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Abstract

Hydration is important to human health as water is a vital nutrient used in many physio-

logical functions within the body. While there are many conventional hydration assessment

techniques, there is no non-invasive clinical gold standard. This thesis provides a proof of

concept for applying standard microwave tomography techniques to assess clinically relevant

changes in hydration. A practical and effective tomographic system is designed in simula-

tion for hydration assessment. To improve blind inversions of high contrast objects, a novel

regularization parameter selection procedure is introduced. The tomographic hydration as-

sessment technique is validated in silico using realistic forearm models and the effect of

measurement noise and positioning is analyzed. Microwave hydration assessment is evalu-

ated in a group of fasting volunteers. This thesis provides promising results for an emerging

technique of hydration assessment based on the estimation of changes in permittivity and a

practical application of microwave tomography.
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Some of the work presented in this thesis has been published in conference proceedings.
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Chapter 1

Introduction

1.1 Motivation

Water is a vital nutrient used in many physiological functions within the body. As such

hydration is an important aspect of human health with water loss as little as 2% of body

weight impacting cognition and athletic performance [1, 2]. Thirst is often not adequate for

maintaining hydration as it develops after dehydration has occurred and is satiated before

hydration is restored [3]. While healthy adults can typically maintain hydration by drinking

water at the onset of symptoms, certain at-risk populations such as athletes and older persons

may experience dehydration more frequently [4]. Older persons experience a decrease in the

thirst response [5] which may lead to chronic dehydration that has been associated with

negative health outcomes such as increased mortality [6]. Thus, hydration has important

clinical implications necessitating its accurate and convenient assessment.

Recently at the University of Calgary, tissue permittivity has been proposed as new

method for assessing changes in hydration [7, 8]. The physiological basis for this technique

is the close relationship between tissue water content and dielectric properties [9]. This

technique was validated through a theoretical model, simulations [7], and a pilot study of

varsity athletes undergoing acute water loss during practice [8]. This initial validation relied
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on a simple estimate of permittivity from the time of flight of microwave pulses that is

susceptible to errors due to sensor placement and multipath [7].

To improve the sensitivity of microwave hydration assessment, microwave tomography

(MWT) is investigated here. MWT uses models of electromagnetic scattering to provide

quantitative images of the permittivity and conductivity of the object under test (OUT).

Typical applications for MWT include imaging the breast [10] or extremities [11]. While

MWT has been the subject of intense research, its clinical and commercial application has

remained limited. Because hydration relates to the bulk properties of tissues, microwave

hydration assessment presents a simpler problem in which high resolution images are not

required. This makes microwave hydration assessment a promising application for the prac-

tical use of MWT technology. As an initial proof of concept, this work focuses on applying

standard tomographic approaches to realistic forearm models in simulation.

1.2 Objectives

The goal for this work is to assess the feasibility of using conventional microwave tomography

techniques to monitor clinically relevant changes in hydration. As a preliminary step, a

study is conducted using microwave hydration assessment techniques to develop a better

understanding of the limitations of the method. The rest of this work focuses on the analysis

of a practical MWT approach to assessing human hydration. In pursuit of this goal the

following objectives are set out:

1. Evaluate the efficacy of microwave hydration assessment techniques in a

sedentary population. A previously developed microwave hydration assessment

technique is evaluated on a group of fasting volunteers to characterize the technique

on subjects undergoing subtle dehydration.

2. Develop a robust method of regularization without the need for a priori

information. A simple method of selecting the regularization parameter combining a

2



well-known heuristic approach with an adaptive empirical method is developed. This

technique allows blind inversions of high contrast objects.

3. Design a tomographic system for microwave hydration assessment in simu-

lation. A systematic analysis of the key design parameters for a tomographic system

is performed to develop a system optimized for hydration assessment. This in silico

analysis yields a system that is readily implemented in practice.

4. Validate microwave tomography for hydration assessment in silico. The

tomography hydration assessment technique is validated with various realistic forearm

models and the effect of measurement noise and positioning errors are analyzed.

1.3 Thesis Outline

In Chapter 2, a brief overview of hydration, conventional and emerging hydration assessment

techniques, as well as MWT for permittivity estimation is presented. Next, in Chapter 3

a previously developed microwave hydration assessment technique is applied in a study of

fasting volunteers and results are presented. This study motivates the improvement of the

microwave hydration technique by applying MWT. In Chapter 4, the forward and inverse

microwave scattering problems are explored as the basis for MWT. Next, in Chapter 5 the

tomographic hydration assessment technique is presented using standard non-linear inver-

sion with Tikhonov regularization for change detection. A novel method for selecting the

regularization parameter and a systematic design of the tomography system is developed.

Finally, the tomographic hydration assessment technique is validated in Chapter 6 using

clinically relevant changes in hydration and the effect of measurement noise and position

errors is analyzed.
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Chapter 2

Human Hydration Assessment:

Clinical Relevance and Microwave

Techniques

2.1 Chapter Introduction

In this chapter an overview of hydration, its assessment, and emerging electromagnetic as-

sessment techniques are provided. The lack of a clinical gold standard for non-invasive hy-

dration assessment among conventional techniques has motivated the development of novel

methods. Electromagnetic approaches have been proposed as an alternative due to their

non-invasive nature, low cost, and sensitivity to water content, however previous methods

have often failed to use physiologically meaningful parameters [4]. Recent work [7, 8] has

shown that changes in tissue permittivity have the potential to be an accurate and sensitive

measure of changes in hydration. MWT as a biomedical imaging modality used to estimate

the dielectric properties of objects is introduced and its application to hydration assessment

is discussed. The techniques applied for tomographic hydration assessment (THA) will be

discussed in more detail in the methods chapters.
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2.2 Overview of Hydration

Hydration is an important aspect of human health as water is a vital nutrient used in many

physiological functions including nutrient and waste transportation, temperature regulation,

and metabolic functions among others [12]. Hydration is defined in terms of the total body

water (TBW) found in both intracellular and extracellular fluids. Water comprises 50-70%

of the human body by weight, varying with age and gender. The human body typically

maintains a state of euhydration, water balance or normal TBW, within 0.2 % of body weight

on a day-to-day basis [12]. Dehydration, or hypohydration, is thus defined as the state of

TBW less than the normal baseline value. The severity of dehydration is often defined in

terms of TBW with decreases of 3-5% of body weight indicating severe dehydration, however

mild dehydration can occur with a little as 1-2% [13].

Severe dehydration can lead to a myriad of symptoms including sunken features, delir-

ium, muscle spasms, and difficulty swallowing [13]. Mild dehydration can result in fatigue,

headaches, and heat intolerance among other symptoms [13]. With water loss < 2% body

weight there is evidence of decrease cognitive function and changes in mood [1].

Typically, dehydration can be easily remedied by drinking fluids at the onset of symptoms,

however, a number of at-risk populations have been identified [4]. During strenuous exercise

athletes, military personnel, and workers lose body water via sweat and evaporation through

the skin, increasing the risk of dehydration. Dehydrated athletes are at risk of exertional

heat stroke, increased cardiac strain, and fatigue [4]. Older persons have lower baseline TBW

and experience a general decrease in the thirst response which can lead to chronic states of

mild dehydration [5]. In 2010, over 100,000 older adults were admitted to hospital in the

United States with dehydration as the primary reason [14]. In one study from the United

Kingdom analyzing at hospital admissions from 2011-2013, older adults admitted to hospital

with dehydration as the primary cause had a 17% 30-day mortality compared to a 7% rate

with those admitted without dehydration [6].

Effective hydration assessment techniques should have high enough sensitivity to detect
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changes in TBW of at minimum 3% [4] as this is when measurable performance impacts

occur in healthy adults. However, if the target population is certain at-risk populations such

as older adults this sensitivity may need to be improved [4].

2.3 Conventional Hydration Assessment Methods

An overview of the commonly used hydration assessment techniques will be provided here.

For a more comprehensive look at hydration assessment technology see [4, 15].

Thirst is the simplest clinical manifestation of dehydration, however it can be inadequate

for detecting mild dehydration. The thirst response can be triggered after clinically relevant

changes in hydration have occurred and can be satiated before hydration is restored [3]. This

is especially true in athletes while exercising [16] and older adults [5].

Weight change can be an accurate estimate of changes in total body water for short time

periods provided the measurements are controlled for spurious weight from personal effects,

and weight changes due to eating, drinking, and voiding [17]. The physiological basis for this

technique is simply that the body is predominately composed of water and most short-term

changes in weight can be attributed to changes in body water content. For example, in [18],

a day-to-day change in weight of 2.5% indicated a 95% probability of dehydration.

Urine concentration is another commonly used technique. The simplest method for as-

sessing urine concentration is by color with paler colors indicating euhydration and darker

yellow colors indicating dehydration. A scale has been developed to standardize urine color

determinations [19]. Urine concentration can also be estimated using handheld refractome-

ters to determine the urine specific gravity, Usg. Specific gravity is a measure of the density

of a fluid with 1.0 being the density of water and values > 1 being denser than water. Gen-

erally, a Usg > 1.02 is used as the threshold for dehydration [15, 20]. An important aspect of

urine concentration is that while the bladder is emptied intermittently, the bladder is filled

continuously throughout the day. This means that urine concentration provides as estimate
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of the hydration levels since the last voiding [15]. The first morning urine is considered the

most accurate [21].

Blood indices provide another technique of determining hydration status. Plasma os-

molality is the current clinical standard for hydration assessment [4]. Osmolality is a mea-

surement of the osmoles of solute per unit volume. When dehydration occurs, the plasma

osmolality increases. Plasma osmolality plays a key role in the maintenance of euhydration

as it governs the release of antidiuretic hormone [18]. While an accurate measure of hydra-

tion, this technique is inherently invasive and requires laboratory analysis increasing the cost

and limiting the applicability to frequent monitoring of hydration. Another common blood

metric is the hematocrit (concentration of red blood cells) level. This technique requires a

smaller sample and less expensive analysis, making it more applicable to long term moni-

toring than plasma osmolality [4]. There is some evidence that blood biomarkers are less

sensitive to changes in hydration than other methods such as urine indices [22].

2.4 Electromagnetic Approaches to Hydration Assess-

ment

The limitations and drawbacks of conventional hydration assessment techniques has mo-

tivated the search for alternative methods. A wide array of methods including optical,

electromagnetic, chemical and acoustic have been proposed to varying degrees of success [7].

An overview of proposed electromagnetic techniques will be provided here as this is the focus

of this work, but an in-depth discussion of other emerging techniques can be found in [4].

2.4.1 Bioimpedance Analysis

Bioimpedance analysis uses alternating current applied to the body using electrodes to mea-

sure electrical impedance [17]. The technique can provide an indication of TBW but is

generally considered a poor indicator of hydration status [20]. Bioimpedance analysis mea-
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surements are sensitive to electrode placement, sweat, skin temperature, and posture [18]

thus its applicability outside the laboratory setting is limited.

2.4.2 Radio Frequency Techniques

Numerous radio frequency (RF) techniques have been proposed for measuring hydration.

These techniques utilize the dielectric properties of tissues due to water content to estimate

hydration related parameters.

The dielectric properties of biological tissues in the radio and microwave frequency range

are predominantly determined by their water content [9]. Fig. 2.1 shows the measured

relative permittivity for common tissues [23] in the microwave frequency range and Table

2.1. shows the associated water content [24].

Table 2.1: Nominal water content of select tissues. Data from [24].

Tissue Water Content [%]
Blood 80.0
Muscle 74.1

Skin 65.3
Bone (Cortical) 23.0

Bone (Cancellous) 15.0
Fat 21.2

In [26] the resonant cavity perturbation technique is proposed as a method of measuring

TBW. In this method a room-sized metallic chamber is used to set up resonant modes. The

subject then lies down inside the chamber and the resonant modes, due to the dielectric

properties of the body, shift slightly. While this method has been validated in vivo [27], it

requires a large room, specialized training, and is sensitive to body positioning and size.

In [28] the attenuation of RF signals through the forearm is used to estimate the change

in hydration before and after a session of physical exercise. While an empirical model was

fit to correlate the frequency dependent attenuation and changes in weight due to water
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Figure 2.1: Dielectric properties of select tissues in microwave frequency range. Data from
[25].

loss, a physiological interpretation of the model is not provided and application to other

populations not tested.

In a similar vein, in [29] a patch antenna is used to measure changes in hydration related

to the properties of the skin. This technique was validated using skin-mimicking phantoms

manufactured to imitate different hydration levels. The patch is designed to operate in

contact with the skin and the resonance frequency is then sensitive to the properties of the

skin.

2.4.3 Time Delay Spectroscopy

In [7], the author proposes the use of bulk permittivity estimates for hydration assessment.

A linear model for changes in the Debye parameters of tissue as a function of tissue water

content is generated. Applying this model with clinically relevant changes in hydration to

realistic forearm models, it is shown that the forearm permittivity is twice as sensitive to

changes in hydration than the tissue conductivity. The details of this theoretical model will

be discussed in Chapter 5 as part of the in silico validation used in this work.

In [7], the time delay spectroscopy (TDS) method is applied on the realistic forearm

models. In TDS, the time delay of a microwave pulse travelling through the tissue is used
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to estimate the relative permittivity. The theoretical model showed good agreement with

simulation results. This technique was then validated in vivo using a group of wrestlers un-

dergoing water loss during practice [8]. The technique showed a strong relationship between

the weight changes before and after practice and the estimated change in permittivity.

While this technique shows potential, there are a number of practical drawbacks. First,

the technique as implemented relies on ultrawideband pulses in the 2 - 10 GHz range. This

places large demands on the measurement devices and sensor designs. Second, the technique

is sensitive to the placement of the antennas as poor contact significantly impacts the pulse

propagation and resulting permittivity estimation. Third, as the technique relies on a simple

model of plane wave propagation, any deviation can severely impact the permittivity esti-

mate. In the wrestler study, subjects with large forearms were removed from the analysis

due to large multipaths through the forearm [7]. Further limitations will be discussed in

Chapter 3 as part of a follow-up study.

2.5 Microwave Tomography

MWT is an imaging technique based on microwave scattering in which the dielectric proper-

ties of the OUT are estimated. Applying the physics of microwave scattering, the dielectric

properties of objects can be reconstructed quantitatively. The technique has been the subject

of intense research for over 30 years as the computing technology and microwave hardware

required to accurately solve the inverse scattering problem has become more accessible. A

large class of problems such as ground penetrating radar [30], microwave breast imaging

[31], and non-destructive testing [32] can be formulated as a microwave inverse scattering

problem. These problems are of great practical importance as MWT provides a method

to interrogate the extent and/or properties of optically opaque objects without costly or

impractical excision. However, the technique has had little commercial or clinical applica-

tion in the medical field as it suffers from relatively low resolution, demanding hardware
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requirements, and complicated formulations [33].

While there are many technical challenges with MWT, the technique has the potential

to fill important niches in the medical imaging field [11]. Compared to x-ray techniques,

MWT has the benefit of non-ionizing radiation, enabling its use for long term or frequent

monitoring. MWT systems have the potential to image soft tissues with much less cost than

magnetic resonance imaging, though at much lower resolution. Since water content is the

main contrast mechanism in biomedical applications of MWT, it also has the potential to

better differentiate certain soft tissue than ultrasound technology.

MWT technology has been suggested for a wide variety of biomedical applications such

as imaging the breast [10], brain [34], bones [35], and heart [36]. Typically, these applications

require maximizing the image resolution. The pursuit of maximizing image resolution places

large demands on the measurement hardware and computational requirements that preclude

simple solutions. In comparison to the typical application of MWT, hydration assessment

involves estimating the bulk properties of tissues. This relaxes the need for high resolu-

tion imaging which can simplify both the measurement hardware and the computational

requirements.

In a typical microwave tomography setup, the OUT is surrounded by sensors which

transmit fields to interrogate the OUT. Often a matching medium is used to better transmit

fields into the OUT. By recording the scattered fields from the object and applying a model of

microwave scattering, the unknown properties can be recovered. The details of the microwave

scattering problem will be discussed in further detail in Chapter 4.

2.5.1 Imaging Extremities

The extremities provide a useful OUT as they can be easily accessed, surrounded by sensors,

and immersed in matching fluid as needed. The extremities provide a high contrast object

as the structure alternates from the high permittivity and conductivities of the skin, to

the lower properties of subcutaneous adipose tissue, the high properties of the muscle, and
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finally the low properties of the bones. This can make reconstructing the properties of the

soft tissue more difficult [37]. The extremities also provide a useful OUT for testing MWT

algorithms as the geometry and composition of the extremities is well known, i.e. there are

bones, muscle, and skin and fat layers.

In [38], a cylindrical MWT system is validated using a synthetic forearm model and

an in vivo forearm measurement. The qualitative image formed accurately localized the

subcutaneous fat layer, bones, and muscle region. This experimental forearm data was used

to validate non-linear algorithms in [39, 40, 41]

A number of authors have used synthetic extremities to test microwave tomography

algorithms in silico. Initially these tests were generally restricted to crude forearm models

with realistic properties assigned, e.g. [42]. More recently, realistic extremity models have

been applied to validate non-linear inversion techniques such as a synthetic leg model in [43].

MWT extremity imaging has been proposed as a method to monitor the soft tissue

damage accompanying fractures and to measure pressure build up in the extremities called

compartment syndrome [37, 44, 36]. In [37] the authors image excised porcine legs and

explore the effect of reduced blood flow on MWT images.

In [11], a system consisting of 24 dipoles operating around 1 GHz is used to image the

forearm of five volunteers. No immediate application for the forearm imaging technique is

given, but the authors suggest that it could be used to monitor soft tissue damage. In all

images the forearm outline was accurately retrieved however the bones were not localized

for cases with larger subcutaneous fat layers. They then use an ad hoc method to estimate

the subcutaneous fat layer to segment the forearm into a subcutaneous fat layer and muscle

interior to improve the reconstructions.
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2.6 Chapter Conclusion

Hydration is important to human health with severe dehydration causing serious health

concerns and mild dehydration impacting athletic performance and cognition. While there

are many conventional techniques for measuring changes in hydration, there is currently no

clinical gold standard of non-invasive hydration assessment. This motivates the development

of alternative techniques that can be used to accurately monitor hydration and better enable

intervention before serious health or performance impacts occur. Among other emerging

techniques, electromagnetic methods have been proposed, the most promising of which are

based on permittivity estimation.

MWT is a well-developed technique used for imaging the dielectric properties of tissue.

The technique has been applied for imaging many structures in the body with various degrees

of success. MWT has been applied to successfully image the extremities by multiple authors.

Applying MWT to imaging extremities should provide a robust and accurate method of

detecting changes in permittivity due to changes in hydration.
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Chapter 3

Pilot Study with Fasting Volunteers

3.1 Chapter Introduction

Microwave hydration assessment has previously been explored in models derived from the

water content of tissues [7] and a group of wrestlers undergoing acute water loss during

practice [8]. While the correlation between the weight loss and change in permittivity before

and after practice provided promising results for microwave hydration assessment technology,

this acute change in body water content may not be representative of the longer-term changes

in hydration that occur in more sedentary populations. The long term hypohydration that

can occur with certain at-risk population such as older adults or those with pre-existing

conditions can have significant impact on clinical outcomes such as increased mortality [6].

To further examine the microwave hydration assessment technique, it is applied to a

group of fasting volunteers. The aim of this chapter is to explore whether the previously

developed microwave frequency approach is capable of detecting subtle changes in dehy-

dration occurring throughout the day. This chapter will introduce the previously designed

microwave hydration assessment technique using TDS, outline the present study procedure,

and provide the study results.
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3.2 Ramadan Fast and Hydration

Ramadan is an Islamic holy month in which observers fast for a period of 29 - 30 days. A

typical Ramadan fast includes abstaining from food and drink from sunrise to sunset. In

addition to forgoing food and drink, participants may give up caffeine and tobacco as part of

their fast. Because Ramadan occurs 11 days earlier than the previous year [45] it can occur

in any season. In Canada, this means that when Ramadan falls in the summer months there

is a markedly warmer climate, and the days are much longer than when Ramadan occurs in

the winter months.

The effects of the Ramadan fast on body composition and hydration can be highly variable

depending on environmental factors, subject’s level of exertion, and ability to replenish

liquids and energy each day [46, 47]. Because of the wide variation in fasting conditions,

the intermittent hypohydration occurring before the fast is broken each day and the possible

chronic dehydration that could occur over the month of fasting are difficult to discuss in

general [46].

Athletes have been a common population for studies of hydration during Ramadan [48,

47, 49, 50, 51]. These studies use body mass, urine concentration, and blood biomarkers

to estimate changes in hydration relevant to athletic performance. Due to the variations in

fasting conditions and methodological differences, these studies provide inconclusive results

on the extent of intraday dehydration occurring and whether dehydration occurs throughout

Ramadan [48]. However, athletes are at risk of acute dehydration of over 3% total body

water during the day, especially in warmer climates [52].

Ramadan hydration studies have also focused on at-risk populations such as those with

chronic kidney disease [53] or workers in warm climates [54, 55]. These studies use changes in

weight, urine concentration, and blood components to estimate changes in hydration status.

Investigations of hydration during Ramadan for sedentary healthy adults has been more

limited. These studies have used weight changes, urine concentration, and blood indices to

analyze the hydration of disparate populations [46, 56, 57]. However, it is generally accepted
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that healthy, sedentary adults are able to fully replenish water losses each night and are not

at risk of long term dehydration through Ramadan [51, 46].

It is estimated that fasting individuals experience 800 mL of net total body water loss

over 12 hours [47]. These losses include daily respiratory water loss, evaporation through the

skin, amounts voided through urine and feces, and considers the amount produced in the

body through metabolic processes. For an 80 kg male, this would translate to 1% of body

mass and about 2% of total body water content. This amount will increase based on level

of exercise and environmental factors such as heat and humidity.

3.3 Study Design

The study design will be presented as follows: the measurement system is described, then

the TDS technique is introduced as a simple method of tracking changes in permittivity.

This is followed by details on volunteer recruitment and finally the measurement schedule is

discussed.

3.3.1 Time Delay Spectroscopy

A measurement setup, as seen in Fig. 3.1, consisting of two ultrawideband antennas, a

forearm holder, and vector network analyzer (VNA) was previously developed [8]. The

ultrawideband antennas, dubbed Nahannis, are dielectric loaded with a high permittivity

ceramic to enable operation in direct contact with skin [58]. The antenna pair is positioned

at the midpoint of the forearm and placed in contact with the skin. The antennas radiate

from 1.8 - 20 GHz, however signals above 7 GHz are attenuated beyond the dynamic range of

the measurement device due to the properties of the forearm. Both antennas are connected

to a VNA (Agilent N5230-A PNA-L) to record the complex scattering parameters from 10

MHz to 10 GHz in 10 MHz increments. An intermediate frequency bandwidth of 100 Hz and

signal strength of 0 dBm is used. The separation distance between the antennas is recorded
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Figure 3.1: Time delay spectroscopy measurement setup. From [7].

using a digital caliper to 0.1 mm accuracy.

The TDS technique is applied to estimate changes in bulk permittivity due to changes

in hydration. The measured transmission (S21) signals are transformed from the frequency

domain into the time domain using the inverse chirp-z transform [59]. The time domain signal

is generated with a time step of 2 ps. The time of arrival is determined from the maximum

of the pulse envelope. Using the measured separation distance, d, time of arrival with the

forearm in place, t1, and the arrival time through free space, t2, the relative permittivity of

the forearm can be found from eq. (3.1) [60].

εr =

(
1 +

(t1 − t2)c0

d

)2

(3.1)

where c0 is the speed of light in free space.

3.3.2 Study Protocol

Volunteers were measured on three days while fasting during Ramadan and three days after

Ramadan while not fasting. After Ramadan, participants ate and drank ad libitum with

no special instructions. Each measurement day consisted of three measurement sessions:

morning, afternoon, and evening. Five microwave measurements were taken at the forearm

midpoint during each measurement session. The midpoint of the forearm was determined by

measuring the distance from the ulnar head and lateral condyle of the humerus. The fore-
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arm was removed from the setup and antenna repositioned to the same separation distance

between each measurement. The measurements without the arm, dubbed the antenna only,

were taken once a day.

Ten volunteers were recruited (eight male, two female). Volunteers were recruited through

the University of Calgary Muslim Students’ Association. This study was approved by the

University of Calgary Conjoint Health Research Ethics Board (CHREB ID: REB18-0700).

Table 3.1 provides the demographics details for the recruited population. The study was

undertaken during Ramadan 2018 which began on the evening of May 15 and finished on

the evening of June 15. In 2018, Ramadan fasting in Calgary was approximately 18 to 19

hours long. Volunteers were predominately university students.

Table 3.1: Summary of Volunteer Details for Fasting Study

Demographic Details
Height, cm 178.0 (157.8 - 194.3)

Weight on first fasting measurement day, kg 74.9 (61.2 - 108.9)
Weight on first baseline measurement day, kg 76.7 (59.2 - 109.3)

Forearm circumference, cm 22.4 (20.0 - 25.1)
Protocol Details

Fasting intraday weight change, % -0.95 (-2.37 - -0.27)
Baseline intraday weight change, % 0.21 (-0.74 - 1.20)

Fasting Usg, 1.022 (1.009 - 1.034)
Baseline Usg, 1.017 (1.003 - 1.030)

Antenna separation distance, mm 55.1 (46.4 - 61.5)

In addition to microwave measurements, weight and urine specific gravity were measured.

Weight was measured using a conventional scale with volunteers’ pockets emptied of personal

effects. Urine specific gravity was measured with a handheld light refractometer (Atago PAL-

10S). Measurement days and sessions were scheduled according to volunteer availability.

Measurement days were selected throughout the Ramadan fast. The earliest measurement

sessions were scheduled for 8:30 and the latest at 19:00, however most measurements were

done between the late morning (10:00 - 12:00) and late afternoon (15:00 - 17:00). While
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fasting, volunteers’ last food and drink was in the very early morning (i.e. 4:00) so all food

and drink would have been absorbed before the first measurement. The absorption rate of

pure water is about 300 mL in 90 minutes [61] and the majority of solid foods are emptied

from the stomach into the small intestine within 2 hours [62] where fluids are absorbed within

5 minutes [61].

While the long term, interday changes during the Ramadan fast are important for as-

sessing potential health impacts, the analysis here is restricted to intraday changes. It is

assumed that the volunteers reach euhydration each night and are dehydrating throughout

the day which generally agrees with the literature [46, 47].

3.4 Results

3.4.1 Connection Issue

After completion of the study, it was found that one of the connectors on the measurement

device was loose. This connector came loose after repeated strains due to repositioning the

antennas. The connection issue led to a noticeable bias in the frequency domain measure-

ments. Specifically, the reflection, S11(f), at the affected antenna is quite different indicating

a large change in the impedance match between the cable and antenna. This lead to a notice-

able change in the characteristic response of the transmission data, S21(f). Fig. 3.2 shows

the measured S11(f) and S21(f) signals for Volunteer A on the first measurement day during

Ramadan. The connection issue is most noticeable between the S11 signals for morning and

evening. The morning signal has S11 ≈ −10 dB for f > 2 GHz indicating a good match

whereas the evening signal generally has S11(f) 5 dB higher indicating a significant change

in impedance. This leads to a small, but noticeable, change on |S21(f)| around 2 GHz. By

comparing this change to the expected change from [8], this small change has the potential

to overshadow the changes associated with hydration.

To better understand the errors introduced by the poor connection, measurements of
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(a) (b)

Figure 3.2: Measured signals for Volunteer A on fasting day 1.

known materials (water and glycerin) were taken with the loose connection and tightened

connection. The liquids were placed inside thin plastic bags and placed in contact with the

sensors. In a similar manner to the study measurements, 5 measurements were taken with

the object under test removed from the setup and repositioned between each measurement.

Unlike the actual measurements the antennas were not moved after each measurement. Fig.

3.3 shows a representative phase response and time domain signal through water with good

and bad connections. As can be seen, the effect on the phase is minimal. The time domain

pulses show similar arrival time but lower magnitude with the connection issue. Applying

TDS to the signals yields 1.6% and 2.5% differences between the permittivity with good

and bad connections for water and glycerin, respectively. While this error introduced by the

connection issue is small, it is on the same order of magnitude as the expected permittivity

changes of 2% [8].

To control for the connection issue, only signals that have similar connection quality

are compared on each day. To quantify the connection issue in the measurement data, the

S11(f) signals below the radiation frequency, 1.2 GHz, can be used because the effect of the

object under test will be minimal. Specifically, the correlation coefficient between the linear

magnitude of two reflection signals S11,i(f) and S11,j(f) will be used. This can be defined
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(a) (b)

Figure 3.3: Measured S21 signals through water with and without connection issue.

using the covariance and standard deviation of the signals as:

ri,j =
cov(|S11,i(f)|, |S11,j(f)|)

std(|S11,i(f)|) · std(|S11,j(f)|)
, f ≤ 1.2 GHz (3.2)

Fig. 3.4 shows the measurements from the morning and evening sessions as well as the

antenna only measurement for Volunteer A while fasting. These signals have various connec-

tion qualities with correlation coefficients between the morning and evening measurements

rmorn,eve = 0.45 and between the morning and antenna only measurements of rmorn,ant = 0.01.

A correlation coefficient of r = 0.8 is defined as the threshold at which signals are of

similar enough quality to compare to each other. This threshold was determined using the

experimental data as adequately grouping signals with like S11(f).

3.4.2 Change in Hydration

Standard Methods

During Ramadan, all volunteers showed decreases in weight between each measurement

session. The average weight loss across all volunteers was 0.10 kg/hour with the smallest

intraday weight loss of 0.27% and largest of 2.4%. After Ramadan the weights fluctuated
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(a) (b)

Figure 3.4: Measured S11 signals with various connection qualities.

Figure 3.5: Relative weight change in pilot study volunteers while fasting and at baseline.

more as volunteers went about their typical days. The average weight change was 0.02

kg/hour with the largest intraday decrease of 0.74% and the largest intraday increase of

1.20%. The relative weight change normalized to the morning weight on each day is defined

by eq. (3.3). Fig. 3.5 shows the relative weight changes while fasting and not fasting for all

measurement days including those with bad measurements.

∆W =
Weve −Wmorn

Wmorn

· 100% (3.3)

where Weve, Wmorn are the weights in the evening and morning respectively.
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The urine specific gravity was less reliable as an indicator of hydration status than changes

in weight during Ramadan. The average specific gravity measured in the evening is 1.022

with the largest intraday decrease of 0.58%, average change of 0.25%, and largest increase

of 1.3%. A decrease in urine specific gravity is related to an increase in hydration which is

not possible while the volunteers are fasting. As discussed in Chapter 2, the urine specific

gravity is not a reliable measure of hydration throughout the day. After Ramadan, the urine

specific gravities are similar with the largest intraday decrease of 0.69%, average change of

-0.24%, and largest increase of 0.20%. The average specific gravity measured in the evening

was 1.017.

From the weight and urine specific gravity changes it can be seen that the changes in

hydration are modest, therefore the permittivity will be compared between the morning and

evening measurements to isolate the largest possible change. The change in permittivity is

analyzed as a function of weight and as a function of time. Because weight change is an

accurate measurement of changes in hydration if food, drink and voiding are accounted for

it is expected that permittivity will decrease as weight decreases during Ramadan. Since no

attempt is made to account for voiding, the changes in weight can be viewed as an upper

limit on the changes in total body water. While the volunteers are fasting, it is assumed

that they are undergoing some amount of dehydration so permittivity should decrease over

time. After Ramadan it is assumed volunteers maintain a state of euhydration as they are

able to eat and drink ad libitum so no correlation between permittivity and either weight or

time is expected.

Change in Permittivity

The correlation coefficient threshold is applied using the morning measurement data. The

correlation coefficient is applied between all 5 morning measurements and any signals with

outlier connection quality (r < 0.8) are not analyzed further. The morning measurement

with the highest correlation to the remaining signals is then used as the prototype signal
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to compare to all others. Any antenna only or evening signals that are uncorrelated with

the prototype signal are discarded. If more than 2 signals from any measurement set are

uncorrelated the whole day is discarded. Before considering the connection issue, there were

24 complete measurement days before Ramadan and 18 complete measurement days after

Ramadan. Applying the correlation coefficient threshold to control for the connection issue

reduces the number to 15 measurement days during Ramadan and 16 afterwards.

To better contextualize the aggregate permittivity change data, select measurement ses-

sions will be examined in more detail. Fig. 3.6 shows |S21(f)| and S21(t) for Volunteer B

in the morning and evening while fasting. Fig. 3.7 shows the associated permittivity esti-

mates. This data was collected with the connection issue as determined by the S11(f). The

signals are consistent within and between each measurement session resulting in consistent

permittivity estimates.

(a) (b)

Figure 3.6: Measured S21 signals for Volunteer B on fasting day 3.

Fig. 3.8 shows the absolute permittivity estimates for select volunteers (B, C, G, and

I) in the morning and evening while fasting (F) and while not fasting (NF). The absolute

permittivity estimates agree with the literature values [25] for muscle tissue and the wrestler

study [8].

The relative change in permittivity is defined in a similar manner as eq. (3.3) using
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Figure 3.7: Estimated permittivity for Volunteer B on fasting day 3.

Figure 3.8: Estimated permittivity of Volunteers B, C, G, and I while fasting (F) and not
fasting (NF) on select measurement days. Bars indicate median measurement session value
and error bars indicate minimum and maximum values.
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Figure 3.9: Estimated change in permittivity versus change in weight of fasting and baseline
volunteers. Dots are measurement session medians and error bars are minimum and maxi-
mum values.

samples from the morning and evening. Every combination between the two sets of five

samples from each measurement session are calculated and the minimum, maximum and

median are reported.

Fig. 3.9 shows the change in permittivity as a function of changes in weight during

Ramadan and after Ramadan. As can be seen there is no clear relationship between the

changes in permittivity and changes in weight. Applying a linear regression to the fasting

data yields a coefficient of determination R2 = 6 · 10−5 indicating essentially no linear

relationship. There is no obvious difference in the change in permittivity while fasting

or the baseline.

Fig. 3.10 shows the change in permittivity as a function of time during Ramadan and

after Ramadan. As can be seen there is also no clear relationship. Again, applying a linear

regression yields a very weak relationship with R2 = 0.02. There is no obvious difference

between the fasting and baseline measurements.
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Figure 3.10: Estimated change in permittivity over time of fasting and baseline volunteers.
Dots are measurement session medians and error bars are minimum and maximum values.

3.5 Discussion

Weight was consistently lost by all volunteers on all Ramadan fasting days. Only one vol-

unteer reached the commonly defined threshold for clinically relevant changes of 2% body

weight (approximately 3% of total body water). However, the actual total body water lost

while fasting is even less, as some weight change would be due to voiding. While the changes

seen while fasting were on a similar scale as those seen in the wrestlers [8], they occurred

over a much longer time period (5 to 9 hours versus 1.5 hours).

The average urine specific gravities during and after Ramadan were close to the com-

monly defined threshold for dehydration (Usg > 1.020) [63]. The urine specific gravity gave

no indication that volunteers were undergoing dehydration above their baseline. Note that

the first morning urine is considered the most accurate time to measure urine concentra-

tion as the processes involved have had time to stabilize overnight [17]. However, in the

context of Ramadan the first morning urine would not be an accurate determination of in-

traday changes in hydration during the fast as participants break their fast overnight. It

would be recommended to measure the morning urine to observe interday changes and the

urine specific gravity just before the volunteers break their fast to maximize the effect of

dehydration.
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No clear relationship between the estimated permittivity and changes in hydration were

detected here. It is hypothesized this is because the measurement technique is not sensitive

enough. Considering both the weight change and urine specific gravity together, the intraday

hydration changes were modest. It should be noted that while participants were fasting for

upwards of 18 hours, the actual measurement days were between 5-9 hours long. It is

possible that if measurements were taken later in the evening larger changes would have

been detected.

While a connection issue introduced further complication, the impact was minimized

by comparing signals with similar connection quality. Gathering more data with the issue

resolved was planned for Ramadan 2020 or Ramadan 2021, but the COVID-19 pandemic

made this unfeasible.

3.6 Chapter Conclusion

The Ramadan fast, with no food or drink from sunrise to sunset, provides an interesting

scenario for testing hydration assessment technology. However, in sedentary populations the

changes in hydration may be too small for useful validation unless measurements are taken

over a long fasting period. Care should be taken to utilize the entire fasting period each

day, isolate differences between intermittent hypohydration during each fasting day and the

chronic changes in hydration throughout the month. laboratory techniques should be used

to establish a ground truth. Urine specific gravity failed to accurately detect changes in the

fasting population.

The results of this study illustrate the difficulty of accurately assessing the subtle changes

in hydration found in healthy, sedentary populations. The TDS method is conceptually sim-

ple but provides limited information. This chapter provides motivation for applying tomo-

graphic techniques to microwave hydration assessment with the goal of improving technique

robustness and increasing sensitivity of the permittivity estimates with respect to changes
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in hydration.
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Chapter 4

Two-Dimensional Microwave

Scattering in Biomedical Applications

4.1 Chapter Introduction

The foundation of MWT techniques is the microwave scattering problem. While the propa-

gation of microwaves in a homogeneous medium may be represented as solutions to the wave

equation, often with closed-form analytic expressions [64], the introduction of an object with

dissimilar electrical properties (i.e. a scatterer) complicates the solutions. For certain canon-

ical objects, such as infinite cylinders or infinite half planes, an analytical solution can be

formed [64]. Analytical solutions can be extended to structured media such as layered ellipti-

cal cylinders [65] or half-spaces [66] through techniques like eigenmode expansion. However,

biomedical applications rarely fall into these canonical, closed-form solutions so numerical

methods must be applied.

The microwave scattering problem consists of two closely related problems: the forward

problem and the inverse problem. The forward problem represents the simulation problem

where the source field and OUT are known, and the goal is to find the scattered fields.

This presents a well-posed problem that can be solved using any of the many computational
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electromagnetics techniques such as Finite-Difference Time-Domain (FDTD), Method of

Moments (MoM), or Finite Element Method (FEM). With the inverse problem, the source

field and scattered field are known (within some measurement error) and the goal is to

characterize the unknown OUT. The inverse scattering problem is an ill-posed problem that

requires care to generate useful results.

The analysis of the scattering problem will be restricted to the 2D transverse magnetic

(TM) case. While the scattering problem can be solved for arbitrary 3D waves [40, 67],

restricting to a 2D case greatly simplifies the formulation and resulting computations. Many

biomedical scattering problems have made use of this approximation including imaging ex-

tremities [11, 37] and 3D breast volumes by creating a series of 2D cross-sections [31, 67].

This chapter will focus on solutions to the forward microwave scattering problem and

an introduction to the inverse scattering problem. The MoM with point matching tech-

nique is first derived and explored as one method of solving the forward problem. The

theory is developed, and the implementation used here is validated. Next, the general in-

verse microwave scattering problem is introduced. The ill-posedness of the inverse problem

is explored through the singular value decomposition (SVD) and the need for additional

processing such as iterative solutions and regularization is illustrated.

4.2 Forward Problem

While MWT requires solving the inverse microwave scattering problem, the forward problem

proves useful in both formulating and solving the inverse problem. In this work bold typeface

lowercase letters will be used to denote vectors and bold typeface uppercase letters will denote

matrices.

Consider a typical MWT setup as shown in Fig. 4.1. An object with inhomogeneous

dielectric properties defined by eq. (4.1) is placed inside an imaging domain D with non-

magnetic homogeneous background medium with ε = εb.

31



Figure 4.1: Tomographic setup with 12 receivers and 12 transmitters showing imaging do-
main D, simulation domain B, and measurement surface S

.

εr(r) = ε′r(r)− jε′′r(r) = ε′r(r) +
σ(r)

jωε0

(4.1)

where r = xx̂ + yŷ is the 2D spatial vector, ε′r(r) and ε′′r(r) represent the real and imagi-

nary components of complex relative permittivity, respectively, and σ(r) is the conductivity.

Generally, εr(r) is also a function of frequency, but a single frequency is assumed for this

discussion.

D is a subdomain of the larger simulation domain B that also has the properties of the

background medium and includes Nrx receivers and Ntx transmitters with each set equidis-

tant around the imaging domain on surface S.

A normalized contrast function is defined to quantify the difference between the object

and the background medium:

χ(r) =
εr(r)− εr,b

εr,b
(4.2)

Using the above definition, it is easy to see that χ(r) = 0, r /∈ D. In practice, this means

the object must fit entirely within D.
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The microwave scattering forward problem can be decomposed into two parts: finding

the incident fields Ei(r) without the object and finding the scattered fields generated by

an object of non-zero contrast Es(r). Once both the scattered fields and incident fields are

determined the total fields, E(r), with the object can be found:

E(r) = Ei(r) +Es(r) (4.3)

4.2.1 Incident Fields

The vector wave equation for the electric fields (E-fields) in a charge-free, non-magnetic

background medium is given by:

∇2E(r, t)− µ0εb(r)
∂2

∂t2
E(r, t) = µ0

∂

∂t
J(r, t) (4.4)

Assuming a line current source aligned in the +z-direction with time-harmonic depen-

dence ejωt, the wave equation reduces to the scalar Helmholtz equation [68]:

(∇2 + k2
b (r))Ez(r) = jωµ0Jz(r) (4.5)

where kb(r) = ω
√
εb(r)µb is the complex wavenumber. The z subscript for all E-fields

and currents will be assumed and omitted for the rest of this discussion.

Assuming an ideal line source at location rtx, J(r) = Iδ(rtx)ẑ, and applying the Sommer-

feld radiation condition, the solution to the above equation for a homogeneous background,

εb(r) = εb, is the scaled 2D Green’s function [64]:

Ei(r) = jωµ0IG2D(r, rtx) =
−ωµ0I

4
H

(2)
0 (kb|r − rtx|) (4.6)

where I is the complex current phasor and H
(2)
0 (x) = J0(x) − jY0(x) is the 0th order

Hankel function of the second kind and J0(x), Y0(x) are 0th order Bessel functions of the

first and second kinds, respectively.
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Eq. (4.6) is an accurate description for ideal current sources in the near-field [68]. The

far-field description is readily available from this equation by using the asymptotic expression

of the Hankel function for large arguments. The incident field can be calculated easily for

other transmitters such as magnetic line sources or plane waves. Extension to 3D can be

made, in the case of a line source, by a Fourier transform in z and more generally by defining

a set of vector potentials [64].

To most accurately implement a line source within a narrow frequency band a dipole

with balun should be used, e.g. [69]. However, if a larger bandwidth is required for use in a

multi-frequency application the line source approximation has been applied to a number of

linearly polarized antennas with sufficiently low cross-polarization [68]. The antenna should

have a large beamwidth in the x − y plane and a small beamwidth in the z direction to

ensure constant illumination across the object [68]. A calibration process can be used to

reduce the errors between the modelled line source approximation and the actual near-field

pattern [70].

4.2.2 Total Fields

While the incident fields have closed form expressions as discussed above, unless simple

geometries are involved, the total fields usually must be calculated through any of the com-

putational electromagnetics techniques available in the literature. Two of the most popular

methods for solving complex full wave problems in biomedical applications are the FDTD

method and FEM. FDTD has a relatively simple formulation that accurately solves complex

geometries given cells are sufficiently small to meet the Courant-Friedrichs-Lewy condition

[71]. The FDTD method has the benefit of being a time-domain technique, thus allowing for

solving multiple frequencies with a single forward solve. However, the entire domain B must

be simulated making the applicability to tomographic techniques less appealing (especially

if only one frequency point is required). The FEM represents the current state-of-the-art in

frequency domain solvers. The irregular triangular mesh coupled with linear basis functions
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allows for highly accurate representations of complex geometries [72]. However, the FEM is

quite complicated in implementation.

Here, the point matching MoM technique has been selected. This frequency domain,

integral technique has a relatively simple implementation that has been shown to provide

accurate solutions for TM configurations [73]. The forward solution will be derived here as

it is also the basis of the inverse solver.

Using the equivalence principle, the scattered fields induced by the object can be viewed

as an equivalent current density generating a new field [68]. This current density is related

to the contrast and electric field through:

Jeq(r) = jωεbχ(r)E(r) (4.7)

By finding the field due to each equivalent current filament, the scattered field can be

found as:

Es(r) = −jk
2
b

4

∫∫
D

χ(r′)E(r′)H
(2)
0 (kb|r − r′|)dr′ (4.8)

Thus, the total field is:

E(r) = Ei(r)− jk2
b

4

∫∫
D

χ(r′)E(r′)H
(2)
0 (kb|r − r′|)dr′ (4.9)

The above equation is linear, well-posed, and essentially involves applying a convolution

operator.

To solve numerically, the contrast and fields are expanded using a set of basis functions

fij(r) such that:

χ(r) =
Nx∑
i=1

Ny∑
j=1

χijfij(r) E(r) =
Nx∑
i=1

Ny∑
j=1

Eijfij(r) (4.10)
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where D is divided into Nx, Ny cells in the x and y directions, respectively.

A series of pulses will be used as basis functions.

fij(r) =


1, if r ∈ Dij

0, otherwise

(4.11)

whereDij is the ijth cell of the imaging domain such that
⋃
ij Dij = D. This discretization

assumes that the subdomains are sufficiently small such that the contrast and E-fields are

constant over the subdomains. While more complicated bases such as piecewise triangular

functions can be used to provide more accurate solutions for the same number of basis

functions [74] this provides a simple formulation.

Next, an inner product of complex functions is defined over the imaging domain as:

< u(r), v(r) >=

∫
D

u(r)v∗(r)dr (4.12)

where u(r), v(r) are some complex functions and (·)∗ denotes the complex conjugate.

Using this inner product and a pulse testing function defined by eq. (4.13) the output

field is enforced at the center of the cells.

w(r) = δ(r − r′) (4.13)

resulting in the final discretized equation:

Ei
ij = Eij +

jk2
b

4

Ny∑
m=1

Nx∑
n=1

χnmEnm ·
∫∫
Dnm

H
(2)
0 (kb|rij − r|)dr (4.14)

where i, j are the indices of the output fields and n, m are the indices of the equivalent

sources.

This is the commonly used MoM technique with point matching [75]. The point matching

method is often selected for its simplicity, specifically with the simple evaluation of eq. (4.12).
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Other common techniques such as Galerkin’s method where f = w can provide more accurate

results, but point matching is generally quite accurate [75].

To solve this equation, the Hankel function response can be solved analytically by ap-

proximating the square cells as circles of equal area [76]:

∫∫
Dnm

H
(2)
0 (kb|rij − r|)dr =

2π∫
0

anm∫
0

H
(2)
0 (kb|rij − r′|)dr′dφ′

∫ 2π

0

∫ anm

0

H
(2)
0 (kb|rij − r|)drdφ =


j
2
(πkbaH

(2)
1 (kbanm)− 2j), if i, j = m,n

jπkbanm

2
J1(kbanm)H

(2)
0 (kb|rij − rmn|), if i, j 6= m,n

(4.15)

where anm =
√

∆x∆y
π

is the radius of a circle with area equal to that of cell Dnm and

φ = tan−1( ry
rx

). Note that when the output field (indices i, j ) is colocated with the equiva-

lent source (indices m,n) the analytic solution manages the singularity associated with the

imaginary component of the Hankel function [76].

The discretized system can be solved by finding the solution to the linear equation:

ei = Ce (4.16)

where ei, e are N2 × 1 column vectors with entries Ei
ij, and Eij respectively. C is an

N2 ×N2 matrix with entries:

Cij,nm = δij,nm +
jk2

b

4
χij,nm

∫∫
Dnm

H
(2)
0 kb|rij − r|dr (4.17)

Eq. (4.16) can be solved straightforwardly by calculating C−1. Note that C is only a

function of the problem geometry so C−1 can be solved for once and applied to any incident

field (i.e. from different transmitters) in that geometry.

Once the total fields inside the domain have been calculated, the scattered fields inside
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the domain can be trivially found through eq. (4.3). Using the fact that χ(r) = 0, r /∈ D the

scattered fields can be found at any point outside the domain using eq. (4.8) including at the

receivers. In practice, the domain is not of infinite extent, so there will be some boundary

condition that will contribute to the model errors.

While this solution is conceptually simple, the computational complexity and memory

requirements are prohibitive for large N = Nx · Ny. The computational complexity is on

the order of N3 with memory requirements of N2 [73]. However, by making use of the

convolutional nature of the problem, k-space techniques can be applied to greatly reduce

the computation complexity. The fast Fourier transform, conjugate gradient method (FFT-

CGM) reduces the computational complexity to N logN [73, 77].

The complete details of the FFT-CGM algorithm can be found in Appendix A based

on the method outlined in [78]. The technique utilizes a standard CGM implementation

for non-square, non-symmetric matrices. The summation is cast a linear operator and its

Hermitian which can be efficiently evaluated as a convolution using the FFT.

4.2.3 Validation

The MoM results will be validated using the analytic solution of the scattered field due to a

homogeneous cylinder. The scattered fields at any point inside or outside the cylinder due

to a source at position rtx can be found by considering the boundary value problem and

applying a Bessel series as outlined in [64]. The derivation for scattered fields due to a line

source is provided in Appendix B.

Three problem sets are used to validate the MoM solver: a lossless dielectric cylinder with

εr,d = 2 placed in free space, a lossy dielectric cylinder with εr,d = 64+j18 placed in a lossless

background medium εr,b = 36, and a perfect electric conductor (PEC) cylinder (εr,d = 109)

in the lossless background medium. For all scenarios the cylinder size is restricted to about

two wavelengths in the background medium at 1 GHz. The scattered fields will be compared

at 32 locations around the cylinder on a circle of radius four wavelengths and through the
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(a) Permittivity of lossless cylinder in free space. (b) Permittivity of PEC cylinder in background
medium.

Figure 4.2: Homogeneous cylinders used for analytic solutions.

cylinder on the x and y axes. The cylinders will be discretized to 100 cells/λ2 which is an

oft cited rule of thumb for accurate solutions with MoM [75]. Fig. 4.2a shows the cylinder

in free space and Fig. 4.2b shows the PEC cylinder in the background medium. The lossy

cylinder is omitted but has the same dimensions as Fig. 4.2b. For computational simplicity,

a current phasor I = 1∠0◦ A is used. This is larger than the 1 µA− 1 mA currents that can

be expected in a typical physical implementation.

The relative residual error (RRE) defined by eq. (4.18) is used to quantify the error over

the complex scattered fields.

RRE =

∑
|Es

analytic − Es
simulated|∑

|Es
analytic|

(4.18)

As shown in Figs. 4.3 through 4.8 the simulated fields follow a similar trend to the

analytic solution for all test scenarios. Table 4.1 has the relative residual errors for the test

objects. The RRE is undefined inside the PEC cylinder because the analytic fields are zero.

The 100 cells/λ2 discretization provides accurate solutions. The accuracy can be im-

proved by increasing the discretization.
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(a) Real component. (b) Imaginary component.

Figure 4.3: Scattered fields from lossless homogeneous cylinder in free space.

(a) Real component. (b) Imaginary component.

Figure 4.4: Total fields inside lossless cylinder in free space.

Table 4.1: Relative residual error for test objects.

RRE Lossless Cylinder Lossy Cylinder PEC Cylinder
Outside Cylinder 0.10 0.03 0.11

Inside Cylinder x-axis 0.09 0.06 -
Inside Cylinder y-axis 0.07 0.05 -
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(a) Real component. (b) Imaginary component.

Figure 4.5: Scattered fields from lossy homogeneous cylinder in background medium.

(a) Real component. (b) Imaginary component.

Figure 4.6: Total fields inside lossy homogeneous cylinder in background medium.
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(a) Real component. (b) Imaginary component.

Figure 4.7: Scattered fields from PEC cylinder in background medium.

(a) Real component. (b) Imaginary component.

Figure 4.8: Total fields inside PEC cylinder in background medium.
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4.3 Inverse Problem

The inverse microwave scattering problem is the analytical basis of MWT. While this problem

is of great practical interest, the physics of microwave scattering lead to a non-linear, ill-posed

problem that proves difficult to solve.

A problem is considered well posed if it has a solution that is unique and depends con-

tinuously on the data [79] and is ill-posed if any of these criteria are not met. As a practical

matter, the inverse problem must have a solution because some physical object created the

scattered fields [80]. However, it is possible that noise and modelling errors preclude a so-

lution to real measurements [68]. The question of uniqueness is of much greater interest.

It has been shown that for noiseless measurements, the 2D inverse scattering solution is

unique provided all measurement locations and angles are used [81, 82]. Applying a priori

assumptions can help ensure uniqueness when finite measurement views are used [81] but, in

general, for a practical problem the solution is not unique [80]. The greatest issue in practical

microwave inverse scattering is stability. The noise in measurement data and discretization

of the problem introduce inexorable errors that can make the reconstructed profile varying

greatly. As will be seen in this section, even simple lossless objects with minimal measure-

ment error present a very ill-posed problem that will require the incorporation of some a

priori information to generate useful results. This regularization is a necessary step to 1)

select one of the many possible solutions and 2) stabilize the problem.

The basic microwave inversion technique using the point matching scheme will now be

discussed and analyzed. Similar to Section 4.2 the inverse problem will be formulated as a

2D TM problem.

From the forward problem, the scattered field equation has previously been derived. For

practical situations where the scattered fields are measured at discrete points outside the

imaging domain there are two closely related equations that govern the inverse scattering

problem: the data equation eq. (4.19) which gives the scattered field at the measurement

locations and the state equation eq. (4.20) which provides the fields within the imaging
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domain [68].

E(rrx)− Ei(rrx) = Es(rrx) = −jk
2
b

4

∫∫
D
χ(r)E(r)H

(2)
0 (kb|rrx − r|)dr, rrx ∈ S, r ∈ D

(4.19)

E(r)− Ei(r) = Es(r) = −jk
2
b

4

∫∫
D
χ(r′)E(r′)H

(2)
0 (kb|r − r′|)dr′, r, r′ ∈ D (4.20)

For the forward problem, the data equation is a Fredholm integral equation of the first

kind whereas the state equation is a Fredholm equation of the second kind [68]. However,

for the inverse problem both the data and states equations are inhomogeneous non-linear

Fredholm equations of the first kind. Fredholm equations arise in numerous inversion prob-

lems involving remote sensing and indirect measurements such as atmospheric sounding,

seismology, and ultrasound [83]. While the forward scattering problem (eq. (4.9)) is linear,

the inverse scattering problem is non-linear due to the fact that the scattered fields depend

on the contrast and total fields, but the total fields are themselves a function of the contrast.

A subtle difference between the two equations is the scattered field at the receivers is known

(within some measurement accuracy), but the scattered field within the imaging domain is

unknown. In practice, the scattered field is measured by taking an total field measurement

without the OUT and a total field measurement with the OUT.

The Fredholm integral of the first type has the form:

g(t) =

∫ b

a

K(s, t)f(s)ds (4.21)

where g(t) is the measured data, K(t, s) is the kernel, and f(s) is the desired, unknown

function. Note that for the case K(s, t) = K(s − t) the forward problem represents a

convolution operator.
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The ill-posedness of the Fredholm equation is related to the smoothness of the ker-

nel where smoothness is defined as the number of continuous partial derivatives [84]. The

smoother the kernel, the more the desired function is smoothed in the output. Thus, the

forward problem can be viewed as a low-pass filter operation, and the inverse operation can

be thought to amplify high frequency components.

The inverse scattering problem is further complicated by the fact that the scattered field

is non-linear. For a given geometry, the non-linear effects are worse with higher frequencies

and higher contrasts [68]. The inverse scattering problem can be linearized by assuming

E(r) = Ei(r). This is the well-known Born or small-scatterer approximation which is valid

for small objects with small contrast. The Born approximation can be considered valid for

relative phase changes through the scatterer of about π [85] however there are other metrics

used in the literature [86]. While this is generally not valid for biomedical applications, it

can be useful in examining the ill-posedness of a practical inversion.

Applying the Born approximation, the inverse scattering problem reduces to:

Es(r) = −jk
2
b

4

∫∫
χ(r′)Ei(r′)H

(2)
0 (kb|r − r′|)dr′ (4.22)

The discretized problem can be written as a system of linear equations:

es = Mx (4.23)

where es is an Nrx ·Ntx× 1 vector with entries Es, x is an Nx ·Ny× 1 vector with entries

χ, and M is an Nrx ·Ntx ×Nx ·Ny matrix with entries:

Mpq,ij = −jk
2
b

4
Ei
p,nm

∫∫
Dnm

H
(2)
0 (kb|rq − r′|)dr′ (4.24)

where p = 1, 2, . . . , Ntx, q = 1, 2, . . . , Nrx and i, j are the x, y indices inside the imaging

domain.
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4.3.1 Singular Value Decomposition

To quantify the ill-posedness of the inverse operation, the SVD of the inversion matrix can be

used. Consider a complex matrix A of size m×n with rank p. The SVD is a rank-revealing

decomposition that factors a matrix into sets of orthonormal vectors ui, vi and associated

singular values si [87].

A = USV H (4.25)

where U is an m ×m unitary matrix with the set of vectors ui, V is an n × n unitary

matrix with a set of vectors vi, S is a diagonal matrix with entries si, and (·)H denotes the

conjugate transpose. The SVD is rank revealing because si = 0, i > p. SVD algorithms are

available in common linear algebra libraries such as NumPy [88] and LAPACK [89].

The SVD provides many valuable insights into A including the invertibility, condition

number, and pseudoinverses. It is useful to know that the inverse of A (if it exists) can be

found from the SVD as:

A−1 = V S−1UH (4.26)

where S−1 is now a diagonal matrix with elements 1/si.

However, in many inverse problems there are many more unknowns than there are mea-

surements, that is m > n. From the proceeding definitions it is easy to see that the matrix

is singular because there are some si = 0. Thus, it is useful to define a pseudoinverse:

A† = V S†UH (4.27)

where (·)† denotes the pseudoinverse and S† is a diagonal matrix with entries 1/si for

i < p with the remaining diagonal entries left as 0.

A distinction should be made between rank deficient and ill-posed problems both of which
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Figure 4.9: Tomographic setup for imaging homogeneous elliptical cylinder.

will have singular matrices A. If a problem is merely rank deficient there are often simple

solutions that provide accurate results e.g. the linear least squares solution.

x = arg min
x
‖b−Ax‖ (4.28)

which can be solved as:

x = (AHA)−1AHb (4.29)

A rank deficient problem has a well-defined gap in singular values indicating linearly

dependent measurements and redundant information and thus a clear definition of effective

rank [84]. An ill-posed problem has slowly decaying singular values with no clear definition

of effective rank. As will be seen, the linear least squares solution will not be enough to solve

the ill-posed problem and in fact often generates worse results.

4.3.2 Direct Inversion and Singular Values

To examine the ill-posedness of the inverse microwave problem, SVD can be applied to M

and the singular values analyzed.

Consider an inverse problem where the Born approximation holds: an infinite homoge-
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(a) Singular values of M (b) Singular values of MHM

Figure 4.10: Singular values for a homogeneous elliptical cylinder.

neous elliptical cylinder with properties εr(r) = 1.2 + j0 with major axis length 30 cm and

minor axis length 15 cm placed in an 30 cm x 30 cm imaging domain of free space as shown

in Fig. 4.9. Let there be 24 equidistant receivers and transmitters placed on a circle of radius

45 cm. To solve numerically, the image domain is discretized into a 30 x 30 grid.

To analyze both the direct inversion and the linear least squares solution, the singular

values of both M and MHM are generated as seen in Fig. 4.10.

In both cases, the singular values decrease gradually until they reach the machine preci-

sion. Note that there are only a maximum of 450 linearly independent measurements due to

the reciprocity of signals between transmitters and receivers. This gradual decay of singular

values is characteristic of ill-posed problems [84].

Simulated measurements are generated on the same grid with no noise added. The

permittivity is solved for using direct inversion and linear least squares.

As can be seen in Fig. 4.11, the direct inversion and linear least squares solutions give very

poor results. Due to the very poor conditioning of the problem, the resulting permittivity

estimates are highly innacurate. As expected from the singular values, the linear least squares

solution is worse than the direct inversion which is a well-known result for ill-posed problems

[83].
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(a) Direct inversion solution. (b) Linear least squares solution.

Figure 4.11: Results from inversion of homogeneous cylinder without regularization.

These results motivate looking into more advanced methods of solving the inverse scat-

tering problem. In general, some a priori information will be used to solve the inverse

scattering problem through a process called regularization.

4.4 Chapter Conclusion

In this chapter, standard approaches to the forward microwave scattering problem have

been developed and validated. This forward solver will prove very useful in both solving and

validating solutions to the inverse scattering problem. The formulation of the inverse problem

has been discussed and the ill-posedness of a simple linear inversion has been explored. The

ill-posed problem prevents the application of standard direct and least squares techniques to

solve the linear matrix equation.
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Chapter 5

Microwave Tomography for Hydration

Assessment

5.1 Chapter Introduction

As discussed in Chapter 2, because hydration is bulk property of the tissue, THA requires

a lower resolution image than typical MWT applications, allowing a simpler system and

approach.

In this chapter, the non-linear inversion and requisite regularization used to detect

changes in the properties of the forearm are discussed and validated in silico. The focus of

the current formulation is a proof of concept using basic microwave tomography techniques.

The Distorted Born Iterative Method (DBIM) is introduced and analyzed as a method of

inversion. The application of the DBIM is extended to change detection between time-series

data. The regularization of this technique is then discussed through the well-known Tikhonov

regularization and L-curve tool. A simple adaptive regularization technique is introduced to

help linearize the initial iterations. These techniques are then applied to a realistic forearm

models. An in silico analysis of tomographic system design parameters is used to obtain a

standard tomographic system optimized for hydration monitoring.
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5.2 Non-linear Inversion

As seen in Section 4.3, the data and state equations (eqs. (4.19), (4.20)) are non-linear.

Typically, solutions to the non-linear microwave scattering inverse problem consist of iterative

methods that solve the data and state equations in turn.

The first class of solutions involves extensions to the Born approximation called the Born

iterative method (BIM) [90] and the DBIM [91]. For these methods, the state equation is

solved at each iteration, k, through a forward solve with an estimate of the contrast function

χk. The data equation is then solved using the estimate of the total fields to update the

contrast function χk+1 and the process is repeated. In the BIM, the linearized equation eq.

(4.23) is applied at each iteration assuming the scattered fields propagate in the homogeneous

background medium. However, in the DBIM the inversion is done on the residual error

between the calculated and measured scattered fields to yield a contrast step ∆χk. Both

techniques yield non-linear solutions using iterative linear methods. The DBIM is generally

a better solution to the non-linear problem, because the Green’s function is updated (or

distorted) at each iteration to account for the propagation in the inhomogeneous medium.

Another commonly used formulation for non-linear inversion is the contrast source in-

version (CSI) [92] technique. CSI is an iterative method where the contrast χ(r) and the

contrast sources χ(r)E(r) are sequentially updated using the data and state equations, re-

spectively. One major difference between CSI and Born methods is that no forward solver

calls are required in CSI to generate solutions. In addition, the CSI method with multi-

plicative regularization has been shown to perform better than the DBIM especially in blind

inversions [43]. The DBIM was selected for its simpler implementation.

5.2.1 Distorted Born Iterative Method

The details for the DBIM algorithm will now be discussed.

The algorithm is initialized with some contrast distribution χ0(r). This distribution can
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be an a priori estimate of the final distribution or the Born approximation can be applied to

generate an initial solution. After generating χ0(r), the scattered and total fields are found

through a forward solver call, eqs. (4.8), (4.9). The residuals between the measured and

simulated scattered fields are then found as:

∆esk = esk − ës (5.1)

where esk is the simulated scattered fields at iteration k and ës is the measured data.

Additionally, the DBIM updates the Green’s function to better account for the phase

changes and non-linear effects of larger and higher contrast objects. However, the updated

Green’s function must be calculated at each iteration. In general, the distorted Green’s

function does not have a closed form solution so it must be computed numerically. Using the

reciprocity theorem in electromagnetics, the Green’s function can be found by using forward

solves at each of the receivers. While this could be quite computationally intensive, if the

transmitters and receivers are co-located (rrx = rtx) and the total fields from the transmitter

have been computed, the Green’s function can be found simply by applying eq. (5.2).

Gk(rrx, r) =
1

jωµ0I
Ek(rtx, r), rrx = rtx (5.2)

Applying the distorted Green’s function and the estimate of the total fields to the resid-

uals with the discretization outlined in Chapter 4 yields the linear equation:

∆esk = Mk∆χk (5.3)

where Mk is the distorted Green’s function operator with elements:
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Mpq =

∫
D

k2
b,k(r)Ep,k(r)Gk(r, rq)dr

Mpq,ij = k2
b,ij,kEq,ij,kGq,ij,k · (dx · dy)ij

(5.4)

where p = 1, 2, ..., Ntx, q = 1, 2, ..., Nrx, i = 1, 2, ..., Nx, j = 1, 2, ..., Ny, kb,k(r) is the inho-

mogeneous wavenumber in the medium χk(r), and dx ·dy is the area of element Dij. Because

it is assumed that the field and contrast values are constant over the discrete elements Dij

the integral in eq. (5.4) reduces to a simple area calculation.

Eq. (5.3) is an ill-posed equation that requires regularization to generate useful ∆χk(r).

The contrast is then updated by adding the update step:

χk+1(r) = χk(r) + ∆χk(r) (5.5)

Once the contrast is updated, the forward solver is run again, and the process is repeated

until convergence.

At each iteration, the scattered fields at the receivers are calculated and compared to the

measured data to check convergence. By defining the relative residual error (repeated here

from eq. (4.18)), the quality of the inversion can be quantified.

RREk =

∑
rx

||esk − ës||2∑
rx

||ës||2
=

∑
rx

||∆es||2∑
rx

||ës||2
(5.6)

Once the residuals reach some predefined threshold, F , or increase, the algorithm can

terminate. Other stopping criteria for the DBIM include: a maximum number of iterations

or a definition of convergence based on the decrease in residuals or change in contrast.

The DBIM algorithm is summarized here:

1. Initialize solver with χ0(r). Either solve for χ0(r) using the Born approximation

E0(r) = Ei(r), or use an a priori estimate.
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2. Run a forward solve with χk−1(r) to update total fields inside image domain Ek(r),

the scattered fields at the receivers Es
k, and the distorted Green’s function Gk(r, rtx).

3. Check convergence. If RREk < F or RREk > RREk−1, terminate algorithm.

4. Compute distorted Greens function operator, Mk using eq. (5.4).

5. Solve for contrast update ∆χk(r) with appropriate regularization and update contrast.

6. Go to step 2.

The dielectric properties associated with χk(r) must be restricted to physical values after

each iteration (Re{εr,k(r)} ≥ 1, σk(r) ≥ 0) in order to be able to do the forward solve. A

priori information can also be incorporated by enforcing minimum and maximum values.

The distorted Born iterative method has been shown to be equivalent to non-linear Gauss-

Newton (GN) optimization [93] that is also commonly used in non-linear microwave imaging,

e.g. [94]. The contrast update ∆χk(r) is equivalent to the step direction and the distorted

Green’s function operator Mk is equivalent to the Jacobian. This is an important result as

the literature on non-linear optimization using the GN method can be applied to explore

the convergence and behavior of the DBIM. An important aspect of the GN method is that

it is only locally convergent thus its performance strongly depends on the choice of χ0(r).

This local convergence is complicated by the need for regularization as will be discussed in

the next sections. Initializing the DBIM with the Born approximation can be unreliable for

higher frequencies and higher contrast objects.

To improve convergence, a number of augmentations can be used such as a linear search

algorithm to reduce the step size if the residuals increase [95] or smoothing the image after

each iteration [96].

Because the contrast updates are carried out as a function of the residual error, the

DBIM is more susceptible to noise than the BIM [91] and a good first estimate for the error

threshold is the noise level of the measured scattered signal.
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5.2.2 Change Detection

While reconstructing physiologically meaningful permitivities for forearm imaging has pre-

viously been shown [11], which lends credence to microwave tomography as an accurate

imaging modality, for hydration monitoring the relative change over time is more relevant.

The DBIM algorithm lends itself well to a number of extensions for change detection.

Consider a baseline scattered field measurement Es,b(r) taken while the subject is assumed

to be at euhydration and another measurement Es,d(r) when the subject has an unknown

hydration status. The difference between the reconstructed properties δχ(r) = χd(r)−χb(r)

can be found in a number of ways.

The first method is to apply the DBIM algorithm to both measurements separately with

whatever initialization χ0 is required to converge to useful solutions, χd(r) and χb(r). In this

way the absolute reconstructed properties can be compared. This process has benefits in that

the data are treated separately with no assumption of similarity between the measurements.

However, this will be more computationally intensive as the full reconstructions from the a

priori distribution, χ0(r), is required.

The next logical step would be using the baseline reconstruction, χb(r), as the initial-

ization of the unknown reconstruction χd(r). This would take advantage of the assumed

similarity between the measurements to hasten the convergence of the second reconstruc-

tion. It is possible this technique would be more sensitive to small changes because the

baseline reconstruction has already been achieved so only the difference δχ(r) needs to be

found during the optimization. However, the sensitivity of this technique to changes between

the measurements that are not hydration related, such as positioning, should be considered.

A final method looks at the differential scattered fields between measurements to generate

the change in properties, δχ(r), itself. This technique takes advantage of the fact that the

DBIM is already a differential method (the scattered field is the difference between the

measured fields with and without the object) but replaces the incident field measurement

with the baseline measurement. This method has the form [97]:
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∆Es(rrx) =

∫
D

k2
b (r)∆χ(r)E(r)G(r, rrx) (5.7)

If the DBIM algorithm is to be applied, E(r) and G(r, rrx) are estimates of the total

fields and inhomogeneous Green’s function, respectively. As such, a full inversion of the

baseline data is required to obtain the estimates.

However, if the Born approximation is applied, the incident fields and homogeneous

Green’s function can be used, the inversion of the baseline measurements is not required,

and the inversion can be directly applied to the differential measurements. This technique,

while less accurate than the DBIM, was applied in [97] for real-time differential imaging for

thermal therapy monitoring.

A presumed benefit of this technique is that errors common to both measurements should

be reduced. However, it could be susceptible to errors that are different between the mea-

surements such as object positioning.

This differential technique is outside the scope for this project but should be considered

in future work.

5.3 Regularization

To generate useful solutions to ill-posed inverse problems, some a priori information is in-

corporated through a process called regularization. A very common assumption is that the

object under test is smooth in some sense. Techniques like truncated SVD, and standard

Tikhonov regularization achieve regularization by removing the problematic singular values

at the expense of spatial resolution [84]. More involved techniques like Tikhonov regular-

ization with Laplacian operator or total variation techniques can provide edge-preserving

capabilities at some computational expense. Because hydration is a bulk phenomenon, low

resolution images are adequate, and the simple smoothing regularization is applied.

56



5.3.1 Tikhonov Regularization

Tikohnov or additive regularization is a commonly used technique in microwave tomography.

This method involves solving the following minimization [98]:

x = arg min
x

(‖Ax− b‖2
2 + λ2 ‖Lx− x0‖2

2) (5.8)

Where A is the ill-posed linear operator, x is the desired function, b is the measured

data, λ is a positive, real regularization parameter, x0 is an a priori estimate of x and L is

the regularization matrix that implements a linear operation on x.

The above minimization can be solved as a constrained linear least squares problem [99]:

(AHA+ λ2LHL)x = AHb+ λ2LHLx0 (5.9)

In standard form, L = I and ||Lx||22 is a measure of the variance in the desired signal.

This implements the a priori assumption that the distribution of x is smooth. Typical

operations when L 6= I include derivatives such as finite differences [83] or the Laplacian

[43]. If no a priori estimate of x is used x0 = 0.

The regularization parameter λ weighs the solution between the minimization of the

system of interest Ax − b and the a priori assumption of the form of x. If λ is too small,

the solution will be under-regularized resulting in an ill-conditioned matrix and noisy results

similar to the results of direct inversion in Fig. 4.11. If λ is too large, the solution is over-

regularized resulting in large regularization errors. Thus, the selection of λ proves critical to

optimal performance of any regularization scheme.

The impact of the regularization parameter on the inversion can be explored through

the SVD. The pseudoinverse A† can be written in terms of SVD vectors ui and vi and the

associated singular values si, and the least squares solution can be found by applying A†b:

A† =

rank(A)∑
i=1

viu
H
i

si
(5.10)
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x = A†b =

rank(A)∑
i=1

vibu
H
i

si
(5.11)

Considering eq. (5.9) and L = I, the regularized solution xreg can be found using the

SVD of A and λ as [84]:

xreg =
n∑
i=1

si
s2
i + λ2

vibu
H
i (5.12)

Eq. (5.12) gives some insight into the effect of different λ values. Considering an ill-posed

problem, there are some sp � smax that make the inverse ill-conditioned. If λ < sp the

regularization will have little effect and the problem is still ill-conditioned. If λ� smax the

solution will be dominated by regularization errors. Because the singular values/functions

are analogous to the eigenvalues/vectors of the system, regularization can be seen as replacing

the high frequency eigenvectors (i.e. small eigenvalues) that would destabilize the solution.

This will generate useful solutions at the expense of the high frequency information in the

final solution. While this helps restrict λ to smax > λ > sp there are still many options for

λ. As was illustrated in Fig. 4.10, the singular values of an ill-posed problem vary slowly so

there is often no obvious λ to use.

The above analysis is readily extended to the non-standard form, L 6= I, by considering

the generalized singular value decomposition of the matrix pair (A,L) and the associated

generalized singular values γi [84].

5.3.2 Tikhonov Regularization and Non-linear Inversion

Applying standard Tikhonov regularization to a GN non-linear optimization yields the well-

known Levenberg-Marquardt (LM) Method [100, 101, 102]. From the LM perspective, the

regularization parameter (sometimes called the damping parameter) helps maintain the lin-

earization (i.e. Taylor series expansion) involved in the GN method by restricting the size

of the update step [101]. A commonly used procedure for LM optimization with well-posed
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problems is to start with a large regularization parameter to ensure stable solutions and

to decrease the regularization after each iteration until it approaches the GN method [102].

Viewing the DBIM algorithm with Tikhonov regularization from the perspective of LM opti-

mization, it can be seen that regularization is a crucial part of regularizing both the ill-posed

and non-linear aspects of the problem. Specifically, for a large contrast object the Born

approximation is not an accurate solution and the inversion can yield poor results. However,

over-regularizing with large λ yields solutions with smaller norms that are more likely to

meet the Born approximation. This can help convergence for blind inversions.

The LM method has been used by a number of authors in microwave imaging [103, 104].

In [105], a LM scheme with a regularization parameter as an empirical function of the residual

error was used. This empirical method was also used in [94].

5.3.3 L-Curve

There are many methods of determining a useful λ parameter such as empirical experience

[106], discrepancy principle [107], and generalized cross validation [108]. One of the most

robust is the L-Curve method [109]. This method utilizes the fact that Tikhonov regulariza-

tion attempts to balance the solution to the ill-posed solution and the a priori assumption of

the form of the solution. The norms of the solution, ‖xreg‖, and the residuals, ‖Axreg − b‖,

create a characteristic L-shaped curve that can be used to balance both.

The L-curve is defined by the logarithm of the norms for various λ:

(ζ(λ), η(λ)) = (log ‖Axreg − b‖ , log ‖xreg‖) (5.13)

The knee point of the parameterized curve can be found using the maximum of the

standard curvature formula:

κ(λ) =
ζ ′η′′ − ζ ′′η′

((ζ ′)2 + (η′)2)
3
2

(5.14)
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where derivatives are with respect to λ. The derivatives can be calculated directly from

the SVD and measured data [109]. The optimum regularization parameter from the L-curve

λL is found from the maximum of the curvature function.

This formulation of the L-curve is computationally intensive because the SVD of the

matrix is required [109]. While enough λ points should be used to generate a smooth L-

curve (which requires solving the inverse equation many times), ui, vi and si can be stored

and eq. (5.12) can be applied for each λ. There are a number of alternate formulations to

more efficiently compute the L-curve. An iterative technique can be applied where a few

points are used and a new λ is added at the point of maximum curvature at each iteration

until convergence is reached [84]. One of the most efficient L-curve methods avoids the SVD

all together by applying Lanczos bidiagonalization to compute the bounds of the curvature

[110].

Even with the computational requirements of a simple implementation, the benefit of

the L-curve technique is that it adapts to the data. The L-curve method does not make

any assumptions of the form of measurement noise [109]. The L-curve is a powerful tool for

analyzing discrete ill-posed problems as it conveniently shows the entire solution space for a

set of λ as all solutions must be on or above the L-curve [84]. It should be noted that the

L-curve technique was developed in the context of linear inversion problems in which the

discrete Picard condition holds for error free measurements [84] which may not be applicable

to non-linear microwave scattering [100].

5.3.4 Proposed Regularization Scheme

The proposed regularization scheme will combine the L-curve method for determining the

regularization parameter from the ill-posedness of the problem and the LM perspective of

reducing any overcorrections due to non-linearity. Specifically, the following formula will be

used at each iteration:
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λk = λL,k + λLM,k (5.15)

where λL,k is the optimum regularization parameter found from the L-curve and λLM,k

is the kth element in the monotonically decreasing sequence:

√
tr(AHA) · p−k−1 (5.16)

where tr(·) denotes the trace and p > 1 is an arbitrary real number used to control how

much regularization to do and how fast to approach the L-curve solution. The trace term

is used to estimate smax without relying on the computationally intensive SVD. The trace

of AHA is equal to the sum of the eigenvalues of AHA and the singular values of A are

the square root of the eigenvalues of AHA. Therefore, the square root of the trace will

be on the same order of magnitude as smax. The sequence is started at -1 to help ensure

λ < smax so some regularization occurs on the first iteration but depending on the selection

of p this is not always the case. The matrix trace has previously been used to determine the

regularization parameter in the empirical method [42] and in the generalized cross validation

[108].

λLM was chosen to satisfy the properties λk > 0, 1 ≤ λk
λk+1

≤ c and lim
k→∞

λk = 0. This

sequence has been shown to be locally convergent for some non-linear ill-posed iterative GN

problems [111].

The following procedure is proposed for determining the constant, p, in practice:

• Attempt the inversion using only the L-curve method by setting p = 1013.

• Reduce p until the inversion converges (if it does).

Note that as p approaches 1 the change in λLM at each iteration will decrease slowing

the rate of convergence and more iterations may be needed to reach convergence.

While the adaptive parameter will not be influenced by noise levels, the L-curve will be.
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As the iterations develop and the solution approaches the actual, the noise will be more

dominate but the L-curve method will be used.

This technique represents a novel fusion of the standard approaches to determining the

regularization parameter in microwave inverse scattering. The L-curve method has been

used in [43] and LM techniques have been used in [104, 94]. To the author’s knowledge the

use of a monotonically decreasing regularization parameter as outlined in [111] for microwave

imaging is also novel.

5.3.5 Validating Non-Linear Inversion

The DBIM non-linear inversion technique and the proposed regularization scheme will now

be explored through an example inversion. A lossless, homogeneous elliptical cylinder of

diameters λ by λ/2 with a 3:1 contrast ratio is imaged using 12 transmitters and receivers

on a circle of diameter 2λ. The tomographic setup as described is shown in Fig. 5.1. The

inversion is done at 1 GHz with the data generated using a discretization of 0.5 cm and the

inverse is done on a coarser grid of 1.0 cm. The inversion is terminated after 20 iterations.

The empirical method is applied with p = 2.

Figure 5.1: Homogeneous elliptic cylinder in free space.

Fig. 5.2 shows the reconstructed permittivity using the L-curve method, the decaying

series, and the hybrid method. As shown, the L-curve method fails to produce a useful
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(a) Standard L-Curve approach. (b) Decaying series.

(c) Hybrid method.

Figure 5.2: Reconstructed homogeneous elliptic cylinder.

solution, but the series and hybrid methods produce similar, useful results. The addition of

the L-curve parameter has only a subtle impact on the final reconstruction. It is expected

that when measurement errors are present the inclusion of the L-curve parameter will have

a larger impact.

The standard L-curve technique fails to converge to a useful solution after only one

iteration before the residuals increase. Fig 5.3 shows the L-curve and associated curvature

for the first iteration of the inversion. The algorithm successfully picks the point of maximum

curvature however the L-curve does not match the ideal “L” shape and the regularization

parameters fail to yield useful results.
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(a) (b)

Figure 5.3: L-curve and associated curvature for first iteration of homogeneous elliptic cylin-
der inversion.

Fig. 5.4 shows the associated regularization parameters using the L-curve, decaying

series, and the hybrid method. As can be seen the decaying series initially introduces much

more regularization than the L-curve method. The regularization parameter decays until

the L-curve (max curvature) parameter is used.

Figure 5.4: Regularization parameters from L-Curve, decaying series, and hybrid method.
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Table 5.1: Demographic information for realistic models.

Name Age [years] Height [m] Weight [kg] BMI [kg/m2] Forearm Width [cm]
Duke 34 1.77 70.2 22.4 7.0
Ella 26 1.63 57.3 21.6 6.1

5.4 Forearm Models

The application of the DBIM with Tikhonov regularization for detecting changes in hydration

is validated through a model of hydration changes applied to realistic forearm model.

For an in silico validation of the hydration monitoring technique, accurate forearm models

are used. The two full body, repositionable models, Duke and Ella (IT’IS Foundation, Zurich,

Switzerland), were generated from tissue segmented MRI images [112]. A 2D cross-section

of the forearm, Fig. 5.5a, is taken at the midpoint between the olecranon and ulnar head at

a 1 mm voxelization. Table 5.1 shows the demographic information on the models.

(a) Duke model. (b) Ella model.

Figure 5.5: 2D cross section of Duke and Ella forearm models. The blue, dark red, and
yellow voxels represent veins, arteries, and interstitial fat, respectively. Images not to scale.

The system will be designed using the Duke model with nominal properties, Table 5.2.

The Ella model will be used to validate the final design.
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Table 5.2: Nominal dielectric properties for Duke model at 500 MHz.

Tissue εr [·] σ [S/m]
Blood 63.5 1.4
Muscle 57.0 0.77

Skin 42.6 0.72
Bone (cancellous) 21.5 0.25

Bone (cortical) 12.9 0.10
Fat 11.6 0.09

5.5 System Design

A standard tomographic setup will be used for the proof of concept. The standard tomo-

graphic setup with a circular measurement surface, matching medium, and antennas oper-

ating at a distance from the object under test is widespread in the literature [11, 113, 10]

because of its flexibility to image objects of various sizes, relative ease at replacing the

sensors, and ability to change the matching medium. This setup also lends itself well to

pseudo-3D imaging as reconstructions can be done using 2D slices at various sensor heights

[67]. Systems operating with antennas in direct contact with the OUT have had limited

use in tomographic systems because of modelling errors, more restrictive sensor design, and

general smaller size limiting the number of sensors.

The general setup of the tomographic system will first be discussed, then the specific

background medium, operating frequency, and number of sensors will be optimized.

5.5.1 System Setup

The physical size of the system will be determined by the maximum expected arm size.

Considering the separation distances found in Chapter 3 and the wrestler study [8] the

maximum antenna separation distance found was 7.5 cm. This value is comparable to the

forearm size of women with high body mass index [114]. As such the largest imaging domain

is set to be 10 cm x 10 cm to accommodate the irregular shape of the forearm and positioning
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errors. This is about 3 cm smaller than the largest imaging domain of the system used to

image forearms in [11] and generally smaller than other tomographic systems [113, 10]. From

this imaging domain size, the measurements must be taken on a circle with rrx ≥ 5
√

2 cm

so a radius of 8 cm will be used. The Duke model presents a forearm in line with the largest

found during the wrestler [8] and Ramadan studies. As can be seen in Fig. 5.5a, the Duke

model has a thin subcutaneous fat layer. Fig. 5.6 shows the permittivity of the Duke forearm

model in the proposed tomographic setup.

Figure 5.6: Duke forearm permittivity model in tomographic system with free space back-
ground.

The monostatic data is excluded from all reconstructions. In a physical system, the

monostatic (S11) data represents a large increase in the measurement system complexity

while adding little to the quality of the reconstruction.

The measured data is generated on a grid discretized to 1 mm x 1 mm cells (80 x 80 grid)

and the inverse problem is done with 2.5 mm x 2.5 mm cells (32 x 32 grid). The smaller

discretization is used generate accurate measurements while the inverse problem is computed

on a coarser grid to ensure reasonable computation speed. The reconstructed images are

resized to 80 x 80 using bicubic interpolation to enable proper comparison. Note that while

different discretizations are used in the forward and inverse problems, the inverse grid is

essentially a subsampling with every 5th element aligning exactly. This can cause some errors

to cancel in the forward and inverse problem generating overly optimistic results. However,
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for the purpose of evaluating the relative performance with different design parameters this

is adequate and will be remedied when evaluating the final system.

5.5.2 Permittivity Metrics

The ultimate goal of the hydration assessment technique is to detect changes in the real per-

mittivity of the forearm. As illustrated in [7], permittivity is more sensitive than condutivity

to changes in hydration. To this end two metrics are defined: the bulk permittivity εbulk, eq.

(5.17), which is the mean permittivity over the forearm and the average permittivity εavg,

eq. (5.18) which is the mean permittivity over the image.

εbulk =
1

N

∑
Darm

ε′r (5.17)

where Darm is the forearm cross section. In the case of reconstructed images, the forearm

cross section will be estimated by segmenting the images using a technique that will be

discussed in the coming sections.

εavg =
1

N

∑
D

ε′r (5.18)

where the sum is over the whole image domain D. The permittivity metrics will be used

as a final design metric when evaluating the sensitivity of the system to noise.

5.5.3 System Optimization

An optimized system design is presented for hydration monitoring. An in silico analysis

of important system parameters (εr,b, frequency, number of receivers, and system size) is

an important first step for defining the expected performance of microwave tomography for

hydration assessment.

A physical implementation of the tomography system would have to account for non-

idealities related to antenna patterns, mutual coupling between the transmitters and neigh-
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boring antennas, and field interactions with receivers and system boundaries. A physical

implementation would also have to manage the complexities related to the measurement

system such as signal isolation, sensor feeding, and multiplexing the transmitters and re-

ceivers. While these considerations are outside the scope of the current work, they will be

accounted for when choosing the design parameters. For example, the highest conductiv-

ity medium that produces good quality reconstructions will be selected for the matching

medium as a higher conductivity medium is often used to reduce the mutual coupling and

field interactions in real systems [69].

There are three critical microwave tomography parameters to decide: frequency, number

of receivers, and matching medium. The matching medium is chosen for practicality and loss,

the frequency will be maximized to improve resolution, and the number of receivers will be

minimized to reduce measurement and simulation complexity. First, the matching fluid will

be designed using a large number of receivers, Nrx = 32, and a low frequency, f = 500 MHz.

A large number of receivers will provide the best quality data while the low frequency will

provide more stable solutions. Once the matching medium is optimized, the frequency will

be selected, then finally the number of receivers will be optimized. The matching medium

is chosen to optimize first because it has the largest impact on χ(r) which is the function of

interest. While the properties of both the matching medium and the biological tissues are

dispersive, the change across the frequencies of interest (0.3 MHz to 3 GHz) will be much

smaller than the change in contrast with different matching media. In silico, the number

of receivers is expected to determine the impact of noise on the final reconstructions. In

practice, the matching medium and frequency would have an impact on the noise level of

the measurements by influencing the amount of attenuation and coupling.

The quality of reconstructions will be quantified using mean square error (MSE), eq.

(5.19), in the complex permittivity. While the MSE is unavailable during real measurements,

it provides a useful metric for comparing images in silico.
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MSE =

√√√√√
∑
Darm

|εreco − εactual|2∑
Darm

|εactual|2
(5.19)

where εreco is the reconstructed complex relative permittivity, εactual is the actual relative

permittivity, and Darm is the cross section of the forearm. The images are segmented using

the input model to compare the reconstructed values over the cross section of the forearm

excluding the background.

The reconstructions are terminated when RRE = 1%, RREk > RREk−1 or after 20

iterations. No noise is added to measurements when optimizing the matching medium and

frequency, but noise will be added when optimizing the number of receivers. In this context,

the added noise represents any of the errors possible during a real measurement (i.e. thermal

noise, receiver placement errors, etc.) including errors between the model and real signal

propagation.

Matching Medium

The optimum matching medium is found by doing a parametric analysis of the real per-

mittivity 1 ≤ ε′r,b ≤ 80 representing permittivities from free space to water and imaginary

permittivity from 0 ≤ −ε′′r,b ≤ 45 representing conductivities from free space to a saline

solution [69]. A total of 120 different media are simulated. All reconstructions are done with

regularization parameters selected using both the L-curve method and the hybrid method

with constant p = 2.

Fig. 5.7 shows the mean square error in the scattered fields and reconstructed images.

The adaptive regularization achieves similar quality reconstructions as the standard L-curve

method for well matched media. However, for larger contrasts the adaptive regularization

outperforms the standard L-curve. Both techniques show poorer results with both low and

high permittivity media where the object presents a higher contrast. There is a broad

minimum shown with both techniques illustrating stable performance. Fig. 5.8 shows the
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(a) Using standard L-curve method. (b) Using adaptive method.

Figure 5.7: Mean square error of Duke forearm reconstructions with various background
media.

(a) Using standard L-curve method. (b) Using adaptive method.

Figure 5.8: Histograms of mean square error for Duke forearm reconstructions with various
background media.

frequency of the MSE values. Table 5.3 shows the minimum MSE, associated optimum

εr, and the percent of reconstructions to reach convergence (RRE < 1%). The adaptive

regularization improves the number of tested high contrast cases that reach convergence.

Considering the design criteria, the final media is selected to be εr = 35 − j30 (σ =

0.83S/m). The final reconstructions with this medium are shown in Figs. 5.9 and 5.10 with

cross-sections along the x-axis and through the bones in Fig. 5.11 and 5.12. The methods

using the L-curve and adaptive parameter selection generate similar results. Qualitatively,
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Table 5.3: Statistics on matching medium parameter sweep with Duke forearm.

Regularization Minimum MSE [·] Optimum εr [·] Convergence [%]
Standard Tikhonov 0.24 40-j30 93.3

Adaptive 0.25 30-j0 99.1

the adaptive technique looks to provide slightly smoother solutions. The relatively high

MSE can be attributed to the smooth solutions generated using the Tikhonov regularization

and the relatively low frequency. While a more accurate reconstruction would be beneficial

for accurately determining absolute properties, this technique will be adequate for change

detection.

(a) Relative permittivity. (b) Conductivity.

Figure 5.9: Reconstructed forearm in optimum background medium using standard L-curve
method.

A real permittivity on the lower side of the minimum is selected to better match various

forearm compositions. In [11], a high permittivity of ε′r = 77 is used, and the system had

markedly worse performance imaging forearms with larger subcutaneous fat layers. The

associated study of different matching fluids [69] focused on optimizing loss with different

concentrations of saline solutions used. From Fig. 5.7 the reconstruction of the forearm

appears to be more sensitive to the real permittivity. However, much of the benefit of

increased loss is related to reducing real measurements errors which are outside the scope
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(a) Relative permittivity. (b) Conductivity.

Figure 5.10: Reconstructed forearm in optimum background medium using adaptive method.

(a) Cross-section through y = 0 cm. (b) Cross-section through x = -1 cm.

Figure 5.11: Cross-section of reconstructed forearm permittivity in optimum background
medium at 500 MHz compared to actual values.

of this current work. The proposed conductivity falls within in the optimum conductivity

range found in [69].

To practically implement this matching medium at 500 MHz a 9:1 mixture of glycerin

and water can be used [115]. Because the loss of glycerin-water mixtures is low below 1 GHz

[115], salt may need to be included to achieve σ = 0.83 S/m. Glycerin-water mixtures provide

a cheap and safe matching medium that can be mixed in different ratios to generate real

permittivities between 20-80 in the region from 0.1-3 GHz [115]. However, the conductivity
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(a) Cross-section through y = 0 cm. (b) Cross-section through x = -1 cm.

Figure 5.12: Cross-section of reconstructed forearm conductivity in optimum background
medium at 500 MHz compared to actual values.

begins to increase rapidly after 2 GHz. It is also important to note that glycerin is highly

dispersive in this frequency range.

Frequency

Next, the frequency is analyzed using the optimum background medium. The frequency of

the inversion influences many important parameters such as properties of the OUT, prop-

erties of the background medium, electrical size, effective contrast, and image resolution.

From diffraction tomography theory, the maximum image resolution is generally considered

to be the Rayleigh resolution of λ/4 for near-field imaging [116]. However, when non-linear

quantitative microwave tomography is applied there is experimental evidence of so-called

super resolution with up to λ/30 [117]. Thus, it is important to maximize frequency in order

to improve image resolution. However, the attenuation in lossy materials increases with

frequency, placing large demands on the sensitivity of the measurement devices [69] and the

non-linear and ill-posed aspects of the inverse scattering problem get worse. Generally, for a

given contrast function inversions get more difficult with increasing frequency [68]. This can

be explained via the larger phase changes through objects as well as the larger scattering

magnitude.
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The frequency is swept from 0.3 - 3 GHz in 100 MHz steps. The dispersion of the forearm

is accounted for using the Debye model. The background medium is kept at the previously

found optimum εr = 35−j30 (conductivity 0.17−5.0 S/m). Again, regularization parameters

are determined by both the standard L-curve and the adaptive scheme with p = 2.

Fig. 5.13 shows the MSE of the reconstructed complex permittivity as well as the RRE of

the scattered fields. As can be seen from the RRE plots, the standard L-curve technique fails

to generate convergence for frequencies greater than 0.9 GHz resulting in poor MSE. The

MSE of the L-curve method increases exponentially until the initial Born approximation is

so poor that only one or two iterations are run before residuals increase and the algorithm is

terminated. Below 0.6 GHz the L-curve and adaptive approaches have similar results. The

MSE of the adaptive approach improves with frequency until 1.4 GHz except for spurious

results at 0.9 and 1 GHz.

(a) (b)

Figure 5.13: MSE in reconstructed complex permittivity and relative residual error of scat-
tered fields for Duke forearm in optimum medium vs frequency.

From this analysis 1.2 GHz is selected because it is a higher frequency that converges

reliably. Fig. 5.14 shows the resulting reconstruction using the L-curve method and Fig.

5.15 shows the reconstruction with the adaptive approach. Figs. 5.16 and 5.17, show cross-

sections of the reconstructed properties through the x-axis and through the forearm bones.

As can be seen the reconstruction using the L-curve fails to converge to a solution with phys-
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ically meaningful properties. The adaptive reconstruction converges to accurate properties

with the bones identifiable.

(a) Relative permittivity. (b) Conductivity.

Figure 5.14: Reconstructed forearm properties for Duke model in optimum background
medium at 1.2 GHz using standard L-curve technique.

(a) Relative permittivity. (b) Conductivity.

Figure 5.15: Reconstructed forearm properties for Duke model in optimum background
medium at 1.2 GHz using adaptive technique.

The matching fluid εr = 35 − j30, can be implemented at 1.2 GHz using a 70-80%

glycerin, 30-20% water solution [115]. Salt may be required to increase the conductivity to

the 2 S/m value.
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(a) Cross-section through y = 0 cm. (b) Cross-section through x = -1 cm.

Figure 5.16: Cross-section of reconstructed forearm permittivity in optimum background
medium at 1.2 GHz using adaptive technique compared to actual values.

(a) Cross-section through y = 0 cm. (b) Cross-section through x = -1 cm.

Figure 5.17: Cross-section of reconstructed forearm conductivity in optimum background
medium at 1.2 GHz using adaptive technique compared to actual values.

Number of Receivers

Finally, the number of receivers and transmitters are optimized. For a practical application,

it is important to minimize the number of receivers to reduce the measurement complexity.

However, using fewer receivers reduces the information available which limits the number

of unknowns that can be reconstructed and reduces the quality of the reconstruction. As

a first point, if all bistatic and monostatic data is used, the number of potentially linearly
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independent measurements is N2
rx/2 because of the reciprocal nature of the measurements.

In practice, this reciprocity is not guaranteed because of noise and measurement errors.

The sampling requirements for accurate microwave inversion is a large topic of study in

the field [118, 119, 120]. Two commonly cited rules of thumb are λ/2 to satisfy the Nyquist

sampling theorem and λ/4 [120]. However, determining the exact sampling requirements

for an arbitrary object is not a trivial problem as it gets to the foundation of the ill-posed

problem. In [119], the amount of information available in the scattered fields is examined

through the SVD of simple models to yield the number of recoverable unknowns for incident

plane waves as 16π( a
λ

2(π
2
)) where a is the measurement surface radius. However, the authors

state that for near-field imaging the maximum information that can be recovered is governed

instead by the signal-to-noise ratio [119].

For the system as designed so far, the wavelength in the background medium is 4.2 cm.

With a measurement surface of radius 8 cm, Nyquist sampling rate is almost satisfied with

Nrx = 24. Here, the optimum number of receivers will be determined empirically. The

number of receivers will be swept through the series Nrx = 32, 24, 16, 12, 8, 4.

The noisy data is generated from the noiseless data using eq. (5.20).

Ẽs = Es + max(Es)B(α + jβ) (5.20)

where Ẽs is the noisy measurement, Es is the noiseless measurement, B is a scalar defined

in percent, and α, β are random variables drawn from a zero mean normal distribution with

variance 0.33. This means roughly 99.7% of the samples are between ±1. This formula is

adapted from [43] where 5% noise is added when inverting synthetic leg data.

Three noise levels will be examined B = 1, 5, 10% corresponding to 40, 26, and 20 dB

signal-to-noise ratios in addition to the noiseless case. Ten measurements and inversions will

be done at each noise level to characterize the effect of the noise. The residual termination

threshold is set to the noise level.

Fig 5.18 shows the minimum, mean, and maximum of the final RRE and MSE of the
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(a) (b)

Figure 5.18: Mean square error in reconstructed complex permittivity and relative residual
error of scattered fields for Duke forearm at 1.2 GHz using adaptive technique with different
noise levels and number of receivers. Error bars denote the minimum and maximum values

reconstructions for each number of receivers at each noise level. The reconstruction algorithm

is stable for different frequencies and number of receivers. The RRE generally increased a

few percentage points before the threshold. At Nrx = 8 the algorithm fails to converge to

a reasonable solution for the cases with less noise. This is hypothesized to have occurred

because of the different shape of the L-curve and different regularization parameters. The

algorithm converges for Nrx = 4 because there are so few scattered field measurements,

they can be matched easily even with poor MSE. Fig. 5.18 shows the MSE increases with

fewer receivers and with more noise. Considering the results with good convergence, the

marginal impact on the MSE of decreasing the number of receivers is less for higher noise

measurements. Thus, in a practical implementation it is important to minimize noise to take

full advantage of any increase in the number of receivers.

To evaluate the effect of noise on the εbulk metric a segmentation technique is required to

isolate the forearm response from the background medium. In silico, the actual model can

be used to segment the reconstructed image as has been done with the MSE calculations,

however this technique cannot be applied in practice. To isolate the forearm response, real

permittivity image is sharpened using the Laplacian, squared, then the resulting image is
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Figure 5.19: Permittivity estimates εavg and εbulk with different number of receivers and
noise levels. Error bars denote minimum and maximum values.

thresholded to its mean. More details and examples of this technique being applied to the

images generated here can be found in Appendix C. The threshold chosen is arbitrary but

based on the contrast with the background medium and relative size of the forearm in the

image. More advanced techniques such as K-means clustering can be applied to make this

more robust [121]. The bones are often left out of the segmented image. This is advantageous

because bones are a relatively low water content tissue when compared to muscle (see Table

6.1) so the changes in properties due to hydration are expected to be larger in muscle than

bone. The effect of larger subcutaneous fat layer will be examined later.

Using this technique and the image mean, the effect of noise and number of receivers

on permittivity estimates is examined. Fig. 5.19 shows the estimated bulk and average

permittivities as a function of number of receivers and noise.

From Fig. 5.19 it can be seen that the average permittivity is less sensitive to noise but

is biased by the inclusion of the background medium. The bulk permittivity estimate is

more sensitive to noise level. The bulk permittivity estimate is larger than the actual bulk

permittivity of the forearm model but less than the permittivity of the muscle (εr = 57).

The higher bulk permittivity is explained by the exclusion of the bones from the calculation

due to the image segmentation.

Considering the MSE and mean permittivity results, Nrx = 12 is chosen as it had stable
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(a) Relative permittivity. (b) Conductivity.

Figure 5.20: Reconstructed Duke forearm model with optimized design and 5% noise.

Figure 5.21: Segmented image for Duke forearm in optimized design and 5% noise.

reconstructions that were only marginally worse than those with more receivers. Fig. 5.20

shows a final reconstruction with 5% noise. From this figure the forearm is easily identifiable

but with worse resolution than the noiseless, Nrx = 32 case (Fig. 5.15). Fig. 5.21 shows

the associated segmented image used to define the forearm cross section. As can be seen,

the bones are excluded from the segmented image. Nrx = 12 can be considered the worst

acceptable case with more receivers generally providing better results. In the discussion of

the thresholding found in Appendix C some reconstructions with different noise levels and

more receivers can be found.
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5.6 Chapter Conclusion

In this chapter, the details of the tomographic THA technique are outlined, and the sys-

tem designed. A standard DBIM algorithm with Tikhonov regularization is applied to solve

the non-linear ill-posed problem associated with the microwave scattering. To improve con-

vergence for high contrast objects a simple empirical method based on LM techniques is

proposed to enforce the Born approximation linearization. A standard tomographic system

is designed with the aid of a realistic forearm model. First the matching medium is opti-

mized to maximize convergence and loss using low frequencies and many antennas. Next

the frequency is increased to improve resolution. Finally, the number of transmitters and

receivers is reduced to increase the ease of application. In the process, permittivity metrics

are defined to quantify the changes in permittivity seen in reconstructed images. The THA

technique and accompanying system will be further validated in the next chapter.
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Chapter 6

In Silico Validation of Tomographic

Hydration Assessment

In this chapter the previously outlined techniques for THA and the designed THA system

are validated using in silico models. First, a previously developed hydration model [7] is

used to generate realistic changes in properties due to changes in hydration is introduced.

This model is then applied to two forearm models and the THA methods are applied to

characterize the technique’s sensitivity to clinically relevant changes in hydration. Next the

effect of measurement noise will be analyzed, and finally the effect of positioning errors will

be examined.

6.1 Hydration Model

The hydration model is based on [7, 8] in which changes in weight due to water loss generate

changes in dielectric properties of tissues based on their Debye models and water content.

This work was used in an ultrawideband application in the 1-10 GHz range. For greater

stability in the reconstructions, lower frequencies in the 300 MHz - 3 GHz range will be

used. As a result, the analysis carried out in [7] will be adapted to the lower frequency

range. This is especially important as biological tissues have larger dispersion below 1 GHz.
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The physiological basis for using dielectric properties at microwave frequencies to detect

changes in hydration is the close relationship between the dielectric properties of tissues and

their water content [9]. The dielectric properties of a wide range of human tissue have been

measured from 10 Hz to 20 GHz by Gabriel and Gabriel [25] who also fit 4 pole Cole-Cole

models [122]. A simpler model of the dielectric properties is the single pole Debye model,

eq. (6.1), which has been shown to generate accurate fits in the microwave region [123].

εr(ω) = ε∞ +
εs − ε∞
1 + jωτ

+
σs
jωε0

(6.1)

Where εs is the static (low-frequency) permittivity, ε∞ is the optical (high-frequency)

permittivity, τ is the relaxation constant, and σs is the static conductivity.

The Debye model is used because if τ is held constant the complex permittivity becomes

a linear function of the remaining Debye parameters. The relaxation constants vary little

between the tissues [123]. The Debye model is fit to the Cole-Cole results from 300 MHz

to 3.0 GHz with a relaxation constant of 50 ps. Note that in [7] a relaxation constant of

17.5 ps was used, however the higher τ used here will better account for the low frequency

dispersion. A similar relaxation constant was used for a Debye model of skin tissue in the

low GHz range in [124]. Fig. 6.1 shows the Cole-Cole models and their associated Debye

model fits. Table 6.1 shows the tissue percent water content [24], Debye parameters, and the

sum square error of the residual complex permittivities between the Debye fit and literature

Cole-Cole models normalized to the number of frequency points.

In [7], a linear model between the Debye parameters for the various tissues and their

water content is established. Using this linear model, the effect of changes in tissue water

content on dielectric properties can be estimated. Because different Debye models were used

to accommodate lower frequencies, the linear fit is done again. Fig. 6.2 shows the linear

relationship between the Debye parameters and water contents for the forearm tissues. Table

6.2 shows the corresponding slopes and the R2 values for the fits.

In [7], model is then developed for estimating the changes in the tissue water content
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Figure 6.1: Forearm tissue properties. Literature values (solid) [122] and Debye fit (dashed).

Table 6.1: Water content of forearm tissue [24], Debye parameters of fit and mean sum
squared error between Debye and Cole-Cole models.

Tissue Water content [%] εs [·] ε∞ [·] σs [S/m] τ [ps] Error
Blood 80.0 63.9 45.8 1.30 50 1.03
Muscle 74.1 57.0 44.0 0.77 50 0.59

Skin 65.3 42.9 29.9 0.66 50 2.10
Bone (cancellous) 23.0 21.8 12.5 0.21 50 0.14

Bone (cortical) 15.0 13.0 8.3 0.08 50 0.03
Fat 21.2 11.7 9.0 0.07 50 0.02

Figure 6.2: Debye parameters as a linear function of water content with linear regression.
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Table 6.2: Slopes for linear fit of tissue Debye parameters vs water content and R2 values.

Parameter Slope R2

εs 0.73 0.96
ε∞ 0.53 0.96
σs 0.01 0.84

based on changes in total body water content and subsequent weight changes due to water

loss, eq. (6.2). This method uses the subject’s sex and age to estimate the fraction of total

body water content. The method showed good agreement between theory, simulation [7] and

the wrestler pilot study [8].

Di(∆W ) = Di,nominal +

(
φi
φB

∆W

)
m (6.2)

where i denotes the tissue type, ∆W is weight change, D is a vector with the tissue’s

Debye parameters, φi is the tissue water fraction (Table 6.1), φB is the body water fraction,

and m is a vector with the Debye parameter slopes.

Applying this dehydration model to the Debye fits yields a Debye model that is then

used to generate the permittivity and conductivity for the forearm model.

6.2 Change Detection

The change detection techniques as outlined in Section 5.2.2 will now be applied to models

with realistic changes in tissue properties. The first technique applies blind inversions for

both the baseline and perturbed measurements. The second technique uses the blind baseline

inversion as an a priori initialization for the change detection. Clinically relevant changes in

hydration are applied via weight losses of 0 - 2.0 %. Figs. 6.3 and 6.4 show the permittivity

of the Duke and Ella models at baseline (∆W = 0%) and at ∆W = 2%.

Unless specified, the data will be generated using the same 8 cm x 8 cm (80 x 80) grid

as in the design section, but the inversion will now be done on a slightly different grid of
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(a) ∆W = 0.0% (b) ∆W = 2.0%

Figure 6.3: Permittivity of Duke forearm model at baseline and 2% dehydration.

(a) ∆W = 0.0% (b) ∆W = 2.0%

Figure 6.4: Permittivity of Ella forearm model at baseline and 2% dehydration.

8.2 cm x 8.2 cm (40 x 40) grid. The different image domain grid helps prevent the so-called

inverse crime when the data and inversion are generated on the same grid using the same

method. This is considered a crime in the inverse problem community because it can lead

to errors in the forward and inverse problems cancelling each other and an overly optimistic

reconstruction [80].

To quantify changes in hydration, an estimate of the permittivity will be generated at

baseline, εe, and a second estimate will be generated at with the different levels of dehy-

dration, εd. Both the average permittivity and the bulk permittivity will be reported. The
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relative change will be calculated, in percent, as:

∆ε =
εd − εe
εe

· 100 (6.3)

The sensitivity of the technique to changes in hydration is defined as:

S =
∆εr
∆W

(6.4)

First, the Duke and Ella models will be used to validate the THA technique with noiseless

measurements. Then the Duke model will be used to examine the impact of measurement

noise on the performance of THA. Finally, the impact of repositioning on baseline permit-

tivity estimates and change detection will be examined.

6.2.1 Noiseless Measurements

Noiseless measurements are generated at each hydration level and the relative change in

the permittivity metrics calculated. These values are then compared to the expected values

based on the input model. For Ella the expected average permittivity change is smaller

because of the smaller forearm and thus more background medium is included. However,

the actual bulk permittivity change is greater because the total body water estimate for Ella

is less therefore a 2% change in weight produces a larger change in hydration and properties.

Fig. 6.5 shows the change in permittivity metrics using blind inversions. The average

permittivity metrics follows the expected trend very closely for both Ella and Duke. The bulk

permittivity follows the expected value less closely due to the smoothing of the forearm and

segmenting of the reconstructed image. While the bulk permittivity metric is less sensitive

than expected it is still more sensitive than the average permittivity.

Fig. 6.6 shows the change in permittivity metrics using the a priori inversions. From the

average permittivity, the Duke model follows the expected value closely, but the Ella model

shows greater than expected sensitivity to changes in hydration. The bulk permittivity esti-
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Figure 6.5: Estimated change in permittivity due to dehydration using blind inversions.
Dashed lines represent linear regression and solid lines represent input model values.

mates for the a priori estimates are very similar to those of the blind inversions. The similar

bulk permittivity sensitivity across both models and techniques suggests the sensitivity is

limited by either the forearm smoothing or image segmentation.

(a) (b)

Figure 6.6: Estimated change in permittivity due to dehydration using a priori inversions.
Dashed lines represent linear regression and solid lines represent input model values.

Table 6.3 shows the slope of the linear regressions and the associated R2 values. The

very high R2 indicate a strong linear relationship between each permittivity metric for both

models as expected. The slopes show good agreement with the expected values. In [7], slopes

of -1.8 and -2.3 for Duke and Ella, respectively, were found using TDS.
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Table 6.3: Linear regression parameters for changes in permittivity due to dehydration for
Duke and Ella models.

∆εavg ∆εbulk

Case Actual Slope [·] Slope [·] R2 Actual Slope [·] Slope [·] R2

Duke, a priori -1.03 -0.98 1.0 -1.71 -1.35 0.99
Duke, blind -1.03 -1.00 1.0 -1.71 -1.41 1.0
Ella, a priori -0.78 -0.96 1.0 -1.90 -1.37 1.0
Ella, blind -0.78 -0.81 1.0 -1.90 -1.33 1.0

Table 6.4: Measured noise levels from the literature.

Reference Noise Level [%] Background Medium Comment

[105] 10 Distilled Water
[37] 3.0 Saline
[11] 20 Saline Noise defined using reciprocal data
[115] 10 Glycerin Depends on frequency

6.2.2 Noise Analysis

The influence of measurement noise on the tomographic hydration assessment technique

will now be examined. Noise levels of 1, 5, 10, 25% will be added using eq. (5.20). At

each noise and hydration level, ten measurements are taken. The baseline measurements

are them inverted without an a priori. For the blind inversion technique, the ten perturbed

measurements are inverted independently. For the a priori technique, each of the ten baseline

inversions is used as an a priori for each of ten perturbed measurements (i.e. 100 inversions

total). All combinations of the blind inversions are compared, generating 100 difference

measurements.

Table 6.4 shows measured noise levels from a number of tomographic systems in the

literature.

Fig. 6.7 shows the estimated permittivities at various noise levels using blind inversions.

Fig. 6.8 shows the estimated permittivities at various noise levels using a priori inversions.

For both techniques there is good agreement between the results with noise and the noiseless

results. The bulk permittivity estimate is more sensitive to noise and its sensitivity to

changes in hydration decreases with noise. This happens because as the measurements get
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noisier, there is more variation in the reconstructed image which makes it harder to segment

the image correctly. The a priori inversions are more sensitive to noise level than the blind

inversions. This occurs because the baseline reconstructions were done with different errors

than the difference measurements.

(a) (b)

Figure 6.7: Estimated change in permittivity for Duke model undergoing 2% weight loss
using blind inversions at various noise levels. Dots represent sample median, error bars
represent minimum and maximum, and dotted lines are linear regressions.

(a) (b)

Figure 6.8: Estimated change in permittivity for Duke model undergoing 2% weight loss
using a priori inversions at various noise levels. Dots represent sample median, error bars
represent minimum and maximum, and dotted lines are linear regressions.

Figs. 6.9 and 6.10 show the measured samples at ∆W = 2%. From these plots the
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exact distribution of the samples can be seen. The variance in the measured permittivity is

directly affected by the noise level.

(a) (b)

Figure 6.9: Measured changes in permittivity at ∆W = 2% at various noise levels using
blind inversions. Dots represent samples, ’x’ represents noiseless result, and squares represent
sample median.

(a) (b)

Figure 6.10: Measured changes in permittivity at ∆W = 2% at various noise levels using
a priori inversions. Dots represent samples, ’x’ represents noiseless result, and squares
represent sample median.

Table 6.5 shows the slopes of the linear regression at each noise level. The R2 for all

regressions were greater than 0.98.

Because the expected changes in permittivity are so small, the noise level presents a
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Table 6.5: Linear regression slopes for change in permittivity due to weight loss.

Noise Level [%]
Case Actual 0 1 5 10

εbulk, blind -1.71 -1.41 -1.43 -1.34 -1.43
εbulk, a priori -1.71 -1.35 -1.32 -1.18 -1.17
εavg, blind -1.03 -1.00 -0.99 -0.98 -1.02
εavg, a priori -1.03 -0.98 -1.32 -1.18 -1.14

serious design challenge to the tomographic hydration assessment technique. While the

sample medians agree well with the expected changes, the noise in the measurements and

variance in permittivity estimates could preclude the useful application of THA.

Ultimately, the noise level will be determined by the physical system. In this context, the

noise represents any measurement errors including the mismatch between the propagation

model and the physical wave propagation. As such, it is important to accurately calibrate

the measured signals, avoid mutual coupling between sensors, and reduce reflections from

the system boundary by increasing matching fluid loss. These considerations are outside the

scope of this work, but noise should be a primary consideration when designing a physical

THA system.

6.2.3 Position Analysis

Next the effect of variations in the forearm positioning will be examined.

The image domain is increased to its maximum size of 10 cm x 10 cm. Inversions are

done in a domain of size 10.2 cm x 10.2 cm to avoid the inverse crime. The center of the

forearm (x0, y0) is varied by generating x and y steps ∆x, ∆y using a uniform distribution

from -1 cm to 1 cm in x and y.

Noiseless measurements are generated at ten forearm locations. Changes in hydration of

corresponding to ∆W = 0, 0.5, ..., 2.0% are applied at each location. The blind inversions

and a priori inversions are applied. The blind inversions are done independently and 100 a
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priori inversions are done. Fig. 6.11 shows the Duke forearm model displaced by (1 cm, 1

cm) in the tomography setup.

Figure 6.11: Duke forearm model displaced by 10 mm in x and y.

First the effect of placing the forearm off center is examined by doing inversions across

the ∆W range with the forearm located at the same spot in the baseline and difference

measurements. Fig. 6.12 shows the RRE at each hydration level as a function of distance

from the center. When the forearm is placed away from the center, it sometimes fails to

converge to the 1 % threshold. The same measurements fail to converge with both blind and

a priori inversions however the a priori converge to a lower RRE. Decreasing the empirical

regularization parameter p from 2 can improve the convergence but still not all the results

converge. Interestingly, some results at displacements of 0.75 cm converge and others do not.

This suggests the convergence is sensitive to exact placement of the forearm. This could be

due to the asymmetry of the forearm such as the location of the bones within the forearm.

As can be seen in Figs. 6.13 and 6.14 this failure to converge has an impact on the

absolute permittivity estimations. The non-convergent results consistently have a different

baseline permittivity estimate than the convergent results. However, the technique maintains

its sensitivity to hydration changes since the change in permittivity is similar for all positions.

Next the effect of positioning errors between the baseline and difference measurements

is examined. The relative change in permittivity at ∆W = 2% will be examined to see
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(a) Blind inversions (b) A priori inversions.

Figure 6.12: Relative residual error at ∆W = 0, 0.5, 1.0, 1.5, 2.0 with forearm at various
locations.

(a) Blind inversions (b) A priori inversions.

Figure 6.13: Absolute bulk permittivity estimates at ∆W = 0, 0.5, 1.0, 1.5, 2.0% with forearm
at various locations.

impact of positioning on clinically relevant changes. As can be seen in Figs. 6.15 and 6.16

the average permittivity is more robust to positioning errors and the different levels of RRE.

While the estimate of bulk permittivity change performs much worse, the worst performing

samples are those that did not converge fully. The a priori estimates are more robust due

to the better convergence at ∆W = 2%.

These results suggest that the tomographic approach is robust to small repositioning er-

rors between measurements provided the inversion converges to the expected residual thresh-
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(a) Blind inversions (b) A priori inversions.

Figure 6.14: Absolute average permittivity estimates at ∆W = 0, 0.5, 1.0, 1.5, 2.0% with
forearm at various locations.

(a) Blind inversions (b) A priori inversions.

Figure 6.15: Estimated change in bulk permittivity at ∆W = 2.0% with errors in baseline
and difference forearm locations.

old. Every attempt should be made to reduce repositioning errors in practice by including

position guidance for the subject such as a handle and developing a standard procedure for

placing the forearm inside the system. By comparing the phase of the various signals around

the system, it could be possible to estimate positioning errors and retake the measurement

if the errors are expected to be too large. In [11], the difference in reciprocal transmission

data (i.e. S21 and S12) is used to estimate the movements during a single scan. The effect

of larger repositioning errors should also be examined. However, if the repositioning errors
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(a) Blind inversions (b) A priori inversions.

Figure 6.16: Estimated change in average permittivity at ∆W = 2.0% with errors in baseline
and difference forearm locations.

get much larger, the forearm will not be in the imaging domain so the reconstruction will be

quite poor.

6.3 Conclusion

In this chapter the tomographic hydration assessment technique was validated in two in

silico models, against various noise levels, and positioning errors. THA accurately measured

changed in permittivity representative of clinically relevant changes in hydration in both

the Duke and Ella models. The bulk permittivity metric was less sensitive to changes in

permittivity than expected due to image smoothing and segmentation, but it was more

sensitive than the average permittivity metric. However, the bulk permittivity metric was

more sensitive to the effect of noise. The THA technique is very sensitive to noise and

the noise level should be primary consideration when designing a THA system. The THA

technique was less sensitive to positioning errors, however there were some convergence issues

when the forearm was placed away from the center. The a priori inversion was more sensitive

to noise, but less sensitive to positioning errors due to better convergence. This technique

shows potential for detecting clinically relevant changes in hydration, however it will need
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to be validated using real data.
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Chapter 7

Conclusion

A pilot study of fasting volunteers failed to show a relationship between permittivity esti-

mates from TDS and the assumed dehydration occurring throughout the day. While dehy-

dration was occurring as measured by the subjects’ weight change, this subtle dehydration

presents a serious challenge to the measurement capabilities of hydration assessment technol-

ogy. Urine specific gravity, another commonly used measurement of hydration status, failed

to detect any changes in hydration. This study motivated further research into microwave

hydration assessment specifically MWT.

Using a standard MWT approach including DBIM and standard Tikhonov regularization,

a tomographic hydration assessment technique was developed. To augment this standard

approach an empirical method for determining the regularization parameter was introduced.

This empirical method greatly increases the convergence of blind inversions for high contrast

objects. A standard tomographic system was then designed sequentially to find practical

and effective design parameters for hydration assessment.

The THA system and technique was then validated using realistic forearm models. The

effect of measurement noise and placement errors are examined. Change detection was an-

alyzed using both blind inversions and an a priori inversions. Both techniques produced

similar results however a priori was more sensitive to noise level but less sensitive to conver-
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gence errors due to placement. The measurement noise has a clear impact on the quality of

the change detection so should be a primary design consideration. It is important to reiter-

ate that measurement noise in this context entails any errors in the measurement including

deviations between model propagation, antenna mutual coupling, and thermal noise. Thus,

it will largely be defined by the system itself.

In the context of the objectives outlined in Chapter 1 the following was achieved:

1. Evaluate the efficacy of microwave hydration assessment techniques in a

sedentary population. From the study of fasting volunteers, a need for more sensi-

tive and robust microwave hydration assessment techniques is identified.

2. Develop a robust method of regularization without the need for a priori

information. By combining the well-known L-Curve technique with an empirical

adaptive approach, a robust selection of the regularization parameter is made greatly

improving non-linear reconstruction of high contrast objects.

3. Design a tomographic system for microwave hydration assessment in sim-

ulation. The systematic design yields a system that can accurately estimate the

dielectric properties of the forearm while enabling a practical implementation.

4. Validate microwave tomography for hydration assessment in silico. The

THA technique is shown to accurately detect changes in hydration as little as 2% by

body weights.

7.1 Contributions

This work makes the following contributions to the existing literature:

1. A pilot study of microwave hydration assessment technology in sedentary

populations. While previous work reported tracking dramatic, short-term changes in
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hydration [8], the study of fasting volunteers is the first report of microwave hydration

assessment in this population. This provides insight into the challenges of microwave

hydration assessment.

2. A simple empirical method for determining the Tikhonov regularization

parameter. This empirical method combines two previously reported method of de-

termining the regularization parameter the L-curve [84, 43] and empirical adaptive

methods [105]. To the author’s knowledge, this is the first reported application of the

regularization parameter conditions outlined in [111] to MWT.

3. A design of a tomographic system for hydration assessment. The systematic

design used here is widely applicable to tomographic systems. The resulting system

is readily implemented. Similar to previous work [69, 115] a broad array of matching

media provide adequate results. Selecting a matching medium often consists of a trade-

off between measurement loss and model errors which can be used to optimize physical

tomographic systems.

4. Proof of concept for tomographic microwave hydration assessment. This

work demonstrates the ability to track changes in properties related to clinically rele-

vant changes in hydration over time. Utilizing baseline reconstructions as an a priori

estimate to detect changes is proposed instead of incorporating information from ad

hoc [11] methods and other imaging modalities [104]. Initial in silico validation of

bulk property estimation using MWT is potentionally more robust to changes in tissue

composition, such as larger adipose tissue layers, than imaging applications [11].

7.2 Limitations and Future Work

There are a number of limitations in the present work that warrant further investigation.

This future work can be viewed in three parts: in vivo validation, improvements to the MWT
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algorithms, and practical implementation.

First and foremost, the technique should be validated with real measurements. As an

initial step the proposed regularization scheme should be validated using available forearm

data, e.g. [11, 38], to ensure that a reasonable reconstruction is possible. The technique

should then be validated using real measurements of phantom materials with known prop-

erties. While the effect of noise and positioning were examined in silico, the robustness of

the change detection algorithm to the measurement and model errors inherent to real mea-

surements should be verified. Ultimately, the tomographic technique should be verified in

volunteers undergoing changes in hydration. While fasting volunteers provide an excellent

model for the subtle changes in dehydration sedentary healthy adults experience day-to-day,

the initial validation should be explored using more acute changes in hydration such as

exercising athletes.

There are a number of improvements that could potentially increase the sensitivity and

robustness to noise of the technique. First, there are the myriad variations on the DBIM with

standard Tikhonov regularization approach taken here. More advanced regularization such

as using a Laplacian regularization matrix [11] or multiplicative regularization [41] could

help improve the image quality providing more accurate permittivity estimates. Secondly,

alternative formulations such as frequency hopping [125] or CSI [11] could also help image

quality and algorithm convergence. Applying the differential inversion technique [97] could

improve system robustness to systematic measurement errors.

Finally, more consideration of the practical design and target population of THA is

needed. If the target population is athletes, a more convenient implementation that can

compete with simple hydration metrics like weight change and urine concentration should be

considered. In-contact systems are of interest for possible wearable and long-term monitoring

applications of microwave tomography, e.g. [126]. While in-contact tomographic systems

have had little traction for important technical reasons, the low-resolution requirements of

hydration assessment could make it a promising application to explore. If more clinical
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applications such as monitoring changes in hydration in older persons are to be pursued, a

bulkier implementation could be adequate, as it would be important to maintain sensitivity

to ensure clinically relevant dehydration is detected before any health concerns are present.
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Appendix A

Fast Fourier Transform - Conjugate

Gradient Method

The fast Fourier transform conjugate gradient method (FFT-CGM) algorithm for 2D scat-

tering can be found in [73, 78]. The details found therein are clarified here.

The total field can be found from eq. (4.14), repeated here for convenience:

Ei
ij = Eij +

jk2
b

4

Ny∑
m=1

Nx∑
n=1

χnmEnm ·
∫∫
Dnm

H
(2)
0 (kb|rij − r|)dr

For a regular grid, the Green’s function can be written as a function of the difference

between cell locations:

K(rij − rnm) = Kij,nm =
jk2

b

4

∫∫
Dnm

H
(2)
0 (kb|rij − r|)dr (A.1)

The total field equation can be written in terms of a linear operator A:

ei = Ae = eij +
∑
m

∑
n

enmχnmKij,nm (A.2)
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with a Hermitian operator defined as:

AHe = eij + χ∗nm
∑
m

∑
n

enmK
∗
ij,nm (A.3)

Where (·)∗ denotes the complex conjugate.

The Hermitian operator can be verified numerically using the well known identity:

〈Ax,y〉 = 〈x,AHy〉 (A.4)

Where 〈·, ·〉 is the typical inner product for complex vectors.

The summations in eqs. (A.2), (A.3) can be efficiently calculated by replacing them with

convolutions and evaluating using the FFT. Note that if e is an N ×N image the kernel will

be of size N2 × N2. To avoid aliasing in the convolution the image should be zero padded

to at least 2N + 1× 2N + 1 [127].

The conjugate gradient method solution for Ax = b can be found step as:

r0 = Ax0 − y

p0 = −AHr0

tk =

∥∥AHrk
∥∥2

‖Apk‖2

xk+1 = xk + tkpk

rk+1 = rk + tkApk

qk =

∥∥AHrk+1

∥∥2

‖AHrk‖2

pk+1 = −AHrk+1 + qkpk

The initial field values x0 can be set to 0 or the incident field values. rk and pk are

the residuals and step direction at each iteration, respectively. Applying the linear operator
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and its Hermitian is done using the FFT for every step. Once residuals reach a predefined

threshold the iterations are terminated. The technique can be expected to converge in a

finite number of steps. In [78], there is a typographical error in the last step of the CGM

where the rk+1 is dropped for rk. The above CGM algorithm can be found in [128].
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Appendix B

Scattered Field from a Dielectric

Cylinder

Harrington outlines the derivation for the scattered fields from a PEC cylinder due to both

plane waves and line sources in [64]. The extension to a cylinder with arbitrary dielectric

properties due to a plane wave is provided in problem 5-34. Based on this solution and ideas

outlined in the chapter on cylindrical waves, the scattered fields for a line source are derived

here.

Let the background medium have properties εr = εr,b, µr = 1 and wavenumber kb and

the dielectric cylinder properties εr = εr,d, µr = 1 and wavenumber kd.

The incident field is given by eq. (4.6). This represents a cylindrical wave propagating

from the transmitter location. This field can be written in terms of cylindrical waves centered

at the origin as:

Ei =
−ωµ0I

4

∞∑
n=−∞

H(2)
n (kbρtx)Jn(kbρ)ejn(φ−φtx) (B.1)

Where ρ = |r|, φ = ∠r and ρ < ρtx.

The scattered field outside the cylinder is an outward travelling wave so can be written,

within some set of constants determined by the boundary value problem an, as:
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Es =
−ωµ0I

4

∞∑
n=−∞

anH
(2)
n (kbρtx)H

(2)
n (kbρ)ejn(φ−φtx) (B.2)

So the total field outside the cylinder is:

Eext =
−ωµ0I

4

∞∑
n=−∞

H(2)
n (kbρtx)

[
Jn(kbρ) + anH

(2)
n (kbρ)

]
ejn(φ−φtx) (B.3)

In addition to the total field outside the cylinder, the field inside the cylinder can be

found. Using the fact that the fields at the interface and at the center of the cylinder are

finite, the total fields inside the cylinder have the form:

Eint =
−ωµ0I

4

∞∑
n=−∞

bnH
(2)
n (kbρtx)Jn(kdρ)ejn(φ−φtx) (B.4)

The magnetic field (H-field) can be found by applying applying Faraday’s Law [129]:

H = − 1

jωµ0

∇×E = − 1

jωµ0

(
1

ρ

∂Ez
∂φ

âρ −
∂Ez
∂ρ

âφ

)
(B.5)

Eq. (B.5) can be applied to eqs. (B.3) and (B.4) to find the H-field inside and outside of

the cylinder. Only the Hφ component is required to solve the boundary value problem as it

will be tangential to the cylinder boundary.

Hφ,ext = jIkb

∞∑
n=−∞

H(2)
n (kbρtx)[J

′
n(kbρ) + anH

(2)′

n (kbρ)]ejn(φ−φtx) (B.6)

Hφ,int = jIkd

∞∑
n=−∞

bnH
(2)
n (kbρtx)J

′
n(kdρ)ejn(φ−φtx) (B.7)

Where the derivatives are with respect to the argument kρ.

The derivatives can be calculated using the well-known recurrence formula which is de-

fined for any arbitrary Bessel function Bn(x):
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B′n(x) =


Bn−1(x)− n

x
Bn(x), if n 6= 0

−B1(x), if n = 0

(B.8)

Next, the boundary conditions can be applied. First, the tangential component of the

E-field must be continuous across the boundary so setting eqs. (B.3) (B.4) equal at ρ = a

yields:

bn =
1

Jn(kda)

[
Jn(kba) + anH

(2)
n (kba)

]
(B.9)

The tangential component of the H-field must also be continuous across the boundary so

setting eqs. (B.6) (B.7) equal at ρ = a yields:

an = − Jn(kba)

H
(2)
n (kba)

√
εr,d
εr,b
J ′n(kdρ)/Jn(kda)− J ′n(kbρ)/Jn(kba)√

εr,d
εr,b
J ′n(kdρ)/Jn(kda)−H(2)′

n (kbρ)/H
(2)
n (kba)

(B.10)

The solution for scattering from a PEC cylinder can be found by letting εd −→ ∞ in eq.

(B.10) which then reduces to the equation provided in [64].

an = − Jn(kba)

H
(2)
n (kba)

(B.11)

In practice, the summation over Bessel orders must be finite. It is straightforward to run

the summation with various limits to see the marginal impact of increasing the number of

orders. In this work the summation was done from 100 to -100.
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Appendix C

Forearm Image Segmentation

The complete details of the forearm segmentation technique and examples of its application

are provided here.

Consider the permittivity image εr(x, y) the image is sharpened using the kernel:

K =


0 −1 0

−1 5 −1

0 −1 0

 (C.1)

which computes the Laplacian (∇2 · εr(x, y)) and adds it the image. This sharpened

image is then squared to further accentuate the forearm.

The image is then thresholded to produce the segmented image. Pixels above the thresh-

old are set to 1 and pixels below are set to 0. Unless otherwise specified the threshold is

set to the mean of the sharpened image. The edges of the images are set to zero as there

are some artifacts in the raw images that are not thresholded properly. This is valid if the

forearm is in the middle of the reconstructed image which should be the case in simulation

and in practice.
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(a) Relative permittivity. (b) Conductivity.

Figure C.1: Reconstructed Duke forearm model with optimized design and 10% noise.

Figure C.2: Segmented image for Duke forearm in optimized design and 10% noise.

(a) Relative permittivity. (b) Conductivity.

Figure C.3: Reconstructed Duke forearm model with Nrx = 32 and 5% noise.
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Figure C.4: Segmented image for Duke forearm in Nrx = 32 and 5% noise.
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