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Abstract

High-dimensional datasets are present across scientific disciplines. In the analysis of such datasets,
dimensionality reduction methods which provide clear interpretations of their model parameters
are required. Principal components analysis (PCA) has long been a preferred method for linear
dimensionality reduction, but is not recommended for data lying on or near low-dimensional non-
linear manifolds. On the other hand, neural networks have been used for dimension reduction but
the associated model parameters have no clear interpretation. The main contribution of the current
work is the introduction of probabilistic piecewise PCA, an interpretable model for approximating
nonlinear manifolds embedded in high-dimensional space. Probabilistic piecewise PCA serves as
a bridge between linear PCA and highly nonlinear neural network approaches to dimensionality
reduction. Our model is an extension of probabilistic PCA and may be used when assuming any
member of the natural exponential family of distributions on the observations. The model is ex-
plicitly defined for Gaussian and Poisson distributions, and posterior distributions for prediction
and sampling are computed. A full comparative study of probabilistic piecewise PCA and existing

dimensionality reduction methods is presented with a real-world bibliometric dataset.
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Introduction

High dimensional data are frequently encountered across scientific disciplines. In many data anal-
ysis settings, the goal is to extract information about the structure underlying the data. When the
data lie on or near lower-dimensional manifolds, dimensionality reduction schemes may be used to
map the data to a dimension of more manageable dimensionality for further analysis or visualiza-
tion. In such cases, we say that there are ‘latent’ variables in a lower-dimensional space which can
adequately explain the observations. A wide suite of techniques to achieve dimensionality reduc-
tion has emerged since the introduction of principal components analysis (PCA), a method which
uses a single linear mapping to reduce dimensions. The linear mapping in PCA is defined as the
projection onto the first few eigenvectors corresponding to the largest eigenvalues of the covari-
ance matrix of the observed data. PCA has been extended by introducing probability distributions
on the data and on its lower-dimensional representation. Within this probabilistic framework, the
PCA model becomes generative: new points may be generated in either the original data space or
the latent space by sampling from the appropriate distribution. Reciprocally, probabilistic models
provide a way of determining how well new data fit into the initial dataset. Since the latent vari-
ables are not observed, PCA and its variants belong to the class of ‘unsupervised’ machine learning
models.

In this work, we consider the problem of extending the probabilistic PCA model to nonlin-
ear datasets in a piecewise manner. Until now, data lying on nonlinear manifolds embedded in
high-dimensional space have required the use of either kernel methods or autoencoders for di-
mensionality reduction. In the case of kernel methods, expert knowledge is required to design
the particular kernel which then defines the kernel covariance matrix to be diagonalized. Further-
more, kernel methods require the projection of the data into a possibly infinite dimensional Hilbert
space before a finite subset is selected for the lower-dimensional representation. In the case of

autoencoders, which are neural networks with a dimension-reducing architecture, the dimension



reduction model is highly overparametrized to provide maximum flexibility. Despite their flexibil-
ity, autoencoders are prone to overfitting - the resulting model does not always generalize well to
new datasets. In addition, the parameters in the autoencoder model have no interpretation in terms
of their contribution to the model. Two autoencoder models may be fitted to the same dataset with
the same architecture and result in similar latent space representations, but the two models may
have completely different parameters.

Our method for probabilistic piecewise PCA is guided by the linearity of classical PCA with
the addition of probability assumptions on the data. In a high-dimensional observation space, we
assume the data have a unimodal probability distribution across a lower-dimensional nonlinear
manifold. We further assume that the data manifold may be well approximated by a collection of
hyperplanes. In the simplest case, imagine a hinge embedded in three dimensions and suppose that
we are given observations distributed across the surface of the hinge. The goal in this example
is to ‘flatten’ the hinge while respecting the distribution across its surface. Classical PCA will
lead to distortions in the latent space since it can only fit a single hyperplane to the data. Kernel
PCA built on Gaussian kernels will similarly lead to distortions in latent space, as the Euclidean
distance used in the Gaussian kernel would incorrectly group points which are close to the apex of
the hinge but on separate sides. Autoencoders could fit the data perfectly, but the resulting latent
representation and the model parameters have no real physical interpretation. Our method provides
a solution to this problem by first finding a series of hyperplanes which can approximate the data.
We then use the basis vectors for these hyperplanes to find optimal affine mappings to the latent
space while respecting the relative ordering of the hyperplanes. A full probability model is applied
to our method to map the unimodal distribution of the observations to the latent space. We have
computed the probability models for both multivariate Gaussian and Poisson distributions, and lay
the groundwork for further extensions to the general natural exponential family of distributions.
The main benefits of our approach are that the model parameters are fully interpretable and that

the model itself is generative.



Overview

The theoretical background prerequisites for this work are found in Chapter[0} wherein we collect
basic definitions and general results from probability and measure theory, statistical learning, and
optimization theory.

Bayesian inference is used extensively throughout this work in fitting parameters for various
probabilistic models. Therefore, a brief introduction to the principles behind Bayesian inference,
the general Expectation-Maximization (EM) algorithm, and variational inference are presented in
Chapter ]

We then proceed to Chapter 2} which provides a detailed look at the current methods available
for dimensionality reduction. Two equivalent formulations of PCA are presented from the literature
and related to the later probabilistic PCA. In addition, probabilistic PCA with the added assump-
tion of Poisson distributions on the observations is presented and compared to PCA. Kernel PCA is
also introduced and contrasted with standard affine PCA methods. Finally, this chapter introduces
the structure of feedforward neural networks and the architecture of dimension-reducing autoen-
coders. Variational autoencoders are presented as the probabilistic extension of autoencoders and
are related to probabilistic PCA.

Probabilistic piecewise PCA is defined in Chapter[3] After establishing the model assumptions
and probabilistic framework, we discuss the options for maximizing the associated likelihood func-
tion. A variational approach is taken for model inference, where the log-likelihood function of the
model is approximated through its variational lower bound. Positions in the latent space are esti-
mated by their variational counterparts and resulting latent spaces are shown for synthetic datasets.
Similarly to classical PCA, we calculate the proportion of the sample variance explainable by
each of the latent dimensions produced by the piecewise PCA model. Though the main focus of
Chapter [3|is on model inference, posterior distributions are provided for sampling and prediction.
Finally, a criterion is established for estimating the unknown dimensionality of the latent space

based on the log-likelihood of the piecewise PCA model.



Chapter 4] presents a comparison of dimension reduction methods applied to bibliometric data.
Such datasets are records of the citation and publication trends of scholars across scientific disci-
plines. In our study, we consider the problem of summarizing several bibliometric variables into
a two-dimensional scholarly profile for scholars affiliated with children’s hospital research insti-
tutes across Canada. This chapter features the novel application of our probabilistic piecewise
PCA model to a real dataset. For comparison, linear PCA models, kernel PCA, and autoencoders
are also fitted to the bibliometrics data. When possible, the influence of each bibliometric vari-
able on the resulting latent dimensions and the proportion of sample variance accounted for by
the model are computed for each of these models. For the generative models, predictions are also
generated from latent points sampled from the simulated posterior distributions. The resulting la-
tent spaces and predictions are graphically compared between all models. From the results in this
chapter, piecewise PCA is shown to outperform all other models both in terms of the proportion of

explained sample variance and in the accuracy of its predictions.

Data Sources

The dataset used in the bibliometric study in Chapter 4] was downloaded using the Scopus API be-
tween December 14, 2021 and Janurary 11, 2022 via http://api.elsevier.com.ezproxy.lib.ucalgary.ca
and http://www-scopus-com.ezproxy.lib.ucalgary.ca.

The bibliometric study was completed in support of the University of Calgary’s 2022 Canada
First Research Excellence Fund (CFREF) application. All code and data files are available at

https://github.com/uniformlyMatt/compare-dim-reduction.

A Python implementation of probabilistic piecewise PCA can be found at

https://github.com/uniformlyMatt/piecewise-pca.


https://github.com/uniformlyMatt/compare-dim-reduction
https://github.com/uniformlyMatt/piecewise-pca

Novel Contributions

The unique contributions of this work are twofold. First, we establish probabilistic piecewise PCA.
To our knowledge, this is the first model that can achieve nonlinear dimension reduction by using
piecewise affine functions within a probabilistic framework. This method allows data analysts
to use familiar dimension reduction ideas with unimodal data distributed across the surface of
a manifold. Our method also comes with an estimated proportion of variance explained by the
model and an estimation of the dimensionality of the underlying latent space. The probabilistic
piecewise PCA model provides a bridge between the affine model of probabilistic PCA and the
highly nonlinear architecture of autoencoders, and may provide future insights to the interpretation
the latent spaces computed by autoencoders. Furthermore, the addition of affine pieces to our
model only linearly increases the number of model parameters.

Second, we present the first application of dimension reduction methods to bibliometric count
data. Previous attempts have been made at aggregating bibliometric variables into lower-dimensional
structures, but our application is the first that takes both discrete and continuous variables into ac-
count in the model. We also apply our novel piecewise PCA model to the real-world data and show

its superior performance when compared to existing methods.



Chapter 0

Preliminaries

0.1 Probability Theory

Throughout this work we will be studying possible outcomes of randomly observed natural phe-
nomena. The definitions in this section are from [7]. We will gather all possible observable out-
comes in a nonempty set Q and refer to this set as the sample space. A single point ® € Q will
be called a sample point. We will generally concern ourselves with computing the probability of
observing subsets of  and we will gather sets of @ € Q for which such probability statements
are valid into the o-algebra §, also known as the event space. Finally, we will equip (Q,F) with a

measure P such that P(Q) = 1 and define the probability space (Q,F, P).

Definition 0.1.1. A real-valued random variable (RV) is a function Y : Q — R such thatY "' (A) € §
forall A € B(R).

A k-dimensional random vector X is then similarly defined as a function X : Q — R¥ such that

Y~1(A) € F for all A € B(R¥).

We will take for granted the basic definitions of probability distribution, probability density

functions (pdfs), and independence as presented in [/]].

Definition 0.1.2. (Conditional probability) Let Y,W be random variables with pdfs py, pw, and

joint pdf pyw. The conditional pdf of Y given W = w is written as

prw(y,w)
_,(y) = ——"—. 0.1
pY|W— (y) W (W) ( )



Theorem 1. (Bayes’ Theorem)

Let Y, W be random variables with density functions py and pw. Then

Priw—w(y) =~ W'Y‘jj;)<%)p "), 02)

Remark. Except in cases where it may cause ambiguity, we will refer to the pdf of Y as p(y). We

will also often interchange the terms ‘probability density function” and ‘distribution’.

Definition 0.1.3. (Marginal pdf)
Let Y,W be random variables with joint probability density function p(y,w). The marginal pdfs of

Y and W are defined as

p(y,w)dw, (0.3)

p(y,w)dy. (0.4)

Definition 0.1.4. (Expected Value and Variance)

For a random variable Y with pdf p(y), the expected value or expectation of Y is defined as

E(Y)= / yp(y)dy, (0.5)
as long as the integral is well-defined.
The variance of Y is defined as
Var(Y) = E(Y —E(Y)? = [ (y=E(Y)Pp(s)dy. 06)

as long as E(Y?) < .



Definition 0.1.5. (Convex Function)

A function f : (a,b) — R is called convex if forall 0 < A < landa < x <y <b,

fAx+(1=A)y) SAf(x)+(1=A)f(v). (0.7)

Theorem 2. (Jensen’s Inequality) Let Y be a random variable with P(Y € (a,b)) = 1 for some

interval (a,b) C R, and let f : (a,b) — R be a convex function. Then

FE(Y)) <E[f(Y)], (0.8)

as long as E|Y| < e and E|f(Y)| < oo.

Definition 0.1.6. (Likelihood function)
Let Y = {Y,}i\; | be a set of N independent random variables, each with a one-parameter pdf
p(yi|6;). Collect all distribution parameters 6; into the parameter vector 6. We define the likeli-

hood function as the likelihood of observing the dataset Y given the parameter vector 0,

=

p(y16) =[] r0vil6)- (0.9)

i=1
Due to the properties of the logarithm, it is often more convenient to work with the log-likelihood
given by

N
logp(y|6) = ) log p(yi6:). (0.10)
i=1

The following theorem, proven in [9], will be useful when we discuss Expectation-Maximization

(EM) algorithms for computing principal components.



Theorem 3. Let Y,W be random variables with joint pdf p(y,w|0). Let q(w) be any distribution

over W. Then the log-likelihood has the decomposition

logp(y|6) = £(q,6) +KL(q||p),

where

£(q,0) := /q(W) log (M> dw,

g(w)

and

0.11)

(0.12)

(0.13)

Theorem 4. Let Y be a continuous random variable with pdf p(y). Suppose that q(y) is another

density function. In the decomposition (0.11)) from Theorem |3} KL(q||p) > 0, with equality if and

only if p=gq.

0.2 General Results

The following theorem is taken from [7], where its proof may be found.

Theorem 5. (Fubini Theorem)

Let (1,81, 1) and (Q3,F2, W) be o-finite measure spaces and let f be an integrable function on

the product space (1 X Q3,F1 X F2, U1 X Wp). Then:

[ rtonandx ) = [ | [ 7@ 09dua(@) dus(an)
~ [/ rt@r@am(on]| auatoy),

(0.14)



Definition 0.2.1. (Gradient Descent)
Let f be a differentiable function on R" with gradient V f, and let o0 > 0. The gradient descent

method for calculating the minima of f is defined by the iterative sequence

Xo, initial guess,

(0.15)
xj+1:xj—|—(fo(xj), Vj>1.
0.3 Special Functions
Definition 0.3.1. (Gamma Function)
For x € R, the gamma function is denoted by I'(-) and defined as:
['(x) = / rLexp(—1)dt. (0.16)
0

Definition 0.3.2. (Error Function and Complementary Error Function)

For x € R, the error function is denoted by erf(x) and defined as:

erf(x) \/_/ exp (——) dt. (0.17)

The complementary function is denoted by erfc (x) and defined as:

erfc(x) =1 —erf(x) \/_/ exp (——) dt. (0.18)

10



0.4 Kernel Theory

Definition 0.4.1. (Kernel Function)
A kernel k is a function k : Q x Q — R. For a finite set {x;}" | C Q, we associate to the kernel its

kernel matrix K = [k(x;,x;)];; € R™™.

Definition 0.4.2. (Positive Definite Matrix)
Let g € R. A symmetric matrix A € R9*9 is called positive definite if, for any non-zero vector
x € RY,

T Ax > 0. (0.19)

Remark. In some texts, positive definiteness requires that the quadratic form x” Ax be strictly

greater than zero. In this work, it makes no substantial difference.

Definition 0.4.3. (Positive Definite Symmetric Kernel)
A kernel is positive definite symmetric (PDS) if, for any finite set {x;}" | C Q, the associated kernel

matrix K is symmetric positive definite.

Definition 0.4.4. (Reproducing Kernel Hilbert Space)
A Hilbert space H has the reproducing property if all evaluation functionals in H are bounded and

linear:

The next theorem is proven in [68].

11



Theorem 6. (Representer Theorem)
Let X be a non-empty set. For every PSD kernel k : X X X — R there exists a reproducing kernel

Hilbert space H and a mapping ® : X — H such that

k(x,y) = (@(x),®(y)), forallx,y€X. (0.20)

0.5 The Natural Exponential Family of Distributions

Since this project is partially motivated by the analysis of count data, we will introduce appropriate
probability distributions for discrete count data. Throughout this work, we will concern ourselves
mainly with distributions from the Natural Exponential Family (NEF). The following definitions

and theorems are from [21]].

Definition 0.5.1. (One-parameter natural exponential family)
LetY ={Y1,...,Yn} C R? be random variables distributed according to p;, where A € L C R. If

we can write the pdf p; in the canonical form

FOIA) = h(y)exp (AT (y) = w(R)), (0.21)

with T (y), y(A) real-valued, h(y) > 0, and

Ael = {l cexp(y(d)) = /Rdh(y)exp (AT (y))dy < 00}, (0.22)

then we say that the family of distributions {p,,A € L} belongs to the one-parameter natural

exponential family (NEF).

12



Definition 0.5.2. (Canonical Link Function)
For one-parameter NEF distributions of the form (0.21)), the canonical link function g is defined as

the function such that

g(¥'(A) = 4. (0.23)

Theorem 7. Let A € £ as in (0.22). Then the maximum likelihood estimate of T(Y) is given by
v/ (). That is,
Ey(T(Y))=y'(4). (0.24)

0.5.1 Gaussian Distributions in Canonical Form

Several frequently encountered distributions are included in the one-parameter NEF. For example,
the pdf for a Gaussian distributed random variable with known variance 62 and single parameter

U is often written as

1 1
i) = ——exp (—272@— u)2> . 025)

In the literature, the terms Gaussian and ‘normal’ are used interchangeably. In this work, we
will use the name Gaussian, and will denote the Gaussian distribution with mean pt and variance o2
by N(u,0?). In higher dimensions, the Gaussian distribution with mean vector g and covariance

matrix X will be written as N(u,X).

We can rearrange the terms in (0.25) to see the Gaussian distribution in its canonical form.

X2 X 2
i) = ——exp (—272) exp (u; - 2“—62) —hWexp(UT() — (), (0.26)

13



where we denote

h(x) = (2m) " 2exp (—x%/267),
T(x) = x/c?, and

02
v(u) = 262 0.27)

In this case, £ = R. By Definition the canonical link function for the univariate Gaussian is
given by

gy (1) =t = g(t)=c’. (0.28)

The multidimensional Gaussian distribution with known covariance matrix X can also be writ-

ten as a one-parameter NEF. Let X be a p-dimensional Gaussian random variable and denote its

mean vector as i. To write this distribution in the NEF canonical form, we will consider the entire

mean vector as a ‘single’ parameter. Then,

o) = ) S Fenp (<3 )2 )
= (2%)*% |Z|_% exp (—%xTZ_lx) exp <xTZ_1[,L — %uﬁl‘ﬁ;)
= h(x)exp (T (x) - 1 —w(n)), (0.29)

where we have denoted

1
h(x) = (2m) 2 [Z] Zexp <—§xTz—1x) ,

T(x)=x"27! and

1

y(u) ="z u. (0.30)

The canonical link function for the multivariate Gaussian with known covariance matrix X is given
by

gy (1) =1 = g(1) =27 (0.31)
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Remark. For a p-dimensional Gaussian distribution with isotropic covariance matrix 621, the NEF

canonical form can be written as

h(x)exp (T (x)-p —y(1)),

where

_ b
Y(H) =551 M, and

g(n) =o’p.

0.5.2 Poisson Distributions in Canonical Form

Similarly, the pdf for the Poisson distribution with single parameter A is often written as
1 X
Fxl) = < Arexp(-2).
This pdf can be rewritten in the form (0.21]) with the canonical parameter 1 = logA.

F(x12) = ~rexp(xlogA — &) = h(x)exp (1T (x) — w(m)) = F(x|n),

where
1
h(x) = E’
T(x) =x, and

v(n)=exp(n).

The canonical link function for the univariate Poisson distribution is given by:

g(y'(t)) =t = g(r) =logt.

(0.32)

(0.33)

(0.34)

(0.35)

(0.36)

(0.37)

Remark. In this work, we will often write the Poisson distribution with canonical parameter 1 in

the notational shorthand P(exp (1)).
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Many versions of the multidimensional Poisson distribution exist [41]. For a finite set of RVs
{Y,}i\; |» the simplest, most convenient formulation of a multivariate Poisson distribution would
be to consider each independent RV as a univariate Poisson distribution with canonical parameter
A; and with no correlation structure between variables. This multivariate Poisson distribution with
independent marginal Poisson distributions was proven to be the limit of multivariate binomial dis-
tributions in [45]]. For the present work, we adopt this simplified multivariate Poisson distribution,
noting that we cannot capture correlations between variables with such a model.

Let Y € R? be a random vector with independent marginal Poisson distributions. That is, for

every component Y; of ¥,

p(yj) = h(yj)exp (yinj —exp (1)), (0.38)

where A; = exp (n j) is the canonical parameter. Then, the canonical form of the density function

for the random vector ¥ with independent components Y; is given by

1=

r)=1]1r0))

~.
I
—_

h(yj)exp (vjn;—exp (n;))

I
1=

~.
I
—_

N
=exp | log [H h(y;)exp (ymj — €Xp (m))] )

j=1

14
= exp Z logh(yj) +Yyjn;j —exp (nj))
j=1

= exp ilog (%)) exp (iymj Xp ”J))

—exp | — Z Z logk> exp (yTn ~Yex (m))

j=lk= j=1

= H(y)exp (y'n —¥(n)), (0.39)
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where

p Y
H(y) =exp (— Z Z logk>
j=1k=2
n= [Uh---ﬂ?j;---ﬂlp]T, and

p
w(n) =Y exp(n;). (0.40)
j=1
Now, since Vy(1) = [exp(11),...,exp(n,)]?, the canonical link function is given by:

g(Vy(t)) =7 = g(1) = [logty,...,logt,)" =logt. (0.41)
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Chapter 1

Bayesian Inference

1.1 Introduction

Given a probability model for an observed dataset, Bayesian Inference is a method used for the
estimation of the model parameters. The method is called ‘Bayesian’ since it prominently uses
Bayes’ Theorem (Theorem(I)). Problems in Bayesian Inference are generally posed with a complete
probability model for all of the variables involved in the problem. We will encounter cases where
the problem includes both observed and unobserved, or ‘latent’, variables. Throughout this work
we will adopt the Bayesian framework for probabilistic approaches to dimensionality reduction
problems. Parameters for the probabilistic models in this chapter are found by maximizing the
associated likelihood functions. When the direct maximization of a given likelihood function is
too difficult, the Expectation-Maximization (EM) algorithm is often used as an alternative. The

EM algorithm, which was shown to converge to local maxima in [22ﬂ is introduced in §

1.2 Latent Variable Models

We begin with two sample spaces Y C R” and W C R?. At present, we will not impose any
restrictions on the dimensions of the two respective spaces: p is not necessarily equal to g. We
assume a functional relationship between the two spaces such that for Y € Y, Y =Y(W). The
difference between these two spaces is that random variables Y € Y are observable, while variables
W € W are not. For this reason, W are called ‘latent’ variables. Our goal is to gain information
from the observations that we can use to describe the latent space.

We can put this more intuitively as follows: we are presented with a set of observations Y, but

!Further conditions for the convergence of the EM algorithm, such as when the prior distribution comes from the
NEEF distributions, were given in [84].
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we suspect that there is some unseen mechanism determining the distribution of Y. We give this
unseen set of variables a name, W, and hypothesize that they are distributed according to some
density function p(W). Since p(W) is assumed at the outset, we call it the prior distribution. Any
density function on the observations needs to take the prior distribution on the latent variables into
account. In probabilistic terms, the observations are conditioned on the latent variables. Therefore,
we define the data distribution as p(y|w, 6), where 0 are the unknown model parameters.

In order to find the model parameters, we need to take away the dependence of the observations
on the latent variables. We can do this using Definition [0.1.2] and the prior distribution to find the

marginal data distribution:

p(y|0) =/p(y,WIG)dW=/p(y|W79)p(W)dW- (1.1)

Now, we may optimize the likelihood of observing our dataset given the model parameters. That
18, we want to solve

0" = argmax p(y|0). (1.2)
0

Most often we are given a finite set of iid observed variables {¥;}¥Y . In this case, we associate
to each observation a latent variable W;. The independence of the observations means that the

likelihood function factors, and is given by

N
p(v16) =[] r(vil6). (1.3)

i=1

A simplification occurs by taking the logarithm to transform the product into a sum as in (0.10) in

Definition [0.1.6] We then have the log-likelihood function

N
logp(y|8) = ) log p(il6), (1.4)

i=1

where
p(:l6) = [ ploiwi0)dw. (15)
Whether we use (1.1)) or (1.5]) to solve the problem given by (1.2)), we are faced with the integratiorﬁ

of the joint distribution inside the logarithm.

When W are discrete random variables, the integral is replaced by a summation.
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Before we present a systematic way around this difficult integration via the EM algorithm in
§ we will briefly discuss the use of Bayesian methods for prediction. While it is not the focus
of our current work, prediction is one of the main advantages to the Bayesian perspective. Our
overall goal is to describe the latent space. So, we compute an expression for the distribution of the
latent variables conditioned on the observations and the model parameters using Bayes’ Theorem

(TheoremI)):

_ply,wl8)  p(w)p(ylw,8)
plwly.0) = p(¥16) — p(yle)

This distribution is called the posterior distribution, since it is calculated after both the model

(1.6)

parameters have been estimated and the marginal data distribution p(y|0) has been computed.
Once we have computed the marginal data distribution, estimated the model parameters, and
calculated the posterior distribution, our probabilistic model is now ‘generative’. That is, new
observations or latent points can be easily generated by sampling from the appropriate distribution.
We can then check the fit of the model by sampling from the posterior distribution and comparing

the result of p(y|w, ) to the observations using various statistics.

1.3 The Expectation-Maximization Algorithm

The Expectation-Maximization (EM) algorithm is a optimization technique for parametrized prob-
abilistic models, and was formalized in [22]. We present the EM algorithm in its general form, and
will show specific applications of the EM algorithm and its variational counterpart in Chapter 3]
Denote by Y the set of all observations and by W the set of all latent variables with associated
prior distribution g(w), where g(w) > 0 almost everywhere. Define the joint density function

p(y,w|0) with parameters 6. The log-likelihood of the dataset is given by

logp(y|0) = log (/p(»WI@)dW) (1.7)

Our goal is to find values of 6 that maximize this log-likelihood function. The EM algorithm is

applied to instances where it is easier to maximize the joint distribution log p(y,w|0) rather than
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the marginal distribution log p(y|6).

From Theorem |3| we have the decomposition of the log-likelithood

logp(y|0) = £(q,6) +KL(ql||p)

= E,(,log <%) — Ey () log (%) : (1.8)

where we have used the notation E, to indicate taking the expectation with respect to the dis-
tribution ¢g. When using the EM algorithm, we only deal directly with the term £(g,0). Since
KL(q||p) > 0 by Theorem 4, £(q,0) serves as a lower bound for the log-likelihood log p(y|0).
That is,

logp(y|6) > £(q,0). (1.9)

The EM algorithm is composed of two alternating iterative steps. In the expectation step (E-
step), we fix the model parameters 6; and maximize the lower bound £(g,0;) with respect to
the distribution ¢g. Given that KL(g||p) = 0 if and only if ¢ = p, it is clear that the lower bound
is maximized when ¢ = p. In the context of the decomposition (I.8]), this amounts to setting
g(w) = p(wly, 6;). The convenience in setting the posterior distribution to g(w) is fully realized by
Theorem |3} which states that the decomposition holds for any choice of prior distribution g.
We will take full advantage of this fact in § At present, we will set p(w|y, 8) = g(w) so that
log p(y|6;) = £(q, 0;), and the E-step is completed by simply evaluating the log-likelihood.

To recap, the E-step involves fixing the model parameters 6; and evaluating the log-likelihood
logp(y|6). In the subsequent maximization step (M-step), we update the model parameters by
maximizing the lower bound £ (g, 6;) with respect to 6; while keeping the distribution ¢ fixed. In
the case of the NEF distributions, the logarithm in £(g, 6 j) cancels the exponential function, which
leads to a much simpler optimization problem than that of maximizing log p(y,w|6;) [9].

Iterations of alternating E- and M- steps continue until a desired convergence criterion is
reached, either in terms of the log-likelihood or the parameter values themselves. In this work,

the EM algorithm continues until the absolute difference between the updated log-likelihood and
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its previous value drops below a prescribed tolerance € > 0. A complete view of the general EM

algorithm is shown in Algorithm

Data:
Observations Y;

Model parameters
Latent prior distribution g(w);

Convergence tolerance € > 0;
Result: 6°P;

Set |£(q,6°) — £(q,6™")| = 1;
while | £ (g, 0°4) — L£(q,0"")| > € do
eold « enew;
E-step:

‘ Evaluate £ (g, 8°9);
M-step:

‘ 6"Y + argmax goa £(g,0°9);

eold .

end
Qopt  Qnev.

Algorithm 1: The general EM algorithm.

1.3.1 Variational Approximation

The decomposition of the log-likelihood function using the marginal data distribution comes with
a particularly useful advantage. Recall that the decomposition (1.8)) holds for any choice of prior
distribution g. Now, in the E-step of the EM algorithm, we usually set g(w) = p(w|y, 0) so that
KL(q||p) = 0. This step may be seen as approximating the posterior distribution with the prior
distribution, which makes intuitive sense when we view KL(q||p) as a measure of the discrepancy
between the distributions g and p. Since the decomposition holds for any other choice of prior, we
introduce the approximate distribution p. The advantage of this choice becomes clear when we
choose p to be a distribution that easily factors.

Let p = ®§V: | Pi be a product distribution with marginal probability distributions p;. When this
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product distribution j is applied to the lower bound of the log-likelihood from (I.8]), we obtain:
~ i p(yw|6)
L(p,0 :/pw log(~— dw
(7.6) = [ ptwyiog (P22
N
~ i= s Wi ?]
= [ [1pi(wi)log <H }Vp(yf d )) dwi

i=1 pi(wi)

= /Hﬁi(wi) (Zlogp(yi,wi\e) —Zlogﬁi(wi)> dw;
= /Hﬁi(wi) (Zlogp(yi‘whe)‘i‘logp(wz') —10gﬁi(Wi)> dw;
(1.10)

Now, using Lemma[2 with the measurable function f := Y ;log p(yi|wi, 0) +log p(w;) —log p;(w;),

we get an approximation to the lower bound in the general form:
L(p,0) = /Hﬁi(wi) (Zlogp(yi\w,-, 0)+log p(w;) — logﬁi(wi)> dw;
i i
N
= Z /ﬁi(w,-) [logp(y,-|wi, 9) + lng(W,') — logﬁi(wi)] dW,'. (11 1)
i=1

Thus, by redefining the EM algorithm in terms of the easily factored product distribution p,
we end up with simpler terms to optimize. Since p is an approximation to the distribution inside
an integral, we say that it is a ‘variational’ approximation. Such variational approximations allow
us to maximize far simpler lower bounds for the log-likelihood, particularly when p; are chosen
as members of the NEF distributions. The associated variational lower bound (VLB) is used in
many modern probabilistic models, such as Poisson log-Normal principal components analysis
(PLNPCA) (see § and in the piecewise probabilistic principal components analysis model
defined in Chapter

23



Chapter 2

Dimension Reduction

2.1 Introduction

Data analysis is a wide-ranging collection of techniques for summarizing data and exploring the
relationships between random variables. In this work, we focus on the task of dimension reduction.
Datasets may contain either discrete or continuous variables and be either finite or infinite, but in
this work we will adopt the convention that datasets are finite sets composed of real-valued random
vectors living in some linear space R”. There is not a standard definition of ‘high’ dimensionality,
so we will adopt the convention that data has relatively high dimensionality when the number of
observed random variables exceeds four. High dimensional data is frequently encountered in many
modern applications, such as bibliometrics, ecology, and image processing.

Throughout this work, we will associate various multivariate probability distributions to the
data that we encounter. Probabilistic dimension reduction techniques are used to map high dimen-
sional datasets to lower dimensional spaces where probability distributions are assigned to both
spaces. In this section, we first present a problem that occurs when analysts attempt to describe
the spread of high dimensional data around the center of the distribution. We then introduce sev-
eral dimension reduction techniques, beginning with linear methods and progressing to nonlinear
methods such as autoencoders. Not all of the covered dimension reduction methods come with a
probabilistic perspective, which leads to disadvantages for some methods and advantages for oth-
ers. In the interest of brevity, a full study of the comparative performance of dimension reduction
methods in real-world applications is postponed until Chapter @l A summary table showing the
relative strengths and deficiencies of all of the considered techniques is presented in Table [2.2

When discussing the various models presented in this chapter, we will often refer to the inter-

pretability of the model parameters. Throughout this work, we will adopt the following definition
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of an ‘interpretable’ model:

A dimension reduction model is interpretable if the effect of each
model parameter on the input can be easily followed through the
model’s computations, and the corresponding model output may be

computed a priori.

With this definition in mind, it is immediately clear that linear and affine models are interpretable.
On the other hand, post-hoc explanations of model parameters do not constitute an interpretable

model within this context.

2.2 The Curse of High-dimensional Data

High dimensional datasets are attractive since they can richly describe a set of observations using
several variables. However, data residing in higher dimensional spaces displays some non-intuitive
behavior. As the number of dimensions increases, the amount of data needed to describe the joint
probability distribution of the high dimensional variables increases exponentially. In this section,
we will show an example of how high dimensionality leads to sparsely distributed points where we
might expect the opposite. The example in this section is adapted from [21].

Suppose that ¥ € R? is a random vector such that Y has independent uniform marginal distri-
butions in each of its p dimensions. That is, p(y;) = zi,, 1 < j < p. To illustrate the behavior of
this distribution in high dimensions, we will compute the probability of observing a point inside

the p-dimensional unit sphere given by |y|?> < 1 for various values of p.

The probability of a single point appearing inside the unit sphere is given by

1 1 P2
—dy= — | ——— 2.1
/y2s12” T (F(’%“))’ =y

where I'(+) is the gamma function (see Definition [0.3.1). As in [21], we present probabilities for
various values of p in Table where we also record the number of data points needed to observe

at least one point inside the unit p-sphere.
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Table 2.1: Probability of observing a random vector with uniform marginal distributions in the
p-dimensional sphere for exponentially increasing values of p. The column N is the number of
data points required to observe at least one point in the p-dimensional unit sphere.

p | PyP<T) N

0.785 1
4 0.308 3
8 0.016 63

16 | 3.59%x10°° 278,484
32 | 1.00x 10715 | 9.98 x 10!4
64 | 1.67x 1073 | 5.99 x 1038

This inconvenient phenomenon has been termed the ‘Curse of Dimensionality’. In order to
describe the central tendency of jointly distributed variables in high-dimensional space, we need
huge amounts of data as the number of dimensions increases. However, probabilistic dimension
reduction methods help to lessen this burden by imposing approximate probability distributions on

the observations.

2.3 Literature Review

Early attempts at reducing the dimensionality of complex datasets emerged out of the need to
analyze educational and psychological tests [39, 23| [/7]]. Principal Components Analysis (PCA)
was first proposed by Hotelling in [39] as a method for reducing the number of dimensions in a
given dataset using a system of linear equations. The main idea driving this method was to find
a ‘component’, or basis vector, that would explain as much of the sample variance as possible.
Successive components which explained as much of the remaining variance as possible were then
iteratively found. Eckart and Young [23] viewed the problem of dimension reduction from the
perspective of optimally approximating a matrix by another matrix of lesser rank. This work
is notable in that it used the singular value decomposition of the matrix to be approximated, a

method which would later become the standard. Tipping and Bishop [[75] introduced probabilistic
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PCA (pPCA) by assigning probability distributions to the dataset and to the lower-dimensional
points. This method treated the lower-dimensional mapped data points as latent variables [9, 27],
upon which the dataset was conditioned. Bayesian inference was then used to determine the model
parameters. Using a probability model in this way enlarged PCA into a ‘generative’ method -
new data points could be generated either in the original data space or in the lower-dimensional
latent space simply by sampling from the appropriate distribution. The method of pPCA was
shown to be equivalent to PCA when the model variance tended to zero. Unlike classical PCA, the
principal axes produced by pPCA were subject to an arbitrary orthogonal rotation. Probabilistic
PCA was recently extended to the natural exponential family (NEF) of distributions in [16, [17].
Since the method proposed by [16]] is explicitly defined for the Poisson distribution with log-
Normal canonical parameter, it has been called Poisson log-Normal PCA (PLNPCA).

Neural networks (NNs) are general nonlinear functions which can approximate any continuous
function [20, 38, 137]. These nonlinear functions are constructed from successive applications of
affine transformations which are separated by intermediate nonlinear ‘activation’ functions [6].
Though NNs are highly nonlinear through the application of their activation functions, they have
been shown to be locally piecewise linear [58]. An autoencoder is a combination of two NNs
that uses one NN (the encoder) to reduce the dimensionality of a dataset and another NN (the
decoder) to optimally reconstruct the data from its lower-dimensional representation [32]. Kingma
and Welling [46] introduced the Variational Autoencoder (VAE), a method for dimension reduction
which followed the probabilistic method of [[75] with the encoding section of an autoencoder acting
as the dimension reducing mapping.

Another related method for dimension reduction, called multi-dimensional scaling (MDS), was
introduced by Torgerson in [/7]. Instead of using the dataset itself, MDS uses the distances be-
tween data points in its formulation. Though this method differed from PCA, it later inspired the
so-called ‘kernel’ methods of dimension reduction, including kernel PCA. Modern formal treat-

ments of classical PCA, pPCA, and MDS can be found in [52]], [43], and [9]. Kernel PCA was

27



introduced in [68]]. This method was presented as a nonlinear dimension reduction technique that
used a bivariate nonlinear ‘kernel” function to implicitly compute the mapping to the lower dimen-
sional space. The method involved diagonalizing the ‘kernel matrix’ of pairwise distances between
data points, where the pairwise distances were computed using the kernel function. While kernel
PCA was nonlinear and used PCA in the diagonalization procedure, it differed from classical PCA
in that the diagonalization occurred in a possibly infinite dimensional Hilbert space [67]. Further
nonlinear dimension reduction techniques that diagonalized the matrix of pairwise distances be-
tween data points were ISOMAP [74]], Laplacian Eigenmaps (LE) [8]], and Diffusion Maps (DM)
[19]. A novel nonlinear method for dimension reduction that aimed to preserve the distance be-
tween the mapped coordinates of the data, called Locally Linear Embedding (LLE) was proposed
in [64]. Though these nonlinear methods differed in their approach to the dimension reduction
problem, they were all shown to be variants of kernel PCA with a specially chosen kernel function
in [33]]. Diffusion Maps were shown to be both equivalent to kernel PCA and to Markov chains in
the original work [[19]. All of these methods used the ‘manifold hypothesis’, the assumption that
data points lie on low-dimensional manifolds [78]] embedded in high-dimensional real space [32].

A comprehensive comparison of the use of classical PCA, kernel methods, and autoencoders
on synthetic data is found in [[79]. More recent surveys of dimensionality reduction which include
variational autoencoders can be found in [5, [28]]. Classical PCA and nonlinear kernel methods are
implemented using the Python programming language in [59].

Table 2.2: Summary table of the relative advantages and disadvantages of the main dimension
reduction models considered in this chapter.

Technique | Linear | Nonlinear | Generative | Interpretable
PCA Yes No No Yes

pPCA Yes No Yes Yes

kPCA No Yes No Implicit mapping
PLNPCA Yes No Yes Yes

VAE No Yes Yes No
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2.4 Principal Components Analysis

Let {¥;}Y | C R” be a collection of random variables. The goal of Principal Components Analysis
(PCA) is to find the best possible linear mapping from R?” to a lower dimensional space, say RY,
where g < p. Of course, we need to specify exactly what we mean by ‘best possible’ mapping.
The two main mathematical formulations of PCA address two different criteria for selecting the
optimal mapping between spaces. However, both formulations lead to the exact same technique. In
both cases, the optimal linear mapping from p to g dimensions is given by a projection of the data
onto the eigenvectors corresponding to the g largest eigenvectors of the data covariance matrix.
These eigenvectors are often called the ‘principal’ eigenvectors. The details for both formulations

of PCA are from [9].

2.4.1 Minimum Error Formulation of PCA

Suppose g < p € R, and let U := {u; }?:1 C R? be an orthonormal basis of R”. Since these vectors

form an orthonormal basis, we can express any point in our dataset in a basis expansion:

)4
Z uj yi)u (2.2)

PCA can be described as the process by which we search for ¢ basis vectors that optimally preserve
the squared distances between data points and their ‘reconstructions’. WLOG, suppose that we
choose the first g vectors from U as our mapping to RY. We then approximate points in our dataset

as:

Zaljuj+ Z ﬁjuj yi“"ii- (2.3)
Jj=q+1

The first term in (2.3) gives the approximation of y; in R?, while the second term serves as a
measure of the approximation error. Note that the constants in the second term are the same for
every data point. We want the basis vectors {u j};]':l to work for every point in the dataset, so we
will minimize the squared deviation between points and their approximations averaged over the

dataset. Together with the orthonormality conditions on the basis vectors u;, we now have the

29



constrained optimization problem:

min —Z||y, 9ill3 (2.4)
Gij,Pj,uj LY 11
S.t.

ujug = 8jg. (2.5)

The associated Lagrangian for this problem is given by:

1Y . i
i=1 j=1
1 ¥ d ’ T
Nk Z oijuj — Z Bus| — Y 40lu-1). @6
where &; = [ 1,...,Q 4" and B = [By41,...,Bp)T are the respective coefficients from the ap-

proximation in (2.3)).
First, taking the derivative of (2.6) with respect to ¢;; and utilizing the orthogonality of the u;
gives:
JdL 2

Setting this to zero gives the optimal approximation coefficients:

Oij = yl-Tuj. (2-8)
Next, we minimize L with respect to f;:
oL 1 ¥
— =—Y' [—2yTu;+2B;]. (2.9)
aB] N z—Zl [ 1] J]
Then, the optimal coefficients 3 j are:
1 i -
= Vil
N =
=5 uj, (2.10)

where y is the sample mean.
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We are finally ready to minimize (2.6) with respect to the vectors u;. We will first substitute

the optimal values of ¢;; and J3; to obtain the modified Lagrangian:

N q p P
Uuj Aj) = Z Z v ”J Z " M] Z (u] u]—l (2.11)
i=1 j=1 J=q+1 j=1
Substituting the basis expansion (2.2)) gives:
L ¢ T T ’ T
) =5 2N X Odwg)uy— (7)) || =} Aj(uju;—1)
i=1||j=q+1 ) J=l

1Y & T P T
=Xl X [0=9"w] | - X - 1)
i=1||j=q+1 s J=1
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i=1]jk j=1
1 ¥ r p .
ZNZ [MJ (i —3) (i =) uk} Sk Zl](u]uj—l)
i=1 [ jk j=1
P 14
= Y wSuj— Y Ajuju; = 1), (2.12)
J=q+1 =1

where § is the sample covariance matrix. Now we take the derivative with respect to u;:

o/l

a—ujzzsuj—zxjuj. (2.13)

Setting this to zero gives the solution:
Suj:ljuj. (214)

In other words, choosing eigenvectors of the sample covariance matrix as our basis vectors will
minimize the approximation error in (2.4)). Consider again the approximation error:
. T
yi= ), (u)u; (2.15)

Jj=q+1
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This quantity is minimized when the u; are chosen to be the eigenvectors that correspond to the

p — q smallest eigenvalues of S. Thus, the vectors u; used in the approximation expansion

q
$i = Z yiuj)u (2.16)

should be the eigenvectors corresponding to the g largest eigenvalues of S.

2.4.2 Maximum Variance Formulation of PCA

We can also non-trivially reformulate PCA as a maximum variance problem. We again begin with
a sample dataset of random variables {¥;}? | C R” and an unknown linear mapping U : R? — RY,
q < p. During the process of mapping the data to g-dimensional space, we want to maximize the
amount of sample variance accounted for by each of the g independent dimensions. It turns out
that the mapping U is a p X g matrix with columns formed by the eigenvectors corresponding to
the first g largest eigenvalues of the sample covariance matrix.

To put this formally, we will first map the sample data to a one-dimensional space using the
vector u;. That is, the i sample point y; is mapped to ulTyi. We will also require that ulTul =1.
To evaluate the variance in the lower-dimensional space using Definition [0.1.4, we will need to

calculate the lower-dimensional mean. This mean is given by:

1 ¥ 1 Y
E(uiY)= N Zu{yi = uj (ﬁ Zyl-) = uiy, (2.17)
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where ¥ is the empirical mean. The variance is then:

Var (ulTY )
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= ul Suy, (2.18)

where § is the empirical covariance matrix. To choose the best unit vector u; that maximizes this

variance, we use Lagrange’s method with the Lagrangian:
ul Suy — Ay (uluy —1). (2.19)
Taking the derivative of the Lagrangian with respect to u; and setting it to zero gives the solution:
Su; = Muy. (2.20)

That is, the vector u; that maximizes the variance in 1-dimensional space is given by an eigenvector

of S. To see exactly which eigenvector this is, multiply (2:20) by u! to get:
ul Suy = 2. (2.21)

Therefore, the mapped variance is maximized when u; is the eigenvector corresponding to the
largest eigenvalue of S. To show how to map Y to a g-dimensional space, we will use induction to
prove that projections onto further dimensions of R? are given by the eigenvectors corresponding
to the g — 1 next largest eigenvalues of S. Note that this is posed as Exercise 12.1 in [9].

Taking the above as the base case, we assume that the optimal mapping of the dataset onto

R/~! is given by the first j — 1 eigenvectors of S (where the eigenvectors are ordered according to
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their eigenvalues). Call these vectors u;, 1 <k < j—1 < g. Next, select a new vector u; that is
orthogonal to all previously chosen vectors and has norm 1. That is u]Tuk = Oj, where 6 is the

Dirac delta. We again find the optimal value of u; using the Lagrangian

wiuj—Aj(uiuj—1) (2.22)

with the familiar solution

Sl/tj = ljuj. (223)

Again applying the orthonormality of u; tells us that the optimal mapping onto the 7™ dimension
is given by the j™ eigenvector of S.

A useful consequence of this formulation of PCA is the correspondence between the eigen-
vectors and the sample variance that they explain. Mapping the data to a one-dimensional space
is achieved by projecting the data onto the first eigenvector of the sample covariance matrix. We
can then say that this one-dimensional representation ‘explains’ a portion of the sample variance.
The amount of variance explained by the one-dimensional mapping is simply given by the largest
eigenvalue of S. If we want to know the proportion of total variance explained, then we can do a

full spectral decomposition of S and divide the largest eigenvalue by the sum of all eigenvalues.

2.5 Probabilistic PCA

Probabilistic PCA (pPCA) was introduced by Tipping and Bishop in [75]. Similarly to classical
PCA, pPCA is also used for dimension reduction with linear mappings. However, a major differ-
ence is the assumption of probability density functions on the observed data and on unobserved
‘latent’ variables. These latent variables represent the positions of the mapped data in the lower
dimensional space. Unlike classical PCA, pPCA is generative, meaning that new data points in ei-
ther the original space or the lower-dimensional latent space may be generated by simply sampling
from the appropriate distribution. This provides the additional advantage that missing data may be

imputed through sampling.
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Suppose that we are given a set of observations of random variables {Y,}f\’: | C RP. We assume
that there exist latent variables {W;}Y_, C R, g < p, and W; Y N(0,1,). We want to use these latent
variables to explain affine structure in the observations. To this end, we seek a linear mapping B
such that

Y = u+BW, +g, (2.24)

where & ~ N(0,62I) is random observation noise. This induces a distribution on the variables Y;,
and we can then say that ¥; ~ N(u,BBT + 62I). The authors of [16] state this in an alternate form
by introducing intermediate variables Z; = y + BW;. Then Z; ~ N(u,BB"), and we can rewrite

(2.24) as
{Z¥Y iid., Z~N(u,X),
{Y:|Z;} independent, Y;;|Z;; ~ N(Z;j, 62), (2.25)

where ¥ = BB For inference of the model parameters using maximum likelihood estimation, we

first compute the marginal probability of the observed variables:
p(yil6) = /P()’i|Wi79)dWi

p 1 1
_ (21) 4 || exp (—5@1- _wre —u>) , (2.26)

where the model parameters have been collected by 8 = {2, u, B}, and we have denoted the
model covariance C = o2l + BB”. Later, when we introduce the piecewise probabilistic PCA
model in Chapter 3] we will elucidate some of the details in the computation of (2.26).

Finding the optimal mapping to R? given the model is done by maximizing the log-

likelihood of the data, which is given by

L =) logp(yi|0)

N
—1

1

= —]¥log2ﬂ—g [log|Z|+Tr (Z7'S)], (2.27)

where S is the covariance matrix of the observations:
1 N

R . . T
S'—Ni i—u)(yi—p)"- (2.28)

1
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By taking the derivative of (2.27]) with respect to B and setting it to zero, Tipping and Bishop [75]]

showed that the corresponding non-zero critical points are given by
B=U(A— )R, (2.29)

where A is a g x g diagonal matrix with the g largest eigenvalues of S on its diagonal, U is a
p X g matrix with the corresponding ¢ eigenvectors as its columns, and R is an arbitrary orthogonal
matrix. Since R is orthogonal, it is generally thought of as a rotation in the latent space. Thus, the

projection down to g dimensions is unique up to arbitrary rotations.

Remark. When ¢ — 0, the model covariance matrix 621 + BBT — BB, yielding the classical

PCA obtained through maximizing the model variance in § [2.4.2]

It was further shown in [[75] that when B is substituted back into the log-likelihood the maxi-

mum likelihood estimate of 2 is

=2
0l= —— A, (2.30)
p_quél J

where {/'Lj}j.’: g+1 are the p — g smallest eigenvalues of S. Thus, 67 is a measure of the variance in
the observations which is not accounted for by the model.

The variance explained by each dimension of the PCA model is captured by the scaled eigen-
values of the sample covariance matrix S (see (2.28])). Suppose that we order the eigenvectors of
S by the descending magnitude of their corresponding eigenvalues. The proportion of the variance
in the sample which is explained by projecting the data onto the j eigenvector of S is then given

by
A
Yizjhi

(2.31)

Vi

2.5.1 Poisson PCA

Chiquet, Mariadassou, and Robin generalized pPCA by assuming prior NEF distributions in [16].
For instance, by assuming a Poisson distribution, the general model in [16] can be used for di-
mension reduction with count variables. In this section, we will present the model introduced in

[L16].
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As with pPCA, we begin with the set of observations {¥;}¥ , with an NEF distribution condi-
tioned on the latent variables {W,}f]: ;- We assume the same linear model for dimension reduction
as (2.24)), with one notable extension. Suppose that X; € R¢ is a vector of observed covariates, and
we suspect a linear relationship between these covariates and the NEF-distributed observations Y;.
The linear effects of these covariates are included in the model through the matrix ® € R” xd and
intercepts are included through the offset parameter O;. Thus, the model which accounts for the

linear effect of known covariates is given by

(WY iid., W ~N(0,1),
Z; = O; + OX; + BW;,

{Y:j|Zi;} independent, p(Y;;|Zij) = h(Yij)exp (YijZij — v(Z)) - (2.32)

The direct analogue to the pPCA model can be obtained by setting O; = u for all i, and setting
0=0.

The marginal data distribution leads to difficulties in the maximum likelihood estimation of the
model parameters. Therefore, we proceed with maximizing the variational lower bound (VLB) as
presented in § As an approximation to the posterior distribution p(wly, 0), let p = @Y, p;
be a product of Gaussian distributions, each with mean vector m; and diagonal covariance matrix
Y;. We also let the elements on the diagonal of X; be strictly positive for all i. Thus, our variational

distribution is given by

Hp, wi)
M —4 1 Ty—1
=[1Cn) 2z Zexp — o (wi—mi) ;7 (wi —m;)

_1

Ng 1 ¥ N |4 :
— (27)” 2 exp (-5 Y (wi—mi) T (i — m,-)> I1 [H s,-j] : (2.33)

i=1 i=1 [ j=1

where s;; is the 7™ element on the diagonal of the i variational covariance matrix. The VLB for
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Poisson PCA is given by

1
£(p,6) =1y |Y© (0+XO" + MB") —exp <0+X®T+MBT+§(S®S)(B®B)T)} L

1
— 515 [MOM+SOS—2logS —1,4]1,— 15a(¥)1,, (2.34)
where, o o o
vl x{ mj
Y=|:|eRV? X=|.|ecRV =1 : | erRV (2.35)
Yy X% my,
or diag(X
1 g( l)
O=|: |eRV §= : e RV*4, (2.36)
Oy diag(Zy)

® is the Hadamard product, 1, = [1,..., I]T € R*, and

log(Y11!) - log(Y1p!)

alY)= : : . (2.37)

log(Yn1!) -+ log(¥np!)

Rather than estimate the model parameters with maximum likelihood estimation or an EM
algorithm, the authors of [[16] used the method of moving asymptotes (MMA) algorithm defined
in [73] to maximize the VLB. They further showed that the VLB is maximized by the estimated
covariance matrix

5= ]lVE (ﬁTﬁ+diag [15(5@5)] ) BT, (2.38)
where B are the optimal model parameters, M is the matrix of optimal variational means, and Sisa

matrix containing the diagonals of the optimal variational covariance matrices. Once these optimal
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model and variational parameters are found, we can express estimates of the mapped data in the

latent space under the linear model as
Z=0+Xx0" +MB". (2.39)

Evaluating the Model

The authors of [16] developed a log-likelihood ratio for evaluating their model. Define ¢, as the
log-likelihood for the model with its associated parameters, {i,x as the log-likelihood of the model
with one parameter per observation, and /., as the log-likelihood of the model with only a single
intercept parameter. The pseudo R? value is defined as

R .= tm ~ Lmin_ (2.40)

Cmax — Cmin

This metric is intended to be a measure of the proportion of variance accounted for by the Poisson
PCA model. When performing visualizations of the latent space, the authors orthogonalized BT
and sorted the columns of M in order of decreasing variation by completing a classical PCA on
the mapped points MBT . This addition of classical PCA allowed them to decompose the variance
explained by the principal components as A;R?, where A, is the i eigenvalue of MBT .

In Poisson PCA, the number of latent dimensions is not known in advance but is a parame-
ter that must be estimated. Two information criteria were established to guide the selection of
the lower dimension. The Bayesian Information Criterion (BIC) and the Integrated Completed

Likelihood (ICL) were defined as
BIC(q) :=L—%p(d+q)logN, (2.41)
and
ICL(q) := L — %p(d+q) logN — %log%re —151og(8)1,, (2.42)

where p(d + g) is the number of parameters in the model, N is the number of observations, and £
is the variational lower bound for the log-likelihood.
In practice, the latent dimensionality is started at ¢ = 1, the model parameters are estimated,

and then the BIC and ICL are computed. This process continues, increasing g by one unit at each
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step, until a maximum in either the BIC or the ICL is reached. The user then chooses the latent

dimensionality corresponding to the optimal criterion.

2.6 Kernel PCA

Kernel PCA (kPCA) is a technique for nonlinear dimension reduction which inherits some features
of classical PCA. However, in order to accomplish dimension reduction, kPCA first projects the
data into an infinite dimensional Hilbert space using a ‘kernel’ function. This function is used to
represent an implicitly defined nonlinear dimension reduction mapping .

Recalling Definition [0.4.1] a kernel is a real-valued function over a product space. For ex-
ample, consider the product space R x R. A standard example of a kernel over this space is the

2-dimensional Gaussian function defined by:

f(x,y) =exp (—(x2 —I—yz)) i (2.43)

This particular kernel is symmetric, but that need not be the case in general. Non-symmetric

polynomial kernels of odd degree are also possible, such as:
fey) = ax + @y’ + ax’y +ay’ +asxy+agxtarytas, a€R. (244)

A kernel is often used to encode prior assumptions or knowledge about the dataset. The main
theoretical result that shows the effectiveness of kernels is known as the ‘kernel trick’ or Repre-
senter Theorem (see Theorem [6). This result proves that every positive definite symmetric (PDS)
kernel defines an implicit mapping from a general metric space into a reproducing kernel Hilbert
space (RKHS) [56, 67]. The idea is that once the data is mapped to a Hilbert space, we can take
advantage of the Euclidean geometry there to form a covariance matrix which may then be diago-
nalized. In this section, we present the construction of the covariance matrix under the nonlinear
mapping ¢ and its relationship to the kernel function. The details that follow fill in the ideas

presented in [33]].
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As mentioned above, the mapping & is implicitly defined. To achieve dimension reduction,
we diagonalize the covariance matrix of the implicitly mapped data points. Let {yi}f’: | € & and

k:Q xQ — R aPDS kernel. The covariance matrix in the RKHS is given in [68] by

1

. N
N D(y;)P(yi)" - (2.45)

™=

C .=

I
—_

i
Our goal is to diagonalize the matrix C. That is, we are looking for solutions to the eigenvalue

problem

Cv=Av. (2.46)

This means that the eigenvector solutions v to (2.46)) are linear combinations of the images of the

data points under ®. In other words,
N
v=Y a®(y). (2.47)

Plugging (2.47) into (2.46), Theorem|[6]allows us to express the eigenvalue problem in terms of the

kernel k.

1 N N N

Cv=Av < (ﬁ ) CID(yi)CI)(yi)T) (Z o @(y;) | =21 Y ai®(y)
i=1 j=1 i=1
1 N N N

5 ;CD()’i) (Z o d(y) D(y)) | =24 ; 04D (yi)
1 N N N

Lol (z Koiyj) | =2 Y ad(y).  (248)

= -1 i=1

Since (2.48)) is true for each 1 <i < N, we have
Ka=Nla=1a, (2.49)

where & = [ay,. .., o] is the vector of coefficients from (2.48)), and [K];; = k(y;,y;) is the kernel
matrix. Moving forward, we will absorb the scaling by N into the eigenvalues and refer to the

resulting scaled eigenvalues as simply A.
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Typically, a point y would be mapped to the implicitly defined RKHS by projecting its image
under ® onto the eigenvectors v. However, the Representer Theorem again enables the computa-

tion of such projections through the kernel function. The projection is calculated as

(v, ®(y)) =

I
—_

M=
g
1)
<
!
<
\/

8
by
<
&
=

oik(yi,y), (2.50)

Sl- 8- 8-
™= M=

~
—

1/2 is included to ensure that (v,v) = 1 [33].

where the factor of A~

In summary, kPCA reduces the dimensionality of a dataset with nonlinear structure through
the diagonalization of the kernel matrix. By the Representer Theorem, the kernel matrix provides
the same information as the covariance matrix of the data under the implicitly defined nonlinear
mapping ®. We project the data onto the first g eigenvectors of the kernel matrix and scale by the
corresponding eigenvalues.

Kernel PCA is an extremely useful tool for dimensionality reduction, but it does bring with it
some disadvantages. First, the kernel function must be defined at the outset, and designing kernels
requires expert knowledge about the particular dataset and its underlying nonlinear structure. In
contrast to classical PCA where a linear mapping is given by a matrix multiplication, KPCA has
no explicitly defined parameters besides those used in the kernel function. Therefore, we lose the
interpretability of the KPCA model. There are additional computational considerations when using

kPCA: the kernel function must be computed for all pairs of data points which adds computational

time.

2.7 Autoencoders

Another method for reducing dimensions is the construction of explicit nonlinear maps between

linear spaces of different dimensionality. As we will see later, linear and piecewise linear maps
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are relatively simple to optimize. However, when highly nonlinear maps such as neural networks
are used for solving the probabilistic dimension reduction problem posed by (2.25), we arrive at
the autoencoder. Since autoencoders share so much in common with neural networks, we will first

introduce the structure and construction of neural networks.

2.7.1 Feedforward Neural Networks

A neural network (NN) is a nonlinear function formed by successive applications of linear maps
followed by a continuous, possibly nonlinear ‘activation’ function. Let ¥ € R” be a random vari-
able, and suppose that we want to optimally map Y to the lower-dimensional space R?. A ‘sin-
gle hidden layer’ neural network can be constructed for this task by introducing a linear map
A RP 5 RY. If the computation were to stop here, then we would have a simple linear mapping
between two linear spaces of different dimension. However, NNs typically introduce additional
parameters to the model. After ¥ has been transformed by the linear mapping A%, sometimes
called the ‘input layer’, we apply the ‘activation’ function element-wise, i.e. ¢ : R? — R?. The
most common activation function is the ‘rectified linear unit’, or ReLU function, which is defined
by:

ReLU(Y); := 112?<Xq{0’yi}' (2.51)

After the activation function is applied, a second linear map Alll:R7 5 RY gives the final output. A
‘layer’ is therefore composed of a linear map followed by the application of the activation function.

To recap, the entire structure of the single hidden layer NN, from input to output, is given by:
v =allo (al). (2.52)

The NN given by has pg> parameters to be optimized. Note that we may make either of
the linear maps Al Al into affine transformations by appending a p-dimensional column vector
of ones to the dataset. We will discuss the most frequently employed method of optimization in
the next section, but we first provide a general definition of ‘feedforward’ NNs and a discussion of

their properties.
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Definition 2.7.1. Given a non-empty set S =Y U{e} CRP, e =[1,...,1]7, a feedforward NN is a

continuous map N : § — R? defined by
N(x) := ol (Amo[uu ( .. Al GO (;ﬂ%))) : (2.53)

where {Al' ., are affine transformations and {cll e, are continuous ‘activation functions’.

NNs of the form are, in fact, piecewise linear when the activation functions ol are
piecewise linear [38]], such as in the common case when using the ReLU function (2.51)). For the
sake of illustration, we will show the forward pass of a single data vector through the NN. Suppose
we are given a data point X € R”. As in Definition we will append a single unit as the first
element of our data vector. The presence of this unit (e in Definition simply allows us to
fit an intercept (sometimes called a bias) to the model. In other words, instead of applying strictly
linear transformations, we are able to apply affine transformations. With this in mind, our data

vector now has dimension p + 1 and can be written as:
X :=[1,X1,....X,)". (2.54)
The first ‘layer’ of the NN first multiplies X with a k X p matrix Al

0= Al

A x)

(A x)

= , (2.55)

Al x)

where AI[O] represents the i™ row of A% and (-,-) is the standard inner product on R?. Note that

the output from this affine transformation is k-dimensional. We are free to choose the value of
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k depending on the application [32]. For dimension reduction, we typically choose k < p. The
computations continue by applying the activation function to obtain the output alll = ol (z[0}> .
Geometrically, we may think of the input layer as a collection of k hyperplanes. Passing the

data vector through the transformation Al

then amounts to computing the inner product of each
data vector with the normal vectors from these proposed hyperplanes. That is, the inner products
of the rows of All with X represent a comparison of the data with the hyperplanes. The activation
function ¢ checks which side of these affine hyperplanes the data X is on. If the data vector lies
above the planes, then the information in the corresponding output is passed forward. On the other
hand, if the data vector lies below any of the hyperplanes, then the corresponding output is set to
zero and no information is passed forward.

The computations above represent a pass of the data through a single ‘layer’ of the network.
A ‘shallow’ NN further computes a second affine transformation Al!) and activation function !,
which takes the vector al to the output dimension. In the case of regression, olll is usually the
identity. For binary classification, ol is the sigmoid function, and for multiple classes ol is
the softmax function [32]. These last two functions allow the network output to be interpreted
as a probability distribution, and so the class label is assigned as the maximum argument of the
respective function output. In other words, the index corresponding to the element of al with the

highest value gets assigned as the class label. ‘Deep’ NNs are simply made up of several layers of

activated affine transformations.

2.7.2 Training Neural Networks

At the outset, the affine transformations {A W} are randomly initialized. Of course, this means that
the parameters contained in these matrices must be updated based on the data. In many cases, NNs
are used to optimally approximate some known output quantity. In such applications, the output
of the NN can be compared to the expected output. The empirical mean squared error is typically

used to compare the outputs of a NN with the expected values over an entire dataset. To update the
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NN parameters, we then solve the unconstrained optimization problem:
. 2
F = argmin N Z llyi — fi)ll3, (2.56)
! i=1
where F is the desired NN. This optimization is typically done using variants of gradient descent,

where the gradients of the objective function in (2.56)) are found using the chain rule [66]].

2.7.3 Autoencoder Architecture

An autoencoder is constructed by placing two feedforward NNs together in two sections, called
the ‘encoder’ and the ‘decoder’ [32]. First, the encoder is made up of a NN that maps the p-
dimensional input variables down to ¢ dimensions, where g < p. The decoder section then maps
the g-dimensional output from the encoder back to the original p dimensions. Figure [2.1|contains
a graphical representation of the resulting autoencoder.

y € RP y € RP

] w € RY ]
latent space

U(AIO]y) U(A[meg(A[U]y)) J(B[“]w) (,—(B[f].ug(B[“]u,))

input
output

encoder decoder

Figure 2.1: Structure of an autoencoder. The encoder section reduces the data dimension from p
to g with a feedforward neural network, and the decoder section uses a second feedforward neural
network to restore the dimension back to p. Note that the autoencoder in this figure is symmetric,
i.e. the same number of affine transformations are used in both the encoder and decoder sections.
Beginning with random variables {¥;}? | C R”, the encoder h : R? — RY is a feedforward NN

of the form
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where, typically, L > 2. The decoder g : R? — R? is also a feedforward NN of the form
g(z) = B¥lo(BE (... BlO)), (2.58)

where K is not necessarily equal to L.

The optimal parameters for the set of affine maps A := {Al1}5_ U {BM}X_ is then found by
minimizing the ‘reconstruction error’, which is measured by the Euclidean distance between the
original data and the reconstructed data. The error is minimized by solving the unconstrained

optimization problem:
R
A =argmin -} [[yi— fa(y)|]3, (2.59)
a i=1

where f, := goh is the autoencoder formed by the composition of the encoder / and the decoder

g with combined parameters a.

Remark. Other measurements of error may be used instead of the Euclidean reconstruction error
in (2.59). When training autoencoders later in this work in Chapter 4] the Euclidean distance will

be used.

2.7.4 Variational Autoencoder

The variational autoencoder (VAE), defined in [46]], is a nonlinear model for dimension reduction
which can be seen as a heavily overparametrized version of pPCA. As in the case of pPCA above,
we are given random variables {¥;}¥ ;| C R” and latent variables {W;}Y | C R, with ¢ < p and
W; ~N(0,I). Instead of assuming a linear mapping from R” to R?, we instead let the mapping be
defined by a feedforward neural network. We also assume a multivariate Gaussian distribution on
the observations, and we approximate the posterior distribution with a product of Gaussians as in

(2.33]). The model is summarized as
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(WY iid., W ~N(0,I),

Z :f(vvhe) = fi7
{Y|Z;} independent, p(Yi|Z;) = N(f,-,GZI), (2.60)
where
f(W;,0) = ol (A[L]G[L—ll ( Al GOl (A[O]Wi>)> 2.61)

is a feedforward NN with L layers and parameters given by 6 := {A [ }%:O.

Instead of using an EM algorithm to find the optimal parameters for the model, Kingma and
Welling proposed using stochastic gradient descent [46]]. This optimization technique is a variation
of gradient descent (see Definition [0.2.1)) where subsets of observations, called ‘batches’, are used

to optimize the parameters, with the resulting log-likelihood being averaged over the batches.
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Chapter 3

Piecewise Affine Probabilistic PCA

3.1 Introduction

Suppose that we are presented with a dataset sampled from the surface of a low-dimensional man-
ifold embedded in a high-dimensional real space. Our objective is to map the data points from this
high-dimensional space to one of lower dimensions, preferably closer to the dimensionality of the
manifold itself. The data points are normally distributed across the surface of the manifold, but the
manifold is sufficiently curved such that a simple linear mapping will produce distortions when
the points are mapped to the lower dimensional space. Our work provides a probabilistic piece-
wise linear model that optimally maps the high-dimensional, nonlinear data to a lower-dimensional
space. This model is generative, as new points can be generated from either the prior or posterior
distribution.

Consider the following simplified example which motivates our model. Suppose that we are
given a can of spray paint that emits a Gaussian stream of paint. That is, when the spray paint
is applied to a surface from a fixed position, the resulting pattern of paint spots on the surface
is approximately Gaussian distributed. Now, imagine using this can of spray paint to paint a flat
piece of paper and then folding the paper 90 degrees along a single edge. The resulting blotch
of paint will still be roughly Gaussian, but is now spread over a nonlinear surface. Similarly,
suppose we align our paper with the xy-plane and apply the Gaussian spray paint. We then split
the paper into two halves and give the separate halves different elevations along the vertical z-axis.
The blotch of paint will still be approximately Gaussian, but will now be ‘broken’ across the two
surfaces. In both of these examples, the intention behind our model is to optimally reconstruct the
two-dimensional surface across which the Gaussian blotches of paint are found.

Our model is a bridge between the linear probabilistic PCA (pPCA) and the highly nonlinear
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variational autoencoder. The piecewise model has the advantage over classical and probabilistic
PCA in that unimodal distributions may be approximated across the surface of nonlinear manifolds

without needing to resort to mixture models.

3.2 Piecewise PCA with Gaussian Distributed Observations

We begin with a finite set of iid data points, {Yl}f’: | € RP. Corresponding to each point is an
unobserved latent variable W; € RY, g < p. For convenience, we will choose a prior density function
on the latent variable space that is easy to work with later on. In our case, we will assume that
W; ~ N(0,I). We want to use maximum likelihood to determine the probability of observing our
dataset given the latent variables. Towards this goal, we further assume a functional relationship

between the random variables Y and W. That is,
Yi = f(W;,0)+&, (3.1

where the exact form of the function f with parameters 8 will be specified later, and &; is the

observational noise. We then write the joint probability distribution as

N N
p(Y,W|0) =] p(¥i,Wi|0) =] p(Y:|W;, 0) p(W;). (3.2)
i=1 i=1

We also assume a normal distribution with isotropic covariance matrix for the observational noise,
& ~ N(0,067I).

As an extension of the probabilistic model for PCA in [75], suppose that the latent space is
divided into two half-spaces by an affine hyperplane. We will describe this affine hyperplane by its
normal vector v and the intercept parameter 3. The latent space will be separated into two subsets
depending on whether the points are above or below this hyperplane. That is, we will divide R?

into the two subsets defined by

Q= {weR‘I:va+B20},

Q ={weR’:viw+p <0}. (3.3)
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We are free to put further conditions on the latent space that will make future calculations much
easier. At this point, the only simplifying conditions we will impose are that § = 0 and that v
corresponds to one of the standard basis vectors in R?. Without loss of generality, we let v be the

qth standard basis vector of R?. That is, we assume
v=e,:=10,...,0,1]". (3.4)

As in [75]], we will assume a prior normal distribution on the latent space and a normal distri-
bution on the observed data, conditioned on the latent variables and the model parameters. We will
assume that this conditional normal distribution has an isotropic covariance matrix given by ¢21.

The piecewise affine model that relates latent variables to the observation space is then given by:

Biw+uy, ifwe Q.
f(w,0) := (3.5)

Bow+p, ifwe Q|

where 0 is the collection of the model parameters. The entire model may be summarized as:

weRY w~N(0,I),

yERF, y=f(w,0)+e¢,

2\—p/2
Pl 6) = (2% Pexp (12

(y—f(wﬁ))T(y—f(w,e))) - (3.6)

3.2.1 Relationship to Other Models

The piecewise model in is an extension of the probabilistic PCA model defined by Tipping
and Bishop ([75]]). It can also been seen as a simplification of the autoencoders in §2.7] As shown
in [58], for a feedforward neural network (NN) with L layers, p inputs, hidden layers with dimen-
sion py at the ¢th layer, and the ReLU activation function at each layer, the resulting constructed

function is piecewise linear with at least

(Ti[2]) £ ()



linear regions. As noted in [32], feedforward NNs need large quantities of data to train accurately.
Furthermore, the interpretability of the parameters in the model are lost. Our model does not
compute piecewise PCA over as many linear regions as the exponential lower bound in (3.7)), but
instead offers a relatively simple method for ‘straightening out’ data lying near a manifold which
may be approximated by two or more linear planes. As we will see in § we may maximize
the log-likelihood of our piecewise model through a variational lower bound with closed-form
expressions for the derivatives of the model parameters. This is in contrast to autoencoders, which
must be trained solely with numerical approximations such as gradient descent.

The guiding principle in the design of the piecewise PCA model has been to borrow as much
as possible from probabilistic PCA while extending the parametrization towards the autoencoder
structure. While the above section extends pPCA to a dimension reduction scheme with two linear
pieces, we further extend the model to K > 2 linear regions in § [3.5 below. However, we first

investigate the optimization of the model parameters.

3.2.2 Model Inference

We have two options for finding the optimal parameters for this model based on the data. First, we
could calculate the marginal distribution of ¥ dependent on 6, denoted by p(y|0), and proceed to
maximum likelihood estimation. This marginal data distribution is found by integrating the joint
distribution p(y,w|0) = p(y|w, 0)p(w) with respect to the latent variable W and is computed in
§[3.9 Alternatively, we could proceed directly to an Expectation-Maximization (EM) algorithm
by using a variational approximation in the lower bound of the log-likelihood function. As it
is shown in § [3.9] computing the marginal data distribution leads to difficult derivatives which
hinder the maximization of the likelihood function. A variational EM algorithm that bypasses
these difficulties is established in § For completeness, the computations of the marginal data
distribution and its likelihood function and the posterior distribution of the latent variables for the

Gaussian model are included in §[3.9)and § [3.10] respectively.

Remark. In case where the integration is not amenable to variational approximations, numerical
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simulations such as Markov chain Monte Carlo (MCMC) methods may be used to fit the model
parameters. However, such methods require the specification of additional probability distributions

on the piecewise affine mapping parameters.

Though the variational approximation leads to tractable expressions for the variational lower
bound, it still involves integration of Gaussian functions over half spaces. We therefore proceed

with a guide to these integrals.

3.3 Integration of Gaussian Functions

Consider the problem of computing the integral

0 = /Q exp (—%(w—m)Tcl(w—m)> dw, (3.8)

where

Q. :={weR?:viw+p >0}, (3.9)

C~! is symmetric positive definite (see Definition , and Vv is the normal vector of a hyperplane
in R?. In order to complete this integration, we first need to transform the integral into something
easier to deal with. In its simpler form, we will be integrating Gaussian functions on R?~! and
computing an error function on a subset of R (see Definition for definitions of the error
function and complementary error function).

First, a translation. Let z = w —m, dz = dw, and denote
Q. :={zeR?:v'z+(v'm+B) >0}. (3.10)

Then
1
0, = / exp (——zTclz) dz. (3.11)
Q. 2

Next, rotation and scaling. Since C~! is symmetric positive definite, it admits a decomposition of

the form C~! = UT DU, where U is an orthogonal matrix and D is a diagonal matrix with strictly
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positive elements on its diagonal. Now perform the following substitutions:

u=vD Uz, (3.12)
V. =VD Uv, (3.13)
du=|VD|'|U|dz = |VD| 'dz, (3.14)

and denote
Qi ={ueR?: v u+(v'm+p)>0} (3.15)

to obtain
1
0, = \\/l_)]/ exp (—EuTu) du. (3.16)
Q

Take e, the g™ standard basis vector for R, and find an orthogonal matrix V that represents the

projection of v, onto e,. That is, find V such that
Vv, =||vulleq, (3.17)
and let x = Vu, dx = |V|du = du. Denote

Q= {xeR :x"Vv,+ (vim+B) >0}
— (€ RE T (([vulle) + (vIm -+ B) 2 0)

= {xeRT: [|villxg+ (vIm+B) >0}, (3.18)

where x, is the g™ element of x. Then:

1
0, = |\/5\/ exp (—ExTx) dx. (3.19)
Qy
We now let 8 be the point along e, where ||v,||x, + (v m+ ) > 0, that is,
T
o= _M_ (3.20)
hal

Now, Q, =R77! x [8,00). With these transformations in place, O+ is now a Gaussian integral over

R?~! multiplied by the complementary error function evaluated over a subset of the real numbers.
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In other words,

= (x2_|_..._|_x2_ +x2)
Q+:|\/5|/8 /R~--/Rexp<— ! 2q1 = dxy - dx,1dx,

_ 1-a/2 % e (O
= |vD|(2n)1~4 \/;erfc(\/i) (3.21)

We want to avoid calculating v,,, so we will back-substitute the rotation and scaling to put § in

terms of v. Since U is an orthogonal matrix,

|[Vul| = H\/FUVH
- <<\/D1Uv,\/D1Uv>)l/2

(v.uTD 'uv))'"?

(
((v.c7lvy)'?

= (vicv)'2 (3.22)
Now,
T
%

o= _M‘ (3.23)

vvIc-ly

Note that integration over the complement of Q. , given by

Q ={weR?:viw+B <0}, (3.24)

would follow in almost the exact same manner, but with the error function in place of the comple-

mentary error function:

5 X34 a2 X2
Q, :‘\/5|/ \/R/Rexp (—( ! 2¢] ! t]) dX]"'qu—lqu

= VBlen) -0 aat () +1]. (3:25)

We can use this result to integrate other functions over the half spaces Q. and _. For example,

we may compute the integral
1
/ W exp (——(w—m)TCl(w—m)> dw. (3.26)
Q. 2
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Note that after performing the first translation as above, the integral becomes

/Q (z+m) exp (—%zTC1z> dz. (3.27)

When we eventually reduce the integrand to the product of univariate Gaussians over R9~!, the
integrand z exp (—%ZTC - 'z) is an odd function on symmetric intervals and therefore integrates to

zero. Thus, the result is

/Q+ w exp (—%(W —m)'C(w— m)) dw = M|\/B|(27T)(1q)/2\/§erfc <\%> . (3.28)

with an analogous result over _ involving the error function.

We postpone the details of the integration of Gaussian quadratic forms
T 1 T 1
w' wexp <—§(w—m) C (w—m)) (3.29)

to Appendix [A.3]

3.4 An EM Algorithm for the Variational Lower Bound

As outlined later in § directly maximizing the log-likelihood of the marginal data distribu-
tion leads to computational difficulties. Therefore, we will maximize the variational lower bound

(VLB), given by £(q, 0) in Theorem [3} restated here:

L(q,0)= /q(w) log (W) dw, (3.30)

where we have written p(y,w|6) = p(y|w, 8)p(w) for convenience.

Because the decomposition in (3.30) holds for any distribution over W, we will approximate
the posterior conditional distribution p(W|Y) with a product distribution that easily factors, as
outlined in § Our choice of approximating distribution is a product of Gaussians, the same
approximation that was used in the Poisson PCA model of [16].

Suppose that p;(w;) = N (m;,X;) is a Gaussian distribution with mean vector m; € R? and

covariance matrix X;. For ease of later calculations, we will say that ¥; is a diagonal matrix with
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strictly positive elements on its diagonal. That is, X; = diag(s; © s;), with s; € ]Ri. We then
approximate the posterior distribution p(W|Y) with the product distribution p = @Y, p;. Using
this factored product distribution allows us to rewrite the VLB as
5(w)log <p(y\w~,9)p(W)> dw

p(w)
[ 15i(wi)log (p(yihfi’ e)p(wi)) dw;

pi(wi)

N
= Z/ﬁi(wi) [log p(w;) +1og p(yilwi, 0) —log pi(w;)] dw;. (3.31)

Our choice of product distribution simplifies the VLB, but it also creates two sets of parameters
to estimate: the model parameters given by 62, By, Bo, 111, and i, and the variational parameters
m;and X;, 1 <i<N.

Applying the variational approximation of the posterior distribution to our product of Gaussian

distributions leads to three integrals:

A= / i(wi)log p(wi)dw, (3.32)
B .= /ﬁi(w,-)logp(yi]wi,e)dwi, (3.33)
C:= /ﬁi(Wi)IOgﬁi(Wi)dWi- (3.34)

The integrals defined by (3.32) and (3.34)) are relatively simple to compute.

1
A= /log ((271?)_gexp (—EwiTw,-)> pi(wi)dw;
I 7 .
_/ ——log (2m) _EW wi | pi(wi)dw;

:—%log(27r) Ej, (wTw,)

—% (qlog(27) + Tr (%) +m! m;) . (3.35)
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p
1 1 _— _
_/ log (2m) — = log|%i| — —( i—m;) o (wi—my) | pi(wi)dw;

2
1 _
= —T10g(2m) — S1og |5 — S Ep, (Wi —mi) "L (Wi—m))
1 —1
-5 L1og(2m) — 51og 1z — ETr (Z7'%)
q 1 1
=—5 log(2m) — Elog || — ETr (1,)
1
=5 (qlog(2m) +log|Xi| +¢q) . (3.36)

We next calculate the integral (3.33).

B | 1og (270 Fexp (sl S5, O ) ) Ao

= [ (5108 2m0%) -+ 10g (exp (< 351~ £ O ) ) ) v,

= —g log (271:62) +

. 10t (o0 (— 5gally = Bl ) ) it

Qy

., 1ot (ex0 (5l 2= B} ) i
Q_

= —g log (27‘[62) —
1
ZTQ'Z/Q (i — )T i — 1) = 2(yi — )" Bywi +w! BY Byw;) pi(wi)dwi— (3.37)
+
1 ~
752 /Q (i — )" (yi — p2) — 2(yi — p2) " Bawi +w] B Bowipi(wy)) dw;.

Using a variation of the computations in § [3.3]and the integration of Gaussian quadratic forms

from §[A.1] we obtain:

l

B= _glog (2mo?) — (27r) {6 p( 622) <[BT312] [BZTBZZ’L() +

20
\/Eerfc( )( r (B{B1%;) +m] B{ Bym;+ (vi — )" [(vi — 1) — 2Bymy]) + (3.38)
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[mi]q

where §; = — R and [X;], is the qth element on the main diagonal of ¥;. Note that the individual
ilq

terms in (3.38)) are not calculated over the entire data set. To make this distinction clearer in the

VLB, we define two index sets:

Iliz{lgiSNI(SiZO}, (339)

L:={1<i<N:8<0}. (3.40)

With the integrals (3.32)), (3.33)), and (3.34) computed, the VLB for the log-likelihood of our

piecewise affine model is given by:

N
L(ﬁ,@):ZA+B—C

i=1
N
=) _% (¢10g(27) + T (%) +m] m; + plog (216%)) -
i=1
T plres(4)
oiexp| ——= | [BiB1%i| +
0;
1/gerfc (ﬁ) (Tr (B B1%i) +m] B Bymi+ (yi— )" [(vi — 1) _ZBlmi])} -
(271:)’% [ ( 5'2) T
—oiexp| ——= | |ByBLi| +

\/g (erf(j%) + 1) (Tr (B} B2X;) +m] By Bomi+ (v — )" [(yi — o) — 232’”1‘])] +

(qlog(2m) +log|Xi| +q) -

N =
M=

i=1
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Gathering and factoring terms gives the VLB in its final form:

1

L(p,B) = 5 [N(q plog(2nc?) )+ Y [log|Zi| — Tr (%) —m] m;] —

N
=1

1

Z 8; exp <—5—) [BIBiZi],,,+

iel
Oi
\/ferfc (\/§> (TI‘ (BTBlZ ) +m BTBlm, (yi — ,ul)T [(y,‘ —[,Ll) — 2311’)’1,‘]) +

2

Y —Giexp (—%) [B1B%i],, +

i€l

(3.41)

Theorem 8. The VLB given by (3.41) is convex in the model parameters {62, 1y, Uz, B1,By} with

the variational parameters {m;,%;} fixed, and vice-versa.

Proof.

For convenience, we restate the VLB from (1.11)):
N
£(5,0) = Y. [ piws) 1o p(silwi,8) +log p(wi) ~log pi(wy)
i=1

N
= Z/ﬁi(wi)logp(yi|wi,O)dWi-i-/ﬁi(Wi)lOgP(Wi)dWi—/ﬁi(Wi)logﬁi(Wi)dWi
i=1
(3.42)

It suffices to prove convexity for each of the individual integrands in (3.42). The three integrands

arec:
1
log p(yilwi, 0) = i(Plog(ZEG)JrG 2|lyi— f(wi,0)]]%) (3.43)
logp(w;) = — %(qlog(Zn)—l—w wi) (3.44)
1
log pi(w;) = E(q1c>g(27r)+10g|z|+( —m) = (wi —my)). (3.45)
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First, fix the model parameters {62, i1, tp,B1,B2}. We will show that (3.43)-(3.45) are convex

in the variational parameters {m;,X;}. Note that the functions (3.43) and (3.44) are constant with

respect to the variational parameters, hence convex. Since is a quadratic form, then by
Lemmal[A.13]it is convex in both m; and ¥;.

Next, fix {m;,X;}. Since (3.44) and (3.45)) are constant with respect to the variational param-
eters, they are both convex. The remaining term, (3.44), is quadratic in the model parameters and

thus convex. n

We maximize the VLB using maximum likelihood estimation. For this we need to calculate
derivatives of the VLB with respect to both the model parameters and the variational parameters
and find their respective critical points. Fortunately, differentiating with respect to the model pa-

rameters leads to closed form solutions for the corresponding critical points.

3.4.1 Optimizing the Model Parameters - Gaussian Observations

Taking the derivative of the VLB with respect to the isotropic observational covariance gives:

Z(-~-)+Z(---)], (3.46)

do2 202 + 204

iel i€l

oL  Np (2m)? [

where the sums over /; and I; are computed as in (3.41). The critical point is found at:

1
8—5:0 — 62:—(2n) i
do? Np

Z(---)+):(---)]. (3.47)

iel; ich
For the derivatives with respect to the model means y; and ,, we use identities (69) and (86)

from [|60]].

9L (2m)
202

o ) gerfc (i) [—2(vi — 1) + ZBlmi]] : (3.48)

i€l \/z

and, similarly,

) % (eff (\%) + 1) [—2(yi — t2) +2Bzmi]] : (3.49)
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Setting these two derivatives to zero and solving for (;, Uy gives their respective critical points:

oL

== =0
I

—

-1
5,' 61'

and

2L

2= 0

I

<~
5 - 5
Wy = (erf( : ) + l) (erf (—l> + 1) (yi — Bom;), (3.51)
L)) B

where the division by the error function is possible as long as §; = —[m;],/+/[Zi]4 does not tend

to +oo. Therefore, it is necessary that the variational means are bounded and that the diagonal
elements of ¥; are strictly positive. We will return to this necessary condition when we calculate

the derivatives of the VLB with respect to the variational parameters.

Remark. The mean parameters ] and Uy are only fitted when the dataset is not centered or when

the observations come from two disjoint subsets.

We now calculate the derivatives of the VLB with respect to the linear transformations By and

B;.
1 T :
dL _ _(27‘[) 2 261- exp _5_1'2 d [BlBIZ’}qq+
331 20?2 icl 2 8B.
=h (3.52)
T O;
\/;erfc <7l§> [23121' + ZBlm,-miT — 2(yl' — ,ul)m”) .
(BT B,%] : q :
In order to compute a—quq’ we define g x ¢ real matrices {M,},_,, with
[Mn]]kzla ]:k:n>
(3.53)

[My,]jx =0, otherwise.
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Then, we decompose X; into a sum of ‘basis’ matrices:
q
= Z (XM, (3.54)
n=1
where [;],, is the n'" term along the diagonal. In this notation,
[BY B1X),q = Tr (B] B1[Zi],M,) = [Zi],Tr (B] BiM,) . (3.55)

Using the form (3.55) and identity (113) from [60], we compute the derivative:

J[BIBiL],, - JdTr (BYB1M,)

0B B 0B
=2[%;|,B1M,. (3.56)
Therefore,
oL  (2m): ( 52>
=— 20; —— ) [E|,BiM, +
9B, 202 (,GZ,, exp | =5 ) EileBiMy G35
\/gerfc (%) [2B,%; +2Bymim! —2(y; — uy)m ])
Similarly,
_1 2
2L :_(2717)22 Y 26 exp (_5_) [],BaM, +
&Bz 20 ich (3.58)
n

E(erf<\(;§ +1> [2B,%; + 2Bymim] —2(y; — o) m ])

The critical points are found at:

aL
T
—
N T 5,' 61'2 -
Bi=|Y (vi—p)m] | | Y4/ Serfc (—) (Zitmml ) +&-e” T[)My| , (3.59)
icl i€l 2 \/z
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and

dL
B, "
—
N Ix 5 o o
By= |} (i—p)mi | | X 1/5 (eff (j—) + 1) (Zi+mim; ) = &-e” % [EilgMy |
i€l ieh 2

(3.60)

3.4.2 Optimizing the Variational Parameters - Gaussian Observations

We now compute the derivatives of the VLB with respect to the variational parameters (m;,X;)

over the index sets /; and ;.

2L 1 _1 61'2
o, =-mito ((27:) 2[Zi]q * exp (—7) [[BIB1Z]4q(1— 87) —Tr (BT B1X;) —
m{ B Bim; — (yi — )" [(vi — 1) — 2B1mi)] e +
0;
erfc <E> [B{Blmi—BlT(yz'—Hl)}) ,
(3.61)
and
2L 1 1 _1 61'2
ol =g (i e () 8EB: 11 - 8- (8E 823, -

m! BY Bym; — (vi— )" [(vi — t2) — 2Bomi]] e +
S
() 1) ot
(3.62)
where e, is the g™ standard basis vector of R9. From these derivatives, we can write the more

convenient expression:

2L (—1)7~!
aWli I
J

(cieq+ £i(8) (B Bjmi— B (yi—u))] (3.63)

where

fi(x) = (3.64)



and

| 52 1
Cji= (27‘[3)77 exp (—Tl) [Ei]q 2 ([B§B_j2i]qq(1 - 8i2> —Tr (B?szi) — (3.65)

m{ B} Bjm; — (vi— )" [(vi— 1)) — 2Bmi])

We finally compute the derivatives of the VLB with respect to the latent covariance matrices.

1

-3 2
§§, =% - (27;)2 - (eXp (—%) [&-BlTBleqfaf + (3.66)
il
861‘ T . 2 T . \/E 6,' T
azi([B]Blzz]qq(l—(si)—Tr(BlBIZ,))]+ Serfe 7 B'B, )|,
and
—1 2
gé . :% [Zi_l —1—(27;# (—eXp (—%) lSiBngeqe§+ (3.67)
v
a—zi([BszZt]qq(—H&)+Tr(BszZl))}+ 5 et 7 +1)BIB, )|,
with
0 --- 0
98 1] .
ar;, 2| : : (3.68)
0 o [milglsi,"

From (3.66) and (3.67), we can write the general form for the derivative of the VLB with respect

to the variational parameter ¥;:

_1
3—§i , = % [Z,-‘l - (27;# ((—1)1—lexp (—%‘2) {Dj+§—gidj] +g,~(6i)>] , (3.69)
where
D;:= 8B Bjese} (3.70)
dj =[BT B;%]4q(1— &) —Tr (B]B;%;), (3.71)
and
gj(x) = \/gBJT-Bj erie <%> ’ /=1 (3.72)



Due to the presence of both the exponential and error functions in (3.63)) and (3.69), these
derivatives are highly nonlinear and we cannot find a closed form for their respective critical
points. Therefore, in practical implementations of piecewise PCA, we will resort to iterative so-
lutions such as gradient descent (see Definition [0.2.1)) to maximize the VLB with respect to m;
and X; over the index sets /1 and /». In the implementation, we include the condition that the di-
agonals of ¥; only contain strictly positive elements. We have experimented with both bounded
and unbounded optimization of the variational means, and have found that choosing starting val-
ues based on Multivariate Adaptive Regression Splines (MARS) models ([25]]) leads to successful

unbounded optimization.

3.5 Multiple Partitions in the Latent Space

We may generalize the VLB from § to account for more partitions in the latent space. Suppose

that we partition the latent space using two parallel hyperplanes given in intercept form by

we =1, (3.73)

where wy is the g™ element of the g-dimensional vector w. In other words, the latent space is

partitioned into the three sets defined by:

Q:={weR7:w,; > 1},
Q:={weR7:0<w, <1},

Q3 :={weR7:w, <0} (3.74)

Define the piecewise function relating data points ¥; to latent points W;:
(

Wi +Biwi, wi € Qq,

Yi= f(wi7 6) = j25%) —|—Bz\4}i7 w; € 927 (375)

M3+ Bsw;,  w; € Q3.
\
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Asin § we assume a Gaussian prior distribution W; ~ N(0,7) and a Gaussian distribution with
isotropic covariance matrix 61 on the observations. We also use the same variational approxi-
mation as in § [3.4 Recall that in § [3.4] the VLB was composed of three integrals, A, B, and C.
Of these three integrals, A and C depend only on the prior distribution in the latent space and the
variational approximation, but not on the number of partitions in the latent space. Thus, we need
only concern ourselves with computing the integral B for the latent space with three partitions.

Recall that B was defined as

B:= / pi(wi)log p(yilwi, 0)dw;. (3.76)
R4

Using the calculations from § the above integral for the Gaussian model with three parti-

tions in latent space is given by
B=— glog27t’62—

(22722—5 [ g(erfc (%) G +erf (%) (GZ—G3)+erf(\Zi§) G2+G3) n

Yi €Xp (—g) “BlTBIEi]qq - [BgBZZi]qZJ] +

62
6,' exXp (—71) [[Bngzi]qq — [BgB:;Ei]qq} N (377)
where
Y= — ([mi]q+1)
Zilq
5 e —Mila_ (3.78)
vV [Zi]q
and for 1 <k <3,
Gy:=Tr (B,{BkZ,-) + miTB,{Bkmi + (y,' - [lk)T(yi - ,uk) - 2()7,' - ,LLk)TBkmi. (3.79)

Suppose that we now divide the latent space into K partitions. Define the K partitions of the
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latent space as

Qi={weR?:w, >K—-1},

Qri={weR?: k-2 <w, <k—1},

Qg :={weR?:w, <0},

and define the piecewise affine function

(

i +Biwi,  w; €Ly,

i = f(Wis0) = e+ Bywi,  wi € Q,

\,LlK + Bgwi, w; € Q.
Also, define the K — 1 points of separation between the latent space partitions as

sk _milg (k= 1)

IaE L 1<k<K-—1.
(Zilgq

(3.80)

(3.81)

(3.82)

The integral defined by B in the VLB for the Gaussian model with K partitions in latent space is

then given by:

B:=— glog2n62—

762 ([BE BiZilgg — [Bis 1 Biy1Zilgq) +

-1 Tk-1
(2m)~2 [Z s exp | —

T 51.[1} Si[K —1] K—1 5i[k]
\/;[erfc(\/i>—|—<erf< NG )—1—1) GK+;§2Gk (erf<ﬁ>—erf<

where, for 1 <k <K,

Gy :=Tr (B} ByX) +m] B Bym;+ (vi — )" (i — ) — 2(vi — )" Bem.
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3.6 Piecewise PCA with Poisson Distributed Observations

We may also adapt piecewise PCA to observations with alternate NEF distributions. In this section

we establish a model for performing PCA in a partitioned latent space while using a Poisson

distribution on the observations. For this model, we again assume that the latent variables follow a

Gaussian distribution with unit covariance. We then segment the latent space into two half-spaces

as in § where Q. and Q_ were defined.

Given the latent variables {Wl}f’: |» suppose that we assume independent Poisson distributions

on the observations {Yl}f’: , with canonical parameter given by

M1 +Biwi, wi € Qy,
f(wi,0):=
M2+ Bowi, wi € Q.

where Q; and Q_ were defined in (3.3).
The Poisson piecewise PCA model can be summarized as:
{‘/Vl}{vzl CRg? VVINN«)?IC])?
(YL CRP, Yi=f(W;,0) +4,
{Yi|Wi}1<i<y  independent,

p(Yi|W;, 0) = h(Y;)exp (y] (Wi, 0) — w(f(W;,0))),

where, for x € R?,

h(x) = exp <— i i logk) , and

p
w(x) =) exp(x;j).

J=1

(3.85)

(3.86)

(3.87)

(3.88)

Remark. Since the prior distribution is Gaussian and the canonical parameter can be written as

A =log f(W;,0), Poisson models like (3.86) and the Poisson PCA model in § are often

referred to as Poisson log-normal models. However, since our current model is not based on a

diagonalization of the posterior covariance matrix, we do not use the covariance structure of the

Poisson log-normal distribution as described in [3].
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There are difficulties with computing the marginal distribution of the data, p(Y;|0), that will
lead to an intractable log-likelihood function (see § and § . Therefore, instead of inte-
grating out the latent variables W; under the joint distribution p(Y,W), we proceed directly with
a variational approximation of the log-likelihood function. As above when we assumed a Gaus-
sian distribution on the observations, we approximate the posterior with a product of Gaussians
F= ®f~\; \7i» where 7;(w;) = N(n;, ®;), and ®; is diagonal with strictly positive entries. The VLB
for the Poisson prior is then

N

QY
—~
Il
D>
N—
I

[ 7i0wi) Hog p(wi) + Tog p(viwi, ) ~ log i(wi) v

~
—

I
=

[/ Fi(w;) 10gp(w,-)dw,~+/fi(wi)logp(y,~|w,~,9)dw,~—/F,~(w,~) log7i(w;)dw;

~.

A +B —C. (3.89)

|
™=

N
I
—

The computations for the integrals defined by A’ and C’ are exactly the same as those done for A

and C in (3.35) and (3.36)), respectively. That is,
1
A= = (qlog(27) + Tt (®;) +m] m;), (3.90)

and

1
C' = —E(qlog(27r)+log|¢>,~|—|—q). (3.91)

Therefore, we focus on the integral given by B’. We will use the results from § to complete the
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integration. We have

B’::/ 7i(wi)log p(yi|wi, 0)dw;
R4
B [/Q Fi(wi)log [h(yi)exp (vi (i1 +Biwi) — w(t1 +Biwi)) | dw; +
+

/Q Fi(wi)log [A(vi)exp (y{ (M2 +Bawi) — (o + Bawy)) | dw,}

=c;j []Ogh(yi)/ Fi(wi)dwi+yiTu1/ fi(wi)dwi+yiTu2/ 7i(w,~)dw,-—|—
Ra Q. Q
[ w0 9T Biws = g+ Biwy)] i+ (3.92)
+

/ 7i(wi) [y] Bowi — w(u1 + Bow;)] dwz}
Q

where ¢; = (277)~%|d;|~ 2 and y(x) = Y exp(x)), x € RV

Since 7; is Gaussian, the first term in (3.92) is easily computed:
1
log h(y:) /R Tilwi)dw; = (2m)4 @ logh(). (3.93)

Next, the terms involving yl.T Wj, j = 1,2 are integrated to get

VS TT CNY
i [, At = on)*= et Terte (2) (3.99

and
T - g1 LT Ti
; Fi(wi)dw; = 2m) 2 |P;|24 /= erf| —= | +1 ], 3.95
yz.uZ/Qt(t) i ( ) |l|\/;< (\/5) ) ( )
where T, = — [nily , and @j, is the g™ element on the diagonal of ®;.
V (Piq

The rest of the terms in (3.92)) involve two very similar integrals over the spaces Q4 and Q_,
where these spaces were defined in (3.3)). We will use the same partitioning hyperplane as in (3.4),
where the normal of the hyperplane was given by e, = [0,...,0, 1]7. To keep the length of this

section somewhat reasonable, we will only show the details for the integration over ;. We have

/ Fi(wi) [y Biwi — (i +Biw;)] dwi:yiTBl/ wiFi(wi)dw; —
Q. Q.

)4 (3.96)
/ Z exp ([,Lll —f-BlWi]j) Fi(wi)dwl-.

+j=1
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The first term in (3.96) was calculated in § [3.3]and is

~ g1 1 Tj
Vi 31 /Q+w,-r,-(w,-)dwl~: (2m) 2 ]¢i\2yiTBlmi\/gerfc(\/§> . (3.97)

Similarly,

~ g1 1 v/ Ti
yI'B, /Q wiFi(wi)dw; = (27r)q2 |CI>,-|2yiTBzm,~\/; (erf(ﬁ) + 1) (3.98)

For the second term in (3.96)), note that [u; +Biwi]; = e; T(uy + Byw;), with e; the j standard

basis vector in R”. We also use the linearity of the integral to get

/ Zexp [ +Blw,] Fi(wi)dw; = Z/ exp Hl —l—Blw,)) Fi(wi)dw;. (3.99)
Q, =

We then integrate:

1
/ exp (e} (11 +Byw;)) Fi(w;)dw; :/ exp (e]T(M +Byw;) — E(Wi_ni)Tq)i_l(Wi_”i)) dw;.

Q, Q.

(3.100)

We will use the same techniques to integrate (3.100) as those used in § [3.3] but with one
additional transformation. Since the integrand differs from the ones integrated above, we will
show the details here. First, apply the translation z = w; — n;, dz = dw; and define the new domain

of integration Q¢ := {z € R?: [z], + [ni], > 0}. We then have

1
exp (e} (1 +Biny)) /Q exp <e]T~Blz — EZTCIDi_lz) dz. (3.101)

o

S#

_1
Next, we scale the variables of integration by letting u = ®, *z, du = ]CI>i|_%dz, and redefine the

domain of integration as Q,, := {u € R?: [<I>2 ulg + [nilg > 0} to get
1 1 1
exp (e} (11 +Biny)) | @42 /Q exp (e]TBchDI?z — EuTu) dz. (3.102)
Next, we add and subtract %e]TBICIDiBlTe ; inside the exponential in the integrand to get

1 1
]d),-]iocij/S) exp (—5 (uTu—2eJT~Bld>l-2z+eJT-BI<I>,~BITej)) dz
" (3.103)
1
= |CI>,-\5(XZ-J-/Q exp (—E(u—QD Ble)" (u—®; B1e1)> dz,
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where we have defined
1
0ij = exp (e,T(ul +B1n;) + EefBlﬂDiBlTe ,~> . (3.104)

1
We perform one more translation v = u — CIDizBlTe j» dv = du, and redefine the domain of integration

as

1 1
Q, = {v €RY: {cbfv] - {(P,?Bfej} iy 2 0}
q

q

- {v €RY: ¢f1[v]q+ {@}B{ej} + [ni)g > 0} : (3.105)

q

‘We then obtain the familiar form

D)2 0 / L) av = a /w/ / & dt
. .. ex _—— — .. oo ex R
i ij Q, P 2V % % ij IR R p D)

q—1 1 T ij
= (2m) 2 \d>i|2aij\/;erfc (%) , (3.106)

with
1
({q’f BlTej] + [n,-]q)
&= — I . (3.107)
Y \V4 ¢iq
Similarly,

/Q exp (e (12 + Baw:) ) Fi(w;)dwi = (2n)q_z‘ycp,-yiﬁ,-j\/§ <erf (%) + 1) . (3.108)

where

1
Bij = exp (eJT(uz +Bon;) + EeJT.BzcbiBg e j> , (3.109)

1
({‘I’f B} e;} + [ni]q>
Gyi=— ‘ .
/ V (Piq
Gathering the terms from (3.93)), (3.94)), (3.93), (3.97), (3.98)), (3.106)), and (3.108) and factor-

and

(3.110)
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ing out (27)3 ]<D,~|% gives:

B = ci(27)3 || | logh(yi) + (27) 2

fies(35) 5 (o(5) )
y%mﬂ@%ﬁ(2)+ﬁ&%¢zGﬁQ%>+Q— (3.111)
F o 5ore(35) - £ 5 (= (34) +)

Now, ¢; = (27) "3 \CI)i\’%, so the global factor of (27)? \@il% vanishes. Where possible, we also

gather erf () and erfc (-) terms to obtain

(erf (%) + 1) [1+y] Bom;] — 3.112)
L (G5) - L (=(G5) )

We may now combine the terms A’, B, and C’ to give the VLB for the Poisson model. We also

note that the individual terms involving the error function and complementary error function are

only computed over subsets of 1 <i < N. Therefore, we define the two index sets J; and J; by

1<i<N:7 >0} (3.113)
N

:17; < 0}. (3.114)

Then, with the order of summing C’ and B’ conveniently switched, we have the VLB for the Poisson
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10 =Y A C + B
i=1
N 1 1
= L 5 (alog(2m) + Tr(®0) - mim;) — (—5 (qlog(2m) + log | +q>) ¥
logh(y:) +
%[ig«l (erfc (k) [1+y! Bim;] — Z ajerfc 7]_ )
. C
£ (o)1) e~ () 1)
N
= % > [21°gh<yi> — (Tr (i) +m] m;+log |®;| +q) +
i=1

DY G IS e ) R

l;z ((erf(\/i> +1> [1+y Bomi] _jéﬁij (eff(%> “)) ]

with

;) = exp (eJT w1 +Bing) + e S BlTe]> (3.116)
Bij = exp (eJT Uy + Boni) + = eTBch Bzej) (3.117)
T = ’]", (3.118)
(Piq
1
({cprlTej} +[”t]€>
Ei=— 1 : (3.119)
Y \V ¢iq
1
({(DiszTejl +[”i]q>
Gii I , (3.120)
15 /_¢iq
p Jij
h(yi)=exp | ) Y logk|. (3.121)
j=lk=j
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3.6.1 Optimizing the Model Parameters - Poisson Observations

In this section, we compute the derivatives of the VLB from § [3.6] with respect to the model
parameters in the case of Poisson distributed observations.

First, let A;; be the p x g matrix with 1 in its (i, j)th position and zeros elsewhere, and M ;; be
the analogous diagonal p X p matrix. Also, we will relabel the error function and complementary

error function for convenience:

F(x) := erfc (%) , (3.122)

G(x) = erf (%) Y (3.123)
Then,

23
Em = yiF (T; +J_Zle]ocu (&), (3.124)
ad
o =yiG(7; +Ze,l3l, (&), (3.125)
2J 1 2 &3
o, " nl F (7 +J§a,, F(&j) (EjniT—ijBlfbiz)-i-\/;eXp( 1>A,, . (3.1206)

2
94 T . T 3 2 C% _
35, =M G(t)+ Y, Bij |G(Gij) | ejn] —M ;B ®} | + —exp | =" Ayl (3.127)
We do not have closed forms for the critical points of these derivatives, so an iterative procedure

such as gradient descent must be used to estimate the corresponding local optima.

3.6.2 Optimizing the Variational Parameters - Poisson Observations

Differentiating with respect to the variational parameters also fails to yield closed forms for the

corresponding critical points, and an iterative procedure must be used to find their local optima.
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First, the variational means. Noting that 2 a =i = —eqq)l g » Where ¢jg = [®@;],. Then,

\fd),q ex p( )y, (11 + Bini] + B yiF (1) +

an,
Zov- BTe~F(§~~)+\/§(])_£ex (_6_,-2])8]
] ij |21 €71 \6ij 7 i P ) q|>
=

8n \/7¢ exp( )yz [N2+an1]+82)’zG( i)+

14
Y Bij
=

Similarly to (3.68), define

2 1 52'
Ble,G(¢)) — \/;q)iqzexp (—%) e -

0 --- 0
&Ti o
od;, ’
0 - [nlydy,’
o -- 0
& dIG
0d;, 0d;
-3/2
0 - [niq9, /
1
. . . dd? 1 —%
Note that since ®; is diagonal, Tli = 5P, *, where
_ y -
0, 20 0
_1
_1 0 ¢222 0
D, 2=
_1
0 O * ¢qq2
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Then, the derivatives of the VLB with respect to the variational covariance matrices are given

by:
o) L ex —T—z vl ( -l—Bn)aTi-i-
0®; 3, - \/ﬁ P D) M1 11 9®;
! 1 5,'2' o&;
Zaz] él] Bl e]e qu) \/T—TCCXP <—7j> acf) , (3.133)
and
o) ) 3T (g Bam)
00, |, vam P\ 2 ) HRT R G,
p 1 2\ 5 i
Z G(&ij)Bieje] By®; 2+E p(—%) aqi (3.134)

3.7 Estimating the Dimension of the Latent Space

Until now, we have assumed a priori knowledge of the dimension of the latent space, given by g.
However, in general, this must be estimated. Therefore, we will use a variation of the Bayesian
Information Criterion (BIC) introduced in [69]] and defined for Poisson PCA in [[16]. For a model

fitted on NV observations and with k parameters, the BIC is given by
1
BIC(k) :=J(k) — EklogN, (3.135)

where J is the log-likelihood of the model. The piecewise PCA model has 2pg parameters when
using the two-partition scheme in § (K pq parameters when using a K-partition scheme), so the

BIC for the piecewise PCA model is
BIC(q) =J(q) — pqlogN. (3.136)

In practice, we will choose a selection of positive integers 1 < g < p and fit a piecewise PCA model
for each. In each model, we will evaluate the log-likelihood and report the corresponding BIC. We

may then choose the value of g for which the BIC is maximal.
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3.8 Variance Explained by the Piecewise Models

Due to the nonlinear nature of the piecewise affine PCA models (3.6) and (3.86)), the diagonaliza-
tion of the posterior covariance matrix will not yield the proportion of explained variance through
its eigenvalues, as was done in § Instead, we follow the work of [16], where a pseudo—R2
criterion was developed as an analogue to the explained variance of classical PCA. The resulting
criterion is the proportion of the log-likelihood that can be accounted for by the model.

To calculate this criterion, denoted by p2 for convenience, we must first calculate the marginal
log-likelihood of our observation data given the fitted parameters from the model. This marginal

data log-likelihood can be written using the canonical form for NEF distributions (see Definition

0.5.1):

=

N
=Y logp(yi|6) = Y logh(y:) + T (yi)" - 6 — yw(6). (3.137)
i=1 i=1

We next compute the log-likelihood for the null model, i.e. the model with no parameters.

M=

logh(y:) +T ()" -0~ y(0)

Lmin =
1

~.

logh(y;). (3.138)

Mz

Il
—

i
Finally, we compute the log-likelihood for the ‘saturated’ model, i.e. the model with one parameter
per observation. We will denote these parameters by 7n; and compute:
N
Linax := Zilogh(yi) +T ()" -1 — ().
i=
Since the parameters {7;} used in Ly, are unknown, they must be estimated based on the
canonical form of the NEF distribution. For the parameter estimates f);, we turn to the definition
of the canonical link function for NEF distributions. Recall from Definition [0.5.2] that the link

function g is defined such that
g(w'(m) =n. (3.139)

To obtain an unconstrained estimate 7); of a single parameter 7;, we take the derivative of Ly,x with
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respect to 1;.
8Lmax
an;

Setting this derivative to zero, we obtain the parameter estimate 7);:

=T (yi)—v' (i) (3.140)

fli= (v") (T () = ¢(T()). (3.141)

The value of p? is then defined as

L— L
pli=——mn (3.142)

Lmax — Lmin
Now, consider model (3.6), which uses a Gaussian distribution with known isotropic covariance
1

for the prior distribution. For canonical parameter vector i, and (i) = p) 1’ p, the canonical

link function is given by
g(n) =o’p. (3.143)
Therefore, the parameter estimates for Ly,,x with a Gaussian prior are

i =g(T (i) = g6 y;) = i. (3.144)

Next, consider model (3.86)), where a Poisson prior on the observations is used. The canonical

parameter vector is now A, y(4) = 25?:1 exp (l j) , and the canonical link function is given by
g(A) =logA. (3.145)
Therefore, the parameters estimates for Ly,x with a Poisson prior are

i = g(T (y:)) = log T (y:) = logy;. (3.146)

In the case of the piecewise model (3.6)), the log-likelihood function must be split according to
the partition in the latent space. Therefore, we again denote by /; and I, the index sets correspond-
ing to generative latent points residing in the two disjoint partitions Q. and Q_. The marginal data

log-likelihood is then partitioned into the two sums:

L=") logpi(yi[61)+ ) logpa(yil6s), (3.147)

iclh ich
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where 01 := {02, 1;,B1} and 6, := {62, lU»,B,}, and the computations for the marginal distri-
butions are completed in § [3.9] Borrowing the result before the calculations are completed and

assuming that the latent variables are distributed according to N(0,1), we have

log p1(yi|61) =logc — %()’i — )", (vi — ) + log (erfe (0)) (3.148)
log p2(yil62) =loge — %()’i — )" C, (yi— 2) +log ((erf (0) + 1), (3.149)
where
c=2"9"PRgl=a=P2(G2)7P/2, (3.150)
C,,' = (6’ 1+BB])™", (3.151)
C,,' = (0’ 1+B,B}) ", (3.152)

and the assumptions of normality on the latent variables mean that erfc (0) = erf(0) +1 = 1. In
this work, we generate estimates of the saturated model parameters based on the parameters cor-
responding to the index sets. Over both index sets, the estimated saturated model parameters are

fil;;= yi» j = 1,2. Therefore, for the piecewise PCA model, we have

Lmax = Nlogc. (3.153)
For the piecewise PCA model with no parameters, we have
o2,
Liin = Nlogc — > Y vy (3.154)
i=1

In order to compute an analogue to the proportion of explained variance provided by classi-
cal PCA, we may first find the lower-dimensional latent representation using piecewise PCA and
compute its p? value. Next, we may decorrelate the dimensions in the latent representation with
a full-rank classical PCA on the latent space covariance matrix, which provides the proportion of
explained variance along each of the decorrelated latent dimensions. The explained variance from

the classical PCA is given by the scaled eigenvectors d;, 1 < j < g, so we then define the explained

variance of the piecewise PCA model along the j latent dimension by d jpz, as in [16].
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3.9 Computing the Marginal Data Distribution

In this section we compute the marginal data distribution for the piecewise affine dimension reduc-
tion model (3.6). Difficulties relating to the direct maximization of the likelihood function using
an EM algorithm are detailed in §

First, note that the partitioning of the latent space into two half spaces will necessarily result in
two corresponding partitions in the observation space. We will denote the partitioned observation
spaces as ‘B3 and ‘B_ and compute the marginal likelihood for observations y over the appropriate

partitions. We will also make use of the indicator function:

1, ye'B,
Ip(y) := (3.155)

0, y¢*%PB.

Given the prior distribution p(w) = (27)~ 2exp( swl'w) and the joint distribution of the

model, we compute the marginal data distribution as:

pO18) = [ P51 0)p(w)dw

— (zn)(p+q)/26p/
Ry

exp (550~ )7~ £(0:60) ) xp (37w )

= 13,00 [ exp (=5 [t~ B = Br) + 0] ) et
) [ o0 (5 [0 b~ B 0o Baw) 4 027w ),

(3.156)

where ¢; := (27)~(Pt9/26-P. Since the calculation is very similar for both @ and Q_, we will

focus on integrating over €2 .

Remark. Given Gaussian distributed latent variables {W;} and observations with a canonical NEF
distribution (see Definition|0.5.1]), we may also derive more general marginal distributions p(y;|0).

In such a case, the marginal distribution is given by
_q 1
p16) = ) 4003 exp (T 706,0) = W((01.0) = 30T ) i 3.157)
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Since the integration of (3.157) requires knowledge of the exact functional form of y, we will
leave the derivation of the marginal distribution for the general NEF case for the future and instead
focus on the Gaussian case. As seen earlier in §[3.4]and § [3.6] we used variational approximations

to the log-likelihood function for Gaussian and Poisson prior distributions, respectively.

We have:

1
P:= c1/ exp (——2 [(v— i —Biw)" (y— 1 —Byiw) + szTWD dw
Q. 20

1
= CI/Q exp (—2—62 y—2uly+ulm—2(y—w) Biw+ (Blw)TB1W+62WTW})
+

1
—rexp (< poa ) b)) (.158)

/Q+ exp (—%ﬂ [WT(BlTBl +o)w—2(y— [.LI)TBIW]) dw.
Now, as in [75]], let
C,! =0 *(B{Bi+0°]) (3.159)
and
1, Gyl =07 (y— )" Br. (3.160)
Next, add and subtract ,uvfl Cvjll My, inside the exponential function in the integrand of (3.158) to

get:

20— a0 w)) x

1
/ exp (—5 whe,tw—2uf ¢l w) dw
Q4

P = ciexp (—

1
= Cc1exXp (—ZT_Z(Y—M)T()’—M)> X
1 - - - ~
/Q exp (—5 [whe,tw—2ul Clw+ !l G, — il waum]) dw
)
1 ~
= crexp (‘W (=) =) - czuilcwﬂuwl]) x (3.161)

1 _
/ exp (_E(W — Hw, )TCwll (W — L, )> dw.
Qy
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Back-substitution of i, Cvjll into (3.161)) gives:

1

P = ciexp (—5

[(y—w) (672 1—c*Bi(c *B{Bi+1)"'Bl o *I)(y— ul)]) X (3.162)
1 T 1
exp __(W — Hw, ) Cw (W — Hw, ) dw.
Q. 2 !
There is now a quadratic form inside the exponential function in front of the integral. However, it
is hard to see due to the number of terms. To put this exponential function in a more usable form,
we use the Woodbury identity for matrix inverses (see [60], identity (156)), which states that for

three invertible matrices A, B, C,

A —Ale (B +etAe) e = (Atesel) (3.163)
Applying this identity to (3.162) gives:
1 T (~2 T\l
P = crexp _5[()’_.’11) (c’I+B)By) (Y—Nl)] X
1 _
/ exp ——(w—uwl)TCwll(w—[.Lwl) dw
Q. 2
1 _
= ciexp (—5 [(y—m)TCyll(y—ul)D X (3.164)
1 _
[ e (—E(w— )T C (w0 — um) dw,
Qy

where C,.! = (6?1 + B/ BY) ~!. Now, by the computations in § , the expression (3.164) becomes

clexp(—é[(y—m)T(GZHBlBlT) (- Nl])|\/ o)t q/z\ferfc(ﬁ) (3.165)

_ (VT:U'WI +ﬁ)
vIG,!v
inverse latent covariance matrix C,, 11.

where 51 = , and the factor of |,/D,,,| is the product of the singular values of the

A similar result holds over the half-space Q_, and the resulting marginal probability density

function for y is:
1
p010) =< 1V Dt Ohexp (30 )6, ) e (S5 ) + (3.166)
1
|/ Dy B _( eXP<—§(y )" (y— uz)) (erf(%>+1)},
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where

co— 2—q—p/2ﬂ1—q—17/2(62)—19/2. (3.167)

3.9.1 Marginal Data Likelihood Function

The purpose of this section is to illustrate the computational difficulties faced when attempting to
maximize the log-likelihood using the marginal probability density presented above in §

We want to maximize
N
p(r|6) =]]r(xil6) (3.168)
i=1
over the dataset (Y;)Y_|, where 0 = {02, i1, lr, B1,B,}. To make things slightly simpler, we will

take the logarithm of this product to obtain:

N

logp(Y[6) =) logp(Y;|6)
i=1

N
= Z]Og <2*(”/2+1)7r*1’/2><
i=1
1
1VDlexp (500 )€ i) Yt (2 )
1
[/ Dy, |exp (_E(yi — )" G (i —.Uz)> (erf (S_22 + 1)})
- <§+1)10g(2)—§10g(ﬂ)+ (3.169)
log [|\/DW1 lexp <—%()’i — Ivh)TCy_l1 (vi —u1)> erfc (%) +

/Dy, lexp (—%(yi—uz)TCy‘zl(yi —m)) (erf (%) + 1)}

Because of the presence of summation inside the logarithm function, we will use an Expectation-

=

i=1

Maximization (EM) algorithm (see § [I.3)) to maximize (3.169). However, as will soon be shown,
a naive EM algorithm leads to difficult derivatives involving quotients.

In the E-step, we fix initial values for the model parameters,
O] (0] 0] pl0] RlO
0 = {5 B},

and then we calculate the expectation of the joint pdf with respect to the posterior distribution

p(wly, 0). For the purposes of the calculations below, we will slightly abuse the notation and use 0
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to denote the fixed model parameters. Unless otherwise stated, all integration takes place over RY.
b=/ Zlog (35, 0110) p(wilyi, 6w
= Z / log[p(yilwi, 0)p(wi)] p(wilyi, 0)dwi
i=1

N
= Y [ ogp(rlwi,0) +1ogplow)] plwilyi, O)dw
i=1

N
1 _ 1
Z/[logZﬂ:Gz—Fﬂyi—f(w,-,G)Hz—l—loan Q/Z—EWiTwi p(wilyi, 0)dw;

N
1
Z (——10g27r0 —Elog27r—2 2/[Hyi—f(wi,9)H2+621wiTwJ p(wi|yi,9)dw,~)

N N S
~ W rog2nc?~ Wiogan— Y - [ [Ibi= 5w 0)P+ 1wl ] pol O)d
i=1

(3.170)

Since f(w;, 0) is defined piecewise, the integral in (3.170) splits into two integrals over the previ-
ously defined disjoint sets Q. and Q_ (see (3.3)). Since these two integrals are very similar, only

the details for the integration over Q_ will be shown.

1
Fim g [ [lov £, @) + 02T o, B)d
+
1 T 2. T
= _F/Q |:(yl — M _Blwi) (yi — U _Blwi) + 0o w; Wi p(Wi|yia e)dwi
+
1
:_ZT'Z/Q (i = )" i = 1) = 2(vi — 1) " Biwi+w] (B] B1 + 6> I)wi] p(wilyi, 6)dwi
+
1
— e | Orm i) [ ply O
2(yi—N1)TBl/Q wip(wilyi, 0)dwi+ @.171)
+

/Q wi (B] Bi "’Gzl)wip(wib’he)dwi] :
+
We use the results from above and the posterior distribution from § to obtain

02(2717 (1-g)/2

T -1
Ey=— m {|\/ Dy, |exp (—— i— M) G, (yi—Nl)) X

(\/ferfc(\%) (2—2(vi— 1) Bluwl+u$]Cwﬂ#wn)+Slexp(_s%/2))1
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Similarly, the expectation over _ is given by:

6‘2(271') (1-9)/2

Ey = T2 (PP D\/_WZ\GXP( —Hz)TCy_zl(yi—HZ)) X
(\E(erf(\sﬁ) +1) (2—2(yi — o) " Boptw, + 1, Gy o) —szexp(—s%/Z))]

Therefore, we have:

(3.173)

Np N N ) 1 q)/2
L) = —Piog(216?) — iog(2
(L) > og(2mc?) 5 og(2m) Z 2P P X

{|\/le|eXP (_Eb’i —u)"C; (i —Hl)) X
( gerfc (\S/§> (2—2(yi — u1)" By, +,u£le;ll,uwl) +s1exp (—s%/2)) + (3.174)

1 _
v/ Dy, lexp (—5()’1' —w)"C,, (yi— N2)> X

(\/g (erf (%) - 1) (2—2(yi — t2)" Bapw, + 1) Cyy i, ) — 528X (—sg/z))} .

For the M-step, we will need to take derivatives of the above expression with respect to the
parameters in 6. However, the presence of P1 + P2 in the denominator of leads to difficult
derivatives with singularities.

The two problems of the summation inside the logarithm in (3.169) and the difficult derivatives
in have combined to lead us to an impasse. While it is possible to proceed with the EM
algorithm here due to the differentiability of (3.174)), we are faced with the computationally sim-
pler method of maximizing the variational lower bound presented in § Therefore, to keep the
computations reasonably simpler, we will sidestep these problems through the variational approx-

imation to the marginal log-likelihood. An EM algorithm for this approximation was presented

above in §

3.10 Posterior Distribution of the Latent Variables

In this section, we compute the posterior distribution to ensure that the model is fully generative.

Given the probability density function in (3.166)), we may write the posterior probability density
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function of the latent variables W using Bayes’ Theorem (Theorem I)):

_ p(»w]0)
PO =T e)

c1exp (=552 (v F(1.0))7 (v = f(.0)) ) exp (3w
[lx/_wl!exp (—— y—u) ¢ - >erfC( )
[v/Du,exp <—§(y—H2)TCy_21()’—N2 ) (erf( ) +1)}
1
2

ex (enp (55 (O s) = Bow) (= ) ~ Bow) = 30" ) o, ()

exp (—%«y—m) — B (7 p2) — Baw) — 1w w) IQ_<w>)
Iy, (V)P +1p_(y)Ps

Y

(3.175)
where
cp = 24/21/21 (3.176)
P =|\/D W1|exp< % (y— ul)TC (y— ,ul)) erfc (%) , (3.177)
1 _ Ky
P, =|y/D wZ|exp< S0 uz)TCyzl(y—uz)) (erf(—2> +1>, (3.178)
2 V2
and
1, xeX,
Ix(x) = (3.179)
0, x¢X.

The analytic expression in (3.175)) is theoretically useful, but in practical applications we will

use MCMC simulations to approximate the posterior distribution.

3.11 Examples

3.11.1 Example 1 - 3D Hinge to 2D

In the first experiment, we begin with a ‘hinged’ 2-dimensional Gaussian distribution. To create

the dataset, we first generated N = 500 data points from the 2-dimensional Gaussian distribution
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defined by N(0,I). These points represent the latent space. The ‘hinge’ was then formed by taking
the absolute value of the x-coordinates to generate z-coordinates. Gaussian noise was sampled

from N(0,0.1) and added to every data point. The dataset is visualized in Figure

Example 1 - Observations

Figure 3.1: Original positions of the hinged Gaussian dataset. Colors are added for visualization
purposes.

The 2-partition piecewise PCA model (PWPCA) from § was fitted to the observations. A

classical PCA model (PCA) was also fitted to the observations for comparison.

Initializing the Parameters

The prior isotropic covariance parameter 6> was initialized by sampling a single real number from
U[0,1). The two model mean parameters, (; and Uy, were both initialized as zero arrays. The
mapping parameters, B1 and B», both had their elements initialized by sampling from the univariate
standard Gaussian distribution N(0, 1).

In order to initialize the variational means, a Multivariate Adaptive Regressive Spline (MARS,

[25,134]) model with a single hinge point was fitted to the observations using Py-earth [65]. This
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approach models the observations as a linear combination of piecewise linear basis functions in
the same way as a ReLU neural network does, but with far fewer parameters. The basis functions

were chosen as

x—t, x>t

hy(x) = (3.180)
0, else,
t—x, x<t,

hy(x) = (3.181)
0, else,

where ¢ is the hinge point determined by the fitting algorithm. The piecewise linear model used for
initialization was then given by
2
fo(Y) = bg +kzlbkhk(Y). (3.182)
The variational means given by {m;} then had their elements initialized by the resulting local
coordinates of each piece of fj. The latent covariance matrices given by {Z;} were all initialized

as 1.

Optimizing the Parameters

An EM algorithm using the variational lower bound on the log-likelihood from § [3.4] was used
to find the optimal model and variational parameters. Since the observations were centered at
the origin, the intercept parameters (1 and tp were not fitted. As discussed above, the critical
points for the derivatives of the variational parameters have no closed form. Therefore, we used
gradient descent with a step size of 1e-2 and a squared L-error tolerance of 1e-3 in their respective
optimizations. The overall EM algorithm was given an error tolerance of le-3 for convergence of

the relative error in log-likelihood.

Simulations
Once the optimal model parameters were found, the posterior distribution was approximated using

MCMC simulations. The MCMC simulations were implemented using Just Another Gibbs Sam-
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pler JAGS) [61] and PyJAGS [54]]. Latent points were then sampled from the posterior distribution

and mapped to predictions in the observation space using the fitted model parameters.

Example 1 - Results

Estimated positions in latent space - PCA

Estimated positions in latent space - piecewise PCA
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Figure 3.2: Results from applying PWPCA (left) and classical PCA (right) to the hinged Gaussian
dataset. Colors are added for visualizations purposes.

The two-dimensional latent representations of the hinged Gaussian dataset using both PWPCA
and PCA are shown in Figure [3.2] The resulting latent dimension of the PCA model is displayed
with an arbitrary orthogonal rotation, an aspect of PCA previously discussed in § [2.5] In the PCA
result, the latent points are more densely clustered along the center of the data than their original
density across the surface of the hinge. This is due to the prior assumptions of classical and prob-
abilistic PCA, where the geometry of the latent manifold is not taken into account. However, the
PWPCA model generated latent representations of the observation points without spatial distor-
tions. It appears that the scale along the latent axes was increased in the PWPCA model, whereas
PCA has more closely preserved the scale due to its orthogonal projection of the three-dimensional
points onto a two-dimensional subspace.

After a full-rank classical PCA was performed on the resulting latent dimensions, the total pro-

portion of variance explained by PWPCA was 88.0%: 46.5% of the variance was explained by the
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first latent dimension and 41.5% was explained by the second latent dimension. By contrast, the
PCA model on the raw observations explained 83.9% of the sample variance. Thus, the PWPCA

model explained more of the sample variability than the linear mappings produced by PCA.

Example - PWPCA Predictions

e Predicted
& Observed

Figure 3.3: PWPCA predictions in the observation space generated from simulated latent points.

After the model parameters were fitted, the posterior distributions of each model were ap-
proximated using MCMC. Latent points were generated from the posterior distributions and then
mapped to the observation space using the model parameters. A graphical comparison was used
to check the predictive ability of each model. In the case of PCA, the simulated observations did
not match the dataset well, as the predictions fell on a linear subspace of the observation space.
The predictions produced by PWPCA matched the pattern observed in the dataset almost perfectly.

The predictions generated by both models can be seen in Figures [3.3]and [3.4]
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Example - PCA Predictions

e Predicted
® Observed

3.0
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2.0
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Figure 3.4: PCA predictions in the observation space generated from simulated latent points.
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Chapter 4

Bibliometric Study

4.1 Introduction

Children’s Health and Wellness (CHW) research is crucial to the Canadian research landscape.
Scholars affiliated with CHW research institutes come from diverse backgrounds and work in a
broad spectrum of roles, from clinicians to theoreticians. Scholarly output has historically been
measured by the number of publications produced, the number of citations generated by a publi-
cation, or some function of both variables such as the A-index and its variants. However, basing
the evaluation of scholarly productivity solely on document counts or citations is problematic for
several reasons. For example, not all citations are made with the same intention [[12], and citation
counts may be artificially inflated through self-citation practices [31, 2]. Furthermore, document
counts are sometimes augmented through the practice of ‘salami slicing’ - the superfluous par-
titioning of one piece of work into several smaller papers [76] to boost the overall number of
publications. To measure all scholarship on the basis of a single metric runs the risk of obscuring
other aspects of a researcher’s work, such as collaborative reach.

Thus, in this chapter we introduce a novel application of dimensionality reduction for publica-
tion data. The collection of variables that arise from indexing academic publications is known as
‘bibliometrics’. The purpose of the present work is to create two-dimensional scholarly profiles
for Canadian CHW researchers based on 16 bibliometric variables. To our knowledge, this is the
first use of linear dimensionality reduction techniques with bibliometric data.

We acknowledge the range of interpretations that many of these variables take. Since no current

method exists for disambiguating intention, we use the variables at face value.
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4.2 Literature Review

Several methods have been proposed to quantify scholarly output and research quality. A survey
of the early development of bibliometrics is presented in [47]]. In the early 20™ century, Lotka pro-
posed a frequency distribution for document counts based on abstracts from the natural sciences
[S0]. The resulting distribution was found by plotting published document counts against the num-
ber of authors producing the quantities of documents (both log-transformed). Using this empirical
technique, Lotka concluded that the distribution of authorship roughly followed an inverse power
law. In [11]], Bradford proposed a power law to model the dispersion of documents published in
different subject areas. An inverse power law to explain the relative frequencies of common and
rare words in a body of text was introduced by Zipf in [85]. The Zipf distribution was later general-
ized using information theory by Mandelbrot in [S1]. The Zipf and Mandelbrot distributions were
first applied to bibliometrics by Buckland and Hindle [13]. A survey of empirically determined
distributions for bibliometric random variables, including the so-called Bradford-Zipf-Mandelbrot
distributions, is found in [24].

It was proposed in [62] that the above bibliometric distributions can be generalized to a distri-
bution proportional to the one-parameter beta function. Lotka’s distribution was empirically evalu-
ated in [4], where the authors identified what they called an ‘accumulative advantage’ in scholarly
output and citation trends. The accumulative advantage was a hypothesized effect that occurred
when recognition of a scholarly work, whether through social feedback, citations, or funding op-
portunities, led to further increases in research productivity. In essence, early research recognition
was believed to set a productivity expectation which then motivated scholars to continue produc-
ing output. The authors found a strong linear relationship between the respective Gini indexeslﬂ
of document counts and citations and the number of years since completion of the PhD degree.
More recently, Stewart proposed in [/2] that the Poisson distribution may be used to model the

probability densities of bibliometric variables.

IThe Gini index was first defined in [29] as the arithmetic mean of differences between several measurements
(30} 149, [15]].
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Goldstein and Spiegelhalter [31] proposed simple mathematical models for the evaluation of
institutional outputs. Their hierarchical models were used to model the variance of test scores
and health outcomes, but may also be applied to bibliometrics. Though the authors developed a
numeric method for evaluating outputs, they also argued that the information obtained from such
metrics should not take too much weight in evaluating the entities from which the metrics came.
In 2005, Hirsch proposed the h-index [36]: the number of documents that have at least 4 citations
for a given scholar. Hirsch argued that his metric was more accurate for evaluating research out-
put than document count, citation count, or citations per document. Molinari and Molinari [S7]
developed a metric for comparing productivity between institutions or groups. This approach as-
sumed that citations act as measures of the quality of a given scholarly work. By assuming that the
h-index was governed by a power function, the 4,,-index was then defined as the vertical intercept
of the associated power function. Waltman and van Eck determined that, as of 2011, there were at
least 37 variants of the h-index [80]. In their resulting critique of the A-index, Waltman and van
Eck demonstrated that when relative or absolute performance of two scholars changes by the same
amount, the corresponding changes in respective h-indexes leads to a completely different rank-
ing of the scholars with respect to each other. The authors suggested replacing the s-index with
the ‘highly cited publications’ indicator, which was defined as the number of documents exceed-
ing a predetermined number of citations. A more recent attempt to aggregate several measures
of research output was made in [42], which made use of Scopus - the extensive citation index
provided by the publisher Elsevier. The proposed composite metric for a given scholar was com-
puted as the unweighted sum of six bibliometric variables: total citations, Hirsch’s A-index [36]], a
weighted variant of the i-index, and the number of citations as single author, single+first author,
or single+first+last author. Each variable was log-transformed and scaled by its maximum, and the
composite metric was computed both with and without self-citations included.

With the increased availability and use of bibliometrics to measure scholarly output, there have

also been recent calls to acknowledge the limitations of such methods and to avoid relying wholly
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on bibliometrics for the evaluation of scholars, research groups, or departments. Garfield [26] dis-
cussed the problematic citing of incorrect or obsolete data - a phenomenon which indicated that
not all citations are made with the same intention [26]. Further evidence for the complex mo-
tives behind citations was presented by Brooks in [12]. In his survey of 437 citations made by
20 scholars, Brooks found that over 70% of the citations had complex motivations. Citations may
be made to convince the reader of a fact through past work, borrow conclusions or results, assign
positive or negative credit, give further readings to the reader, show how up-to-date the author(s)
were, cite friends, and for perceived social consensus. Self-citation practices were verified in [42],
where it was found that over 1% of the top cited scholars have over 40% self-citations, and that
approximately 8.5% have over 25% self-citations. This indicated the concerning possibility that
scholars may have artificially inflated their citation counts by continually and unnecessarily citing
their own works. Goldstein and Spiegelhalter [31] further noted that measurement and comparison
of a scholar or scholarly group’s performance can lead to incentivizing the increase of the mea-
surements. In such ways, scholars could try to ‘game the system’ to make their own evaluations
more positive. In view of the potential for misuse of bibliometrics, Martin [53]] advocated for the
complementary inclusion of peer review when evaluating the work of scholarly entities. Martin
posed that bibliometrics only partially explain the production of scientific knowledge: they do not
tell the social, political, or career motivations behind scholarly output [S3]]. Lee and Bozeman [48§]
argued that factors such as collaboration, citizenship, gender, funding, and other demographic dif-
ferences should not be ignored when attempting to measure research productivity. In their study,
which measured productivity by document count, Lee and Bozeman found that productivity was
positively correlated with collaboration, but not when productivity was measured by divided credit.
The authors of [2] argued strongly against using journal impact factors and Hirsch’s A-index (see
[36]) for comparing any scholarly output. This paper recommended that any statistical information
should be informed by correct statistical knowledge and practices. A set of recommendations for

the continued use of bibliometrics was established by journal publishers and editors in the San
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Francisco Declaration on Research Assessment (DORA) [14]. In particular, the authors of DORA
proposed eliminating the journal impact factor, a field-specific metric with an opaque computation
process, as a means of evaluating scholars. The authors of the Leiden Manifesto [35] presented a
list of 10 guidelines for the continued development and evaluation of research metrics. Their 10
points were formed with the specific goal of avoiding rankings based on arbitrary or inaccurate
data. A core thread running through all points is that quantitative metrics should not supersede
expert knowledge in research evaluation, usually in the form of objective peer review. The Leiden
Manifesto was a call for transparency in the development of research metrics and against the use
of black-box evaluation processes. Stephan, Veugelers, and Wang [71] argued that a reliance on
bibliometrics for the assessment of scholars led to less risk taking and less ambitious research in
favor of consistent publication in journals with high impact factor. All of these documents signal a
shift from strictly quantitative metrics to allow for the inclusion of quality-based assessments, and

from metrics to content.

4.3 Limitations

Our method makes no assumptions about the quality of the scholarly works analyzed, we only
present a method for systematically aggregating easily obtained bibliometric measurements. We
therefore acknowledge that many other factors contributing to the production of scholarly output
have not been included in our analysis. Furthermore, our model does not distinguish between the
various motivations behind citations or the individual efforts or work ethics of the authors. Not

everything that is measured counts, and not everything that counts can be measured.
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4.4 Methods

4.4.1 Variables

Our dataset was composed of bibliometric measurements for scholars affiliated with eight par-
ticipating children’s hospital research institutes across Canada (N = 2230). Current membership
rosters were obtained from: Alberta Children’s Hospital Research Institute (ACHRI), BC Chil-
dren’s Hospital Research Institute (BCCHR), Children’s Hospital Research Institute of Manitoba
(CHRIM), CHU Sainte-Justine (CHUSJ), Holland Bloorview Kids Rehabilitation Hospital (HBV),
McMaster Children’s Hospital, the Hospital for Sick Children (SickKids), and Women and Chil-
dren’s Health Research Institute (WCHRI). The data was downloaded using the Scopus API be-

tween December 14, 2021 and Janurary 11, 2022 via

https://dev.elsevier.com/documentation/ScopusSearchAPI.wadl.

All variables considered were counted or computed over the 7-year period 2015-2021 (inclu-
sive). Observations were composed of 16 different variables, with 9 discrete count variables and 7

continuous variables. The 16 variables used in this analysis can be grouped into 4 categories:

e Document-level metrics: publication count, published peer-reviewed article count,
open access document count, publication count as first author, and publication count

as last author.

o Citation metrics: citation count (number of times this author’s publications have
been cited in the text of another publication), cited-by count (number of documents
citing this author), #-index, mean citations per publication, mean citations per year,

and estimated linear citation growth rate over the 7-year period.

e Collaborative metrics: total count of coauthors, mean number of authors in au-

thorship lists, and mean authorship position.
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e Journal metrics: mean Scientific Journal Ranking (SJR) of all publications and

mean journal A-index.

4.42 Models

In our approach, we apply the dimension reduction methods from Chapter 2] and Chapter [3|to bib-
liometric data. The models are: classical PCA using only count variables (PCA-C), classical PCA
with all 16 variables (PCA), probabilistic PCA (pPCA) with all 16 variables, piecewise proba-
bilistic PCA (PWPCA) with all 16 variables, Poisson PCA using only count variables (PLNPCA),
kernel PCA using a Gaussian kernel with scale parameter 1—16 and with all 16 variables (KPCA), an
autoencoder with 1 hidden layer (AE1), and an autoencoder with 2 hidden layers (AE2). For the
autoencoder models, we constructed the encoder and decoder sections symmetrically. The ReLU
activation function was used in all autoencoder layers, and the dimensions of the between-layer
affine transformations for AE1 and AE2 are given in Table[d.2] The number of parameters for each
PCA model is given in Table {.1]

The general model for dimension reduction is written as functional relationship between two
sets of variables. First, in all cases except PLNPCA, we assume that our observations {Yl}i\; | liein
a p-dimensional real space. In the case of PLNPCA, the variables lie in N”. We then associate to
each observation a latent point W; in a lower-dimensional space R?, ¢ < p. We assume that these
latent variables have a Gaussian prior distribution with zero mean and unit covariance, and that
the observations follow a Gaussian distribution with isotropic covariance when conditioned on the

latent variables. In summary, the general model is
WYL CRY, Wi~ N(O,D),
{Yi}i=1 €RP, Y; = u+BW;+¢e=: f(W;,0)+¢,
0, 0) = (250%) s (— L0 00)) (5 - F0) ). @)
where o2 is the observation covariance parameter and 6 = {u, B} is the collection of model pa-
rameters. In the PCA-C and PCA models, we assume 62 — 0, since these models only assume
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the existence of a linear relationship between the observations and the latent variables. In pPCA,
the full model is used. The PWPCA model assumes that the dataset may be partitioned into
two subsets, where the separating hyperplane lies along a single dimension as in Chapter 3] The
PLNPCA model only changes the form of the distributions on the observations to independent

Poisson distributions over each dimension. That is, for the PLNPCA model,
1
p(Yij[Wij, 0) = S—exp (¥ij - log f (Wi, 0) — (W), ) . (4.2)
]

For the KPCA model, affinities between observations were computed using the Gaussian kernel

1 2
exp (gl 1) @3)
and then standard PCA was completed on the covariance matrix of the resulting affinities.
The singular value decomposition (SVD) method was used to fit the PCA-C, PCA, and KPCA

models (see [43,159]]), and Expectation-Maximization (EM) algorithms were used to fit the pPCA,

PWPCA, and PLNPCA models ([[75], [16]).

Table 4.1: Number of parameters for the PCA-based models: PCA-C, PCA, PWPCA, PLNPCA,
and KPCA.

Model Number of parameters
PCA-C 18

PCA 32

PWPCA 64

PLNPCA 18

KPCA 1

4.4.3 Transforming Variables

PCA-C, PCA, pPCA, and PWPCA all require the input variables to be on similar scales in order
to ensure that one variable cannot dominate the resulting principal eigenvectors. Similarly, au-

toencoders require scaled variables to avoid exploding gradients during training. Since the count
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Table 4.2: Architectures for the autoencoder models. The additional parameters at each layer are a
result of including intercepts.

Model: AE1
Layer Transformation shape | Number of parameters
Input layer 16
Encoder hidden (164+1) x 8 136
Encoder output (8+1)x2 18
Decoder input 2
Decoder hidden (2+1)x8 24
Decoder output (8+1)x16 144
Total parameters 322
Model: AE2
Layer Transformation shape | Number of parameters
Input layer 16
Encoder hidden 1 (164+1) x 16 272
Encoder hidden 2 (16+1)x8 136
Encoder output (8+1)x2 18
Decoder input 2
Decoder hidden 1 (2+1)x8 24
Decoder hidden 2 (8+1)x16 144
Decoder output (16+1)x 16 272
Total parameters 866

variables were highly right skewed and varied in scale, we applied the log transform log(x+1). All
continuous variables were similarly right-skewed and were log transformed with log(x+ 1). For
the PLNPCA model, where the input data are assumed to be Poisson distributed and thus skewness
poses no issue, the raw counts were used as inputs. Histograms of all variables before and after
the log transformations can be found in Appendix B} For the PCA-C and PCA models, the empir-

ical histograms of the log-transformed variables appeared approximately Gaussian, and so z-score
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standardization was applied. That is, all log-transformed variables were scaled by: z = y%y_, where
y is the empirical mean and s is the empirical standard deviation.

A piecewise linear relationship was observed between the log-transformed mean journal A-
index and mean SJR (see Figure 4.1, so the log-mean SJR was selected as the response variable
in the initializing MARS model, as in § [3.11} The resulting MARS model correctly selected the
log-mean journal A-index as the dimension along which the hinge point should be placed. Thus,
the variational means for the PWPCA model were initialized by a piecewise affine model with the
nonlinearity restricted to the above identified dimensions. The pairwise relationships between all

log-transformed variables are displayed in Figure [4.2]

Bibliometrics - Piecewise Linear Relationship

log-mean SJR

log-mean journal h-index

Figure 4.1: Piecewise linear relationship between the log-mean journal A-index and the log-mean
SJR.
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4.4.4 Model Comparison

For the models based on the eigenvector decomposition of the empirical covariance matrix (PCA-
C, PCA, and pPCA) and the EM-optimized models (PLNPCA and PWPCA), we computed the
variance explained by the resulting principal eigenvectors and the cumulative explained variance.
For all models except KPCA and the autoencoders, the linear contributions of the input variables
to the principal eigenvectors are called the ‘loadings’. We created plots for the loadings of the
principal eigenvectors of every such model.

In order to develop an easily visualized 2-dimensional scholarly ‘profile’, the latent dimension
was chosen as ¢ = 2. However, the PCA-C, PCA, and PLNPCA models provided more princi-
pal eigenvectors than were needed for this profile. Therefore, we mapped the observations to a
two-dimensional latent space by using the first two principal components of each model. Graph-
ical plots were then made of the mapped observations in the respective latent spaces for visual

comparison.

4.4.5 Software

With the help of several software packages, the R programming language [63] was used to fit all
linear PCA models. The R package pcaMethods was used for fitting classical and probabilistic
PCA [70]. We used the R package PLNmodels to fit the Poisson PCA model [16]. Further R
packages used were readxl for loading the data [83], ggplot2 and reshape for plotting [82,
81], and factoextra for extracting the eigenvalues from the models [44]. The Python package
sklearn was used to fit the KPCA model [59]. The Python programming language was also used
to fit the autoencoders: the Python package keras was used with tensorflow as a backend [18,[1].
JAGS [61] and PyJAGS [54] were used to simulate the posterior distributions. All code and data
files are available at
https://github.com/uniformlyMatt/compare-dim-reduction.

Custom Python software was written to fit the PWPCA model and is available at
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https://github.com/uniformlyMatt/piecewise-pca.

4.5 Results

The PCA and pPCA models resulted in identical principal components and percentages of ex-
plained variance. Therefore, we only present the results from the PCA model unless otherwise
specified. For all models, we will refer to the principal components in order of their explained
variance. For example, the principal component which explains the highest proportion of sample
variance is pp, and the component with the next highest explained variance is p;.

The PCA-C model accounted for 92.0% of the sample variance with its first two principal
components (86.4% in p; and 5.6% in p;). The explained sample variance was higher for the
PLNPCA model, which accounted for 96.1% of the sample variance with the first two components
(91.6% in p; and 4.5% in p;). The PCA model, which used all 16 input variables, accounted
for 88.3% of the variance in the first two components (81.8% in p; and 6.5% in p,). Finally, the
PWPCA model explained 99.5% of the sample variance (81.7% in p; and 17.8% in p,). A table of
the variance explained per component and the cumulative explained sample variance for the first
five components of all linear or piecewise linear models is given in Table

Strong positive correlations were observed among the first principal components of all linear
models. In addition, a strong negative correlation was observed between p; of the KPCA model
and p; of each of the linear models. Moderate positive correlations were observed between p; of
each of the linear models and the first latent dimension of the AE2 model, and a moderate negative
correlation was observed between p; of the KPCA models and the first latent dimension of AE2.
The first latent dimension of AE1 had weak correlations with all other models. The PWPCA model
showed weak positive correlations between its associated p; and those of the linear models, and a
weak negative correlation with p; from KPCA. Correlations between the first principal components
and latent dimensions of all models is given in Table

In all linear models, the effect of each variable on the first principal component was positive.
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Table 4.3: Variance explained by the first five principal components of the PCA-C, PCA, and
PLNPCA models, with the cumulative variance explained.

PCl1 PC2 PC3 PC4 PC5

PCA-C
Variance explained 86.4% | 5.6% | 3.4% | 2.2% | 1.5%
Cumulative variance explained | 86.4% | 92.0% | 95.4% | 97.6% | >99%

PCA
Variance explained 81.8% | 6.5% | 43% | 2.1% | 1.6%
Cumulative variance explained | 81.8% | 88.3% | 92.6% | 94.7% | 96.3%

PLNPCA
Variance explained 91.6% | 45% | 29% | <1% | <1%

Cumulative variance explained | 91.6% | 96.1% | 99.0% | >99% | >99%
PWPCA
Variance explained 81.7% | 17.8% - - -

Cumulative variance explained | 81.7% | 99.5% - - -

Loadings for PC1-PC5 - PCA-C Loadings for PC1-PC5 - PCA
=) =) P

c:

%
%

=) pc2 = =)
o I . I . I I . .
index I | | | | I I
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Figure 4.3: Loadings for the three fitted linear models: PCA-C (left), PCA (middle), and PLNPCA
(right).

In the PCA-C model, all variable loadings on p; were of similar magnitude, with citations and
cited-by counts having the largest loadings. This pattern was also seen in the PLNPCA model.
There was more variety in the magnitudes of the p; loadings in the PCA model, where the highest

loadings on p; were seen from the log-transformed count variables, the log-transformed mean
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citations per year, and the log-transformed growth rate. The loadings for the principal components

that explained progressively less variance were also more varied in their sign in all models.

Loadings for PC1-PC2 - PWPCA - B2 Loadings for PC1-PC2 - PWPCA - B1
PC1 PC2 pc2
2 log_h_index{ 2 log_h_index{
= g_h_i = _h_i
8 8
log_coauthors{ [ ] | log_coauthors [ ]
log_author_position_mean I - log_author_position_mean -
o o ® o S
) & S ) o ) $ & $ &
N N e N N [N o Q o ©
Loading value Loading value

Figure 4.4: Loadings for the two components of the PWPCA model. Loadings for B, (left) cor-
respond to points to the ‘left’ of the one-dimensional hinge point, and loadings for B; (right)
correspond to points to the ‘right’ of the one-dimensional hinge point.

For the PWPCA model, the loadings are split between two subsets of the data: those points
falling to the right of the hinge point (where the hinge point is placed along the log-mean journal
h-index) and those falling to the left. For convenience, we will refer to these two subsets of the

dataset as S, and Sy, respectively. The p; loadings for points in S, were all positive. The same

Table 4.4: Correlations between first latent dimension scores of all models.
PCA-C | PCA | PLNPCA | PWPCA | KPCA | AEl

PCA 0.996 - - - - -
PLNPCA | 0.998 | 0.994 - - - -
PWPCA | 0.211 | 0.202 0.213 - - -
KPCA -0.826 | -0.828 | -0.810 -0.183 - -
AE1 0.303 | 0.258 0.299 -0.104 | -0.273 -
AE2 0.633 | 0.669 0.618 -0.004 | -0.614 | -0.243
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pattern was observed in the loadings for p; in Sy, with the exception of the negative loadings for
log-mean SJR and log-mean journal A-index. Noting this exception, all positive loadings on both
data subsets had approximately the same magnitudes.

The PCA-C and PCA models shared a pattern in their p, loadings. In both models, all p,
loadings for the document-level metrics were negative, and all p, loadings for collaborative and
journal-level metrics were positive. Additionally, the loadings for citation metrics were positive
except for the loadings for h-index. Citation-level metrics also had positive loadings on p, for the
PLNPCA model, but the pattern observed in the PCA-C and PCA loadings for the other categories
of input variables was not observed. The PWPCA model showed different p, loadings than the
linear models. For the PWPCA model over S,, only log-SJR mean and log-mean author position
were positively loaded on p;, with all other variables loaded negatively. Over Sy, all journal- and
collaborative-level variables were positively loaded on p,, all citation-level variables had negative
p2 loadings, and document-level variables had loadings of varied sign on p,. Plots of the loadings
for the first five principal components of the PCA-C, PCA, and PLNPCA models are found in
Figure 4.3] The loadings for the two components of the PWPCA model on both data subsets
Sy and S, are shown in Figure d.4] Since the parameters from the autoencoder models have no
geometric or physical interpretation, we refrain from reporting their variable loadings.

We estimated the positions of the observations in the two-dimensional latent space for all of the
models. The resulting latent space representations for the linear models are shown in Figure[4.6] the
PWPCA latent space is visualized in Figure and the results from the KPCA and autoencoder
models are shown in Figure The relative densities of the respective latent points generated by
all models are displayed along with the scores from PC1 and PC2. The PLNPCA model shows
the greatest dispersion along the vertical axis and a left skewed density along the horizontal axis.
The latent spaces generated by the linear models appear superficially similar, with only slight
differences in density. The latent spaces from all models except KPCA have similar scales along

their horizontal and vertical axes.
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When the points were mapped to the latent space by the PWPCA model, the spread of latent
points appeared to approximate a two-dimensional Gaussian distribution. The partition in the latent
space was formed by the horizontal axis. Thus, the upper half of the latent plane corresponds to
observations with log-mean journal /-index greater than zero, and the lower half corresponds to
the complement.

PC1vs PC2 - PWPCA

7.54

5.0

2.5 level

0.025
0.020

pPC2

0.015
004 0.010
0.005

-2.54

-5.04

-10 5 0 5 10

Figure 4.5: Observations mapped to a two-dimensional latent space using PWPCA.

The latent space generated by the KPCA model is markedly heart-shaped, with higher density
around the outer boundary of the latent points. The latent spaces generated by the AE1 and AE2
models both appeared to accurately approximate two-dimensional Gaussian distributions, where
more rotational symmetry was observed in the latent space generated by the AE2 model.

Predictions were generated for all generative models by mapping points from the simulated
latent space to the observation space. Graphical comparisons were used to evaluate the quality

of the predictions. Overall, each PCA-based model trained on all variables appeared to generate
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Figure 4.6: Observations mapped to a two-dimensional latent space using (left) PCA-C, (middle)
PCA, and (right) PLNPCA.
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Figure 4.7: Observations mapped to a two-dimensional latent space using (left) KPCA, (middle)
AEl, and (right) AE2.

predictions that matched the original observations, both in terms of their distribution and their
pairwise relationships. However, only the PWPCA model produced predictions with a piecewise
linear relationship between the mean journal /z-index and the mean SJR (compare Figures and
B.9). The PCA-C model was trained on only the log-transformed count variables, and generated
predictions that accurately matched both the distributions and the pairwise relationships of the
original observations (see Figures and B.4). On the other hand, the predictions produced
by PLNPCA displayed strong linear pairwise relationships that were not observed between the
original observations (see Figures and [B.6)). The predictions produced by the two autoencoder

models did not accurately match the original observations, and can be seen in Figures |B.10| and
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4.6 Discussion

The purpose of this study was to investigate the use of principal components analysis for generating
two-dimensional scholarly ‘profiles’ from publication data. Since the bulk of the sample variance
was explained by the first principal component in each of the three linear models, we’ll focus our
discussion on the possible interpretation of this component.

A strong positive correlation was observed between the p; scores of all linear models. There-
fore, it seems that each model is measuring the same quantity with its first component. Of the
three linear models, the model with the highest proportion of explained variance was PLNPCA.
This model also possessed the highest drop in explained variance between the first and second
principal components (87.1%). However, the PLNPCA model also weighted citations, cited-by
counts, and last authorship more heavily in its p; loadings, and so using p; to express some mea-
sure of publication activity will favor authors with high citation counts and who publish in the
last authorship position. By contrast, the PCA-C model showed a more balanced set of variable
loadings on p; and was still able to explain approximately 86% of the sample variance. In other
words, if pp is to be used as any measure of scholarly publication productivity and we consider
all inputs as roughly equal, then the PCA-C model provides the most conservative approach with
the fewest assumptions on the data. Not surprisingly, the output from the KPCA and autoencoder
models yielded little real information. The latent space representations of both AE1 and AE2 show
interesting patterns, but have no interpretable parameters.

Interestingly, the p; scores from the PWPCA model were not strongly correlated with those
from any other model. However, the p; loadings were positive for all variables on S, and similarly
positive on S, with the exception of the journal-level metrics. Futhermore, the PWPCA model
explained the highest proportion of variance among all models (99.5%). This is especially sur-

prising since the PWPCA model included all 16 variables. Additionally, a substantial proportion
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of variance (81.7%) was explained by the first component of PWPCA. Thus, it appears that the
inclusion of a single nonlinearity in the model has led to a novel measurement of overall scholarly
productivity which captures a high degree of variability in the data. It seems that PWPCA provides
an advantage in explaining variability in the dataset, but that including a nonlinearity significantly
changes the nature of the loadings on the principal components.

For the PCA-C and PCA models, all document-level inputs showed negative loadings on p».
In contrast, journal-level, citation, and collaborative input loadings were positive on p, with the
exception of the A-index. Thus, it seems that p; acts as a measure of the trade-off between the
quantity of publications and the degree to which those publications are known to the larger com-
munity (including collaborators). Taking this view, we may interpret the four quadrants of the

latent spaces generated by PCA-C and PCA as in Figure 4.8

Figure 4.8: Interpretation of the latent spaces generated by PCA-C and PCA.
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The PWPCA latent space has a slightly different interpretation. The horizontal axis can be
interpreted in the same way as in the linear models, but the vertical axis displayed a different pattern
than in the linear models. The p, loadings for PWPCA indicate that scholars in the upper half of
the latent plane have higher SJR and mean author position, but all other variables are weighted
negatively. This changes in the lower half of the latent plane, where the p, loadings show that

authors have higher journal- and collaboration-level metrics, and lower citation-level metrics. Of
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the document-level metrics, the lower half of the latent space positively weights open access but
negatively weights overall document count, first and last authorship, and article count. Thus, the
lower half of the PWPCA latent space appears to show a trade-off between open, collaborative
output in highly ranked journals and overall document output.

It is not surprising that adding in more variables resulted in a lower percentage of explained
variance between the PCA and PCA-C models. More variables should inherently lead to more
variability. However, it is noteworthy that adding 7 continuous variables to the PCA model still
accounted for 81.8% of the sample variance in p;. This is likely due to some of the continuous
variables being derived from the count variables, such as the mean citations per document, mean
citations per year, and the mean coauthors per document.

The PWPCA model appeared to produce the most accurate predictions when using all trans-
formed variables to fit the model. The predictions produced by PCA were overall accurate to the
original observations, but the PCA model failed to capture the known nonlinearity in the data.
When no nonlinearity was observed between variables, as was the case when using only the log-
transformed count variables, PCA-C appeared to produce the most accurate predictions.

In light of these results, it appears that PWPCA is a preferable choice for the two-dimensional
representation of the bibliometrics dataset when compared to linear models. When piecewise linear
relationships are identified between input variables, the PWPCA model can effectively differentiate
between data lying on the resulting partitions while still explaining a substantial proportion of the

sample variance. PCA-C remains an effective choice when the data lie on a linear manifold.

4.6.1 Future Directions

The use of linear dimensionality reduction techniques with bibliometric data offers a convenient,
interpretable framework for generating scholarly profiles. This study suggests more directions for
further investigation. For example, the PLNPCA model can be extended in the future to include
continuous covariates and offset parameters for unequal sampling regimes ([[16]). Such exten-

sions are attractive as they allow for both continuous and discrete data to be included in the same
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dimension reduction scheme.

The PWPCA shows promise as a flexible method that can explain the variability in nonlinear
datasets. The inclusion of more nonlinearities along a single dimension or one-dimensional non-
linearities in multiple variables should similarly lead to a high proportion of explained variance
and should be investigated further.

Beyond the continuous variables used in the present study, the inclusion of PlumX metrics
is another direction which could prove fruitful. PlumX metrics are complementary to citations
in that they measure the number of times that a given scholarly publication is accessed, read, or
downloaded online, or when the publication is mentioned in online blog posts, YouTube videos,

tweets, and news articles.

4.6.2 Declarations

The classical PCA part of this study was completed for the Alberta Children’s Hospital Research
Institute (ACHRI) in support of the University of Calgary’s 2022 Canada First Research Excellence
Fund (CFREF) application, and in collaboration with Benedikt Hallgrimsson, Christina Hirota, and

Susa Benseler. Matthew Adams is supported by an Alberta Innovates Graduate scholarship.
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Chapter 5

Conclusion

This work has presented a full probabilistic model for computing piecewise affine dimensional-
ity reduction on high-dimensional datasets. The resulting piecewise PCA (PWPCA) model only
shows a linear increase in parameters, yet is applicable to a much wider range of datasets than
classical PCA. Through the use of PWPCA, dimensionality reduction may be achieved on non-
linear datasets lying near low-dimensional affine subspaces, including datasets containing disjoint
regions of such subspaces. In contrast to other nonlinear models such as kernel PCA and au-
toencoders, the model parameters of PWPCA are fully interpretable as simple affine transforma-
tions. The probabilistic framework adopted in this work resulted in a generative model similar
to probabilistic PCA and variational autoencoders. We also established a method for estimating
the underlying dimension of the lower-dimensional latent space through a Bayesian Information
Criterion (BIC). Furthermore, visualization techniques were introduced for the approximate latent
points produced by PWPCA. The p? measure of the log-likelihood accounted for by the piecewise
PCA model was also defined and used in concert with classical PCA to quantify the proportion of
variance explained by the PWPCA model.

Our model is useful for datasets where piecewise linear relationships are observed between
pairs of variables or when the data may be partitioned into piecewise linear regions by parallel
hyperplanes. The PWPCA model is also flexible in terms of the probability assumptions, and
may be applied to any datasets when the observations are assumed to have a distribution from the
natural exponential family, conditioned on the latent variables. This enables PWPCA to be flexible
enough for both discrete and continuous data types under a single framework.

A comparison of dimensionality reduction methods for use in bibliometrics was also completed

as part of this dissertation. From the results of this work, it appears that PCA models used for the
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summarization of scholarly publication output are able to capture most of the variability in the
sample. However, applying the PWPCA model to the bibliometric data provided the insight that
nonlinearities in the dataset were not captured by linear PCA models. Thus, the nonlinearity of
our model is crucial in modeling the underlying nonlinear manifold of the bibliometric data. In
addition, PWPCA explained 99.5% of the sample variance while using all 16 bibliometric variables
as input, a higher proportion of variance than any of the other models fitted. Therefore, PWPCA
and its future variants should be the preferred method for reducing the dimensions of piecewise

linear datasets.

5.1 Future Work

This work is the first step in bridging the gap between linear probabilistic dimensionality reduction
methods and variational autoencoders, and offers many avenues for future consideration. First,
we have so far only allowed nonlinearities along a single pair of dimensions in the observation
space. This was largely done for computational convenience, but could be extended to dataset
partitioned by nonlinearities in multiple dimensions. The resulting form of the multidimensional
partitions would be quite similar to the case calculated here, but would involve more Gaussian
error functions in the marginal and variational log-likelihood functions.

In the case of data containing multiple piecewise linear regions, we have assumed that the linear
regions are separated by parallel hyperplanes. A possible future direction would be to remove the
assumption that these separating hyperplanes are parallel and allow piecewise linear separating
boundaries. Similarly, nonlinear boundaries could be approximated by piecewise linear segments
and used in the partitioning of the dataset.

Another pressing matter is the estimation of the dimensionality of the lower-dimensional latent
space. The present method is to compute the BIC for a range of dimensions 1 < j < p, which
requires fitting a separate PWPCA model for each j and then selecting the model with the highest

BIC. This is an inefficient method for estimation, especially for large datasets. Therefore, further
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investigation into more efficient dimensionality estimation methods must be undertaken in future
iterations.

In the present work, we have only considered datasets which follow unimodal distributions
from the natural exponential family. Mixture models allow multiple peaks in the data distribution,
and may be a fruitful direction for investigation in the continued development of PWPCA. The
current framework may also be applied to other forms of the multivariate Poisson distribution
that allow the presence of discrete and continuous covariates. The variational approach taken in
this work is extremely flexible, and may also lead to developments in versions of PWPCA for

distributions outside of the natural exponential family.
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Appendix A

General Results

A.1 Integrating a Gaussian Quadratic Form

Suppose that U is a g-dimensional random variable and U ~ N(0,1,), and let A be a g X g sym-

metric matrix. We will integrate

1
/ ul Au exp (——uTu> du, (A.1)
Q 2

where Q :={u € RY: egu > s}, for some fixed s € R, with e, the qth standard basis vector of RY.

Using Fubini’s Theorem, we can compute the integral in (A.I)) as an interated integral. That is,

1 o 1
/ ul Au exp <——uTu) du = / / / ul Au exp (——uTu) duy ...dug 1duy. (A.2)
Q 2 s JR JR 2

Lemma 1. Over RY™!, the integral given by (A1) takes the form

: —1 u2
(2”)% (‘IZI [Alj; + qu”é) exp <—Eq> ; (A.3)

where ug is the g™ element of u.

Proof.
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The result follows by induction on j. For the base case, let j = 1. Then:
T 17
L ::/u Au exp (——u u) duy
R 2
ut 1 &,
—/ Z  ji juy exp —? exp _EZMJ duy
jk>l Jj=
2
( “_21) duy
I oo 2 ui
= exp _EZ”J' [A]ll/ulexp Y duy + (A4
j=2 R
q )
Z [A]lkuk/ uiexp (——l) duy +
k=2 R 2
uj
Al ——|d
Z [ ]Jku]uk/Rexp< 2) up,

Jk=2

[\

where we have used the fact that A is symmetric to get the middle term. Note that the middle
term in (A.4) is odd, and therefore integrates to 0. The other terms are standard one-dimensional
Gaussian functions and integrate to v/27. Thus,

1 1 &
L = /RuTAu exp (—EuTu> duy = V21 exp (—5 Z u?)

J=2

[A]ll + Z ujuk] . (A.5)

J k=2

For the inductive hypothesis, suppose that (A.5)) holds for j =J — 1. We show that it holds for J.

IJ:/IJId”J
R
J—1 — 1 2
= (2m) 2 / Z i+ jkujuk exp _EZ”J duy
Jj=1 j>J
u2
+[A]]JM% exp (—%) dbl]-i—

P
= (2%)% exp ( )
j>J+|

2
[A]Jkuk/ uy exp( duj+ Z kujuk/ exp (—ﬂ> dbt]]
I R R 2

k>J+ Jk>T+2

1 1 J—1

— (277:) 2 exp <_§ Z ) V2T Z [A]jj + [A]JJ + Z [A]jkujuk]
j>J+1 i=1 Jk>T42

J 1 /

= (27)2exp <—§ Z uJ> Z[A]jj + Z [A]jkujuk] . (A.6)
j>J+1 i=1 Jk>T+2
Applying this result to finite g ends the proof. U
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Using Lemma[A.3] we can easily calculate (A.2)):

1 o 1
/uTAu exp ——u'u du:/ /--~/uTAu exp ——ulu duy...dug 1duy
Q 2 2
_/ [ 27r Z[A i+ qqu exp (— )duq
= / [Z [A]j;+ qqu exp ( ) duy

o |Q:l\)

™o |»Q:N

A.2 Some Probability Results

The next result is stated in another form in [9], with a guide to the proof presented in [S5]].

Lemma 2. Let {Wl}fvz | CRY be a set of iid random variables and p = ®f-\; | Pi be a product distri-
bution. Suppose that {Yl}f]: | is a set of random variables with conditional probability distribution

p(Yi|W;). Then, for a measurable function f(Y,W),

E5 [f (Y, Wi)] = Ep, [f(:, Wi)]. (A8)

Proof. We have

N
_ / / Fonw) [T piwi)dw, ... dwy, (A9)
i=1

where is possible due to Theorem 5] (Fubini’s Theorem). Again using Fubini’s Theorem, this
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time together with the factorization of p, we get:

E;[f(Y;,W;)] = /R 1550w)) /Rf (i, wi) pi(wi)dwidw

A
=/ [15;00)Ep, [f (Y, W)l dw;
Ra—1 %
J#i
= E5 [r0W)] [ TTpitwj)aw;
Ra—1 7%
J#
= Ep [f(Yi,Wi)], (A.10)
by the independence of the W; and the fact that 1 = [ pr(wi)dwy for 1 <k <N, k #i. O

A.3 Convexity of Quadratic Forms

Lemma 3. Let A be a real invertible q x q matrix. If A is positive definite, then so is A=\

Proof. Suppose A is positive definite. Then for any nonzero x € R?,
x"Ax > 0. (A.11)
In particular, this is true for y = Ax. Then, by the symmetry of A,
YAy = (A0)TA N Ax =xTATA T Ax =xTA(A 1Ay =xTAx > 0. (A.12)

Hence, A~! is positive definite. [

Lemma 4. Suppose that x,m € R? and A is a q X q positive definite matrix. Then, the quadratic
form defined by

O(m,A) = (x—m) A x—m)=x"A x—2xTA \m4+-mT A m (A.13)

is convex with respect to both m and A.
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Proof. First, fix A. Since x’ A~!x has no dependence on m, we will ignore it and instead prove the

convexity of Q(m) = —2xTA~'m +mT A='m. Suppose A € (0,1) and m;,m, € RY. Then:

O(Amy + (1= A)ymy) —AQ(my) — (1 — A)Q(my) = —2AxT A \my —2(1 = M)xT A"y +
(1=A)2mb Ay + 24 (1 = A)ymi A=~ my +
A2mI A Yy + 206 A Yy — AmT A g +
200 =)xTA  my — (1= A)mb A" my

—)L(] —)L)(ml —mz)TAil(ml —mz).

Now, since A is positive definite, then by Lemma [3|so is A~!. Combining this with the fact that
A €(0,1) gives:
—ﬂ,(l —7L)(m1 —mQ)TA_l(ml —mz) S 0. (A14)

Hence,

O(Amy + (1 —2A)mp) < AQ(my)+ (1—A)Q(m2), (A.15)

and Q is convex in m. Alternatively, by [10, p.71], Q(m) is convex since V2,Q(m) = A~!, which is
positive definite.

Now, fix m. The remainder of this proof is based on the work of [40]. To show convexity of
(x—m)TA=1(x —m) it suffices to show the convexity of the matrix inverse A~!, where A is positive

definite. To this end, suppose that A and B are two positive definite matrices, let A € (0, 1), and let
f(A):=AA+(1—-A)B. (A.16)

Note that since f is the sum of two positive definite matrices, it is also positive definite, and so is

f by Lemma By [60], identity (59), we have that

df_ 71df
7T f f ) (A.17)
Note also that

a’f d

5= = (MA+(1-1)B)

0. (A.18)
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Moving forward, we’ll denote the derivative of f~! with respect to A as ( f ’1)/. Taking the deriva-

tive of gives
P === =Y
_ fflf/f—lf/f—l _O_f_fflf/f—lf/f—l
=2/ (A.19)
Choose any nonzero vector u € R? and let (1) = u’ f~'u. Then
¢"(A)=u" (f ) u=2u"fUfF7F (A.20)

Let v = f'f'u so that ¢”(A) = 20T f'v > 0, since f~! is positive definite. Therefore, ¢ is a

convex function over [0, 1]. That is, for any A € (0, 1),
Ao(1)+(1-2)e(0) = ¢(4). (A.21)

We also have that
e(0)=f10)=B"", ol)=r"'(1)=4"". (A.22)

Then, substituting these values into (A.21) gives

A" AT U4+ (1 =" B 'u>u” (AA+(1—=21)B) ' u
<~

ul AT+ (1-)B NYu>u AA+(1-2)B) u.
Since u was an arbitrary nonzero vector, this means that
AAT 4+ (1=M)B ' = (AA+(1—-A)B) ", (A.23)

and A~! is convex.
By Lemma when A is positive definite then so is A~!. By the proof we have just undertaken,

when A~ is positive definite, then A is convex. Hence, Q(m,A) is convex with respect to A. [

124



Appendix B

Supplementary Material for the Bibliometric Study

B.1

Histograms of Bibliometric Input Variables
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Figure B.1: Histograms of all variables before log transformation.
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Figure B.2: Histograms of all log-transformed variables using log(x+ 1).
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Figure B.3: Pairwise scatterplots of all log-transformed bibliometric count variables used as inputs
for PCA-C.
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Figure B.5: Pairwise scatterplots of all raw bibliometric count variables used as inputs for
PLNPCA.
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