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ABSTRACT

The multiplicative complexity of a finite dimensional associative algebra A over a finite
field F is the number of nonscalar multiplication needed to multiply two elements of the algebra
A.

In this paper we generalize all the results known from the literature about lower bounds
for the multiplicative complexity of associative algebras over finite fields.
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1. INTRODUCTION

Let F be a field and let B = {B,,...,B;} be a set of n xm-matrices with entries from F. A
quadratic algorithms over F that compute the bilinear forms x"By = (x"Byy, ..., x"B,y}, where
x=(xp,....x,) and y = (y1, ...,y )" are vectors of indeterminates, are straightline algorithms

over F for x"By that their nonscalar multiplications are of the shape ! (x,y)x!’(x,y) where
I(x,y)and !’(x,y) are linear forms of x and y. The complexity Ly (B) of B is the minimal number
of nonscalar multiplications needed to compute x”B y by quadratic algorithms over F. It is known
from [S] that, when F is infinite field, then Lz (B) is the number of nonscalar multiplications divisions

needed to compute x”B y by straightline algorithms. When F is finite, then it is known from [W] that
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Ly (B) is the number of nonscalar multiplications needed to compute x”By by a straightline algorithm

without divisions.

When the indeterminates x; and y; do not commute then we can restrict the quadratic algorithms
to bilinear algorithms, i.e. quadratic algorithms that their nonscalar multiplications are of the shape
I (x)x1’(y) where ! (x) and I’(y ) are linear form of x and y, respectively, and this restriction does
not increase the multiplicative complexity. We write Rp (B) for the minimal number of nonscalar
multiplications needed to compute x”By by bilinear algorithms. The relation between the quadratic
complexity and the bilinear complexity is, cf. [J], (when the indeterminates commute)

Throughout the paper we shall write L and R for Ly and Ry, respectively.

Let A be an associative algebra of dimension k over a finite field F with identity element 1 and
let {ay,...,a;} be a basis of A. Let x =(xy,...,x,)and y =(y1,...,¥.) be vectors of indeter-

minates. Denote by B, the set of k xk-matrices {B,, ... ,B;} such that

k
Y (x"Biy)a =
il

k k
inai] [Z)’i ai]
i=1 i=1
ie. xTB;y,i=1,...,k are the coefficients of the product of two elements in A. Then L (B,) is the

multiplicative complexity of the product of two elements in A. It is known from [FZ] that this complex-

ity does not depend on the chosen basis, i.e. on {ay, ... ,a,).
We shall abbreviate L (B,) and R(B,) by L (A) and R(A), respectively.

The result of Alder-Strassen in [AS] states:

L(A)22dim A-t(A),

where ¢ (A) is the number of maximal (two-sided) ideals of A.

The technique used in [AS] is the substitution technique. Many papers slightly improve this result,
(see, for example, [B2], [BC], [FW], [G], [GH] and [HM]), but no example of algebra A over infinite
field is known for which we can prove a lower bound ¢ dim A, with ¢ >2, using the substitution tech-

nique.
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For algebras over finite fields, Lemple-Winograd, Lemple-Seroussi-Winograd and Brokett-Dobkin
in [LW], [LSW] and [BD], respectively, found a new method that gives better lower bounds. They use

coding theory to prove the bounds

Lp,(Fp)23.52n 1)

and

2+

LFq(Fqn)Z q-

11] n-0 (log(n)), @

where F, is the g-element field and Fq,, is the n—degree extention field of F,.

For these algebras, Chudnovsky proved in [CC] the linear upper bound

1
2+0 [Fﬂn (3)

In [B1] we used both techniques, the substitution and coding techniques, to prove the lower

Ly, (Fp)<6n, Ly (F )<

bound

Lp,(M, (F3))225r%-0 (nlogn), @)

for the total matrix algebra M, over the binary field F.
In this paper we shall unify and generalize these results for other algebras over finite fields.
For a polynomial p € Fla], let F(p)=F [a]/(p (a)).
We first generalize the results in (1) and (2) as follows

Corollary I. Let p € F [a] be a polynomial over a finite field F. Then

L(F(p))%ﬂﬁ} deg p =0 (deg p ). O

The result of Chudnovsky in (3) implies the upper bound

1
L(F(p))S[2+0[—|F|mH degp . 6)
Then we generalize our result in (4) as follows

Corollary IT . Let p € F [a] be an irreducible polynomials of degree d. If F is the binary field, then

for any n and d that satisfy d =0 (logn ) or d =0 (logn ) or logn =0 (d), we have
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L(M,(F)®F (p))>25ndeg p—o (n%degp).
Finally, the result of Coppersmith-Winograd in [CW] and Chudnovsky, (6), implies

L(M,(F)Y®F (p))<n*SL(F (p ))s[2+0 [ IFII qu n>%deg p .

In the paper we also show how to find new lower bounds for some algebras with nonzero radical,

as algebras with one maximal ideal. For many algebras over the binary field the bound

2% dim A+ dim (rad A)—o ( dim A)

can be obtained.

2. PRELIMINARY RESULTS

This section contain a survey of some basic concept and results from [BF] that will be employed

throughout the paper.
Definition 1. Let B={B,,...,B,} be a set of n, n Xn-matrices. We define the T-dual set BT and

the D-dual set BP of B as follows:

BT:{BT----:BnT} ’ BD={C],...,C,‘},

where, B[ is the transpose of the matrix B; and

Ci=[Bi ! -+ | Byg],

where ¢; is the i -th column vector of unity.

Definition 2 . Let B=(B,,...,B,} be a set of n, n xn-matrices and M ,N and K = (K;;) be

n X n-matrices. We define

n n
NBM = (NB,M,... ,NB,M), B[K]:{ZKL,B,,...,ZKn,ij}
j=1 j=1

Definition 3. Let B={B,,...,B,} and C={Cy,...,C,} be setsof n and m, n xn- and m xm-

matrices, respectively. We define

B®C={B,....,B,,Ci....Cp}

where
- B; Onxm . Onxn Onxm
Bl = Onxm Omxm ’ C’ B Onxm C/



and Oy, is the zero s X7 matrix.

We also define

BOC=(B;8C;li=1...,n,j=1,...,m).

where @ is the Kronecker product of matrices.
The following lemma proved in [BF]

Lemma 1. Let By, B, and B be sets of ny, ny and n, nyXny, nyxn, and n Xn-matrices, respectively,

and K ,J and M are matrices. Then

() BT =B,B? =B, B =B, B = BT = BP™?,

(i) BIKI[J1=B[JK],(NBM)[K]1=N(B[K])M.

@iy (NBM)T =MTBINT, (B[K 1) =BT[K]

() (NBY =NB?, (BM) =B”[MT],(B[K])® = (BPKT).

v) (B,;®By) =B/®B], (B;®B,)"” =B ®BJ.

i) (B,®B,) =BI®B], (B,;®B,)"” =B2®BJ.

(vii) Bi[K1©B,= (B,® B,)[diag (K ,I,,)] ,NB;M @B, =diag (N ,I,,)(B,® By)diag (M ,1I,,)).
(viii) B[K1®By= (Bi®B,)[K®1, ], NBiM®B,= (N®I, )(B;®B,)(M®I,)

where

B, 0
diag (B,B,) = 0 B,

Definition 4 . For two n-sets of n xn-matrices B and C we write B=C if there exist nonsingular

n Xn-matrices N ,M and K such that

B=N(C[K])M.

Obviously this relation is an equivalence relation.
Lemma 2. [BF].Let B;,...,B,,C,, ...,C, be sets of matrices. Then
(i) IfB,=C,, then B?=CP and Bf=C/.

(ii) For any permutation ¢ on {1,...,¢} we have
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81® @B,EB¢(1)® ®B¢(’)’ B1® v @B‘EB¢(1)@ ®B¢(')

@iy fA;=B;,i=1,...,t,then

A1®"'®A,5B18"‘®B,, A1®®A,EB1®®Br
Let A be an associative algebra with identity element 1 and {a,, ... ,a,} be a basis of the alge-

bra A. Let

n
@G a; = Y Yijk G
k=1

withy;je € F,i,j,k=1,...,n. Then forx = 3% xa; and y = 3", y; a;, we have

Xy = [ZX.' ai] {Z}’j a,} = Z[ZZ%M xiy,] a.
i=1 Jj=1 k=1| i=lj=1

letaeA, ga=Y] 6;,a,i=1,...,n,and define the square n xn-matrix A, = (o;, ). Then
RR(A)= (A, | ac A} form an algebra over F that is isomorphic to A under the corresponding
a—A, , {Aal, . 'Aﬂ,.} is a basis for the algebra RR(A), A;=1,, A, A, =An, Ag+Ay = Asss,
A, =A;, for Ae F and if a b =1 then A;! = A,. The algebra RR(A) is called the (right) regular
matrix representation of A. Since RR(A) is isomorphic to A we can consider the elements of A as
n X n-matrices in RR(A), i.e A=RR(A) and a=A4,.

We define B,=(B, ...,B,} where, for indeterminates x=(x;,...,x,) and

y=()’1,---.yn),

XBiy=Y Y Vijx%V
iz1j=1

i.e. the i—th coefficient of the product x y = [Ex‘ a‘} [Zy, ai] .
i=1 i=1

Let Co={ay, ... ,a,.}(:{A,,l, - ,A,,n}). Obviously, B, and C, are dependent on the chosen
basis. The connection between B, and C, is

Lemma 3. [BF]. We have

CAD-:BA.

Lemma 4. Let A, and A, be algebras. Then, there exist basis for A, Ay, A;XAj, A; @A, such that

Ca,xa,=Ca, ©Cy,, By xa,=By OB,
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CAl 84,~ CAl 8 CA2, BAI 6A2=BA1® BAZ’
Let A be a finite dimentional associative algrebra over a field F with identity element. We say

that A is Frobenuis algebra if there exists a non-degenerate bilinear form f : AxA — F that satisfies

flab,c)=f(a,bc),
forall a ,b ,c € A. The reader can find other definitions and properties of Frobenuis algebras in [CR].

The following result that is proved in [BF] will be frequently used in the sequel

Lemma 5. Let A be an algebra and A~ be the reciprocal algebra of A. Then,

C, =By

if, and only if, A is Frobenuis algebra.
We now give some examples

Example 1 . Polynomial algebra

The polynomial algebra is the algebra F (p) = F [a]/(p (a)) where p ()€ F [a]. It can be
easily shown that, there exist a basis for F (p) such that

Cr oy = (G, Gy, G271,

where C, is the companion matrix of p. So that we can consider F (p) as
F(p)={AC+ ARy CiH | (Ro, o Aay) € F9)
where d = deg p. When p is irreducible, then F (p ) is a field and therefore the nonzero matrices in

F (p ) are nonsingular.

Another property that will be used in the sequel is: Let p and ¢ be two irreducible polynomials

such that gcd (deg p,deg q ) =1, i.e deg p and deg q are relatively primes, then, the matrices

Cripy)®Cri)=(C, ®Cj1i=0,...,dgp-1,j=0,...,degq-1) 0)
are linearly independent matrices and each matrix in Span (Cp(,) ® Cr(y)), (the linear space spanned
by the elements of Cp(,)®Cp(,)), has rank (deg p)(deg q). This property follows from the fact

Fq, ®Fq, = Fq,, when r and s are relatively prime and Fq, is the r-degree extention of the g -element

field F,.

Ifp(a)=p, (ot)d1 e p, (a)d' where p;(a), ..., p, (o) are distinct irreducible polynomials,



then

d d
F(p)=Fp')x - xF(p"). ®)
and it is well known from [CR] that

F(pi')=F (p)) @F (a™). )
This algebra also satisfies
Lemma 6 . The algebra F (p ) is Frobenius algebra.
In [BF] we proved
Lemma 7 .

(i) A commutative algebra A is Frobenius algebra if, and only if, A is a direct product of Frobenius

commutative local algebras.

(i1) A local algebra A is Frobenius algebra if, and only if, there exist d € A such that

{alarad A=0}=dA.

Example 2 . Matrices over polynomial algebras .

The matrices over polynomial algebra F (p ) is the algebra

M, Q®F(p),

where M,, is the total n Xn -matrix algebra. We shall consider M,, as (the regular matrix representation)

M, = {I,®M | MeF""},

where F™* is the set of the square n X n-matrices over the field F.

It is known from [CR] that matrices over Frobenius algebras are Frobenius algebras.

3. BOUNDS ON LINEAR CODES AND COMPLEXITY

Let n be an integer. A linear code over F of length n is a linear subspace C of F”. If
dim C =k, then C is called [n,k] code. For ¢ € C the weight of c, denoted by wt (c ), is the
number of the nonzero components of ¢. The minimal weight of C is min {wt (¢ )| c € C-{0}}. We
say that C is a [n ,k,d] code if, C cF" is a code of dimension k£ and minimal weight d. Let

Nr (k ,d) be the smallest integer such that there exist a [Ng (k ,d ),k ,d ] code. When F is the binary
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field we simply write N (k ,d ). The connection between the linear codes and the complexity of qua-

dratic forms over F is given in the following lemma.

Lemma 8 . [BD], [LW] . Let B={B,,...,B;)} be a set of n Xm matrices and let Span (B) be the

linear space spanned by the elements of B. Let d = min_ rank B’ and k = dim Span (B). Then

B’eB

L(B)2Np (k.,d).

The next two lemmas give lower bounds for Ny (k ,d ).

Lemma 9 . (Griesmer Bound [ L, p. 59]). We have

1 1 .
1 - <
[+|F|—1 lFl""(IFl—l)}dlfk logip1d

- | 2
IFI

i=0

k-1
Np(k,d)z}_:l'

1+

1 .
m} d+k—log|p| d-3, if k>10g|p|d.

When F is the binary field, then we have the following asymptotic bound

Lemma 10 . (MRRW [L]): For sufficient large N (k ,d ) with d /N (k ,d ) — & we have

k

—F <H
N(k,d) *

%_VEZ_—EJ (140 (1)),

where

Hy(x) =—xlogyx —(1-x)log,(1-x).

Another lower bound techniques known from the literature for the complexity of quadratic algo-

rithms are
Lemma 11. [BD]. Let B={By, ... ,B; ) and C= {Cy, ... ,Cy,)} be sets of n Xm-matrices. Then
k2 kl
L(CuB)2dim Span (C)+ minl FL({BX+Z7‘1,jCj voees Bt XM iCid
ij € j=t j=1

where Span (C) is the linear space spanned by the elements of C.
Notice that the results in lemma 8 and 11 are also true for the bilinear complexity R.

Lemma 12 . Let B and C be sets of matrices. If B=C, then

L(B)=L(C), R(B)=R(C).
If Span (B)c Span (C), then
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L(B)<L(C), R(B)XR(C).

The duality lemma is
Lemma 13 . [HMu]. Let B=(B,...,B,} and C={C,,...,C,} be sets of n xn-matrices. If

B=CP, then

R(B)=R(C).

Therefore, for any algebra A

R(A) =R(B,)=R(Cy),

and for Frobenius algebras A we have
L(A)=L(B,)=L(Cy).
4. LOWER BOUND FOR POLYNOMIAL ALGEBRAS

In this section we prove corollary I

We say that the set of independent matrices B is (k ,{ ,d )-set if | B| =k and there exist k —/
matrices B, ... ,B;_; € B such that: For every B ¢ Span (B), we have, (we remind the reader that

Span (B) is the linear space spanned by the elements of B)

rank B >d.

The following lemma will be used to find lower bounds for the complexity of direct product of

algebras

Lemma 14 . If B® are (k;,!,d;)-set,i=1,...,s, then

LBY® --- @B(‘))zzk‘-—slﬂ\/p(l 2 d;).
i=1

i=l
Proof . Let B®=(B{, ... BOBY, ....BY}, i=1...,5, such that, for any
BeSpan ((BA),....BE),i=1...s,

rank B >d;.

Consider the following subsets of BV & - - - & B®),

V, = (diag (B ,B®, ..., B i=1,...,1}.

and
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V= (diag (BV, ... B )lig=1+1,... kg, a=1,...,5s).

By lemma 11 and 12,

L(BY@® --- ®B®)>L(V,uV,)> | V,| + min L(S) (10)
Ae P
Where, for A= ()»1,], N ')"I,klv)"Z,l' e ’;"Z,kz' e v}'s,l' P ’)\'S'kx)’ we have
kl k.r
Sl= dtag (B;(l)+ Z )\.1,/'3]'(1) Yo B,'(s>+ Z ls,ij(s)) | i=1,...,I.
j=i+1 j=l+l

Since every nonzero element in Span (S, ) is of the form

i ky ! ks
P = dlag [ZS]_,‘B,'(I)+ Z }L’l’ij(l) ey 281),' Bi(s)'*' Z A".r,j BI ("-)}
i=1 Jj=i+l i=1 j=i+l

where not all §;; are zero, and since

1 ky
G,‘ = 281’53“(")4' E lh_ij(h)éSpan({Blg'l), PPN 'Bk(hh) ]) ) h = 1, NN

s,
i=1 j=1+1
we have
rank P = Y rank G; >2Y.d;
i=l i=1

and therefore, by lemma 8, we have

s

L(S$:)2Nr (1,Xd;). (m
i=1

Since |1 V5| = [Zf=l k,-] —s 1, by (10) and (11), the result follows. 0O

Let ir (n) denote the maximal possible number of distinct irreducible factors of a polynomial of
degree n over the field F. It is known from [KB] that
Lemma 15. For sufficient large n we have

2n
logipin’

ip(n)<

For integers 1<j <m we define the m Xm Hankel matrix
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. i \
0 010 --- 0
0 - 001 0 O
I”(I.i):o... 000 --- 1
0 00 - 0
0 --- 000 --- 0

ie,

Gres 1 ifm-i-k+2=],
LUk ] = 0 otherwise.

It is well known that for some basis of A=F (a")=F [a]/(o™ ), the regular matrix representation

of Ais

A={P1j=1,...,m).

We now prove corollary I

Theorem 1. Let p (a) be any polynomial of degree n. Then

L(F (p))2[2+|1;'_1|j] n—-o(n).
dk

d . . . .
Proof . Let p =p,' -+ p* where p,,...,p; are distinct irreducible polynomials, deg p =n,

deg p,~d‘ =s;=r;d;,deg p; =r; and 5,< - - - <s;. Then, by (8) and (9), we have

F(p)=(F(a")BF(p;))® - ®(F(a*)8F (p)),

and therefore, by lemma 4, we can choose a basis such that, the regular matrix representation of F (p )

is

F (p)={diag((ld(:‘) oc).,....uP eckyl 1i<d,0jsn-1,1=1,. .. ,k},
and Cp, is the companion matrix of py.
Let w be an integer such that

d d d d
1 12 1 a4 12
deg p;' - p2n , deg pi' - p,Si<n’c

By lemma 15, we have

2n1/2
logipin’

w<
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n1/2

d d
Since deg p1' - - - p,” =2n'"?, we have

d 172 1
deg p,)” > >-—log,pn,
w 2

which implies

S,‘=d€gp,'di>%10g|p|n , i=w,w+l, .. Lk
Let
lo log n
m,»%g“’r'—gl d=w, ...k, (12)
B, = (If) ®C,, 11<j<d;, 0<I<r; -1},
and
W, ={If)®C, | di-m+1<j<d;, 0<I<r; -1} ,i=w,... ,k
Since | W; | = m; r; 2log, s log n we can find a subset V; cW; such that
A =[log|p|logn-l, i=w,....k
We shall prove now that B; is {s‘» ,[log|p|log n} , 8 —m; r,»+r,-J -setfori =w,..., k. Obvi-

ously, | B; | =s; = r;d;. We also have, for 8, € F not all zero and any Ny € F

P = ZSVV+ Z Vv éSpan(B;—V;)

Ve V‘. VEBi—Vl.
and P can be written as
d ) r,-—l
P=3 10 X C |
j=0 1=0

r,.—l

Since &y are not all zero, E)\,-,,JOCA, #0 for some d; —m; +1<j,<d; and therefore, since P is a tri-
1=0

angular block matrix,

ri-1

rank (P‘) 2> rank Id(jjO)gzxi,l,joC;- =j0r"2 (d,--m,—+])r,~ =8 -—mr+r;.
° g '

This prove that B; is [s; , " logr1log n-‘ S8 =M T +r,«] -set. Now, since F (p ) is Frobenuis algebra

and by lemma 13 and 14, we have

L(F (p))=L(Brp))=L(Csp))2

L({0)® --- ®{0)®B,,,® --- ®B,)=L(B,,® --- ©B,)>

*)
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k k
Y s5i—(klogipilog n)+Np | logipilogn, Y (si—mri+r;)|.

i=w i=w
We have
X 4 4 1
Y si=degp, - pten-n'?
by lemma 14,
2n
logipin’

and, therefore,

klogipilogn =0 (n),

and by (12)
k k
Y (si—myri+r;)2n—n"2=3 (m;—1)r; 2n —n"2~k log 7 log n.
i=w i=w
>n-nl2- 2n (logjp1logn) =n—o(n).
logjr) n
Therefore,

L(F (p))2n+Ng [ [logm log n-‘ =0 (n)] -o(n).

Now, by lemma 9, we have

1 1

* [Fl-1 - | F |[10g|F|logn]

NF[’-logmlogn-’,n—o(n)]z 1 (n-0(n))

~1F1

= [l+ﬁ} n-o (Il),

which with (*) implies

L(F(p))z

1
2+ |Fl—l}n_0(n)’ d

5. LOWER BOUNDS FOR ALGEBRAS WITH ONE MAXIMAL IDEAL
In this section we shall prove a general result for algebras with one maximal ideal which, in par-
ticular, implies corollary II.

Let A be an algebra with one maximal ideal. It is known that A/rad A =M, ® D where M,, is

the total n X n-matrix algebra and D is a division algebra. If F is finitc field, then D = F (p ) for some
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irreducible polynomial p, i.e, D is a field over F. For the algebra A we prove the following lower

bound

Theorem 2 . Let A be an algebra such that A/rad A=M, @ F (p) where p () is irreducible poly-
nomial of degree d. Let m ,s and r be integers, n =m s +r where r2s21or r=0, ged (s ,d) =1

and if r #0, then gcd (r ,d ) = 1. Then

R(A)24,, (A)=%dim A+ dim rad A+ Np [s deg p , dim A} —%(ns+r2—rs) deg p.

If A is Frobenuis algebra, then

L(A)24,, (A).
Proof . Let

f:A>AlradA=M, @ F(p)

be a canonical projection and let B be a complementary subspace for rad A, i.c, (here @ is direct sum
of linear spaces)

A=rad A®B.
Letay,...,a, be abasis for rad A and a,,y, . .. ,a; be a basis for B. By lemma 11 and 13, we have,
(we remind the readcr that we consider the elements in the algebras A and A/rad A as matrices in the

regular matrix representation)

R(A)=R(BA) = R(CA)=R([alr N T O vak})

t t
2 dim rad A+ min R a,+1+27»1,j aj .,y ak+Zlk_,_,-aj . (13)
;'iJEF j=1 j=1
t
For some A;; € F, let g =a.+3, A jaj, i=1,...,k—t and G = Span ({81, ... ,8))
j=1
the linear space spanned by g, ...,8. Since, also A =rad A ® G, (as linear spaces), we have

6=f15:G —>A/rad A is nonsingular linear transformation of the linear space G onto A/rad A. By

examples 1 and 2, we have

Alrad A =M, ®F (p)={I, OM 8 C IMe F™ ,CeF (p)).
Let n =m s +r where ged (s,d)=ged (r ,d)=1and r 25 21, (the proof for the case r =0
is similar), and let ¢ (o) and w (@) be irreducible polynomials over F of degree s and r, respectively.

Consider the following subsets of A/rad A,
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. m times . 3
S1=\I, ®diag (Ci,....Ci,.ciy®ci|l i=0,.. .  degq-1,j=0,... degp-1{ (14)
and

Sy={I, ®E;®Cjl j=0,...,degp~1, (i ,k)el) (15)

where {E; ; } is the standard basis of F"** and

I={(i,k) (s+1<i<n-rand 1<k <([i/s] -1)s) or (16)
(n-r+1<i<n and 1<k<n-r)}.

Obviously, Span (S,)uUSpan (S,)c A/rad A and Span (§1)NSpan (§,) = @. Consider the follow-
ing sets

I = 67(S,), My=07(Sy).
Then Span (IT; UII,) is a subset of Span (G ). Since 6 is nonsingular, Span (I1,) N Span (I1;) = &,

and dim Span (T1;) ® Span (I1,) = | I1; UTI, | . Therefore, by lemma 12,

R =R({g1, ..., &~ ))2R(I; UII,). 17

] !
{0‘4.14' Z)‘l,j j ooy Gt Z?»,,_,,ja,}

Jj=1 j=1

LetTl; = (Dy,...,Dy} and T, = (Dy, . .. ,Dg,}. By lemma 11, we have

R(I;UT,)2 1 Ty | + min, R . 18)

172 - ‘[2 .
{D1+an.ij- o ,D,1+Zn,1J-Dj}
j=1 j=t

Let 0D = Span . We now prove that all the the

Tz . 12 .
Dy+YMi;Dj, ... .Dy+ X iDj
j=1 j=1
nonzero elements in D are nonsingular. Let D € D, then

Y 2
D = ZC,'D[ +ZdiD~",

i=1 i=]

where ¢; ,d; € F and not all ¢; are zero. To prove that D is a nonsingular element in A it is suffices

to show that P = 0 (D ) is nonsingular in A/rad A. We have

P=0(D)=3c0(D;)+3d0(5,).

i=1 i=]

Since 6(D; )e S, and 8(D; )€ §,, the matrix P is of the form

. m times . . X
P=Ye¢;(, ®diag (C;,...,C;,CL)OCH+ Y fijuls OE;BC)),
i,j (i,k)el,j

where ¢; ;,f; ;€ F, and not all e, ; are zero. Because P has the first summand in the diagonal, and,

I
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the second summand effect only below the diagonal of P (see the definition of I), we have

m times

det(P ) =det| Ye; ; (1, ®diag (C},...,CL,CL) ®C])|.
ij
To prove that det(P )+#0, observe that

m times m times

diag (Ci, ... ,Ci,CL) ®C] =diag (C}®C},..., Ci ®CL.CL®C).
Now, because gcd (deg p ,deg q ) = gcd (deg p ,deg w) =1 we have, by (7),

H={Ci®Cjli=0,...,deg q-1,j=0,...,degp-1}
is a set of independent matrices and each matrix in Span (H ) has rank deg p deg q. The same property

also hold for

H ={Ciecili=0,..., deg ¢-1,j=0,..., deg p -1}

since deg q = s <r = deg w. In particular, since not all ¢; ; are zero, we have
det [ Ze"’j (C; (] Cp] )] #0 , det [ Ze,-’j (C:‘, ] Cé )] #0.
ij ij
Hence,

. m times A .
det (P ) = det [Ze,j (I, ®diag (C;,...,C,,Ch) @C,{)]
i

m times

= det [ Yeij (I, ®diag (C;8C},...,C;8C) ,C,B8Ch))
ij

=det

. . mtimes . R . .
1, ® diag [zeij (Ci®CH), ..., Ye , (CioC)) Yo (CL @c,g)} ]
i,j i i

=del([,)det[2e;_j(C;®ij) #0.
i

det [ Ee,-,j(C‘i @CPI)
i

This prove that all thc nonzero elements in D are nonsingular and, therefore, has rank dim A. There-

fore, by lemma 8, we have

R

>N [ 1T, 1, dim A] . (19)

T2 ©
Dy+¥Mi;Dj, ... Doyt Yo 1D;
=

j=1

Now, by (14), (15) and (16) and since 0 is nonsingular we have

I =181 =sdegp,

mz—m

I, =18, =[ s2+srm} deg p =—;—n2degp——;-(ns+r2—rs)degp,

and therefore, by (13), (14), (18) and (19) and since n’deg p = dim A, we obtain
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R(A)Z-;—dim A+ dim rad A+Np {sdegp , dim AJ —%(ns+r2—rs)degp = A, (A),

which implies the result.

If A is Frobenuis algebra, then, by lemma 13, we have, (the proof is also valid for L (C,))

L(A) = L(B,) = L(Cy)2A,,(A). O
We first show that this theorem includes all the results known from the literature about lower

bounds for algebras over finite fields.

Corollary 1. [BD], [LSW]. We have

Lr (Fu)2352 qu(Fqk)2[2+;i—1—] k-0 (logk ).

Proof . The algebras in the corollary are A=M; @ F (p ) for irreducible polynomial p of degree k
over the field F = F, and F = F, respectively. Now applying theorem 2 forn = 1=ms+r, m =1,

s =1, r =0, we obtain

L(A)2A40(F (p))=Nr (k k),
which by lemmas 9 and 10 follows the result. O

Corollary 2 . [B1]. We have

LFZ(M,,)ZZ.SnZ—%n logn—-0(n).
Proof . In this algebra we have deg p = d =1. Set s = | logn] and r = (n mod s )+s. Then, by

theorem 2, we have

L(M,,)ZAS,(A)=%n2+Np(|_log n | ,nz)—%nlogn+0(log2n)
= 2ln2—lnlogn +0(n). O
2 2

We now generalize the result in corollary 2 to simple algebras over the binary field
Corollary 3. Let p € F [a] be an irreducible polynomials of degree d. If F is the binary ficld, then

for any n and d that satisfy d =0 (logn ) or d =0 (logn ) or logn =0 (d), we have

L(M,(F)BF (p ))22.5n2degp -0 (n2degp ).

Proof . Suppose d =0 (logn ). Let i be the least positive integer such that
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s={ log”} +ig=1(mod d). 0)

Then

Llogn ] oo <308,y 41 <ogn

Suppose n=s m +rq, 0<ro<s. We choose r =rg+s ((1-ry) mod d ), where, here, (x mod d ) means
the least positive integer that equal to x modulo d. Then, r 25 and n =5 (m-A)+(ro+sA) for

A= (1-rg)mod d. Now,since r =ry+s (1-r¢)=1 (mod d), with (20), we have

ged (s ,d)=gcd (r,d)=1.
We also have

r=ro+s((1-r¢) mod d)< s+sd<2(logn+d*+d)=0 (log’n).
Now, applying theorem 2, we have

L(A)Z—;‘nzd +Np (Llogn ] ,n%d)-o0 (nlog?n)
ZZ%nzd—o (n?).

If d=0 (logn ) or logn =0 (d), then setting s =1, r =0, we obtain

L(A)Z—;—nzd +Np (d ,nzd)~—;—n d

olo, o 1 1 5, o
—22nd = 2nd—22nd o(n*d). O

Let A be an algebra such that A/rad A =M, @ F (p ). The bound of Alder and Strassen in [AS]

gives R(A)22 dim A-1. By theorem 2, we have

R(A)2>2dim A-3deg p +Np (deg p , dim A)
and, if deg p is odd, then we have

R(A)2dim A-4deg p +Np (2deg p ,dim A)

Then the following bounds are obtained

(i) IfA/rad A =M, then R(A)>

1 .
2+ —I?T} dim A-4,

(i) 1fdegp =2, then R(A)2[2+ IF;I] dim A-3.



(iii) 1f deg p =3, then R(A)2[2+

(v)

[AS]

(B1]

(B2]

(BC]

(BD]

[BF]

[CC]

[CR]

[CW]

(FW]

If deg p >0 (1), then R(A)>

=20 -

1 1
IFl-1 IFIS(tFI-1)

} dim A-12.

Fl-1

24 1 }dimA—o(dimA) o
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