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Abstract We derive a class of Taub-NUT metrics in the
presence of a scalar field (TNS) by using Ernst equations
and potential, as well as using Ehlers transformations on
the exact solutions that was recently introduced in Azizal-
lahi et al. (Nucl Phys B 998:116414, https://doi.org/10.1016/
j.nuclphysb.2023.116414, arXiv:2307.09328 [gr-qc], 2023)
and Mirza et al. (Eur Phys J C 83:1161, https://doi.org/10.
1140/epjc/s10052-023-12255-7, arXiv:2307.13588 [gr-qc],
2023). Furthermore, we investigate the effective potential,
geodesics, topological charge, quasinormal modes (QNMs)
and the deflection angle of light in a gravitational lensing for
the obtained class of TNS metrics. We also use conformal
transformations to generate a new class of exact solutions of
the Einstein-conformal-scalar theory by using the obtained
TNS solutions as seed metrics. Finally we compare QNMs
of the class of exact solutions.

1 Introduction

The singularities of general relativity are divided into two
categories, black holes and naked singularities, depending on
whether they are hidden in an event horizon or not. Although
cosmic censorship conjecture (CCC) [3,4] suggest that wher-
ever there is a singularity in curved space-time, this singular-
ity is covered by a special hypersurface called the event hori-
zon, however, this issue has not been proved so far. While the
theoretical properties of black holes have been extensively
studied, the naked singularity solutions in general relativity
that arise from dynamical collapse studies are still relatively
poorly understood. The study of naked singularities can be
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useful in many ways. For example, the γ -metric (Zipoy–
Voorhees metric) [5–8], is a vacuum solution of Einstein’s
field equations and includes a naked singularity. It has been
suggested in [9,10] that the γ -metric describes many features
of sgr-A∗ at the center of our galaxy including the deviation
from the perfect spherical state and its shadow. For more
studies on the gamma metric, see Refs. [11–22]. Also, naked
singularities form a region with strong gravity and provide
excellent laboratories to study quantum gravity and may have
interesting astrophysical effects at high energies in the uni-
verse [23]. For these reasons, we have strong motivation to
derive new exact solutions of the Einsteins equations.

Another spacetime that has a naked singularity is the
Fisher–Janis–Newman–Winicour (FJNW) metric [24–26].
The FJNW metric is an asymptotically flat and static space-
time in the presence of a scalar field. So far, many stud-
ies have been done on the FJNW metric, for example see
[27–30] and references therein. Recently, in [1], a class of
three-parameter metrics in the presence of a scalar field have
been introduced, which are transformed into FJNW and γ -
metrics at certain values of the parameters. In [2], rotating
form of the class of three parameter metrics is introduced.
In this paper, we are going to derive a class of Taub-NUT
metrics in the presence of a scalar field. In the following, we
briefly describe the history of the emergence of gravomag-
netic monopole in Einstein’s field equations. A spacetime
with gravomagnetic monopole, known as Taub-NUT metric,
was first introduced by Taub in 1951 as a homogeneous vac-
uum cosmological model [31], and in 1963, Newman, Unti
and Tamburino (NUT) derived this metric as a generalization
of Schwarzschild spacetime [32,33]. Although the physical
interpretation of this metric is very complex and has unique
and strange features, it should be taken seriously as one of
the solutions to Einstein’s field equations. Until now, various
physical interpretations have been suggested for Taub-NUT
metric, for example, the explanations of Misner [34,35] and
Bonnor [36] can be mentioned. Misner defined periodic time

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-024-13490-2&domain=pdf
https://doi.org/10.1016/j.nuclphysb.2023.116414
https://doi.org/10.1016/j.nuclphysb.2023.116414
http://arxiv.org/abs/2307.09328
https://doi.org/10.1140/epjc/s10052-023-12255-7
https://doi.org/10.1140/epjc/s10052-023-12255-7
http://arxiv.org/abs/2307.13588
mailto:a.derekeh@ph.iut.ac.ir
mailto:b.mirza@iut.ac.ir
mailto:pouya.heidari@ucalgary.ca
mailto:fatemeh.sadeghi96@ph.iut.ac.ir
mailto:bahanireza@gmail.com


 1230 Page 2 of 20 Eur. Phys. J. C          (2024) 84:1230 

coordinates to interpret Taub-NUT metric and eliminate the
string-like defect that is physically unfamiliar and confus-
ing. Bonnor described the Taub-NUT metric as a rotating
massless rod. The model presented by him has two prob-
lems, firstly, it is not really massless, and secondly, there is
an infinite angular momentum in his description, while the
angular momentum of the Taub-NUT metric is zero [37,38].
Manko and Ruiz [38] described the NUT solution as the exte-
rior field of two semi-infinite sources with negative mass that
rotate in opposite direction and are attached to the poles of a
finite static rod with positive mass. So far, many studies have
been done on NUT and Taub-NUT metrics, for example, see
[39–48].

To obtain a class of Taub-NUT metrics in the presence
of a scalar field, we use three different methods. In the first
one, we use the Ernst method to solve Einstein equations
[49,50]. Depending on the space-time symmetries, Ernst’s
potential can be defined in different forms. For example, the
authors in [2] have used a special type of Ernst potential to
obtain a class of rotating metrics in the presence of a scalar
field. In [51–59], some methods to derive Ernst potentials for
different space-time symmetries are described in detail.

Another interesting way to obtain TNS metrics is to use
the Ehlers transformations [60–62]. The Ehlers transforma-
tions are obtained according to the symmetry of Ernest equa-
tions. By using Ehlers transformations, it is possible to add
the NUT parameter [63,64] to axially symmetric metrics.
Also, it is proved that the Ehlers transformations can be
used for the Einstein–Hilbert action coupled with the scalar
fields [65,66]. We consider this fact and derive a new class of
Taub-NUT-scalar metrics by using Ehlers transformation. We
show that the results obtained by using either Ernst method
or Ehlers transformations are the same. To see some exam-
ples of the applications of Ehlers transformations, see Refs.
[67–69].

After obtaining a class of TNS metrics, following the
Duran’s theory [70–72], a topological current and charge for
light rings is obtained for an arbitrary member of the new
class of Taub-NUT metrics and it is proved that there is at least
one light ring whose topological number is−1. By using con-
formal transformations [73] and the new class of Taub-NUT
metrics in the presence of a scalar field, we obtain a new class
of exact solutions of the Einstein-conformal-scalar theory.
The conformal transformations used here include a redefini-
tion of the massless scalar field and a conformal rescaling of
the metric. Additionally, we investigated the curvature invari-
ants, singularities, quasinormal modes (QNMs) and gravita-
tional lensing for the TNS class of metrics.

This article is organized as follows. In Sect. 2, we go
through a quick preliminary review of the new class of
metrics in the presence of a massless scalar field. Then, in
Sect. 3.2, we obtain the class of TNS metrics by using three
different methods i.e. by introducing the Ernst potential and

two different algorithms for Ehlers transformations. Then,
we investigate various properties of the TNS metric, such
as geodesics, effective potential, and topological charge. In
Sect. 4, we consider the Bekenstein approach to find the
proper conformal transformation to derive a new class of
exact solutions of the Einstein-conformal-scalar theory that
are counterpart of the class of three parameter static metrics.
Thereafter, in Sect. 5, we propose the conformal transfor-
mation of the class of TNS metrics, and obtain another new
class of Taub-NUT metrics related to the Einstein-conformal-
scalar theory. We also investigate the geodesics and the effec-
tive potential. Finally, in Sect. 6, we derive the QNMs of
TNS and conformal TNS (CTNS) metrics using the light ring
method. In Sect. 7, the deflection angle of light due to gravi-
tational lensing is investigated for TNS metrics. Section 8 is
devoted to the conclusions.

2 A class of metrics in the presence of a massless scalar
field

Recently, a class of exact solutions of Einstein’s equations
and their rotating forms were introduced in [1,2]. The class
of static solutions depends on three parameters, i.e., mass and
two other free parameters and one may obtain the well-known
γ -metric (Zipoy–Voorhees metric) and the FJNW metric at
some values of the parameters. In the following, we will
consider the Einstein–Hilbert action (8 π G = c = 1) in the
presence of a massless scalar field

S =
∫

d4x
√−g

(R − ∂αψ(r)∂αψ(r)
)
, (1)

whereR, g, and ψ are the Ricci scalar, determinant of metric,
and scalar field, respectively. By varying the above action
with respect to the metric tensor gμν and the massless scalar
field ψ , respectively, the equations of motion will be obtained
as follows

Rαβ = ∂αψ(r)∂βψ(r), (2)

∇α∇αψ(r) = 0. (3)

Now, we consider the following exact solutions of the Ein-
stein’s equations that recently was obtained in [1]

ds2 = − f (r)γ dt2 + f (r)μk(r, θ)ν
(

dr2

f (r)
+ r2dθ2

)

+ f (r)1−γ r2 sin2(θ)dφ2, (4)

where the functions f (r) and k(r, θ) are given as below

f (r) = 1 − 2m

r
, (5)

k(r, θ) = 1 − 2m

r
+ m2

r2 sin2(θ). (6)
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The metric in (4) depends on three independent parameters.
The parameters are mass m, and three other parameters γ ,
μ, and ν that only two of them are independent as we have a
constraint, i.e. μ + ν = 1 − γ . The expression for the scalar
field ψ can be written as

ψ(r) =
√

1 − γ 2 − ν

2
ln

(
1 − 2m

r

)
. (7)

Assuming that the scalar field is a real function, the following
conditions on the parameters μ and ν can be obtained

μ ≥ γ 2 − γ,

ν ≤ 1 − γ 2. (8)

Overall, this three parameter solution is important. Choosing
the parameters as μ = γ 2 − γ and ν = 1 − γ 2, the metric
represents the γ -metric, and by choosing ν = 0 will give us
the FJNW metric. We will define the conformal transforma-
tion of metric (4) and hence derive a new exact solution for
the Einstein-conformal-scalar theory in Sect. 4 by using the
scalar field (7). Various futures of the class of metrics in the
presence of a scalar field have been investigated in [1,2].

3 Taub-NUT-scalar metrics

In this section, we intend to introduce a class of Taub-NUT
metrics in the presence of a scalar field. To derive the class
of metrics, we use three methods, the first method is to solve
the Einstein field equations by directly introducing the Ernst
potential, and then, we use Ehlers transformations by two
approaches.

3.1 Taub-NUT-scalar metrics via ernst potential

For the calculations related to this section, we first con-
sider the Lewis–Weyl–Papapetrou (LWP) metrics in the
(t, ρ, z, φ) coordinates

ds2 =− f (dt−ω dφ)2+ σ 2

f

[
e2 λ (dρ2 + dz2) + ρ2 dφ2],

(9)

where sigma is a positive parameter and f , ω and λ are func-
tions of ρ and z. Next, our goal is to find the form of these
functions. First, according to Eq. (2) and metric (9), we have

Rtt = 0, ⇒ f

(
∂2
ρ f + ∂2

z f + ∂ρ f

ρ

)
− (∂ρ f )2 − (∂z f )2

+ f 4

ρ2 σ 2

[
(∂ρ ω)2 + (∂z ω)2] = 0, (10)

Rtt + Rtφ = 0, ⇒ ∂ρ

(
f 2 ∂ρ ω

ρ

)

+∂z

(
f 2 ∂z ω

ρ

)
= 0. (11)

Now we define a function χ as follows

∂ρ χ = − f 2 ∂z ω

ρ σ
, ∂z χ = f 2 ∂ρ ω

ρ σ
. (12)

Using the definition (12), we rewrite Eq. (10) in the following
form

f ∇2 f − (∂ρ f )2 − (∂z f )2 + (∂ρ χ)2 + (∂z χ)2 = 0, (13)

where ∇2 f is defined as follows

∇2 f = ∂2
ρ f + ∂2

z f + ∂ρ f

ρ
. (14)

Using Eqs. (12) and (14), we write the following relation for
χ

f ∇2 χ = 2 (∂ρ f ∂ρ χ + ∂z f ∂z χ). (15)

Using Eq. (2) and metric (9), we calculate Rρρ and Rzz and
after simplifying and using Eq. (12) we get the following
equation

Rρρ − Rzz = (∂ρ ψ)2 − (∂z ψ)2,

⇒ ∂ρ λ= ρ

4

{
1

f 2

[
(∂ρ f )2−(∂z f )2+(∂ρ χ)2 − (∂z χ)2]

+2 [(∂ρ ψ)2 − (∂z ψ)2]
}

. (16)

Using Eq. (2), metric (9), Eq. (12) and Rρz , we have

Rρz = ∂ρ ψ ∂z ψ ⇒ ∂z λ = ρ

2

[
1

f 2 (∂ρ f ∂z f

+∂ρ χ ∂z χ) + 2 ∂ρ ψ ∂z ψ

]
. (17)

Now using the following coordinate transformations

t = t, φ = φ, ρ = (x2 − 1)
1
2 (1 − y2)

1
2 , z = x y,

x = 1

2
(R+ + R−), y = 1

2
(R+ − R−), R± =

√
ρ2 + (z ± 1)2.

(18)

We can rewrite Eqs. (12), (16) and (17) in the (t, x, y, φ)

coordinates as follows

∂x ω = σ (1 − y2) f −2 ∂yχ, ∂yω = σ (1 − x2) f −2 ∂xχ,

(19)

∂x λ = (1 − y2) f −2

4 (x2 − y2)

{
x (x2 − 1)

[
(∂x f )2 + (∂x χ)2]

+x (y2 − 1)
[
(∂y f )2 + (∂y χ)2]

−2 y (x2 − 1) (∂x f ∂y f + ∂x χ ∂y χ)
}

+ (1 − y2)

2 (x2 − y2)
x (x2 − 1) (∂x ψ)2, (20)

∂y λ = (x2 − 1) f −2

4 (x2 − y2)

{
y (x2 − 1)

[
(∂x f )2 + (∂x χ)2]
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−y (1 − y2)
[
(∂y f )2 + (∂y χ)2]

+2 x (1 − y2) (∂x f ∂y f + ∂x χ ∂y χ)
}

+ (x2 − 1)2 y

2 (x2 − y2)
(∂x ψ)2. (21)

Also, metric (9) in the (t, x, y, φ) coordinates is written as
follows

ds2 = − f (dt − ω dφ)2 + σ 2

f

[
e2 λ (x2 − y2)

(
dx2

x2 − 1

+ dy2

1 − y2

)
+ (x2 − 1) (1 − y2) dφ2

]
. (22)

By defining the complex Ernst potential ε as follows

ε = f + i χ. (23)

We can represent Eqs. (13) and (15) with the following Ernst
equation

(ε + ε∗)�ε = 2 (∇ε)2, (24)

where ε∗ is the complex conjugate of ε and ∇ and � are
defined as follows

∇ ≡ σ−1 (x2 − y2)− 1
2 î
[
(x2 − 1)

1
2 ∂x

]+ ĵ
[
(1 − y2)

1
2 ∂x

]
,

� ≡ σ−2 (x2−y2)−1 ∂x
[
(x2−1) ∂x

]+∂x
[
(x2 − 1) ∂x

]
.

(25)

The following Ernst potential function can explain our sta-
tionary solution. The following Ernst potential can also be
used to obtain the Taub-NUT metric. We can use the same
Ernst potential here since the scalar field does not affect the
Ernst equation and therefore the Ernst potential can be writ-
ten as

ε = σ x − m − i n

σ x + m + i n
, (26)

where n is the NUT parameter and σ is defined as follows

σ =
√
m2 + n2. (27)

Using Eqs. (19), (23), (26) and (27), we obtain f , χ and ω

as follows

f = σ (x2 − 1)

2m x + σ (x2 + 1)

χ = − 2 n x

2m x + σ (x2 + 1)
, ω = −2 n y. (28)

It is clear that derivative of Eq. (20) with respect to y, is equal
to derivative of Eq. (21) with respect to x . By using ∂y ∂x λ =
∂x ∂y λ we obtain the following differential equation

ψ ′′ + 2 x

x2 − 1
ψ ′ = 0, ⇒ ψ = c1 ln

(
x − 1

x + 1

)
+ c2.

(29)

Using Eq. (3) and metric (22), we obtain the coefficients of
c1 and c2 as follows

c1 =
√−ν

2
, c2 = 0. (30)

Now by putting Eqs. (19), (28), (29) and (30) into Eqs. (20)
and (21) and integrating the obtained relations, we have

e2λ =
(

x2 − 1

x2 − y2

)1−ν

. (31)

Finally, using the following coordinate transformation

x = r − m√
m2 + n2

, y = cosθ. (32)

and using Eqs. (28) and (31), we derive the final form of the
Taub-NUT-scalar metric as follows

ds2 = −
(

1 − 2
(
n2 + mr

)
r2 + n2

)
dt2

+
(
r2 + n2

) (
1 +

(
m2+n2

)
sin2(θ)

r2−2mr−n2

)ν

r2 − 2mr − n2 dr2

+
(
r2 + n2

)(
1 +

(
m2 + n2

)
sin2(θ)

r2 − 2mr − n2

)ν

dθ2

+
(

−4n2
(
r2 − 2mr − n2

)
cos2(θ)

r2 + n2

+
(
r2 + n2

)
sin2(θ)

)
dφ2

−4n
(
r2 − 2mr − n2

)
cos(θ)

r2 + n2 dtdφ. (33)

Also, using coordinate transformation (32), the scalar field
(29) is written as follows

ψ(r) =
√−ν

2
ln

(
r − m − √

m2 + n2

r − m + √
m2 + n2

)
. (34)

It is interesting that we can derive the class of TNS metrics
by using two different but equivalent form of Ehlers trans-
formations.

3.2 Taub-NUT-scalar metric via ehlers transformation

In the following we use the class of three parameter met-
rics (4) and apply the Ehlers transformation to drive a class
of Taub-NUT-Scalar (TNS) metrics. There are two different
but equivalent methods to do this. Each of these methods is
explained below. In both methods, we assume that γ = 1
and μ = −ν in (4). In the calculations related to this section,
we should note that although the Ehlers transformations are
written in vacuum, they can be used for the Einstein–Hilbert
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action coupled with the scalar field. In this case, the solu-
tions of Ernst’s equations remain unchanged and an equation
related to the scalar field is as was proved in [65,66].

3.2.1 The first method of Ehlers transformations

In order to be able to use Ehlers transformations, we must first
write the metric (4) in the form of Lewis–Weyl–Papapetrou
(LWP) metric as follows

ds2=− f (dt−ω dφ)2+ f −1 [e2 λ (dρ2 + dz2)+ρ2 dφ2],
(35)

In the following, we first use of the following transformation
coordinates in metric (35)

ρ = √
r (r − 2m) sin θ, z = (r − m) cos θ. (36)

And then by comparing with metric (4) (in γ = 1), we obtain
f , ω and λ functions as follows

f (r) = 1 − 2m

r
,

ω = 0,

e2 λ =
[

1 + m2 sin2 θ

r (r − 2m)

]ν
r (r − 2m)

r2 − 2m r + m2 sin2 θ
. (37)

In [49,50], Ernst introduced the following complex potential

ε = f + i χ, (38)

where χ is defined as follows

φ̂ × ∇ χ := −ρ−1 f 2 ∇ ω, (39)

where φ̂ represents the unit vector in the φ direction. Now,
we introduce the Ehlers transformations

ε′ = ε

1 + i c ε
, (40)

where c is a real parameter. According to metric (4) in the
γ = 1 and using the Eqs. (37)–(39), one has

ε = 1 − 2m

r
, χ = 0. (41)

By placing Eq. (41) in Eqs. (40), we have

ε′ = r (r − 2m)

r2 + c2 (r − 2m)2 − i
c (r − 2m)2

r2 + c2 (r − 2m)2 . (42)

Using Eqs. (38) and (42), we obtain

f ′ = r (r − 2m)

r2 + c2 (r − 2m)2 , χ ′ = − c (r − 2m)2

r2 + c2 (r − 2m)2 .

(43)

Now we need to get ω′ using Eq. (39). In Eq. (39), the gradi-
ents are written in the cylindrical coordinate system, and we
use the following equation to convert them to the spherical
coordinate system

∇ F(r, θ) = 1√
(r − m)2 − m2 cos2 θ[
∂ F(r, θ)

∂ r

√
r (r − 2m) r̂ + ∂ F(r, θ)

∂ θ
θ̂

]
.

(44)

According to Eqs. (36), (39), (42)–(44), we obtain ω′ as fol-
lows

ω′ = 4 c m cos θ. (45)

By placing Eqs. (36), (37), (42) and (45) in metric (35), we
have

ds2 = − r (r − 2m)

r2 + c2 (r − 2m)2 (dt − 4 c m cos θ dφ)2

+r2 + c2 (r − 2m)2

r (r − 2m)

×
[(

1 + m2 sin2 θ

r (r − 2m)

)ν (
dr2 + r (r − 2m) dθ2)

]

+(r2 + c2 (r − 2m)2) sin2 θ dφ2. (46)

Now we use the following coordinate transformations

r̃ = r
√

1 + c2 − 2m c2

√
1 + c2

, t̃ = t√
1 + c2

m = − n

2 c

√
1 + c2, c = m̃ − √

m̃2 + n2

n
, (47)

Finally, using transformations (47) in metric (46), and
remove the tilde (t̃ → t , r̃ → r and m̃ → m) we derive
the final form of the Taub-NUT-Scalar metric as follows

ds2 = −
(

1 − 2
(
n2 + mr

)
r2 + n2

)
dt2

+
(
r2 + n2

) (
1 +

(
m2+n2

)
sin2(θ)

r2−2mr−n2

)ν

r2 − 2mr − n2 dr2

+
(
r2 + n2

)(
1 +

(
m2 + n2

)
sin2(θ)

r2 − 2mr − n2

)ν

dθ2

+
(

−4n2
(
r2−2mr−n2

)
cos2(θ)

r2+n2

+
(
r2+n2

)
sin2(θ)

)
dφ2

−4n
(
r2 − 2mr − n2

)
cos(θ)

r2 + n2 dtdφ. (48)

Using the metric (48) and the relation �ψ(r) = 0, we obtain
the scalar field ψ(r) as follows

ψ(r) =
√−ν

2
ln

(
r − m − √

m2 + n2

r − m + √
m2 + n2

)
. (49)
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The folllowing coordinate transformations can be used to
derive TNS metric in (48) from the LWP in (35)

f = (R+ + R−)2 − 4 (m2 + n2)

(R+ + R− + 2m)2 + 4 n2 ,

ω = − n√
m2 + n2

(R+ − R−),

e2 γ =
(

(R+ + R−)2 − 4 (m2 + n2)

4 R+ R−

)1−ν

,

R2± = r − m ±
√
m2 + n2 cos θ, (50)

where ρ and z in (35) are defined as below

ρ =
√
r2 − 2m r − n2 sin θ, z = (r − m) cos θ. (51)

In the following, we use another type of Ehlers transforma-
tions to obtain the class of TNS metrics.

3.2.2 The second method of Ehlers transformations

It is interesting that by using another type of Ehlers transfor-
mations [74–76] we can derive the TNS class of metrics. We
write the metric in Eq. (4) as follows

ds2 = − f (r)dt2 + f (r)μk(r, θ)ν
(

dr2

f (r)
+ r2dθ2

)

+r2 sin2(θ)dφ2. (52)

The metric in (52) has at least one time-like killing vector
representing the isometry. We define the 4-dimensional line
element as follows (xμ = {x0, xi })
ds2 = −e2U (dx0 + Aidx

i )2 + dl2, (53)

where

Ai = − g0i

g00
, e2U = −g00, dl2 = γi j dx

i dx j , (54)

γi j = −gi j + g0i g0 j

g00
. (55)

The Ehlers transformation states that if the space-time can
be written in the form

gμν dx
μ dxν = −e2U (dx0)2 + e−2Udl̃2, (56)

where dl̃2 = e2Udl2, we can find a new stationary solution
that satisfies Einstein’s field equations as follows

ḡμν dx
μ dxν = − (α cosh(2U ))−1

(
dx0 + Aidx

i
)2

−α cosh(2U )dl̃2, (57)

where α has a constant and positive value and the functions
U = U (xi ) and Ai (x j ) satisfy the Ehlers equation

− α
√

γ̃ εi jkU
,k = A[i, j]. (58)

where γ̄ is determinant of the spatial part of the conformal
metric and A[i, j] = ∂Ai

∂x j − ∂A j

∂xi
. According to the Ehlers

approach, for the metric (4), the function U can be defined
as

Uc = 1

2
ln

(
1 − 2m

r

)
+ 1

2
ln(c), (59)

where c is a constant. As a result, for the three-parameter
metric with γ = 1, we have

dl̃2 =
(

1 + m2 sin2(θ)

r2 − 2mr

)ν

dr2

+r2
(

1−2m

r

)[(
1+m2 sin2(θ)

r2−2mr

)ν

dθ2+ sin2(θ)dφ2

]
,

(60)

and the determinant of the metric is

γ̃ = r4
(

1 − 2m

r

)2 (
1 + m2 sin2(θ)

r2 − 2mr

)2ν

sin2(θ). (61)

If we choose the field Ai in such a way that it is only a function
of θ , by solving Eq. (58) and using metric (60), we get

Aφ(θ) = −2α m cos(θ). (62)

By substituting the field (62) in (57), it is just a matter of
calculation to find

ds2 = − 2c
(
r2 − 2mr

)
α
[
r2 + c2 (r − 2m)2]dt2

−8cm
(
r2 − 2mr

)
cos(θ)

r2 + c2 (r − 2m)2 dtdφ

+
α
(

1 + c2
(
1 − 2m

r

)2) (
1 + m2 sin2(θ)

r2−2mr

)ν

2c
(
1 − 2m

r

) dr2

+
α
[
r2 + c2 (r − 2m)2] (1 + m2 sin2(θ)

r2−2mr

)ν

2c
dθ2

+α

(
−8cm2r (r − 2m) cos2(θ)

r2 + c2 (r − 2m)2

+
[
r2 + c2 (r − 2m)2] sin2(θ)

2c

)
dφ2. (63)

Now, if we make the following substitutions

r = R − M +
√
M2 + n2, α = n√

M2 + n2
,

m =
√
M2 + n2, c =

√
M2 + n2 − M

n
, (64)

in (63) where n is the NUT charge, and then using the fol-
lowing replacements M → m and R → r , we will find the
class of TNS metrics as below
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ds2 = −
(

1 − 2
(
n2 + mr

)
r2 + n2

)
dt2

+
(
r2 + n2

) (
1 +

(
m2+n2

)
sin2(θ)

r2−2mr−n2

)ν

r2 − 2mr − n2 dr2

+
(
r2 + n2

)(
1 +

(
m2 + n2

)
sin2(θ)

r2 − 2mr − n2

)ν

dθ2

+
(

−4n2
(
r2 − 2mr − n2

)
cos2(θ)

r2 + n2

+
(
r2 + n2

)
sin2(θ)

)
dφ2

−4n
(
r2 − 2mr − n2

)
cos(θ)

r2 + n2 dtdφ. (65)

Now, considering replacements in (64), the scalar field (7)
for the metric (65) can be written as follows

ψ(r) =
√−ν

2
ln

(
r − m − √

m2 + n2

r − m + √
m2 + n2

)
. (66)

To find the space-time singularities, one must calculate the
Kretschmann or Ricci scalar. The Ricci scalar has a simple
form as below

R = − 2ν
(
m2 + n2

)
(
r2 + n2

)
(r2 − 2m r − n2)

×
(

1 + (m2 + n2) sin2 θ

r2 − 2m r − n2

)−ν

. (67)

It should be noted that the Ricci scalar is not equal to zero in
the presence of a massless scalar field. Equation (66) implies
that ν is always less than or equal to zero, so the singularity
of the Ricci scalar for ν ≤ 0 is as follows

rsingulari t y = m +
√
m2 + n2. (68)

Therefore, the curvature singularity in the presence of a scalar
field is the same as that of NUT metric. Equation (68), rep-
resents a naked singularity. As is depicted in Fig. 1, for con-
stants m = 1, n = 1, ν = − 1, and different values of
θ , the Ricci scalar diverges for the class of TNS metrics at
r = 1 + √

2.
The Kretschmann scalar for the class of TNS metrics in

Eq. (65) is as follows

K = 4 X (r, θ)

(n2 + r2)6
(
n2 + 2m r − r2

)2 (1−ν)
. (69)

where X (r, θ) is a regular function of r and θ and represented
in Appendix A. According to Eq. (66), ν for the class of
TNS metrics is always smaller than zero, and therefore, the
singular point for the Kretschmann scalar is determined as
follows

rsingulari t y = m +
√
m2 + n2. (70)

Fig. 1 The Ricci scalar for a TNS metric with parameters m = 1,
n = 1, ν = −1, diverges at r = 1 + √

2 for different values of θ

Fig. 2 The Kretschmann scalar for a TNS metric diverges at r = 1 +√
2 for different values of θ , where m = 1, n = 1 and ν = −1

Therefore, the presence of a scalar field has no effect on the
singularity point of metrics with NUT parameter. In Fig. 2,
the Kretschmann scalars are depicted with respect to r for
different values of θ . It should be noted that the curvature
singularity of the Ricci and Kretschmann scalars occurs at
the same point.

3.3 Singularities along the symmetry axis θ = 0 and θ = π

We can rewrite the class of TNS metrics in Eq. (65) as below

ds2 = −F(r)
(
dt + 2 n cos θ dφ

)2
+K(r, θ)ν

F(r)
dr2 + (r2 + n2)

(K(r, θ)ν dθ2+ sin2 θ dφ2),
(71)

where

F(r) = 1 − 2
(
n2 + mr

)
r2 + n2 ,

K(r, θ) = 1 +
(
m2 + n2

)
sin2(θ)

r2 − 2mr − n2 . (72)

At ν = 0, the scalar field becomes zero and metric in Eq.
(71) becomes NUT metric. When r = m + √

m2 + n2, TNS
metrics become singular, and unlike metrics (4), the class of
TNS metrics do not have singularity at r = 0. Also, metric
(71) is singular at θ = 0 and θ = π because the signature of

123



 1230 Page 8 of 20 Eur. Phys. J. C          (2024) 84:1230 

the metric changes and is not (−, +, +, +). This singularity
of TNS metrics on the θ = 0 and θ = π axes is exactly the
same as the Taub-NUT metric. We can regularize the axis at
θ = 0 by using the transformation t = t̄ − 2 n φ for the class
of metrics (71), and transform the metric into the following
form

ds2 = −F(r)
(
dt̄ + 2 n (cos θ − 1) dφ

)2 + K(r, θ)ν

F(r)
dr2

+(r2 + n2)
(K(r, θ)ν dθ2 + sin2 θ dφ2). (73)

As the axis of symmetry θ = 0 is regular in (73), therefore
we can consider φ as a periodic coordinate at φ = 0 and
φ = 2 π . However, at θ = π there is conical singularity
as in the NUT metric. Also, by applying the transformation
t = t̄ + 2 n φ on metric (71), the metric becomes as follows
and the singularity on θ = π disappears, but we still have a
singularity on θ = 0 axis

ds2 = −F(r)
(
dt̄ + 2 n (cos θ + 1) dφ

)2 + K(r, θ)ν

F(r)
dr2

+(r2 + n2)
(K(r, θ)ν dθ2 + sin2 θ dφ2). (74)

For the physical description of Taub-NUT metric and its
singularities, there are various interpretations, for example,
Bonnor [36] considers this singularity as a physical singu-
larity and tries to provide a physical interpretation for it, but
Misner tries to remove the singularity [34,35] and for this he
uses closed timelike curves (CTC), which will be discussed
in the next section. As can be seen from Eqs. (73) and (74),
the presence of the scalar field does not affect the singulari-
ties at θ = 0 and θ = π . Therefore, the interpretations that
have been used for the singularities at θ = 0 and θ = π for
the NUT metric are also correct for the class of TNS metrics.

3.4 The closed timelike curves in TNS metrics

In general relativity there are solutions with closed timelike
curves (CTC) [77–80]. If the CTC exists in a spacetime, time
travel is possible, and an observer moving along the CTC can
go back to an event in the past. This can violate the principle
of causality. Also, the tipping over of light cones is one of the
consequences of the existence of closed timelike curves. One
of the solutions of general relativity, in which the existence of
closed timelike curves is possible, is the Taub-NUT metric. In
this part, we are going to investigate the effect of the presence
of a scalar field on closed time curves in TNS metrics.

In metrics (73) and (74), a curve with coordinates τ =
(t = const, r = const, θ = const) has the following invari-
ant length

s2
τ = (2 π)2

(
−4n2

(
r2 − 2mr − n2

)
cos2(θ)

r2 + n2

+
(
r2 + n2

)
sin2(θ)

)
= (2 π)2 Y (r, θ). (75)

The integral curve in (t = const, r = const, θ = const)
forms a closed timelike curve if Y (r, θ) < 0 in Eq. (75) and
forms a closed null curve if Y (r, θ) = 0.

As it is clear from the calculations of this part, the presence
of the scalar field has no effect on the closed timelike curves
and the calculations of the closed timelike curves are the
same for the Taub-NUT and TNS metrics.

3.5 Geodesics and topological charges

We use the Lagrangian and the effective potential method
to investigate geodesics in the TNS space-time. It should be
noted that on the equatorial plane θ = π/2, the movement
of the test particle is in a circular orbit. Here, the metric
components do not depend on φ and t , therefore, two Killing
vector fields are defined as follows

ξμ =
(

∂

∂t
, 0, 0, 0

)
, (76)

ζμ =
(

0, 0, 0,
∂

∂φ

)
. (77)

When the observer moves with four-velocity uμ in the direc-
tion of these two vector fields, the metric components will
not change, and as a result, we are dealing with two con-
stants here, ξμ associated with the constant energy E and ζμ

is related to the constant quantity of angular momentum L
of the test particles.

−E = gμνu
μξν = gtt ṫ + gtφφ̇, (78)

L = gμνu
μζ ν = gtφ ṫ + gφφφ̇. (79)

Solving the two Eqs. (78) and (79) simultaneously, we have

ṫ = 1

B

(
Egφφ + Lgtφ

)
, (80)

φ̇ = − 1

B

(
Egtφ + Lgtt

)
, (81)

where

B = g2
tφ − gtt gφφ. (82)

Therefore, geodesics related to the coordinates can be
obtained by solving Eqs. (80) and (81). It is possible to derive
the geodesic related to the radial coordinate by defining a
Lagrangian as follows

L = 1

2
gμν ẋ

μ ẋν = −1

2
κ, (83)

where κ = 1, 0,− 1 are affine parameters for time-like,
light-like, and space-like paths, respectively. Also, conjugate
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Fig. 3 The effective potential with respect to r for different values of
NUT charge and the constants m = 0.8, E = 0.5, L = 4, and κ = 0

momentum is defined as

πμ = ∂L
∂ ẋμ

= gμν ẋ
ν . (84)

The Hamiltonian for the test particle for the TNS metric is

H = πμ ẋ
μ − L

= 1

2

(
gtt ṫ

2 + grr ṙ
2 + gθθ θ̇

2 + gφφφ̇2 + 2gtφ ṫ φ̇
)

= −1

2
κ, (85)

or

gtt ṫ
2 + grr ṙ

2 + gθθ θ̇
2 + gφφφ̇2 + 2gtφ ṫ φ̇ + κ = 0. (86)

The kinetic energy K and potential energy V for particles are
defined as below

K = grr ṙ
2 + gθθ θ̇

2, (87)

V = gtt ṫ
2 + gφφφ̇2 + 2gtφ ṫ φ̇ + κ. (88)

Therefore, the trajectory of the test particle corresponds to
the following relation

K + V = 0. (89)

From the Eqs. (80), (81), and (88), the effective potential can
be written as

Ve f f = − 1

B

(
E2gφφ + 2ELgtφ + L2gtt

)
+ κ. (90)

Therefore, by using metric in Eq. (65), we can find the effec-
tive potential for the TNS metric. In Fig. 3, the effective
potentials are depicted for different values of the NUT charge
and m = 0.8, E = 0.5, L = 4, and κ = 0.

The stable bound orbits for TNS metric can be found using
the conditions

∂2
r Ve f f ∂

2
θVe f f − (

∂r∂θVe f f
)2

> 0,

1

grr
∂2
r Ve f f + 1

gθθ

∂2
θVe f f > 0. (91)

Since we examine the light rings, we must deal with the ones
in which κ = 0. As a result, the effective potential can be
written as

Ve f f = −gφφ

B
(E − E1) (E − E2) , (92)

where

E1 = −Lgtφ + L
√
B

gφφ

, (93)

E2 = −Lgtφ − L
√
B

gφφ

. (94)

Considering that the time-like circular orbits for a test particle
satisfies Ve f f = 0 and ∂rVe f f = 0, using Eqs. (92) and (93),
light ring radius rLR obtains as [81–85]

�r = ∂r E1√
grr

= 0, �θ = ∂θ E1√
gθθ

= 0, (95)

where (r , θ ) represent the light ring coordinates. Using E1 in
the two dimensional space-time (r, θ) we introduce a vector
field as

�r = ∂r E1√
grr

, �θ = ∂θ E1√
gθθ

. (96)

As a result, from the topological current point of view, these
points form a topological number so that a topological current
can be attributed to it. In the following, by introducing the
topological current and the topological number, the vector
field will be constructed for the TNS space-time, and the
light ring will be determined using zero points of the vector
field.

It is known that light rings around black holes can be
studied by using topological charges corresponding to them
[70–72,83–88]. The topological current is defined as

jμ = 1

2π
εμνρ εab

∂na

∂xν

∂nb

∂xρ
. (97)

where na = (
φr

|φ| ,
φθ

|φ| ) is a unit vector in the direction of φ and
xμ = (t, r, θ). We can simply show that jμ is a conserved
current, that is, we have

∂μ jμ = 0. (98)

As a result, a constant quantity can be related to this con-
served current, which is the topological charge. Using the
following integral over the parameter region �, the constant
charge is obtained as

Q =
∫

�

j0d2x . (99)

Since this current is caused by point-like topological charges
that are placed on the light ring, it can be obtained using the
definition of Dirac’s delta function as

jμ =
∫

�

δ2 (�) jμ
(

�

x

)
. (100)

This equation is completely in agreement with the concept
of topological current because the topological current is non-
zero only on the light ring. At the topological charge points,
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Fig. 4 The unit vector field for m = 1, μ = 0, l = 1.9, ν = −1, and
n = 0.5

the vector field � is 0, and according to the definition, the
Dirac’s delta function (100) is non-zero, as a result, we have
topological current. It should be noted that � = (

Xi , t
)

are the vector field components obtained from the effective
potential. As a result, the topological charge is simplified as

Q =
∫
S
j0d2x =

N∑
i=1

βiηi =
N∑
i=1

wi , (101)

in which βi is the Hopf index, η = ±1 is the Brouwer degree,
and the wi is the winding index for the zero points of the
vector field �α in S area. In Eq. (101), at the points where the
vector field� is zero, the topological charge is non-zero. Note
that these points are located on the light ring so that each light
ring will correspond to one topological charge. If S covers
zero points of �, then topological charge Q corresponds to
the sum of the winding index of these points on the light ring.
On the other hand, if only one zero point of the vector field
� is covered by the S, then the topological charge Q will be
directly proportional to the winding number.

As it can be seen in Fig. 4, for specific values of the param-
eters of the TNS metric, the topological charge Q is − 1,
which indicates that there is an unstable orbit for massless
particles in TNS space-time.

4 New class of exact solutions of the
Einstein-conformal-scalar theory

Bekenstein has shown that the Einstein-scalar theory and the
Einstein-conformal-scalar theory are coformally related and

obtained some of its exact solutions in [73], which is the
conformal transformation of the FJNW metric. In the follow-
ing, we take the three-parameter metric in Eq. (4) as a seed
metric and by introducing a conformal transformation derive
a new class of exact solutions of the Einstein-conformal-
scalar theory.

Consider the following action of the Einstein-conformal-
scalar theory that is related to the action of the Einstein-scalar
theory in Eq. (1), by a conformal transformation as follows

S =
∫

d4x
√−ḡ

(
R̄ − ∇̄μψ̄∇̄μψ̄ − 1

6
R̄ψ̄2

)
, (102)

where

ḡμν = cosh2

(√
1

6
ψ

)
gμν, (103)

ψ̄ = √
6 tanh

(√
1

6
ψ

)
. (104)

Varying the action (102) with respect to scalar field ψ̄ , and
spacetime metric we derive the following field equations(

∇̄μ∇̄μ − 1

6
R̄
)

ψ̄ = 0, (105)

Ḡμν = T̄μν, (106)

where Ḡμν is the conformal Einstein tensor and the energy–
momentum tensor is

T̄μν = ∇̄μψ̄∇̄νψ̄ − 1

2
ḡμν∇̄μψ̄∇̄μ

+1

6

(
ḡμν∇̄μ∇̄μ − ∇̄μ∇̄ν + Ḡμν

)
ψ̄2. (107)

The new solution should solve the transformed field equa-
tions. It is straightforward to show that for a conformal non-
minimal coupling, the Ricci scalar vanishes (R̄ = 0) and the
equation of motion for ψ̄ in Eq. (105) reduces to

∇̄μ∇̄μψ̄ = 0. (108)

We can obtain exact class of solutions that satisfies the field
Eqs. (105) and (106) by using conformal transformations
(103) and (104) of the class of three-parameter (4) and TNS
metrics (65). Using the two transformations in Eqs. (103) and
(104) with the scalar field (7) and replacing m by 2 M , and
using the coordinates (t, r̃ , θ, φ) with

r = r̃2

r̃ − M
, (109)

and using Eqs. (4), (7), the rescaled metric ḡμν and the scalar
field ψ̄ are obtained as follows

ḡμν =

((
1 − 2M

r̃

)2√ 1−γ 2−ν
3 + 1

)2

4
(
1 − 2M

r̃

)2√ 1−γ 2−ν
3

gμν, (110)
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ψ̄ = √
6

(
1 − 2M

r̃

)2√ 1−γ 2−ν
3 − 1

(
1 − 2M

r̃

)2√ 1−γ 2−ν
3 + 1

. (111)

Therefore, the new exact class of three parameter solutions
of Eq. (106) can be written as follows

ds2 = 1

4

⎛
⎜⎝
(

1 − 2M

r̃

)−
√

γ−γ 2+μ
3 +

(
1 − 2M

r̃

)√ γ−γ 2+μ
3

⎞
⎟⎠

2

×
[
−
(

1 − 2M

r̃

)2γ

dt2 +
(

1 − 2M
r̃

)2μ
k̃1−γ−μ

(
1 − M

r̃

)2

×
⎛
⎜⎝ dr2

(
1 − M

r̃

)2 + r̃2dθ2

⎞
⎟⎠

+
r̃2
(

1 − 2M
r̃

)2−2γ

(
1 − M

r̃

)2 sin2(θ)dφ2
]
, (112)

where

k̃ = r̃2
(
1 − 2M

r̃

)2 + 4M2
(
1 − M

r̃

)2
sin2(θ)

r̃2
. (113)

It should be noted that the metric in Eq. (112) represents
a class of exact solutions of the Einstein-conformal-scalar
theory with three parameters M , γ , and μ with the condition
μ + ν = 1 − γ . A special case is when γ = 1 and μ = −ν,
which can be written as follows

ds2 = 1

4

⎛
⎝
(

1 − 2M

r̃

)−
√

μ
3 +

(
1 − 2M

r̃

)√μ
3

⎞
⎠

2

×
⎡
⎢⎣−

(
1 − 2M

r̃

)2
dt2 +

(
1 − 2M

r̃

)2μ
k̃−μ

(
1 − M

r̃

)2

×
⎛
⎜⎝ dr2

(
1 − M

r̃

)2 + r̃2dθ2

⎞
⎟⎠+ r̃2

(
1 − M

r̃

)2 sin2(θ)dφ2

⎤
⎥⎦ .

(114)

For certain circular paths r0 located in the plane θ = π
2 con-

sidering the conformal metric (114) and using the effective
potential in (88), we have

ḡt t + ḡφφ

(
dφ

dt

)2

= 0, (115)

�̄r
tt + �̄r

φφ

(
dφ

dt

)2

= 0. (116)

By substituting the components of the conformal metric (114)
and the related Christoffel symbols into Eqs. (115) and (116),
one obtain the following relations

dφ

dt
=
(
1 − 2M

r̃

) (
1 − M

r̃

)
r̃

, (117)

dφ

dt
=
√√√√− �̄r

tt

�̄r
φφ

. (118)

Now, as the right sides of Eqs. (117) and (118), are equal, the
radius of the light ring can be obtained as

r̃ =
(

3 + √
3
)
M (119)

5 Conformal-Taub-NUT-scalar solution

In Sect. 3.2, we used Ernst potential and Ehlers transforma-
tions to derive the TNS metric (65) in Einstein-Scalar the-
ory. Now, we tend to find the Conformal-Taub-NUT-Scalar
(CTNS) metric using the conformal transformations (103)
and (104) that is a class of exact solutions (γ = 1, μ = −ν)
of Eq. (106). For this, we replace m → 2 M and n → 2 N
and use the coordinates (t, r̃ , θ, φ) with

r = r̃2

r̃ − M
, (120)

ρ̄2 = M2 + N 2, (121)

�̄ = r̃2 − 2Mr̃ + M2. (122)

Using Bekenstein’s approach and considering the scalar field
(66) and the metric (65) with transformations (110) and
(111), the conformal scalar field and conformal metric can
be obtained as follows

ḡμν = cosh2
(√

− ν

12
ln

(
�̄ − 2ρ̄ (r̃ − M) + M2

�̄ + 2ρ̄ (r̃ − M) + M2

))
gμν, (123)

ψ̄ = √
6

(
�̄ − 2ρ̄ (r̃ − M) + M2

)√− ν
3 − (

�̄ + 2ρ̄ (r̃ − M) + M2
)√− ν

3

(
�̄ − 2ρ̄ (r̃ − M) + M2

)√− ν
3 + (

�̄ + 2ρ̄ (r̃ − M) + M2
)√− ν

3

, (124)
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so the CTNS metric components can be derived as follows

ḡt t = − W − V 2U

4
(
1 + V 2U

)H,

ḡrr = W−1
(
1 + V 2U

)
4
(
W − V 2U

)
(

1 + 4ρ̄2 sin2(θ)

r̃2
(
U−1W − V 2

)
)−μ

H,

ḡθθ = r̃2

4

(
U−1 + V 2

)(
1 + 4ρ̄2 sin2(θ)

r̃2
(
U−1W − V 2

)
)−μ

H,

ḡφφ = 1

4

[
16N 2

[
(1 − V ) − 2M

r̃ (1 − N
r̃ )
] [ 2M

r̃ (1 + N
r̃ ) − (1 + V )

]
cos2(θ)

1 + V 2U
+ r̃2

(
U−1 + V 2

)
sin2(θ)

]
H,

ḡtφ = N
[
(1 − V ) − 2M

r̃ (1 − N
r̃ )
] [ 2M

r̃ (1 + N
r̃ ) − (1 + V )

]
1 + V 2U

H cos(θ), (125)

were H , W , U , and V are

H =
(

�̄ − 2ρ̄ (r̃ − M) + M2

�̄ + 2ρ̄ (r̃ − M) + M2

)−√
μ
3

×
⎛
⎝1 +

(
�̄ − 2ρ̄ (r̃ − M) + M2

�̄ + 2ρ̄ (r̃ − M) + M2

)√
μ
3

⎞
⎠

2

,

W =
(

1 − 2M

r̃

)2

,

U =
(

1 − M

r̃

)2

,

V = 2N

r̃
, (126)

which satisfies the field equation in (106). The Ricci scalar
for metric in (125) is too complicated to be written here,
however, we have derived its singularities as follows

r̃ = M + N ±
√
M2 + N 2,

r̃ = M − N +
√
M2 + N 2. (127)

It should be noted that the conformal transformation dose
not remove the naked singularities of the TNS metric in Eq.
(48). However, the curvature singularities of the CTNS metric
differs from the singularities of TNS metric in Eq. (68).

5.1 Geodesics in CTNS space-time

In order to investigate the geometric features of the CTNS
space-time, we determine the equations of motion of test
particles in this space-time. Considering the CTNS metric
(125), the geodesic equation is written as

d2xμ

ds2 + �̄μ
νρ

dxν

ds

dxρ

ds
= 0, (128)

where xμ = xμ(s) is the test particle paths, s is the affine
parameter, and �̄

μ
νρ is the Christoffel symbol for the CTNS

metric ḡμν = �(x)gμν whic is defined as

�̄μ
νρ = �μ

νρ + 1

2

(
δμ
ν ∂ρ ln � + δμ

ρ ∂ν ln � − gνρg
μλ∂λ ln �

)
,

(129)

where

�(x) = �(r̃ , θ)

= cosh2
(√

− ν

12
ln

(
�̄ − 2ρ̄ (r̃ − M) + M2

�̄ + 2ρ̄ (r̃ − M) + M2

))
.

(130)

Substituting Eq. (129) in Eq. (128) and using ds̄ = �−1ds
we have

d2xμ

ds̄2 + �μ
νρ

dxν

ds̄

dxρ

ds̄
= Fμ, (131)

where Fμ = κ
2 g

μλ∂λ ln � is the external effective force due

to the CTNS metric and κ = gνρ
dxν

ds̄
dxρ

ds̄ . To investigate the
time-like orbits in CTNS space-time, we will use the follow-
ing effective potential

V(r̄ , θ) = 1 + L2 ḡt t + 2ELḡtφ + E2 ḡφφ

ḡt t ḡφφ − ḡ2
tφ

. (132)

In CTNS space-time, E and L are defined as

E = − ḡt t + ḡtφω√
− (ḡt t + 2ḡtφω + ḡφφω2

) , (133)

L = ḡtφ + ḡφφω√
− (ḡt t + 2ḡtφω + ḡφφω2

) , (134)
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Fig. 5 The effective potential for CTNS metric (125) with respect to r
for different values of NUT charge and the constants M = 0.1, E = 0.5,
L = 4, ν = −1, and κ = 0

Fig. 6 The effective potentials for TNS and CTNS metrics for different
values of NUT charge and constant values E = 0.5, L = 4, ν = −1,
m = 0.8, and M = 0.4. The straight and dashed lines correspond to
TNS and CTNS space-times, respectively

where ω = dφ
dt is the angular velocity. Now, it is a matter

of calculation to find the effective potential for the CTNS
metric. Figure 5 represents the effective potential for CTNS
metric for different values of NUT charge and M = 0.1,
E = 0.5, L = 4, ν = − 1, and κ = 0.

Here, we would like to compare the time-like geodesics
of TNS and CTNS space-times for κ = 1. For this purpose,
we find the effective potential for these two metrics. Figure 6
is the comparison diagram for E = 0.5, L = 4, ν = −1, and
κ = 1. We have used m → 2 M and n → 2 N to compare
the metrics, so each color belongs to a specific value for mass
and NUT charge.

6 QNMs of TNS and CTNS metrics

In this section, we will derive the QNMs of TNS and CTNS
metrics using the light ring method in the eikonal limit [89–
91].

6.1 QNMs of TNS metric

The QNMs of the TNS metric can be obtained by assuming
θ = π/2 in metric (65) and then expand the metric compo-
nents up to the second order of n and the first order of ν and
omit the terms n ν (we use these approximations until the end
of the QNMs calculations)

ds2 = −
(

1 − 2m

r
+ 2 n2 (m − r)

r3

)
dt2

+ 1

r3 (1 − 2m/r)2

[
r3 + 2 r n2 − 2m r (r + n2)

+ r3 ν (1 − 2m/r) ln
(
1 + m2

r2 (1 − 2m/r)

)]
dr2

+
(
n2 + r2

[
1 + ν ln

(
1 + m2

r2 (1 − 2m/r)

)])
dθ2

+(n2 + r2) dφ2. (135)

The QNMs are represented by Q = � + i �, which in the
light ring method and in the eikonal limit, � is defined by
the following equation

� = ± j �±, (136)

where j is the member of the integers and �± is the frequency
of the circular orbits of the null rays. Also, wave perturbations
can be considered using the superposition of eigenmodes as
follows

ei (� t−� φ) S� j � s(r, θ), (137)

where, S and � are the spin and wave’s frequency respec-
tively. Also, � and j are angular momentum with the follow-
ing condition

|�| ≤ j. (138)

We assume that � � 1/M and |�| = j � 1 in the eikonal
limit. Moreover, from the numerical calculations of black
holes QNMs [89–91] oscillation frequency can be written as
follow

� = �
dφ

dt
= ± j �±, (139)

which is equal to the QNMs oscillations. To calculate QNMs,
we derive the radius of null circular (θ = π/2). In every light
ring, we have

gtt + gφφ

(
dφ

dt

)2

= 0. (140)

The radial component of the geodesics is as follows

�r
tt + �r

φφ

(
dφ

dt

)2

= 0. (141)
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By placing the metric components (135) in Eqs. (140) and
(141), we have

dφ

dt
= 2 r3 − 3 r n2 + 4m (n2 − r2)

2 r4
√

1 − 2m/r
, (142)

dφ

dt
= 2m r2 − n2 (3m − 2 r)

2 r3
√
m r

. (143)

By equating Eqs. (142) and (143) and assuming the following
perturbation

r = 3m + ε̄, (144)

where ε̄ is a very small parameter that indicates a perturba-
tion, and 3m is the light ring radius for the Schwarzschild
black hole and r ≡ r0T N S . By keeping the perturbation terms
up to first order of ε̄, one has

ε̄ = 8 n2

9m
, ⇒ r0T N S = 3m + 8 n2

9m
. (145)

By placing r0T N S in Eq. (142) or Eq. (143), we have

�± = dφ

dt
= 1

3
√

3m

(
1 ± 5

18

( n
m

)2
)

. (146)

Now we have to calculate the other term of QNMs (�). �

represents the decay rate in the amplitude of QNMs. To cal-
culate �, we perturb the null equatorial circular orbit. On
the other hand, we assume a perturbation in coordinates
x̄μ = (t, r, θ, φ) = (t, r0,

π
2 ,�±t) as follows

r = r0 [1 + ε δr (t)], φ = �± [t + ε δφ(t)],
� = t + ε δ�(t), (147)

where, ε is perturbation parameter and following conditions
for δr (t), δφ(t) and δ�(t) are applied

δr (0) = δφ(0) = δ�(0) = 0, (148)

from Eqs. (139) and (147), we have δφ(t) = 0. The propa-
gation vector is defined as follows (up to O(ε) )

Kμ = dxμ

d�
= (

1 − ε δ′
�, ε r0 δ′

r , 0, �± (1 − ε δ′
�)
)
. (149)

Here, the prime represents the derivative with respect to t .
The conservation law for the congruence of the null rays can
be represented as follows

∇μ (�n K
μ) = 0,

⇒ 1

�n

d�n

d�
= −∇μK

μ = − 1√−g

∂

∂xα
(
√−g K α),

(150)

where �n is the density of null rays. According to Eq. (149),
we rewrite Eq. (150) as follows

1

�n

d�n

d�
= − 1√−g

∂

∂t

[√−g (1 − ε δ′
�)
]

− 1√−g

∂

∂r

[√−g ε r0 δ′
r

]

− �±√−g

∂

∂φ

[√−g (1 − ε δ′
�)
]
. (151)

where g is the determinant of metric (135) and according to
the metric,

√−g is obtained as follows

√−g = r2 + n2 + ν r2 ln(1 + m2

r (r − 2m)
). (152)

Using Eqs. (145) and (147), we write
√−g as below

√−g = 19 n2

3
+ 9m2

(
1 + 2 ε δr + ν ln

4

3

)
. (153)

According to Eqs. (151) and (153), we have

1

�n

d�n

d�
= −ε

[
∂(2 δr − δ′

�)

∂t
+ ∂(r0 δ′

r )

∂r

+�±
∂(2 δr − δ′

�)

∂φ

]
. (154)

According to Eq. (147) (dr/dt = ε r0 δ′
r ), we have

1

�n

d�n

dt
= d (ε r0 δ′

r )

dt

dt

dr
+ O(ε) = −δ′′

r (t)

δ′
r (t)

+ O(ε). (155)

To obtain �n , we must obtain δr (t). To calculate δr , we use
the following equation, which is the radial component of
geodesic

d2r

d�2 + �r
tt

(
dt

d�

)2

+ �r
φφ

(
dφ

d�

)2

+ �r
θθ

(
dθ

d�

)2

= 0.

(156)

By putting θ = π/2 and expanding the above equation up to
the first order of ε, we have

9m2 (27m2 + 8 n2) δ′′
r (t) +

[
n2 − 9m2

(
1 − ν ln

(
4

3

))]

× δ′
r (t) = 0.

(157)

By solving the differential Eq. (157), δr (t) is obtained as
follows

δr (t) = sinh(ζ t), (158)

where ζ is

ζ = 1

3
√

3m

[
1 − 11 n2

54m2 − ν ln 2 + ν ln 3

2

]
. (159)

Using Eq. (158) in Eq. (155), �n is obtained as follows

�n(t) = �n(0)
1

cosh(ζ )
� 2 �n(0)

×(e−ζ t − e−3 ζ t + e−5 ζ t − . . . ). (160)
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Therefore, the imaginary parts related to the QNMs can be
written as below

� =
(
ñ + 1

2

)
ζ. (161)

QNMs for the TNS metric are given by

QT NS = (
� + i �

)
T N S = j

[
1

3
√

3m

(
1 ± 5

18

(
n

m

)2)]

+i
(
ñ + 1

2

) { 1

3
√

3m

[
1 − 11 n2

54m2

−ν ln 2 + ν ln 3

2

]}
. (162)

6.2 QNMs of the CTNS metric

Now, we derive the QNMs of the CTNS metric with the
same method introduced in the previous section. To derive
the QNMs, we first expand the metric in Eq. (125) to the
second order of N and the first order of ν.

ds2 =
{

(r̃ − 2M)2

3 r̃2

[
ν ln(r̃ − 2 M) − 3

]

+8 N 2

r̃6

[
(M − r̃)2

(
r̃2 − 2 M(r̃ − M)

)]}
dt2

+
{

1

(M − r̃)4

[
r̃4

+
8 N 2 (M − r̃)2

(
r̃2 + 2M(M − r̃)

)

(r̃ − 2M)2

]

× − ν r̃4

12 (M − r̃)4

[
6 ln

(
r̃ − 2M

)

− ln

(
r̃2 (r̃ − 2 M)2 + 4 M2 (r̃ − M)2

r̃2

)]}
dr2

+ 1

(r̃ − M)2

{
r̃4 + 4 N 2 (r̃ − M)2

+ν r̃4
[

ln

(
r̃2 (r̃ − 2 M)2 + 4 M2 (r̃ − M)2

r̃2

)

− ln(r̃ − 2 M)

]}
dθ2 +

{
4 N 2

+ r̃4

3 (r̃ − M)2

[
3 − ν ln(r̃ − 2 M)

]}
dφ2. (163)

We perform all the calculations of the previous part for this
metric, with the difference that the radius of the light ring for
the conformal Schwarzschild metric is as follows

rCS = (3 + √
3) M. (164)

Finally, we obtain the QNMs of the CTNS metric as follows

Table 1 Numerical values of
the imaginary part of the QNMs
of TNS and CTNS metrics

n, N m, M ν
�T N S
�CT NS

1 1 − 1 0.19

QCT NS = (
� + i �

)
CT NS

= j

[
1

108
√

3 M3
(18 M2 ± 5 N 2)

]

+i

(
n + 1

2

){
− 11N 2

54M3 + 1 − 0.144ν

M

}
. (165)

According to Eqs. (162) and (165) and the data in Table 1,
for all values of (n = N ), (m = M) and ν, the ratio of
�T N S to �CT NS is always constant and smaller than one.
Therefore, the perturbations created in the metric �CT NS

disappear faster than the perturbations created in the metric
�T N S .

7 Gravitational lensing in TNS metrics

Gravitational lensing is a powerful method of understanding
the universe and compact objects within it. So far, many stud-
ies have been done on gravitational lensing, for example, see
Refs. [92–96].

In this section, we are going to study the deflection angle
of light in a gravitational lens in the background of metrics
(33) and then study the effect of parameters n and ν on the
deflection angle. For this, first, we consider the optical metric
(33) (metric in θ = π/2)

dt2 = g̃rr dr
2 + g̃φφ dφ2, (166)

According to the Eqs. (33) and (166), g̃rr and g̃φφ are defined
as follows

g̃rr = grr
gtt

= �ν

�2 , g̃φφ = gφφ

gtt
= r2 χ

�2 , (167)

where �, � and χ are as below

� = 1 − 2 (n2 + m r)

n2 + r2 ,

� = (m − r)2

r (r − 2m) − n2 ,

χ = 1 − 2m

r
− n2

r2 . (168)

In the phenomenon of gravitational lensing, deflection angle
of light is obtained by the following relation

δ = −
∫ π

0

∫ ∞

r0

√
g̃K dr dφ, (169)
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where r0 is considered as the minimum distance from the
source of gravity and K is Gaussian curvature and is equal to

K = − 1√
g̃

[
∂r

(
1√
g̃rr

∂r

√
g̃φφ

)
+ ∂φ

(
1√
g̃φφ

∂φ

√
g̃rr

)]
,

(170)

According to the Eq. (166),
√
g̃ is calculated as follows

√
g̃ = r χ

1
2 �

ν
2

�2 . (171)

Using Eqs. (167), (169) and (170), we obtain the deflection
angle as follows

δ = −
∫ π

0

∫ ∞

r0

∂r
[
χ

1
2 �− ν

2

(
1 − r

�′

�
+ r

2

χ ′

χ

) ]
dr dφ.

(172)

Using Eqs. (168) in Eq. (172) and expanding the obtained
result up to order r−2, we have

δ = −
∫ π

0

∫ ∞

r0

∂r

[
1 − m2 (ν + 3) + n2 (ν + 7) + 4m r

2 r2

]

×dr dφ. (173)

To calculate δ, we must first obtain r0, for this we first write
metric (33) in the equatorial plane (θ = π/2) as follows

ds2 = −� dt2 + �ν

�
dr2 + r2 χ

�
dφ2, (174)

Also, we write geodesics Lagrangian as below

L = −1

2
� ṫ2 + 1

2

�ν

�
ṙ2 + 1

2

r2 χ

�
φ̇2, (175)

where dot is the derivative with respect to the affine param-
eter (λ). In the following, we obtain the equations of motion
related to Lagrangian (175)

E = �
dt

dλ
= const, (176)

L = r2 χ

�

dφ

dλ
= const. (177)

By dividing Eq. (176) by Eq. (177), we have

E

L
= �2

r2 χ

dt

dφ
= 1

b
, (178)

that b is a constant. According to metric (174), we have for
light

ds2 = 0, ⇒ �ν

�

(
dr

dλ

)2

= �

(
dt

dλ

)2

− r2 χ

�

(
dφ

dλ

)2

,

(179)

where by using dφ instead of dλ, we get the following equa-
tion

�ν

�

( dr
dφ

)2 = r4 χ2

b2 �
− r2 χ

�
. (180)

Now we use the change of variable u = 1/r and rewrite the
Eq. (180) as below

( du
dφ

)2 = χ �−ν
( χ

b2 − u2
)

. (181)

We derive Eq. (181) with respect to u, then we expand the
obtained relation to the order of u2, which gives the result

d2u

dφ2 + u = 3m u2 + u
[
2 n2 − ν (m2 + n2) (1 + 3m u)

]
b2 .

(182)

In the following, we first obtain the solution of the following
differential equation

d2u

dφ2 + u = 0, ⇒ u = sin φ

b
. (183)

Also, Eq. (182), up to the order of u2 is written as follows

d2u

dφ2 + u − 3m u2 = 0. (184)

Finally, considering u as follows

u = sin φ

b
+ F(φ), (185)

and solving the differential equation (184), we have

u = sin φ

b
+ m

b2 (1 + cos2 φ). (186)

Finally, by changing the variable u = 1/r in Eq. (173) and
using Eq. (186) we have

δT N S = 4m

b
+ π

4 b2

[
m2 (ν + 15) + n2 (ν + 7)

]
. (187)

Now, if n = 0 and ν = 0 in Eq. (187), we have

δ = 4m

b
+ 15 π m2

4 b2 . (188)

Equation (188) shows the in the deflection angle in Schwarz-
schild metric.

Now we want to investigate the effect of NUT parameter
and scalar field on deflection angle of light. To study this
issue, we obtain the ratio of the deflection angle in TNS
metrics to Taub-NUT metrics (ν = 0) and metrics in the
presence of the scalar field (n = 0), which are respectively
as follows

δT N S

δT N
= 1 + π ν (m2 + n2)

16m b + 15 π m2 + 7 π n2 , (189)

δT N S

δS
= 1 + π n2 (ν + 7)

m
[
16 b + π m (ν + 15)

] . (190)

In Eq. (189), despite the fact that ν is always negative, the
deflection angle of light in TNS metrics is always lower than
the deflection angle of light in Taub-NUT metrics. So we
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conclude that the presence of the scalar field in Taub-NUT
metrics causes the deflection angle of light to decrease.

In Eq. (190), considering that b is a large value (b > m),
we have the following conditions

δT N S

δS

⎧⎪⎨
⎪⎩

> 1, f or ν > −7,

= 0, f or ν = −7,

< 1, f or ν < −7.

(191)

Therefore, according to Eq. (191), the deflection angle of
light in TNS metrics to the deflection angle of light in metrics
in the presence of a scalar field can be smaller, equal, or
greater than one depending on the value of ν.

8 Conclusion

Using three different methods i.e. the Ernst potential and
equations and two types of Ehlers transformations, we
obtained a new class of exact solutions for Einstein’s field
equations. Using the topological charge method, the light
ring in the Taub-NUT-scalar (TNS) geometry were investi-
gated in such a way that the presence of the topological charge
indicates the existence of the light ring in this new geometry,
and the topological charge location, with a good approxima-
tion, was the extreme point of the effective potential. Further-
more, by using the appropriate conformal transformation, we
obtained an exact class of solutions of the conformal-Taub-
NUT-scalar (CTNS) theory. We also compared the effective
potentials of TNS and CTNS spece-times. By comparing the
QNMs of the TNS and CTNS metrics, we concluded that
small perturbations in the TNS space-time are more stable
than the small perturbations in the CTNS space-time. Gravi-
tational lensing is also studied for different class of metrics.
There are other different aspect of the class of metrics that
can be studied in the future.
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Appendix A

X (r, θ) in Eq. (69) is determined by the following equation.
It should also be noted that X (r, θ) is a regular function of
r and θ and does not have a singularity at any point.

X (r, θ) = 1[
(n2 + m2) cos2 θ − (m − r)2

]2 ν+1

×
{

3 (m2 + n2) cos2 θ

{
ν2 (n2 + r2)2

×(m2 + n2)

[
n4
(
m2 − 20

3
r m

+22

3
r2
)

+ n2
(

40

3
m r3 − 3 r4 − 6m2 r2

)

+11

3
m r4

(
m − 4

11
r

)
− n6

3

]

−24 ν (n2 + r2)

[
n2

2
+ r (m − r

2
)

][
n6
(

4

9
m2

−3 r m + 19

9
r2
)

+ r n4 (m − r)

(
m2 − 62

9
r m

+8

3
r2
)

+ n2
(
r6

3
− 31

9
m r5

+22

3
m2 r4 − 34

9
m3 r3

)

+5

9
m2 r5

(
m − 3

5
r

)
− 2

9
n8
]

− 16

[
n2

2
+ r

(
m

− r

2

)]2[
n4 + n3 (m − 3 r) + 3 n2 r (m − r)

+n r2 (r − 3m) − m r3
] [

n3 (m − 3 r) − 3 n2 r (m − r)

+n r2 (r − 3m) + m r3 − n4
]}

− 3 ν2 (n2 + r2)2

×(m2 + n2)2
[
r6 − 10

3
m r5 + 11

3
m2 r4

−4

3
n6 + n4

(
m2 − 26

3
r m + 19

3
r2
)

+2 n2 r2
(

14

3
m r − r2 − 3m2

)]
+ 72 ν (n2 + r2)

×(m2 + n2) (m − r)

[
n2

2
+ r

(
m − r

2

)]
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×
[
n6

9

(
4m − 13 r

)
+ n4 r

(
m2 − 50

9
r m + 26

9
r2
)

−n2 r3
(
r2 − 40

9
m r + 34

9
m2
)

+5

9
m r5

(
m−2

5
r

)]
−48 (m−r)2

[
n2

2
+r

(
m− r

2

)]2

×
[
n4 + n3 (m − 3 r) + 3 n2 r (m − r) + n r2 (r − 3m)

−m r3
] [

n4 − n3 (m − 3 r) + 3 n2 r (m − r)

−n r2 (r − 3m) − m r3
]}

. (192)
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