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Abstract

Stably stratified wall-bounded turbulent flows have been drawing a great deal of research

interest. The profound driver is the underlying physics in the topic that concerns many

problems in industry as well as the natural environment, e.g., stratified mixing efficiency in

topographically complex boundary regions and closure parameterization in operational at-

mospheric models. In this dissertation, stratified turbulence in wall-bounded flows is studied

and modeled via a series of numerical simulations.

Under sufficiently strong stratification, fully developed wall-bounded turbulence could

transition to intermittent flows in which laminar and turbulent patches coexist. Using direct

numerical simulations (DNS), I explore the boundary at which such a transition occurs in

the parameter space for stably stratified channel flow (SCF). A range of friction Reynolds

(Re� ) and Richardson (Ri� ) numbers, parameters that are observed to control the dynam-

ics, are covered by the numerical simulations. For each Re� investigated, the stratification

level is varied incrementally from moderate to relatively strong, leading the fully turbulent

flows to transition to intermittently turbulent. My results show that depending on Ri� and

Ri� , SCF could exhibit intermittency in the near-wall and/or the channel core. At low-

Re� -high-Ri� , intermittency spans the entire channel depth, whereas at high-Re� -low-Ri� ,

intermittency is confined in the channel core. Within the tested range, I identify the near-

wall intermittency boundary by quantifying the volume fraction of turbulent patches in each

simulation. The applicability of various dimensionless parameters for predicting the onset of

near-wall intermittency is examined. My results suggest that near-wall intermittency in SCF

occurs for Nusselt number, Nu . 3. A first-order closure model based on a K-profile type

parameterization is developed for SCF. The model is shown to have good agreement with

predicted mean profiles of velocity and potential temperature closely matching their DNS

counterparts. The boundary at which near-wall intermittency occurs in SCF is delineated

using the developed model based on the critical value Nu = 3.

The second topic of this dissertation concerns with the development of a computational
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framework for modeling stably stratified turbulent flows over flat boundaries. I examine

the performance of a turbulence modeling framework consisting of residual-based variational

multiscale method (RBVMS) and isogeometric analysis (IGA) applied to two canonical nu-

merical experiments, namely stably stratified channel flows at Re� = 180, 550, and a stable

boundary layer (SBL). In the SCF cases, the framework is implemented with two augmen-

tation companion features, namely weak imposition of Dirichlet boundary conditions (WD)

and a new subgrid-scale (SGS) model. The performance of the modeling framework, as well

as its interaction with the two companion features, are assessed in both weakly and strongly

stratified regimes. In comparison to existing direct numerical simulation (DNS) data, my

study reveals that RBVMS–IGA framework is able to faithfully capture the flow structures

and one-point statistics in SCF simulation with relatively coarse grid resolution. The frame-

work also demonstrates its capability of replicating intermittent flow dynamics under strong

stratification. Such dynamics are reproduced robustly when the modeling framework is en-

hanced with WD and the new SGS model, features that are shown to generally improve

numerical accuracy of simulations for the cases tested. My results confirm the computa-

tional efficiency as well as the robustness of RBVMS–IGA framework in modeling stratified

wall-bounded flows. In addition, I develop a wall-function-based weak imposition of Dirich-

let boundary condition (WFWD) for stably stratified flows. The performance of WFWD

is validated with SCF at Re� = 550 and in a stable atmospheric boundary layer, demon-

strating its effectiveness and potential in mitigating the effects of under-resolved boundary

layer on stratified wall-bounded flow modeling. Comparisons are made against results of the

original formulation of WD, as well as direct or large-eddy simulations whenever available.

My results show that WFWD with a smooth wall function offers improved accuracy over its

WD counterpart in predicting one-point statistics of SCF at various degrees of stratification.

Furthermore, on account of adopting a rough wall function WFWD successfully predicts

the occurrence of super-geostrophic jet as well as statistics that are in good agreement with

highly-resolved large-eddy simulations. My findings suggest that formulating the weak impo-
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sition of Dirichlet boundary condition based on wall functions could mitigate shortcomings

of WD when factors like roughness play a significant role.

The final portion of the dissertation focuses on modeling stably stratified wall-bounded

turbulent flows over complex boundaries. The performance of the developed computational

framework is validated against observations in a laboratory experiment on strongly stratified

flow past a three-dimensional bell-shaped hill. Good agreement is observed for qualitative

flow physics, with the predicted occurrences of flow separation, recirculation, and hydraulic

jump closely matching those in the experiment. In addition, the dividing-streamline height

and the wavelength of lee wave computed from the present framework compare well to the-

oretical predictions. I show that the present framework is able to tackle various degrees of

stratification in wall-bounded flows. The effect of weak imposition of Dirichlet boundary con-

dition on the performance of the framework is also examined. The dissertation is concluded

with an outlook toward applying the present framework to modeling stratified flow past real-

world terrains at microscale (�10 m) by simulating stratified flow past a two-dimensional

environmental terrain.
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Preface

The material presented in Section 4 is currently being prepared for journal publication [Cen

et al., 2022a]; material in Section 5 is a reprint of two articles in Computers & Fluids [Cen

et al., 2021, 2022b]; the material presented in Section 6 is a reprint of an article accepted for

publication in Mathematical Models and Methods in Applied Sciences [Cen et al., 2022c].
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Chapter 1

Introduction

A topic in the �eld of geophysical 
uid dynamics drawing substantial research e�orts is the

quanti�cation of turbulent mixing in density-strati�ed 
ows over topographically complex

boundary regions. These regions, as recent studies argue, are associated with a considerable

amount of mixing that is key to closing the energy budgets of the ocean (see, e.g., Munk

and Wunsch [1998], Wunsch and Ferrari [2004]) and the atmosphere (see, e.g., Sera�n et al.

[2018], Tailleux [2013], Trenberth et al. [2001]). Nevertheless, reliable data to quantifying

boundary mixing are di�cult to obtain because of the intrinsic challenges in �eld measure-

ment, laboratory and numerical experiments. Such challenges include but are not limited to

topographical complexities, non-trivial density strati�cation, and acute currents in boundary

regions [Ivey et al., 2008]. Studies focused on the quanti�cation of strati�ed turbulent mix-

ing are largely limited to 
at boundaries (see, e.g., Caul�eld et al. [2004], Scotti and White

[2016], Tang et al. [2009], Zhou et al. [2017a,b]). The geophysical modeling community is

in need of improved understanding in strati�ed turbulence and numerical tools that can

faithfully describe strati�ed turbulent 
ows over complex boundary regions at an a�ordable

computational cost.
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1.1 Strati�cation in environment

Environmental turbulent 
ows are strongly a�ected by density strati�cation, i.e., the pres-

ence of vertical variance in 
uid density [Turner, 1973]. This fact modi�es the dynamics

of environmental turbulent 
ows in the sense that strati�cation produces a gravity-induced

restorative buoyancy force. As a result, strati�cation creates a barrier to the transport of

scalars in the 
ows, e.g., restricting contaminants to the lower regions of the oceans [Ri-

ley and Lelong, 2000]. This has unfortunately led to many of our environmental pollution

problems, e.g., oxygen-depleted bottom of Lake Erie [Tomas et al., 2016]. Turbulent mixing

induced primarily by breaking of internal waves is an important process that enables deep

dense waters formed at high latitudes to rise back toward the ocean surface [Ferrari, 2014],

and thus plays an important role in sustaining the global deep ocean overturning circula-

tion, which is signi�cant to the climate system through its role in the uptake, transport, and

storage of heat and carbon in the ocean [Hansen et al., 1985].

Natural mixing processes occur at length scales as small as millimeters, which are orders of

magnitude smaller than the typical grid resolution (1{10 m) in operational ocean circulation

models. Therefore, small-scale mixing processes have to be expressed in terms of the resolved

scales, meaning that mixing e�ciency is expressed in terms of 
ow parameters obtained

from the resolved scales, such as the Reynolds number, Richardson number, Froude number,

and kinetic energy etc [Ivey et al., 2008]. Though many closure schemes, e.g., K-pro�le

parameterization [Large et al., 1994] have emerged, large discrepancies have been found in

the solutions obtained from di�erent closure schemes for coastal region [Durski, 2004]. It is

suspected that much of the mixing occurs in topographically complex boundary areas (see,

e.g., Munk and Wunsch [1998], Wunsch and Ferrari [2004]). However, it is challenging to

model strati�ed wall turbulence in these important regions due to their complex topography,

strong density strati�cation, and rapid currents [Ivey et al., 2008].
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1.2 Strati�ed turbulence in channel 
ow

Stably strati�ed channel 
ow (SCF) is one of the canonical problems for studying strati�ed

wall turbulence. Bounded horizontally by a hot stationary wall at the top and a cold one

at the bottom, SCF is driven by a horizontal pressure gradient. The stable strati�cation

in the wall-normal direction induces a buoyancy force that modi�es the momentum, energy

and mass transport in the 
ow [Riley and Lelong, 2000, Riley and Lindborg, 2010]. The

dynamics of SCF are therefore dictated by the interplay between shear and buoyancy forces,

which is commonly quanti�ed by the friction Richardson number,

Ri � =
2� V � wghC

u2
�

; (1.1)

with � V being the thermal expansion coe�cient, � w the potential temperature at the top

wall, hC the channel half-height,u� the friction velocity, and g the gravitational constant.

SCF is one of several canonical geometries used to study strati�ed shear 
ows. In particular,

SCF is widely used to investigate the dynamics of environmental 
ows, e.g., the nocturnal

atmospheric boundary layer [Mahrt, 2014], because SCF retains important features present

in environmental 
ows, such as instabilities, mean shear, and intermittent turbulence.

In fully-developed stably strati�ed channel 
ows, momentum 
ux is generated at the

bounding walls and reaches maximum value in the near-wall region (y+ ' 15) [Armenio and

Sarkar, 2002, Garc��a-Villalba and del�Alamo, 2011, Garg et al., 2000, Iida et al., 2002, Zonta

et al., 2022]. The magnitude of momentum 
ux shows a steady decline moving away from

the near-wall region and reaches zero at the channel mid-plane. On the other hand, the

active scalar 
ux in SCF similarly reaches a peak value aty+ ' 15. Unlike the momentum


ux, the active scalar 
ux remains relatively constant for y+ & 15 and only starts to drop

when approaching near the channel mid-plane. As shown in Garc��a-Villalba and del�Alamo

[2011], the stronger the strati�cation, the narrower the region with quasi-constant active

scalar 
ux. Numerical studies (see, e.g., Armenio and Sarkar [2002], Garc��a-Villalba and del
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�Alamo [2011], Zonta et al. [2022]) have shown that under su�ciently strong strati�cation, an

internal gravity wave (IGW) develops in the channel core of SCF. IGW greatly modi�es the

transport of turbulent 
uxes, leading to vanishing momentum and active scalar 
uxes across

the depth of IGW. Such an intrinsic characteristics contrasts SCF with other wall-bounded


ows, e.g., plane Couette 
ows [Deusebio et al., 2015, Zhou et al., 2017a,b], where the total

momentum and active scalar 
uxes are constant in the wall-normal direction. The very fact

that the momentum and active scalar 
uxes in SCF vanish at a certain distance (depending

on the strati�cation level) also draws similarities between SCF and the nocturnal atmospheric

boundary layer where turbulent 
uxes vanish at the boundary layer height [Beare et al., 2006].

In spite of its high relevance to strati�ed wall turbulence, SCF was hardly explored until

the advancement in numerical techniques and computational power over the past decades

(see, e.g., Kim and Moin [1989], Kim et al. [1987]). In laboratory experiments, it is di�cult

to con�gure appropriate setups for SCF due to the di�culties associated with maintaining

wall temperatures as well as circumventing side wall e�ects, etc. The limited experimental

studies (see, e.g., Arya [1975], Fukui et al. [1983]) were conducted for low Reynolds numbers.

On the other hand, SCF is relatively straightforward to con�gure in numerical simulations.

Among the early works, Garg et al. [2000] investigated the dynamics of SCF at friction

Reynolds number of 180 via wall-resolved large-eddy simulation (LES). The 
ow dynamics

under various degrees of strati�cation were explored. Based on the relative dominance be-

tween strati�cation and shear, i.e., Ri � , three 
ow regimes, namely the buoyancy-a�ected

(characterized by general turbulence suppression), the buoyancy-controlled (characterized

by transient and partial 
ow relaminarization), and the buoyancy-dominated (characterized

by complete 
ow relaminarization), were identi�ed. Similar dynamics were observed in the

direct numerical simulation (DNS) of SCF at similar friction Reynolds and Richardson num-

bers by Iida et al. [2002]. The 
ow started to relaminarize forRi � & 36. Nevertheless, as

pointed out in Armenio and Sarkar [2002], such �ndings are in contradiction to the linear

stability analysis of Gage and Reid [1968]. According to the linear stability analysis, the
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critical value of Ri � at which 
ow relaminarization occurs is much higher than those reported

in Garg et al. [2000] and Iida et al. [2002]. Such a contradiction was later found to be the

result of domain con�nement by Garc��a-Villalba and del �Alamo [2011] who investigated the

dynamics of SCF for friction Reynolds number up to 550 via DNS on computational domains

of two di�erent sizes. In their cases with the smaller domain, the SCF was shown to start

relaminarizing at subcritical Ri � . Such a phenomenon was attributed to the fact that lam-

inar patches appeared due to strong strati�cation, and they attempted to grow larger than

the computational domain. Substantial low-frequency oscillations were observed in the time

evolution of the bulk 
ow quantities when the computational domain was fully occupied by

laminar patches. With an enlarged domain that was su�ciently large to accommodate at

least the largest laminar patch at a certainRi � , the SCF was shown to maintain sustaining

intermittent turbulence. With the increased computation power, SCF was investigated for

high Reynolds number (Re� = 1000) in Zonta et al. [2022] at various strati�cation levels.

IGW was observed in the mid-channel region. Within the IGW, intermittent turbulence and

blockage e�ect of the wall-normal exchange of energy was observed, due to which the ac-

tive scalar 
ux vanishes even though the wall-normal velocity and active scalar 
uctuations

remained considerably large in magnitude.

1.3 First-order models for strati�ed wall turbulence

While providing insightful �ndings into the physical processes in strati�ed wall-bounded tur-

bulence, high-�delity simulations such as DNS and LES come at a high computation cost.

Simple theories and lower-order models, on the other hand, provide a powerful tool to charac-

terize the general behaviors of strati�ed wall-bounded turbulence. In particular, substantial

research e�orts have been devoted to developing simple theories and lower-order models

for atmospheric boundary layer modeling. For decades (see Foken [2006] for a review), the

Monin{Obukhov similarity theory (MOST) has been used to interpret strati�ed turbulence
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characteristics in homogeneous shear 
ows [Chung and Matheou, 2012], wall-bounded shear


ows [Deusebio et al., 2015, Grachev et al., 2013, Howell and Sun, 1999, Scotti and White,

2016, van Hooijdonk et al., 2018, Zhou et al., 2017a]. As pointed out in Mahrt [2014] and

Zhou et al. [2017a], MOST is only valid for constant-
ux surface layers. Within the context

of nocturnal atmospheric boundary layer, MOST only applies to the `weakly stable' regime

in the surface layer where the momentum and buoyancy 
uxes do not vary with height. In

the outer layer, or the `very stable' regime where 
uxes are height-dependent, MOST does

not hold, contrasting its applicability in SCF where turbulent 
uxes vary with height. On

the other hand, �rst-order parameterization of the turbulent 
uxes in strati�ed wall-bounded

turbulence is another powerful tool. Models with turbulent 
uxes parameterized based on

mixing length have been applied to model problems [Huang et al., 2013, Zhou et al., 2017a]

as well as nocturnal atmospheric boundary layer modeling [Beljaars and Holtslag, 1991, King

et al., 2001]. Nevertheless, accurate speci�cation of the mixing length appears to be problem-

speci�c, and thus remains to be di�cult. Another common form of parameterization is the

K-pro�le type that relies on accurate diagnostics of the boundary layer height. K-pro�le type

model is examined �rst by Brost and Wyngaard [1978] and used widely later for nocturnal

atmospheric boundary layers (see, e.g., Durski [2004], Smyth et al. [2002], Troen and Mahrt

[1986]).

1.4 Intermittency in strati�ed wall turbulence

One of many important processes in strati�ed wall-bounded turbulent 
ows is intermittency

or intermittent turbulence. It is important to note that the term \intermittency" bears

di�erent connotations depending on the scienti�c context. Even within turbulence research,

a concurred de�nition of \intermittency" is yet to be reached. Nonetheless, two most com-

mon usages of intermittency are the so-called internal (a.k.a. intrinsic) and external (a.k.a.

global) intermittency. An attempt to distinguish between the two aspects of intermittency
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is provided in Tsinober [2001], who states that internal intermittency is associated with the

tendency to spatial and temporal localization of the small-scale structure of turbulent 
ows.

Global intermittency, in contrast, is associated with partially turbulent 
ows, speci�cally

with the strongly convoluted structure and random movement of the boundary between the

turbulent and non-turbulent 
uid. While both aspects of intermittency are of great interest

in turbulent research, the scope of intermittency in the present study is limited to global

intermittency.

Global intermittency is frequently encountered in wall-bounded 
ows subject to strong

stable density strati�cation, e.g., in the atmospheric boundary layer during nocturnal cycle

when substantial surface cooling is present at the ground [Mahrt, 2014, Nieuwstadt, 1984,

van de Wiel et al., 2002]. Global intermittency is characterized by a signi�cant volume

fraction of the 
ow being laminar [Flores and Riley, 2011, Mahrt, 1989, 1999], which is

thought to be a consequence of the interplay between the generation of turbulence by shear

and the suppression of turbulence by buoyancy. As a result, turbulence quantities, such as

dissipation, may vary locally by orders of magnitude between laminar and turbulent regions

[Howell and Sun, 1999, Muschinski et al., 2004, Yag•ue et al., 2006]. As pointed out in

Katul et al. [1994], the mixing events in laminar regions are less frequent than in turbulent

regions. Such a spatial inhomogeneity is recognized to pose a challenge for the conventional

parameterization of boundary layer mixing events in weather forecast models as well as the

statistical approach when describing turbulence.

The transition between the states of 
uid 
ow has been studied extensively. Over the past

decades, the transition from laminar or transitional 
ow to turbulent state has been investi-

gated via hydrodynamic instability analysis, and a well-developed theoretical framework is

available for predicting whether a density-strati�ed 
ow in laminar state would become tur-

bulent when perturbed (see, e.g., Di Prima and Swinney [1981], Drazin and Howard [1966],

Fernando [1991]). Nevertheless, a similar framework to determine whether a turbulent 
ow

exposed to a density strati�cation transitions to intermittent or even laminar state is yet to
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be developed, and the analysis of strongly-strati�ed turbulence remains challenging [Mahrt,

2014, Steeneveld, 2014].

The quest to demarcate the transition from fully turbulence to intermittent in strati�ed

wall-bounded 
ows relies on an improved understanding of the strati�cation-induced relami-

narization process and the maintenance of wall-bounded turbulence. Linear inviscid stability

analysis by Miles [1961] suggests that the gradient Richardson number,Ri g = N 2=S2, is an

important parameter in the state transition of strati�ed shear 
ows, with N being the Brunt{

V•ais•al•a frequency and S the mean shear rate. There appears a critical value ofRi g, which

is 0.25. Beyond this critical value, turbulence cannot self-sustain. Further studies (see, e.g.,

Gerz et al. [1989], Jacobitz et al. [1997], Piccirillo and Van Atta [1997], Rohr et al. [1988])

have suggested that the critical value should lie withinRi g = 0:25 � 0:05. Within such a

range, the critical value ofRi g has a dependency on other parameters, such as the Reynolds

number and shear number [Jacobitz et al., 1997]. On the other hand, Nieuwstadt [2005]

presented evidence suggesting that the relaminarization of open-channel 
ows subject to

strong cooling at the lower wall occurs whenhC=L ' 1:25, wherehC is the height of the

open-channel andL = u� =Ckqw is the Obukhov length scale [Foken, 2006], withCk ' 0:4

being the von K�arm�an constant, qw the wall heat 
ux. However, the critical value of hC=L

is argued to beRe-dependent in Flores and Jim�enez [2010]. Instead, a criterion based on

the normalized Obukhov length,L+ = Lu � � , should be used, with� being the kinematic

viscosity. Flores and Riley [2011] presented �ndings from DNS of strati�ed open-channel 
ow

showing that a complete relaminarization occurs whenL+ . 100. Further DNS of strati�ed

plane Couette 
ow in Deusebio et al. [2015] provided evidence of intermittency occurrence

at L+ . 200. In spite of the large amount of research, the criterion for fully-intermittent

turbulence transition remains inconclusive.
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1.5 Variational multiscale turbulence modeling

Due to the complexity and di�culty in �eld measurement and laboratory experiment, nu-

merical simulation is a widely adopted technique to study the dynamics of geophysical 
ows

and accuracy is of essential importance. Nevertheless, resolving all details of this class of

turbulent 
ows (e.g., DNS) is often prohibitive because the turbulent scale in environmental


ows spans from meters to kilometers. Hence, it requires critically high computational cost

that is currently impractical. This necessitates the use of turbulence modelling.

Among others, a framework composed of residual-based variational multiscale method

(RBVMS) and isogeometric analysis (IGA), henceforth refereed to as RBVMS{IGA frame-

work, emerges as a promising solution to the aforementioned problem. First proposed in

Bazilevs et al. [2007a], RBVMS{IGA framework builds on variational multiscale theory of

turbulence modeling [Hughes et al., 2000, 2001] and deploys IGA techniques [Hughes et al.,

2005] for spatial discretization. In RBVMS method, unlike �lter-based LES, the separation

of coarse and �ne scales in the Navier{Stokes equations is achieved by variational projec-

tion. The modeling terms are derived directly from the weak formulation of the governing

equations. Consequently, challenges associated with �lter-based LES, e.g., inhomogeneous

commutative �lters necessary for wall-bounded 
ows [Ghosal and Moin, 1995, Mahesh et al.,

2004], and the closure problem [Kosovi�c, 1997, Mason, 1994], are circumvented naturally. On

the other hand, introduced in Hughes et al. [2005], IGA is a new computational technique

that employs higher-order, smooth basis functions for more accurate numerical approxima-

tion. While considered as a generalization of the �nite element method (FEM), the IGA

technique possesses numerous advantages over FEM, including precise and e�cient model-

ing of complex geometries and smooth basis functions with degree of continuity beyondC0

[Bazilevs and Akkerman, 2010]. Using basis functions of higher continuity in situations when

C0-continuous discretizations are su�cient has been shown to be bene�cial for the accuracy

and robustness of the computational results in numerous situations. It is evidenced in Akker-

man et al. [2008] that the use of higher-continuity basis functions leads to improved accuracy
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in turbulent channel 
ow simulation, and that continuity of basis functions plays an impor-

tant role in turbulence simulation, especially for 
ows of higher Reynolds numbers. The

�rst computational technology implemented within IGA is three-dimensional non-uniform

rational B-splines (NURBS) (see, e.g., Cottrell et al. [2009], Piegl and Tiller [1997]). NURBS

have superior approximation power over standard, low-order �nite elements [Bazilevs et al.,

2006, Evans et al., 2009]. On top of o�eringC1-continuous at element boundaries, quadratic

and higher-order NURBS make exact representation of all conic sections possible [Bazilevs

and Hughes, 2008, Bazilevs et al., 2007a]. These features make NURBS particularly attrac-

tive for simulating turbulent 
ows in domains of complex geometrical con�gurations. The

combination of the RBVMS method and IGA technique gives rise to a powerful framework

for modeling turbulent 
ows in topographically complex boundary regions.

Since their introduction, the stabilized and variational multiscale methods have been

applied to very challenging engineering problems (see, e.g. Bayram and Korobenko [2020],

Bazilevs et al. [2021], Helgedagsrud et al. [2019a], Kanai et al. [2019], Kuraishi et al. [2019],

Otoguro et al. [2019a,b, 2020], Terahara et al. [2020a,b], Wu et al. [2019], Yu et al. [2020]).

RBVMS{IGA framework has also enjoyed a great deal of success in turbulence modeling

(see, e.g., Akkerman et al. [2008], Bazilevs and Akkerman [2010], Bazilevs and Hughes [2008],

Calo et al. [2008], Ravensbergen et al. [2020], van Opstal et al. [2017]). It has been shown

that RBVMS{IGA framework delivers accurate results in turbulent 
ow simulation on grid

resolutions comparable to their LES counterparts. As grid is re�ned, the modeling framework

yields solutions converging rapidly to those produced from DNS. Recently, RBVMS method

has been extended to strati�ed 
ows [Bazilevs et al., 2015, Korobenko et al., 2017, Xu et al.,

2018] and particle-laden gravity currents [Xu et al., 2019]. Though spatial discretization was

achieved by standard FEM, accurate results were obtained from those works, con�rming the

good performance of RBVMS method in turbulence modeling. Furthermore, add-on features

such as weak imposition of Dirichlet boundary condition (a technique henceforth referred to

as WD) and new subgrid-scale (SGS) models that approximate the �ne-scale solutions have
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been developed to improve its capability. By imposing Dirichlet boundary condition as Euler-

Lagrange conditions, WD yields accurate solutions with reduced boundary-layer resolution

[Bazilevs and Hughes, 2007, Bazilevs et al., 2007b, 2010, Golshan et al., 2015]. This property

is particularly attractive for modeling turbulent 
ow at higher Reynolds numbers in wall-

bounded environments, where direct computation is often limited by prohibitive requirement

on near-wall resolution. On the other hand, research e�ort has been made toward the

development of SGS model [Takizawa et al., 2015, Wang and Oberai, 2010, Yan et al.,

2017], as the success of RBVMS method partly depends on its SGS model that represents

unresolved �ne-scale 
ow processes. The role of SGS model becomes critically important

in situations that involve the need for accurately simulating �ne-scale processes [Galperin

and Orszag, 1993], e.g., boundary mixing in oceanic 
ows that is the key to closing the

ocean energy budget. One of the challenges in estimating ocean mixing lies in the fact

that the destruction of density gradients occurs at length scales as small as millimeters

[Ivey et al., 2008], and thus, an accurate description of mixing relies on an appropriate

SGS model. It is the work by Yan et al. [2017], where, to our best knowledge, for the �rst

time in literature, the RBVMS method was employed concurrently with IGA technique in

modeling strati�ed turbulent 
ows. In addition to obtaining good numerical results, a new

SGS model was proposed in their study. Deviating from the original SGS model, Yan et al.

[2017] formulated a contribution term from the resolved coarse-scale temperature �eld to

the approximation of the �ne-scale velocity solution. In other words, the �ne-scale velocity

solution in their model is parameterized based on the residuals of both momentum and

scalar equations, as opposed to solely on the residual of momentum equation in the original

model proposed in Bazilevs et al. [2015]. Consequently, an additional coupling between

the �ne-scale velocity and temperature �elds is implemented, which appears to improve the

performance of RBVMS{IGA framework in modeling strati�ed turbulent 
ows. Nonetheless,

the performance of this new SGS model has not been thoroughly explored as Yan et al. [2017]

only examined the new model at one �xed degree of strati�cation, which lies within weakly
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strati�ed regime, for each numerical example reported in their work. It remains unclear how

this new SGS model performs as the degree of strati�cation increases.

1.6 Near-wall treatment

1.6.1 Wall modeling

Wall modeling plays a critically important role in the computation of 
uid dynamics. In

the computation of wall-bounded turbulent 
ows, the presence of wall gives rise to increased

computational cost as it introduces abrupt velocity gradient and small-scale eddies in the

near-wall region|physics that requires re�ned computational grid and small time step to re-

solve [Pope, 2000]. The degree of re�nement is dependent on the Reynolds number (Re) of the


ow under consideration. As pointed out in Piomelli [2008], the total cost of a wall resolved

computation is estimated to scale likeRe2:4 for LES and likeRe3:0 for DNS. Consequently, our

computation capacity in wall-resolved simulations has been limited to 
ows with moderate

Re, while the majority of the real-world 
ows occurs at highRe. For example, geophysical


ows typically occur at Re ' 106{109 [Vallis, 2017], which makes wall-resolved simulations

of geophysical 
ows nearly impossible with our current computation capacity. To circum-

vent the prohibitive cost, wall modeling is often employed for LES and Reynolds-averaged

Navier{Stokes (RANS) simulations of geophysical 
ows [Piomelli and Balaras, 2002]. In

contrast to wall-resolved approaches, upon assuming the existence of an equilibrium layer

where stresses remain constant, wall modeling bypasses the near-wall region and instead

models its e�ect on the outer layer by relating the outer-layer velocity to the wall stress

through an assumed velocity pro�le, for instance, a logarithmic pro�le (see, e.g., Deardor�

[1970], Schumann [1975] for pioneering works). Such approaches, while o�ering signi�cant

reduction to the computational cost, also introduces the ability to e�ortlessly incorporate the

e�ects of factors like buoyancy, and surface roughness by adopting corresponding assumed

velocity pro�les [Sagaut, 2006]. Though the underlying assumption of wall modeling does
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not ubiquitously hold, it is, however, considered valid for most instances of environmental

and geophysical 
ows [Piomelli, 2008]. Thus, wall modeling has been an essential part in

the computational framework of environmental and geophysical 
ows, and has remained in

widespread use within the community.

1.6.2 Weak imposition of Dirichlet boundary condition

Emerging as an alternative to wall modeling, weak imposition of Dirichlet boundary condition

(WD) [Bazilevs and Hughes, 2007, Bazilevs et al., 2007b] is an e�ective approach for reducing

boundary-layer resolution requirement in wall-bounded turbulent 
ows simulations. Devel-

oped within the context of variational method, WD is inspired by Nitsche's method [Nitsche,

1971] and satis�es Dirichlet condition in a weak sense, i.e., as Euler{Lagrange conditions.

Such satisfaction is referred to as weak imposition, under which the computed wall veloc-

ity/potential temperature deviates slightly from their target value. It has been evidenced

in the literature that with weak imposition, accurate solutions for boundary-layer turbulent


ows of various degrees of complexity can be achieved with reduced boundary-layer resolu-

tion (see, e.g., Bayram and Korobenko [2020], Bazilevs et al. [2007b, 2021], Helgedagsrud

et al. [2019a,b], Kuraishi et al. [2019], Mohamed et al. [2020], Otoguro et al. [2019a,b, 2020],

Ravensbergen et al. [2020], Terahara et al. [2020a,b], van Opstal et al. [2017], Yu et al.

[2020]). Recently, the application of WD has been successfully extended to modeling strati-

�ed turbulent 
ows [Bazilevs et al., 2015, Cen et al., 2021, Korobenko et al., 2017, Xu et al.,

2018, Yan et al., 2017]. Particularly, as shown in Cen et al. [2021], WD appears to pre-

serve essential physics processes in strati�ed 
ows, e.g., strati�cation-induced intermittent

turbulence, though WD is originally formulated based on numerical considerations rather

than physical ones. Nevertheless, it is worth mentioning that WD seems to under-predict

the scalar �eld when applied to the advection{di�usion equation, as evidenced in Cen et al.

[2021]. In addition, to our best knowledge, WD has only been validated in problems assumed

with smooth surfaces. It remains in question whether WD would still o�er satisfactory per-
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formance when the degree of roughness is non-negligible. Hence, to facilitate the application

of WD to a wider range of turbulent 
ows, e.g., environmental 
ows where strati�cation and

surface roughness complicate the dynamics, more e�orts toward 
ow-speci�c corrections are

needed in the development of WD.

1.6.3 Wall-function-based weak imposition of Dirichlet boundary

condition

In an e�ort to improve the capacity of WD, Bazilevs et al. [2007b] establishes a link be-

tween WD and wall modeling, from which a new formulation of WD based on wall function

(WFWD) is proposed for the Navier{Stokes equations. In their new formulation, the penalty

term (see Sec. 3.3.2 for de�nition) is recast as a manifestation of wall stress. As a result,

the boundary stabilization parameter in the penalty term can be constructed based on the

wall stress and velocity tangential to the wall, with the wall stress sought iteratively from an

assumed velocity pro�le|an idea similar to that in wall modeling. Considerable improve-

ments are observed in the accuracy of the predicted velocity �elds. While it is interesting

to investigate whether such an improvement extends to the prediction of the scalar �eld

when the advection{di�usion equation is augmented with WFWD, I recognize that the wall-

function-based feature could also introduce the ability to incorporate the e�ects of factors

like buoyancy and surface roughness which have not been considered in existing studies

where WD is employed. In wall modeling, corrections are made for various types of 
ows by

adopting corresponding wall functions. For instance, a rough wall function with buoyancy

e�ect can be employed for approximating the stress boundary condition for environmental


ows over rough surfaces [Cai, 1993, Stoll and Port�e-agel, 2006, Stoll et al., 2020, Sullivan

et al., 2016]. Would the ability of employing 
ow-speci�c wall functions to formulate the

penalty term enable a wider range of 
ow modeling for WD? This motivates our present

assessment of WFWD applied to modeling strati�ed turbulent 
ows over smooth and rough

boundaries.
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Chapter 2

Objectives and outline

2.1 Onset of intermittency

The transition between the states of 
uid 
ow has been studied extensively. Over the past

decades, the transition from laminar or transitional 
ow to turbulent state has been investi-

gated via hydrodynamic instability analysis, and a well-developed theoretical framework is

available for predicting whether a density-strati�ed 
ow in laminar state would become tur-

bulent when perturbed (see, e.g., Di Prima and Swinney [1981], Drazin and Howard [1966],

Fernando [1991]). Nevertheless, a similar framework to determine whether a turbulent 
ow

exposed to a density strati�cation transitions to intermittent or laminar state is yet to be

developed, and the analysis of turbulence under strong stability remains di�cult [Mahrt,

2014, Steeneveld, 2014].

The �rst major objective of the dissertation is to analyze in more detail the transition of

fully turbulence to intermittent, particularly in the context of stably strati�ed channel 
ow.

To that end, highly-resolved DNS of SCF is performed. Section 4.1 describes the details of the

numerical experiments and schemes. In Sec. 4.2 I provide a brief account of the main physical

features observed in the present simulation, followed by the quanti�cation of intermittency

in SCF in Sec. 4.3. In Sec. 4.4 I examine the applicability of various stability criteria for
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the onset of intermittency. In Sec. 4.5 I develop a �rst-order model based on K-pro�le type

parameterization to predict the boundary between fully and intermittent turbulence which

is presented in Sec. 4.6.

2.2 Modeling of strati�ed turbulence with 
at bound-

aries

Compared to applications in unstrati�ed 
ows, studies that employ RBVMS{IGA framework

in strati�ed situations are less common. I �nd that the performance of the framework in

strati�ed turbulence is not yet fully clear. To be speci�c, the buoyancy e�ects produced by

strati�cation complicate the already-complex turbulence dynamics, resulting in qualitative

and quantitative changes in the 
ow physics [Riley and Lelong, 2000], e.g., the intermittently

turbulent 
ow pattern under strong strati�cation, where laminar patches coexist sustainably

with turbulent ones. If RBVMS{IGA framework were to be applied to modeling strati�ed

turbulence, it has to be capable of handling various degrees of strati�cation. It is thus

necessary to better understand the performance of the framework in this speci�c context of

strati�ed 
ows. Speci�cally, it is critical to answer the following questions:

(i) How does RBVMS{IGA framework perform in intermittently turbulent 
ow? The in-

termittent occurrence of turbulence has been a challenge to classical �lter-based LES

as it could cause over-dissipating energy and thus necessitates a mechanism to dynam-

ically detect the occurrence of laminar patches [Germano et al., 1991, Vreman, 2004].

Can RBVMS{IGA framework overcome this limitation and allow the intermittent be-

havior of strati�ed turbulence to naturally occur?

(ii) Could weak imposition of Dirichlet boundary condition outperform its counterpart,

strong imposition of Dirichlet boundary condition (SD) in strati�ed 
ow at Reynolds

numbers computationally feasible? While introducing great computational conve-
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nience, i.e., relaxing the requirement on near-wall resolution, does WD alter essential

physics such as intermittency and other boundary-layer processes?

(iii) Could the new SGS model proposed in Yan et al. [2017] o�er improved performance in

strongly strati�ed 
ow? As shown in Yan et al. [2017], the new model appears to bring

considerable improvement in terms of accuracy in weakly strati�ed 
ow, but does this

improvement extend to strongly strati�ed condition? Besides, how does the new SGS

model interact with WD and SD, respectively?

To address these questions, the performance of RBVMS{IGA framework and its aug-

mentation features, i.e., WD and the new SGS model is examined in the context of stably

strati�ed turbulent channel 
ow, where a 
ow subject to stable strati�cation is driven by

a constant mean pressure gradient. In Secs. 3.1 and 3.3, the strong and weak forms of the

Navier{Stokes equations for incompressible 
ows are reviewed. The semi-discrete residual-

based variational multiscale method as well as its add-on features, i.e., weak imposition

of Dirichlet boundary condition and the new subgrid-scale model, are also presented. In

Sec. 5.1, the numerical simulations of stably strati�ed turbulent channel 
ows in weakly and

strongly strati�ed regimes using RBVMS{IGA framework are described. Results obtained

from the present framework are compared against their DNS counterparts.

In an e�ort to improve the capacity of WD, Bazilevs et al. [2007b] established a link

between WD and wall modeling, from which a new formulation of WD based on wall func-

tion (WFWD) is proposed for the Navier{Stoeks equations. Considerable improvements are

observed in the accuracy of the predicted velocity �elds. While it is interesting to investigate

whether such an improvement extends to the prediction of scalar �eld when the advection{

di�usion equation is augmented with WFWD, I recognize that the wall-function-based fea-

ture could also introduce the ability to incorporate the e�ects of factors like buoyancy and

surface roughness which have not been considered in existing studies where WD is employed.

In wall modeling, corrections are made for various types of 
ows by adopting corresponding

wall functions. For instance, a rough wall function with buoyancy e�ect can be employed
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for approximating the stress boundary condition for environmental 
ows over rough sur-

faces [Cai, 1993, Stoll and Port�e-agel, 2006, Stoll et al., 2020, Sullivan et al., 2016]. Would

the ability of employing 
ow-speci�c wall functions to formulate the penalty term enable a

wider range of 
ow modeling for WD? This motivates our present assessment of WFWD

applied to modeling strati�ed turbulent 
ows over smooth and rough 
at boundaries. In

Sec. 3.3.3, the original formulation of weak imposition of Dirichlet boundary condition and

its wall-function-based variant for the Navier{Stokes equation are revisited, followed by our

proposed extension of WFWD to the advection{di�usion equation in order to model wall-

bounded strati�ed turbulent 
ows with reduced near-wall resolution. Sections 5.2 and 5.3

present numerical examples where I demonstrate the performance of WFWD applied to

modeling strati�ed turbulent 
ows over smooth and rough boundaries, respectively. Results

obtained from WFWD are compared against those from the original WD as well as LES or

DNS whenever available.

2.3 Modeling of strati�ed turbulence with boundaries

of complex topographies

The presence of complex boundaries creates an additional layer of complexity to the dy-

namics of strati�ed turbulence. Additional dynamics, such as internal hydraulic jump, 
ow

separation, and recirculation etc., have been reported to challenge the modeling of strati-

�ed turbulent 
ows over complex boundaries. The combination of RBVMS, IGA, and WD

potentially gives rise to a powerful framework for modeling strati�ed boundary layer past

topographically complex terrains. Would its good performance in 
at boundaries extend to

complex boundaries? The proposed modeling framework is validated against an laboratory

experiment as well as theoretical frameworks in Sec. 6.1. In Sec. 6.2, the framework is applied

to simulate strati�ed 
ow past a two-dimensional environmental terrain.
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Chapter 3

Numerical methods

In this work, the modeling and analysis of stably strati�ed wall-bounded turbulence are

performed by leveraging computational techniques. The mathematical models and numerical

techniques employed are presented in this chapter.

3.1 Governing equations

In the present study, I consider various stably strati�ed wall-bounded 
ows in a Cartesian

coordinate systemx = ( x; y; z). The 
ow dynamics of such a con�guration can be described

by the Navier{Stokes equation for incompressible 
ows under the Boussinesq approximation,

i.e.,

r � u = 0 ; (3.1a)

� 0

�
@u
@t

+ u � r u
�

= r � � + f + b(� ) : (3.1b)

where u = ( u; v; w) is the instantaneous 
uid velocity, � 0 is the reference density, and

f =
�
f x ; f y; f z

�
is the external forcing. Depending on the 
ow set-up,f in the present

study may include a mean pressure gradient or Coriolis force. In the cases of strati�ed

channel 
ow presented in this work, the external forcing term includes a mean pressure
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gradient in the streamwisex direction, and takes the form asf =
�
u2

� =hC ; 0; 0
�
, with hC

being the half channel height. In the cases where Coriolis force is considered, i.e., the stable

boundary layer simulation in the present work, the external forcing term takes the form as
�
� f c(vy � v); f c(vx � u); 0

�
, with f c being the Coriolis parameter, andv =

�
vx ; vy; vz

�
being

the geostrophic wind velocity. The stress tensor,� , is de�ned as

� (u ; p) = � pI + 2� " (u ) ; (3.2)

where p is the pressure,I is the identity tensor, � is the dynamic viscosity, and" is the

strain-rate tensor given by

" (u ) =
1
2

�
r u + r u T

�
: (3.3)

The buoyancy term,b(� ), in Eq. (3.1) arises from thermal strati�cation, is linearly related

to the potential temperature as

b = � � 0� V (� � � 0) g ; (3.4)

where, � is the potential temperature, � 0 is the reference potential temperature,g � � gey

is the gravitational force in the y direction with g being the gravitational acceleration, and

� V is the thermal expansion coe�cient. The evolution of the potential temperature �eld,� ,

is governed by the advection{di�usion equation as

@�
@t

+ u � r � = � r 2� ; (3.5)

with � being the thermal di�usivity.

The above governing equations are written in their strong form (as opposed to the weak

form to be discussed below), which together with appropriate boundary conditions, consti-

tute a complete set of governing equations of strati�ed 
ows at the continuum level. The

speci�c boundary conditions implemented for each 
ow set-up are discussed in the respective

20



chapters.

Within residual-based variational multiscale method, the governing equations (Eqs. (3.1)

and (3.5)) are solved in their weak form. LetV be the in�nite-dimensional trial solution

space for velocity, pressure, and temperature, andW be the in�nite-dimensional weighting

function space for the momentum, continuity, and temperature equations. The weak form

of the system is stated as follows: Findf u ; p; � g 2 V such that 8f w ; q; � g 2 W ,

B(f w ; q; � g; f u ; p; � g) � F (f w ; q; � g) = 0 ; (3.6)

where,

B(f w ; q; � g; f u ; p; � g) =
Z



w � � 0

@u
@t

d
 �
Z



� 0r w : (u 
 u ) d


+
Z



r w : � (u ; p) d
 �

Z



w � bd


+
Z



qr � u d
 +

Z



�

@�
@t

d


�
Z



r � � (u � ) d
 +

Z



r � � � r � d
 ;

(3.7)

and

F (f w ; q; � g) =
Z



w � f d
 +

Z

� u
h

w � h u d� +
Z

� �
h

�h � d� : (3.8)

Note that � u
h and � �

h are the subsets of the domain boundary with traction and 
ux boundary

conditions prescribed for the Navier{Stokes and advection{di�usion equations, respectively,

and h u and h� are the prescribed traction and 
ux values.

3.2 Direct numerical simulation

In the analysis of stably strati�ed wall-bounded 
ow, the governing equations (Eqs. (3.1)

and (3.5)) are solved via highly-resolved direct numerical simulation. With the �ne-scale

turbulent 
ow structures being well-resolved, DNS provides accurate descriptions of the
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turbulent statistics that can potentially lead to improved understanding of the dynamics

involved in the 
ows.

For the DNS presented in this study, spectral Fourier nodes are employed for spatial

discretization in the horizontal (x and z) directions while the wall-normal (y) direction is

discretized using second-order �nite di�erence method. The nonlinear terms are advanced

in time by means of a low-storage third-order Runge{Kutta method while the viscous and

di�usive terms at each time step are updated using a semi-implicit Crank{Nicolson method.

The nonlinear terms are evaluated in physical space with a two-thirds dealiasing rule applied

to prevent aliasing error from energy transfer to unresolved wavenumbers [Canuto et al.,

1988]. Adaptive time stepping based on a Courant{Friedrichs{Lewy number of 0.5 is enabled

to reduce computational time while maintaining numerical stability.

Full descriptions of the DNS algorithm can be found in Taylor [2008]. The algorithm has

been extensively validated and applied to study wall-bounded turbulent 
ows under various

degrees of strati�cation (see, e.g., Deusebio et al. [2015], Zhou et al. [2017a,b]).

3.3 Variational multiscale turbulence modeling

While providing reliable data for turbulence study, the computation cost of DNS becomes

prohibitive as the Reynolds number of the 
ow under investigation increases. For the

Reynolds numbers encountered in real-world industrial applications, the computational re-

sources required by a DNS typically exceeds our current computing capacity. Such a fact

necessitates the use of turbulence models (e.g., large-eddy simulation and variational multi-

scale modeling) that resolve only a fraction of the turbulence structures, but at a reduced

computation cost. In this dissertation, the strati�ed turbulence is modeled using residual-

based variational multiscale method described in Chapters 5 and 6.
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3.3.1 Residual-based variational multiscale method

Residual-based variational multiscale method relies on the orthogonal decomposition of the

trial- and weighting-function spaces, i.e.,V = Vh � V � and W = W h � W � , where the super-

script h denotes resolved coarse-scale components represented on a given discretized problem

domain, and the asterisked quantities correspond to the unresolved �ne-scale components

that give rise to the subgrid-scale closure problem for the coarse-scale solution �elds. The

decomposition of the space leads to

f u ; p; � g = f u h; ph; � hg + f u � ; p� ; � � g; (3.9)

f w ; q; � g = f w h; qh; � hg + f w � ; q� ; � � g: (3.10)

Substituting the above decomposition into the weak form of governing equations, i.e., Eq. (3.6)

and choosingf w ; q; � g = f w h; qh; � hg yields: 8f w h; qh; � hg 2 W h ;

B (f w h; qh; � hg; f u h; ph; � hg + f u � ; p� ; � � g) � F (f w h; qh; � hg) = 0 : (3.11)

It was shown in Bazilevs et al. [2007b] that the �ne-scale solutions are driven by the residuals

of the coarse-scale equations, based on which a SGS model that makes use of linear algebraic

expression was proposed. Following the development in Bazilevs et al. [2015], Korobenko

et al. [2017], Yan et al. [2017], I have

8
>>>><

>>>>:

u �

p�

� �

9
>>>>=

>>>>;

= � � �

8
>>>><

>>>>:

r M
�
u h; ph; � h

�

rC
�
u h

�

r �
�
u h; � h

�

9
>>>>=

>>>>;

where,

r M = � 0

 
@u h

@t
+ u h � r u h

!

� r � �
�

u h; ph
�

� f h � bh ; (3.12)
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rC = r � u h ; (3.13)

r � =
@�h

@t
+ u h � r � h � � r 2� h ; (3.14)

are the residuals of the coarse-scale solutions for the momentum, continuity, and potential

temperature equations, respectively.� is the stabilization matrix, of which various de�nitions

can be found in Bazilevs et al. [2015] and Yan et al. [2017]. Among others, two SGS models

are of interest to us in performance comparison in the present work. Here, the stabilization

matrix from the original model proposed in Bazilevs et al. [2015] is presented, denoted as

� O (as opposed to� N for the new model that will be discussed later in the section), for

the derivation of semi-discrete variational multiscale formulation. The original stabilization

matrix for strati�ed 
ow is de�ned as

� O =

8
>>>>>>>>>>><

>>>>>>>>>>>:

� M 0 0 0 0

0 � M 0 0 0

0 0 � M 0 0

0 0 0 � C 0

0 0 0 0 � �

9
>>>>>>>>>>>=

>>>>>>>>>>>;

; (3.15)

with

� M =
�

4
� t2

+ u h � Gu h + CM � 2G : G
� � 1=2

; (3.16)

� C = ( � M tr G)� 1 =

0

@� M

3X

i =1

Gii

1

A

� 1

; (3.17)

� � =
�

4
� t2

+ u h � Gu h + C� � 2G : G
� � 1=2

; (3.18)

being the stabilization parameters for momentum, continuity, and potential temperature.

More details on the choice of these stabilization parameters can be found in Bazilevs et al.

[2013], Brooks and Hughes [1982], Otoguro et al. [2020], Takizawa et al. [2018, 2019], Tezdu-

24



yar [2003]. In the above, �t is the time step size;CM and C� are positive constants that can

be derived from appropriate element-wise inverse estimate [Brenner and Scott, 2007, Harari

and Hughes, 1992]. Furthermore,G = f Gij g is the mesh-dependent element metric tensor

of the mapping from parametric to physical domain of the element, given by

Gij =
@�k
@xi

@�k
@xj

: (3.19)

Substituting the above approximation and decomposing the domain
 into a collection of

Nel elements each denoted by
 e, 
 =
S Nel

e=1 
 e, I arrive at the semi-discrete variational

multiscale formulation for the problem of interest as: Findf u h; ph; � hg 2 Vh such that

8f w h; qh; � hg 2 W h ,

B V MS (f w h; qh; � hg; f u h; ph; � hg) � F V MS (f w h; qh; � hg) = 0 ; (3.20)

where,

B V MS
�

f w h; qh; � hg; f u h; ph; � hg
�

=
Z



w h � � 0

@u h

@t
d
 �

Z



� 0r w h : (u h 
 u h) d


+
Z



r w h : �

�
u h; ph

�
d
 �

Z



w h � bh d
 +

Z



qhr � u h d


+
Z



� h @�h

@t
d
 �

Z



r � h � (u h � h) d
 +

Z



r � h � � r � h d


+
NelX

e=1

Z


 e
� M (u h � r w h +

r qh

� 0
) � r M d
 +

NelX

e=1

Z


 e
� � (u h � r � h)r � d


+
NelX

e=1

Z


 e
� C rC r � w h d
 �

NelX

e=1

Z


 e
� M w h � (r M � r u h) d


�
NelX

e=1

Z


 e

r w h

� 0
: (� M r M 
 � M r M ) d
 �

NelX

e=1

Z


 e
� M � h(r M � r � h) d


�
NelX

e=1

Z


 e
r � h � (� M r M � � r � ) d
 �

NelX

e=1

Z


 e
w h � b� d


(3.21)
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and

F V MS (f w h; qh; � hg) =
Z



w h � f h d
 +

Z

� u
h

w h � h u d� +
Z

� �
h

� hh� d� : (3.22)

In the above,b� = � � 0� V � � g = � 0� V � � r � g is the �ne scale buoyancy force.

Note that in an e�ort to improve the accuracy of the RBVMS framework in strati�ed


ows, Yan et al. [2017] proposed a new SGS model to account explicitly for the coupling

between the velocity and potential temperature �elds. In their work, while maintaining the

linear algebraic expression, the stabilization matrix, denoted as� N , is de�ned as

� N =

8
>>>>>>>>>>><

>>>>>>>>>>>:

� M 0 0 0 0

0 � M 0 0 ��

0 0 � M 0 0

0 0 0 � C 0

0 0 0 0 � �

9
>>>>>>>>>>>=

>>>>>>>>>>>;

; (3.23)

where, the additional term �� is given as

�� = �
4Ri=� t

� � 1
M � � 2

� + � � 2
M � � 1

�

: (3.24)

Here,Ri is the bulk Richardson number that re
ects the level of strati�cation in the problem

of interest. More details regarding its de�nition can be found in the following sections. In

the present study, I follow Yan et al. [2017] and assess the e�ect of this new SGS model

in weakly and strongly strati�ed conditions. When � N is activated, the following terms are

26



added to the left-hand-side of Eq. (3.20):

+
NelX

e=1

Z


 e
(u h �

@wh

@x
+

1
� 0

@qh

@y
)�� r � d


�
NelX

e=1

Z


 e
�� w h �

@u h

@y
r � d


�
NelX

e=1

Z


 e
�� � hr �

@�h

@y
d


�
NelX

e=1

Z


 e

@�h

@y
�� r � � � r � d
 :

(3.25)

3.3.2 Weak imposition of Dirichlet boundary condition

In the present framework, the Dirichlet boundary condition is imposed weakly, aiming to

minimize the e�ect of the under-resolved near-wall region on the bulk 
ow prediction. Weak

imposition of Dirichlet boundary condition was originally proposed in Bazilevs et al. [2007b]

for the Navier{Stokes equations, and is subsequently extended to strati�ed turbulent 
ow in

Bazilevs et al. [2015]. Such a weak imposition has been successfully applied to remedy the

e�ects of under-resolved boundary layer in incompressible unstrati�ed [Bazilevs and Akker-

man, 2010, Bazilevs et al., 2007b, 2010] and strati�ed [Bazilevs et al., 2015, Korobenko

et al., 2017, Takizawa et al., 2015] 
ows. Following the development from previous works,

I augment RBVMS formulation with weak imposition of Dirichlet boundary conditions and

assess its e�ect on the 
ow physics of our studied problem, both qualitatively and quantita-

tively. In the context of wall-bounded strati�ed 
ows, the following terms are added to the

left-hand-side of Eq. (3.20):
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�
NebX

b=1

Z

� b
T

� u
g

w h � �
�

u h; ph
�

n d�

�
NebX

b=1

Z

� b
T

� u
g

�
2� "

�
w h

�
n + qhn

�
�
�

u h � u g

�
d�

+
NebX

b=1

Z

� b
T

� u
g

� B
M w h �

�
u h � u g

�
d�

�
NebX

b=1

Z

� b
T

� �
g

� h � r � h � n d�

�
NebX

b=1

Z

� b
T

� �
g

� r � h � n
�

� h � � g

�
d�

+
NebX

b=1

Z

� b
T

� �
g

� B
� � h

�
� h � � g

�
d� ;

(3.26)

where n is the unit outward normal vector of the boundary,� u
g and � �

g are the subsets of

the boundary with prescribed Dirichlet boundary conditions for the velocity and potential

temperature �elds, respectively,u g and � g corresponds to the prescribed value of the velocity

and potential temperature at the Dirichlet boundary.

In Eq. (3.26), the �rst and forth terms are the consistency terms arising from the inte-

gration by parts when deriving the weak forms of viscous, pressure, and di�usion terms in

Eqs. (3.1) and (3.5), respectively. These two terms ensure the variational consistency of the

method. The second and �fth terms are the adjoint consistency terms that are associated

with optimal convergence of the discrete solution in the lower norms [Arnold et al., 2002].

The third and sixth terms are the penalty terms whose integrand constrains the discrete so-

lution deviating from its prescribed value at the wall. Within the penalty terms,� B
M and � B

�

are the boundary stabilization parameters that, as proposed in Bazilevs and Hughes [2007],

takes the following forms:

� B
M = CB

M �=h n ; (3.27)
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� B
� = CB

A �=h n ; (3.28)

with CB
M and CB

� being two positive constants computed from appropriate element-level

inverse estimate [Brenner and Scott, 2007],hn being wall-normal element size, given by

hn = 2
�

nT Gn
� � 1=2

: (3.29)

As the above formulation is the original and widely used version of WD in the literature,

in the discussion henceforth it is referred to as `the original WD'.

3.3.3 Wall-function-based weak imposition of Dirichlet boundary

condition

Aiming to align the weak imposition of Dirichlet boundary condition with wall modeling,

a modi�cation to the original WD formulation is proposed for the Navier{Stokes equa-

tion in Bazilevs et al. [2007b]. Building upon empirical wall functions of boundary layers,

wall-function-based weak imposition of Dirichlet boundary condition (WFWD) improves the

accuracy and facilitates a wider usage of WD. Here I revisit brie
y the derivation of WFWD

for the momentum equation, followed by our extension of WFWD to the advection{di�usion

equation.

As mentioned in Sec. 1.6.1, traditional wall modeling makes use of an assumed equilibrium

layer and prescribes a stress that is in accordance to the assumed velocity pro�le [Piomelli,

2008]. In such cases, the Dirichlet condition at the wall is replaced by a Neumann boundary

condition. In the context of variational formulations of the Navier{Stokes equations the

near-wall term typically takes the the form as [Mohammadi and Pironneau, 1994]:

nebX

b=1

 

w h; u� 2 u h

jju h jj

!

� b
T

� u
g

; (3.30)

where,u� 2 and u h=jju h jj represent the magnitude and direction of the applied traction vector,
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respectively, andjj�jj denotes the Euclidean length. By rearranging terms in the above, one

reaches the following:

nebX

b=1

 

w h; u� 2 u h

jju h jj

!

� b
T

� u
g

=
nebX

b=1

 

w h u� 2

jju h jj
; u h � 0

!

� b
T

� u
g

;

(3.31)

which apparently has a similar structure as the third term, i.e., the penalty term for the

momentum equation, in Eq. (3.26) withu g = 0. Thus, the boundary stabilization parameter

� B
M in WFWD formulation is de�ned as:

� B
M =

u� 2

jju h jj
: (3.32)

Motivated by the success of WFWD in the momentum equation (see, e.g., Bazilevs et al.

[2007b, 2010]), I seek improved performance of weak imposition of Dirichlet boundary con-

dition in the advection{di�usion equation from aligning the formulation with wall functions

for active scalar transport, similar to the procedures discussed for the momentum equation.

In wall modeling for scalar transport, a 
ux boundary condition is typically speci�ed by

adding the following term to the variational formulation of the advection{di�usion equation

[Mohammadi and Pironneau, 1994]:

nebX

b=1

�
w h; qw

(� � � w)
j� � � w j

�

� b
T

� �
g

; (3.33)

where,qw = � j@�=@yjw and (� � � w)=j� � � w j are the magnitude and direction of the applied
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ux vector, respectively. Upon rearranging terms in the above, one reaches the following:

nebX

b=1

�
w h; qw

� � � w

j� � � w j

�

� b
T

� �
g

=
nebX

b=1

�
w h qw

j� � � w j
; (� � � w)

�

� b
T

� �
g

=
nebX

b=1

h
w h � B

� ; (� � � w)
i

� b
T

� �
g

;

(3.34)

with

� B
� =

qw

j� � � w j
(3.35)

acting as the boundary stabilization parameter for the advection{di�usion equation.

These new de�nitions of the boundary stabilization parameters, i.e., Eqs. (3.32) and (3.35)

in WFWD align the formulation with wall functions, and are regarded as manifestation of

wall stresses in the formulation. In Bazilevs et al. [2007b] it states that the magnitude of

the wall shear stressu� 2 is consistent with wall functions for momentum equation. I extend

such a treatment to the scalar 
ux qw . In other words, qw can also be sought iteratively

from empirical wall functions for scalar transport. Interested readers are referred to Bazilevs

et al. [2007b] for implementation details of the iteration process.

The wall functions employed in the computation of boundary stabilization parameters

are empirical relations between the mean 
uid velocity or potential temperature and the

normal distance to the wall. There exists various types of wall functions corresponding to


ows of various conditions, e.g., 
ow over smooth/rough impermeable surfaces [Bradshaw

and Huang, 1995]. In environmental 
ows simulations, surface roughness, in most cases,

plays a signi�cant role, and thus a logarithmic law for rough wall [Jim�enez, 2004] or Monin{

Obukhov similarity theory with roughness e�ect incorporated [Foken, 2006] is usually used

for approximating the surface stresses. In the present study, I focus on examining the

performance of WFWD with a smooth and a rough wall function. For the smooth wall

function, among many available options I employ the one given by the followings [Bradshaw
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and Huang, 1995, Spalding, 1960]:

y+ = u+ + e� �B

0

@e�u +
� 1 � �u + �

�
�u +

� 2

2
�

�
�u +

� 3

6

1

A ;

(j� � � w j)+ = y+ Pr; for y+ < 5;

(j� � � w j)+ =
1
ks

lny+ + Cs; for y+ > 30:

(3.36)

where,P r = �=� is the Prandtl number, y+ and u+ denotes the distance from the wall and

the mean 
uid velocity, respectively, expressed in non-dimensional wall units as

y+ :=
yu�

�
; (3.37)

u+ :=
jju h jj

u�
; (3.38)

(j� � � w j)+ is the normalized potential temperature relative to its wall value, de�ned as

(j� � � w j)+ =
j� � � w j
qw=u�

: (3.39)

In the above, following Bradshaw and Huang [1995],ks = 0:48 is the von Karman constant

for the scalar, andCs = 13:7Pr2=3 � 7:5.

When roughness is present, modi�cation to wall function must be made to account for

its e�ect. For the rough wall function, I employ the following relations [Calaf et al., 2011,

Jim�enez, 2004]:

u+ =
1

km
ln

y
y0

;

qw =
k2

s j� � � w ju+ u�

ln2

�
y
y0

� ;
(3.40)

where km = 0:41 is the von Karman constant for the velocity,y0 is the surface roughness
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height. The above wall functions are expected to play an essential role when WFWD is

applied to 
ows with or without roughness e�ect.

3.3.4 Spatial discretization and time advancement scheme

To discretize the problem domains in space, I employ quadratic NURBS basis functions,

which areC1-continuous across element boundaries. NURBS are built from B-splines through

a projective transformation [Farin and Hansford, 2000]. Higher-order continuity in NURBS

gives rise to better approximation power than that of standard, low-order �nite elements

[Bazilevs et al., 2006, Evans et al., 2009]. NURBS with quadratic and higher-order con-

tinuity can represent conic sections exactly, which make them particularly attractive for

computing 
ows that involve complex geometries. In practice, higher-order continuity is

evidenced to increase solution accuracy in turbulent 
ow computations in Akkerman et al.

[2008].

The simulations in RBVMS modeling are advanced in time using the generalized-�

method [Bazilevs et al., 2008, Chung and Hulbert, 1993, Jansen et al., 1999] with second-

order accuracy. The semi-discrete system of nonlinear equations is solved using an inexact

Newton-Krylov approach with the assembled element-by-element preconditioner (see, e.g.,

Bazilevs et al. [2008, 2010]). The obtained system of linear equations is then solved iteratively

using the generalized minimal residual (GMRES) method.
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Chapter 4

Intermittent turbulence in stably

strati�ed channel 
ow

Under su�ciently strong strati�cation, fully developed wall-bounded turbulence could tran-

sition to intermittent 
ows in which laminar and turbulent patches coexist. In this chapter,

the intermittent turbulence is investigated via examining the stably strati�ed channel 
ow

(SCF), a canonical 
ow in strati�ed wall-bounded turbulence study. The boundary at which

the transition from fully turbulent to intermittent occurs is explored.

4.1 Model formulation

4.1.1 Problem geometry

In this study, the canonical 
ow examined is the stably strati�ed channel 
ows (SCF) driven

by a constant mean pressure gradientf = ( f x ; 0; 0) in the streamwise (x) direction. The


ow is bounded in the vertical (y) direction by two non-slip impermeable walls. Numerical

periodicity is imposed for the horizontal directions which are thus considered statistically-

homogeneous. Stable strati�cation is maintained by prescribing a constant potential tem-

perature di�erence between the lower (� � w) and upper (� w) walls. A schematic diagram of
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Figure 4.1: Con�guration of strati�ed channel 
ow and boundary conditions.

the con�guration and boundary conditions for the SCF under consideration is presented in

Fig 4.1.

Wall scale non-dimensional parameters that characterize the dynamics of the 
ow are the

friction Reynolds number,

Re� =
u� hC

�
; (4.1)

the friction Richardson number,

Ri � =
2� V � wghC

u2
�

: (4.2)

In the above, hC is the half channel height andu� =
p

� w=� 0 =
q

�
�
@U=@y

�
w

is the

friction velocity, associated with the wall shear stress� w or the gradient of mean streawise

velocity at the wall,
�
@U=@y

�
w

. Note that subscript w denotes value of variable at the wall,

and

U � h ui (4.3)

is the mean streamwise velocity withh:::i denoting horizontal averages over the statistically-

homogeneousx { z plane. Similarly, the mean potential temperature is denoted as

� � h � i : (4.4)
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In the present study, the Prandtl numberP r = �=� is considered to be 0.71 as a model

of temperature strati�cation in air. It is important to note that in a statistically-steady

turbulent state the wall shear under the current setting must compensate for the applied

streamwise pressure gradientf for the system to remain force-balanced. As a result, changes

in strati�cation level only lead to changes in momentum quantities outside the near-wall

region [Armenio and Sarkar, 2002, Garc��a-Villalba and del�Alamo, 2011]. For a statistically-

steady turbulent state where the 
ow is fully developed in a time-averaged sense the mean

wall shear force is balanced by the applied streamwise pressure gradientf x as

Z

�
�

@U
@y

d� =
Z



f x d
 : (4.5)

A direct evaluation of the integrals in Eq. (4.5) yields

f x =
u2

�

hC
: (4.6)

Thus, the friction velocity, u� in a statistically-steady state can be estimated based on the

prescribed mean pressure gradient.

In this study, I solve the governing equations, i.e., Eqs. (3.1) and (3.5), via direct nu-

merical simulation as described in Sec. 3.2. Adaptive time stepping based on a Courant{

Friedrichs{Lewy number of 0.5 is enabled to reduce computational time while maintaining

numerical stability. Following general practices for direct numerical simulation of wall-

bounded turbulent 
ows [Moin and Mahesh, 1998], I employ uniform grids for horizontal

directions with spacing of � x+ ' 8 and � z+ ' 4. Note that the superscript + denotes

non-dimensionalized quantities with respect to viscous length scale� � = �=u � . On the other

hand, the grid in the wall-normal direction is condensed toward the solid walls for better

resolution of the near-wall small-scale structures according to a hyperbolic tangent stretching
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Table 4.1: Summary of simulation parameters and grid resolution.

Case Re� Ri � Re Nu (L x ; L z) =hC
�
Nx ; Ny; Nz

�
L+ hC=L 
 w

1

180

18 3044 4.10

(16�; 8� ) (1024; 129; 1024)

1554 0.12 1.00
2 36 3217 3.32 957 0.19 1.00
3 60 3464 2.83 670 0.27 0.80
4 80 3579 2.62 548 0.33 0.68
5 120 3856 2.33 408 0.44 0.57

6

360

72 7108 4.70

(8�; 4� ) (1024; 161; 1024)

1360 0.26 1.0
7 140 7652 3.75 875 0.41 1.0
8 280 8651 3.07 523 0.68 1.0
9 560 10313 2.46 335 1.07 0.83
10 840 11753 2.23 247 1.46 0.71

11

480

500 13070 3.12

(4�; 2� ) (768; 289; 768)

551 0.88 1.0
12 800 15004 2.85 394 1.25 0.91
13 1000 15977 2.56 277 1.75 0.83
14 1200 17239 2.41 261 1.84 0.78
15 1600 18812 2.23 246 1.96 0.74

16
960

2000 40026 4.26
(2�; � ) (768; 385; 768)

415 2.36 1.0
17 3840 46432 2.76 309 3.10 0.86

function. The wall-normal distance of thei th point from the lower wall is determined as

yi = hC tanh(� (2(i � 1)=Ny � 1:0))=tanh(� ) ; (4.7)

whereNy is the number of grid points in the wall-normal direction and� is the parameter

controlling the stretching. In the present study, SCF is investigated for a range ofRe� .

For eachRe� , the grid is adjusted such that the location of the tenth point from the wall

satis�es y+
10 < 10. Similar grid resolution has been adopted for DNS of strati�ed wall-

bounded turbulent 
ows with Re� up to 1578 [Deusebio et al., 2015, Zhou et al., 2017a,b].

As Re� increases, the required grid spacing for resolving the smallest turbulent length scales

decreases and thus more grid points along the wall-normal direction are needed. As a result,

the computational cost increase rapidly, scaling likeRe3:0 [Piomelli, 2008]. To maintain an

a�ordable cost, the computational domain in the present study is adjusted for eachRe�

with the smallest ones (for cases withRe� = 480 and 960 as shown in Table 4.1) sized at
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L+
x ' 6000 andL+

z ' 3000. Such a size is su�ciently large to accommodate more than

900 minimal 
ow units of � x+ ' 200 and � z+ ' 100 [Jim�enez and Moin, 1991]. The

size of computational domain has been reported to play an important role in numerical

simulations of SCF. On one hand, SCF may laminarize in computational domains that can

barely contain one minimal 
ow unit [Flores and Jim�enez, 2010, Jim�enez and Moin, 1991].

On the other hand, as reported in Garc��a-Villalba and del�Alamo [2011], another notable

indication of domain con�nement is substantial low-frequency oscillations of order 10u� =h in

the temporal evolution of bulk quantities. In our present study, all the simulations maintain

either fully or intermittently turbulent at statistically-steady state with no signi�cant sign

of low-frequency oscillation in the temporal evolution of bulk quantities, suggesting robust

turbulence free of �nite-domain e�ects in our simulations.

In this study, I consider SCF at four values ofRe� ranging from 180 up to 960, as shown

in Table 4.1 where a summary of simulation parameters and grid resolution is provided.

At each Re� , several degrees of strati�cation are imposed. The strati�cation level is varied

incrementally from moderate to relatively strong leading the 
ows to transition from fully

turbulent to intermittent. The degrees of strati�cation are determined speci�cally with the

aim that nearly half of them result in fully turbulent 
ow while the others in sustaining

intermittency. In the present study, the runs with the lowest values ofRi � are initialized

from the neutral statistically-steady states of the correspondingRe� . Runs with higher

strati�cation are each initialized from the statistically-steady state of the previous run (at

the immediate lowerRi � ). With our computation capacity, the lightest run in the present

study (Case 1 in Table 4.1) takes roughly 6,000 core-hour while the heaviest one (Case 17)

takes more than 500,000 core-hour. Such a substantial increase in computation is mainly

attributed to the signi�cantly smaller time step required to maintain numerical stability. In

the discussion henceforth, a particular case is referred according to its friction Reynolds and

Richardson numbers for ease of reference. For example, the case withRe� = 360, Ri � = 560

is denoted asRe360-Ri560.
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Figure 4.2: Representative evolution of bulk quantities forRe360-Ri840 upon the increase of
strati�cation: ( a) friction Reynolds number; (b) Nusselt number; (c) bulk Reynolds number;

(d) volume-averaged turbulent kinetic energy,K =
1

2VC

R
VC

(u0u0+ v0v0+ w0w0)dV.

4.2 Flow characteristics

As evidenced in previous studies, SCF exhibits various 
ow regimes dependent on the com-

peting e�ects of turbulence generation by shear and destruction by stable strati�cation. The

two turbulent states (fully and intermittent) considered in this study can be attributed to

the relative degree of strati�cation and shear. In this section, I provide a brief account of the

main physical features observed in the present simulations. Interested readers are referred

to, e.g., Armenio and Sarkar [2002], Garc��a-Villalba and del�Alamo [2011], Garg et al. [2000]

for a comprehensive review of the 
ow physics at its di�erent stability regimes.
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4.2.1 Transient development

As reported in previous studies (see, e.g., Armenio and Sarkar [2002], Garg et al. [2000]),

upon each increase inRi � SCF experiences a transient phase where wall shear and buoyancy


ux is suppressed and consequently the bulk 
ow accelerates until force balance is reinstated.

Figure 4.2 demonstrates a representative evolution of bulk and wall quantities forRe360-

Ri840 upon the sudden increase of strati�cation fromRe360-Ri560. As soon asRi � increases,

the wall shear decreases (Fig. 4.2a) and the bulk 
ow accelerates (Fig. 4.2c) as a result of the

force de�cit between the reduced wall shear and constant mean pressure gradient. Following

the reduction in wall shear, the 
ow is re-energized and wall shear increases to the momentum

balanced state eventually. Such a transient phase typically takes a long time, in the order of

20{30 u� =h. The present numerical experiment shows that 
ows with higherRe� generally

experiences a longer transient period. In the example shown in Fig. 4.2, it takes the 
ow

approximately 30 u� =h to reach a statistically-steady state after the increase inRi � . Note

that for all the one-point statistics reported in the present work, temporal averaging are

performed for at least 25u� =h during statistically-steady state.

During the transient phase, it is worth noting that buoyancy transport is consider-

ably suppressed together with the wall shear, suggested by the Nusselt number,Nu =

hC
�
@� =@y

�
w

=� w (Fig. 4.2b) dropping approximately from 2.4 at the initialization to unity

for the upper wall and 1.2 for the lower one attu � =h ' 2:3. Nu has been used as a criterion

to identify the occurrence of relaminarization in Garc��a-Villalba and del�Alamo [2011] which

argues that SCF laminarizes asNu approaches unity. By examining the instantaneous 
ow

�eld of Re360-Ri840 at the most suppressed instant, i.e.,tu � =h ' 2:3 (not shown), our

results concur with such an argument. The near-wall plane (y+ = 15) closer to the upper

wall with Nu ' 1 is indeed at relaminarization while the one closer to the lower wall with

Nu ' 1:2 has a few turbulent patches scattering across the plane. Such an asymmetry

between the two halves of the channel has been reported in numerical studies of SCF, where

sustaining relaminarization is observed for one half of the channel forRe� = 180 at Ri � ' 30
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Figure 4.3: Wall-normal pro�les of velocity and potential temperature atRe� = 180 (left
column) and 480 (right column) for various degrees of strati�cation.

[Garg et al., 2000] and 40 [Iida et al., 2002]. However, according to our experiments such

an asymmetric relaminarization only lasts for a short period of time. For instance, in the

example shown in Fig. 4.2 the half-channel relaminarization temporarily exists for roughly

3 u� =h, followed by a re-ignition of turbulence evidenced by the drastically rising wall quan-

tities, i.e., Re� and Nu. Within our test parameters, symmetry between the two halves of

the channel eventually reinstates after a su�ciently long period of simulation time.
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4.2.2 Statistically-steady state

The previous section has shown that temporary relaminarization may occur during the tran-

sient phase, but the 
ow eventually reach non-laminar regime with a statistically-steady

state. In this section, I provide a brief report on the 
ow characteristics in this asymptotic

regime under stable strati�cation.

One-point statistics

Figure 4.3 shows the mean streamwise velocity and potential temperature pro�les for the

simulations of Re� = 180 and 480 at increasing strati�cation level. For a givenRe� , in-

creasing strati�cation leads to a drastic surge in the bulk 
ow velocity as shown in Fig. 4.3a

and b. Due to the constant pressure gradient, the wall shear and, thus, the gradient of the

mean streamwise velocity at the wall remain invariant at statistically-steady state in spite

of the increasedRi � . On the other hand, the mean potential temperature dynamics is also

a�ected by strati�cation (Fig. 4.3 c and d). In particular, increasing strati�cation notably

introduces two main changes. First, the heat 
ux at the wall and, thus, the gradient of the

potential temperature at the wall are reduced. As a result, the Nusselt number, as shown

in Table 4.1 decreases. Secondly, the potential temperature pro�le demonstrates a greater

gradient in the core of the channel indicating a tendency to form a density interface. It is

worth noting that unlike plane Couette 
ow where there exists a constant 
ux layer in the

core of the channel [Deusebio et al., 2015, Zhou et al., 2017b], the vertical momentum and

buoyancy transport ceases in SCF when the core of the channel is approached due to the

symmetry in 
ow con�guration.

The wall-normal variation of plane averaged turbulent kinetic energy,k = hu0u0+ v0v0+

w0w0i =2 is presented in Fig. 4.4a and b for cases withRe� = 180 and 480, respectively.

Both groups of pro�les reach their peaks aty+ ' 15. Interestingly, in the high shear cases

(Fig. 4.4b, Re� = 480) simulations with the weaker strati�cation have a relatively lower value

of turbulent kinetic energy.
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Figure 4.4: Wall-normal pro�les of plane-averaged turbulent kinetic energy and gradient
Richardson number atRe� = 180 (left column) and 480 (right column) for various degrees
of strati�cation.

The gradient Richardson number,Ri g, has been highlighted to play an important role

in the diagnosis of boundary layer height [Beare and MacVean, 2004]. The pro�les of the

local value ofRi g for cases ofRe� = 180 and 480 are shown in Fig. 4.4c and d. The gradient

Richardson number is singular at the centreline and is very large in a narrow region near

the centreline. For a given case,Ri g exhibits monotone increase from the wall towards the

centre of the channel. Both groups of pro�les seems to enter a abrupt change atRi g ' 0:2.

A distinctive di�erence is that the Ri g pro�les of the high shear cases (Fig. 4.4d, Re� = 480)

tend to cluster closer and experience a plateau before increasing abruptly while those of the

low shear cases (Fig. 4.4c, Re� = 180) are more spaced out between each cases.
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Figure 4.5: Horizontal transects across half the channel showing instantaneous streamwise
velocity 
uctuation, u0, normalzed byu� at statistically-steady state for Re180-Ri120 (left
column) and Re480-Ri500 (right column).
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Phenomena of intermittency

In Fig. 4.5, the streamwise velocity 
uctuation, u0 = u � U, at an instant in statistically-

steady state in horizontal planes across the half channel is shown for representative low-

Re� -high-Ri � (Re180-Ri120) and high-Re� -low-Ri � (Re480-Ri500) cases. ForRe180-Ri120,

laminar patches appear in planes across the channel, similar to those observed in Garc��a-

Villalba and del �Alamo [2011]. While there exists signi�cant fraction of turbulent regions in

the near-wall region (Fig. 4.5a), turbulence nearly ceases in mid-channel (Fig. 4.5g) with only

a small fraction of area showing signi�cant turbulent 
uctuation. From 
ow visualization of

the streamwise velocity at the same instant in channel mid-span, as shown in Fig. 4.6a, one

can identify an internal gravity wave in the channel core characterized by wavy structures.

Internal gravity wave has been reported in SCF at strong strati�cation in Armenio and Sarkar

[2002], Garc��a-Villalba and del �Alamo [2011], and it is argued to damp out turbulence at

the channel core. On the other hand,Re480-Ri500 shows a qualitative di�erence in 
ow

physics. At such a highRi � , the 
ow in channel core is nearly laminarized, with only a small

fraction of the domain showing noticeable turbulent 
uctuation (Fig. 4.6h). However, due to

the high Re� turbulence production in the near-wall region is su�ciently high to compensate

for the strati�cation-induced destruction. Thus, domain-wide active turbulence is able to

sustain (Fig. 4.6b). Moving away from the wall, the shear level decreases. The fact that the


ow at y+ = 240 is fully turbulent and at y+ = 384 is intermittent suggests strati�cation

becoming dominant over shear at somewhere betweeny+ = 240 and 384. Such a distinctive

di�erence in the intermittency characteristics suggests that intermittency is a direct result

from the interplay between shear and strati�cation.

4.3 Quantifying intermittency

There exist various possible choices for identifying laminar and turbulent regions, including

the evaluation of shear stress, vertical velocity [Brethouwer et al., 2012], and vorticity [Pope,
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Figure 4.6: Vertical transects of instantaneous streamwise velocity in channel mid-span at
statistically-steady state forRe180-Ri120 (top panel) andRe480-Ri500 (bottom panel).

2000]. Following Deusebio et al. [2015], I base our criterion on the wall enstrophy,

� w (x; z; t) =
�

@u
@y

� 2

+
�

@w
@y

� 2

; (4.8)

and identify the turbulence fraction 
 using moments of the distribution of� w as discussed

below. To identify 
 , the horizontal spatial 
uctuation of � w within subdomains correspond-

ing to a minimal 
ow unit with � x+ ' 200 and � z+ ' 100 [Jim�enez and Moin, 1991] is

considered:

� w;mbf =

vu
u
t 1

A

Z

x+ ;z+
� 2

wdx+ dz+ �

"
1
A

Z

x+ ;z+
� wdx+ dz+

#2

; (4.9)

where A = � x+ � z+ is the subdomain area, the subscriptmbf stands for minimal box


uctuation. The threshold � separating turbulent and laminar regions can be identi�ed

using the probability density function (p.d.f.) of Eq. 4.9. Examples of the p.d.f. are shown

in Fig. 4.7 for Re180-Ri120, Re360-Ri560, and Re480-Ri500, representative of strongly

intermittent, weakly intermittent, and fully turbulent simulations, respectively. The fully
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