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Abstract

An antenna can be modeled as a two-port network using S-parameters. However,

having antenna S-parameters are not su�cient for modeling an array of antennas as

that requires mutual coupling. This thesis proposes a network model to represent an

antenna array including mutual coupling. Using the proposed model, an N -element

antenna array can be modeled as a combination of two-port networks to represent

each element and an N -port network to represent mutual coupling. In this thesis, the

operation of the proposed model is explained and the concept of complete antenna

array scattering matrix representation is introduced. Two techniques to calculate mu-

tual coupling S-parameters are presented: primary method using numerical solutions

and general method using general expressions. The proposed model was validated

with reference to the radiation e�ciency and S-parameters between the physically ac-

cessible ports using several arrays: various inter-element lengths, varying the number

of elements and con�gurations, and non-identical array elements.
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Chapter 1

Introduction

1.1 Motivation

Antenna arrays are widely used across many �elds: from radars [1, 2, 3, 4] to mobile

communication systems [5, 6, 7, 8, 9, 10] to radio astronomy [11, 12, 13, 14, 15].

They o�er many advantages over single antennas: high gain, high directivity, and the

capability to steer the beam [16, 17]. However, arrays are more complex and more

di�cult to design due to mutual coupling [18]. Mutual coupling in an array can be

de�ned as the interchange of energy between array elements [16]. Due to mutual

coupling, the intended antenna performance, radiation pattern, beam-width, input

impedance at each array element, gain and directivity are altered [19, 20, 21]. Thus,

it needs to be taken into account in the design of antenna arrays.

A network representation of an antenna array, which includes the physically acces-

sible ports and the ports associated with the free space, is desirable in many situations.

The scattering parameters of such a network represent the complete S-parameters of

an antenna array. Much of the literature has been devoted to modeling antenna

arrays using Z-parameters or S-parameters associated only with the physically acces-

sible ports of the array [16, 17, 22, 23]. According to this conventional approach, an

array element is considered as a single port device: Figure 1.1 presents the ports of

the ith and jth elements of a N -element array.

Mutual coupling between the ith element and the jth element are typically indi-

cated through either Zij or Sij. The S-parameters of an antenna array according to

1



Port N
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Element j

Port i

Element i

Port 1

Element 1

Figure 1.1: Assignment of ports according to the conventional network representation
of an antenna array.
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and can be measured directly using a Vector Network Analyzer (VNA).

This conventional method of modeling an array, lacks information needed to calcu-

late the array radiation e�ciency and to calculate mutual coupling between elements

through the free space.
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The accurate measurement of radiation e�ciency is vital in antenna array design

and its e�ective operation, for example for radio telescopes. If an antenna array

is represented as a network taking mutual coupling into consideration, the radia-

tion e�ciency can be calculated accurately. Furthermore, changes of radiation e�-

ciency with di�erent excitation such as di�erent beam patterns, can be calculated.

Therefore, modeling mutual coupling as a network and the construction of the com-

plete S-parameters of an antenna array are bene�cial for antenna designers as well as

radio-frequency circuit designers. The sensitivity of the radiation e�ciency to mutual

coupling between elements and excitation can be observed through calculations that

use the network S-parameters of the array. Also, once the complete S-matrix (S-

parameter matrix) of the array is known it can be used to model an antenna array in

circuit simulation environments, which is useful for design and optimization of arrays

and associated circuits. For example, matching networks with non-foster or passive

components [24] and feed networks to the array can be optimized in simulators when

the network representation of the array is known. Thus, circuit designers and antenna

designers can use the knowledge of modeling an antenna array as a network to design

systems with better performance.

For the Square Kilometer Array radio telescope, the sensitivity is one of the key

performance parameters, and it is in
uenced by the system noise temperature [25].

For receivers, noise generated from inputs of low noise ampli�ers (LNAs) couple to

other antennas of the array due to mutual coupling. This coupling complicates the

design of LNAs to achieve its minimum noise [26, 27]. Considering future work,

complete S-parameters of the array along with the S-parameters of other components

such as LNAs, transmission lines, and beam-formers can be linked in calculation of the

overall noise �gure of a receiver. Thus, the design of each component and the whole

system can be optimized to obtain the optimum noise temperature performance.
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Current literature supports modeling a single antenna using a two-port network

S-parameters, which is explained in Chapter 2. However, currently there seems to

be no published work available on the network representation of an antenna array,

which include all ports: physically accessible ports and the ports associated with the

free space. Thus, I have developed the research presented in this thesis.

1.2 Thesis Goals

The main goals set to achieve through this thesis are listed as follows:

� Establishment of a methodology to model and calculate mutual cou-

pling between ports, which are associated with the free space of the

array elements.

� Creation of the network representation of an antenna array as a com-

bination of two-port networks for each array element and a multi-port

network for mutual coupling between all elements.

� Derivation of the complete S-parameters of antenna array, which rep-

resent the relationship of signal 
ow between all the ports of an array.

� Calculation of the radiation e�ciency of an antenna array using the

obtained network representation.

� Validation of the proposed antenna array S-parameter model using sim-

ulations and measurements.

1.3 Thesis Outline

This thesis is structured in the following manner:
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� Chapter 2 explores the literature related to modeling of a single antenna

using a two-port network.

� Chapter 3 presents the proposed technique to model mutual coupling in

an antenna array as well as the network representation. Two methods

to calculate the S-parameters of the network, which represent mutual

coupling are presented.

� Chapter 4 presents the proposed complete scattering matrix of an an-

tenna array, which provides the signal 
ow relationships between all

the ports. Furthermore, calculation of the radiation e�ciency using

the S-parameters from the proposed scattering matrix is discussed.

� Chapter 5 veri�es the proposed technique to model antenna arrays using

simulated and measured results of various con�gurations of antenna

arrays.

� Chapter 6 provides conclusions and suggestions for future work.

1.4 Thesis Contributions

This thesis presents a novel model to represent mutual coupling between antenna array

elements using S-parameters. Mutual coupling between array elements was success-

fully modeled using multi-port network S-parameters. Subsequently, two methods

were developed to calculate the multi-port network S-parameters, which represent

mutual coupling.

The signal 
ow graph representation of an antenna array using S-parameters of

each element and the S-parameters of mutual coupling between elements was estab-

lished. Using the above representation the relationship of signal 
ow between each

port of the array was made. Consequently, antenna array S-parameters were derived.
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The methodology to calculate the radiation e�ciency of the antenna array was also

presented in this thesis. The proposed model was validated using simulations and

measurements.

Thesis goals were successfully achieved, and the thesis was able to contribute to

�ll a major research gap in the �eld of antenna array network representation. The

author has also contributed to two other publications:

� The concept of modeling mutual coupling between elements using S-

parameters and the array radiation e�ciency calculation was presented

at the IEEE International Symposium of Antennas and Propagation

& USNC/URSI National Radio Science Meeting held in San Deigo,

CA, USA during 9th � 14th July 2017 [28]. The concept was validated

through simulation and measured results using the simplest form of

an array: two elements antenna array. This conference article is co-

authored by S. De Silva, L. Belostotski, and M. Okoniewski.

� The concept of modeling several non-identical antennas in a system

using S-parameters and calculation of the radiation e�ciency of an in-

dividual antenna in a system of multiple non-identical antennas were

presented in [29]. This conference article is co-authored by S. De Silva,

L. Belostotski, and M. Okoniewski and was presented at the XXXIInd

URSI General Assembly and Scienti�c Symposium which was held dur-

ing 19th � 26th August 2017 at Montreal, Canada.
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Chapter 2

Modeling an Antenna using a Two-Port Network

Modeling of an antenna using electrical parameters, such as S-parameters is vital

to model an antenna array, which consists of several antennas. Consequently, this

chapter discusses the concept of a two-port network representation of a single antenna

and techniques to calculate the S-parameters of such antenna, which radiates into the

free space.

2.1 Two-Port Network Representation of an Antenna

Figure 2.1 presents a simple antenna using two ports. Port 1 is the connecting end

of the cable to the antenna, which is the only physically accessible port, and port 2

is associated with the free space.

Port 1

Port 2

Figure 2.1: Single antenna represented with two-ports.

An antenna can be represented using a lumped model of its dissipative loss re-
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sistance (Rl), reactance (Xa), and radiation resistance (Rr) according to Thevenin’s

equivalent [16]. The two-port network representation of an antenna can be explained

using an RLC circuit model, which is presented in Figure 2.2. The generator at port 1

corresponds to the antenna in transmit mode and the generator at port 2 corresponds

to the antenna in receiving mode.

It should be noted that this model is valid only for a given set of Rl , Xa, and Rr.

Thus, in order to acquire S-parameters for a wide range of frequency points, Rl, Xa,

and Rr values must be calculated accordingly for each frequency point.

jX a Rl

RrZ0

Port 1 Port 2

Figure 2.2: Two-port network representation of an antenna using lumped elements.

Considering the two-port network, port 1 is the connecting end of the cable to

the antenna, which is also the only physically accessible input port to the antenna.

Impedance of port 1 is denoted with Z0, which is the characteristic impedance of

the connecting cable. Port 2 is the radiation resistance of the antenna, where its

impedance is denoted with Rr.

S-parameters of a two-port network is presented as
0

BB@
S11 S12

S21 S22

1

CCA : (2.1)

Considering an antenna modeled as a two-port network, S11 is the input re
ection at

the connecting end of the cable to the antenna in transmit mode. S21 is the power
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transfer from the connecting end of the cable to the radiation resistance in transmit

mode.

When the antenna is in receiving mode, S12 denotes the power transfer through

the antenna from the radiation resistance to the connecting end of the cable. S22

denotes the back re
ection occurring when the power is delivered from the radiation

resistance in receiving mode.

Due to reciprocity [17],

S21 = S12: (2.2)

This relationship was used throughout this thesis.

The power delivered to the radiation resistance of an antenna represents the power

delivered to the free space [24]. In other words, for an antenna, the free space rep-

resents a matched termination [30]. Thus, radiation resistance (Rr) can be replaced

with a lossless transformer to the impedance of the free space (Zfs) [24]. Figure

2.3 presents Thevenin’s equivalent of the antenna with its radiation resistance trans-

formed to impedance of the free space. The turns ratio of the lossless transformer

is,

N =

s
Rr

Zfs
(2.3)

according to [24].

Even though the two-port representation of an antenna was discussed using an

RLC circuit model in this chapter, it can be discussed using other equivalent models

as well. The region marked by the dotted line in Figure 2.3 can be substituted with

the two-port network for a more generalized representation.

Figure 2.4 presents the signal 
ow graph and the schematic diagram of an antenna,

modeled as a two-port network, which provides a generalized representation of an

antenna. The property of reciprocity according to (2.2) was used to simplify the
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jX a Rl

Z fsZ0

N    : 1

Port 1 Port 2

Figure 2.3: Two-port network representation of an antenna with the free space
impedance at port 2.

calculation. Since free space represents a matched termination, there would not be

any re
ections occurring (�l = 0) [30]. It should also be noted that port 1 and port

2 have di�erent impedances.

S11 S21

S21 S22
Z fs

Z0
�+l=0

a1

b1

b2

a2

S21

S21

S11 S22

(a) Signal 
ow graph

S11 S21

S21 S22
Z fs

Z0
�+l=0

a1

b1

b2

a2

S21

S21

S11 S22

(b) Schematic diagram

Figure 2.4: The signal 
ow graph and the schematic diagram of an antenna, modeled
as a two-port network.

2.1.1 Notation of Two-Port Antenna S-Parameters in an Antenna Array

An antenna array consists of several antenna elements. In order to avoid confusion,

S-parameters of a two-port network, which represents the ith antenna element (Si),
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is denoted as:
0

BB@
Si;11 Si;12

Si;21 Si;22

1

CCA : (2.4)

The signal 
ow graph and the schematic diagram of the ith element of an antenna

array, which consist of N elements, is presented in Figure 2.5. The property of reci-

procity according to (2.2) is displayed on the �gure as well. These schematic diagram

S�L,11�� S�L,21��

S�L,21�� S�L,22
Z fs

Z0
�+l=0

a� L

b� L

bN+i

aN+i

S�L,21

S�L,21

S�L,11 S�L,22

(a) Signal 
ow graph of ith element

S�L,11��S�L,21��

S�L,21��S�L,22
Z fs

Z0
�+l=0

a1

b1

bn+i

an+i

S�L,21

S�L,21

S�L,11 S�L,22

(b) Schematic diagram of ith element

Figure 2.5: The signal 
ow graph and the schematic diagram of the ith element of an
antenna array.

blocks and the signal 
ow graphs are used throughout this thesis to represent antenna

elements in an array con�guration. Representation of mutual coupling between an-

tenna elements is discussed in Chapter 3.

2.2 Calculation of Two-Port S-Parameters of an Antenna

Improved Wheeler Cap (IWC) method by Johnston et al. is one of the early con-

tributions to model an antenna as a two-port network [30]. The IWC method was

developed with the objective to accurately measure the radiation e�ciency of an

electrically small antenna. The IWC method can successfully calculate S11 and S21

but cannot calculate S22 of an Antenna Under Test (AUT). However, the Spher-

ical Wheeler Cap (SWC) method presented by Thal can successfully calculate all
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S-parameters of an electrically small antenna, which radiates spherical waves [31].

Both the IWC method and the SWC method use Wheeler caps and are developed

based on the concepts presented by Wheeler in [32].

Aberle presented a novel method to calculate the S-parameters of an AUT without

using Wheeler caps. However, in order to use Aberle’s method, the radiation e�ciency

of the AUT must be determined beforehand [24].

2.2.1 Wheeler Cap Method

Wheeler cap method can be used to measure the radiation e�ciency of an electrically

small antenna. An electrically small antenna is considered to be an antenna where

its maximum dimension is less than the radianlength [32, 33, 34]. Radianlength is

the radius of the radiansphere, which is

Radianlength =
�
2�

(2.5)

according to [32, 33, 35]. The radiansphere is a transitional boundary between the

near �eld and the far �eld of an electrically small antenna [32]. Considering the

radiansphere, the near �eld is inside and the beginning of the far �eld is outside of

the radiansphere [32, 35]. Placing a radiation shield (perfect conducting spherical

shell) in the radiansphere of an AUT, prevents radiation with minimal disturbance

to the near �eld [32]. The metal enclosure used as a radiation shield is known as a

Wheeler cap.

The Wheeler cap method calculates the radiation e�ciency by determining the

Rr and Rl of an AUT. Assuming an RLC circuit model of the AUT at the resonant

frequency, the radiation e�ciency (�) is calculated as [30]

� =
Rr

Rr +Rl
: (2.6)

Measurements of re
ection coe�cients of the AUT, in free space (�fs) and under a
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Wheeler cap (�wc) are

�fs =
ZL;fs � Z0

ZL;fs + Z0
; (2.7)

�wc =
ZL;wc � Z0

ZL;wc + Z0
; (2.8)

where ZL;fs and ZL;wc are the input impedances of the antenna, when the antenna is

immersed in the free space and is under a Wheelr cap, respectively.

According to the Wheeler cap method

<fZL;fsg = Rr +Rl (2.9)

and

<fZL;wcg = Rl (2.10)

as radiation resistance is short circuited. Thus, radiation e�ciency of the AUT can

be calculated using (2.6). This method yields accurate results for an AUT at its

resonance frequency as presented in comparison to radiometric method, and directiv-

ity/gain method [36].

2.2.2 Improved Wheeler Cap Method

The re
ection-e�ciency measurement theory presented by Johnston et al. in [30] is

known as the IWC method. IWC method avoids the requirement of the AUT being

at resonance in order to measure the radiation e�ciency, which is a major limitation

in the Wheeler cap method. In practice, the resonant frequency of the AUT does not

always occur at the test frequency [37]. Thus, the antenna reactance must be taken

into account.

The IWC method is able to calculate S21 of an electrically small antenna using

the measurements of S11 immersed in the free space and under several di�erently
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sized Wheeler caps. According to [30], the re
ection coe�cients of an AUT under

di�erently sized Wheeler caps form a circle on a Smith chart. Determination of �S;min

and �S;max using a Smith chart is presented in Figure 2.6.

�¾S,max

S11,fs
�¾S,min

Figure 2.6: Determination of �S;min and �S;max using the Smith chart.

This dotted circle in Figure 2.6 demonstrates the phase variation of the re
ection

coe�cient under di�erently sized Wheeler caps (S11;wc). Once the circle is plotted,

the re
ection coe�cient of the AUT in the free space (S11;fs) is also plotted on the

Smith chart. Subsequently, S21 is calculated according to [30]:

jS21j2 =
2

(�S;max)�1 + (�S;min)�1 (2.11)

where

�S;max = max fjS11;wc � S11;fsjg ; (2.12)

�S;min = min fjS11;wc � S11;fsjg : (2.13)

Values for �S;max and �S;min are calculated using Smith chart, which contains the

circular plot of S11;wc and the S11;fs data point.
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The two-port network representation of an antenna is presented in Figure 2.4.

According to [38], the e�ciency of a two-port device can be expressed as

� =
jb2j2 � ja2j2

ja1j2 � jb1j2
(2.14)

=
jS21j2

�
1� j�lj2

�

j1� S22�lj2 � j(S12S21 � S11S22) �l + S11j2
: (2.15)

As discussed earlier, �l = 0 and S12 = S21 for an antenna. Therefore, the radiation

e�ciency of an antenna represented as a two-port device can be calculated using

� =
jS21j2

1� jS11j2
: (2.16)

The IWC method on electrically small antennas have produced accurate radiation

e�ciency measurements [30, 39, 40]. The applicability of the IWC method to calcu-

late the radiation e�ciency of electrically large antennas was examined in [41, 42].

Wheeler caps larger than the radiansphere have to be used with electrically large an-

tennas. Thus, multi-mode resonances occur inside the cavity. The use of overmoded

cavities to measure the radiation e�ciency using numerical methods and circle �tting

algorithms to reduce errors introduced due to cavity multimoding are presented in

[41, 42, 43]. However, Johnston states that IWC method generates useful but less

accurate measurements for large antennas compared to small antennas [42]. IWC

method was also used to study the thermal noise generated in a Vivaldi antenna in

[44].

2.2.3 Spherical Wheeler Cap Method

Figure 2.7 presents the signal 
ow graph of an antenna under a Wheeler cap. The

re
ection due to the Wheeler cap is denoted with 
. According to the signal 
ow

graph, input re
ection coe�cient is

b1

a1
= � = S11 +


S2
12

(1� 
S22)
: (2.17)
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��

a1

b1

b2

a2

S21

S21

S11 S22

Figure 2.7: The signal 
ow graph of an antenna under a Wheeler cap.

Assuming the cap is lossless


 = 1 � ej (2.18)

where  is the re
ection phase. Thus, (2.17) reduces to

� = S11 +
S2

12

(e�j � S22)
: (2.19)

Rearranging (2.19) gives

S2
12 + S22(�� S11) = e�j (�� S11): (2.20)

Two di�erently sized spherical Wheeler caps produce di�erent re
ection phases. Input

re
ection coe�cient and the re
ection phase at the 1st Wheeler cap are �1 and  1

respectively. Simultaneously, �2 and  2 denote the input re
ection coe�cient and

the re
ection phase at the 2nd Wheeler cap. Subsequently, (2.20) for cap 1 and cap 2

becomes

S2
12 + S22(�1 � S11) = e�j 1(�1 � S11); (2.21a)

S2
12 + S22(�2 � S11) = e�j 2(�2 � S11): (2.21b)

Using (2.21a) and (2.21b), S22 can be calculated as

S22 =
�
e�j 1 (�1 � S11)� e�j 2 (�2 � S11)

�
=(�1 � �2) (2.22)
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and S12 can be calculated as

S2
12 = (�1 � S11)(e�j 1 � S22) (2.23a)

= (�2 � S11)(e�j 2 � S22): (2.23b)

The calculation of antenna S22 and S12 using (2.22) and (2.23) requires the measure-

ment of re
ection phases under both Wheeler caps. These values can be calculated

using a circuit model for spherical Wheeler caps presented by Thal in [31]. The

impedance of outward-traveling omni-directional spherical waves presented in [45, 46]

and the propagation of the spherical wave between two surfaces presented in [47] were

used in construction of the circuit model.

The re
ection phase can be calculated using

 =

8
>>><

>>>:

� � 2
�
k(b� a) + tan�1

�
1

(kb)

��
TE1m

� � 2
�
k(b� a) + tan�1

�
kb

(kb)2 � 1

��
TM1m

(2.24)

where

a = Radius of smallest sphere, which completely encloses the antenna structure;

b = Radius of the spherical Wheeler cap;

k = 2�=�:

Sizing the two caps to yield minimum and maximum de-tuning result in higher-

accuracy e�ciency measurements. Thus, in order to yield the minimum and maximum

de-tuning of the antenna

TE1m :
�
k(b� a) + tan�1

�
1
kb

�
+ tan�1(ka)

�
�
�
4

= n�; (2.25)

TM1m :
�
k(b� a) + tan�1

�
kb

(kb)2 � 1

�
+ tan�1(ka)�

�
2

�
�
�
4

= n� (2.26)

according to [31, 48, 49], where n 2 N. Two solutions for spherical Wheeler cap

sizes (b) produced from (2.25) present the two cap sizes, which yield the maximum
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de-tuning and minimum de-tuning for TE1m waves. Similarly, (2.26) present the

solutions for TM1m waves.

Thal’s SWC method was used in [48, 49] to calculate the S-parameters, radiation

e�ciency and noise parameters of an antenna, and has produced accurate results.

2.2.4 Aberle’s Method

The input impedance of an antenna, when immersed in the free space (ZL;fs), can be

calculated using (2.7) and expressed as:

ZL;fs = Za + |Xa: (2.27)

According to Aberle in [24]:

Rr = �Za (2.28)

and

Rl = (1� �)Za: (2.29)

Using the calculated Rr, Rl, and Xa an antenna can be modeled as presented in

Figure 2.3. The turns ratio for radiation resistance to impedance of the free space

can be calculated using (2.3). Thus, the two-port S-parameters can be calculated.

Note that the radiation e�ciency of the AUT should be known in order to use

Aberle’s method to calculate the two-port S-parameters of an antenna. The radiation

e�ciency of an AUT can be found using several methods: using the data-sheet of the

AUT, using the IWC method, using an anechoic chamber, using simulation results,

or any another feasible method.

2.2.5 Summary of Techniques to Calculate S-Parameters of an AUT

Three methods to calculate two-port S-parameters of a single antenna were identi�ed

from literature. They are listed as follows:
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� if the radiation e�ciency of an antenna is known or readily available,

the method presented by Aberle in [24] can be used.

� if the radiation e�ciency of an electrically small antenna is unknown,

the radiation e�ciency can be calculated using the IWC method pre-

sented by Johnston et al. in [30]. Subsequently, the two-port S-

parameters can be determined by the method presented by Aberle in

[24].

� if the radiation e�ciency of an electrically small antenna is unknown

and the antenna radiates spherical waves, two-port S-parameters can

be determined by SWC method presented by Thal in [31].
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Chapter 3

Proposed Technique to Model Mutual Coupling in

an Antenna Array

This thesis proposes to model an antenna array as a combination of two-port net-

works and a multi-port network; two-port networks, which represent array elements

are linked through the multi-port network, which represents mutual coupling. Tech-

niques to represent an antenna array element as Si were discussed in Chapter 2. The

proposed technique to represent mutual coupling as a multi-port network and the ap-

proach to use the modeled multi-port network to link the two-port networks, which

represent antenna elements are discussed in this chapter. Furthermore, two meth-

ods were introduced to calculate the S-parameters of the multi-port network, which

represent mutual coupling (SMu): primary method (SPri
Mu) and general method (SGen

Mu ).

3.1 Representation of Mutual Coupling as a Multi-Port Device

The number of ports of the multi-port network, which represent mutual coupling

equals to the number of antenna elements of the array. Thus, mutual coupling of an

antenna array with N elements is represented with an N -port network. Figure 3.1

presents the schematic diagram of the N -element antenna array, where its signal 
ow

graph is presented in Figure 3.2. Considering the ith element of the antenna array,

the transmitting wave to the free space is associated with node bN+i and the incident

wave from the free space is associated with node aN+i. In order to represent mutual

coupling, the signal 
ow from node bN+i is fed to node a2N+i and the signal 
ow from

node b2N+i is fed to node aN+i.
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Figure 3.1: Schematic diagram of an N -element antenna array.
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Figure 3.2: Signal 
ow graph of an N -element antenna array.
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3.2 Primary Method of Calculation of Multi-Port Network S-Parameters

of Mutual Coupling

In order to determine the mutual coupling between the antenna array elements, SMu

has to be calculated. However, mutual coupling, which occurs through the free space

cannot be measured directly as the ports of the modeled muti-port network cannot

be physically accessible by a VNA (Vector Network Analyzer).

With reference to the signal 
ow graph of anN -element antenna array as presented

in Figure 3.2, port 1 to port N are the only physically accessible ports for a VNA.

Thus, considering those ports of the antenna array, S-parameter measurements using

a VNA can be expressed [50] as

SVNA;ii =
bi
ai

����
ax=0 for x6=i

(3.1)

and

SVNA;ij =
bi
aj

����
ax=0 for x 6=j

; (3.2)

where x; i; j 2 Z and 1 � x; i; j � N .

There exists N2 (less due to reciprocity) of S-parameter measurements that can

be derived according to (3.1) and (3.2) using a VNA. In order to obtain expressions

using (3.1) and (3.2), b1;:::;N have to be determined. These values are determined by

solving the signal 
ow graph in terms of the calculated Si and incident power waves

at excitation (a1;:::;N). After obtaining the expressions using (3.1) and (3.2), these

expressions were solved using numerical methods to obtain SMu. This method of

calculating the SMu is referred as the primary method (SPri
Mu). It is further elaborated

using an example of an antenna array with two elements.
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3.2.1 Calculation of SPri
Mu for Two-Element Antenna Array

Elements of the antenna array are represented with two-port networks. Mutual cou-

pling is also represented with a two-port network since the antenna array contains

two elements. The proposed schematic diagram of the two-element antenna array is

presented in Figure 3.3 and its signal 
ow graph is presented in Figure 3.4.

Two - Port
Network

Two - Port
Network

Two - Port
Network

Antenna 1 Antenna 2Mutual
Coupling

Zfs Zfs

Figure 3.3: Schematic diagram of a two-element antenna array.
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1

1
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Coupling

Antenna 1 Antenna 2

Figure 3.4: Signal 
ow graph of a two-element antenna array.
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S-parameters of the signal 
ow diagram presented in Figure 3.4 are expressed as

b1 = S1;11a1 + S1;21a3; (3.3a)

b2 = S2;21a4 + S2;11a2; (3.3b)

b3 = S1;22a3 + S1;21a1; (3.3c)

b4 = S2;22a4 + S2;21a2; (3.3d)

b5 = SMu;11a5 + SMu;12a6; (3.3e)

b6 = SMu;21a5 + SMu;22a6: (3.3f)

The expressions in (3.3) can be represented in matrix form;
0

BBBBBBBBBBBBBBBBBB@

b1

b2

b3

b4

b5

b6

1

CCCCCCCCCCCCCCCCCCA

=

0

BBBBBBBBBBBBBBBBBB@

S1;11 0 S1;21 0 0 0

0 S2;11 0 S2;21 0 0

S1;21 0 S1;22 0 0 0

0 S2;21 0 S2;22 0 0

0 0 0 0 SMu;11 SMu;12

0 0 0 0 SMu;21 SMu;22

1

CCCCCCCCCCCCCCCCCCA

0

BBBBBBBBBBBBBBBBBB@

a1

a2

a3

a4

a5

a6

1

CCCCCCCCCCCCCCCCCCA

: (3.4)

Considering the nodes of the signal 
ow graph, incident power waves are expressed

as

a3 = b5; (3.5a)

a4 = b6; (3.5b)

a5 = b3; (3.5c)

a6 = b4: (3.5d)
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Substituting (3.5) expressions into (3.4) generates
0

BBBBBBBBBBBBBBBBBB@

b1

b2

b3

b4

b5

b6

1

CCCCCCCCCCCCCCCCCCA

=

0

BBBBBBBBBBBBBBBBBB@

S1;11 0 S1;21 0 0 0

0 S2;11 0 S2;21 0 0

S1;21 0 S1;22 0 0 0

0 S2;21 0 S2;22 0 0

0 0 0 0 SMu;11 SMu;12

0 0 0 0 SMu;21 SMu;22

1

CCCCCCCCCCCCCCCCCCA

0

BBBBBBBBBBBBBBBBBB@

a1

a2

b5

b6

b3

b4

1

CCCCCCCCCCCCCCCCCCA

: (3.6)

Expressions for b1;:::;6 are derived by solving (3.6). Subsequently, expressions for

all the measurements using the VNA are derived by substituting ax = 0 as per the

de�nition of (3.1) and (3.2). In this thesis, ’solve’ function in Matlab was used to

perform this computation [51].

For a two-element antenna array, there exists 22 combinations of the VNA mea-

surements. Thus, non-linear functions for the VNA measurements of the two-element

antenna array are derived as

SVNA;11 =
b1

a1

����
a2=0

(3.7a)

= �

2

64
(1� S1;22SMu;11 � S2;22SMu;22)S1;11 + S2

1;21SMu;11

+
�
S1;11S1;22S2;22 � S2

1;21S2;22
�

(SMu;11SMu;22 � SMu;12SMu;21)

3

75

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22 (SMu;12SMu;21 � SMu;11SMu;22)� 1
;

SVNA;21 =
b2

a1

����
a2=0

(3.7b)

= �
(S1;21S2;21SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22 (SMu;12SMu;21 � SMu;11SMu;22)� 1
;
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SVNA;12 =
b1

a2

����
a1=0

(3.7c)

= �
(S2;21S1;21SMu;12)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22 (SMu;12SMu;21 � SMu;11SMu;22)� 1
;

SVNA;22 =
b2

a2

����
a1=0

(3.7d)

= �

2

64
(1� S2;22SMu;22 � S1;22SMu;11)S2;11 + S2

2;21SMu;22

+
�
S2;11S2;22S1;22 � S2

2;21S1;22
�

(SMu;22SMu;11 � SMu;21SMu;12)

3

75

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22 (SMu;12SMu;21 � SMu;11SMu;22)� 1
:

The only unknowns in these non-linear functions are SMu. Consequently, nu-

merical values for S-parameters of the two-port networks, which represent antenna

elements and the VNA measurements, are substituted and solved for SMu;11, SMu;22,

SMu;12 and SMu;21 using numerical methods. This was performed in Matlab using

the function ‘fsolve’[52]. This method can be applied to antenna arrays with any

number of elements to determine SMu.

Due to the reciprocity of mutual impedances,

SVNA;ij = SVNA;ji (3.8)

as highlighted in [16, 17, 53] for mediums that are linear, passive, and isotropic. It

was observed that SMu;21 = SMu;12 according to (3.7b) equals (3.7c) since SVNA;21 =

SVNA;12, due to reciprocity. Similarly, this relationship can be proved for larger arrays

as well. Hence, this relationship can be expressed as

SMu;ij = SMu;ji: (3.9)

Using the relationship of reciprocity presented in (3.8), the number of VNA measure-

ments required for the calculation reduces from N2 to

No. of VNA Measurements = N +
N(N � 1)

2
: (3.10)
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3.3 General Method to Determine Multi-Port Network S-Parameters

of Mutual Coupling

The SMu are calculated in Section 3.2. The derivation of expressions for measurements

and numerical methods are used in the process. However, this section presents an

alternative method to calculating the SMu by simplifying the signal 
ow graph using

an approximation. Note that the accuracy is somewhat compromised, but the results

are close enough for quick calculations for application where high accuracy is not

essential. Chapter 5 presents the measured results using both methods, which provide

an indication of the level of accuracy.

To simplify the signal 
ow graph and the calculations, measured values from (3.1)

and (3.2) are approximated by following expressions

SVNA;ii � Cii =
bi
ai

����
ax=0; Sx;22�0 for x 6=i

(3.11)

and

SVNA;ij � Cij =
bi
aj

����
ax=0; Sy;22�0 for x 6=j & y 6=i;j

; (3.12)

where x; y; i; j 2 Z and 1 � x; y; i; j � N . In (3.11), it was assumed that the

energy re-scattered from antennas other than the ith antenna are approximately zero.

Similarly, considering (3.12), it was assumed that the re-scattered energy from the

antennas other than the ith antenna and the jth antenna was approximately zero. This

is to avoid signal 
ow paths created due to multiple re-scattering from other antennas,

which are very low in strength. Thus, the approximation does not signi�cantly impact

the numerical solution but signi�cantly reduces the complexity of the signal 
ow graph

used to obtain general expressions.
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3.3.1 Calculation of SGen
Mu for Two-Element Antenna Array

The signal 
ow graph of a two-element antenna array is presented in Figure 3.4.

Expressions for all the measurements using the VNA are derived by solving (3.6)

after substituting ax = 0 as per the de�nition of (3.11) and (3.12). These sets of

linear equations are solved using the function ‘solve’ in Matlab [51].

Thus, linear expressions representing the VNA measurements of the two-element

antenna array are obtained as

C11 = �
SMu;11S1;21

2 + S1;11 � S1;11S1;22SMu;11

S1;22SMu;11 � 1
; (3.13a)

C21 = �
S1;21S2;21SMu;21

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22 (SMu;21SMu;12 � SMu;11SMu;22)� 1
;

(3.13b)

C22 = �
SMu;22S2;21

2 + S2;11 � S2;11S2;22SMu;22

S2;22SMu;22 � 1
; (3.13c)

C12 = �
S1;21S2;21SMu;12

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22 (SMu;21SMu;12 � SMu;11SMu;22)� 1
:

(3.13d)

According to (3.8), the above equations are reduced to

C11 = �
SMu;11S1;21

2 + S1;11 � S1;11S1;22SMu;11

S1;22SMu;11 � 1
; (3.14a)

C21 = �
S1;21S2;21SMu;21

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

; (3.14b)

C22 = �
SMu;22S2;21

2 + S2;11 � S2;11S2;22SMu;22

S2;22SMu;22 � 1
: (3.14c)

In this thesis, ‘solve’ function in Matlab is used to solve the above equations [51].

SGen
Mu are determined as

SMu;11 =
S1;11 � C11

S1;22 (S1;11 � C11)� S2
1;21

; (3.15)
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SMu;22 =
S2;11 � C22

S2;22 (S2;11 � C22)� S2
2;21

; (3.16)

and

SMu;12 = S1;21S2;21

2S1;22S2;22C12

vuuuuuuut

S2
2;21
�
S2

1;21 � S1;11S1;22
�

+ S1;22
�
4S2;22C2

12 + S2
2;21C11

�

+S2;22 (C22 � S2;11)
�
S2

1;21 + S1;22C11 � S1;11S1;22
�

�
S2

1;21 + S1;22C11 � S1;11S1;22
� �
S2

2;21 + S2;22C22 � S2;11S2;22
�

�
S1;21S2;21

2S1;22S2;22C12
:

(3.17)

3.3.2 Calculation of SGen
Mu for Three-Element Antenna Array

The elements of the antenna array are represented with two-port networks. Mutual

coupling is represented with a three-port network since the antenna array contains

three elements. The proposed schematic diagram of the three-element antenna array

is presented in Figure 3.5 and its signal 
ow graph is presented in Figure 3.6.

Two - Port
Network

Two - Port
Network

Three - Port
Network

Antenna 1 Antenna 2Mutual
Coupling

Zfs Zfs

Two - Port
Network

Antenna 3

Zfs

Figure 3.5: Schematic diagram of a three-element antenna array.
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Figure 3.6: Signal 
ow graph of a three-element antenna array.
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Similar to the case of two-element antennas, the signal 
ow graph presented in

Figure 3.6 is solved. Afterwards, expressions are obtained for all combinations of

(3.11) and (3.12); furthermore they are simpli�ed according to (3.9) to give

C11 = �
SMu;11S1;21

2 + S1;11 � S1;11S1;22SMu;11

S1;22SMu;11 � 1
; (3.18a)

C21 = �
S1;21S2;21SMu;12

S1;22S2;22SMu;12
2 + S1;22SMu;11 + S2;22SMu;22 � S1;22S2;22SMu;11SMu;22 � 1

;

(3.18b)

C31 = �
S1;21S3;21SMu;13

S1;22S3;22SMu;13
2 + S1;22SMu;11 + S3;22SMu;33 � S1;22S3;22SMu;11SMu;33 � 1

;

(3.18c)

C22 = �
SMu;22S2;21

2 + S2;11 � S2;11S2;22SMu;22

S2;22SMu;22 � 1
; (3.18d)

C32 = �
S2;21S3;21SMu;23

S2;22S3;22SMu;23
2 + S2;22SMu;22 + S3;22SMu;33 � S2;22S3;22SMu;22SMu;33 � 1

;

(3.18e)

C33 = �
SMu;33S3;21

2 + S3;11 � S3;11S3;22SMu;33

S3;22SMu;33 � 1
: (3.18f)

By solving the above equations, SGen
Mu of the three-element antenna array were deter-

mined:

SMu;11 =
S1;11 � C11

S1;22 (S1;11 � C11)� S2
1;21

; (3.19)

SMu;22 =
S2;11 � C22

S2;22 (S2;11 � C22)� S2
2;21

; (3.20)

SMu;33 =
S3;11 � C33

S3;22 (S3;11 � C33)� S2
3;21

; (3.21)
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SMu;12 = S1;21S2;21

2S1;22S2;22C12

vuuuuuuut

S2
2;21
�
S2

1;21 � S1;11S1;22
�

+ S1;22
�
4S2;22C2

12 + S2
2;21C11

�

+S2;22 (C22 � S2;11)
�
S2

1;21 + S1;22C11 � S1;11S1;22
�

�
S2

1;21 + S1;22C11 � S1;11S1;22
� �
S2

2;21 + S2;22C22 � S2;11S2;22
�

�
S1;21S2;21

2S1;22S2;22C12
;

(3.22)

SMu;13 = S1;21S3;21

2S1;22S3;22C13

vuuuuuuut

S2
3;21
�
S2

1;21 � S1;11S1;22
�

+ S1;22
�
4S3;22C2

13 + S2
3;21C11

�

+S3;22 (C33 � S3;11)
�
S2

1;21 + S1;22C11 � S1;11S1;22
�

�
S2

1;21 + S1;22C11 � S1;11S1;22
� �
S2

3;21 + S3;22C33 � S3;11S3;22
�

�
S1;21S3;21

2S1;22S3;22C13
;

(3.23)

SMu;23 = S2;21S3;21

2S2;22S3;22C23

vuuuuuuut

S2
3;21
�
S2

2;21 � S2;11S2;22
�

+ S2;22
�
4S3;22C2

23 + S2
3;21C22

�

+S3;22 (C33 � S3;11)
�
S2

2;21 + S2;22C22 � S2;11S2;22
�

�
S2

2;21 + S2;22C22 � S2;11S2;22
� �
S2

3;21 + S3;22C33 � S3;11S3;22
�

�
S2;21S3;21

2S2;22S3;22C23
:

(3.24)

3.3.3 Calculation of SGen
Mu for N -Element Antenna Array

By inspection of the expressions obtained for the SGen
Mu in a two-element antenna array

and in a three-element antenna array, the general expressions for S-parameters of an

N -element antenna array are inferred as

SGen
Mu;ii =

Si;11 � Cii
Si;22 (Si;11 � Cii)� S2

i;21
(3.25)
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and

SGen
Mu;ij = Si;21Sj;21

2Si;22Sj;22Cij

vuuuuuuut

S2
j;21
�
S2
i;21 � Si;11Si;22

�
+ Si;22

�
4Sj;22C2

ij + S2
j;21Cii

�

+Sj;22 (Cjj � Sj;11)
�
S2
i;21 + Si;22Cii � Si;11Si;22

�

�
S2
i;21 + Si;22Cii � Si;11Si;22

� �
S2
j;21 + Sj;22Cjj � Sj;11Sj;22

�

�
Si;21Sj;21

2Si;22Sj;22Cij
:

(3.26)

If all the antenna elements in the array are equivalent, it can be considered that

S-parameters of each antenna element are equal to the 1st element of the array. Then,

(3.25) and (3.26) simplify to

SGen
Mu;ii =

S1;11 � Cii
S1;22 (S1;11 � Cii)� S2

1;21
; (3.27)

and

SGen
Mu;ij = S2

1;21

2S2
1;22Cij

vuuuuuuut

S2
1;21
�
S2

1;21 � S1;11S1;22
�

+ S1;22
�
4S1;22C2

ij + S2
1;21Cii

�

+S1;22 (Cjj � S1;11)
�
S2

1;21 + S1;22Cii � S1;11S1;22
�

�
S2

1;21 + S1;22Cii � S1;11S1;22
� �
S2

1;21 + S1;22Cjj � S1;11S1;22
�

�
S2

1;21

2S2
1;22Cij

:

(3.28)

3.3.4 Validation of the General Method using the Calculation of SGen
Mu for Four-

Element Array

The elements of the antenna array are represented with two-port networks. Mutual

coupling is represented with a four-port network since the antenna array contains

four elements. The proposed schematic diagram of the four-element antenna array is

presented in Figure 3.7, and its signal 
ow graph is presented in Figure 3.8.

Using the �rst principles similar to the two-element antenna case and the three-
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Figure 3.7: Schematic diagram of a four-element antenna array.
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Figure 3.8: Signal 
ow graph of a four-element antenna array.
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element antenna case, SGen
Mu are determined as

SMu;11 =
S1;11 � C11

S1;22 (S1;11 � C11)� S1;21
2 ; (3.29)

SMu;22 =
S2;11 � C22

S2;22 (S2;11 � C22)� S2;21
2 ; (3.30)

SMu;33 =
S3;11 � C33

S3;22 (S3;11 � C33)� S3;21
2 ; (3.31)

SMu;44 =
S4;11 � C44

S4;22 (S4;11 � C44)� S4;21
2 ; (3.32)

SMu;12 = S1;21S2;21

2S1;22S2;22C12

vuuuuuuut

S2
2;21
�
S2

1;21 � S1;11S1;22
�

+ S1;22
�
4S2;22C2

12 + S2
2;21C11

�

+S2;22 (C22 � S2;11)
�
S2

1;21 + S1;22C11 � S1;11S1;22
�

�
S2

1;21 + S1;22C11 � S1;11S1;22
� �
S2

2;21 + S2;22C22 � S2;11S2;22
�

�
S1;21S2;21

2S1;22S2;22C12
;

(3.33)

SMu;13 = S1;21S3;21

2S1;22S3;22C13

vuuuuuuut

S2
3;21
�
S2

1;21 � S1;11S1;22
�

+ S1;22
�
4S3;22C2

13 + S2
3;21C11

�

+S3;22 (C33 � S3;11)
�
S2

1;21 + S1;22C11 � S1;11S1;22
�

�
S2

1;21 + S1;22C11 � S1;11S1;22
� �
S2

3;21 + S3;22C33 � S3;11S3;22
�

�
S1;21S3;21

2S1;22S3;22C13
;

(3.34)

SMu;14 = S1;21S4;21

2S1;22S4;22C14

vuuuuuuut

S2
4;21
�
S2

1;21 � S1;11S1;22
�

+ S1;22
�
4S4;22C2

14 + S2
4;21C11

�

+S4;22 (C44 � S4;11)
�
S2

1;21 + S1;22C11 � S1;11S1;22
�

�
S2

1;21 + S1;22C11 � S1;11S1;22
� �
S2

4;21 + S4;22C44 � S4;11S4;22
�

�
S1;21S4;21

2S1;22S4;22C14
;

(3.35)
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SMu;23 = S2;21S3;21

2S2;22S3;22C23

vuuuuuuut

S2
3;21
�
S2

2;21 � S2;11S2;22
�

+ S2;22
�
4S3;22C2

23 + S2
3;21C22

�

+S3;22 (C33 � S3;11)
�
S2

2;21 + S2;22C22 � S2;11S2;22
�

�
S2

2;21 + S2;22C22 � S2;11S2;22
� �
S2

3;21 + S3;22C33 � S3;11S3;22
�

�
S2;21S3;21

2S2;22S3;22C23
;

(3.36)

SMu;24 = S2;21S4;21

2S2;22S4;22C24

vuuuuuuut

S2
4;21
�
S2

2;21 � S2;11S2;22
�

+ S2;22
�
4S4;22C2

24 + S2
4;21C22

�

+S4;22 (C44 � S4;11)
�
S2

2;21 + S2;22C22 � S2;11S2;22
�

�
S2

2;21 + S2;22C22 � S2;11S2;22
� �
S2

4;21 + S4;22C44 � S4;11S4;22
�

�
S2;21S4;21

2S2;22S4;22C24
;

(3.37)

SMu;34 = S3;21S4;21

2S3;22S4;22C34

vuuuuuuut

S2
4;21
�
S2

3;21 � S3;11S3;22
�

+ S3;22
�
4S4;22C2

34 + S2
4;21C33

�

+S4;22 (C44 � S4;11)
�
S2

3;21 + S3;22C33 � S3;11S3;22
�

�
S2

3;21 + S3;22C33 � S3;11S3;22
� �
S2

4;21 + S4;22C44 � S4;11S4;22
�

�
S3;21S4;21

2S3;22S4;22C34
:

(3.38)

It is noted that the expressions derived using �rst principles and the expressions

generated from (3.25) and (3.26) are the same. Thus, general expressions ((3.25)

and (3.26)) are validated. This method of calculating SMu, is referred as the general

method as it uses general expressions.

Considering the two methods, the primary method produce much accurate results

compared to the general method, since the general method assumes that the energy

re-scattered from elements other than the elements involved with SVNA measurements

are negligible. For antenna arrays with very short inter-element distances, the pri-

mary method is preferred over the general method, since the signal chains due to
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re-scattered energy from other elements would be hard to neglect. However, primary

method is computationally involved, thus is time consuming and becomes very com-

plex when applied to arrays with large number of elements. In contrast, the general

method can be easily applied to large arrays without increasing the complexity and

can produce results fast using the general expressions.
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Chapter 4

Complete Scattering Matrix and the Radiation

E�ciency of an Antenna Array

The techniques to model and to calculate mutual coupling were discussed in Chapter

3. This chapter presents the complete antenna array scattering matrix after taking

the mutual coupling into account. Calculation of radiation e�ciency of an array is

also discussed in this chapter.

4.1 Complete Scattering Matrix of an Antenna Array

Complete scattering parameters of an antenna array (SAr) present the relationship

between all the ports associated with array elements. As discussed in Chapter 2, a

single element of an array can be modeled using a two-port network. Thus, an array

with N elements consist of 2N ports. The signal 
ow graph of an N -element antenna

array is presented in Figure 4.1, where the incident wave nodes associated with the

free space are extended in order to be independently accessible in the receiving mode

of each element.

By calculating the signal 
ow between all ports associated with each element in

Figure 4.1, a multi-port representation is obtained and is presented in Figure 4.2. It

presents the schematic diagram of an N -element antenna array, where the antenna

array is represented with an 2N -port network. In Figure 4.2, ports from 1 to N are

the physically accessible ports of each element. Ports from N + 1 to 2N are the ports

of each element associated with the free space.
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Figure 4.1: Signal 
ow graph of N -element array with accessible nodes to indepen-
dently excite ports associated with the free space.
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Figure 4.2: Schematic diagram of an N -element antenna array represented with an
2N -port network.

Thus, S-matrix of an N -element antenna array is de�ned as
0

BBBBBBBBBBBBBBBBBB@

b1

...

bN

bN+1

...

b2N

1

CCCCCCCCCCCCCCCCCCA

=

0

BBBBBBBBBBBBBBBBBB@

SAr;(1)(1) � � � SAr;(1)(N) SAr;(1)(N+1) � � � SAr;(1)(2N)

...
...

...
...

...
...

SAr;(N)(1) � � � SAr;(N)(N) SAr;(N)(N+1) � � � SAr;(N)(2N)

SAr;(N+1)(1) � � � SAr;(N+1)(N) SAr;(N+1)(N+1) � � � SAr;(N+1)(2N)

...
...

...
...

...
...

SAr;(2N)(1) � � � SAr;(2N)(N) SAr;(2N)(N+1) � � � SAr;(2N)(2N)

1

CCCCCCCCCCCCCCCCCCA

0

BBBBBBBBBBBBBBBBBB@

a1

...

aN

aN+1

...

a2N

1

CCCCCCCCCCCCCCCCCCA

(4.1)

where the S-parameters are de�ned as,

SAr;(i)(j) =

8
>>>><

>>>>:

bi
aj

����
ax;ay=0 for x;y 6=j

For 1 < j � N

bi
aj

����
ax;ay=0 for x;y 6=j

For N < j � 2N
(4.2)
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where, fi; j 2 N j i; j � 2Ng, fx 2 N j x � Ng , and fy 2 N j N < y � 2Ng.

According to (4.2), SAr can be determined by solving the node expressions of the

signal 
ow graph of the antenna array, since Si and SMu are known. The calculation

of Si and SMu are discussed in Chapter 2 and Chapter 3, respectively. Since SMu

can be calculated using the primary method and the general method, SAr can be

calculated using SPri
Mu and SGen

Mu . Thus, the notation of SPri
Ar and SGen

Ar correspond to

SAr calculated using SPri
Mu and SGen

Mu , respectively. Due to the reciprocity of Si and

SMu, SAr too is reciprocal. The procedure is best demonstrated using an example of

a two-element antenna array in Section 4.1.1.

4.1.1 SAr of a Two-Element Array

Figure 3.4 presents the signal 
ow graph of a two-element antenna array. Considering

the receiving mode, the node associated with the incident wave from the free space

for each antenna is extended to be accessible independently, as is presented in Figure

4.3. Figure 4.3 can be represented as a four-port network as presented in Figure 4.4.

�+l=0�+l=0
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1 S2,21
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1

Mutual
Coupling

Antenna 1 Antenna 2

a3

a4

1

1

SMu,11

SMu,22

SMu,21

SMu,12

Figure 4.3: Signal 
ow graph of a two-element antenna array with accessible nodes
to independently excite ports associated with the free space.
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Figure 4.4: Schematic diagram of a two-element antenna array represented using a
four-port network.

Considering Figure 4.3, expressions for nodes are obtained as

b1 = S1;11a1 + S1;21a3; (4.3a)

a3 = b5 + �a3; (4.3b)

b3 = S1;22a3 + S1;21a1; (4.3c)

a5 = b3; (4.3d)

b5 = SMu;11a5 + SMu;21a6; (4.3e)

b6 = SMu;21a5 + SMu;22a6; (4.3f)

a6 = b4; (4.3g)

a4 = b6 + �a4; (4.3h)

b4 = S2;22a4 + S2;21a2; (4.3i)

b2 = S2;21a4 + S2;11a2: (4.3j)

These expressions are solved to �nd a3;:::;6 and b1;:::;6 using ‘solve’ function in Matlab

[51]. Substituting these values on (4.2), SAr can be found.
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The complete S-matrix is found to be
0

BBBBBBBBBB@

b1

b2

b3

b4

1

CCCCCCCCCCA

=

0

BBBBBBBBBB@

SAr;(1)(1) SAr;(1)(2) SAr;(1)(3) SAr;(1)(4)

SAr;(2)(1) SAr;(2)(2) SAr;(2)(3) SAr;(2)(4)

SAr;(3)(1) SAr;(3)(2) SAr;(3)(3) SAr;(3)(4)

SAr;(4)(1) SAr;(4)(2) SAr;(4)(3) SAr;(4)(4)

1

CCCCCCCCCCA

0

BBBBBBBBBB@

a1

a2

a3

a4

1

CCCCCCCCCCA

(4.4)

where

SAr;(1)(1) =
b1

a1

����
a2;3;4=0

(4.5)

= �

2

64
(1� S1;22SMu;11 � S2;22SMu;22)S1;11 + S2

1;21SMu;11

+
�
S1;11S1;22S2;22 � S2

1;21S2;22
� �
SMu;11SMu;22 � S2

Mu;21
�

3

75

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(2)(1) =
b2

a1

����
a2;3;4=0

(4.6)

= �
(S1;21S2;21SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(3)(1) =
b3

a1

����
a2;3;4=0

(4.7)

=
S1;21(S2;22SMu;22 � 1)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(4)(1) =
b4

a1

����
a2;3;4=0

(4.8)

= �
(S1;21S2;22SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;
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SAr;(1)(2) =
b1

a2

����
a1;3;4=0

(4.9)

= �
(S1;21S2;21SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(2)(2) =
b2

a2

����
a1;3;4=0

(4.10)

= �

2

64
(1� S2;22SMu;22 � S1;22SMu;11)S2;11 + S2
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+
�
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�

3
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S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(3)(2) =
b3

a2

����
a1;3;4=0

(4.11)

= �
(S1;22S2;21SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(4)(2) =
b4

a2

����
a1;3;4=0

(4.12)

=
S2;21(S1;22SMu;11 � 1)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(1)(3) =
b1

a3

����
a1;2;4=0

(4.13)

=
S1;21(S2;22SMu;22 � 1)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(2)(3) =
b2

a3

����
a1;2;4=0

(4.14)

= �
(S1;22S2;21SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;
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SAr;(3)(3) =
b3

a3

����
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(4.15)

=
S1;22(S2;22SMu;22 � 1)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2
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�
� 1
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SAr;(4)(3) =
b4

a3

����
a1;2;4=0

(4.16)

= �
(S1;22S2;22SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(1)(4) =
b1

a4

����
a1;2;3=0

(4.17)

= �
(S1;21S2;22SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1
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SAr;(2)(4) =
b2

a4

����
a1;2;3=0

(4.18)

=
S2;21(S1;22SMu;11 � 1)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(3)(4) =
b3

a4

����
a1;2;3=0

(4.19)

= �
(S1;22S2;22SMu;21)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

;

SAr;(4)(4) =
b4

a4

����
a1;2;3=0

(4.20)

=
S2;22(S1;22SMu;11 � 1)

S1;22SMu;11 + S2;22SMu;22 + S1;22S2;22
�
S2

Mu;21 � SMu;11SMu;22
�
� 1

:

It is observed that SAr is reciprocal.
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4.2 Radiation E�ciency

According to [54] the radiation e�ciency of an antenna is de�ned as

Radiation E�ciency (�) =
Radiated Power

Net Accepted Power
: (4.21)

Thus, pursuant to (4.21) the radiation e�ciency of the antenna array (�Ar) is ex-

pressed as:

�Ar =

NP

i=1
(jbN+ij2 � jaN+ij2)

NP

i=1
(jaij2 � jbij2)

; (4.22)

where power at each port is calculated according to [55]. Mutual coupling between

the antennas alters the expected radiation e�ciency of each antenna measured in the

free space. Calculated S-parameters of the antenna array can be used to measure

the radiation e�ciency of the single element of an array as they are positioned in

the array. The radiation e�ciency of the ith element (�i) of an N -element array is

determined as

�i =
jbN+ij2 � jaN+ij2

jaij2 � jbij2
: (4.23)

In order to determine the radiation e�ciency using (4.22) and (4.23), incident

power wave amplitudes (ai) and re
ected power wave amplitudes (bi) have to be

determined. Re
ected power wave amplitudes can be determined in terms of incident

power wave amplitudes by solving the node expressions of the proposed signal 
ow

graph of the particular array. a1 to aN in an N -element antenna array correspond to

the incident power wave amplitudes at the connecting end of the physically accessible

port to each element. They can be determined using

ai =
V +
ip
<fZ0g

=
Vi + Z0Ii

2
p
<fZ0g

(4.24)
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where Vi denote voltages, Ii denote currents, and Z0 denote the characteristic impedances

at the connecting cable of the ith element [50]. Nevertheless, for antenna arrays with

identical excitation, where

a1 = fa2; a3; : : : ; aNg ; (4.25)

radiation e�ciency can be calculated using (4.22) and (4.23) without determining

the numerical value of the incident power wave amplitude as it cancels-out from the

denominator and the numerator.
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Chapter 5

Model Veri�cation using Measurements and

Simulations

This chapter presents the measurements, calculations, and simulation results, which

are used to validate the proposed model of mutual coupling between array elements

and antenna array S-parameters. Di�erent experimental monopole array set-ups are

tested to validate the proposed model: varying inter-element distance and varying

the number of elements in an array as well as their con�gurations. For each set-up,

the radiation e�ciency and the S-parameters of the physically accessible ports are

calculated using the proposed model with reference to SPri
Mu and SGen

Mu . Subsequently,

the results are compared with simulation results and measurements for accuracy as-

sessment.

5.1 S-Parameters of a Single Array Element

All array prototypes are fabricated using identical monopoles. Each monopole is made

of copper (height: 14 mm, diameter: 1.27 mm) and is surrounded by a layer of Te
on

(relative permittivity: 2.1, height: 14 mm, inner diameter: 1.27 mm, outer diameter:

4.11 mm). An aluminum sheet (length: 380 mm, width: 380 mm, thickness: 1.14

mm) is used as the ground plane. It should be noted that the metallic cap, the

ground plane, and the contact between the metallic cap and the ground plane would

introduce additional loss [31, 56]. Figure 5.1 presents the above described monopole

on a ground plane. The frequency points of interest are chosen to be 4.2 GHz, 4.6

GHz, 5.0 GHz, and 5.4 GHz.
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Figure 5.1: The prototype of single monopole on a ground plane.

In order to calculate Si of a single monopole antenna, the SWC method is used

[31]. Spherical Wheeler cap radii are calculated according to (2.26) and presented

in Table 5.1. The caps were 3D printed and their inner surfaces were painted with

conductive metallic silver paint. The fabricated caps are presented in Figure 5.2.

Table 5.1: Spherical Wheeler cap radii.

Test Frequency ka kbcap
1 kbcap

2 bcap
1 bcap

2

(GHz) (cm) (cm)

4.2 0.61 3.71 5.37 4.21 6.10
4.6 0.67 3.72 5.39 3.86 5.59
5.0 0.73 3.75 5.41 3.57 5.16
5.4 0.78 3.77 5.43 3.33 4.80

Input re
ection coe�cient of the AUT was measured while immersed in free space

and under each cap and is presented in Table 5.2. The S-parameters are calculated

according to the SWC method and presented in Table 5.3.
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(a) Top view

(b) Side view

Figure 5.2: 3D printed caps painted with metallic silver paint.
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Table 5.2: Measured input re
ection coe�cient of the monopole under test.

Frequency (GHz) Input Re
ection Coe�cient (dB\ deg)

AUT immersed in the free space
4.2 -14.14\ 66.37
4.6 -15.11\ -64.04
5.0 -9.21\ -112.50
5.4 -6.26\ -141.97

AUT under the cap of kbcap
1 = 3:71 at 4.2 GHz

4.2 -0.1205\ 104.25
AUT under the cap of kbcap

2 = 5:37 at 4.2 GHz
4.2 -0.0817\ -34.46

AUT under the cap of kbcap
1 = 3:72 at 4.6 GHz

4.6 -0.1102\ 61.26
AUT under the cap of kbcap

2 = 5:39 at 4.6 GHz
4.6 -0.0612\ -93.38

AUT under the cap of kbcap
1 = 3:75 at 5.0 GHz

5.0 -0.1026\ 11.08
AUT under the cap of kbcap

2 = 5:41 at 5.0 GHz
5.0 -0.0342\ -130.10

AUT under the cap of kbcap
1 = 3:77 at 5.4 GHz

5.4 -0.0655\ -36.32
AUT under the cap of kbcap

2 = 5:43 at 5.4 GHz
5.4 -0.0302\ -156.90

Table 5.3: Si of the monopole antenna under test.

Test Frequency S11 S21 S22

(GHz) (dB\ deg)

4.2 -14.14\ 66.37 -0.23\ -15.14 -12.91\ 87.21
4.6 -15.11\ -64.04 -0.18\ -40.97 -15.50\ 164.47
5.0 -9.21\ -112.50 -0.58\ -63.38 -9.92\ 173.96
5.4 -6.26\ -141.97 -1.18\ -81.82 -7.22\ 170.06
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5.2 Varying Element Distance

In order to test the performance of the proposed model with varying inter-element

distance (d) and hence mutual coupling, several two-element array set-ups with iden-

tical monopole antennas were used: 15 mm, 20 mm, 30 mm, and 40 mm. Table 5.4

presents the tested d of the array in terms of wave-lengths. Figure 5.3 presents the

arrays under test with di�erent d.

Table 5.4: Inter-element distance of tested two-element antenna arrays.

Test Frequency
(GHz)

Inter-Element Distance (d)

15 mm 20 mm 30 mm 40 mm

4.2 0:21� 0:28� 0:42� 0:56�
4.6 0:23� 0:31� 0:46� 0:61�
5.0 0:25� 0:33� 0:50� 0:67�
5.4 0:27� 0:36� 0:54� 0:72�

S-parameters of the physically accessible ports of antenna arrays under test with

di�erent inter-element distances were measured using a Keysight 8719ES VNA. The

measurements are presented in Table 5.5.

5.2.1 S-Parameters of Mutual Coupling

Figure 3.3 and Figure 3.4 present the schematic diagram and the signal 
ow graph

of a two-element antenna array, respectively. Considering the two-element monopole

arrays with varying d, SPri
Mu and SGen

Mu were calculated and is presented in Table 5.6

and Table 5.7.

5.2.2 Complete Antenna Array S-Parameters

As discussed in Chapter 4, SAr for a two-element antenna array is presented using a

four-port network. Using the values presented in Table 5.6 for SPri
Mu and Table 5.7 for
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(a) d = 15 mm (b) d = 20 mm

(c) d = 30 mm (d) d = 40 mm

Figure 5.3: Tested two-element arrays with di�erent inter-element distances.
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Table 5.5: S-parameters between the physically accessible ports of the array under
test with di�erent d measured from a VNA.

Test Frequency SVNA;11 SVNA;21 SVNA;22

(GHz) (dB\ deg)

d = 15 mm
4.2 -12.18\ 40.59 -8.24\ 111.63 -11.82\ 36.91
4.6 -11.02\ -67.19 -8.94\ 76.28 -10.85\ -71.22
5.0 -7.18\ -117.53 -10.77\ 47.92 -7.26\ -119.79
5.4 -5.51\ -146.07 -12.76\ 29.99 -5.23\ -148.36

d = 20 mm
4.2 -14.87\ 43.9 -9.93\ 92.68 -14.9\ 37.93
4.6 -13.13\ -77.33 -10.8\ 57.35 -12.73\ -79.46
5.0 -8.61\ -121.44 -12.4\ 28.71 -8.41\ -121.81
5.4 -6.53\ -146.81 -14.16\ 7.16 -6.26\ -146.7

d = 30 mm
4.2 -15.83\ 77.35 -12.52\ -84.83 -16.56\ 70.39
4.6 -18.57\ -62.09 -13.26\ -125.32 -17.29\ -70.30
5.0 -10.72\ -112.02 -14.23\ -159.12 -10.27\ -113.41
5.6 -7.28\ -139.42 -15.78\ 168.08 -6.78\ -138.67

d = 40 mm
4.2 -14.05\ 70.39 -14.74\ -126.91 -11.60\ 82.90
4.6 -15.14\ -50.10 -14.40\ -179.79 -16.05\ -26.61
5.0 -8.83\ -109.33 -16.67\ 137.09 -10.11\ -100.78
5.6 -6.07\ -140.83 -17.79\ 103.19 -6.76\ -135.87
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Table 5.6: Calculated SPri
Mu in two-element arrays under test with di�erent d.

Test Frequency SPri
Mu;11 SPri

Mu;21 SPri
Mu;22

(GHz) (dB\ deg)

d = 15 mm
4.2 -22.01\ 24.08 -7.67\ 139.27 -20.05\ 21.06
4.6 -18.16\ -1.32 -8.25\ 157.57 -17.34\ -9.62
5.0 -16.26\ -11.88 -8.92\ 172.93 -16.04\ -19.76
5.4 -18.71\ -8.37 -9.65\ -168.86 -16.4\ -15.68

d = 20 mm
4.2 -25.30\ -11.80 -9.58\ 121.09 -22.66\ -14.65
4.6 -22.47\ -45.64 -10.31\ 138.06 -20.98\ -44.18
5.0 -20.41\ -57.98 -11.01\ 152.71 -19.74\ -53.86
5.4 -22.49\ -73.23 -11.74\ 167.66 -22.24\ -58.77

d = 30 mm
4.2 -24.54\ -139.84 -12.24\ -52.65 -26.89\ -116.84
4.6 -23.89\ -159.32 -13.05\ -43.60 -25.88\ -135.78
5.0 -24.18\ -154.52 -13.35\ -32.96 -26.33\ -140.90
5.4 -22.71\ -169.05 -13.85\ -26.95 -27.14\ 177.40

d = 40 mm
4.2 -30.76\ 147.64 -14.08\ -94.06 -19.18\ 146.72
4.6 -26.06\ 120.28 -14.14\ -96.46 -18.56\ 137.38
5.0 -30.67\ 85.05 -15.66\ -94.46 -20.69\ 140.50
5.4 -30.54\ 120.71 -15.72\ -91.23 -20.68\ 150.39
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Table 5.7: Calculated SGen
Mu in two-element arrays under test with di�erent d.

Test Frequency SGen
Mu;11 SGen

Mu;21 SGen
Mu;22

(GHz) (dB\ deg)

d = 15 mm
4.2 -18.66\ 18.51 -7.65\ 138.28 -17.27\ 17.07
4.6 -18.96\ 9.42 -8.26\ 158.02 -18.30\ -0.64
5.0 -18.78\ -9.47 -9.11\ 173.49 -18.52\ -19.90
5.4 -22.31\ -21.06 -9.97\ -169.04 -18.86\ -26.67

d = 20 mm
4.2 -22.10\ -17.43 -9.63\ 120.54 -20.18\ -18.50
4.6 -23.46\ -35.01 -10.30\ 138.33 -21.80\ -35.23
5.0 -23.04\ -57.61 -11.07\ 153.52 -22.13\ -52.21
5.4 -24.99\ -92.56 -11.91\ 168.58 -25.55\ -72.71

d = 30 mm
4.2 -25.44\ -127.30 -12.26\ -52.98 -26.87\ -99.56
4.6 -24.48\ -166.06 -13.04\ -43.45 -27.13\ -141.76
5.0 -24.18\ -168.41 -13.37\ -32.42 -26.90\ -159.02
5.4 -21.95\ 178.18 -13.89\ -26.05 -25.14\ 160.32

d = 40 mm
4.2 -31.31\ 165.12 -14.11\ -94.00 -19.42\ 151.10
4.6 -27.08\ 116.01 -14.13\ -96.55 -19.04\ 136.60
5.0 -30.79\ 67.53 -15.61\ -94.59 -21.46\ 138.11
5.4 -32.79\ 98.76 -15.63\ -91.49 -21.79\ 148.04
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SGen
Mu , SPri

Ar and SGen
Ar are calculated. These calculated SAr for the arrays with inter-

element distances 15 mm, 20 mm, 30 mm, and 40 mm are presented in Table 5.8,

Table 5.9, Table 5.10, and Table 5.11, respectively.

Table 5.8: SAr of the tested two-element antenna array with d = 15 mm.

SAr;(i)(j)
(dB\ deg)

4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar

SPri
Ar;(1)(1) -12.18\ 40.59 -11.02\ -67.19 -7.18\ -117.53 -5.51\ -146.07
SPri

Ar;(2)(1) -8.24\ 111.63 -8.94\ 76.28 -10.77\ 47.92 -12.76\ 29.99
SPri

Ar;(3)(1) -0.29\ -13.70 -0.34\ -40.86 -0.88\ -62.83 -1.42\ -80.87
SPri

Ar;(4)(1) -20.93\ -146.01 -24.27\ -78.28 -20.11\ -74.74 -18.80\ -78.13
SPri

Ar;(2)(2) -11.82\ 36.91 -10.85\ -71.22 -7.26\ -119.79 -5.23\ -148.36
SPri

Ar;(3)(2) -20.93\ -146.01 -24.27\ -78.28 -20.11\ -74.74 -18.80\ -78.13
SPri

Ar;(4)(2) -0.30\ -13.44 -0.35\ -40.65 -0.87\ -62.46 -1.52\ -80.19
SPri

Ar;(3)(3) -12.98\ 88.65 -15.67\ 164.58 -10.22\ 174.50 -7.47\ 171.02
SPri

Ar;(4)(3) -33.62\ -43.66 -39.59\ 127.16 -29.45\ 162.59 -24.85\ 173.75
SPri

Ar;(4)(4) -12.98\ 88.91 -15.67\ 164.79 -10.21\ 174.87 -7.56\ 171.69

SGen
Ar

SGen
Ar;(1)(1) -11.54\ 33.70 -11.19\ -62.65 -7.75\ -115.57 -6.03\ -145.94
SGen

Ar;(2)(1) -8.24\ 111.63 -8.94\ 76.28 -10.77\ 47.92 -12.76\ 29.99
SGen

Ar;(3)(1) -0.30\ -13.21 -0.33\ -41.08 -0.79\ -63.10 -1.27\ -80.78
SGen

Ar;(4)(1) -20.93\ -146.01 -24.27\ -78.28 -20.11\ -74.74 -18.80\ -78.13
SGen

Ar;(2)(2) -11.14\ 30.58 -11.07\ -66.85 -7.84\ -118.00 -5.73\ -148.42
SGen

Ar;(3)(2) -20.93\ -146.01 -24.27\ -78.28 -20.11\ -74.74 -18.80\ -78.13
SGen

Ar;(4)(2) -0.30\ -12.95 -0.34\ -40.87 -0.78\ -62.73 -1.36\ -80.11
SGen

Ar;(3)(3) -12.98\ 89.14 -15.66\ 164.36 -10.13\ 174.23 -7.31\ 171.10
SGen

Ar;(4)(3) -33.62\ -43.66 -39.59\ 127.16 -29.45\ 162.59 -24.85\ 173.75
SGen

Ar;(4)(4) -12.99\ 89.41 -15.66\ 164.56 -10.12\ 174.60 -7.41\ 171.77

5.2.3 Radiation E�ciency of the Antenna Array

Radiation e�ciency of the antenna array was calculated according to (4.22) as dis-

cussed in section 4.2. Table 5.12 present the radiation e�ciency: obtained using
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Table 5.9: SAr of the tested two-element antenna array with d = 20 mm.

SAr;(i)(j)
(dB\ deg)

4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar

SPri
Ar;(1)(1) -14.87\ 43.90 -13.13\ -77.33 -8.61\ -121.44 -6.53\ -146.81
SPri

Ar;(2)(1) -9.93\ 92.68 -10.80\ 57.35 -12.40\ 28.71 -14.16\ 7.16
SPri

Ar;(3)(1) -0.17\ -14.18 -0.24\ -40.48 -0.67\ -62.23 -1.13\ -80.45
SPri

Ar;(4)(1) -22.62\ -164.97 -26.12\ -97.22 -21.74\ -93.96 -20.21\ -100.96
SPri

Ar;(2)(2) -14.90\ 37.93 -12.73\ -79.46 -8.41\ -121.81 -6.26\ -146.70
SPri

Ar;(3)(2) -22.62\ -164.97 -26.12\ -97.22 -21.74\ -93.96 -20.21\ -100.96
SPri

Ar;(4)(2) -0.16\ -13.95 -0.25\ -40.37 -0.70\ -62.18 -1.20\ -80.52
SPri

Ar;(3)(3) -12.86\ 88.17 -15.57\ 164.96 -10.01\ 175.10 -7.18\ 171.44
SPri

Ar;(4)(3) -35.31\ -62.62 -41.45\ 108.22 -31.09\ 143.37 -26.25\ 150.93
SPri

Ar;(4)(4) -12.85\ 88.40 -15.58\ 165.07 -10.04\ 175.16 -7.25\ 171.36

SGen
Ar

SGen
Ar;(1)(1) -15.05\ 36.32 -12.99\ -73.65 -8.84\ -118.50 -6.81\ -144.85
SGen

Ar;(2)(1) -9.93\ 92.68 -10.80\ 57.35 -12.40\ 28.71 -14.16\ 7.16
SGen

Ar;(3)(1) -0.15\ -13.91 -0.25\ -40.61 -0.64\ -62.63 -1.05\ -80.90
SGen

Ar;(4)(1) -22.62\ -164.97 -26.12\ -97.22 -21.74\ -93.96 -20.21\ -100.96
SGen

Ar;(2)(2) -14.95\ 30.27 -12.62\ -75.92 -8.64\ -118.95 -6.53\ -144.81
SGen

Ar;(3)(2) -22.62\ -164.97 -26.12\ -97.22 -21.74\ -93.96 -20.21\ -100.96
SGen

Ar;(4)(2) -0.13\ -13.68 -0.26\ -40.51 -0.66\ -62.57 -1.12\ -80.98
SGen

Ar;(3)(3) -12.84\ 88.44 -15.57\ 164.82 -9.98\ 174.70 -7.10\ 170.98
SGen

Ar;(4)(3) -35.31\ -62.62 -41.45\ 108.22 -31.09\ 143.37 -26.25\ 150.93
SGen

Ar;(4)(4) -12.82\ 88.67 -15.59\ 164.93 -10.00\ 174.76 -7.17\ 170.91
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Table 5.10: SAr of the tested two-element antenna array with d = 30 mm.

SAr;(i)(j)
(dB\ deg)

4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar

SPri
Ar;(1)(1) -15.72\ 79.03 -18.57\ -62.09 -10.72\ -112.02 -7.34\ -138.56
SPri

Ar;(2)(1) -12.53\ -83.68 -13.26\ -125.32 -14.23\ -159.12 -15.74\ 168.74
SPri

Ar;(3)(1) -0.14\ -15.60 -0.09\ -40.99 -0.41\ -63.27 -0.88\ -82.25
SPri

Ar;(4)(1) -25.22\ 18.67 -28.58\ 80.12 -23.57\ 78.22 -21.78\ 60.62
SPri

Ar;(2)(2) -16.19\ 70.90 -17.29\ -70.30 -10.27\ -113.41 -6.83\ -138.34
SPri

Ar;(3)(2) -25.22\ 18.67 -28.58\ 80.12 -23.57\ 78.22 -21.78\ 60.62
SPri

Ar;(4)(2) -0.14\ -15.27 -0.12\ -40.81 -0.46\ -63.16 -0.99\ -82.52
SPri

Ar;(3)(3) -12.83\ 86.76 -15.42\ 164.45 -9.75\ 174.07 -6.92\ 169.64
SPri

Ar;(4)(3) -37.91\ 121.02 -43.91\ -74.44 -32.91\ -44.45 -27.82\ -47.50
SPri

Ar;(4)(4) -12.83\ 87.08 -15.44\ 164.63 -9.80\ 174.17 -7.04\ 169.36

SGen
Ar

SGen
Ar;(1)(1) -16.16\ 75.27 -18.24\ -58.84 -10.74\ -109.35 -7.33\ -136.58
SGen

Ar;(2)(1) -12.53\ -83.68 -13.26\ -125.32 -14.23\ -159.12 -15.74\ 168.74
SGen

Ar;(3)(1) -0.13\ -15.43 -0.10\ -41.06 -0.40\ -63.54 -0.86\ -82.70
SGen

Ar;(4)(1) -25.22\ 18.67 -28.58\ 80.12 -23.57\ 78.22 -21.78\ 60.62
SGen

Ar;(2)(2) -16.55\ 66.53 -17.07\ -67.24 -10.30\ -110.89 -6.83\ -136.49
SGen

Ar;(3)(2) -25.22\ 18.67 -28.58\ 80.12 -23.57\ 78.22 -21.78\ 60.62
SGen

Ar;(4)(2) -0.13\ -15.11 -0.12\ -40.88 -0.45\ -63.43 -0.97\ -82.97
SGen

Ar;(3)(3) -12.82\ 86.92 -15.42\ 164.38 -9.74\ 173.80 -6.90\ 169.19
SGen

Ar;(4)(3) -37.91\ 121.02 -43.91\ -74.44 -32.91\ -44.45 -27.82\ -47.50
SGen

Ar;(4)(4) -12.82\ 87.24 -15.45\ 164.56 -9.79\ 173.90 -7.02\ 168.91
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Table 5.11: SAr of the tested two-element antenna array with d = 40 mm.

SAr;(i)(j)
(dB\ deg)

4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar

SPri
Ar;(1)(1) -13.67\ 73.00 -15.14\ -50.10 -8.83\ -109.33 -6.18\ -139.99
SPri

Ar;(2)(1) -14.67\ -125.82 -14.40\ -179.79 -16.67\ 137.09 -17.80\ 103.03
SPri

Ar;(3)(1) -0.24\ -15.48 -0.17\ -41.39 -0.62\ -63.84 -1.18\ -82.40
SPri

Ar;(4)(1) -27.36\ -23.46 -29.72\ 25.64 -26.01\ 14.42 -23.85\ -5.09
SPri

Ar;(2)(2) -11.42\ 83.78 -16.05\ -26.61 -10.11\ -100.78 -6.87\ -135.36
SPri

Ar;(3)(2) -27.36\ -23.46 -29.72\ 25.64 -26.01\ 14.42 -23.85\ -5.09
SPri

Ar;(4)(2) -0.34\ -16.31 -0.09\ -41.90 -0.42\ -64.55 -0.95\ -83.22
SPri

Ar;(3)(3) -12.93\ 86.87 -15.49\ 164.05 -9.96\ 173.49 -7.22\ 169.49
SPri

Ar;(4)(3) -40.05\ 78.89 -45.05\ -128.92 -35.36\ -108.24 -29.89\ -113.21
SPri

Ar;(4)(4) -13.03\ 86.04 -15.42\ 163.54 -9.76\ 172.79 -6.99\ 168.67

SGen
Ar

SGen
Ar;(1)(1) -13.99\ 74.03 -14.99\ -51.90 -8.67\ -110.01 -6.05\ -140.66
SGen

Ar;(2)(1) -14.67\ -125.82 -14.40\ -179.79 -16.67\ 137.09 -17.80\ 103.03
SGen

Ar;(3)(1) -0.23\ -15.51 -0.17\ -41.35 -0.64\ -63.78 -1.22\ -82.27
SGen

Ar;(4)(1) -27.36\ -23.46 -29.72\ 25.64 -26.01\ 14.42 -23.85\ -5.09
SGen

Ar;(2)(2) -11.63\ 84.86 -16.02\ -28.90 -9.96\ -101.77 -6.74\ -136.19
SGen

Ar;(3)(2) -27.36\ -23.46 -29.72\ 25.64 -26.01\ 14.42 -23.85\ -5.09
SGen

Ar;(4)(2) -0.32\ -16.34 -0.10\ -41.86 -0.45\ -64.48 -0.99\ -83.09
SGen

Ar;(3)(3) -12.91\ 86.84 -15.50\ 164.09 -9.98\ 173.56 -7.26\ 169.61
SGen

Ar;(4)(3) -40.05\ 78.89 -45.05\ -128.92 -35.36\ -108.24 -29.89\ -113.21
SGen

Ar;(4)(4) -13.01\ 86.01 -15.43\ 163.58 -9.79\ 172.85 -7.03\ 168.79
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HFSS simulations, calculated referring to SPri
Mu, and referring to SGen

Mu .

Table 5.12: Radiation e�ciency of tested two-element antenna arrays with di�erent d
obtained using HFSS simulations, calculated referring to SPri

Mu, and referring to SGen
Mu .

Tested Frequency Radiation E�ciency
(GHz) HFSS Primary General

d = 15 mm
4.2 99:7% 96:6% 96:5%
4.6 99:7% 99:0% 99:0%
5.0 99:7% 98:7% 98:6%
5.4 99:7% 97:0% 96:6%

d = 20 mm
4.2 99:6% 96:9% 97:0%
4.6 99:7% 99:1% 99:1%
5.0 99:7% 99:2% 99:3%
5.4 99:7% 98:5% 98:6%

d = 30 mm
4.2 99:6% 99:9% 99:9%
4.6 99:7% 98:7% 98:7%
5.0 99:7% 98:3% 98:5%
5.4 99:7% 98:4% 98:8%

d = 40 mm
4.2 99:7% 99:9% 99:9%
4.6 99:7% 98:7% 98:7%
5.0 99:7% 98:0% 98:0%
5.4 99:7% 97:0% 97:0%

It can be observed that the simulation results and calculated results using the

measurements via primary method and general method for radiation e�ciency of the

array are very close to each other, thus validating the ability of the proposed model

to calculate the radiation e�ciency of an array.
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5.2.4 Comparison of S-Parameters between the Physically Accessible Ports

Table 5.5 presents the measured S-parameters of the physically accessible ports using

a VNA of the tested set-ups. The same measurement was obtained using the SPri
Ar and

SGen
Ar . Since, port 1 and the port 2 are the physically accessible ports of the tested

two-element array, S-parameters measured using the VNA (SVNA;11; SVNA;21; SVNA;22)

and SAr;(1)(1), SAr;(2)(1), and SAr;(2)(2) of the complete array S-parameters should be

identical.

Table 5.5 present the measured S-parameters between port 1 and port 2 for inter-

element distances: 15 mm, 20 mm, 30 mm, and 40 mm. Table 5.8, Table 5.9, Table

5.10, and Table 5.11 presents SPri
Ar and SGen

Ar for the same arrays, where their d are

15 mm, 20 mm, 30 mm, and 40 mm, respectively. Figure 5.4, Figure 5.5, Figure 5.6,

and Figure 5.7 present the comparison between the measured SVNA vs. calculated

SAr for the two-elements arrays with the inter-element distances of 15 mm, 20 mm,

30 mm, and 40 mm, respectively. It was observed that the measured and calculated

S-parameters between the physically accessible ports via primary method and via

general method are near identical, thus validating the proposed model.

5.3 Varying the Number of Array Elements and Con�guration

The proposed model was tested with varying the number of elements and con�gura-

tion in an array: two-element linear array, three-element linear array, three-element

triangular array, and four-element square array. Since the two-element linear array

was considered in the previous section, only the three-element linear array, three-

element triangular array, and the four-element square array are considered in this

section. Each set-up was fabricated using identical monopoles on ground planes and

all set-ups are presented in Figure 5.8. The d is 20 mm in all tested array set-ups.

Considering the four-element square array, diagonal element distance (d1) is 28.3 mm.
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(a) Magnitude of SVNA;11 vs. SAr;(1)(1) (b) Phase of SVNA;11 vs. SAr;(1)(1)

(c) Magnitude of SVNA;21 vs. SAr;(2)(1) (d) Phase of SVNA;21 vs. SAr;(2)(1)

(e) Magnitude of SVNA;22 vs. SAr;(2)(2) (f) Phase of SVNA;22 vs. SAr;(2)(2)

Figure 5.4: Comparison between SVNA vs. calculated SAr for two-element array with
d = 15 mm.
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(a) Magnitude of SVNA;11 vs. SAr;(1)(1) (b) Phase of SVNA;11 vs. SAr;(1)(1)

(c) Magnitude of SVNA;21 vs. SAr;(2)(1) (d) Phase of SVNA;21 vs. SAr;(2)(1)

(e) Magnitude of SVNA;22 vs. SAr;(2)(2) (f) Phase of SVNA;22 vs. SAr;(2)(2)

Figure 5.5: Comparison between SVNA vs. calculated SAr for two-element array with
d = 20 mm.
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(a) Magnitude of SVNA;11 vs. SAr;(1)(1) (b) Phase of SVNA;11 vs. SAr;(1)(1)

(c) Magnitude of SVNA;21 vs. SAr;(2)(1) (d) Phase of SVNA;21 vs. SAr;(2)(1)

(e) Magnitude of SVNA;22 vs. SAr;(2)(2) (f) Phase of SVNA;22 vs. SAr;(2)(2)

Figure 5.6: Comparison between SVNA vs. calculated SAr for two-element array with
d = 30 mm.
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(a) Magnitude of SVNA;11 vs. SAr;(1)(1) (b) Phase of SVNA;11 vs. SAr;(1)(1)

(c) Magnitude of SVNA;21 vs. SAr;(2)(1) (d) Phase of SVNA;21 vs. SAr;(2)(1)

(e) Magnitude of SVNA;22 vs. SAr;(2)(2) (f) Phase of SVNA;22 vs. SAr;(2)(2)

Figure 5.7: Comparison between SVNA vs. calculated SAr for two-element array with
d = 40 mm.
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Table 5.13 presents the element distances in terms of wave-lengths at test frequencies.

Table 5.13: Inter-element distances of arrays in terms of wave-lengths.

Test Frequency d d1

(GHz) 20 mm 28.3 mm
4.2 0:28� 0:40�
4.6 0:31� 0:43�
5.0 0:33� 0:47�
5.4 0:36� 0:51�

S-parameters of the physically accessible ports of tested antenna arrays with dif-

ferent number of array elements and con�gurations were measured using a VNA. The

measurements are presented in Table 5.14.

5.3.1 S-Parameters of Mutual Coupling

The signal 
ow graphs of a three-element array and a four-element array are presented

in Figure 3.6 and Figure 3.8, respectively. Calculated SPri
Mu and SGen

Mu for the three-

element linear array, three-element triangular array, and the four-element square array

are presented in Table 5.15 and Table 5.16, respectively. In three-element arrays,

mutual coupling is represented with a three-port network, whereas in the four-element

array, mutual coupling is represented with a four-port network.

5.3.2 Complete Antenna Array S-Parameters

Considering a three-element array and a four-element array, SAr can be presented

using networks of six-ports and eight-ports respectively. Table 5.17 and Table 5.18

present the calculated SPri
Ar and SGen

Ar of the three-element linear array, respectively.

Calculated SPri
Ar and SGen

Ar for tested three-element triangular antenna array are

presented in Table 5.19 and Table 5.20, respectively.

Table 5.21 and Table 5.22 present the calculated SPri
Ar for tested four-element square

antenna array whereas, Table 5.23 and Table 5.24 present the calculated SGen
Ar for
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(a) Three-element linear array.

(b) Three-element triangular array.

(c) Four-element square array.

Figure 5.8: Tested antenna arrays with di�erent number of elements and con�gura-
tions.

70



Table 5.14: S-parameters between the physically accessible ports of the array under
test with di�erent number of elements and con�gurations measured from a VNA.

SVNA;ij
(dB\ deg)

4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

Three-Element Linear Array

SVNA;11 -13.76\ 50.00 -13.72\ -71.01 -8.50\ -121.71 -6.69\ -151.58
SVNA;21 -8.99\ -41.91 -9.70\ -85.77 -11.81\ -116.28 -13.66\ -140.83
SVNA;31 -15.58\ -161.39 -18.46\ 147.27 -20.89\ 118.59 -22.67\ 84.44
SVNA;22 -12.44\ 19.13 -11.03\ -91.86 -8.26\ -135.68 -6.70\ -159.35
SVNA;32 -8.91\ -44.52 -9.72\ -86.93 -11.76\ -117.70 -13.66\ -142.10
SVNA;33 -14.29\ 39.03 -12.53\ -82.26 -8.38\ -126.82 -6.18\ -153.68

Three-Element Triangular Array

SVNA;11 -14.03\ 24.14 -11.53\ -82.08 -7.33\ -124.65 -6.09\ -152.51
SVNA;21 -11.51\ 99.50 -12.19\ 64.72 -13.65\ 39.40 -14.67\ 19.59
SVNA;31 -11.48\ 100.51 -12.21\ 67.52 -13.58\ 42.52 -14.81\ 22.22
SVNA;22 -13.52\ 25.10 -11.27\ -83.45 -7.53\ -127.43 -5.92\ -153.24
SVNA;32 -11.40\ 99.14 -12.34\ 66.16 -13.41\ 43.03 -14.77\ 21.89
SVNA;33 -13.40\ 28.71 -11.23\ -79.74 -7.68\ -123.88 -5.97\ -149.34

Four-Element Square Array

SVNA;11 -13.69\ 26.94 -11.32\ -80.34 -7.29\ -124.55 -6.25\ -153.62
SVNA;21 -10.38\ 107.59 -10.82\ 69.27 -12.34\ 43.11 -13.39\ 20.63
SVNA;31 -19.08\ 37.43 -23.34\ 25.87 -23.32\ 22.43 -22.55\ 11.65
SVNA;41 -10.46\ 108.63 -10.82\ 70.57 -12.35\ 42.64 -13.45\ 21.81
SVNA;22 -13.44\ 16.76 -10.54\ -87.84 -7.26\ -131.72 -5.90\ -157.18
SVNA;32 -10.28\ 107.67 -10.88\ 69.64 -12.47\ 42.76 -13.38\ 21.21
SVNA;42 -18.75\ 36.63 -23.36\ 22.06 -23.33\ 23.27 -22.79\ 9.00
SVNA;33 -13.52\ 17.43 -10.38\ -85.45 -7.20\ -128.12 -5.91\ -153.51
SVNA;43 -10.39\ 103.75 -11.04\ 66.48 -12.41\ 41.22 -13.44\ 19.47
SVNA;44 -13.80\ 18.60 -10.76\ -84.06 -7.07\ -125.07 -6.01\ -153.29
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Table 5.15: SPri
Mu of arrays with di�erent number of elements and con�gurations.

SPri
Mu

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

Three-Element Linear Array

SPri
Mu;11 -24.77\ -19.55 -24.62\ -21.78 -21.05\ -38.57 -20.44\ -76.85
SPri

Mu;21 -8.91\ -12.73 -9.29\ -6.24 -10.47\ 4.59 -11.49\ 14.00
SPri

Mu;31 -13.84\ -131.23 -18.19\ -122.91 -20.54\ -102.97 -22.39\ -101.88
SPri

Mu;22 -15.41\ -25.45 -14.11\ -41.14 -14.22\ -58.73 -15.15\ -71.68
SPri

Mu;32 -8.91\ -15.96 -9.27\ -7.94 -10.40\ 2.41 -11.33\ 12.09
SPri

Mu;33 -20.40\ -26.02 -19.09\ -36.52 -18.21\ -51.96 -17.75\ -61.24

Three-Element Triangular Array

SPri
Mu;11 -19.03\ -15.42 -17.47\ -37.28 -15.13\ -37.40 -16.53\ -54.07
SPri

Mu;21 -10.73\ 128.75 -11.85\ 146.45 -12.56\ 162.97 -12.78\ 177.12
SPri

Mu;31 -10.67\ 129.75 -11.83\ 149.59 -12.47\ 167.19 -12.95\ -178.33
SPri

Mu;22 -18.87\ -8.48 -16.82\ -37.65 -14.80\ -46.08 -15.69\ -51.68
SPri

Mu;32 -10.60\ 128.42 -11.97\ 148.13 -12.31\ 167.27 -12.86\ -179.01
SPri

Mu;33 -19.74\ -3.76 -17.33\ -30.46 -16.17\ -38.90 -18.33\ -41.00

Four-Element Square Array

SPri
Mu;11 -16.92\ -10.66 -18.36\ -24.71 -17.13\ -37.30 -17.71\ -77.08
SPri

Mu;21 -10.10\ 133.55 -10.18\ 149.44 -10.70\ 165.61 -10.99\ 177.02
SPri

Mu;31 -18.80\ 63.75 -22.68\ 105.99 -21.59\ 145.25 -20.04\ 168.90
SPri

Mu;41 -10.18\ 134.74 -10.18\ 150.95 -10.65\ 166.18 -11.08\ 179.28
SPri

Mu;22 -14.93\ -15.35 -15.75\ -34.51 -14.73\ -54.77 -15.04\ -71.48
SPri

Mu;32 -10.04\ 133.24 -10.21\ 149.46 -10.83\ 164.66 -10.89\ 177.58
SPri

Mu;42 -18.51\ 62.63 -22.69\ 101.85 -21.60\ 145.41 -20.21\ 165.25
SPri

Mu;33 -15.08\ -15.45 -15.76\ -29.29 -15.70\ -45.81 -17.36\ -66.06
SPri

Mu;43 -10.16\ 129.48 -10.36\ 146.52 -10.70\ 164.19 -10.97\ 177.02
SPri

Mu;44 -15.45\ -16.74 -16.67\ -28.84 -16.29\ -35.72 -17.68\ -69.00
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Table 5.16: SGen
Mu of arrays with di�erent number of elements and con�gurations.

SGen
Mu

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

Three-Element Linear Array

SGen
Mu;11 -24.30\ 6.52 -27.95\ -23.20 -22.49\ -54.74 -19.35\ -92.50
SGen

Mu;21 -8.53\ -15.03 -9.20\ -5.24 -10.54\ 6.09 -11.61\ 15.26
SGen

Mu;31 -15.17\ -133.02 -17.98\ -131.78 -19.51\ -117.80 -20.33\ -117.92
SGen

Mu;22 -14.56\ -6.72 -16.01\ -44.34 -15.09\ -75.49 -14.51\ -91.20
SGen

Mu;32 -8.50\ -18.12 -9.19\ -6.88 -10.49\ 3.99 -11.47\ 13.42
SGen

Mu;33 -20.31\ -10.26 -20.62\ -39.36 -19.00\ -63.98 -17.60\ -74.97

Three-Element Triangular Array

SGen
Mu;11 -16.57\ -15.34 -18.52\ -29.93 -17.20\ -38.06 -18.41\ -70.49
SGen

Mu;21 -11.22\ 125.82 -11.58\ 145.08 -12.02\ 162.57 -12.19\ 177.37
SGen

Mu;31 -11.17\ 126.94 -11.59\ 148.05 -11.97\ 166.23 -12.34\ -178.94
SGen

Mu;22 -16.44\ -10.45 -17.76\ -30.87 -16.76\ -48.95 -17.57\ -65.92
SGen

Mu;32 -11.07\ 125.51 -11.71\ 146.60 -11.84\ 166.34 -12.26\ -179.48
SGen

Mu;33 -17.09\ -6.85 -18.24\ -22.78 -18.58\ -41.50 -21.19\ -59.80

Four-Element Square Array

SGen
Mu;11 -20.22\ -13.17 -16.88\ -34.43 -14.32\ -35.94 -15.40\ -55.01
SGen

Mu;21 -9.66\ 133.63 -10.18\ 150.08 -10.77\ 166.05 -11.08\ 177.28
SGen

Mu;31 -19.36\ 88.30 -27.50\ 106.77 -29.85\ 141.24 -29.44\ 166.30
SGen

Mu;41 -9.75\ 134.64 -10.17\ 151.58 -10.71\ 166.63 -11.15\ 179.80
SGen

Mu;22 -17.45\ -18.20 -14.53\ -40.91 -12.64\ -50.26 -13.07\ -55.64
SGen

Mu;32 -9.61\ 133.22 -10.20\ 150.10 -10.91\ 165.12 -10.96\ 177.93
SGen

Mu;42 -19.13\ 86.28 -27.51\ 99.67 -29.87\ 142.18 -29.90\ 155.68
SGen

Mu;33 -17.70\ -17.12 -14.68\ -36.61 -13.33\ -43.29 -14.59\ -48.08
SGen

Mu;43 -9.70\ 129.73 -10.37\ 147.19 -10.78\ 164.55 -11.06\ 177.22
SGen

Mu;44 -18.10\ -19.27 -15.46\ -36.73 -13.69\ -35.31 -15.02\ -49.59
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Table 5.17: SPri
Ar of the tested three-element linear antenna array.

SAr;(i)(j)
(dB\ deg)

4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar;(1)(1) -13.76\ 50.00 -13.72\ -71.01 -8.50\ -121.71 -6.69\ -151.58
SPri

Ar;(2)(1) -8.99\ -41.91 -9.70\ -85.77 -11.81\ -116.28 -13.66\ -140.83
SPri

Ar;(3)(1) -15.58\ -161.39 -18.46\ 147.27 -20.89\ 118.59 -22.67\ 84.44
SPri

Ar;(4)(1) -0.23\ -14.36 -0.22\ -40.73 -0.68\ -62.19 -1.10\ -79.17
SPri

Ar;(5)(1) -21.68\ 60.44 -25.02\ 119.67 -21.15\ 121.05 -19.71\ 111.05
SPri

Ar;(6)(1) -28.27\ -59.04 -33.78\ -7.29 -30.23\ -4.08 -28.71\ -23.68
SPri

Ar;(2)(2) -12.44\ 19.13 -11.03\ -91.86 -8.26\ -135.68 -6.70\ -159.35
SPri

Ar;(3)(2) -8.91\ -44.52 -9.72\ -86.93 -11.76\ -117.70 -13.66\ -142.10
SPri

Ar;(4)(2) -21.68\ 60.44 -25.02\ 119.67 -21.15\ 121.05 -19.71\ 111.05
SPri

Ar;(5)(2) -0.17\ -12.74 -0.30\ -39.67 -0.66\ -60.23 -1.07\ -77.15
SPri

Ar;(6)(2) -21.60\ 57.83 -25.04\ 118.51 -21.10\ 119.63 -19.70\ 109.78
SPri

Ar;(3)(3) -14.29\ 39.03 -12.53\ -82.26 -8.38\ -126.82 -6.18\ -153.68
SPri

Ar;(4)(3) -28.27\ -59.04 -33.78\ -7.29 -30.23\ -4.08 -28.71\ -23.68
SPri

Ar;(5)(3) -21.60\ 57.83 -25.04\ 118.51 -21.10\ 119.63 -19.70\ 109.78
SPri

Ar;(6)(3) -0.18\ -13.92 -0.26\ -40.25 -0.69\ -61.47 -1.24\ -78.57
SPri

Ar;(4)(4) -12.92\ 87.99 -15.55\ 164.71 -10.02\ 175.14 -7.14\ 172.71
SPri

Ar;(5)(4) -34.37\ 162.79 -40.35\ -34.90 -30.49\ -1.62 -25.75\ 2.94
SPri

Ar;(6)(4) -40.96\ 43.31 -49.11\ -161.86 -39.57\ -126.75 -34.75\ -131.80
SPri

Ar;(5)(5) -12.86\ 89.61 -15.62\ 165.77 -10.00\ 177.11 -7.11\ 174.73
SPri

Ar;(6)(5) -34.29\ 160.18 -40.37\ -36.06 -30.44\ -3.04 -25.74\ 1.67
SPri

Ar;(6)(6) -12.87\ 88.43 -15.58\ 165.19 -10.03\ 175.86 -7.28\ 173.31
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Table 5.18: SGen
Ar of the tested three-element linear antenna array.

SGen
Ar

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SGen
Ar;(1)(1) -12.66\ 48.65 -14.47\ -68.39 -9.06\ -122.85 -7.12\ -153.25
SGen

Ar;(2)(1) -8.81\ -43.35 -9.52\ -85.26 -11.57\ -114.63 -13.33\ -138.56
SGen

Ar;(3)(1) -17.41\ -163.00 -17.96\ 138.70 -19.35\ 107.98 -20.38\ 75.83
SGen

Ar;(4)(1) -0.29\ -14.20 -0.20\ -40.83 -0.61\ -62.06 -0.99\ -78.77
SGen

Ar;(5)(1) -21.49\ 59.00 -24.84\ 120.18 -20.91\ 122.71 -19.37\ 113.32
SGen

Ar;(6)(1) -30.10\ -60.65 -33.29\ -15.86 -28.69\ -14.69 -26.42\ -32.29
SGen

Ar;(2)(2) -10.44\ 21.05 -12.26\ -89.64 -9.34\ -138.89 -7.55\ -162.71
SGen

Ar;(3)(2) -8.71\ -45.82 -9.54\ -86.36 -11.54\ -115.97 -13.35\ -139.75
SGen

Ar;(4)(2) -21.49\ 59.00 -24.84\ 120.18 -20.91\ 122.71 -19.37\ 113.32
SGen

Ar;(5)(2) -0.28\ -12.23 -0.25\ -39.93 -0.51\ -60.15 -0.84\ -76.64
SGen

Ar;(6)(2) -21.40\ 56.53 -24.87\ 119.08 -20.88\ 121.37 -19.39\ 112.14
SGen

Ar;(3)(3) -13.11\ 38.26 -13.22\ -80.73 -8.92\ -128.09 -6.58\ -155.22
SGen

Ar;(4)(3) -30.10\ -60.65 -33.29\ -15.86 -28.69\ -14.69 -26.42\ -32.29
SGen

Ar;(5)(3) -21.40\ 56.53 -24.87\ 119.08 -20.88\ 121.37 -19.39\ 112.14
SGen

Ar;(6)(3) -0.23\ -13.72 -0.23\ -40.35 -0.61\ -61.38 -1.12\ -78.20
SGen

Ar;(4)(4) -12.98\ 88.15 -15.52\ 164.60 -9.95\ 175.27 -7.03\ 173.12
SGen

Ar;(5)(4) -34.18\ 161.35 -40.17\ -34.38 -30.25\ 0.04 -25.41\ 5.21
SGen

Ar;(6)(4) -42.79\ 41.70 -48.61\ -170.42 -38.03\ -137.36 -32.47\ -140.41
SGen

Ar;(5)(5) -12.96\ 90.12 -15.58\ 165.51 -9.85\ 177.19 -6.88\ 175.24
SGen

Ar;(6)(5) -34.09\ 158.88 -40.20\ -35.49 -30.22\ -1.30 -25.43\ 4.02
SGen

Ar;(6)(6) -12.92\ 88.63 -15.56\ 165.08 -9.95\ 175.96 -7.16\ 173.68
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Table 5.19: SPri
Ar of the tested three-element triangular antenna array.

SPri
Ar

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar;(1)(1) -14.03\ 24.14 -11.53\ -82.08 -7.33\ -124.65 -6.09\ -152.51
SPri

Ar;(2)(1) -11.51\ 99.50 -12.19\ 64.72 -13.65\ 39.40 -14.67\ 19.59
SPri

Ar;(3)(1) -11.48\ 100.51 -12.21\ 67.52 -13.58\ 42.52 -14.81\ 22.22
SPri

Ar;(4)(1) -0.14\ -13.30 -0.30\ -40.17 -0.85\ -61.67 -1.26\ -78.90
SPri

Ar;(5)(1) -24.20\ -158.15 -27.52\ -89.85 -22.99\ -83.27 -20.71\ -88.53
SPri

Ar;(6)(1) -24.17\ -157.14 -27.54\ -87.05 -22.93\ -80.15 -20.85\ -85.90
SPri

Ar;(2)(2) -13.52\ 25.10 -11.27\ -83.45 -7.53\ -127.43 -5.92\ -153.24
SPri

Ar;(3)(2) -11.40\ 99.14 -12.34\ 66.16 -13.41\ 43.03 -14.77\ 21.89
SPri

Ar;(4)(2) -24.20\ -158.15 -27.52\ -89.85 -22.99\ -83.27 -20.71\ -88.53
SPri

Ar;(5)(2) -0.16\ -13.23 -0.31\ -40.08 -0.81\ -61.26 -1.31\ -78.67
SPri

Ar;(6)(2) -24.09\ -158.51 -27.67\ -88.40 -22.75\ -79.63 -20.81\ -86.23
SPri

Ar;(3)(3) -13.40\ 28.71 -11.23\ -79.74 -7.68\ -123.88 -5.97\ -149.34
SPri

Ar;(4)(3) -24.17\ -157.14 -27.54\ -87.05 -22.93\ -80.15 -20.85\ -85.90
SPri

Ar;(5)(3) -24.09\ -158.51 -27.67\ -88.40 -22.75\ -79.63 -20.81\ -86.23
SPri

Ar;(6)(3) -0.18\ -13.35 -0.32\ -40.25 -0.80\ -61.83 -1.30\ -79.81
SPri

Ar;(4)(4) -12.83\ 89.05 -15.62\ 165.27 -10.19\ 175.66 -7.31\ 172.99
SPri

Ar;(5)(4) -36.89\ -55.80 -42.84\ 115.59 -32.33\ 154.06 -26.76\ 163.35
SPri

Ar;(6)(4) -36.86\ -54.79 -42.86\ 118.39 -32.27\ 157.19 -26.89\ 165.98
SPri

Ar;(5)(5) -12.85\ 89.12 -15.63\ 165.35 -10.15\ 176.07 -7.35\ 173.21
SPri

Ar;(6)(5) -36.78\ -56.16 -42.99\ 117.04 -32.09\ 157.70 -26.86\ 165.65
SPri

Ar;(6)(6) -12.87\ 89.00 -15.64\ 165.18 -10.14\ 175.51 -7.34\ 172.07
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Table 5.20: SGen
Ar of the tested three-element triangular antenna array.

SGen
Ar

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SGen
Ar;(1)(1) -13.49\ 15.98 -11.60\ -77.33 -7.91\ -121.69 -6.85\ -151.04
SGen

Ar;(2)(1) -11.94\ 97.66 -11.93\ 62.81 -12.91\ 37.86 -13.61\ 18.89
SGen

Ar;(3)(1) -11.92\ 98.80 -11.98\ 65.44 -12.88\ 40.48 -13.73\ 20.84
SGen

Ar;(4)(1) -0.12\ -12.90 -0.30\ -40.39 -0.77\ -62.17 -1.06\ -79.31
SGen

Ar;(5)(1) -24.63\ -159.99 -27.26\ -91.76 -22.25\ -84.81 -19.66\ -89.23
SGen

Ar;(6)(1) -24.61\ -158.85 -27.31\ -89.13 -22.22\ -82.18 -19.78\ -87.28
SGen

Ar;(2)(2) -13.06\ 17.17 -11.34\ -78.91 -8.17\ -124.59 -6.67\ -151.86
SGen

Ar;(3)(2) -11.82\ 97.33 -12.09\ 64.11 -12.72\ 41.01 -13.71\ 20.61
SGen

Ar;(4)(2) -24.63\ -159.99 -27.26\ -91.76 -22.25\ -84.81 -19.66\ -89.23
SGen

Ar;(5)(2) -0.14\ -12.83 -0.31\ -40.30 -0.73\ -61.76 -1.10\ -79.10
SGen

Ar;(6)(2) -24.51\ -160.32 -27.42\ -90.46 -22.06\ -81.65 -19.75\ -87.51
SGen

Ar;(3)(3) -13.00\ 20.71 -11.29\ -75.23 -8.32\ -120.89 -6.71\ -147.78
SGen

Ar;(4)(3) -24.61\ -158.85 -27.31\ -89.13 -22.22\ -82.18 -19.78\ -87.28
SGen

Ar;(5)(3) -24.51\ -160.32 -27.42\ -90.46 -22.06\ -81.65 -19.75\ -87.51
SGen

Ar;(6)(3) -0.16\ -12.94 -0.32\ -40.47 -0.71\ -62.30 -1.09\ -80.16
SGen

Ar;(4)(4) -12.80\ 89.45 -15.63\ 165.05 -10.11\ 175.16 -7.10\ 172.57
SGen

Ar;(5)(4) -37.32\ -57.64 -42.59\ 113.68 -31.59\ 152.52 -25.70\ 162.65
SGen

Ar;(6)(4) -37.30\ -56.50 -42.63\ 116.31 -31.56\ 155.15 -25.82\ 164.60
SGen

Ar;(5)(5) -12.83\ 89.52 -15.64\ 165.14 -10.07\ 175.57 -7.15\ 172.78
SGen

Ar;(6)(5) -37.20\ -57.97 -42.74\ 114.98 -31.40\ 155.68 -25.79\ 164.38
SGen

Ar;(6)(6) -12.85\ 89.41 -15.65\ 164.97 -10.05\ 175.03 -7.13\ 171.72
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tested four-element square antenna array.

Table 5.21: SPri
Ar of the tested four-element square antenna array.

SPri
Ar

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar;(1)(1) -12.75\ 19.24 -11.46\ -74.14 -8.10\ -120.37 -7.41\ -150.92
SPri

Ar;(2)(1) -10.78\ 109.77 -10.83\ 67.45 -11.82\ 40.27 -12.26\ 18.06
SPri

Ar;(3)(1) -17.53\ 21.42 -20.27\ 24.40 -18.79\ 21.34 -17.32\ 10.14
SPri

Ar;(4)(1) -10.84\ 110.98 -10.84\ 68.76 -11.83\ 39.76 -12.33\ 18.86
SPri

Ar;(5)(1) -0.16\ -12.83 -0.31\ -40.53 -0.74\ -62.37 -0.92\ -79.34
SPri

Ar;(6)(1) -23.47\ -147.88 -26.15\ -87.12 -21.16\ -82.40 -18.30\ -90.05
SPri

Ar;(7)(1) -30.22\ 123.77 -35.59\ -130.16 -28.13\ -101.33 -23.37\ -97.98
SPri

Ar;(8)(1) -23.53\ -146.66 -26.17\ -85.80 -21.17\ -82.91 -18.38\ -89.25
SPri

Ar;(2)(2) -12.36\ 10.20 -10.77\ -82.35 -8.14\ -128.37 -7.04\ -155.06
SPri

Ar;(3)(2) -10.67\ 109.93 -10.90\ 67.82 -11.95\ 39.87 -12.27\ 18.42
SPri

Ar;(4)(2) -17.22\ 21.29 -20.28\ 21.78 -18.79\ 21.98 -17.46\ 8.86
SPri

Ar;(5)(2) -23.47\ -147.88 -26.15\ -87.12 -21.16\ -82.40 -18.30\ -90.05
SPri

Ar;(6)(2) -0.12\ -12.40 -0.33\ -40.09 -0.72\ -61.22 -1.00\ -78.31
SPri

Ar;(7)(2) -23.36\ -147.72 -26.22\ -86.74 -21.29\ -82.80 -18.31\ -89.70
SPri

Ar;(8)(2) -29.91\ 123.65 -35.60\ -132.78 -28.13\ -100.68 -23.51\ -99.26
SPri

Ar;(3)(3) -12.51\ 10.21 -10.52\ -80.07 -8.01\ -124.25 -7.01\ -150.71
SPri

Ar;(4)(3) -10.82\ 105.74 -11.03\ 64.63 -11.88\ 38.46 -12.31\ 16.96
SPri

Ar;(5)(3) -30.22\ 123.77 -35.59\ -130.16 -28.13\ -101.33 -23.37\ -97.98
SPri

Ar;(6)(3) -23.36\ -147.72 -26.22\ -86.74 -21.29\ -82.80 -18.31\ -89.70
SPri

Ar;(7)(3) -0.11\ -12.44 -0.35\ -40.18 -0.75\ -61.80 -1.02\ -79.39
SPri

Ar;(8)(3) -23.51\ -151.90 -26.35\ -89.94 -21.22\ -84.21 -18.35\ -91.15

5.3.3 Radiation E�ciency of the Antenna Array

Radiation e�ciency of the array was calculated according to (4.22) as discussed in

Section 4.2 by solving the signal 
ow graph. Table 5.25 present the radiation e�-

ciency: obtained using HFSS simulations, calculated referring to SPri
Mu, and referring

to SGen
Mu .

It can be observed that the simulation results and calculated results using the
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Table 5.22: Continuation of SPri
Ar of the tested four-element square antenna array.

SPri
Ar

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar;(4)(4) -12.79\ 11.34 -10.91\ -78.43 -7.84\ -120.96 -7.11\ -150.55
SPri

Ar;(5)(4) -23.53\ -146.66 -26.17\ -85.80 -21.17\ -82.91 -18.38\ -89.25
SPri

Ar;(6)(4) -29.91\ 123.65 -35.60\ -132.78 -28.13\ -100.68 -23.51\ -99.26
SPri

Ar;(7)(4) -23.51\ -151.90 -26.35\ -89.94 -21.22\ -84.21 -18.35\ -91.15
SPri

Ar;(8)(4) -0.11\ -12.56 -0.34\ -40.29 -0.78\ -62.28 -0.99\ -79.43
SPri

Ar;(5)(5) -12.85\ 89.52 -15.64\ 164.91 -10.08\ 174.96 -6.96\ 172.54
SPri

Ar;(6)(5) -36.16\ -45.53 -41.48\ 118.32 -30.50\ 154.94 -24.34\ 161.83
SPri

Ar;(7)(5) -42.91\ -133.88 -50.92\ 75.27 -37.47\ 136.01 -29.41\ 153.90
SPri

Ar;(8)(5) -36.22\ -44.31 -41.49\ 119.64 -30.52\ 154.43 -24.42\ 162.63
SPri

Ar;(6)(6) -12.80\ 89.96 -15.66\ 165.35 -10.06\ 176.12 -7.05\ 173.57
SPri

Ar;(7)(6) -36.04\ -45.37 -41.55\ 118.70 -30.63\ 154.54 -24.36\ 162.19
SPri

Ar;(8)(6) -42.60\ -134.00 -50.93\ 72.66 -37.48\ 136.65 -29.55\ 152.63
SPri

Ar;(7)(7) -12.80\ 89.91 -15.68\ 165.26 -10.09\ 175.53 -7.06\ 172.49
SPri

Ar;(8)(7) -36.20\ -49.55 -41.68\ 115.50 -30.56\ 153.12 -24.40\ 160.73
SPri

Ar;(8)(8) -12.80\ 89.79 -15.66\ 165.15 -10.12\ 175.05 -7.04\ 172.45
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Table 5.23: SGen
Ar of the tested four-element square antenna array.

SGen
Ar

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SGen
Ar;(1)(1) -13.69\ 26.94 -11.32\ -80.34 -7.29\ -124.55 -6.25\ -153.62
SGen

Ar;(2)(1) -10.38\ 107.59 -10.82\ 69.27 -12.34\ 43.11 -13.39\ 20.63
SGen

Ar;(3)(1) -19.08\ 37.43 -23.34\ 25.87 -23.32\ 22.43 -22.55\ 11.65
SGen

Ar;(4)(1) -10.46\ 108.63 -10.82\ 70.57 -12.35\ 42.64 -13.45\ 21.81
SGen

Ar;(5)(1) -0.16\ -13.34 -0.31\ -40.23 -0.86\ -61.69 -1.22\ -78.60
SGen

Ar;(6)(1) -23.07\ -150.06 -26.15\ -85.29 -21.68\ -79.56 -19.43\ -87.48
SGen

Ar;(7)(1) -31.77\ 139.78 -38.66\ -128.70 -32.66\ -100.24 -28.60\ -96.46
SGen

Ar;(8)(1) -23.15\ -149.02 -26.15\ -83.99 -21.69\ -80.02 -19.50\ -86.31
SGen

Ar;(2)(2) -13.44\ 16.76 -10.54\ -87.84 -7.26\ -131.72 -5.90\ -157.18
SGen

Ar;(3)(2) -10.28\ 107.67 -10.88\ 69.64 -12.47\ 42.76 -13.38\ 21.21
SGen

Ar;(4)(2) -18.75\ 36.63 -23.36\ 22.06 -23.33\ 23.27 -22.79\ 9.00
SGen

Ar;(5)(2) -23.07\ -150.06 -26.15\ -85.29 -21.68\ -79.56 -19.43\ -87.48
SGen

Ar;(6)(2) -0.12\ -12.91 -0.33\ -39.79 -0.84\ -60.53 -1.30\ -77.52
SGen

Ar;(7)(2) -22.97\ -149.98 -26.21\ -84.93 -21.81\ -79.91 -19.43\ -86.91
SGen

Ar;(8)(2) -31.43\ 138.98 -38.68\ -132.51 -32.67\ -99.40 -28.83\ -99.12
SGen

Ar;(3)(3) -13.52\ 17.43 -10.38\ -85.45 -7.20\ -128.12 -5.91\ -153.51
SGen

Ar;(4)(3) -10.39\ 103.75 -11.04\ 66.48 -12.41\ 41.22 -13.44\ 19.47
SGen

Ar;(5)(3) -31.77\ 139.78 -38.66\ -128.70 -32.66\ -100.24 -28.60\ -96.46
SGen

Ar;(6)(3) -22.97\ -149.98 -26.21\ -84.93 -21.81\ -79.91 -19.43\ -86.91
SGen

Ar;(7)(3) -0.12\ -12.95 -0.35\ -39.89 -0.86\ -61.09 -1.31\ -78.59
SGen

Ar;(8)(3) -23.08\ -153.90 -26.36\ -88.08 -21.75\ -81.45 -19.49\ -88.64

80



Table 5.24: Continuation of SGen
Ar of the tested four-element square antenna array.

SGen
Ar

(dB\ deg)
4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SGen
Ar;(4)(4) -13.80\ 18.60 -10.76\ -84.06 -7.07\ -125.07 -6.01\ -153.29
SGen

Ar;(5)(4) -23.15\ -149.02 -26.15\ -83.99 -21.69\ -80.02 -19.50\ -86.31
SGen

Ar;(6)(4) -31.43\ 138.98 -38.68\ -132.51 -32.67\ -99.40 -28.83\ -99.12
SGen

Ar;(7)(4) -23.08\ -153.90 -26.36\ -88.08 -21.75\ -81.45 -19.49\ -88.64
SGen

Ar;(8)(4) -0.12\ -13.06 -0.33\ -40.00 -0.90\ -61.58 -1.28\ -78.66
SGen

Ar;(5)(5) -12.85\ 89.02 -15.64\ 165.20 -10.20\ 175.65 -7.26\ 173.29
SGen

Ar;(6)(5) -35.76\ -47.71 -41.47\ 120.14 -31.02\ 157.78 -25.47\ 164.40
SGen

Ar;(7)(5) -44.46\ -117.86 -53.99\ 76.74 -42.00\ 137.10 -34.64\ 155.42
SGen

Ar;(8)(5) -35.84\ -46.67 -41.47\ 121.44 -31.03\ 157.31 -25.54\ 165.57
SGen

Ar;(6)(6) -12.81\ 89.44 -15.66\ 165.65 -10.18\ 176.80 -7.34\ 174.37
SGen

Ar;(7)(6) -35.66\ -47.63 -41.54\ 120.51 -31.16\ 157.42 -25.47\ 164.98
SGen

Ar;(8)(6) -44.12\ -118.67 -54.01\ 72.93 -42.01\ 137.93 -34.87\ 152.77
SGen

Ar;(7)(7) -12.81\ 89.40 -15.67\ 165.55 -10.20\ 176.24 -7.36\ 173.29
SGen

Ar;(8)(7) -35.77\ -51.55 -41.69\ 117.36 -31.09\ 155.89 -25.53\ 163.24
SGen

Ar;(8)(8) -12.81\ 89.29 -15.66\ 165.44 -10.24\ 175.76 -7.33\ 173.22
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Table 5.25: Radiation e�ciency of the tested arrays with di�erent number of elements
and con�gurations.

Tested Frequency Radiation E�ciency
(GHz) HFSS Primary General

Three-Element Linear Antenna Array

4.2 99:4% 98:4% 97:8%
4.6 99:5% 98:1% 98:3%
5.0 99:5% 98:9% 98:8%
5.4 99:5% 99:2% 98:5%

Three-Element Triangular Antenna Array

4.2 99:2% 94:9% 95:2%
4.6 99:3% 98:8% 98:8%
5.0 99:3% 98:1% 98:2%
5.4 99:3% 95:4% 94:7%

Four-Element Square Antenna Array

4.2 99:0% 92:4% 93:5%
4.6 99:1% 98:6% 98:6%
5.0 99:2% 97:7% 97:8%
5.4 99:2% 93:8% 92:1%
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measurements via primary method and general method for radiation e�ciency of the

array are close to each other in most frequency points, thus validating the ability

of the proposed model to calculate the radiation e�ciency of arrays with di�erent

number of elements and con�gurations. Considering the three-element triangular

array, radiation e�ciency calculations at frequency points of 4.2 GHz and 5.4 GHz

are not very accurate. Also, similar inaccuracy is observed in the radiation e�ciency

measurement of the four-element square array at 4.2 GHz and 5.4 GHz frequencies.

This error can be occurred due to several practical reasons, which are listed as follows:

� Each array element in the set-up could be slightly di�erent to the mea-

sured array element for Si. Therefore, Si for each element are di�erent,

which is not accounted in the calculations.

� Additional loss introduced due to the metallic cap, the ground plane,

and the contact between the metallic cap and the ground plane in

calculating Si [31, 56].

� Calibration errors of the VNA produce errors in SVNA measurements,

which a�ect the calculations.

� Three-element and four-element arrays were measured using a two-port

VNA while matched loads were attached to additional antennas. The

matched load of the calibration kit might have not created a perfect

matched.

� Slight dissimilarities between the HFSS model and the actual set up.

One such dissimilarity is that HFSS simulates structure in perfect free

space, where practically there can be some re
ections. Furthermore,

slight dimensional errors can exist in modeling the actual structure in

HFSS.
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It should be also noted that the simulated radiation e�ciency of the arrays using

HFSS were over 100% with default meshing. Similar behavior was noted in simulat-

ing high e�ciency antennas in [44, 57]. Thus, in order to achieve accurate results, the

maximum element length of the mesh was set to �=15 in this thesis. Further decreas-

ing the maximum element length of the mesh would slightly increase the accuracy

but extremely increase the simulation time. Hence, it can be concluded that the

presented HFSS results for the radiation e�ciency might be slightly overestimated,

which create an error compared to the calculated results.

5.3.4 Comparison of S-Parameters between the Physically Accessible Ports

Table 5.14 presents the measured S-parameters of the physically accessible ports using

a VNA of the tested array set-ups. The same measurement was obtained using SPri
Ar

and SGen
Ar . Considering both linear and triangular three-element arrays, port 1, port

2, and port 3 are the physically accessible ports. The measured S-parameters between

these ports using the VNA (SVNA;11; SVNA;21; SVNA;31; SVNA;22; SVNA;32; SVNA;33) and

SAr;(1)(1), SAr;(2)(1), SAr;(3)(1), SAr;(2)(2), SAr;(3)(2) and SAr;(3)(3) of the complete array

S-parameters should be identical. Comparison between these values for the three-

element linear array are presented in Figure 5.9 and Figure 5.10. A similar comparison

for the three-element triangular array are presented in Figure 5.11 and Figure 5.12.

Considering the four-element square array, port 1, port 2, port 3, and port

4 are the physically accessible ports. Thus, the measured S-parameters between

these ports using the VNA (SVNA;11, SVNA;21, SVNA;31, SVNA;41, SVNA;22, SVNA;32,

SVNA;42, SVNA;33, SVNA;43, SVNA;44) and SAr;(1)(1), SAr;(2)(1), SAr;(3)(1), SAr;(4)(1), SAr;(2)(2),

SAr;(3)(2), SAr;(4)(2), SAr;(3)(3), SAr;(4)(3), and SAr;(4)(4) of the complete array S-parameters

should be identical. Figure 5.13, Figure 5.14, Figure 5.15, and Figure 5.16 present a

comparison between these values for the four-element square array.

Table 5.14 presents the measured S-parameters between port 1, port 2 and port 3
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for the three-element linear array, and three-element triangular array, as well as the

measured S-parameters between port 1, port 2, port 3 and port 4 for the four-element

square array. Table 5.17 and Table 5.18 present SPri
Ar and SGen

Ar of the three-element

linear array, respectively. Furthermore, it was observed that the measured and calcu-

lated S-parameters between the physically accessible ports via primary method and

via general method are near identical for the tested three-element linear array. Table

5.19 and Table 5.20 present SPri
Ar and SGen

Ar of the three-element triangular array, re-

spectively. It was observed that the measured and calculated S-parameters between

the physically accessible ports via primary method and via general method are near

identical for the tested three-element triangular array as well. Table 5.21 and Table

5.22 present the SPri
Ar of the four-element square array. The SGen

Ar of the four-element

square array is presented in Table 5.23 and Table 5.24. Considering the measured

and calculated S-parameters via primary method and via general method between

the physically accessible ports are near identical for the tested four-element square

array, thus validating the proposed model.

5.4 Non-Identical Antenna Elements in an Array

Typically, antenna elements are identical in antenna arrays. However, antenna ele-

ments of the array may slightly di�er during fabrication, which result in non-identical

Si. This section considers an extreme scenario of non-identical elements in an array.

The set-up of two-element array with d = 30 mm was used while a 1 dB attenuator

was attached to the second element of the array in order to make the two elements

non-identical. SWC method was used in order to calculate S1 and S2 of the elements

in the array. Calculated S1 is presented in Table 5.3. S2 was calculated similarly to

the calculation of S1, which is discussed in Section 5.1 using the same set up and

Wheeler caps after attaching a 1 dB attenuator to the monopole.
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(a) Magnitude of SVNA;11 vs. SAr;(1)(1) (b) Phase of SVNA;11 vs. SAr;(1)(1)

(c) Magnitude of SVNA;21 vs. SAr;(2)(1) (d) Phase of SVNA;21 vs. SAr;(2)(1)

(e) Magnitude of SVNA;31 vs. SAr;(3)(1) (f) Phase of SVNA;31 vs. SAr;(3)(1)

Figure 5.9: Comparison between SVNA vs. calculated SAr for the three-element linear
array.
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(a) Magnitude of SVNA;22 vs. SAr;(2)(2) (b) Phase of SVNA;22 vs. SAr;(2)(2)

(c) Magnitude of SVNA;32 vs. SAr;(3)(2) (d) Phase of SVNA;32 vs. SAr;(3)(2)

(e) Magnitude of SVNA;33 vs. SAr;(3)(3) (f) Phase of SVNA;33 vs. SAr;(3)(3)

Figure 5.10: Continuation of the comparison between SVNA vs. calculated SAr for the
three-element linear array.
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(a) Magnitude of SVNA;11 vs. SAr;(1)(1) (b) Phase of SVNA;11 vs. SAr;(1)(1)

(c) Magnitude of SVNA;21 vs. SAr;(2)(1) (d) Phase of SVNA;21 vs. SAr;(2)(1)

(e) Magnitude of SVNA;31 vs. SAr;(3)(1) (f) Phase of SVNA;31 vs. SAr;(3)(1)

Figure 5.11: Comparison between SVNA vs. calculated SAr for the three-element
triangular array.
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(a) Magnitude of SVNA;22 vs. SAr;(2)(2) (b) Phase of SVNA;22 vs. SAr;(2)(2)

(c) Magnitude of SVNA;32 vs. SAr;(3)(2) (d) Phase of SVNA;32 vs. SAr;(3)(2)

(e) Magnitude of SVNA;33 vs. SAr;(3)(3) (f) Phase of SVNA;33 vs. SAr;(3)(3)

Figure 5.12: Continuation of the comparison between SVNA vs. calculated SAr for the
three-element triangular array.
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(a) Magnitude of SVNA;11 vs. SAr;(1)(1) (b) Phase of SVNA;11 vs. SAr;(1)(1)

(c) Magnitude of SVNA;21 vs. SAr;(2)(1) (d) Phase of SVNA;21 vs. SAr;(2)(1)

(e) Magnitude of SVNA;31 vs. SAr;(3)(1) (f) Phase of SVNA;31 vs. SAr;(3)(1)

Figure 5.13: Comparison between SVNA vs. calculated SAr for the four-element square
array.
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(a) Magnitude of SVNA;41 vs. SAr;(4)(1) (b) Phase of SVNA;41 vs. SAr;(4)(1)

(c) Magnitude of SVNA;22 vs. SAr;(2)(2) (d) Phase of SVNA;22 vs. SAr;(2)(2)

(e) Magnitude of SVNA;32 vs. SAr;(3)(2) (f) Phase of SVNA;32 vs. SAr;(3)(2)

Figure 5.14: Continuation of Figure 5.13 of the comparison between SVNA vs. calcu-
lated SAr for the four-element square array.
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(a) Magnitude of SVNA;42 vs. SAr;(4)(2) (b) Phase of SVNA;42 vs. SAr;(4)(2)

(c) Magnitude of SVNA;33 vs. SAr;(3)(3) (d) Phase of SVNA;33 vs. SAr;(3)(3)

(e) Magnitude of SVNA;43 vs. SAr;(4)(3) (f) Phase of SVNA;43 vs. SAr;(4)(3)

Figure 5.15: Continuation of Figure 5.14 of the comparison between SVNA vs. calcu-
lated SAr for the four-element square array.
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(a) Magnitude of SVNA;44 vs. SAr;(4)(4) (b) Phase of SVNA;44 vs. SAr;(4)(4)

Figure 5.16: Continuation of Figure 5.15 of the comparison between SVNA vs. calcu-
lated SAr for the four-element square array.

The measured input re
ection coe�cients of the AUT with 1 dB attenuator at-

tached immersed in the free space and under Wheeler caps are presented in Table

5.26. The calculated S2 is presented in Table 5.27 according to the SWC method.

S-parameters between the physically accessible ports of the array under test was

measured from a VNA and is presented in Table 5.28.

5.4.1 S-Parameters of Mutual Coupling

The signal 
ow graphs of a two-element array is presented in Figure 3.4 and calculated

SPri
Mu and SGen

Mu for the two-element array are presented in Table 5.29 and Table 5.30,

respectively. Since the array under test is a two-element array mutual coupling is

represented with a two-port network.

5.4.2 Complete Antenna Array S-Parameters

Considering a two-element array, SAr can be presented using a network of four-ports.

Table 5.31 present the calculated SPri
Ar and SGen

Ar of the two-element array under test.
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Table 5.26: Measured input re
ection coe�cient of the monopole attached with 1 dB
attenuator.

Frequency (GHz) Input Re
ection Coe�cient (dB\ deg)

AUT with 1 dB immersed in free space
4.2 -16.90\ 115.39
4.6 -16.04\ 55.28
5.0 -10.59\ 85.49
5.4 -7.88\ 132.85

AUT with 1 dB under the cap of kbcap
1 = 3:71 at 4.2 GHz

4.2 -1.9875\ 156.76
AUT with 1 dB under the cap of kbcap

2 = 5:37 at 4.2 GHz
4.2 -1.9419\ 14.41

AUT with 1 dB under the cap of kbcap
1 = 3:72 at 4.6 GHz

4.6 -2.4542\ -178.73
AUT with 1 dB under the cap of kbcap

2 = 5:39 at 4.6 GHz
4.6 -1.6738\ 32.21

AUT with 1dB under the cap of kbcap
1 = 3:75 at 5.0 GHz

5.0 -2.3391\ -152.34
AUT with 1 dB under the cap of kbcap

2 = 5:41 at 5.0 GHz
5.0 -1.7229\ 70.98

AUT with 1 dB under the cap of kbcap
1 = 3:77 at 5.4 GHz

5.4 -2.5760\ -132.87
AUT with 1 dB under the cap of kbcap

2 = 5:43 at 5.4 GHz
5.4 -1.8057\ 120.38

Table 5.27: Si of the monopole antenna under test with 1 dB attenuator attached.

Test Frequency S11 S21 S22

(GHz) (dB\ deg)

4.2 -16.90\ 115.39 -1.13\ 10.48 -13.92\ 88.46
4.6 -16.04\ 55.28 -1.15\ 20.95 -14.49\ 150.30
5.0 -10.59\ 85.49 -1.55\ 36.92 -9.63\ 168.16
5.4 -7.88\ 132.85 -2.24\ 55.68 -6.81\ 157.98
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Table 5.28: Measured S-parameters from a VNA between the physically accessible
ports of the two-element array under test with non-identical elements, where a 1 dB
attenuator was attached to the 2nd element.

Test Frequency SVNA;11 SVNA;21 SVNA;22

(GHz) (dB\ deg)

4.2 -16.67\ 141.44 -13.53\ 84.34 -18.22\ 55.51
4.6 -17.47\ 112.86 -13.99\ 25.35 -18.87\ -130.48
5.0 -10.22\ -179.15 -14.97\ -26.84 -11.8\ 153.31
5.4 -6.76\ -97.68 -16.64\ -78.36 -8.64\ 93.44

Table 5.29: Calculated SPri
Mu of the two-element array with non-identical elements.

Test Frequency SPri
Mu;11 SPri

Mu;21 SPri
Mu;22

(GHz) (dB\ deg)

4.2 -13.73\ -125.07 -12.68\ 89.09 -15.69\ -30.76
4.6 -10.47\ -164.67 -13.64\ 46.53 -9.65\ -169.1
5.0 -8.35\ -118.2 -14.23\ -0.67 -8.13\ 146.35
5.4 -7.72\ 148.17 -15.26\ -53.68 -7.7\ -105.15

Table 5.30: Calculated SGen
Mu of the two-element array with non-identical elements.

Test Frequency SGen
Mu;11 SGen

Mu;21 SGen
Mu;22

(GHz) (dB\ deg)

4.2 -13.34\ -123.45 -12.72\ 89.12 -15.40\ -34.65
4.6 -10.29\ -163.49 -13.66\ 46.40 -9.57\ -167.89
5.0 -8.30\ -120.20 -14.30\ -0.50 -7.89\ 147.33
5.4 -7.70\ 146.07 -15.16\ -53.10 -8.00\ -104.42
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Table 5.31: SAr of the tested two-element antenna array with non-identical elements.

SAr;(i)(j)
(dB\ deg)

4.2 GHz 4.6 GHz 5.0 GHz 5.4 GHz

SPri
Ar

SPri
Ar;(1)(1) -16.67\ 141.44 -17.47\ 112.86 -10.22\ -179.15 -6.76\ -97.68
SPri

Ar;(2)(1) -13.53\ 84.34 -13.99\ 25.35 -14.97\ -26.84 -16.64\ -78.36
SPri

Ar;(3)(1) 0.12\ -16.86 0.28\ -40.92 0.03\ -57.28 -0.06\ -89.96
SPri

Ar;(4)(1) -26.33\ 162.32 -27.33\ 154.69 -23.05\ 104.41 -21.21\ 23.93
SPri

Ar;(2)(2) -18.22\ 55.51 -18.87\ -130.48 -11.80\ 153.31 -8.64\ 93.44
SPri

Ar;(3)(2) -26.22\ -173.31 -29.31\ -129.22 -24.32\ -149.50 -22.68\ 173.52
SPri

Ar;(4)(2) -0.95\ 12.09 -0.61\ 19.80 -0.73\ 31.03 -1.37\ 64.99
SPri

Ar;(3)(3) -12.57\ 85.49 -15.05\ 164.52 -9.31\ -179.95 -6.10\ 161.93
SPri

Ar;(4)(3) -39.02\ -95.33 -42.66\ 0.13 -32.39\ -18.26 -27.25\ -84.18
SPri

Ar;(4)(4) -13.75\ 90.08 -13.96\ 149.15 -8.81\ 162.27 -5.94\ 167.28

SGen
Ar

SGen
Ar;(1)(1) -16.68\ 145.86 -17.07\ 115.63 -10.49\ 178.98 -6.50\ -98.35
SGen

Ar;(2)(1) -13.53\ 84.34 -13.99\ 25.35 -14.97\ -26.84 -16.64\ -78.36
SGen

Ar;(3)(1) 0.14\ -16.88 0.29\ -40.85 0.06\ -57.37 -0.11\ -90.25
SGen

Ar;(4)(1) -26.33\ 162.32 -27.33\ 154.69 -23.05\ 104.41 -21.21\ 23.93
SGen

Ar;(2)(2) -18.65\ 51.57 -18.67\ -127.48 -11.77\ 155.71 -8.64\ 95.14
SGen

Ar;(3)(2) -26.22\ -173.31 -29.31\ -129.22 -24.32\ -149.50 -22.68\ 173.52
SGen

Ar;(4)(2) -0.93\ 12.07 -0.60\ 19.86 -0.70\ 30.95 -1.42\ 64.69
SGen

Ar;(3)(3) -12.55\ 85.47 -15.04\ 164.58 -9.28\ 179.97 -6.15\ 161.63
SGen

Ar;(4)(3) -39.02\ -95.33 -42.66\ 0.13 -32.39\ -18.26 -27.25\ -84.18
SGen

Ar;(4)(4) -13.72\ 90.06 -13.95\ 149.21 -8.77\ 162.19 -5.99\ 166.99
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5.4.3 Radiation E�ciency of the Antenna Array

Radiation e�ciency of the array was calculated according to (4.22) as discussed in

Section 4.2 by solving the signal 
ow graph. Table 5.32 present the radiation e�-

ciency: obtained using HFSS simulations, calculated referring to SPri
Mu, and referring

to SGen
Mu .

Table 5.32: Radiation e�ciency of the tested two-element antenna array with non-
identical elements obtained using HFSS simulations, calculated referring to SPri

Mu, and
referring to SGen

Mu .

Tested Frequency Radiation E�ciency
(GHz) HFSS Primary General

4.2 89:2% 86:3% 86:5%
4.6 89:3% 89:1% 89:1%
5.0 89:3% 87:5% 87:5%
5.4 89:2% 88:3% 88:4%

It can be observed that the simulation results and calculated results using the

measurements via primary method and general method for radiation e�ciency of the

array are very close to each other, thus validating the ability of the proposed model

to calculate the radiation e�ciency of an array with non-identical array elements.

5.4.4 Comparison of S-Parameters between the Physically Accessible Ports

Table 5.28 presents the measured S-parameters of the physically accessible ports

using a VNA. The same measurement was obtained using the SPri
Ar and SGen

Ar . Since,

port 1 and the port 2 are the physically accessible ports of the tested two-element

array, S-parameters measured using the VNA (SVNA;11; SVNA;21; SVNA;22) and SAr;(1)(1),

SAr;(2)(1), and SAr;(2)(2) of the complete array S-parameters should be identical.

Table 5.31 presents SPri
Ar and SGen

Ar for this array and a comparison of these values

vs. SVNA are presented in Figure 5.17. It was observed that the measured and
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calculated S-parameters between the physically accessible ports via primary method

and via general method are near identical, thus validating the proposed model.
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(a) Magnitude of SVNA;11 vs. SAr;(1)(1) (b) Phase of SVNA;11 vs. SAr;(1)(1)

(c) Magnitude of SVNA;21 vs. SAr;(2)(1) (d) Phase of SVNA;21 vs. SAr;(2)(1)

(e) Magnitude of SVNA;22 vs. SAr;(2)(2) (f) Phase of SVNA;22 vs. SAr;(2)(2)

Figure 5.17: Comparison between SVNA vs. calculated SAr for non-identical two-
element array.
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Chapter 6

Conclusions

6.1 Thesis Summary

This thesis has proposed, designed, and validated a network model to represent an

antenna array including mutual coupling. The model represents each antenna el-

ement as a two-port network and mutual coupling between antenna elements as a

muti-port network. For an N -element antenna array, mutual coupling is represented

using an N -port network. Techniques to model an antenna element in isolation, using

a two-port network and the calculation of Si are discussed referring to prior literature.

The thesis presents two methods to calculate SMu for an N -element antenna array;

primary method using numerical calculations and general method using general ex-

pressions. The applicability of the proposed network model is demonstrated using

two-element, three-element, and four-element antenna arrays, where SPri
Mu and SGen

Mu

are calculated. Subsequently, the thesis introduces SAr to present the relationship

between all the ports associated with array elements using a single network device,

where an N -element antenna array is presented using an 2N -port network. SPri
Ar and

SGen
Ar are calculated referring to the calculated values of SPri

Mu and SGen
Mu . The accuracy

of calculations using the primary method and the general method are assessed during

model validation.

In order to validate the proposed model several monopole arrays were used: vari-

ous inter-element lengths (d = 15 mm, 20 mm, 30 mm, 40 mm), varying the number

of elements and their con�guration (two-element array, three-element linear array,

three-element triangular array, and four element square array), and having non-

identical array elements (two-element array, where an 1 dB attenuator was attached
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to the 2nd element). The model was validated with reference to the radiation ef-

�ciency and S-parameters between the physically accessible ports. The radiation

e�ciency was calculated using the primary method, general method and was com-

pared to the simulation results obtained via HFSS. It was observed that calculated

and simulated radiation e�ciency are in good agreement with each other. The typi-

cal di�erence of the calculated radiation e�ciency compared to the simulated results

(��Ar = �Ar;Calculated � �Ar;HFSS) is �2%. It should be also noted that the largest

discrepancy observed did not exceed �7:1%. This error is low compared to antenna

array radiation e�ciency measuring uncertainties associated with conventional meth-

ods such as the radiometric method and the directivity/gain method as presented

in [30, 36]. Figure 6.1 presents the occurrence of each ��Ar bracket observed in all

experiments performed, under each frequency point.

Figure 6.1: ��Ar vs. occurrence observed in the experiments.

Also, it was observed that the calculated radiation e�ciency is sensitive to the
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SVNA measurement. The VNA measured S-parameters between the physically acces-

sible ports of the array were compared to analogous parameters of SPri
Ar and SGen

Ar .

Subsequently, it was observed that the measured values and calculated values via the

model were in a good agreement with each other. Thus, it was concluded that the

proposed model is validated.

6.2 Future Work

The developed network model has the potential to represent the noise information of

the array. Current literature supports modeling and calculation of noise parameters

of a single antenna [48]. However, it is challenging to calculate the noise correlation

matrix and noise parameters of an antenna array taking mutual coupling between

elements into consideration. The network model presented in this thesis can be further

developed to calculate the noise contribution from the antenna array and calculate

the noise coupling between array elements. Such model can be used to represent the

noise information and coupling of antenna arrays in circuit simulation environments.

An entire receiver can be represented using S-parameters of the antenna array along

with the S-parameters of other components such as LNAs, transmission lines, and

beam-formers linked using signal 
ow graphs. The noise correlation matrices of each

component will be used to represent the noise information and calculate the overall

noise. Thus, LNA designers can use the proposed model to optimize LNAs to obtain

the optimum noise temperature performance of the entire receiver.
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