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PBS TRACT 

The study of systems of probability distributions started in 

1895 with Karl Pearsons celebrated family of curves, which still plays 

a major role in modern statistics.. Many systems of distributions, both 

continuous and discrete, have been developed in succeeding years, with 

a wide range of aims and usage. Applications occur in such diverse fields 

as economics, medicine and sport, to name but a few. Trying to keep 

track of such a wide-ranging and rapidly expanding literature is probably 

a hopeless task. Rather, I have tried to look at major systems specially 

those associated with series representation. 

An introduction to the different types of families of univariate 

discrete distributions has been given in Chapter I. 

A very wide family of discrete distributions with the title 

"Lagrangian. Probability Distributions" has been introduced to statistical 

literature by Consul and Shenton (1972). The method to generate such 

families of distributions and their important properties are given in 

detail in Chapter II. Some important distributions of this class such 

as the Lagrangian Binomial Distribution, Lagrangian Poisson Distribu-

tion, the Lord-Tanner Distribution and Consul Distribution, which are 

generalizations of some classical distributions, are found to be the 

distribution of the number of customers served in the first busy period 

(FBP) •. 

A modified form of the power series distributions by the name 

"Modified Power Series Distributions", (M.PSD), has been exhibitted by 

Gupta (1974, (1)). It will be shown in Chapter III that the class of 

MPSD is a sub-class of Lagrangian Probability Distributions. Some 
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important properties of a MPSD will be studied in detail within that 

chapter. The distribution of the sum of independent decapitated YRSD 

witl also be derived, because of its usefulness in estimation, 

In Chapter IV the problem of estimation for a NPSD is discussed. 

Gupta (1975) introduced the method of maximum likelihood, considering 0 

as the only unknown parameter involved in the density function of NPSD. 

The writer gave a TJ.M.V.U.E. for a function g(0) of the unknown parame-

terO, 

The majority of the Lagrangian and the NPSD are multiparameters 

distributions, but to avoid the complicated problems which may arise in 

the multiparametric situation, 8 has been considered to be unknown and 

all the other parameters to be known constants. Studying the multi-

parametric situation is beyond this stage oE research. 
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CHAPTER I 

STATISTICAL DISTRIBUTIONS: trends and prospects 

1.0 Introduction  

The statistical distributions arose initially in connection 

with specific real situations. Once their relevance was established 

there was little further interest in theoretical analysis as they were 

used mainly for descriptive purposes. During the last quarter of the 

19th century, and the first quarter of the 20th century the determination 

of sampling distributions of statistics based on random variables and the 

study of various systems of distributions (with special reference to their 

use in model construction) became important. Both of these topics are 

still attracting considerable Ihterest,fth more and more complicated 

distributions being derived. 

In univariata theory, there are relatively few new distributions 

being studied. Interest is focused more on the classes of distributions, 

e.g. 

(a) Construction of systems embracing many known distributions. 

(b) Stable and infinitely divisible classes. 

The discrete probability distributions can also be classified on the basis 

of their common properties regarding; moments, estimation, applications, 

etc. 

The series representations of probability distributions are now 

becoming popular, but questions of speed convergence appear to be neglected. 

Karl Pearson (1895) was the pioneer of the study of the systems 

of probability distributions, which plays a major role in modern statistics. 

He obtained that for the hypergeometric distribution, the ratio 
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P(X=i*l) P(X-x)  
P(X=x4-l) + P(X=x) is of the form (linear function of x)/(quadratic 

function of x). His observation led to the differential equation 

defining Pearson's system of curves. 

Noack (1950) introduced the discrete analogue of the exponential 

of curves into the statistical literature by the name of "power 

series distribution". The generalized power series distribution has 

been studied in detail by Khatri (1959), Patil (1962), (1963), and many 

others. Ord (1967) developed a system of discrete distributions, using 

a difference equation analogous to Pearson's differential equations. 

My purpose in writing this chapter was not, therefore, to provide 

an encyclopaedic work, but to provide a brief discussion of the classical 

and recent discrete classes of probability distributions, which have 

grown considerably in importance in recant years. 

fnwi  ly 

1.1 Mixtures and early generalizations of discrete-distributions -

Mixtures of distributions have received an increasing amount of 

attention in recant statistical literature, due to interest in the 

mathematical aspects of mixtures as well as a considerable number of 

applied problems where 'mixtures are encountered. The term "compound 

distribution' has also been used by some authors. 

Gurland (1957) defines a 'compound distribution' as follows: 

Let the random variable X,have the distribution function 

F1(x1 1, 0) for a given value of the parameter 0. Suppose now that 0 is 

regarded as a random variable X2 , say, with distribution function 

F2( 2). Denote by X1 A X2 the random variable with distribution function 
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where c is a constant which is arbitrary or restricted in some prescribed 

sense. Then the random variable X1 A 12 (uniquely defined here except 

for the constant c) is called a compound Xi variable with respect to 

the 'Compounder' 12. 

Let X1 be a random variable with probability generating function 

(p.g.f.) g1 (z), representing the number of egg-masses laid in a sampling 

unit. Suppose that each egg-mass gives rise to 12 larvae with p.g.f, 

g2 (z). Then the distribution of 12 averaged over X1 is called 'Xi 

generalized 12 distribution' and the random variable is denoted by 

I) V X2. It can be shown that the p.g.f. of X1 V X2 is given by 

g1 (g2 (z)}. Though this illustration 'is given in terms of egg masses 

and larvae, it is clear that with suitable terminology it applies as 

a definition to any situation in which there is an original population' 

and each member of the population gives rise to a new population. 

atti(l97O) gave some interrelations among such generalized 

distributions and their components, 

(i) Let g(z) = g1(g2 (z)), and let 1, , 

and 21'I(j) denote the i-th factorial moments of g(z), g1(z) and 

respectively. Note that 

(i) 
= g (z)  

z=i 
(i) 

where g (z) denotes the i-th derivative of g(z) w.r. to z. 

Let t = g2 (z). On writing, 

g(z) = g1 (t) (1-2) 

and on differentiating (1-2) successively w.r. to z, wehave, 
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(1) (1) (1) 

g (z) = 91 (t) 92 (Z) 

(2) (2) (i) 2 (i) (2) 

g (z) = gi(t){ gz (z)} + g, (t) 2( 
(1-3) 

(3) (3) (1) 3 (2) (1) (2) (i) () 
g () = gi(t){ g2 (z)} + 3 g1 (t) a2 (Z) g2 (Z) + g1 (t) g2 (Z)  

and so on At z = 1, t = g2 (z) = ls, hence on substituting z = 1 in (1-3) 

we have 

11(1) = 1P(1) 

(2) i1(Z) 2-11]. + i(i) 21(2) 

= i(3) 2"l+ 3 ii 2 2P(2) 2(i) + i(i) 21(3) 

and so on 

(ii) Also the factorial cumulants generating functions K(u) is 

related to the p.g.f. g(z) by the formula 

.K(u) = iog g(1 + u), 

and the i-th factorial cumulants K(j) is given by the formula 

K =  K(u)  
(i) au i 

u=o 

and we can get the relations,.. 
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where 1K Q) denotes the factorial cumulants of the distribution given 

byg1(z). 

Finally, if the random variable X corresponding to g1(g2 (z)) takes only 

positive integer values, the relation between the probabilities and the 

factorial moments given by Katti (1970), is 

CO 

P. r=i (-1) r-3. (1   
1.2 Contagious distributions  

The term "contagious distributions" was used by Neyman (1939) for 

describing a model of the distribution of larvae in a randomly chosen 

area in a field. The model was constructed by assuming that. thevariation 

(in number of groups of eggs per unit area) could be represented by a 

Poisson distribution, while the number of larvae developing from a group 

could be represented by independent -random variables, each having a 

Common Poisson distribution. 

Actually it is a model representing heterogeneity. However, 

heterogeneity should be distinguished from a 'true contagion', i.e.' from 

situations where the events under observation depend on the pattern of 

previous occurances of the events. 

As an illustrative example, we shall discuss the Neyman type A 

distribution and its generalization. 

The Neyman type A distribution '(N.T.A.D.) is obtained by compound-

ing a Poisson distribution by a Poisson distribution. Suppose the field 

is divided into plots of equal areas. On the assumption that the insects 

providing larvae eggs are distributed over these plots, the probability 

that exactly v insects are represented on a plot under observation is 
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Supposedly given by a Poisson with parameter m1 

-rn1 (ra1)" 
e   

Now suppose the probability that exactly n eggs are laid by the group 

of insects on any plot is given by a Poisson distribution with parameter 

A, say; -x 
e - (1-3) 

Out of the n eggs laid by the group, some may be unfertilized, and some 

may get rotten so that the number of learvae produced will usually be less 

than n, when the counting is done. Let I, the number of larvae counted 

on the plot, be given by the binomial distribution with parameters n 

and P. i.e. the probability of observing x larvae is given by 

(1-4) 

The p.g.f. of the distribution of larvae is that of a generalized 

Poisson given by 

2r, 1{.9(t) - 

e 

where g(t) is the p.g.f. of the binomial distribution (1-4) compounded 

with the Poisson distribution (1-3) on the parameter n. In this case the 

parameter P in (1-4) is regarded as fixed for all egg-masses; hence g(t) is 

given by 

Co 
g(t) = El + P(t-1)]n-AA2 e - = e (t 1) 

n! n=o 
(1-5) 

If in (1-4) we regard P as a random variable having Beta distribution with 

parameters a and a, the result of compounding the distribution represented 

by (1-5) through values of P yields the following p.g.f, 

g1(t) B(a, J et_1)pa_1Ci_p1 
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= 1F)(ct,c+,),(t-l)) 

where 1F1() is the confluent hypergeometric function. 

It follows that the overall distribution of the total number of 

larvae produced by the insects on any plot has probability generating 

function 
H(t) = ecp [-in1] ecp (m1 1F1 {ct ;ct+;X(t-l) U (1-6) 

which for = 0,1 and 2 reduces respectively to the pgf. of Neyman 1s 

types A, B and C distributions 

Let P denote the probability of an observation of r events, setting, 

= f(t), then 

H(t) = exp[-in1]exp[m1f(t)1 

CO 

= Pr and, 

P =—H (0) 
r rl 

Curland (1958) has proved that 

= ko Fk pr-k 

where• 

1 (k+i) 
= T f'° 

k+1a (+l).. .(+k)  
-  k! (cft) (c++1) . . . (c++k) 

Also, he considered the following six limiting forms according to 

the variations in o and 
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(a) 8 4. a fixed 

CO 
= r(a+r)r(a--B  (A(t..l))r 

'--0 r(a)r r) (a+8• = 

as 8 -- o f(t) -* 1, and H(t) + 0, 

which is the p.g.f. of a degenerate distribution corresponding to the 

constant zero. 

(b) a - , 8 fixed, 

IF ->- e1), and H(t) 

approaches the p.g.f. of the N.T.A.D. given by eap[m1{evp(X(t-1) - l}] 

(c) a and - =y 

1F1{a,a+8X(t-1)} • exp[X(t-l)/1+y] and, 

H(t) + e{m1[ea{j(t i)} i]} the 

p.g.f. of a N.T,A.D. 

In the other 3 cases where; (i) a f3 + with and u2' 

fixed; with a, Jand M2 fixed; (iii) a • with 8, ii 

and 11, fixed, we get the N.T.A.D. 

Although a considerable amount of work has been done in the area 

of obtaining statistical distributions of the spread of plants and insects, 

the distribution thedry is presently unable to cope up with all the problems 

due to the following causes: 

(1) No single theoretical distribution has been found to describe 

any large scale data. 
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(2) For a given set of data, there could be two or more theore-

tical distributions that fit equally well and there is no way to distin-

guish between them based on the fits only. 

(3) Two or more physical models could lead to the same final 

statistical distribution and hence the estimates of the parameters of the 

distributions may not be meaningful to those physical models. 

1.3 Generalized Power Series Distributions (GPSD):  

A random variable X is said to have GPSD with parameter 0 and 

range T if its probability density function is given 15y 

a() 
P(X=c) { j(e) ET 

elsewhere 
(1-7) 

where a(r) is independent of 0 and is positive for x E T, a countable 

subset of the setof non-negative integers, and the series fundtion 

f(e) = a(x)e' is positive, finite and differentiable over 
ET 

= {e : 0 5 e < RI, where R is the radius of convergence of the power 

series f(o). It may be noted that the GPSD given by Eati1 (1962) reduces 

to the PSD (Noack, 1950), when T is the entire set'of non-negative integers. 

It can be easily seen that a proper choice of T and f(8) reduces the GPSD 

to the Binomial, Negative Binomial, Poisson, logarithmic series distri-

butions and their truncated forms, since any truncated GPSD is itself 

a GPSD in its own right and thus possesses all the properties of a GPSD. 

The p.g.f. of a GPSD is given by 

W = 1 a(x)(t0) = 

ccET f(e) 

and the moment generating function is 
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-  (e 0)  
/ t 

f(o) 
Thus 

= E(X) = 0 log f(0) 
de 

u2 = Varvance(X) = i • 0,d2do2 log y(0) 

The recurrence relation among the non-central moments is given by 

= do + 

r, 0 
U;= ET f(0) 

x 

where 

whence, the recurrence relation among central moments of a GPSD becomes 

- 0  + r 

1.3.1 Estimation For GPSD  

Let X1 ,X2 ,.. ,X be a random sample of size n taken from the GPSD 

defined by (1-7). The 1orithm of the likelihood function L is 

n fl 

log L = log a(x) + x. log 0 - n log f(0), 
i=1 i=1 

so that the efficient score for 0 is 

x. 
= ii - n  = - U). 

The likelihood equation ij() = 0 for estimating U reduces to 

The asymptotic variance of the estimate of 0 is 

V( 02 )- • 1 / 112 
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and the amount of bias becomes 

0 '3 - 112  
b(0) = 14 

The uniformly minimum variance unbiassed (U.M.V,U) estimator of 

0 for GPSD has been given by Roy and Mitra (1957) as 

u1(t)= 0 

- c(t-1,n)  
c(t,n) 

<1 

tl 

where n is the sample size, t = and c(i,n) is the coefficient of 

in the expansion of (f( 0)). 

However, Charalambos A. Gharalambides (1974 a) gave the U.LV.TJ 

estimator for certain functions of the parameters involved in the left-

truncated Logarithmic series, Poisson, Binomial, and Negative Binomial 

distributions with known or unknown truncation points. The derivation of 

all N.V.U. estimators depends essentially on. Rao-Black well and Lehmann-

Scheffe theorems using sufficiency and completeness of suitable statistics. 
.fl 

The distribution of the sum z = X. of the observations when 
1 

the truncation point is known and the joint distribution of y = min(X1, 

and z = X, when the truncation point is unknown, are 

derived. These distributions, as well as the corresponding M.V.U. estimators, 

have been expressed in terms of certain generalized Stirling numbers of the 

first kind in the Logarithmic series case, and in terms of generalized 

Stirling numbers of the second kind in the Poisson case. The results 

for the Binomial and Negative Binomial, distributions are given in terms 

of a generalized C-numbers (Charalatabides, 1974 b). 

Before we finish this section, it should be noted that Kemp (1968) 

has shown that a large number of discrete probability functions may be 



12 

expressed in terms of the generalized hypergeometric series. Dacey 

(1972) extended Kemp's results by constructing a mhod which identifies 

all members of this hypargeometric families of discrete probability 

laws given by the p.g.f.'s of the form 

0(t) =C pFq (ai a29 ...ap ;b i9b2 rn.bq ; At), 

where the normalizing constant C = llpFq (a1 a2 ....a; b A). 

All the members of the GPSD family are implied in this wider 

class of discrete probability distributions; e.g. 

(i) Binomial: 

(ii) Poisson 

0(t) = C P(-n; -A A 1 t), P - + 

0(t) = C F(At) 

(flu) Hyper-Poisson: 0(t) = C 1F1(1; A; et) 

(iv) Négativa-Binomial: 0(t) = C 1P(K, qt) 

1.4 The General Dirichiet's Series Distributions. 

Siromoney (1964) has introduced another general class of proba-

bility distributions called the general Dirichletrs series distribution 

(DSD), defined by the random variable X whose distribution is given by 

the probability function 

P(X=x) = 

a(x)exp(-Ae)/f(0), 

0 

= 1,2,... 

elsewhere 

The GPSD is a particular family of this class. Also- the 

transformation Ax = log x gives the fo11oi'ng family 

and 

P(X=x) = a(cc) 

00 

E(f) = ' P(X=x) - f(8-r) 
x=1 f(e) 

= 1,2,... 
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1.5 Systems Defined By Difference Equations  

Analogous to Pearson's differential equation, used to develop 

families of continuous distributions, Ord (1967)employed the difference 

equation 

(a-j)f. 
If =f —f = il -i  
i-i j i-i b + b1j + b2j(j-1 

(1-8) 

to define a class of discrete distributions, based on a lattice of unit 

width. It was noticed that the density function will depend on the roots 

of the denominator in equation (1-8). The criterion  (b 1-b2-l) 2/ 

{4b2 (b+2)} is used to distinguish the distribution, when 

Af (a-j) f1 
j-i -  (a+b) + (b1-l)j + b2j(j-l) 

which is an i1 rntiv forni of (1-8). This last form is used to avoid 

infinite values when b = 0. 
0 

Katz (1968) devoted his dissertation entirely to the investi-

gation of the properties and sampling characteristics of the class of 

discrete probability distributions defined by the difference equation, 

f(,+l) If (X) - P(x) (r) where P() 

and Q(r) are polynomials which are suitably chosen to provide the various 

classes of discrete probability distributions defined on non-negative 

integers. 

When P(x) = c + x and Q(c) = x + 1, we have 

f(r-l-l) /f(a) - c +x  
+ 1 

0 < < 1, 

= 0,1,2,... 
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On multiplication by t and summation over x from 0 to , we have the 

differential equation, 

g'(t) = cg(t) + tg'(t) 

d Co 
Tt log g(t) = 1 ot where g(t) = tf(x) is the 

x=o 
p.g.f. of X. Solving we get 

g(t) = A(1 t) -'/s 

Since 

then 

Thus., 

g(1) = 1, 

g(t)=   

a. 
Variance =  

As special cases: 

(1) If=O 

Lim g(-b) 
= ct(t-1) 

which is the p.g.f. of a Poisson 

distribution. 

(11) If < 0 -a , -- = n, (n is an integer) and  - 

= (q+pt) n, which is the p.g.f. of a Binomial 

distribution. 

(iii) If 0 < < 1, = n, and   - p 

.. g(t) = (q-pt)', which is the p.g.f. of a Negative-

Binomial distribution. 
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Define G to be the r-th cumulant of the density function given 

by the p.g.f. in. (1-9). Now 

G log (1t)t/ 

r idt r (1-)' 

dG 

do 

dr 
log(1SeL) It=0dt'2  

log (1_8t) 
r Jt=o 

+ 
- t 
t  e  

1 - t=O 

dr d 
log (1-e 

1 G + 1 G2 
- 3 r *1 

lag (l_et) 

t=o 

Hence, the recurrence relation between the cumulants becomes 

dG 
G 
2*1 r 

t=o 



CHAPTER II 

LAGRANGIAN PROBABILITY DISTRIBUTION  

A new class of discrete probability distributions, wider the 

title "tLagrangian Probability Distributions" was recently introduced into 

the statistical literature by Consul and Shenton (1971, '74)the particular 

title was chosen by them on account of the generation of these probability 

distributions by the well known Lagrange expansion of a function f(t) as 

a power series in u when u - t) • The general class consists of many 

families and the Double Binomial Family of these discrete Lagrangian 

distributions has, as particular cases, many interesting members such as the 

Borel-Tanner distribution (Tanner, 1961), Haight distribution (Haight, 

1961), Generalized Negative Binomial distribution (Jain and Consul, 1971), 

Generalized Poisson distribution (Consul and Jam, 1972). All these 

distributions are found to be of relevance in queuing theory and possess 

a number of interesting properties. The present Chapter is mostly based 

upon the works of Consul and Shenton (1971, '74) 

2,1 USE OF LAGRANGLAN EXPANSION FOR GENERATING GENERALIZED DISCRETE  

PROBABILITY DISTRIBUTIONS. 

Let g(t) be a p.g.f. defined on any subset of non-negative 

integers and be given by 

0, 

g(t) F(s) t8 
5=0 

so that 

P(0) 0 (2-1) 

F(s) 1 and g(0) 4 0 (2-2) 

Consider the transformation 

t = ug(t) (2-3) 
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which gives u = 9 for t and u = 1 for t = 1. Since u is a function 

of t having a non-zero derivative at t = 0, it is reasonable to suppose 

that there exists a power-series expansion for t in terms of u, given by 

the Lagrange expansion. 

If f(t) is another p.g.f. defined on any subset of non-negative 

integers, it can be expanded in powers of u, by Lagrange's expansion as 

CO k k—i 

f(t) =f(0) •141• zF tk_ 1 1(9 k f(t)] (2-4) 

The Lagrange expansion is usually defined for functions f(z) and g(z) 

which are analytic on and within a contour C surrounding a point z = a 

such that 

< 

In our case, this suggests the condition ju.g(t)j < Iti or Iu.'g(t)I < 

for the convergence of the p.g.f. f(t).'When 1(t) and c2(t) are two 

p, g .f.V s, it is well known that 1[2 (t)] is also a p.g.f., so that the 

power series(2-4)must be another p.g.f in u. Thus a new probability 

distribution, defined on some subset of non-negative integers, is given by 

where 

1 
p (X=x) = j-- Dt [(g (t )) J--(t) ] 

t=o 

x-i a - 1 
p (g=O) = f(0) , and 

(2-5) 

Since (2-5) provides us with many families of discrete distributions as 

g(t). and f(t) are replaced by different sets of p.,-.f.'s, it is called 

the class of Lagrangian distributions. 
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2.2 BASIC LAGR?NGE PROBABILITY DISTRIBUTIONS  

When ft) = t, (2-4) gives 

t 1 (u) [r t 1 (g(t )}] J E[1ñ (2-6) 

The above is referred as basic Lagrangian p.g.f. and the corresponding 

discrete probability distribution is given by, 

1 r £C-1 
. t 

(g (t))XI, I , 
t=o 

x.E N (2-7) 

where N is the set of positive Lntegers. This probability distribution 

is called the family of basic Lagrangian distribution defined on N. 

This family consists of many well known probability distributions such 

as the Geometric distribution, the Borel-Tanner distribution, the Height 

distribution; the Consul distribution which are respectively obtained when 

(1) g(t)p+qt ' q+p1 , O<p<l 

Me g(i) e 

g(t) p(l -qt) -1 q +p = 1 0 <p < 1, and 

(iv) g(t) = (1 - - ot)m 0 < o < 1, in is a positive integer. 

Other choices for g(t), such as 

g(t) = (Q 

- log(l-0t)  
g(t) - log(l-o) 

will provide new' distributions. 

THEOREM (i) 

0<0<1 

Let X, X2 , ... be n independently and identically distributed 
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random variables whose probability function is given by the p.g.f. g(t). 

If X is a basic Lagrangian random variable generated by g(t), then 

p)=nxp(X+X+...X =n- 1) 
12 n 

PROOF: 

The p.g.f. of the -fold convolution of the probability distri-

bution (p.d.) given by the p.g.f. g(t) is (g(t)) 
n. 

and 

so that 

since, 

g(t) o + t I + t2g2 + ... + tg ± 

Let 

(g(t)) g0fi + •tg1 + t2g2 + + 

P (x1 + X + '.. r) = 

i(gt) I 

1 fl-i 
P(X='n) 

or 

[(g(t)y1 I 
n 

!  •g_1 

Dt (g(t)) '1 n t=o 

= = + + n-i) (2-8) 

THEOREM (ii) 

The value of p(K) in the basic LPD represents the probability 

of a regular (uninterrupted) sequence consisting of n events only when 

the observer is on the other side of a resisting medium or a barrier to that 

the counting starts with the observation of the first unit and the individual 
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events are processed one by one through the resisting medium.. To prove 

this theorem we shall need the following lemma. 

LENMA 

Let g n+1 and ang denote the functions 

respectively. Then 

n-I-i. and — g(t) 

de 

n-2 n-r 
(n+1Y1 fl-I-). fl-I fl fl fl ( g ) (g) ( g ) + ( g)g • () ( •'g) 

r i r1-r2 n-r1 r2 2'i-2' r2 

g )g + g ){•( 
r2- . 

r2-1 2 3 r1-r2 r3 r2-r3 r3 
+ r2 ){( g + 
r3 1 

where the values of the summation is zero if the upper range in the 

surnmatibn is less than. the lower range. 

PROOF: 

Now, 

According to the LIEBNITZ theorem, 

r fl-r 

(u(z)vx)) 2-0   u(c)ax n l . jn-r J 

n-i n+i -1 n-i 1 n+1 1 (n+l) ( n g ) = (n+l) (ag ) = (n+l) (n+l)gg 

Putting r1 

= fll (gfl•g) 

,fl) 1 (ag) 

r1=O 

0 and r = n-i, i.e.. writing down the first and the last terms. 

and on using the relations 
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• c- 1) 4 - in r n-r 
r j •g - g a• g 

and ) (fl_ g )(ar•lgfl) • (4.21g) r1-1 (gr ag 1.nr1) 

we. get s 

(n+1)1 4 4+3. 41. fl\ + (a4g) (a g• ) = (Dg) (a - g g 

fl-2 n-r r1-3. r1 n-r 1 
+.V 14 rd (a 1g)a •@ ag ) 

17 

fl- 2 
+ (a4g )d2 • ) (nrl) 

r1=1 [1•1 . 2 1_ 1 r1-r2 flTi) Z2 rl)] . 
Now, we separate the first term in the second summation and modify 

the form of the derivative slightly to obtain 

(n+1)1(g4*1) = + (aug) gfl 

+ (r) (afl1g) [ anbg4_21gn1 +• 

r1-1 r 
1,) (an1r2gnD1) 

r2 2  
a 
2 1 (g r2 ag r 

The last derivative under the second summation can be again written in 

the form of a summation and the process of separating the first term and 

modifying the derivative in the others can be continued further. 

Repeating these operations till such conversions become impossible, we 

can obtain the required result. Since 
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+ [ g(t)]= , = ;+ [ar& (_ 

The result of the lemma at the point t-0 can be simplified to the form 

1  ffl fl+1I 1 In 
(n+l)! ) g1 T (,n- g ) + + 

t=o. t=o 

fl-2 rn_r1 r1 1 n-r1 r1-r2 r2 2 
g + 9 g + ' 9 

r1=i n-r1 Lrl 0 r21 r1-r2 r2 r3-i r2-r3 

which is true for all integral values of n. 

r -r 
ig 2 392a+}}] 

r3 0 

(2-9) 

PROOF of the theorem: 

When the resisting medium is uniform, each unit will take the 

same period of time to get through it and the observer will find the units 

appearing sequentially at regular intervals without interruption unless 

there was a break in the flow. The length of these uninterrupted regular 

sequences of events will be 1,2,3,... fl,... units with gaps of longer 

intervals between the different sequences. 

The present problem is very similar to that of recurrent events 

or a simple queuing process where an external observer, who is unable to 

see the length of the queue on account of some barrier, is trying to 

determine the probability that an observed regular sequence (busy period) 

will consist of n events (customers) when (i) the passage through the 

barrier is like an unknown contagion having the same effect on every event - 

and takes the same amount of time and (ii) .the process does not stop at 

any time so that any new regular sequence of events begins without a waiting 
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period, i.e. each sequence is always initiated by one unit. 

The problem has been-studied by several mathematicians [Feller, 

1968,, Vol. 1]. Therefore, what is required to be proved is that the 

value of theprobability (2-7) for Xi is precisely equal to the probability, 

obtained by other methods, that the observed regular sequence will consist 

of n events when (i) and (ii) are true. 

Let g(t) be the p.g.f. of the p.d. {g r }, r = 0,1,... of r units 

materializing, during the period of time taken by one unit for passage 

through the barrier. Evidently, (g(t)) k is the k-fold convolution and its 

distribution is g, r = 0,1,2,... where g is the probability of arrival 

of r units during the passage of k units through the barrier. 

Let the system be in state k when (k-i) units are waiting for 

pasage and the k-th unit is getting through the passage or is being 

processed. Let Pk(X) denote the probability of the regular sequence 

having x more events when the system is in state k. Also, let a regular 

sequence consist of (n+i) events. Now 
n-i 

p(x= +l) = . {Prob. of (n-.r ) arrivals during the passage 

r 1= 0. 
of the first} P 1 (X n) 

n-i 
:. P1(x= n+1) = gn (X72) 

r1=o 

Separating the first and the last term, i.e. putting r1O and 

fl-2 - 

P1 (X=n+l) g1P(n) + g P (K=n) + 9' P 
- n n n-r 1 n-r 1 

n n-2 [j7 ' 

9 1P  49'n9'o + {Prob. ofr=1 2 

arrivals during the passage of 1 )}x r1 (Xr )'1 
-r2 lj 
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N==n) 

J. 
n. -2  n-r 

g11 (X 2OT2 r12 

n-2 n-r, r ri 

g1P1 i) + + I [sri g01 + 211 1-r2r1-r2 

This process can be continued onwards successively till the summation 

reduces to a single value. Thus 

n -1 fl-2 nr1 r r 1 n-r 
g0 + g P1 (x n+l) gP1 (Xi) + gg0 + • =1 [r 

1• 

r1 r2 r 2_1 r3-1 
2 + r1-r2 23 r3 

•g0 g .+ 

2 r2-.r 3 (2-10) 

The above expression is true for all integral values of n. By 

subtracting (2-10) from (2-9) in our lemma, one finds that 

1  ( fl9 '4+ 1) = [P 1(=c) - fl* 1 fl) ] 
(+l)! t=o 

(2-11) 

for all integral values of n. Recursively, the above formula gives 

P(X=n+l) - (n+l)! 

Thus, 

(flgfl+l) -)(--l) :g 0] 

t=o 
=•1)fl[g0.g0] = 0 

P 
3.  nn+1 

(= n+1) - ( g ) 
(n+1) 1  

Hence the probability P1 = n+l), given by (2-10) of .a regular sequence 

consisting of n+l events only is equal to the value P(X= n+l) in the basic 
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LPD and the theorem is true for aU values of n. Some particular cases 

of (2-10) are 

px=l) g0 , P1 (X=2) = g1g0 = (2!)'(g2) 

P1 (X=3) g2g02 + 37 .) j. 2 (a g3)• 

t=o• 

P(X=4) g.3g0 ± •3g2g1g02 + (g1 ),3g0 = (4') ' (a 3 

2.3 LAGRAJSTGIAN DISTRIBUTIONS IN GETERAL  

If g(t) is the p.g.f. of.the transformation t = ug(t) and f(t) 

is the transformed p. g.f., the general Lagrangian probability distributions 

were defined by 

____ P(Xx) = 1 D'-i {(g (t )) X a f (t) 
S. at t=o. 

, x= O,1,2,... 

The following theorems clarify the probabilistic structure of LPD 7s. 

(2-12) 

Theorem (iii)  

The Lag rangian distributions defined by (2-12) for f(t) = tn 

the n-th fold convolutions of the basic LPD given by (2-7). -

The proof follows trivially by considering the p.g.f.?s of the 

two families of distributions. 

are 
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Theorem (iv)  

The general Lagrangian probability distributions given by (2-12) 

are obtained by randomizing the index parameter 

to the p.d. generated by the p.g.f. f(t). 

n in theorem (iii) according 

PROOF: If {f } , p = O3l2,... represent the successive probabilities 
p 

in the p.d. of the p.g.f. f(t), then 

Also, 

Co Co 

f(t) =. 2 ft I f ( (u)) 
n=o. 

03 

00 = f(0) + f [ n=1 :x rr .. fl1. 
c -,i 

CO CO X x-1 X-fl 1 
f(t) = f(0) + fn[ T (_)n! (r9 g(t)) 

t=oj 

03 03 nu  x_n 
r 

= 2 f i x(-n)! 1J 
n=1 x=n t=o 

The result (2-13) can also be expressed as 

f(t) = f(0) + (aJ 1  (e)) X { Z nf t 1} 
n=1 -a tO 

The theorem follows easily from (2-14) and (2-15). 

2-13) 

(2-14) 

(2-15) 

Theorem (v)  

The negative binomial distribution is a Lagrangian p.d. of the 

simple binomial element given by g(t) = q + Pt 
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PROOF: Let f(t) = (q + Pt) 4 where 

t = Y9 (t) = u(q + Pt) 

t = uq(l - uP) 1 

and the p.g.f. of the corresponding Lagrangian distributions becomes ) 

= f(t) = Iq + p(l - 

q'(l - uP) 

which is the p.g.f. of the negative binomial distribution. 

Theorem (vi)  

All Lagrangian probability distributions are closed under 

convolution if the transformation t = ug(t) remains the same. 

PROOF: Let X 1. and X2 be two independent Lagrangian random variables 

but not identically distributed, whose distributions are .given by f1(t) 

and f2(t) under the transformation t vg(t) so that their p.g.f.'s are 

and. 

71(u) = f1(t) 
00 h 
V. M— 

h=o h=o h! 
•{( g(t))h f1(t.)}l 

Co k k—i {(g(t)) t 2 kf (t)}J 1. (u) (t) = j 

k=o t=o 

The sum X1 +X2 has the generating funct1on71 (u)7'2 (u). On account 

of the transformation t = ug(t) the product'1(u) 't2 (u) = f2 of 

the above two expansions can be easily written in the form 

co r 
—j -D (g(t))r{f1(t).f2(t)}} 

z 

which is a Lagrangian p.g.f. The result can be easily extended to the sum 

of any number of independent Lagrangian variates. 
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2.4 CtJNtJLANTS AND MONENTS *OF LAGRANGE DISTRIBUTIONS  

The following notations will be used in general: 

Distribution Lagrange Transformer Transformed 

p.g.f. (u) 'g (t) f(t) 

• cumulants 2; G F 
r r 

non-central moments 

p(x=) P) Pg (X) . Pf (x) 

Cumulants of the Lagrange Distributions  

The relations for the cumulants of the L.D. are derived by the 

mapping .j = exp() = ex() so that -(2-3) becomes 

T = + log g(e) (after taking logarithm), (2-16) 

Writing 

f(t) Z u P1 (cc) = 

and putting t = e and u = eo in (2-17), 

the last relation becomes 

rp 

log f(e) j (218) 

(2-17) 

Co 

Relations (2-16) and (2-18) can be written as 

and 

00 

T = 0 +. ' G Tr Ir! 
r 

(2-19) 

(2-20) 

The process of solving these two equations for the cumulants 2; 1 ,2;2 , 

is rather complicated, but the task becomes somewhat simpler by 

introducing the. cumulants {D r } r=1, 2,... of the Lagrange-Dirac distribution' 
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in such that 

and 

'rrl+21r2+...r 'Tr r 

As particular cases the first five cumulants of L.D. can now be 

written in the form 

defined by (2-19) and 

Co 

T ='v 'Ir! 

Thu, the relation (2-20) can be written as 

so that 

Ir! =  F 11 D 
jj 

in 
L = r F D asiv) /M!l [rn=j 

= nzi [ii 

/! 

(2-21) 

(2-22) 

(2-23) 

The coefficient of p , m1,2,3,... can be obtained by expanding the 

multinoinial I D 1pf and choosing the coefficient of 3r This can 

be achieved in a systematic manner by considering all possible partitions 

of in. Thus, the cumulants E, r=l,2,3,... of the Lagrange distribution 

become 

r r r 
E =. F  , 11 
r in ir 1 . 1t2 " r ' 

(2-24) 

where the second summation is taken over all partitions of 

(2-25) 

(2-26) 
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L1 =F1D1 

L2 = F1D2 +E2D 

L3 = E1D3 ± 3F2D1D2 + F3D13 - 

= FD4 + 3F2D22 4.F2D1D3 + 6F3D12D2 

2 

(2-27) 

L5 = F1D5 + 5F2DJD + 10F2D2D3 + 10F3D12D3 ± 15F 3D1D22 + 104D13 D2 

Though the cumulants {D r } are not yet determined and so are fL , one 
r 

nice thing about the relations (2-24) and (2-27) is that they are similar 

to the expressions for non-central moments in terms of cumulants given 

on pages 68-69 by Kendall and Stuart (1963). The expression (2-24) resembles 

Faa de Bruno's expression (1855) for the 12-th derivative of a composite 

function and can be easily programmed for a digital computer, assuming 

that an expression for the D's is available, and all higher cumulants can 

be determined. 

Since the cumulants, given by(2-24) and (2-27), of the general 

L.D. depend upon the cumulants D, =1,2,3,.,, of the basic L.D., we shall 

now derive simple expressions for D • For BLD equations, 
S 

= + log g (2-28) 

Co 

rr 

while relation (2-18) changes to 

Co r 

21 r r• 
(2-29) 

On eliminating T from (2-28) by using the value of T from (2-29), we get 

Co Co Co 

D /3! ± G - f3S/ r / r! (2-30) 
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If we define 

6 •S 

D 1 = D1 - 1 

s = 23,4,... 

Then (2-30) can be expressed as 

CO CO 
•J D 03Is! = G D6 Si !)r Irl 

which is precisely the relation between {L r } and p } given in (2-22). 

As an illustration we can write some particular cases as 

= 01D1 

D2 = G1D2 + G2D32 

D3 = G1 D3 + 3G2D1D2 + G3D13 

= + + 4G2D1D3 + 6G3D12D2 + GLD 

= G 1 D 5 + 1O 2D2D3 + 5G2DlDk + G3 (lOD 12D3 + 5D 1D22 + 5D 1D23 

+ 10G1D13D2 + G5D15 

which can be solved successively to yield 

D1 =l/(1-G1) 

D2 = G2 /(1 - 

= G3/(1 - G1)tf + 21(1 - G1)5 

D4 = G/(l - G1) 5 + 101'-3G21 (1 - G1)6 + l5G23/(l - G1)7 

D5 G51(1 - a1)6 + l 4G2/(1 - a1)' + iOG  - 

+ 105G3G22 /(1 - G) 8 + 105G21 /(1 - G1)9 

From (2-27) and (2-31) one may write easily the first four cuinulants of 

L.P.D.1n terms of and Fr' writing • A = (1 - 

=  ly 
£2 - + FA2 

) 

(2-32) 
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£3 - F1(G3X ± 3C'2-2 A5) + 3F2G2A +F3X 

+ 10F302G3A6 ±15G23A7) -1- 3E2G2 X6 

+ 4F2(G3A5 + 3G226) + 6 3G2A5 

2.5 SOME fl1PORTNT LAGRANGLAN DISTRIBUTIONS  

(i) The DOuble'BinOmial Family  

When g(t) = (q + pt) for p + q = such. that Mp < 1, and 

(2-32) 

f(t) = (q' + for F' + q' = 1, the Lagrangiari probability distribution 

takes the form 

P(X=0) = (q7)fl 

P (X=x) 
n 

7< 
(qt)fl rn-i a' 

(Pq ) •: 
1 0 

( ') n_il mx tt— 
r x-r-iJq'P 

x= 1,2,3,... , where k 

(2-33) 

The Lagrangian probability distribution obtained in (2-33) can be 

described as a true double binomial when 0 <F, P' < 1 and Mn are 

positive integers. 

The first four central moments of the Lagrange distribution 

(2-33) can be easily written down by (2-32) and aragivan by 

Mean = = nP' (1 - mP) 1 

Variance = 2 = nP{q I +rn? - q')}(l - n) 3 

30q • 2q+ 2a' -1 2naP'a'  
'3 1'12[(1_,flp)2 1-in? } (lrnP) 

= 32 +  Ill 2 
(j)2 

- 

[i mPq (46L)  + mPa 2 (8+n?)1 
i-in? (1-in?) 2 J 

- 6ptfprq 72 + 



33. 

The following are some particular cases of the double binomial 

family of LPD's. 

(ii) Th& Lagrangian Poisson Distribution (LP)  

The Lagrangian Poisson distribution is defined by 

x 3. e  
P(X.1)2) = A1 (X3. +• A2X) - , 

Al > 0 

.Ix2I < 1 = 0,1,2,... 

(2-34) 

such that, 

P(X1A2) = 0 for xmifX 1 +inX2 _O. 

It is given by (2-12) when g(t)= e and f(t) = x1(t-i) 

If we allow X. to be negative, then we do not get a "distri-

bution" since PX(Xi)X2) will be negative for sufficiently large X. We 

can get "probabilities" that come close to unity when X, > 4I2I, and 

that these "approximate distributions" are sometimes useful. 

The first four cuniulants of the LP are given by (2-32) in the 

form 

= x1(i-x2)' 

3 = 

= 3Al2 ('TA2) 6 A1(1+8A2+6A22)(1-A1) 

Consul and Shenton (1974) have shown that the recurrence relation between 

the consecutive curnulants is given by: 

ik .A )L 2 k+l A 2 2 

with El =. A1 A2). 

k = 1,2,3,... 
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(iii) The Lagran.gian Binomial Distribution (LBD)  

The LBD is a special case of thedouble binomial family given by 

= P = 6 , g(t) = (1 - 0 + et)p and ft). = (1 - 0 + 

Thus, for> 0, 0< 0 < 1 and Jos] < 1, the p.d.f. of the LBD-as 

given by Jain and Consul (1971) is, 

p (rx) =   (-n+ox) (1-0)'xc  

x 

(2-35) 

The classical negative binomial distribution with parameters .0 and n is 

a special case of the .LBD with parameters On and a, and is obtained when 

= 1. The binomial, distribution is also a particular case of the LBD 

and is obtained when 0. 

The moments of the distribution are given by 

Mean = ne/(l-ge) 

Variance 

The recursive relation between the cumulants (L S. , s=1 ,2,. ..) is given by: 

(Consul and Shenton, 1974). 

Jain and Consul (1971) have studied some of the properties of the 

distribution. 

If 0 is vary small and ,n are very large such that no X and 

where A3, is finite, positive and 1x21 < 1, the LBD can be 

approximated by Lagrangian Poisson distribution. 

As n -- 0, the zero-truncated LBD with parameters n,o and a tends to 
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the Lagrangian Logarithmic distribution with parameters 0 and 13, Its 

probability function is given by: 

x 
P(X) = J-log(l-o)]1 o r()  

x 
(2-36) 

which gets reduced to the logarithmic series distribution when = 1. 

It should be noted that taking, 

or, 

j'(t) = -log(l-6t)/-log(l-G), g(t) ( ) U 

f(t) f(0) +. t x [(Tct'] (t)J (t)) f7(t)] I 
t=o 

1  a' f(l0)o 6t)-1l1 
-1og1-o) x! at' -log(l-0) 

.! r(8x-+l) 

CO 

1 =. .L_  r()  
x! r ((3-+l) [-log(1-e)1 

- 1 

(iv) Lagrangian Gammn Distribution (LG)  

Consider a Lagrangian Poisson process with density function given by 

(2-34). Define a and 0 so that 

A2 

where t 0 is the time between occurrences of the Lagrangian Poisson 

process, and a > P. With this notation, the cumulative distribution of 

the waiting time T, the time until the r-th occurrence of the Lagrangian 

Poisson process is given by, 
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F(t;a ,O ,r) - P (T t) 

k-i  - (,l+ke)at -. 

at[(itkG)ati 

-r 

Differentiation yields the density function of T. 

r-j k-i 

f(taOr) =  - 
kO 

where a > 0;. = 1,2,... ; o > ri-i 
-1 

e 

t0 

which is known as the Lagrangian Gamma density function [Nelson 'and 

Consul, 1974]. 

Irrespective of the value of 0, the special case r = 1 yields 

the classical exponential distribution S 

f(t;a,0,l) = a s-at 

The special case o = 0 yields 

a(at) 2- 1 
f(t;a,0,r) (r-l)! 

Gamma distribution for integer r. 

-at 
, which is the ólassical 

The n-th non-central moment is given by, 

Ee 

00 

=. J f(t;a,er)dt o  ' 

= ak (l+ke)k 1 ft n+k-i el0t[l+k0_k]dt 

- r-i n(n+k-i)!  

- al<tho k! (l+ke)' 
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For n = 1 

r-3. 

1+7o )2 

For n = 2 

E(T2) = E(T) + 2(l-e)  
(l+ko ) •a kO 

The LG distribution should find wide application in waiting-line 

models and queuing theory, where the arrival process can be described by 
a Generalized Poisson (including binomial and negative binomial) Process. 

Considering the Lagrangian Binomial process given by 

/ n1 (+8,)  X , \fl+CX - 

x r(n+x-x+l) " -  

n > 0, 0 < a < 1 and 

< 1 

changing c. to at, t 0 is the time between occurrences of the Lagrangian 

Binomial process. With this notation, the cumulative distribution of the 

random variable T, which is the time until the '-th occurrence of the 

Lagrangian Binomial process, is given by 

F(t;n,a,,r) = P(Tt) 

r- 1 

= 1   (? - ) (ct)X 

Differentiating w. r. to t, we get the density function of T 

r-1 

ii c' (at) (i-at ) at 7i+) -xj f(t;n,c,,r) x .' x_i fl+ Ox-  x-  1 

X=i  a 

1 
0<t <— 

a 
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known as the Lagrangian Beta-density function.. 

The following properties can .be. easily proved.. 

If 0 and a are small, letting fl ,.such that na C (constant), 

the special case r = 1 yields the classical exponentialdansity function: 

-ct 

If 0 = 1 

- aF(n+r) n-1- f(t,n,a,1,')  (at) (1-at) 

which is the p.d.f.. of Beta distribution. The Lagrangian Beta should then 

give a closer approximation to the true distribution of many phenomena that 

can be described by the usual Beta distribution. 

Letting n + a , with a = - and = nO the LB can 

be approximated to 

r- 1 
X-1 

F(t;a,0,r) 1 -, at[(l+xO)at] 
o . X - ; 

which is the cumulative distribution of a Lagrangian gamma random variable. 

2.6 APPLICATIONS OF LAGRNGLAN PROBABILITY DISTRIBUTIONS  

Occurrence in queuing theory: 

The basic approach in the mathematical study of queuing theory 

is to assume that the arrivals follow a Poisson distribution while servicing 

follows an exponential or Erlang distribution, If this assumption does not 

hold, the problem becomes complicated. 

Consul and Shenton (1974) have shown that the Lagrangian Distri-

bution provides us with the distribution of the number of customers served 
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in a busy period when the queues are generated by different arrival 

patterns. 

If a single queue is initiated by n customers which have 

constant service time t and the arrival of more customers , joining the 

queue on first come first served basis is Bernoullian from a source when 

units are in use in each interval t, and P is the probability of needing 

service by a unit during the service interval t of each unit, the 

probability distribution of the customers served in the First Busy Period 

(FBP) is Lagrangian. The authors have considered the following situation. 

Let us suppose that a number of costly electronic machines, 

which frequently need exactly the same type of service (constant service 

time t) are sold by a company in two adjacent cities A and B which are 

serviced by one electronic engineer who lives in city A. All the machines 

(say, m) needing service in city B are brought every day in the early 

morning to city A and wait for service, which begins when the engineer 

starts his day's work. All the machines needing service in city A are 

to be brought to the engineer after each service interval t and are to be 

serviced in the order of theIr arrival but after the n machines of city B 

have been serviced. The FBP of this engineer would fit exactly with this 

problem. Let P be the probabilit of any machine in city A needing service 

during the service interval t of one machine and let a fixed number (jn), 

of machines be in use in the factory. If any machine or machines break 

down in any service interval t, they are replaced immediately before the 

next service interval starts so that the work will not suffer. As the 

service times are constant and the machines breaking down in each interval 

are 1ndepèndent of the other intervals, the probability distribution of 
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different number of breakdowns during the service period of n machines 

of city B will be. given by the.successive terms of the expansion q + 

where q .P. 

Though this method of generating a Bernoullian input seems to 

be somewhat artificial but it is more logical and leads to a more natiral 

generation of the Poisson input (when p is small and in is large such that 

Mp is constant). The distribution of the number of customers (machines) 

(say, 2Wi) serviced in the PBP when n is fixed is given by 

P (lVnx) = q (- I) x+n 

X = fl , .. . 

Thus, the Lagrangian Binomial-Delta distribution is a queuing model. 

However, the number of customers, n, which initiates a queue 

when service begins may be considered binomial, Poisson or negative 

binomial variate (Consul and Shenton, ibid). Let the probability of the 

FBP being initiated by n customers be given by ) P Qt7 where P is the 

probability of a customer needing service in. city B which has a total of 

(ti) potential customers and Q = 1 - P. Evidently, the probability that 

the PBP consists of .x customers in this case is given by 

P (X--X) =  0  
(rnf 1) Pq  rn-i 2 

inx+l pQ) (?q ) Q2li 1 (l-x , 1-j inx-+ 

X = 1,2,... 

which provides us with the double binomial family of Lagrangian 

distributions. 
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The Ballot Problem: 

Suppose that, in a ballot:, candidate A scores n votes and 

candidate B scores n votes, whefre in > n. The probability that throughout 

the counting there are always more votes for A than for B equals 

rn-n 
in-I-n 

(Feller, 1968). 

The generalized form of the ballot problem can be stated as 

follows. 

If candidate A scores in votes and candidate B scores n votes, 

where in > rn+a, r 0 and a 0 are integers what is the probability that 

at each instant A's votes are always greater than zvi+a. 

given by 

The probability generating function of this distribution is 

co a  G(t ;r ,a) (r'+l)n+a ((r+l)n-I-a rn-(-a (1_p)fl 

n=o 

which is the LBD in a slightly modified form (Mohanty, 1966), 

The above presentation has its application in the queuing theory 

(Takacs, 1962). 

Let us suppose that customers arrive at a counter in batches of 

size in, in accordance with a Poisson process of density X. The customers 

are served individually by a single server. The server is idle if and only 

if there is no customer in the system. The service times are identically 

distributed, mutually independent random variables with distribution function 

H(r) = 1-e x 0 

0 x<0 

and independent of arrival times. The busy period is defined as the time 
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interval during which the ounter is continuously busy. Let fn be the 

probability that a busy period consists of flfl? services. We have 

=   1n(n1)-1))iA ir :iyfl 
n n(rn+l)-1 :t n-i: +i.iJ A+J 

which gives a LBD. 

Biological researches: 

In many enumerative studies in Biology referred to by Haight 

(1967) it has been noticed that the distribution of the random counts are 

not exactly Poisson :Law and have been explained by various modifications' 

and generalizations of the Poisson distributions The Lagrangian Poisson, 

which has only two parameters and the capability of greater changes in 

variance than. the mean is found to be more suitable in such biometric 

studies (Consul and Jam, 1973). 



CHAPTER III 

MODIFIED POWER SERIES DISTRIBUTIONS (MPSD) 

3.1 Int±oduction  

Let X be a discrete random variable with probability function 

(q())X 

P(X=) = {a (x)  f(e) x E T 

0 elsewhere 
(3-1) 

where T is a subset of the set of non-negative integers, a(x); g(0) •and 

f(e) are positive, finite, and differentiable. 

Gupta (1974),(1)) has called (3-1) a MPSD. In case g(e) is 

invertable, it reduces to Patil's (1962) generalized power series distri-

bution and if .T is the entire set of non-negative integers it reduces 

to power series distribution first given by Noack (1950). Thus the GPSD 

is a sub-class of the MPSD. 

3.2 Moments and Cumulartts of MPSD  

We have, 

f(0) = a() (g(o)) 
x ET 

Differentiating w.r. to 0 we get; 

or 

x a(x) (g(0)) 91 (e) 
xET 

f' (0) -  q' (0) E(X) 
g(0) 

g(0) d 
E(X) = 91 (o) log f(e)  
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Since, 

1 
= (-)r a(x) (g()):x, 

xET 

Differentiating w.r. to 0 we get; 

dil 
(0) 1(T)r a(x)(g(0)) — g(e) — . g(0) 

aETI f(0)g'(0) 

or, 

Thus, 

or 

"r dii 
g(0) L 

- g (0)i — rg(0)1J 1 
do 

- ç7(0) dp 
11 g'(0) F r do  r-11 

q  + (0)  
'g(0) r '2'-.1 

By differentiating both sides of the identity, 

co k Co 111 
L r 'U U 

I t =iog 2. t 
r=i u=o U. 

dP 

T rg(0) do  'r-1 

with respect to t and identifying the coefficients in t 1,we -get 

Differentiation of (3-4) w.r. to 0 yields 

d1ir' •. _ dK. 
K + p — 

r 

. [i-'JL do j r-j doJ 

Combining (3-4) and (35) and noting that 

g () 
= . T () + 

(3-3) 

(3-4) 

(3-5) 

(3-6) 
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we get; 

r*1 

v l) 
dK. r r-1l , 1 

K q cr Ir.iJ {d .+ + j-lJ 11  r-j Kjj Pi K. 91 (e do r-j dof 
j=1 

dp' dK. r 1 
r-lI a(0) r -ñ + p'w '1K + q(0) _..._aJ 

= j1j_ij[{gT(e) do 1 r-jf j g'(o)ri do j 

Making use of equation (3-6) again, and on simplifying, the (r+l)th 

cumulant will be given by 

r dK. r 
' K    (j_ . v filP K (3-7 )r4-i g'(0) L) lJr_j do L2lj._2Jr+l_j i 

3.3 Properties of the }1PSD  

"The variance of a random variable with the probability function 

(3-1) is equal to, greater or less than its mean, if and only if K , > 

or <0 respectively and 

f(o) = e + R fxpfd g?(o)ek0) do} 

g '(0)1 2/  d 
where ' (0) = P(0) (0)] dO log f(0), while d and R are some arbitrary 

constants". 

PROOF: 

Let the variance of X be equal to {mean + KP(0)), where P(o) is 

positive monotonic increasing function of 0, so that the variance is 

greater than, equal to or less than the mean as 

Since, 

E(X) = ii g(e) d 
= 9' (6) log f(o) 

E{(X-p)2} = -  .7 (a) du 
2 - g'(0) To 

or < 0. 

(3-8) 

(3-9) 
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Differentiating (3-8) w.r. to O,we get, 

.IL_  q(o) d2 d ç(o) 
do - g' (5) log f(S) + log f(s)] [ 91(e) 

Substituting in (3-9), 

r_q(e) 2 f d2 J q(o) d( q(e) rd 
= g'(J lo f(S) + g' (5) To (9, (5)) log f(s)) 

By assumption 

or, 

where, 

- I_g(e)2f 72 
Lg'(o)j rd# log f(s)] 

112 = ii + KP(0), therefore, 

• p(0) 2 d2 d f q(e)  
(gT(e)] log f(s) + 

dfg) 
+ ' do(,g'(o)J 

q(o) d 
g' (5) do log f(S) + XP(0) 

- log  - qTO)  K? (e)  1q(e)2 

log f(s) g(6) + g(0)J do log f(S) 

ii  q' (0) d r goi + KJi'(0) 
do log f(s) g(0) de(g'(o)jJ 

dog'(0)jj +Xi'(0) 

log f(s) 

On integrating the above differential equation we get, 

ddo  
r (e)) 

(  g(8) 2 log f(s))  

Log (•d_ (')) + K• (0) + 'c 8 Zog f(0)  log g(0) - log(;i  



47 

= log g' (6) + Kib(0) + C. 

Thus, 

'(log f(e)) = g'(0)expEc4-Xip(e)1, 

which gives on integration and simplification 

Kb(0) 
f(0) = + R gt(0)e do} (3-10) 

The converse of the theorem can be proved very easily, 

Corollary: 

A MFSD random variable with non-zero probabilities at all non-

negative integers must be a Poisson random variable if, and only if the 

mean equals to variance. 

PROOF: 

The mean equals the variance when k = 0, Thus the above result 

becomes 

f(0) = e{d+Rg(0)} = Ae  Rg(0) = A (Rq(0))  , if A = 

i=o 

For the modified power series 

P(Xx) = (x) (Q(0))  a - 1 xET, 
f(0) 

and so, by the uniqueness of the series expansion 

P(X-x) - A? (q(Q)) X - -Rg(0) (Rq(0)f 

- 'AeR9 0) 

having the mean Rg(0). 

However, if we write (3-10) in the following form 

co 

f(0) = exp{log f(e)} = I ' (log f(0)) 

= 0,1,... 

the MPSD can always be expressed in terms of Poisson probabilities with 

mean log f(0). 
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THEOREM: The NPSD is uniquely determined by its first two moments 

when they are given as a function of some variable P. 

PROOF: 

Let the MPSD which determines a distribution be given by f(0) 

and the first two moments be given in the parameter P, where 0= h(P) 

is unknown. 

Since, 

p(0) d 
= g.(0) log f(o) 

But L log f(o) -  g(0)  4 log f(0) 
9' (0) do - 91 (e) do 

d / qr(o)  
= log f(o)1 q, 

dPido 

ci (p )/d Zoq q(0)  
111 log .y dP (3 -11) 

y(P) = f(h(P)) 

ci 
ci loq q(0) - dP  iog y(P) 

i.e. dP 
p1 

Similarly, 

dPl / loq q(0)  
dPi dP 

which can be written as 

ci loq q(0) d11 / 
dP CY 

On integrating we get 

p dP 
log g(0) = j[(;•)/1121dP + C3 

= log g1(P) + log c1 (Say) 

- (3-12) 

(3-13) 

(3-14) 
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i.e. g(0) c1g1 (P) 

Combining (3-14) and (3-12) we get 

Thus, 

ci 
;;• log y(P) 

U1 /2 . 

Log y(P) = f[(./v2JiJci + 

= log y1(P) + log c2 (Say) 

c2-y1(P) (3-15) 

where c1, c2 , c and c are. constants. 

Let a(x) be the coefficient of (g1(P)) x in the expansion of 
theri c2ciXa(x) will be the coefficient of (g(0)) in the expansion of 
y (F), Hence the probability that the random variable X takes the value 

xis 

(q())X 
c2c1 a  y(P)  - a  

y1 (P) 

We may assume without loss of generality a1 = a2 = 1 

dil 
i.e. g(0) = g(P) = ep{[f (J /V21 dPj 

f(0) = y1(P) = exp{[J (/•dP i2Ju1]d} 

3.4 Some important MFSD  

This 

the negative 

(Chapter II) 

(3-16) 

class of distributions includes among others, the binomial, 

binomial, the Poisson, the logarithmic series, the LBD 

and their truncated forms. It may be noted that a truncated 
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NPSD is also a NPSD n its own rights 

(i) The LBD and its decapitated form 

Let f(o) = (1-e)', 0 < 0 < 1, g(0) = 0(1_0)1; IOI < l 

The Lagrangian expansion for f(0), under the transformation 

U = 

gives 

and 

P(X=) -  nr(n+a)  [o(1-o) -- 'J  

(1-0) -n 

no  
- 1 - 

no(l- e?  
- (1-o) • 

3, = 0,1,2.., (3-17) 

Conversely, if 11 , and P2 are given we have from (3-16) 

where, 

1 n(1-O) + nU n  
- (1_O) 2 - (l0) 2 

n(l-0) 3 
g(0) = eqoff  (1-0)2n0(l-O) do} 

= e xjq   do e 

11 0(1 0) d0 - 

log 0 - log(1-o) + a log(l-o) 

= log e(l_o)1 

g(0) = 0(l_0)_1 

(1 

1 
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And; 

= exp n ff  1 0 de} = (i-o) 

which is the series function of the LBD. 

Now let f(0) = (1-0) - 1 and g(0) = e(1_0)1 under the s'ame 

transformation given in (3-17), the Lagrangian expansion of the function 

f(0), gives 

nr(n+Fc)  

p0(X=) = !r(n+-x+1) (1-o) - 1 

which is the p.d.f. of decapitated LBD. 

The mean of the the decapitated LBD. 

no  
mean =  = - 

and the variance, 

no(l-e)  n202 (l-e) 4  

2 (1-so) fl] (1_8)2 fl]2 

This reduces for = 0, to 

no(l- e)  -  n2o2 (i-e) 

1 - (1o) [1-(1-0)}2 

= 1,2,3,... 

which is the variance of a decapitated binomial distribution as obtained 

by Stephen (1945). 

Again the particular case = 1, gives the variance of a decapi-

tated negative binomial distribution 

nO  fl 2.92( l_3)fl'2 

(1_0)2[1_(1_0)fl] [l_(l_e)f]2 
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Stephen (1945) has explained why it may be useful to know the 

mean and variance of the reciprocal of a variance. Mendenhall and 

Lehman (1960) have shown their importance in estimation theory. In the 

following, we shall be interested in the inverse moments of a decapitated 

LBD. Taking r = -1 in equation (3-6), we obtain 

110 - 91 (e) do + 11 .1 pi 

or 

1 0(1-0) d11 1 + nO.  
- 80 do 

Letting 11' i = y, we get the linear differential equation 

n  1-80  
do 

The integrating factor is, 

  do]=   

Hence the solution of (3-18) is given by 

The integrand can be written as 

(1-8) +  

0 (l-0) ' 

0 

  do 
o 

-  1- S 1-85 
+ 

(3-18) 

(3-19) 
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+ - 

1  I+[• 
= (l) [* + • (l-ef'  

(1 41 1 1 - - •.i_j o 

(lO) + •" + (10 1 + )fl 11O 

Therefore equation (3-19) can be written -as 

U . 

1  
(10)n+I 

1 - (1_Ø)fl - {+ 2(1-O) +  1  +09(1-0) .  1  

(1-O) n(lof n (1-6) nj (]_0)fi J 

• . C 

n n 
1  

P=1 (1_0)P [fl(lbo)fl + io p n 
p=1 

This gives 

0 

n n  1] _ 
Y = E(] (1-0) LJ  1 -   log(1-e) (3-20) 

1 - (1-e 71)  p1 P L(1....e)P  

Again using equation (3-6) with r = -2, we obtain 

g' (0) do 

Letting p' 2 = z and using the value of p' 1 as obtained in equation (3-20) 

we get 

dz  n 1p=1 
P (10)P J 

- 4 fl  log(1_0)j 

and the solution is given by: 
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1 - (1_0)fl f  1 —sot ui - (1-O) fi  
2 -

0(1-0) L (1-0)p J - fl J log(l_o)Jdo (1-8) 

0 

We have already shown that the decapitated LBD reduces to decapitated 

binomial distribution for = 0 and to decapitated negative binomial 

distribution for = 1. We shall now obtain the distribution of 

a = + X2 + • X. And we shall start by modifying Patil's (1963) 

result as follows: Let X be a discrete random variable having the proba-

bility function 

P (X=) = a (x) (g (0) )  
f(o) 

and let X1 ,X2 ,... X be a random sample of size K from this distribution. 

Then the distribution of z = is given by, 
i=1 

P(Z=z) = b(z,K)   
(f (0)) 

where 

For the decapitated LBD we have 

g(0) = 0(1_0) 1 

(f(0)) K = [(1-0) -n K - 11 , which can be expanded using 

Lagrange's formula under the transformation 

0 -13+1 
U  = , where h(0) = (1-0) 
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CO (f(0))K 1 (13)Z+Z(10)fl1f(10)fl1]K1 I eZ(1.e)_ 1 

z=K do 1 0=o 

= &  d 1 (10 Z+2X1[1(10)flJK-1 I l)z 

z-K 2! d02_l 0=0 

co Kn 'd2 1Ki (K,-1 
z! z-i  J (_l)P(l_o) + ir_1] I (0(1-0 

z=K do Z0 0o 

= nK[ rrK_i] (_1)r  
z=K  z .( z_z+nK_nr)!1( 0(1_0)) 

CO K ' ( z+nK-nr) 

= Kfl rr=o (K;1](_l)r  K2r 
z=K  

0 [rXK ( 
- r [l' ] (K-r) zK-nr 

=o (zK-nr) [ z 
Replacing K - r by S in the last equation we get; 

(f(0))K 

Thus, 

°' [,K 

z=K =o 

z+nS 
z + nS  ( 

00  (K] nS 
K-s  18z-llis-111 

S=] 
= (-1) z:+ nS - z z jj 

z-K  

(K'j  
K nS(-1)5  [8ziw_1)  (0(1-0) Z 

= (zS-z) z 
P(Z=z) (3-21) 

For = 1 equation (3-21) gives the same result obtained by Ahuja (1971), 

and for = 0 we get the same result obtained by Ahuja (1969). 
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(ii) The Lag  Logarithmic Distribution (LLD)  

In the probability function of the decapitated LBD, if n is 

increased without limit, then the limiting form of the distribution is 

LLD, whose probability function is given by; 

P(x=x) = r().  Le(1-e) 'J  
rr(x-x+1) [-iog(1--o)] where 

g(0) = 8(l_8) 1 and f(0) = .'-iag(l-O), x = 1,2,... 

This distribution gets reduced to the logarithmic series distribution 

when =i 

The first four crude moments of the distribution are given by: 

a0  
p1 - - -06 

2 (1-8) 

ao(l-0)L1 - 20 + o(2-e)]  
U3 (1 

a0J(l-40)(l-30) +  
114 (1 - 06)7 

where a' = [-log(1-0)3 

(iii) The Lagrangian Poisson Distribution (LPD)  

The probability density function of ,the LPD in a modified form 

is given by 

P(X-x) = (1 + A)1 (Oe_0)X 
- 0 ' 0,1,2,... (3-22) 

0 > 0 0 < AU < 1 and A is a known constant. 
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-Xe 0 
In this case, g(0) = Oe_ and f(0) = e 

E(X) - 

- OX) 

E(X2) 0  02 

+ (1 - OX) 2 

Variance - (1 -6 O 

A random variable X is said to have a decapitated LPD, which is 

also MSD if its probability density function is given by: 

- (1 + Xx)' 1 (0e O)C 
= 1,2... (3-23) 

- - (e 0 1) 

0 -Xe 
where f(e) = (e - 1) and g(0) = Ge 

The moments of the distribution can be calculated using the recurrence 

relation given by (3-6). 

Now let X1,X2 ,... X be a random sample taken from the distribu-
K 

tion (3-23). We shall find the distribution of the sum, Z = 
i=1 

Using the same techniqueas in the case of the decapitated LBD. 

( K 0 K 1'(0) f(e)) = (e - 1) and - = e 

with the transformation u - 0 h(e) , the Lagrangian expansion of (f(0)) K 

is given by: 

(f(0))K 1 Z11 e D0 (Oe XOz ( O 1)K XO ) = r"  
z=K 

CO 
nIl I XOz 1 z-1 1 XOz 0 CUe ) 

= zk -jD0 e D0 
n=k 00 
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where SK is the Stirling number of the second kind-given by Jordan (1960) 

Put n - I = m 

(f(0))X 00 1 Dz_1{ A0z CO K! SK 
= 0 e k ui n 
z=K n=k 

CO CO 

(f(0))K = -r{. -- S 1D 1 (em0z)}l(e_x0)z 

(3-24) 

Leibnitz ts applying rule for the higher derivatives of the product of 

two functions we get; 

(f(0))K 
00 00 

KI 7( f ' (z_1)DtOmD -.1_te XOz1'1 I 
= zk m=-1 t=o 00 

I tj  

)C (0jXO)Z 

CO 

V K_(t=o 
z=k  

fz-1  (Az)z- 1-t K '1 (OeXO)Z 
j  

Thus we obtain the required distribution as 

z-1 (z-1J owl-  
(Z=z) Ki  t=o  71  

(e0 - 1)K (0e ) 

If A = 0, equation (3-24) can be written to the form, 

CO 

(f(0))X Ll SK z 
0, 

z=K 

which gives the sum of independent decapitated Poisson variable (Tate 

and Goen, 1958). 
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3.5 The relation between 11PSD and LD. 

The following theorem will establish the realtion between the 

class of MFSD and the class of LD. 

THEOREM: An NPSD is a subclass of Lagrangian probability distributions 

but the converse is not true, 

PROOF: Let f(t,e) be a p.g.f., such that its series expansion in powers 

of t takes the form. 

c(0)tc, (0) 
i=k 71 

where the integers K and e are in the domain 0 K e 

Let g(t,0) be another p.g.f. such that 

in 
g(t,8) = tb(e)b(0), 

o=o 

where in is a positive integer, Now 

(3-26) 

(3-27) 

mx 
x = (b(0))x t3d3(0), (3-28) 

8=0 

where d3(e) is non-negative function of e and s. 

The Lagrangian e*pansion of f(t,0) under the transformation 

= ug(t), is given by 

@j-1 
f(tile) = j! 

so that the Lagrangian p.d.f. becomes 

X-1 nx 
P(Xx) = 1   (b(0))XJX t8d (0) c(0)l itc (0) 

x! x-i Is O s } [i=k 
t=o 
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Putting s + i = n 

P(X=x) = c(0) 
X! 

(b(0))X X-1 (z 

ic (0)d (0)1I 
n=k i=k Jjt=o 

where z = min(n,e) 

P(X=x) = c(0)  (x-l) J ic (o)d ()1 (3-29) 
'i=k 11 x  J 

The above 
2 

is 

z = min(e,x) 

the general form of a Lagrangian pdf. where 

J is generally not of the form()(h(0))Xo Thus, a 
i=k  

Lagrangian p.d.f. will not always be an MPSD. However, when 

c(0) = 

dX-i (o) = 

the Lagrangian pd.f. (3-29) takes the form 

Setting 

P(X=x) = 2(0 (eo)(b(o)h(e))[_ i1(i)3( —i)1 
L i=k j 

b(e)h(e) = g(0) 

1  
and 

= 

2 = min(e,a) 
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a 
I j 1 (i) 3(x-i) = a  

= a(x) 
f(o) 

Thus an I4PSD is a subclass of Lagrangian distributions. The 

following are two examples of Lagrangian p..d. which do not belong to 

the class of MPSD. 

O(t-1) 
EX. 1. g(t) = e f(t) = (q±Pt) e < i 

and P(X=x) =  1 8x nPq 1 2F (1x, 1-n, 
Oqx 

(Consul & Shenton, 1972) 

EX. 2. g(t) = (Q-Pt)_7 f(t) = eM(t_1) K? < 1 

e AP _Xx 
and P (X=x) = Q 2F (1-x, Fa; - 



: C}LAPTER.IV 

ESTIMATION FOR AN NPSD  

In this chapter we introduce two methods for estimating the 

parameter. 'e involved in the p.d.f. given by (3-1). The first method-is 

the maximum likelihood method CG-upta, 1975) and the other one is the 

minimum-variance ünbiassed estimation. 

4.1 MAXIMUM LIKELIHOOD ESTIMATION (NLE) OF 5A MPSD  

Let X, X2, ,. be a random sample of size n from the 1PSD 

given by (3-1), and let j, be the likelihood function. The efficient 

score for e is, 

1(e) 3L _ c'(e)  
L 36 Vg (e) - 

(0) 
where, 11 (e) = E(x) - g  g'(0) d8 log f(e) and 7 is the sample mean 

(4-.1) 

The solution of the likelihood equation 't(o) = 0 is therefore,, given by 

= p(e) (4-2) 

The method of maximum likelihood and the method of moments lead to the 

same estimate in the case of a MPSD. 

The amount of information, I (e) contained in the sample is 

given by 

2 02 1(0) = -E (- iog.zj 1,.g(0)j 

where 112(0) g0  cu (0) , is the variance of aNPSD. 

(4-3) 
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var (0) g(o) /d(o) 
gf() / d& 

The solution of equation (4-2) for 6 is given by, 

= 

(4-4) 

(4-5) 

provided that i(0) is invertable. The inversion of (o) can be 

justified at least when g(e) is increasing and hence p(a) is an increasing 

function of O If, however, (4-2) does not readily give an algebraic 

solution, one may use an iterative process of solution by starting with 

an approximation An improved approximation e is then obtained from 

0 q( 0o) -u(0o) 0 + I(o) - + 91(6 0) 
112 (ed 

(4-6) 

and this process is repeated until one obtains a sufficiently accurate 

solution (Rao, 1952) . 

The amount of bias b(6) of the NLE (Haldane and Smith, 1956) 

is given by, 

b(&) = -  1 1) (47) 2,n (A L12 

where, 

A1 = ! 1aL2 (4-8) 
xET  do] 

and, 

B1 = j dP (x') d2PX) 
x(T X (4-9) 

For P X. given by (3-1), it may be verified that 

B1 

:(°) J 2 

-

.

f  7  
g(o) 
E  g(o)g"(e)  

•(g' (o)}2 V 2] 

(4-10) 

(4-11) 
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Thus, 

= [3 ±  o 02 2] 

(o) 1P is the third central moment of the SD. where •() de 

Gupta (1975) applied the method of maximum likelihood in the 

following cases: 

(i) The LBD andits decapitated form  

The p.d.f. of a LBD is given by 

-  kr(k+)  
(1_0) k 

Here g(ë) = o(l_e)1 31 f(e) = (l-e) —7< 

Equation (4-2), therefore, gives 

= or 

For binomial distribution 0 and hence 

distribution = 1 and hence e = ---

becomes 

-.   

var(g - )  
n 

31 

and 

= For negative binomial 

From equation (4-4), var(s) 

In particular, for the binomial, var(g) -  1) and for the negative 

binomial distribution, var(s) o(l_e)2 The bias of 0 is obtained 

from equation (4-12) as 

b(é) = 
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For the decapitated LBD given by 

kr(k+Bx)  
P0 (X--,X) = x!r (k+x-x+1) 

ke' -  

- 

((1-o)-1) 

Therefore, the NLE of 0 is given by 

3 x = 1,2 33,OO 

This reduces, for the zero truncated binomial distribution, to 

Which agrees with Path (1962), and for the zero truncated negative 

binomial distribution to 

The solution can be found by the iterative method. 

(ii) The LP and its decapitated form 

The p.d.f. of the LPD is given by 

P (r) = (I+x)  (,TA 0 )X 

e0 

0 < ox < 1 

Here g(o) = 0e 0 , f(o) = and p(0) - 0  
l-AO 
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Equation (4-2), therefore gives 

For the: Poisson distribution X and hence = 

Equation (4-4) gives 3var () as 

var  

b(°) = —I 

and from (4-12) 

The p.d.f. of the decapitated LPD is given by 

(l+) X_1   (o'  
P0(Xx) = 

Here g(0) = 0e -Xe , f(e) = 

Equation (4-2), therefore, yields 

0 

x = 1,2,... 

and ii(0) =  0 -  

U -00 (1-e 0) 

For the Poisson distribution, the last equation reduces to 

This equation has been solved by Barton, David and Marrington (1960). 

(iii) The NLE for the Lagrangian Logarithmic Distribution (LLD)  

As has been mentioned in Chapter (III) the LLD can be obtained 

from the decapitated LBD, when k is infinitely large. The p.d.f. is 

given by 

1e(1o) 1)X 
(x) - xr (x)r (--1-1) -1og(1-o) i 
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This conforms to the logarithmic series distribution ,for = 1. Here 

(o) = 
 (71 f(0) = -log(l-e) and i(&) 

where a = 

Equation (4-2) thus gives 

= [-log(1-)J [l- ] 

Equation (4-4) gives var(s) as 

var(s) -  e(l-o) 2 (l-e)  
- na(1-O-aOtaO 

4.2 MINIMUM VARIANCE UNBIASSED ESTIMATION FOR HSD  

We shall now derive a uniformly minimum .variance unbiss&: 

estimator for the, function g(0), assuming.thati'O.is.theonly unknown pàra 

meter involved in 'the given:' probability distribution.. 

Let X1, x2, ... xn  be a random sample taken from a distributjon 

that has a p,d.f. given by: 

= a)   
f(0) x E S 

o > 0, a(x) > 0 does not involve e, f(0) = I a(x)' (q(0)) 
xES 

and S is a countable subset of the set of non-negative integers. 

Without loss, of generality, we shall assume a(0) 1. 

(4-13) 

n 
Lemma: T x . is a complete sufficient statistic forg(o) in the 

i1. 

sense of Lehmann-Scheff& and Rao Blackwell theorem. 
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As has been shown in Chapter (III), the statistic T has a p.d.f 

given by: 

where b (t ,n) is the coefficient of (g ()).t in the expansion of 

Define for any positive. integer 

ZJ(t)0 

- b(t-r,n)  
- b(t3n) 

E[U(T)] =L 

tr 

b(t-r,n)  
b (t ,n) 

CO 
= (g())D b(t-rin) 

(q(0) )t 

(f (0))n 

(g(e)) t-
(f0 ))fl 

Thus, U1 (T) is a uniformly minimum variance unbiassed estimator (U.M.V.UOE.) 

forg(0). Thus, 

b (t-1,n)  
(o) = b(t,n) 

We shall apply the obtained results to the cases of LBD and LPD. Some of 

the known results will follow trivially as special cases. 

(i) The LBD and its decapitated form 

Let X), . X2, ... be a random sample taken from a distribution 

that ha p.d.f. 
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- -  k  1k+x'i [e(l-o)T'J  
X-x ) - x  

where k and are known constants The probability distribution of the 

'2 

complete sufficient statistics T X . is given by, 
.-- 1- - 

i=1 

t 
b(t-,n) 

where b(t,n) is the coefficient of o(l_o)1 in the expansion of (1-)'2. 

Using Lagrange's formula for the expansion of the funcion (f(o))'2 (l-)'2 , 

under the transfärmation u = o/(l_o) 1) 

- 

nk  nkit 
nk+t I t i 

nk - Thus, b(t,n) -  

nkTt I. t j 

we get: 

to (l-e) I 

(i-)n< 

The TJeJYLV.U.E. for the function 

g(0) = e(l_o) 1 is then given by 

Ink+(t-i) 
l(tl,n) = nk +  II- t1  
b(t,n) nk(t 1) 1nk+t 

tt 

For = 1, the LBD becomes a negative binomial distribution and, 

g(o) = a 

fnk4-t-,l 

=  n7+t C•+•tj 
nk*t-1  nk+t-1 

t 

which is the same result as given by Roy and Mitra (1957). 

For = 0, we get the binomial distribution and, g(0) = 
0 

1T0 
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The TJ.M.V.U.EO for the function g(0) is given by 

I 

0 -   t 
- çn. - nk-t 1 

or 

- -1; 
- nk+l 

The estimator given by (4-14) is biassed buf has minimum variance. 

An unbiassed estimator for 0 can be constructed by multiplying the 

right hand side of (4-14) by   . This result agrees with Corollary 1, 
nk 

p. 1052 (Patil:1963). Thus, there is no UM.V.U.E. for 0, since the 

range of values of the binomial variable is finite. 

For 2 we get, (e) = e(l-e) and the U.H.V.U.E. is given by 

nk+2t  
(nk+2(t 1)) 

- I t  
n7d-2(t-1) nk+2t 

t 

and the existence of an estimator which attains minimum variance requires 

For larger values of an iterative technique can be used to 

find . 

However, the distribution of the sum of n independent decapitated 

Lagrangian Binomial variates is given by 

PT=t) =. (4-15) 
n ((1— e  -k -i) 

  {t•k1  

(t+kt) t } 
Thu, (t,n)..2   •jt_1) 
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For 5 = :1. 

b(t,n)•. (_i)n_rç2}(t+kiJ =! (say) 

which is the same result as obtained by Cacullous and Charalambides (1972). 

The UMVtJ estimator for & in this case, is given by 

- = b (*-1 ;, -  *  (- 5k nj 
9 b (t 

lçn 

If it is required to find a U.??LV.U.E. for the non-truncated 

(4-16) 

negative binomial distribution, we multiply the right hand side of (4-16) 

by (1 - /s ) 
k,n-i k,n 

(ii) The LP Distribution  

Let X1, 12 be a random sample taken from a distribution 

that has p.d.f. 

P(1x) = (l+x)1 (ø0')'/e0 x = 0)1,2,.., 

where A is known and e > 0 is unknown parameter. The probability 
12 

distribution of the complete sufficient statistic T = X. 
•-

by 

P(Tt) = n (n+xt)t 
ti 

e 

Here g (o) = and b (t ,n) =   

(Oe 0)t 

Thus the TJ.J{.V.U.E. for g(o) is given by, 

b(t-1,n) - t+x(t_l))t 2  

b(t,n) - 

is given 
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For. A = 0, we get the Poisson distribution s and the UJ1.VU.E. 

for (0) = 9 will be given by: 

t 
n 31 

which is the same result as obtained by Roy and Nitra (1957). 
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