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Abstract

This thesis investigated the geomechanical properties of Montney shale using uniaxial compres-

sion, triaxial compression, Brazilian, semi-circluar bending (SCB), straight notched disk bending

(SNDB) and double shear (DS) tests. The volumetric strain method (VSM), crack volumetric strain

method (CVSM), axial strain response method (ASR), and lateral strain response method (LSR)

along with the crack axial and lateral strain method (CALSM) were employed to determine the

crack closure and crack initiation stresses under uniaxial and triaxial compression. The LSR and

ASR methods depend heavily on the initial portion of the stress-strain curve. Thus, at least two

or three methods should be used when determining the crack stress thresholds. The Mode I frac-

ture toughness under con�ning pressure was measured using SNDB samples with crack length to

thickness ratios of about 0.2 and 0.4, respectively. The application of con�ning stress might induce

tensile crack at the top of the SNDB sample with crack length to thickness ratio around 0.4. The

tensile stresses achieved around the crack tip in con�ned SNDB tests under crack initiation load

are close to the tensile strength of the sample and not affected by con�ning pressure. The Mode

I fracture toughness of Montney shale is independent of con�ning pressure. The Mode II fracture

toughness and shear fracture energy of Montney shale were measured using DS tests. The shear

fracture energy values determined from post-peak portion of the axial force-displacement curve are

always higher than those converted from the Mode II fracture toughness. However, with increasing

con�ning pressure, the amount of difference decreases. Under con�ning pressures ranging from 0

MPa to 30 MPa, the Mode II fracture toughness and shear fracture energy increase with con�ning

pressure. For con�ning pressure greater than 30 MPa, the double shear sample tends to behave

ductile, evidenced by the multiple shear fractures branched out from the main shear fracture. Con-

sequently, the double shear test is only suitable for determination of the Mode II fracture toughness

of rock with con�ning pressure below 30 MPa.
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Chapter 1

Introduction

1.1 Statement of the problem

The Montney Formation is a Lower Triassic stratum covering approximately 130,000 km2 in

British Columbia and Alberta as shown in Figure 1.1. Its thickness typically ranges between 100

m and 300 m, increasing westerly from 0 m at the erosional margin of the basin in the east to over

300 m in the west before it outcrops in the Rocky Mountains (AER, 2013; Rivard et al., 2014).

The depth to the top of the Montney Formation also increases to the west from approximately

500 m in the east/northeast to over 4000 m in the west/southwest (Rivard et al., 2014; Ghanizadeh

et al., 2014). The Montney Formation is unconformably overlain by the Doig Formation and

unconformably overlies Carboniferous/Permian strata (Figure 1.2). It dominantly consists of vari-

able amounts of interbedded shale, siltstone and sandstone with varying degrees of dolomitization

(Chalmers and Bustin, 2012). Mineralogically, it is primarily composed of quartz, carbonates and

feldspars with minor quantities of clay of maximum 20% (Ghanizadeh et al., 2014). It is deposited

in an open shelf marine environment. The depositional model for the whole Montney is shown in

Figure 1.3 (Ghanizadeh et al., 2014; Chalmers and Bustin, 2012).

The oil and gas exploration of the Montney’s conventional sandstone and dolostone reservoirs

have started since the 1950s. However, the Montney siltstones remained undeveloped until 2005,

for the reason that the permeability of the tight shale is very low. The pore throats are only 20

times larger than the methane molecule (NEB, 2009). Two key technologies, horizontal drilling

and multi-stage hydraulic fracturing, make the development of the unconventional tight gas eco-

nomically viable (AER, 2013). Hydraulic fracturing is a process in which high pressure �uid is

injected into the formation to create a fracture in the rock, providing a high permeable channel

for the �uid �ow. Horizontal wells with horizontal legs up to two kilometres in length and high
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permeability conduits created by multi-stage hydraulic fracturing alert the �ow regime around the

well and increase the production. During the fracturing treatment, the injection rate, the proppant

concentration, the slurry rate and the bottom-hole pressure are normally monitored.

The exploitation of shale gas utilizing hydraulic fracturing has expanded the oil and gas produc-

tion. However, potential risks to water resources resulting from hydraulic fracturing have arisen in-

tense public debates. The over-extraction of water could result in water shortage. Shallow aquifers,

surface water and shallow ground water, and soil or stream sediments near disposal or spill sites

could be contaminated by hydrocarbons, fracture �uid or wastewater according to Vengosh et al.

(2014). In addition, hydraulic fracturing treatment is normally accompanied with seismic events

with different magnitudes. The microseismicity can be used to monitor the spatial and tempo-

ral distribution of the stimulated fractures while the destructive induced seismicity causes public

concerns. According to Bao and Eaton (2016) and Atkinson et al. (2016), the majority of injection-

induced earthquakes in western Canada has been inferred to be triggered by hydraulic fracturing

based on the temporal and spatial correlation between induced seismicity and hydraulic fracturing

activities. Thus, engineers need a better understanding about the key features of hydraulic fractur-

ing, such as the geometry of the resulting fracture, the treating pressure, the relationship between

the production and the treatment parameters, the interaction between hydraulic fracture and natural

fracture, etc.

Under the assumptions that the hydraulic fracture is planar and propagates perpendicular to the

far-�eld minimum horizontal stress, classical 2D models like Perkins-Kern-Nordgren (PKN) and

Khristianovich and Zheltov-Geertsma-de Klerk (KGD) models, pseudo-3D (P3D) and planar-3D

(PL3D) models are proposed to simulate the geometry and overpressure (difference between the

fracturing pressure and far �eld in-situ stress) of the hydraulic fracture (Economides and Nolte,

2000; Geertsma and de Klerk, 1969; Nordgren, 1972). However, the large fracture network gen-

erated in many shale reservoirs, revealed by microseismic fracture mapping, has rendered the

conventional concept of single hydraulic fracture insuf�cient to capture the hydraulic fracturing
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stimulation performance (Maxwell et al., 2002). Thus, the concept of stimulated reservoir volume

(SRV), the 3D volume of the microseismic cloud, is introduced, aiming to quantify the stimulation

effectiveness. However, it has been shown that the estimation of SRV directly based on the micro-

seismic imaging may not be suf�cient for completion evaluation and optimization because SRV

provides little information about the hydraulic fracture structure, total fracture area and location of

proppant (Mayerhofer et al., 2010; Cipolla and Wallace, 2014).

Although hydraulic fracturing is tensile opening dominated, microseismic is often shear frac-

ture dominated (Maxwell and Cipolla, 2011). In addition, it is observed that there is a transition

from shear to tensile events for a micro-earthquake sequence during hydraulic fracture stimulation

(Eaton and Krebes, 2015). Regarding induced seismicity (seismic event related to human activ-

ities), details about the fault activation process are still not very clear. The mechanism for fault

activation could be stress change due to the elastic response of rock mass or the pore pressure

change due to �uid diffusion (Bao and Eaton, 2016). Zhang et al. (2016) found that shallow fo-

cal depth and non-negligible non-double-couple component, which indicates complex faults, seem

to be the most signi�cant signature of induced earthquake in the Western Canadian Sedimentary

Basin. Abercrombie (1995) found that the stress drop of pressure induced seismicity is lower than

the natural events, which has been implicitly indicated in the conclusion that the fault under enough

�uid pressurization would be ultimately unstable if the background shear stress exceeds the static

residual strength (Garagash and Germanovich, 2012).

1.2 Objective and scope

Fracture mechanics deal with the mechanisms as well as the mechanics of crack growth. There are

mainly two approaches in the understanding of fracture mechanics: (1) the energy-based approach

and (2) the crack tip stress �eld approach. In the energy-based approach, the driving force is the

energy release rate and the resistance of material to fracture is expressed as fracture energy. While

for the stress approach, the driving force is stress intensity factor and the resistance component
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is the fracture toughness. Considering the stress �eld around the crack tip, three are three basic

crack tip displacement modes: Mode I (tensile), Mode II (in-plane shear) and Mode III (anti-plane

shear).

Tensile fracture (Mode I) has to be the dominant fracture mechanism in hydraulic fracturing

because there must be a volume increase to accommodate the injection �uid, and suf�cient frac-

ture aperture is needed to allow the proppant �ow into the fracture. In addition, existing data

indicates that the apparent fracture toughness of rock increases with con�ning pressure. Fracture

toughness of much higher values is needed to obtain a reasonable result in the microseismicity

validated, energy-based hydraulic fracturing modeling by Boroumand and Eaton (2015). In-situ

fracture toughness estimated based on Mini-Frac test shows that the Mode I fracture toughness

KIc in hydraulic fracture treatment is of one order larger than that measured in the laboratory un-

der room condition (Shlyapobersky, 1985). Shear cracking is dominant in seismicity, mainly due

to the presence of high pressure in the crust (Li, 1987). Traditionally, the faulting process of an

earthquake can be described by a number of source parameters, like seismic moment, stress drop,

permanent slip and so on. But these values are not directly related to the physics of the rupture

process. One fundamental parameter that can be used to address the earthquake source dynamics

directly is the shear fracture energy GIIc (Wong, 1982b).

The main objective of this PhD research work is to improve the understanding of the fracture

behaviour of the Montney shale under in-situ con�ning pressure. Accordingly, the thesis will focus

on the following two key aspects:

(1) Determination of the Mode I fracture toughness of Montney shale under con�ning pressure;

(2) Determination of the Mode II fracture toughness and the shear fracture energy of Montney

shale under con�ning pressure.

1.3 Thesis organization

The thesis is divided into 6 chapters.
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Chapter 1 introduces the motivation and objective of this research.

Chapter 2 is literature review. The key aspects controlling the hydraulic fracturing process and

existing hydraulic fracture models are reviewed. Basics about rock fracture mechanics are also

provided.

Chapter 3 gives the uniaxial compression, triaxial compression and Brazilian test results on

Montney shale.

Chapter 4 details the measurement of Mode I fracture toughness of Montney shale under con-

�ning pressure.

Chapter 5 details the measurement of Mode II fracture toughness and the shear fracture energy

of Montney shale under con�ning pressure.

Chapter 6 gives the conclusion and outlook.
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Figure 1.1: Area map of the Montney Formation (AER, 2013). The star indicates the Kwaka area.
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Figure 1.2: The stratigraphic framework of the Montney Formation (Davey, 2012; McLellan et al.,

2014).

Figure 1.3: Depositional model for the Montney Formation (Davey, 2012).
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Chapter 2

Literature review

2.1 Hydraulic fracturing

Hydraulic fracturing is a process in which �uid is injected into the formation to create a pressure

high enough to generate a fracture in the formation. Nowadays it has been widely used to enhance

the permeability of petroleum and geothermal reservoirs. In the oil and gas industry, a complete

hydraulic fracturing process usually consists of four stages: pad, slurry, displacement and �ow-

back. Before the hydraulic fracturing treatment, the casing is perforated and �nger-like holes or

weak points in the formation are created, which produce initial pathway for the hydraulic fractures.

After perforation, fracture �uid with additives, i.e. the pad, is pumped into the wellbore and pres-

surised high enough to initiate and grow fractures in the formation. At the slurry stage, proppant is

added into the �uid. The slurry will extend the hydraulic fractures and transport the proppant into

the fracture, which would keep the fracture open after the treatment. In the displacement stage,

water is pumped to push the remaining proppant into the fracture in order to keep the wellbore

clean. The �ow-back stage begins once the whole length of well is fractured. In this stage, the

pressure at the surface is reduced and the fracture �uid is allowed to �ow back from fracture into

the well (Adachi et al., 2007; Taleghani, 2009).

Due to the complexity of hydraulic fracturing process, it is impractical to build a comprehensive

model, attempting to include all the properties of real formation and treatments. However, in order

to gain a basic understanding of the essential mechanism controlling the hydraulic processes, the

following aspects are indispensable in the governing equations: (1) the force equilibrium equation;

(2) the �uid �ow equation; (3) the proppant transport equation; (4) the leak-off term, accounting

for the �uid interchange between the fracture and reservoir due to pressure gradient across the

fracture; (5) the fracture growth equation.
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The force equilibrium equations are used to calculate the fracture width and the deformation

of the rocks due to the high pressure �uid in the fracture and wellbore. It can be expressed in

either partial differential equations or integral equations. The �uid �ow is usually modelled by

the lubrication theory. The �uid can be assumed to be Newtonian or to follow the power-law

model. A major concern in modeling the �uid �ow is that the viscosity of the injection �uid is

not constant. On one hand, the apparent viscosity of �uid would decrease since the reservoir with

higher temperature will heat up the injection �uid. On the other hand, the existence and various

distributions of proppant particles would also cause the viscosity to change. In addition, this has

much to do with the transport and placement of proppant.

The transport and placement of proppant within the fracture is a big issue in hydraulic fracturing

treatment. The designer must make sure that the proppant goes to the place it intends to be and

will not crush when the �uid pressure drops. The measurement of the distribution of proppant

is de�ned by volumetric concentration, which is the probability of �nding a proppant particle at a

given point in space and time. In order to simplify the modeling, assumptions that the proppant and

�uid are incompressible, the proppant is small compared to the width of fracture and no relative

movement between �uid and particles except gravity-induced settling are made. So lubrication

theory can still be used to describe the behavior of slurry. How to de�ne the viscosity of the slurry

is one of the most challenging problems in the modeling. It will become too complicated to model

the interaction between particles and between particles and �uid, so a modi�ed viscosity of slurry

is introduced to account for all the effects. The expression of the viscosity is:

m = m0(1� cp=cp�)b (2.1)

where m0 is the effective Newtonian viscosity of the clean �uid, cp� is the saturation concentration

which has values of 0.52 and 0.65 for loose and tight packings, respectively. b is a negative

number (usually �3 < b < �1). According to Equation 2.1, it can be seen that the viscosity

would increase with increasing concentration. It is obvious that there are some limitations in this

approach. Lubrication theory is not suitable when the concentration of proppant is so high that
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the slurry behaves more like porous medium or at the regions near the tip of the fracture that the

aperture is comparable to the diameter of the proppant. In addition, no one can guarantee that there

is no slip between the particles and �uids.

As to leak off, the 1-D Carter’s leak-off model, which assumes that the �uid can only �ow

across the fracture perpendicularly, is widely used because of its simplicity. It is valid only if the

non-orthogonal leak-off is negligible just like when the fracture propagates in a speed high enough

to ignore the non-orthogonal leak-off. In highly permeable reservoirs, the non-orthogonal leak-off

is usually very high and the validity of Carter’s leak-off model is questionable.

The fracture propagation criterion is a special kind of boundary condition. Usually, the con-

ventional linear elastic fracture mechanics (LEFM) criterion is used to determine the propagation,

which is enforced by tip element with prescribed width in conformity with the classical square-root

shape. However, because the hydraulic fracture involves the coupling effect of different processes

including the elastic deformation, �uid �ow, fracturing of rock and so on, it is found that it is

viscous dissipation other than toughness dominates the propagation process. Consequently, unreal

fracture footprint will be obtained if tip elements based on the classic square-root solution are used

indiscriminately.

One more important phenomenon needs to be emphasised is the �uid lag. The existence of

a lag between the crack tip and �uid tip has been found in laboratory experiments. In reality,

the �uid front can either be behind or ahead of the fracture tip. For extremely low permeability

formation, �uid lag is more likely to happen. The existence of �uid lag would introduce additional

complication into the modelling. However, recent researches have shown that except for the case

pore pressure is close to con�ning pressure, the exact length of �uid lag has not much in�uence and

�uid lag is important only at early stages of fracturing. Appropriate asymptotic behavior of width

and pressure in the vicinity of fracture front can be employed to represent the �uid lag (Adachi

et al., 2007).
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2.2 Hydraulic fracture models

In conventional reservoirs, the hydraulic fractures are believed to propagate symmetrically as bi-

wing along the maximum in-situ stress direction. Therefore, the following 2D hydraulic fracture

models are proposed.

2.2.1 PKN model

Based on the solution of a crack in a plane given by Sneddon (1946), Perkins and Kern (1961)

proposed the so-called PK model to predict the fracture length with a constant height. Nordgren

(1972) improved this model by taking �uid loss into consideration. So this model is named PKN

model.

In PKN model, the fracture height is constant and much smaller than its length (Figure 2.1).

Thus, this problem can be simpli�ed into a 2D problem in vertical direction. The cross section of

the fracture is assumed to be elliptical. The rock formation is an isotropic, homogeneous and linear

elastic continuum. The �uid �ow within the fracture is laminar and the �uid is Newtonian. In order

to obtain the governing equation, a small section of the fracture is taken out as representative ele-

ment. The difference of the area between the two sides is ignored and all equate to pWh=4 because

the length dx is very small. W and h are the aperture and height of the fracture, respectively.

According to the principle of mass conservation, the volume of �uid �owing in the element

must be equal to the summation of the volume of the �uid �owing out and that remaining in the

fracture due to the expansion or contraction of the fracture cross section. Thus,

¶q
¶x

+ ql +
¶Ac

¶ t
= 0 (2.2)

where q is the volume rate of �uid �ow through a cross section; ql is the volume rate of �uid loss

per unit length and Ac is the cross-sectional area.

Since the �uid is Newtonian, and the �uid �ow is laminar. The �ow rate q can be expressed by
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its width w and height h (the pressure variance along the height of fracture is ignored here).

q =�
pW 3

64m
¶Dp
¶x

; W = wmax (2.3)

where Dp is the pressure difference between in-situ stress and �uid pressure. w can be related to

Dp according to the classic solution of a crack in a plane in the theory of elasticity. m is the �uid

viscosity.

w =
1�n

Sm
(h2�4z2)1=2Dp; jzj � h=2 (2.4)

where Sm and n are shear modulus and Poisson’s ratio of the rock, respectively.

The �uid loss is mainly determined empirically, according to Carter’s 1-D leak-off equation,

ql = 2hul; ul =
C

p
T �T0

(2.5)

where ql is the �uid-loss rate. ul is the loss rate per unit area of fracture surface. C is the �uid-loss

coef�cient. T is the time variable. T0 is the time at which �ow begins.

Substituting Equations 2.3, 2.4, 2.5 into Equation 2.2, the equation governing the width of the

fracture can be obtained as follows,

Sm

64(1�n)mh
¶ 2

¶x2W 4 =
8C

p
p

T �T (x)
+

¶W
¶ t

0� x� L; T > 0 (2.6)

The width and length of the fracture would be estimated through solving Equation 2.6. Detour-

nay et al. (1990) proposed an explicit �nite difference technique with a moving coordinate to solve

this equation.

2.2.2 KGD model

KGD model was developed by Khristianovic and Zheltov (1955) and Geertsma and de Klerk

(1969). The intrinsic thought in this model is more or less similar to that in PKN model except for

some different assumptions. Instead of assuming constant height in PKN model, it assumes that

the width of fracture is identical along the height of the fracture and the length is much smaller

than its height. So in KGD model, the fracture can be simpli�ed into a plane strain problem in
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the horizontal section. For the tip of the fracture, Barenblatt boundary condition based on fracture

mechanics is used.

The case of a linearly expanding fracture in impermeable rock under constant injection rate will

be introduced here (Figure 2.2). Fluid �ow is assumed to be laminar in a narrow space between

two parallel surfaces, so the pressure along the �ow satis�es the following equation.

pw� p =
12mQL

h

Z fL

fLw

d fL

w3 (2.7)

where pw is the �uid pressure at the wellbore; Q is the injection rate; m is the �uid viscosity; h is

the height of fracture; w is the local fracture width and fL = x=L represents the fraction of fracture

extent; fLw is the value of fL at the wellbore.

As to linearly expanding fracture, under plain strain conditions, the analytical solution of frac-

ture width is as follows,

w =
4(1�n)L

pSm
(
Z 1

fL

f2d f2q
f 2
2 � f 2

L

Z f2

0

p( f1)d f1q
f 2
2 � f 2

1

�
p
2

s3

q
1� f 2

L ) (2.8)

where Sm and n are shear modulus and Poisson’s ratio, respectively. f1 and f2 are the fractions of

extent of fracture and s3 is the in-situ tectonic stress.

The boundary condition here is different from that of the PKN model. Based on LEFM, Zheltov

and Khristianovitch, and Barenblatt point out that the faces of the fracture should close smoothly

at the edges. This boundary condition has been proved by Barenblatt that it enables the normal

stress component at the tip is �nite.

(
dw
d fL

) fL=1 = 0 (2.9)

The shape of the fracture can be completely determined by the two governing equations (Equa-

tions 2.7 and 2.8) and the boundary conditions (Equation 2.9). It can be proved that the shape of

the fracture is elliptical.

Mass balance equation is introduced to determine the dimension of the hydraulic fracture.

dVo

d t
= Q�Ql�Sp

dAE

d t
(2.10)
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where Vo is the volume of fracture, Ql is the rate of �ltration loss, Sp is the spur loss and AE is the

total exposed surface area.

2.2.3 Pseudo-3D model and planar 3D model

In order to take layered reservoirs into consideration, pesudo-3D (P3D) models were introduced.

The basic assumption of P3D models is that the hydraulic fracture is planar and normal to the far

�eld minimum horizontal stress. There are two kinds of pesudo-3D models: cell based model and

lumped based model. In the cell based approach, the fracture is divided into a series of connected

cell with varied height and each cell behaves like the PKN or KGD model. As to lumped based

model, the geometry of the fracture is assumed to be two half ellipses connected at the center and

the streamline is from the perforation to the edge of the fracture (Economides and Nolte, 2000).

In order to make the model more realistic, planar 3D (PL3D) models which only have the

assumption that the fracture grows in the plane perpendicular to the minimum horizontal stress

is introduced. In this model, the footprint of the fracture is model by a �xed or moving mesh,

corresponding to Lagrange’s or Euler’s description of movement (Economides and Nolte, 2000).

2.3 Microseismic monitoring and stimulated reservoir volume (SRV)

During the hydraulic fracture process, small earthquakes, with moment magnitude ranging from -4

to 2 would occur caused by the failure of the rock or slips along a fault (Forouhideh, 2011). These

small earthquakes are usually referred as microseismic events. Apart from hydraulic fracture,

microseismic events can also occur during mining, geothermal exploitation, oil and gas production

et al. (Forouhideh, 2011). Similar to natural earthquake, the seismic waves are detected by the

geophones deployed in offset wellbores or buried in shallow depth. The analysis of microseismic

events is mainly based on the traditional seismology theory.

Discontinuities like natural fractures, bedding planes and other weak planes exist in nearly

all reservoirs (Economides and Nolte, 2000). The natural fractures may be cemented or plugged
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by minerals, but they still offer a plane of weakness in the formation. Many researchers believe

that it is the slippages along the discontinuities that induce the microseismic events. Generally

speaking, when a hydraulic fracture approaches a natural fracture, three possibilities may occur.

In the �rst case, the natural fracture has no in�uence on the hydraulic fracture and the hydraulic

fracture continues to propagate just like in intact rock. In the second case, the hydraulic fracture

may be arrested by the natural fracture and would grow along the natural fracture. For the last case,

the hydraulic fracture may reactivate the natural fracture and they interact in a complex manner,

resulting a complex fracture network (Dahi-Taleghani and Olson, 2011).

Due to the interaction between the hydraulic fracture and natural fractures, hydraulic fracturing

in naturally fractured reservoirs will usually result in very complex fracture networks. Microseis-

mic mapping is a powerful tool in describing the properties of these complex fracture network. the

classical description of hydraulic fracture as a symmetrical bi-wing planar crack with the wellbore

in the center is not very applicable in naturally fractured reservoirs. Real-time monitoring of the

hydraulic process becomes imperative and microseismic imaging may have the best resolution to

re�ect the fracture complexity.

The temporal and spatial properties of microseismic events can be used to infer the evolution

of fracture network in real time although the locations of microseismic events do not dictate the

hydraulic fracture directly.

Passive microseismic imaging is employed by Maxwell et al. (2002) to display the hydraulic

fracture process in Devon Energy’s Barnett Shale Gas Field, a typical naturally fractured reser-

voir. The results are given in Figure 2.3. Because seismic waves would attenuate along the travel

path, there exists a minimum detectable magnitude for a given distance between the event and

the receivers. As a consequence, the events in Figure 2.3 are all above a certain magnitude (-2

in this case). The maximum horizontal in-situ stress orients in the NE-SW direction. Normally,

it is believed that hydraulic fracture would propagate along the NE-SW direction. However, the

hydraulic fracture initiated in the NE direction but then moved towards SW. At the end of this
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treatment, three main fractures oriented NE-SW and some other fractures oriented NW-SE.

Another well-known example of complexity of fracture in the Barnett Shale formation is given

by Fisher et al. (2002) as shown in Figure 2.4. In this case, the natural fractures are oriented in

NW-SE direction according to borehole image survey. Both the tiltmeters and microseismic map-

ping have con�rmed that the primary (hydraulic) fractures are oriented in the NE-SW direction. In

order to reveal multiple fracture growth process, according to the temporal sequence of the micro-

seismic events, 40 events are used to �t into a line representing the orientation and length of the

fracture segments based on the linear regression method. The geometry of these fracture network

is con�rmed by the fact that �ve out of the surrounding six nearby wells are temporarily killed due

to the fracture-to-wellbore or fracture-to-fracture intersections.

The above two examples indicate that the 2D planar hydraulic models are incapable to describe

the hydraulic fracture propagation in shale reservoirs (Mayerhofer et al., 2010). The concept of

stimulated reservoir volume, the 3D volume containing the microseismic events, is developed �rst

by Fisher et al. (2004) to correlate the microseismic event cloud to well performance. However,

microseismic events are pretty much shear failure dominated although there are some other cases

in which the focal mechanisms involve dip-slip failure or multiple mechanisms (Mayerhofer et al.,

2010; Maxwell and Cipolla, 2011). This conclusion may be very contradictory with the intuition at

�rst time. Tensile fracture opening is believed to the dominant fracture mechanism in the hydraulic

fracturing because there must be a volume increase in the formation to accommodate the injection

�uid, and enough fracture aperture is needed to allow the proppant �ow into the fracture. The

reason why tensile failure is rare in the focal mechanism solutions is probably because tensile

failure is an aseismic process. An important fact supporting the aseismic process is that the radiated

seismic energy is only a very small portion of the hydraulic energy. According to Maxwell and

Cipolla (2011), it is only about one billionth to one millionth of the hydraulic energy. So there

must be a lot of energy correlated to aseismic process. Temporal and spatial gaps between the

microseismic events is another evidence of the existence of aseismic process in hydraulic fracture
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process. The microseismic activities are not occurring continuously with time or space. They

just occur in certain time and certain points. However, it can be af�rmed that the fracture does

propagate continuously during the treatment because newly created fracture is required to take in

the injection �uid. Only relatively small microseismic events occur along the leading edge of the

fracture, and most of the microseismicity, including the largest magnitude events occurs behind

the leading edge. Thus, the microseismic events cannot give direct information about the hydraulic

fracture effectiveness (Maxwell and Cipolla, 2011). In addition, Cipolla and Wallace (2014) point

out that SRV provides little information about the hydraulic fracture area and conductivity and may

not be adequate for completion evaluation and optimization.

2.4 Energy budget of hydraulic fracturing

From the previous sections, the fundamental problem on how the unconventional reservoir frac-

tures during hydraulic fracturing treatment is still unclear although a lot of insights have been

obtained. No one model can describe the hydraulic fracturing process very well.

Hydraulic fracturing is a very complicated process, making a comprehensive physics-based

model unrealistic. Thus, the energy budget in hydraulic fracturing process can be used to evaluate

the relative importance of the factors in the fracturing process. The conservation of energy during

one stage of a hydraulic fracturing process can be expressed as EI = EG + Ed + Er + El . EI is the

injection energy which mainly comes from the injection of high pressure �uid. EG is the fracture

energy used for the creation of new fracture surfaces in the reservoir. Ed is the deformation energy

corresponding to the deformation of the fracture. Er is the radiated seismic energy and El is the

energy loss due to viscous dissipation. The deformation energy EG is estimated to range from

15%� 80% of the total energy (Boroumand and Eaton, 2012; Warpinski et al., 2012; Maxwell

et al., 2008). In addition, assuming the injection �uid is Newtonian and the �uid �ow in the fracture

is laminar �ow, the dissipation energy El is estimated based on the PKN model but only to �nd to

be about 1�10% of the total injection energy (see Appendix A for details). The energy budget of
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laboratory scale hydraulic fracturing tests on Westerly granite were calculated by Goodfellow et al.

(2015). The deformation energy Ed and the seismic energy Er range from 18� 94% and 7:02�

10�8�1:24�10�4% of the total injection energy, respectively. The deformation energy estimated

in the laboratory is at the high end comparing with the results from the �eld due to the lack of

leak-off and viscous dissipation. Even if the estimation of deformation energy is highly uncertain,

it can be concluded that most of the injection energy contribute to the opening of the fracture. The

fracture energy EG has a signi�cant in�uence on the propagation of hydraulic fracture, like the

geometry of the resulting fracture, the fracture containment, etc (Thiercelin et al., 1989) although

it is only a very small portion of the injection energy.

2.5 Linear elastic fracture mechanics

Fracture mechanics deals with the problems regarding to the propagation of crack in materials.

The conditions under which the crack would propagate were �rst investigated by Grif�th (1921)

based on the theorem of minimum energy and then by Irwin (1958) using the singularity stress

�eld around the crack tip. They are called the energy approach and stress approach, and will be

reviewed below brie�y.

2.5.1 The Grif�th theory

Grif�th (1921) attacked the problem of rupture of elastic solids based on the theorem of minimum

energy by taking the surface energy which occurs in the formation of new surfaces into consider-

ation. In the case of rupture of solids, the theorem of minimum energy states that the sum of the

surface energy, and the potential energy of the applied forces and the strain energy of the body is

diminished or unaltered by the introduction of a crack.

The major dif�culty is that the material would behave non-linearly at the tip of crack. Thus, the

theorem of minimum energy cannot be applied unless the relationship between the surface energy

and the distance of separation is known. Grif�th (1921) circumvents this problem using a less
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direct approach. Consider a linear elastic body with a pre-existing crack subjected to external load.

The nonlinear zone around the crack tip will remain the same with the spreading of the crack, thus

not affecting the change of potential energy. The increase of surface energy can be determined

as the product of the unit surface energy and the increment of surface area. The elastic body and

external load can be treated as a thermodynamic system characterized by the length of the crack if

the displacement of the external load is �xed. The potential energy of the system is the summation

of the surface energy of crack and the elastic energy of the solid. The advance of the crack will

increase the surface energy and reduce the elastic energy. The theorem of minimum energy dictates

that the process will go along the direction that the potential energy of the system should decrease.

As shown in Figure 2.5, a �at homogeneous isotropic in�nite plate of uniform thickness is

subjected to constant normal stress sT . There is an elliptical crack with major axis normal to the

external load. The lengths of the major and minor axis are 2al and 2b (al � b), respectively. The

speci�c surface energy is g . The driving component G, i.e. the change of elastic energy of the plate

by introducing the crack can be given as

G =�p
s2

T
E

a2
l (2.11)

G is called the fracture energy and E is the Young’s modulus.

The resistance component to crack growth, the increase of surface energy by the introduction

of a crack with length 2al is

Se = 4gal (2.12)

The total change of potential energy U(al) can be obtained by adding Equations 2.11 and 2.12

U(al) = G + Se = 4gal�p
s2

T
E

a2
l (2.13)

According to the theorem of minimum potential energy, the critical state is

¶U
¶al

= 0

sT =

s
2gE
pal

(2.14)
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Thus, the maximum tensile stress this plate can sustain is obtained.

Grif�th (1924) tried to extend the theory of rupture of solid to �nd the strength of brittle materi-

als under various load conditions. Because the average strain energy in real test is small compared

with the fracture energy, there must be very severe energy concentrations at the points where the

cracks originate. This stress or energy concentrator could be the small cracks formed during manu-

facture or in the course of subsequent treatment. Consider a solid with a large number of randomly

oriented cracks. The cracks are very small and distribute so far apart that they will not interact with

each other. The solid will rupture once the tensile stress at the edge of one of the cracks reaches

the tensile strength of the material. In two dimension, Grif�th examined the stresses around an

elliptical crack tip in a uniformly loaded plate based on the analytical solution by Inglis (1913)

(Figure 2.6). Assuming that the crack remains open during the load, the maximum tensile stress

is a function of both the position on the crack edge, and the angle between the major axis of the

crack and the direction of maximum compression stress. By differentiation, the maximum stress

could be found and equated to the tensile strength st . As a consequence, the stress states at which

rupture of solid will occur can be given as follow:

(s1�s3)2 = 8st(s3 +s3); if s1 + 3s3 � 0 and

s3 =�st ; if s1 + 3s3 � 0
(2.15)

In conculsion, Fairhurst (1971) summarized the necessary and suf�cient condition for the crack

propagation as follows:

(1) the stress criterion. A solid can only be ruptured by exceeding the inter-atomic cohesive stress;

(2) the energy criterion. The energy necessary to create two new surface area through the solid

must be supplied during the fracture process.

2.5.2 Linear elastic fracture mechanics (LEFM)

The stress �eld around the crack tip will be analysed in this section. As shown in Figure 2.7, a

two dimensional crack is under tension stress condition. The crack is ideal �at, perfectly sharp
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with zero thickness and the solid is linear elastic. In polar coordinate, Westergaard (1939) gives

the stress �eld around the crack tip as follows,

srr =
K
p

2pr
cos

q
2

�
1 + sin2 q

2

�

sqq =
K
p

2pr
cos3 q

2

srq =
K
p

2pr
cos2 q

2
sin

q
2

(2.16)

K = s
p

pal is the amplitude of the near tip �eld and called the stress intensity factor.

In Equation 2.16, it can be found that when r approaches 0, which is the boundary of the

tip, the stress will become in�nite. It is unrealistic to have in�nite stress in real materials. Non-

elastic phenomena like plasticity or atomic-level separation may occur when the stress reaches a

certain value. The zone where non-elastic behaviour happens is called the fracture process zone

(FPZ). The stress �eld given in Equation 2.16 certainly is not valid in the fracture process zone.

Assuming that the size of the zone, rp, in which the non-linear phenomena are active, is much

smaller than the crack length al (the �small scale yielding (SSY)� assumption), the stress outside

the fracture process zone will be well determined by Equation 2.16. Thus, in the small scale

yielding model the stresses in the annulus r > rp and r � a are dominated by the square-root

singular �eld given by 2.16. This is called the �autonomy� principle (Zehnder, 2012) and the

annulus is called the K�annulus or K�dominant zone. Consequentially, the crack tip deformation

and failure is governed solely by K, and the fracture process will be the same for two bodies of

the same material if the stress intensity factor K is the same. This is the essence of linear elastic

fracture mechanics (LEFM) (Irwin, 1958).

In reality, the stress �elds are three dimensional and the crack surfaces are usually curved, but

the problem of crack propagation can be simpli�ed to two dimensional. As shown in Figure 2.8,

a local Descartes coordinate system can be set with the origin on the crack front, axis x pointing

in the direction of crack propagation, y axis normal to the crack surface and z axis tangential to

the crack front. Assuming the crack front is a smooth curve, the stress and displacement �eld

around the crack front are singular in the x and y direction, but smooth in the z direction. That
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is, the partial derivative of any component of the �eld with respect to z could be neglected since

it is small compared to those with respect to x and y. As a consequence, the three dimensional

fracture problem becomes two-dimensional. Based on the tip displacement �eld, the fracture can

be classi�ed into the following three groups: Mode I (tensile), Mode II (in-plane shear) and Mode

III (anti-plane shear) as shown in Figure 2.9. Similarly, the stress �eld in front of the tip can be

obtained from the theory of elasticity (Chen et al., 2009),

s J
i j =

KJp
2pr
� fi j(q) J = Mode I, II, III fractures (2.17)

where fi j(q) is related to the mode of fracture. KJ , the stress intensity factor is determined exclu-

sively by the linear elastic boundary value problem and can be expressed as

KJ = Y �s �
p

al (2.18)

where Y is a function of the fracture shape and loading mode; s is the load; al is related to crack

length; r is the distance to the crack tip.

The maximum stress intensity factor KC a material could sustain is called the fracture tough-

ness. A crack will propagate when the applied stress intensity factor K is greater than the fracture

toughness KC. In small scale yielding condition, it can be proved that the energy release rate is

related to the stress intensity factor as follow,

G =
K2

I
E 0

+
K2

II
E 0

+
K2

III
2Sm

(2.19)

KI , KII and KIII are the Mode I, Mode II and Mode III fracture toughness, respectively. E 0 = E for

plane stress and E 0 = E=(1�n2) for plane strain. Sm is the shear modulus. n is the Poisson’s ratio.

2.5.3 Fracture of brittle rock

There exists a small zone around the crack tip in which the linear elastic theory cannot apply and

this zone is called the fracture process zone (FPZ). In rock mechanics, Hoagland et al. (1973)

showed that extensive microcracks will be produced around the main crack tip prior to and accom-

panying the crack propagation (Figure 2.10). Cracks propagate by the linking of microcracks in
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the fracture process zone. In Figure 2.11, Atkinson (1987) gives an illustration of the development

of fracture process zone and its in�uence on crack propagation.

In order to address the stress singularity around the fracture tip, Barenblatt (1962) has suggested

the ‘cohesive zone’ model for tensile cracks. The cohesive zone is a region, or a narrow band for

simplicity, ahead of the visible fracture tip which non-linear phenomena exist. The model is based

on the atomic viewpoint. Imagine there exist a lot of atomic bonds in the solids. Under external

loading, the atomic bonds would be stretched and eventually break if the load continues to increase.

As a consequence, the sequential separation of the atomic bonds would lead to the propagation of

the fracture. In fact, LEFM and Barenblatt cohesive model are equivalent if the cohesive surface

energy equals the fracture toughness (Rice, 1968).

Ida (1972) and Palmer and Rice (1973) independently extended this idea to account for the

propagation of a shear band, now called the ‘slip weakening’ model. The slip will initiate once the

shear strength tp is reached, and the strength tF(sd) will decrease to a residual value tr as the slip,

sd reaches the slip weakening displacement Dc. Based on the J integral, the shear fracture energy,

de�ned as the work done on the shear band in excess of residual friction, can be given by (Wong,

1982b),

GIIc =
Z Dc

0
(tF(sd)� tr)dsd (2.20)

with tr = tF(Dc). The shear stress drop is de�ned as Dt = tp� tr.

However, seismic events commonly happen along pre-existing faults. Thus, the frictional prop-

erties of rock become indispensable in understanding earthquakes. Laboratory rock friction tests

have shown that the coef�cient of friction depends both on the loading rate and loading history and

it is called the rate-state-dependent friction model, written as (Paterson and Wong, 2005)

f = f0 + a0 ln
v
v�

+ b0 ln
v�Q
Dc

;
dQ
dt

= 1�
vQ
Dc

(2.21)

where f , v, q and Dc are coef�cient of friction, slip rate, state variable and characteristic sliding

distance for the evolution to steady state, respectively; a0 and b0 are frictional parameters; f0 is the

friction coef�cient at the reference rate v�. In a seismic event, Q and v are normally large enough
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to make vQ=Dc � 1. Thus, Equation 2.21 can be approximated by a linear slip-weakening law

(Uenishi and Rice, 2003),

f (s) = fp�
b0

Dc
sd (2.22)

where fp is a constant, representing the peak friction coef�cient. Consequently, the shear fracture

energy similar to Equation 2.20 for fault can also be de�ned.

It can be seen that the behaviour of both intact and pre-fracture rock after peak can be captured

very well in terms of the slip-weakening model. Ohnaka (2013) gives a detailed review regarding

the slip weakening model and the rate-state dependent model. Although it may not be appropriate

to apply these laboratory observations into �eld directly due to the scale difference, it is reasonable

to assume that similar slip-weakening behaviour does govern the real fault slip in seismic events.

2.6 Geological background of Montney shale in Kwaka area, Alberta

The geological description of Montney shale in Kwaka area, where the samples in this study come

from, are provided in details by Kuppe et al. (2012) and Schmitz et al. (2014). According to McK-

ean (2017), the Kawka area lies in a thrust fault regime with principal stresses between 60 MPa

and 70 MPa and pore pressures of approximately 40 MPa. As shown in Figure 2.12, there are

two major depositional systems, i.e. the proximal shoreface deposits (to the east) and the distal

deposits (to the west), which are controlled by their relative position to the paleo-submarine shelf

edge. The thickness of the Montney interval in Kwaka area is around 200 m and can be divided

into two sub-systems: the Upper Monteny and the Lower Montney. The Upper Montney mainly

consists of �ne-to-coarse-grained silts and �ne-grained sands with minor inter-bedded shale, dom-

inated by the proximal Montney deposits. The Lower Montney mainly consists of inter-bedded

shales/mudstones and �ne-grained siltstones. It is dominated by distal deposits and has higher clay

and total organic carbon (TOC) content than the Upper Montney. TOC of Lower Montney gener-

ally averages 0.5% to 1.5%. Grain-size within the Upper Montney tends to be coarser-grained than

those within the Lower Montney interval.
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In McKean (2017), the bulk and grain density of Montney samples from the same well as those

in this study were measured. The bulk density ranges from 2.599 g/cm3 to 2.614 g/cm3 and the

grain density has the range between 2.682 g/cm3 with 2.699 g/cm3. Accordingly, the porosity of

Montney samples can be calculated from bulk density and grain density, and has the values ranging

from 3.12% to 4.09% with a average of 3.44%.

According to Ghanizadeh et al. (2014), the average grain size of Montney samples from Kwaka

area ranges between 31.8 mm and 53.7 mm. The measured bulk density values range between 2.53

g/cm3 and 2.71 g/cm3 while the measured grain density values range between 2.69 g/cm3 and

2.77 g/cm3. Thus, the calculated porosity values for Montney samples range between 2.1% and

6.0%. The pro�le (probe) permeability values corrected for �in-situ� effective stress range from

5:3�10�5 mD to 1�10�3 mD.

CT scan result of Montney shale from British Colombia was provide by Keneti and Wong

(2010). Foliation could be observed, indicating strong anisotropy of the rock sample. However, Jia

et al. (2018) have done CT scan on one Montney sample from well 00/13-28-064-05 W6M in the

Kakwa area at a depth of 3136.50 m (Figure 2.14). No signi�cant lamination feature is found in

the CT scan image and the sample is believed to be homogeneous. Thus, some portion of the shale

samples can still be treated as isotropic material although it is widely thought shale is anisotropic.

From the CT number, the average density and average porosity are estimated as 2.5 g/mm3 and

9.6%, respectively.

2.7 Summary

Hydraulic fracturing is a very complicated process because it involves the coupling of deformation

of rocks, �uid �ow within the fracture, fracture propagation process and so on. Thus, a com-

prehensive model capable of considering all the details of the fracturing process is unrealistic.

Nonetheless, The following 5 key aspects should be considered in order to grasp the essence of the

mechanisms controlling the hydraulic fracturing process: (1) the deformation of the stratum, (2)
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the �uid �ow, (3) the proppant transportation, (4) the �uid leak off and (5) the fracture growth.

In this chapter, the two classic 2D models, namely PKN and KGD models are reviewed in

details at �rst. In these two models, the shape and the orientation of the hydraulic fracture are pre-

de�ned. For small scale hydraulic fracturing, they might be suitable. For heterogeneous formation

or naturally fractured formation, in which non-planar fractures are likely to occur and propagate

in a complicate manner, the assumption that fracture would grow along a �xed plane is question-

able. The complexity of the real hydraulic fracture is revealed by microseismic monitoring and the

concept of stimulated reservoir volume (SRV) is introduced. However, SRV provides little infor-

mation about the hydraulic fracture geometry and conductivity and the fact that the microseismic

events are mainly shear dominated is hard to explain. Thus, it is very important to have a good

understanding of the mechanical behaviour of rock in order to build a good model to describe the

hydraulic fracturing process.
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Figure 2.1: Illustration of PKN model (Adachi et al. (2007)).
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Figure 2.2: Illustration of KGD model (Adachi et al. (2007)).

27



Figure 2.3: Plan view of the stimulation of one well in Barnett shale gas �eld, Texas. This �gure

shows the fracture growth in four different periods: a) 80 min, b) 130 min, c) 190 min, d) end of

the treatment. The maximum horizontal in-situ stress orients in the NE-SW direction (Maxwell

et al., 2002).
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Figure 2.4: Plan view of fracture structure plot from one treatment in Barnett shale. The direction

for hydraulic fracture growth was NE to SW and natural fractures activated in the direction of NW

to SE. Five wells were temporarily killed during the hydraulic fracturing treatment (Fisher et al.,

2002).
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Figure 2.5: Homogeneous isotropic plate with an elliptical crack under constant far �eld normal

stress load. There is major axis of the elliptical crack is normal to the external load. The lengths of

the major and minor axis are 2al and 2b (al � b), respectively. sT is the far �eld stress.
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Figure 2.6: Inclined Grif�th crack in a compression stress �eld. s3 and s1 are the principal stresses.
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Figure 2.7: Finite crack of length 2a in an in�nite body under uniform tension. The crack is ideal

�at, perfectly sharp with zero thickness. sT is the far �eld stress.
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Figure 2.8: De�nition of local coordinate at a 3D crack tip (Zehnder, 2012). Axis x pointing in the

direction of crack propagation, y axis normal to the crack surface and z axis tangential to the crack

front.
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Mode I
tensile opening

Mode II 
in-plane shear

Mode III
out-of-plane tearing

Figure 2.9: Illustration of three fracture modes (Atkinson, 1987).

Figure 2.10: Fracture process zone manifests itself by elliptical zone of penetration of resin around

the main crack (Hoagland et al., 1973). The sample has been impregnated with an epoxy resin.
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E. Further crack extension by 
     migration of the fracture 
     process zone 

D.  Fracture process zone fully 
     developed and crack extension

C. Intense microcracking

B. Microcracking initiation

A. Artificial notch with isolated
     microcracks

Figure 2.11: Illustration of the development of the fracture process zone in rock (Atkinson (1987)

and Eberhardt (1998)). External load increases from A to E. Cracks propagate by the linking of

microcracks in the fracture process zone.
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Figure 2.12: Montney Facies (Schmitz et al., 2014). The rock samples used in this study comes

from Kwaka area, Alberta.

34



Figure 2.13: CT scan image of Montney sample from British Colombia. Foliations in Montney

cores observed, indicating strong anisotropy of the rock sample (Keneti and Wong, 2010).

Figure 2.14: CT scan images of Montney sample from well 00/13-28-064-05 W6M in the Kakwa

area at a depth of 3136.50 m (Jia et al., 2018).
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Chapter 3

Basic geomechanical properties of Montney shale

Several basic tests are conducted on Montney shale to obtain some fundamental parameters and

a preliminary understanding of the geomechanical properties. The uniaxial and triaxial compres-

sion tests are used for the determination of Young’s modulus, Poisson’s ratio and peak strength.

Brazilian tests are employed for the tensile strength and tensile modulus.

3.1 Stages in brittle failure of rock

Failure of rock under stress constantly attracts a lot of attentions both from geologist and engineers

(Brace, 1964). Generally speaking, two categories of approaches can be used to develop the the-

ory of brittle failure (Paterson and Wong, 2005): (1) the phenomenological approach and (2) the

rational approach.

In the phenomenological approach, empirical criteria of failure based on particular types of

experiments are provided. The Mohr-Coulomb and Hoek-Brown criteria are good examples. These

criteria can be very useful in the practice but little information about the physical mechanisms of

failure can be given.

As for the rational approach, the essential aspects of the physical mechanism of failure are

used as the foundation in the development of the failure criteria. The Grif�th theory of failure is

the epitome of this type.

The fundamental assumption of the Grif�th theory is that crack-like �aws are ubiquitous in the

brittle materials like rocks and concretes, which has been proven in Brace et al. (1972). Under

even small external load, there is enormous stress concentration around the crack tip. The failure

of the rock is governed by the initiation and growth of the cracks (Grif�th, 1924). An important

modi�cation to the original Grif�th theory is given by McClintock and Walsh (1962), in which the
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effects of the closing of the cracks and the frictional effects are considered. However, the Grif�th

theory and its modi�cation cannot predict the strength correctly because only the initiation of the

crack is accounted for. Under tensile condition, the sample will fail catastrophically once the crack

initiates. However, the crack can propagate stably after its initiation under triaxial compression.

So it is concluded that the brittle failure of rock is ‘the culmination of a progressive development

of cracking during loading’ (Paterson and Wong, 2005).

Taking the fracture of rock as a progressive development of cracking, which �nally leads to

macroscopic fracture of the rock, the progressive failure of rock can be divided into �ve stages

as shown in Figure 3.1. Bieniawski (1967b) considered the kinetic energy associated with the

movement of the extending crack and gave a correlation between the crack velocity and crack

length in the different stages as given in Figure 3.2. The �ve stages, correlating the behaviour of

the ‘Grif�th’ cracks in the material, are as follows:

(I) Closure of the existing microcracks

(II) Linear elastic deformation

(III) Crack initiation and stable crack growth

(IV) Crack damage and unstable crack growth

(V) Peak and post-peak behaviour

3.1.1 Stage I - closure of the existing microcracks

Stage I is called the crack closure stage, in which the stiffness of the sample gradually increases.

This behaviour is usually attributed to the closure of existing cracks. It is most recognizable in

the deviator stress-axial strain curve while the deviator stress-radial strain curve remains linear.

The mineral grains deform elastically and the grains or parts of the grains shift slightly and slide

relative to each other (Walsh, 1965a). There is no hysteresis in the deviator stress versus volumetric

strain curve (Walsh, 1965b). The extent of this stage depends on the initial crack density and crack

geometry. This stage is the most pronounced in uniaxial compression. Under triaxial compression,

many of the cracks will close in the isotropic compression stage, making it not noticeable. The
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stress at the end of this stage is called the crack closure stress scc. It can be used as an index to

quantify the initial crack density, which could be used to estimate the sample disturbance (Peng

et al., 2015a,b).

3.1.2 Stage II - linear elastic deformation

Stage II is believed to be linear elastic behaviour. Both the deviator stress-axial strain and deviator

stress-radial strain curves are linear. The linear elastic material parameters like Young’s modulus

and Poisson’s ratio can be determined (Martin, 1993). However, the rock is not an elastic material

in this stage because hysteresis loops are always found in the tests (McKean, 2017). Relative

sliding of crack faces, resulting in the creation of stable vertical cracks along the microcracks was

suggested by Bieniawski (1967a) to explain the hysteresis behaviour. However, little evidence

about activity at shear cracks has been found in the microscopical studies according to Paterson

and Wong (2005). Thus, these inelastic behaviours are considered to be the premonitory leading

the crack initiation stage.

3.1.3 Stage III - crack initiation and stable crack growth

Stage III is marked by the onset of the crack growth. This stress is called the crack initiation

stress sci. In this stage, inelastic behaviour begins and the volume begins to increase relative

to the elastic deformation. This volume increase comes from the formation and propagation of

microcracks uniformly throughout the samples. Based on elastic wave speed measurements and

microscopical studies (Paulding, 1965), these cracks are predominantly open cracks parallel to the

maximum compression stress direction. As a consequence, the deviator stress-axial strain curve

will remain linear and the radial strain curve will become nonlinear. The crack initiation stress is

suggested as a lower bound for the spalling strength by Martin and Christiansson (2009). It can

also be used to estimate the tensile strength and Hoek-Brown m parameter (Cai, 2010).

Two types of crack propagation, namely stable and unstable crack propagation exist after the

crack initiation (Bieniawski, 1967b). For stable crack propagation, there exists a de�nite relation-
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ship between the crack length and the applied stress and the crack propagation stops once the load

stops. If other parameters also in�uence the crack propagation, it is unstable crack propagation.

Taking the kinetic energy associated with the crack face movement into consideration, the crack

velocity will increase �rst slowly then rapidly with increasing crack length before a terminal ve-

locity has achieved. Thus, the turning point of the crack velocity versus crack length curve marks

the transition from stable to unstable crack propagation. In this stage, the crack propagates stably

and the effect of crack velocity is negligible.

3.1.4 Stage IV - crack damage and unstable crack growth

The reversal of the total volumetric strain marks the beginning of unstable crack growth (stage

IV). This stress is called the crack damage stress scd . This stress level is found to be the long

term strength of rock (Bieniawski, 1967b; Martin, 1993). The relationship between the deviator

stress and axial strain becomes nonlinear, which indicates relative sliding along �aws and grain

boundaries beyond this stress. The sudden increase of volumetric strain is due to shattering of

the grains. In this stage, the crack can propagate unstably even the stress remains constant. The

governing factor in the unstable fracture propagation is the crack velocity (Bieniawski, 1967b).

3.1.5 Stage V - peak and post-peak behaviour

The peak strength marks the beginning of post-peak behaviour. This strength can be used to �t the

strength envelop.

3.1.6 Discussion

In the work by Brace (1964) and Brace et al. (1966) as shown in Figure 3.3, the behaviour of rock

after crack initiation is divided into two stages: stage III - homogeneous crack growth and stage

IV - localised deformation.

In the homogeneous crack growth stage (stage III), the microcracks proliferate and propagate

fairly uniformly throughout the whole sample. The increase number of the inclined cracks and
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some degree of localization found in this stage are regarded as the transition to the localised defor-

mation in the next stage (Paterson and Wong, 2005).

In the localised deformation stage (stage IV), the microcrack development and deformation

starts to localize, leading to the formation of a shear fracture and �nally macroscopic fracture. In

addition to the predominant axial microcracks, the number of inclined cracks also starts to increase.

Actually whether the transition from homogeneous to localized deformation occurs before or after

the peak is still not clear. Observations from acoustic emission results and microscopic images

indicate that the onset of shear localisation is after the peak (Wong, 1982a; Lockner et al., 1991).

However, strain and surface deformation measurement reveal a different answer (Chen et al., 2009).

3.2 Determination of crack closure, initiation and damage stresses

Techniques have been developed to determine the stress thresholds. Since these thresholds are

closely related to the behaviours of cracks during the tests, thus any technique which can detect

crack growth might be employed to determine these stress levels. The two most common methods

for detecting the stress levels are the acoustic emission method and the strain measurement method

(Eberhardt et al., 1998). Ghazvinian (2010) suggested that the acoustic emission method could

give more accurate stress levels after comparing these two methods. However, the instruments

required for the acoustic emission monitoring are not available in this study. Thus, only the strain

measurement method will be reviewed here.

The peak strength sc and crack damage stress scd might be the most recognizable. sc is the

maximum deviator stress achieved. scd is the deviator stress level where the the total volumetric

strain reverses. The crack damage stress can also be determined as the point where the deviator

stress-axial strain becomes nonlinear (Bieniawski, 1967b). As a consequence, most of the attention

are focused on the determination of crack closure stress scc and crack initiation stress sci.
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3.2.1 Volumetric strain method

Dilatatancy of rock under high con�ning pressure is �rst studied in detail by Brace et al. (1966).

The crack closure stress scc is determined as the deviator stress where the deviator stress-volumetric

strain starts to become linear and the crack initiation stress, sci, is the stress level when the linear

region ends. For high porosity rocks or rocks with large volume of cracks prior to testing, the rock

always exhibits non-linear behaviour, which makes it very hard to determine E and n . Under this

condition, the dilation can be de�ned as the difference between the observed volumetric strain and

the volumetric strain under the same mean stress ((s1 + 2s3)=3). The crack initiation stress is the

stress where these two volumes become different (Wong et al., 1997).

Noting that it is very dif�cult to identify the crack closure and crack initiation in the deviator

stress versus volumetric strain curve, particularly for samples with a high density of microcracks.

Martin (1993) proposed that the crack initiation stress can be determined using a plot of crack

volumetric strain versus axial strain. The crack volumetric strain ecv is the difference between the

total volumetric strain ev and the elastic volumetric strain ee as given in Equation 3.1.

ecv = ev� ee (3.1)

By subtracting the elastic volumetric strain from the total volumetric strain, the behaviour of the

microcracks becomes manifest. The volumetric strain ev can be calculated using the axial stain e1

and radial strain e3 as follows,

ev = e1 + 2e3 (3.2)

The elastic volumetric strain ee can be determined based on the linear elastic constants (E, n)

determined from the linear elastic stage as follows,

ee =
1�2n

E
(s1�s3) (3.3)

There exists a horizontal line in the plot of crack volume strain versus axial strain. The stress at

which the horizontal line starts is scc. The stress at which the horizontal line ends is sci. This

41



method is criticized by Eberhardt et al. (1998) because the uncertainty in the determination of

Poisson’s ratio due to the nonlinearity of the lateral strain.

3.2.2 Lateral strain method

The lateral strain is found to be more sensitive than the axial stain to the crack growth before the

crack damage stress. By measuring the compressibility of rock sample before and after fracture

initiation under uniaxial and triaxial compression, it has been found that the axial compressibility

is only slightly higher than that before the fracture initiation while the lateral compressibility is

much higher after fracture initiation. It indicates that the cracks propagate predominately in the

direction of maximum compression (Paulding, 1965). In addition, Martin (1993) states that only

the lateral strain deviates linearity in the stable crack growth stage. Therefore, Bieniawski (1967b)

and Lajtai (1974) proposed that the cracks initiation stress can be determined as the point where

the lateral strain curve departs from linearity.

Stacey (1981) takes the point where the plot of lateral strain versus axial strain starts to become

nonlinear as the crack initiation stress. Diederichs (2007) suggested that the change in Possion’s

ratio can be used to identify the crack initiation stress.

Based on the work by Stacey (1981) and Diederichs (2007), Nicksiar and Martin (2012) pro-

posed the Lateral Strain Response method (LSR). In this method, a reference line, which connects

the damage stress point and the origin on the deviator stress versus lateral strain plot, is required.

The point corresponding to the maximum difference between the lateral stain and the reference

line is the crack initiation stress sci.

3.2.3 Axial strain method

The crack closure stress scc is determined as the point where the axial strain starts to change from

non-linear to linear behaviour on the deviator stress-axial strain curve (Eberhardt, 1998).

Using similar approach as the LSR method, Peng et al. (2015a) proposed the axial strain re-

sponse method (ASR) to identify the crack closure stress. The crack closure stress scc is the stress
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corresponding to the maximum difference between the axial strain and the reference line, which

connects the damage stress and the zero stress point on the deviator stress versus axial strain plot.

3.2.4 Crack axial strain and crack lateral strain method

According to Section 3.1, the axial and radial strains behave differently in different stages. The

lateral strain behaves linearly from stage I to stage II and starts to become nonlinear after the crack

initiation stress has reached. For the axial strain, it behaves nonlinearly until the crack closure

stress and remains linear until the crack damage stress. So it is very dif�cult to determine the

linear elastic stage correctly if only one of the axial strain and the radial strain is used.

To reveal the behaviours of the cracks in the axial and lateral directions, a new method called

the crack axial strain and crack lateral strain method are proposed similar to the crack volumetric

strain method. As shown in Figure 3.4, the crack axial strain is calculated as follows. First, the

slope of the deviator stress-axial strain is determined from the linear portion of the curve. This

elastic axial strain is subtracted from the total axial strain. Then, the axial strain caused by the

microcracks is determined. For the crack lateral strain, similar approach can be followed. The

slope for the linear portion of the deviator stress-lateral strain line is determined �rst. Then, the

crack lateral strain caused by the microcracks can be calculated by subtracting the lateral elastic

strain from the measured lateral strain. The deviator stress versus crack axial strain and the deviator

stress versus crack lateral strain curves are ploted as shown in Figure 3.4. It clearly shows that the

initial portion of the crack lateral strain curve and the middle portion of the crack axial strain curve

are linear. Thus, the linear elastic portion can be easily identi�ed. Then the Young’s modulus and

Poisson’s ratio can be calculated. As a consequence, the crack volumetric strain can be calculated

and the crack closure, initiation and damage stresses can be determined.
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3.3 Samples, testing apparatus and data acquisition system

3.3.1 Sample preparation

Core plugs were obtained from core samples at Alberta Energy Regulator (AER) Core Research

Center. The well is 7GEN HZ Kakwa 13-28-64-5M6. In order to simplify the problem considered,

the locations where the core plugs are extracted are small intervals in which the rocks are homo-

geneous as shown in Figure 3.5. Core plugs were drilled from 5 depth intervals, namely 3037.58

- 3037.88 m, 3045.64 - 3047.06 m, 3084.53 - 3088.53 m, 3133.90 - 3142.70 m and 3246.02 -

3246.64 m.

In total, three sets of samples were drilled. They are all 38 mm in diameter and about 76

mm in length. The �rst set of samples are samples with labels V, H and S, which indicate vertical,

horizontal and 45� inclined plugs, respectively. They were cored in the University of Calgary (U of

C) laboratory using water as the drilling �uid (Figure 3.6). The second set of samples are samples

with label ‘7G2’. They were all vertical plugs drilled in CoreLab using cooling nitrogen gas as

the drilling �uid. The third set are samples with label ‘7G3’. They were vertical plugs drilled

by Trican Geological Services Inc. (Trican) with brine as the drilling �uid. All the samples were

polished manually with a �at lap grinder as shown in Figure 3.8 to make the two ends �at and

parallel according to speci�cation of ASTM D4543-08 (2008).

Micrographs of rock sample 2H1 and 2V5 are shown in Figure 3.7. From the �gures, it can be

seen that the samples are very homogeneous. In addition, McKean (2017) stated that the Montney

formation samples from 3149 m were relatively isotropic according to the stiffness matrix calcu-

lated from the triaxial tests. The CT scan result provided by Jia et al. (2018) also indicates that

Montney sample could be quite homogeneous. Thus, the Montney core plugs will be treated as

homogeneous isotropic material in most of this study.
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3.3.2 Testing apparatus and data acquisition system

Three load frames were used in the test. They are the 50 kN, 100 kN and 2.2 MN load frames as

shown in Figure 3.9. The 50 kN load frame is a Digital Tritest 50 Load Frame. The 100 kN load

frame is a MTS servo-control load frame with a 100 kN load cell (Mode 661.21A-03), and it is

controlled by the MTS FLexTestTM SE Controller. The 2.2 MN load frame is a hydraulic MTS

load frame (Mode 311.41.360) with 3.5 MN MTS load cell (Mode 661.32.100). The con�ning

pressure is provided by the GCTS HPVC-70 con�ning pressure intensi�er system, and the whole

system is controlled by GCTS SCON-2000 digital system controller.

The cell used for con�ned tests is the Hoek cell shown in Figure 3.10. It is a Mode 45-D0554

Hoek cell made by Controls Group and suitable for 38 mm diameter samples.

Micro Measurements EA 06-250BG-120 strain gauges, with a resistance of 120:0� 0:15%

Ohms and gauge factor of 2:135�0:5% were used. Quarter Wheatstone bridge was used to mea-

sure the strain. Finally, all the sensors used were connected to Datascan 7010 Measurement Pro-

cessor, and the data were recorded automatically with a computer.

3.4 Uniaxial and triaxial compression tests

3.4.1 Test setup

Thirteen uniaxial compression tests (2H1, 2H2, 2V5, 2S3, 7G2-1, 7G2-2, 7G2-8, 7G2-13, 7G2-14,

7G2-15, 7G3-1, 7G3-2, 7G2-22) and 4 triaxial compression tests (2V2 at 10 MPa, 2V1 at 20 MPa,

2V3 at 40 MPa, and 2V6 at 55 MPa) were conducted on the core plugs. The basic information of

all the samples are shown in Table 3.1.

Samples 2H1, 2H2, 2V5 and 2V1 were tested in BitCan Geosciences & Engineering Inc. For

uniaxial compression tests, four strain gauges (2 horizontal and 2 vertical) were used to measure

the strains during the tests. For triaxial test, 2 axial and 1 radial LVDT were used to measure the

axial and radial displacements, respectively. GCTS controller was used to control and acquire the

data. The data scan rate for these tests was 0.2 Hz.
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Tests on samples 7G2-1, 7G2-8 and 7G2-15 were carried out with the 100 kN load frame, so

it was unable to fail these samples. Load control was used during the test. The loading rate was 8

kN/min. The loading path for sample 7G2-1 was 0-80 kN-0-80 kN-0 while the others were 0-90

kN-0. The data scan rate was 1 Hz.

All the other tests were conducted using the 2.2 MN load frame in the U of C laboratory.

Brazilian test has been carried out on 7G2-14 before the UCS test and epoxy (Devcon No. 14250)

were used to glue the two halves of 7G2-14 together. Thus, the result of 7G2-14 is just a reference.

For uniaxial compression tests, lubricant grease was used between the platen and rock surface to

reduce the friction. Displacement control was used and the rate was 0.1 mm/min for all the samples

except sample 2S3. Sample 2S3 had a loading rate of 0.05 mm/min. Because the loading rate was

controlled by the load frame LVDT, the real loading rate should be lower than that was assigned.

The Hoek cell was used in the triaxial tests. The con�ning pressure was provided with Enerpac

hand pumps so the con�ning pressure would build up a little during the tests due to the dilation of

the rock samples. In both tests, two sets of strain gauges (2 horizontal and 2 vertical) were used

to measure the strains during the tests. The data scan rate was set to be 2 Hz. The axial and radial

strains are the average values of the two strain gauges, respectively.

3.4.2 Uniaxial and triaxial test results and discussion

Photographs were taken on the failed samples after the uncon�ned and triaxial compression tests

and given in Figure 3.12 and 3.14, respectively. In addition, the fracture pattern of samples 2S3,

7G3-1 and 7G3-2 are given in Figure 3.13. The test result of sample 2V6 was not included because

there was some leakage of mineral oil during the test and it failed under a very low deviator stress.

In addition, the wires connecting to the strain gauges of sample 2V6 were cut during the test

process. An inclined fracture cut across one vertical strain gauge of sample 2S3 during the test,

making the vertical strain reading unrealistic. One radial strain gauges connecting to 2V5 was not

working properly during the last stage of test.

For almost all the UCS tests, the sample fails in an explosive fashion, breaks into pieces and
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some of the pieces �ew several meters away from the load frame. Most of the fractures are parallel

to the maximum stress direction. These indicate that the UCS samples are failed by axial splitting.

It can also be proved by the test result of sample 7G2-14. Samples 7G2-13 and 7G2-14 are very

close in depth, but 7G2-14 is much stronger and stiffer than 7G2-13. Sample 7G2-14 is made up

of 2 semi-circular halves glued together, which prevents the development of vertical fracture and

strengthen the sample. For the triaxial compression test, there is always one inclined dominating

fracture, with very high angle. The fracture angle decreases with increasing con�ning pressure

(Figure 3.14).

The Young’s modulus E and Poisson’s ratio n were determined using the least square method

based on manually selected linear portion of the primary loading stress strain curve. Engineering

stress and strain were used in the calculation. The strength sc is the maximum deviator stress

achieved. The results are given in Table 3.2. First of all, the results of uniaxial compression tests

are considered. Along the well depth, the Young’s Modulus has the highest value at the top (sample

7G2-2) and bottom (sample 7G2-22), around 50-60 GPa. For all the other samples, the Young’s

modulus ranges from 27.3 GPa to 37.7 GPa. The Poisson’s ratio ranges from 0.17 to 0.36. For the

vertical samples, the uniaxial compression strength is quite consistent along the depth, having the

value of 200 MPa except sample 2V5, which has a strength of 161.5 MPa.

Comparing the results of samples 2V5, 2S3, 2H1 and 2H2, which all come from the same

depth interval (3045.90 - 3046.55 m), it can be seen that the rock is the strongest in the vertical

direction (sample 2V5) and weakest in the horizontal direction (sample 2H2). The Young’s mod-

ulus has similar values in different directions but the Poisson’s ratio of the horizontal samples has

the smallest value (2H1 and 2H2). In addition, the Young’s modulus increases with increasing

con�ning pressure while the Poisson’s ratio is not very sensitive to the con�ning pressure.

Based on the results of samples 2V2, 2V1, 2V3 and 2V5, the Mohr - Coulomb strength and

Hoek - Brown strength criteria are employed to �t the data. For the details of the �tting method,
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please refer to You (2011). The �tting result using Mohr - Coulomb criterion is (unit in MPa):

s1 = 210:20 + 7:59s3 (3.4)

The tensile strength is predicted to be �27:68 MPa. The cohesion is 38:14 MPa and the friction

angle is 50:14�

The �tting result using Hoek-Brown criterion is (unit in MPa):

s1 = s3 + 182:51
r

26:01
s3

182:51
+ 1 (3.5)

The tensile strength is predicted to be �7:01 MPa.

3.4.3 Crack closure stress and crack initiation stress

The volumetric strain method (VSM) (Brace et al., 1966), crack volumetric strain method (CVSM)

(Martin and Chandler, 1994), axial strain response method (ASR) (Peng et al., 2015a) and lateral

strain response method (LSR) (Nicksiar and Martin, 2012) and the crack axial strain and crack

lateral strain method (CALSM) proposed in this study are used to determine the crack closure

stress scc, and crack initiation stress sci. The results are given in Tables 3.3 and 3.4. The details

about the calculation are given in Appendix E.1. Along with the crack closure stress scc and crack

initiation stress sci, the mean, standard deviation (SD) and coef�cient of variation (CoV) are also

provided.

For all the methods used, the crack damage stress is determined as the deviator stress where

the volumetric strain reverses. It is found that scd=sc ranges from 0.67 to 0.86, which is consistent

with the results by Martin and Chandler (1994). The crack damage stress and strength are identical

for samples 2H1 and 2H2. This phenomenon is also found by Martin and Chandler (1994), which

partially explains why these two samples have relatively low strength.

The crack closure stress scc for the uniaxial compression tests ranges from 48.8 MPa to 58.9

MPa. The crack initiation stress sci for uniaxial compression tests range from 89.4 MPa to 102.3

MPa. Both scc and sci increase with con�ning pressure considering the test results of the con�ned
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tests. The values of scd=sc, scc=sc sci=sc are insensitive to con�ning pressure and have the values

around 0.80, 0.25 and 0.50, respectively.

3.5 Brazilian test

Totally 9 Brazilian tests were conducted. The basic information of the samples are given in Table

3.5. Samples 7G2-9, 7G2-11, 7G2-14 and 2S1 were tested with 100 kN load frame. Displacement

control was used and the displacement rate was 0.05 mm/min. The other samples were tested with

the 2.2 MN load frame. For sample 7G2-8-2, displacement control with rate 0.1 mm/min was

used. Samples 7G2-1-1, 7G2-8-2, 7G2-17-4, 7G2-21-1, 7G2-21-2 were tested with load control

and the loading rate was 5 kN/min. Wood chips were used for all samples except sample 7G2-9 to

eliminate the stress concentration at the contact points. Two strain gauges were pasted in the centre

of the disc to monitor the strain. One strain gauge was put horizontally to measure the horizontal

strain, and the other was pasted vertically to measure the vertical strain. The data for Brazilian

tests are given in Appendix E.2.

The tensile strength can be calculated using the maximum force attained

st =
2Fmax

pDl
(3.6)

where st is the tensile strength. Fmax is the maximum force achieved. D is the diameter of the

sample and t is the thickness of the sample.

According to Ye et al. (2009), the tensile modulus Et can be calculated based on the horizontal

strain gauge

Et = Es

��
1�

D
LG

tan�1 2LG
D

�
(1�n)+

2D2(1 +n)
4L2

G + D2

�
= AEs

Es =
2F

pDtet

As =
�

1�
D
LG

tan�1 2LG
D

�
(1�n)+

2D2(1 +n)
4L2

G + D2

(3.7)

where F is the load applied. t is the thickness of the sample. LG is the half length of the strain

gauges at the center of the disc (4 mm). D is the diameter of the sample. n is the Poisson’s ratio.
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The parameter As is called the shape factor. The splitting modulus Es is determined as the slope

of linear section in the splitting stress-tensile strain curve. However, there is no obvious linear

section in the splitting stress-tensile strain curve for all the test results. Thus, Es is determined by

the following formula according to Ye et al. (2009):

Es =
(1=2)st

et
(3.8)

For the compressive modulus, it is calculated based on the vertical strain gauges according to

Keneti and Wong (2011).

E =
�

1 +
n
3

� 6F
pDtevt

=
�

1 +
n
3

�
Ec

Ec =
6F

pDtevt

(3.9)

where Ec is determined by manually picking the linear portion of the stress-evt curve. The value of

Poisson’s ratio n must be obtained from the result of the uniaxial compression test in Table 3.2.

3.5.1 Tensile strength and tensile modulus

The test results are provided in Table 3.6. The tensile strength is quite uniform along the depth, and

ranges from 13.6 MPa to 21.7 MPa. The tensile strength of sample 7G2-8-2 has an unrealistically

high value of 33.2 MPa, which might result from the high displacement rate (0.1 mm/min).

The tensile modulus calculated from the splitting modulus is about 0.56 - 0.93 of the Young’s

modulus measured from the uniaxial compression test. However, the Young’s modulus calculated

from the vertical strain gauge seems questionable and have a considerable discrepancy with the

Young’s modulus from uniaxial compression test.

3.5.2 Mode I fracture toughness estimated from tensile strength

Empirical correlation between Mode I fracture toughness KIC and tensile strength st through

Brazilian testing are provided by Whittaker et al. (1992) and Guo et al. (1993). However, Guo’s

method is questioned by Zhao et al. (1994). The relationship by Whittaker et al. (1992) based on
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the test results of Welsh limestone is as follows,

KIC = 0:27 + 0:107st (3.10)

st and KIC should have the units of MPa and MPa
p

m.

Based on Equation 3.10, the Mode I fracture toughness could be estimated and the results are

given in Table 3.7.

3.6 Discussion

3.6.1 Comparison with published data

(1) Test results of Montney in the Farrell Creek, northeast British Columbia

In Keneti and Wong (2010, 2011) and Keneti (2011), 5 Brazilian tests, 4 diametrical point

loading tests, 2 uniaxial compression test and 4 double shear tests were carried out to investigate

the geomechanical properties of the Montney shale. The samples were extracted from the depth

ranging from 2318.24 m to 2320.58 m of a vertical well in the Farrell Creek Montney gas �eld of

Talisman Energy in northeast British Columbia. Results indicate that the Montney shale exhibits

a high anisotropy in tensile strength. The tensile strength in the horizontal direction (from the

Brazilian tests) have a range of 6-15.3 MPa, dominated by the bond strength of the intact structure

while the tensile strength in the vertical direction (from point load test) is controlled by the existing

natural beddings, ranging from 0.7 MPa to 2.8 MPa. The measured uniaxial compression strength,

Young’s modulus and Poisson’s ratio (from uniaxial compression test) are 99 MPa, 25 GPa and

0.1, respectively. The bimodularity of Montney was investigated by mounting two pairs of strain

gauges, one vertical and the other horizontal, at the the center of the Brazilian disc on both faces.

The tensile modulus is about 31 GPa whereas the compressive modulus is 40 GPa. From the

double shear tests, the cohesion and the peak friction angle was found as 2 MPa and about 40�,

respectively.

In McLellan (2012), 12 direct shear tests were done on intact and parted, dry bedding planes of
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the Montney and Doig Formations. The samples used for tests were vertical core sections from a

depth interval between 2239 and 2482 mKB TVD of the well Talisman Altares 16-17-83-25W6M.

The average peak friction angle is 42� and the cohesion is 1.5 MPa. The average residual friction

angle is 27.6� and the residual cohesion is 1.5 MPa. In addition, the results of 15 uniaxial and

triaxial compressive tests on Montney, Doig and Doig Phosphate Fromations, C-85-I/94-B-01 are

provided and the results are retrieved and given in Table 3.8. The cohesion is about 56 MPa, and

the upper and lower bound friction angles are 44� and 35�, respectively.

Ninety-two triaxial and uniaxial compression test results of Farrell Creek Montney have been

provided as Mohr circles by McLellan et al. (2014). These core plugs are all horizontal core plugs,

from 5 wells, which locate in the Farrell Creek Montney gas �eld in northeast British Columbia.

The depth information of the core plugs and sample dimensions are not given. From these tests,

the peak cohesion is 21.2 MPa and the peak friction angle is 47�. The calculated UCS is 107.5

MPa. Eighty-eight data points are digitized from the graph and given in Table 3.9. and shown in

Figure 3.19. The Young’s modulus are between 10 - 35 GPa. Only one sample has a higher value

of about 42 GPa.

(2) Test results of Montney in Kakwa area, Alberta

Brazilian tests and multi-stage triaxial tests have been conducted on 38 mm diameter Montney

core plugs from the same well as this study by McKean (2017). The Brazilian samples are from the

depth interval between 3133.90 m to 3155.56 m. Tensile strength ranges from 11.8 MPa to 32.8

MPa, with the mean tensile strength 19.4 MPa. The tensile modulus ranges from 6.4 GPa to 29.5

GPa, with the mean tensile modulus 15.7 GPa. The con�ning pressures for the multi-stage triaxial

tests are 15 MPa, 30 MPa, 45 MPa and 60 MPa. Only the results of two vertical samples (depth

3141.75 m and 3149.82 m) will be introduced here. For the sample 3141.75(V), the cohesion c

and friction angle f of the Mohr-Coulomb failure criterion is 63.7 MPa and 42:0� while the UCS

and m of the Hoek-Brown criterion is 252 MPa and 14.1. For the sample 3149.82(V), the cohesion

c and friction angle f of the Mohr-Coulomb failure criterion is 59.6 MPa and 36:5� while the UCS
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and m of the Hoek-Brown criterion is 216 MPa and 9.3.

It can be seen that the tensile strength shown in Table 3.6 is very close to that of McKean (2017).

For the triaxial test result in this work, the cohesion c and friction angle f of the Mohr-Coulomb

failure criterion is 38.1 MPa and 50:1� while the UCS and m of the Hoek-Brown criterion is 182.5

MPa and 26.0. The effect of con�ning pressure on the strength observed by McKean (2017) is

much lower than that observed in this study. The reason might be that the existing cracks will

reduce the rock strength for the next stage in multi-stage triaxial test. Considering the test results

of Montney from BC, it can be seen that both the tensile and compressive strength of the Montney

in Alberta (AB) is much higher than that of British Colombia (BC). The Young’s modulus in AB

is also higher. One of the reasons might be that the sample depth in BC is much shallower but it is

not conclusive.

3.6.2 Estimation of tensile strength from uniaxial and triaxial compression tests

Equations 3.4 and 3.5 give the best strength �t using the Mohr-Coulomb and Hoek-Brown criteria,

respectively. The tensile strength are predicted to be 27.7 MPa and 7.0 MPa, both of which do not

match the measured tensile strength well. The Mohr-Coulomb strength criterion is based on the as-

sumption that shear failure is the failure mechanism (Handin, 1969). The focus of the Hoek-Brown

criterion is also on the con�ned shear failure (Hoek and Martin, 2014). Thus, it is obvious that it

will not give acceptable values of the tensile strength by simply extending the Mohr-Coulomb and

Hoek-Brown criteria to tensile regime.

Hoek and Martin (2014) gives an empirical relationship between the Fairhurst tension cutoff

(sc0=jst j ) and the Hoek-Brown parameter m as Equation 3.11,

sc0=jst j = 8:62 + 0:7m (3.11)

where sc0 is the uniaxial compression strength. In this study, sc0 = 182:5 MPa and m = 26:0, the

estimated st is 6.8 MPa, which is much lower than the measured values.

In Cai (2010), the strength ratio Ra between the uniaxial compressive strength sc0 and the
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tensile strength jst j has been thoroughly discussed based on the Grif�th strength criterion and

the crack initiation stress. in the uniaxial compression test. Initially, if the compressive to tensile

strength ratio Ra is high, then it can be proved that this strength ratio is close to the Hoek-Brown

parameter m,

m�
sc0

jst j
= Ra (3.12)

The crack initiation stress is very close to the peak tensile strength under tension tests while

the crack initiation in compression test is lower than its peak strength. Thus, Cai (2010) proposed

that the strength ratio Ra can be expressed as

Ra = RG
sc0

sci
= 8

sc0

sci

Here, RG = 8 is chosen based on the Grif�th strength criterion since Ra = 8 when sc0 = sci. After

the strength ratio is determined, the tensile strength of rock can be estimated as

jst j=
sc0

Ra
=

sci

8
(3.13)

For UCS tests in this study, the crack initiation stresses sci range from 89.3 MPa to 104.4 MPa.

The estimated tensile strengths range from 11.2 MPa to 13.1 MPa, which is still smaller than the

measured values.

3.6.3 Comparison of methods for the determination of crack stress thresholds

Because all of the rocks exhibit non-linear behaviour, it becomes dif�cult to determine, E, n and

the stress thresholds. Experience and user judgement are needed to make a good estimation. From

Tables 3.3 and 3.4, the crack closure stresses scc given by ASR method are consistent with the

results given by other methods except sample 2V1. However, the crack initiation stress sci values

determined from LSR method exhibits large discrepancy with values from other methods. It is

found that the LASR method depends heavily on the initial portion of the stress-strain curve. For

sample 2V1, it can be seen that these two methods are very sensitive to the origin of the data. If

the stress-strain curve intercepts the linear reference line (2V3), the results given by ASR and LSR
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will be problematic. A distinct hardening portion in the stress-strain curve will result in a low

stress threshold. Thus, the seating effect will have a great in�uence on the validity of the LASR

method.

3.6.4 Crack stresses along depth

Since the crack closure stress is related to the microcracks, it can be used as an indicator of sample

disturbance. For rock samples obtained from shallow depth, most of the microcracks are indige-

nous cracks, and the stress-strain curve is linear. With increasing sample depth, the density of the

microcracks increases, resulting in nonlinearity of the stress strain curve. However, the microc-

rack density cannot keep increasing. There must be an upper limit of the crack density, which

corresponds to a certain sample depth. It is found this depth is around 400, 550 and 500 m for

Forsmark granite, ¤Avr¤o granite and Oskarshamn quartz diorite according to Peng et al. (2015a).

The stress thresholds for the uniaxial test results are given in Figure 3.20. In this study, the crack

closure stress is uniform along the depth interval. This means that the crack density reaches its

maximum value and the sample disturbance is constant within this depth. According to Chang and

Lee (2004), the crack closure stresses of Hwangdeung granite and Yeosan marble are insensitive

to the con�ning pressure. Similar results are also found on Beishan granite by Peng et al. (2015a).

However, the crack closure stress increases with con�ning pressure in this study.

In addition, the crack initiation stress sci is quite uniform along the depth. The scattered data

around the depth of 3050 m mainly comes from the horizontal and 45� inclined core, otherwise

they are consistent along the depth interval tested.

3.7 Conclusion

Uniaxial compression, triaxial compression and Brazilian tests have been carried out on 38 mm

diameter Montney shale core plugs to obtain its basic geomechanical properties. The stages in the

progressive failure of rock and the methods to determine these stages are reviewed. A new method
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called the crack axial and lateral strain method is proposed to determine the crack closure stress scc

and crack initiation stress sci. Strain gauges are put at the centre of the Brazilian discs horizontally

and vertically to measure the tensile and compressive modulus at the same time. The following

conclusion can be made:

(1) From the uniaxial compression tests, the Young’s modulus has the highest value at the

top and bottom, around 50-60 GPa along the depth interval studied. For most of the other sam-

ples, the Young’s modulus has the value around 35 GPa. The Poisson’s ratio ranges from 0.17

to 0.36. The uniaxial compression strength of the vertical samples is quite consistent along the

depth, having the value of about 200 MPa. For horizontal and 45� inclined core plugs, the

UCS values are much smaller. Taking the triaxial compression test results into consideration,

the Mohr-Coulomb and Hoek-Brown strength criteria are expressed as s1 = 210:20 + 7:59s3 and

s1 = s3 +182:51
p

26:01s3=182:51 + 1, respectively. In addition, the Young’s modulus increases

with increasing con�ning pressure while the Poisson’s ratio is not very sensitive to the con�ning

pressure.

(2) The crack closure stress scc values for the uniaxial compression tests range from 48.8 MPa

to 58.9 MPa. The crack initiation stress sci value for uniaxial compression tests range from 89.4

MPa to 102.3 MPa. Both scc and sci increase with con�ning pressure. The values of scd=sc,

scc=sc sci=sc are insensitive to con�ning pressure and have the values around 0.80, 0.25 and

0.50, respectively. scd=sc ranges from 0.67 to 0.86. The volumetric strain method (VSM), crack

volumetric strain method (CVSM), axial strain response method (ASR) and lateral strain response

method (LSR) and the crack axial and lateral strain method (CALSM) could give good results.

However, the LSR and ASR methods depend heavily on the initial portion of the stress strain

curve. Thus, at least two or three methods need to be used when determining the crack stress

thresholds.

(3) The tensile strength ranges from 13.6 MPa to 21.7 MPa. The tensile modulus is about 0.56 -

0.93 of the Young’s modulus measured from the uniaxial compression test. However, the Young’s
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modulus calculated from the vertical strain gauge on the Brazilian disk has a huge discrepancy

with the Young’s modulus from uniaxial compression test. Thus, using vertical strain on Brazilian

disk to measure the compressive Young’s modulus is not applicable in this study.

(4) The stress thresholds measured are quite consistent along the entire depth interval although

the Young’s modulus and Poisson’s ratio vary signi�cantly.
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Table 3.1: Dimensions of samples used in uniaxial and triaxial compression tests.

ID Core Box Depth L D Mass r

# # m mm mm g g/cm3

7G2-1 1 3 3037.58 68.35 37.62 203.16 2.67

7G2-2 1 3 3037.65 74.37 37.54 221.88 2.70

2H2 1 11 3045.90

2H1 1 11 3046.00

2S3 1 12 3046.40 68.20 38.55 201.48 2.53

2V5 1 12 3046.55

2V1 1 12 3046.65

2V6 1 12 3046.75

2V2 1 12 3046.80

2V3 1 12 3046.90

7G2-8 3 9 3085.52 58.17 37.57 172.27 2.67

7G3-1 7 2 3133.90 75.24 37.69 217.79 2.59

7G3-2 7 2 3133.90 74.84 37.69 217.23 2.60

7G2-13 � 7 8 3140.25 74.37 37.48 212.65 2.59

7G2-14 � 7 8 3140.33 74.44 37.82 216.41 2.59

7G2-15 7 10 3141.75 75.62 37.59 215.13 2.56

7G2-22 9 39 3246.64 74.57 37.60 214.39 2.56

� The sample is not perfectly cylindrical

� It is a fractured sample glued together by epoxy

1 L is the length. D is the diameter and r is the density.
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Table 3.2: Summary of uniaixal and compression test results of Montney shale showing Young’s

modulus (E), Poisson’s ratio (n), crack damage stress (scd) and strength sc.

ID Depth s3
1 E n scd sc

2 scd=sc

m MPa GPa MPa MPa

7G2-1 3037.58 0 44.8 0.17

7G2-2 3037.65 0 56.7 0.21 175.2 203.8 0.86

2H2 3045.90 0 38.3 0.17 105.2 105.6 1.00

2H1 3046.00 0 36.2 0.18 131.5 131.6 1.00

2S3 3046.40 0 31.7 0.24 128.5

2V5 3046.55 0 37.0 0.25 161.5

2V1 3046.65 20 49.9 0.36 307.8 376.4 0.82

2V6 3046.75 55

2V2 3046.80 10 37.3 0.24 213.1 318.2 0.67

2V3 3046.90 40 43.2 0.23 339.7 446.3 0.76

7G2-8 3085.52 0 49.3 0.25

7G3-1 3133.90 0 28.7 0.24 155.4 194.8 0.80

7G3-2 3133.90 0 31.7 0.24 152.9 206.1 0.74

7G2-13 3140.25 0 25.3 0.27 132.2 196.9 0.67

7G2-14(*) 3140.33 0 39.7 0.22 214.7 251.6 0.85

7G2-15 3141.75 0 32.4 0.19

7G2-22 3246.64 0 45.8 0.16 146.1 190.7 0.77

1 s3 is the con�ning pressure.

2 sc is the maximum deviator stress achieved.
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Table 3.3: Crack closure stress, scc, of Montney shale determined using different methods avail-

able.

ID s3 (MPa) Crack closure stress (MPa) scc=sc

VSM CVSM LASR CALSM Mean SD CoV(%)

7G2-1 0 51.8 51.8

7G2-2 0 54.4 51.8 47.1 50.2 50.9 2.63 5.16 0.25

2H2 0 57.8 57.5 40.8 58.3 53.6 7.38 13.77 0.51

2H1 0 50.7 62.5 53.4 52.9 54.9 4.51 8.23 0.42

2S3 0 48.8 48.8 0.38

2V5 0 58.9 58.9 0.43

7G2-8 0 50.4 50.4

7G3-1 0 50.2 56.6 58.0 57.2 55.5 3.11 5.61 0.28

7G3-2 0 45.7 53.0 61.5 57.0 54.3 5.82 10.71 0.26

7G2-13 0 43.9 49.4 58.6 54.3 51.5 5.48 10.64 0.26

7G2-15 0 55.3 55.3

7G2-22 0 51.2 46.4 44.5 54.7 49.2 3.99 8.12 0.26

7G2-14 0 70.1 68.0 75.7 75.8 72.4 3.42 4.73 0.29

2V2 10 73.3 74.9 66.8 76.1 72.8 3.59 4.93 0.23

2V1 20 100.9 119.2 162.8 119.2 113.1 8.61 7.61 0.30

2V3 40 109.0 99.8 86.1 109.2 101.0 9.43 9.34 0.23
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Table 3.4: Crack initiation stress, sci, of Montney shale determined using different methods.

ID s3 (MPa) Crack initiation stress (MPa) sci=sc

VSM CVSM LASR CALSM Mean SD CoV(%)

7G2-2 0 103.3 105.3 101.8 98.8 102.3 2.35 2.30 0.50

2H2 0 92.2 86.7 70.2 89.3 89.4 2.27 2.54 0.85

2H1 0 92.5 97.3 67.0 90.0 93.3 3.03 3.24 0.71

7G3-1 0 91.3 100.5 79.5 99.3 97.0 4.13 4.25 0.50

7G3-2 0 92.4 107.5 81.9 103.5 101.1 6.37 6.30 0.49

7G2-13 0 90.1 98.3 65.5 104.4 97.6 5.86 6.01 0.50

7G2-22 0 99.1 105.3 91.6 98.9 98.7 4.88 4.94 0.52

7G2-14 0 126.9 119.5 135.7 137.2 129.8 7.14 5.50 0.52

2V2 10 134.1 136.6 118.8 129.9 129.9 6.80 5.24 0.41

2V1 20 161.8 181.4 110.3 180.5 174.5 9.03 5.18 0.46

2V3 40 209.4 205.9 206.1 211.2 208.2 2.24 1.08 0.47
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Table 3.5: Dimensions of samples used for Brazilian tests.

ID
Depth t D Mass

Note
m mm mm g

7G2-1-1 3037.58 17.06 37.55 50.24

2S1 3047.06 78.36 38.55 ** 45 inclined core

7G2-8-2 3085.52 19.17 37.57 56.32

7G2-9 3087.83 74.96 37.61 223.971 Without wood chip

7G2-11 3088.53 75.59 37.63 224.576 Without strain gauges

7G2-14 3140.33 75.13 37.63 217.287

7G2-17-4 3142.70 15.94 37.59 45.44

7G2-21-1 3246.56 20.09 37.58 56.79

7G2-21-2 3246.56 19.45 37.62 54.79

1 t is the thickness and D is the diameter.
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Table 3.6: Summary of Brazilian test results of Montney shale.

ID
Depth st n As Es Et Ec E EUCS Et=EUCS

m MPa GPa GPa GPa GPa

7G2-1-1 3037.58 15.81 0.17 1.43 34.67 49.74 37.83 40.23 60.38 0.82

2S1 3047.06 17.63 0.24 1.64 11.50 18.82 17.72 19.14 31.60 0.60

7G2-8-2 3085.52 33.16 0.25 1.67 30.53 50.85 36.48 38.79 61.83 0.82

7G2-9 3087.83

7G2-11 3088.53 19.09

7G2-14 3140.33 19.90 0.27 1.72 13.61 23.45 21.70 24.01 27.30 0.86

7G2-17-4 3142.70 21.67 0.19 1.49 25.38 37.87 20.61 22.81 27.30 1.39

7G2-21-1 3246.56 18.37 0.16 1.41 18.26 25.66 26.37 27.87 46.80 0.55

7G2-21-2 3246.56 13.57 0.16 1.41 26.93 37.86 27.36 28.91 46.80 0.81

1 st is the tensile strength. n is the Poisson’s ratio. As is the shape factor determined based on the dimensions of

the sample and Poisson’s ratio. Es is the splitting modulus and Et is the tensile modulus. Ec is the compressive

modulus and E is the Young’s modulus determined from the vertical strain gauges in the Brazilian test. EUCS is

the Young’s modulus determined from the uniaxial compression tests.
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Table 3.7: Mode I fracture toughness of Montney shale estimated from tensile strength using

Whittaker’s correlation. st is the tensile strength and KIc is the Mode I fracture toughness.

ID Depth st KIc

m MPa MPa
p

m

7G2-1-1 3037.58 15.81 1.96

2S1 3047.06 17.63 2.16

7G2-8-2 3085.52 33.16 3.82

7G2-11 3088.53 19.09 2.31

7G2-14 3140.33 19.90 2.40

7G2-17-4 3142.70 21.67 2.59

7G2-21-1 3246.56 18.37 2.24

7G2-21-2 3246.56 13.57 1.72

Table 3.8: Summary of uniaxial and triaxial compression test results on Montney and Doig samples

from Farrell Creek in northeast British Columbia by McLellan (2012). s3 and s1 are the con�ning

pressure and maximum axial stress achieved, respectively.

s3 s1 s3 s1 s3 s1

MPa MPa MPa MPa MPa MPa

0.0 132.5 18.2 189.1 18.2 249.0

0.0 148.5 18.2 203.9 18.2 265.1

0.0 192.2 18.2 221.1 18.2 391.0

0.0 241.7 18.2 235.6 18.2 416.4

0.0 285.8 18.2 240.4 18.2 455.3
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Table 3.9: Summary of uniaxial and triaxial compression test results on Montney samples from

Farrell Creek in northeast British Columbia by McLellan et al. (2014). s3 and s1 are the con�ning

pressure and maximum axial stress achieved, respectively.

s3 s1 s3 s1 s3 s1 s3 s1 s3 s1

MPa MPa MPa MPa MPa MPa MPa MPa MPa MPa

0 151.6 2 142.8 5 178.1 10 148.9 15 169.9

0 135.2 2 138.0 5 166.2 10 136.9 15 166.9

0 129.9 2 134.5 5 161.5 10 135.9 15 148.4

0 103.8 2 119.8 5 159.5 15 280.0 15 138.2

0 101.9 2 117.6 5 156.1 15 258.7 15 123.5

0 97.4 2 114.9 5 151.0 15 250.4 15 119.1

0 93.3 2 113.0 5 147.5 15 248.3 20 296.4

0 90.8 2 112.0 5 145.6 15 239.0 20 291.7

0 89.9 2 88.4 5 129.4 15 236.5 20 274.1

0 76.6 2 86.3 5 114.2 15 231.0 20 267.6

0 69.5 2 75.2 5 105.4 15 230.1 20 263.7

0 62.6 2 72.1 5 104.3 15 221.9 20 246.8

0 51.5 2 64.9 5 100.1 15 211.5 20 207.0

0 29.6 5 311.6 10 191.4 15 208.7 20 196.6

2 188.9 5 202.6 10 187.6 15 201.6 20 195.1

2 178.9 5 201.4 10 177.1 15 198.0 20 161.9

2 162.5 5 192.5 10 165.8 15 178.5

2 149.5 5 180.6 10 154.6 15 176.8
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Figure 3.1: Stages in progressive failure of intact rock under triaxial compression test showing

crack closure stress (scc), crack initiation stress (sci), crack damage stress (scd) and peak stress

(sc) (Hoek and Martin, 2014).
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Figure 3.4: Crack stress thresholds determined using the crack axial strain and lateral strain

method. The data is uniaxial compression test result of Huashan granite from Yang (2013). (a)

radial strain (b) axial strain and (c) volumetric strain.
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Figure 3.5: Photographs showing the locations where the core plugs are extracted. The core plugs

are extracted from small core intervals where the rocks are homogeneous.

Figure 3.6: Core plugs drilling in the U of C laboratory.
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Figure 3.7: Thin sections of Montney in two perpendicular directions. Left is sample 2H1 and right

is sample 2V5. Because both the thin sections are obtained from the end of the samples, samples

2H1 and 2V5 should give information about the vertical and horizontal direction, respectively.

Figure 3.8: Flat lap grinder.
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Figure 3.9: Load frames used in the uniaxial, triaxial compression tests and Brazilian tests (a) 50

kN load frame (b) 100 kN load frame (c) 2.2 MN load frame.
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Figure 3.10: Hoek cell setup.

Figure 3.11: Setup for uniaixial compression test (2.2 MN load frame).
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Figure 3.14: Photographs of failed Montney samples after triaxial compression tests showing shear

fractures. There was some leakage of mineral oil during the test of sample 2V6 and it failed under

a very low deviator stress.

Figure 3.15: Setup of the Brazilian test (a) test with 100 kN load frame (b) test with 2.2 MN frame.

Wood chips were used to reduce the stress concentrations between the rock and load platen.
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Figure 3.16: Photograph of sample 7G2-9 after direct contact Brazilian test. The sample failed in

a complex mode.
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Figure 3.17: Photograph of Montney samples after Brazilian tests.
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Figure 3.18: Mohr-Coulomb and Hoek-Brown failure envelopes for Montney shale in principal

stress space (left) and normal-shear stress space (right).

Figure 3.19: Triaxial test results of Montney shale samples from Farrell Creek, northeast British

Columbia by McLellan et al. (2014).
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Figure 3.20: Stress thresholds of Montney shale versus depth based on uniaxial compression test

results.
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Chapter 4

Mode I fracture toughness of Montney shale

4.1 Review on the Mode I fracture toughness of rock under con�ning pressure

The tensile fracture energy of Lueders limestone, Tennessee sandstone and Garthage limestone was

measured using the double cantilever beam specimen (DCB) by Perkins and Krech (1966). The

rock samples were covered with neoprene rubber paint and submerged into a low leak-off �uid.

Two types of �uid were used: (1) oil based �uid with a conventional fracturing leak-off control

agent; (2) water based low �uid-loss drilling mud. Con�ning pressure up to 20.7 MPa (3000 psi)

was applied to the samples. The fracture energy increased considerably as the con�ning pressure

increased.

Schmidt and Huddle (1976) measured the KIc of Indiana limestone using the single edge notch

specimen (SENT) under pressure. The specimens were jacketed with urethane that can cover all the

surfaces of the specimen including the notch but not entering the crack. The closing stress intensity

factor from the con�ning pressure is subtracted in the calculation. KIc is found to increase from

0.93 MPa
p

m at room condition to 4.2 MPa
p

m at 62 MPa (9000 psi) con�ning pressure.

A total number of 39 specimens were run on Ruhr-sandstone and Japanese granite (Iidate gran-

ite) by M¤uller (1986), using the chevron notched round bar in bending method (CENRBB). The

following four series tests were done: (1) dry and jacketed Ruhr-sandstone samples where no pres-

sure �uid could penetrate into the rock; (2) oil saturated and unjacketed Ruhr-sandstone samples

where the pore pressure was equal to the con�ning pressure; (3) oil saturated and unjacketed Ruhr-

sandstone samples where the pore pressure in the rock matrix increased during the test; and (4)

dry unjacketed granite samples. Results indicate that the fracture toughness of Ruhr-sandstone

increases with effective con�ning pressure (the difference between con�ning pressure and pore

pressure). If the effective con�ning pressure keeps the same, which means the pore press equals
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the con�ning pressure, there is no dependency of fracture toughness on con�ning pressure.

Using modi�ed ring test (MR), Thiercelin (1987) determined the fracture toughness of Mesa

Verde sandstone, Mesa Verde mudstone, Cardium sandstone and Berea sandstone under pressure.

The samples were wrapped in a jacket made of polyvinyl chloride and put in a triaixal cell. Most

of the samples show an increase of fracture toughness as a function of con�ning pressure. The

amount of increase depends on rock properties. Mudstone shows a small increase while Berrea

sandstone is only slightly affected.

The combined effect of con�ning pressure, moisture content and temperature on the fracture

toughness of rocks was investigated by Roegiers and Zhao (1991) using chevron-notched Brazilian

disks (CDISK) test. Three types of rock were considered: �ne grained Berea sandstone; Indiana

limestone and chalk. The results show that the fracture toughness measured under pressure gives

higher values than previously published values.

Gneiss, with strong anisotropy, has been chosen to show the in�uence of the con�ning pressure

and the anisotropy on the tensile crack propagation by Vasarhely (1997). Three-point bend spec-

imens were used. The samples were machined in a divider geometry in which the crack front is

perpendicular to the the bedding plane. The cracks are set to be 0, 30, 45, 60 and 90 degrees to the

horizontal lines. The specimens were jacketed with �exible material that covered all material sur-

faces including the notch but not the crack. A linear increase of fracture toughness with con�ning

pressure is found. The rate of the increase is not sensitive to the direction of anisotropy.

Straight notched Brazilian disk (SNBD) specimens under diametrical compression were used

to study the mixed-mode (I-II) fracture toughness under simulated reservoir conditions of high

temperature and con�ning pressure. Limestone samples from outcrop (Al-Shayea et al., 2000) and

reservoir (Al-Shayea, 2002) in Saudi Arabic were used. The entire disk surface was painted with a

glossy spray paint to avoid the penetration of pressurized oil during testing. The notch was sealed

by a scotch tap from both sides to prevent pressure buildup inside the notch. The result of both

the outcrop specimens and reservoir specimens shows a substantial increase in fracture toughness
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with con�ning pressure.

The fracture toughness experiments were done on single edge notched round bar in bending

(SENRBB) and semi-circular bend (SCB) specimens of Kimachi sandstone and Tage tuff under

elevated con�ning pressure by Funatsu et al. (2004). The con�ning pressure was up to 9 MPa. The

test specimens were covered with a layer of silicon to inhibit �uid penetration. No pressure would

act on the surface of the notch since the silicone did not �ow into the notch. The load required to

open the notch back to its initial state was subtracted in the calculation of the fracture toughness.

Short rod samples (SR) were used to study the Mode I fracture toughness of Icelandic, Vesuvian

�ow and Etnean basalts at temperatures from 30 to 600 �C and con�ning pressures up to 30 MPa

(Balme et al., 2004). No details about the equations used to calculate the fracture toughness and

whether the effect of con�ning pressure on the stress intensity factor were given in the paper. The

Iceland basalt becomes tougher with increasing con�ning pressure but the fracture toughness of

Vesuvius �ow is not sensitive to pressure.

The results of these tests are compiled and plotted in Figure 4.1. The data are given in Table

B.1.

4.2 Models on Mode I fracture toughness under con�ning pressure

It can be found that in most cases the tensile fracture toughness of rock increases with con�ning

pressure. Most authors claim a linear increase with con�ning pressure, but four cases report that the

fracture toughness of rock is almost independent of con�ning pressure (please refer to Figure 4.1

and Table B.1 for details). Some models have been proposed to explain why the fracture toughness

is in�uenced by the con�ning pressure.

There exists two ways of explaining the pressure dependency of rock fracture toughness: (1)

the stress intensity factor approach and (2) the tensile fracture energy (tensile softening curve)

approach.
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4.2.1 Schmidt’s model

Schmidt (1980) proposed a microcrack model of rock to describe the in�uence of pressure on the

fracture toughness of rock. For metals, its fracture toughness is controlled by the size of the crack

tip plastic zone so the apparent fracture toughness is in�uenced by both the crack length and sample

thickness. The plastic behavior of metal can be described well by the Von Mises yielding criterion.

However, things are different in the fracturing of rock. It is found from experimental works that

the apparent fracture toughness of rock is dependent on the crack length while the thickness has

little or no in�uence on toughness. The inelastic behaviour with tip process zone of rock mainly

consists of brittle microcracking. Considering microcracking is resulted from tensile stress, the

size of the microcrack zone is controlled by the tensile strength st . Assuming that microcracks

develop where the local maximum principal tensile stress in the vicinity of crack tip reaches the

tensile strength of rock st , the size of the microcrack zone is given as

r(q) =
1

2p

�
KIc

st

�2�
cos

q
2

(1 + sin
q
2

)
�2

(4.1)

Because the size of the microcrack zone is based on the principal stresses, so it will be in�u-

enced by the con�ning pressure. Under con�ning pressure p, the size becomes

r(q) =
1

2p

�
K p

Ic
st + p

�2�
cos

q
2

(1 + sin
q
2

)
�2

(4.2)

where K p
Ic is the fracture toughness under con�ning pressure. So the size of microcrack zone

decreases with hydrostatic con�ning pressure if KIc remains constant under pressure. If the crit-

ical microcrack zone size is a material property, a linear relationship between K p
Ic and con�ning

pressure can be proved according to M¤uller (1986).

K p
Ic = (1 +

p
st

)K0
Ic (4.3)

where K0
Ic is the fracture toughness of rock under room condition.
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4.2.2 Zhao and Roegiers’s Model

Zhao and Roegiers (1993) calculated the ‘real’ values of fracture toughness from laboratory tests by

excluding the stress intensity factor due to con�ning pressure. Based on Dugdale cohesive model,

the problem of a crack with a process zone subjected to con�ning pressures can be separated into

two parts as shown in Figure 4.2:

(1) a crack of length 2(al + r0) subjected to the external load,

(2) the process zone of length r0 with a closing pressure.

The closing stress is composed of the con�ning pressure and the residual stress. The stress

intensity factor, K pc
I induced by the con�ning pressure may be given as

K pc
I = 2p

r
al + r0

p

Z al+r0

a

dx
p

(al + r0)2� x2

� p
r

8
p

r0

(4.4)

The length of cohesive zone r0 can be given by

r0 = a0

�
K p

Ic
st + p

�2

(4.5)

where K p
Ic is the apparent stress intensity factor, and

a0 =

8
>>>>>>>>>><

>>>>>>>>>>:

1=(2p); for elastic solution

2=(3p); for elastic-plastic solution

1=p; for perfectly-plastic solution

p=8; for a Dugdale model

Then, the relationship between the stress intensity factor due to con�ning pressure K pc
I and the

apparent stress intensity factor K p
Ic can be expressed as

K pc
I �

r
8a0

p
p

st + p
K p

Ic (4.6)

The relationship between the apparent and actual fracture toughness can be expressed as

KIc = K p
Ic�K pc

I = (1�
r

8a0

p
p

st + p
)K p

Ic (4.7)
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Thus,

K p
Ic =

1

1�
q

8a0
p

p
st+p

KIc (4.8)

4.2.3 Sato and Hashida’s Model

Sato and Hashida (2006) provided an explanation from the tensile fracture energy approach. Based

on Hashida et al. (1993), the assumption that the tension-separation curve is an inherent material

property and independent of con�ning pressure has been made. When the cohesive zone length is

small and the cohesive stress is constant, the total fracture energy is given by

Gtotal = spdc + pdc =
(K p

Ic)
2

E 0
(4.9)

where sp is the peak stress of the cohesive stress, similar to the tensile strength. dc is the critical

crack opening displacement and E 0 is the effective Young’s modulus (E 0 = E for plane stress

condition and E 0 = E=(1�n2) for plane stress condition). p is the con�ning pressure. When the

con�ning pressure is zero, the total fracture energy can be given

Gtotal = spdc =
K2

Ic
E 0

(4.10)

Combining Equations 4.9 and 4.10, the relationship between K p
Ic and KIc is as follows,

K p
Ic =

r
1 +

p
sp

KIc (4.11)

This method can be easily extended to the other forms of tension-softening curves, and similar

results can be obtained.

4.2.4 Comments

The above three models can explain why apparent fracture toughness increases with pressure, but

the idea behind is that the actual fracture toughness of rock is nearly constant.

In Schmidt (1980), it is assumed that the critical size of the microcrack zone is a material

property and controlled by the tensile strength. According to Equation 4.2, more work is needed
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to overcome the pressure before the microcrack fails. This energy actually converts into potential

energy of the rock, which cannot be considered as fracture energy.

In Sato and Hashida (2006), the assumption that the tension-separation curve is independent of

con�ning pressure has been made. Based on J integral, the tensile fracture energy can be calculated

as the integration of the tension-separation curve. Thus, the tensile fracture energy or the Mode I

fracture toughness will be the same if the tension-separation curve remains the same.

For Zhao and Roegiers (1993), it is believed that the increase of the apparent fracture toughness

is due to the con�ning pressure acting on the process zone and the actual fracture toughness should

remain constant under pressure. This is not correct since most of the tests exclude the the stress

intensity factor due to the con�ning pressure.

In addition, as shown in Figure 4.1, the fracture toughness of PMMA remains constant with

pressure up to 100 MPa con�ning pressure (Winter, 1983) and there are three cases that the frac-

ture toughness of rock is insensitive to pressure. It is impossible to explain these �ndings using

the above three theories since the fracture toughness should increase with pressure no matter what

type of material it is. Thus, the dependence of fracture toughness on con�ning pressure mainly

results from the rock behaviour under high con�ning pressure. One possible reason why the frac-

ture toughness KIc increases with con�ning pressure is that rock would exhibit the brittle-ductile

transition with increasing con�ning pressure (Paterson and Wong, 2005). Through ultrasonic wave

probing and in situ microscopy, the Mode I fracture of Westerly granite was investigated by Swan-

son et al. (1987). It is suggested that geometrical interlocking of rough surface and ligament

bridging mainly serve as a fracture resistance mechanism under room condition. Hoagland et al.

(1973) states that there exists an extensive array of microcracks surrounding the main crack tip

and the creation of these microcrracks consumes a lot of the fracture energy. However, the main

toughening mechanism for rock under high pressure may be replaced by plastic deformation as

indicated by larger than laboratory-scaled process zones in some dikes (Rubin, 1995). In Papanas-

tasiou (1997) and Papanastasiou (1999), the effective fracture toughness of rock is calculated using
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an elasto-plastic hydraulic fracturing model in which rock is modelled with Mohr-Coulomb model.

The result shows that the effective fracture toughness increases with formation yielding. In some

cases the effective fracture toughness can reach K = 34 MPa
p

m, which is close to the in-situ

fracture toughness from Mini Frac Tests by Shlyapobersky (1985).

4.3 Semi-circular bending (SCB) test

Several testing methods have been proposed for the measurement of the Mode I fracture toughness

of rock. Ouchterlony (1980) and Atkinson and Meredith (1987) gave a good review of the testing

methods. The International Society for Rock Mechanics (ISRM) has suggested the following

methods for determining the Mode I fracture toughness of rock: chevron bend (CB) test (Figure

4.3 (a)) and short rod (SR) test (Figure 4.3 (b)) (ISRM, 1988), cracked chevron notched Brazilian

disk (CCNBD) (Figure 4.3 (c)) (Fowell, 1995) and semi-circular bend (SCB) test (Figure 4.3 (d))

(Kuruppu et al., 2014).

The SCB test is used to measure the Mode I fracture toughness because the material required

to prepare the sample is small and the sample preparation is simple. The SCB sample is a semi-

circular disk with an edge notch throughout the sample thickness. Load is applied by three-point

bending, and the crack will propagate unstably just after initiation. The sample geometry and

con�guration of the loading arrangement are shown in Figure 4.4. H, t, and a are the height,

thickness and crack length of the sample, respectively. 2s is the span length and set to be 24 mm

in the tests.

The Mode I fracture toughness KIc is evaluated using the peak load Fmax according the follow-

ing equation (Kuruppu et al., 2014).

KIc = Y 0
Fmax
p

pa
2Rt

(4.12)

where the dimensionless stress intensity factor is given as,

Y 0 =�1:297 + 9:516
s
R
� (0:47 + 16:457

s
R

)b0 +(1:071 + 34:401
s
R

))b 2
0 (4.13)
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where b0 = a=R and R is the radius of the sample.

4.3.1 SCB modelling

The stress intensity factor for semi-circular bending test is modelled to verify the capability of

ABAQUS for the calculation of stress intensity factor. The test setup of SCB test is shown in

Figure 4.4. The material is linear elastic with Young’s modulus E = 30 GPa and Poisson’s ratio

n = 0:25. The radius of the disc, R, is 0.05 m. Plane strain condition is used according to Kuruppu

et al. (2014). The concentrated force F is 9 kN. The crack length is chosen to be 0:3R = 0:015 m,

and the span length is chosen to be s = 0:5R = 0:025 m. For the two bottom supporters, one is set

to be �xed support and the other is roller.

The Mode I stress intensity factor is 4.77 MPa
p

m. The result given according to Equations

4.12 and 4.13 is 4.83 MPa
p

m.

4.3.2 Sample preparation and test setup

Totally 10 SCB samples were prepared. The slots of the rock samples in this study were cut using

the Gryphon C-40 CR Custom AquaSaw XL band saw. A guide as shown in Figure 4.5 was made

for the saw to ensure that the cracks can go straight and perpendicular to the rock surface. The

thickness of the cracks made were around 1 mm. The details on the sample ID, depth, diameter

(D), thickness (t), height (H) and crack length (a) are given in Table 4.1.

Figure 4.6 shows the test setup of the SCB test. The Digital Tritest 50 Load Frame was used

in the tests. Two LD sensors were used to measure the axial displacement. Displacement control

with a rate of 0.05 mm/min was used. The data scan rate was 2 Hz.

4.3.3 SCB test results

The test results are given in Table 4.2. The load-displacement curve of the SCB samples are given

in Appendix E.3. Before the peak, the curve exhibits linear behaviour. The photographs of failed
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samples after the tests are shown in Figure 4.7. The measured Mode I fracture toughness is quite

consistent along the entire depth interval. The average Mode I fracture toughness is 1.34 MPa
p

m.

4.4 Straight notched disk bending (SNDB) test

The straight notched disk bending (SNDB) method was introduced by Alkilic‚gl (2006). The sam-

ple geometry and loading setup are shown in Figure 4.8. The SNDB sample is a circular disk with

a straight notch along the diameter. Load is applied by three-point bending. The sample is placed

on two bottom supporting rollers with the crack right in the middle. The upper roller is set to be

in line with the crack. The SNDB method was chosen to measure the Mode I fracture toughness

because it was easy to be installed in the Hoek cell. For the samples with con�ning pressure, epoxy

is used to glue the sample and two loading caps together before the tests. In order to ensure that all

the rollers and cracks are parallel, the positions of the roller are marked on the end surfaces of the

samples prior to the tests.

In Alkilic‚gl (2006), the dimensionless stress intensity factor Y 0 is given for samples with var-

ious crack length to sample thickness ratios (a=t) and half-span to radius ratios (s=R). However,

these equations cannot be applied in this study because the sizes of the samples do not meet its

requirements and con�ning pressure is applied around the SNDB samples. Thus, numerical mod-

elling is required to obtain the stress intensity factors.

The crack will close under con�ning pressure, and the axial force should be corrected by taking

away the axial load needed to reopen the crack back to its initial state before used to calculate the

fracture toughness of Montney shale. In this work, two methods will be employed to correct

the original axial load. The �rst method is based on the axial load versus axial displacement

curve, similar to that proposed in Funatsu et al. (2004), and the details are given in Section 4.4.5.

The second method is solely numerical modelling (4.4.6). The whole experiment process will be

modelled with two steps: (1) the con�ning pressure step, applying the con�ning pressure; and (2)

axial loading step, applying the axial load with the con�ning pressure remaining constant. The
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fracture toughness is the �nal stress intensity factor.

4.4.1 Calibrations on friction between steel sleeve and sample wall

The con�guration of the con�ned SNDB test is given in Figure 4.9. A steel sleeve of about 3

mm thickness is used between the samples and rubber sleeve to prevent the puncture of the rubber

sleeve induced by the high con�ning pressure (Figure 4.10). If no lubricant is applied between the

rock sample and the steel sleeve, the friction between them will be too high to make the test result

meaningful. In Labuz and Bridell (1993), the coef�cient of friction (COF) for several materials

were measured using double direct shear test under 5 MPa normal stress. Results show that the

double sheet of Te�on and the mixture of stearic acid and vaseline (called lubricant grease here-

after) have relatively low coef�cient of friction (COF) values of 0.05 and 0.02, respectively. The

lubricant grease was 1:1 w/w mixture of granular stearic acid and vaseline, which were heated up

to 70 �C in an oven and cooled to room temperature afterwards.

The lubricant grease was chosen initially as the lubricant between the rock and the steel sleeve.

Because the COF of the lubricant grease was measured under 5 MPa normal stress and the con�n-

ing pressure used in this study can be as high as 50 MPa, it is necessary to measure the COF under

higher con�ning pressure. A steel rod of 38 mm diameter was put in place of the rock sample to

measure the coef�cient of friction between the rock sample and the steel sleeve under 20, 30, 40,

50 and 60 MPa con�ning pressure. The axial force versus axial displacement curve is shown in

Figure 4.11. The maximum shear stress can be calculated as

tmax =
Fmax

pDLs
(4.14)

where Fmax is the maximum axial force under a con�ning pressure; Ls is the length of the steel

sleeve, which is 99 mm; D is the diameter of the steel rod, which is 38 mm. The COF was

calculated and given in Table 4.3. The COF using the lubricant grease ranges from 0.0348 to

0.0420, larger than the values reported by Labuz and Bridell (1993).

In order to further reduce the friction and avoid intrusion fracture by the lubricant (Brace,
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1964), a thin layer of Te�on sheet with a thickness of 0.397 mm (1=64 inch) was added in addition

to the lubricant grease. The displacement rate during the test is set to be 0.05 mm/min, the same

as that will be used in the tests. The axial load versus axial displacement curve is given in Figure

4.12. The corresponding coef�cient of friction is given in Table 4.4. The COF ranges from 0.0049

to 0.0096. It can be found that the friction became negligible using both the Te�on sheet and

lubricant grease.

4.4.2 SNDB modelling and results

In Alkilic‚gl (2006), the rollers are modelled explicitly, which requires modelling the contact be-

haviour between the sample and rollers. This can be computation intensive so the boundary condi-

tions proposed by Tez (2008) are employed. As shown in Figure 4.13, the vertical displacement of

the two bottom support lines AC and BD are �xed. The displacement along Z axis at points E, F,

G and H are set to zero. The x and y displacement components of the line where the top load will

be applied are coupled with a Reference Point (RP) with kinematic coupling constraint as shown

in Figure 4.14. The displacements in the x and y directions, and the rotations around the three

axes are �xed. Load is applied on the reference points. In order to facilitate the modelling, a para-

metric ABAQUS Python script was developed (Appendix D.1). The diameter, sample thickness,

supporter span, crack length of the SNDB model and the axial load applied can be changed easily

in the script. One example of the �nite element mesh is given in Figure 4.15.

Due to the 3D nature of the SNDB samples, the stress intensity factor along the crack tip could

not be uniform. The stress intensity factor along the crack tip of sample 7G2-1-2 is shown in

Figure 4.16. In the model, the coordinate of the centre of the crack tip is 0. In the central portion of

the crack, the stress intensity factor is quite uniform and the value is close to the maximum value.

Thus, this maximum value will be used to calculate fracture toughness of the sample.

(1) Convergence analysis with no con�ning pressure

The dimension and parameter used for mesh sensitivity analysis are based on the model used in

Tez (2008). In the mesh sensitivity analysis, the con�ning pressure is not considered in all the
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analysis. In Tez (2008), SNDB samples with different thickness t values (27 mm, 37 mm, 47 mm

and 67 mm) and various span lengths 2s (45 mm, 52.5 mm, 60 mm and 67.5 mm) were modelled

with ABAQUS to study the effect of thickness t and half span to radius ratio s=R on the stress

intensity factor. The results are given in Table 4.5. The dimensionless stress intensity factor Y 0 is

de�ned as

Y 0 =
KI

s0
p

pa
(4.15)

where KI is the Mode I stress intensity factor computed from ABAQUS. a is the crack length. s0

is de�ned according to the following equation,

s0 =
F

2Rt
(4.16)

F is the applied load. R is the specimen radius. t is the sample thickness.

To reduce the amount of time needed to do the modelling, the diameter of SNDB specimens,

sample thickness, notch length and span length were chosen as 75 mm, 18 mm, 10 mm and 45 mm

in the convergence analysis. According to Table 4.5 and Equation 4.15, the mode I stress intensity

factor of SNDB under 1 kN axial load is 0.6927 MPa
p

m. In the models by Alkilic‚gl (2006) and

Tez (2008), the crack tip has an angle which is not given explicitly. Considering the crack width

of the real sample was about 1 mm, the crack tip angle and edge length were chosen to be 30� and

2 mm.

The in�uence of mesh size on the modelling result was analysed with mesh size 3.0 mm, 2.5

mm, 2.0 mm and 1.5 mm as shown in Figure 4.17. The results were given in Table 4.6. In addition,

the stress intensity factor values were calculated using various contour numbers as shown in Figure

4.18 and the results were present in Table 4.7. The in�uence of mesh density around crack tip on

the modelling result were analysed as shown in Figure 4.19 and the results are given in Table 4.8.

(2) The in�uence of the crack tip angle

The in�uence of crack tip angle on the calculated stress intensity factor is investigated in order

to �nd out why there is a discrepancy between the modelling result in this work with that in Tez

(2008). The geometry of the sample is set to be the same as that used for the convergence analysis
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while the crack tip angle changes as shown in Figure 4.20. The results are given in Table 4.9

and Figure 4.21. The calculated stress intensity factor is a function of the crack tip angle. With

increasing crack tip angle, the resulting stress intensity decreases. Results show that assuming

crack tip angle 30� will give KI +7:9% greater than that in Tez (2008).

According the previous analysis, the mesh size for all the following model work is chosen to

be either 1.5 mm or 2 mm. The contour number is set to be 5 and the radii used to partition the

model around the crack tip are set to be 2 mm, 1.5 mm, 1 mm, 0.75 mm and 0.5 mm. The crack

tip angle is 30� and the edge length is 2 mm. Using the Python script, the stress intensity factor

for the speci�c geometry under 1 kN load without con�ning pressure are modelled and included in

Table 4.10.

4.4.3 Samples and test setup

Totally, 20 SNDB samples were tested and the basic information of the samples are shown in Table

4.10. For the tests with con�ning pressure, the 2.2 MN load frame was used while for the tests

without con�ning pressure, the 50 kN load frame was used. Epoxy (Devcon No. 14250) was used

to put the loading cap and sample together. The span of the two supporting roller, 2s, is 24 mm.

Two LD sensors were used to measure the axial displacement. To measure KIc under con�ning

pressure, the whole setup was placed inside the Hoek cell. Before the tests, the sample should be

set �rmly in the Hoek cell. The following procedure was used during each test:

(1) The sample was put in the rubber sleeve and mineral oil was �lled into the cell. About 1

MPa con�ning pressure was applied to hold everything together.

(2) The axial piston was moved up until about 1 kN axial force was achieved.

(3) The con�ning pressure was increased to the desired con�ning pressure with a duration of

3-5 minutes and maintained for 1 minute.

(4) The axial load was applied using displacement control with a rate of 0.05 mm/min until the

sample failed.

The data scan rate was 10 Hz for all the samples except samples 7G2-16-1, 7G2-16-2, 7G2-16-
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3, 7G2-16-4, 7G2-17-1, which has a data scan rate of 2 Hz.

4.4.4 Determination of crack initiation load

The load-displacement curves for the SNDB tests are given in Appendix E.4. The samples with no

con�ning pressure exhibit linear behaviour until the sample fractures at the maximum load Fmax.

This value is the crack initiation load Fci and will be used to calculate the fracture toughness KIc.

For the tests under con�ning pressure, a typical load-displacement curve is given in Figure

4.22. The fracture propagates in a stable manner. This phenomenon is similar to what has been

found in Kataoka et al. (2017), in which the con�ned semi-circular bend test was conducted on

Kimachi sandstone to investigate the in�uence of con�ning pressure. For the samples with notch

sealed by copper sheet, they exhibited ductile behaviour before a yield point was achieved. Thus,

the maximum load is not the fracture initiation load in this case and the load at the intersection of

two linear segments is chosen as the fracture initiation load (Kataoka et al., 2017).

In this study, two scenarios can be found:

(1) In the load-displacement curve, there exists a recognizable peak or platform before the load

starts to increase again like samples 7G3-6-1 and 7G3-7-2. It is believed that the fracture initiates

at this peak load but the fracture propagates in a stable manner. Thus, the axial load can keep

increasing. The stress at the peak or platform is the crack initiation load Fci as shown in Figure

4.22.

(2) For some samples, it is very hard to identify a peak or platform and the crack initiation

load. Considering that the three support rollers and crack will never be perfectly parallel, the two

LDS will behave differently before and after the crack initiation. Thus the following method is

proposed to acquire the crack initiation load Fci: �rstly, the axial load versus the difference of two

LDS was plotted. The load at the in�ection point of this curve is chosen to be the crack initiation

stress. One example is given in Figure 4.23.

Using the above 2 methods, the crack initiation loads for each sample were determined and

given in Tables 4.11 and 4.12.
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4.4.5 Determination of KIc using net crack initiation force

Since no pressure can be applied on the top surface, bottom surface and free surface of the notches,

the crack closure will occur during the increase of con�ning pressure. As shown in Figure 4.22,

similar method with that in Funatsu et al. (2004) was employed to exclude the load required to

reopen the crack to the initial state when calculating the fracture toughness. Since the axial dis-

placement rate is controlled by the load frame LVDT during the test, the sample can still deform in

the axial direction which can be captured by the two LDS. The load difference between the initial

load and the load forces the LDS back to zero is the compensation load Fcr. After subtracting the

load compensation Fcr from the total load Fci, the net crack initiation force Fc can be obtained and

the fracture toughness KIc can be easily determined. The results are given in Tables 4.11 and 4.12.

Based on the crack length to sample thickness (a=t) ratio, the test results can be grouped into two

categories:

(1) a=t about 0.2

The results are given in Table 4.11 and the photographs of the failed samples are given in Figure

4.24. The fracture toughness increased linearly with con�ning pressure. However, for samples

7G2-19-1, 7G2-19-2, 7G2-10-2 and 7G2-10-3 as shown in Figure 4.24, inclined cracks connecting

the upper and lower loading rods are formed. Since the tensile fracture propagates stably, it is

hard to identify which failure mode happens �rst, making these results questionable. Figure 4.25

plots Mode I fracture toughness as a function of con�ning pressure for samples 7G3-6-1, 7G3-6-3,

7G3-7-1, 7G3-7-2 and 7G3-7-3 (Samples 7G2-1-2 and 7G2-19-3 are not included since they are

not in the same depth interval). A linear trend best �ts the data has the form:

KIc = 0:159s3 + 2:02 (4.17)

The unit of s3 is MPa and the unit of KIc is MPa
p

m.

(2) a=t about 0.4

For samples with a=t about 0.2, they tend to fail in the inclined shear mode with con�ning

pressure higher than 15 MPa. In order to measure the fracture toughness under pressure higher
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than 15 MPa, The crack length to thickness ratio is set to be around 0.4. The results are given

in Table 4.12 and the photographs of the failed samples are given in Figure 4.26. Comparing the

results of samples 7G3-6-2, 7G2-16-1 with sample 7G3-7-2, KIc of samples with a=t about 0.4 is

much smaller than that with a=t about 0.2. However, there is also a trend showing that the fracture

toughness increases with the con�ning pressure.

4.4.6 Determination of KIc using two-step numerical modelling

The test procedure in Section 4.4.3 can be simpli�ed into two major steps: (1) applying con�ning

pressure while keeping the axial displacement �xed; (2) applying axial load while keeping the con-

�ning pressure constant. This testing procedure is modelled in ABAQUS with two general static

steps: (1) the con�ning pressure step, applying the con�ning pressure around the outer surface of

the SNDB sample and keeping the Reference Point (RP) �xed, and (2) the axial load step. In this

step, the DOF (degree of freedom) of the Reference Point in the vertical direction is released and

the crack initiation load Fci is applied. The stress intensity factor KI at the end of the second step

is the fracture toughness KIc. Based on the crack length to sample thickness (a=t) ratio, the test

results can also be grouped into two categories:

(1) a=t about 0.2

The results are given in Table 4.13 and Figure 4.27. It shows that the fracture toughness KIc is

independent of con�ning pressure, which is totally different from the previous observation.

(2) a=t about 0.4

The results are given in Table 4.14. Most of the KIc obtained are negative (except 7G2-17-3),

which means the crack tip is under compression with the crack initiation load.

The results will be analysed in detail in Section 4.5.2.
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4.5 Discussion

4.5.1 Comparison of KIc results from different methods

The SCB tests were carried out without con�ning pressure. The results of the SNDB tests without

con�ning pressure will be compared with the SCB test results. For the two types of samples with

similar depth, the values obtained from SNDB tests are larger than that from the SCB tests. In

Tutluoglu and Keles (2011), a relationship between KIc(SNDB) and KIc(SCB) is given as follows,

KIc(SNDB) = 0:5ln(t=R)+ KIc(SCB) (4.18)

In this study, the 4 SNDB tests all have t=R greater than 1. Thus, Equation 4.18 can partially

explain why KIc(SNDB) is greater than KIc(SCB). However, the SNDB tests gave lower fracture

toughness values of Kimachi rock than that from the CB and SCB tests according to Kataoka et al.

(2015). Kataoka et al. (2015) attribute these differences to the size effect of the specimens, but

whether it is the size effect in this study is not clear.

In Section 3.5.2, KIc is estimated based on the relationship between the tensile strength and

Mode I fracture toughness. It turns out that the derived KIc matches very well with that measured

from the SNDB tests.

4.5.2 Comparison of KIc results from con�ned SNDB tests with different crack length to thick-

ness ratios

In Section 4.4.5 and Section 4.4.6, KIc was determined using SNDB samples with two crack length

to thickness ratios. Both the net crack initiation force method and two-step numerical modelling

method indicate that KIc from a=t about 0.4 are inconsistent with that from a=t about 0.2. In

addition, most of the KIc determined from two-step numerical modelling method for a=t about 0.4

are negative, which indicates that the crack is under compression with the crack initiation load.

In order to �nd out what’s happening during the tests, the normal stress along the axis of SNDB

samples with a=t about 0.4 (shown in Figure 4.28) for each load increment is extracted and plotted
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in the Figures 4.29 and 4.30 (tensile is positive). The stresses from both the con�ning pressure step

and the axial load step are included. As we can see, at the end of the con�ning pressure step, there

are tensile stresses of about 10-20 MPa at the top of samples.

The simple beam theory was used to estimate the stress distribution along the axis above the

notch. For the con�ning pressure step, only the con�ning pressure is applied and the diagram is

given in Figure 4.31. s3 is the con�ning pressure. H f is the horizontal total force. e is the level

arm. t and a are the thickness and crack length, respectively. The stress at the top of the sample is

s = s3

"
1

1� a
t
�

3
�
1� a

t
�2

a
t

#

(4.19)

For a=t > 0:25, tensile stress will occur at the top of the sample. For a=t = 0:4, s =�(5=3)s3.

Thus, for con�ning pressure s3 over 10 MPa, the maximum tensile stress will be over 17 MPa.

Consequently, it is believed that tensile crack would be induced by con�ning pressure at the top

of the SNDB sample before the axial load is applied for SNDB samples with a/t around 0.4. Thin

Te�on sheet (1/64 inch thick) was put in the crack to check whether the two crack faces will touch

each other during the con�ning pressure step for a=t around 0.4 . However, no dent on the Te�on

sheet was found after the test, indicating that the two faces of the SNDB cracks will not touch each

other at the end of the con�ning pressure step.

In the axial loading step, the axial load is applied while the con�ning pressure remains constant.

At the end of con�ning step, the axial force is very low, around 1 kN-3 kN. With increasing axial

load, the tensile crack induced in the con�ning pressure step will start to close. Treating the SNDB

test as a simple beam, the evolution of the normal stress distribution along the sample thickness in

the axial loading step is illustrated in Figure 4.32. At the very beginning of the axial load step, the

axial load is very low so the maximum normal stress is at the crack tip. The stress at the top of the

sample increases with increasing axial load. Tensile stress at the crack tip would be induced if the

axial load keep increasing. This minimum axial force needed to induce tensile stress at the crack

tip can be calculated according to the diagram in Figure 4.33. H f is the horizontal total force. e is

the level arm. VT is the minimum vertical force needed to induced tensile stress at the crack tip.
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s is the half span length. t and a are the thickness and crack length, respectively. According to

equilibrium of moment, the following equation could be obtained,

VT

2
s = H f t

�
1
6

+
1
3

a
t

�
(4.20)

Considering H f = s3Dt, then

VT =
s3t2D

s

�
1
3

+
2
3

a
t

�
(4.21)

D is the diameter of the sample. Based on Equation 4.21, the vertical forces VT are determined

and given in Table 4.14. It shows that for samples with a=t around 0.4, the crack tips were under

compression under the crack initiation force Fci. In addition, the maximum vertical force this

sample can sustain, Vm, could be estimated as well. As shown in Figure 4.32, when the normal

forces along the crack only exist at the very narrow area at the top, the moment due to horizontal

force reaches its maximum. Accordingly, the vertical load reaches its maximum and is given as

Vm =
Dt2

s
s3 (4.22)

Based on Equation 4.22, the vertical forces Vm are determined and given in Table 4.14.

However, the simple beam model cannot explain why there would be a recognizable peak

or platform at the crack initiation load, Fci, for samples 7G2-16-1, 7G2-16-2 and 7G2-16-3, etc.

After careful observation of Figures 4.29 and 4.30, it is found that applying the axial load will

induce a tensile zone just below the loading rod (see sample 7G3-6-2). This means that the tensile

crack will continue to propagate from the top with increasing axial load. Once the crack cuts

through the sample thickness, the axial stress will drop, making a peak or platform in the load-

axial displacement curve.

In conclusion, for the SNDB sample with a=t around 0.4, the application of con�ning stress

might induce a tensile crack at the top of the sample. The tensile crack could cut through the

thickness or stop in the middle of the sample. For both cases, it is dif�cult to determine the

fracture toughness due to the complexity. It is not recommended using samples with crack length

to thickness ratio about 0.4 for con�ned SNDB test in which tensile crack might be induced at the

top surface during the application of the con�ning pressure.
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4.5.3 In�uence of con�ning pressure on Mode I fracture toughness of Montney shale

The test results of con�ned SNDB tests were analysed using two methods in Section 4.4.5 and

Section 4.4.6, respectively. However, two different results were given regarding the in�uence of

con�ning pressure on Mode I fracture toughness. By examining these two methods, one of the

major concerns about using the net crack initiation force Fc is whether the compensation load Fcr

is suf�cient to reopen the crack to its initial state. Thus, the normal stress along the axis of SNDB

samples with a=t around 0.2 (shown in Figure 4.28) for each load increment is extracted and plotted

in the Figure 4.34. The last axial force applied is the crack initiation force Fci determined from

test data (given in Table 4.13). In Figure 4.34, tensile is positive and compression is negative. The

normal stress along the axis changes from compression to tension with increasing axial load. The

numerical results reveal that the compensation load Fcr determined from load-axial displacement

curve is not enough to reopen the crack to its initial state. So, KIc given by net crack initiation

force, Fc is incorrect in this study.

According to Grif�th (1921) and Grif�th (1924), both of the following two criteria must be

ful�lled to enable crack propagation: (1) energy criterion: the energy release rate should exceed

the fracture energy of the material; and (2) stress criterion: the tensile stress should be greater

than the tensile strength. For crack under tension condition, the tensile stress around the crack

tip is very high due to stress concentration, so the crack propagation is controlled by the energy

criterion. However, For samples under compression, there is a lot of elastic energy stored while

the tensile stress is very small. Thus, the crack propagation is controlled by stress criterion for

samples under con�ning pressure.

For con�ned SNDB tests, the crack propagation should be controlled by the stress criterion.

The tensile stresses at the point 0.5 mm to the crack tip for each sample under crack initiation load

Fci and con�ning pressure are given in Figure 4.35. The reason to choose the point 0.5 mm to the

crack tip is that the �rst few points are too close to the crack tip and the stress is controlled by

the square root singularity. In addition, there is a in�ection for the stress versus distance to crack
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tip curves at this point. The tensile stresses at this point for each sample are around 30 MPa to

40 MPa and not affected by con�ning pressure. The tensile strength of Montney shale measured

from Brazilian test is around 15-20 MPa. Figure 4.36 gives the stress distributions along the axis

for samples under crack initial load Fci and con�ning pressure. It clearly shows that at the point

around 1 mm to the crack tip, the tensile stresses obtained are close the the tensile strength of rock.

Moreover, the stress distributions are very similar to each other and not in�uenced by the con�ning

pressure.

Based on the above analysis, it can be concluded that the Mode I fracture toughness of Montney

shale is independent of con�ning pressure as the stress required is to overcome the tensile strength

of the material at the crack tip. The crack propagation of con�ned SNDB tests is controlled by

stress criterion.

4.6 Conclusion

Literature review reveals that the con�ning pressure has a great in�uence on the Mode I fracture

toughness KIc of rock. In addition, the existing theories about the effect of pressure on KIc are re-

viewed. Then, the semi-circular bending (SCB) test and the straight notched disk bending (SNDB)

test are employed to measure the fracture toughness of Montney shale under room condition and

high pressure conditions. The key �nding are as follows:

(1) The Mode I fracture toughness under room conditions was measured with SCB test and

SNDB test. The measured Mode I fracture toughness values from the SCB tests, are quite consis-

tent along the entire depth interval and have the average of 1.34 MPa
p

m. For the SNDB test, the

KIc values are normally larger than that from SCB tests and have a value around 2 MPa
p

m.

(2) Con�ned SNDB tests were done on samples with crack length to thickness ratios (a=t)

around 0.2 and 0.4 to investigate the in�uence of con�ning pressure on Mode I fracture toughness

KIc. For a=t � 0:2, inclined cracks connecting the upper and bottom roller tends to form when the

pressure went above 15 MPa. Two methods, namely the net crack initiation force method and the
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two-step numerical modelling method, were employed to analyse the data. Results indicate that

KIc from a=t about 0.4 are inconsistent with those from a=t about 0.2. In addition, most of the KIc

determined from two-step numerical modelling method for a=t about 0.4 are negative, suggesting

that the crack tip is under compression with the crack initiation load. Theoretical analysis of normal

forces along the axis of the SNDB samples reveals that the application of con�ning stress might

induce tensile crack at the top of the SNDB sample with a=t around 0.4 before the axial load was

applied. So, it is not recommended using samples with crack length to thickness ratio about 0.4

for con�ned SNDB test.

(3) The Mode I fracture toughness under con�ning pressure was measured with SNDB sam-

ples using Hoek cell. The net crack initiation force method and the two-step numerical modelling

method, were employed to analyse the data. For net crack initiation force method, KIc was found

to increase linearly with pressure according results with a=t � 0:2. However, the results from two-

step numerical modelling method showed that the fracture toughness is independent of con�ning

pressure. After analysing the stress along the axis during the test, it is concluded that the compen-

sation load Fcr determined from load-axial displacement curve is not enough to reopen the crack

to its initial state. The tensile stresses achieved around the crack tip in con�ned SNDB tests under

crack initiation load are close to the tensile strength of the sample and not affected by con�ning

pressure. Thus, it concludes that the Mode I fracture toughness of Montney shale is independent

of con�ning pressure as the stress required is to overcome the tensile strength of the material at the

crack tip. The crack propagation of con�ned SNDB tests is controlled by stress criterion.
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Table 4.1: Dimensions of samples used for semi-circular bending tests.

ID Depth D t H a

m mm mm mm mm

7G2-1-2-1 3037.58 37.62 18.99 17.46 8.08

7G2-1-2-2 3037.58 37.62 18.99 17.84 7.98

7G2-10-2-1 3088.30 37.60 21.24 18.02 8.06

7G2-10-3-1 3088.30 37.60 18.97 18.62 8.29

7G3-7-1-1 3137.87 37.72 20.39 17.32 8.07

7G3-7-1-2 3137.87 37.72 20.39 19.09 8.18

7G2-16-1-1 3141.88 37.62 16.45 17.85 8.52

7G2-17-2-2 3142.70 37.63 17.64 18.06 8.55

7G2-19-3-1 3246.14 37.60 21.01 18.25 8.53

7G2-19-3-2 3246.14 37.60 21.01 18.08 7.67

1 D is the diameter. t is the thickness. H is the sample height and a is the crack length. The span,

2s, for SCB test is 24 mm.
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Table 4.2: Summary of Mode I fracture toughness for Montney shale based on semi-circular bend-

ing tests. Fmax is the maximum force achieved. t is the thickness of the sample.

ID Fmax=t KIc

N/mm MPa
p

m

7G2-1-2-1 1645.10 1.58

7G2-1-2-2 1489.55 1.41

7G2-10-2-1 2163.59 1.86

7G2-10-3-1 2604.30 2.60

7G3-7-1-1 1695.88 1.50

7G3-7-1-2 2665.88 2.41

7G2-16-1-1 753.96 0.90

7G2-17-2-2 1001.31 1.12

7G2-19-3-1 1062.89 1.00

7G2-19-3-2 1653.74 1.34
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Table 4.3: Coef�cient of friction between steel sleeve and rock sample.

s3 Fmax tmax f

MPa kN MPa

20 9.92 0.8393 0.0420

30 14.40 1.2184 0.0406

40 17.75 1.5019 0.0375

50 21.10 1.7853 0.0357

60 24.70 2.0899 0.0348

1 s3 is the con�ning pressure. Fmax is the maximum axial force achieved under one con�ning

pressure, and tmax is the corresponding shear stress. f is the coef�cient of friction.

Table 4.4: Coef�cient of friction for steel sleeve and rock sample with lubricant grease and Te�on

sheet in-between.

s3 Fmax tmax f

MPa kN MPa

20 2.28 0.1929 0.0096

40 2.78 0.2352 0.0059

60 3.48 0.2944 0.0049

1 s3 is the con�ning pressure. Fmax is the maximum axial force achieved under one con�ning

pressure, and tmax is the corresponding shear stress. f is the coef�cient of friction.
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Table 4.5: Normalized Mode I stress intensity factors for the SNDB specimens with D = 75 mm

(Tez, 2008). s is half span length. R and t are sample radius and thickness, respectively.

s=R
t=D

0.24 0.36 0.5 0.63 0.9

0.6 5.276 2.417 1.623 1.268 1.013

0.7 6.273 2.844 1.939 1.385 1.373

0.8 3.847 2.161 1.714

0.9 3.899 2.474 1.969

Table 4.6: In�uence of mesh size on the determination of stress intensity factor. The contour

number for stress intensity factor determination is 5. The radii of the circles around the crack tip

used to partition the model are 2 mm, 1.5 mm, 1 mm, 0.75 mm and 0.5 mm.

Mesh size Number of elements KI

mm MPa
p

m

3 4512 0.7475

2.5 6972 0.7475

2 12684 0.7473

1.5 28608 0.7472
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Table 4.7: In�uence of number of contours on the determination of stress intensity factor. Mesh

size is 2 mm. The radii of the circles around the crack tip used to partition the model are 2 mm,

1.5 mm, 1 mm, 0.75 mm and 0.5 mm.

Number of Contours KI

MPa
p

m

1 0.7280

2 0.7466

3 0.7473

4 0.7473

5 0.7473

Table 4.8: In�uence of mesh density around crack tip on the determination of KI . The contour

used to do the calculation is the largest outer circle. The mesh size is 2 mm. N is the number of

circles around the crack tip used to partition the model and RP gives the corresponding radii.

N RP Number of elements KI

mm MPa
p

m

5 2, 1.5, 1, 0.75, 0.5 12684 0.7473

6 2, 1.5, 1.2, 1, 0.75, 0.5 12956 0.7474

7 2, 1.8, 1.5, 1.2, 1, 0.75, 0.5 13228 0.7474

8 2, 1.8, 1.5, 1.2, 1, 0.8, 0.5, 0.2 13500 0.7491

11 2, 1.8, 1.6, 1.4, 1.2, 1, 0.8, 0.6, 0.4, 0.2, 0.1 14316 0.7493
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Table 4.9: In�uence of tip angle on the modelled result of KI for straight notched disk bending test.

a KI Deviation

Degree MPa
p

m %

5 0.7827 13.0

10 0.7690 11.0

15 0.7473 7.9

20 0.7173 3.5

25 0.6787 -2.0

30 0.6317 -8.8

1 a is the half angle of the crack tip. KI is the stress intensity factor at the center of the crack.

2 The reference for the deviation is 0.6927 MPa
p

m (Tez, 2008).

109



Table 4.10: Dimensions of samples used in straight notch disk bending tests.

ID Depth t D a t=R a=t KI

m mm mm mm MPa
p

m

7G2-1-2 3037.58 18.99 37.53 4.38 1.01 0.23 0.290

7G2-10-1 3088.30 23.31 37.49 5.23 1.24 0.22 0.216

7G2-10-2 3088.30 21.24 37.58 4.53 1.13 0.21 0.239

7G2-10-3 3088.30 18.97 37.61 4.20 1.01 0.22 0.285

7G3-6-1 3137.87 23.79 37.69 4.88 1.26 0.20 0.202

7G3-6-2 3137.87 25.55 37.69 10.09 1.36 0.39 0.277

7G3-6-3 3137.87 22.05 37.69 5.16 1.17 0.23 0.237

7G3-7-1 3137.87 20.39 37.72 4.40 1.08 0.22 0.254

7G3-7-2 3137.87 25.53 37.72 5.17 1.35 0.20 0.184

7G3-7-3 3137.87 22.91 37.72 4.89 1.21 0.21 0.216

7G2-16-1 3141.88 16.45 37.58 6.61 0.88 0.40 0.545

7G2-16-2 3141.88 19.14 37.58 8.12 1.02 0.42 0.459

7G2-16-3 3141.88 16.76 37.58 6.99 0.89 0.42 0.552

7G2-16-4 3141.88 16.84 37.57 6.64 0.90 0.39 0.515

7G2-17-1 3142.70 16.12 37.56 6.70 0.86 0.42 0.584

7G2-17-2 3142.70 17.64 37.54 5.12 0.94 0.29 0.371

7G2-17-3 3142.70 18.24 37.58 4.67 0.97 0.26 0.326

7G2-19-1 3246.14 23.75 37.53 4.92 1.27 0.21 0.203

7G2-19-2 3246.14 25.01 37.58 4.96 1.33 0.20 0.187

7G2-19-3 3246.14 21.01 37.59 4.11 1.12 0.20 0.233

1 KI is the stress intensity factor at the center of the crack from ABAQUS modelling result. The con�ning pressure

is zero. the axial load is 1 kN. The crack tip angle is 30�

2 The span between the two supporting rollers is 24 mm. t is the thickness. D is the diameter, a is the crack length

and R is the radius.
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Table 4.11: Summary of straight notch disk bending test results for crack length to thickness ratio

around 0.2 using net crack initiation force.

ID s3 Fci Fcr Fc KIc Failure mode

MPa kN kN kN MPa
p

m

7G2-1-2 0 6.70 0.00 6.70 1.94 T

7G2-10-1 0 11.24 0.00 11.24 2.43 T

7G2-10-2 10 10.74 0.7 10.04 2.40 IS

7G2-10-3 5 7.77 1.39 6.38 1.82 IS

7G3-6-1 5 13.52 0.51 13.01 2.63 T

7G3-6-3 15 19.20 1.77 17.43 4.14 T

7G3-7-1 0 8.08 0.00 8.08 2.05 T

7G3-7-2 10 23.05 3.16 19.89 3.66 T

7G3-7-3 12 21.22 1.39 19.83 4.28 T

7G2-19-1 10 9.72 0.44 9.28 1.89 IS

7G2-19-2 20 15.41 0.88 14.53 2.72 IS

7G2-19-3 0 6.00 0.00 6.00 1.40 T(?)

1 Fci is the crack initiation load. Fcr is the compensation load required to reopen the crack. Fc is the net crack

initiation load determined by subtracting the compensation load from the crack initiation load. KIc is the fracture

toughness determined as the multiplication of the net crack initiation load Fc and the modelled stress intensity KI

as given in Table 4.10. T and IS denote tensile and inclined shear failure modes, respectively.
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Table 4.12: Summary of straight notch disk bending test results for crack length to thickness ratio

around 0.4 using net crack initiation force method.

ID s3 Fci Fcr Fc KIc Failure mode

MPa kN kN kN MPa
p

m

7G3-6-2 10 10.11 1.01 9.10 2.52 T

7G2-16-1 10 3.79 0.44 3.35 1.83 T

7G2-16-2 15 4.36 3.91 0.45 0.21 T

7G2-16-3 25 4.86 1.52 3.34 1.84 T

7G2-16-4 25 2.21 1.01 1.20 0.62 T

7G2-17-1 30 12.06 3.85 8.21 4.79 IS(?)

7G2-17-2 30 8.59 1.83 6.76 2.51 T

7G2-17-3 20 13.39 3.67 9.72 3.17 T

1 Fci is the crack initiation load. Fcr is the compensation load required to reopen the crack. Fc is the net crack

initiation load determined by subtracting the compensation load from the crack initiation load. KIc is the fracture

toughness determined as the multiplication of the net crack initiation load Fc and the modelled stress intensity KI

as given in Table 4.10. T and IS denote tensile and inclined shear failure modes, respectively.
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Table 4.13: Summary of straight notch disk bending test results for crack length to thickness ratio

around 0.2 using two-step numerical modelling method.

ID t a s3 Fci KI1 KIc Failure mode

mm mm MPa kN MPa
p

m MPa
p

m

7G2-1-2 18.99 4.38 0 6.7 0 1.94 T

7G2-10-1 23.31 5.23 0 11.24 0 2.43 T

7G3-6-3 22.05 5.16 15 19.2 -2.76 1.79 T

7G3-6-1 23.79 4.88 5 13.52 -0.85 1.88 T

7G3-7-1 20.39 4.40 0 8.08 0 2.05 T

7G3-7-2 25.53 5.17 10 23.05 -1.77 2.47 T

7G3-7-3 22.91 4.89 12 21.22 -2.07 2.51 T

7G2-10-2 21.24 4.53 10 10.74 - 0.92 IS

7G2-10-3 18.97 4.20 5 7.77 - 1.42 IS

7G2-19-1 23.75 4.92 10 9.72 - 0.26 IS

7G2-19-2 25.01 4.96 20 15.41 - -0.54 IS

7G2-19-3 21.01 4.11 0 6.00 0 1.40 T(?)

1 Fci is the crack initiation load. KI1 is the stress intensity factor at the end of the �rst modelling

step. KIc is the fracture toughness determined as the stress intensity factor at the end of the

second step. T and IS denote tensile and inclined shear failure modes, respectively.
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Table 4.14: Summary of straight notch disk bending test results for crack length to thickness ratio

around 0.4 using two-step numerical modelling method.

ID t a s3 Fci KI1 KIc VT Vm Fmax Failure

mm mm MPa kN MPa
p

m MPa
p

m kN kN kN mode

7G3-6-2 25.55 10.09 10 10.11 -3.94 -1.14 12.33 20.67 33.48 T

7G2-16-1 16.45 6.61 10 3.79 -3.01 -0.94 5.15 8.57 4.23 T

7G2-16-2 19.14 8.12 15 4.36 -5.42 -3.41 10.72 17.40 4.68 T

7G2-16-3 16.76 6.99 25 4.86 -8.07 -5.39 13.60 22.24 7.58 T

7G2-16-4 16.84 6.64 25 2.21 -7.40 -6.26 13.38 22.45 7.45 T

7G2-17-1 16.12 6.70 30 12.06 -9.41 -2.37 15.07 24.69 29.49 IS(?)

7G2-17-2 17.64 5.12 30 8.59 -6.05 -2.87 15.57 29.56 23.24 T

7G2-17-3 18.24 4.67 20 13.39 -3.59 0.78 10.62 21.07 13.39 T

1 Fci is the crack initiation load. KIc is the fracture toughness determined as the stress intensity

factor at the end of the second step. KI1 is the stress intensity factor at the end of the �rst

modelling step. VT is the minimum vertical load needed to induced tensile stress at the crack

tip, estimated using simple beam theory. Vm is the maximum vertical force this sample can

sustain determined from the equilibrium of moment. Fmax is the maximum axial force applied

before the test is stopped. T and IS denote tensile and inclined shear failure modes, respectively.
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Figure 4.1: KIc as a function of con�ning pressure compiled from literature.

1: Schmidt and Huddle (1976) - Indiana limestone; 2: Roegiers and Zhao (1991) - Indiana limestone;

3: Abou-Sayed (1977) - Indiana limestone; 4: Al-Shayea et al. (2000) and Al-Shayea (2002) - Limestone;

5: Winter (1983) - Ruhr sandstone; 6: M¤uller (1986) - Ruhr sandstone;

7: Roegiers and Zhao (1991) - Berea sandstone; 8: Thiercelin (1987) - Berea sandstone;

9: Funatsu et al. (2004) - Kimachi sandstone; 10: Thiercelin (1987) - Mesa-Verde sandstone;

11: Thiercelin (1987) - Mesa-Verde mudstone; 12: Thiercelin (1987) - Cardium sandstone;

13: Vasarhely (1997) - Gneiss; 14: Funatsu et al. (2004) - Tage tuff;

15: Balme et al. (2004) - Iceland basalt; 16: Balme et al. (2004) - Vesuvius �ow;

17: Winter (1983) - PMMA.
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Figure 4.2: Cohesive model for a crack under con�ning pressure, adapted from Zhao and Roegiers

(1993) and Sato and Hashida (2006). P is the con�ning pressure. a is the half crack length. r0 is

the process zone length.
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Figure 4.3: ISRM suggested methods for determining Mode I fracture toughness of rock. (a)

chevron bend (CB) test; (b) short rod (SR) test; (c) cracked chevron notched Brazilian disk (CC-

NBD); (d) semi-circular bend (SCB) test.

Figure 4.4: Con�guration of semi-circular samples.
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Figure 4.5: Band saw and guide used for cutting the slots of the rock samples.

Figure 4.6: Photographs of semi-circular bending test setup.
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Figure 4.7: Photographs of failed SCB samples after tests.
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Figure 4.8: Con�guration of SNDB samples and loading setup.
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Figure 4.9: Con�guration of the con�ned SNDB test. The rubber sleeve for Hoek cell is modi�ed

speci�cally for the test. The inner diameter of the rubber sleeve is 44 mm and the diameter of the

sample is 38 mm. A steel sleeve of about 3 mm thickness is put between the sample and rubber

sleeve to prevent the puncture of the rubber sleeve induced by the high con�ning pressure.
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Figure 4.10: Photograph of steel sleeve used in Hoek cell to bridge the gap between the load cap

and the samples.

Figure 4.11: Axial load versus axial displacement for measurement of coef�cient of friction be-

tween the rock sample and steel sleeve with only the lubricant grease in-between at varying con-

�ning pressure. The lubricant grease was 1:1 w/w mixture of granular stearic acid and vaseline.
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Figure 4.12: Axial load versus axial displacement for measurement of coef�cient of friction be-

tween the rock sample and steel sleeve with both the lubricant grease and Te�on sheet in-between.

The thickness of the Te�on sheet is 0.394 mm (1/64 inch).

Figure 4.13: Boundary conditions for modelling of the Mode I stress intensity factor for SNDB

sample. RP is the Reference Point.
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Figure 4.14: Reference Point (RP) constraint for vertical load application. The x and y displace-

ment components of the line along where the top load will be applied are coupled with a Reference

Point (RP) with kinematic coupling constraint.

Figure 4.15: Finite element mesh of the SNDB sample.
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Figure 4.16: Distribution of Mode I stress intensity for SNDB samples along the crack tip. The

origin is set to be the center of the crack line. The geometry used is based on sample 7G2-1-2.

Figure 4.17: In�uence of mesh size on the determination of stress intensity factor. The contour

number for stress intensity factor determination is 5. The radii of the circles around the crack tip

used to partition the model are 2 mm, 1.5 mm, 1 mm, 0.75 mm and 0.5 mm.
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Figure 4.18: In�uence of contour number on the stress intensity factor modelling result.
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Figure 4.19: In�uence of mesh density around crack tip.

Figure 4.20: Determination of the Mode I stress intensity factor as a function of crack tip angle.

From top to bottom, the half crack tip angles, a are 5�, 15� and 30�, respectively.
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Figure 4.21: In�uence of tip angle on the modelled results of KIc. The diameter of the samples is

75 mm. Span length is 45 mm. Notch length is 10 mm.

Figure 4.22: Typical axial load versus axial displacement curve for con�ned SNDB test. There is

a platform before the axial load to increase again for this sample and the axial force at the platform

is chosen as the crack initiation load Fci. Fcr is the axial force required to reopen the crack to its

initial state.

128



Figure 4.23: Determination of fracture initiation force for samples without an identi�able peak

or platform. The load at the in�ection point of the axial load versus the differential displacement

between two LDS was chosen as the crack initiation load.

129



Figure 4.24: Photographs of failed SNDB samples with crack length to thickness ratio a=t of about

0.2. Inclined cracks connecting the upper and loading rods are formed for samples 7G2-19-1, 7G2-

19-2, 7G2-10-2 and 7G2-10-3.
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Figure 4.25: Mode I fracture toughness of Montney shale under different con�ning pressures from

con�ned SNDB tests using net crack initiation force method.
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Figure 4.26: Photographs of failed SNDB samples with crack length to thickness ratio a=t of about

0.4.

Figure 4.27: Mode I fracture toughness of Montney shale for crack length to thickness ratio around

0.2 determined with two-step numerical modelling method.
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Figure 4.28: Illustration of the SNDB sample axis where the normal stress were extracted and

analysed.

133



Figure 4.29: Normal stress along the thickness of SNDB samples with crack length to thickness

ratio around 0.4 (Part 1). The stress was extracted along the axis of the SNDB sample.
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Figure 4.30: Normal stress along the thickness of SNDB samples with crack length to thickness

ratio around 0.4 (Part 2). The stress was extracted along the axis of the SNDB sample.
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Figure 4.31: Estimation of stress distribution along the sample axis with only con�ning pressure

applied using simple beam theory. s3 is the con�ning pressure. H f is the horizontal total force. e

is the level arm. t and a are the thickness and crack length, respectively.
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Figure 4.32: Illustration of the evolution of the normal stress distribution across the SNDB sample

thickness with a=t around 0.4. From (a) to (e), the axial force increases. (d) shows the normal stress

distribution when tensile stress is induced at the crack tip. (e) gives the estimation of maximum

vertical force based on moment equilibrium. s3 is the con�ning pressure. H f is the horizontal total

force. Vf is the total vertical load applied. s is the half span length. VT is the minimum vertical

load needed to induced tensile stress at the crack tip, estimated using simple beam theory. Vm is

the maximum vertical force this sample can sustain determined from the equilibrium of moment. t

and a are the thickness and crack length, respectively.
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Figure 4.33: Estimation of axial load needed to induce tensile stress at the crack tip using simple

beam theory. s3 is the con�ning pressure. H f is the horizontal total force. VT is the minimum

vertical load needed to induced tensile stress at the crack tip, estimated using simple beam theory.

s is the half span length. t and a are the thickness and crack length, respectively.
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Figure 4.34: Normal stress along the thickness of SNDB samples with crack length to thickness

ratio around 0.2. The stress was extracted along the axis of the SNDB sample.
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Figure 4.35: Maximum tensile stress at the crack tip of the con�ned SNDB tests. The pressure is

applied and the axial load is the crack initiation load.

Figure 4.36: Compilation of normal stress along the axis of con�ned SNDB samples under crack

initiation load.
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Chapter 5

Mode II fracture toughness and shear fracture energy of

Montney shale

5.1 Reviews on measurement of Mode II fracture toughness and shear fracture

energy of rock

5.1.1 Measurement of Mode II fracture toughness of rock

Backers (2005) presented a comprehensive review on the existing testing methods to measure the

Mode II fracture toughness of rock and the details will not be repeated herein. Only four major test

methods as shown in Figure 5.1 will be reviewed here: (1) the cracked chevron notched Brazilian

disc (CCNBD) method and semi-circular bending test (SCB), (2) short beam compression test, (3)

double shear method, and (4) punch through shear with con�ning pressure test (PTS/CP).

Both the cracked chevron notched brazilian disc (CCNBD) method (Figure 5.1 (a)) (Fowell,

1995) and the semi-circular bending test (SCB) (Figure 5.1 (b)) (Kuruppu et al., 2014) are the

ISRM suggested methods for the Mode I fracture toughness determination. By changing the in-

clination of the slot, mixed mode can be introduced, and for a certain angle, pure Mode II can be

achieved (Al-Shayea et al., 2000; Al-Shayea, 2002; Funatsu et al., 2014). This method is not prac-

tical in the measurements since slight inaccuracy of the set up will induce mixed mode fracture.

The short beam compression test (Figure 5.1 (c)) was �rst proposed by Watkins and Liu (1985).

Three different groups of failure modes were observed. 1) For specimens with ai=L between 0:1

and 0:25, all the specimens failed between the two slots; 2) For specimen with ai=L = 0:3, this

was a transition group, which showed horizontal tensile crack or vertical crack at the top, and

shear failure between the cracks do exists; 3) For specimen with ai=L > 0:3, failure happened

exclusively by horizontal tensile crack or vertical crack. These three trends were also observed
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by Ko (2008). However, the Mode II fracture toughness found was smaller than Mode I fracture

toughness in Watkins and Liu (1985).

The double shear test originally suggested by Watkins (1983) is shown in Figure 5.1 (d). The

calibration coef�cient was found to be independent of crack size when IP=L is between 0:4�

0:6 using the compliance method. Using �nite element method, Davies (1988) found that with

increasing BL=L and decreasing H=W , KII=KI ratio is increasing which clearly indicates that the

propensity of occurrence of Mode II behaviour at the crack tip is increasing.

Punch through shear test with con�ning pressure (PTS/CP) is the ISRM suggested method for

determining the Mode II fracture toughness (Backers and Stephansson, 2012). The geometry of

the specimen is given in Figure 5.1 (e) and (f). The specimen is a right circular cylinder with height

L equal to diameter D. The diameter of the sample is 50 mm. The inner diameter of the circular

notch ID is 25 mm. The top crack depth and the bottom crack depth are set to be 5 mm and 30

mm, respectively. PTS/CP is based on the double shear test proposed by Watkins (1983). The

geometry of the sample used in this method is proposed considering the following three aspects:

1) the sample should be in the form of core specimens; 2) the sample could come from the sample

that has been used for Mode I fracture toughness test; 3) it should base on experience from previous

testing method. To ensure Mode II fracture propagation, con�ning pressure should be applied to

the sample. The Mode II fracture toughness of Aue Granite, R¤udersdorf limestone and Carrara

marble were measured with PTS/CP test under various con�ning pressure by Backers et al. (2002)

and given in Table C.1.

5.1.2 Measurement of shear fracture energy of rock

Rice (1980) has suggested that the shear fracture energy GIIc can be evaluated based on the post-

failure stress-displacement curve of triaxial compression test. The details of the procedure is shown

in Figure 5.2. Since most of the deformation take place along the shear plane after the peak, the

post failure process can be captured by the stress and slip along the localized zone. The shear stress

142



t , the slip displacement DL and the resolved normal stress sn are given by

t =
s1�s3

2
sin2q (5.1)

sn =
s1�s3

2
cos2q +

s1 +s3

2
(5.2)

DL =
Dl

cosq
(5.3)

where q is the angle between the failure plane and the sample axis, s1 is the maximum principal

stress. s3 is the minimum principal stress. DL is the relative shear slip. Dl is the plastic axial

displacement.

Based on this method, Rice (1980), Wong (1982b), Wong (1986), Hakami and Stephansson

(1990) and Zhang and Rummel (1990) estimated the shear fracture energy of rocks. Li (1987)

presented a list of shear fracture energy for rocks. The results are summarized in Tables C.2,

C.3 and C.4. In the tables, GIIc means the shear fracture energy calculated directly from the

post-peak part of the stress-displacement curve. However, the normal stress on the shear plane

will decrease if the con�ning pressure remains constant during the test according to Equation 5.2.

Wong (1986) suggested a correction scheme to obtain the shear fracture energy for constant normal

stress based on the assumption that the normal stress dependence of the peak and residual strength

is approximately linear. The shear fracture energy calculated under constant normal stress are

denoted as G�IIc in Table C.3.

Ohnaka et al. (1997), Kato et al. (2003) and Zhang and Rummel (1990) included the slip-

strengthening part preceding the post-peak phase in the calculation of shear fracture energy as

shown in Figure 5.3, considering that the microcracking development before the macroscopic shear

failure is an integral part of the whole failure process. The test results are summarized in Tables

C.4 and C.5.

The frictional slip failure on a plane or thin layer of weakness have also been investigated by
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Okubo and Dieterich (1981), Okubo and Dieterich (1984), Cox and Scholz (1985) and Ohnaka

(2003). The shear fracture energy is calculated and the results are given in Tables C.6, C.7 and

C.8.

5.2 Double shear (DS) test on Montney shale

Double shear was employed to measure the Mode II fracture toughness of Montney shale in this

study. The double shear test uses cylindrical samples with two sets of notches on the top and

bottom. The notches act as friction free initial notches. The sample geometry and test setup are

given in Figures 5.4 and 5.5, respectively.

Both the fracture toughness approach and the shear fracture energy approach will be used to

analyse the data. For the fracture toughness approach, only the maximum load achieved is needed

in the calculation. However, numerical modelling is required to determine the stress intensity

factor since no equation regarding the dimensionless stress intensity factor is given. For the shear

fracture energy approach, the post-peak behaviour of the rock is needed. According to Rice (1980),

the shear fracture energy can be obtained by an integration under the post-peak stress displacement

curve.

Con�ning pressure was used in the tests. The Hoek cell was used to provide con�ning pressure

for the sample. Since there would be a gap between the load platen and the sample, a steel sleeve

(about 3 mm thick) was used to bridge the gap. The loading procedure was controlled by the

GCTS controller. The control signal for the axial displacement was controlled by the load frame

LVDT. Because the load frame is not perfectly rigid, there will be a difference between the actual

displacement rate of the sample and that of the load frame LVDT. Two LD sensors were used to

record the axial displacements, and the 500 kN load cell was used to record the axial load. When

the con�ning pressure was applied, the 2.2 MN load frame was used. When the con�ning pressure

was zero, the 50 kN load frame was used except for sample 7G3-4-2 , in which the 2.2 MN load

frame was used. Epoxy (Devcon No. 14250) was used to put the loading cap and sample together.
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The double shear test procedure was as follows:

(1) The sample was put in the rubber sleeve and mineral oil was �lled into the cell. About 1

MPa con�ning pressure was applied to hold the samples and loading caps together.

(2) The axial piston was moved up until about 1 kN axial force was achieved.

(3) The con�ning pressure was increased to the desired con�ning pressure with a duration of

3-5 minutes and maintained for 1 minute.

(4) The axial load was applied using displacement control with a rate 0.05 mm/min until the

sample failed.

The data scan rate was 10 Hz for all the tests except 7G2-1-3, 7G2-8-1, 7G2-21-3 and 7G3-5-2

which had a data scan rate of 2 Hz. The axial load versus axial displacement curves for the DS

tests are provided in Appendix E.5.

5.2.1 Mode II fracture toughness of Montney shale

In Backers (2005), the displacement extrapolation technique (DET) is used to estimate the stress

intensity factor. This technique is found to be mesh dependent and very complicated. ABAQUS

will be used to calculate the Mode II stress intensity factor in this study. First of all, the accuracy

of ABAQUS will be veri�ed through modelling one PTS/CP test case. Due to axisymmetry, only

2D model is used. The dimension of the model is the same as that in Figure 5-1 of Backers (2005)

(Figure 5.1 (e) and (f). Both L and D are 50 mm. T L and BL are 5 mm and 30 mm, respectively. ID

is 25 mm.) The crack width is set to be 1 mm instead. The material is linear elastic with E = 200

GPa and n = 0:3. The con�ning pressure, s3, is 30 MPa and the axial pressure, sAmax, is 100 MPa.

The Mode II stress intensity factor at the bottom right corner given by ABAQUS is 3.78 MPa
p

m.

The Mode II stress intensity factor can be given by Equation 5.4 according to Backers (2005),

KIIc = 0:0378sAmax�1:795�10�3s3 (5.4)
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where sAmax and s3 are in MPa to give KIIc in MPa
p

m. Substituting sAmax = 100 MPa and

s3 = 30 MPa into Equation 5.4, the result is

KIIc = 3:72 MPa
p

m (5.5)

It can be seen the results from ABAQUS and Equation 5.5 are very close to each other.

For the double shear test in this study, only one quarter of the sample was modelled due to

symmetry. Unlike the axial pressure used in the previous model, a reference point (RP) was used

in the ABAQUS model so an axial concentrated force could be applied to the top loading surface as

shown in Figure 5.6. The displacement of the reference point is coupled with those of the top plane

for the vertical displacement and rotation along all three directions. The boundary conditions are

given in Figure 5.7, in which symmetrical boundary conditions are applied to the two symmetrical

planes. The �nite element mesh is given in Figure 5.8. Two analysis steps were used, namely: (1)

the con�ning pressure step, to add con�ning pressure along the whole outer surface, and (2) the

axial loading step, to add the axial load. A parametric ABAQUS Python script was developed for

DS test modelling and given in Appendix D.2.

A convergence study was performed on sample 7G2-1-3 to determine a proper mesh and con-

tour number for the stress intensity factor calculation. The total length, top and bottom crack

lengths of this sample are 27.65 mm, 5.04 mm, and 15.09 mm, respectively. The con�ning pres-

sure is 0 MPa, and the maximum axial force achieved is 21.15 kN. First of all, �ve mesh densities

were examined (the contour number is 6) as given in Figure 5.9. The mesh sizes were 1.5 mm,

1.2 mm, 1.0 mm, 0.8 mm and 0.5 mm, respectively. The results of mesh size in�uence on the

calculated stress intensity factor were given in Table 5.2. In addition, the in�uence of number of

contours on modelling result were analysed. The stress intensity factors from 6 contours as shown

in Figure 5.10 were calculated and given in Table 5.3. Considering the thickness of the crack was

1 mm, the mesh size and the contour number were set to be 1 mm and 6, respectively.

The Mode II fracture toughness values KIIc of Montney shale were calculated directly from

ABAQUS modelling. For each sample, it is modelled with its own dimensions, con�ning pressure
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and maximum axial load. Only 1/4 of the maximum axial force was applied in the calculation

since the model is 1/4 of the whole sample. In Backers (2005), the modelled stress intensity value

is determined on the bottom notch. In this study, it is found that the fracture normally initiates

from the bottom outer corner. So the stress intensity factor value at the bottom outer corner at the

end of axial loading step is chosen as the Mode II fracture toughness, KIIc. The results are given

in Table 5.4. The plot of the Mode II fracture toughness versus the con�ning pressure is given in

Figure 5.11. It shows a clear trend that the Mode II fracture toughness increases with pressure up

to 50 MPa.

5.2.2 Shear fracture energy of Montney shale

For the tests with distinct post-peak part, the shear fracture energy can be calculated through the

integration of the post-peak portion. The theoretical background of determination of shear fracture

energy based on ‘slip-weakening’ model is given in Section 2.5.3 and Section 5.1.2. For double

shear test, the normal stress on the shear plane remains constant during the test. The details about

the calculation of shear fracture energy of Montney is given in Figure 5.12. Firstly, the shear stress

along the shear plane was calculated according to Equation 5.6 and the relation between shear

stress versus axial displacement was plotted.

t =
F

2LcTi
(5.6)

where t , F , Lc and Ti are the shear stress, the axial force, the chord length of the crack and the

length of the intact portion, respectively. Secondly, the stiffness of the linear portion of the pre-

peak part, bs, was determined, and the slip displacement D was calculated according to Equation

5.7,

D = Dapp�Del = (da�dF)�
t� tmax

bs
(5.7)

da is the axial displacement and dF is the axial displacement at peak force Fmax. tmax is the maxi-

mum shear force achieved. Finally, the shear stress versus slip displacement curve was plotted and

the shear fracture energy can be readily determined. For sample 7G2-5-2, it is hard to determine
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a consistent stiffness, bs, through the loading curve since there are many load-unload cycles. The

reload curve of the last cycle before the peak is chosen for the calculation.

The results of the shear fracture energy GIIc are given in Table 5.5. In addition, the stress drop

and the relative slip are also given. The plots of shear fracture energy versus con�ning pressure,

shear fracture energy as a function of slip, the stress drop versus con�ning pressure and the shear

slip versus con�ning pressure are given in Figures 5.13, 5.14, 5.15 and 5.16, respectively. It can be

seen that the shear fracture energy increases with con�ning pressure. The shear slip is insensitive

to con�ning pressure.

5.2.3 In�uence of notch symmetry

In this study, two types of notch geometry are used. For the �rst type, symmetrical notches of

the similar upper and bottom notch lengths are used. However, horizontal tensile cracks always

develop under high con�ning pressure. For the second type, the upper notch is �xed to be 5 mm,

similar to that of the PTS/CP sample. According to the test results, insigni�cant in�uence of

the notch geometry on the Mode II fracture toughness can be found. This is consistent with the

observation by Backers et al. (2002).

5.2.4 Fracture pattern of the failed samples

The uncon�ned double shear test on sample 7G3-4-2 as shown in Figure 5.17 was employed to

investigate the fracture development during the test. The axial load increases from left to right in

Figure 5.17. The �rst fracture initiates as wing crack at the inner tip of the bottom notch. which is

nearly invisible at the very beginning. Then, its width continues to increase with increasing axial

load while the length is almost constant. Under a certain load, a horizontal fracture initiates at the

same height as the bottom crack tip, and it is considered as tensile crack induced by the bending

since it becomes invisible after the sample fails. At last, the sample fails with crack connecting

the outer corner of the lower notch and the inner corner of the upper notch. Similar trend was also

found by Backers et al. (2002) as given in Figure 5.18.
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The fracture pattern for double shear samples with different intact portion ratio (length of intact

portion/total height) under various con�ning pressure are given in Figures 5.19, 5.20 and 5.21.

The photographs of the failed samples are given in Appendix E.6. The rock outlines with different

colours indicate samples from different depth intervals. Tensile and shear fractures are denoted

by blue and red lines, respectively. The number under each label is the height of the sample

and the number in parenthesis is the intact portion ratio. It clearly shows that the fracture pattern is

in�uenced by both the intact portion ratio and con�ning pressure. The following three observations

can be made:

(1) The main fracture initiates from the outer corner of the bottom notch and connect to the

inner corner of the upper notch.

(2) Under low con�ning pressure, normally the main fracture is very clear. With increasing

con�ning pressure, the samples tend to behave in a ductile manner and the number of fractures

increases. The intact portion ratio should decrease in order to create a clear shear fracture along

the pre-cut cracks.

(3) According to Watkins (1983), the intact portion ratio should be around 0.3 - 0.5 to obtain

consistent result. Backers et al. (2002) states that the intact portion ratio should be around 0.2 - 0.5

for constant KIIc. However, it is found that for intact portion ratio around 0.4-0.5, it is very dif�cult

to induce shear fracture. Considering observation (2), attempts by reducing the intact portion ratio

to about 0.15 have been made to measure the Mode II fracture toughness up to 50 MPa con�ning

pressure. Double layer te�on sheet (1/64 inch thickness each) were inserted into the top and bottom

notches to prevent the bending failure of the notches. However, tensile failure tends to occur before

shear failure with intact portion ratio lower than 0.2, resulting in unrealistic low fracture toughness

values.
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5.3 Discussion

5.3.1 Stress distribution along the axis joining the top and bottom notches

In Backers (2005), test results show that the shear fracture initiates from the bottom crack for

PTS/CP test. Consequently, the modelled stress intensity factor value is determined at the bottom

notch. In Figure 5.17, the �rst crack is tensile crack and initiates at the inner corner of the bottom

notch. In Section 5.2.4, it is found that the sample fails with crack connecting the outer corner of

the lower notch and the inner corner of the upper notch. Thus, the stress intensity factor value at

the bottom right corner is chosen to calculate the fracture toughness in this study. Nevertheless, it

is important to con�rm that the shear stress at the bottom crack exceeds the shear strength and the

�nal crack initiate at the bottom right corner.

The double shear test can be treated as direct shear box test. The shear strength tmax is the

maximum shear stress achieved (Equation 5.6). The residual shear strength tr is the shear strength

at residual state. The normal stress sn is obtained by dividing the lateral force over the intact area.

sn and tmax can be calculated using Equation 5.8.

sn =
s3L

L�T L�BL

tmax =
Fmax

2(L�T L�BL)Lc

(5.8)

where L is the length of the sample. Lc is the chord length of the crack. T L and BL are the top

and bottom crack lengths, respectively. s3 is the con�ning pressure. Fmax is the maximum axial

force achieved. The shear strength tmax, residual shear strength tr, and normal stress sn from

double shear tests are provided in Table 5.4. In Section 3.4.2, uniaxial and triaxial tests have

been conducted on Montney samples and the results are given in Table 3.2. Both the results from

double shear tests and triaxial compression tests are plotted in Figure 5.22. For double shear tests

with con�ning pressure s3 greater than 30 MPa, the results are not included because they fail in

a complicated mode. As we can see, the strength data from double shear tests are consistent with

those from triaxial compression tests. The Mohr-Coulomb strength envelope is given in Equation
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3.4. The cohesion is 38:14 MPa and the friction angle is 50:14�. The Mohr-Coulomb strength

criterion for the peak strength from the double shear test data is (unit in MPa),

tmax = 0:50sn + 40:90 (5.9)

The cohesion is 40.90 MPa and the friction angle is 26:58�. The Mohr-Coulomb strength criterion

for the residual strength is

tr = 0:33sn (5.10)

The residual friction angle is 18:27�.

The contour of shear stresses at one symmetrical plane of sample 7G3-9-1 is given in Figure

5.23. It clearly shows that the maximum shear stress occurs at the bottom right corner. In addition,

the shear stress and normal stress along the axis joining the top and bottom notches for sample 7G3-

9-1 are plotted in Figures 5.25 and 5.26, respectively. The total length of sample 7G3-9-1 is 37.3

mm. The top notch length and the bottom notch length are 11.8 mm and 14.0 mm, respectively.

The con�ning pressure is 20 MPa. Figure 5.24 shows the nodes where the stresses are extracted.

Both the maximum shear stress and maximum shear stress-normal stress ratio occur around the

bottom right crack tip. Interestingly, as shown in Figure 5.26, the normal stress at the bottom crack

tip is tensile at the end of the axial load. This could explain the observation that the �rst crack is

tensile crack and initiates at the inner corner of the bottom notch.

For some samples like sample 7G3-5-2, the top notch length is around 5 mm. The bottom

notch is longer than the top notch. In order to investigate whether this asymmetry would in�uence

the crack initiation location, the shear stress and normal stress along the axis joining the top and

bottom notches for sample 7G3-5-2 are plotted in Figures 5.27 and 5.28, respectively. The total

length of sample 7G3-5-2 is 36.3 mm. The top notch length and the bottom notch length are 4.8

mm and 22.8 mm, respectively. The con�ning pressure is 10 MPa. As we can see, the normal

stress is high at the bottom although the shear stress is also high at the bottom. In addition, the

stress intensity factors at the bottom right corner (BR) and top left corner (Tl) (Figure 5.29) were

extracted for samples with asymmetrical notches as given in Table 5.6. As we can see, KII at
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bottom right corner is always larger than KII at the top. Thus, it is safe to calculate KIIc according

to KII at the bottom right corner.

5.3.2 Dependence of shear fracture energy on con�ning pressure

The triaxial compression test results of San Marcos gabbro and Fichtelbirge granite at room tem-

perature show that GIIc will �rst increase with con�ning pressure up to 550 MPa and then decrease

(Wong, 1986). According to Zhang and Rummel (1990), GIIc for Ruhr-sandstone increases up to

50 MPa con�ning pressure and decreases to about zero at 300 MPa con�ning pressure. In addition,

GIIc for Bunt-sandstone reaches maximum at 20-30 MPa con�ning pressure and tends to zero at

con�ning pressure over 100 MPa. Consequently, it was concluded that the shear fracture energy

would �rst increase and then decrease as functions of normal stress and vary as a Gaussian func-

tion of normal stress (Zhang and Rummel, 1990). The dependence of Mode II fracture toughness

KIIc on con�ning pressure was divided into the following two regimes according to the PTS/CP

test results by Backers et al. (2002):

(1) For pressure less than 30 MPa, KIIc increases with con�ning pressure with a decreasing

rate;

(2) For pressure greater than 30 MPa, KIIc remains constant.

Backers et al. (2002) believes that regime (1) is in�uenced by Mode I fracturing and regime (2)

is dominated by Mode II.

In this study, both the Mode II fracture toughness KIIc and the shear fracture energy GIIc in-

creases with con�ning pressure up to 40 MPa con�ning pressure as shown in Figure 5.11 and

Figure 5.13, respectively. However, it becomes more and more dif�cult to obtain reasonable GIIc

and KIIc when the pressure increases to 30 MPa because the sample tends to behave in a ductile

manner, evidenced by the multiple shear fractures branched out from the main shear fracture. Un-

der low con�ning pressure, a distinct straight fracture will connect the top and bottom notches.

With increasing con�ning pressure, cracks develop ubiquitously, resulting in very complex failure

mode. It is easier to induce Mode II fracture under low con�ning pressures for double shear tests.
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Under high con�ning pressure, the intact portion ratio should decrease in order to induce shear

failure. This threshold con�ning pressure is controlled by the geometry of the sample.

The failure pattern of the Ruhr-sandstone samples were also described by Zhang and Rummel

(1990) as follows: (1) for con�ning pressure lesser than 20 MPa, the failure mode was tensile or

tensile-shear and no single shear plane could be found; (2) when the pressure was between 20 to

100 MPa, a distinct and single shear fracture angle was formed; (3) at pressure higher than 100

MPa, some cracks off fault could be found; (4) when the con�ning pressure was over 300 MPa, the

sample failed in diffuse failure manner with pervasively distributed cracks in the whole sample.

Along with the deviator stress-axial strain curve shown in Figure 1 of Zhang and Rummel (1990),

it could be concluded that Ruhr-sandstone started to behave in a ductile manner when con�ning

pressure is greater than 100 MPa. An interesting �nding by Backers et al. (2002) was that the stress

drop after the peak decreased and became dif�cult to determine, resulting in low values of GIIc at

con�ning pressure higher than 5 MPa in PTS/CP tests. The decrease of stress drop clearly shows

that the PTS/CP samples start to become dutile under high pressure.

Based on the above analysis, the shear fracture energy starts to decrease when the rock becomes

ductile. The double shear test is only suitable to measure the Mode II fracture toughness of rock

for con�ning pressure below 30 MPa. Under pressure range from 0 MPa to 30 MPa, the Mode II

fracture toughness increases with con�ning pressure.

5.3.3 Dependence of shear fracture energy on relative slip

By estimating the shear fracture energy of the stick-slip events generated by two large gran-

ite block, the in�uence of normal stress and surface roughness on shear fracture energy, slip-

weakening displacement Dc and stress drop Ds were investigated by Okubo and Dieterich (1981).

The data are given in Table C.6. The shear fracture energy GIIc ranges from 0.06 J/m2 to 0.8 J/m2.

Most of the slip-weakening displacements Dc have values between 2 and 3 micrometers. Dc is

independent of the normal stress and the stress drop Ds increases linearly with normal stress. In

order to explain the considerable discrepancy between the results in Okubo and Dieterich (1981)
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and that in Rice (1980) (Table C.2), it states that Dc is important in controlling the size of shear

fracture energy. In addition, Dc is found to increase with increasing roughness by Okubo and

Dieterich (1984) using simulated fault with two different roughness (Table C.7).

Ohnaka et al. (1987) investigated the stick-slip events generated on precut fault in Tsukuba

granite and suggested that the slip-weakening displacement Dc and the shear fracture energy were

scale dependent. The shear fracture energy cannot be considered as material constant. It is likely

more small scale subsidiary fractures are created during the formation of larger breakdown zone.

Large fracture energy is needed to release unit shear strain in larger breakdown zone. Considering

that the shear strength of intact rock could be the upper limit of frictional strength and the frictional

slip instability and shear fracture instability of intact rock are two extreme cases of shear failure,

they could be treated in one single constitutive law and Dc should be the scaling parameter for

the fracture process of both fractures and intact rocks. Thus, Ohnaka et al. (1997) and Ohnaka

(2003) chosen an uni�ed slip dependent constitutive law to characterize the scale-dependent rup-

ture, including small-scale frictional slip, shear fracture in the laboratory and �eld scale earthquake

rupture using Dc as the scaling parameter. The scale dependence of Dc is fundamentally important

in this model and Dc is controlled by the fault roughness.

The idea the fault surface roughness directs Dc is questioned by Abercrombie and Rice (2005)

because it cannot explain the observations that the largest slip often does not coincide with the

hypocentre. In earthquake, the slip-weakening displacement Dc is not always identical to the total

slip S. Abercrombie and Rice (2005) concludes that no relationship between the friction param-

eter of the fault including Dc and the amount of slip S in the earthquake is needed. A single,

scale-independent slip-weakening model can be used to describe the behaviour of both small and

large earthquakes. Thus, a causal relationship between the fault zone properties and the size of

the earthquake is not the sole explanation for the scale dependence, and a cascading sequence of

weakening processes was suggested. The weakening processes include thermal pressurization and

�ash heating, which would become active throughout overlapping slip scale. Viesca and Garagash

154



(2015) states that the earthquakes are not self-similar and the weakening mechanisms are different

for small and large earthquakes based on an extensive data set of shear fracture energy of earth-

quakes from around the world. The thermal pressurization of pore �uid by the rapid shear heating

is a widespread and prominent process for fault weakening. The shear fracture energy scales with

slip following GIIc µ S2 for relative small slip S as shown in Figure 5.30.

Considering that the slip-weakening displacement Dc and the earthquake slip S are important

factors controlling the slip weakening properties, the shear fracture energy of fracture and rock

will be revisited in terms of Dc. Frictional characteristics of Westerly granite under high con�ning

pressure have been investigated by Byerlee (1966), in which the changes in friction with the dis-

tance of sliding are measured and shown in Figure 5.31. Based on these results, the shear fracture

energy is estimated using the post-peak part and the results are given in Table 5.7. As mentioned

in Section 5.1.2, laboratory measured shear fracture energy data are complied and given in Ap-

pendix C. The plot of shear fracture energy versus slip-weakening displacement Dc for all the data

compiled are given in Figure 5.32. GIIc are �tted for different data sets. The �tting result for shear

fracture energy of pre-existing fracture is

log10(GIIc) = 1:96log10(Dc)+ 9:73 (5.11)

The �tting result for shear fracture energy of initially intact rock only is

log10(GIIc) = 1:01log10(Dc)+ 7:74 (5.12)

The �tting result for all the data is

log10(GIIc) = 2:21log10(Dc)+ 11:33 (5.13)

From Figure 5.32, Equations 5.11, 5.12 and 5.13, the following observations can be made:

(1) Unlike frictional slip, the slip-weakening displacements Dc of intact rock only occupy a

limited range (0.04 mm to 4 mm). The low end comes from uniaxial compression test of Westerly

granite and the high end comes from triaxial test of Tsukuba granite under high con�ning pressure
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and temperature, which is very close to the brittle-ductile transition regime. The shear fracture

energy of intact rock is higher than that of pre-existing fractures. When Dc is larger than 1 mm, the

difference between the intact rock and fracture becomes smaller and �nally they merge together.

(2) For shear fracture energy of pre-existing fracture, it scales with slip as GIIc µ D1:96
c , very

close to the result given by Viesca and Garagash (2015) for earthquakes. For the entire dataset, the

scaling becomes GIIc µ S2:21, larger than the �eld value. So earthquake events mainly come from

the shear slip of pre-existing faults.

(3) Because the relationship between slip-weakening displacement Dc and the total slip S is

unclear, it is very hard to compare the result from the laboratory and the �eld directly. For the

same shear fracture energy, S is about 1 order larger than Dc. Considering that the stress drop

measured in the laboratory is usually larger than that in the �eld, S should be about 5 times of Dc

in reality.

5.3.4 Comparison between fracture toughness approach and energy approach

The Mode II fracture toughness KIIc and the shear fracture energy GIIc can be converted inter-

changeably according to Equation 5.14 based on linear elastic fracture mechanics (LEFM).

GIIc =
K2

IIc
E 0

(5.14)

where E 0 = E for plane stress condition and E 0 = E=(1�n2) for plane strain condition. E and n

are Young’s modulus and Poisson’s ratio, respectively.

The Mode II fracture toughness KIIc are converted to shear fracture energy and the results are

given in Table 5.8. The Young’s modulus used are chosen from the values in Table 3.2. Along with

the converted shear fracture energy, the ratios between the measured shear fracture energy and

converted value are also provided. It can be seen that the measured shear energy is always larger

than the converted values. The plot of the ratio versus con�ning pressure is given in Figure 5.33.

It is clear that the converted and measured shear fracture values are getting close with increasing

con�ning pressure.
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This �nding is consistent with the result in Backers et al. (2002) although a mistake in the cal-

culation has been made. The energy release rate obtained from post-peak for R¤udersdorf limestone

under 5 MPa using PTS/CP test is 4�104 J/m2. The fracture toughness determined is 3:7MPa
p

m.

The Young’s modulus and Poisson ’s ratio are 22 GPa and 0.22, respectively. Thus the converted

shear fracture energy is 0.62 kJ/m2. The ratio between the measured and converted shear fracture

energy is about 64, even higher than the values presented in this study.

The dependency of shear fracture energy on Dc as discussed in Section 5.3.3 can be used to

explain this �nding. KIIc is determined based on the maximum axial force achieved while GIIc

is determined according to the post-peak behaviour. Considering the fracture development of the

double shear test and the PTS/CP test, Dc for GIIc is much larger than that for KIIc. Under low

con�ning pressure, the sample fails in a brittle manner. Thus the ratio between GIIc and Dc is high.

With increasing con�ning pressure, the sample tends to deform in a ductile manner and the ratio

between the measured and converted shear fracture energy decreases.

5.4 Conclusion

Double shear tests were conducted on Montney shale samples to measure its Mode II fracture

toughness and shear fracture energy under in situ conditions. The fracture toughness approach and

the shear fracture energy approach are used to analyse the data. Results from these two approaches

are compared and the factors in�uencing the shear fracture behaviour are discussed. The major

�ndings are summarized below:

(1) Double shear tests can be used to measure the shear fracture toughness of rock samples.

The intact portion ratio should be kept between 0.2 to 0.4 to ensure Mode II fracture. The sample

tends to become ductile with increasing con�ning pressure. When the pressure is higher than 30

MPa, it is very dif�cult to achieve Mode II failure. Thus, the double shear test is only suitable

to measure the Mode II fracture toughness of rock with con�ning pressure below 30 MPa. Under

pressure range from 0 MPa to 30 MPa, the Mode II fracture toughness increases with pressure.
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(2) The pressure dependency of Mode II fracture toughness and shear fracture energy is dis-

cussed. In the brittle regime, the shear fracture energy has a positive correlation with con�ning

pressure. For shear fracture energy measured using triaxial tests, the shear fracture energy tends

to decrease when the pressure and temperature applied enter the brittle-ductile transition regime.

For double shear tests, the geometry of the sample has a substantial in�uence on the brittle-ductile

transition. The transition pressure is around 30 MPa. Thus, the conclusion that the dependency of

KIIc on pressure for double shear test and PTS/CP test can be divided into two regimes is incorrect.

(3) An extensive data set on laboratory measured shear fracture energy of intact rock and frac-

tures are collected and compiled. The laboratory data are compared with the shear fracture energy

estimated from seismic events of different scales. It shows that the slip-weakening displacement Dc

or slip S of earthquakes is a more fundamental parameter controlling the slip weakening behaviour

of rock and fractures comparing to pressure. The shear fracture energy increases with increasing

slip-weakening displacement while the shear fracture energy of intact rock is always larger than

that of the pre-existing fractures. When the rock samples enter the brittle-ductile transition regime,

the shear fracture energy of intact rock and pre-existing fracture would merge together. By com-

paring the laboratory results and seismic data, it can be concluded that the seismic events mainly

come from the shear slip of pre-existing faults.

(4) The shear fracture energy values estimated from the post-peak behaviour and those con-

verted from Mode II fracture toughness values are compared. The values obtained from post-peak

are always higher than those converted from fracture toughness. However, with increasing con-

�ning pressure, the amount of difference decreases. This is due to the difference in Dc when

measuring the Mode II fracture toughness and post-peak portion. Thus, it is important to record

the plastic displacement value when measuring the shear fracture energy.

158



Table 5.1: Geometry of the double shear samples. L is the length of the sample. D is the diameter.

T L and BL are the top and bottom crack lengths, respectively.

ID Depth L D T L BL

m mm mm mm mm

7G2-1-3 3037.58 27.65 37.56 5.04 15.09

7G2-3-1 3037.73 34.59 37.60 9.64 9.25

7G2-3-2 3037.73 36.54 37.60 9.77 10.39

7G2-4-1 3037.80 35.32 37.63 10.14 11.48

7G2-4-2 3037.80 37.62 37.63 10.23 10.14

7G2-5-1 3037.88 38.38 37.62 6.00 8.00

7G2-5-2 3037.88 34.51 37.62 9.00 9.00

7G2-6-1 3084.53 35.59 37.56 9.84 9.85

7G2-6-2 3084.53 32.97 37.56 9.27 9.32

7G2-7-1 3085.40 37.09 37.59 9.35 9.88

7G2-7-2 3085.40 35.42 37.59 9.62 9.24

7G2-8-1 3085.52 35.41 37.65 5.06 22.59

7G3-3-1 3134.29 36.45 37.69 5.29 25.23

7G3-3-2 3134.29 36.40 37.69 5.44 23.39

7G3-3A 3134.29 31.24 37.69 5.59 19.96

7G3-4-1 3134.93 36.79 37.70 5.38 25.93

7G3-4-2 3134.93 35.29 37.70 5.33 22.35

7G3-4A 3134.93 29.29 37.70 5.67 19.17

7G3-5-1 3135.32 37.03 37.70 5.51 26.46

7G3-5-2 3135.32 36.26 37.70 4.81 22.76

Continued
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Table 5.1 - continued

ID Depth L D T L BL

m mm mm mm mm

7G3-5A 3135.32 29.76 37.69 5.20 20.13

7G3-8-1 3138.53 36.15 37.71 13.48 13.21

7G3-8-1A 3138.53 31.17 37.71 5.37 19.62

7G3-8-2A 3138.53 36.65 37.71 15.72 16.04

7G3-9-1 3139.00 37.29 37.77 11.79 14.04

7G3-9-2 3139.00 36.18 37.77 13.35 13.22

7G3-10-1 3139.53 38.61 37.76 15.42 14.69

7G3-10-2 3139.53 35.54 37.76 13.12 13.50

7G2-12-1 3140.10 35.99 37.57 10.27 10.13

7G2-12-2 3140.10 36.62 37.57 9.52 9.51

7G2-18-1 3246.02 36.04 37.57 12.36 12.00

7G2-18-2 3246.02 35.78 37.57 15.67 14.80

7G2-20-1 3246.49 38.48 37.61 16.67 15.21

7G2-20-2 3246.49 33.61 37.61 11.08 11.97

7G2-21-3 3246.56 32.28 37.54 5.06 19.71
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Table 5.2: In�uence of mesh size on the modelling result of stress intensity factor.

Mesh size Element number KII

mm MPa
p

m

1.8 1461 1.27

1.5 2706 1.90

1.2 5190 1.96

1 9208 1.90

0.8 18815 1.99

0.5 67265 2.01

Table 5.3: In�uence of contour number on modelling result of stress intensity factor. The contour

number is 1 to 6 from up left to bottom right.

Mesh size KII

mm MPa
p

m

1 2.01

2 1.38

3 1.78

4 1.85

5 1.89

6 1.90
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Table 5.4: Mode II fracture toughness of Montney shale samples 1.

ID Depth s3 Fmax sn tmax tr KIIc

m MPa kN MPa MPa MPa MPa
p

m

7G2-1-3 3037.58 0 21.15 0 40.27 1.90

7G2-3-1 3037.73 10 91.2 22.03 83.20 6.17

7G2-3-2 3037.73 20 90.44 44.61 79.08 32.47 6.72

7G2-4-1 3037.80 20

7G2-4-2 3037.80 30 103.14 65.43 85.64 7.97

7G2-5-1 3037.88 40 115.83 62.97 68.04 7.57

7G2-5-2 3037.88 40 93.93 83.60 81.47 40.98 7.81

7G2-6-1 3084.53 20 102.63 44.76 92.42 27.28 7.53

7G2-6-2 3084.53 10 68.78 22.93 68.53 18.52 5.01

7G2-7-1 3085.40 40 128.71 83.07 103.23 9.88

7G2-7-2 3085.40 30 112.92 64.15 97.65 34.12 8.50

7G2-8-1 3085.52 0 35.81 0 66.14 2.82

7G3-3-1 3134.29 50 39.28 306.93 94.75 92.94 19.62

7G3-3-2 3134.29 50 91.45 240.47 173.08 100.43 21.65

7G3-3A 3134.29 5 19.51 27.47 49.15 15.47 2.99

7G3-4-1 3134.93 40 53.49 268.38 139.74 94.16 18.48

7G3-4-2 3134.93 0 26.40 0 49.64 2.04

7G3-4A 3134.93 30 47.36 197.65 152.60 55.43 7.24

7G3-5-1 3135.32 0

7G3-5-2 3135.32 10 22.8 41.73 37.58 9.89 4.48

7G3-5A 3135.32 50 46.55 335.70 150.41 114.88 14.52

Continued
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Table 5.4 - continued

ID Depth s3 Fmax sn tmax tr KIIc

m MPa kN MPa MPa MPa MPa
p

m

7G3-8-1 3138.53 10 48.00 38.21 72.67 25.59 5.03

7G3-8-1A 3138.53 40 50.78 201.81 117.73 50.55 12.38

7G3-8-2A 3138.53 0 7.14 0 20.90 0.86

7G3-9-1 3139.00 20 68.08 65.06 85.07 31.45 7.19

7G3-9-2 3139.00 30 75.91 112.97 113.16 45.59 9.60

7G3-10-1 3139.53 50 97.70 227.07 164.58 103.51 15.83

7G3-10-2 3139.53 40 80.84 159.39 129.84 74.17 11.71

7G2-12-1 3140.10 5 41.62 11.54 38.25 12.10 2.87

7G2-12-2 3140.10 50 141.60 104.03 115.23 98.65 11.24

7G2-18-1 3246.02 20 36.19 61.66 44.34 20.94 4.61

7G2-18-2 3246.02 30 14.65 201.96 39.48 26.21 6.68

7G2-20-1 3246.49 20 44.97 116.55 97.55 41.91 7.85

7G2-20-2 3246.49 10 26.4 35.82 2.95

7G2-21-3 3246.56 0 11.93 22.75 1.00

1 s3 is the con�ning pressure. Fmax is the maximum axial force achieved. sn is the normal

stress acting on the intact portion of the crack. tmax and tr are the peak and residual shear

strength, respectively. KIIc is the Mode II fracture toughness.
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Table 5.5: Shear fracture energy of Montney shale. 1

ID s3 GIIc Dt Dc Note

MPa kJ/m2 MPa mm

7G2-3-2 20 9.45 46.61 0.40

7G2-5-2 40 7.85 40.49 0.37

7G2-6-1 20 17.06 65.14 0.50 * 2

7G2-6-2 10 10.45 50.01 0.55

7G2-7-2 30 12.88 63.53 0.42

7G3-3-1 50 -0.13 1.81 0.25 *

7G3-3-2 50 17.88 72.65 0.51 *

7G3-3A 5 3.61 33.68 0.22

7G3-4-1 40 3.70 45.58 0.18 *

7G3-4A 30 12.64 97.17 0.27

7G3-5-2 10 3.52 27.69 0.25

7G3-5A 50 6.52 35.53 0.35 *

7G3-8-1A 40 13.07 67.19 0.44

7G3-8-1 10 9.66 47.08 0.43

7G3-9-1 20 8.66 53.62 0.37

7G3-9-2 30 12.35 67.57 0.40

7G3-10-1 50 14.75 61.07 0.48 *

7G3-10-2 40 12.20 55.67 0.61 *

7G2-12-1 5 5.46 26.15 0.50

7G2-12-2 50 9.71 16.58 1.02 *

7G2-18-1 20 5.28 23.40 0.58

Continued
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Table 5.5 - continued

ID s3 GIIc Dt Dc Note

MPa kJ/m2 MPa mm

7G2-18-2 30 1.83 13.27 0.32 *

7G2-20-1 20 7.74 55.64 0.32

1 s3 is the con�ning pressure. GIIc is the shear fracture

energy calculated based on the post peak part. Dt is the

shear stress drop. Dc is the slip-weakening displacement.

2 Asterisk means the result is not good.

Table 5.6: Stress intensity factor at the bottom right and top left corner of the samples

ID KII at TL KII at BR

MPa
p

m MPa
p

m

7G2-1-3 0.84 1.89

7G2-8-1 1.52 2.82

7G3-3-1 1.45 19.62

7G3-3-2 2.37 21.65

7G3-4-1 2.94 18.48

7G3-4-2 1.18 2.04

7G3-4A 6.67 7.24

7G3-5-2 0.42 4.48

7G3-5A 9.41 14.52

7G3-8-1A 2.77 12.38

7G2-21-3 0.51 1.00
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Table 5.7: Shear fracture energy of Westerly granite fracture. The samples were cylinders cut 45�

to the axis and ground on a surface grinder. The data used are shear stress measured as a function

of relative sliding according to Byerlee (1966).1

snmax q GIIc tmax Dt d Dc

MPa deg 104 J/m2 MPa MPa mm mm

629 45 25.82 421 122 6.7 4.6

334 45 28.35 268 140 4.6 4.2

331 45 14.73 267 95 3.9 3.1

763.9 45 100.78 550 199 9.1 8

775 45 65.26 551 170 8.9 8.1

379 45 53.37 264 132 7.9 7.6

372 45 18.10 293 75 5.4 4

491 45 24.79 369 74 7.1 6.3

715 45 21.60 502 120 6.3 3.6

711 45 47.27 489 180 7.7 5.4

364 45 27.28 299 149 5.3 4.3

326 45 13.26 262 102 3.7 2.6

595 45 38.86 463 209 8.1 5.5

349 45 27.80 283 127 4.7 4.2

637 45 21.53 502 123 9.4 3.5

679 45 48.49 498 190 6 5.1

677 45 23.98 456 155 7.3 4.3

851 45 97.36 585 284 7.6 5.9

342 45 29.93 275 108 5.6 5.2

Continued
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Table 5.7 - continued

snmax q GIIc tmax Dt d Dc

MPa deg 104 J/m2 MPa MPa mm mm

362 45 39.51 294 117 6.4 5.5

750 45 102.17 528 214 9.1 8.6

636 45 16.53 410 114 6.9 3.6

475 45 22.07 362 106 8.1 4.5

562 45 32.29 449 98 10 6.5

1 snmax is maximum normal stress achieved on the fracture

plane. q is the angle between the fracture plane and vertical

axis. GIIc is shear fracture energy based on the post peak

portion. tmax is the maximum shear stress achieved. Dt

is the shear stress drop. d is the displacement required for

the shear strength to degrade from initially movement to

residual stress. Dc is the slip-weakening displacement.

167



Table 5.8: Comparison between the measured and converted shear fracture energy of Montney

shale.

ID s3 GIIc KIIc E Gcvt Ratio

MPa kJ/m2 MPa
p

m GPa kJ/m2

7G2-3-2 20 9.45 6.72 45 1.00 9.41

7G2-5-2 40 7.85 7.81 45 1.36 5.79

7G2-6-2 10 10.45 5.01 49 0.51 20.44

7G2-7-2 30 12.88 8.50 49 1.47 8.74

7G3-3A 5 3.61 2.99 30 0.30 12.11

7G3-4A 30 12.64 7.24 30 1.75 7.24

7G3-5-2 10 3.52 4.48 30 0.67 5.26

7G3-8-1A 40 13.07 12.38 30 5.11 2.56

7G3-8-1 10 9.66 5.03 30 0.84 11.44

7G3-9-1 20 8.66 7.19 30 1.73 5.02

7G3-9-2 30 12.35 9.60 30 3.07 4.02

7G2-12-1 5 5.46 2.87 25 0.33 16.55

7G2-18-1 20 5.28 4.61 45 0.47 11.18

7G2-20-1 20 7.74 7.85 45 1.37 5.66

1 s3 is the con�ning pressure. GIIc is shear fracture energy determined from the post peak

portion. KIIc is the Mode II fracture toughness determined from the maximum axial force. E

is the Young’s modulus. Gcvt is the shear fracture energy converted from the Mode II fracture

toughness.

2 Asterisk means the result is not good.
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Figure 5.1: Methods for the Mode II fracture toughness measurement. (a) cracked chevron notched

Brazilian test (CCNBD); (b) semi-circular bending test (SCB); (c) short beam compression test;

(d) double shear method; top view (e) and section view (f) of punch through shear with con�ning

pressure (PTS/CP) method.
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Figure 5.2: Transform of the post-peak data to slip weakening behaviour. (a) shear localization

of a rock sample under triaxial test; (b) stress deviator versus axial displacement curve for rock

sample; (c, d) procedure for transferring post-peak data to shear stress versus relative slip relation.

(After Rice (1980) and Wong (1982b)).
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Figure 5.3: Slip weakening model including the pre-peak inelastic deformation (Ohnaka et al.,

1997). tp is the peak shear stress. tr is the residual friction stress. Dc is the slip-weakening

displacement. d is the displacement from initially plastic deformation to residual friction.

Figure 5.4: Geometry of the Montney shale samples used in double shear test.
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Figure 5.5: Con�guration of double shear test. The inner diameter of the rubber sleeve is 44 mm

and the diameter of the sample is 38 mm. A steel sleeve of about 3 mm thickness is put between

the sample and rubber sleeve to prevent the puncture of the rubber sleeve induced by the high

con�ning pressure.
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Figure 5.6: Reference point (RP) constraint for vertical load application. The displacement of the

reference point is coupled with those of the top plane for the vertical displacement and rotation

along all three directions.
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Figure 5.7: Boundary conditions for the Mode II stress intensity factor modelling of double shear

sample. RP is the reference point.

Figure 5.8: Finite element mesh of the double shear sample.
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Figure 5.9: Double shear �nite element meshes for sample 7G2-3-1. The mesh sizes were 1.5 mm,

1.2 mm, 1.0 mm, 0.8 mm and 0.5 mm from left to right.

Figure 5.10: Contour number used for stress intenstiy factor calculation.
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Figure 5.11: Mode II fracture toughness of Montney shale as a function of con�ning pressure.

Figure 5.12: Calculation of shear fracture energy from double shear tests. Left is the plot of shear

stress versus shear displacement. The equation shown on the left plot is the best �t of the linear

elastic portion. Unit for the slop is MPa/mm. Right is the plot of shear stress versus relative slip.

The elastic deformation is excluded in the right plot.
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Figure 5.13: Shear fracture energy of Montney shale as a function of con�ning pressure.

Figure 5.14: Shear fracture energy of Montney shale as a function of slip-weakening displacement.
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Figure 5.15: Stress drop of Montney shale as a function of con�ning pressure.

Figure 5.16: Slip weakening displacement of Montney shale as a function of con�ning pressure.
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Figure 5.17: Photographs showing the fracture development for Monteny shale sample 7G3-4-2

under double shear test without con�ning pressure.

Figure 5.18: Photographs showing the fracture development of PTS/CP test (after Backers et al.

(2002)).
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Figure 5.22: Peak and Residual shear strength of Montney shale from double shear test. The

triaxial test results are also included. The peak and residual friction angle determined from double

shear test are 26:58� and 18:27�, respectively.
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Figure 5.23: The contour of shear stresses for sample 7G3-9-1. The unit is GPa. The maximum

shear stress occurs at the bottom right corner.

Figure 5.24: Illustration of the nodes used to analyse the normal and stress distribution along the

axis joining the top and bottom notches for sample 7G3-9-1.
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Figure 5.25: Shear stress along the axis joining the top and bottom notches for sample 7G3-9-1.

The origin is at the bottom crack tip. The total length of sample 7G3-9-1 is 37.3 mm. The top

notch length and the bottom notch length are 11.8 mm and 14.0 mm, respectively. The con�ning

pressure is 20 MPa.
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Figure 5.26: Normal stress along the axis joining the top and bottom notches for sample 7G3-9-1.

The origin is at the bottom crack tip. The total length of sample 7G3-9-1 is 37.3 mm. The top

notch length and the bottom notch length are 11.8 mm and 14.0 mm, respectively. The con�ning

pressure is 20 MPa.
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Figure 5.27: Shear stress along the axis joining the top and bottom notches for sample 7G3-5-2.

The origin is at the bottom crack tip. The total length of sample 7G3-5-2 is 36.3 mm. The top

notch length and the bottom notch length are 4.8 mm and 22.8 mm, respectively. The con�ning

pressure is 10 MPa.
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Figure 5.28: Normal stress along the axis joining the top and bottom notches for sample 7G3-5-2.

The origin is at the bottom crack tip. The total length of sample 7G3-5-2 is 36.3 mm. The top

notch length and the bottom notch length are 4.8 mm and 22.8 mm, respectively. The con�ning

pressure is 10 MPa.
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Figure 5.29: Illustration of the top left corner (Tl) and bottom right corner (BR) where the stress

intensity factors are extracted
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Figure 5.31: The frictional stress of Westerly granite as a function of relative slip from triaxial

compression tests on samples with 45� inclined polished saw cut surface (Byerlee, 1966).
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Figure 5.33: The ratio between the measured and converted shear fracture energy of Montney shale

as a function of con�ning pressure.
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Chapter 6

Conclusion and outlook

6.1 Conclusion

The mechanical behaviour, especially the fracture behaviour of Montney shale were investigated in

this study. The two linear elastic constants, Young’s modulus and Poisson’s ratio were determined

based on uniaxial compression and triaxial compression tests. A new method called the crack

axial and lateral strain method was proposed to determine the crack closure stress scc and crack

initiation stress sci. Brazilian tests with strain gauges glued horizontally and vertically on the

discs were employed to obtain the tensile strength, tensile and compressive moduli. The Mode

I fracture toughness KIc was measured by semi-circular bending test (SCB) and straight notched

disk bending test (SNDB) under room condition. In addition, KIc under con�ning pressure were

determined with con�ned SNDB tests. The shear fracture behaviour of Montney was investigated

with double shear test (DS) under varying con�ning pressures. Both the shear fracture energy

approach and stress intensity factor approach were used and the results of the two approaches were

compared. The mechanisms behind the effect of con�ning pressure on fracture energy (fracture

toughness) were discussed and some problems were clari�ed. The key �ndings of this research are

summarized as follows:

(1) Along with the crack axial and lateral strain method (CALSM), the volumetric strain

method (VSM), crack volumetric strain method (CVSM), axial strain response method (ASR)

and lateral strain response method (LSR) could give good results about the crack closure stress and

crack initiation stress. However, the LSR and ASR methods depend heavily on the initial portion

of the stress strain curve. Thus, it is recommended that more than one method should be used in

the determination of the crack stress levels.

(2) In terms of uniaxial compression strength, the samples are quite consistent along the depth
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interval in the vertical direction, but they do show some anisotropy according to the lower UCS

values of the horizontal and 45� inclined core plugs. The Young’s modulus, crack closure stress

and crack initiation stress increase with increasing con�ning pressure. However, the Poisson’s

ratio is not very sensitive to the con�ning pressure. The values of scc=sc, sci=sc and scd=sc are

insensitive to con�ning pressure and have the values around 0.25, 0.50 and 0.80, respectively.

(3) The tensile modulus is about 0.56 - 0.93 of the compressive Young’s modulus. The Young’s

modulus determined with the vertical strain gauge on the Brazilian disc gives unrealistic value,

making this method not applicable in this study.

(4) The Mode I fracture toughness under pressure was measured with SNDB samples with

crack length to thickness ratios (a=t) of about 0.2 and 0.4, respectively. Results indicate that KIc

from a=t about 0.4 are inconsistent with those from a=t about 0.2. Theoretical analysis of normal

forces along the axis of the SNDB samples reveals that the application of con�ning stress might

induce tensile crack at the top of the SNDB sample with a=t around 0.4. So, it is not recommended

using samples with crack length to thickness ratio about 0.4 for con�ned SNDB test.

(5) For con�ned SNDB sample tests, the compensation load Fcr determined from load-axial

displacement curve is not suf�cient to reopen the crack to its initial state. The tensile stresses

achieved around the crack tip in con�ned SNDB tests under crack initiation load are close to the

tensile strength of the sample and not affected by con�ning pressure. Thus, the Mode I fracture

toughness of Montney shale is independent of con�ning pressure as the stress required is to over-

come the tensile strength of the material at the crack tip. The crack initiation under con�ning

pressure is governed by the stress criterion instead of the energy criterion.

(6) The double shear test is only suitable to measure the Mode II fracture toughness of rock

with con�ning pressure below 30 MPa. The intact portion ratio of double shear tests should be kept

between 0.2 to 0.4 to ensure Mode II fracture. Under pressure range from 0 MPa to 30 MPa, the

Mode II fracture toughness increases with pressure. When the pressure is higher than 30 MPa, it

is very hard to achieve Mode II failure because the samples tend to become ductile with increasing
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con�ning pressure.

(7) The slip weakening displacement Dc or slip S of earthquakes is a more fundamental pa-

rameter controlling the slip weakening behaviour of rock and fractures comparing to con�ning

pressure. The shear fracture energy increases with increasing slip-weakening displacement. The

shear fracture energy has a positive correlation with con�ning pressure in the brittle regime, but

tends to decrease when the pressure and temperature applied enter the brittle-ductile transition

regime. The shear fracture energy of intact rock is always larger than that of the pre-existing frac-

tures. Under conditions that the brittle-ductile transition begin, the shear fracture energy of intact

rock and pre-existing fracture will merge together.

(8) The shear fracture energy values obtained from the energy release approach are always

higher than those converted from fracture toughness method. However, with increasing con�ning

pressure, the amount of difference decreases. This is due to the difference in Dc when measuring

the shear fracture energy. Thus, it is important to report the plastic displacement value when

measuring the shear fracture energy.

6.2 Limitations

(1) All the strains in the uniaxial and triaxial compression tests were measured with strain

gauges and no servo-control could be applied. Consequently, it is impossible to control the crack

initiation and development during the tests, not to mention the post-peak behaviour.

(2) Attempts have been made to investigate the anisotropy of KIc of Montney shale using the

SCB and SNDB tests. There are some difference between the SCB and SNDB test results but some

researches attribute these differences to size effect.

(3) The PTS/CP test, ISRM suggested method to measure the Mode II fracture toughness,

could not be used because the dimension requirement of the samples cannot be met. Numerical

simulation is required to calculate the stress intensity factor at the crack tip for the double shear

tests. Due to the 3D nature of the double shear test, the Mode II stress intensity factor is not uniform
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along the crack tip. The stress intensity factor at the centre of the crack, where the intensity factor

is maximum is chosen to do the calculation. However, the crack could not always initiate at this

point because the crack can never be cut perfectly.

6.3 Outlook

The current research work mainly focuses on laboratory studies of the geomechanical properties

of Montney shale. The results can serve as key parameters to build the geomechanical models,

helping the design and operation of hydraulic fracturing practice. But due to the scale difference

and the heterogeneous nature of the reservoir, it is very dif�cult to use the laboratory result directly.

Some of the future studies can be conducted as follows:

(1) For Mode II fracture, only double shear tests were conducted. The in�uence of the geometry

on the results cannot be evaluated. PTS/CP tests could be done and the results can be compared

with those from double shear tests. In addition, the shear fracture energy can also be estimated

according to the post-peak behaviour of rock.

(2) Studies on the physics behind the Mode II fracture toughness dependency of pressure could

be done and plastic deformation around the shear fracture could be a candidate.

(3) For a hydraulic fracturing treatment, fracture �uid will travel beyond the propped zone and

the region where total stresses changes would encompass the zone with fracture �uid. Accordingly,

three zones will emerge for a hydraulic fracturing: the sand zone in which the fracture is propped,

the water zone in which the fracture �uid is present and the dilation zone in which the total stress

changes. Although microseismic events could happen in all of the three zones, they might be trig-

gered by different mechanisms. Microseismic events within the sand zone and water zone are most

likely be triggered by the injection �uid. It will be called ‘wet’ seismicity. For the microseismic

events in the dilation zone, it is mostly likely to be triggered by the increase of the total stress and

will be called ‘dry’ microseismicity. Certainly, the ‘wet’ seismicity can be an indicator of the �uid

pathway and provide valuable information about the fracture hydraulic connectivity. The shear
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fracture energy can be used to address the seismic source dynamics directly. Thus, there might be

some difference in terms of shear fracture energy for the ‘wet’ and ‘dry’ microseismicity and this

can be used to discriminate these two types of events. Consequencely, the injection �uid pathway

can be identi�ed.
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Appendix A

Viscous dissipation of fracture �uid based on PKN model

Assuming the injection �uid is isotropic Newtonian �uid and the mean normal stress is independent

of the rate of dilation, the constitutive equation of the �uid is given by

si j =�pdi j + 2mVi j�
2
3

mVkkdi j (A.1)

where Vi j is the rate of deformation tensor and m is the coef�cient of viscosity (Fung, 1993).

Based on energy conservation in �uid, the viscous dissipation can be written as follows (Morini,

2013),
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(A.2)

From Equation A.2, viscous dissipation consists of two terms: (1) viscous dissipation for a

incompressible �uid and (2) viscous dissipation due to the change of the density.

The PKN model is used to obtain an estimation of the dissipation energy. In PKN model, the

fracture is planar and the vertical height of the hydraulic fracture is �xed to H. The formation is

an isotropic homogenerous elastic material. The cross-section of the fracture is elliptic with its

maximum width w. w is proportional to the over pressure (p f , the pressure in the crack minus the

in-situ normal stress on the fracture ) at the middle of the ellipse, making it a vertical plane strain

problem. The �uid �ow in the fracture is assumed to be 1D and laminar (Economides and Nolte,

2000).

If Sm and n are the shear modulus and the Poisson’s ratio of the formation, the maximum

fracture width w can be expressed by the over pressure p f as

w =
(1�n)H

Sm
p f (A.3)
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Let O�xyz be a rectangular Cartesian coordinate with the origin at the the well face and x axis

in the direction of fracture propagation. xoy is the fracture plane and z axis is perpendicular to the

plane. The velocity pro�le for laminar �ow of Newtonian �uid is

vx =�
1

2m
¶ p f

¶x

�
w2

4
� z2

�

vy = 0

vz = 0

(A.4)

According to Abousleiman (1991), for fracture without leak-off driven by a constant injection

rate Q0, the width pro�le along the fracture w(x; t) and the fracture length L(t) have the following

self-similar form

w(x; t) = 2:530
�

(1�n)mQ2
0

GH

�1=5�
1�

x
L(t)

�1=3
t1=5

L(t) = 0:671
�
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t4=5

(A.5)

Similar to Bunger (2013), considering that the �uid is incompressible and substituting Equation

A.4 to Equation A.2, we can obtain

D f = mF = m
�

¶vx

¶ z

�2
(A.6)

The work rate of viscous dissipation of �uid in the fracture, D f t(t) can be expressed as

D f t(t) = H
Z L(t)

0

Z w=2

�w=2

1
m

�
¶ p f

¶x

�2
z2 dzdx =

H
12m
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0

�
¶ p f

¶x

�2
w3 dx (A.7)

Substituting Equations A.3, A.4, A.5 and A.6 into A.7, we can obtain

D f t(t) = 5:65
�

mQ7
0S4

m
H6(1�n)4

�1=5

t1=5 (A.8)

For typical value m = 10�3 Pa�s, Sm = 17 GPa, Q0 = 0.1 m3=s , H = 60 m, n = 0:2, t = 3000 s

the energy is about 0.92 GJ.

So it is reasonable to conclude that the viscous dissipation is about 1�10% of the total injection

energy.
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Appendix B

Mode I fracture toughness of rock under con�ning pressure

Table B.1: Experimental values of Mode I fracture toughness and tensile fracture energy of rocks

as a function of con�ning pressure.

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

PMMA (Acrylic glass)

0 1 Winter (1983)

25 1.62 Winter (1983)

50 1.06 Winter (1983)

75 1 Winter (1983)

100 1.6 Winter (1983)

Chalk

0 0.73 CDISK 1 Roegiers and Zhao (1991)

24.13 2.22 CDISK Roegiers and Zhao (1991)

48.26 2.32 CDISK Roegiers and Zhao (1991)

Indiana limestone

0 Jacketed 0.929 SENT 2 Schmidt and Huddle (1976)

6.9 Jacketed 0.975 SENT Schmidt and Huddle (1976)

6.9 Jacketed 1.033 SENT Schmidt and Huddle (1976)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

20.7 Jacketed 1.208 SENT Schmidt and Huddle (1976)

20.7 Jacketed 1.958 SENT Schmidt and Huddle (1976)

20.7 Jacketed 1.134 SENT Schmidt and Huddle (1976)

34.5 Jacketed 2.29 SENT Schmidt and Huddle (1976)

34.5 Jacketed 2.631 SENT Schmidt and Huddle (1976)

34.5 Jacketed 1.564 SENT Schmidt and Huddle (1976)

48.3 Jacketed 3.053 SENT Schmidt and Huddle (1976)

62.1 Jacketed 4.204 SENT Schmidt and Huddle (1976)

0 Jacketed 0.66-1.01 IPTWC 3 Abou-Sayed (1977)

6.0 Jacketed 1.37 IPTWC Abou-Sayed (1977)

6.3 Jacketed 1.42 IPTWC Abou-Sayed (1977)

6.9 Jacketed 1.53 IPTWC Abou-Sayed (1977)

0 1.44 CDISK Roegiers and Zhao (1991)

12.06 3.54 CDISK Roegiers and Zhao (1991)

24.13 2.12 CDISK Roegiers and Zhao (1991)

36.19 4.00 CDISK Roegiers and Zhao (1991)

48.26 4.92 CDISK Roegiers and Zhao (1991)

Carthage limestone

0 (1.11) a 35 DCB 4 Perkins and Krech (1966)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

6.9 (1.66-2.03) 60-89 DCB Perkins and Krech (1966)

10.3 (2.19) 93 DCB Perkins and Krech (1966)

13.8 (2.80) 137 DCB Perkins and Krech (1966)

20.7 (3.13-3.52) 144-182 DCB Perkins and Krech (1966)

Lueders limestone

0 (0.5) 12 DCB Perkins and Krech (1966)

6.9 (1.85) 130 DCB Perkins and Krech (1966)

10.3 (2.24) 172 DCB Perkins and Krech (1966)

13.8 (2.48) 193 DCB Perkins and Krech (1966)

20.7 (2.87) 221 DCB Perkins and Krech (1966)

Limestone outcrop (Saudi Arabic)

0 Jacketed 0.42 SNBD 5 Al-Shayea et al. (2000)

7 Jacketed 0.63 SNBD Al-Shayea et al. (2000)

14 Jacketed 0.98 SNBD Al-Shayea et al. (2000)

21 Jacketed 1.31 SNBD Al-Shayea et al. (2000)

28 Jacketed 1.57 SNBD Al-Shayea et al. (2000)

Limestone reservoir (Saudi Arabic)

0 Jacketed 0.41 SNBD Al-Shayea (2002)

28 Jacketed 1.32 SNBD Al-Shayea (2002)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

Ruhr sandstone

20 Jacketed 1.81 SENB 6 Winter (1983)

40 Jacketed 2.77 SENB Winter (1983)

60 Jacketed 3.37 SENB Winter (1983)

60 Jacketed 3.04 SENB Winter (1983)

80 Jacketed 4.56 SENB Winter (1983)

100 Jacketed 5.29 SENB Winter (1983)

0 Unjacketed 1.30 SENB Winter (1983)

20 Unjacketed 2.83 SENB Winter (1983)

40 Unjacketed 3.25 SENB Winter (1983)

60 Unjacketed 3.88 SENB Winter (1983)

80 Unjacketed 3.67 SENB Winter (1983)

100 see Note 1 b 1.58 SENB(3) Winter (1983)

100 see Note 1 1.23 SENB(3) Winter (1983)

0 see Note 2 c 1.08 CENRBB M¤uller (1984)

5 see Note 2 1.13 CENRBB 7 M¤uller (1984)

10 see Note 2 1.45 CENRBB M¤uller (1984)

20 see Note 2 2.07 CENRBB M¤uller (1984)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

20 see Note 2 1.92 CENRBB M¤uller (1984)

31 see Note 2 2.22 CENRBB M¤uller (1984)

40 see Note 2 2.34 CENRBB M¤uller (1984)

40 see Note 2 2.11 CENRBB M¤uller (1984)

50 see Note 2 2.28 CENRBB M¤uller (1984)

50 see Note 2 2.52 CENRBB M¤uller (1984)

60 see Note 2 2.77 CENRBB M¤uller (1984)

80 see Note 2 2.54 CENRBB M¤uller (1984)

87 see Note 2 2.03 CENRBB M¤uller (1984)

100 see Note 2 3.01 CENRBB M¤uller (1984)

100 see Note 2 2.50 CENRBB M¤uller (1984)

0.1 Jacketed 1.10 CENRBB M¤uller (1986)

20 Jacketed 1.84 CENRBB M¤uller (1986)

40 Jacketed 2.74 CENRBB M¤uller (1986)

60 Jacketed 3.61 CENRBB M¤uller (1986)

80 Jacketed 4.48 CENRBB M¤uller (1986)

100 Jacketed 5.35 CENRBB M¤uller (1986)

0 see Note 1 1.09 CENRBB M¤uller (1986)

52 see Note 1 1.05 CENRBB M¤uller (1986)

76 see Note 1 1.10 CENRBB M¤uller (1986)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

99 see Note 1 1.10 CENRBB M¤uller (1986)

100 see note 1 1.27 CENRBB M¤uller (1986)

Tennessee sandstone

0 (1.58) 88 DCB Perkins and Krech (1966)

6.9 (2.10) 119 DCB Perkins and Krech (1966)

13.8 (2.77) 168 DCB Perkins and Krech (1966)

20.7 (3.33) 205 DCB Perkins and Krech (1966)

Berea sandstone

0 1.36 CDISK Roegiers and Zhao (1991)

12.06 1.91 CDISK Roegiers and Zhao (1991)

24.13 2.62 CDISK Roegiers and Zhao (1991)

36.19 4.42 CDISK Roegiers and Zhao (1991)

48.26 4.96 CDISK Roegiers and Zhao (1991)

0 Jacketed 1.11 MR 8 Thiercelin (1987)

5 Jacketed 1.3 MR Thiercelin (1987)

10 Jacketed 1.3 MR Thiercelin (1987)

20 Jacketed 1.5 MR Thiercelin (1987)

Mesa-Verde sandstone

0 Jacketed 2.12 MR Thiercelin (1987)

13.8 Jacketed 2.4 MR Thiercelin (1987)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

20.7 Jacketed 3.6 MR Thiercelin (1987)

Mesa-Verde mudstone

0 2.12 MR Thiercelin (1987)

20.7 2.6 MR Thiercelin (1987)

Cardium sandstone

0 Jacketed 0.98 MR Thiercelin (1987)

21 Jacketed 3.3 MR Thiercelin (1987)

Kimachi sandstone

(Arrester)

0 Jacketed 0.63 SENRBB 9 Funatsu et al. (2004)

0.5 Jacketed 0.80 SENRBB Funatsu et al. (2004)

1 Jacketed 1.10 SENRBB Funatsu et al. (2004)

2.5 Jacketed 1.60 SENRBB Funatsu et al. (2004)

5 Jacketed 2.26 SENRBB Funatsu et al. (2004)

7 Jacketed 2.90 SENRBB Funatsu et al. (2004)

9 Jacketed 3.32 SENRBB Funatsu et al. (2004)

(Short transverse)

0 Jacketed 0.62 SENRBB Funatsu et al. (2004)

0.5 Jacketed 0.78 SENRBB Funatsu et al. (2004)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

1 Jacketed 1.04 SENRBB Funatsu et al. (2004)

2.5 Jacketed 1.56 SENRBB Funatsu et al. (2004)

5 Jacketed 2.29 SENRBB Funatsu et al. (2004)

7 Jacketed 2.92 SENRBB Funatsu et al. (2004)

9 Jacketed 3.24 SENRBB Funatsu et al. (2004)

Japanese granite

0 Unjacketed 0.69 CENRBB M¤uller (1984)

5 Unjacketed 1.10 CENRBB M¤uller (1984)

5 Unjacketed 0.90 CENRBB M¤uller (1984)

5 Unjacketed 1.39 CENRBB M¤uller (1984)

10 Unjacketed 1.32 CENRBB M¤uller (1984)

26 Unjacketed 1.69 CENRBB M¤uller (1984)

49 Unjacketed 1.88 CENRBB M¤uller (1984)

71 Unjacketed 1.95 CENRBB M¤uller (1984)

74 Unjacketed 1.91 CENRBB M¤uller (1984)

80 Unjacketed 2.21 CENRBB M¤uller (1984)

97 Unjacketed 1.43 CENRBB M¤uller (1984)

98 Unjacketed 2.78 CENRBB M¤uller (1984)

100 Unjacketed 2.37 CENRBB M¤uller (1984)

100 see Note 1 0.90 CENRBB M¤uller (1984)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

Gneiss

(Numbers in parentheses indicates degrees to the horizontal line)

0 Jacketed (0) 0.22 SENB Vasarhely (1997)

10 Jacketed (0) 0.59 SENB Vasarhely (1997)

30 Jacketed (0) 1.45 SENB Vasarhely (1997)

60 Jacketed (0) 2.26 SENB Vasarhely (1997)

0 Jacketed (30) 0.31 SENB Vasarhely (1997)

10 Jacketed (30) 0.55 SENB Vasarhely (1997)

30 Jacketed (30) 1.51 SENB Vasarhely (1997)

60 Jacketed (30) 2.28 SENB Vasarhely (1997)

0 Jacketed (45) 0.34 SENB Vasarhely (1997)

10 Jacketed (45) 0.63 SENB Vasarhely (1997)

30 Jacketed (45) 1.37 SENB Vasarhely (1997)

60 Jacketed (45) 2.35 SENB Vasarhely (1997)

0 Jacketed (60) 0.19 SENB Vasarhely (1997)

10 Jacketed (60) 0.61 SENB Vasarhely (1997)

30 Jacketed (60) 1.29 SENB Vasarhely (1997)

60 Jacketed (60) 2.35 SENB Vasarhely (1997)

0 Jacketed (90) 0.23 SENB Vasarhely (1997)

10 Jacketed (90) 0.59 SENB Vasarhely (1997)

30 Jacketed (90) 1.36 SENB Vasarhely (1997)

60 Jacketed (90) 2.21 SENB Vasarhely (1997)

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

Tage tuff

(Arrester)

0 Jacketed 0.55 SENRBB Funatsu et al. (2004)

0.5 Jacketed 0.67 SENRBB Funatsu et al. (2004)

0.75 Jacketed 0.86 SENRBB Funatsu et al. (2004)

1.25 Jacketed 1.00 SENRBB Funatsu et al. (2004)

2.5 Jacketed 1.39 SENRBB Funatsu et al. (2004)

5 Jacketed 2.14 SENRBB Funatsu et al. (2004)

7 Jacketed 2.43 SENRBB Funatsu et al. (2004)

9 Jacketed 2.75 SENRBB Funatsu et al. (2004)

(Short transverse)

0 Jacketed 0.48 SENRBB Funatsu et al. (2004)

0.5 Jacketed 0.65 SENRBB Funatsu et al. (2004)

0.75 Jacketed 0.80 SENRBB Funatsu et al. (2004)

1.25 Jacketed 0.93 SENRBB Funatsu et al. (2004)

2.5 Jacketed 1.23 SENRBB Funatsu et al. (2004)

5 Jacketed 2.03 SENRBB Funatsu et al. (2004)

7 Jacketed 2.28 SENRBB Funatsu et al. (2004)

9 Jacketed 2.65 SENRBB Funatsu et al. (2004)

Iceland basalt

Continued
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Table B.1 - continued

s3 Comment KIc GIc Method Reference

MPa MPa
p

m J/m2

1 2.37 SR 10 Balme et al. (2004)

5 3.14 SR Balme et al. (2004)

10 3.08 SR Balme et al. (2004)

15 3.52 SR Balme et al. (2004)

20 3.36 SR Balme et al. (2004)

Vesuvius �ow

1 1.83 SR Balme et al. (2004)

5 2.00 SR Balme et al. (2004)

10 1.87 SR Balme et al. (2004)

20 2.06 SR Balme et al. (2004)

30 2.05 SR Balme et al. (2004)

1 CDISK Chevron-notched Brazilian disk.

2 SENT Single edge-notched beam in uniaxial tension.

3 IPTWC Internally pressurized thick-walled cylinder.

4 DCB Double cantilever beam specimen.

5 SNBD Straight notched Brazilian disk.

6 SENB Single edge-notched bending beam.

7 CENRBB Chevron notched round bar in bending.

8 MR Modi�ed ring test.

9 SENRBB Single edge-notched round bar in bending.

10 SR Short rod test.

a KIc converted from tensile fracture energy.

b Note 1. Oil saturated and with pore pressure equal to con�ning pressure.

c Note 2. Oil saturated and unjacketed.
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Appendix C

Mode II fracture toughness and shear fracture energy of rock

Table C.1: Compilation of Mode II fracture toughness of rocks KIIc measured using PTS/CP test

(Backers et al., 2002).

T L IP s3 Fmax KIIC Gc

mm mm MPa kN MPa
p

m kJ/m2

Aue granite

4.9 15 0 41.1 2.2 0.10

4.6 15.4 5 60.8 6.8 0.96

4.9 15.2 5 63.8 7.2 1.08

4.5 15.3 10 103.8 11.7 2.85

5.1 15.2 15 123.4 13.9 4.03

5.1 15 30 162.3 18.1 6.83

5 15.1 50 191.5 21.1 9.28

5 15 70 192.7 20.8 9.01

R¤udersdorf limestone

5 15 0 29.9 3.4 0.53

5.1 14.7 1 30.6 3.4 0.53

5 14 5 42.8 4.8 1.05

5.1 14.9 10 56.2 6.2 1.75

5.1 16 20 78.4 8.6 3.36

5.1 14.9 20 56.7 6.1 1.69

Continued
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Table C.1 - continued

T L IP s3 Fmax KIIC Gc

mm mm MPa kN MPa
p

m kJ/m2

5.1 15.3 30 63.1 6.6 1.98

4.8 15.1 30 65.8 6.9 2.16

5 14.9 30 85.7 9.3 3.93

5 14.9 35 84.6 9 3.68

4.9 15 40 80.3 8.4 3.21

4.9 15 40 87.9 9.3 3.93

4.9 14.9 50 92.5 9.5 4.10

5 15 70 96.1 8.9 3.60

Carrara marble

5 14.9 5 56.6 6.3 0.81

4.4 15.8 5 55.3 6.1 0.76

4.7 15.4 10 68.4 7.6 1.18

4.3 16.1 15 79.7 8.8 1.58

5 15 20 81.7 9 1.65

4.9 14.9 30 101.9 11.1 2.51

5.2 15.6 40 104.6 11.2 2.56

5 14.9 60 112.6 11.6 2.75

4.9 14.9 50 112.6 11.9 2.89

5 14.8 70 115.6 11.5 2.70

1 T L is the top crack length. IP is the intact portion

length. Fmax is the maximum axial force achieved in

the PTS/CP test. KIIC is the Mode II fracture tough-

ness calculated based on the maximum axial force.

Gc is converted from KIIC.
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Table C.2: Shear fracture energy of rock based on triaxial compression tests. The shear fracture

energy is calculated directly based on the post peak portion.1

s3 Temperature q GIIc Dt Dc

MPa �C deg 104 J/m2 MPa mm

Witwatersrand quartzite

Wong (1982b)

14 room 25 � 0.8 50 0.15

28 room 25 � 1.3 80 0.16

Oshima granite

Wong (1982b)

room room 25 � 1.0 60 0.17

Westerly granite

Wong (1982b)

room room 25 � 0.7 80 0.09

room room 25 � 0.8 80 0.10

20 room 25 � 0.6 100 0.06

20 room 25 � 0.8 110 0.07

80 room 25 � 0.3 80 0.04

80 room 25 � 0.7 100 0.07

Wong (1982b)

80 150 25 3.3 140 0.24

80 350 31 2.3 100 0.23

Continued
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Table C.2 - continued

s3 Temperature q GIIc Dt Dc

MPa �C deg 104 J/m2 MPa mm

250 150 30 5.1 150 0.34

250 350 31 2.2 100 0.22

250 350 30 1.7 § 80 0.22

250 350 32 1.3 § 70 0.19

250 550 34 2.3 90 0.26

250 668 38 2.3 50 0.45

Fichtelbirge granite

Rice (1980)

470 36 4.5 � 130 0.34

Stripa granite

Hakami and Stephansson (1990)

20 20 1.20 44.83 0.27

20 23 0.76 33.63 0.22

50 30 1.77 44.03 0.40

50 20 2.86 51.54 0.55

80 28 8.12 128.96 0.63

80 30 7.73 115.32 0.67

20 34 0.36 � 22.42 0.16

50 17 0.53 � 22.01 0.24

Continued
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Table C.2 - continued

s3 Temperature q GIIc Dt Dc

MPa �C deg 104 J/m2 MPa mm

80 42 3.94 � 86.46 0.45

1 s3 is the con�ning pressure and remains constant during the

tests. q is the angle between the fracture plane and vertical direc-

tion. GIIc is the shear fracture energy calculated from the post-

peak portion. Dt is the stress drop. Dc is the slip-weakening

displacement.

� Fracture angles assumed.

� Sample with precut fracture.

§ Calculated from Post-Creep curve.

Table C.3: Shear fracture energy of rock using triaxial tests. The shear fracture energy under

constant normal stress is derived from the post failure data. 1

s3 sn Temperature q GIIc G�IIc Dt Dc

MPa MPa �C deg 104 J/m2 104 J/m2 MPa mm

San Marcos gabbro

Wong (1986)

250 439-500 room 30 2.6 1.7-1.8 107 0.25

277 523-588 room 33 2.6 1.6-1.7 104 0.25

305 563-620 room 33 2.8 1.8-1.9 95 0.30

325 586-640 room 32 2.1 1.4-1.5 88 0.24

350 641-702 room 33 2.9 1.7-1.8 94 0.31

396 672-725 room 31 1.9 1.2 89 0.22

Continued
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Table C.3 - continued

s3 sn Temperature q GIIc G�IIc Dt Dc

MPa MPa �C deg 104 J/m2 104 J/m2 MPa mm

400 732-784 room 34 1.9 1.2-1.3 76 0.26

250 � 531 room 32 2.1 2.1 77 0.28

Fichtelbirge granite

Wong (1986)

7.5 56-100 room 30 � 0.9 0.4-0.5 25 0.21

17 69-139 room 30 � 1.6 0.5-0.6 40 0.23

33 121-186 room 30 � 1.5 0.7-0.8 38 0.23

55 136-243 room 36 � 4.7 1.9-2.0 77 0.44

108 253-343 room 36 � 4.6 1.7-1.8 123 0.37

157 337-440 room 36 � 7.1 2.5-2.6 143 0.50

Li (1987)

246 498-595 room 36 � 3.3 3.2-3.4 133 0.56

300 608-715 room 36 � 7.3 3.0-3.2 148 0.49

1 s3 is the con�ning pressure and remains constant during the tests. q is the angle between

the fracture plane and vertical direction. GIIc is the shear fracture energy calculated from

the post-peak portion. G�IIc is the shear fracture energy under constant normal stress

derived from the post failure data. Dt is the stress drop. Dc is the slip-weakening dis-

placement.

� Fracture angles assumed.

� The con�ning pressure is controlled to keep the normal stress on the shear fracture con-

stant.
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Table C.4: Shear fracture energy of rock including the pre-peak part. The slip strengthening portion

before the peak strength is included in the calculation of shear fracture energy. 1

s3 Temperature q Gp
IIc GIIc G�IIc Dt Dc

MPa �C deg 104 J/m2 104 J/m2 104 J/m2 MPa mm

Ruhr-sandstone

Zhang and Rummel (1990)

20 20 28.5 1.773 1.196 1.155 37.1 0.322

25 20 30.0 3.466 2.831 1.766 57.4 0.493

40 20 28.5 4.719 3.432 1.701 73.5 0.467

40 20 30.0 4.191 2.921 1.651 64.6 0.452

50 20 30.5 7.107 5.397 2.178 91.2 0.592

50 20 28.0 7.886 6.249 2.414 94.7 0.660

50 20 30.0 5.504 3.887 2.504 62.9 0.618

60 20 30.0 4.216 2.693 57.8 0.729

60 20 30.0 6.929 4.787 2.450 79.0 0.606

75 20 30.0 7.113 5.207 2.325 73.9 0.705

100 20 33.0 5.451 3.757 2.285 66.1 0.568

150 20 35.0 4.809 3.278 1.421 64.0 0.512

200 20 33.0 4.043 3.042 1.516

250 20 33.0 2.267 1.814 0.902

300 20 0.000 0.000 0.000

50 100 28 7.83 4.7 87.0 0.54

50 160 31 7.67 5.02 79.7 0.63

Continued
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Table C.4 - continued

s3 Temperature q Gp
IIc GIIc G�IIc Dt Dc

MPa �C deg 104 J/m2 104 J/m2 104 J/m2 MPa mm

50 200 28 6.19 3.63 71.2 0.51

50 240 31 2.82 1.72 42.0 0.41

50 280 27 3.87 2.51 67.8 0.37

50 320 6.96 4.81 67.7 0.71

50 360 33 2.40 1.85 52.9 0.35

Bunt-sandstone

Zhang and Rummel (1990)

10 room 0.397 0.215 0.148 14.7 0.146

10 room 0.302 0.24 0.197 12.0 0.2

10 room 0.445 0.26 0.162 15.6 0.167

20 room 1.003 0.641 0.313 24.9 0.257

20 room 0.886 0.542 0.362 20.3 0.267

30 room 0.885 0.584 0.3 22.8 0.256

30 room 1.036 0.692 0.451 19.9 0.347

40 room 0.800 0.534 0.235 22.3 0.24

50 room 0.360 0.22 0.169 10.9 0.202

50 room 0.353 0.127 0.117 9.1 0.14

60 room 0.390 0.238 0.11 11.1 0.215

80 room 0.305 0.209 0.069

80 room 0.000 0 0

80 room 0.359 0.234 0.069

Continued
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Table C.4 - continued

s3 Temperature q Gp
IIc GIIc G�IIc Dt Dc

MPa �C deg 104 J/m2 104 J/m2 104 J/m2 MPa mm

100 room 0.000 0 0

1 s3 is the con�ning pressure and remains constant during the tests. q is the angle between

the fracture plane and vertical direction. Gp
IIc is the shear fracture energy including both

the slip strengthening phase and the post-peak phase. GIIc is the shear fracture energy

calculated from the post-peak portion. G�IIc is the shear fracture energy under constant

normal stress derived from the post failure data. Dt is the stress drop. Dc is the slip-

weakening displacement.
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Table C.5: Shear fracture energy of rock under both con�ning pressure and pore pressure condi-

tions. Pore pressures are applied in these tests and the Biot’s constant is assumed to be 1. 1

s3 sp Temperature q Gp
IIc tmax Dt d Dc

MPa MPa �C deg 104 J/m2 MPa MPa mm mm

Tsukuba granite

Kato et al. (2003)

60 20 60 26.9 5.29 215 128 0.80 0.619

90 30 90 26.2 6.03 232 140 1.00 0.824

120 40 120 28.3 6.89 268.2 121.2 1.23 1.008

120 40 120 28.5 7.74 259.7 132.6 1.32 1.150

150 50 150 28.5 4.64 313.7 123.7 0.82 0.620

150 50 150 27.1 4.64 290.4 114 0.85 0.635

180 60 180 28 3.94 320 106.4 0.83 0.594

210 70 210 28.5 6.35 350 130 1.05 0.827

240 80 240 27.3 5 367.4 128.4 0.95 0.740

270 90 270 27.3 3.71 367.1 112.4 0.85 0.658

300 100 300 27.8 4.87 377.9 111 1.02 0.786

330 110 330 27.3 4.65 398.7 104.7 1.08 0.840

360 120 360 28.2 6.17 398.9 87.4 1.60 1.320

390 130 390 30.1 8.35 423.4 102.5 1.84 1.495

420 140 420 33.1 9.51 445.9 92.4 2.36 1.975

450 150 450 33.6 10.96 426.5 83.5 3.00 2.537

480 160 480 32 9.2 397 61.3 3.53 3.102

Continued
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Table C.5 - continued

s3 sp Temperature q Gp
IIc tmax Dt d Dc

MPa MPa �C deg 104 J/m2 MPa MPa mm mm

180 144 180 26.6 3.96 187.9 106.6 0.80 0.633

210 168 210 26.4 4.18 195.5 102.2 0.83 0.649

240 192 240 26.6 3.44 210.7 103 0.73 0.568

270 216 270 29.6 5.77 232.4 125.6 0.97 0.761

300 240 300 29.7 4.85 258.5 105.8 0.99 0.825

330 264 330 27 5.21 241.6 115.6 0.95 0.737

360 288 360 30.4 6.49 240.8 108.7 1.33 1.150

390 312 390 28.9 8.62 246 111 1.77 1.560

420 336 420 29.7 12.66 252.8 133.4 2.15 1.885

450 360 450 34.8 10.86 284 109.2 2.29 2.030

Ohnaka (2003)

197 29 25 30 7.7 413.5 152.7 1.96 1.77

201 140 25 27 10.5 287.8 183.2 2.48 2.31

201 150 25 29 10 271.8 170.6 2.10 1.94

201 179 25 19 4.1 139.1 102.3 1.28 1.18

441 49 25 30 5.7 382.2 139.2 0.82 0.60

480 300 25 35 6.7 602.9 170.4 1.02 0.82

480 300 25 32.5 5.3 563.9 126 0.80 0.54

480 300 25 30 1.4 517.4 54.6 0.55 0.41

482 297 25 34 8.3 468.8 162.3 1.18 0.95

481 195 25 33 6.6 460 141.5 1.07 0.86

481 99 25 30 4.8 501.2 87.5 1.02 0.72

Continued
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Table C.5 - continued

s3 sp Temperature q Gp
IIc tmax Dt d Dc

MPa MPa �C deg 104 J/m2 MPa MPa mm mm

481 30 25 32.6 7.9 513.3 179.7 0.92 0.65

482 11 25 43 80 770.8 668.4 2.95 2.55

481 296 103 42 12.8 486.9 165.2 1.67 1.42

482 199 102 30 5.5 512.6 115.4 1.14 0.90

481 100 104 34 4.2 556.4 84.6 1.04 0.57

480 299 200 33 8 463.5 162 1.15 0.93

480 199 202 35 4.5 520.9 95.2 1.07 0.76

481 100 202 36 6.9 539 121.6 1.22 1.00

1 s3 is the con�ning pressure and remains constant during the tests. sp is the pore pres-

sure. q is the angle between the fracture plane and vertical direction. Gp
IIc is the shear

fracture energy including both the slip strengthening phase and the post-peak phase. tmax

is maximum shear stress achieved along the shear plane. Dt is the stress drop. d is the

displacement required for the shear strength to degrade from initially plastic deformation

to residual stress. Dc is the slip-weakening displacement.
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Table C.6: Shear fracture energy of the stick-slip events generated on a �nely ground Sierra white

granite fault surface under biaxial compression condition (Okubo and Dieterich, 1981). 1

sn GIIc Dt Dc sn GIIc Dt Dc

MPa J/m2 MPa mm MPa J/m2 MPa mm

1.11 0.06 0.05 2.32 2.88 0.31 0.21 2.95

1.41 0.11 0.09 2.61 2.93 0.25 0.21 2.45

1.48 0.08 0.05 3.64 3.34 0.26 0.24 2.18

1.68 0.08 0.06 2.67 3.89 0.48 0.16 5.99

1.68 0.10 0.08 2.41 4.32 0.80 0.26 6.20

1.92 0.17 0.11 3.11 4.71 0.80 0.33 4.85

2.01 0.27 0.12 4.46 4.78 0.27 0.33 1.67

2.03 0.21 0.09 4.61

1 sn is the normal stress. GIIc is the shear fracture energy calcu-

lated based on the slip weakening behaviour. Dt is the stress

drop. Dc is the slip-weakening displacement.

2 The data is digitized from the graphs.
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Table C.7: Shear fracture energy of the stick-slip events generated on two prepared roughnesses of

the simulated fault under biaxial compression condition (Okubo and Dieterich, 1984). The rosk is

Sierra white granite. The smooth and rough faults have pro�lometer measured roughnesses of 0.2

mm and about 80 mm, respectively.1

sn GIIc Dt Dc sn GIIc Dt Dc

MPa J/m2 MPa mm MPa J/m2 MPa mm

Smooth surface 3.49 0.80 0.28 5.78

3.50 1.21 0.27 9.00

0.69 0.20 0.07 5.72 3.79 0.48 0.14 6.91

0.70 0.15 0.07 4.46

1.11 0.06 0.05 2.54 Rough surface

1.40 0.67 0.08 17.17 0.70 0.34 0.02 27.60

1.40 0.50 0.15 6.83 0.70 0.47 0.02 41.92

1.41 0.11 0.13 1.67 0.70 0.68 0.02 72.00

1.47 0.07 0.05 3.07 0.70 0.78 0.02 91.12

1.64 0.09 0.07 2.37 1.40 0.23 0.03 18.17

1.65 0.06 0.05 2.41 1.40 0.42 0.05 17.98

1.88 0.16 0.05 6.51 1.40 0.44 0.03 26.89

1.95 0.26 0.07 8.03 1.40 0.51 0.03 35.07

1.98 0.19 0.08 5.02 1.40 0.64 0.04 34.06

2.09 0.75 0.17 8.67 1.40 1.09 0.03 70.49

2.11 0.68 0.18 7.75 2.09 0.77 0.04 36.84

2.79 0.91 0.22 8.32 2.09 1.20 0.06 38.26

2.80 0.94 0.20 9.31 2.78 0.87 0.05 34.94

Continued
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Table C.7 - continued

sn GIIc Dt Dc sn GIIc Dt Dc

MPa J/m2 MPa mm MPa J/m2 MPa mm

2.81 0.31 0.14 4.40 2.78 1.57 0.05 59.06

2.85 0.24 0.16 2.94 3.48 1.36 0.06 47.28

3.28 0.27 0.19 2.89 3.48 2.47 0.07 73.80

1 sn is the normal stress. GIIc is the shear fracture energy calculated based

on the slip weakening behaviour. Dt is the stress drop. Dc is the slip-

weakening displacement.

2 The data is digitized from the graphs.

Table C.8: Shear fracture energy of the stick slip events on preexisting faults (Ohnaka, 2003). The

rock is Tsukuba granite. Faults with two different surface roughnesses were prepared.1

sn Gp
IIc tmax Dt d Dc

MPa J/m2 MPa MPa mm mm

Tsukuba granite

Ohnaka (2003)

(lc = 100mm) 2

6.2 0.023 1.39 0.023 1.99 1.46

6.2 0.069 1.707 0.046 3 2.66

6.2 0.22 2.293 0.095 4.57 4.25

6.2 0.21 1.72 0.111 3.76 3.29

6.2 0.5 3.59 0.134 7.44 5.36

6.2 0.011 1.403 0.014 1.58 1.17

6.2 0.026 1.649 0.024 2.16 1.62

Continued
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Table C.8 - continued

sn Gp
IIc tmax Dt d Dc

MPa J/m2 MPa MPa mm mm

6.2 0.11 2.237 0.057 3.9 3.53

6.2 0.12 1.74 0.071 3.31 2.75

6.2 0.27 3.455 0.091 5.96 4.05

6.2 0.022 1.416 0.017 2.53 2.04

6.2 0.041 1.647 0.035 2.3 1.94

6.2 0.13 2.243 0.066 3.94 3.55

6.2 0.13 1.757 0.083 3.2 2.73

6.2 0.17 3.355 0.077 4.52 3.09

6.2 0.041 1.472 0.028 2.97 2.58

6.2 0.063 1.584 0.045 2.85 2.48

6.2 0.14 2.243 0.078 3.52 3.19

6.2 0.13 1.817 0.093 2.81 2.45

6.2 0.039 1.475 0.028 2.84 2.48

6.2 0.059 1.578 0.045 2.63 2.26

6.2 0.071 2.238 0.063 2.24 1.98

6.2 0.084 1.816 0.081 2.08 1.76

6.2 0.026 1.474 0.022 2.37 2.11

6.2 0.042 1.572 0.039 2.16 1.55

6.2 0.12 2.237 0.073 3.31 3.02

6.2 0.11 1.818 0.085 2.59 2.25

Ohnaka (2003)

(lc = 200mm)

Continued
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Table C.8 - continued

sn Gp
IIc tmax Dt d Dc

MPa J/m2 MPa MPa mm mm

6.2 0.094 4.584 0.061 3.1 2.18

6.2 0.53 5.512 0.127 8.37 7.39

6.2 0.069 2.391 0.046 3 2.51

6.2 0.66 3.819 0.124 10.73 8.97

6.2 0.95 3.19 0.141 13.4 12.59

6.2 0.98 2.739 0.173 11.35 10.46

6.2 0.14 2.25 0.03 9 6

6.2 0.73 2.081 0.08 18.2 17.77

1 sn is the normal stress. Gp
IIc is the shear fracture en-

ergy including both the slip strengthening phase and

the post-peak phase. tmax is maximum shear stress

achieved along the shear plane. Dt is the stress drop.

d is the displacement required for the shear strength

to degrade from initially plastic deformation to resid-

ual stress. Dc is the slip-weakening displacement.

2 lc is the characteristic length de�ned as the cor-

ner length that separates the neighbouring two bands

with different segment slopes.
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Appendix D

ABAQUS Python script for stress intensity factor modelling

D.1 ABAQUS Python script for SNDB test modelling

1 # -*- coding: mbcs -*-
2

3 #-----------------------------------------------------------------------
4 # The code is developed for research purpuse
5 # Author: Qiang Chen
6 # University of Calgary
7 # 1130823@tongji.edu.cn
8 #-----------------------------------------------------------------------
9 from part import *

10 from material import *
11 from section import *
12 from assembly import *
13 from step import *
14 from interaction import *
15 from load import *
16 from mesh import *
17 from optimization import *
18 from job import *
19 from sketch import *
20 from visualization import *
21 from connectorBehavior import *
22

23 from abaqusConstants import *
24 import math
25

26 # calculate the stress intensity factor and stress along the SNDB sample thickness
27 # last update Nov 7, 2018
28 #
29 # Thickness (mm), cracklen (mm), confiningpressure (MPa), Fci (kN) (crack initiation stress)
30 Data = [18.99 , 4.38 , 0 , 6.70 ] # 7G2-1-2
31

32 #-----The Model Parameter Definition-----#
33 # UNITS should be GPa mm kN*mm
34 # Radius
35 Radius = 19.0
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36 # Thickness
37 Thickness_ratio = Data[0]/Radius
38 Thickness = Radius*Thickness_ratio
39 # crack length
40 Crack_len_ratio = Data[1]/Thickness
41 Crack_length = Thickness*Crack_len_ratio
42 # half span
43 Half_span_ratio = 12.0/19.0
44 Half_span = Radius*Half_span_ratio
45 # confining pressure
46 Confing_pressure = Data[2]/1000.0 # 0 #GPa
47 # crack initiation force
48 # Direction is down
49 Fci = -Data[3] #1
50 #----
51 # define the circles
52 Circle_radius = [2, 1.5, 1, 0.75, 0.5]
53 Radius_outer = max(Circle_radius)
54 Radius_inner = min(Circle_radius)
55 #----
56 # define the angle
57 # in radius
58 HAngle_degree = 15
59 HAngle = HAngle_degree*math.pi/180
60 #-----
61 # Mesh size
62 Mesh_size = 2
63 # Contour number
64 Contour_num = 5
65 #-----End of Parameter Definition-----#
66

67 # The number behind each initials is determined by the geometry of the sample
68 Job_name = 
SevenG_
+
Ang_
 + str(HAngle_degree) + 
CP_
 + str(Data[2]) +
_C
 + \
69 str(int(Crack_len_ratio*100)) \
70 + 
_T
 + str(int(Thickness_ratio*100)) + 
_HS
 \
71 + str(int(Half_span_ratio*100)) + 
_Mesh
 + str(int(Mesh_size*10))
72

73 #--------------------------------------PART-------------------------------#
74 mdb.models[
Model-1
].ConstrainedSketch(name=
__profile__
, sheetSize=100.0)
75 mdb.models[
Model-1
].sketches[
__profile__
].ConstructionLine(point1=(0.0,
76 -50.0), point2=(0.0, 50.0))
77 mdb.models[
Model-1
].sketches[
__profile__
].rectangle(point1=(0.0, 0.0),
78 point2=(Radius, Thickness))
79

80 mdb.models[
Model-1
].Part(dimensionality=THREE_D, name=
SNDB
, type=
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81 DEFORMABLE_BODY)
82 mdb.models[
Model-1
].parts[
SNDB
].BaseSolidRevolve(angle=360.0,
83 flipRevolveDirection=OFF, sketch=
84 mdb.models[
Model-1
].sketches[
__profile__
])
85 del mdb.models[
Model-1
].sketches[
__profile__
]
86

87 #-----------partition
88 # YZ plane
89 mdb.models[
Model-1
].parts[
SNDB
].DatumPlaneByPrincipalPlane(offset=0.0,
90 principalPlane=YZPLANE)
91 mdb.models[
Model-1
].parts[
SNDB
].PartitionCellByDatumPlane(cells=
92 mdb.models[
Model-1
].parts[
SNDB
].cells.findAt(((Radius/10, 0.0,
93 Radius*0.9), )), datumPlane=mdb.models[
Model-1
].parts[
SNDB
].datums[2])
94 # YZ plane (12,0,0)
95 mdb.models[
Model-1
].parts[
SNDB
].DatumPlaneByPrincipalPlane(offset=Half_span,
96 principalPlane=YZPLANE)
97 mdb.models[
Model-1
].parts[
SNDB
].PartitionCellByDatumPlane(cells=
98 mdb.models[
Model-1
].parts[
SNDB
].cells.findAt(((Radius/10, 0.0, Radius*0.9),
99 )), datumPlane=mdb.models[
Model-1
].parts[
SNDB
].datums[4])

100 # YZ plane (-12,0,0)
101 mdb.models[
Model-1
].parts[
SNDB
].DatumPlaneByPrincipalPlane(offset=-Half_span,
102 principalPlane=YZPLANE)
103 mdb.models[
Model-1
].parts[
SNDB
].PartitionCellByDatumPlane(cells=
104 mdb.models[
Model-1
].parts[
SNDB
].cells.findAt(((-Radius/10, 0.0, Radius*0.9)
105 , )), datumPlane=mdb.models[
Model-1
].parts[
SNDB
].datums[6])
106 # XY plane
107 # Seems like each cell should have one point at findAt()
108 mdb.models[
Model-1
].parts[
SNDB
].DatumPlaneByPrincipalPlane(offset=0.0,
109 principalPlane=XYPLANE)
110 mdb.models[
Model-1
].parts[
SNDB
].PartitionCellByDatumPlane(cells=
111 mdb.models[
Model-1
].parts[
SNDB
].cells.findAt(
112 ((-Half_span-0.5, Thickness*0.9, Radius*0.2), ),
113 ((Half_span-0.5, Thickness*0.9, Radius*0.2), ),
114 ((Half_span+0.5, 0.0, Radius*0.2),),
115 ((-Half_span+0.5, Thickness*0.9, Radius*0.2), ), ), datumPlane=
116 mdb.models[
Model-1
].parts[
SNDB
].datums[8])
117

118 # XZ plane (0,3.8,0)
119 mdb.models[
Model-1
].parts[
SNDB
].DatumPlaneByPrincipalPlane(offset=Crack_length,
120 principalPlane=YZPLANE)
121 del mdb.models[
Model-1
].parts[
SNDB
].features[
Datum plane-5
]
122 mdb.models[
Model-1
].parts[
SNDB
].DatumPlaneByPrincipalPlane(offset=Crack_length,
123 principalPlane=XZPLANE)
124 mdb.models[
Model-1
].parts[
SNDB
].PartitionCellByDatumPlane(cells=
125 mdb.models[
Model-1
].parts[
SNDB
].cells.findAt(((-Half_span+0.5, Thickness*0.9,
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126 -0.5), ), ((Half_span+0.5, 0.0, -0.5), ), ((Half_span/2, Thickness,
127 -0.5), ), ((-Half_span-0.5, Thickness, -0.5), ), ((-Half_span-0.5, Thickness,
128 0.5), ), ((Half_span/2, Thickness, 0.5), ), ((Half_span+0.5, 0.0,
129 0.5), ), ((-Half_span/2, Thickness, 0.5), ), ), datumPlane=
130 mdb.models[
Model-1
].parts[
SNDB
].datums[11])
131

132 # Extrude the crack
133 mdb.models[
Model-1
].ConstrainedSketch(gridSpacing=1.1, name=
__profile__
,
134 sheetSize=44.35, transform=
135 mdb.models[
Model-1
].parts[
SNDB
].MakeSketchTransform(
136 sketchPlane=mdb.models[
Model-1
].parts[
SNDB
].faces.findAt((Radius_inner,
137 Radius_inner, 0.0), ), sketchPlaneSide=SIDE1,
138 sketchUpEdge=mdb.models[
Model-1
].parts[
SNDB
].edges.findAt((Half_span, Thickness/3,
139 0.0), ), sketchOrientation=RIGHT, origin=(0, Crack_length, 0.0)))
140

141 # draw the lines
142 mdb.models[
Model-1
].sketches[
__profile__
].Line(point1=(0, 0),
143 point2=(Radius_outer*math.cos(-(math.pi/2+HAngle)), Radius_outer*math.sin(-(math.pi/2+HAngle))))
144 mdb.models[
Model-1
].sketches[
__profile__
].Line(
145 point1=(Radius_outer*math.cos(-(math.pi/2+HAngle)), Radius_outer*math.sin(-(math.pi/2+HAngle))),
146 point2=(Radius_outer*math.cos(-(math.pi/2+HAngle)), -Crack_length))
147 mdb.models[
Model-1
].sketches[
__profile__
].Line(
148 point1=(Radius_outer*math.cos(-(math.pi/2+HAngle)), -Crack_length),
149 point2=(Radius_outer*math.cos(-(math.pi/2-HAngle)),-Crack_length))
150 mdb.models[
Model-1
].sketches[
__profile__
].Line(
151 point1=(Radius_outer*math.cos(-(math.pi/2-HAngle)),-Crack_length),
152 point2=(Radius_outer*math.cos(-(math.pi/2-HAngle)), Radius_outer*math.sin(-(math.pi/2-HAngle))))
153 mdb.models[
Model-1
].sketches[
__profile__
].Line(
154 point1=(Radius_outer*math.cos(-(math.pi/2-HAngle)), Radius_outer*math.sin(-(math.pi/2-HAngle))),
155 point2=(0, 0))
156

157 # extrude one side
158 mdb.models[
Model-1
].parts[
SNDB
].CutExtrude(flipExtrudeDirection=OFF,
159 sketch=mdb.models[
Model-1
].sketches[
__profile__
], sketchOrientation=RIGHT,
160 sketchPlane=mdb.models[
Model-1
].parts[
SNDB
].faces.findAt((Radius_inner,
161 Radius_inner, 0.0), ), sketchPlaneSide=SIDE1,
162 sketchUpEdge=mdb.models[
Model-1
].parts[
SNDB
].edges.findAt((Half_span, Thickness/3,
163 0.0), ))
164

165 del mdb.models[
Model-1
].sketches[
__profile__
]
166

167 # Extrude the crack
168 # Be careful about the SIDE1
169 mdb.models[
Model-1
].ConstrainedSketch(gridSpacing=1.1, name=
__profile__
,
170 sheetSize=44.35, transform=
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171 mdb.models[
Model-1
].parts[
SNDB
].MakeSketchTransform(
172 sketchPlane=mdb.models[
Model-1
].parts[
SNDB
].faces.findAt((Radius_inner,
173 Radius_inner, 0.0), ), sketchPlaneSide=SIDE1,
174 sketchUpEdge=mdb.models[
Model-1
].parts[
SNDB
].edges.findAt((Half_span, Thickness/3,
175 0.0), ), sketchOrientation=LEFT, origin=(0, Crack_length, 0.0)))
176

177 # draw the lines
178 mdb.models[
Model-1
].sketches[
__profile__
].Line(point1=(0, 0),
179 point2=(Radius_outer*math.cos(-(math.pi/2+HAngle)), Radius_outer*math.sin(-(math.pi/2+HAngle))))
180 mdb.models[
Model-1
].sketches[
__profile__
].Line(
181 point1=(Radius_outer*math.cos(-(math.pi/2+HAngle)), Radius_outer*math.sin(-(math.pi/2+HAngle))),
182 point2=(Radius_outer*math.cos(-(math.pi/2+HAngle)), -Crack_length))
183 mdb.models[
Model-1
].sketches[
__profile__
].Line(
184 point1=(Radius_outer*math.cos(-(math.pi/2+HAngle)), -Crack_length),
185 point2=(Radius_outer*math.cos(-(math.pi/2-HAngle)),-Crack_length))
186 mdb.models[
Model-1
].sketches[
__profile__
].Line(
187 point1=(Radius_outer*math.cos(-(math.pi/2-HAngle)),-Crack_length),
188 point2=(Radius_outer*math.cos(-(math.pi/2-HAngle)), Radius_outer*math.sin(-(math.pi/2-HAngle))))
189 mdb.models[
Model-1
].sketches[
__profile__
].Line(
190 point1=(Radius_outer*math.cos(-(math.pi/2-HAngle)), Radius_outer*math.sin(-(math.pi/2-HAngle))),
191 point2=(0, 0))
192

193

194 # extrude one side
195 mdb.models[
Model-1
].parts[
SNDB
].CutExtrude(flipExtrudeDirection=OFF,
196 sketch=mdb.models[
Model-1
].sketches[
__profile__
], sketchOrientation=LEFT,
197 sketchPlane=mdb.models[
Model-1
].parts[
SNDB
].faces.findAt((Radius_inner,
198 Radius_inner, 0.0), ), sketchPlaneSide=SIDE1,
199 sketchUpEdge=mdb.models[
Model-1
].parts[
SNDB
].edges.findAt((Half_span, Thickness/3,
200 0.0), ))
201 del mdb.models[
Model-1
].sketches[
__profile__
]
202

203 # circular cracks
204 # print(
draw the circular cracks
)
205 for Rad in Circle_radius:
206 mdb.models[
Model-1
].ConstrainedSketch(gridSpacing=1.1, name=
__profile__
,
207 sheetSize=44.35, transform=
208 mdb.models[
Model-1
].parts[
SNDB
].MakeSketchTransform(
209 sketchPlane=mdb.models[
Model-1
].parts[
SNDB
].faces.findAt((Radius_outer,
210 Radius_outer, 0.0), ), sketchPlaneSide=SIDE1,
211 sketchUpEdge=mdb.models[
Model-1
].parts[
SNDB
].edges.findAt((Half_span, Thickness/3,
212 0.0), ), sketchOrientation=RIGHT, origin=(0, Crack_length, 0.0)))
213 # draw the circle
214 mdb.models[
Model-1
].sketches[
__profile__
].ArcByCenterEnds(center=(0, 0),
215 direction=CLOCKWISE,
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216 point1=(Rad*math.cos(-(math.pi/2+HAngle)), Rad*math.sin(-(math.pi/2+HAngle))),
217 point2=(0,Rad))
218 mdb.models[
Model-1
].sketches[
__profile__
].ArcByCenterEnds(center=(0, 0),
219 direction=COUNTERCLOCKWISE,
220 point1=(Rad*math.cos(-(math.pi/2-HAngle)), Rad*math.sin(-(math.pi/2-HAngle))),
221 point2=(0,Rad))
222 # partition face
223 mdb.models[
Model-1
].parts[
SNDB
].PartitionFaceBySketch(faces=
224 mdb.models[
Model-1
].parts[
SNDB
].faces.findAt(
225 ((Radius_inner*2/3, Crack_length-0.05, 0.0), ),
226 ((Radius_inner/2, Crack_length+0.1, 0.0), ),
227 ((-Radius_inner/2, Crack_length+0.1, 0.0), ),
228 ((-Radius_inner*2/3, Crack_length-0.05, 0.0), ), ), sketch=
229 mdb.models[
Model-1
].sketches[
__profile__
], sketchUpEdge=
230 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt((Half_span, Thickness/3, 0.0), ))
231 del mdb.models[
Model-1
].sketches[
__profile__
]
232 # print(
Finish partition faces
)
233 # partition cell
234 # # partition on side
235 # Define the angle to get the cell needed
236 LAngle = -(math.pi/2+HAngle+math.pi/16)
237 RAngle = -(math.pi/2-HAngle-math.pi/16)
238

239 mdb.models[
Model-1
].parts[
SNDB
].PartitionCellByExtrudeEdge(cells=
240 mdb.models[
Model-1
].parts[
SNDB
].cells.findAt(
241 ((Radius_inner*2/3, Crack_length-0.05, -Radius/3), ),
242 ((-Radius_inner*2/3, Crack_length-0.05, -Radius/3), ),
243 ((-Radius_inner/2, Crack_length+0.1, -Radius/3), ),
244 ((Radius_inner/2, Crack_length+0.1, -Radius/3), ), ),
245 edges=(
246 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt(
247 (Rad*math.cos(math.pi*5/8),Rad*math.sin(math.pi*5/8)+Crack_length, 0.0),),
248 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt(
249 (Rad*math.cos(math.pi/8),Rad*math.sin(math.pi/8)+Crack_length, 0.0),),
250 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt(
251 (Rad*math.cos(LAngle),Rad*math.sin(LAngle)+Crack_length, 0.0), ),
252 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt(
253 (Rad*math.cos(RAngle),Rad*math.sin(RAngle)+Crack_length, 0.0), )),
254 line=mdb.models[
Model-1
].parts[
SNDB
].edges.findAt((
255 0.0, Crack_length, -Radius/4), ), sense=FORWARD)
256

257 # # partition the other sider
258 mdb.models[
Model-1
].parts[
SNDB
].PartitionCellByExtrudeEdge(cells=
259 mdb.models[
Model-1
].parts[
SNDB
].cells.findAt(((Radius_inner/2, Crack_length-0.1,
260 Radius/3), ), ((-Radius_inner/2, Crack_length-0.1, Radius/3), ), ((-Radius_inner/2,
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261 Crack_length+0.1, Radius/3), ), ((Radius_inner/2, Crack_length+0.1, Radius/3), ), ),
262 edges=(
263 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt(
264 (Rad*math.cos(math.pi*5/8),Rad*math.sin(math.pi*5/8)+Crack_length, 0.0),),
265 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt(
266 (Rad*math.cos(math.pi/8),Rad*math.sin(math.pi/8)+Crack_length, 0.0),),
267 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt(
268 (Rad*math.cos(LAngle),Rad*math.sin(LAngle)+Crack_length, 0.0), ),
269 mdb.models[
Model-1
].parts[
SNDB
].edges.findAt(
270 (Rad*math.cos(RAngle),Rad*math.sin(RAngle)+Crack_length, 0.0), )),
271 line=mdb.models[
Model-1
].parts[
SNDB
].edges.findAt((
272 0.0, Crack_length, Radius/5), ), sense=FORWARD)
273 print(
#----------------FINISH BULDING THE PART-------#
)
274

275

276 #--------------------------Material, Section and Section assignment------------------#
277 # Code to get all the cells
278 ALL_cells = mdb.models[
Model-1
].parts[
SNDB
].cells[:]
279 #----
280 mdb.models[
Model-1
].Material(description=
Using steel as the material
,
281 name=
steel
)
282 mdb.models[
Model-1
].materials[
steel
].Elastic(table=((200.0, 0.3), ))
283

284 mdb.models[
Model-1
].HomogeneousSolidSection(material=
steel
, name=
285 
Section-1
, thickness=None)
286

287 mdb.models[
Model-1
].parts[
SNDB
].SectionAssignment(offset=0.0, offsetField=
288 

, offsetType=MIDDLE_SURFACE, region=Region(cells=ALL_cells)
289 , sectionName=
Section-1
, thicknessAssignment=FROM_SECTION)
290

291 mdb.models[
Model-1
].rootAssembly.Instance(dependent=OFF, name=
SNDB-1
, part=
292 mdb.models[
Model-1
].parts[
SNDB
])
293 print(
#-----FINISH SET THE MATERIAL AND SECTION-------#
)
294 #---------------------STEP----------------------------------------------------------#
295 # define crack
296 mdb.models[
Model-1
].rootAssembly.engineeringFeatures.ContourIntegral(
297 collapsedElementAtTip=NONE, crackFront=Region(
298 edges=mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.findAt((
299 (0.0, Crack_length, Radius/3), ), ((0.0, Crack_length, -Radius/3), ), )),
300 crackTip=Region(
301 edges=mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.findAt((
302 (0.0, Crack_length, Radius/3), ), ((0.0, Crack_length, -Radius/3), ), )),
303 extensionDirectionMethod=Q_VECTORS, midNodePosition=0.5, name=
Crack-1
,
304 qVectors=((
305 mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].vertices.findAt((
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306 0.0, Crack_length, Radius), ),
307 mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].vertices.findAt((
308 0.0, Crack_length+Radius_inner, Radius), )), ), symmetric=OFF)
309 #
310 # Define the Reference Point
311 mdb.models[
Model-1
].rootAssembly.ReferencePoint(point=(0.0, Thickness+5, 0.0))
312 # the key to the reference point
313 # get the last key
314 KEY = mdb.models[
Model-1
].rootAssembly.referencePoints.keys()[0]
315 # ############
316 # need to delete the keys
317 # ###############
318 print(
ID of the reference point 
+str(KEY))
319 # Define the Coupling constraint
320 mdb.models[
Model-1
].Coupling(controlPoint=Region(referencePoints=(
321 mdb.models[
Model-1
].rootAssembly.referencePoints[KEY], )), couplingType=
322 KINEMATIC, influenceRadius=WHOLE_SURFACE, localCsys=None, name=
323 
TopConstraint
, surface=Region(
324 edges=mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.findAt((
325 (0.0, Thickness, Radius/3), ),
326 ((0.0, Thickness, -Radius/3), ), )), u1=ON, u2=ON, u3=OFF,
327 ur1=ON, ur2=ON, ur3=ON)
328 #
329 # Define step and history output
330 mdb.models[
Model-1
].StaticStep(description=
Applying confining pressure
,
331 initialInc=0.05, name=
ConfiningPressure
, previous=
Initial
)
332 mdb.models[
Model-1
].StaticStep(description=
Apply 1kN at the top
, name=
333 
Load_1kN
, previous=
ConfiningPressure
)
334 mdb.models[
Model-1
].steps[
Load_1kN
].setValues(initialInc=0.05, maxNumInc=
335 20)
336 mdb.models[
Model-1
].HistoryOutputRequest(contourIntegral=
Crack-1
,
337 contourType=K_FACTORS, createStepName=
ConfiningPressure
, name=
SIF
,
338 numberOfContours=Contour_num, rebar=EXCLUDE, sectionPoints=DEFAULT)
339

340 #--------------------Load and Boundary Conditions---------------------------------#
341 # Load 1kN on Reference Point
342 if Confing_pressure != 0:
343 # Add pressure to the outer surface
344 # select all the face and store it in sequence
345 FACE = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].faces[:]
346 # face_outer to store the outer surface
347 face_outer = []
348 for Face in FACE:
349 # get the face point and change to list
350 face_pt = list(Face.pointOn[0])
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351 # check if the face is the outer face
352 if abs(math.sqrt(face_pt[0]**2+face_pt[2]**2)-Radius) < 1E-2:
353 # IMPORTANT STEP--------------------------------#
354 # create the Sequence so the __add__ method can be used
355 face_sequence = (tuple(face_pt),)
356 face = mdb.models[
Model-1
].rootAssembly.instances[
357 
SNDB-1
].faces.findAt(face_sequence)
358 if len(face_outer) == 0:
359 face_outer = face
360 else:
361 face_outer = face_outer.__add__(face)
362

363 print(len(face_outer))
364

365 mdb.models[
Model-1
].Pressure(amplitude=UNSET, createStepName=
ConfiningPressure
,
366 distributionType=UNIFORM, field=

, magnitude=Confing_pressure, name=
pressure
,
367 region=Region(side1Faces = face_outer))
368 mdb.models[
Model-1
].ConcentratedForce(cf2=Fci, createStepName=
Load_1kN
,
369 distributionType=UNIFORM, field=

, localCsys=None, name=
Load-1
, region=
370 Region(referencePoints=(
371 mdb.models[
Model-1
].rootAssembly.referencePoints[KEY], )))
372 else:
373 # Load 1kN on Reference Point
374 mdb.models[
Model-1
].ConcentratedForce(cf2=Fci, createStepName=
Load_1kN
,
375 distributionType=UNIFORM, field=

, localCsys=None, name=
Load-1
, region=
376 Region(referencePoints=(
377 mdb.models[
Model-1
].rootAssembly.referencePoints[KEY], )))
378

379 # Boundary Conditions
380 mdb.models[
Model-1
].DisplacementBC(amplitude=UNSET, createStepName=
Initial
,
381 distributionType=UNIFORM, fieldName=

, localCsys=None, name=
382 
BottomSupport
, region=Region(
383 edges=mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.findAt(
384 ((-Half_span, 0.0, -0.5), ),
385 ((Half_span, 0.0, -0.5), ),
386 ((-Half_span, 0.0,0.5), ),
387 ((Half_span, 0.0, 0.5), ), )), u1=UNSET, u2=SET, u3=UNSET,
388 ur1=UNSET, ur2=UNSET, ur3=UNSET)
389 mdb.models[
Model-1
].DisplacementBC(amplitude=UNSET, createStepName=
Initial
,
390 distributionType=UNIFORM, fieldName=

, localCsys=None, name=
Zdirection
,
391 region=Region(
392 vertices=mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].vertices.findAt(
393 ((-Radius, 0.0, 0.0), ),
394 ((-Radius, Thickness, 0.0), ),
395 ((Radius, 0.0, 0.0), ),
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396 ((Radius, Thickness, 0.0), ), )),
397 u1=UNSET, u2=UNSET, u3=SET, ur1=UNSET, ur2=UNSET, ur3=UNSET)
398 mdb.models[
Model-1
].DisplacementBC(amplitude=UNSET, createStepName=
Initial
,
399 distributionType=UNIFORM, fieldName=

, localCsys=None, name=
400 
ReferencePoint
, region=Region(referencePoints=(
401 mdb.models[
Model-1
].rootAssembly.referencePoints[KEY], )), u1=SET, u2=
402 UNSET, u3=SET, ur1=SET, ur2=SET, ur3=SET)
403

404 #-----------------------MESH------------------------------------------------------#
405 # Global seed size
406 mdb.models[
Model-1
].rootAssembly.seedPartInstance(deviationFactor=0.1,
407 minSizeFactor=0.1, regions=(
408 mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
], ), size = Mesh_size)
409 # Edge control
410

411 # # Get the edge in one side
412 EdgeSide1 = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
413 (0,Crack_length,Radius+1),(0,Crack_length,Radius/2),Radius_outer+1)
414 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
415 EdgeSide1, number=2)
416 # # Get the edge in vertical and horizontal direction
417 EdgeVertical = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingBox(
418 -0.1,Crack_length-Radius_outer-0.1,Radius-1,0.1,Crack_length+Radius_outer+0.1,Radius+1)
419 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
420 EdgeVertical, number=1)
421 # # Get the edge in the horizontal direction
422 EdgeHorizontal = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingBox(
423 -Radius_outer-0.1,Crack_length-0.1,Radius-1,Radius_outer+0.1,Crack_length+0.1,Radius+1)
424 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
425 EdgeHorizontal, number=1)
426 # Left wing of the crack
427 EdgeLeft = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
428 (0,Crack_length,Radius),
429 (Radius_outer*math.cos(-(math.pi/2+HAngle)), Crack_length+Radius_outer* \
430 math.sin(-(math.pi/2+HAngle)),Radius), Radius_inner*2/3)
431 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
432 EdgeLeft, number=1)
433 # Right wing of the crack
434 EdgeRight = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
435 (0,Crack_length,Radius),
436 (Radius_outer*math.cos(-(math.pi/2-HAngle)), Crack_length+Radius_outer* \
437 math.sin(-(math.pi/2-HAngle)),Radius), Radius_inner*2/3)
438 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
439 EdgeRight, number=1)
440
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441 # # Get the edge in the other side
442 EdgeSide1 = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
443 (0,Crack_length,-Radius-1),(0,Crack_length,-Radius/2),Radius_outer+1)
444 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
445 EdgeSide1, number=2)
446 # # Get the edge in vertical and horizontal direction
447 EdgeVertical = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingBox(
448 -0.1,Crack_length-Radius_outer-0.1,-Radius-1,0.1,Crack_length+Radius_outer+0.1,-Radius+1)
449 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
450 EdgeVertical, number=1)
451 # # Get the edge in the horizontal direction
452 EdgeHorizontal = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingBox(
453 -Radius_outer-0.1,Crack_length-0.1,-Radius-1,Radius_outer+0.1,Crack_length+0.1,-Radius+1)
454 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
455 EdgeHorizontal, number=1)
456 # Left wing of the crack
457 EdgeLeft = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
458 (0,Crack_length,-Radius),
459 (Radius_outer*math.cos(-(math.pi/2+HAngle)), Crack_length+Radius_outer* \
460 math.sin(-(math.pi/2+HAngle)),-Radius), Radius_inner*2/3)
461 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
462 EdgeLeft, number=1)
463 # Right wing of the crack
464 EdgeRight = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
465 (0,Crack_length,-Radius),
466 (Radius_outer*math.cos(-(math.pi/2-HAngle)), Crack_length+Radius_outer* \
467 math.sin(-(math.pi/2-HAngle)),-Radius), Radius_inner*2/3)
468 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
469 EdgeRight, number=1)
470

471 # # # # Get the edge in the middle
472 EdgeSide1 = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
473 (0,Crack_length,1),(0,Crack_length,-1),Radius_outer+1)
474 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
475 EdgeSide1, number=2)
476 # # Get the edge in vertical and horizontal direction
477 EdgeVertical = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingBox(
478 -0.1,Crack_length-Radius_outer-0.1,-1,0.1,Crack_length+Radius_outer+0.1,+1)
479 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
480 EdgeVertical, number=1)
481 # # Get the edge in the horizontal direction
482 EdgeHorizontal = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingBox(
483 -Radius_outer-0.1,Crack_length-0.1,-1,Radius_outer+0.1,Crack_length+0.1,+1)
484 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
485 EdgeHorizontal, number=1)
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486 # Left wing of the crack
487 EdgeLeft = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
488 (0,Crack_length,0),
489 (Radius_outer*math.cos(-(math.pi/2+HAngle)), Crack_length+Radius_outer* \
490 math.sin(-(math.pi/2+HAngle)),0), Radius_inner*2/3)
491 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
492 EdgeLeft, number=1)
493 # Right wing of the crack
494 EdgeRight = mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.getByBoundingCylinder(
495 (0,Crack_length,0),
496 (Radius_outer*math.cos(-(math.pi/2-HAngle)), Crack_length+Radius_outer* \
497 math.sin(-(math.pi/2-HAngle)),0), Radius_inner*2/3)
498 mdb.models[
Model-1
].rootAssembly.seedEdgeByNumber(constraint=FINER, edges=
499 EdgeRight, number=1)
500

501 # Element type
502 # #######
503 mdb.models[
Model-1
].rootAssembly.setElementType(elemTypes=(ElemType(
504 elemCode=C3D20R, elemLibrary=STANDARD), ElemType(elemCode=C3D15,
505 elemLibrary=STANDARD), ElemType(elemCode=C3D10, elemLibrary=STANDARD)),
506 regions=(
507 mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].cells.getByBoundingBox(
508 -Radius-2, -2,-Radius-2,Radius+2,Thickness+2,Radius+2),))
509 # #########
510 # Generate mesh
511 mdb.models[
Model-1
].rootAssembly.generateMesh(regions=(
512 mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
], ))
513 # Crack tip node set
514 mdb.models[
Model-1
].rootAssembly.Set(edges=
515 mdb.models[
Model-1
].rootAssembly.instances[
SNDB-1
].edges.findAt(((0.0,
516 Crack_length, Radius/3), ), ((0.0, Crack_length, -Radius/3), ), ), name=
CrackTip
)
517 #------------------------JOBS------------------------------------------------#
518

519 # creat jobs
520 mdb.Job(atTime=None, contactPrint=OFF, description=
Modeling the SIF
+Job_name,
521 echoPrint=OFF, explicitPrecision=SINGLE, getMemoryFromAnalysis=True,
522 historyPrint=OFF, memory=90, memoryUnits=PERCENTAGE, model=
Model-1
,
523 modelPrint=OFF, multiprocessingMode=DEFAULT, name=Job_name,
524 nodalOutputPrecision=SINGLE, numCpus=1, queue=None, scratch=

, type=
525 ANALYSIS, userSubroutine=

, waitHours=0, waitMinutes=0)
526 # submit the job for analysis
527 mdb.jobs[Job_name].submit(consistencyChecking=OFF)
528 # close mdb database
529 # mdb.close()
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D.2 ABAQUS Python script for DS test modelling

1 # -*- coding: mbcs -*-
2

3 #-----------------------------------------------------------------------
4 # The code is developed for research purpuse
5 # Author: Qiang Chen
6 # University of Calgary
7 # 1130823@tongji.edu.cn
8 #-----------------------------------------------------------------------
9 from part import *

10 from material import *
11 from section import *
12 from assembly import *
13 from step import *
14 from interaction import *
15 from load import *
16 from mesh import *
17 from optimization import *
18 from job import *
19 from sketch import *
20 from visualization import *
21 from connectorBehavior import *
22

23 from abaqusConstants import *
24

25

26 # the axial force applied should divided by 4
27 # AverL TL Tb CP AverD Fmax
28 Data = [27.6 , 5.0 , 15.1 , 0 , 37.56 , 21.15 ]
29

30 # Define the parameters
31 # Sample diameter R (mm)
32 R = 19.0
33 # Sample height L (mm)
34 L = Data[0]
35 # Top crack length Tl (mm)
36 Lt = Data[1]
37 # Bottom crack length Tb (mm)
38 Lb = Data[2]
39 # Confining pressure (GPa)
40 CP = Data[3]/1000.0
41 # Mesh size
42 Mesh_size = 1.0
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43 # Contour Number
44 ContourNo = 6
45 # Axial load (Negative means compression)
46 if len(Data) == 5:
47 ALoad = -1000.0
48 else:
49 ALoad = -Data[5]/4.0
50

51 # Job name Len_#_TopCrackLen_#_BTMCrackLen_#
52 Job_name = 
Len_
 + str(int(L*10)) + 
_Lt_
+ str(int(Lt*10)) + 
_Lb_
 + str(int(Lb*10)) \
53 + 
_CP_
 + str(int(CP*1000))
54

55 #-------------------PART-----------------------#
56 mdb.models[
Model-1
].ConstrainedSketch(name=
__profile__
, sheetSize=100.0)
57 mdb.models[
Model-1
].sketches[
__profile__
].ConstructionLine(point1=(0.0,
58 -50.0), point2=(0.0, 50.0))
59 mdb.models[
Model-1
].sketches[
__profile__
].geometry.findAt((0.0, 0.0))
60 mdb.models[
Model-1
].sketches[
__profile__
].FixedConstraint(entity=
61 mdb.models[
Model-1
].sketches[
__profile__
].geometry.findAt((0.0, 0.0),
62 ))
63 # The size of the sample
64 mdb.models[
Model-1
].sketches[
__profile__
].rectangle(point1=(0.0, 0.0),
65 point2=(19.0, L))
66 mdb.models[
Model-1
].Part(dimensionality=THREE_D, name=
DoubleShear
, type=
67 DEFORMABLE_BODY)
68 mdb.models[
Model-1
].parts[
DoubleShear
].BaseSolidRevolve(angle=90.0,
69 flipRevolveDirection=True, sketch=
70 mdb.models[
Model-1
].sketches[
__profile__
])
71 del mdb.models[
Model-1
].sketches[
__profile__
]
72 mdb.models[
Model-1
].parts[
DoubleShear
].regenerate()
73 # Create the two cracks
74 mdb.models[
Model-1
].ConstrainedSketch(gridSpacing=2.12, name=
__profile__
,
75 sheetSize=84.97, transform=
76 mdb.models[
Model-1
].parts[
DoubleShear
].MakeSketchTransform(
77 sketchPlane=mdb.models[
Model-1
].parts[
DoubleShear
].faces.findAt((
78 6.333333, L/3, 0.0), ), sketchPlaneSide=SIDE1,
79 sketchUpEdge=mdb.models[
Model-1
].parts[
DoubleShear
].edges.findAt((19.0,
80 L/3, 0.0), ), sketchOrientation=RIGHT, origin=(0.0, 0.0, 0.0)))
81 mdb.models[
Model-1
].parts[
DoubleShear
].projectReferencesOntoSketch(filter=
82 COPLANAR_EDGES, sketch=mdb.models[
Model-1
].sketches[
__profile__
])
83 mdb.models[
Model-1
].sketches[
__profile__
].rectangle(point1=(7.5, 0.0),
84 point2=(8.5, Lb))
85 mdb.models[
Model-1
].sketches[
__profile__
].rectangle(point1=(7.5, L),
86 point2=(8.5, L-Lt))
87 mdb.models[
Model-1
].parts[
DoubleShear
].CutExtrude(flipExtrudeDirection=OFF,
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88 sketch=mdb.models[
Model-1
].sketches[
__profile__
], sketchOrientation=
89 RIGHT, sketchPlane=mdb.models[
Model-1
].parts[
DoubleShear
].faces.findAt(
90 (6.333333, L/3, 0.0), ), sketchPlaneSide=SIDE1, sketchUpEdge=
91 mdb.models[
Model-1
].parts[
DoubleShear
].edges.findAt((19.0, L/3, 0.0),
92 ))
93 del mdb.models[
Model-1
].sketches[
__profile__
]
94

95 # partition the samples
96 mdb.models[
Model-1
].parts[
DoubleShear
].PartitionCellByPlaneThreePoints(
97 cells=mdb.models[
Model-1
].parts[
DoubleShear
].cells.findAt(((9.491021,
98 L, -10.712524), )), point1=
99 mdb.models[
Model-1
].parts[
DoubleShear
].vertices.findAt((7.5, L-Lt,

100 0.0), ), point2=mdb.models[
Model-1
].parts[
DoubleShear
].vertices.findAt(
101 (7.5, Lb, 0.0), ), point3=
102 mdb.models[
Model-1
].parts[
DoubleShear
].vertices.findAt((7.5, Lb,
103 -17.45709), ))
104 mdb.models[
Model-1
].parts[
DoubleShear
].PartitionCellByPlaneThreePoints(
105 cells=mdb.models[
Model-1
].parts[
DoubleShear
].cells.findAt(((9.491021,
106 L, -10.712524), )), point1=
107 mdb.models[
Model-1
].parts[
DoubleShear
].vertices.findAt((8.5, L-Lt,
108 0.0), ), point2=mdb.models[
Model-1
].parts[
DoubleShear
].vertices.findAt(
109 (8.5, Lb, 0.0), ), point3=
110 mdb.models[
Model-1
].parts[
DoubleShear
].vertices.findAt((8.5, Lb,
111 -16.992645), ))
112

113 # material property
114 mdb.models[
Model-1
].Material(name=
Steel
)
115 mdb.models[
Model-1
].materials[
Steel
].Elastic(table=((210.0, 0.3), ))
116 mdb.models[
Model-1
].HomogeneousSolidSection(material=
Steel
, name=
117 
Section-1
, thickness=None)
118 mdb.models[
Model-1
].parts[
DoubleShear
].SectionAssignment(offset=0.0,
119 offsetField=

, offsetType=MIDDLE_SURFACE, region=Region(
120 cells=mdb.models[
Model-1
].parts[
DoubleShear
].cells.findAt(((8.389894,
121 L-Lt, -11.382182), ), ((6.692479, 0.0, -11.922031), ), ((9.491021, L,
122 -10.712524), ), )), sectionName=
Section-1
, thicknessAssignment=
123 FROM_SECTION)
124

125 # Instance
126 mdb.models[
Model-1
].rootAssembly.DatumCsysByDefault(CARTESIAN)
127 mdb.models[
Model-1
].rootAssembly.Instance(dependent=OFF, name=
DoubleShear-1

128 , part=mdb.models[
Model-1
].parts[
DoubleShear
])
129

130 # steps
131 mdb.models[
Model-1
].StaticStep(description=
Applying confining pressure
,
132 initialInc=0.05, name=
ConfiningPressure
, previous=
Initial
)
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133 mdb.models[
Model-1
].StaticStep(description=
AxialLoadApplied
, initialInc=
134 0.05, name=
AxialLoad
, previous=
ConfiningPressure
)
135

136 # reference point
137 mdb.models[
Model-1
].rootAssembly.ReferencePoint(point=(0.0, L+2, 0.0))
138

139 mdb.models[
Model-1
].Coupling(controlPoint=Region(referencePoints=(
140 mdb.models[
Model-1
].rootAssembly.referencePoints[4], )), couplingType=
141 KINEMATIC, influenceRadius=WHOLE_SURFACE, localCsys=None, name=
RPcoupling

142 , surface=Region(
143 side1Faces=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].faces.findAt(
144 ((6.692479, L, -11.922031), ), )), u1=OFF, u2=ON, u3=OFF, ur1=ON, ur2=ON
145 , ur3=ON)
146

147 # 4 cracks
148 mdb.models[
Model-1
].rootAssembly.engineeringFeatures.ContourIntegral(
149 collapsedElementAtTip=NONE, crackFront=Region(
150 edges=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
151 ((7.5, L-Lt, -4.364273), ), )), crackTip=Region(
152 edges=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
153 ((7.5, L-Lt, -4.364273), ), )), extensionDirectionMethod=Q_VECTORS,
154 midNodePosition=0.5, name=
Tl
, qVectors=((
155 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].vertices.findAt(
156 (7.5, L, 0.0), ),
157 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].vertices.findAt(
158 (7.5, L-Lt, 0.0), )), ), symmetric=OFF)
159 mdb.models[
Model-1
].rootAssembly.engineeringFeatures.ContourIntegral(
160 collapsedElementAtTip=NONE, crackFront=Region(
161 edges=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
162 ((8.5, L-Lt, -4.248161), ), )), crackTip=Region(
163 edges=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
164 ((8.5, L-Lt, -4.248161), ), )), extensionDirectionMethod=Q_VECTORS,
165 midNodePosition=0.5, name=
Tr
, qVectors=((
166 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].vertices.findAt(
167 (8.5, L, 0.0), ),
168 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].vertices.findAt(
169 (8.5, L-Lt, 0.0), )), ), symmetric=OFF)
170 mdb.models[
Model-1
].rootAssembly.engineeringFeatures.ContourIntegral(
171 collapsedElementAtTip=NONE, crackFront=Region(
172 edges=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
173 ((7.5, Lb, -4.364273), ), )), crackTip=Region(
174 edges=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
175 ((7.5, Lb, -4.364273), ), )), extensionDirectionMethod=Q_VECTORS,
176 midNodePosition=0.5, name=
Bl
, qVectors=((
177 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].vertices.findAt(
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178 (7.5, 0.0, 0.0), ),
179 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].vertices.findAt(
180 (7.5, Lb, 0.0), )), ), symmetric=OFF)
181 mdb.models[
Model-1
].rootAssembly.engineeringFeatures.ContourIntegral(
182 collapsedElementAtTip=NONE, crackFront=Region(
183 edges=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
184 ((8.5, Lb, -4.248161), ), )), crackTip=Region(
185 edges=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
186 ((8.5, Lb, -4.248161), ), )), extensionDirectionMethod=Q_VECTORS,
187 midNodePosition=0.5, name=
Br
, qVectors=((
188 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].vertices.findAt(
189 (8.5, 0.0, 0.0), ),
190 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].vertices.findAt(
191 (8.5, Lb, 0.0), )), ), symmetric=OFF)
192

193 # history output
194 mdb.models[
Model-1
].HistoryOutputRequest(contourIntegral=
Bl
, contourType=
195 K_FACTORS, createStepName=
ConfiningPressure
, name=
Bl
, numberOfContours=
196 ContourNo, rebar=EXCLUDE, sectionPoints=DEFAULT)
197 mdb.models[
Model-1
].HistoryOutputRequest(contourIntegral=
Br
, contourType=
198 K_FACTORS, createStepName=
ConfiningPressure
, name=
Br
, numberOfContours=
199 ContourNo, rebar=EXCLUDE, sectionPoints=DEFAULT)
200 mdb.models[
Model-1
].HistoryOutputRequest(contourIntegral=
Tr
, contourType=
201 K_FACTORS, createStepName=
ConfiningPressure
, name=
Tr
, numberOfContours=
202 ContourNo, rebar=EXCLUDE, sectionPoints=DEFAULT)
203 mdb.models[
Model-1
].HistoryOutputRequest(contourIntegral=
Tl
, contourType=
204 K_FACTORS, createStepName=
ConfiningPressure
, name=
Tl
, numberOfContours=
205 ContourNo, rebar=EXCLUDE, sectionPoints=DEFAULT)
206

207 # B.C.
208 mdb.models[
Model-1
].DisplacementBC(amplitude=UNSET, createStepName=
Initial
,
209 distributionType=UNIFORM, fieldName=

, localCsys=None, name=
Xsys
,
210 region=Region(
211 faces=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].faces.findAt(
212 ((0.0, L/3, -12.666667), ), )), u1=SET, u2=UNSET, u3=UNSET, ur1=UNSET,
213 ur2=UNSET, ur3=UNSET)
214 mdb.models[
Model-1
].DisplacementBC(amplitude=UNSET, createStepName=
Initial
,
215 distributionType=UNIFORM, fieldName=

, localCsys=None, name=
Zsys
,
216 region=Region(
217 faces=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].faces.findAt(
218 ((8.166667, (L-Lt+Lb)/2, 0.0), ), ((5.0, L/2, 0.0), ), ((12.0, L/2,
219 0.0), ), )), u1=UNSET, u2=UNSET, u3=SET, ur1=UNSET, ur2=UNSET, ur3=UNSET)
220

221 mdb.models[
Model-1
].DisplacementBC(amplitude=UNSET, createStepName=
222 
Initial
, distributionType=UNIFORM, fieldName=

, fixed=OFF,
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223 localCsys=None, name=
BTM
, region=Region(
224 faces=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].faces.findAt(
225 ((9.491021, 0.0, -10.712524), ), )), u1=UNSET, u2=0.0, u3=UNSET, ur1=UNSET,
226 ur2=UNSET, ur3=UNSET)
227 mdb.models[
Model-1
].DisplacementBC(amplitude=UNSET, createStepName=
228 
ConfiningPressure
, distributionType=UNIFORM, fieldName=

, fixed=OFF,
229 localCsys=None, name=
RPoint
, region=Region(referencePoints=(
230 mdb.models[
Model-1
].rootAssembly.referencePoints[4], )), u1=0.0, u2=0.0,
231 u3=0.0, ur1=0, ur2=0, ur3=0)
232 mdb.models[
Model-1
].boundaryConditions[
RPoint
].deactivate(
AxialLoad
)
233 mdb.models[
Model-1
].DisplacementBC(amplitude=UNSET, createStepName=
234 
AxialLoad
, distributionType=UNIFORM, fieldName=

, fixed=OFF,
235 localCsys=None, name=
RP-2
, region=Region(referencePoints=(
236 mdb.models[
Model-1
].rootAssembly.referencePoints[4], )), u1=0.0, u2=UNSET
237 , u3=0.0, ur1=0, ur2=0, ur3=0)
238 # Load on the reference point
239 mdb.models[
Model-1
].ConcentratedForce(cf2=ALoad, createStepName=
AxialLoad
,
240 distributionType=UNIFORM, field=

, localCsys=None, name=
AxialLoad
,
241 region=Region(referencePoints=(
242 mdb.models[
Model-1
].rootAssembly.referencePoints[4], )))
243 # confining pressure
244 if CP != 0:
245 mdb.models[
Model-1
].Pressure(amplitude=UNSET, createStepName=
246 
ConfiningPressure
, distributionType=UNIFORM, field=

, magnitude=CP,
247 name=
CP
, region=Region(
248 side1Faces=mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].faces.findAt(
249 ((13.006535, L*2/3, -13.850273), ), ((8.390243, (L-Lt+Lb)/2, -17.047106), ), ((
250 6.706104, L/3, -17.777181), ), )))
251

252

253 # partition the cell
254 mdb.models[
Model-1
].rootAssembly.DatumPlaneByPrincipalPlane(offset=13.5, principalPlane=YZPLANE)
255 key = mdb.models[
Model-1
].rootAssembly.features[
Datum plane-1
].id
256 mdb.models[
Model-1
].rootAssembly.PartitionCellByDatumPlane(cells=
257 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].cells.findAt(
258 ((9.491021, L, -10.712524), )), datumPlane=
259 mdb.models[
Model-1
].rootAssembly.datums[key])
260

261 # Mesh
262 mdb.models[
Model-1
].rootAssembly.seedPartInstance(deviationFactor=0.1,
263 minSizeFactor=0.1, regions=(
264 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
], ), size=Mesh_size)
265 mdb.models[
Model-1
].rootAssembly.setElementType(elemTypes=(ElemType(
266 elemCode=C3D8R, elemLibrary=STANDARD), ElemType(elemCode=C3D6,
267 elemLibrary=STANDARD), ElemType(elemCode=C3D4, elemLibrary=STANDARD)),
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268 regions=(
269 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].cells.findAt(
270 ((14.278732, L, -7.956023), ), ((7.612103, Lb, -11.588608), ), ((
271 6.692479, 0.0, -11.922031), ), ((12.989431, 0.0, -9.375478), ), ), ))
272 mdb.models[
Model-1
].rootAssembly.generateMesh(regions=(
273 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
], ))
274

275 # The edge set
276 mdb.models[
Model-1
].rootAssembly.Set(edges=
277 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
278 ((7.5, L-Lt, -4.364273), )), name=
Tl
)
279 mdb.models[
Model-1
].rootAssembly.Set(edges=
280 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
281 ((8.5, L-Lt, -4.248161), )), name=
Tr
)
282 mdb.models[
Model-1
].rootAssembly.Set(edges=
283 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
284 ((7.5, Lb, -4.364273), )), name=
Bl
)
285 mdb.models[
Model-1
].rootAssembly.Set(edges=
286 mdb.models[
Model-1
].rootAssembly.instances[
DoubleShear-1
].edges.findAt(
287 ((8.5, Lb, -4.248161), )), name=
Br
)
288

289 # Job
290 mdb.Job(atTime=None, contactPrint=OFF, description=

, echoPrint=OFF,
291 explicitPrecision=SINGLE, getMemoryFromAnalysis=True, historyPrint=OFF,
292 memory=90, memoryUnits=PERCENTAGE, model=
Model-1
, modelPrint=OFF,
293 multiprocessingMode=DEFAULT, name=Job_name, nodalOutputPrecision=SINGLE,
294 numCpus=1, queue=None, scratch=

, type=ANALYSIS, userSubroutine=

,
295 waitHours=0, waitMinutes=0)
296 mdb.jobs[Job_name].submit(consistencyChecking=OFF)
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Appendix E

Supplementary uniaxial and triaxial compression, Brazilian,

SCB, SNDB and DS test results

In Section E.1, (a) is the deviator stress versus strain curve. ea, er and ev are the axial strain,

lateral/radial strain and volumetric strain, respectively. (b) gives the crack axial strain, crack lateral

strain and crack volumetric strain. (c) volumetric strain method (VSM). (d) crack volumetric strain

method (CVSM). (e) and (f) lateral strain response method (LSR). (g) and (h) axial strain response

method (ASR).

In Section E.2, the de�nitions of sx and sy are as follows,

sx =
2p

pDl
(E.1)

sx =
6p

pDl
(E.2)

where F is the load applied. l is the thickness of the sample. D is the diameter of the sample.
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E.1 Data for uniaxial and triaxial compression tests of Montney shale
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E.2 Data for Brazilian test of Montney shale
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E.3 Data for SCB test of Montney shale
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E.4 Data for SNDB test of Montney shale
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E.5 Data for DS test of Montney shale
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E.6 Photographs of failed DS samples
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Appendix F

Copyright forms
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