a method akin to the proof of Tanaka’s formula. Letting v} > 0, we consider the function

uy : R — R defined by

Direct calculation gives

Vyuy(y) =
Applying [t6’s formula to uy (ATS) gives
duy (AX)

d T
3 (ax. ~zk] V2 uy (AX)

k=1

<vyuﬁ(AX ), dAX >+ ;tr
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d T d
+%tr{ Z(Ayi)kagﬂ%k] V2, uy (AX) Z(Axg)kag%k]}ds
k=1 k=1
AYZ " ~. . —j d TN o~ —1 d ~0 4 0
uy(AX) j=1 k=1 k=1
T . 1 (AX})(aX) L iy ]
—t AX') ok ], — . AX) gk % d
+ 2 r{ _;( s)kUs ] <u§(AFS) d [uﬁ(Ayls)r ;( s)kgs S
d T —i —i\ T d
S 1 (AX})(AX) o ]
+—t AX) goHF —I;— . AX), 5% L d
r{ ;( z ] <U§(AXS) ‘ [uﬁ(AY;)]?’ > ,;( )i ’

It is clear that

AX! AX

- — —— 1y , P-as. asv — 0.
wy(AXY)  |axi| {a¥ieo)

Moreover,

3 (AY@)@*]T ( L Id)

1tr —
2 k=1 uﬁ(AXs)

1 1 1 ¢
T2\ [ax| {exwi} )7
P-a.s. as ¢ — 0. Similarly,
Lir 3 (AXY), 5
2 k=1
—>1 ! 1 t

2\ |ax [P {axl '

~0,i,k

P-a.s. as ¥ — 0. The terms involving o.,"" exhibit similar convergences as established in

d

the preceding two results. Therefore, by taking the expectation and applying the dominated

convergence theorem as 1 — 0, we conclude that

E“AEH — |zt = a'|oy

S LAXL e
E NTE A V1,
/t <‘A7:, Z s > {axiz0} r]

j=1
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ol (pionm ) o{ o] [Serad] o)

) %E{ | (&; 7 {ax fo}) " { Z )] (ax(ax)) Z (mw] } dr}
ol (agion) o [Sm] [Somar] o]

{ [ (et )| [Semar] erem) S e

(3.4.3)

Similarly, the term in the forth line of (3.4.3) can be estimated by

<ﬁﬂ{ax#0}> tr{ ;(Ayi)’ﬁ?k ( ( ) ) ;; (A% ~Zk]}
§|A ‘A 2 le‘ {axiz0}
<K’

The terms involving ¢%"* can be estimated in a manner similar to the preceding results.

[z

Therefore, (3.4.3) reduces to

E[|AXY[] < |2' — 2'[6y; + B

n,m,r

b, AKX | + 2K2|A7i‘dr] .

Summing over ¢ = 1,2,...,n, we have
E | |AX, Slzl—x1|+/s]E Z(ZV)W\) AX| + 262y dr
i=1 t j=1 1 i=1
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§|zl—a:1\+/]E dr.
t

The Lipschitz continuity estimate for bﬁ%m in Lemma 3.2.2 deduces that

ma <Z y?;gfm,,ﬂ|> S |AXY| 4 2623 A

i=1 j=1 j=1

~
max bb
1<0<n 4 - n,m,s

1=

n
< max sup | Vbl (s, 7, al)|
160 & sepan

= max <sup |szbf;7m(s,f,aﬁ)‘ + Z sup |szb;7m(s,f,ai)‘)

1=l=n \ zegrdn i 1,00 TERI

S\/E[K(lJr%)nLKn;l}
= VK.

It gives us that B [ [AX,]] < |2'—a!|[+2(VAK+K?) [E [0, |AX,|] dr. Gronwall’s
inequality yields

n

>_|AX

i=1

Thus, we obtain from (3.4.2) that

E < ’ZI . xl‘BZ(\/EKJrI@)T

, for every s € [t,T].

|U€,n,m (ta E) - Ué,n,m (tu E)|

1 u T —1,m,&,t, T, —t,m,e,t,z,a —1,m,&,t, T, —t,m,e,t,z,a
<2K sup ~ Y E ‘XS e ds+‘XT X
acA; VT t
Caxr
e i (3.4.4)
n

Step 2. U. . (t,7) is the unique classical solution of (3.2.11): In this step, the definition
of viscosity solution is referred to the usual Crandall-Lions’ definition as the equation is on
[0, 7] x R instead of the Wasserstein space. First note that the volatility term (the second-

order term) of equation (3.2.11) can be written as str[QVZ 0], with

oo’ (t,zt,al) 0 e 0 a®(t,z') ) [ o°(t, 2t)
0 oo’ (t,x%a%) ... 0 o0(t, z%) o(t, 2?)

Q= + &% Ign +
0 0 ... oo (t,x" a") a®(t,z™) | \o®(t,z")
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It can be easily shown that @ is positive definite. Consequently, we have QVZ. 0., =

YY V2. 0. m, where ¥ satisfies X7 > £21,,. Using (Yong & Zhou, 1999, Chatper 4.6,
Theorem 6.2), we conclude that v, ,, ,,, is the unique viscosity solution of the Bellman equation
(3.2.11). Due to the 1/2-Holder continuity of U. . (t, T) in ¢, Lipschitz continuity in T as
established in (3.4.4) and the boundedness of the non-homogeneous term f; . of (3.2.11), we
consider the equation (3.2.11) on [0, T] x Bg C [0, T] x R% with the parabolic boundary value
of T. m(t,T). For this localized equation, we can apply (Crandall et al., 2000, Theorem 8.4)
S0, 7Y x Bp) N C([0, T]

to obtain a unique strong solution v, , (¢, Z) which lies in C) 2

g,n,m

Br). We see that ol

g,n,m

(t,7) is also the viscosity solution to (3.2.11) in [0,7] x Bg under
the usual Crandall-Lions’ definition, by (Crandall et al., 2000, Proposition 2.10). Therefore,
as the viscosity solution to (3.2.11) on [0,7] x R is unique, then we see that U, ,, =
ot

Lmo1xBr + Venmliorxmimpy) for any B > 0. In other words, Ve, is continuously

differentiable with respect to T on R% x [0, 7). We consider another equation

P

acAn

Oyu(t,T) + sup { folm T Ztr [( )(t, 2", a') + %% T (t, 2% +52]d)V2 Liu(t, x)]

N | —

+ Z m(6T,0"), Vile o (8,T) ) + Zn: tr [Uo(t,xi)go;T(t,xj)viixju(t,f)}}

i, =1,

=0 in [0,7) x R,

1
) — i =\ Rdn'
n ;1 gn,m<x> n

(3.4.5)
In the above equation, we note the unknown w is only involved in the time differentiation
and the second-order spatial differentiation, the remaining terms are all in C%*([0,T) X Bg)
for any R > 0 and some a > 0. As T.,,, is the unique viscosity solution to (3.2.11) on
0, 7] x R under the usual Crandall-Lions’ definition, it is also a viscosity solution to (3.4.5)
under the usual Crandall-Lions’ definition as it is continuously differentiable on . By con-
sidering the equation in (3.4.5) in a local region with the parabolic boundary value v ,, ,,,, we

can apply (Mou, 2019, Theorem 5.2) to find a classical solution © t,7) to (3.4.5) on that

anm(
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local region. As the viscosity solution of (3.4.5) on [0, T] x R is unique by (Yong & Zhou,
1999, Chatper 4.6, Theorem 6.2), we see that V. . (t,T) = V7, ,,(t,T) is actually classical.

Step 3. Bounds of derivatives of v, ,(¢,7): Note that v.,, (¢, T) € C12([0,T] x R™"),
the boundedness of the first-order derivative with respect to T follows from (3.4.4), while the
boundedness of the second-order derivative is established using (Krylov, 2008, Chapter 4.7,

Theorem 4). O
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Chapter 4

Feynman-Kac Formula for Time-Dependent
Nonlinear Schrodinger Equations with

Applications in Numerical Approximations

In this chapter, we present a novel Feynman-Kac formula and investigate learning-based
methods for approximating general nonlinear time-dependent Schrédinger equations which
may be high-dimensional. Our formulation integrates both the Fisk-Stratonovich and It6
integrals within the framework of backward stochastic differential equations (BSDEs). Uti-
lizing this Feynman-Kac representation, we propose learning-based approaches for numerical
approximations. To demonstrate the accuracy and effectiveness of the proposed method, we
conduct numerical experiments in both low- and high-dimensional settings, complemented by
a convergence analysis. These results address the open problem concerning deep-BSDE meth-
ods for numerical approximations of high-dimensional time-dependent nonlinear Schrodinger
equations (cf. [Proc. Natl. Acad. Sci. 15 (2018), pp. 8505-8510] and [Frontiers Sci. Awards
Math. (2024), pp. 1-14] by Han, Jentzen, and E).

This chapter is organized as follows: In Section 1, we introduce our Feynman-Kac formula
for both classical and weak solutions of general Schrodinger equations and highlight some

open questions arising from this Feynman-Kac representation. In Section 2, we propose a
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machine learning scheme for numerically computing the BSDEs (1.2.5), covering both linear
and nonlinear cases of f in both low- and high-dimensional problems. The experimental
results demonstrate that the solutions of the BSDEs are in strong agreement with the explicit
solutions of the Schrédinger equations. Finally, in Section 3 we present a convergence analysis
regarding the proposed algorithm for simulations. Additionally, the appendix contains the
estimate of certain error terms involved in the proof of Lemma 4.3.2, along with the complete

proof of Lemma 4.3.2.

4.1 Feynman-Kac formula for the nonlinear Schrodinger
equation

A less rigorous form of Feynman-Kac formula is based on the complex time transformation,

T =1it. By defining U(7, z) = u(it, x), we arrive at the following parabolic PDE:

—,U(r,z) = %AU(T, 2) + f(r,2,U); U(T,z) = G(x). (4.1.1)

This equation may be approached using the established theory of FBSDEs (see Delarue
(2002); Hu & Peng (1995); Ma et al. (1994); Pardoux & Peng (1992); Pardoux & Tang

(1999) for instance), which suggests a representation via a C-valued BSDE:

—d?S(T,x) = f(s,Vv(Ws, — W,) + , }75(7, x))ds — \/;ZS(T, x) dWy;
(4.1.2)

Yr(r,x) = G(Vr(Wr — W,) + ),

with the relation

Yy(r,2) = Uls, Vo(Ws = W.) + ), Zy(t,z) = VU (s, Vv (W, — W,) + ). (4.1.3)

Through equation (4.1.2) and relation (4.1.3), we obtain a Feynman-Kac representation for
Schrodinger equation (1.2.3). It is important to note that for all equations (1.2.3), (4.1.1),

(4.1.2), and (4.1.3), the time domain lies in the real interval [0,7]. However, the complex
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time transformation 7 = it necessitates extending the time domain to an imaginary time
interval, which imposes significant restrictions on both theory and applications. A formal
representation for [linear Schrodinger equations was in fact given via so-called Feynman
path integrals. However, these path integrals are not well-defined in most of their uses (cf.

Albeverio et al. (1976); Feynman (1948); Kac (1949); Yan (1994)).

In this section, we shall present a Feynman-Kac formula that avoids both the complex
time transformation and Feynman path integrals. The representation is developed for both
classical and weak solutions of Schrédinger equation (1.2.5). Some further explorations of

the resolution of BSDE (1.2.5) using purely probabilistic methods are left as open questions.

4.1.1 Feynman-Kac formula for classical solutions

Denote by C2([0, T] x R%; C) the space of complex-valued continuous functions u(¢, ) with
bounded continuous derivatives dyu(t, z), p,u(t, z), and Oy, 2 u(t, ), j, k,l = 1,...,d. In the
following theorem, the Feynman-Kac formula establishes a connection between the classical
solution of Schrédinger equation (1.2.3) in C12([0,T] x R, C) and the BSDE (1.2.5) via the

relation (1.2.6).

Theorem 4.1.1. (i) Suppose that u € CY2([0,T] x R4 C) is a solution to the
Schrédinger equation (1.2.3). Then the pair (Y, Z) defined through (1.2.6) is
a solution to BSDE (1.2.5).
(ii) If the pair (Y, Z) with Y(t,z) = YE(t,2) +iYI(t,x) and Z,(t,z) = ZE(t, x) +
iZl(t,z) for 0 <t < s < T, x € R? satisfies BSDE (1.2.5) and there exists
a function u € CH2([0,T] x R% C) satisfying the relation (1.2.6), then the

function u is a solution to the Schrodinger equation (1.2.3).

Proof. First, we prove (i). Without loss of generality, we take t = 0. Applying [td’s formula
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to u® and u! respectively yields that

du®(s,z +VvW,) = <8SUR + gAuR> (5,2 + VvW,) ds + /vVull(s, x + VvW,) dW,,

dul (s, + VOW,) = (asuf v gAuf) (5,2 + VEW,) ds + VoVul (s, + oW,) dW,.

Here, we shall only verify the real part as the imaginary part follows in a similar way. In

view of (1.2.3) and (1.2.4), we have further
du®(s, x + vW;) = %A(ul +uf) (s, 2 + VIW,) + f(s, 2 + VW, u(s, x + \/;Ws))] ds
+ VUVuli(s, x + VuW,) dW. (4.1.4)

Recalling the relationships between Fisk-Stratonovich integrals and It6 integrals (see (Revuz

& Yor, 2013, Chapter 4, Exercise 2.18)), we have
gA(uI +ul) (s, + VIW)ds = VoV (ul + uP)(s, @ + IW,) (0dW, — dW,)
= VUV (u! +u®) (s, z + VW) * AW, (4.1.5)
which together with relation (1.2.6) substituted in (4.1.4) gives
dY(0,2) = Vv(ZE(0,2) + Z1(0,2)) * AW, + (s, VvW + 2,Y,(0,2)) ds + Vv ZF(0, z) dW.

Analogously, we justify the second stochastic differential equation in (1.2.5) for the imaginary

part. The terminal condition is obvious and this justifies (i).

For (ii), suppose (Y, Z) and u satisfy BSDE (1.2.5) as well as the relation (1.2.6). Let ¢ be
an arbitrary infinitely differentiable real-valued function with compact support on R¢. Then

It6’s formula implies
do(x + VW) = gAgo(x + VW) ds + VvV o(z + Vv Wy) dWs.

Notice that substituting the representation (1.2.6) into the equation for Y#(0,z) in (1.2.5)

gives
du®(s, x + VvWy) = Vu(Vul + Vul) (s, + VW) * dW, + f1(s, 2 + VvWs, u(s, z + VvW,)) ds
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+ VUVuli(s, z + o W,) dW,
= %A(ul +uf) (s, 2 + VOW,) + (s, 0+ VoW, u(s, z + \/;Ws))] ds

+ VUVuli(s, x + o W,) dW,

where we have used the relation (4.1.5). Applying [t6’s formula to the product (uffp)(s,x +
VvW,) and taking integration w.r.t. (w,z) on  x R? under P ® dx (where dx denotes the

Lebesgue measure), we have for each ¢ € [0, 77,

/Rd UR(ta z)p(xr)de =E [/Rd(uRgp)(t, T+ VW) dx}
/R E[)(t x4+ VW] da
/R E [(uRso

_ /tT » ((VUR) (V) + %URA(p> (s, + vW,)ds

(
T, x4+ vWr) — /tT (gA(uI +uf) + £1(, ,u)) o(s, x4+ vW;)ds

—\/v ' (eVu + u*'V) (5,2 + Vv W) dWS] dx
= /Rd E [(uRgo)(T,x +\VVvWr) — /t (gA(uI +uf) + f1(, ,u)) o(s,x+vWy)ds

/T v ( (Vo) + 2uRA¢> (s, + Vv IWy) ds] dx

:E{ /Rd o) (T, x + v Wr) — /tT (gA(u[+uR)+fI(-,-,u)> o(s,r + VW) ds
/ (V) + ;URAQO) (5,2 + VvW,) ds] dx}

= [wrapae [ ] (5t + 5 aalsn) o) drds,
(4.1.6)

where we have used Fubini’s theorem, the fact that [, g(z 4+ /vW,)dx = [, g9(z)dz, Vg €

L*(R%), the integration-by-parts formula

1

{—AuR(s, r)p(x) + ~Aull(s, z)p(x)| dx

/Rd [(VuR)<S’$) (Vo) (z) + %UR(S, $)Agp($):| dr — / !

Rd
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1

- / Aul(s,x)p() dr,

and the zero-expectation of the stochastic integrals since ¢, uft, Vo, and Vu* are bounded
continuous functions. Thus, by the arbitrariness of the test function ¢, it follows that the

function u satisfies the partial differential equation
O —%Auf(t,x) — fl(t,z,0); wB(T,2) = GR(x).

In a similar way, we may justify the imaginary part u! satisfying (1.2.4) and thus (1.2.3). O

4.1.2 Feynman-Kac formula for weak solutions

The associated solution to (1.2.3) in Theorem 4.1.1 is confined to the space C%([0, 7] xR%; C)
which may be replaced by the set of functions valued in Sobolev spaces, for instance, as in

Kato (1987).

For each (k, q) € Nyx[1,00), we define the k-th Sobolev space (H", ||-||1,) on R? and its dual
space (H9 ||-|| _r.4), where ¢’ = 7. We denote by C>(R?) (respectively, C°(O) for each
open set O C R?) the set of all infinitely differentiable functions with compact support on R?
(respectively, O). As usual, when k = 0 we also write (L, ||-||,) for (H*4, ||]|o,), and by (-, -),
we denote the duality between the space L9 and its dual L7 for ¢ € (1,00). For simplicity,
if a complex, vector or matrix-valued function v = (v/'),<;<n1<i<, has vi' € H*® for j =
1,...,N, 1 =1,...,n with some n, N € N*, we shall write v € (H*?)"*" or just simply,

v € H"1 if there is no confusion on dimensions, with ||v||;, = (Z?Zl Zjvzl Hvﬂnzq)l/q- Let
uwe CH[0,T]; HY*) N C([0,T); H*?) and f(-,-,u) € LP(0,T; L?) for some p,q > 1, (4.1.7)

and suppose that such a function u : [0, 7] x R — C is a weak solution to (1.2.3), i.e., for

any ¢ € C®(R%), it holds that for each t € [0, T],

(W0, 9) = (6" o+ [ (5Tu(s), Toyds— [ (f (s, o) ds,
: ! (4.1.8)

(W (t), ¢) = (G, ) — / (CVut(s), Ve)ds + / (7 (s, w), o) ds.
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Due to the lack of continuous differentiability, one cannot apply [t6’s formula to the com-
position u(t,x + /vW;). Instead, one may apply the Ito-Kunita-Wentzell-Krylov formula

(Krylov, 2010, Theorem 1) to distribution-valued functions and it yields that

du®t(s,z + VvW,) = (%Aul(s, x -+ UW) + (s, 2 + VoW, u(s, x + \/;WS))) ds
+ gAuR(s, x + oW, ds 4+ oVull(s, z + o W,) dW,

= (ff(.7 L) + g(AuI + AuR)> (5,2 + VUW,) ds + VrVu (s, z + VvW,) dW;,
which holds in the distributional sense as in (4.1.8).

Remark 4.1.1. For each g € L*(0,T;(L?)%), the compositions like g(s,x + /vW,) make
senses AP@dt @ dz-a.e. by (Barles & Lesigne, 1997, Theorem 14.3) (see also (Delbaen et al.,
2015, Lemma 3.1)) and the divergence V - g(s,z + /vWy) may be understood as H'*-
valued process. In view of the probabilistic interpretation for the divergence (see (Stoica,
2008, Lemma 3.1)), we have the equivalent representation for the integral xdW,, i.e., for

each 0 <t <s<T,

d

$ 1 s . s .
/g(T,x—l—\/;WT)*dWT: §Z</gj(r,x+\/;WT)dWﬁ —i—/gj(T,x%—\/;WT)éﬁ/]T)
t o Mt t

=2 [V g+ oW
t

.
with the integral dW? being the backward stochastic integral (see Nualart € Pardoux (1988))

and dW? the standard Ité integral.

Recalling u € C([0,T]; H'?), we have by Remark 4.1.1 that

duft(s,x + oWy = fi(s, 2 + VWi, u(s, x + VUW,)) ds + Vu(Vu! + Vu) (s, z + oW,) x dW,

+ VUVl (s, x + VW) dW,.
By relation (1.2.6), straightforward substitution gives
dYE(0,7) = Vv(ZE(0,2) + Z1(0, 7)) * dW, + f' (s, VvW, + 2, Y,(0, 7)) ds + Vv Z5(0, z) dW,.
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Analogously, we justify the second stochastic differential equation in (1.2.5) for the imaginary

part.
On the other hand, the converse holds in a similar way to (ii) of Theorem 4.1.1.

To sum up, we reach the following result:

Theorem 4.1.2. (i) Suppose that w satisfying (4.1.7) is a weak solution to the
Schrodinger equation (1.2.3). Then the pair (Ys(t,z), Zs(t, x)) defined through

(1.2.6) is a solution to BSDE (1.2.5) for a.e. x € R%.

(ii) If the pair (Y, Z) with Yy(t,z) = YE(t,z) +iY](t,2) and Z,(t,x) = ZE(t,x) +
iZI(t,x) for 0 <t < s < T,z € R? satisfies BSDE (1.2.5) for a.e. x € R4
and there ezists a function u satisfying (4.1.7) and the relation (1.2.6), then

the function u is a solution to the Schrodinger equation (1.2.3).

Remark 4.1.2. In the above theorem, a Feynman-Kac formula is established between weak
solutions of the Schridinger equation (1.2.3) and the associated BSDE (1.2.5). The integra-
bility of f(-,-,u) in (4.1.7) helps to ensure that the corresponding integrals in (4.1.8) and
BSDE (1.2.5) are well-defined, and at the same time, it allows f to be nonlinear and of

polynomial growth in u (see Kato (1987)).

4.1.3 Open questions

In Theorems 4.1.1 and 4.1.2, we presuppose the existence of the function u(t, z), either as a
classical or weak solution of the Schrédinger equation (1.2.3), or as a function representing the
solution pair (Y, Z) of BSDE (1.2.5). In fact, the Schrédinger equation has been extensively
studied, as seen in references such as Berezin & Shubin (2012); Colliander et al. (2008);
Kato (1987), which discuss the existence and uniqueness of solutions. Using the Feynman-
Kac formula in Theorems 4.1.1 and 4.1.2, the existence and uniqueness of the solution to the

Schrodinger equation (1.2.3) implies the unique existence of the solution to BSDE (1.2.5).
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The open question is the converse: without relying on existing well-posedness results of the
associated Schrodinger equations, how can we establish the existence and uniqueness of the
solution to BSDE (1.2.5), from which one may derive the unique existence of solutions to

the associated Schrodinger equations?

In what follows, we explore BSDE (1.2.5) within the framework of two established solution

theories for BSDEs to better understand the associated challenges.

On one hand, in comparison to the standard BSDE theory developed by Pardoux and Peng

Pardoux & Peng (1990), the integral terms

/Tg(s, Zu(t2) « d(VIW.), t<r<T, (4.1.9)

need special consideration. Indeed, such integrals are utilized for the interpretation of di-
vergence terms of parabolic equations; see Barles & Lesigne (1997); Stoica (2003). The
well-posedness of the associated BSDEs involving terms (4.1.9) hinges on the function g
being Lipschitz-continuous with respect to Z. Specifically, there exists o € (0, 1) such that
lg(s,21) — g(s,22)| < alz1 — 22|, V21,20 € RY, s € [0, T]. This condition mandates that the
Lipschitz constant « is strictly less than 1, which is essential for deriving certain estimates
of Z in the solution theory; refer to Stoica (2003) for more details. However, in the context
of BSDE (1.2.5), we have g(s, Z,(t,x)) = Z(t,z) £ ZI(t,z), t < 7 < s < T, where the
function ¢ remains Lipschitz-continuous in Z, but with a Lipschitz constant o > 1. This

poses a significant challenge in estimating Z.

On the other hand, BSDE (1.2.5) can be interpreted as a C-valued second order BSDE. In
fact, inspired by the work of Cheridito et al. (2007); Soner et al. (2012), we express Z as an
[to process satisfying: dZy(t,x) = /vTs(t,x) dW+ Ag(t,x) ds, t < s < q. By Remark 4.1.1,

we have: fort <7 < T,
T T
/ VU(ZE(t, ) £ Z1(t, x)) % dW, = / TV (Vv ZE(t,x) £ Vv Zl(t, ) ds

= /T gtr(Ff(t, z) £ TI(t, z)) ds, (4.1.10)
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which, substituted into the (1.2.5), results in a second order BSDE. In this scenario, Ys(t, x)
is complex-valued, and, to the best of our knowledge, such a BSDE has not been previously

studied or addressed in any existing theoretical framework.

4.2 Algorithm and Numerical Experiment

4.2.1 An algorithm

Our BSDE (1.2.5) can be rewritten as the following FBSDE:
dX,(t,z) = VvdW,, X (t,z)=x;

—dY [ (t,x) = —v(ZE(t, x) + ZL(t,x)) * dW,

— (s, Xy(t, 2), Ys(t, 7)) ds — Vv ZE(t, x) dW;

(4.2.1)
—dY!(t,x) = Vv(ZE(t,x) — ZL(t, 2)) * AW,
+ [ (s, Xy(t, 2), Ys(t,2)) ds — Vv Z1(t, 2) dW;
\ Yr(t,x) = G(Xr(t,x)),
for all (s,z) € [t,T] x Re. Tt is related to the solution u of equation (1.2.3) by
Yi(t,z) = u(s, Xs(t,x)), Zs(t,x) = Vu(s, Xs(t,x)), (4.2.2)

thus the solution u(s, z) would exactly be Y;(s,z). In our BSDE system (1.2.5), the presence
of both the Fisk-Stratonovich integral and the It6 integral complicates the numerical compu-
tation using any conventional methods (see, for instance, Zhang (2004)). Additionally, the
deep learning method proposed in Han et al. (2018) is not capable of handling this atypical
form of BSDEs. However, the following will numerically demonstrate the effectiveness of
our proposed BSDE approach in solving the Schrédinger equations (1.2.3), using a scheme

inspired by Huré et al. (2020).

For function approximations, in the subsequent presentation of the algorithm, the execution
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of numerical experiments, and the proof of convergence analysis, we employ neural network
approximations for the unknown functions. This approach allows for the extension of both
the algorithm and convergence analysis to high-dimensional time-dependent Schrédinger
equations (cf. Isozaki (2004)); in this context, deep neural networks play a crucial role in

tackling the curse of dimensionality (cf. Han et al. (2018)).

Let Ny, 1.m denote the set of functions represented by feedforward neural networks with
L + 1 layers (where integer L > 1), d-dimensional inputs, d;-dimensional outputs, and m
neurons in each hidden layer. Typically, we represent the parameters for each neural network
function by 6 € R¥» where N,,, = d(1 +m) +m(1 +m)(L —2) + m (1 + d;) and o denotes

the activation function.

For any M € N*, we introduce the time grid 7 := {to,tl, oty =t <ty <L <ty =
T}, with modulus |7| = max;j— w1 At;, At; = t;11 —t;. Without loss of generality, we
assume (¢, ) to be (0, z¢) for some fixed 5 € R%. We employ the Euler scheme to discretize
our forward process in (4.2.1) as Xy, = Xy, + VAW, j =0,....,M -1, Xy = ax,
where we set AWtj = Wy,,, — W, To alleviate notations, we omit the dependence of
X = X™(0,z0) on the time grid =, initial time 0 and initial data z, as there is no ambiguity.

Define

R R .I _R I _R _I
F2R(t o, w™ut, 20, 20, % 2 Dy Ay)

v v
=+ %(zﬁ-l + Ztl—f—l)Aw + %(ZtR — 2D Ay + Itz uf ul) Ay,

1 R , I _R 1 R _I
F (t,:c,u , U 7Zt+1azt+17zt 7ZtaAt7Aw)

N N
=ul — _(Ztlil - ZtI+1)Aw + 5

5 (zf + ztI)Aw — fR(t, z,ul, uI)At.

Here and in what follows, we do not distinguish the writings f(¢,z,u) and f(t, z,u®, u?).

From the equations (4.2.1) and (4.2.2), for j = 1,..., M, we have that

UR(tj-i—lv th+1)

~ P <tj7 th ) UR(tj7 th)’ ul(tjﬁ th)v ZR(tj-H? th+1>7 ZI(tj—‘rla th+1>7 ZR(tjv Xt]-)7 ' (tja th)7 Atja AWtj) )
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U’I(tj-i-l: th+1)
~F! (tj, Xp ul(t, X, )l (8, X)), 2% (a0, X, )y 2 (En Xo ), 250, X)), 21 (45, X0), A, AWtj> .
Denote 6 = (¢,n). For each j =0,..., M — 1, we set up neural networks Z/ltlf, Z/{tfj, Zt’f, Ztlj €

Naa,.L.m to approximate ufi(t;,-), ul(t;,-), 2%(t;,-), 2/(t;,-) respectively. The algorithm is

stated below.

Algorithm 1 Deep Learning-based scheme for the Schrédinger equation (1.2.3)
Initialize: U} = GR(-), Ul = G'(), Z} = VGR(), 2l =VG'()j=M—1to0

ty
Given ﬁgjﬂ iy Z/Alé+ iy ZAt]jH, étlﬁ |» minimize
4
Li(0) : = BIUS, (Xoy,,) — FR(t, Xo U (X5 ©), UL (X433 6), 28 (X 0), 2L (X)),

2
ZE(Xyim), 2L (Xo5m), Aty AW )|

ut z!
Jj+1

ti+1

+E

(th+1) - FI (tja thautlj%(th; 5)7“57 (th; g) éR (Xt

(AR

j+1)7 (th+1)’

2

’

ZtR(Xt]? 77)7 ZtI (th; 77)7 Atj? AWtJ-)

J J

0; = (&,n;) € arg emin L;(6).

ERNm

Update LAlg:L{fj (,f;),ﬁtlj :L{f]_ (,5;‘), ZAgf:fo (.;n;f), and ZAtI? :Zth (,77;)

Remark 4.2.1. The above algorithm is inspired by, yet distinct from, the work of Huré,
Pham, and Warin in Huré et al. (2020). Indeed, due to the presence of integrals with xdW,
in BSDFE (1.2.5), at each time step [t;,t;+1], the iteration functions F® and F' depend on the
values of Z;, ., and ZAth at time tj11, a dependence that is absent in non-Schrédinger-type
parabolic cases (see, for instance, Beck et al. (2019); E et al. (2017); Han et al. (2018); Huré
et al. (2020)).

4.2.2 Numerical experiments

We conduct numerical experiments in both low-dimensional (1D) and high-dimensional (48D)

settings, addressing both linear and nonlinear scenarios. Due to the oscillatory behavior of
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Schrodinger equation solutions, standard activation functions such as Tanh, Sigmoid, and
Softplus do not perform well in capturing these intricate patterns. Nonetheless, these activa-
tions remain important in less oscillatory regions, where the solution is less curved and rapid
variations are absent. To this end, for each j = 0,..., M —1, we implement a common neural
architecture for the networks Z/lt]j, Uth , ng, and ZtIJ , purposefully designed to accommodate
the specific characteristics of Schrodinger equation solutions. Each network is constructed
using a gated dual-branch framework that integrates two parallel nonlinear transformation
paths. One branch applies a sequence of fully connected layers with hyperbolic tangent
(Tanh) activations, while the other, inspired by Sitzmann et al. (2020), mirrors this struc-
ture but employs sinusoidal activation functions. This configuration equips the network to
capture a wide spectrum of input features, from less curved regions to highly oscillatory or

periodic behaviors.

Each branch contains two hidden layers: the first linear layer maps the input of dimension d
to a hidden width of either d+ (in the case of U/ and U/ ) or d x I (for Z[* and Z| ), where
h is a tunable hidden expansion parameter. This is followed by a Softplus activation and a

second linear layer of the same width, ending with either a Tanh or sinusoidal activation.

The outputs of the two branches are blended using a soft gating mechanism, implemented
as a learnable single-neuron feedforward layer followed by a sigmoid activation. This mech-
anism produces a scalar gating value in (0,1) for each input, which is used to compute a
convex combination of the two branch outputs. The resulting gated representation is then
passed through a final fusion layer, consisting of a single linear transformation. For Z/{fj2 and
Z/{tfj, the fusion layer maps the hidden features to a scalar output, while for Zt}f and thj it
projects to a vector in R?. A diagram of the architecture is provided to visually illustrate

the computational structure and data flow.

143



! ! !

[ Sin Branch ] Tanh Branch ] [ Gate ]

gate * sin branch
+ (1- gate) * tanh branch

Figure 4.1: Ilustration of the architecture of the proposed neural network.

Our code is available at GitHub: https://github.com/HenryCHEUNG7373/Schrodinger_

Feynman_Kac.

Example We consider the following linear Schrodinger equation in d = 1:

1 4
i0u(t,v) = SAu(t,x), t<T; u(T,x) = V2 (4.2.3)

which admits the solution u(¢,z) := ¢i(V2r—(T=1)  We choose T = 0.5, M = 25, batch size
to be 4096 and train each networks with 30 epochs. The results are plotted in the following

figures.

Plot of real partof u at t = 0.0 Plot of img part of u at t = 0.0

100 4 — Numeric
075 Analytic .
= Tue curve at time T=0.5

-0.25

-0.50 \ -0.50
—— Numeric

-0.75 Analytic o
100 —— Tue curve at time T=05 -1.00

Figure 4.2: Real & imaginary parts of u(0,-) and its estimate.
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Table 4.1: Average value and standard deviation of u(0,0) over 10 independent runs.

Parts True value | Average estimated value Standard deviation
Real 0.8776 0.8630 0.0122
Imaginary | -0.4794 -0.4728 0.0115

Example Let d =1 and consider the following nonlinear Schrodinger equation:

i0wu(t, r) = %Au(t,x) + |u(t, )| Pu(t,z), t <T; u(T,z)=sech(x)e”, (4.2.4)

which has solution u(t, z) := sech(z — (T — t))e**. Due to high nonlinearity, we take a big
M = 64. For other parameters, we choose T" = 0.5, batch size to be 4096 and train each

networks with 10 epochs. The results are plotted in the following figures.

Plot of real part of uatt = 0.0 Plot of img partof u at £t = 0.0

109 — numeric
Analytic
Tue curve at time T=0.5

Figure 4.3: Real & imaginary parts of u(0,-) and its estimate.

Table 4.2: Average value and standard deviation of u(0,0) over 10 independent runs.

Parts True value | Average estimated value Standard deviation
Real 0.8868 0.8723 0.0174
Imaginary | 0 0.0164 0.0142
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The true curves at time 7" = 0.5 correspond to the evaluations of the terminal functions,

specifically V2% in the linear case and sech(z)e™ in the nonlinear case. The figures above
indicate that the computed numerical solution closely approximates the analytical solution
at time ¢ = 0, while both remain noticeably distinct from the prescribed terminal conditions.

This is further supported by Tables 4.2.2 and 4.2.2, where, combining the real and imaginary

(i'real_xreal)2+(j:img_ximg)2

2 2
Treal +$img

parts, the relative L? error, calculated as for the true value x =

Treal + 1Timg and the predicted value & = Zyeal + iTimg, 1S approximately 1.6% in the linear

case and around 2.5% in the nonlinear case.

In addition to the above one-dimensional examples, we further provide the following linear

and nonlinear numerical results in high-dimensional spaces.

Example Let d = 48 and consider the linear Schrodinger equation
1 5.
idpu(t,z) = SAu(t,0), t< Ty u(T,x) = RV > (4.2.5)

; d o
This system admits the exact solution u(t,z) = ez(\/ngﬂxj @ t)). We choose T' =
0.5, M = 25, batch size to be 245760 and train each networks with 30 epochs. The re-

sults are plotted in the following figures at t = 0 and = = (x1,0,--- ,0).

Plot of real part of u at t=0 Plot of imaginary part of u at t=0

1.4 —— Predicted solution at 0 0.4 1 — Predicted solution at 0
True solution at 0 True solution at 0
124 —— True solution at T 0.2 { — True solution at T

Real value

o o =

o ® o
ginary val
L5 o
= N o

2.0 =15 -1.0 —0.5 0.0 0.5 10 15 2.0 —2.0 -15 -1.0 —0.5 0.0 0.5 1.0 15 2.0

Figure 4.4: Real & imaginary parts of u(0, z) and its estimate with x = (x,0,--- ,0).
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Parts True value | Average estimated value | Standard deviation
Real 0.8776 0.8649 0.0074
Imaginary | -0.4794 -0.4700 0.0023

Table 4.3: Average value and standard deviation of (0, 6) over 10 independent runs

]

Example Let d = 48 and denote § := 52?:1 xj. Consider the nonlinear Schrédinger

equation

iowu(t, x) = %Au(t, z)+ f(t,z,u), t<T; u(T,z)=eSsech(S), (4.2.6)

with the nonlinear term

ft, z,u) = |ul?u + (1 + EseChQ(S) + étanh(8)> eT=*Slsech(S) — el ~Slsech?(S).

This system admits the exact solution u(t,z) = e T~*Ssech(S). We choose T =
0.5, M = 50, batch size to be 245760 and train each networks with 30 epochs. The results are
plotted in the following Figure 4.5 at t = 0 and z = (21,0, --- ,0). We further provide Figure

46 at t = 0 and z = (21, , 1) to show that our algorithm is capable of approximating

solutions with more curving behaviors in high-dimensional nonlinear problems.

Plot of real part of u at t=0 Plot of imaginary part of u at t=0

—— Predicted solution at 0
True solution at 0

1041 —— True solution at T

0.6

0.8 4

08 I —

0.4 4

0.2 4

oo

Real Value
o
o
Imaginary Value

o
=

—— Predicted solution at 0
True solution at 0
—— True solution at T

o
N

=
°

—0.5 0.0 0.5 10 15 2.0
X1 X1

2.0 =15 -1.0

Figure 4.5: Real & imaginary parts of u(0, z) and its estimate with x = (x,0,--- ,0).
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Plot of real part of u at t=0

Plot of imaginary part of u at t=0

16 —— Predicted solution at 0
True solution at 0 084
—— True solution at T

Real Value
-
o

True solution at 0
—— True solution at T

—— Predicted solution at 0

Imaginary Val
°
Iy

X1

x1

Figure 4.6: Real & imaginary parts of u(0, z) and its estimate with x = (zy,--- ,21).
Parts True value | Average estimated value | Standard deviation
Real 0.8776 0.8662 8.96 x 1074
Imaginary | 0.4794 0.4773 4.40 x 1074

Table 4.4: Average value and standard deviation of u(0,0) over 10 independent runs.

]

From the above figures, again we observe that our algorithm fits the true solution reasonably
well even in the higher dimensional cases with d = 48. Table 4.2.2 and 4.2.2 further supports
our numerical results where the relative L? error can be computed in the same way as in the
one-dimensional cases. The linear Example 4.2.2 exhibits a relative error around 1.58% and

in the nonlinear Example 4.2.2, it is approximately 1.16%.

4.3 Convergence Analysis of Algorithm 1

4.3.1 Assumption and notations

Throughout this section, we assume the following:

(i) The function u is a bounded solution to the Schrédinger equation (1.2.3) with

its derivatives Oyu, O,u, Opptt, Oppall, Oppwatt, O0p0zu, Op0z.u well defined as
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continuous functions.

(ii) The derivatives of u in (i) above belong to L>([0,T]; L*(R%; C)) with their

norms less than K.

(iii) There exists L > 0 such that for all z,2” € RY, y,y/ € C, t,t' € [0,T], and

¢ € C(R%C),

|f(t,l’,y) - f(t,{L‘,y,)| < L(ly - y,|)7

Flt,0(0) = s o@)] < L (vllt = oD + o — 1) [6(a).
where p : [0,00) — [0,00) is a continuous increasing function with p(0) = 0.

The above conditions (i)—(iii) are assumed for simplicity and to avoid cumbersome arguments.
Relaxations of these conditions are feasible. Here, we assume the Lipschitz-continuity of f
in y in condition (iii). In certain nonlinear cases, such as in (4.2.4), the function f takes the
form f(t,z,u” u') = |u|*>u. When confined to bounded solutions as assumed in (i), we may
truncate this function by replacing it with fV(u) = ®¥(Ju|?u), where N > 0 is sufficiently
large and @V is a smooth, compactly supported function that satisfies @V (z) = z for [z| < N.
Also, the solution to (4.2.4) is explicitly given as u = sech(x — (T — t))e™ which obviously
satisfies both (i) and (ii). Therefore, the example (4.2.4) actually fits in well with the above

assumption.

To avoid cumbersome notations, we further assume that d = 1, while the multi-dimensional
cases follow analogously. Also, w.l.o.g., the time partition is evenly spaced, i.e., ;41 —t; = 0t

forj=0,...,.M — 1.

Inspired by Huré et al. (2020), we first introduce an auxiliary system. For each j, given
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and Z!

t+7

Uk Ul | ZR

b Ut 250 we define the following:

)
. - S f
Vi =B U, - R, (20, +2,.) oW, | — (. X,,, VI V] at,
~ ~ \/_ ~p A~
V=K Ul + TE (28, = 2].) oW, | + fR(t, X, VE V] e,
g . . . 1 (4.3.1)
Wi :WEj [(Utwl uta+1> 6Wtﬂ'] B EE [ tj +1(6Wt ) ] ’
— 1
I, I IR
\Wtj : 5tf @l —ul yow, ] + =E) (2 (6w,)]
where E; denotes the conditional expectation given W;,, ..., W;,. Since f is Lipschitz, by

a standard fixed point argument the above system has unique solution for ¢ small enough.

From the Markov property of the involved processes, there exist deterministic functions ﬁjR,

0f, it and ] such that

VE=of(X,), VI =0l(X,), WE=ul(X,), Wl =dl(X,), j=0,...,M~1.
(4.3.2)

Further, by martingale representation theorem there exist integrable processes ZtR, Z{ such

that
~ ~ ~ tiy1
Ut =i+ it x, VE Vet + £(2ﬁ+1 + 2L )ew, — f(wt + Wt oWy, + v ZRaw;,,
t]
utm —f;gj — R, Xy, Vt ,Vt )t — i(zt . fztm)(swtj ‘f(wt Wt )SWy, + f/ Zlaw,.
(4.3.3)
In this way, it follows straightforwardly that
e _ L R W 1 RARY
Wt = ﬁEj/t Zlds, W/ = gEj/t Zlds. (4.3.4)

J J

On the other hand, we define the L?-projections of the processes Z% and Z! in the true

solution to BSDE (1.2.5):

—R 1 Lj+1 R g 1 ti+1 ;
th = EE‘] /t Zs dS, th = &E] [ sts. (435)
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Note that from (1.2.6) and (4.3.2), the random variables th, ]A/fj_", Ztlj, ij, Wt}j and their
imaginary counterparts can be interpreted as deterministic functions, with X; = & =

x + /vW,, as input.

Denote hft := Vuf(t,z), h' := Vu!(t,z) and recall the relation (1.2.6), and the forward

dynamics (X;)o<s<r and its Euler discretization X;. Define the error terms as follows:

= [a WR(t), X, )6t — 0hB(t5, X ) (W, )2 + Bph! (t), X, )t — Db (t), X, )(6W,, )

ti+1
1% _\/‘/ (ZE+ 720 x daw, — \/_(ZR

tit1

+zl =2l - zlew, 17,

5J
I =vv / ZEAW, — /v Zjawtj

tj
IR =Vv Z,.6W,, — VvZEsW,,

tir1

M1} = / s XYY ds — (1, X Y Yot

tit1 g
IV =\v / ZFAW, = JoW[isw,

tj
U= 3[(8 Wit X, )0t — 0,0 (¢, X, ) (6W, )2) - (a K, X, )0t — Ouh1(t;, X, ) (W, )2)}

Aj - YERAL 7] YERAL7] t; T VA7 T VA7 t;

tj+1 tj+1

J+1
1L :—\/_/ (ZF = Z1) s« dW, + \/_(Z — 2y = 2 Z)OW, =T

ti+1
I, ==V / Z1AW, — /v Z, 5W,,

1L =V Z, 6Wy, — Vv ZL oW,
ti+1
e [ s VY s R 2, VI Yot

tj

tiy1r -
Vi =y / Z1dW, — UW, W,
tj
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By (1.2.5), for each j € {0,..., M — 1} the true solution satisfies:

( \/_
Vi = g (i, + 20, )0W, = T = Ty — T — f1(t, X, ViR, Yot
14
=Y, — %(zﬁj +ZL)owy, + \/Zzgjéwtj + 10+ 15
v (4.3.6)
Y+ XA ZE -] oW, 1, — 10— T+ fR(, A YR Yot

j+1 D) tit1 tit1

N4
(=Y, + 5 (2 = Z)ow, + \/;Zgj Wi, + H{M +14

Meanwhile, (4.3.3) can be represented as
up - ﬁ(éR + 2L yowy — fl(t, X, VE Vst =VF — f(w +WEHSW, + Vowlsw,, + IVE
tjt+1 9 tjt+1 tjt+1 t; gyt tir V't Yty t; t; t; t; t; ’
N NN
Uiy, + (2, — 20.,)0W, + PRt X0, VL Vot =V, + 7(ng — WH)SW,, + VoW 6Wy, + VL.
(4.3.7)

Combining equations (4.3.6) and (4.3.7) yields

1% ~ UV — —~ —~
Y/ - £(zgj_E + 2 )Wy, + ﬁzgjawtj + 15 1rh - [v;j - f(ng + WEHYSWy, + VuWESW,, + IVE
R VvV R R R_ I R yI
=Y - —(th+1 ZL oWy, — 1% — 1R — R - £ty & YR Yt
Vv > OR D
- [ugﬂ ~ YRR+ 2L oWy, - fl(tj,th,Vg,Vé)ét},
I @R_I I I I [or ﬁAR_/\J o1 I
Yy + 5 (Zy} = Z3,)0Wh, + Vv Zy oWy, + Ty + 1y — |V, + 5 Wi = Wi, )dWy, + VW, 0Wy, + 1V
Vv I I I I, ¢R R I
=Y/, + —(Zt]+1 ZL oWy, — 1k — 11k — 1l + fR (& v v ot
Vv > DR D
. [Ué+1 + 7(2§+l — ZL oW, + fR(t, X, VR, v{j)at]
(4.3.8)
4.3.2 Convergence analysis
To simplify notations, by convention we write fR g short for the integral fR ) dz in this

work. Indeed, integration w.r.t. x helps us obtain estimates which are non-standard in the
BSDE literature. For ¢ =Y, Z,)A/,W,LAI,Q, 2, recall the notations ¢ = ¢ + i¢’ and the
facts like E [, [¢%/1(t;, x + oWy, |2 = [p |0 (t;, 2+ VoWy)|? = [5 |05 (8, z) |

Define the following errors caused by the neural network approximations:

B

n

£ ;:/nglemj(th)—utj(th;g)F, ey = /1anE|Wt (X)) — 2, (X ;m)]>.
R R
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For Algorithm 1, we have the following convergence analysis whose proof follows straight-

forwardly by combining Lemmas 4.3.2 and 4.3.2.

Theorem 4.3.1. There exists a constant C' > 0 depending on K, L, T, v such that the

following holds:

~ ot
max / [|Y;J —Utj|2 + ( 2)y

§=0,...M-1 Jp

— Z,| ] g; Z C[ot + p(3t)].

j=0

(4.3.9)
Remark 4.3.1. The right-hand side of (4.3.9) is the error contributions for Algorithm 1,
and it consists of four terms. The first two correspond to the error caused by neural network
approximations; the better the neural networks are able to approximate or learn the functions
v andw for each j =0,---, M —1, the smaller these terms are in the error estimation. From
the universal approximation (Hornik et al., 1989, theorem (1)), the neural network error
terms can be made arbitrarily small for sufficiently large number of neurons and sufficiently
many hidden layers. The other two terms are due to the reqularity of Y, Z and f. On the
other hand, Theorem 4.3.1, mainly addresses the error w.r.t. Y as 6t tends to zero. This is
consisting with Schrodinger equation’s wave-like feature, which can be illustrated as follows.

Ito formula gives

AV = oV f [Vu(2E + Z1) s aw, + flds + Vv zE dw,) + v| 2E ds,

A2 =2v] [—vw(2E - z1) « dW, — fFds + ozl dW.| + v| 21 ds.

Using integration by parts and the relation (1.2.6), we obtain

/1{<3|YTR|2 /IE\YtR| —I/E// ZRZfds+2]E// YEfLds,

R

/E|YTI|2—/EDQI\2:VE// Zfzgds—m// YIfRds.
R R R Jt R Jt

Summing these equations leads to the cancellation of the Z-terms, highlighting the challenges

in deriving non-trivial estimates for Z® and Z!.

For the neural network approximations, we have the following estimate whose proof is more

or less standard and postponed to Appendix 4.4.1. There exists a constant C' > 0 depending
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on L, v such that
5t —~ ~
/ D, — 2 + ”— [|Wtj - zt]ﬂ < 0[55 + (5t)e]W]

The following result measures the distance between Y;, and &tj. There exists a constant

C > 0 depending on K, L, T', v such that the following holds:

jJ??}A’}_I/R [’Ytﬂ' _atj|2 (&) <’Zt — |2>]

o M1 R R M-1 . ~
<5 / 16y, = V| +Cv > / (W, = 2,12)]| +C ot +pon].  (43.10)
j=0 R =0 R

Proof. Step 1. Notice that both sides of (4.3.10) are deterministic. First, we examine the
left-hand side of the real part of (4.3.8). Using the L*-projections (4.3.4) and (4.3.5), we

arrive at

1%
E, ((Y;f - %(ij + ZL)oW,, + Vv ZEsw,

2
~ ﬁ —~ —~~ —~
— [P = IOV W)W, + VIWEW | ) + (1, + 1T, — TV

2
—E, (th - 4@5 + ZL)OWs, + VZfoWs, — [V - g(wfj + WEYSW,, + ﬁngawtjD

+E; (15, + 1, — v

2
>E; (th - g(zgj + Z)0Wy, + Vv Z[6W, — [175 - g(ng + W)Wy, + ﬁngawtj])

O 1% vV —~ o~ 2
:Ej{ -V + (- %(fo + 215w, + %_(Wff + W)W, )|

+ V(ng W —zf 7! ) (SWy (28— WE) + v(Z] — WE)? (5Wtj)2}. (4.3.11)

Meanwhile, with similar calculation the left-hand side of the imaginary part yields

v
E, (Y;j + %(Zgj — ZL)oWi, + v Z[ oW,

2
~ \/; —~ —~ —~
— DL+ ROV = W)W, + VoWLeW, | + (T, + 14, - 1v))
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14 vV — ~ 2
> Ej{ =PIy + (i(zgj — z)ow;, — \/7_()/\/5 - Whaw,, )]
+ y< - WE+ W] + 2] - Z{j) (OWi)X(ZL = W) +v(Z] - W{j)%(swtj)?}. (4.3.12)
Then adding (4.3.11) and (4.3.12) leads to
E, ((th - g(zfj + ZL)oW,, + Vv ZEsw,
\/_ 2
~ vV —~ —~ —~
- [V;j — LEOWE+ W)oW, + \/EngdwtjD + (1 I - Ivf))

NG,
+E; ((y;f + 7(Z;j_E — ZL)oWy, + Vv Z oW,

2
A~ ﬁ —~ —~ —~
— [P+ RN = W)oW,, + VoWLaW,, | ) + (L + T, — TV))

R - - 2
8, (- 90+ (- Y2+ 2w+ LR W)

2 J
O 1% UV o~ 2
B [0 = 90+ (W - zhyw, - X ovr - W, )]

Finally, integrating both sides under the Lebesgue measure yields that

O 14 vV —~ o~ 2
Ej/R [(th -V + ( - %(Zgj +ZL)owy, + %(wg + Wtfj)(swtjﬂ

~ v V 5 A 2
[ -1+ (4Ec -y, - )|

Step 2. We examine the right-hand side of (4.3.8). Using the inequality (a + b)* < (1 +

yot)a? + (1 + %) b?, for some constant v > 0, we obtain
E / RHS[?
R

N
= Ej/R (Ytil =g (28, + 20, )W, — T = Thg , — T — (15, &, YT Yot
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[UR \/_ v 2R

tj+1 9 tj+1

2
+ 2L oW, - ff(tj,xtj,ﬁtf,ﬁ{j)&})

2
< (14608, [ ([Yﬁl—uﬁﬂ} F Vw28, 4 2 - <Zﬁ+l+2€+l>})

1 RO 2
+4(1+77>E/R((Ig7j)2+(11§7j)2+(Hlf‘)z—i— (F(ty X, V)5t — (15, X, VR VL )bt) )

Further, in view of the Lipschitz-continuity of function f in condition (iii), we have

Ej/ IRHS|?
R

2
v 5
1+ 76t) EJ/R ( tivr Mtljﬂ] T _5Wt [( tigr T Ztlj+1) (ZtR-H + Zth+1)i|

(m + 1)L2 ( / VR - VRP + Eﬂj/ v, - ﬁ{jF))
R
+4(1+ 5 t) / (15 )2 + (g )2 + (if?)
R SR 17 (&) R 21 R I 2
(1 + fy(st }/; 1 - utj+1:| +— 4 |:(Zt i1 + Zt]'+ ) (Zt 41 + th+1>:|
<75t+1 L2 & /|YR VR2+IE/|YI v,{
z-)/ J
1
+ 4(1 + W)EJ /R ((Ig,j>2 + (Hg,j)2 + (HIf)2>>
where in the last equality we have used the facts
E; /R [Y'5R+1 a ut]+1}5WtJ [( tin T Zth+1) (ZtR+1 + Zt[j+1)}
— E;0W,, / VR, -ar,[Er, + 2L - @R, + 2]

— 0, (4.3.13)

and analogously,

Ej /R((SWt ) ‘(Zﬁﬂ + ZtIH ) (ZtRﬂ + ZthH)

2:&]]3/((31% +Z Y=z} + 7] )2.

tj+1 tj+1 tj+1 tj+1

Step 3. We combine the separate estimates for the left-hand and right-hand sides of (4.3.8).
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Let v = L 4+ 1. Together with the imaginary part, for ¢ small enough, and a constant C

which is possibly changing line by line, we have

By [ (oD B (i 2) - v w)]
v8, [ o =90 (- ) - v - W) ]

2 AL 2
(1+C<5t)< / [thH_ufjﬂ] 4 4) [(zﬁ+l+z§+l) (ZF .+ Zfﬁl)})

I ar1° ot)v R ~71 R I 2
+(1+Cot)| E; e |:Y;/j+1 _utj+1:| + 4 |:(ZJ+1 o thﬂ) o (th+1 o th+1)]

1
+8(14+ =5 )y [ (0,07 + (15,7 + (MIY? + (1§, )7 + (11, + (1L

Using the inequality (a +b)* > (1 — 6t)a® — 5b?, we obtain

By [ (o - v B (i 2) - v w) ]
(ot)v

+]EJ’/R (=D + 1 (2 - 2}) - (ng—VAV{j)>2]

N (0t)v

Thus for 0t small enough, it follows that

~ A% ~ =13\ 2
E; / (v -2+ e 4) (zi+zl)- @8+ 2)) ]
R
~ t)v ~ =10\ 2
vy [ o -ape+ B (-2 - @ - 20) ]
R
2 ot)v 2
<(1+ Cét) (]Ej/ [ o —uil] Lo 4) [(Zf+1 +2/.)- (2], +Z{j+1)} )

~ 12 (0w, 2 ~ 2
+ (1 + Cot) (E]/R [Ytgﬂ _utlj+1i| + ( 4) [(Ztljﬂ o ZthH) o (Ztljﬂ o Ztljﬂ)] )




1
+ O<1 + %ﬁ@j /R(Ig,j)2 + (TR )2 + (ITTR)? 4 (T )% + (1T ,)? + (1112

C R SOV [ mp  rmn AL N2
+${Ej/R [(ugj—vg)u%((ng+ng)—(z§+zgj)) }d;z:

~ ~ (Ot [, = —~ ~ 7\ 2
+Ej/ (@ DLy + S (v - - - 2D) | ¢
R
Further simplification gives us

~ ot)v ~
Ej/R 1Y, — 2,2 + ( 2) 12, — 2, 7]

<(1+ C6t) <Ej/

1
+16(1+ W)Ej /]R(Igj)2 +(TIF )% + (TIR)? 4 (T )2 + (1T )2 + (ITT)2.

ot -~ C ~ ~ oty , —~ A
( 2) ’th+1 - th+1|2> + &IEJ'/]R [lutj - th|2 + ( 2> |Wtj - th|2

Y;j+1 — U

j+1

Recalling Xr = X, taking expectations, and using the discrete Gronwall’s inequality, we

obtain

§=0,...,M—1 J J 2 I
C M—-1 M—-1
< 5t / |utj - th| + Cv Z / |Wt] - Zt]|2
j=0 j=0
C M-—1
+= JE/R (U517 4 TG PP 4 T + 1) + G, + 1) . (4.3.14)
j=0

Then the proof may be completed by appropriately estimating the Roman numeral error

terms. To avoid cumbersome arguments, the estimate is postponed to Appendix 4.4.2. [

Remark 4.3.2. The proofs of Lemma 4.3.2 and Lemma 4.5.2 are inspired by, but dis-
tinct from, the work of Huré, Pham, and Warin in Huré et al. (2020). The integrals with
«dW; in BSDE (1.2.5), in each time step [t;,t;+1], generate terms involving the backward
processes such as Zy,_ éthrl at time tj41, which are multiplied by the increment of the
Brownian motion (see terms of the form Ej[(}?fjﬂ + élfjﬂ)(SWtj] in (4.3.1) and its coun-

terpart in (4.3.6)). This is in contrast to (Huré et al., 2020, Equation 4.5), where no
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such terms appear. The difficulty arises in the estimation of these terms due to the ran-
dommess x 4+ /vW,,, introduced in Z;_,,, ZAt].H which are not F; -measurable. However,

by taking integration over x under the Lebesque measure, and applying Fubini’s Theorem,

)2

tjt1

we can recover key properties such as [ Bi[(VE  — ﬁffﬂ - ZA{Hl)éWtj] = 0 and

fRd Ej[(ytﬁl - L[til)(ZR

tjr1

+ 2L )W) = (00) (VR — Ul (2]

~, .
(25, T2, ), which are
crucial for our analysis. Another significant challenge in our problem arises from the struc-
ture of the complex-valued Schrodinger equation. This requires us to carefully split certain

terms, such as Iﬁj and Igj, allowing us to carry out error calculations through cancellations,

measurability arguments, and conditional expectations.

4.4 Appendix

4.4.1 Proof of Lemma 4.3.2

Proof of Lemma 4.3.2. Recalling equation (4.3.7), the L? projection (4.3.4), and the real
part of cost functional Lf() in Algorithm 1, for all neural network parameters § = (£,7) we

have

— 2 tit1 -
- g(wjj — Z0(Xy;3m)) oW, — \/7; - VE/ 125 - W Pds
tj

(W5, = 24 (Xeim) oW,

~ ~ ~ 2
=E|\V = Ul (X,;€) + f1(t;, Xo,, VE VD)ot — (5, X, U (X5 €),Uf, (Xt].;@)ét]

N

2

N~ — 2 ZES NN —~
+ E’7(ij — Zt}j(th;n))(sWtj - (Wf] - Zth(th§77))5Wtj + vE g |Z§ - thf|2d3

J

_ tit1 g
= LE(0) + V]E/ |1Z5 = W ds.
t

i
Note that the last integral term is a constant independent of the parameters, hence the

minimization only involves Zf Similarly we derive the Z]I of the imaginary part to be
j

~ ~ ~ ~ 2
Li(0) =BV = Ul (Xy;;€) — f7(t;, X0, VE, VD)ot + F7 (85, X, US (X0 6),Uf (X5€)) 6t
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2
+E‘\/_ — Z[(Xy;3m))0W, + f(wf Z] (Xy;3m)) 00y,

Adding Zf and Z]I together and using the Lipschitz property of f and the parallelogram law
yield
~ ~ ~ v(ot)
LIO) 4+ Li(0) < (2(1 4 Lét)? + 2L (01)) Vi, — Uy, (X, O + %ED/\@ — Z,(Xy;5m)|*.
Using the inequality (a 4 b)? > (1 — dt)a® — 5b*, we derive that
~ vt

LR(0) + L1(6) >(1 — Cot) [Eyfztj — Uy (X, )| } + —]E[|Wt 2, (X, n>|2].

Thus taking 07 = (£7,7;) € arg mingegn.. L;(0) such that U7 = U (X €), UL = UL (X,:€0),
ZAt]j = ij(th; n;) and Z:{J = Zth(th; n;), we have

A ~ vot . —~ ~ ~ ~ ~ ~
(1= CoOEWV,, — Uy, |* + 7E|Wtj — Z, [P < LIO) + Li(9;) < LE(9) + Li(9)

R 5t~
< (2(1 + L(St)Q + 2L2<5t)2) E“Vt]‘ - utj (th;g)P] + V(2 )E‘Wtj - th (th§ 77)’2'

Minimizing w.r.t. 6 and integrating w.r.t. x yield the desired estimate when dt is small

enough. O

4.4.2 Estimate of the Roman-numeral error terms in the proof of
Lemma 4.3.2

Complete the proof of Lemma 4.3.2. We complete the proof of Lemma 4.3.2, by appropri-
ately estimating the error terms associated with Roman numerals in (4.3.14). We focus on

the real parts, as the imaginary components can be treated similarly. First, there holds

1 M-1 M—-1 9
R R
— ZE/R]HBJ\Z =Y &/ (5Wt — (Zew,,
=0 =0
« ! b R R i 2
=) G Ej/t' (28— zhds | oW | .

=0 j
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Recalling h® = Vu®(t, z) and the relation (1.2.6), we have by Itd’s formula

! EAS A N
z; W/R]E (]Ej /t (z! —th)ds> W,
Jj= J

M-1

r 2
1 ]+1
55 | B (IE / / A (k Xk)korf/a W (k, Xp)dWy + = /8mh (k Xk)dk:)d ) (5Wtj)2]

r 2
1 ]+1
tg/RE (E]/ / auhP (e, X)dk + 2 / Dpsh B (K Xk)dk>ds> (W3, )]
1 ti+1 v tit1 2
= [ ( / o, )i+ [ b xk>|dk)) <5Wt.>2]
5t Ja | 2 ), i
2 tj 1
IE/ ( / 2 |0:h B (k, Xk)|2dkz+y/ 0k Bk, xk)dek;)>(5Wtj)2]
R , 4
ti+1 ti+1
// 2|0:h (k. x 2dl<:+/ / |0peh (K, ) |2 dk
t;
:(5t)<// 28thR(k:,x)|2dk:+/y/ \8mhR(k:,a:)]2dk>.
R .Jo R 2 Jo

I

<

g
T

S

o9

IA
ST
»—‘O

IN
im
D!

k}
O

Next, the continuity of function f in condition (iii) implies that

| M- | M-l tj 2
5—2 Jame - 3E | ( /t ff(s,XS,Y;R,YJ)ds—ff(tj,xtj,ytf,nﬁ)ét)
=0 )
M-1 tir1
< E// 15, X, YR YD) = £1(15, X, Vi Y Rds
Jj=
—1 tit1
gc // [[VE Z YR 4 YT = Y] P + (pls — t5) + |X — X, D)V, 2] ds

J=

. j+1
< Clp(dt) + ot + C ZE// [’ﬂR—iﬁf\Zﬁ-D@I—}Qﬂz] ds.
.: t;

We will only look at the real part as the imaginary part is concluded similarly.

C’Z //J+1 YR|2ds

M1 tj+1
oS
j=0 YR

eat(ky Xy )dk

2 2
/@u(k,){k)dk + /8xu(k,Xk)de n ds.
t; t;
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We concentrate only on the middle term as this term gives us the worst decay, and the other

terms are handled similarly. Itd isometry and straightforward calculations yield that

M-l tj+1
CY E / /
§=0 R tj

Thus, £ S0V E [L(ITTF)2 < C {6t + p(5t)} .

2
T
< (6t)C / / Dk, )| 2dk.
RJO

4

Now we examine
M—1 M-1 "
1 1 J+1 \/;
= > E/R(Ig’jy == > ]E/]R (\/;/t (ZB+ 21 x aw, — T(thjﬂ +2 =2 = ZL)ow,
§=0 j=0 g
2
—g [(%hR(tj, X,)0t — 0, hE(t;, X)) (OW,, )2 + 0,hY (t;, X, )5t — D,k (8, X, )(5Wtj)2}) .

As the part involving Z! is similar, we only focus on

M-1

2
tj+1 \/; v
=~ > E /R (ﬁ /t o zBeaw, = YR (2l - 2w, — S0 (e, X))ot - ath(tj,th)(awtj)QD
J

2
t'+1
[/t Duh® (s, X,)ds — ;ath(tj,xtj)(st]

J

\/;(ZR

9 Vit

2
— Zfow, ~ gath(tj7 X, )(5Wtj)2]

For Jy, applying 1t&’s formula yields that
o M-l
h== Z E /R
7=0

M-l ti+1
sy
jgo R Jt;
M-1 Lj+1 s 2
<y E// / 8t8$hR(k:,Xk)dk:’ +
=0 R tj tj

The middle term has the worst decay rate, but it is still enough for our purpose, as

M-1 tj1
CY E / /
§=0 R t;

v [l v ’
3 / 0, h" (s, Xy)ds — Eath(tj’ T+ VW,,)ot
t.

J

2
0,hF(s, X,)ds — B.hR(t;, @ + ﬁwtj)( ds

S 2 S 2
/8mhR(k,Xk)de‘ 4 /amhR(k,Xk)dk ds.
tj t]‘

s 2 M-l tit1
/ B, h (K, xk)de] ds<Cst Y E / / EL A
tj j=0 R
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T
:CétE// 0peh T (K, ) |2dk.
R JO

For J5, we have

2
C v v
Jy==> E /R %(hR(tﬁl, Xiy) = WL, X,)0W,, — S0:h" (85, xtj)((swtj)Ql

Jj=0 L

o M=l ‘\/; y 2
<< Z E/ _<hR<tj+1> thﬂ) - hR(thrlv th))(SWtj - _ath(thrla th)((SWtj)z
ot = Ju | 2 2
r 2

o v

= E/R g(hR(th,xtj) - hR(tj,th))(SWtj]
Jj=0 L

o v v ’
AN / Y0 (ty40, X ) (SWi 2 — LOuhR(E, X, ) (6W, )2

0t = Ju | 2 2

_ 2
C M-1
J22 = & E/ <hR(t]’+1, x + \/;Wtj) — h,R(tj, T + \/;Wtj)>5wtj]
j=0 R
o M1 [ tjt1 R 2 )
- ¢ ;E/R (/t O™, + /W, )dI) (5T,
M-1 tj+1
<C ]E/ (/ |8thR(k,x+\/5Wtj)|2dk) (&)]
=0 R tj
T
= Cét/ / 01" (k, )|*dk.
R JO

For J3, applying Fubini theorem and Hélder’s inequality gives

2
C v v
3 == ; E/R §8gghR(tj+17 X, ) (0W,)? = §6th(tj, th)((SWtf]
o M1 tj+1 ’
= E/ / 0, h" (k,x + vWy,)dk | (W;,)*
ot =0 R | /¢
M-1

i1
<C E// 10,0, 0" (k, x + JuWy, ) [Pdk(5W;,)*
j=0 JRJY

T
§O|5t|2// 10,0,h" (k, z)|*dk.
RJO
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For J3, simply integrating by parts gives

M-1 r ’
C v i
J21 _ E L(hR(tj-i-h Xt]’-H) — hR(tj+1, th>)(5Wtj — *8a;hR(tj+17 th)<6Wtj)2
ot ]Z:o |2 2
M-1 r
C v
Y E/ \2[ <8th(tj+1v @+ VYW, )V (6Wy,)?
j=0 R L

2
1
- /O Ouah™ (tjs1, x + VOWy, + 0(VvWy, ., — VEWL,)) (1 — 0)d0v(5Wr, )3> - %ath(th, th)((swtjf]

<

M-1 1
t Z; E /R /0 Baah™(t51, 0+ IWs, + 0(/IWr . — oW ) PdOGWS,)°
]:

M-1
<Ot [ 3 0nh ity 00
R =
J=0

Summing up the above estimates yields the desired result. O
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Chapter 5

Future Work: A Viscosity Solution Theory for
Stochastic Hamilton-Jacobi-Bellman Equations

in Wasserstein Space

This chapter treats the stochastic-coefficient case: we rigorously prove the dynamic program-
ming principle and subsequently show existence of a viscosity solution; we do not address

uniqueness here.

5.1 Dynamic Programming Principle of the McKean Vlasov

Control Problem

5.1.1 Setup of the Probability Space

Fix a probability space (Q,F,P) of the form (Q° x Q' F* @ F!,P® ® P'). The space
(20, FO PY) supports a d-dimensional Brownian motion W° which we regard as the com-
mon noise. The space (Q', F',P') is further decomposed as (Q' x OLG® FLP I@’l)
On (O, F*,PY), there lives a d-dimensional Brownian motion W which is independent of

WO and is regarded as the idiosyncratic noise. The space (Q',G,P') is where the initial
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random variables lives. Without loss of generality, we assume that this space is rich enough
to support all probability laws on R

We write an element w € Q as w = (w”, w!), and identify the Brownian motions W (w) =
W(wh), Wo(w) = WOw?). Expectation with respect to P is denoted by E, while E° (resp.

E!) refers to expectation under PV (resp. P!). Also, we define the following filtrations:
o = (F)szo = (6(W)o<r<s V o(Wi)ogres V G)szo;
o "= (Fi)szo = (0(W)osr<s V o (Wove = Wiogres V G) 520
o F= (F)sz0 = (6(WP)ozr<s)sz0, T = (F)sz0 = (6(Wr)ozr<s V G)sxo;

o Flit — (./T"l;t)szo = (U(Wr\/t —Wt)ogrgs vg)sZOv Fl;t - (‘/T:-l;t)SZO = (U(WTVt -

S S

Wt)OSrSs)sEO;

F' = (Fi)sso == (W2 = W)o<r<s V o(Wiwe = Wi)o<r<s V G)sz0, FO =

(Fo)gz0 1= (0(WQ; = W)o<r<s)s>0-

Without loss of generality, we assume they are P-complete.

5.1.2 Sense of Differentiability in the Wasserstein Space

Definition 5.1.1. We introduce over R? the space of probability measures P(R?) and its
subset P,(RY) of those with finite p-th moment for p > 1. For q € [1,00), the q-Wasserstein

distance is defined by

Wy(p,v) = inf (/ |z — quﬂ(dw,dy)> . forpv € Py(RY) andp>q (5.1.1)
R4 xRd

mell(p,v)

where T1(u, v) denotes the set of probability measures on R? x R® with first marginal p and
second marginal v.
We call (P,(R?),W,) the p-th Wasserstein space over R, and it is a Polish space. Finally,

we denote Supp(u) the support of u € P(RY).
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For a map f : [0,T] x Po(R?) — R, we adopt the notion of L-derivative (see Cardaliaguet

et al. (2019) for instance) which is recalled as follows:

Definition 5.1.2. The function f : [0,T] x Po(R?) — R is said to be first order L-
differentiable if its lifting F : [0,T] x L2((Q, F,P);RY) — R; F(t,€) := f(t,L()) is Fréchet
differentiable in L*((Q, F,P); R?) for each t € [0,T).

Remark 5.1.1. By (Carmona & Delarue, 2018¢c, Proposition 5.25), the Fréchet derivative
D¢F can be represented by a measurable function, denoted by 0, f(t, p)(-) : R* — RY, such
that D¢F(t,&) = 0, f(t, u)(€) for any (t,u) € [0,T] x Po(R?) and & € L*((Q2, F,P); RY) with
L(€) = p. We say that 0,.f : [0, T] x Po(R?) x RY — R? is the first order L-derivative of f.

Definition 5.1.3. The function f : [0,T] x Py(R?) — R is said to be second order L-
differentiable if f is first order L-differentiable and for any (t,z) € [0,T] x R%, the function
o> Opf(t, p)(x) is L-differentiable. Similar to Remark 5.1.1, we say that 9% f = 9,(d,f) :

0, 7] x Py(R?) x R? x R? — R4 s the second order L-derivative of f.

5.1.3 The Set of Admissible Controls

Let A C R? be a compact subset equipped with the distance d4. Let t € [0, 7], we denote A
(resp. A;) the set of A-valued F-progressively measurable processes (resp. F'-progressively
measurable processes). The spaces A and A;, endowed with the respective Krylov distances
Ala, p) = E[fOT dA(ozT,Br)dr} and Ay(a, B) = E[ftT dA(ar,ﬁr)dr}, are separable metric
spaces. Denote by B4 (resp. By,) the Borel o-algebra of A (resp. A;).

Without loss of generality, we assume that (90, F°, P%) and (Q!, F*, P!) are the canonical
spaces, i.e., Q0 = C(R,,R%) and O = C(R,,R%). We introduce the class of shifted control
processes constructed by concatenation of paths: for a € A and (r, @, &) € [0, 7] x Q° x O

set
(W0, &, @) = (@ @, W0, 0 @, &Y, @), for (s,w’, & @) € [0,T] x Q° x QO x O
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where
2 8, 60(5) i= () ppery + (@) +2(5) — () L)
and similarly for &! ®, &' For a € A, and (r,&°) € [0,T] x Q°, we set
am® (W, Y, O = (@0 ®, W0, &, @), for (s,w?, 0N @) € [0,T] x Q° x Q' < O

Fix ¢ € [0, 7], the concatenations o”*"*" and o’ for o € A, and (r,@°,&") € [t, T]x Q0 x Q!

are defined in the same way. For s € [0, 7], we define o® by
o® (W, wh) = o (W0, wh), for (W0, w') € Q0 x Q.

Finally, we define 4, as the set of A-valued [F*-progressively measurable processes, with the

Krylov distance A(«, 8). Denote by By, the Borel o-algebra of A,.

Lemma 5.1.4. Let t € [0,T] and o € Ay, the map (Q°,F°) 3 u® s ot € (A;,By,) is

measurable.

We postpone the proof of the above lemma to Appendix 5.3.

5.1.4 Function Spaces and Notations

Notations We denote by & the g-algebra of predictable sets on Q° x [0,7T] associated
with {F}}i>0. Let Prog(F°) denote the o-algebra on [0, 7] x QY of all FO-progressive sets.
Furthermore, let 7;?T be the set of FO-stopping times taking values in [¢,T], and denote by
M, the set of F/-measurable random variables.

As we will be working with both measures and measure-valued random variables, we use
bold letters to distinguish between them. For instance, we denote a measure by p and a
measure-valued random variable by p. Since we will not consider any deterministic flow
of measures, 1 (without the use of bold letters) will refer to a measure-valued stochastic

process.
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For any p € Po(R?), ¢ € L2(RY, B(RY), 1); RY), p @ p, v € L*(R? x RY, B(RY x RY), @ p),

we define the notation,

o) = [ eutds), peaw)= [ deaudoud).
R R xRd
Definition 5.1.5. (Function Spaces). Let B be a Banach space equipped with the norm || ||p.
For each t € [0,T], denote by L°((Q, F;,P); B) the space of B-valued F;-measurable random
variables. For p > 1, denote by LP((Q), F;,P); B) the Banach space of p-integrable B-valued

Fi-measurable random variables equipped with the norm:
1X 1, := (EIX)"?.

Forp € [1,00], SP(B) is set of all the B-valued, &7 -measurable continuous processes {X; }vepo,r]

such that

< 0.
LP(Q0,F0 P0)

X lsr ) =

sup |||z
t€[0,T]

Denote by LP(B) totality of all the B-valued, &?-measurable processes {X;}icr) such that

T 1/p
¥l = |( [ huigr)

Obviously (SP(B), || - ||srw)) and (LP(B), || - ||zr@)) are Banach spaces. Now, we introduce

< Q.

LP(Q0, 70 P0)

various spaces of continuous functions. Let (X,d) be a metric space, define

C(X:B) = {f:X—>IB%

sup | f(2)lls < o0 }.
zeX
We equip this space with the usual supremum norm, i.e., || fllcxp) = sup,ex ||f(z)||s. We

consider the following subspaces of C'(X;B),

for all e > 0, there exists a
Co(X;B) := {fEC’(X;IB) }

compact subset J C X such that sup || f|lcxm) <€
zeX\J
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CLr(E) (X B) = {f e C(X;B) | If(x) = f(w)llz < Kd(z,y) for all z,y € X}, where K > 0.

We write C(X), Co(X), and CYPE)(X) if B = R. Whenever a function from these classes
allows for a version with enhanced properties, we consistently choose the version with superior

attributes.

5.1.5 The Problem

Let the following functions
b:[0,T] x Q° x R x Py(RY) x A = R o, 0°:[0,T] x Q0 x R* x Po(R%) x A — R
F00,T] x Q° x RTx Py(RY) x A =R, ¢g:Q° x R? x Py(R?) — R.

For any t € [0, 7], £ € L*>((Q, F;,P); RY) and « € A;, we consider the process X“&® evolving

as follows:

(
dXEEe = b (XEE PW) L ag)ds + o (XE4 P, a)dW,

+US(X§’£’Q7P¥&,M ag)dW?  for s € [t,T]; (5.1.2)

X0 =¢
{
The cost functional J on [0,T] x L2((Q, F;, P); RY) x A; x QY is defined by
T 0 0
J(t,€,q) ::E{ / f. (Xi’g’“,IPg}/t,g,a,aS)ds + g(X;fv“,P)V(Vt,g,a) 'f,?] (5.1.3)
t s T
We study the corresponding value function v on [0,7] x L2((2, F;, P); R?) x QO
v(t,€) == ess/ié\nf J(t, &, ). (5.1.4)
QAL
The following assumptions will be used throughout our work.
Assumption (A1l). The coefficient functions g and h = f, b, o or o° satisfy the following:

(1). Forallae A, (h(-,-, a))

o<t<T '8 (ff)tzo—adapted. (or progressively measurable)

(2). For L' @ P%-a.e. (t,w°) €[0,T] x Q°, hy(-,-,-) is continuous on R? x Py(R?) x A.
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(3). There exists K > 0 such that for all x, ' € R, t € [0,T] and u, i’ € P2(R?) such that

esssup |g(z, )| + esssup (sup |ht(x,,u,a)|) <K and

wleo wleo acA

esssup |g(z, 1) — g(o', )| + esssup (sup hy(w, 1, @) — hala', 1 a))

wleNo w%eNO acA

< K(lo — a'| + Wa(p, 1)).

Assumption (A1*). This is a strengthening assumption of (A1). In addition to (Al),
we further assume that there exists K > 0 such that for all x, 2’ € R, t € [0,T] and

w1 € Pa(RY), it holds that

esssup |g(x, 1) — g(2', 4t')| + esssup (sup (s gy a) — (2, 4, a)l)

wleNo w%eNo a€A

< K(lz — 2| + Wa(p, 1))

Assumption (A3). We need the following assumption in order to ensure the approximation

results like Lemma 5.1.6.

(1). The map g : (Q°, F2,P%) — C(R? x Py(R?)) is Bochner measurable.

(2). For all t € [0,T), the maps (Q2°,F7,P%) 3 w° = by(w’,-,-,-) € C(R? x Py(R?) x A),
(Q°,F,P%) 5 W’ = fi(w0 -, ) € C(RY x Po(RY) x A) and (Q°, F,P°) 5 o’ —
oy(w?,-,-) € C(R? x A) are Bochner measurable.

(3). Forh=f,b, o, (Qx[0,T],F° @ B[0,T],P° ® ds) > (w°,t) — he(w°,,-, ) € O(R? x
Py(RY) x A) is progressively measurable.

The below approximation result follows from Assumption (A3), with the proof deferred to

the Appendix 5.3.

Lemma 5.1.6. For each € > 0, there exists a partition 0 =ty < t; < - <ty_1 <ty =T for

some N > 3 and functions
(g7, Y .b) € C(Po(RY; CHRPN x RY) ) x C(Po(RY) x A;C([0,T] x RPN x RY) ) x
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><(J<732(Rd) x A; C3([0,T] x RN x Rd)>
such that

g° = esssup

gN(Wt(ia ) Wt(;va z, ,LL) - g(fE,,U/)‘,
(z,pu) ERE x Po (RY)

ff(WtOl/\t’ ] th\,/\bxuﬂaa) - ft(xmuaa)’a

fi = ess sup
(z,p1,a) ERI X Pa(R4) x A

g .
b; = ess sup

(o) emt P ) biV(Wt?Ab ceey ng/\t,lf,u, a) — bt(%%a)‘,
x,1,0) ERI X Py «

are FP-adapted with

||ga||L2((QO,]-'%,]P’0);R) + 1522wy + 10| 2y < e,

and gV, N and b are uniformly Lipschitz continuous in the variables x, u with an identical
Lipschitz constant K independent of N and €. Moreover, for fived (t,z, pu,a) € [0,T] x R x

Py(RY) x A, the functions h = g™, fN¥,bN have compact support on RN when considering

he(eyoyyx, iy a).
Below are some properties of strong solutions to the SDE (5.1.2).

Lemma 5.1.7. Suppose that (A1) holds. For any p € [2,00), there exists a constant C' > 0
depending only on K, p and T such that for any 0 < r <t < s < T, a € A,, £ €
LP((Q, Fr,P);RY) and strong solution X" to the SDE (5.1.2), there following statements
are true.

3 « . oy .
(1). The two processes (X);<.< and (X Ji<s<r are P-indistinguishable.

(2). Exo sup | X5 < C(1+Erl¢lP), P'-a.s.;
!

r<I<T

(3). Epp|Xrée — X740

P<C(1+Eml€lP)(s — t)P/?, P-a.s.;

(4). Given anothern € LP((Q, F,,P);R?), it holds that E zo max. | X=X < CEpolé—
nlP, P'-a.s..

The cost functional J and the value function v exhibit certain regularity properties.
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Lemma 5.1.8. Suppose that (A1) holds. For eacht € [0,T], a € A, andn, € € L*((Q, F;, P); RY),

the following are true:

(1). The process (E[J(S,Xﬁ’g’a,aﬂ}—g])tg

s 18 continuous;

(2). The process (v(s, X1%))i<cs<r is continuous;
(8). There exists C > 0 depending on K and T such that

1/2
|U(ta 5) - 'U(t> 77)' + |‘](ta 57 a) - ‘](tv UR OZ)| < C(]E.7:79|§ - 77|2) ) ]P)O'a'-s'
(4). v(-,&) and J(-,&, ) are continuous on [t,T] with probability 1 and

ess sup max{|v(t,€)|,[J(t,& )|} < K(T +1), P’-a.s.;
(t,€)€[0,T] x L2((2,F,P);R4)

(5). When the control is restricted on Ay, J(t,€,-) is continuous in A, with probability 1.

Proof. Proofs of (2): For each g € A;, define the nonempty set
I (8,6,8) = {J(t,& ") J(t,€,8") < J(1,€,8) for BT € A}
For any J(¢,&,8Y), J(t,&, %) € Z(t,&, ), we define
Vs = Bslin(s) + (BsLpesm<snesy + Baluesyssaesy) Lo (s).

One has v € A; and

J(t,& BN J(E,E %) = J(t,Ev) € Z(L,E D).

Hence, by (Karatzas et al., 1998, Theorem A.3), there exists {9"}n,en C A; such that
J(t,&,9™) converges decreasingly to v(t,€) as n — oo, with probability 1.

Thus, for 0 < t < t, < T, there is {U"},en C A; such that J(tg,Xff’a,"Lgn) converges
decreasingly to v(ts, X,ff’a) asn — 0o, with probability 1. Therefore, for 0 <t <t} <ty <T,

dominated convergence theorem guarantees

Ef?l ’U(tg7 X:f’a) = lim E]:to1 J(tg, Xttfva’ an)

n—00
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Let Fy(t,&, ) = fS(XQ&’O‘,IP’)VgS&a,as) and G(t,&, ) := g(X%g’a,IP’)ngg,a). Hence, for 0 < ¢ <
s T

ty <ty <T, we have

l2
E;glv(tg,Xff’a)—l—]E;%/ Fy(t,& o) ds

t1

n—00 31

/: Fy (1, X152, ") ds + /t2 Fy(t.€,a)ds + G (ta, X0, 0") ]

t1
Z U(tl, X:££7a)a

P-a.s.. Consequently, Assumption (A1) implies

I := essinf E ro
veA; t1

/T F, (4, X55°,09) ds + G (1, X5, 0) ]

t1
g 13 t,&
3 t7 ;& 3G,
~Ep { essinfEx /tZ F, (ta, X[5°,09) ds + G (1o, X157, 0)

to
<E o / Fy(t, &, ) ds
1

t1

<K(ty—t) (5.1.5)

For the reverse inequality sign, we interchange the infimum and expectation to yield the
inequality
"2 t ’ t t
1> ezsgziriﬂ[«:fg{/tl F, (t, X5 0) ds+/t2 B (4, X550,0) = Fo (f, X05°,09) | ds

+G (0, X050) = G (1o, X050 }

Noting that Assumption (A1) and Lemma 5.1.7 deduce
T tl,X:f’a,’ﬂ Wwo tz,X:;’a,’ﬂ Wwo
E]:tol fs X 7P tl’Xf,&a,ﬂ)ﬁs - fs X 7P t27Xf,£7a,197795
to X 1 X 2

T ) 2\ 1/2
4
t

2

ds

s

t1, X80 t2, X500
S

tl,Xf’E’o‘,ﬂ t27X;7§,a719
— X, 1 2

+<E‘XS — X
2\ 1/2
(2 ) |
2\ 1/2 2\ 1/2
) (= )|
t2
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X

t,6,
t17Xt1 3

< Ok rE Er | X v X th’ n — Xhee
— KT~ F0 FO to to to to
t1 t2

t,6,«
tlyxtl’ 3

9 tE, L€, t,€,
< CK,TEF,?1 KEI% X, - Xy ¢ X, ¢ - X, *




t1, ng 9 t
+ CK’T]E]:tOl |:( 'th ty _ th’a

)"

oy 1/2 1/2
< Oy | (14 B IXEEP) (02— 02 4 (14 By €) /(0 — 12)""]

1/2
) + (E‘Xff’“ - X0

+ OBy | (L4 BIXES) (0 — 1) 4+ (14 Bl (1 — 1)

where the constant Cx r > 0 may have varying values from line to line, but depending only

on K and T'. Similar inequality holds for G (tl, Xttf’a, 19) -G (tg, Xff’a, 19). Hence, we have
o 1 \1/2 t,€ 1/2 1/2 2 \1/2
I>—=CrrBp ((t2— 1) + (14 Ex [X;7° A7+ +Ez [¢] )7t — 1)
_ 1 \1/2 t,€,012\1/2 1/2 1 \1/2
CrrBry |(t2— )" + (L+EXP) 77+ (L+E[EP) 77| (2 — 1) (5.1.6)

Together with (5.1.5), we conclude that I — 0 as |ta — t;] — 0.

Following the same derivations of (5.1.5) and (5.1.6), one proves the continuity of Ev(s, X&)
in s € [t,T]. Thus, by Doob’s regularization theorem and the supermartingale nature of
v(s, X459 it holds that v(s, X149) is right continuous in s € [t,T]. Furthermore, by the
BSDE theory, Exv(ty, X;7*) is continuous in s € [t,1,]. Together with the calculations of
(5.1.5) and (5.1.6), it implies the left continuity of v(s, X*4%) in s € [t, T]. Hence, v(s, X15%)
is a continuous process.

Proof of (1): Following a similar arguments as in (5.1.5), we have
By [J(t2, X557, @) = J (0, X159, )] | < Ce(t = 1)

for 0 <t <t; <ty <T. Thus, the desired continuity can be argued similarly as in those
after (5.1.6).

Proof of (5): For PY-a.s. w°, fixed (¢,€) € [0,7] x L*((Q', FL,RY);RY), consider a € Ay,
a® € A, n € N, and A", a) — 0 as n — oo. Without loss of generality, we may assume
that " — a dt ® P-a.s.. Let X" be the solution of the SDE (5.1.2) subject to the control

o™, and X is subject to the control a. We have the following trivial inequality:

E°| sup WQ(IP’)V}/S,IEDWO)

t<r<s

7

t<r<s

sup | X, — XTIQ‘}"P] :
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By applying the BDG inequality, Gronwall’s inequality, and the above relation, we can
identify a constant C'x r, independent of n but dependent on the Lipschitz constant K of

the coefficients and 7T, such that

E

r

sup | X" — Xﬂff] < CxrE

t<s<T

T
/ 1b,(X,, P ) — b.(X,, P ) [dr
t

+ o (X, P o) — 0,(X,, PR a2

T

+ 100X, PY af)dr — o0(X,, P, o) Pdr| Y| = 0,

as n — o0, by the dominated convergence theorem. Now, for some constant Cxr not

necessarily the same as the one above, but independent on n and depends only on K, T', we

have
|J(t7 ga an) - J(tv f? a)|
T
n 0 n 0 n 0 0
SE / ‘fs(Xsa]P)Vggvas)_fs<Xsa]P)g[(/s:as)|+|g<XT7]P)g‘(/§E>_g(XT7P)V¥T)"‘Ft0]
t
T 0 0
<CkrE| sup |X! — X, —|—/ ]]”S()('S,IP’)M(/s ,an) — fs(Xs,P)M(/S Ja) || F2 =0,
t<s<T ¢

again by the dominated convergence theorem. O]

We now define the function J on [0, 7] x L*((QY, FL PL):RY) x A, x Q° by

J(t, & ) = J(t,§ a).
We have the following lemma relating J and J.

Lemma 5.1.9. Let (A1) hold. For & € L*((Q, F;, P);RY), a € A;, we have

0

J(t, & a)(W’) = J(t, W), a ) (W), PYa.s..

Proof. First of all we look at £, a (in the interpretation of Lemma 5.1.4) being simple
functions. Note that & could be written as § = 377", fj(wl)lB? (w?), where for j =1,...,m,

B} € F7, {By}, is a disjoint partition of Q°, &§; e L*((Q',F},P');R?). Without loss
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of generality, we assume a(t,w’ w') = ™"

i ozj(t,wo,wl)]lB?(wO), a; € A;. Solving for

7=1,...,m,
(
dXz’ngaj — bg(Xt 51045 IP)Wtogj o) ,Oé] S)ds + O_S(Xt ,Ey0g PVVtO{] ., 04] s)dWS

‘I—O' (Xt{jya] IP)[/V:é o ,Oéj;3>dWso, s € [thL (517)

L€y
Xt - g]?

\

we have

Zthg7a]]]_B0 ZSJ]}'BO Z </ thj,aj IP tﬁg aj 70[] r)d?“) ]]_B;)(wo)

(/ o (X} P, tEJ ajr Aj; T)dWT>]lB?(WO)

(/ O(xtemas PW, tfj ],ozﬂ)de))]lBo(wo)
t J

m

° t,&i,a
Z (@ /t b (X B vy, ) dr
J

j=1 7j=1
> X

e ’

+/ ( X6y o PV ,ar>dW79.
¢ J zm X, 77 J]lB;)

v

2

7=1

XE o PV ey )dW,
J

Thus by uniqueness of solution we have

m

DX g ()

J=1

solves

AXEES = b (XUS0 B a)ds + ol (XES B 0 )dW,

Xt§a7 Xt£a7
(Xt&a P‘)A(/toﬁw S)dWsO> s € [t7T]7 (5'1'8)

Xt7£7a — .
B¢ ¢

Therefore it holds that

J(t, € 0)(w / Fu(XE8 B, ) + g (X35 P.)

ff’] )
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m

T
t,8j,a WO
fS(E Xs & aj]lB(-)?P t,€5,a; ?a5>d8
t ! L0
J

S X

=E

j=1

0

t.&,04
+g(ZXTEJ J]lBg.)v]P)W t.€5,a, )
7=1

Z;n:I Xr ILB;,]
m
=) _E

7=1

JE?] (w”)

T
L0 pw° by pw?
/ fs (XS (N PXt,gj,aj , aj;s)ds + g(XT ) PXt"fj’o‘j)
t s r

EO] ]lB;? (WO)

j(ta gja QJ)HB? (WO)

i

1

J

0

=J(t, W), ) (W), P-as. W

Now, for general ¢ € L2((Q2, F;,P); R?Y) and o € LO((Q°, 2, PY); A;), there exists a sequence
of simple functions {£"} and {a"} that converge pointwise to £ and «, respectively, and

", @™ can be written in the form §" = 77" 5}‘(w1)]13?;o (W), @™ =370 a1 gro (w%). By

Lemma 5.1.8 we have

E°||J(1,€, @) = T(t,€("), ™)
<CRE [|J(t,§, ) — J(t, €, oﬂ)|2] +OR [|J(t,5n, amy — J(t, €, atvw°)|2}
<CE°[|J(t€, ) = J(t,€",a") ] + CB||J(t,€", ") = J(t,§("), a")?]
+ OB [JJ(1,€ a7) = J(t,€(), 0™,
taking n — oo concludes the proof. O

Define the function v on [0, 7] x L*((Q!, FL P'); RY) x Q° by

0(t,€) == essinf J(t,&, ),

acA;

we have a similar relation between v and v as J and J.

Lemma 5.1.10. Let (A1) hold. Let & € L*((Q, F;,P); RY), we have that

v(t, &) (W) = v(t, £(W°)) (W), P-a.s. .
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Proof. Let a € A; be arbitrary. Again, we start with simple functions. As in the beginning of
the proof of Lemma 5.1.9 we can assume that {(w°,w') = 37" &; (wl)]lB? (w?), where m € N,
andfor j =1,...,m, BY € F{, {BY}", is a disjoint partition of Q°, §; € L*((Q', F},P'); R?).
It holds that

m

Z Xﬁ’gj’a]lBg (w°)
j=1
solves the SDE

’

AXBE = b (XL PWY, )ds + of( X540 PV, L ag)dW,

Xt{om Xt&oc;
(tha ]P)V([v/tofa7 S)de’ setT), (5.1.9)

Thus,
J(t,€,a) (W)
= J(t,€, a"") (W)

T 0
—E / Fo(XLE W°£ oo 00 )ds + g( XL ,]P";(/O o)
t

f?] (w”)

t,£,at’w
T
m
0 t 0
= Z / fs Xt S WE Lats W0 & tw )dS +g(X e ’P)‘ift,gj,atswo) 'F;EO] ]lB;.)(wo)
Jj=1 T

M= T

0(t, &)L po ()

1

o(t, Z §ilpo W), Pas..
j=1

<.
Il

By arbitrariness of o we have

- 0 0
(t, Zgj]lB? (w ))a P"-a.s..
j=1
On the other hand, for each j =1,..., m, there exists a;; € A;, @ € N such that

lim J(¢, &, ) = 0(t, &), Pas.

1—00
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Define &; := Z;"zl ajilpgo , then &; € A;. Thus
J

/ fS Xté] i ]P) tg] Jz’ajls)ds—i_g(thj o PVVtO{J 91)

(t,&) < J(t,€6:) =) R
7j=1

f?]]lB;?(w(])
—>Z@t§]]lBo PYas., asi— oo.
7j=1
Thus we have

< @(t,zgj]lB?(wo))a Pl-as..
=1

Finally, for general £ € L2((Q, F,P); R?), the proof is essentially the same as the last part

in Lemma 5.1.9. O

Remark 5.1.2. For 0 <t <k and a € A;, « is not necessarily in Ax. However, for every
fired (WO, &) € QO x O, aF"%" € Ay Thus, for € € L2((Q, Fi,P):RY), J(k, &, a) can be

regard as a function on Q0 x Q' i.e.,

T(k, & @) (W, &) = J(k, & P97 ().
We actually have the following lemma about the explicit form of J(k, &, «).

Lemma 5.1.11. Let (A1) holds. Let 0 <t <k < T, ¢ € L*((Q, F,P);RY), a € A,. We

have
J(k, €, Q) / fo(XE&a P kga,ozs)ds—i—g(nga P W) FOVF, PP x Plas,
and hence
E[J(k, &, ) / Fo(XES P e, @) ds + g( X757, PWQ) fg] P-a.s..

Proof. Let (u®,4') be elements of Q20 x Q'. We denote E*° as the expectation with respect

to PY(dw?), similarly for E" and E%'. Writing explicitly the arguments we have:

/ fo(XPSo P ksm@s)dstg(nga P k&a)

.FO\/_/—"lt]( 0 ,&1)
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T
_E /k Ful W, B0, 01, 0, P (0, 0w, 0, 51) ) ds

_|_g<Xk§a( 0 A1 ~1) ]P)nga 0)>’}-}8vﬁé,t] (u07ﬁ1)

T
Y B R / fs<u0 g W, X090 0y 01,01,
k

PV (0 @1 w0), g (u @5 ', ! @3 01, 31) ) ds

+9<X§2’£’ (u® @ W0, 0" @p 0t @Y, P kga(u ®p w ))]

=E / fo(xEeatt P)Vf,fgakuo s, b0 dg 4 g (st P)ng)f,S] (u)
:J(k:,f, ak,uo,al)(uo)
=J(k, & a)(u’,ab).

O

Lemma 5.1.12. Let (A1) holds. Letting 0 € ’E?T, for all € € L*((Q2, Fp, P); RY), we have

E[J(@,X;’@a, / fo(XEEo P tga,ozs)ds—I—g(Xtéa P m) fg], P’-a.s..

(5.1.10)
Proof. Recall that from the uniqueness of SDE we have the flow property:

téa o
X (W0 ot o) = x0Xe e (W, wh)

Assume 0 = Y7 tilpgo, where for i = 1,...,n, t < t; < T, and {B}}}., is a disjoint

partition of Q°, thus BY = {# = t;}, and B € F). Let A € 7. Then

/.

/ (/ Jo(X28%, PY i, as)ds + g(Xp™ P ) D LpmiydP’
i—1

/ (/ fS tha ]P)tha7as)d8+g(Xt€a ]P)tha > Z]l{Hzti}ﬁAdIPO

0o

i=1

Fy | dP’

/ fo(Xbee P tga,as)ds—l—g(Xt£a P ,ga)

181



:Z/OIE / fo(XLee ]P’tha,as)ds%—g(Xt&O‘ ]P’tha) f,ﬁ]ﬂ{@:timdw
Q

i b, X105 ati ) £, X5 ati
S [ [ s g
Qo t; X, 4
= E_J ti,Xt.’&a,Oéti
> | B[ xi,at)
:/ E[Z ‘](tiﬂ X;fﬂa ati)]l{9=ti} ‘ ]:2] dP°
A "=

_ / E[J(8, X169, o) F2]dP°.
A

fg] ]l{gzti}mAdPO (by Lemma 5.1.11)

For the general case, let 6; be an increasing sequence of discrete stopping times such that

lim; §; = 6. By Theorem 4.6.10 in Durrett (2019) and Chapter 1, Exercises 24 and 27 in

Protter (2005), it holds that

/ FAXEE P, ) + g(XE5 L) | 75
—E / fo( X5 thga,as)ds+g(tha IP’tha) fg} Pl-a.s.,
which, together with 1 of Lemma 5.1.8 , implies that
'E[J(&Xf’“ )| 7] - / Fo(X05 P, au)ds + g(X7 Prc.) fﬁ]

:'E[J(@,Xé’f’a ‘fﬂ [(ez,xtﬁa o)

d

_ / fo(X 1o thga,as)ds—l—g(tha IP’tha)

J

g

+E[J(0;, X4, o

:'E[J(H, XLE o) ’ f;}} ~E [J(Hz-, Xg&e o)

)| 7

)

- / fs( tha th&mas)ds“'g(tha théa)

—0 P a.s. as i — oo.
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Theorem 5.1.13. (Dynamic Programming Principle). Let (A1) hold. We have for all

(t,6) € [0,T] x L*((2, Fi, P); RY),

o(t,€) =essinfess inf E / FLXEES B0 )ds + o0, XEE)

acAy 96’7;T

fto}

= essinf esssupE / fo(X60 W ) ds + u(8, X5

acA; 9€T0

7

Proof. Let (t,&,a) € [0,T] x L*((Q; F;,P); RY) x A;. From (5.1.10) it follows that

R T | AR B

4.

Now assume that 6 = 37" | t;1p0, where for i = 1,...,n, t < ¢; < T, and {B}}}, is a

]

_ZE /thfa IP’tha,as)+J(ti,Xff’a,a“)

=E / f(XEE IPtha,ozs)—i—J(Q,Xg’E’a,aa)

disjoint partition of Q°, then

/ f(XEee théa,as) + J(0, X5, af)

7

>ZE / fXgEe, me,ag+v<ti,X§f"">th FE}

- / FIXES B, o) 000, X5 | 7.

Thus if 0 is simple,

J(t, & a) > E / FOXES P, ) + 0(8, X5*) f?]

Now, let 6 € '7'0 and 6; — 0 a simple increasing approximation of stopping times of €, then

we have

J(t, &, a) > E / f(XEee ]P’tha,ozs)—i-v(H,,tha) .7-;0}, for every i € N.

Take limit on the right hand side and from Lemma 5.1.8 2 we have

g6 2 B[ [0 B, o) + 0.5 | 7]
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Since 6 € T and a € A, are arbitrary, we have

v(t, &) > essmfesssupE / f(XEee P tga,OéS> + (0, X;5%) ]_-to]
acAy 9€TO
For the other side of inequality, again assume that 6 = >  ¢;1 po, where for i = 1,...,n,

t <t; <T, and {B?}", is a disjoint partition of Q°. Let a € A; be arbitrary. For each ¢;,

there exists a;; € Ay, 7 € N such that

lim J(tZ,XtEO‘ Q) = U(ti,XZf’a), P’-a.s..

]—}OO

Define o7, 1= a,l,<p + Yoy @ijisLs>t; 1 go. Then we have

o(t,€) < J(t,€,0) ZEH/ FOXES B ) + (0, X5 0) | g | Y]

%EjE [ [ rose 2 + olt X051 | 2

—E / FOXRE PWY ) + (0, X5 F}

Again, using increasing simple function approximation to stopping times and from Lemma

5.1.8, we have for any 6 € 7%,

u(t,€) <E

/ f(XEee P tga,as) + (6, X5 }"to},

and by arbitrariness of o € A;, 6 € 7;0T, we have

o(t,€) < essinf essinf E / FIXLE BT o) + 08, X5

acA; 967;OT

and we conclude the required equality. O

5.1.6 Dynamic Programming Principle

5.1.7 Conditional Law Invariant Interpretation

Theorem 5.1.14. Let (A1) hold. Lett € [0,T], &, n € L*((Q, F,P); RY). If for PY-a.s. WP,
L(E(w?,)) = L(n(w®,-)), then

v(t, &) =v(t,n) P’-a.s..
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Proof. The proof is inspired by (Cosso et al., 2023, Theorem 3.6). First of all, we suppose
that both £, n are discrete. By Lemma 5.3.6, there exists U and U,,, which are F; measurable,
and when given F? (which is characterized by the random variable ¢ in Definition (5.3.3)),
they are independent of £ and 7 respectively, having the uniform distribution. By Theorem
5.3.5, there exists b : [0, T] x Q°x Q! x R4 x [0, 1] — A, measurable with respect to Prog((F°V

Fi)) @ B(RY) @ B([0, 1]) such that (bs(&, Ue))scjor is F* progressively measurable, and

5(5, (as)sepors W)seiors Wave — Wt)sé[O,T})

¢

:£<’£ ( (f U&))sGOT] (W )se[OT] (Wth _Wt)se[O,T]> P-q.s..

¢
Note that when ( is given,

ﬁ(f (bs(&, Ue))sepo.rys (W) sepo.s (stt_Wt)se[O,T}>

¢

£, Ue))setorm)s (WS actosss (WE = W)setory, (Wove = Woacior )

¢

=L (€, (b(&, Ue))oey

=L (. (050, U))sciorss (WEsetoa, (WS = Wo)sepurr, Weve = Woseforr)
¢

—£<n,(

5s)se[o,T}7 (Wo)se 0,t]» (W W )se[t )5 (stt - Wt)se[o,T}>

Y

¢
where 85 := bs(n,U,), and the second last equality follows from the fact that &, U, are Fy-

measurable, and therefore independent of W2 — W2, W, — W, s > t when given F?. By

Lemma 5.3.7, we have

E((X?&a)se[t,T]y (Oés>s€[O,T}> (W;))se[O,T]) = E((X;’n’ﬁ)se[tj], (/BS)SE[O,T]7 (WS)SG[O,TO PO—CL.S..

¢
= ]P’Won s PP-a.s., Vs € [t,T]. Therefore we have

¢

Note that this also implies ]P’Xt £

J(t, & a) = J(t,n,B) P-as..

As a consequence we have that v(¢,€) = v(t,n). The general case follows from standard

continuity arguments and the fact that for P%-a.s. w°, v(t,-) is continuous. O]
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As we have assumed that G is rich enough to support all laws in Py(R%), by leveraging
the results obtained in the above theorem and Lemma 5.1.10, albeit with a slight abuse of
notation, we can define the following function
v:[0,T] x Pa(RY) x Q° — R,
v(t, p) = w(t,§),
for all £ € L2((Q', FL PL);RY) such that £(€) := p. Immediately we have the following

corollary from Theorem 5.1.13:

Corollary 5.1.14.1. (Dynamic Programming Principle). Let (A1) hold. For all (t,u) €
[07T] X PZ(Rd)7

v(t, n) =essinfessinf E
acAr  9eT? T

/ Fo (XL P e, ) ds + (6, IPtha

=ess J14nf esssup E
€
“CA perd;

/ fo(X 1o [P’tha,ozs)ds—i-v(@ ]P)tha))'}?],

for all € € L2((QY,G,PY):RY), L(§) = pu.

Moreover, for all (t,&, ) € [0,T] x L?((Q, F;, P); RY) x A;, by solving the dynamics equation
(5.1.2), we obtain a process (X*%),c.«r. By conditioning on FY, this process can actually

be interpreted as a Py (IR?)-valued process, and shares the following property from Pham &
Wei (2017):

Lemma 5.1.15. Let (A1) hold. For anyt € [0,T],n € Pa(RY), a0 € Ay, the relation given
by
P =P, t<s<T, for&e L((QF,B);RY st P =p,

defines a square integrable FW° -progressive continuous process in Py(R%). Moreover, the map
(5,t,w% p, ) € [0, T]) % [0, 7] x Q0 x Pa(RY) x A; — pbr(w0) € Po(R?) (with the convention

that pb** = p for s <t) is measurable.

Proof. See Pham & Wei (2017) Lemma 3.1. O
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5.2 A Theory of Viscosity Solution

5.2.1 The Space K'2(Py(RY)) and It6-Wentzell Formula

Definition 5.2.1. (The Space KY2(Py(RY))). In the context of the settings outlined in
Section 5.1.4, we say that u € K (Py(R?)) if

(1). u e S*(C(Py(RY))).

2). There exists (D,u, Dpu) € L2(C(Py(RY))) x L2(C(Po(RM)) such that for PV-a.s. w°
(2) (D4, Dyytt) (C(P2(R7))) (C(P2(R))) f ,

T T
u(t, ) = u(T, u) — / Osu(s, u)ds — / Owt(s, ) dW? Y(t, ) € [0,T] x Po(R?).
t t
(3). For any t € [0,T] the map pu > u(t,u) is L-differentiable P-a.s. at every p € Po(RY),
and O, u € 8®(C(P2(R?) x R?)).

(4). For any (t,u) € [0,T] x Py(RY) the map = + d,u(u, z) is R differentiable P°-a.s. at
every x € Supp(u), and 9,0,u € S®(C(P2(R?) x RY)).

(5). For any (t,z) € [0,T] x Supp(u), the map p — O, u(t, u, x) is L-differentiable P°-a.s.

at every p € Po(R?), and dou € S®(C(P(R?) x R? x RY)).

(6). For any t € [0,T], the map u — O,u(p) is L-differentiable P°-a.s. at every point
w € Pa(RY), and 9,0.,u € S®(C(P2(R?) x R?)).

Theorem 5.2.2. (Ito-Wentzell Formula). Let u € KY2(Py(R?)), and (X;)o<i<r solves
(5.1.2). For P° -a.s. w° take (py)icpor) = L(Xe(w® ))tepr. Then (wipe))ieppr s an

It6 process PV-a.s. satisfying the expansion

ut(pT) - Uo(po) = /OT DSUS(pS)dS + /OT awUS(pS)dWsO
+ /0 g [@us(ps)(ffs) - 65] ds + /O g {52;Tauus(ps)(f(s)] AW

T
N / SB[t (0.0, (0.) () (62507 + 5.57)) ] ds
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T
1w S 5 0.0
i /O SB[ [0r{07u () (X, X0)62607] ] ds
T -
+ / E! [tr{a#awus(ps)(Xs)aS”}] ds,
0
where the formula above B and B denote the expectation acting on the model twin spaces

(Q,F,P) and (Q, F, 1[3’) respectively, and let the processes (X, by, Gy, 7)) teio,r] and (Xt, by, 64, 07)tefo,r]

be the independent twin processes of (X, by, 01, 07 )iejo,r) respectively living within.

Proof. We refer readers to Dos Reis & Platonov (2022). O

5.2.2 Test Functions, Definition of Viscosity solution

We are concerned with the following BSPDE: for (¢, ) € [0,T] x P2(R?), v : Q° x [0,T] x

Py(R?) — R satisfies

( —Duw(t, p) = (/R essinf {ft(x, Wy a) + <bt(x,,u, a),0,v(t, u)(x)> + %tr{(atag(x, iy a)

4 a€A

+ 0o} (@) 0.0t p)(2) | + / S o2(w)o (@) (t, ), o") b ()

]Rd2

+ tr{a?”(x)auawv(t, n) (:L‘)} }u(dm)) dt,

(T = / gl p)ptd).

(5.2.1)
For ease of notation, we define the following function:
1 .
H(tv Hs P7 Qa R7 S) = / €ss ljlf {ft(w7 Ky Cl) + <bt(x7 22 CL), P> + Etr{ <0-t0-l-fr<x7 Ky (l) + O-EO-SVT(:L‘))Q}
Rd ae

+ /]Rd %tr{af(x)af;T(x’)R}u(dx') + tr{a?”(m)S} }p(dm),

J(t,v, P,Q,R,S5) ::/

Rdx A

{ft(:v,u, a) + <bt($, W, a), P> + %tr{ (atatT(x,,u, a) + 0?0?”(1’))@}

" / st od @t R ) + {0 ()} }u(d:v, da),
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where y is the RY marginal distribution of v, H : Q°x [0, T|x Py (R%) x L2(L*((R?, B(RY), 11); R%)) x
LA (R, BRY, )5 RE)  C2(L2((RAXR, BRIXRY), o) R x L2(L(RY, BRY, o)s RA) -
R

and J : Q0 x [0, T] x Py(R% x A) x L2(L2((RE, B(R?), v); RY)) x L2(L2((RE, B(RY), v); RX4) x
L2(L2((R? x RY, B(RT x RY), v @ v); R%4)) x L2(L2((RY, B(RY), v); R*4)) — R.

Definition 5.2.3. (The set of test functions ). We say that u € .7 if

(1). u € K12(Py(RY)).

(2). There exists a constant § € (0,1) such that there exists a constant L,z > 0 such that

for P% a.s. w° € Q°,

(a). for allt €[0,T)], u, 1’ € Pa(RY),
Dsu(t, ) — Deu(t, t')| < LugWy (. 1),
(b). for allt €[0,T), z,z' € RY, p, i’ € Po(RY), h = d,u,0,0,u, 9,04,
Bt 1)) = it 1) @) < Lus (W8 (s ) + 2 = o/)7),
(c). forallt € [0,T], z,2",y,y € RY, u,u’ € Po(RY),
|Opult, n)(x,y) — Oqult, 1) (¢, )] < Lug (Wzﬁ(u, W)+ e — | + |y — y’W)-

Remark 5.2.1. As a consequence that u € KY*(Py(R?)), there exists a constant L, > 0

such that for P° a.s. W°, for allt € [0,T], z,2" € R4, p € Po(R?),
|Ouu(t, 1) ()] + [98,ult, ) ()] + |8ult, ) (z, )| + |0,Dwu(t, 1) ()] < L.

Each v € . can be thought of as an It6 process and thus a semi-martingale parameterized
by u € P2(R%). The Doob-Meyer decomposition theorem ensures the uniqueness of the in-

tegrable pair (Du, Dy u).

189



Recall for each F°-stopping time 7 < T', we denote by 7% the set of F-stopping times
7 valued in [t,T] and by T the subset of 7% such that 7 > t for any 7 € ’E?T. When we
are referring to Py(RY)-valued random variables, we will use bold fonts to avoid potential
confusions. For example, we refer to u € Po(R?) while p refers to a Py(R?)-valued random

variable.

We are ready to define our test functions for the purpose of viscosity solutions.

Definition 5.2.4. (Set of test functions). Let T € T, 7 € T2, Q2 € F with P°(Q2) > 0,

T

p € L2((Q0, FO PY): Py(RY)), we define the following set of test functions:

GU(T, P, 72; Q?-) :{¢ € ’ (¢ - u)(Ta p>]lQQ =0
= esssup Exo [ esssup (¢ — u)(T AT, u)] Lo P'—a.s. p.
TET p peP2(RY)
Lett € Top, 7€ T2, Q) € F2 withP*(Q2) > 0, v € L*((Q2, F2,PY); Po(R? x A)), we define

the following set of test functions:

Gu(r,v,7; Q) :z{(b S ‘ (¢ —u)(1,v)1lg =0

= essinf E [ ess inf —u)(T AT, ]]l P'—a.s. p.
T r 72 nEPQ(RdXA)(¢ >( 77) o

Definition 5.2.5. (Viscosity supersolution). We say u € S*(C(P2(R?), W))) is a viscosity

supersolution of the BSPDE (5.2.1) if
(1). For the terminal condition, we have for all i € Pa(RY),
u(T, jt) > / g(a, pp(de) P - a.s..
Rd

(2). For any T € Top, 7€ T2, Q2 € FL with P(Q2) > 0, p € L2((Q2, F2,PY); Po(R?)), and

any ¢ € Gu(r, p,7;Q°), there holds

Locs [ = Ds6(5, 1)

ess limsup E zo
(s,1)=(77F,p)
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—H (5,12, 0,05, 1) (), 0:0,0(5, 1) (), 0 <s,u><-,~>,auaw¢<s,u><->)]] >0,
for almost all W° € Q9.

(Viscosity subsolution). We say u € S*(C(P2(R%),Wy)) is a viscosity subsolution of the

BSPDE (5.2.1) if

(1). For the terminal condition, we have for all u € Py(RY),

uw(T,p) < /Rd g(x, p)pu(dz) P° - a.s..

(2). For any T € Top, 7 € T2, Q) € F2 with P(Q2) > 0, v € L*((Q0, F2,PY); Po(R? x A))

T

and any ¢ € Gu(r,v,7;Q2), there holds

1,z [ - as¢(3a 77)

ess liminf [E zo
(sm)—=(rtp) 7

—J(é’ﬂ%@m(s,77)(-),@ﬁud)(s,77)(-)75%(8,77)(-7-)ﬁuawqﬁ(sm)(-))]l <0,
for almost all w® € QY.

We say u is a viscosity solution of the BSPDE (5.2.1) if it is both viscosity subsolution and
supersolution. Qur definition is a simple extension of the case of R, in which it is typical
that the classical solution u may not be differentiable in the time variable t, and (Dyu, Oyu)
may not be time-continuous but just measurable in t, this fact motivating us to use essential

limits in the above.

Remark 5.2.2. For a progressively measurable function H : [0, T] x Po(R%) x Q° — R, when

we refer to essliminf <resp. ess limsup ), we are taking the following limit for stopping
(s,p)=(1T,p) (s;m)—=(rtv)

times s, s > 7 and Fs-measurable pi:

ess liminf H (s, u) := essinf H(s, ,
(5,1)—3(r+,p) (5:1) =400 <seBé(7),szT ( M))
we€Bs(p)

(resp. esslimsup H(s,n) :=s_0 | esssup H(s,n) |).
(sm)—=(r+,v) SEB§(T),8>T
ne€Bs(v)
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5.2.3 Existence of the viscosity solution

We introduce the following notation which will be useful in the proof of existence of viscosity

solution. Write

QF (t,p) == {(s,) € [t,t +77) x B,(p)}.

Also, for convenience of notation, for ¢ € &7, t € [0,T], « € A (or some Ay, k > 0),

€€ (Q,F,P) and u € Po(RY) or Po(R? x A), we denote

ZLY(t, €, 1)
=0, (L, ) + E1<bt(£, 1, @), O (t, ) (€)> + %Eltr{(atal(& 11, @) + 070, 7(£))0:0,6(t, 1) (5)}

B (€08 (€00 m(E &) } + B {0l T(€)0,0,0(,1)(©) ).

with & being an independent copy of £&. We have the following existence theorem:

Theorem 5.2.6. Let (A1), (A2) hold. The value function v is a viscosity solution of the

stochastic HJB equation (5.2.1).

Proof. Step 1. (W; continuity of v). The proof follows the same argument as that used to
estimate

U nm (t, T) — Tepm (t, Z)| in (Cheung et al., 2025, Lemma 5.5), and is therefore omitted here.

Step 2. (v is a subsolution). Let 7 € T0p, 7 € T%, Q) € F? with P°(Q2) > 0,
v e L2((Q% F2,P%); Py(RY x A)), ¢ € Gu(r,v,7;9Q%). By Lemma 5.3.2, there exists &,
o on L2((20 x QY F2 @ FLP° @ P1); RY) such that E(g(wo,-),a’(wo, )) = v(w). Pick
a € A arbitrary, define o, := aljg,)(s) + o1 71(s). Let (X7%%),<s<7 be the solution of the
dynamics solves (5.1.2) with initial time 7, and initial data &, control ov. By Lemma 5.1.15, we

can now examine the Py(R?)-valued process (v7%),;<scr = L(XT5(W, ), ag(wW’, ) res<r,

(P5)r<acr = LIXT (W, ))r<ocr. Define 7@ :=inf{s > 7 : pI* ¢ Bj,(p)}, by Lemma
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5.1.7 we have the estimate:

E]—'Q []17'+h>7""] :E}—Q ]lmax7'§5§7'+h W2(p§’",p)>5/4]

<Csrullr max W; (03", p)

<Cs.1x(1+Exol€]*)h, (5.2.2)

where Cj 1 i 1s a constant depending only on 0, T and K and independent of the control a.

By the dynamic programming principle and the Ito6-Wentzell formula, for any h € (0,4),

h small enough and P%-a.s. w® € QY we have

1

025 Ep :(qﬁ —v)(r,v) — (¢ — )<(T +h) AT ”<T+h>ATH

- (T+h)AT
Z_]E‘]-—.,Q _¢(T7 V) - (b((T + h’) A 7-7 V(7—+h)/\7—> - / ]ElfS(X;é,av p;’,l” O[s)dS:|

- r(t+h)
=—FEro / —L(s, X7 UTY) — Elfs(XT’ga,pg’p,ozs)ds}

1 T+h
:E/ ]E]:-(r) S<T|: ga(b(S?X;&a TV) ElfS(XTéa’p;'p’as>]] ds

1 T+h
:z;/ B [ Lringrelocs | — £0(s, X7, 077) - EVKX“ﬁﬂpzﬂao]rh

T+h [
B / Ewﬂﬂbﬂ$%@XﬁﬂTﬂ+Eﬂmﬁﬁmﬂ%4*

1 T+h
ZE/ Ero 1T+hsTa1ls<f[_3%(57)(5’5’0‘ vY) = Elfs(XT“,pE’p=O‘s)]]d8

1 T+h - 2 T+h
_E / E}‘Q dS / Efg]]_7+h>Tad8

> essinf Ego
(s:mEQY (1)

LoG(s, XN VTY) + B (X4, 00, )

s<7'|: Ds(s, 1)

= (5,7 0,05, m)(), 00,65, ) (), D25, ) ->,ayaw¢<s7n><->)]]

T+h
dS / E].‘_,O_]].T_’_h>7—ad3

Lag(s, XLZ’&’“, vs) + ]Elfs(XsT’€ “psfay)

1 T+h
‘EV [ e
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taking limit on 6 — 0, with the help of (5.2.2) we get the desired conclusion.

Step 3. (v is a supersolution). Now we prove that v is a viscosity supersolution. Sup-
pose to the contrary, that there exists 7 € T, 7 € TS, p € L*((Q%, F2,PY); Po(R?)),
QY e FO ¢ € Gu(r,p,7;9%) such that there exists £,0 > 0, and QY e FO QY C QO
PO(QY) > 0, with

esssup  Exo
(s,m)€QF (1,0)

Locs | = D:6(s, 1)

< —¢

P )

— B, 1, 0,0(5, 1)), 0a0, (5, 1) (), D26 (5, 1) ), DD, 1)) |

PO-a.s. w®in Q. As in Step 1, there exists £ on L2((Q0 x QY F? @ F!, P° ® P'); R?) such
that £(£(w°,+)) = p(wP). For each a € A, let (X75%), <, solves (5.1.2) with inital time
7, initial data ¢ and control . By Lemma 5.1.15, we can now examine the Py(R?)-valued
process (piP?),;<ocr = LIXT(W0, ) r<s<r. Define 7% := inf{s > 7 : p7P ¢ Bsu(p)}, by

Lemma 5.1.7 we have the estimate:

E]—'Q []lT+h>T"‘] :E}'Q []l max, <s<,n Wa(ph?*,p)>5/4

<Cs.r.xEr ron X Ws (p?, p)

<Csric(L+ErsléP)h, (5.2.3)

where C§ . is a constant depending only on o, T and K and independent of the control
a. For h € (0, 52 /4) and h small enough, by the dynamic programming principle and the

Ito-Wentzell formula, for P%-a.s. w® € Q¥ we have

=5 (v1p) ~9(7.0))

1 (T+h)
= eSS;lnfE}-o / E' fo(XTP, 03P, ag)ds +v(7 A (T + h), :/ferh)) o(7, p)
acAr pa

1 (T7+h)
>h ess inf E zo / E' £, (XTP pTP a)ds + ¢(7 A (T + h), :Aprrh)) o(T, p)

OCEAT
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1
=7 ess inf [E o

acA-

1
>— N ess inf [E o

aEA;

1

— —esssup Ezo

h

1
>— N ess inf [E o

aEA;

aEA;

1 T+h
— 7, esssup B / (Elfs(Xin’a,pZA”;a,awa>+$a¢(s,X§Xi’a,pZ{’;a)

h

>€——esssup \/E]_‘O/ ’]Elfs (XTPO piP o) + Log(s, XTP, prPe

acA-

- = ess sup

aEA;

1 A(T+h)
_ —eSSSllpE]:_(r) / )E fs XTp’ pr’ Oés) _i_ga(ﬁ(S’X;',p,a’pz,p,a)

aEA;

aEA;

T+h
/ (Effgﬁxgpﬂ,pzpﬂ,as>+—éf“¢<a4¥?ﬂﬂ,pzpﬂ>)ﬂs<+dsl

T+h
/ <E1f5<X;-/\I7):°‘ ’ p;/@aa asAT“) + $a¢(3’ ;—/\’7)—70‘ ’ p;/@"‘)> ]lsﬁf]l7+h§7'a ds]

A(T+h)
[ e e o + 206t X700 o)

T

]17+h>7'°‘ dS]

T+h
/ (ElfS(X;-/\,;:a ) p;/@aa O‘s/\f“) + ga¢(8’ ;’/\pT,a ’ p;@“)) ]18<‘7'dS]

1 s§%]17'+h>‘ra dS]

]17'+h>TO‘ dS]

T+h
dS\/E]:Q/

T+h
ds ]E]:g/

2
ds

]]-T+h>7'0‘

2
d

]17'+h>‘r°‘

1 Tp7 Tp? Tp’ Tp?
\/Efo/ E fS Xs/\T“?ﬂs/\To‘aas/\T"‘) $a¢(3’ s/\TO‘7ps/\T°‘

—e, as h — 0, with the help of (5.2.3).

The above draws a contradiction and hence the value function v is a viscosity supersolution.

]

5.3 Measurable Selection Theorem and some technical lem-

mas

First of all, we provide a proof of Lemma 5.1.6.

Proof of Lemma 5.1.6. We focus exclusively on f, given that the remaining cases are anal-

ogous. First of all we assume that for PO-a.s. w° ¢+ f(w ¢, ) € C(RY x Py(RY) x A)

is continuous. We approximate f by random fields of the form:

l

fl(wov )y 7') (bl( ) 7'7')]1[07t1](t)+Z¢j(w07'7'7'>]1(tj—17tj](t)7

=2
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where 0 =ty <t; <...<t; <T,andforj=1,...,0,¢; = f(tj_1,-,-,-) € L? <(QO,]:tg_1,IPO);C(Rd><

Py(R?) x A)) By the dominated convergence theorem and the continuity, we have

.....

By the Bochner measurability, ¢, can be approximated pointwisely (in C(R? x Py(R?) x A))

by functions of the form

l;

> 1y (W)l (z, pa),  with B € C(R? x Po(RY) x A), Al € F)

tj—17
=1

izl,...,lj.

(5.3.1)

In fact we can take
hl € C (P(RY) x 4;C= (RY)), i=1,...,1;

This is because for each fixed pu € P2(R?), a € A, we consider its mollification on R, given

by

W (x, p, a) = /d n-( = y)hi (y, p, a)dy,
R

where 7 is the standard mollifier given by

Cexp (;) if |x| <1,

|z[*—1

n(x) =
0 if |x| > 1,

the constant C' > 0 is selected so that [,,ndz = 1, and n.(z) = Eidr] (f) for each ¢ > 0.

Note that

|hg;6($7lu,,a> - hz<x7/vl’7 CL)| S/' T]s($ - y)Wf(%Na@) - hg(xﬁjﬁa)ldy

R4

SK/ ne(z —y)|lx — yldy — 0, as e — 0,
Rd

uniformly on (z, i, a) € RYx Py(RY) x A, and K is the constant in the Assumption (A1), thus

W — || o maspsmayxa) — 0 as € — 0. Note that |h7 (x, 1, a) —h7 (2, 1/, a)| < K[|z — /| +
i i l1C( Pa(R)x A) ¢ v
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W (p, 1)) (or K[|z —2'|[+ Wi (u, 1')] under Assumption (A1*)). (Qksendal & Oksendal, 2003,
Lemma 4.3.1) implies that each 1 ,; may be approximated in L?(Q2°, .7-"8__1,1?0) by functions

in the following set
0 0 ) .7 oo (mdxld) . :
{g (Wﬁ’ . Wtj) 1t €100,t24],9 € Cf (R ) , i.e., smooth functions with compact support} )
I

In addition, each 1, , ;) can be increasingly approximated by compactly-supported non-
negative functions ¢; € C ((¢;—1,T];R) in L*([0,T7],B([0,T7]),ds). To sum up, f can be

approximated in £2 (C' (R* x P3(R?) x A)) by the following random fields:
l lJ . .
fN (Wfl/\lh SR Wt_N/\t; t,x, s a) = Z Z gi <thl/\tj—1’ SR thN/\tj—l) hi(% 22 a)gpj(t),
j=1 i=1

where 0 = fp < f; < ... < ty_; < ty = T, the functions g/ have compact support, and

the functions hf are Lipschitz continuous with respect to  and p, with Lipschitz constant K.

Now we consider the case for t — f(wt,-,-,-) € C(R? x Py(R?) x A) not necessarily
continuous. We define the continuous approximation £" : (QO x [0, T], Prog(F°),P' ® ds) —

C(RY x Py(R?) x A) by

(W0, t) = /Ot Vn(s — 1) f(W°, s, -, -)ds,

where 1, (s) = ni(ns), and 1(s) is any nonnegative bounded continuous function on R
with support in [—1,0] and such that [, (s)ds = 1. We now show that for P%-a.s. w®

t — £"(w° 1) is continuous. We have

|’§n(wo7 t+h)— 5”(@107 75)||C(Rdx7>2(Rd)><A)

C(RAxP2(R4)x A)

t+h t
= / wn(s—(t+h))f(w0,s,-,-,~)ds—/wn(s—t)f(wo,s,-,~,-)ds
0 0

IN

[ [onts = (¢4 1) = (s = 0] £ )

0

C(RAxP(R4)x A)

+

Y

C(RIxPa(Re)x A)

t+h
/t s — (E+ W) F(0, 5, )ds

197



the second term goes to zero by dominated convergence theorem. For the first term, we have

H /Ot [¢n(s —(t+h)) — Pu(s — t)]ﬂwo, 5o

C(RIxPy(RI)x A)

t t
S\//O I%(S—(t+h))—¢n(8—t)|2d8\//0 LF( 85w M gasep ety )48

—0, as h — 0 by dominated convergence theorem.

By (Hytonen et al., 2016, Proposition 1.2.32), for P%-a.s. w?, fOT 16 (w?, 8)— f (W, 8)||C(Rdx7>2(Rd)xA)d s —

0 asn — oo. By the dominated convergence theorem, E fOT 1€ (W0, 8)—f (WP, 5) ds —

e (Réx Py (RY) x A)
0. Note that from our assumption, for all ¢ € [0, 7], (w°,s) € Q°x [0,1], f(w", s) can be writ-
ten as the pointwise limit of simple functions of the form Zle 14,(s)1p, (W), A; € B([0,1]),
B; € F?, h;y € C(R? x Py(R?) x A). Hence for each fixed t € [0,T], £" can be written as the

pointwise limit of functions of the form

k t
Z]lBi(wo) [/ 1/}n<5 _t)]lAz(S>dS] hi,
i=1 0
which is still of the form in (5.3.1). 0

We now provide a proof of Lemma 5.1.4.

Proof of Lemma 5.1.4. Asin the proof of Lemma 5.1.6 in Appendix 5.3, for any o € A;, there
exists a sequence of progressively measurable, continuous £" : (Qx [t, T], Prog(F°), P®@ds) —
A such that EJ ftT 1€" — af’|FY] — 0 as n — oo. Therefore, it is without loss of generality
that we assume that for P-a.s. (w% w!') € Q0 x Q1 [t,T] 5 s — a,(w®,w') is continuous. We

consider approximation of the form

n—1
(W’ wh) = (W’ wh) L (s) + Zati(wo,wl)]l(tmm](s)
i=0

where t =: ty < ... < t,.; < t, := T. Note that for all (s,u° w'), a"(s,w? w!) —

a(s,w® w!) due to the continuity, as max;—q__,_1 |tix1 — t;| — 0. For each ¢;, ay, (w®,w') =

-----

ay, (w® ®; w®,wh), hence ay, can be interpreted as (2° x Q° x QL F? @ F¥ @ F') — A.
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Therefore, each oy, (w®, w!) can be approximated by function of the form

Za Ly (W) ()i (W), af € A, A € F, B € FotChe

Note that this approximation is also pointwise. Hence, a™ can be approximated by functions

of the form
no n—1 n;

" (s, w°, w') = Zagn VoWl (s) + ZZa;»]lA;(wO)]lB;(wo)]lcjz;(wl)]l(ti,tiﬂ](s).
7=1 =0 j=1

Rearranging gives the representation

no

" (s, wh) = Z a?]lAg (WO)]ICQ (Wl)]l{t}(s)

j=1

Nn—1 n—1
F 3 3 g g ) S, ey )

Jn—1=1 Jo=1

ejit
Moreover, because of the pointwise approximation, and the fact that A is a compact subset

of the Euclidean space, by the dominated convergence theorem for conditional expectation,

we conclude that

E

T
[ 1omswtoh) - a(s,wo,w1>|2]f£] -0
¢
which leads to our desired conclusion. ]
Recall the measurable selection theorem in Wagner (1977):

Theorem 5.3.1. Let (A, . #) be a measurable space equipped with a nonnegative measure fi,
and let (O,B(0O)) be a Polish space. Suppose F is a set-valued function from A to B(QO)

satisfying the following:
(1). for p-a.s. X € A, F(\) is a closed nonempty subset of O,
(2). for any open set O C O, {\: F(A\)NO # ¢} € M.

Then there exists a measurable function f : (A, #) — (O,B(O)) such that for p-a.s. A € A,
fA) € F(A).
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Note that the above sets are non-empty due to the compactness of J in (Py(R%), W)
and upper-semicontinuouity of the concerned functions in (P(R?), W;). By invoking the
regularity conditions for the concerned functions, we can apply the measurable selection

theorem.

Lemma 5.3.2. Let t >0, p > 1, let p : (Q°, F2,P%) — (P,(R?), B(P,(R%))) be a random
variable, where B(P,(R?)) is the Borel o-algebra of Pp(RY), and [y [ |z]Pp(w®, dz)dP?(w°) <

co. Then there exists a & € LP(Q, Fy, P) such that L(£(wP,)) = p(w°) for P'-a.s. .

Proof. 1t is without loss of generality that we may assume p : (Q°, F2,P%) —

(P,(10,1]), B(P,([0,1]))), as R? is a Borel space. We claim that Va € [0,1],
w? = p(W°, [0, a)) (5.3.2)

is measurable. Define the map ¢, : P,(R?Y) — R, ¢o(1) := p([0,a]). This map is upper
semi-continuous since if y1,, — p in W, then p,, converges weakly p, thus lim sup p,,([0, a]) <
w1([0,a)), i.e., limsup @q(fin) < ¢q(p). Therefore ¢, is measurable, and the mapping in (5.3.2)

is simply w® — @, (p(w?)) is therefore measurable. Define
fWt) :==sup{a € [0,1] : ww?[0,a]) <t}, w®e€Q’teclo1].

f is product measurable on Q° x [0, 1], since the set {(w°, t); p(w?,[0,a]) < t} is measurable
for each a, and the supremum could be restricted to rational a. Let U € Lp(Ql,Q,I@l),

U ~ U(0,1), the uniform distribution on [0, 1], then
PHf(W',U) < a} = PHU < p(w”, [0, a])} = p(w’, [0,d]),
so f(w® U) has distribution u(w’,-). Moreover,

EYR! £(, U (")) = /(20/|x|pu(w0,dx)dIP’0(w0) < .
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5.3.1 Conditional Law Invariance
The below proof is inspired by (Cosso et al., 2023, Appendix B). First of all we recall the

definition of probability kernel.

Definition 5.3.3. (Probability kernel). Given two measurable spaces (S,S) and (T,T),
a mapping 11 S x T — Ry is called a (probability) kernel from S to T if the function

usB = (s, B) is S-measurable in s € S for fited B € T and a (probability) measure in
B €T for fizred s € S.

Before we proceed, we recall the readers the notion of conditional independence. Consider
sub o-algebras Fi, Fa, G C F. We say that F; and JF, are conditional independent given G
if

]P)(Bl N Bglg) = P<B1|Q)P(B2|g) a.s., Bl S .Fl, BQ S fg.

We denote the above by F; 1l g Fo. This notation is generalised to the case of random

variable by considering their induced o-algebras.

Theorem 5.3.4. Fiz a probability space (2, F,P), measurable spaces (K,K), (S,S) and a
Borel space (T,B(T)). Define the random variables:
¢:(QFP)— (K,K),
£,€:(Q,F,P) = (S,8),
n:(Q,F,P) = (T, B(T)).

Assume that

(1). For P-a.s. w, VB € S, P(¢ € B|¢) = P(€ € B|(),

(2). there exists a random variable @ such that § 1 €, & and for P-a.s. w, L(A]¢) = U(0, 1),

where U(0,1) is the law of a Uniform(0,1) distribution.
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Then, there exists a measurable mapping f : K x S x [0,1] = T such that if 1 := f(C, £, 9),

then for P a.s. w,
Elg(€,7)|¢](w) = E[g(€,n)|¢](w), for any bounded measurable g : S x T — R.

Proof. By (Kallenberg, 2006, Theorem 6.3), there exists a probability kernel p from K xS —

T satistying for P-a.s. w, VB € B(T),

(¢, &, B) =Pl € B|¢,&].

By (Kallenberg, 2006, Lemma 3.22), we choose a measurable function f : K x S x[0,1] = T
such that when given (, f(k,s,#) has the distribution u(k,s,-) for every (k,s) € K x S.

Define 7 := (¢, €,0). We have P-a.s. w for all bounded measurable g,

Elg(&,)c] =E|9(€, /(¢ € 0))|¢]
(d

:]E (& £(¢,€,0))[¢] (due to (i) and (ii))
—E|E [@f@femaﬂ@

=E [E[9(¢, )¢, €] I¢]

=E[g(& n)I¢].

We introduce the setting for the next theorem. Let ¢ € [0, 7] and
Q=0,7T1x9Q, F=B(0,T)@Fe0F'®G, P=Xugn®P,

with A7y being the uniform distribution on ([0, 7], B([0,T1])). Let Prog((F° v F)) denote
the progressive o-algebra w.r.t. FOV FY and ¢ : (L, F) — (Q°,F?) be the following

projection map,

C(s,w” wh) =W, (5.3.3)



Theorem 5.3.5. Let (A1) hold. Let o € Ay, £ € L*((Q, F,P); RY). Suppose that there
exists an Fi-measurable random variable Ue, Ue 1L: € and for P-a.s. w, L(U¢|¢) = U(0,1).
Then, there exists a function b : [0, T] x Q° x Q' x RY x [0, 1] — A, measurable with respect to
Prog((FOVE'™)) @ B(R?) @ B([0, 1)) such that (bs(€, Ue))sepory is F-progressively measurable,

and

£<€7 (bs(£> Uf))sG[O,T]a (WSO)SG[O,T]; (stt - Wt)sE[O,T})

¢

=L (57 (Oés)se[(LT], (WSO)SE[O,T]a (stt - Wt)se[o,T}> P-a.s..

¢
Proof. Consider the canonical extension of Ug, £ to Q, denoted by Ué, ¢ Let (E,&) be

the measurable space defined as E = [0,7] x Q° x Q! and & = Prog((F° v F4)). Let 7 :

(Q,F) = (E, &) be the following projection map, 7 : [0, 7] x Q0 x Q! x QF — [0, 7] x Q0 x O,

m(s,w’, & @) == (s5,W°, @

Define I' := (7,€). One readily verifies that when given ¢, UE is independent of I". T" takes
values in the measurable space (E, &), with E = [0, T] xQ°x Q' xR%, & = Prog((FOVF))®
B(RY). Working under the conditional expectation on F} is equivalent to conditioning on
the random variable (. From above Theorem 5.3.4, there exists a function a : Q° x [0, T] x
Q0 x Q' x R?x [0,1] — A, measurable with respect to the o-algebras F2® Prog((FOVEF¥))®

B(R?) @ B([0,1]), such that we have

E(F, (CLS(C, F,Uf))se[O,T]) ‘( = E(F, (015)56[071“]) ’( P—a.s.,

from which we deduce that

E(E? (as(<7 F7U£>>SG[O,T}> (WSO)SE[O,T]a (stt - Wt)sE[O,T]) '
¢

=L (37 (as)se[O,T]a (Wso)se[o,T], (stt - Wt)sE[O,T]) ‘ P-a.s..
¢

Now we define b: [0, 7] x Q° x Q! x R? x [0,1] — A by

0

b(s,w’,wh, z,u) = as(wo,wl)]l[o,t)(s) + as(prt, s, w? b, w) Ly,
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then (bs(&, Ue))sepo,r) is F'-progressively measurable, and

£(& (0u(6 UeDsciomy, (WD)ciom, (W~ Wt*dOvT])'g

=L <f> (as)SE[O,T}a (WSO)SE[O,T}a (stt - Wt)sE[O,T]) ‘ ]P)O‘a'-s--
¢

Lemma 5.3.6. Assume (Al) holds and let £ be Fi-measurable. Suppose that

= Zaﬂgo ) (wh),

where { BY X B} }i=1...n 1s a (disjoint) partition of Q°x Q. Then there exists an F;-measurable

random variable U, for P-a.s. w, L(0|() = U(0,1) and Us 1L &, where ( is defined in
(5.3.3).

Proof. Note that £ can also be written as

£=> Siw)leo(w
=1

=1l,...

partition of Q°. For each Z;, apply Lemma B.3 in Cosso et al. (2023), we get Uz, of uniform

distribution on [0, 1] and independent of Z;. Then

Ug—ZU_. )L oo (w°),

is F; measurable, having uniform distribution on [0, 1], and independent of &, when given

C. 0

Lemma 5.3.7. Assume (Al) and (A3) hold. If

L (fa (avs)sefo17s (Wso)se[o,:r] s (Weve — Wt)se[o,T]> ‘
¢

= 5(777 (58)5€[0,T]7 (WS)SE[O,T}7 (Ws\/t - Wt)se[O,T}) ‘ IPO—CL.S.,
¢

then

5((X§’§’a)se[t,T]»(as)se[o,T}a(Wso)se[oﬂ)' :E((Xﬁ’"’ﬂ)se[t,:r],(ﬁs)se[o,T],(Wf)se[o,TO' P’-a.s.

¢ ¢
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Proof. We establish this result by examining the finite-dimensional distributions. We ex-
tract a subsequence such that the Picard iteration sup,j. |X Wi Xt’g’a| — 0 P-a.s.
and sup, <<, | x(MbmP _ xtmB| Pa s By Lemma 5.1.6, for b, o, there exists b, o such
that " is of the form b)Y (W) ..., W xps @, pt,a) (and similarly for o), and b — 0 as

N — oo (and similarly for o¢).

Let h be an arbitrary bounded continuous function (it is without loss of generality by trun-

cation and mollification argument). For ky,...,k, € [t,T], ¢ € N, we have

B[RS g, W X, W)

:E[h(§+/tklb 0, 8o, ) dr+/

kq kq kq
£+/ b 0 507051" d?"—i—/ UT 0 607047“ dW _'_/ 079(0760704T)dW79,04kq,W/?q>!C}
' k1 N k1 t
zl%E[h(u/t b (0, 50,ozr)dr+/

kq kq
€+ / bN 0 507Oé7~ d?” + / O' 0 50,0{7“ dW + / O-S;N(O750’Oér)dWT0’akq’Wl?q) ‘g]
. t

k1 k1
a-(0, b, ;) dW, +/ JS(O,éo,ar)de,akl,W,gl,...,
t

k1
o (0, 6, . )dW, +/ oM (0, 8, o) AW, ey, WP
t

k1 k1 k1
—tinE[n(n+ [ 07000 [ 0000 A+ [ 0RO 80 B, B W
t

kg kq
n+/ b (0, 60, B, dr+/ (0, 8, 5,)dW, +/ 025N(o,50,5r)dwf,ﬁkq,w,§q>}g} (by our assur
t

:E[h<n—|—/tkl (0, o, Br) dr+/k1

kq kq kq
n+/ (0,60, 5, dr—l—/ 00(0, 80, B)dW, +/ 0200, 0, B)AWY. 55, WY, ) |¢]
t t

k1
010,50, 8,)dW, + / 000, 80, B ) AW, By, WP ...
t

=E [h(XIS)J/’n”B? Bkl? ngla cey qu ,tJ?,,B’ ﬁkq’ WI&)‘C] )

hence

£<(X;§1)’t’£’a)ke[t,ﬂ, (an)wete., (WY, )ke[t,T]> - £<(X;§1)’t’"’ﬁ)ke +17, (Bk) ket (W]?>k:€[t,T]> P-a.s..
¢ ¢

Inductively, we have Vn € N,

E((Xign)’t’g’a)ke[t,ﬂa () ket (WIS)kE[t,T]) = ﬁ((ngn)’t’n’ﬁ)ke[t,T], (Br) kel 115 (Wig)ke[t,TO P-a.s..
¢ ¢
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Finally, let A be an arbitrary bounded continuous function,
BB Wi X1 e, WG]
=t E [ A(X W, X g, WE)IC
= B [ g W X, W]

=K [h(X,i’I”’ﬁ, ks s ngu o ,X,i’q”’ﬁ, Q,, WJSQ)K} .
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