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Abstract

The analysis of geostructures with failure as a central topic has been traditionally pursued
through limit equilibrium methods in geotechnical engineering. In this thesis, the nite ele-
ment approach together with advanced constitutive models encompassing micromechanics-
based ingredients are used to examine discontinuous failure modes such as strain localization
in a boundary value problem setting like in a plane-strain (biaxial) test on sand.

The constitutive models used in the numerical simulations are: (1) a non-associated plas-
ticity and fabric-based model, and (2) a micromechanically enriched model via multiscaling.
These are implemented into a nite element solver following a time integration scheme that
is either implicit or explicit. Under static conditions, an implicit scheme is typically adopted
where a sti ness matrix needs to be inverted. Unfortunately, when a limit state, e.g. failure,
is encountered, solution uniqueness is lost, thus leading to a bifurcation problem.

The static problem can be alternatively formulated as a dynamic one involving velocity,
acceleration and a properly chosen loading rate. This allows for an explicit time integra-
tion scheme in which the displacement eld can be obtained without solving any system
of equations || so obviating the inversion of a sti ness matrix. This gives the method great
potential in resolving di culties encountered in a static simulation or in any numerical ap-
proach using the implicit scheme.

To mimic the static problem in dynamic simulations, the loading rate is kept su ciently
small so that the response of the system can be quasi-static. Also, damping might be
introduced to aid these simulations to converge properly toward the static equilibrium.

Localized modes of failure are examined within bifurcation theory whereby there is a
transition from an initially homogeneous deformation mode into one which involves localized
deformations as a shear band. The anatomy of failure is examined and analyzed using the two
constitutive models. It is shown that the micromechanically-enriched model gives important
microstructural information such as coordination number and anisotropy at the particle level

inside and outside the shear band to help understand the genesis of failure in soils.
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Chapter 1

Introduction

1.1 An overview of soil constitutive models

Soil is a complex particulate system consisting of numerous particles interacting with each
other via rather simple laws describing the relation between resisting force and motion of two
particles at a contact. In its simpli ed version, the motion of particles in a contact relative
to each other contains normal and/or sliding components, and more involved versions might
have rotational components of motion, i.e. bending and twisting, introduced. The so-called
packing or fabric can lead to contact loss and gain which do not dissipate energy, but yet
producing permanent (inelastic) deformations. Everything else put aside, interparticle fric-
tion as a key microscopic feature is responsible for the macroscopically observed permanent
deformations in soils, leading to di erent constitutive behaviours under con nement, density
and fabric levels. These represent distinctive features of soils that tell them apart from other
engineering materials such as metals, for instance.

A distinguishable constitutive feature that arises from the above-mentioned is the emer-
gence of particular modes of failure such as localized deformations J from sharp discontinuous
slip surfaces to shear bands of nite thickness when analyzing geomaterials in lab experi-

ments, including the eld. Intriguingly, under di erent loading conditions, a collapse type of



failure without any localization may also be observed such as in the case of static liquefaction.

Despite the particulate nature of soil, continuum mechanics is still the most popular
approach of study, which gives insights into the soil’s mechanical behaviour in geotechnical
applications. In this approach, a model of soil sample is made up of volumetric multiphasic
elements containing su ciently large number of grains with uids and solids simultaneously
present for the variation in properties among adjacent volumes to be eliminated or blurred
so the soil appears as a continuum. These elements are coined as Representative Elementary
Volume (REV) [1]. The stress in an REV can be readily computed by averaging local forces
at all contacts between particles contained in the REV, thus resulting into an upscaling of
mechanical variables. More details of such computations can be in a study by Wan and Guo
[2].

Continuum mechanics relies on established constitutive models which, in general, describe
the relationship between applied strain rate and the response in stress rate. Here, ‘rate’
refers to either time or step increment and hence the constitutive description is said to be
incremental in nature to follow the entire stress-strain response during loading history. After
using a constitutive model speci ¢ to a soil, the writing of governing equations of physics
leads to a set of partial di erential equations whose solution becomes intractable analytically
in most cases, given the complex geometry, boundary conditions and material behaviour at
hand. Numerical approximation methods such as the Finite Element analysis are normally
invoked, but the computational challenges remain in the realm of how sophisticated the
constitutive law is.

Constitutive models for soils have indeed been developed throughout the years to account
for more and more complicated features which were not found in simple continuous materials.
In the early days of soil mechanics as a discipline, researchers used a linear relationship
between stress and strain to model soil response under loading. Various prominent works in
the early soil mechanics were based on that simplicity. A notable example is the problem

of stress transmission inside a semi-in nite ground under a point load solved by Boussinesq



[4] which assumed a linear isotropic elastic behaviour of soil under stresses. Assumptions
made by Boussinesq in the theroy is applicable only when the stresses applied and strains
as response are small and reversible. However, when soil deformation stretches further, the
soil’s behaviour is far from being linear and reversible.

Among the rst attempts to model soil properties outside the scope of linear behaviour,
Duncan and Chang [5] used non-linear elasticity to model the soil’s response. Nevertheless,
with the intrinsic frictional nature, soil dissipates a large portion of the work of external
loads exerted on it. For instance, sand berms as protective structures are often used to
dissipate the energy associated with rock falls of bomb shells. Therefore, elasticity cannot
come close to accurately describe soil behaviour so that plasticity is an indispensable element
of modelling.

In the von Mises theory (1913) [6], an early material model with plasticity, the importance
of shearing on the yielding of soil is considered, but the model fails to consider the combined
e ect of shearing and compression, as well as pressure dependency on the yielding of soil.
Indeed, as the yield surface in the principal stress space remains a cylindrical surface whose
axis of symmetry is the isotropic compression line, yielding is triggered as long as the shear
stress reaches a xed value, regardless of the magnitude of the isotropic con ning pressure,
which is unreasonable.

In contrast to the above, the Mohr-Coulomb model addresses the von Mises shortcoming
by including both the deviatoric stress, g, and the mean stress, p, which account for the
shearing and con nement e ects on soil, respectively. This feature enables the model to de-
scribe the dependency of the yielding of soil on both shearing and compression. Nonetheless,
a shortcoming is again evident when the model encounters the ‘true’ triaxial situation in
which there is intermediate stress, ,, such that ; < , < 3 since the \ingredient™ to take
into account the e ect of the intermediate stress , on soil’s behaviour are absent.

The e ect of the intermediate stress on soil was taken into consideration in the subloading

ti; model [7], [8] through the concept of Spatial Mobilized Plane (SMP), which was rst



introduced by Matsuoka and Nakai [9], along with the concept of subloading t;;.

Besides depending on the location of the stress state in the stress space, due to anisotropy
e ects, the failure of granular materials also highly depends on the direction of load such as
in cyclic loading where reversal of loading directions are involved. In attempts to address
such dependencies, constitutive models such as hypo-plasticity [10] and incremental non-
linearity [11] were formulated to establish the relationships between response of materials
and direction of stress rate vector.

Localized failure in granular materials under displacement-controlled loading is usually
described under the form of a so-called critical plastic state when the granular material
ceases to show any change in its stress state and volume despite the continual increase of its
shear deformation (distortion). The critical state of granular materials depends largely on
the density of the material. Nevertheless, not until the Cam clay model was rst proposed
by Roscoe [12], and then modi ed by Roscoe and Burland [13], that the dependency of the
critical state of soil materials on their void ratio was described.

Nonetheless, the critical state, which is manifested through strain localization and the
cessation of changes in volume and stress state, is found to be not the only way a granular
material could fail. In fact, under the right control parameters, granular materials can also
fail in a di use failure mode (no localization) which is signalled by the so-called second-
order work rst reaching zero [14], and which in turn occurs long before the critical state
determined by displacement-controlled conventional triaxial test.

To explain the variety of failure modes of granular materials through the distinction of
several failure indicators, which requires the tangent constitutive matrix to be unsymmetric,
Wan & Guo [15], [16] introduced the so-called WG model with a non-associated ow rule
to describe plasticity of granular materials by incorporating a modi ed version of Rowe’s
dilatancy theory [17], which relates stress ratio to volumetric strain. The model was one
of the rst attempts in the literature to introduce elements of micromechanics into soil’s

behaviour such as fabric anisotropy of an assemblage of particle into the evolution of yield



surface in an attempt to account for the e ect of microstructure.

To further address the nature of granular materials as particulate materials whose global
behaviours arise from micro-scale attributes, the -GM model [18] has been recently devel-
oped. The model is based on purely micro-scale attributes of granular materials, aiming at
comprehensively accounting for the e ect of micro-scale features on the mechanical behaviour
of granular materials; see details in [19].

On the computational plasticity front, there have been many stress integration schemes
for constitutive laws which most of the time are expressed in an incremental form. There
are also many schemes for time integration which are used to formulate nite element equa-
tions from a set of partial di erential equations that govern the physics of the system. To
incorporate the Cam-clay constitutive model into a nite element formulation, the stress-
strain relation which is originally in rate form has been integrated into incremental form
using implicit integration with detailed formulation by Borja et al. [20]. Alternatively, an
explicit integration scheme with improvements from the original explicit integration scheme
has been developed by Sloan et al. [21]. This scheme can acquire good precision by relying
on an automated correction scheme.

For time integration, if the users just want to use a few time increments to nish an
analysis step, they might just be satis ed with the implicit time integration, which does
not necessitate a small time increment size. It should be noted that a small time increment
size leads to a large number of time increments required. The trade-o is that the implicit
time integration asks for the computation of a tangent constitutive matrix and the inversion
of a global sti ness matrix, which is not always invertible during loading history. On the
other hand, if the tangent constitutive matrix and the inverse of the sti ness matrix are not
desired, one may just nd it suitable to use the explicit time integration. The approach does
not require complicated inversion of the sti ness matrix, lengthy de nition of the tangent
constitutive matrix, and a costly iterative process to solve a non-linear problem. The expense

to be paid is that the approach is probably using an enormous number of time increments



due to small size of a time increment required to maintain its conditional numerical stability.

1.2 Failure within bifurcation theory

The concept of failure in geomaterials is conventionally associated with stress states lying on
an ideally de ned plastic limit line, viz. conventionally called failure envelope in geotechnical
engineering, on which unlimited strains can occur under constant stress through a plasticity

ow rule. As such failure is synonymous to the occurrence of a plastic slip surface or a thin
shear band, the so-called localization mode.

Contrary to the above-mentioned, there are some notorious instances of failure occur-
ring well below the plastic limit surface, i.e. Mohr-Coulomb failure surface, under some
special loading conditions such as stress-controlled undrained shearing. More speci cally, a
loose saturated sand specimen sheared in undrained and axisymmetric (so-called ‘triaxial’
in geotechnical engineering) loading conditions succumbs spontaneously to failure after the
stress deviator reaches a peak that is well below the plastic limit. This is reminiscent of the
celebrated liquefaction phenomenon observed by Castro [22] where there is no manifestation
of any failure surface. In this case, the mode of failure is said to be di use instead of involving
localized plastic deformations.

Recent theoretical studies interpret failure, either in a di use or localized mode, through
a phenomenon called material instability. To the geotechnical engineer, the term ‘instability’
has a generic meaning and may refer, for example, to a landslide failure which is often catas-
trophic in nature. However, from a geomechanical viewpoint, the same problem underlies an
instability phenomenon at the local scale which is of material (constitutive) nature as a re-
sult of the discrete and microstructural features of the geomaterial. As such, mechanisms of
energy dissipation and inter-granular force transmission lead to local instabilities that re ect
at the macroscopic scale as shear dilatancy, localization of deformations, and liquefaction.

Material instability has it roots in the concept of second-order work introduced by Hill



[23] and thereafter applied to geomaterials by Darve [24]. Interestingly, the concept also

encompasses the celebrated Rice’s localization criterion [25].

1.2.1 Second-order work

The second-order work as the product of incremental stress and associated incremental strain
originates from the energy based Hill’s stability criterion [23]. From a further examination
of this criterion, it transpires that a system can be considered as unstable if, for an imposed
small stress perturbation, in nitesimal strains can be produced without any incremental
external energy input. In other words, whenever the second-order work becomes negative
at a material point during a loading increment, there is a potential for material instability.
If the loss of positiveness of the second-order work becomes pervasive within the structure,
collapse will eventually occur.

In the one-dimensional situation, the physical meaning of the second-order work, W, =
d :d", is clear in that a zero or negative sign of W, signals a peak or a softening in the
stress-strain curve, hence an instability in the behaviour in the sense of energy input/output
which is connected to material failure.

Furthermore, invoking D as the tangent constitutive matrix and Dsym, as its symmetric
part, the second-order work can be rewritten as W, = d" : Dgym : d". Hence, a positive
second-order work, a necessary condition for stability implies the positive de niteness of
Dsym. It can be shown that when allowing the strain increment to admit a discontinuity
such as in a shear band with normal n, the second-order work criterion gives way to the
celebrated Rice’s localization criterion [25], i.e. det(n:D:n) = 0. Interestingly, it turns
out that for an appropriate loading program, the second-order criterion may be met before
Rice’s, meaning that di use failure may occur before plastic localization, which eventually
gives ways to localization failure. This begs the question of the adequacy of conventional
geotechnical analysis which largely invoke slip or failure surfaces in order to determine safe
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1.2.2 Bifurcation

A de nition of bifurcation in physics was featured in a book by Thompson and Bishop
[27]. Here, bifurcation is de ned as a state which, under continuous variations of some state
variables, will have a sudden change in the nature of response. A classic example is the
phase change that occurs when water turns into vapour under a continuous supply of heat at
which point the temperature ceases to increase, i.e. the boiling point is reached. Carrying the
spirit of the de nition of Thompson and Bishop, Nicot and Darve (2007) [30] suggested that
bifurcation is a sudden change in the nature of response of the system without any external
agencies imposed on the system. Along the same vein, according to Nicot (2009) [29] and
Nicot et al (2011) [28], failure can also be seen as a sudden change in the nature of response
of the system when a quasi-static deformation regime spontaneously turns dynamic with the
transition typically associated with a jump, i.e. a sudden increase in kinetic energy. Hence,
de ning bifurcation as above creates the linkage between failure and bifurcation concepts
when failure can be considered as a form of bifurcation, thus highlighting the relevance
between them.

Bifurcation can be physically manifested by the loss of sustainability which is the inability
of the system to sustain its current equilibrium state upon the act of an arbitrarily small
perturbation. Loss of sustainability can be mathematically explained by framework of second
order work. According to Nicot and Darve [30], for a system which is currently at equilibrium,
when the second-order work rst becomes negative will mark the onset of a jump in kinetic
energy in the absence of any external loading. The jump of kinetic energy in the system,
when it is at equilibrium, without any external loading gives rise to loss of sustainability.
As a result, bifurcation through its physical manifestation, loss of sustainability, can be
mathematically represented by the vanishing of second order work, i.e. zero second-order

work.



1.2.3 Di use versus localized failure

Failure is categorized into di use failure and localized failure. The di use failure is associated
to a type of failure in which there is not any visible localization pattern in the deformation

eld [29]. In contrast, the localized failure has structured localized deformation patterns
which can be discerned by observation and on which soil sample fails in shear sliding with
these localized patterns play the role of sliding planes [31].

In experiments presented by Wan (2012) [14], it can be observed that di use failure
occurs at the same time as the second-order work rst becomes zero as shown in triaxial
tests with di erent loading directions and control modes. Here, the load directions include:
consolidated undrained (CU), constant shear drained (CSD), quasi-constant shear undrained
(QCSU), and the control modes consist of load controlled and displacement controlled. How-
ever, zero second order work itself does not always cause di use failure. It turns out that zero
second order work must be accompanied by an appropriate combination of control mode and
loading direction, to yield di use failure. Here, loading direction is the direction of the stress
increment vector, d , and it is determined by the type of test performed in the analysis. For
example, in conventional triaxial test, at a stress state A in the stress space, if the drainage
is closed, that is, an undrained test is proceeded, the loading direction will be di erent from
when the drainage is open, that is, a drained test is carried out.

It was shown that CU tests with load controlled reached di use failure at the stress states
where second-order work rst became zero while CU tests with displacement controlled
passed that stress state without any issues and only failed long after. Also in the same
paper, to demonstrate the necessity of choosing the proper loading direction for di use
failure, numerical simulations of CSD and QCSU tests were conducted. It was found that
at the same stress state, where second-order work rst turned zero, while QCSU tests failed
in di use failure, CSD test passed that state and did not fail until long after.

Regarding physical rami cations of di use failure, it coincides with loss of controllability

[14] which is a state of the system in which the experimentalist can no longer keep control



of parameters the way they are supposed to be maintained in the test. For example, loss
of controllability is manifested through the failure to keep pore water pressure constant
during drained tests as shown in the CSD test presented by Wan et al. [14]. Additionally,
in the same test, loss of controllability can be also demonstrated through the failure to
keep deviatoric stress constant upon di use failure. Since with an appropriate combination
of control parameters and loading direction, both di use failure and loss of controllability
occur when second-order work rst vanishes, these two phenomena can be considered as the
physical manifestations of the vanishing of second order work. Given that zero second-order
work also gives rise to bifurcation, di use failure and loss of controllability can be deemed
as forms of bifurcation.

Contrary to di use failure, localized failure occurs along with the presence of at least one
localized deformation pattern, so strain localization marks the onset of this type of failure
and is what sets it apart from the di use failure. According to Rudnicki and Rice [25], a
strain localization normal to a unit vector n is proven to be present wherever det(n:D:n) =0
with D being tangent constitutive tensor.

In numerical simulations using non-associated elasto-plastic constitutive models, when
d":D:d" =0forthe rsttime, when det(n:D:n) = 0 for the rsttime and whendetD =0
for the rst time may happen nonsimultaneously following a certain hierarchy. It should be
noted that when d" : D : d" = 0 for the rst time, when det(n:D:n) = 0 for the rst time
and when det D = 0 for the rst time are conventionally called the vanishing of second order
work, Rice’s criterion of localization and the vanishing of the determinant of D respectively.

In an e ort to explore the aforementioned hierarchy by numerical modelling of plane
strain drained test on sand, it was found in [32] that the Rice’s criterion of localization
happens a while before the vanishing of second order work which happens at around peak.
Both the localization criterion and the vanishing of second order work happens long before
the vanishing of the determinant of D, which does not occur until the critical state. This

nding thus substantiates that the vanishing of the determinant of D is the indicator of the
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ultimate plastic limit failure, which has been conceptualized to be the critical state.

Furthermore, it is evident that di use failure which happens at the vanishing of second
order work, when the test is load-controlled, in fact occurs long before the supposed failure
determined by the Mohr-Coulomb failure criterion whose friction angle is the critical state
friction angle. It is noted that the symmetric part of D loses its positive de niteness before
or at the same time as the vanishing of second-order work, or positive second-order work
is always guaranteed with any non-zero loading increment. Since all of eigenvalues of a
symmetric matrix are real, all of eigenvalues of Dgy,, are real.

Combined with the fact that, the positive de niteness of Dsyrm is equivalent to that all of
its real eigenvalues are positive, it can be concluded that the positive de niteness of Dgym is
equivalent to the all of its eigenvalues are positive. Thus, the loss of the positive de niteness
of Dsym is equivalent to that Dgym has at least one non-positive eigenvalue. If the loading
program starts with Dgym being positive de nite (hence, D also being positive de nite),
initially all of its eigenvalues are positive. Denote eigenvalues of Dgym, as ;1 = 1;6. During
a continuous change of state variables such as: stress, strain, hardening modulus, Dsym, along
with its eigenvalues also continuously change. Denote , as the rst eigenvalue that turns
zero among all eigenvalues of Dgym. We have when Dgym, rst loses its positive de niteness
coincides with when , = 0 for the rst time. In turn, when , = 0 for the rst time
coincides with det(Dsym)=0 for the rst time since det (Dsym)zQ?=l i. Therefore, if the
loading path starts with the positive de niteness of Dsym,, during the course of the loading
program, det(Dsym) = 0 for the rst time and the loss of positive de niteness of Dy, happen
at the same time. On the other hand, the rst time det(Dsym) = 0 happens before when
the determinant of D becomes zero for the rst time if D is non-symmetric [14]. This can
be proved a contrario, see below.

Assume that detD = 0 while det(Dsym) still remains positive from the beginning of
loading, it can be obtained that det D = 0 while Dsyn, is positive de nite (only holds if the

loading program starts with Dgym, being positive de nite). On the other hand, since Dgyn, is
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positive de nite, det(D) is larger or equal to det(Dsym) according to Ostrowski and Taussky
[33], leading to detD > 0 and a contradiction to what has been assumed. It is noted that
non-symmetry of D is because of the use of a non-associated elasto-plastic model [34].

On the other hand, if the elasto-plastic model used is associated, D will become symmet-
ric, so D and Dgsym Will be identical. As a result, the determinants of Dgym and D become
zero at the same time, and this leads to that the vanishing of second-order work and the van-
ishing of the determinant of D to occur at the same time. Consequently, there is no longer
multiplicity of modes of failure expressed by the material. Therefore, the non-associativity
of the elasto-plastic model used is crucial for capturing the multiplicity of modes of failure
in the material. In fact, it is well-known that for non-associated materials, failure can be
reached before the Mohr-Coulomb plastic limit, and that was proven in experiments [14].

Loss of uniqueness may happen in a suitable loading path if D has lost its positive
de niteness [35]. At that time, the constitutive response is no longer unique. The loss of
uniqueness can be observed via the fact that the same boundary value problem can follow
di erent global stress-strain response path and end up having di erent modes of failure, i.e.

shear band shape and its orientation .

1.3 Objectives and the scope of the thesis

The main objective of the thesis is to investigate features of the stress-strain relation and
deformation of granular soils under fundamental loading conditions through suitable consti-
tutive models and nite element analyses using implicit and explicit time integration schemes.
The e ectiveness and the limitations of explicit and implicit time integration schemes in -
nite element analyses are also explored. Moreover, failure and its manifestation along with
di culties that it poses to numerical modelling will be delved into. These objectives will be

accomplished in the following plan:
Two advanced constitutive models will be used in nite element analysis: (1) the so-
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called WG model which is a non-associated plasticity model based on fabric dependent
stress-dialtancy relation, and (2) the -GM model which is a micro-mechanical model
that uses primitive micro-variables such as grain contact anisotropy, grain coordination
number, as well as interparticle sti ness and friction to represent macro-variables such
as density, inherent anisotropy and strength characteristics that engineers are familiar

with.

Material failure aspects of granular soils such as shear banding will be investigated

within the theory of bifurcation and illustrated through detailed nite element analyses.

Both implicit and explicit nite element analyses will be explored to evaluate the
robustness of these computational schemes in capturing strain localization and over-

coming post-peak and bifurcated material behaviours.

The micromechanical features of strain localization will be revealed thanks to the
-GM model which gives access to main micro-variables at any material point in a

boundary-value problem within a classic nite element analysis.

1.4 Structure of the thesis

Chapter 1: A brief introduction to the history of related research is presented. Herein, the
development of simple constitutive models like linear, isotropic elasticity to more advanced
ones like the WG model and -GM models are summarized. After that, di erent stress
integration schemes crucial for implementing constitutive model numerically are discussed.
Concepts of failure, various types of failure, along with their corresponding failure indicators
and physical manifestations are also discussed.

Chapter 2: This chapter lays out the formulation and distinctive features of constitutive
models used in the thesis including the WG and -GM models.

Chapter 3: This chapter provides a brief summary of formulation of two major time inte-
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gration schemes, i.e, implicit and explicit schemes used in nite element analysis, along with
pros and cons of each with regard to computational cost and convergence. This summary
focuses on the working principle of explicit scheme and the choice of an appropriate time
stepping for a stable implementation of the scheme, since it is only conditionally stable,
depending on the size of time step. Simple, but illustrative, examples are shown to walk
the reader through steps of implementation of explicit and implicit schemes, elucidating the
concepts: explicit versus implicit, as well as clarifying the working principle of an explicit
scheme. As such, the simplicity in calculation that an explicit scheme has over an implicit
one, especially in the non-linear problems is demonstrated. Furthermore, the challenge in
numerically modelling failure in general and the limitations of static simulation along with
the advantage of dynamic explicit simulation in modelling failure, in particular, are summa-
rized. Damping as an important factor to bring the dynamic nature of the simulation to
static equilibrium based on the phenomenon of dynamic relaxation is discussed.

Chapter 4: In this chapter, numerical simulations, either static implicit or dynamic explicit,
using the WG and -GM constitutive models of boundary value problems involving a soil
specimen in plane strain (biaxial) tests are presented. When both static implicit and dynamic
explicit simulations are successfully run for the same boundary value problem, comparison
between results from each type of simulation is made to validate dynamic explicit as a
method capable of modelling quasi-static process with a supposedly (appropriately) very
small loading rate. Starting point of localization, peak stress and their variations with
respect to the size of loading step are explored. Modes of failure manifested into shear band
of di erent simulations are compared, and the variations in shape and orientation of these
modes of failure are placed under the light of the bifurcation theory. Mesh dependency of
strain localization in terms of its orientation, inclination and size is analyzed for objectivity
of numerical results. Finally, exclusive to the section of -GM model, evolutions of micro-
variables, which characterize micro-mechanical features of a soil specimen when it is admitted

to be an assembly of particle instead of a continuum, are presented for points inside, outside
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and at the boundary of shear band.
Chapter 5: This chapter provides a brief conclusion of major ndings in the thesis as well

as recommendations for the further expansion of the research.
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Chapter 2

Literature Review

2.1 General

Constitutive models are integral part of any nite element analysis of materials in general,
and soils in particular. The constitutive models used for simulations in this thesis include
the WG [15], [16], and -GM [18], [19] models, whose details are outlined in this chapter.

The WG model is one of multi-surface non-associated plasticity models. It addresses
dependency of soil behaviour on con ning pressure and void ratio, and most importantly
addresses soil’s particulate nature by introducing a state parameter which takes into ac-
count microstructure or fabric of soil. These constitutive attributes of the model are to be
seen in the formulation of the model presented in this chapter. Thanks to these features,
strain localization manifested through band-shaped sliding surfaces, coexistence of loading
(including softening and hardening) and unloading behaviours are displayed.

By contrast, the -GM model is not formulated based on classical concepts such as yield
surface, ow rule, and hardening rule that are inherent in a conventional plasticity model, but
rather has its formulation based solely on relations between micro-variables that are upscaled
to macroscopic ones that are working parameters in engineering. The model presents a great

e ort to address soil behaviour based on the true nature of soil as an assemblage of particles,
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instead of treating soil like a continuum, and allows exploration into soil’s micro-structure

and their role toward strength and failure characteristics.

2.2 WG model

The model is a non-associated plasticity model with two surfaces: one deviatoric yield func-
tion describing shear behaviour, and a cap-like surface to capture compactive deformations
under isotropic stress loading. Shear-induced plastic deformations are governed by a non-
associated ow rule that is void ratio, stress and fabric level dependent. Elastic deformations
are also made void ratio and stress level dependent.

In the discussions in this section, q is von Mises stress, and P is plastic shear strain.

The von Mises stress g is de ned by:

a="133, (2.1)

Whereby J, is the second invariant of the deviatoric stress tensor. J, is de ned by:
1
Jr = 5SijSij (2.2)

In which: s;; is the entry of the deviatoric stress corresponding to the stress tensor , and
is de ned by:
Sij = ij P (2.3)

Here, ;; is Kronecker delta of i;j and is equal to 1 if i = j, 0 otherwise; p is the mean stress,
and is de ned by:
(2.4)

o
1
w| =
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The plastic shear strain P is de ned by:

r-2
P= ée?je‘i’j (2.5)
In which ef; is de ned by:
mn 1 n
E?j = E)J § ij E)i (2.6)

Whereby ':’J is the entry of the plastic strain tensor "P.

2.2.1 Elastic behaviour

The model has a component that addresses non-linear elastic behaviour in which the shear
modulus depends on the stress level, represented by mean stress p (measured in kPa), void

ratio, e, as shown in Eq. 2.7 [36]:

2 e)? 1=2

where G is a dimensionless material constant and pg is a normalizing constant, usually being
equal to 1 kPa.
As a result, bulk modulus K also depends on stress level and void ratio of the material,

since it can be calculated from shear modulus G and a constant Poisson’s ratio by Eq. 2.8.

_2G(1+ )

31 2) (2:8)

It follows that the elastic volumetric strain increment and elastic deviatoric strain incre-

ment can be computed according to Egs. 2.9, 2.10, respectively:

d e = de (2.9)
de= g—g (2.10)
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Here, dp; dg are the increments of mean stress p and von Mises stress g respectively.

2.2.2 Elasto-plastic behaviour

Herein, the modi ed version of Rowe’s stress-dilatancy relation [17] and the Critical State
theory [37] set the foundation for elasto-plastic behaviour of material. The modi ed version
of Rowe’s stress-dilatancy relation introduces into the original version: stress, void ratio and
fabric dependencies through a non-associated ow rule, making the tangent constitutive ma-
trix D to be nonsymmetric. The nonsymmetry of D leads to the emergence of a multiplicity

of failure modes [32].

2.2.2.1 Yield surfaces

As mentioned earlier, the constitutive model uses 2 yield surfaces, namely a shear yield
surface and cap yield surface whose mathematical functions are denoted as ° and f°¢ respec-
tively.

The shear yield surface function is given by [38]:

fS=q M-p (2.11)
where
2
M- = M
1+ ) @ Hy 'c 2.12)
Moo = 6sin * '
73 sin,

with 7, being mobilized friction angle, t = §J3:q3 [39] being a parameter related to the
Lode’s angle to account for the e ect of intermediate principal stress ,, being material
parameter controlling the shape of yield surface in the plane (i.e. for further explanation
about plane, refer to [39]) and bounded by 0.778 and 1 so that the shear yield surface in

the principle stresses space remains convex [40], [41].
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The stress quantity Js in the de nition of t is the third invariant of the deviatoric stress
tensor °, de ned as J; = det( ).

The cap yield surface is elliptical in shape de ned as in Eq. 2.13 [42].

2 2
fczi R 1 + L 1
2. p M-p
) (2.13)
— C
P =17

Here, p. is the preconsolidation pressure which controls the size of the cap-yield surface [42]
and is a parameter which controls the shape of the cap-yield surface. is deemed to be a

material constant. The view of the yield surfaces in the p g plane is shown in Fig. 2.1.

qA

shear"yield"surface

Mp|———x———— - cap"yield"surfac

Figure 2.1: The shear and cap yield surfaces in p-q plane

The views of the yield surfaces in other planes such as the deviatoric and Rendulic planes

are shown in Fig. 2.2 [43].
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Figure 2.2: The shear and cap yield surfaces in a) Deviatoric plane; b) Rendulic plane

2.2.2.2 Flow rule

The plastic ow rule in the deviatoric stress mode is non-associated with the shear plastic
potential function being a modi cation of the shear yield function, while the cap plastic
potential function is made equal to the cap yield function, thus making the cap ow rule as-
sociated. The mobilized friction angle ”, in the shear yield function is replaced by dilatancy

angle in the plastic potential function.

2.2.2.2.1 Shear plastic ow rule The plastic potential function from which the plastic

ow rule is derived is [42],

g°=q My (2.14)
where M =sin , with  being the dilatancy angle given by [44]:

. sin”y, sin ¢
sin = - - 2.15
1 sin?,sin’¢ ( )
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in which ”¢ is the characteristic friction angle at failure, which depends on void ratio, and
the fabric of material, herein represented through (. The sine of ”¢ is given in Eq. 2.16

[38]:

. F+ Poe M
sin’¢ = — Sin 7 s (2.16)
O+ P eCS

in which, P is the deviatoric plastic strain; e is current void ratio, e is void ratio at Critical

State; ,;n¢ are material parameters; . is the friction angle at Critical State and is a
material constant; ¢ is de ned by Eq. 2.17 [42]. The introduction of ¢ in the calculation
of sin ¢ addresses the dependency of ¢, hence the dependency of the dilatancy angle,

on the micro-structure of the soil [44].
1
F= =F: (2.17)
p
where is a material constant; is the stress tensor at the boundary of the specimen; p is

the mean stress; F is the fabric tensor for the soil de ned according to Eq. 2.18 [45]:

> .
n' n' (2.18)

i=1

1
F=_"
Ne¢

with n' being the normal vectors of the i-th contact and N, being the number of inter-particle

contacts in the considered representative volume element (REV). The concept of REV was

brie y discussed in Chapter 1.

2.2.2.2.2 Cap ow rule The cap ow rule is an associated ow rule [15], so it follows
that:
gt =f°¢ (2.19)

where g¢ is the cap plastic potential function.
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2.2.3 Ciritical void ratio

As conventionally accepted, the void ratio at critical state, e.s, depends on the mean stress
level at the considered critical state via Eq. 2.20 [16]. This dependence was obtained based

on the result for Toyoura sand found by Verdugo and Ishihara [46]. Thus,
p Ncs
€es = €cs0 EXP e (2.20)

in which:

hes is @ normalizing factor of the same unit as mean stress p introduced to render

Eq. 2.20 dimensionless. It is a material constant.

ecso IS the critical void ratio of the material at zero con ning pressure, and is also a

material constant.
p is the mean stress at the considered critical state.

Nes IS @ material constant.

2.2.4 Hardening/softening rule

Plastic hardening/softening rules determine the evolution of the shear and cap yield surfaces

through parameters which determine the shape and size of those surfaces.

2.2.4.1 Hardening/softening rule for shearing mechanism

From Egs. 2.11, 2.12, it can be seen that the evolution of the shear yield surface is controlled
by mobilized friction angle ~,, which in turn depends on shear deformation and volume

change. The evolution of *, is given by [47]:

P fim

e H E
o, Sin 7 ¢s (2.21)

sin’y =
0]
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where ,, e are shear strain and void ratio respectively; ecs; *¢s are void ratio and friction

angle at critical state respectively. Here, material constants include o; ”¢s; Nm-

2.2.4.2 Hardening/softening rule for isotropic compaction mechanism

From Eqg. 2.13, with  being a material constant, the pre-consolidation pressure, p, solely
controls the evolution of the cap yield surface. The evolution of p. is in turn described by

Eq. 2.22 [42], i.e. .

wp(©) T Pic
\"

hic

Pc = Po (2.22)

Here, nj¢; hij. are material constants while py is mean stress at the end of isotropic consoli-
dation phase. Finally, "P(© is the plastic volumetric strain due to the movement of cap yield
surface. Since "0 contributes to total volumetric strain, thus, impacts on void ratio, from
Eq. 2.21, it can be seen that mobilized friction angle also depends on "P© " Hence, both

shear and cap yield surfaces depend on "P© 5o their evolutions are coupled with each other.

2.2.5 Number of material parameters

There are in all 14 material constants determined or assigned in WG model in order to use
the model for simulation. Those 14 material constants are: Gg; ; ; o;Nf; ; Nes) Nes; €cso;

Sin 7 ¢s; Nm; 5 ic; Nic, whose de nitions were given previously.

2.3 -GM model

In the following discussions of this micromechanical model, all formulations are limited to

two-dimensional cases, i.e. 2D cases only.
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2.3.1 General characteristics of the model

The model is constructed purely based on a micro-mechanical framework and describes
important phenomena such as: dissipative and non-dissipative deformational mechanisms
[19]. Incremental stresses and incremental strains can be linked constitutively to a set of
microvariables [19] so that the evolution of these microvariables can ultimately describe
better the stress-strain behaviour.

The model also describes critical states in a generalized framework through the concept
of Stable Evolution State (SES) surface [19] which includes limit states in the space of 3
microvariables, namely, coordination number, fabric anisotropy and rigidity ratio, i.e. a
representation of the average inter-particle force. De nitions of these microvariables along
with that of the average inter-particle force will be provided in the following sub-sections.
A group of consistency relations which is an indispensable element to construct the model

is derived from a set of properties found by DEM simulations [19].

2.3.2 Micro-variables used to construct the constitutive model

Microvariables are variables that cannot be determined based on information given at the
boundary of the specimen. In other words, unlike material variables such as friction angle,
they cannot be determined based on stress/strain responses measured at the boundary of the
specimen. Some of them are coordination number, fabric anisotropy, normal and tangential
force anisotropies, and normal contact force, whose de nitions are established for a particle
assembly, which can be also be interpreted for a Representative Elementary Volume (REV).
In the nite element context when analyzing the response of a granular soil assembly subject

to external loads, the REV is represented by a material (Gauss integration) point.
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2.3.2.1 Coordination number (2)

This variable, as stated in Pouragha (2015) [49], is the average number of contacts per

particle in a Representative Elementatry Volume (REV). It can be de ned as follows:

_ 2N,

z
NP

(2.23)

where N¢ and N, are the number of contacts and the number of particles in the assembly
respectively. As a result, coordination number (z) can be taken as an average measure for

contact density.

2.3.2.2 Fabric anisotropy (a.)

Here, fabric anisotropy a. of a REV in 2D can be de ned according to fabric by Eq. 2.24
[49].
dc — F; F, (224)

where F; and F, are the eigenvalues of the fabric tensor F of the assembly which was de ned
in Eq. 2.18, when the equation is applied for 2D case.

Both coordination number (z) and fabric anisotropy (a;) under loading will eventually
reach their limits regardless whether the particle assembly is initially a dense or loose one.

2.3.2.3 Normal force anisotropy a,

The normal force anisotropy of a REV, a, is de ned using a harmonic function as [49]:

hf.i =hfai(l1+a,cos2 ) (2.25)

in which, T, is the normal component of force in a contact, hf,i is the average of f,, over all
contacts in the same assembly, and hf,1 is the average of f,, along the direction indicated

by the angle
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2.3.2.4 Tangential force anisotropy a;

The tangential force anisotropy of a REV, ay, is de ned as follows [50]:

hfe( )i= hfniacsin2( o] (2.26)

where hf,1 is the average of normal components of contact forces over the REV, hfy( )i is the
average of tangential components of contact forces in  direction and  de nes the direction

in which the average of f; is zero.

2.3.3 From microvariables to macrovariables: stress and strain

The evolution of stress and strain can be expressed through the evolution of a set of mi-
crovariables [19]. These relations can be expressed schematically in Eqgs. 2.27, 2.28 following
[19], i.e.

_=[K]S (2.27)

" =[L]S (2.28)

in which, _ and ' are stress and strain rate vectors respectively; S is the vector of the rate
of evolution of the microvariables [19]. [K] is a static transfer matrix with the dimension of
m | (i.e. m, | are the number of components in the vectors _ and S respectively), while [L]
is a kinematic transfer matrix whose dimension is also m | (i.e. m is number of components
in the vector '").

In general, | m which guarantees the existence of a set of rates of microvariables that
brings about arbitrary stress and strain rate vectors. If | = m, those relations in the above
can be inverted so that rates of microvariables can be found through rates of macrovariables,
such as stress and strain rates. If | > m, there must be some constraints on S to ensure those
relations in Eqgs. 2.27, 2.28 are invertible, i.e. 1-to-1 S-_ and S-" relations, or there may be

an in nite number of S as solutions of Eq 2.27 for any given _, likewise with Eq. 2.28.
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Schematically, those constraints can be written as:

G'(S)=0 (2.29)

with 1 = 1;2;3;:::;n. These constraints are called consistency relations [19].
Taking the derivative of each of these consistency relations, Eq. 2.30 can be obtained:
@G

35S =0 (2.30)

with i =1;2;3;::;n.

The evolution of microvariables in an assembly of particles can be decomposed into two
groups of mechanisms: dissipative and non-dissipative mechanisms [51]. Dissipative mecha-
nisms involve rolling/sliding between particles sharing contacts, and do not include contact
losses/gains [51]. On the contrary, non-dissipative mechanisms involve contact losses/gains
and do not involve rolling/sliding between particles sharing contact [51]. Typically, for very
dense assemblies, non-dissipative mechanisms are dominant in the evolution of microvari-
ables, and for very loose ones, dissipative mechanisms are dominant [52]. For assemblies
which are neither very dense nor very loose, both type of mechanisms, dissipative and non-
dissipative, have signi cant contributions to the evolution of microvariables. Thus, the de-

composition of microvariables can be described by Eq. 2.31:

S =S+ Sy (2.31)

where Syq is the part of the evolution of microvariables due to non-dissipative mechanisms
and Sy is the part due to dissipative ones. Furthermore, the evolution of strain can also be

decomposed into components related to non-dissipative and dissipative mechanisms respec-
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tively as described in Eq. 2.32 [19]:

U=+ g (2.32)

Both non-dissipative and dissipative components of the evolution of strain have their
own relationship with the non-dissipative and dissipative parts of microvariables’ evolution

respectively. Those relations can be described by Eqgs. 2.33, 2.34 [19].

l_'nd = [I—nd]Snd (233)

"a = [La]Sq (2.34)

where [Lnq] and [Lq] are kinematic transfer matrices transferring microvariables’ evolution
into the evolution of strain under non-dissipative and dissipative mechanisms, respectively.

By the same token, the evolution of stress can also be decomposed into dissipative-
mechanisms-induced and non-dissipative-mechanisms-induced components whose formula-

tions are presented in Egs. 2.35, 2.36, respectively [19].

nd = [K]Shd (2.35)

= [K]Sy (2.36)

Here, [K] is the same for dissipative mechanisms and non-dissipative ones.
The consistency relations can also be grouped into those for dissipative mechanisms and
those for non-dissipative ones [19]. The construction of consistency relations for those two

types of evolution mechanism are presented in the following section.
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2.3.3.1 Consistency relations for non-dissipative mechanisms

Consistency relations can be schematically written as: G!,(Spg) = 0 with i = 1;2;3;:::;n

As a result, taking the derivative, it can be obtained that @G”d nd = 0withi=1;2;3;:::n
Combined with the relation between .4 and S;,q as well as the relation between "4 and
Sng as presented in Eqgs. 2.35, 2.33 respectively, the augmented matrix equations as shown
in Egs. 2.37, 2.38 can be obtained.

For stresses:

(@) 1 2 3
B-g-9 " Zs, (2.37)
0 [@Gnd]
@Snd
For strains: O 1 2 3
8 "nd G_9 [Llna Ls. (238)
[@Gnd]
@Snd

In which, 0 is the vector zero, which here has n components; [@G“d] is a matrix whose

ij-th component is ( . Withn=1 m, the augmented matrices
2 3 2 3
K L
g Mg g g (2:39)
ESH I
@Snd @Snd
are both square ones with dimension of I |, which can be readily inverted.

2.3.3.2 Consistency relations for dissipative mechanisms

Gi(Sq) =0with i =1;2;3;:::;n. As a result, & s Sﬂd = 0 with i = 1;2;3;:::n. Combined
with the relation between 4 and Sqy as well as the one between "'y and Sqy as presented in
Eqgs. 2.36, 2.34, respectively, the augmented matrices equations can be obtained as shown in
Egs. 2.40, 2.41.

For stresses:
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o 1 2 3

B x=9 " s,

0 [%%j]
For strains: O 1 2 3
8 " o [Lld s
- d
0" g

(2.40)

(2.41)

In which, O is the vector zero, which here has n components and [@Gd] is a matrix whose

ij-th component is @(S ) With n =1 m, the augmented matrices
2 3 2 3
9 [K] Z.6 [Llq Z
[362] [5s2]
are both square ones with dimension of I I, which can be readily inverted.
Calling
2 3 2 3
_ K] _ [K]
Ko =9 | o EiRy=8 8
[§Ge0a] =
2 3 2 3
_ [Lral 7 [Kq]
=2 " SiRg=4 8
[@Sn ] [@?3]

one can obtain:
For non-dissipative mechanisms:

O 1

Shnd = [Lnd] 15 _;d R

Hence, o 1 2 3 o) 1
K o - lln

8 R 2 [ ] g(snd) = [Knd][l—nd] ! 8 -ne 2
(s 0
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(2.43)

(2.44)



A|SO, 9] 1 (9) 1

8 -(:d R = - nd 8 -;d R = ‘:nd; [Knd][tnd] L= [Snd]

Equation 2.44 can be shortened into:

—nd = [Bnd]':nd (2.45)
For dissipative mechanisms:
(@) 1
se=[L] '8 " K (2.46)
0
Hence, O 1 2 3 o 1
B} [K] S "
8 " K=9 " Ss,=[KJL]'B " K (2.47)
0 [352] 0
Calling (9] 1 () 1

_d “d o _
8 ' RK="ul ' K="[KdlL] * =D
0 0
Equation 2.47 can be shortened into:

4 = [Dd]%q (2.48)

2.3.4 Strain decomposition and Stable Evolution State (SES) sur-

face

Stable Evolution State (SES) surface is a surface in 3D space constituted by 3 axes of

Coordination number (z), Fabric anisotropy (a;) and Rigidity Ratio ( ) (also called average
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normalized interparticle force)[52]. The Rigidity Ratio ( ) is de ned in Eq. 2.49 [19].

_f

B (2.49)

where T, is the normal component of the contact force at the contact of consideration, k is
the contact sti ness which is assumed to be the same for every contact in the assembly, and
D is the average particle diameter of the assembly [19].

The SES surface for microvariables is analogous to the critical state surface of macrovari-
ables such as stresses and void ratio. Indeed, every initially dense assembly despite being
under di erent initial conditions (initial condition here includes the initial values of z, a.
and ) and di erent loading conditions (loading conditions may be biaxial, simple shear,
constant volume, or constant mean stress and so on) always approaches and reaches the
SES, and upon their arrival at SES, they keep staying on the surface under further loading

[52]. The illustration for SES is shown in Fig. 2.3 [19].

Figure 2.3: lllustration of the SES surface

Consider the Euclidean distance from a micro-state to the SES surface which is de ned as
dses = minfdgg with dg being the distance from the considered micro-state to an arbitrary

point B on the SES surface.
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On SES, the evolution of the assembly is dominated by dissipative mechanisms and
the closer a micro-state evolves toward the SES, the more signi cant the contribution of
dissipative mechanisms becomes [19]. When that contribution is attributed for the maximum
percentage of the evolution of the micro-state, the distance dsgs gets to zero. Hence, the
distance from the current micro-state of the assembly to SES surface, dsgs, can be used to
express the contribution of each type of mechanisms: non-dissipative and dissipative to the

evolution of strain of the assembly in the way as shown in Eq. 2.50 [19].

8 o
2 LA} — 11} E

—C
_ -nd T e - _ (2.50)
T = G ) T

in which, C; = 1 or -1 depending on the position of the state (z;a.) relative to the critical

line in the z a; space. The critical line of the state (z; a.) is determined by Eq. 2.51 [53].

&= o—r (2.51)

Speci cally, C, is assumed to be +1 if the state (z;a;) inz a. space resides below the
critical line. On the other hand, if the state (z;a;) inz a. plane is on or above the critical
line, C, is assumed to be -1 [53]. The critical line and the assumed coordination number
probability distribution are displayed in Fig. 2.4 [53]. It can be seen from the gure that
Z.r, Which delimits mobilization regime from convection one of shear deformation, can be

determined by solving for z from the equation below [53].

am = or g 1 (2.52)
which yields,
o= 9 (2.53)
am + 1
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Coordination number
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(z)4ad

Mobilization regime Convection regime
coordination number, z

Figure 2.4: The critical line in z  a, space and the assumed probability distribution of z

The response of granular materials have been shown in several studies to depend on the
loading direction [54], [55], [56]. To address that, , which shows the contribution of non-
dissipative mechanisms and dissipative mechanisms to strain increment, depends on both
dses and the direction of stress increment according to the equations below [19].

If cos < sin

1 f(d :
(dsesi ) =Fses)l —— ==Veos  sin ¥ (254)
Otherwise,
(dses; ) =1 (2.55)
where = arctan(-1), in which _; and _, are principal stress rates of the 2 2 stress rate

tensor inside the 2D assembly, is used to take into account the dependence of , hence that

of strain composition of components caused by dissipative and non-dissipative mechanisms

on the loading direction.

Adding n =1 m zeros under each vector in the group of equations 2.50, the group of
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equations can be rewritten into:

IV ©

(2.56)

From the group of equations 2.56 along with Eqgs. 2.45, 2.48, it can be obtained that:

“a=[Dd@ Cy )T (2.57)
—nd = [Bnd](l Ca )? (2-58)

Since — = "4+ "ng, it can then yield:
T =[Dgl(1 Ca )”+[Dngd(1 C, )”=I[D]" (2.59)

In which, [D] = [Dg](1 Ca )+[Dnall Ca )

From the argument above, it is evident that the constitutive matrix [D], which relates
stress rate tensor to strain rate tensor and is a crucial element of the constitutive model ready
to be fed into Finite Element analysis, can be fully constructed if static transfer matrix [K],
kinematic transfer matrices [Lnq], [Lq], and consistency relations G! ;, G} (i = 1;2;:::;;n) are

determined.

2.3.5 Formulation of static transfer matrix [K] and kinematic trans-

fer matrices [Lnq], [Ld]

Matrices [K], [Lng], [Lg] can be found if relations between stress rates and the evolution of
microvariables as well as those between strain rates and the evolution of microvariables can
be established. Consider S as the vector of microvariables that are needed for constructing

the constitutive model, S = [z;ac; fn;an; ad".
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2.3.5.1 Formulation of [K]

Relations between stress rates and microvariables
In 2D cases, when stress tensor, strain tensor and fabric tensor are coaxial, i.e. having the

same principal directions, the relations between and S are obtained as shown in Egs. 2.60,

2.61 [50]:
_ 1+ 2 _Z
p= 7 = 2anr (2.60)
z
q=—— = (a+an+a) (2:61)

where T, is the average of the normal components of contact forces in the considered as-
sembly; r is the average particle radius; a. is the fabric anisotropy; a,, a; are the normal
and tangential force anisotropies, respectively; v is the average volume per particle of the
assembly, which is computed as v = V=N, where V is volume of the assembly and N, is
the number of particles in that assembly. All these parameters are de ned locally over the
mentioned assembly which makes up a representative elementary volume (REV).

From Egs. 2.60, 2.61, the 2 5 matrix [K] can be conveniently calculated by taking deriva-
tive of the stress tensor with respect to the vector of microvariables [19]. More speci cally,

Kij = S%, where S; = 7:S, = a.;Ss = S, = a5 S5 = ay.

2.3.5.2 Formulation of [Lq]

Relations between strain rates induced by non-dissipative mechanisms and microvariables
With stress, strain and fabric tensors having the same principal directions (coaxial), the
strain increment due to non-dissipative mechanisms d*',,4 can be related to the increment of

microvariables dS via Egs. 2.62, 2.63 [57].

2f, zdf, + f,dz

(d"Vnd = (A" 1)na + (d"2)na = m( Tz ) (2.62)
(o = @ g (@2Ing = 2 [(da + oy + da) + (an +20) T ) (o63)

37



in which, kn, k¢ are the sti nesses for normal and tangential directions of contact, respectively,
and they are material constants.
From Egs. 2.62, 2.63, and dividing both sides of each equation by time di erential, dt,

the kinematic transfer matrix for non-dissipative mechanisms [L,q] can be found.

2.3.5.3 Formulation of [Lg]

Relations between strain rates induced by dissipative mechanisms and microvariables
When stress, strain and fabric tensors are coaxial, between the strain increment due to
dissipative mechanisms, d"'y, and the increment of microvariables dS, the relation as shown
in EqQ. 2.64 can be obtained [19]:
(@) 1 2 30 1

5 (d"\/)d g:g hC]_]_i hClzi g@ dz R (264)

(d"4)d hCyo11 hCool dac

Since the deformation of the sample can be fully determined based on the sample’s
geometric feature, which is dictated by z and a;, there is no contribution to the induced
strain by dissipative mechanisms from force-driven microvariables in S including f,; an; a¢.

Therefore, 2 3
9 hC111 hC11 000 g
hC211 hC21 000

[Lal = (2.65)

Computation of hC;;i with i,j=1,2 for 2D:

Before delving into how hCj;1 are computed, it is important to mention several concepts:

Dirichlet tessellation in 2D: this tessellation assigns a domain to each particle con-
structed in such a way that the line bordering two particles is the locus of points with
equal power distances to these two particles [53]. Each such domain is called a Dirichlet

tessellation cell [53]. The illustration of the concept is shown in Fig. 2.5 [53].
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Figure 2.5: Illustration of Dirichlet tessellation

Local coordination number of a Dirichlet tessellation cell: number of contacts contained
inside the Dirichlet tessellation cell. As a result, over the entire specimen, if every
local coordination number of every Dirichlet tessellation cell is obtained, a Probability
Distribution Function of local coordination number z, i.e. P (z) can be obtained. The
domain of P (z) is bounded by zi, as the smallest local coordination number and znax

as the largest one [53].
hCiji then can be computed as follows [19]:

R z
. " CuP (2)v(z)dz
hCqil = Zﬁlr:nax (266)
2P (2)v(2)dz

R z
) " Co1P (2)v(2)dz
hC21| = Zﬁlr:nax (267)
2P (2)v(2)dz

R o CipP (2)v(2)dz

hCyri = R 2 R
12l = Pz P(z)dz ," P (2)v(2)dz

Zmin Zmi

(2.68)
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R

“max 1p (z)v(z)dz
R- R, for (2)v(2) (2.69)
e P(2)dz "™ P (z)v(z)dz

R
zr CooP (2)V(2)dz +
hCoppii = —Zmin Roo (2)v(2)dg

in which, v(z) is the average volume of the Dirichlet Tessellation cell(s) whose local coordi-
nation number is z.

The parameter z., refers to the value of coordination number which separates local co-
ordination numbers into those for mobilization regime, and those for convection regime [53].
In the mobilzation regime, deviatoric strain is generated from change in fabric anisotropy,
while in convection regime, deviatoric strain is generated by the replacement of particles by
the others without changes in fabric anisotropy [19]. C;; as used in Egs. 2.66, 2.67, 2.68 and
2.69 are computed in Egs. 2.70, 2.71, 2.72 and 2.73 [19]:

z 2 csci

Cu=———% (2.70)
4a.(z  cot=)?
Cpp = 22l 2 ) (2.71)
a. csc?-( 2 +zsinZ)

Cau = 23 (2.72)

2 cot-
C22 =2 z (273)

z

where a; z are local fabric anisotropy and local coordination number at a Dirichlet tessella-

tion cell, respectively.

2.3.6 Consistency relations

As shown in the section above, besides transfer matrices [K], [Lng], [Lqg], the consistency
relations are also crucial in forming the constitutive model which shows the direct relation

between the stress rate and the strain rate tensors.
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2.3.6.1 Non-dissipative mechanisms

By Discrete Element Method (DEM) simulations, there are several consistency relations
that hold when non-dissipative mechanisms are dominating the evolution of microvariables,
and the role of dissipative ones in the evolution is negligible. In fact, with conditions as
such, it has been found that the increment of coordination number can be represented as
functions of the increment of the other microvariables, and the same for the increment of

fabric anisotropy caused [51]. The two equations, Eqgs. 2.74, 2.75 present these functions.

dGpy = . (df; dac; day; day)  dz =0 (2.74)
dGr21d = Q. (dfn; dac; dan;day) dac =0 (2.75)
Also from DEM simulations, it can be observed that a; and the ratio, 3 (4 = 52,

p = —13-2), are linearly related when the non-dissipative mechanisms are dominating [19].
Combined with Egs. 2.60, 2.61, that relate p, g to microvariables, another consistency relation

involving only microvariables is obtained as shown in Eq. 2.76 [19].

ac+an+at

Giy=12 5 an

=0 (2.76)

It should be noted that Egs. 2.74, 2.75, 2.76 were found from the evolution of a dense
assembly at the early stages of being subjected to loading, whose microvariables evolve
solely due to non-dissipative mechanisms. In other circumstances when the evolulution
of microvariables is caused by both non-dissipative and dissipative mechanisms, we have to
assume that those equations also hold with the part of the evolution of microvariables caused

by non-dissipative mechanisms.
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2.3.6.2 Dissipative mechanisms

The following consistency relations for the evolution of microvariables only hold when dis-
sipative mechanisms solely control the evolution of microvariables and the contribution of
non-dissipative mechanisms to that evolution is negligible [19].

(1) Place G} = SES(z;a,; ) with SES(z;a; ) being the function of the SES surface.
The equation of SES surface is shown in Eq. 2.77 [19], i.e

SES(z;a;; ) = po + piac + p2 z=0 (2.77)

Furthermore, as discussed in the section 2.3.4, when dissipative mechanisms solely controls
the evolution of a micro-state (composed by microvariables), the micro-state moves along

SES surface only, so Eq. 2.78 holds [19].

Gy = Po + P1ac + Pz z=0 (2.78)

With inter-particle friction coe cient = 0:5, it can be obtained that: p, = 3:175;p; =
0:0396; p, = 5:226 [19].

2) Consider the relation between 228+3) and 4 it is found to be roughly a linear relation
1 ac p

when dissipative mechanisms are dominating the evolution of microvariables. As the result,
if it is assumed that %;?) = gan(%), Ja, Can be approximated to be a linear function.
On the other hand, according to Egs. 2.60, 2.61, % can be in fact written as a function of
ac; @n; At, SO Ja, Can also be written in the form of a function of a.; an; a¢, which is denoted as
9%, (ac; an; ar). Hence, a consistency relation among microvariables can be obtained as shown

in Eq. 2.79 [19].
an(1+ap)

G2 =
d 1 a

05, (ac;an;ar) =0 (2.79)
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(3) Between ay; an; ac, another relation can be found, and it is shown in Eq. 2.80 [19].

,1 a

aa=b+a 2.80
t n 1 + ac ( )
Eq. 2.80 gives rise to a consistency relation whose expression is shown in Eq. 2.81.
1 a
Gi=a &3 © b=0 2.81
d t n 1+ ac ( )

in which, the parameter b depends on the inter-particle friction coe cient [19].

For stages before the micro-state of consideration reaches SES, its evolution is driven by
both non-dissipative mechanisms and dissipative ones whose contributions to the evolution
are likely to be both signi cant. At that time, we have to assume that Eqgs. 2.78, 2.79 and
2.81 are also valid as consistency relations for the part of the evolution of microvariables

produced by dissipative mechanisms.
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Chapter 3

Finite Element Analysis Approaches:

Implicit versus Explicit

3.1 Introduction

The numerical modelling of geostructures in civil engineering is today widespread, encom-
passing two broad types of discretization approaches, namely nite elements and nite dif-
ferences. In the end, in either case, these computations provide the complete elds of dis-
placement and stress, and even pore uid or suction in the case of saturated or unsaturated
conditions, for the engineer to assess the most critical mechanism of failure. At the same
time both implicit and explicit schemes have been used to integrate the governing equations
whenever time is involved.

The computation of failure is notoriously known to be challenging within the nite el-
ement framework where, following a static equilibrium formulation, a large global sti ness
matrix is usually formed to solve for displacements as degrees of freedom, given a force load-
ing vector. This numerical di culty arises as one computes failure as a limiting condition at
collapse because the global sti ness matrix becomes indeterminate so that the solution for

displacements provides an in nite number of equally statically admissible responses J which
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refers to a bifurcation problem in mathematics.

Challenges in computing failure are also associated with its inherently dynamical nature.
In other words, failure is not simply a matter of the structure attaining an ultimate or limit
load, but it can more formally be interpreted as a transition from a quasi-static regime to a
dynamical one where an outburst of kinetic energy is provoked due to a mismatch between
control and response variables. This phenomenon is well-known in the failure of brittle rocks
where a monotonically increasing imposed load (control) cannot be sustained by the degrad-
ing strength (response) of the material. This mismatch between control and response refers
to a loss of controllability which is expressed through an instantaneous outburst of kinetic
energy. Hence, failure is seen to be a material instability phenomenon which invariably
involves unstable plastic strain softening or post-peak behaviour.

The above paragraphs then prompts us to the question of whether it would be more
appropriate to formulate the response of the geostructure in dynamics throughout, where
inertial terms and rate of loading are naturally invoked. As such, if the rate of loading is
in nitesimally slow, the problem would revert to the static case.

In solving the static equation of equilibrium, the nite element formulation classically
leads to a large global system of algebraic equations as a result of assembling individual con-
tributions of element sti ness matrices that are of a smaller dimension. Then, considerable
e ort needs to be expended towards solving this large system of algebraic equations which
is often highly non-linear.

When considering the dynamic equation of motion, the time space appears through veloc-
ity and acceleration terms which can be conveniently discretized following a nite di erence
scheme. In such a case, adopting a so-called explicit time di erencing approximation, the
discretized equations do not involve anymore a global matrix for each time step. Generally
speaking, the explicit scheme does not necessitate the solution of a global sti ness matrix
as in the implicit/statics case, but requires a very small time step. One can envision the

implicit solution of a complex non-linear problem being substituted with an equivalent dy-
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namics/explicit one that is trivial to solve, but at the expense of using very small time

steps.

3.2 Formulation of the mechanics of deformable bodies

Let us now consider a three-dimensional deformable body and recall the governing equations
and their numerical solutions. The equation of motion describing dynamic equilibrium is

classically given as:

Pi, = Bus P (3.0
where is the mass density, u the displacement eld, u the velocity eld, the stress tensor,
and b the (body) force per unit mass eld. Note that superimposed dot generally means
time di erentiation.

Eq. 3.1 essentially refers to Newton’s law of motion where the unbalanced force F;,

basically comprised of internal forces and external (body) forces, is equated to an inertial

force involving acceleration, i.e.

Fi= Fiim + FibOdy =% 14 bi = =1 (3.2)

One could also add damping forces which involve velocity eld u, if needed, so as the
stationary state, i.e. static equilibrium, can be reached adequately. This aspect will be
discussed in detail later.

Since the solid is deformable, we need to introduce the constitutive equation which de-
scribes the stress-strain behaviour of the material. Here, for generality, especially for geo-

materials, the constitutive equation is given in an incremental (rate) form:

—F(:m) (33)
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where F is a function de ning the constitutive law, " is the strain rate tensor, repre-
sents a so-called state parameter of the material throughout history by means of plastic
deformations, distortions, etc, that can harden or soften, and _ is the stress rate tensor.
The stress rate expression has to be an objective one, especially in large deformations
when there are large rotations of the material, while the classical rate form is usually ex-
pressed with respect to a xed reference frame. Thus, the well-known Jaumann stress rate,

r . . . .
, is herein introduced, i.e.

i = _i TNk ki k) (3.4)
where the rotation tensor
1 Qui 0y
S - oo
and the rate of strain is given by:
1 @Ui @Uj
"i. = _ - 4 =2 36

3.2.1 Finite Element Approach

A typical nite element discretization of Eq. 3.1 in combination with Eqgs. 3.3 and 3.4 leads

to the standard matricial equation:

Mu+Cu+Ku=F 3.7

where M is the mass matrix, C is the damping matrix, K is the sti ness matrix, and F is
the external force vector.
This leads to the so-called dynamic (transient or modal) analysis since the time domain

is involved. However, in a static analysis, Eqg. 3.7 reduces to simply:

Ku=F (3-8)
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since no velocity or acceleration is involved.

The solution of Egs. 3.7 or 3.8 can become quite challenging, especially in the non-linear
case when the sti ness matrix is also a function of the displacement eld u.

A close look at the static case, Eq. 3.8, reveals that the solution of the system of equations
requires the inversion of the sti ness matrix K, and hence a unique solution of displacements.
At the peak of the force versus displacement curve, det(K) = 0, signaling a limit or bifur-
cation point that gives way to multiple responses of the system. Since collapse failure is
commonly associated with a limit point, or even before peak, its computation becomes chal-
lenging because the system of equations becomes indeterminate.

Recalling that failure is known to involve a dynamic process that emerges from a static
regime, it can be better addressed by solving Eq. 3.7 which encompasses both inertial and
damping terms, needed to accommodate for the sudden increase of kinetic energy that ensues.

Based on the above discussion, it appears that a dynamic analysis is preferable to a static
one when computing failure. In the pre-failure regime, the behaviour is essentially static or
quasi-static so that solving the dynamics equations would yield virtually zero accelerations,

hence reducing the calculations to the static case.

3.2.1.1 Full (Implicit) solution scheme

The solution of Eq. 3.7 proceeds classically according to various treatments of the time
discretization, yielding to either an implicit or explicit scheme. Typically, a Euler time
integration scheme is one in which the calculation of the current quantities at one time step
are based on quantities calculated at the previous time step. The time step is restricted
to be small for numerical stability and accuracy. There are other time integration schemes
such as the  Wilson scheme for which the time step can be large to still preserve numerical
stability at the detriment of accuracy.

This scheme is computationally intensive, especially in the non-linear case when the

sti ness matrix itself is a function of displacements.
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3.2.1.2 Explicit solution scheme

In this scheme, we solve for accelerations u instead of displacements u, so that the inversion
of the sti ness matrix K is by-passed, and we just need to invert the mass matrix M. In
addition, the latter step can even be avoided if the mass matrix becomes lumped, and hence
diagonal, as a result of apportioning the total mass of an element to nodal degrees of freedom,
ignoring any cross coupling. This is the so-called diagonally lumped mass matrix.

The solution process is straight-forward so that accelerations are directly computed in a
single step with no matrix inversion. However, the time step must be kept very small with
appropriately chosen damping since the scheme is not unconditionally stable.

We will next see in detail the principle behind an explicit scheme which appears to present
certain bene ts as it does not involve any matrix inversion | but on the other hand, the time

stepping size is very restrictive.

3.3 Principle of Explicit Scheme and Time Stepping

Following the above introductory remarks, we investigate the explicit scheme in more details.
The main objective is to solve a static problem by writing Newton’s Second Law of Motion
and considering a sequence of dynamic equilibrium states. In such a case, the numerical
scheme can ensure numerical stability, even though the physical system is unstable materially
as in the case of plastic strain softening.

Non-linear material behaviour with a peak is a basic ingredient for material instability
to arise. In physical terms, whenever material instability occurs, part of the strain energy
accumulated in the system is converted into kinetic energy which is rapidly dissipated to the
boundaries. The instance of kinetic energy production and its eventual dissipation can be
naturally captured, only if inertial terms are included into the equation of motion. Thus, the
dynamic equation of equilibrium is readily amenable to solving unstable material behaviour.

By contrast, a static equilibrium formulation, devoid of any inertial term, makes it more
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di cult to model unstable behaviour and special numerical algorithms should be advocated.
The classic work ow for solving the equation of motion is given in Fig. 3.1 where Newton’s
second law of motion is integrated to yield new velocities, and hence new displacements, given

information on stress and applied forces.

Dynamic Equation of Motion

new velocities/displacements new stresses/forces

Constitutive Law
o=F(e)

Figure 3.1: Calculation cycle for solving the equation of motion in explicit mode

Essentially, the recursive calculations are such that, during a computation cycle, new
displacements are solved to give rise to new strains, and hence, stresses through the con-
stitutive law, leading to new forces which enter the equation of motion for another cycle of
computations.

The main appeal in the explicit scheme is that for a given cycle, all operative variables
are kept constant and are only updated to new values based on the previous step. Even
more restrictive is to ensure that all calculations are local within one element so that the
information does not propagate to its neighbourhood by limiting the time step (cycle) to a
very small value. For instance, constitutive calculations are carried out such that new stresses
in each element are determined from new velocities obtained from solving the equation of
motion based on forces from the previous cycle, while velocities in the neighbouring element

do not a ect them.
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3.4 The Explicit Finite Di erence Technique

The explicit nite di erence technique revolves around the premise that any local disturbance
of equilibrium is propagated at a materially dependent rate depending on Newton’s Second
Law of Motion. Thus, the solution proceeds through a sequence of dynamic equilibrium
states rather than one where global equilibrium is sought through numerous static states. In
order for the scheme to work, the time step has to be small enough so that the parameters
calculated depend on information in the neighbourhood of the calculation points for the

chosen time step.

3.4.1 Di usion as a prototype problem

As a prototype example, let us consider the non-dimensionalized form of the di usion equa-

tion:

2
where U could represent normalized pore pressures in a soil layer, X is the normalized spatial
region of interest, and T is the normalized time, so one example of this kind of problem is
the di usion of excess pore water pressure in 1D consolidation. The space domain x 2 [0; L]
is discretized into a number of N discrete points x;; fi = 1;Ng, while for time we have
Ti; fi = 1, Mg.

A standard nite di erence discretization of Eq. (3.9) in both space and time gives:

ut ol _uly 2ul+ut,
T X2

(3.10)

which can be further arranged as:

Ut =ul+r U, 20} +U}, (3.11)

where r = T= X2, Therefore, the unknown Uij+l at every position x; can be determined
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at time Tj+1 from unknowns of U at the previous time step, and hence the scheme is explicit.

The spatial and temporal variations of U can be computed by applying Eq. (3.11) to

all calculation points in any order for a series of time steps. While the calculation scheme

is very simple, it is prone to numerical stability, depending on the size of the timestep T

which has to be limited to  X?=2 to ensure stability of the solution. If T is larger than

X?2=2, results of the calculations will diverge, i.e. going to in nity, as the calculations go
on.

The calculations can be rendered unconditionally stable (i.e. results of the calculations

do not diverge, that is, remaining bounded by nite values, regardless of the size of the time

increment T) if an implicit formulation is considered, i.e. the l.h.s of Eq. (3.10) is replaced

by the mean of its nite-di erence representation at time T;., and T;. Thus,

R - " i i+ i+ j j j #
Uit ol 1 ol aufteult ol auf+uf (3.12)
T 2 X2 Xz
which can be further re-arranged into:
Ul 2@+ U™ rul =l 20 nul + ol (3.13)

which involves now a set of N simultaneous equations to solve for n unknown values of U at
the next time step, reminiscent of a global sti ness matrix.

From the above, we nd it to be impossible to calculate the new value of U in isolation
like in the explicit case. This scheme is therefore implicit. The calculations per time-step are
necessarily more complex than in the explicit case, while in both schemes T must be chosen
small enough to ensure numerical accuracy. One advantage of the explicit scheme is that the
material coe cients can be changed accordingly in the non-linear case and the calculation
scheme can proceed just like in the linear case. This is not the case for the implicit case
since the equations are coupled and the Newton-Raphson scheme must be used to solve the

non-linear equations.
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3.4.2 Connected mass and springs

Let us next consider a one-dimensional array of springs and lumped masses, in which the
calculation points are the positions x; of the masses m; and the material behaviour is rep-
resented by the sti ness k; of the springs; see Fig. 3.2. The damped motion of the lumped
masses can be represented by the dynamic equation (this dynamic equation is essentially
derived from the momentum equation: Fpe = ‘g—': with P = mx which is the momentum of

the considered lumped mass) in the form:

mx =F mx (3.14)

in which F is an out-of-balance force acting on mass m, and the term mx provides the

viscous damping.

O

Figure 3.2: Point masses and springs in series

Eq. (3.14) can be readily solved following a so-called Half-Step nite di erence discretiza-

tion, i.e.
XJ:+1=2 XJ_' 1=2 F
-1 -1 _ i j+1=2 j 1=2
= — = X + X 3.15
t m| 2 -1 -1 ( )
which when rearranged gives:
1= t Fi - t
MR [ L RSPV R —— 3.16
- 2 m; - 2 (3.16)

expressing the velocities at mid-time step.
The sequence of the solution is as follows. In a rst stage, the momentum, Eq. 3.14, is

solved for each mass in turn with the out-of-balance forces F; being calculated as F; = i+, T;
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and are assumed to remain constant during the time step which is here very small. The new
velocities can then be calculated from Eq. 3.16, from which a simple integration with respect

to time will yield displacement increments:
XA =g (3.17)

so that the position of each lumped mass can be updated as:

xI*t

=x)+ X" (3.18)
In the next stage, new forces are calculated in each spring according to the constitutive

law, which here simply says that the force is proportional to the change in length of each

spring, i.e.

=+ kodit M (3.19)

The completion of stages 1 and 2 constitutes one calculation cycle which at the same
time coincides with one full time step. To advance to the next time step, the motion of
the lumped masses is re-evaluated based on the new out-of-balance force based on Eq. 3.19
and the calculation cycle repeated until the required model time is achieved in line with the

owchart given in Fig 3.1.

3.4.3 Application to the general 3D case

The same algorithm as outlined in the previous subsections can be applied to the 3D case
whereby Eq. 3.2 can be solved over the spatial domain being discretized into a number of
elements and nodes. Thus, applying a nite di erence approximation in the time domain,
we get:

W= e (3.20)

54



where we now deal with vectors, while superscript still refers to time station and subscript
to node number in the 3D case.
Then, integration of the above equation (3.20) ensues as:
A =d 4 TP ¢ (3.21)
Then, another cycle begins by calculating the rate of strain "j; in an element according

to Eq. 3.6 as a function of velocities at the nodes calculated from the previous cycle as per

Eq. 3.20.

3.4.4 Damping and time step

To complete the calculation schema described in the above, we need to address two additional
issues to render the algorithm functional. Firstly, the motion of the nodes must be damped
so as to arrive at equilibrium, the stationary state, in a minimum number of computation
cycles. Secondly, as demonstrated in 1D prototype problem in section 3.4.1, the time step
size, t must be chosen small enough to ensure numerical stability.

Generally speaking, following dynamic relaxation methods, viscous damping is added by
introducing a resistive force at each node depending on its velocity as introduced in Eq. 3.14,
with  being the damping factor. Although the introduction of damping is e ective, there
are various issues at play. For instance, is there an optimum damping factor to use and
should it be a local parameter that needs to be adjusted depending on the region of the
domain of interest. In other words, in regions of the mesh where elasticity and stability
prevails, damping may be di erent for those other regions where there is plasticity, hence
instability.

A good choice for damping can be written such that it is proportional to the norm of the

net out-of-equilibrium force as follows:
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o > > ot
j2y T Flsignul ™) — (3.22)
nodes nodes m

j+1=2
uj

=u

where is usually xed to 0.8. One can also see that at the stationary state, the damping
force vanishes.

The computations are guaranteed to be stable as long as a time step, t smaller than
critical time step is used. t, hence, ensures that the speed of the computational wave,
that is, '-—‘; (where L. is the characteristic length of an element) is larger than the speed at
which information is being propagated spatially. Therefore, t ensures that within the time
step, the information, i.e. displacement, is bounded within the element considered, not yet
disturbing surrounding elements.

In elasticity, it is well-known that the time increment should satisfy the stability criterion:

t< to (3.23)
In which:
L
ter = EC (3.24)

Where L is the characteristic length of an element, which is a function of dimension and type
of elements used in the analysis and C is the speed at which information, here displacement,
travels within the domain, i.e. the compressional wave velocity, Cy:

s

K +4G=3
Cp= — == (3.25)

with K as bulk elastic modulus and G the shear modulus.
For illustration purposes, Fig. 3.3 shows the e ect of damping on reaching the steady
state solution for a one-dimensional case. In this case, the critical damping is in relation to

the compressional wave velocity, and Eq. 3.25 becomes simply ¢ = ka:M, where k is the

elastic spring sti ness, L is the length of the spring and M is the mass of the spring. With
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Figure 3.3: E ect of damping toward steady state solution

su cient damping, the response quickly converges to the steady state (static) solution.

3.5 Summary

To summarize, calculation cycles involved in the explicit formulation can be seen as a ‘com-
putational wave or pulse’ that travels throughout the spatial domain of interest at a faster
rate than the physical wave. In such a case, it is ensured that calculations are always con-
ducted on values already known from the previous time step and which do not change during
the particular calculation cycle that is being considered. This critical time step size can be
estimated and was given previously.

A major consequence that results from the above is that element equations are decoupled
from each other and no iterations are necessary to compute stresses from strain in an element,

even though the constitutive equations are strongly non-linear and complex in character.
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In an implicit formulation, each element is strongly linked with its neighbour so that
equilibrium and strain compatibility are formulated as a system of equations whose solution
must proceed iteratively, involving the inversion of a large global matrix at every calculation
step or cycle. By contrast, the explicit scheme does not necessitate the solution of any system
of equations, but instead requires the time step to be extremely small, hence a large number
of calculation cycles to reach to the static solution, see [58].

Approaching a static problem by formulating it as if it were a dynamic one allows us to
solve it in an explicit manner without any global matrix inversion, as discussed previously.
The time step is chosen so small that quasi-static conditions (Fint = Fext Can be assumed so
that no kinetic energy is produced. Obviously, at failure, the material becomes unstable and
kinetic energy is produced, which can be dissipated through inertia and damping to ensure
an equilibrium state is ultimately reached.

If the equilibrium is stable, the system will oscillate around the equilibrium point which
will be reached ultimately based on the amount of damping. This is particularly true in
elasticity where frictional dissipation is absent so that the ultimate (steady) state eventually
coincides with the statical solution. By contrast, if there is frictional dissipation such as
in geomaterials by way of frictional slips at particle contacts, the system may only reach
a meta-stable equilibrium with several local minima. As such, the equilibrium state is not
unique and would be reached dependent on the physics of damping. The consequence is
that solving highly dissipative systems may lead to reaching di erent equilibrium states,
depending on the damping.

Even though the issues discussed in the above might be seen as an impediment toe cient
computations, the explicit method can still be seen to o er an advantage over implicit meth-
ods when non-linear problems with large deformations and material or physical instabilities
associated with failure are involved, which is exactly the case in geomechanics.

All loading processes indeed have non-zero nite loading rates. In other words, they all,

in fact, are dynamic processes, even the ones with almost zero loading rates. Hence, static
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analyses using implicit methods are only able to give approximate results even for cases
with very slow loading rate in comparision to reality. Only, dynamic analyses can genuinely
describe loading processes in reality since they are able to take into account the loading rate
of those processes.

Dynamic explicit analyses can get over peak where implicit analyses including both dy-
namic and static ones struggle to get past. For static analyses, to get past peak, there must
be remedies used such as loosening convergence criteria, or increasing the size of loading
step. If strict convergence criteria used along with very small loading step, static analyses

fail to converge at peak.

59



Chapter 4

Numerical Simulations of Shear

Localization and Bifurcation

4.1 General

In this chapter, we will investigate, using FEM analysis, the phenomenon of strain localiza-
tion and bifurcation in a plane strain biaxial test following the two constitutive models, i.e.
WG and -GM model, presented in Chapter 2. In the discussions that follow, the geome-
chanics sign convention is employed, i.e. positive sign is assigned to compressive stresses and
strains while negative sign is for tensile ones.

Both WG and -GM models were implemented into the Finite Element code ABAQUS
through UMAT and VUMAT user subroutine facilities, which serve the implicit and explicit
schemes, respectively. These schemes were discussed at length in Chapter 3. The codes
implemented in UMAT and VUMAT are listed in Appendix A for completeness.

As a prototype problem, the response of the plane strain biaxial test under deviatoric
loading (displacement control) will be analyzed using the explicit scheme following the WG-
model. Here, time aspect is introduced through the speed at which the loading is applied.

Then, for small or near zero speed of loading, the analysis will readily reduce to the quasi-
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static or static response. The same prototype problem with reduced con ning pressure is
analyzed using the -GM model in which the implicit scheme is adopted to formulate the
problem as a static one where no time is involved, i.e. the speed of loading is assumed to
be in nitesimally small. It is noteworthy that in contrast with the WG model, the -GM
model reveals the microstructural features of strain localization and bifurcation behaviours,

which will be highlighted herein.

4.2 FEM Analysis of Biaxial Test using WG Model

4.2.1 Finite Element Mesh

The soil specimen is 3D, and to apply plane strain condition on the sample, movements in
y-direction at all nodes are restrained. Hence, the specimen is equivalent to a 2D plane strain
one. The schematics of the prototype soil specimen with details about loading and boundary
conditions, including the meshing for Finite Element analysis is illustrated in Fig. 4.1. Here
the positive direction of y axis is pointing into the page (i.e. away from the reader), where the
schematics of the specimen is shown. The thickness (i.e. the y-dimension) of the specimen is
0.005 (m). The specimen is meshed by the element C3D8, which is a 3D rectangular element
with 8 nodes as well as 8 Gauss points.

The boundary condition at the bottom of the specimen is of the roller-type, which pre-
vents the bottom from moving vertically, except for the midpoint. Instead, the midpoint
of the bottom is xed by a pin, which besides preventing it from moving vertically, also
restrains its horizontal movement to prevent the entire specimen from sliding sideways. The
reason a pin is applied at the midpoint is to make the boundary conditions symmetrical
between left and right sides. These sides are divided by an axis of symmetry going through

midpoints at the bottom and the top.
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Imposed displacement = 0.04 m
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Con!ning pressure =1000 kPa
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L
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Figure 4.1: Schematic of the specimen (with loading and boundary conditions) and the
meshing

4.2.2 Loading conditions

A uniform con ning pressure . of 1000 kPa was applied to the specimen before an axial
displacement of = 0.04 m, which gave rise to a global axial strain of ", = 20%, was imposed
with di erent rates. If the displacement is applied very slowly to the top edge, the specimen
remains in almost static equilibrium (i.e. quasi-static condition) during the application of
displacement. The con ning pressure was kept constant during the application of the vertical
displacement which resulted in a deviatoric stress.

The application of axial displacement was done in a displacement-controlled manner, i.e.
the displacement is applied continuously so that the cumulative displacement of the top

boundary changes linearly with time until reaching 0.04 m. The rate of the change is loading

62



rate = =T. The change of the displacement of the top boundary with time is plotted
in Fig. 4.2.

axial displacement
A

1=0.04 m

Figure 4.2: Displacement application pro le

Numerically, ABAQUS applies the displacement = 0.04 m stepwise (i.e, in N displace-
ment increments  , in which needs not be xed) over a time period T according to a
chosen constant loading rate = =T. The way that the displacement is applied numerically
in ABAQUS is shown in Fig. 4.3 where with N large enough, the stepwise application of

displacement is almost identical to a continuous one.
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Figure 4.3: Stepwise and continuous application of displacement pro les

4.2.3 Theoretical basis of numerical e ciency of dynamic explicit

simulations

To ensure numerical stability and accuracy as discussed in Chapter 3, the maximum time
increment  tqax used in the numerical simulation must not exceed the critical time incre-
ment, which is also explained in Chapter 3. From Eq. 3.24, 3.25 the formula of the critical

time increment can be written according to Eq. 4.1.

r

tcrit = I—c (4-1)

K +4G=3

In Eq. 4.1, , K, and G are mass density, bulk and shear moduli of the material respectively.
L. is the characteristic length (unit: m) of the element used in the analysis.

The minimum number of time increments required, Nmin, dictates numerical e ciency
of explicit simulations. Moreover, Nin IS inversely proportional to the allowable maximum
time increment, i.e. terit s estimated in Eqg. 4.1. As seen in Eq. 4.1, an increase in

mass density will enlarge the critical time, so it will reduce Nnin, thus enhance numerical
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e ciency. Hence, to reduce computational cost, one can see that the mass density can be
increased for the critical time increment to reach an \e cient"” size. Furthermore, if the
time duration of the simulations becomes longer, Nin Will be proportionally larger; so those
simulations will become more computationally costly. On the other hand, the time duration
is inversely proportional to the loading rate given that these simulations are loaded with
a xed amount of axial displacement. Hence, the loading rate might be upped to shorten
the time duration, thus further reduce computational cost. The following discussions will
demonstrate the ability of the explicit simulation as a numerical method to use 1,000 times
scaled-up mass density of the material along with several times upped loading rates to cut

computational cost by hundreds of times while still giving satisfactory results.

4.2.4 Details of simulations

Many simulations used in the section are dynamic ones with di erent combinations of the
rate of loading, , number of time increments, N, and mass density, . The rate of loading
is changed by applying the same axial displacement of 0.04 m over di erent time periods, T.

Details of a few simulations among those used are summarized in Table 4.1.

ID| (kg/m® | (m/s) | (kPa) N

1 2 10° 0.04 1000 5001

2 2 10° 0.08 1000 2500

3 2 10° 0.008 1000 | 620437

Table 4.1: Details of a few dynamic simulations performed

In Table 4.1, the parameter ( ) refers to the rate by which the deviatoric loading is
applied, pressure ( ) refers to the lateral con ning pressure applied to the specimen before
and during the imposition of axial displacement, and N is the number of increments used to
complete the step in which axial displacement is applied, and is an indicator of computational

cost of simulations.
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All dynamic simulations are run using the ABAQUS explicit solver which uses Dynamic
Analysis with the explicit time integration. The constitutive relation of the material is
provided to the solver through VUMAT subroutine whose listing is supplied in Appendix A.

A static simulation of the same boundary value problem described in Fig. 4.1 is run with
ABAQUS standard solver, which employs the implicit time integration. The load step used
in the simulation is 8 10 3 mm. The static simulation will play the role of a benchmark
to measure the performance of those dynamic explicit simulations. Also, it provides results

of the case in which loading rate is extremely small.

4.2.5 Material properties

The material is a medium dense sand with the initial void ratio ey of 0.55 and the critical
state friction angle of s = 32 . There are 11 material parameters in all whose meanings are
explained in Chapter 2, Section 2.2. The values of those material parameters are presented

in Table 4.2.

GO €cso 0 Ng Nm | Nes cs hcs F

0.8/0.3|900|0.74 | 0.008 | 1.5 | 1.3 | 0.4 | 32° | 0.005 | 0.007

Table 4.2: Material parameters

4.2.6 Computational e ciency of dynamic explicit simulations

Static analyses should be conducted using a small displacement increment to be accurate in
modelling the behaviour of specimens tested since the actual loading condition in the tests is
continuous instead of piece-wise as applied by the numerical solver for the reason explained
in Section 4.2.2. However, the static simulations with very small displacement increments
struggle to converge at peak and in the post-peak phase in the hyperspace of the specimen’s
behaviour, i.e. the hyperspace of nodal loads and nodal displacements. That is because of the

dependency of the implicit analysis on inverting sti ness matrix K as used in the Eqg. 3.8 in
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Chapter 3. The reason is that inverting the sti ness matrix becomes theoretically impossible
due to indeterminacy of K around peak when det(K) = 0 at peak in the aforementioned
hyperspace. For static simulations with larger increments, the determinant of sti ness matrix
K may evade vanishing at peak since the nodal loads versus nodal displacements hypercurve
IS a piecewise curve, making sti ness matrix K, which is the slope of the curve, discontinuous.
That may allow det(K) = 0 to avoid being zero. However, with small increments, the
hypercurve comes too close to a smooth curve, i.e. a curve with continuous slope, for the
determinant of K to evade vanishing at peak.

On the other hand, dynamic explicit simulations do not involve inverting sti ness matrix
K. Thus, it would be more preferable to use dynamic explicit simulations which satisfy
the quasi-static conditions presented shortly below in replacement for static ones to model
accurately a very slow loading process, if such dynamic explicit simulations exist.

From the simulations presented by Santosa [59], it can be seen that dynamic explicit
simulations have great ability to save a large deal of computational cost in comparison to
static ones. The reason is that the dynamic explicit simulation as a numerical method takes
into account two parameters: mass density and loading rate, which are not relevant in the
static simulation and which might be increased by many times to minimize computational
resource required while still managing to give satisfactory outcomes like those presented in
Santosa’s paper [59]. Hence, it is of great interest to investigate into the three dynamic
explicit simulations whose details laid out in Table 4.1 to see whether herein the dynamic
explicit simulation as a numerical method is able to save great deal of computational cost
while still demonstrating satisfactory outcomes. Also, it is of interest to gauge the perfor-
mance of each individual dynamic explicit simulation regarding whether they are quasi-static
and whether they give the force-displacement behaviour matching the one predicted by the
corresponding static simulation, that is, how good they are if used to replace for the static
simulation. In short, the point of this exercise is to select the best simulation among those

three presented in Table 4.1 to use in replacement for the static simulation for further analy-
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ses in the following sections. The replacement is warranted due to the issue presented above
of the static simulation as a numerical method. With these two interests in mind, the three
dynamic simulations presented in Table 4.1 will be rst tested against quasi-static conditions

below [59]:

1. The kinetic energy in comparison to the total internal energy must be very small during

the course of simulation.

2. The force-displacement response (reaction force at the top of the specimen versus

displacement applied at the top of the specimen) must be independent of loading rate.

The evolutions of internal and Kkinetic energies during the simulations are investigated
to see whether each simulation satis es the rst quasi-static condition. The evolutions of
internal and kinetic energies of the three simulations with di erent combinations of mass

density and loading rate are shown in Fig. 4.4.

0.14 T T
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Figure 4.4: Evolutions of kinetic and total internal energies with relative time

The time in the horizontal axis in Fig. 4.4 refers to the relative time which is the ratio

between time elapsed since the start of the application of axial displacement and the entire
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time period during which the axial displacement is fully applied.

In these three simulations, the kinetic energy remains very small in comparison to the
total internal one. Hence, all of these three simulations satisfy the rst quasi-static condition.

Fig. 4.5 presents the vertical reaction force at the top boundary of the specimen as a
function of the applied axial displacement for these three aforementioned dynamic simula-
tions. For an objective comparison with the static case, the static simulation of the same
meshed specimen under the same biaxial plane strain loading condition was conducted as a
baseline. This static simulation follows the implicit scheme, which relies on UMAT facility
to incorporate an user-de ned material into the nite element solver. The simulation, in
essence, is equivalent to a dynamic one with in nitely small loading rate which renders in-
ertial terms involving acceleration negligible. As a result, the second quasi-static condition
can be satis ed as long as a dynamic simulation gives the force-displacement response in

good agreement with that obtained by the static one.
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Figure 4.5: Reaction force at top boundary vs axial displacement of the top boundary

As seen from the Fig. 4.5, among these dynamic explicit simulations, the simulation
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ID3 with =2 10% kg/m3, =0.008 m/s is the one whose result is best matching that
of the static simulation. Indeed, ID3 predicts almost the same peak as predicted by the
static simulation, has minimal oscillation in post-peak phase, and follows the similar post-
peak softening trend in which at the same displacement, the force predicted by the dynamic
simulation and that by the static one remain in close proximity to each other. Hence, the
case I1D3 satis es the second quasi-static condition, thus being a quasi-static simulation, so
it will be chosen for further analyses in the following sections.

However, it can be seen from Table 4.1 that the computational cost of the case ID3 is
punishing when it requires roughly 620,000 increments to complete the simulation. Hence,
the use of the case ID3 would be questionable if the computational resource is limited. In
that case, it is necessary to look for an alternative that is better in saving computational cost
and does not compromise much the performance. Let us shift our attention to the dynamic
simulations 1D1, which has a mass density of =2 10° kg/m3, a loading rate of =0.04
m/s, and especially ID2 with the same mass density and the loading rate of =0.08 m/s. In
both of these cases, the loading rates are increased up to 10 times, while the mass densities
are scaled up by 1000 times in comparison to the case 1D3. The upped loading rates and
the scaled up mass densities together make the required numbers of increments decrease by
many times. The theory behind this phenamenon is explained at length in Section 4.2.3.
From Table 4.1, the number of increments required by the case ID2 is about 248 times
less than that required by the case ID3, so the computational cost of ID2 is accordingly
248 times less than that of ID3. Considering the performance of ID2 in comparison to
the static simulation, the dynamic simulation provides a prediction of force-displacement
behaviour before peak very much in line with the pre-peak behaviour predicted by the static
one. Though ID2 does not give an accurate result of the displacement where the peak force
occurs and still shows signi cant oscillation, it gives the force at peak and the residual force
both in good agreement with those obtained by the static simulation. Thus, if a slight

compromise can be made, it can be considered that 1D2 also satis es the second quasi-static
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condition, thus being a quasi-static simulation. Hence, in spite of the fact that ID3 gives
better performance than ID2 when it comes to how well these dynamic explicit simulations
match the static one in modelling the force-displacement behaviour, if the computational
cost is of concern and a slight compromise in performance can be made, it would be very
computationally economical to use ID2. Therefore, the dynamic explicit simulation as a
numerical method has great potential to reduce computational cost thanks to its ability
to have mass density and loading rate greatly increased while still preserving satisfactory

performance in comparison to the static one.

4.2.7 Bifurcation point: static versus quasi-static simulations

In the discussions that follow in this section, q;p are denotations of von Mises and mean
stresses respectively; P is denotation of plastic shear strain. The de nition of von Mises and

mean stresses, plastic shear strain as used here can be found in the section 2.2.

4.2.7.1 Bifurcation point from the static simulation

In Fig. 4.6, the local stress-strain relation at every Gauss point in the specimen is shown
along with the plot of the average stress versus the average strain coloured in black and

superimposed in the gure. The stress and strain values at bifurcation point are also shown.
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Figure 4.6: The bifurcation from the static simulation with the load step of 8 10 2 mm

4.2.7.2 Bifurcation points from the quasi-static simulations

In the following discussion, the local stress-strain behaviour at every Gauss point in the
quasi-static simulations mentioned previously along with the deviatoric stress and the plastic
shear strain values at the bifurcation point are shown in Figs. 4.7, 4.8, 4.9. Each gure also
includes the corresponding average deviatoric stress versus plastic shear strain plot coloured

in black and superimposed on the local stress-strain behaviour plotted at every Gauss point.

4.2.7.2.1 The quasi-static simulation ID1 with =2 10° kg/m3, = 0:04 m/s
From Fig. 4.7, it can be seen that the bifurcation point is at the strain of P = 0:118, while
the bifurcation point in the static simulation happens at P = 0:087. That leads to a strain
di erence of 0.031, that is, 3.1% between the bifurcation points of the dynamic simulation

and the static one.
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Figure 4.7: The bifurcation from the quasi-static simulation ID1 with loading rate=0.04

m/s, =2 10° kg/m?3

4.2.7.2.2 The quasi-static simulation ID2 with =2 10° kg/m3, = 0:08 m/s
As shown in Fig. 4.8, the bifurcation point in the simulation ID2 occurs at almost the same

plastic shear strain and deviatoric stress as those in the simulation ID1.
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Figure 4.8: The bifurcation from the quasi-static simulation ID2 with loading rate=0.08

m/s, =2 10° kg/m?3
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4.2.7.2.3 The quasi-static simulation ID3 with =2 10 kg/m3, = 0:008 m/s
From Fig. 4.9, it can be seen that the bifurcation happens at almost the same von Mises
stress and plastic shear strain as where bifurcation emerges in the static simulation. As a
result, the value of the plastic shear strain where the bifurcation occurs in this case is also
less than that in the quasi-static cases ID1 and 1D2 by about 2.5 to 3 % .

The small di erence in the values of von Mises stress at bifurcation point of the case ID3
and those of the cases ID1, ID2 can be used to further demonstrate the validity of the two
cases ID1 and ID2, i.e. the validity of the use of the magni cation of mass density by 1000

times in quasi-static simulations to save computational cost by hundreds of times.
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Figure 4.9: Bifurcation from the quasi-static simulation ID3 with loading rate=0.008 m/s,

= 2000 kg/m?

4.2.7.3 Manifestation of bifurcation in global behaviour of samples

In Fig. 4.10, the curves of average stress versus average strain of the three aforementioned
quasi-static simulations and the static simulation are superimposed. Each curve has a dot

of the same color indicating the approximate location of its bifurcation point.

74



7000
a
66000*
A 5000
o
8 40001 dynamic ID1 (!1=2x10 kg/m3, "=0.04 m/s)
a 3000 dynamic ID2 (1=2x10 kg/m3, "=0.08 m/s) .- --.
= dynamic ID3 (!=2x16 kg/m3, "=0.008 m/s) __
g 2000+ static _
p

1000+

OO 0.05 0.1 0.15 0.2 0.25

plastic shear strain

Figure 4.10: The average deviatoric stress versus average plastic shear strain

From Fig. 4.10, it can be seen that the quasi-static simulation ID3 and the static one
display the same behaviour before bifurcation, almost the same bifurcation point, and very
similar post-bifurcation behaviour when both show typical softening phase after peak. As
a result, according to the bifurcation theory, it can be assumed that the quasi-static simu-
lation ID3 and the static one show the same mode of failure manifested through the same
localization pattern. This assumption is further investigated in the following section when
features of strain localization are focused on. On the other hand, comparing the quasi-static
simulations ID1 and ID2 with the static one, it can be found that these two quasi-static
simulations have their bifurcation points following that of the static one by a distance in
terms of strain of about P = 0:025 to 0:03, that is, 2:5 to 3%. Moreover, the two quasi-
static simulations show signi cant di erences in their post-bifurcation behaviours from that
of the static one. Hence, in accordance to the bifurcation theory, the two quasi-static simula-

tions and the static simulation can be assumed to have di erent modes of failure manifested
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through di erent localization patterns. The assumption is also investigated in the following

section.

4.2.8 Strain localization behaviour in static and quasi-static sim-

ulations

The quasi-static simulations using the dynamic explicit analysis and the static simulation
give strain distributions as shown in Fig. 4.11. The strain measure used in the Fig. 4.11 is

plastic shear strain.

i—»x .i—»x .i—»x li—»x l

(a) ID1, rate=0.04m/s (b) ID2, rate=0.08m/s (c) ID3, rate=0.008m/s (d) Static

Figure 4.11: The variation of strain localization pattern with loading rate

It can be seen that the quasi-static simulation ID3 and the static one share the same
localization pattern since their shear bands are of the same shape and are inclined in the
same direction. This validates the assumption by the bifurcation theory presented in the end
of the previous section about the predicted sameness in strain localization pattern between
these two simulations. On the other hand, the quasi-static simulations ID1 and I1D2 show
di erent strain localization patterns from that of the static one. In fact, the simulation ID1
shows one shear band inclined in the opposite direction to that of the shear band of the
static one, and the simulation ID2 shows two shear bands intersecting each other instead of

one. That validates the assumption in the previous section also by the bifurcation theory
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about the predicted di erence in localization pattern between the quasi-static simulations
ID1, ID2 and the static one.

The angle of a shear band created with the horizontal plane is denoted as , and it is
measured on the undeformed shape of the specimen. The angles of inclination of the shear
bands of the quasi-static case ID3 and the static one are measured to be 53:3 and 56:3
respectively.

On the other hand, according to Arthur’s empirical formula [60], the angle of inclination
of local strain localization at each Gauss point is computed based on Eq. 4.2:

=450+ M m (4.2)

4

In Eq. 4.2, , and |, are the mobilized friction angle and the mobilized dilatancy angle,
respectively at the considered Gauss point. The computed angle (according to Eq. 4.2) of
inclination of local strain localization at every Gauss point inside the shear band of the
quasi-static case ID3 varies narrowly within the range from 55 to 56:4 , and averages at
55:5 . Hence, the measured angle of inclination of the global strain localization (i.e. the
shear band) is close to the average of angle of inclination of local strain localization at all
Gauss points inside the shear band computed according to the Arthur’s empirical formula
involving both friction and dilatancy angles.

It is then of interest to investigate the impact of increasing the aspect ratio of the elements
used to mesh the specimen on the angle of inclination of the shear band by a numerical test.
The test involves choosing elements of higher aspect ratios to mesh the specimen while
keeping the same mass density, loading and boundary conditions as used in the quasi-static
simulation ID3. The shear band patterns from the test are shown in Fig. 4.13 along with the
shear band obtained in the model meshed with horizontally aligned elements, i.e. 1D3 itself,

also shown for comparison. The aspect ratios of horizontally aligned, square, and vertically

5 1

- 15 -
aligned elements are 5, 7, and 2 respectively.
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Let’s denote as the angle of inclination of elements in each model, which is de ned
schematically in Fig. 4.12. As such, essentially relates to the aspect ratio of element. The
values of ~ for the models with elements whose aspect ratios are >, 1 and £ will be 11:8 ,

45 and 75:1 , respectively.

Figure 4.12: Schematic de nition of inclination angle of elements

z Y v
1—» X 1—0 X 1—9 X

(a) Shear band with the (b) Shear band with the (c) Shear band with the the
simulation using horizon- simulation using square el- simulation using vertically
tally aligned elements ements aligned elements

Figure 4.13: Shear band of the models made up by elements with di erent aspect ratios

From Fig. 4.13, the angles of inclination of the shear bands in the simulations using
square elements and vertically aligned elements are measured to be = 54:3, = 58:9
respectively. Combined with the fact that the model with horizontally aligned elements,
i.e. the model in the simulation ID3, has its angle of inclination of shear band measured to
be = 53:3, it can be seen that the angle tends to increase with the inclination angle of

elements, , in each model. However, its increase with respect to is not drastic because
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with increasing by about 6 times from 11:8 to 75:1 , it only increases by 10% from 53:3
to 58:9 .

4.2.9 Local behaviour

Herein, the quasi-static simulation 1D3 is chosen to further analyze the local stress-strain
behaviour of Gauss points at di erent locations relative to the shear band. An element
which is inside the shear band and another one outside it are selected arbitrarily with their

locations speci ed in Fig. 4.14.

z
b x
Figure 4.14: Locations of selected elements inside and outside the shear band

The element inside the shear band is numbered as 278 in the mesh whereas the one
outside the shear band is numbered 305. The stress ratio, q=p (q; p are von Mises and mean
stresses, respectively) versus plastic shear strain responses at Gauss points in the elements
278 and 305 are shown in Fig. 4.15. The global stress ratio-plastic shear strain behaviour
plotted in a thick black-coloured curve is superimposed on the gure for comparison. This
curve is constructed by plotting the ratio of the average of deviatoric stress to that of mean

stress versus the average of plastic shear strain at every Gauss point in the model.
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(b) Volumetric strain versus plastic shear strain behavior

Figure 4.15: Behaviour at Gauss points for the selected elements (inside and outside the

shear band) along with the global behaviour of the sample
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Regarding the post-bifurcation stress ratio-plastic shear strain responses, it can be seen
that the element inside the shear band in general displays plastic loading behaviour, i.e.
the plastic strains at the Gauss points in the element continue to increase after the peak.
Among the 8 Gauss points in this element, a few of them follow a clear softening trend
after displaying a short period of hardening. The period of hardening, in turn, follows a
short period of softening, which occurs right after the bifurcation (indicated by red marks
on Fig. 4.15). The remaining Gauss points primarily show softening behaviour, and only
have a slight hardening for a short period at the end of the deformation. On the other hand,
the element outside the shear band experiences elastic unloading behaviour at all Gauss
points after bifurcation. This behaviour is con rmed since the stress ratio decreases while
the plastic shear strain stays constant. These two elements behave in the same way up to
a point near the bifurcation point after which their behaviours start to diverge from each
other.

Considering volumetric responses, the two elements share the same rst phase of their
volumetric behaviours. Indeed, they both initially go through contraction, i.e. a decrease
in volumetric strain associated with an increase in plastic shear strain. After that, they
go through dilation, i.e. an increase in volumetric strain associated with an increase in
plastic shear strain, together until their volumetric behaviours start diverging. Upon this
divergence, the element outside the shear band displays an elastic unloading behaviour with
an elastic expansion in volume along with no changes in plastic shear strain. Meanwhile, the
one inside the shear band shows dilatant behaviour as the volume expansion continues with
the increase in plastic shear strain.

It is now of interest to examine whether elastic unloading is the common post-bifurcation
behaviour of elements outside the shear band and plastic loading with mainly softening along
with volumetric dilatancy is the common post-bifurcation behaviour of those inside the shear
band. Selected elements which are outside the shear band and those inside are grouped into

zones 1 and 2 as shown in Figs. 4.16, 4.17, respectively.

81



Figure 4.16: Zone 1 with elements outside the shear band

L

Figure 4.17: Zone 2 with elements inside the shear band

The stress ratio, q=p, versus plastic shear strain behaviours as well as the volumetric
strain-plastic shear strain ones of the elements outside and inside the shear band are shown

in Figs. 4.18, 4.19, respectively.
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(b) Volumetric strain versus plastic shear strain relations of elements outside the shear band
Figure 4.18: Behaviours of elements outside the shear band and the average behaviour of

these elements (plotted with the black thick curves)
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Figure 4.19: Behaviour of elements inside the shear band and the average behaviour of these

elements
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In Fig. 4.18, for elements outside the shear band, most of stress ratio-plastic shear strain
curves show elastic unloading behaviour after the bifurcation. Volumetric responses of ele-
ments outside the shear band also show elastic unloading behaviour similar to that demon-
strated by the element 305 as discussed above.

For elements inside the shear band, after the bifurcation point, most of stress ratio-
plastic shear strain curves show plastic loading with softening as predominant characteristic;
see Fig. 4.19. Additionally, the average stress ratio-plastic shear strain behaviour of elements
inside the shear band coloured in black shows softening after the peak, which roughly coin-
cides with the bifurcation point. This further indicates the fact that softening behaviour, in
comparison to hardening, is predominant among Gauss points inside the shear band. At the
same time, volumetric responses of elements inside the shear band show dilatant behaviour
upon the bifurcation.

Hence, it can be concluded that while elastic unloading is the common post-bifurcation
behaviour of Gauss points outside the shear band, plastic loading dominated by softening
with volumetric dilatancy are favoured for Gauss points inside the shear band. Also, via
Figs. 4.18 and 4.19, it can be also seen that the level of strain experienced by elements inside
the shear band is much larger in comparison to that experienced by those outside the shear
band. In fact, the strain experienced by elements inside the shear band is on average about
0.76 with some elements even reaching strains of more than 1.1 while that experienced by

elements outside the shear band is less than 0.17.

4.3 FEM analysis of biaxial test using -GM model

4.3.1 Loading conditions

A con ning pressure of 100 kPa is applied on all boundaries of the model before vertical
displacement (deviatoric loading, displacement-controlled) is applied. The model schematics

with the loading condition speci ed are shown in Fig. 4.20.
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Figure 4.20: Specimen dimension and loading condition for the simulation with -GM model

Displacement application in reality and that by the numerical simulation solver follow
the same procedures as those presented in Fig. 4.2 and 4.3, respectively. The numerical
modelling using -GM model employs static simulation with an implicit time integration
scheme. Constants used to de ne the material are listed in Table 4.3. These constants in-
clude: k, which is the contact sti ness and assumed to be constant at every contact in the
soil sample, D, which is the average diameter of particles, Zmin; Zmax Which are minimum
and maximum possible coordination numbers respectively. Unlike other constitutive rela-
tions when material constants are used to de ned yielding surface, hardening/softening rule,
plastic potential, elastic properties of the entire REV, the material constants here are not
for de ning these properties at REV scale, but are for de ning contact deformation, contact

force between particle; particle packing, all of which are at micro-scale, i.e. particle scale.

K(N=m) | D(M) | Zmin | Zmax

108 0.0018 | 2.1 | 5.99

Table 4.3: Material properties
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4.3.2 Dependency of shear band on mesh re nement

In this section, the variation of the width of shear band when the nite element mesh gets
gradually re ned is examined. There are various mesh re nements used in this study, i.e.
10 20,14 28,16 32,20 40, and 28 56.

Herein, the axial displacement applied to the top boundary of the model is 0.0076 m,
i.e. 7.6 mm. This gives rise to a global axial strain of 3.8% (The global axial strain here
is also the average axial strain over all Gauss points in the model; locally, at an individual
Gauss point, the axial strain value can be signi cantly smaller or larger than 3.8%). The
axial displacement application is divided into many steps each of which is 0.02 mm. The
width of shear band, resulting from the simulation with each mesh re nement, is evaluated
in the undeformed model according to the schematic shown in Fig. 4.21.

The shear band is chosen such that it includes any part that is not in the area that has
homogeneous deformation. As indicated in the schematic, the shear band even includes the
area with colour code only slightly darker than that of the area with homogenous deforma-
tion. The ratio between the size of the shear band and that of the element is then computed

for further analysis.
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Figure 4.21: Shear band size measurement schematic

Shear band patterns obtained from simulations with various nite element meshes are
shown in Fig 4.22. Also, results of the analysis regarding the mesh dependency of the size

of shear band are summarized in Table 4.4.

(@) 10 20 (b) 14 28 (c) 16 32 (d) 20 40 (e) 28 56

Figure 4.22: Shear bands with di erent mesh re nements
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Mesh | Shear band size (mm) | Element size (mm) | Shear band size to element size ratio
10 20 24 4.6 5.22
14 28 17 3.28 5.18
16 32 24 2.88 8.33
20 40 19 2.3 8.26
28 56 14 1.64 8.54

Table 4.4. Shear band size dependency on mesh re nement

From Table 4.4, it can be seen that with a su ciently ne mesh such as 16 32 or ner,
the shear band size to element size ratio stays at a constant level ranging from about 8.3
to 8.5. Hence, with a ne enough mesh such as 20 40, the width of shear band is roughly
equivalent to about the size of 8 elements combined regardless of the re nement of that mesh.
Thus, the mesh 20 40 is chosen for further analysis and represents the length scale attached
to the shear band that normally would have had to be included into the constitutive law to

regularize the nite element computations.

4.3.3 FEM Mesh

Using the result of the discussion above, the mesh used in the simulation is a 20 40 mesh

using plane strain 2D square elements.

4.3.4 Dependency of shear band and bifurcation on size of load

step

In this section, the bifurcation (localization) of a20 40 meshed model is considered when the
model is simulated with various load steps. Then, the variation of the location of bifurcation

point, i.e. where localization initiates, relative to the peak is analyzed.
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4.3.4.1 Bifurcation

With load step of 4 10 ® mm, the bifurcation in stress-strain response at Gauss points

inside the model is illustrated in Fig. 4.23.

Figure 4.23: Bifurcation with the load step of 4 10 > mm

The distance between bifurcation point (where the localization starts) and the peak in
terms of strain is extremely small, so it can be considered that the bifurcation point here
coincides with the peak. The load step is then increased to 4 10 4 mm, 2 10 3 mm,
8 10 *mm, 2 10 > mm, and the bifurcations corresponding to these simulations are
presented in Figs. 4.24, 4.25, 4.26, 4.27, respectively. These gures along with Fig. 4.23 use

square symbol and circle to represent peak- and bifurcation- point, respectively.
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Figure 4.24: Bifurcation with load step of 4 10 * mm
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Figure 4.25: Bifurcation with load step of 2 10 3 mm
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Figure 4.26: Bifurcation with load step of 8 10 3 mm
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Figure 4.27: Bifurcation with load step of 2 10 2 mm

Then, the distance between bifurcation point and peak is measured in strain unit for each

simulation, and denoted as D. The result of D for every simulation is listed in Table 4.5.

Load step (mm) D

4 10 ° 0

4 10 * 0.00062

2 103 0.00319

8 103 0.01220

2 102 0.02757

Table 4.5: Bifurcation point location dependency on load step

The trend in the variation of the distance (D) from the bifurcation point to the peak
with respect to the size of load step here is clear. D gets larger when the load step is larger.

From Figs. 4.26, 4.27, it can be noticed that with larger load steps, bifurcation points drift
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from the peak by signi cant distances to be deep inside the post-peak regime.
The variation of the location of the peak is also considered. The relation between location

of peak in the plot of deviatoric stress (q) versus plastic shear strain ( P) and size of load

step is presented in tabular form via Table 4.6.

Load step (mm) P g (kPa)
4 10° 0.008385 | 168.59
4 10 4 0.008389 | 168.57
2 103 0.008410 | 168.47
g8 103 0.007879 | 168.13
2 10 2 0.008026 | 167.46

Table 4.6: Peak locations and corresponding load steps

From Table 4.6, there is no noticeable trend in the variation of plastic shear strain
coordinate of peak. In general, plastic shear strain coordinate of peak varies within a small
range which is between 0.007879 and 0.008410. Thus, it can be considered that plastic shear
strain coordinate of peak stays constant at around 0.008 with respect to the varying load
step. On the other hand, deviatoric stress at peak show a noticeable trend when it decreases
with load step increasing. Despite that trend, like plastic shear strain coordinate of peak,
deviatoric stress at peak also varies within a very narrow range which is between 167.45 kPa
to 168.6 kPa while corresponding load step increases by 500 times from4 10 ®to2 10 2.
Hence, it can also be considered that deviatoric stress at peak stays constant with respect to
varying loading step. Thus, despite large di erence in load step, simulations in the section
have almost the same peak at which deviatoric stress and plastic shear strain are about 168
kPa and 0.008 respectively. That gives rise to the conclusion that loading step has minimal

impact on the location of peak in the deviatoric stress versus plastic shear strain plot.
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4.3.4.2 Shear band

The selection of load step also signi cantly impacts on the formation of shear band, i.e.
failure mode of the model. As load step increases in size, the shape and orientation of shear
band drastically change. That can be observed in Fig. 4.28, which includes failure modes

corresponding to di erent load step sizes.

(a) Load step =4 10 ° (b) Load step =4 10 * (c) Load step = 2 10 2

mm mm mm

Figure 4.28: Failure mode variation with di erent loading steps

4.3.5 Time evolution of microvariables

In the section, the evolutions of microvariables used in formulating the -GM model against
plastic shear strain are considered for 3 points A, B, C lying within a shear band, at the
boundary of that shear band, and outside of it, respectively. The locations of these 3 points
within the mesh in its deformed shape are shown in Fig. 4.29.

The objective is to reveal the microstructural features of strain localization in comparison
to those of the rest of the model. The numerical simulations for which the microvariables

are to be uncovered refer the FE model with 20 40 mesh with load step of 4 10 °> mm.
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Figure 4.29: Model schematic and locations of A, B, C

Figure 4.30: Evolution of coordination number z
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Figure 4.31: Evolution of contact normals anisotropy a.
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Figure 4.32: Evolution of normal contact force anisotropy an
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Figure 4.33: Evolution of tangential contact force anisotropy a;
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Figure 4.34: Evolution of average normal contact force f,

The branching in microvariables evolutions at A, B, C as indicated by the branching point
happens at the same plastic shear strain coordinate as the peak von Mises stress, henceforth
called abbreviately as the peak.

From Figs. 4.31, 4.32, 4.33, 4.30, and 4.34, it can be seen that at A, as the shear band
becomese looser and less compressed after peak stress due to shear dilatancy and strain
softening respectively, force anisotropies an; a; continue to decrease, fabric anisotropy a. also
decline after a short period when it increases. Similarly, coordination number z and average
normal force f,, also decrease. After the branching, the decrease of microvariables at A is
accompanied by an increase in plastic shear strain, as material point inside the shear band
continues to be sheared after the peak.

At C, as material points outside the shear band become looser and less compressed after
the peak due to elastic unloading, all microvariables but a; decrease vertically after the

branching. On the other hand, a, vertically increases by a small amount after the branching.
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For the point on the boundary of the shear band, B, it shows rouhgly an intermediate
behavior with those at A and C. After the branching, z;a.; an; f, go through a brief phase
in which they decrease sharply, but not yet vertically like at C. After this brief period, these
microvariables continue to decrease but in more moderate manner, almost at the same slopes
that evolutions of these variables after the branching at A have. On the other hand, a; does
not have that brief phase as other microvariables do. Instead, right after the branching,
it decreases moderately and at almost the same slope that the evolution of a; after the
branching at A has. Also, after the branching, B incurs continued plastic shearing but to

lesser degree than A.

4.3.6 Local behaviours of Gauss points inside and outside the

shear band

This section uses the same simulation as that used in Section 4.3.5, i.e. 20 40 mesh model
with the load step of 4 10 > mm, to carry out analyses. Similar to the section discussing
results of the simulations with WG model, the simulation with -GM model is analyzed at
elements inside and outside the shear band. The objective is to draw the conclusion about
common local behaviours of Gauss points inside the shear band as well as those outside the
shear band. The groups of selected elements inside and outside the shear band are shown in

Figs. 4.35, 4.36, respectively.
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Figure 4.35: Elements inside the shear band (marked in red)

Figure 4.36: Elements outside the shear band (marked in red)
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The relation between stress ratio, q=p (g and p are von Mises and mean stresses respec-
tively), and plastic shear strain at Gauss points inside and outside the shear band are shown

in Figs. 4.37, 4.38 respectively.

Figure 4.37: Stress ratio-plastic shear strain relations for elements inside the shear band
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Figure 4.38: Stress ratio-plastic shear strain relations at elements outside the shear band

As shown in the Section 4.3.4, the peak and bifurcation point of the considered simulation
practically coincide. Thus, in the following discussion, either peak or bifurcation will imply
the other, for instance, post-peak also indicates post-bifurcation.

From Figs. 4.37, 4.38, the typical post-peak behaviours at elements inside and outside
the shear band can be captured. After peak, the majority of Gauss points for elements
inside the shear band displays softening behaviour. The rest of Gauss points for elements
inside the shear band, after a short shortening period, follow hardening curves for a while
before reverting to softening behaviour. Nevertheless, softening is still proven to be the
predominant behaviour in the shear band as the average over all Gauss points within the
shear band (shown by the thick black curve) of the relation between stress ratio, g=p, and
plastic shear strain demonstrates a clear softening trend.

On the other hand, for Gauss points outside the shear band, elastic unloading is the

predominant post-peak behaviour as the stress ratios at most of the points decrease without
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any changes in the plastic shear strains. In addition, the thick black curve, which has the

same de nition as the one in Fig. 4.37, clearly indicates an unloading trend.
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Chapter 5

Conclusions and Recommmendations

5.1 Conclusions

The thesis broached the topic of the mechanics of failure in granular materials from the
perspective of material instability and bifurcation theory, which goes beyond traditional
approaches in geotechnical engineering where limit equilibrium analysis is central. The
modelling of localized failure modes, i.e. shear banding, is intrinsically a major challenge
in numerical computations as we are faced with inverting an ill-conditioned global sti ness
matrix that emerges at limit state in a static formulation, thus giving rise to a multiplicity
of solutions or structural responses (failure modes). Also, failure by its very de nition is a
transition from a quasi-static regime to a dynamic one, accompanied by a sudden increase
in kinetic energy of the system. As such, the thesis has also explored various nite element
numerical schemes to compute properly and e ciently localized deformations using advanced
constitutive laws, a key driver to capture subtle failure modes.

Highlights of the thesis are discussed and outlined as follows.

1. Newly developed constitutive models including WG and -GM, which are either sup-
plemented or fully constructed with micro-mechanical ingredients, are implemented

into ABAQUS to simulate behaviours of dense sand samples in biaxial tests under
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plane strain condition. Via those simulations, it is shown that the use of dynamic
explicit simulation in replacement for static implicit one broadens the scope of WG
model when it can model behaviours which are not appropriately modelled using a

classic static implicit scheme.

. Features of implicit and explicit simulations with their advantages and disadvantages
in modelling peak and post-peak behaviours have been addressed in this thesis. In
addition, dynamic explicit simulations with loading rates and mass densities being
properly chosen are advocated as a scheme to alleviate the di culties met in capturing
failure in static simulations. It is demonstrated that this numerical scheme is quite
e cient in comparison to static simulations. With no global matrix being formed and
inverted, it is demonstrated that the peak in the loading-response curve is very well

captured, including going beyond peak to model structural softening behaviour.

. It has been demonstrated that dynamic simulations can give good agreement with
the static case with appropriate selections of loading rate and mass density so that
kinetic energy throughout the course of such dynamic simulations remains minimal,
thus rendering them quasi-static. In fact, using hundreds of times less computational
resources, the dynamic explicit calculations provided almost the same prediction of
peak stress, the stress point where localization (bifurcation) starts, the trend of post-
peak behaviour and the residual stress as those predicted by the corresponding static

simulation.

. The inclination of the shear band (localized strain zone) obtained from a dynamic
explicit simulation with properly chosen loading rate and mass density closely matches
with the estimated value based on Arthur’s empirical formula and the angle obtained
from the corresponding static simulation. This result validates the use of a well-
designed dynamic explicit simulation to examine strain localization, i.e. the physical

manifestation of the localized failure.
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5. To highlight the features of strain localization, general behaviours of material (gauss)
points inside and outside the shear band were investigated. While the stress ratio-
plastic shear strain behaviours of elements inside the shear band are found to be
softening-dominant, those of elements outside the shear band are primarily elastic un-
loading. The volume-plastic shear strain behaviour of elements outside the shear band
displays elastic unloading, whereas volumetric dilatancy is mainly computed inside the

shear band.

6. Strain localization phenomenon is indeed a bifurcation problem in which the expression
of failure is not unique. Analyzing the very same boundary value problem with the
very same material parameters, but with di erent loading rate, mass density or initial
conditions, gives rise to di erent modes of failure, which are manifested by distinct

orientations and shapes of shear bands.

7. The classic question of nite element mesh size in relation to shear band pattern and
thickness has been particularly addressed in the case of the -GM model which is built
on micro-mechanical concepts. It is found that as mesh re nement is increased, the

shear band width remains equal to the combined size of roughly 8 elements.

8. As a follow-up of the -GM FE modelling, the dependency of the starting point of
localization, i.e. the bifurcation point, and the mode of failure (orientations and shapes
of shear bands) on the size of load step was investigated. The point where localization
starts coincides with the peak when the load step is very small, but it drifts further
away into the softening regime as the load step becomes larger. In the meantime, the
mode of failure changes drastically as the load step increases. However, the size of
load step only has minimal impact on the location of the peak when both plastic shear
strain and deviatoric stress coordinates of the peak vary within very narrow ranges

despite load step increasing by hundreds of times.

9. The evolutions of microvariables, which are uniquely extracted in the -GM model
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indeed re ect the granular nature of the soil sample. While these are found to share
a common trend with the evolutions of macro-state variables in continuum mechanics
such as stress, volumetric strain when the soil sample is modelled as a continuum,
richer information related to anisotropy development during shear band formation can

be obtained.

5.2 Recommendation for future work

The dynamic explicit simulations were run with the -GM model, but the runs were not
promising, failing to reach the same global strain level as in static simulations. The problem
may rest upon the fact that, in the -GM, an explicit stress integration scheme which can
lead to a large accumulation of numerical errors due to the large number of increments
usually required by dynamic explicit simulations. Hence, a stress integration scheme which
is less prone to errors accumulated over time like the implicit stress integration scheme can be
introduced in future research to improve the accuracy and convergence of dynamic explicit

simulations with the -GM model.
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Appendix A

Material subroutines for WG and

-GM constitutive models

A.1l Features

All WG UMAT

is used in static simulation using WG model. The facility takes incremental strain (denoted
as DSTRAN in ABAQUS) and state variables from previous increments as input and gives
incremental stress (denoted as DSTRESS in ABAQUS) as output along with updating state
variables at the end of the current increment. Since static simulation employs implicit time
integration scheme which requires the computation of tangent constitutive matrix D, WG
UMAT also takes care of computing new tangent constitutive matrix D at the end of every

increment. The code of the subroutine is presented below.

A.l.2 WG VUMAT

Contrary to WG UMAT, this facility is used in dynamic explicit simulation. Its working
principle is similar to that of WG UMAT. The only di erence is that the facility does not

compute and update tangent constitutive matrix D since the computation of it is not required
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in dynamic explicit formulation due to the fact that the sti ness matrix is not needed in the

method.

A.1l.3 -GM UMAT

The working principle of this UMAT is the same as WG UMAT. The code of the subroutine

is presented below.

A.2 Code presentation

A.2.1 WG UMAT Code

C

C

C WG constitutive model (Guo, 2000)

C Modified Rowe's stress-dilatancy law with embedded
C barotropy, pyknotropy, and anisotropy dependency
C

C Implementation in * A B A Q U S * version 6.6-1
Cc

C Last update: 15-Jun-2008

C

C

C

C

C***  SDVINI

C User subroutine to define initial conditions for

C solution-dependent state variables

C

subroutine SDVINI(STATEV,COORDS,NSTATV,NCRDS,NOEL,NPT,LAYER,KSPT)
include 'ABA_PARAM.INC'
dimension STATEV(NSTATV),COORDS(NCRDS)

STATEV(1) = 0.0

STATEV(2) = 0.55

STATEV(3) = 0.000 ! plastic strain
STATEV(4) = 0.000 ! sin phim
STATEV(5) = 0.000 ! sin saim
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STATEV(6) = 0.000 ! dw2
STATEV(7) = 0.000 !t
STATEV(8) = 0.000 ! detDsym
STATEV(9) = 0.000 ! detA
STATEV(10) = 0.000 ! avg angle

return

end

C

C***  UMAT

C User subroutine to define a material's mechanical behaviour.
C It evaluates stresses and constitutive matrix for a given

C increment of strains

C

subroutine UMAT(

& STRESS,STATEV,DDSDDE,SSE,SPD,SCD,RPL,DDSDDT,DRPLDE,DRPLDT,
&  STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,CMNAME,
& NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,
& CELENT,DFGRDO,DFGRD1,NOEL,NPT,LAYER,KSPT,KSTEP,KINC)

C--- See note 1: aba_param.inc

include 'ABA_PARAM.INC'

character*80 CMNAME

dimension

& STRESS(NTENS),STATEV(NSTATV),DDSDDE(NTENS,NTENS),

& STRAN(NTENS),DSTRAN(NTENS), TIME(2),PREDEF(1),DPRED(L),

& PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRDO(3,3),DFGRD1(3,3)
real*8 SigE(6),dSig(6),EpsE(6),dEps(6),SigC,d2wk,dSigma(6)

C--- Transform total stress into effective stress (See Note 2)
do i=1,3

k = i+3

SigE(i) = -STRESS(i)

SigE(k) = -STRESS(K)

EpsE(i) = -STRAN()

EpsE(k) = -STRAN(K)

dEps(i) = -DSTRAN(i)

dEps(k) = -DSTRAN(K)

end do

call Trial(DDSDDE,STATEV,NSTATV,PROPS,NPROPS,
&  SigE,EpsE,dEps,NPT,NOEL, KINC,NTENS)
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C--- Calculate the increment of stress
do i=1,3

k = i+3

dSig(i) = SigE(i)+ STRESS(i)

dSig(k) = SigE(k)+ STRESS(K)

end do

C--- Calculate the second-order work
d2wk = 0.0d0

do i=1,6

d2wk = d2wk + dSig(i)*dEps(i)

end do

STATEV(6) = d2wk

C--- Update current stress

do i=1,3

k = i+3

STRESS(i) = -SigE(i)

STRESS(K) = -SigE(K)

end do

return

end subroutine

C

C--- Note 1:

C The 'aba_param.inc' eliminates the need to have different

C versions of the code for single and double precision.

C It defines an appropriate IMPLICIT REAL statement and sets the
C value of NPRECD to 1 or 2, depending on whether the machine uses
C single or double precision.

C--- Note 2:

C Compressive stresses and strains are negative in ABAQUS!!!

C

C***  Trial

C This subroutine calculates the trial stresses based on

C an elastic behaviour assumption

C

subroutine TriaDDSDDE,STATEV,NSTATV,PROPS,NPROPS,

&  SigE,EpsE,dEps,NPT,NOEL,KINC,NTENS)

include 'ABA_PARAM.INC'

dimension

& DDSDDE(NTENS,NTENS),STATEV(NSTATV),PROPS(NPROPS)
real*8

&  SigE(6), | Effective stress
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&  SigT(6), ! Trial stress

&  SigP(3), ! Principal effective stress

&  EpsE(6), ! Total strain

&  dEps(6), ! Increment of total strain

& vecS(6), ! Auxiliar vector dS = Dhat:dE
& matQ(3,3), ! Matrix of eigenvector ni (i=1,3)

C--- Parameters:

& v, ! Poisson's ratio

& Go, I Reference (initial) shear modulus
C--- State variables:

e, ! Void ratio (current)

gmp, ! Internal variable gamma plastic
Other variables:

p, ! Invariants of stress

dev, ! Inc. volumetric strain

! Auxiliar parameter function of v
Bn, ! Auxiliar variable for bulk modulus
Bfn, ! Bulk modulus at step "n"

Bfs, I Secant bulk modulus

dBfdE, | dBf/dev (derivative)

R R R R P P R P O R

Fss ! Shear yield surface function
C--- Initialize constants:

v = PROPS(2)

Go = PROPS(3)

e = STATEV(2)

gmp = STATEV(3)

p = (SigE(1) + SigE(2) + SigE(3))/3.0d0
dev = (dEps(1) + dEps(2) + dEps(3))
r = 3.0d0/2.0d0*(1.0d0 - 2.0d0*v)/(1.0d0 + V)

Bn = Go/r*(2.0d0 - e)**2/(1.0d0 + e)

Bfn = Bn*p**0.5d0

if (dabs(dev).le.1.0d-10) then

Bfs = Bn*p**0.5d0

else

Bfs = ((Bn*dev/2.0d0 + p**0.5d0)**2 - p)/dev
end if

C--- Assemble Elastic matrix

call CleanMatrix(6,DDSDDE)

DDSDDE(1,1) = Bfs*(1.0d0 + 4.0d0/3.0d0*r)
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DDSDDE(1,2) = Bfs*(1.0d0 - 2.0d0/3.0d0*r)
DDSDDE(1,3) = DDSDDE(1,2)
DDSDDE(2,1) = DDSDDE(1,2)
DDSDDE(2,2) = DDSDDE(1,1)
DDSDDE(2,3) = DDSDDE(1,2)
DDSDDE(3,1) = DDSDDE(1,2)
DDSDDE(3,2) = DDSDDE(1,2)
DDSDDE(3,3) = DDSDDE(1,1)
DDSDDE(4,4) = Bfs*r

DDSDDE(5,5) = DDSDDE(4,4)
DDSDDE(6,6) = DDSDDE(4,4)

C--- Calculate trial stress and strain vectors
call CleanVector(6,vecS)

vecS = matmul(DDSDDE,dEps)

do i=1,6

SigT(i) = SigE(i) + vecS(i)

EpsE(i)) = EpsE(i) + dEps(i)

end do

C--- Update void ratio

e = e - (1.0d0 + e)*dev

STATEV(2) = e

C--- Assemble Consistent Tangent Elastic matrix:
if (dabs(dev).le.1.0d-10) then

dBfdE = 0.0d0

else

dBfdE

(Bfn - Bfs)/dev + Bn**2/(2.0d0*p)

end if

do i=1,6

do j=1,3

DDSDDE(i,j) = DDSDDE(i,j) + dBfdE*vecS(i)/Bfs
end do

end do

C--- Check whether trial stresses are acceptable
call PValues(SigT,SigP,matQ)

call YieldF(PROPS,NPROPS,SigP,gmp,e,Fss)

if (Fss.ge.1.0d-8) then

call ElastoPlastic(DDSDDE,STATEV,NSTATV,PROPS,NPROPS,

& SigE,SigP,matQ,dEps,dev,gmp,e,Fss,r,Bfs,dBfdE,NPT,NOEL,KINC,
&NTENS)

else

C----- Accept trial stress:
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do i=1,6

SigE(i) = SigT(i)
end do

end if

return

end subroutine

C

C***  YieldF

C Calculates the value of Fss (shear yield fuction)
C

subroutine YieldF(PROPS,NPROPS,SigP,gmp,e,Fss)
include 'ABA_PARAM.INC'
dimension

& PROPS(NPROPS)

real*8
&  SigP(3), I Principal stress
& pat, I Invariants of stress

C--- Parameters:

& U, ! Controls yield surface shape on pi-plane (=Me/Mc)
& eco, I Reference (initial) critical void ratio

& acs, ! Exponent for critical void ratio function

& hcs, ! Coefficient for critical void ratio function

&  zcs, ! sin(phi-cs) at critical state

& am, ! Exponent for hardening law

& gmo, | Parameter gamma zero for hardening law

C--- State variables:
& e, ! Void ratio (current)
& gmp, ! Internal variable gamma plastic

C--- Other variables:

&  ecs, ! Void ratio at critical state (current)

& zm, I zm = sin(phi-m), phi-m = mobilized friction angle
& Mg, ! slope Mc = 6*sin(phi)/(3-sin(phi))

&  Mp, ! slope Mp(phi-m)

& Fss I Shear yield surface function

C--- Initialize constants:

u = PROPS(1)
eco = PROPS(4)
acs = PROPS(5)
hcs = PROPS(6)
zcs = PROPS(7)
am = PROPS(8)
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gmo = PROPS(9)

C--- Calculate invariants of stress based principal stress values
p = (SigP(1) + SigP(2) + SigP(3))/3.0d0

q = (SigP(1) - p)*2 + (SigP(2) - p)*2 + (SigP(3) - p)**2

q = (3.0d0/2.0d0*q)**0.5d0

if (q.le.1.0d-10) then

t = 1.0d0

else

t = (SigP(1) - p)**3 + (SigP(2) - p)**3 + (SigP(3) - p)**3

t = 9.0d0/2.0d0*t/q**3

end if

ecs = eco*dexp(-hcs*(p**acs))

zm = gmp/(gmo + gmp)*(e/ecs)**(-am)*zcs
6.0d0*zm/(3.0d0 - zm)
2.0d0*u/((1.0d0 + u) - (1.0d0 - u)*t)*Mc

Mc
Mp

Fss = g - Mp*p
return

end subroutine

C

C*** ElastoPlastic

C This subroutine computes the new stress state given the model
C behaves as if in elastoplastic regime
C

subroutine ElastoPlastic(DDSDDE,STATEV,NSTATV,PROPS,NPROPS,
&  SigE,SigP,matQ,dEps,dev,gmp,e,Fss,r,Bfs,dBfdE,NPT,NOEL,KINC,
&NTENS)

include 'ABA_PARAM.INC'

dimension

& DDSDDE(NTENS,NTENS),STATEV(NSTATV),PROPS(NPROPS)

integer count

real*8

C--- Stress

&  Sig0(3), ! Principal stress at step "k"
&  SigP(3), ! Principal stress at step "k+1"
&  SigE(6), | Effective stress

&  dSig(3), ! Increment of stress

&  dEps(6), ! Increment of strain

C--- Matrices related to the consistent tangent
& matQ(3,3), ! Matrix of eigenvector ni (i=1,3)

& matM(3,6), ! Matrix of eigenvector M = ni*ni (i=1,3)
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R R R R R R R R R R

R R R R R R R R R

R R R R R P P R R X X R R X X R R R R

dFdS(6), ! Rotated d1FdS
dGds(6), ! Rotated d1GdS
dGSG(6), ! Rotated d2GdG
dGSS(6,6), ! Rotated d2GdS
Chat(6,6), ! Auxiliar elastic constitutive matrix

matl(6,6), ! Auxiliar fourth-order identity matrix

vecF(7), ! Vector Fs
vecG(7), ! Vector Gs
auxF(7), I Vector vecF*matB
auxG(7), ! Vector vecG*matB

matB(7,7), ! Matrix B

Matrix, vector, & scalar quantities related to Newton-Rapshon

Ress(4), ! Vector of residuals (R)

vecU(4), ! Vector U, dR/dX derivatives of residuals
vecV(4), I Vector V, dR/dX derivatives of residuals
veAU(4), I Vector A**(-1)*U

veVA(4), I Vector V*A**(-1)

veAR(4), ! Vector A**(-1)*R

matA(4,4), ! Matrix A, dR/dX derivatives of residuals
VAU, I Scalar V*A**(-1)*U
VAR, ! Scalar V*A**(-1)*R

Other variables

dim, I dlambda = plastic multiplier at step "k+1"
ddl, ! ddlambda = increment of plastic multiplier
ErrS, ! Error to stress values

ErG, ! Error to internal variable (gmp) value
ErrF, I Error to the yield surface

TOLs, ! Tolerance to stress values

TOLg, I Tolerance to internal variable value
TOLf, ! Tolerance to the vyield surface

Fss, | Shear yield surface function

dev, ! Increment of volumetric strain

r, I Auxiliar variable function of Poisson's ratio
Bfs, I Secant bulk modulus

dBfdE, | dBf/dev (derivative)

Z9, I vecF*matB*vecG

dFsdG, I dfs/dgmp = (dfs/dsin(phi))*(dsin(phi)/dgmp)
dGsdQ, ! dgs/dqg

d1FdS(3), ! dfs/dsig(i) 1st derivative
d1GdsS(3), ! dgs/dsig(i) 1st derivative
d2GdG(3), ! d2gs/dsig(i)dz 2nd derivative
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& d2GdS(3,3), ! d2gs/dsig2(i) 2nd derivative

C--- State variables:

& e, ! Void ratio (current)

& gmp, ! Internal variable (gmp) at step "k+1"
& gpo, ! Internal variable (gmp) at step "k"

& dgp ! Increment of gmp

C--- Initialization of variables:

C Errors:

ErrS = 1.0d0

ErrG = 1.0d0

ErrfF = dabs(Fss)
C Tolerances:
TOLs = 1.0d-08
TOLg = 1.0d-08
TOLf = 1.0d-10
C Residuals:
Ress(1) = 0.0d0
Ress(2) = 0.0d0
Ress(3) = 0.0d0
Ress(4) = 0.0d0

C Other:
dim = 0.0d0
gp0 = gmp

Sigo(1) = SigP(1)
Sigo(2) = SigP(2)
Sigo(3) = SigP(3)

count=0

C--- lIterative process (Local Newton-Raphson):
do while ((ErrS.ge.TOLs).or.(ErrG.ge.TOLg).or.(ErrF.ge.TOLf))
count=count+1

call Derivatives(STATEV,NSTATV,PROPS,NPROPS,
& SigP,gmp,e,dim,dev,r,Bfs,vecU,vecV,matA,
& dFsdG,dGsdQ,d1FdS,d1GdS,d2GdG,d2GdS)
call InvertMatrix(matA,4,0)

C-—---- Get Residuals

Ress(1) = -SigP(1) + Sig0(1) - vecU(1)*dIm
Ress(2) = -SigP(2) + Sig0(2) - vecU(2)*dIm
Ress(3) = -SigP(3) + Sig0(3) - vecU(3)*dIm
Ress(4) = -gmp + gp0 - vecU(4)*dIm
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C------ Assemble auxiliary scalars, vectors and matrices
veVA = matmul(vecV,matA)
veAU = matmul(matA,vecU)

veAR = matmul(matA,Ress)

VAU = 0.0d0
VAR = 0.0d0
do i=1,4

VAU = VAU + veVA(i)*vecU(i)
VAR = VAR + veVA(i)*Ress(i)
end do

ddl = (Fss + VAR)/VAU

dim = dim + ddI

dSig(1) = veAR(1) - veAU(1)*ddl
dSig(2) = veAR(2) - veAU(2)*ddl
dSig(3) = veAR(3) - veAU(3)*ddI
dgp = veAR(4) - veAU(4)*ddI

SigP(1) = SigP(1) + dSig(1)
SigP(2) = SigP(2) + dSig(2)
SigP(3) = SigP(3) + dSig(3)
gmp = gmp + dgp

call YieldF(PROPS,NPROPS,SigP,gmp,e,Fss)

ErrS = (dSig(1)**2 + dSig(2)**2 + dSig(3)**2)**0.5d0/

& (SigP(1)**2 + SigP(2)**2 + SigP(3)**2)**0.5d0
ErrG = dabs(dgp/gmp)

ErrfF = dabs(Fss)

end do

STATEV(3) = gmp

C--- Assemble M matrices (rotation matrix)
do i=1,3

matM(i,1) = matQ(1,i)*matQ(1,i)

matM(i,2) = matQ(2,i)*matQ(2,i)

matM(i,3) = matQ(3,i)*matQ(3,i)

matM(i,4) = matQ(1,i)*matQ(2,i)

matM(i,5) = matQ(1,i)*matQ(3,i)

matM(i,6) = matQ(2,i)*matQ(3,i)

end do
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C--- Update and rotate stress tensor back to original frame:

SigE = matmul(SigP,matM)

C--- Rotate d1FdS, d1GdS, d1GdG, and d2GdS back to original frame
dFdS = matmul(d1FdS,matM)

dGdS = matmul(d1GdS,matM)

dGSG = matmul(d2GdG,matM)

call CleanMatrix(6,dGSS)

do k=1,3
do I=1,3
do i=1,6
do j=1,6

dGSS(i,j) = dGSS(i,j) + d2GdS(k,)*matM(k,i)*matM(l,j)
end do

end do

end do

end do

C--- Assemble Auxiliar Elastic matrix C-hat
call CleanMatrix(6,Chat)

Chat(1,1) = (1.0d0*r + 3.0d0)/r/ 9.0d0
Chat(1,2) = (2.0d0*r - 3.0d0)/r/18.0d0
Chat(1,3) = Chat(1,2)

Chat(2,1) = Chat(1,2)

Chat(2,2) = Chat(1,1)

Chat(2,3) = Chat(1,2)

Chat(3,1) = Chat(1,2)

Chat(3,2) = Chat(1,2)

Chat(3,3) = Chat(1,1)

Chat(4,4) = 1.0d0/r

Chat(5,5) = Chat(4,4)

Chat(6,6) = Chat(4,4)

C--- Assemble B matrix

call CleanMatrix(7,matB)

do i=1,6

do j=1,6

matB(i,j) = Chat(i,j)/Bfs + dGSS(i,j)*dIm
end do

matB(i,7) = dGSG(i)*dIm

end do

matB(7,7) = 1.0

call InvertMatrix(matB,7,0)

C--- Auxiliary matrix operations

130



do i=1,6

vecF(i) = dFdS(i)

vecG(i) = dGdS(i)
end do

vecF(7) = dFsdG
vecG(7) = -dGsdQ

auxF = matmul(vecF,matB)

auxG = matmul(matB,vecG)

C auxG = matmul(vecG,transpose(matB))
Zg = 0.0d0
do i=1,7

Zg = Zg + vecF(i)*auxG(i)

end do
do i=1,7
do j=1,7

matB(i,j) = matB(i,j) - auxG(i)*auxF(j)/Zg

end do

end do

C--- Assemble | matrix (fourth-order identity tensor)
call CleanMatrix(6,matl)

do i=1,6

matl(i,i) = 1.0d0

do j=1,3

matl(i,j) = matl(i,j) - dBfdE/Bfs*(dEps(i) - dGdS(i)*dIm)
end do

end do

C--- Extract Consistent Tangent Matrix
do i=1,6

do j=1,6

DDSDDE(i,j) = matB(i,j)

end do

end do

DDSDDE = matmul(DDSDDE,matl)
return

end subroutine

C

C**  Derivatives
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C This subroutine evaluates all partial derivatives needed
C to compute the elastoplastic regime of the model
C

subroutine Derivatives(STATEV,NSTATV,PROPS,NPROPS,

&
&

SigP,gmp,e,dim,dev,r,Bfs,vecU,vecV,matA,
dFsdG,dGsdQ,d1FdS,d1GdS,d2GdG,d2GdS)

include 'ABA_PARAM.INC'

dimension STATEV(NSTATV),PROPS(NPROPS)

real*8
C--- Stress, Strain, and other matrices and vectors
&  SigP(3), ! Principal values of effective stress
&  SigD(3), ! Principal values of deviatoric stress
& vecU(4), ! vector U, dR/dX derivatives of residuals
& vecV(4), ! vector V, dR/dX derivatives of residuals
&  vecH(3), ! vector auxiliary H = De*dl1gs/dsigl
&  veclL(3), ! vector auxiliary L = De*d2gs/dsig/dgm
& matA(4,4), ! matrix A, dR/dX derivatives of residuals
& matD(3,3), ! matrix elastic De = dsig(i)/dEps(j)
& matG(3,3), ! matrix auxiliary G = De*d2gs/dsig2
& KroD(3,3), ! Kronecker Delta

--- Auxiliary derivatives:
& dMpdM, I dMp/dMc
&  dMpdT, I dMp/dsin(theta)
& dMcdz, I dMc/dsin(phi-m)
& dMkdz, I dMk/dsin(phi-m)
&  dMkdF, I dMk/dsin(phi-f)
&  dMkdG, I dMk/dgmp
&  dMkdE, I dMk/decs
& dMpdP, I dMp/dp
&  dMkdP, ! dMk/dp

--- Derivatives to the shear yield surface:
&  dFsdP, | dfs/dp
&  dFsdQ, I dfs/dq
&  dFsdT, | dfs/dsin(the) = (dfs/dMp)*(dMp/dsin(theta))
&  dFsdG, I dfs/dgmp = (dfs/dsin(phi))*(dsin(phi)/dgmp)
C--- Derivative of the internal variable:

dZmdG, I dsin(phi-m)/dgmp, gmp = shear plastic strain

&  dZfdG, I dsin(phi-f)/dgmp, gmp = shear plastic strain
& dZmdE, ! dsin(phi-m)/decs, ecs = critical void ratio
&  dZfdEg, I dsin(phi-f)/decs, ecs = critical void ratio
& dEcdP, ! decs/dp
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C--- Derivatives to the shear potential function:

& dGsdP, ! dgs/dp

& dGsdQ, ! dgs/dqg

& d2GdP, ! d2gs/dp2

C--- Gradients to the yield/potential surfaces:

& d1FdS(3), ! dfs/dsig(i) 1st derivative
& d1GdS(3), ! dgs/dsig(i) 1st derivative

& d2GdG(3), ! d2gs/dsig(i)dgmp 2nd derivative
& d2GdS(3,3), ! d2gs/dsig2(i) 2nd derivative

C--- Derivatives of Invariants:

& d1PdS(3), ! dp/dsig(i)

& d1Qds(3), ! dg/dsig(i)

& diTdS(3), ! dsin(the)/dsig(i)

& d2Qds(3,3), ! d2g/dsig(i)dsig(j)

C--- Parameters:

& u, | Controls yield surface shape on pi-plane (=Me/Mc)

& v, ! Poisson's ratio

& Go, | Reference (initial) shear modulus

& eco, I Reference (initial) critical void ratio

& acs, I Exponent for critical void ratio function

& hcs, I Coefficient for critical void ratio function

&  zcs, ! sin(phi-cs) at critical state

& am, ! Exponent for hardening law

& gmo, | Parameter gamma zero for hardening law

& af, I Exponent for sin(phi-f) law

&  Xf, I Coefficient for fabric friction angle at failure
--- State variables:

& e, ! Void ratio (current)

& gmp, ! Internal variable gamma plastic

C--- Other variables

& dim, ! Plastic multiplier (dlambda)

& zm, I zm = sin(phi-m), phi-m = mobilized friction angle

& Zf, I zf = sin(phi-f), phi-f = frict. angle at failure

&  zk, I zm = sin(ksi-m), ksi-m = mobilized dilat. angle

& Mg, ! slope Mc = 6*sin(phi)/(3-sin(phi))

& Mp, ! slope Mp(phi-m)

& Mk, ! slope Mp(ksi-m) = sin(ksi)

& p,ait, ! Invariants of stress

&  deyv, ! Increment of volumetric strain

& ecs, ! Void ratio at critical state (current)

& gmf, I Gamma fabric

133



r, I Auxiliar variable function of Poisson's ratio

Bfs I Current secant bulk modulus

C--- Initialize constants and state variables:
u = PROPS( 1)
v = PROPS( 2)
Go = PROPS( 3)
eco = PROPS( 4)
acs = PROPS( 5)
hcs = PROPS( 6)
zcs = PROPS( 7)
PROPS( 8)
gmo = PROPS( 9)
af = PROPS(10)
Xf = PROPS(11)

am

gmf = Xf

p = (SigP(1) + SigP(2) + SigP(3))/3.0d0
do i=1,3

SigD(i) = SigP(i) - p

end do

q = ((SigD(1)**2 + SigD(2)**2 + SigD(3)**2)*3.0d0/2.0d0)**0.5d0
t = ((SigD(1)**3 + SigD(2)**3 + SigD(3)**3)*9.0d0/2.0d0)/q**3
STATEV(7) = t

C--- Update variables based on k+1 values:

ecs = eco*dexp(-hcs*(p**acs))

zm = (gmp)/(gmo + gmp)*(e/ecs)**(-am)*zcs

zf = (gmf + gmp)/(gmo + gmp)*(e/ecs)**( af)*zcs

zk = (zm - zf)/(1.0d0 - zm*zf)

Mc = 6.0d0*zm/(3.0d0 - zm)
Mp = 2.0d0*u/((1.0d0 + u) - (1.0d0 - u)*t)*Mc
Mk = zk

STATEV(4) = zm
STATEV(5) = zk

C--- Calculate derivatives:

dZmdG = (gmo)/(gmo + gmp)**2*(e/ecs)**(-am)*zcs
dzfdG = (gmo - gmf)/(gmo + gmp)**2*(e/ecs)**( af)*zcs
dZmdE = am/ecs*zm

dzfde = -af/lecs*zf

dEcdP = -acs*hcs*p**(acs - 1)*ecs

dMpdM = 2.0d0*u/((1.0d0 + u) - (1.0d0 - u)*t)
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dMpdT = 2.0d0*u/((1.0d0 + u) - (1.0d0 - u)*t)**2*(1.0d0 - u)*Mc
dMcdZ = 18.0d0/(3.0d0 - zm)**2

dMkdZ = (1.0d0 - zf*zf)/(1.0d0 - zm*zf)**2

dMkdF = -(1.0d0 - zm*zm)/(1.0d0 - zm*zf)**2

dMkdG = dMkdZ*dZmdG + dMkdF*dZfdG

dMkdE = dMkdZ*dZmdE + dMkdF*dZfdE

dMpdP = dMpdM*dMcdZ*dZmdE*dEcdP

dMkdP = dMkdE*dEcdP

dFsdP = -Mp - p*dMpdP

dFsdQ = 1.0d0

dFsdT = -p*dMpdT

dFsdG = -p*dMpdM*dMcdZ*dZmdG

dGsdP = -Mk - p*dMkdP
dGsdQ = 1.0d0
d2GdP = -2.0d0*dMkdP

do i=1,3

d1PdS(i) = 1.0d0/3.0d0

d1QdS(i) = 3.0d0/2.0d0*SigD(i)/q

d1TdS(i) = 3.0d0/2.0d0/g**3*

& (9.0d0*SigD(i)**2 - 3.0d0*t*q*SigD(i) - 2.0d0*q**2)
end do

do i=1,3

do j=1,3

if (i.eq.j) then

d2QdS(i,j) = ( 1.0d0 - 9.0d0/4.0d0*SigD(i)*SigD(j)/q**2)/q
else

d2QdS(i,j) = (-0.5d0 - 9.0d0/4.0d0*SigD(i)*SigD(j)/q**2)/q
end if

end do

end do

do i=1,3

d1FdS() = dFsdP*d1PdS(i) + dFsdQ*d1QdS(i) + dFsdT*d1TdS(i)
d1GdS(i) = dGsdP*d1PdS()) + dGsdQ*d1QdS(i)

d2GdG(i) = -dMkdG*d1PdS(i)

do j=1,3

d2GdS(i,j) = d2GdP*d1PdS(i)*d1PdS(j) + dGsdQ*d2QdS(i,j)
end do

end do
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C--- Assemble Matrices and Vectors to Newton-Rapson method
matD(1,1) = Bfs*(1.0d0 + 4.0d0/3.0d0*r)

matD(1,2) = Bfs*(1.0d0 - 2.0d0/3.0d0*r)

matD(1,3) = matD(1,2)

matD(2,1) = matD(1,2)
matD(2,2) = matD(1,1)
matD(2,3) = matD(1,2)

matD(3,1) = matD(1,2)
matD(3,2) = matD(1,2)
matD(3,3) = matD(1,1)

call CleanMatrix(3,KroD)
KroD(1,1) = 1.0dO
KroD(2,2) = 1.0d0
KroD(3,3) = 1.0d0

call CleanMatrix(4,matA)
matG = matmul(matD,d2GdS)
vecH = matmul(matD,d1GdS)
vecL = matmul(matD,d2GdG)
do i=1,3

do j=1,3

matA(i,j) = KroD(i,j) + matG(i,j)*dim
end do

matA(i,4) = vecL(i)*dim
vecU(i) = vecH(i)

vecV()) = d1FdS(i)

end do

matA(4,4) = 1.0d0

vecU(4) = -dGsdQ
vecV(4) = dFsdG
return

end subroutine

C

C***  Subroutines below checked against syntaxe and numerical output
Cc Passed successfully!!!

C
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C***  InvertMatrix
Compute the inverse a general matrix A(nxn) in place.
The inverse overwrites the original matrix A

This code was adapted from Charles P. Reeve's code MATINV

-1 -> Too many row interchanges needed - Increase mx
0 -> No ErrS detected

C
C
C
C
C iFlag = Error indicator on output (integer):
C
C
C k -> Matrix matX is singular at the kth step (1<=k<=nrow)
C

subroutine InvertMatrix(matX,nrow,iFlag)
include 'ABA_PARAM.INC'
parameter (mx=100)

dimension lex(mx,2)

real*8
&  matX(nrow,nrow), | Matrix to be inverted
& QRS I Auxiliar scalars

C--- Compute matX = L*U by the Crout reduction

nex = 0

do k=1,nrow
do i=k,nrow

S = matX(i,k)
do I=1,k-1

S = S - matX(i,l)*matX(l,k)
end do

matX(i,k) = S

end do

C--- Interchange rows if necessary
Q = 0.0d0

=0

do i=k,nrow

R = dabs(matX(i,k))

if (R.gt.Q) then

Q=R

I =i

end if

end do

if (I.eq.0) then

iFlag = k

return
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end if

if (I.ne.k) then

nex = nex+l

if (nex.gt.mx) then

iFlag = -1

return

end if

lex(nex,1) = k

lex(nex,2) = 1

do j=1,nrow

Q = matX(k,))

matX(k,j) = matX(l,j)
matX(lj) = Q

end do

end if

C--- End row interchange section
do j=k+1,nrow

S = matX(k,j)

do I=1,k-1

S = S - matX(k,l)*matX(l,j)
end do

matX(k,j) = S/matX(k,k)
end do

end do

C--- Invert the lower triangle L in place
do k=nrow,1,-1

matX(k,k) = 1.0d0/matX(k.k)

do i=k-1,1,-1
S = 0.0d0
do j=i+1k

S = S + matX(j,i)*matX(k.j)

end do

matX(k,i) = -S/matX(i,i)

end do

end do

C--- Invert the uppper triangle U in place

do k=nrow,1,-1

do i=k-1,1,-1
S = matX(i,k)
do j=i+l,k-1

S = S + matX(i,j)*matX(j,k)
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end do
matX(i,k) = -S
end do
end do

C--- Compute Inv(matX) = Inv(U)*Inv(L)

do i=1,nrow
do j=1,nrow
if (j.ot.i) then
S = 0.0d0
=]

else

S = matX(i,j)
| =i+l

end if

do k=l,nrow

S = S + matX(i,k)*matX(k,j)

end do

matX(i,j) = S

end do

end do

C--- Interchange columns of Inv(matX) to reverse effect of row
C interchanges of matX

do i=nex,1,-1
k = lex(i,1)

I = lex(i,2)

do j=1,nrow

Q = matX(j,k)
matX(j,k) = matX(j,l)
matX(j,l) = Q
end do

end do

return

end subroutine

C

C***  PValues

C Subroutine gets eigenvalues and eigenvectors of a tensor using
C Jacobi-rotation procedure
C

subroutine PValues(vecX,vecP,matQ)
include 'ABA_PARAM.INC'

real*8
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&  vecX(6), I Full symmetric matrix (size:6)

& vecP(3), ! Principal values (size:3)

&  KroD(6), ! Delta of Kronecker [1 1 1 0 0 0]

& matQ(3,3), ! Returns direction cosines (eingenvectors)
&  auxS(3,3), I Returns Principal Stress (eingenvalues)
& auxM(3,3), I Auxiliary matrix to perform calculation
& sum, I Controls number of interaction

& theta I Angle of rotation

do i=1,3

KroD(i) = 1.0d0

KroD(i+3) = 0.0d0

end do

call CleanMatrix(3,matQ)

if ((dabs(vecX(4)).le.0.0d-10).and.

& (dabs(vecX(5)).le.0.0d-10).and.
& (dabs(vecX(6)).le.0.0d-10)) then
do i=1,3

vecP(i) = vecX(i)

matQ(i,i) = 1.0d0

end do

else

sum = 1.0d0

call Matricize(KroD,matQ)

call Matricize(vecX,auxS)

do while (sum.gt.1.0d-10)

sum = 0.0d0
do i=1,2
do j=1+i,3

call Matricize(KroD,auxM)

if (dabs(auxS(i,i) - auxS(j,j)).le.0.0d-10) then

theta = 0.78539816339744830961566084581988d0
else

theta = 2.0d0*auxS(i,j)/(auxS(i,i) - auxS(,j))

theta = datan(theta)/2.0d0

end if

auxM(i,i) = dcos(theta)
auxM(i,j) = -dsin(theta)
auxM(j,i) = dsin(theta)
auxM(j,j) = dcos(theta)

matQ = matmul(matQ,auxM)
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auxS = matmul(transpose(auxM),matmul(auxS,auxM))
end do

end do

do i=1,2

do j=1+i,3

sum = sum + dabs(auxS(i,j))
end do

end do

end do

vecP(1) = auxS(1,1)

vecP(2) = auxS(2,2)

vecP(3) = auxS(3,3)

end if
return

end subroutine

C
C***  Matricize
C Subroutine to "matricize" a vector

C

subroutine Matricize(vecX,matX)
include 'ABA_PARAM.INC'
real*8 vecX(6),matX(3,3)
matX(1,1) = vecX(1)
matX(1,2) = vecX(4)
matX(1,3) = vecX(5)
matX(2,1) = vecX(4)
matX(2,2) = vecX(2)
matX(2,3) = vecX(6)
matX(3,1) = vecX(5)
matX(3,2) = vecX(6)
matX(3,3) = vecX(3)
return

end subroutine

C

C***  CleanVector
C Zeroes a vector with n.rows

C

subroutine CleanVector(nrow,vecX)
include 'ABA_PARAM.INC'
real*8 vecX(nrow)

do i=1,nrow

141



vecX(i) = 0.0d0
end do

return

end subroutine

C

C**  CleanMatrix
C Zeroes a square matrix with n.rows and cols

C

subroutine CleanMatrix(nrow,matXx)
include 'ABA_PARAM.INC'

real*8 matX(nrow,nrow)

do i=1,nrow

do j=1,nrow

matX(i,j) = 0.0d0

end do

end do

return

end subroutine

C

C***  UVARM

C User subroutine to generate element output
C

subroutine UVARM(UVAR,DIRECT,T,TIME,DTIME,CMNAME,ORNAME,
& NUVARM,NOEL,NPT,LAYER,KSPT,KSTEP,KINC,NDI,NSHR,COORD,
& JMAC,JMATYP,MATLAYO,LACCFLA)

include 'ABA_PARAM.INC'

character*80 CMNAME,ORNAME

character*3 FLGRAY(15)

dimension UVAR(NUVARM),DIRECT(3,3),T(3,3), TIME(2),
& ARRAY(15),JARRAY (15),JMAC(*),JMATYP(*),COORD(*)
c

call GETVRM('SDV',ARRAY,JARRAY,FLGRAY,JRCD,JMAC,JMATYP,
& MATLAYO,LACCFLA)

UVAR(1) = ARRAY(1)

UVAR(2) = ARRAY(2)

UVAR(3) = ARRAY(6)

C

call GETVRM(IVOL' ARRAY,JARRAY, FLGRAY,JRCD,JMAC, JMATYP,
& MATLAYO,LACCFLA)

UVAR(3) = UVAR(3)*(1.0d0 + UVAR(2))/(1.0d0 + UVAR(L))*

&  ARRAY(1)*1.0d6
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C
return
end subroutine

C

C

C** Symmetric part of D matrix
C This subroutine evaluate the det(Dsym)

C

subroutine DDSDDEsymmetric(DDSDDE, STATEV, NSTATV,NPT,NOEL,KINC)
include 'ABA_PARAM.INC'

real*8 detDsym

real*8 Dsym(6,6), DDSDDET(6,6)

dimension

& DDSDDE(6,6), STATEV(NSTATV)

DDSDDET = transpose(DDSDDE)

do i=1,6

do j=1,6

Dsym(i,j) = (DDSDDE(i,j) + DDSDDET(j,j))/2.0

end do

end do

call determinant(Dsym,6,detDsym)

STATEV(8) = detDsym

end subroutine

C

C**  Acoustic

C This subroutine calculates the vector n based on the criteria that
Cc Acoustic tensor det(A)=0.

C The goal is to verify the inclination of local and global shear band
C

subroutine Acoustic(DDSDDE, STATEV, NSTATV,NPT,NOEL,KINC)
include 'ABA_PARAM.INC'

dimension DDSDDE(6,6), STATEV(NSTATV)
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real*8 nl, n2, n3, tol, phi, theta, twopi, pi, detAvalue,
& detA(91),angle(91),detA_avg,phi_avg,suml1,sum2
real*8 all, a33, al3, a3l

integer count

twopi=6.28318530718

pi=twopi/2.0

count=0

do i=1,91

phi=(i-1)*1.0*pi/180.0

nl=sin(phi)

n3=cos(phi)
all=n1*2.0*DDSDDE(1,1)+n3**2.0DDSDDE(5,5)+

& n1*n3*(DDSDDE(1,5)+DDSDDE(5,1))

a13=n1**2.0‘DDSDDE(1,5)+n3**2.0DDSDDE(5,3)+
& n1*n3*DDSDDE(L,3)+DDSDDE(5,5))

a31=n1**2.0DDSDDE(5,1)+n3**2.0DDSDDE(3,5)+
& n1*n3*DDSDDE(5,5)+DDSDDE(3,1))

a33=n1**2.0*DDSDDE(5,5)+n3**2.0*DDSDDE(3,3)+
& n1*n3*(DDSDDE(5,3)+DDSDDE(3,5))
c Calculate det(nDn)
detAvalue=all*a33-al3*a31

if(detAvalue.le.0.0) then

count=count+1

end if

detA(i)=detAvalue

angle(i)=phi*180.0/pi

end do

c when done the searching, do the average
if (count.eq.0) then

! do summation

sum1=0.0

do ii=1,91

suml=suml-+detA(ii)

end do

detA_avg=sum1/91

phi_avg=0.0

else
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I do summation for negative ones
sum1=0.0

sum2=0.0

do ii=1,91

if(detA(ii) .le. 0.0) then
suml=suml-+detA(ii)
sum2=sum?2-+angle(ii)
end if

end do
detA_avg=suml/count
phi_avg=sum2/count
end if

STATEV(9) = detA_avg
STATEV(10)= phi_avg
return

end subroutine

C

C**  PlasticLimit
C This subroutine evaluate the det(D)

C

subroutine PlasticLimit(DDSDDE, STATEV, NSTATV,NPT,NOEL,KINC)
include 'ABA_PARAM.INC'

real*8 det,eps

real*8 all, a22, a33, al2, al3, a2l, a23, a31, a32
dimension

& DDSDDE(6,6), STATEV(NSTATV)
all=DDSDDE(1,1)

al2=DDSDDE(1,2)

a13=DDSDDE(1,4)

a21=DDSDDE(2,1)

a22=DDSDDE(2,2)

a23=DDSDDE(2,4)

a31=DDSDDE(4,1)

a32=DDSDDE(4,2)

a33=DDSDDE(4,4)
det=all*a22*a33+al3*a21*a32+a31*al2*a23-

& al3*a22*a31l-a33*al2*a2l-all*a32*a23
STATEV(11)=det

end subroutine

C

C** calculate determinant of matrix (methodl)
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C

subroutine determinant(matrix,n,det)

include 'ABA_PARAM.INC'

real*8 det

integer n

real*8 All, Al12, A13, Al4, Al5, Al6,

A21, A22, A23, A24, A25, A26,

& A31, A32,
& A4l, A42,
& A51, A52,
& A61, A62,
real*8

&  matrix(n,n)

All=matrix(1,1)
Al2=matrix(1,2)
A13=matrix(1,3)
Al4=matrix(1,4)
Al15=matrix(1,5)
Al6=matrix(1,6)

A21=matrix(2,1)
A22=matrix(2,2)
A23=matrix(2,3)
A24=matrix(2,4)
A25=matrix(2,5)
A26=matrix(2,6)

A31=matrix(3,1)
A32=matrix(3,2)
A33=matrix(3,3)
A34=matrix(3,4)
A35=matrix(3,5)
A36=matrix(3,6)

Adl=matrix(4,1)
Ad2=matrix(4,2)
A43=matrix(4,3)
Ad4=matrix(4,4)

A33,
A43,
A53,
AB3,

A34,
A44,
A54,
AB4,

A35,
A45,
A55,
ABS5,

A36,
A46,
A56,
AG6
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A45=matrix(4,5)
A46=matrix(4,6)

A51=matrix(5,1)
A52=matrix(5,2)
A53=matrix(5,3)
A54=matrix(5,4)
A55=matrix(5,5)
A56=matrix(5,6)

A61=matrix(6,1)
A62=matrix(6,2)
A63=matrix(6,3)
A64=matrix(6,4)
A65=matrix(6,5)
A66=matrix(6,6)

det=-(A16*A25*A34*A43*A52-A15*A26*A34*A43*A52-A16*A24*A35*A43*

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
&

A52+A14*A26*A35*A43*A52+A15*A24*A36*A43*A52-

Al14*A25*A36*A43*A52-A16*A25*

A33*A44*A52+A15*A26*A33*A44*A52+A16*A23*A35*A44*A52-

A13*A26*A35*A44*
A52-A15*A23*A36*A44*A52+A13*A25*A36*A44*A52+

A16*A24*A33*A45*A52-A14*A26*
A33*A45*A52-A16*A23*A34*A45*A52+
A13*A26*A34*A45*A52+A14*A23*A36*A45*
A52-A13*A24*A36*A45*A52-A15*A24*A33*

A46*A52+A14*A25*A33*A46*A52+A15*A23*

A34*A46*A52-A13*A25*A34*A46*A52-A14*A23*A35*A46*A52+

A13*A24*A35*A46*
A52-A16*A25*A34*A42*A53+A15*A26*A34*A42*A53+
A16*A24*A35*A42*A53-A14*A26*
A35*A42*A53-A15*A24*A36*A42*A53+A14*A25*A36*
A42*A53+A16*A25*A32*A44*
A53-A15*A26*A32*A44*A53-A16*A22*A35*A44*A53+
A12*A26*A35*A44*A53+A15*A22*
A36*A44*A53-A12*A25*A36*A44*A53-A16*A24*A32*
A45*A53+A14*A26*A32*A45*
A53+A16*A22*A34*A45*A53-A12*A26*A34*A45*A53-
A14*A22*A36*A45*A53+A12*A24*
A36*A45*A53+A15*A24*A32*A46*A53-A14*A25*A32*
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R R R R R R R R R X R R P R W R R P X X X X R R P X W W W P X X W W R R X W K R R

A46*A53-A15*A22*A34*A46*
A53+A12*A25*A34*A46*A53+A14*A22*A35*A46*A53-
A12*A24*A35*A46*A53+A16*A25*
A33*A42*A54-A15*A26*A33*A42*A54-A16*A23*A35*
A42*A54+A13*A26*A35*A42*
A54+A15*A23*A36*A42*A54-A13*A25*A36*A42*A54-
A16*A25*A32*A43*A54+A15*A26*
A32*A43*A54+A16*A22*A35*A43*A54-A12*A26*A35*
A43*A54-A15*A22*A36*A43*
A54+A12*A25*A36*A43*A54+A16*A23*A32*A45*A54-
A13*A26*A32*A45*A54-A16*A22*
A33*A45*A54+A12*A26*A33*A45*A54+A13*A22*A36*
A45*A54-A12*A23*A36*A45*
A54-A15*A23*A32*A46*A54+A13*A25*A32*A46*A54+
A15*A22*A33*A46*A54-A12*A25*
A33*A46*A54-A13*A22*A35*A46*A54+A12*A23*A35*
A46*A54-A16*A24*A33*A42*
A55+A14*A26*A33*A42*A55+A16*A23*A34*A42*A55-
A13*A26*A34*A42*A55-A14*A23*
A36*A42*A55+A13*A24*A36*A42*A55+A16*A24*A32*
A43*A55-A14*A26*A32*A43*
A55-A16*A22*A34*A43*A55+A12*A26*A34*A43*A55+A14*
A22*A36*A43*A55-A12*A24*
A36*A43*A55-A16*A23*A32*A44*A55+A13*A26*A32*A44*
A55+A16*A22*A33*A44*
A55-A12*A26*A33*A44*A55-A13*A22*A36*A44*A55+A12*
A23*A36*A44*A55+A14*A23*
A32*A46*A55-A13*A24*A32*A46*A55-A14*A22*A33*A46*
A55+A12*A24*A33*A46*
AS55+A13*A22*A34*A46*A55-A12*A23*A34*A46*A55+A15*
A24*A33*A42*A56-A14*A25*
A33*A42*A56-A15*A23*A34*A42*A56+A13*A25*A34*A42*
A56+A14*A23*A35*A42*
A56-A13*A24*A35*A42*A56-A15*A24*A32*A43*A56+A14*
A25*A32*A43*A56+A15*A22*
A34*A43*A56-A12*A25*A34*A43*A56-A14*A22*A35*A43*
A56+A12*A24*A35*A43*
A56+A15*A23*A32*A44*A56-A13*A25*A32*A44*A56-A15*
A22*A33*A44*A56+A12*A25*
A33*A44*A56+A13*A22*A35*A44*A56-A12*A23*A35*A44*
A56-A14*A23*A32*A45*
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R R R R R R R R R X R R P R W R R P X X X X R R P X W W W P X X W W R R X W K R R

A56+A13*A24*A32*A45*A56+A14*A22*A33*A45*A56-A12*
A24*A33*A45*A56-A13*A22*
A34*A45*A56+A12*A23*A34*A45*A56)*A61+(A16*A25*A34*
A43*A51-A15*A26*A34*
A43*A51-A16*A24*A35*A43*A51+A14*A26*A35*A43*A51+A15*
A24*A36*A43*A51-A14*
A25*A36*A43*A51-A16*A25*A33*A44*A51+A15*A26*A33*Ad4*
A51+A16*A23*A35*A44*
A51-A13*A26*A35*A44*A51-A15*A23*A36*A44*A51+A13*A25*
A36*A44*A51+A16*A24*
A33*A45*A51-A14*A26*A33*A45*A51-A16*A23*A34*A45*A51+
A13*A26*A34*A45*
A51+A14*A23*A36*A45*A51-A13*A24*A36*A45*A51-A15*A24*
A33*A46*A51+A14*A25*
A33*A46*A51+A15*A23*A34*A46*A51-A13*A25*A34*A46*A51-
A14*A23*A35*A46*
A51+A13*A24*A35*A46*A51-A16*A25*A34*A41*A53+A15*A26*
A34*A41*A53+A16*A24*
A35*A41*A53-A14*A26*A35*A41*A53-A15*A24*A36*A41*A53+
A14*A25*A36*A41*
A53+A16*A25*A31*A44*A53-A15*A26*A31*A44*A53-A16*A21*
A35*A44*A53+A11*A26*
A35*A44*A53+A15*A21*A36*A44*A53-A11*A25*A36*A44*A53-
A16*A24*A31*A45*
A53+A14*A26*A31*A4A5*A53+A16*A21*A34*AA5*A53-A11*A26*
A34*A45*A53-A14*A21*
A36*A45*A53+A11*A24*A36*A45*A53+A15*A24*A31*A46*A53-
A14*A25*A31*A46*
A53-A15*A21*A34*A46*A53+A11*A25*A34*A46*A53+A14*A21*
A35*A46*A53-A11*A24*
A35*A46*A53+A16*A25*A33*A41*A54-A15*A26*A33*A41*A54-
A16*A23*A35*A41*
A54+A13*A26*A35*A41*A54+A15*A23*A36*A41*A54-A13*A25*
A36*A41*A54-A16*A25*
A31*A43*A54+A15*A26*A31*A43*A54+A16*A21*A35*A43*A54-
A11*A26*A35*A43*
A54-A15*A21*A36*A43*A54+A11*A25*A36*A43*A54+A16*A23*
A31*A45*A54-A13*A26*
A31*A45*A54-A16*A21*A33*A45*A54+A11*A26*A33*A45*A54+
A13*A21*A36*A45*
A54-A11*A23*A36*A45*A54-A15*A23*A31*A46*A54+A13*A25*
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R R R R R R R R R X R R P R W R R P X X X X R R P X W W W P X X W W R R X W K R R

A31*A46*A54+A15*A21*
A33*A46*A54-A11*A25*A33*A46*A54-A13*A21*A35*A46*A54+
A11*A23*A35*A46*
A54-A16*A24*A33*A41*A55+A14*A26*A33*A41*A55+A16*A23*
A34*A41*A55-A13*A26*
A34*A41*A55-A14*A23*A36*A41*A55+A13*A24*A36*A41*A55+
A16*A24*A31*A43*
A55-A14*A26*A31*A43*A55-A16*A21*A34*A43*A55+A11*A26*
A34*A43*A55+A14*A21*
A36*A43*A55-A11*A24*A36*A43*A55-A16*A23*A31*A44*A55+
A13*A26*A31*A44*
A55+A16*A21*A33*A44*A55-A11*A26*A33*A44*A55-A13*A21*
A36*A44*A55+A11*A23*
A36*A44*A55+A14*A23*A31*A46*A55-A13*A24*A31*A46*A55-
A14*A21*A33*A46*
AS55+A11*A24*A33*A46*A55+A13*A21*A34*A46*A55-A11*A23*
A34*A46*A55+A15*A24*
A33*A41*A56-A14*A25*A33*A41*A56-A15*A23*A34*A41*A56+
A13*A25*A34*A41*
A56+A14*A23*A35*A41*A56-A13*A24*A35*A41*A56-A15*A24*
A31*A43*A56+A14*A25*
A31*A43*A56+A15*A21*A34*A43*A56-A11*A25*A34*A43*A56-
A14*A21*A35*A43*
A56+A11*A24*A35*A43*A56+A15*A23*A31*A44*A56-A13*A25*
A31*A44*A56-A15*A21*
A33*A44*A56+A11*A25*A33*A44*A56+A13*A21*A35*A44*A56-
A11*A23*A35*A44*
A56-A14*A23*A31*A45*A56+A13*A24*A31*A45*A56+A14*A21*
A33*A45*A56-A11*A24*
A33*A45*A56-A13*A21*A34*A45*A56+A11*A23*A34*A45*A56)*
A62-(A16*A25*A34*
A42*A51-A15*A26*A34*A42*A51-A16*A24*A35*A42*A51+A14*
A26*A35*A42*A51+A15*
A24*A36*A42*A51-A14*A25*A36*A42*A51-A16*A25*A32*A44*
A51+A15*A26*A32*A44*
A51+A16*A22*A35*A44*A51-A12*A26*A35*A44*A51-A15*A22*
A36*A44*A51+A12*A25*
A36*A44*A51+A16*A24*A32*A45*A51-A14*A26*A32*A45*A51 -
AL16*A22*A34*A45*
A51+A12*A26*A34*A45*A51+A14*A22*A36*A45*A51-A12*A24*
A36*A45*A51-A15*A24*
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A32*A46*A51+A14*A25*A32*A46*A51+A15*A22*A34*A46*A51-
A12*A25*A34*A46*
A51-A14*A22*A35*A46*A51+A12*A24*A35*A46*A51-A16*A25*
A34*A41*A52+A15*A26*
A34*A41*A52+A16*A24*A35*A41*A52-A14*A26*A35*A41*A52-
A15*A24*A36*A41*
A52+A14*A25*A36*A41*A52+A16*A25*A31*A44*A52-A15*A26*
A31*A44*A52-A16*A21*
A35*A44*A52+A11*A26*A35*A44*A52+A15*A21*A36*A44*A52-
A11*A25*A36*A44*
A52-A16*A24*A31*A45*A52+A14*A26*A31*A45*A52+A16*A21*
A34*A45*A52-A11*A26*
A34*A45*A52-A14*A21*A36*A45*A52+A11*A24*A36*A45*A52+
A15*A24*A31*A46*
A52-A14*A25*A31*A46*A52-A15*A21*A34*A46*A52+A11*A25*
A34*A46*A52+A14*A21*
A35*A46*A52-A11*A24*A35*A46*A52+A16*A25*A32*A41*A54-
A15*A26*A32*A41*
A54-A16*A22*A35*A41*A54+A12*A26*A35*A41*A54+A15*A22*
A36*A41*A54-A12*A25*
A36*A41*A54-A16*A25*A31*A42*A54+A15*A26*A31*A42*A54+
A16*A21*A35*A42*
A54-A11*A26*A35*A42*A54-A15*A21*A36*A42*A54+A11*A25*
A36*A42*A54+A16*A22*
A31*A45*A54-A12*A26*A31*A45*A54-A16*A21*A32*A45*A54+
A11*A26*A32*A45*
A54+A12*A21*A36*A45*A54-A11*A22*A36*A45*A54-A15*A22*
A31*A46*A54+A12*A25*
A31*A46*A54+A15*A21*A32*A46*A54-A11*A25*A32*A46*A54-
A12*A21*A35*A46*
A54+A11*A22*A35*A46*A54-A16*A24*A32*A41*A55+A14*A26*
A32*A41*A55+A16*A22*
A34*A41*A55-A12*A26*A34*A41*A55-A14*A22*A36*A41*A55+
A12*A24*A36*A41*
AS55+A16*A24*A31*A42*A55-A14*A26*A31*A42*A55-A16*A21*
A34*A42*A55+A11*A26*
A34*A42*A55+A14*A21*A36*A42*A55-A11*A24*A36*A42*A55-
A16*A22*A31*A44*
AS55+A12*A26*A31*A44*A55+A16*A21*A32*A44*A55-A11*A26*
A32*A44*AB5-A12*A21*
A36*A44*A55+A11*A22*A36*A44*A55+A14*A22*A31*A46*A55-
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A12*A24*A31*A46*
AS55-A14*A21*A32*A46*A55+A11*A24*A32*A46*A55+A12*A21*
A34*A46*A55-A11*A22*
A34*A46*A55+A15*A24*A32*A41*A56-A14*A25*A32*A41*A56-
A15*A22*A34*A41*
A56+A12*A25*A34*A41*A56+A14*A22*A35*A41*A56-A12*A24*
A35*A41*A56-A15*A24*
A31*A42*A56+A14*A25*A31*A42*A56+A15*A21*A34*A42*A56-
A11*A25*A34*A42*
A56-A14*A21*A35*A42*A56+A11*A24*A35*A42*A56+A15*A22*
A31*A44*A56-A12*A25*
A31*A44*A56-A15*A21*A32*A44*A56+A11*A25*A32*A44*A56+
A12*A21*A35*A44*
A56-A11*A22*A35*A44*A56-A14*A22*A31*A45*A56+A12*A24*
A31*A45*A56+A14*A21*
A32*A45*A56-A11*A24*A32*A45*A56-A12*A21*A34*A45*A56+
A11*A22*A34*A45*A56)*
AB3+(A16*A25*A33*A42*A51-A15*A26*A33*A42*A51-A16*A23*
A35*A42*A51+A13*A26*
A35*A42*A51+A15*A23*A36*A42*A51-A13*A25*A36*A42*A51-
A16*A25*A32*A43*
A51+A15*A26*A32*A43*A51+A16*A22*A35*A43*A51-A12*A26*
A35*A43*A51-A15*A22*
A36*A43*A51+A12*A25*A36*A43*A51+A16*A23*A32*A45*A51-
A13*A26*A32*A45*
A51-A16*A22*A33*A45*A51+A12*A26*A33*A45*A51+A13*A22*
A36*A45*A51-A12*A23*
A36*A45*A51-A15*A23*A32*A46*A51+A13*A25*A32*A46*A51+
A15*A22*A33*A46*
A51-A12*A25*A33*A46*A51-A13*A22*A35*A46*A51+A12*A23*
A35*A46*A51-A16*A25*
A33*A41*A52+A15*A26*A33*A41*A52+A16*A23*A35*A41*A52-
A13*A26*A35*A41*
A52-A15*A23*A36*A41*A52+A13*A25*A36*A41*A52+A16*A25*
A31*A43*A52-A15*A26*
A31*A43*A52-A16*A21*A35*A43*A52+A11*A26*A35*A43*A52+
A15*A21*A36*A43*
A52-A11*A25*A36*A43*A52-A16*A23*A31*A45*A52+A13*A26*
A31*A45*A52+A16*A21*
A33*A45*A52-A11*A26*A33*A45*A52-A13*A21*A36*A45*A52+
A11*A23*A36*A45*
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A52+A15*A23*A31*A46*A52-A13*A25*A31*A46*A52-A15*A21*
A33*A46*A52+A11*A25*
A33*A46*A52+A13*A21*A35*A46*A52-A11*A23*A35*A46*A52+
A16*A25*A32*A41*
A53-A15*A26*A32*A41*A53-A16*A22*A35*A41*A53+A12*A26*
A35*A41*A53+A15*A22*
A36*A41*A53-A12*A25*A36*A41*A53-A16*A25*A31*A42*A53+
A15*A26*A31*A42*
A53+A16*A21*A35*A42*A53-A11*A26*A35*A42*A53-A15*A21*
A36*A42*A53+A11*A25*
A36*A42*A53+A16*A22*A31*A45*A53-A12*A26*A31*A45*A53-
A16*A21*A32*A45*
A53+A11*A26*A32*A45*A53+A12*A21*A36*A45*A53-A11*A22*
A36*A45*A53-A15*A22*
A31*A46*A53+A12*A25*A31*A46*A53+A15*A21*A32*A46*A53-
A11*A25*A32*A46*
A53-A12*A21*A35*A46*A53+A11*A22*A35*A46*A53-A16*A23*
A32*A41*A55+A13*A26*
A32*A41*A55+A16*A22*A33*A41*A55-A12*A26*A33*A41*A55-
A13*A22*A36*A41*
AS55+A12*A23*A36*A41*A55+A16*A23*A31*A42*A55-A13*A26*
A31*A42*A55-A16*A21*
A33*A42*A55+A11*A26*A33*A42*A55+A13*A21*A36*A42*A55-
A11*A23*A36*A42*
A55-A16*A22*A31*A43*A55+A12*A26*A31*A43*A55+A16*A21*
A32*A43*A55-A11*A26*
A32*A43*A55-A12*A21*A36*A43*A55+A11*A22*A36*A43*A55+
A13*A22*A31*A46*
A55-A12*A23*A31*A46*A55-A13*A21*A32*A46*A55+A11*A23*
A32*A46*A55+A12*A21*
A33*A46*A55-A11*A22*A33*A46*A55+A15*A23*A32*A41*A56-
A13*A25*A32*A41*
A56-A15*A22*A33*A41*A56+A12*A25*A33*A41*A56+A13*A22*
A35*A41*A56-A12*A23*
A35*A41*A56-A15*A23*A31*A42*A56+A13*A25*A31*A42*A56+
A15*A21*A33*A42*
A56-A11*A25*A33*A42*A56-A13*A21*A35*A42*A56+A11*A23*
A35*A42*A56+A15*A22*
A31*A43*A56-A12*A25*A31*A43*A56-A15*A21*A32*A43*A56+
A11*A25*A32*A43*
A56+A12*A21*A35*A43*A56-A11*A22*A35*A43*A56-A13*A22*
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A31*A45*A56+A12*A23*
A31*A45*A56+A13*A21*A32*A45*A56-A11*A23*A32*A45*A56-
A12*A21*A33*A45*
AB6+A11*A22*A33*A45*A56)*A64-(A16*A24*A33*A42*A51-
Al14*A26*A33*A42*
A51-A16*A23*A34*A42*A51+A13*A26*A34*A42*A51+A14*A23*
A36*A42*A51-A13*A24*
A36*A42*A51-A16*A24*A32*A43*A51+A14*A26*A32*A43*A51+
AL16*A22*A34*A43*
A51-A12*A26*A34*A43*A51-A14*A22*A36*A43*A51+A12*A24*
A36*A43*A51+A16*A23*
A32*A44*A51-A13*A26*A32*A44*A51-A16*A22*A33*A44*A51+
A12*A26*A33*A44*
A51+A13*A22*A36*A44*A51-A12*A23*A36*A44*A51-A14*A23*
A32*A46*A51+A13*A24*
A32*A46*A51+A14*A22*A33*A46*A51-A12*A24*A33*A46*A51-
A13*A22*A34*A46*
A51+A12*A23*A34*A46*A51-A16*A24*A33*A41*A52+A14*A26*
A33*A41*A52+A16*A23*
A34*A41*A52-A13*A26*A34*A41*A52-A14*A23*A36*A41*A52+
A13*A24*A36*A41*
A52+A16*A24*A31*A43*A52-A14*A26*A31*A43*A52-A16*A21*
A34*A43*A52+A11*A26*
A34*A43*A52+A14*A21*A36*A43*A52-A11*A24*A36*A43*A52-
A16*A23*A31*A44*
A52+A13*A26*A31*A44*A52+A16*A21*A33*A44*A52-A11*A26*
A33*A44*A52-A13*A21*
A36*A44*A52+A11*A23*A36*A44*A52+A14*A23*A31*A46*A52-
A13*A24*A31*A46*
A52-A14*A21*A33*A46*A52+A11*A24*A33*A46*A52+A13*A21*
A34*A46*A52-A11*A23*
A34*A46*A52+A16*A24*A32*A41*A53-A14*A26*A32*A41*A53-
A16*A22*A34*A41*
A53+A12*A26*A34*A41*A53+A14*A22*A36*A41*A53-A12*A24*
A36*A41*A53-A16*A24*
A31*A42*A53+A14*A26*A31*A42*A53+A16*A21*A34*A42*A53-
A11*A26*A34*A42*
A53-A14*A21*A36*A42*A53+A11*A24*A36*A42*A53+A16*A22*
A31*A44*A53-A12*A26*
A31*A44*A53-A16*A21*A32*A44*A53+A11*A26*A32*A44*A53+
A12*A21*A36*A44*
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AS53-A11*A22*A36*A44*A53-A14*A22*A31*A46*A53+A12*A24*
A31*A46*A53+A14*A21*
A32*A46*A53-A11*A24*A32*A46*A53-A12*A21*A34*A46*A53+
A11*A22*A34*A46*
AS53-A16*A23*A32*A41*A54+A13*A26*A32*A41*A54+A16*A22*
A33*A41*A54-A12*A26*
A33*A41*A54-A13*A22*A36*A41*A54+A12*A23*A36*A41*A54+
A16*A23*A31*A42*
A54-A13*A26*A31*A42*A54-A16*A21*A33*A42*A54+A11*A26*
A33*A42*A54+A13*A21*
A36*A42*A54-A11*A23*A36*A42*A54-A16*A22*A31*A43*A54+
A12*A26*A31*A43*
A54+A16*A21*A32*A43*A54-A11*A26*A32*A43*A54-A12*A21*
A36*A43*A54+A11*A22*
A36*A43*A54+A13*A22*A31*A46*A54-A12*A23*A31*A46*A54-
A13*A21*A32*A46*
A54+A11*A23*A32*A46*A54+A12*A21*A33*A46*A54-A11*A22*
A33*A46*A54+A14*A23*
A32*A41*A56-A13*A24*A32*A41*A56-A14*A22*A33*A41*A56+
A12*A24*A33*A41*
A56+A13*A22*A34*A41*A56-A12*A23*A34*A41*A56-A14*A23*
A31*A42*A56+A13*A24*
A31*A42*A56+A14*A21*A33*A42*A56-A11*A24*A33*A42*A56-
AL13*A21*A34*A42*
A56+A11*A23*A34*A42*A56+A14*A22*A31*A43*A56-A12*A24*
A31*A43*A56-A14*A21*
A32*A43*A56+A11*A24*A32*A43*A56+A12*A21*A34*A43*A56-
AL11*A22*A34*A43*
A56-A13*A22*A31*A44*A56+A12*A23*A31*A44*A56+A13*A21*
A32*A44*A56-A11*A23*
A32*A44*A56-A12*A21*A33*A44*A56+A11*A22*A33*A44*A56)*
AB65+(A15*A24*A33*
A42*A51-A14*A25*A33*A42*A51-A15*A23*A34*A42*A51+A13*
A25*A34*A42*A51+AL14*
A23*A35*A42*A51-A13*A24*A35*A42*A51-A15*A24*A32*A43*
A51+A14*A25*A32*A43*
A51+A15*A22*A34*A43*A51-A12*A25*A34*A43*A51-A14*A22*
A35*A43*A51+A12*A24*
A35*A43*A51+A15*A23*A32*A44*A51-A13*A25*A32*A44*A51 -
A15*A22*A33*A44*
A51+A12*A25*A33*A44*A51+A13*A22*A35*A44*A51-A12*A23*
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A35*A44*A51-A14*A23*
A32*A45*A51+A13*A24*A32*A45*A51+A14*A22*A33*A45*A51-
A12*A24*A33*A45*
A51-A13*A22*A34*A45*A51+A12*A23*A34*A45*A51-A15*A24*
A33*A41*A52+A14*A25*
A33*A41*A52+A15*A23*A34*A41*A52-A13*A25*A34*A41*A52-
A14*A23*A35*A41*
A52+A13*A24*A35*A41*A52+A15*A24*A31*A43*A52-A14*A25*
A31*A43*A52-A15*A21*
A34*A43*A52+A11*A25*A34*A43*A52+A14*A21*A35*A43*A52-
A11*A24*A35*A43*
A52-A15*A23*A31*A44*A52+A13*A25*A31*A44*A52+A15*A21*
A33*A44*A52-A11*A25*
A33*A44*A52-A13*A21*A35*A44*A52+A11*A23*A35*A44*A52+
A14*A23*A31*A45*
A52-A13*A24*A31*A45*A52-A14*A21*A33*A45*A52+A11*A24*
A33*A45*A52+A13*A21*
A34*A45*A52-A11*A23*A34*A45*A52+A15*A24*A32*A41*A53-
A14*A25*A32*A41*
AS53-A15*A22*A34*A41*A53+A12*A25*A34*A41*A53+A14*A22*
A35*A41*A53-A12*A24*
A35*A41*A53-A15*A24*A31*A42*A53+A14*A25*A31*A42*A53+
A15*A21*A34*A42*
AS53-A11*A25*A34*A42*A53-A14*A21*A35*A42*A53+A11*A24*
A35*A42*A53+A15*A22*
A31*A44*A53-A12*A25*A31*A44*A53-A15*A21*A32*A44*A53+
A11*A25*A32*A44*
A53+A12*A21*A35*A44*A53-A11*A22*A35*A44*A53-A14*A22*
A31*A45*A53+A12*A24*
A31*A45*A53+A14*A21*A32*A45*A53-A11*A24*A32*A45*A53-
A12*A21*A34*A45*
A53+A11*A22*A34*A45*A53-A15*A23*A32*A41*A54+A13*A25*
A32*A41*A54+A15*A22*
A33*A41*A54-A12*A25*A33*A41*A54-A13*A22*A35*A41*A54+
A12*A23*A35*A41*
A54+A15*A23*A31*A42*A54-A13*A25*A31*A42*A54-A15*A21*
A33*A42*A54+A11*A25*
A33*A42*A54+A13*A21*A35*A42*A54-A11*A23*A35*A42*A54-
A15*A22*A31*A43*
A54+A12*A25*A31*A43*A54+A15*A21*A32*A43*A54-A11*A25*
A32*A43*A54-A12*A21*
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A35*A43*A54+A11*A22*A35*A43*A54+A13*A22*A31*A45*A54-
A12*A23*A31*A45*
A54-A13*A21*A32*A45*A54+A11*A23*A32*A45*A54+A12*A21*
A33*A45*A54-A11*A22*
A33*A45*A54+A14*A23*A32*A41*A55-A13*A24*A32*A41*A55-
Al14*A22*A33*A41*
AS5+A12*A24*A33*A41*A55+A13*A22*A34*A41*A55-A12*A23*
A34*A41*A55-A14*A23*
A31*A42*A55+A13*A24*A31*A42*A55+A14*A21*A33*A42*A55-
A11*A24*A33*A42*
A55-A13*A21*A34*A42*A55+A11*A23*A34*A42*A55+A14*A22*
A31*A43*A55-A12*A24*
A31*A43*A55-A14*A21*A32*A43*A55+A11*A24*A32*A43*A55+
A12*A21*A34*A43*
A55-A11*A22*A34*A43*A55-A13*A22*A31*A44*A55+A12*A23*
A31*A44*A55+A13*A21*
A32*A44*A55-A11*A23*A32*A44*A55-A12*A21*A33*A44*A55+
A11*A22*A33*A44*A55)*
A66

return

end subroutine

A.2.2 WG VUMAT Code

subroutine vumat(

C Read only -

1 nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal,

2 stepTime, totalTime, dt, cmname, coordMp, charLength,
3 props, density, straininc, relSpininc,

4 tempOld, stretchOld, defgradOld, fieldOld,

3 stressOld, stateOld, enerinternOld, enerinelasOld,

6 tempNew, stretchNew, defgradNew, fieldNew,

C Write only -

5 stressNew, stateNew, enerinternNew, enerlnelasNew )

include 'vaba_param.inc'

C

All arrays dimensioned by (*) are not used in this algorithm

dimension props(nprops), density(nblock),

1

coordMp(nblock,*),
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charLength(*), straininc(nblock,ndir+nshr),
relSpininc(*), tempOld(*),

stretchOId(*), defgradOld(*),

fieldOIld(*), stressOld(nblock,ndir+nshr),
stateOld(nblock,nstatev), enerinternOld(nblock),
enerlnelasOld(nblock), tempNew(*),
stretchNew(*), defgradNew(*), fieldNew(*),

stressNew(nblock,ndir+nshr), stateNew(nblock,nstatev),

P © 00 N O O &~ W N

enerinternNew(nblock), enerlnelasNew(nblock)
character*80 cmname
real*8 SigE(6),dSig(6),EpsE(6),dEps(6),SigC,d2wk,dSigma(6),e,gmp,

& zm,zk,stressPower

do k=1,nblock

do j=1,6

SigE(j)=-stressOld(k,j)

dEps(j)=-straininc(k,j)

end do

lextract state variables

e=stateOld(k,1) ! void ratio at the beginning of increment

gmp=stateOld(k,2) ! deviatoric plastic strain gamma at the beginning of increment
zm=stateOld(k,3) ! sin of mobilized friction angle at the beginning of increment

zk=stateOld(k,4) ! sin of mobilized dilatancy angle at the beginning of increment

call Trial(e,gmp,zm,zk,props,nprops,SigE,dEps)

lupdate state variables

stateNew(k,1) = e ! void ratio at the end of increment
stateNew(k,2) = gmp ! deviatoric plastic strain gamma at the end of increment
stateNew(k,3) = zm

stateNew(k,4) = zk

C--- Calculate the increment of stress

do j=1,6

dSig(j) = SigE(j)+ stressOld(k,j)

end do

C--- Update current stress

do j=1,6

stressNew(k,j) = -SigE(j)

end do

¢ Internal strain energy definition
stressPower=1.0/2.0*((stressOld(k,1)+stressNew(k,1))*

&straininc(k,1)+(stressOld(k,2)+stressNew(k,2))*straininc(k,2)+
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&(stressOld(k,3)+stressNew(k,3))*straininc(k,3)+2.0*(stressOld(k,4)
&+stressNew(k,4))*straininc(k,4)+
&2.0*(stressOld(k,5)+stressNew(k,5))*strainInc(k,5)+
&2.0%(stressOld(k,6)+stressNew(k,6))*strainInc(k,6))
enerinternNew(k)=enerlnternOld(k)+stressPower/density(k)

end do

return

end subroutine

C***  Trial

C This subroutine calculates the trial stresses based on
C an elastic behaviour assumption

C

subroutine Trial(e,gmp,zm,zk,props,nprops,SigE,dEps)
include 'vaba_param.inc'

dimension props(nprops)

real*8

SigE(6), | Effective stress
&  SigT(6), ! Trial stress
&  SigP(3), I Principal effective stress
&  EpsE(6), ! Total strain
&  dEps(6), ! Increment of total strain
& vecS(6), ! Auxiliar vector dS = Dhat:dE
& matQ(3,3), ! Matrix of eigenvector ni (i=1,3)
& D_e(6,6), ! Elastic constitutive matrix
C--- Parameters:
& v, ! Poisson's ratio
& G_o, I Reference (initial) shear modulus Go
C--- State variables:

e, ! Void ratio (current)

gmp, ! Internal variable gamma plastic
Other variables:

p, ! Invariants of stress

dev, ! Inc. volumetric strain

! Auxiliar parameter function of v
Bn, ! Auxiliar variable for bulk modulus
Bfn, ! Bulk modulus at step "n"

Bfs, I Secant bulk modulus

dBfdE, | dBf/dev (derivative)

Fss, ! Shear yield surface function

R R R R R P P R P O L R

zm, ! sin of mobilized friction angle
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& zk ! sin of mobilized dilatancy angle

C--- Initialize constants:
v = props(2)
G_o = props(3)

p = (Sige(1) + SigE(2) + SigE(3))/3.0d0
dev = (dEps(1) + dEps(2) + dEps(3))
r = 3.0d0/2.0d0*(1.0d0 - 2.0d0*v)/(1.0d0 + v)

Bn = G_o/r*(2.0d0 - e)**2/(1.0d0 + e)

Bfn = Bn*p**0.5d0

if (dabs(dev).le.1.0d-10) then

Bfs = Bn*p**0.5d0

else

Bfs = ((Bn*dev/2.0d0 + p**0.5d0)**2 - p)/dev

end if

C--- Assemble Elastic matrix

call CleanMatrix(6,D_e)

D_e(1,1) = Bfs*(1.0d0 + 4.0d0/3.0d0*r)
D_e(1,2) = Bfs*(1.0d0 - 2.0d0/3.0d0*r)
D_e(1,3) = D_e(1,2)

D e(2,1) = D_e(1,2)

D_e(2,2) = D_e(1,1)

D _e(2,3) = D_e(1,2)

D_e(3,1) = D_e(1,2)

D _e(3,2) = D_e(1,2)

D_e(3,3) = D_e(1,1)

D_e(4,4) = Bfs*r

D _e(5,5) = D_e(4,4)

D_e(6,6) = D_e(4,4)

C--- Calculate trial stress and strain vectors
call CleanVector(6,vecS)

vecS = matmul(D_e,dEps)

do i=1,6

SigT(i) = SigE(i) + vecS(i)

EpsE(i) = EpsE(i)) + dEps(i)

end do

C--- Update void ratio

e = e - (1.0d0 + e)*dev
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C--- Check whether trial stresses are acceptable
call PValues(SigT,SigP,matQ)

call YieldF(props,nprops,SigP,gmp,e,Fss)

if (Fss.ge.1.0d-8) then

call ElastoPlastic(props,nprops,zm,zk,

& SigE,SigP,matQ,dEps,dev,gmp,e,Fss,r,Bfs,dBfdE)

C----- Accept trial stress:
do i=1,6

SigE(i) = SigT(i)

end do

end if

return

end subroutine

C** ElastoPlastic

C This subroutine computes the new stress state given the model
C behaves as if in elastoplastic regime
C

subroutine ElastoPlastic(props,nprops,zm,zk,

&  SigE,SigP,matQ,dEps,dev,gmp,e,Fss,r,Bfs,dBfdE)
include 'vaba_param.inc'

dimension props(nprops)

integer counter  !number for count

real*8

C--- Stress

&  Sig0(3), ! Principal stress at step "k"
&  SigP(3), ! Principal stress at step "k+1"
&  SigE(6), | Effective stress

&  dSig(3), ! Increment of stress

&  dEps(6), ! Increment of strain

Matrices related to the consistent tangent

& matQ(3,3), ! Matrix of eigenvector ni (i=1,3)

& matM(3,6), ! Matrix of eigenvector M = ni*ni (i=1,3)
&  dFdS(6), ! Rotated d1FdS

& dGdS(6), ! Rotated d1GdS

& dGSG(6), ! Rotated d2GdG

& dGSS(6,6), ! Rotated d2GdS

& Chat(6,6), ! Auxiliar elastic constitutive matrix

& matl(6,6), ! Auxiliar fourth-order identity matrix

&  vecF(7), I Vector Fs

& vecG(7), I Vector Gs
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auxF(7), I Vector vecF*matB
auxG(7), ! Vector vecG*matB

matB(7,7), ! Matrix B

Matrix, vector, & scalar quantities related to Newton-Rapshon

Ress(4), I Vector of residuals (R)

vecU(4), ! Vector U, dR/dX derivatives of residuals
vecV(4), I Vector V, dR/dX derivatives of residuals
veAU(4), I Vector A**(-1)*U

veVA(4), I Vector V*A**(-1)

veAR(4), ! Vector A**(-1)*R

matA(4,4), ! Matrix A, dR/dX derivatives of residuals
VAU, I Scalar V*A**(-1)*U
VAR, ! Scalar V*A**(-1)*R

Other variables

dim, I dlambda = plastic multiplier at step "k+1"
ddl, ! ddlambda = increment of plastic multiplier
ErS, ! Error to stress values

ErG, ! Error to internal variable (gmp) value
ErrF, ! Error to the yield surface

TOLs, ! Tolerance to stress values

TOLyg, I Tolerance to internal variable value
TOLf, I Tolerance to the vyield surface

Fss, ! Shear yield surface function

dev, ! Increment of volumetric strain

r, I Auxiliar variable function of Poisson's ratio
Bfs, ! Secant bulk modulus

dBfdE, | dBf/dev (derivative)

Z9, I vecF*matB*vecG

dFsdG, I dfs/dgmp = (dfs/dsin(phi))*(dsin(phi)/dgmp)
dGsdQ, ! dgs/dqg

d1FdS(3), ! dfs/dsig(i) 1st derivative

d1Gds(3), ! dgs/dsig(i) 1st derivative
d2GdG(3), ! d2gs/dsig(i)dz 2nd derivative
d2GdS(3,3), ! d2gs/dsig2(i) 2nd derivative

State variables:

e, ! Void ratio (current)

gmp, ! Internal variable (gmp) at step "k+1"
gpo, ! Internal variable (gmp) at step "k"
dgp, ! Increment of gmp

zm, ! sin mobilized friction angle

zk ! sin mobilized dilatancy angle

! gmp
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C--- Initialization of variables:

C Errors:
ErrS = 1.0d0
ErrG = 1.0d0

ErrfF = dabs(Fss)
C Tolerances:
TOLs = 1.0d-06
TOLg = 1.0d-06
TOLf = 1.0d-06
C Residuals:
Ress(1) = 0.0d0
Ress(2) = 0.0d0
Ress(3) = 0.0d0
Ress(4) = 0.0d0

C Other:
dim = 0.0d0
gp0 = gmp

Sigo(1) = SigP(1)
Sig0(2) = SigP(2)
Sigo@3) = SigP(3)

counter=0

C--- lterative process (Local Newton-Raphson):

do while ((ErrS.ge.TOLs).or.(ErrG.ge.TOLg).or.(ErrF.ge.TOLf))

counter=counter+1

call Derivatives(props,nprops,zm,zk,
& SigP,gmp,e,dim,dev,r,Bfs,vecU,vecV,matA,
& dFsdG,dGsdQ,d1FdS,d1GdS,d2GdG,d2GdS)

call InvertMatrix(matA,4,0)

C------ Get Residuals

Ress(1) = -SigP(1) + Sig0(1) - vecU(1)*dIm
Ress(2) = -SigP(2) + Sig0(2) - vecU(2)*dIm
Ress(3) = -SigP(3) + Sig0(3) - vecU(3)*dIm

Ress(4) = -gmp + gp0

C----- Assemble auxiliary scalars, vectors and matrices

veVA = matmul(vecV,matA)
veAU = matmul(matA,vecU)
veAR = matmul(matA,Ress)
VAU = 0.0d0
VAR = 0.0d0

- vecU(4)*dIm
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do i=1,4

VAU = VAU + veVA(i)*vecU(i)

VAR = VAR + veVA(i)*Ress(i)

end do

ddl = (Fss + VAR)/VAU

dim = dim + ddl

dSig(1) = veAR(1) - veAU(1)*ddI

dSig(2) = veAR(2) - veAU(2)*ddI

dSig(3) = veAR(3) - veAU(3)*ddl

dgp = veAR(4) - veAU(4)*ddI

SigP(1) = SigP(1) + dSig(1)

SigP(2) = SigP(2) + dSig(2)

SigP(3) = SigP(3) + dSig(3)

gmp = gmp + dgp

call YieldF(props,nprops,SigP,gmp,e,Fss)

ErrS = (dSig(1)**2 + dSig(2)**2 + dSig(3)**2)**0.5d0/
& (SigP(1)**2 + SigP(2)**2 + SigP(3)**2)**0.5d0
ErrG = dabs(dgp/gmp)

ErrF = dabs(Fss)

end do

C--- Assemble M matrices (rotation matrix)

do i=1,3

matM(i,1) = matQ(1,i)*matQ(1,i)

matM(i,2) = matQ(2,i)*matQ(2,i)

matM(i,3) = matQ(3,i)*matQ(3,i)

matM(i,4) = matQ(1,i)*matQ(2,i)

matM(i,5) = matQ(1,i)*matQ(3,i)

matM(i,6) = matQ(2,i)*matQ(3,i)

end do

C--- Update and rotate stress tensor back to original frame:
SigE = matmul(SigP,matM)

return

end subroutine

C***  |InvertMatrix

Compute the inverse a general matrix A(nxn) in place.
The inverse overwrites the original matrix A

This code was adapted from Charles P. Reeve's code MATINV

iFlag = Error indicator on output (integer):

-1 -> Too many row interchanges needed - Increase mx

O o o0 o o o0 0

0 -> No EmrrS detected
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C k -> Matrix matX is singular at the kth step (1<=k<=nrow)

C

subroutine InvertMatrix(matX,nrow,iFlag)
include 'vaba_param.inc'
parameter (mx=100)

dimension lex(mx,2)

real*8
&  matX(nrow,nrow), I Matrix to be inverted
& QRS I Auxiliar scalars

C--- Compute matX = L*U by the Crout reduction

nex = 0

do k=1,nrow
do i=k,nrow

S = matX(i,k)
do I=1,k-1

S = S - matX(i,l)*matX(l,k)
end do

matX(i,k) = S

end do

C--- Interchange rows if necessary
Q = 0.0d0

=0

do i=k,nrow

R = dabs(matX(i,k))
if (R.gt.Q) then
Q=R

I =i

end if

end do

if (I.eq.0) then
iFlag = k

return

end if

if (Lne.k) then

nex = nex+l

if (nex.gt.mx) then
iFlag = -1

return

end if

lex(nex,1) = k

lex(nex,2) = |
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do j=1,nrow

Q = matX(k,))

matX(k,j) = matX(l,j)

matX(l,j) = Q

end do

end if

C--- End row interchange section
do j=k+1,nrow

S = matX(k,j)

do I=1,k-1

S = S - matX(k,l)*matX(l,j)

end do

matX(k,j) = S/matX(k,k)

end do

end do

C--- Invert the lower triangle L in place
do k=nrow,1,-1

matX(k,k) = 1.0d0/matX(k,k)

do i=k-1,1,-1
S = 0.0d0
do j=i+1,k

S = S + matX(j,i)*matX(k.j)

end do

matX(k,i) = -S/matX(i,i)

end do

end do

C--- Invert the uppper triangle U in place

do k=nrow,1,-1

do i=k-1,1,-1
S = matX(i,k)
do j=i+1k-1

S = S + matX(i,j)*matX(j,k)

end do

matX(i,k) = -S

end do

end do

C--- Compute Inv(matX) = Inv(U)*Inv(L)
do i=1,nrow

do j=1,nrow

if (j.gt.i) then

S = 0.0d0
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else

S = matX(i,j)
| =i+l
end if
do k=l,nrow

S = S + matX(ik)*matX(k,))

end do

matX(ij) = S

end do

end do

C--- Interchange columns of Inv(matX) to reverse effect of row
C interchanges of matX
do i=nex,1,-1

k = lex(i,1)

I = lex(i,2)

do j=1,nrow

Q = matX(j,k)

matX(j,k) = matX(j,l)
matX(j,l) = Q

end do

end do

return

end subroutine

C***  Derivatives

C This subroutine evaluates all partial derivatives needed
C to compute the elastoplastic regime of the model
C

subroutine Derivatives(props,nprops,zm,zk,

&  SigP,gmp,e,dim,dev,r,Bfs,vecU,vecV,matA,
&  dFsdG,dGsdQ,d1FdS,d1GdS,d2GdG,d2GdS)
include 'vaba_param.inc'

dimension props(nprops)

real*8

C--- Stress, Strain, and other matrices and vectors

&  SigP(3), ! Principal values of effective stress

&  SigD(3), ! Principal values of deviatoric stress

& vecU(4), ! vector U, dR/dX derivatives of residuals
& vecV(4), ! vector V, dR/dX derivatives of residuals
&  vecH(3), ! vector auxiliary H = De*d1lgs/dsigl

&  veclL(3), ! vector auxiliary L = De*d2gs/dsig/dgm
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C---

matA(4,4), ! matrix A, dR/dX derivatives of residuals
matD(3,3), ! matrix elastic De = dsig(i)/dEps(j)
matG(3,3), ! matrix auxiliary G = De*d2gs/dsig2
KroD(3,3), ! Kronecker Delta

Auxiliary derivatives:

dMpdM, I dMp/dMc

dMpdT, I dMp/dsin(theta)

dMcdz, I dMc/dsin(phi-m)

dMkdz, I dMk/dsin(phi-m)

dMkdF, I dMk/dsin(phi-f)

dMkdG, I dMk/dgmp

dMkdE, I dMk/decs

dMpdP, I dMp/dp

dMkdP, ! dMk/dp

Derivatives to the shear yield surface:

dFsdP, | dfs/dp

dFsdQ, I dfs/dq

dFsdT, | dfs/dsin(the) = (dfs/dMp)*(dMp/dsin(theta))
dFsdG, I dfs/dgmp = (dfs/dsin(phi))*(dsin(phi)/dgmp)
Derivative of the internal variable:

dZmdG, I dsin(phi-m)/dgmp, gmp = shear plastic strain
dzfdG, I dsin(phi-f)/dgmp, gmp = shear plastic strain
dZmdE, ! dsin(phi-m)/decs, ecs = critical void ratio
dzfdE, I dsin(phi-f)/decs, ecs = critical void ratio
dEcdP, ! decs/dp

Derivatives to the shear potential function:

dGsdP, ! dgs/dp

dGsdQ, ! dgs/dg

d2GdP, I d2gs/dp2

Gradients to the yield/potential surfaces:

d1FdS(3), ! dfs/dsig(i) 1st derivative

d1Gds(3), ! dgs/dsig(i) 1st derivative

d2GdG(3), ! d2gs/dsig(i)dgmp 2nd derivative
d2GdS(3,3), ! d2gs/dsig2(i) 2nd derivative
Derivatives of Invariants:

d1Pds(3), ! dp/dsig(i)

d1Qds(3), ! do/dsig(i)

d1TdS(3), ! dsin(the)/dsig(i)

d2Qds(3,3), ! d2g/dsig(i)dsig()

Parameters:

u, I Controls yield surface shape on pi-plane (=Me/Mc)
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& v, ! Poisson's ratio

& G_o, I Reference (initial) shear modulus Go

& eco, ! Reference (initial) critical void ratio

& acs, ! Exponent for critical void ratio function

&  hcs, I Coefficient for critical void ratio function

&  zcs, ! sin(phi-cs) at critical state

& am, | Exponent for hardening law

& gmo, ! Parameter gamma zero for hardening law
&  af, I Exponent for sin(phi-f) law

& Xf, ! Coefficient for fabric friction angle at failure

C--- State variables:
& e, ! Void ratio (current)
& gmp, ! Internal variable gamma plastic

C--- Other variables

& dim, ! Plastic multiplier (dlambda)

& zm, I zm = sin(phi-m), phi-m = mobilized friction angle
& f, I zf = sin(phi-f), phi-f = frict. angle at failure

&  zKk, I zk = sin(ksi-m), ksi-m = mobilized dilat. angle
& Mc, ! slope Mc = 6*sin(phi)/(3-sin(phi))

& Mp, ! slope Mp(phi-m)

& MKk, ! slope Mp(ksi-m) = sin(ksi)

& p,at, ! Invariants of stress

&  deyv, I Increment of volumetric strain

& ecs, ! Void ratio at critical state (current)

& gmf, I Gamma fabric

& 1, I Auxiliar variable function of Poisson's ratio

& Bfs I Current secant bulk modulus

C--- Initialize constants and state variables:

u = props( 1)

<
1

props( 2)
G_o = props( 3)
eco = props( 4)
acs = props( 5)
hcs = props( 6)
zcs = props( 7)
am = props( 8)
gmo = props( 9)
af = props(10)
Xf = props(11)
gmf = Xf
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p = (SigP(1) + SigP(2) + SigP(3))/3.0d0

do i=1,3

SigD(i) = SigP(i) - p

end do

g = ((SigD(1)**2 + SigD(2)**2 + SigD(3)**2)*3.0d0/2.0d0)**0.5d0
t = ((SigD(1)**3 + SigD(2)**3 + SigD(3)**3)*9.0d0/2.0d0)/q**3
C--- Update variables based on k+1 values:

ecs = eco*dexp(-hcs*(p**acs))

zm = (gmp)/(gmo + gmp)*(e/ecs)**(-am)*zcs

zf = (gmf + gmp)/(gmo + gmp)*(e/ecs)**( af)*zcs

zk = (zm - zf)/(1.0d0 - zm*zf)

Mc = 6.0d0*zm/(3.0d0 - zm)

Mp = 2.0d0*u/((1.0d0 + u) - (1.0dO - u)*ty*Mc

Mk = zk

C--- Calculate derivatives:

dZmdG = (gmo)/(gmo + gmp)**2*(el/ecs)**(-am)*zcs
dzfdG = (gmo - gmf)/(gmo + gmp)**2*(e/ecs)**( af)*zcs
dZmdE = am/ecs*zm

dZfdE = -aflecs*zf

dEcdP = -acs*hcs*p**(acs - 1)*ecs

dMpdM = 2.0d0*u/((1.0d0 + u) - (1.0d0 - u)*t)

dMpdT = 2.0d0*u/((1.0d0 + u) - (1.0d0 - u)*t)**2%(1.0d0 - u)*Mc
dMcdZ = 18.0d0/(3.0d0 - zm)**2

dMkdZ = (1.0d0 - zf*zf)/(1.0d0 - zm*zf)**2

dMkdF = -(1.0d0 - zm*zm)/(1.0d0 - zm*zf)**2

dMkdG = dMkdzZ*dZmdG + dMkdF*dZfdG

dMkdE = dMkdzZ*dZmdE + dMkdF*dZfdE

dMpdP = dMpdM*dMcdZ*dZmdE*dEcdP

dMkdP = dMkdE*dEcdP

dFsdP = -Mp - p*dMpdP

dFsdQ = 1.0d0

dFsdT = -p*dMpdT

dFsdG = -p*dMpdM*dMcdZ*dZmdG

dGsdP = -Mk - p*dMkdP
dGsdQ = 1.0d0

d2GdP = -2.0d0*dMkdP

do i=1,3
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d1PdS(i) = 1.0d0/3.0d0

d1QdS(i) = 3.0d0/2.0d0*SigD(i)/q

d1TdS(i) = 3.0d0/2.0d0/g**3*

& (9.0d0*SigD(i)**2 - 3.0d0*t*q*SigD(i) - 2.0d0*q**2)
end do

do i=1,3

do j=1,3

if (i.eq.) then

d2QdS(i,j) = ( 1.0d0 - 9.0d0/4.0d0*SigD(i)*SigD(j)/q**2)/q

else

d2QdS(i,j) = (-0.5d0 - 9.0d0/4.0d0*SigD(i)*SigD(j)/q**2)/q

end if

end do

end do

do i=1,3

d1FdS() = dFsdP*d1PdS(i) + dFsdQ*d1QdS(i) + dFsdT*d1TdS(i)
d1GdS(i) = dGsdP*d1PdS()) + dGsdQ*d1QdS(i)

d2GdG(i) = -dMkdG*d1PdS(i)

do j=1,3

d2GdS(i,j) = d2GdP*d1PdS(i)*d1PdS(j) + dGsdQ*d2QdS(i.j)

end do

end do

C--- Assemble Matrices and Vectors to Newton-Rapson method
matD(1,1) = Bfs*(1.0d0 + 4.0d0/3.0d0*r)

matD(1,2) = Bfs*(1.0d0 - 2.0d0/3.0d0*r)

matD(1,3) = matD(1,2)

matD(2,1) = matD(1,2)
matD(2,2) = matD(1,1)
matD(2,3) = matD(1,2)

matD(3,1) = matD(1,2)
matD(3,2) = matD(1,2)
matD(3,3) = matD(1,1)

call CleanMatrix(3,KroD)
KroD(1,1) = 1.0d0
KroD(2,2) = 1.0d0

KroD(3,3) = 1.0d0

call CleanMatrix(4,matA)
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matG = matmul(matD,d2GdS)
vecH = matmul(matD,d1GdS)
vecL = matmul(matD,d2GdG)
do i=1,3

do j=1,3

matA(i,j) = KroD(i,j) + matG(i,j)*dim
end do

matA(i,4) = vecL(i)*dim
vecU(@l) = vecH(i)

vecV() = d1FdS(i)

end do

matA(4,4) = 1.0d0

vecU(4) = -dGsdQ
vecV(4) = dFsdG
return

end subroutine

C**  YieldF
C Calculates the value of Fss (shear yield fuction)
C

subroutine YieldF(props,nprops,SigP,gmp,e,Fss)
include 'vaba_param.inc'
dimension

&  props(nprops)

real*8
&  SigP(3), I Principal stress
& pait, | Invariants of stress

C--- Parameters:

& U, ! Controls yield surface shape on pi-plane (=Me/Mc)
& eco, I Reference (initial) critical void ratio

& acs, I Exponent for critical void ratio function

&  hcs, I Coefficient for critical void ratio function

&  zcs, ! sin(phi-cs) at critical state

& am, ! Exponent for hardening law

& gmo, ! Parameter gamma zero for hardening law

C--- State variables:

& e, ! Void ratio (current)

& gmp, ! Internal variable gamma plastic
C--- Other variables:

& ecs, ! Void ratio at critical state (current)

& zm, I zm = sin(phi-m), phi-m = mobilized friction angle
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& Mg, ! slope Mc = 6*sin(phi)/(3-sin(phi))

& Mp, ! slope Mp(phi-m)

& Fss ! Shear yield surface function
C--- Initialize constants:

u = props(l)

eco = props(4)

acs = props(5)

hcs = props(6)

zcs = props(7)

am = props(8)

gmo = props(9)

C--- Calculate invariants of stress based on principal stress values
p = (SigP(1) + SigP(2) + SigP(3))/3.0d0

q = (SigP(1) - p)*2 + (SigP(2) - p)**2 + (SigP(3) - p)**2
g = (3.0d0/2.0d0*q)**0.5d0

if (g.le.1.0d-10) then

t = 1.0d0

else

t = (SigP(1) - p)**3 + (SigP(2) - p)**3 + (SigP(3) - p)**3
t = 9.0d0/2.0d0*t/q**3

end if

ecs = eco*dexp(-hcs*(p**acs))

zm gmp/(gmo + gmp)*(e/ecs)**(-am)*zcs
Mc

Mp = 2.0d0*u/((1.0d0 + u) - (1.0dO - u)*t)*Mc

6.0d0*zm/(3.0d0 - zm)

Fss = g - Mp*p
return

end subroutine

subroutine CleanVector(nrow,vecX)
include 'vaba_param.inc'

real*8 vecX(nrow)

do i=1,nrow

vecX(i) = 0.0d0

end do

return

end subroutine

C***  PValues

Cc Subroutine gets eigenvalues and eigenvectors of a tensor using
C Jacobi-rotation procedure
C
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subroutine PValues(vecX,vecP,matQ)

include 'vaba_param.inc'

real*8

&  vecX(6), I Full symmetric matrix (size:6)

& vecP(3), ! Principal values (size:3)

&  KroD(6), ! Delta of Kronecker [1 1 1 0 0 0]

& matQ(3,3), ! Returns direction cosines (eingenvectors)
&  auxS(3,3), I Returns Principal Stress (eingenvalues)
& auxM(3,3), ! Auxiliary matrix to perform calculation

& sum_1, I Controls number of interaction sum

& theta I Angle of rotation

do i=1,3

KroD(i) = 1.0d0

KroD(i+3) = 0.0d0

end do

call CleanMatrix(3,matQ)

if ((dabs(vecX(4)).le.0.0d-10).and.

& (dabs(vecX(5)).le.0.0d-10).and.
& (dabs(vecX(6)).le.0.0d-10)) then
do i=1,3

vecP(i) = vecX(i)

matQ(i,i) = 1.0d0

end do

else

sum_1 = 1.0d0

call Matricize(KroD,matQ)

call Matricize(vecX,auxs)

do while (sum_1.gt.1.0d-10)

sum_1 = 0.0d0
do i=1,2
do j=1+i,3

call Matricize(KroD,auxM)

if (dabs(auxS(i,i) - auxS(j,j)).le.0.0d-10) then

theta = 0.78539816339744830961566084581988d0
else

theta = 2.0d0*auxS(i,j)/(auxS(i,i) - auxS(.,j))

theta = datan(theta)/2.0d0

end if
auxM(i,i) = dcos(theta)

auxM(i,j) = -dsin(theta)
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auxM(j,i) = dsin(theta)

auxM(j,j) = dcos(theta)

matQ = matmul(matQ,auxM)
auxS = matmul(transpose(auxM),matmul(auxS,auxM))
end do

end do

do i=1,2

do j=1+i,3

sum_1 = sum_1 + dabs(auxS(i,j))
end do

end do

end do

vecP(1) = auxS(1,1)

vecP(2) = auxS(2,2)

vecP(3) = auxS(3,3)

end if

return

end subroutine

C***  Matricize

C Subroutine to "matricize” a vector

C
subroutine Matricize(vecX,matX)
include 'vaba_param.inc'

real*8 vecX(6),matX(3,3)
matX(1,1) = vecX(1)

matX(1,2) = vecX(4)

matX(1,3) = vecX(5)

matX(2,1) = vecX(4)

matX(2,2) = vecX(2)

matX(2,3) = vecX(6)

matX(3,1) = vecX(5)

matX(3,2) = vecX(6)

matX(3,3) = vecX(3)

return

end subroutine

subroutine CleanMatrix(nrow,matX)
include 'vaba_param.inc'

real*8 matX(nrow,nrow)

do i=1,nrow

do j=1,nrow
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matX(i,j) = 0.0d0
end do

end do

return

end subroutine

A.2.3 Code of -GM UMAT

C

C***  SDVINI

C User subroutine to define initial conditions for
C solution-dependent state variables

C

subroutine SDVINI(STATEV,COORDS,NSTATV,NCRDS,NOEL,NPT,LAYER,KSPT)
include 'ABA_PARAM.INC'

dimension STATEV(NSTATV),COORDS(NCRDS)

real*8 pi,k,D,radius,zmin,zmax

real*8 z,ac,an,at,f,m,z_e,z_p,ac_e,ac_p,f_e,f p,an_e,an_p,

& at_e,at_p,gp_e,qp_p.e,Vz,p,q,Cc,ac_max,acn_max,DDn,DD,

& R,ncr,acm,dac_dz,dacn_dz,da_dam,alpha,z_ses,pp(9),

& dazm,z0,ac0,z1

k=1.0e8
D=0.0009
radius=D
zmin=2.1
zmax=5.99
pi=3.1415926
c define initial values of state variables
z=4.0577
ac=0.0001
an=0.0001
at=0.0001
f=173.26
z0=3.0
m=f/(k*D)
z_e=z

Z_p=z

176



ac_e=ac
ac_p=ac

f_e=f

f_p=f

an_e=an

an_p=an

at_e=at

at_p=at

gp_e=0.5*(ac_e+an_e+at_e)
qp_p=0.5*(ac_p+an_p+at_p)

e = 0.1838

Vz=(1+e)*pi*radius**2

p=1.0e5

g=p*0.5*(ac+an+at)
Cc=0.5*z/Vz-p/(1.28*f*radius)
ac_max=0.361-0.5*0.061/(0.217-0.182)*(e-0.182)
acn_max = -6.192 * e +1.644

pp(1) = -0.29

pp(2) = 0.3886

pp(3) = -0.2351

pp(4) = -0.1588

pp(5) = 0.1601

pp(6) = -0.0372

pp(7) = 0.02053

pp(8) = -0.0271

pp(9) = 0.01185

call find_z_ses(z0,m,ac_max,z_ses)
dac_dz=1*(ac-ac_max)/(z-z_ses)
dacn_dz=1.5*(ac*(1+an)-acn_max)/(z-z_ses)
dazm=dac_dz

call fac(ac,z,zmin,zmax,R)
ncr=zmax

acm=0.0

acO=ac

z1=3.2

call fminsearch(z1,ac0,ac,m,z,DDn)
DD=DDn

alpha=1.0

STATEV(1) = z
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STATEV(2) = ac
STATEV(3) = an
STATEV(4) = at
STATEV(5) = f
STATEV(6) =
STATEV(7) =
STATEV(8) = R
STATEV(9) = ncr
STATEV(10) = acm
STATEV(11) = DDn
STATEV(12) = DD
STATEV(13) =
STATEV(14) = q
STATEV(15) = Vz
STATEV(16) = Cc
STATEV(17) = z_ e

(0]

3

el

STATEV(18) = z_p
STATEV(19) = ac_e
STATEV(20) = ac_p
STATEV(21) = an_e
STATEV(22) = an_p
STATEV(23) = at e
STATEV(24) = at p
STATEV(25) = f e
STATEV(26) = f p
STATEV(27) = gp_e
STATEV(28) = gp_p
STATEV(29) = dac_dz
STATEV(30) = dacn_dz
STATEV(31) = alpha
STATEV(32) = 0.0
STATEV(33) = 0.0

return

end

C

C**  UMAT

C User subroutine to define a material's mechanical behaviour.
C It evaluates stresses and constitutive matrix for a given

Cc increment of strains

C

subroutine UMAT(
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STRESS,STATEV,DDSDDE,SSE,SPD,SCD,RPL,DDSDDT,DRPLDE,DRPLDT,
STRAN,DSTRAN,TIME,DTIME, TEMP,DTEMP,PREDEF,DPRED,CMNAME,
NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,

& CELENT,DFGRDO,DFGRD1,NOEL,NPT,LAYER,KSPT,KSTEP,KINC)

R R R

include 'ABA_PARAM.INC'

character*80 CMNAME

dimension

& STRESS(NTENS),STATEV(NSTATV),DDSDDE(NTENS,NTENS),
& STRAN(NTENS),DSTRAN(NTENS), TIME(2),PREDEF(1),DPRED(L),
& PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRDO(3,3),DFGRD1(3,3)
real*8 SigE(4),dSig(4),EpsE(4),dEps(4)

c convert stress and strain sign

do i=1,4

SigE(i) = -STRESS(i)

EpsE() = -STRAN()

dEps(i) = -DSTRAN(i)

end do

call ElastoPlastic(DDSDDE,NTENS,STATEV,NSTATV,PROPS,NPROPS
&  SigE,EpsE,dEps,NPT,NOEL,KSTEP,KINC)

c recover stress

do i=1,4

STRESS(i) = -SigE(i)

end do

return

end subroutine

C**  ElastoPlastic()

subroutine ElastoPlastic(DDSDDE,NTENS,STATEV,NSTATV,PROPS,NPROPS,
&  SigE,EpsE,dEps,NPT,NOEL,KSTEP,KINC)

include 'ABA_PARAM.INC'

dimension

& DDSDDE(NTENS,NTENS),STATEV(NSTATV),PROPS(NPROPS)

real*8 SigE(4),dSig(4),EpsE(4),dEps(4),

& SigE3(3),dSig3(3),EpsE3(3),dEps3(3),

& SigP(3),EpsP(3),dEpsP(3),

& SigP1,SigP2,dSigP1,dSigP2,EpsP1,EpsP2,dEpsP1,dEpsP2,
& DDSDDE3(3,3),DDSDDEA4(4,4)

real*8 tan2thetal, tan2theta2, tan2theta3,twotheta,
& sin2theta,cos2theta,Rmatsig(3,3),Rmateps(3,3),
& Rmatsiginv(3,3),Dmat2(2,2),Rmatsig1(2,2),Rmateps1(2,2),
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& Rmatsiglinv(2,2),Rmatepslinv(2,2),RsiglDReps1(2,2),

& DRepslinv(2,2),D33

c state variable

real*8 z,ac,an,at,f,e,m,R,ncr,acm,DDn,DD,p,q,Vz,Cc,

& z_e,z_p,ac_e,ac_p,f ef p,an_e,an_p,at_e,at_p,

& dz_e,dz_p,dac_e,dac_p,dan_e,dan_p,dat_e,dat_p,df_e,df p,
& dz,dac,df,dan,dat,qp_e,qp_p,ac0,z1,
&

zold,ncrold,da_dam

c local parameters

real*8 k,D,radius,pi,ac_max,acn_max,zmin,zmax,ff,an_gp,z_ses,

& dac_dz,dacn_dz,dazm,RR,dist,aaa,Rc,shft,x,
dpdz,dpdf,dev_dz,dev_df,ded_dz,ded_dac,ded_df,ded_dan,ded_dat,
Amob,Cvn,Cva,Csn,Csa,dRdz,Vtot,gamma_p,dgamma_p,dmean,dell,del2,

de22,de33,dgamma_total,gamma_total,

R R R R

ppl,pp2,Pcl,chi,dR,dncr,s1,alpha,alphaold

c local matrix (used locally in the subroutine only)

real*8 VXJ(2,2), VXJHALFINV(2,2), VXJINV(2,2), AA(2,2),BB(2,2),
11(2,2),pp(9),Kfmat(2,2),Kdmat(2,3), K_f(2,2), K_d(2,3),
K_t(2,5),Le1(2,5),112(2,2),L_e(2,5),MM1(2,2),
L_p_f(2,2),L_p(2,5),G1_p_d(1,3),G1_p_f(1,2),G2_p_d(1,3),
G2_p_f(1,2),G3_p_d(1,3),G3_p_f(1,2),G1_e_d(1,3),G1_e_f(1,2),
G2_e_d(1,3),G2_e (1,2),G3_e_d(1,3),G3_e_f(1,2),
G_e_d(3,3),G_e_f(3,2),G_p_d(3,3).G_p_f(3,2),
G_e(3,5),G_p(3,5),
KKKe(5,5),KKKp(5,5),LLLe(5,5),LLLp(5,5),Dep_G(5,5),Dep(2,2),
LLLeINV(5,5),LLLpINV(5,5),dCC(2,1),MM(2,2),temp(2,1),
MMupper(2,2),MMlower(2,2),MMINV(2,2),

R R R R R R R R R

depsvector(5,1),S_e(5,1),S_p(5,1),
& Dep_E(5,5),De(2,2)

integer iflagl,iflag2,iflag3

integer te

c rotate stress and strain into principle space
if(KINC.le.1) then

tan2thetal = 0.0

tan2theta2 = 0.0

tan2theta3 = 0.0

else

tan2thetal = 2.0*SigE(4)/(SigE(1)-SigE(2))

end if
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twotheta=atan(tan2thetal)
sin2theta=sin(twotheta)
cos2theta=cos(twotheta)

c form rotational matrix for stress tensor
Rmatsig(1,1) = 0.5-0.5*cos2theta
Rmatsig(1,2) = 0.5+0.5*cos2theta
Rmatsig(1,3) = -sin2theta
Rmatsig(2,1) = 0.5+0.5*cos2theta
Rmatsig(2,2) = 0.5-0.5*cos2theta
Rmatsig(2,3) = sin2theta
Rmatsig(3,1) = -0.5*sin2theta
Rmatsig(3,2) = 0.5*sin2theta
Rmatsig(3,3) = cos2theta

c form rotational matrix for strain tensor
Rmateps(1,1) = 0.5-0.5*cos2theta
Rmateps(1,2) = 0.5+0.5*cos2theta
Rmateps(1,3) = -0.5*sin2theta
Rmateps(2,1) = 0.5+0.5*cos2theta
Rmateps(2,2) = 0.5-0.5*cos2theta
Rmateps(2,3) = 0.5*sin2theta
Rmateps(3,1) = -sin2theta
Rmateps(3,2) = sin2theta
Rmateps(3,3) = cos2theta

c form plane strain stress and strain vectors (each has 3 components)
do i=1,2

SigE3(i)=SigE(i)

EpsE3(i)=EpsE(i)

dEps3(i)=dEps(i)

end do

SigE3(3)=SigE(4)
EpsE3(3)=EpsE(4)
dEps3(3)=dEps(4)

c get principle stresses

SigP = matmul(Rmatsig,SigE3)
EpsP = matmul(Rmateps,EpsE3)
dEpsP = matmul(Rmateps,dEps3)
c assign stress and strain
SigP1 = SigP(1)

SigP2 = SigP(2)

EpsP1 = EpsP(1)

EpsP2 = EpsP(2)
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dEpsP1 = dEpsP(1)

dEpsP2 = dEpsP(2)

pi=3.1415926
c material parameters
k=props(1)
D=props(2)
radius=D
zmin=props(3)
zmax=props(4)
aaa=20

te=1

Rc=0.26
shft=0.0

ff=1.0

AA(1,1)=1.0
AA(1,2)=0.0
AA(2,1)=0.0
AA(2,2)=0.0

BB(1,1)=0.0
BB(1,2)=0.0
BB(2,1)=0.0
BB(2,2)=1.0

11(1,1)=1.0
11(1,2)=0.0
11(2,1)=0.0
1(2,2)=1.0

an_gp=1.21

pp(1) = -0.29

pp(2) = 0.3886
pp(3) = -0.2351
pp(4) = -0.1588
pp(5) = 0.1601
pp(6) = -0.0372
pp(7) = 0.02053
pp(8) = -0.0271

182



pp(9) = 0.01185

VXJ(1,1)=1.0
VXJ(1,2)=1.0
VXJ(2,1)=1.0
VXJ(2,2)=-1.0

VXJIHALFINV=VXJ*0.5
VXJINV=VXJ

call inverse(VXJHALFINV,2,iflagl)
call inverse(VXJINV,2,iflagl)
c extract state variables

call ExtractState(STATEV,NSTATV,PROPS,NPROPS,

& z,zold,ac,an,at,f,e,m,R,ncr,ncrold,acm,DDn,DD,

& p.q,vz,Cc,z_e,z_p,ac_e,ac_p,an_e,an_p,at_e,at_p,

& f_e,f_p,qp_e,qp_p,dac_dz,dacn_dz,alphaold,gamma_p,
& gamma_total)

c compute alpha
acO=ac
z1=3.2

call fminsearch(z1,ac0,ac,m,z,DD)

if(KINC.eq.te) then
DDn=DD

end if

x=DD/DDn
if(x.1t.0.0000000001) then
alpha=0.0000000001
else
alpha=-exp(-aaa*x)+exp(-aaa)*x+1
end if

if(KINC.It.te) then
alpha=0.9999999999999

end if

Cc

c start user material part
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c stress
dpdz = 1.28*f*radius/(2*Vz)
dpdf = 1.28*%(0.5*z/Vz-Cc)*radius

Kfmat(1,1)=dpdz

Kfmat(1,2)=0.0
Kfmat(2,1)=dpdz*0.5*(ac+an+at)
Kfmat(2,2)=0.5*p

Kdmat(1,1)=dpdf
Kdmat(1,2)=0.0

Kdmat(1,3)=0.0
Kdmat(2,1)=0.5*dpdf*(ac+an+at)
Kdmat(2,2)=0.5*p
Kdmat(2,3)=0.5*p

K_f=matmul(VXJHALFINV,Kfmat)
K_d=matmul(VXJHALFINV,Kdmat)

K_t(1,1)=K_f(1,1)
K_t(1,2)=K_f(1,2)
K_t(2,1)=K_(2,1)
K_t(2,2)=K_{(2,2)

K_t(1,3)=K_d(1,1)
K_t(1,4)=K_d(1,2)
K_t(1,5)=K_d(1,3)
K_t(2,3)=K_d(2,1)
K_t(2,4)=K_d(2,2)
K_t(2,5)=K_d(2,3)

I elastic matrix
dev_dz = 1*2*f/(k*radius)*1/z
dev_df = 1*2/(k*radius)

ded_dz = 2*f/(k*radius*z**2)*(an*z+4*at*pi*cos(pi/z)/sin(pi/z))
ded_dac = 2*f/(k*radius)

ded_df = 1*2*an/(k*radius)

ded_dan = 2*f/(k*radius)
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ded_dat = -8*f/(k*radius*z)*(z-pi*cos(pi/z)/sin(pi/z))

Lel(1,1)=dev_dz
Lel(1,2)=0.0
Lel(1,3)=dev_df
Lel(1,4)=0.0
Lel(1,5)=0.0

Lel(2,1)=ded_dz
Lel(2,2)=ded_dac
Lel(2,3)=ded_df
Lel(2,4)=ded_dan
Lel(2,5)=ded_dat

112=11*2.0

L_e=matmul(l12,matmul(VXJINV,Le1))

| plastic strain

call disf(ncr,z,zmin,zmax,Amob)

if (ncr.lt.zmin .or. Amob.[t.0.0001) then

Amob=0.0001

end if

call densecoef4(ncr,z,zmin,zmax,Rc,R,Cvn,Cva,Csn,Csa,Vtot,dRdz)

MM1(1,1)=-8*Cvn
if((Rc-R).gt.0) then
MM1(1,2)=Cva/Amob
elseif((Rc-R).eq.0) then
MM1(1,2)=0.0
elseif((Rc-R).It.0) then
MM1(1,2)=-Cva/Amob
end if
MM1(2,1)=-1*Csn
if((Rc-R).gt.0) then
MM1(2,2)=5*Csa/Amob
elseif((Rc-R).eq.0) then
MM1(2,2)=0.0
elseif((Rc-R).It.0) then
MM1(2,2)=-5*Csa/Amob

end if
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L_p_f=matmul(VXJINV,1/Vtot*0.5*MM1)

L p(1,1)=L_p_f(1,1)
L_p(1,2)=L_p_f(1,2)
L p(2,1)=L_p_f(2,1)
L _p(2,2)=L_p_f(2,2)

L_p(1,3)=0.0
L_p(1,4)=0.0
L_p(1,5)=0.0
L_p(2,3)=0.0
L_p(2,4)=0.0
L_p(2,5)=0.0

IConsistencies-Plastic
G1_p_d(1,1)=-1/(1*k*D)
G1_p_d(1,2)=0.0
G1_p_d(1,3)=0.0

G1_p_f(1,1)=pp(2)+2*pp(4)*z_p+ pp(5)*ac_p+
& 3*pp(7)*z_p**2 +2*pp(8)*z_p*ac_p+pp(9)*ac_p**2

G1_p_f(1,2)=pp(3)+ pp(5)*z_p+2*pp(6)*ac_p+
& Pp(8)*z_p**2+2*pp(9)*z_p*ac_p

pp1=1*-0.6208
pp2=0.9525

G2_p_d(1,1)=0.0
G2_p_d(1,2)=0.5*1/(1+ac_p)-2*ppl*an_p-pp2

G2_p_d(1,3)=0.5*1/(1+ac_p)

G2_p_f(1,1)=0.0
G2_p_f(1,2)=0.5*1/(1+ac_p)-qp_p*1/(1+ac_p)**2

G3_p_d(1,1)=0.0
G3_p_d(1,2)=1*2*(1-ac)/(1+ac)*an

G3_p_d(1,3)=20*-1

G3_p_f(1,1)=0.0
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G3_p_f(1,2)=-2/(1+ac)*2*an*+2

I Consistensies- Elastic
G1_e d(1,1)=0.0

Gl_e d(1,2)=ac_e
G1_e_d(1,3)=0.0

Gl_e f(1,1)= -dacn_dz + 2*(1l-alpha)
Gl_e f(1,2)= 1*(1+an_e)

G2_e_d(1,1)=0.0
G2_e_d(1,2)=1-alpha**1*an_qp*0.5
G2_e_d(1,3)=1*alpha**1*-an_gp*0.5

G2_e_f(1,1)= 0.0
G2_e f(1,2)= alpha**1*-an_gp*0.5

Pcl = 0.437

G3_e_d(1,1)=0.0
G3_e_d(1,2)=Pc1*(1-ac_e)**2
G3_e_d(1,3)=-1

G3_e_f(1,1)= 0.0
G3_e_f(1,2)= Pcl* an_e* 2 *(1-ac_e)*(-1)

IConsistencies assemble
do j=1,3
G_e_d(1,))=G1_e_d(1,)
G_e_d(2,))=G2_e_d(1,j)
G_e_d(3,))=G3_e_d(1,j)

G_p_d(1.)=G1_p_d(1,j)
G_p_d(2,)=G2_p_d(1,j)
G_p_d(3.)=G3_p_d(L.))

end do

do j=1,2
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G_e_f(1,)=G1_e_f(1,))
G_e_f(2,))=G2_e_f(1,))
G_e_f(3,))=G3_e_f(1,j)

G_p_f(1.)=G1_p_f(1.j)
G_p_f(2,))=G2_p_f(1,j)
G_p_f(3,)=G3_p_f(1.j)

end do

do i=1,3

do j=1,2
G_e(i,j)=G_e_f(i,j)
G_p(i.)=G_p_f(i.j)
end do

end do

do i=1,3

do j=1,3
G_e(i,j+2)=G_e_d(i,j)
G_p(i,j+2)=G_p_d(i,)
end do

end do

! Unloading
if(dEps(2).1t.0) then

alpha=0.99999999999

G2_p_d(1,1)= 0.0
G2_p_d(1,2)= 0.5*1/(1+ac_p)-ppl*an_p-pp2
G2_p_d(1,3)= 0.5*1/(1+ac_p)

G2_p_f(1,1) = 0.0
G2_p_f(1,2) = 0.5*1/(1+ac_p)-gp_p*1/(1+ac_p)**2

do j=1,3

G_e_d(1,)=G1_p_d(1,))
G_e_d(2,j)=G2_p_d(1,)
G_e_d(3,)=G3_e_d(1,)
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end do

do j=1,2

G_e_f(1,))=G1_p_f(1.,j)
G_e_f(2,))=G2_p_f(1,j)
G_e_f(3,))=G3_e_f(1,))

end do

I form G_e G_p
do i=1,3
do j=1,2
G_e(i,)=G_e_f(i,j)
G_p(i.)=G_p_f(i.j)
end do

end do

do i=1,3
do j=1,3
G_e(i,j+2)=G_e_d(i,j)
G_p(i,j+2)=G_p_d(i.j)
end do

end do

end if

I Constitutive Matrix

do j=1,5

KKKe(1,)=K_t(1,))
KKKe(2,)=K_t(2.))
KKKe(3,j)=G_e(1,))
KKKe(4,)=G_e(2,))
KKKe(5,)=G_e(3.))

KKKp(L,j)=K_t(1,))
KKKp(2,)=K_t(2,j)
KKKPp(3,j))=G_p(L,j)
KKKp(4,)=G_p(2.))
KKKp(5.,j)=G_p(3.j)
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LLLe(1,)=L_e(1,)
LLLe(2,j)=L_e(2,)
LLLe(3,)=G_e(.j)
LLLe(4,)=G_e(2,j)
LLLe(5,)=G_e(3,j)

LLLp(L,j)=L_p(L.j)
LLLp(2,j)=L_p(2.)
LLLp(3,)=G_p(1.j)
LLLp(4.)=G_p(2.))
LLLP(5,j)=G_p(3.])

end do

LLLeINV=LLLe
LLLpINV=LLLp

call inverse(LLLeINV,5,iflag2)
call inverse(LLLpINV,5,iflag2)

Dep_E= matmul(KKKe,LLLeINV)

Dep_G=alpha* matmul(KKKe,LLLeINV) +

& (1-alpha) * matmul(KKKp,LLLpINV)
do i=1,2
do j=1,2

Dep(i,j)=Dep_G(i.j)
De(i.,j)=Dep_E(i.))
end do

end do

I compute dgamma_p (plastic equivalent shear strain increment)
I compute total deviatoric strain increment

dmean= (dEps(1)+dEps(2)+dEps(3))/3.0 MEAN STRAIN
dell=dEps(1)-dmean
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de22=dEps(2)-dmean

de33=dEps(3)-dmean

del2=dEps(4)
dgamma_total=2.0/3.0*((de11)**2+(de22)**2+(de33)**2)+
&1.0/3.0%(de12)**2

dgamma_total=sgrt(dgamma_total)  !total equivalent shear strain increment

dgamma_p=(1.0-alpha)*dgamma_total !plastic equivalent shear strain increment

STATEV(32) = Dep(1,1)* Dep(2,2) - Dep(1,2)* Dep(2,1)

STATEV(33) = De(1,1)* De(2,2) - De(1,2)* De(2,1)

! computation of stress

I computation of DDSDDE

Dmat2=Dep
do i=1,2
do j=1,2

Rmatsigl(i,j)=Rmatsig(i,j)
Rmateps1(i,j)=Rmateps(i,j)
end do

end do

Rmatsiglinv=Rmatsigl

Rmatepslinv=Rmateps1

call inverse(Rmatsiglinv,2,iflag3)

call inverse(Rmatepslinv,2,iflag3)

RsiglDRepsl = matmul(Rmatsigl,matmul(Dmat2,Rmatepslinv))

DRepslinv=matmul(Dmat2,Rmatepslinv)

D33=Rmateps1(1,1)*DRepslinv(1,1)+Rmateps1(1,2)*DRepslinv(1,2)+
& Rmateps1(2,1)*DRepslinv(2,1)+Rmatepsl(2,2)*DRepslinv(2,2)
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call CleanMatrix(3,DDSDDES3)
call CleanMatrix(4,DDSDDE4)

do i=1,2
do j=1,2
DDSDDE3(i,j)=Rsig1DReps1(i,j)
DDSDDEA4(i,j)=Rsig1DReps1(i,j)
end do
end do

DDSDDE3(3,3)=D33

DDSDDEA4(1,3)=0
DDSDDEA4(3,1)=0
DDSDDEA4(2,3)=0
DDSDDEA4(3,2)=0
DDSDDE4(3,3)=0

DDSDDEA4(4,4)=D33

do i=1,4

do j=1,4
DDSDDE(j,j)=DDSDDEA4(i,j)
end do

end do

| computation of stress

dSig=matmul(DDSDDE,dEps)
SigE=SigE+dSig

| computation of DDSDDE
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Dmat2=De

do i=1,2

do j=1,2
Rmatsigl(i,j)=Rmatsig(i,j)
Rmateps1(i,j)=Rmateps(i,j)
end do

end do

Rmatsiglinv=Rmatsigl

Rmatepslinv=Rmateps1

call inverse(Rmatsiglinv,2,iflag3)

call inverse(Rmatepslinv,2,iflag3)

RsiglDRepsl = matmul(Rmatsigl,matmul(Dmat2,Rmatepslinv))

DRepslinv=matmul(Dmat2,Rmatepslinv)

D33=Rmateps1(1,1)*DRepslinv(1,1)+Rmateps1(1,2)*DRepslinv(1,2)+
& Rmateps1(2,1)*DRepslinv(2,1)+Rmateps1(2,2)*DRepslinv(2,2)

call CleanMatrix(3,DDSDDE3)
call CleanMatrix(4,DDSDDE4)
call CleanMatrix(4,DDSDDE)

do i=1,2
do j=1,2
DDSDDE3(i,j)=Rsig1DReps1(i,j)
DDSDDEA4(i,j)=Rsig1DReps1(i,j)
end do
end do

DDSDDE3(3,3)=D33

DDSDDE4(1,3)=0
DDSDDE4(3,1)=0
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DDSDDEA4(2,3)=0
DDSDDEA4(3,2)=0
DDSDDE4(3,3)=0

DDSDDEA4(4,4)=D33

do i=1,4
do j=1,4

DDSDDE(),j)=DDSDDEA4(i j)

end do

end do

| update state variables
gamma_p=gamma_p+dgamma_p
gamma_total=gamma_total+dgamma_total

dev = dEps(1)+dEps(2)

Vz = Vz*(1+dev)

e = e-dev*(1l+e)

depsvector(1,1)=dEpsP1
depsvector(2,1)=dEpsP2
depsvector(3,1)=0.0
depsvector(4,1)=0.0
depsvector(5,1)=0.0

S_e=alphaold*matmul(LLLeINV,depsvector)
S_p=(1-alphaold)*matmul(LLLpINV,depsvector)

dz_e= S e(1,1)
dac_e= S_e(2,1)
df_ e= S e(3,1)
dan_e= S_e(4,1)
dat_e= S_e(5,1)

dz_p= S_p(1,1)
dac_p= S_p(2,1)
df_p= S_p(3,1)
dan_p= S_p(4,1)
dat_p= S_p(5,1)
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dz=dz_e+dz_p
dac=dac_e+dac_p
df=df_e+df p
dan=dan_e+dan_p

dat=dat_e+dat_p

z_e=z_e+dz_e
ac_e=ac_e+dac_e
f_e=f e+df_e
an_e=an_e+dan_e
at_e=at_e+dat_e

gp_e=0.5*(ac_e+an_e+at_e)

z_p=z_p+dz_p
ac_p=ac_p+dac_p
f_p=f_p+df p
an_p=an_p+dan_p
at_p=at_p+dat_p
gp_p=0.5*(ac_p+an_p+at_p)

an=an+dan
at=at+dat
ac=ac+dac
z=z+dz
f=f+df
m=f/(k*D)

p= (SigE(1)+SigE(2))/2.0

g= (SigE(2)-SigE(1))/2.0

! update R,Rt,ncr
if((Rc-R).gt.0) then

chi=(alpha+shft)
elseif((Rc-R).eq.0) then
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chi=0.0
elseif((Rc-R).It.0) then
chi=(-1)*(alpha+shft)

end if

s1=0.53

call findcr8(dac,zold,dz,R,Rc,zmin,zmax,s1,ncrold,chi,dR,dncr)

R=R+dR

ncr=ncr+dncr

STATEV(1)=z
STATEV(2)= ac
STATEV(3)= an
STATEV(4)=at
STATEV(5)=f
STATEV(6) =e
STATEV(7)=m
STATEV(8)=R
STATEV(9)=ncr
STATEV(10)=acm
STATEV(11)=DDn
STATEV(12)=DD
STATEV(13)= p
STATEV(14) = q
STATEV(15) = Vz
STATEV(16)= Cc
STATEV(17)=z_e
STATEV(18)=z_p
STATEV(19)=ac_e
STATEV(20)=ac_p
STATEV(21)=an_e
STATEV(22)=an_p
STATEV(23)=at_e
STATEV(24)=at_p
STATEV(25)=f_e
STATEV(26)=f p
STATEV(27)=qgp_e
STATEV(28)=qp_p
STATEV(29)=dac_dz
STATEV(30)=dacn_dz
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STATEV(31)=alpha
STATEV(34)=gamma_p
STATEV(35)=gamma_total
return

end subroutine

C
C***  |nvertMatrix

Compute the inverse a general matrix A(nxn) in place.
The inverse overwrites the original matrix A

This code was adapted from Charles P. Reeve's code MATINV

iFlag = Error indicator on output (integer):
-1 -> Too many row interchanges needed - Increase mx
0 -> No ErrS detected

k -> Matrix matX is singular at the kth step (1<=k<=nrow)

o O o o o o0 0o O 0

subroutine inverse(matX,nrow,iFlag)
include 'ABA_PARAM.INC'
parameter (mx=100)

dimension lex(mx,2)

real*8
&  matX(nrow,nrow), | Matrix to be inverted
& QRS ! Auxiliar scalars

C--- Compute matX = L*U by the Crout reduction

nex = 0

do k=1,nrow
do i=k,nrow

S = matX(i,k)
do I=1,k-1

S = S - matX(ily*matX(l,K)

end do

matX(i,k) = S

end do

C--- Interchange rows if necessary
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do i=k,nrow

R = dabs(matX(i,k))

if (R.gt.Q) then

Q=R

I =i

end if

end do

if (l.eg.0) then

iFlag = k

return

end if

if (Lne.k) then

nex = nex+l

if (nex.gt.mx) then

iFlag = -1

return

end if

lex(nex,1) = k

lex(nex,2) = |

do j=1,nrow

Q = matX(k,j)

matX(k,j) = matX(l,j)
matX(l,j) = Q

end do

end if

C--- End row interchange section
do j=k+1,nrow

S = matX(k,j)

do I=1,k-1

S = S - matX(k,l)*matX(l,j)
end do

matX(k,j) = S/matX(k,k)
end do

end do

C--- Invert the lower triangle L in place
do k=nrow,1,-1

matX(k,k) = 1.0d0/matX(k,k)
do i=k-1,1,-1

S = 0.0d0
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do j=i+1k

S = S + matX(j,i)*matX(k.j)

end do

matX(k,i) = -S/matX(i,i)

end do

end do

C--- Invert the uppper triangle U in place

do k=nrow,1,-1

do i=k-1,1,-1
S = matX(i,k)
do j=i+1k-1

S = S + matX(i,j)*matX(j,k)
end do

matX(i,k) = -S

end do

end do

C--- Compute Inv(matX) = Inv(U)*Inv(L)

do i=1,nrow
do j=1,nrow
if (j.ot.i) then
S = 0.0d0
=]

else

S = matX(i,j)
| =i+l

end if

do k=l,nrow

S = S + matX(i,k)*matX(k,j)

end do

matX(i,j) = S

end do

end do

C--- Interchange columns of Inv(matX) to reverse effect of row
C interchanges of matX

do i=nex,1,-1

k = lex(i,1)

I = lex(i,2)

do j=1,nrow

Q = matX(j,k)
matX(j,k) = matX(j,l)
matX(j,l) = Q
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end do
end do
return

end subroutine

C

C***  CleanMatrix
C Zeroes a square matrix with n.rows and cols

C

subroutine CleanMatrix(nrow,matX)
include 'ABA_PARAM.INC'

real*8 matX(nrow,nrow)

do i=1,nrow

do j=1,nrow

matX(i,j) = 0.0d0

end do

end do

return

end subroutine

subroutine ExtractState(STATEV,NSTATV,PROPS,NPROPS,

& z,zold,ac,an,at,f,e,m,R,ncr,ncrold,acm,DDn,DD,

& p,q,Vz,Cc,z_e,z_p,ac_e,ac_p,an_e,an_p,at_e,at p,

& f_e,f_p,qp_e,qp_p,dac_dz,dacn_dz,alphaold,gamma_p,
& gamma_total)

include 'ABA_PARAM.INC'

dimension STATEV(NSTATV)

real*8 z,zold,ac,an,at,f,e,m,R,ncr,ncrold,acm,DDn,DD,

& p,q,Vz,Cc,z_e,z_p,ac_e,ac_p,an_e,an_p,at_e,at p,
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& f_e,f_p,qp_e,qp_p,dac_dz,dacn_dz,alphaold,gamma_p,

& gamma_total

z=STATEV(1)

zold=z

ac=STATEV(2)
an=STATEV(3)
at=STATEV(4)
f=STATEV(5)
e=STATEV(6)
m=STATEV(7)
R= STATEV(8)
ncr=STATEV(9)

ncrold=ncr

acm=STATEV(10)
DDn=STATEV(11)
DD= STATEV(12)
p = STATEV(13)
q = STATEV(14)
STATEV(15)
STATEV(16)
z_e=STATEV(17)
z_p=STATEV(18)
ac_e=STATEV(19)
ac_p=STATEV(20)

Vz

Cc

an_e=STATEV(21)
an_p=STATEV(22)

at_ e=STATEV(23)
at_p=STATEV(24)

f e=STATEV(25)

f p=STATEV(26)
gp_e=STATEV(27)
qp_p=STATEV(28)
dac_dz=STATEV(29)
dacn_dz=STATEV(30)
alphaold=STATEV(31)
gamma_p=STATEV(34)
gamma_total=STATEV(35)
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return

end subroutine

subroutine find_z_ses(z0,g,ac,z_ses)

! Output is z_ses

real*8 ::z0,9,ac,z_ses,dz,fz,dfdz,z2 ,fdz

z_ses = z0
dz = 0.001
do

call ses(z_ses,g,ac,fz)

call ses(z_ses+dz,g,ac,fdz)
dfdz = (fdz-fz)/dz

z2 = z_ses - fz/dfdz

if (abs(z2-z_ses)<0.0000001) then
exit

else

z_ses = z2

end if

end do

return

end subroutine

subroutine ses(z,g,ac,rem)
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real*8 z,g,ac,rem

real*8 pl, p2, p3, p4, p5, p6, p7, p8, p9

pl = -0.29

p2 = 0.3886

p3 = -0.2351

p4 = -0.1588

p5 = 0.1601

p6 = -0.0372

p7 = 0.02053

p8 = -0.0271

p9 = 0.01185

rem = pl + p2*z + p3*ac + p4*z**2 + p5*z*ac +p6*ac**2 +
& p7*z**3 + p8*z**2*ac + p9*z*ac**2-g
return

end subroutine

subroutine fac(a,z,nmin,nmax,r)
IQutput is "r"
real*8, dimension(1:100) :: nset, az, vset, pset , intv, vaz

real*8 :: a,z, beta ,d, temp, at , rO, rem, tol, pi, a0 ,r,

& nmin, nmax, vt ,s
integer :: i

pi = 3.14159

beta = 1.0

s = 0.53

d = (nmax-nmin)/100.0

do i=1,100

nset(i) = nmin + (-1) * d
call normpdf(nset(i),z,s,temp)
pset(i) = temp

end do

call trap_int(nset,pset,temp)
at = temp

do i=1,100

pset(i) = pset(i)/at
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end do

r0 = a/((nmax/z)-1.0)

rem = 10.0
tol = 0.01

do !main loop

do i=1,100

az(i) = r0* (nmax/nset(i)-1.0)

vset (i) = nset(i)*tan(pi/nset(i))-2.0*az(i)/pi*
& (-pi+pi*beta+nset(i)*
& tan(pi/nset(i))-beta*nset(i)*tan(pi/nset(i)))

intv(i) = vset(i) * pset(i)

vaz(i) = az(i)*pset(i)*vset(i)

end do

call trap_int(nset,intv,vt)

call trap_int(nset,vaz,temp)

a0 = temp/vt

rem = abs((a-a0)/a)

r0 = r0 * a/a0

if (rem<tol) then

exit

end if

end do

r=r0

return

end subroutine

subroutine trap_int(x,y,f)

real*8, dimension(1:100) ::

real*8 :: f

integer :: i

X,y
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do i=1,size(x)-1
f=1f+ (x(i+1)-x()*((y(i+1)+y(i)))/2.0
end do

return

end subroutine

subroutine normpdf(x,m,s,y)

real*8 :: m,s, Xy

y = 1/sgrt(2.0*s**2*3.14159) * exp(-(x-m)**2.0/(2.0*s**2))

return

end subroutine

subroutine fminsearch(x0,y0,ac0,m0,z0,dmin) !search for minimum distance from known point (acO,m0,z0) to SES about point x0,y0; input (acO,
real*8 ac0,m0,z0,x0,y0,dmin

llocal variables

real*8 X1,Y1,X2,Y2,X3,Y3,D1,02,D3,x_m,y_mx_Ly Ix_hy_hm(2),r(2),

&s(2),c(2),cc(2),D_I,b_m,D_h,D_r,D_s,D_c,D_cc,simplex(3,2),m1,m2,

&m3,DD1,DD2,DD3,D_centroid,centroid(2),D_stan_devi,m_I,m_m,m_h,m_s,

&m_r,m_c,m_cc,mtl,mt2,mt3,m_centroid

Idefine initial simplex
simplex(1,1)=x0
simplex(1,2)=y0
simplex(2,1)=x0+0.05*x0
simplex(2,2)=y0
simplex(3,1)=x0
simplex(3,2)=y0+0.05*y0
Do

X1=simplex(1,1)
Y1=simplex(1,2)
X2=simplex(2,1)
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Y2=simplex(2,2)

X3=simplex(3,1)

Y3=simplex(3,2)

call DSES(z0,m0,ac0,X1,Y1,m1,D1)

call DSES(z0,m0,ac0,X2,Y2,m2,D2)

call DSES(z0,m0,ac0,X3,Y3,m3,D3)

if (D1.t.D2) then

if (D1.It.D3) then

x_I=X1 !coordinate of point with smallest DSES
y_I=Y1 Icoordinate of point with smallest DSES
if (D2.1t.D3) then

x_m=X2 Icoordinate of point with medium DSES
y_m=Y2 Icoordinate of point with medium DSES
x_h=X3 Icoordinate of point with largest DSES

y_h=Y3 !coordinate of point with largest DSES

else I(DSES(X2,Y2).ge.DSES(X3,Y3))

x_m=X3 Icoordinate of point with medium DSES
y_m=Y3 Icoordinate of point with medium DSES
x_h=X2 Icoordinate of point with largest DSES

y_h=Y2 Icoordinate of point with largest DSES

end if

else !(DSES(X1,Y1).ge.DSES(X3,Y3))

x_m=X1 Icoordinate of point with medium DSES
y_m=Y1 Icoordinate of point with medium DSES
x_h=X2 Icoordinate of point with largest DSES

y_h=Y2 Icoordinate of point with largest DSES

x_I=X3 !coordinate of point with smallest DSES
y_I=Y3 Icoordinate of point with smallest DSES
end if

else !(DSES(X1,Y1).ge.DSES(X2,Y2))

if (D2.1t.D3) then

Xx_|=X2 !coordinate of point with smallest DSES
y_I=Y2 Icoordinate of point with smallest DSES
if (D1.1t.D3) then

x_m=X1 !Icoordinate of point with medium DSES
y_m=Y1 Icoordinate of point with medium DSES
x_h=X3 Icoordinate of point with largest DSES

y_h=Y3 !coordinate of point with largest DSES

else I(DSES(X1,Y1).ge.DSES(X3,Y3))

x_m=X3 lcoordinate of point with medium DSES

y_m=Y3 !coordinate of point with medium DSES
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x_h=X1 Icoordinate of point with largest DSES
y_h=Y1 !coordinate of point with largest DSES
end if

else (DSES(X2,Y2).ge.DSES(X3,Y3))

x_m=X2 Icoordinate of point with medium DSES
y_m=Y2 Icoordinate of point with medium DSES
x_h=X1 !Icoordinate of point with largest DSES
y_h=Y1 !coordinate of point with largest DSES
x_I=X3 !coordinate of point with smallest DSES
y_I=Y3 Icoordinate of point with smallest DSES
end if

end if

Isort points in simplex according to their order of their DSES values
simplex(1,1)=x_|

simplex(1,2)=y_|

simplex(2,1)=x_m

simplex(2,2)=y_m

simplex(3,1)=x_h

simplex(3,2)=y_h

lcompute centroid of points in simplex excluding point with largest DSES
m(1)=(x_l+x_m)/2

m(2)=(y_l+y_m)/2

lcompute reflected point from (x_h,y_h) through the centroid
r(1)=2*m(1)-x_h

r(2)=2*m(2)-y_h

call DSES(z0,m0,ac0,x_l,y_I,m_|,D_1)

call DSES(z0,m0,ac0,x_m,y_m,m_m,D_m)

call DSES(z0,m0,ac0,x_h,y_h,m_h,D_h)

call DSES(z0,m0,ac0,r(1),r(2),m_r,D_r)

if (D_l.le.D_r).and.(D_r.It.D_m)) then

simplex(3,1)=r(1)

simplex(3,2)=r(2)

else I(DSES(r(1),r(2)).It.(DSES(x_l,y_I)).or.(DSES(r(1),r(2)).ge.DSES(Xx_m,y_m))
if (D_r.lt.D_l) then

lcompute expanded point from r through the centroid
s(1)=m(1)+2*(m(1)-x_h)

s(2)=m(2)+2*(m(2)-y_h)

call DSES(z0,m0,ac0,s(1),s(2),m_s,D_s)

if (D_s.It.D_r) then
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simplex(3,1)=s(1)

simplex(3,2)=s(2)

else (DSES(s(1),s(2)).ge.(DSES(r(1),r(2))
simplex(3,1)=r(1)

simplex(3,2)=r(2)

end if

else (DSES(r(1),r(2)).ge.DSES(x_m,y_m))

if (D_r.lt.D_h) then

Ilcompute contracted point from r through the centroid
c(L)=m(L)+(r(1)-m(1))/2
c(2)=m(2)+(r(2)-m(2))/2

call DSES(z0,m0,ac0,c(1),c(2),m_c,D_c)

if (D_c.It.D_r) then

simplex(3,1)=c(1)

simplex(3,2)=c(2)

else |(DSES(c(1),c(2)).gt.DSES(r(1),r(2)))
Icontract the current simplex into a new one
simplex(2,1)=x_l/2+x_m/2
simplex(2,2)=y_l/2+y_m/2
simplex(3,1)=x_I/2+x_h/2
simplex(3,2)=y_l/2+y_h/2

end if

else I(DSES(r(1),r(2)).ge.DSES(x_h,y_h))
lcompute contracted point from (x_h,y_h) through the centroid
cc(1)=m(1)+(x_h-m(1))/2
cc(2)=m(2)+(y_h-m(2))/2

call DSES(z0,m0,ac0,cc(1),cc(2),m_cc,D_cc)
if (D_cc.lt.D_h) then

simplex(3,1)=cc(1)

simplex(3,2)=cc(2)

else |(DSES(cc(1),cc(2)).ge.DSES(x_h,y_h))
Icontract the current simplex into a new one
simplex(2,1)=x_l/2+x_m/2
simplex(2,2)=y_l/2+y_m/2
simplex(3,1)=x_I/2+x_h/2
simplex(3,2)=y_l/2+y_h/2

end if

end if

end if

end if

Icheck the stopping criterion
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call DSES(z0,m0,ac0,simplex(1,1),simplex(1,2),mt1,DD1)

call DSES(z0,m0,ac0,simplex(2,1),simplex(2,2),mt2,DD2)

call DSES(z0,m0,ac0,simplex(3,1),simplex(3,2),mt3,DD3)
centroid(1)=(simplex(1,1)+simplex(2,1)+simplex(3,1))/3
centroid(2)=(simplex(1,2)+simplex(2,2)+simplex(3,2))/3

call DSES(z0,m0,ac0,centroid(1),centroid(2),m_centroid,D_centroid)
D_stan_devi=(D1-D_centroid)**2+(D2-D_centroid)**2+(D3-D_centroid)**2
D_stan_devi=sqrt(D_stan_devi/2)

dmin=D_centroid

if (D_stan_devi .It. 1d-8) then

exit

end if

end do

return

end subroutine

subroutine DSES(z0,m0,ac0,z,ac,m,d) linput: point (zO,m0,ac0) of interest in micro-variable space, point (z,ac) on SES
loutput: m being m-coordinate of the point (z,ac) such that (z,m,ac) is on SES, d being the distance from (z0,m0,ac0) to (z,ac) on SES
real*8 :: z,m,ac,z0,ac0,d,zs,as,ms ,m0

real*8 :: pl, p2, p3, p4, p5, p6, p7, p8, p9

pl = -0.29
p2 = 0.3886
p3 = -0.2351
p4 = -0.1588
p5 = 0.1601
p6 = -0.0372
p7 = 0.02053
p8 = -0.0271
p9 = 0.01185
zs=1.0

as=0.5

ms=0.005

m= pl + p2*z + p3*ac + p4*z**2 + p5*z*ac +

& p6*ac**2 + p7*z**3 + p8*z**2*ac + p9*z*ac**2

d = (mO0-m)*2/ms**2 + (acO-ac)**2/(as**2)*100 + (z0-z)**2/zs**2

return

end subroutine
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subroutine disf(z,z0,nmin,nmaxf)
I0utput is "f* the integral of [zmin, zcr]
real*8, dimension(1:100) :: nset, pset, nset2, pset2

real*8 :: z0,z, d,d2, temp, at , nmin, nmax,s,f

integer :: i
s = 0.53
d = (nmax-nmin)/100.0

d2 = (z-nmin)/100.0

do i=1,100

nset(i) = nmin + (-1) * d
nset2(i) = nmin + (i-1) * d2
call normpdf(nset(i),z0,s,temp)
pset(i) = temp

call normpdf(nset2(i),z0,s,temp)

pset2(i) = temp

end do

call trap_int(nset,pset,temp)

at = temp

call trap_int(nset2,pset2,temp)

f = temp/at

return

end subroutine

subroutine densecoef4(ncr,z,nmin,nmax,rc,r0,cvn,cva,

& csn,csa,vtot,drdz)

I Outputs are cvn,cva,csn,csa,vtot,drdz

real*8, dimension(1:100) :: n_set,p_set, n_setl,p_setl,

& am, v_setl,int_vl,avl,int_cvnl,
& bv,int_cva, asl,int_csnl,bsl,int_csal,aztl,az_intl,
& n_set2,p_set2,v_set2,int_v2,av2,int_cvn2, as2,
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& int_csn2,bs2,int_csa2,acr

real*8 :: beta,d, ncr,z,nmin,nmax,rc,r0,cvn,cva,csn,csa,
& vtot,s, at ,d1 ,d2, acm,
& cvnl,csnl,csal,drdz,cvn2,csn2,csa2, vtl,vt2 temp,pi

integer :: i

if (ncr<nmin) then
ncr = nmin

end if

pi = 3.14159

beta = 1.0

s = 0.53

d = (nmax-nmin)/100.0

do i=1,100

n_set(i) = nmin + (i-1) * d
call normpdf(n_set(i),z,s,temp)
p_set(i) = temp

end do

call trap_int(n_set,p_set,at)

IFor integrals over [nmin,ncr] -

acm=(r0-rc)*(6.0/ncr-1.0)

d1=(ncr-nmin)/100

do i=1,100

n_setl(i) = nmin + (i-1) * dl
call normpdf(n_setl(i),z,s,temp)
p_setl(i) = temp/at

am(i) = r0*(6.0/n_setl1(i)-1.0)-acm

v_setl(i)=n_setl(i)*tan(pi/n_setl(i))-2.0*am(i)/pi*(-pi+pi*beta+
& n_setl(i)*tan(pi/n_setl(i))-beta*n_setl(i)*tan(pi/n_setl(i)))

int_v1(i)=v_setl(i)*p_setl(i)

av1(i)=(1.0/sin(pi/n_setl(i))*(2.0*am(i)*(-1.0+beta)*
& 1.0/sin(pi/n_set1(i)) + n_setl(i)*1.0/cos(pi/n_setl(i)))*
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& (-2.0*pi+ n_setl(i)*sin(2.0*pi/n_set1(i))))/(2.0*n_setl1(i)**3.0)

int_cvnl(i) =avl(i)*p_setl(i)*v_setl(i)

bv(i)=(2.0*(-1.0+beta)*(n_set1(i)-pi*1.0/tan(pi/n_setl(i)))*
& (n_set1(i)*(pi-2.0*am(i)*(-1.0+beta)) +2.0*am(i)*pi*
&  (-1.0+beta)*1.0/tan(pi/n_setl(i))))/(n_setl(i)**2.0*pi**2.0)

int_cva(i)=bv(i)*p_setl(i)*v_setl(i)

as1(i)=(am(i)*pi*(1.0+beta)*(n_setl(i)*1.0/tan(pi/n_setl(i))-
& pi*1.0/sin(pi/n_set1(i))**2.0))/n_set1(i)**3.0
int_csnl(i)=as1(i)*p_setl(i)*v_setl(i)

bs1(i)=-(((1.0+beta)*(n_setl(i)-pi*1.0/tan(pi/n_setl(i)))*
& (n_set1(i)*(-1.0+2.0*am(i)*(-1.0+beta))-
& 2.0*am(i)*pi*(-1.0+beta)*1.0/tan(pi/n_setl(i)))))/n_setl(i)**2.0

int_csal(i)=bs1(i)*p_setl(i)*v_setl(i)

aztl(i)=(6.0/n_setl1(i)-1.0)
az_intl(i)=p_setl(i)*v_setl(i)*aztl(i)

end do

call trap_int(n_setl,int_v1,vtl)
call trap_int(n_setl,int_cvnl,cvnl)
call trap_int(n_setl,int_cva,cva)
call trap_int(n_setl,int_csnl,csnl)
call trap_int(n_setl,int_csal,csal)

call trap_int(n_setl,az_intl,drdz)

IFor integrals over [ncr,nmax]

d2=(nmax-ncr)/100

do i=1,100

n_set2(i) = ncr + (i-1) * d2
call normpdf(n_set2(i),z,s,temp)
p_set2(i) = temp/at
acr(i)=rc*(6.0/n_set2(i)-1.0)
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v_set2(i)=n_set2(i)*tan(pi/n_set2(i))-2.0*acr(i)/pi*
& (-pi+pi*beta+n_set2(i)*tan(pi/n_set2(i))-
& beta*n_set2(i)*tan(pi/n_set2(i)))
int_v2(i)=v_set2(i)*p_set2(i)

av2(i)=(1.0/sin(pi/n_set2(i))*(2.0*acr(i)*(-1.0+beta)*
& 1.0/sin(pi/n_set2(i)) + n_set2(i)*1.0/cos(pi/n_set2(i)))*
& (-2.0*pi+ n_set2(i)*sin(2.0*pi/n_set2(i))))/(2.0*n_set2(i)**3.0)

int_cvn2(i) =av2(i)*p_set2(i)*v_set2(i)

as2(i)=(acr(i)*pi*(1.0+beta)*(n_set2(i)*1.0/tan(pi/n_set2(i))-
& pi*1.0/sin(pi/n_set2(i))**2.0))/n_set2(i)**3.0
int_csn2(i)=as2(i)*p_set2(i)*v_set2(i)

bs2(i)=1.0*1.0/(1.0*pi)
int_csa2(i)=bs2(i)*p_set2(i)*v_set2(i)
end do

call trap_int(n_set2,int_v2,vt2)

call trap_int(n_set2,int_cvn2,cvn2)
call trap_int(n_set2,int_csn2,csn2)

call trap_int(n_set2,int_csa2,csa2)

vtot=vtl+vt2

cvn=cvnl+cvn2
csn=csnl+csn2
csa=csal+csa2

drdz=drdz/vtot

return

end subroutine

subroutine findcr8(dac0,z0,dz0,R0,Rc,zmin,

& zmax,s1,ncr0,chi,dR,dncr)

IQutputs are: dR,dncr

real*8 :: dz,dncr,dR,acm,dac0,z0,dz0,R0,Rc,zmin,zmax,s1,ncr0,chi,

& ac_0,ac_z2,dac_dz,ac_c2,dac_dncr,dac_dR,dact ,ac_R2

dz=0.001
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dncr=0.001
dR=0.001

acm=(R0-Rc)*(zmax/ncr0-1.0)

call ac_integral(ncr0,R0,Rc,zmin,zmax,z0,s1,acm,ac_0)

call ac_integral(ncr0,R0,Rc,zmin,zmax,z0+dz,s1,acm,ac_z2)
dac_dz=(ac_z2-ac_0)/dz;
acm=(R0-Rc)*(zmax/(ncr0-dncr)-1.0)

call ac_integral(ncr0-dncr,R0,Rc,zmin,zmax,z0,s1,acm,ac_c2)
dac_dncr=-(ac_c2-ac_0)/dncr
acm=(R0O+dR-Rc)*(zmax/ncr0-1.0)

call ac_integral(ncr0,R0+dR,Rc,zmin,zmax,z0,s1,acm,ac_R2)
dac_dR=(ac_R2-ac_0)/dR

dact=dac0-dac_dz*dz0

dR=(chi*dact)/dac_dR

dncr=((1-chi)*dact)/dac_dncr

if (((ncrO+dncr)>zmax) .OR. (abs(R0-Rc)<(0.1*Rc))) then
dncr=0

dR=(1*dact)/dac_dR

end if

return

end subroutine

subroutine ac_integral(zcr,R,Rc,zmin,zmax,z,s,ac_m,f)

real*8, dimension(1:100) ::n_set,p_set,setl,set2, p_setl,

& p_set2,am, v_setl,v_set2,A1,A2,int_vl,int_v2,acr
real*8 :: beta,d,d1,d2,temp, pi, zcr,R,Rc,zmin,zmax,z,s,ac_m,f,
& vtl,vt2,vtot,at,acl,ac2

integer :: i

pi = 3.14159

beta = 1.0

s = 0.53

d = (zmax-zmin)/100.0

do i=1,100

n_set(i) = zmin + (i-1) *d
call normpdf(n_set(i),z,s,temp)
p_set(i) = temp

end do

call trap_int(n_set,p_set,at)

IFor integrals over [nmin,ncr]
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d1=(zcr-zmin)/100

do i=1,100

setl(i) = zmin + (i-1) * d1
call normpdf(setl(i),z,s,temp)
p_setl(i) = temp/at

am(i) = R*(6.0/setl(i)-1.0)-ac_m

v_setl(i)=setl(i)*tan(pi/setl(i))-2.0*am(i)/pi*
& (-pi+pi*beta+setl(i)*tan(pi/setl(i))-
& beta*setl(i)*tan(pi/setl(i)))
int_v1(i)=v_setl(i)*p_setl(i)

Al(i) = v_setl(i)*p_setl(i)*am(i)

end do

call trap_int(setl,int_v1,vtl)

call trap_int(setl,Al,acl)

IFor integrals over [ncr,nmax]

d2=(zmax-zcr)/100

do i=1,100

set2(i) = zer + (-1) * d2
call normpdf(set2(i),z,s,temp)
p_set2(i) = temp/at
acr(i)=Rc*(6.0/set2(i)-1.0)

v_set2(i)=set2(i)*tan(pi/set2(i))-2.0*acr(i)/pi*
& (-pi+pi*beta+set2(i)*tan(pi/set2(i))-
& beta*set2(i)*tan(pi/set2(i)))
int_v2(i)=v_set2(i)*p_set2(i)

A2(i) = v_set2(i)*p_set2(i)*acr(i)
end do

call trap_int(set2,int_v2,vt2)

call trap_int(set2,A2,ac2)
vtot=vtl+vt2

f =(acl+ac2)/vtot

return

end subroutine
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