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1. Introduction 

1.1 A computational study of tree form 

The study of tree architecture is an important aspect of developmental biology. How does a 

centimeter-long seedling rise to a majestic, intricately branched mature tree several dozen 

meters in height? Trees have a number of unique characteristics which make them especially 

interesting to study. Unlike animals, trees undergo sustained development throughout their 

whole life, adopting diverse shapes in the process, even among very closely related specimens, 

such as clonal species. Many trees also have the remarkable ability to completely regenerate 

themselves after very traumatic developmental events, for example after being cut at the base 

of the trunk. These aspects of tree development indicate a highly sophisticated and plastic 

organization of dynamic plant branch construction, whose exact details, despite significant 

advances in our understanding of individual plant processes at all scales of pattern formation, 

are still largely unknown.  

The central thesis of the present study is that tree form is largely the result of self-organization 

between branches. Alongside the discussion a computational model is presented that illustrates 

how, on the basis of a relatively simply defined self-organizing system, it is possible to capture 

the development of a great variety of complex, realistic branching structures. The aim is to 

show on the basis of this computational model that self-organization of branches is central to 

understanding the development of tree form. 
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1.2 Organization of thesis 

A significant portion of this thesis is devoted to the use of a simulation model to understand the 

formation of tree form. First, in chapter 2 a motivation for using computer simulations to study 

self-organizing systems is given. Then in chapter 3 the most important models of tree form 

development are reviewed. In chapter 4 a review of computational models of tree growth is 

given. Chapter 5 covers the terminology used in this thesis. In chapter 6 the conceptual model 

of self-organization advocated in this thesis is introduced. In chapter 7 follows a description of 

the computational model of tree form development. In chapter 8 follows an extensive 

discussion of the theoretical morphospace constructed by the computer simulation, comparing 

it to real phenomena of tree development. In chapter 9 some quantitative data of tree models 

is given. The thesis concludes with chapter 10 and a discussion of the main contributions.  
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4. Review of past computational tree models 

4.1 Direct control of branching patterns 

Architectural tree models were used as a basis for computational tree modeling in the AMAP 

system [de Reffye, Edelin, Françon, Jaeger, & Puech, 1988]. The essence of the modeling 

algorithm used in the AMAP system is described by the following pseudocode (adapted from de 

Reffye et al. 1988): 

At each time step 

 For each bud that is alive: 

  make the bud die 

  or make it dormant 

  or make it produce a metamer consisting of: 

an internode,  

zero, one or more axillary buds,  

and a terminal bud. 
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This algorithm captures two fundamental aspects of tree development: the sequential 

production of metamers by terminal buds and the creation of lateral buds, which may produce 

lateral branches. At the level of abstraction at which the algorithm operates, additional 

processes such as branch shedding, and less common architectural forms such as aerial roots, 

can easily be incorporated.  Provided that proper decisions regarding the fate of the buds, the 

shape and position of the internodes, and the number and position of axillary buds are made, 

this algorithm can thus describe the development of the above-ground part of diverse trees. 

The question is, however, how these decisions are made. De Reffye et al. [1988] proposed to 

describe them in terms of probabilities that depend on the age of the tree, the age of the buds 

with respect to the age of their supporting branches, and the order of branches. Geometric 

parameters controlling branching angles, phyllotaxis, the length and diameter of internodes, 

and reorientation of branches due to tropisms, were also specified as functions of the same 

attributes. These parameters were united by their intrinsic character, i.e., they could be stated 

without reference to the surrounding space. De Reffye et al. [1988] postulated that with 

different choices of the probability laws, the resulting models captured the architectural types 

of Hallé, Oldeman and Tomlinson.  In practice, however, the construction of faithful models, 

especially of older trees, required large numbers of parameters characterizing complex 

stochastic processes. This proliferation was not limited to the AMAP software and also occurred 

in other modeling systems that relied on an intrinsic description of trees, such as xfrog 

[Lintermann & Deussen, 1999]. 

An attempt to mathematically formalize the notion of the architectural tree models  introduced 

by Hallé  and Oldeman was proposed by Prusinkiewicz and Remphrey [2000]. They proposed L-
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In an indefinitely branching tree crown, the density of leaves and branches would thus increase 

without a limit. Sachs and Novopolansky (1995) postulated that such proliferation is prevented 

by the competition of buds and branches for space, and thus tree form results to a large extent 

from self-organization resulting from this competition. To examine the plausibility of this 

postulate, in this thesis computational tree models are considered based on the concept of 

competition and self-organization. 

Two such models were introduced as early as the 1960s by Ulam [1962] and Cohen [1967], but 

due to the limited computational resources and modeling methods of the time, they operated 

in two dimensions and had too abstract a character to provide unambiguous conclusions 

regarding the development of trees in nature.  Subsequent three-dimensional models were 

mainly developed for specific image synthesis purposes [e.g. Arvo & Kirk, 1988; Greene, 1989] 

or considered spatial interactions as a modifier of architecture, rather than an essential 

component of tree development [e.g. Jaeger and de Reffye 1992, Mech and Prusinkiewicz 1996, 

Ford 1987, Allen et al. 2005].  However, recent models [Runions 2007, Palubicki 2007, Palubicki 

et al. 2009] reveal more fully the extent to which competition for space may determine the 

form of trees.  

The simplicity and the geometric character of the space colonization algorithm by Runions et al. 

[2007] make it particularly useful as a model of tree self-organization. Free space is represented 

by randomly distributed marker points. Competition between buds is explicit: only those buds 

that are closer to some marker than any other bud will produce a new metamer.  Once the 

distance from a growing branch to a marker falls below a threshold value, the marker is 
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removed: the space represented by this marker is now occupied by the branch.  Runions et al. 

[2007] showed that this model can produce visually realistic models of trees in which both the 

apical and lateral buds may produce new metamers without constraints imposed a priori by a 

specific branching pattern. By definition, such trees belong to the architectural model of Attims 

[Hallé, Oldeman and Tomlinson 1978, Prusinkiewicz and Remphrey 2000].   Similar results were 

obtained by Palubicki [2007] using models in which the availability of light, rather than 

proximity of free space, activated the buds. In an extension of the latter model [Palubicki et al. 

2009], the growth potential of buds depended on simulated apical control.  The extended 

model allowed for the simulation of both excurrent and decurrent tree forms (i.e., forms with 

or without conspicuous main axis, respectively), as well as the progression from the excurrent 

to decurrent in older trees.  These models demonstrated that competition for space and self-

organization may play a decisive role in determining tree form.  However, self-organization 

limited to spatial competition and apical dominance does not suffice to capture the wide 

diversity of tree forms in nature. 
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5. Terminology 

The terminology used to describe the development of tree form is based on the terminology 

used by Bell [2008]. In this thesis, branches, shoots and branch axes will be frequently 

mentioned. A branch axis consists of a linear array of branch segments also called internodes. A 

branch axis together with all its descendant branch axes is called a branch. The branch axis that 

is produced in a single season is referred to as a shoot. Axes and branches are ordered, with the 

axis originating at the root having order zero. Lateral axes originating from a parent axis of 

order n have order n+1. Apical dominance describes the phenomenon of a terminal shoot being 

more vigorous than axillary shoots. A tree without a pronounced trunk is called decurrent, with 

a conspicuous trunk excurrent. Gravitropism describes a reorientation of branch growth 

direction with respect to gravity. In negative gravitropism branches grow in the opposite 

direction of the gravity vector, while roots show positive gravitropism. Orthotropic branches 

reorient themselves negatively to gravity by growing vertically towards the sky. Plagiotropic 

branches adopt horizontal branch growth direction. The gravitropic set-point angle is the angle 

that a branch axis makes with the horizontal plane [Digby 1995]; a method to quantify the 

tropism of a branch. Branches that grow indeterminately (at least for long periods of time) are 

called monopodial, which contrasts with sympodial branches whose development is 

determinate, e.g. as a result of flowering. Continuous growth refers to the growth pattern 

which is uninterrupted by periods of rest (where no growth is occurring) as opposed to 

rhythmic growth, where growth is interrupted by periods of rest. 
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plagiotropic, whereas the trunk switches from an initially orthotropic disposition to a 

plagitoropic one. The model of Champagnat is composed of orthotropic branches that develop 

sideways, drooping under their own weight. The models of Tomlinson and Bell describe trees 

with rooted axes, which are plagiotropic in the case of the model of Bell and switches from 

plagiotropic to orthotropic in the case of the model of Tomlinson. The models of Chamberlain 

and of Leeuwenberg are characterized by a sympodial trunk, but with no branches in the model 

of Chamberlain. The model of Schoute is characterized by apices that divide into two halves 

which grow in different directions (true dichotomy). The models of Prévost and Nozeran are 

characterized by a trunk resulting from delayed bud activation. Branches are determinate in the 

case of the model of Prévost and indeterminate in the case of the model of Nozeran. 

 

 

Figure 1. Illustrations of the architectural models, adapted from Bell 2008. The 23 
architectural models introduced by Hallé and Oldeman (continued on next page). 

Glossary of symbols used in the illustrations 
of the architectural models. 

a) b) c) d) 

e) f) g) h) 

Indeterminate branch 

a) Monopodial trunk 
b) Sympodial trunk 
c) Continuous growth 
d) Rhythmic growth 
e) Orthotropic branch 
f) Plagiotropic branch 
g) Trunk switches tropism from 

orthotropic to plagiotropic 
h) Trunk switches tropism from 

plagiotropic to orthotropic 
 

Determinate branch 



20 
  

Rauh Roux 

Attims 

Massart 

Fagerlind Aubréville Scarrone Stone 

Holttum Cook Corner 

Petit 

Troll Mangenot Leeuwenberg Tomlinson 

Bell Chamberlain Leeuwenberg Schoute 

Prévost Nozeran Koriba 









24 
 

7. Computational model of tree architecture 

7.1 Model development and model overview 

A fundamental obstacle for mathematical modeling of biological systems is how to express 

development. Two important notions are underlying the construction of the mathematical 

model presented here, namely the notion of module and replacement rule. A module is a 

discrete constructional unit that is repeated as the plant develops, for example an internode, an 

apex, a flower or a branch. The goal of modeling at the modular level is to describe a 

phenomenon at a higher scale than the modules themselves, in this case the emergence of 

plant shape. The essence of development can then be conveniently captured by replacement 

rules that act on the modules. 

Consider the following example.  We start with an axiomatic structure that represents an apex 

and an internode. We also define a rule that replaces an apex and an internode, for example 

with a metamer (composed of a lateral bud, a leaf and an internode, Figure 3), an apex and an 

internode. The repetitive application of this rule represents development in the model. In this 

example tree development is expressed at the scale of already differentiated plant organs, all of 

which are produced by the shoot apical meristem. 
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Figure 3. Illustration of the use of replacement rules to express development in the 
computational model. 

 

The challenge on how to mathematically model biological development under the umbrella of 

the concepts of modules and replacement rules has been met by L-systems introduced by 

Aristid Lindenmayer in 1968. L-systems employ a parallel string-rewriting mechanism to express 

the notion of modules (the strings) and replacement rules (the rewriting). The resulting strings 

can be interpreted geometrically and visualized using computer graphics techniques to create 

realistic images of the modeled structures. Since their invention, L-systems have been 

continually extended to best accommodate the needs of biological modeling. In their most 

basic forms L-systems allow for communication via branch lineage [Lindenmayer 1971], 

meaning that productions are chosen considering only the current state of a module. 

Endogenous interactions between the modules of a pattern are represented by context-

sensitive L-systems [Lindenmayer 1968, Herman and Rozenberg 1975, Lindenmayer and 
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Rozenberg 1976], which consider the state of neighboring modules as well. Exogenous 

interactions between modules and their environment are represented by environmentally-

sensitive L-systems [Prusinkiewicz et al. 1994] or open L-systems [Mech and Prusinkiewicz 

1996], which allow communication between modules and a data structure representing the 

environment. These different categories of L-systems can further be distinguished by 

considering whether they are defined in a stochastic [Yokomori 1980, Eichhorst and Savitch 

1980, Prusinkiewicz 1987], parametric [Prusinkiewicz and Lindenmayer 1990, Hanan 1992], or 

table-type way [Rozenberg 1973]. The L-system used in the model presented here can be 

classified as deterministic parametric environmentally- and context-sensitive. 

 

7.2 Calculation of model development using L-systems 

Formally, an L-system is defined by an alphabet of symbols, a set of production rules (the 

replacement rules) and an initial axiom string from which to begin construction. The production 

rules are applied in parallel to the symbols, resulting in their replacement by a new symbol if 

the state of the module is to be changed, or by a group of symbols if new modules are to be 

generated (e.g. a bud creates a phytomer). The L-system used in this thesis contains two 

different modules A, which represents and apex, and I, which represents an internode (see 

Table 1). The state of a module contains information about the position, shape, and 

development of a module. Additionally to the modules, there are a number of globally defined 

parameters and functions (e.g. D, F, S, fgrow), which can be accessed at any time by the L-system. 

These global parameters are described in later sections dealing with the calculation of the 
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137.5° [Prusinkiewicz, Mündermann, Karwowski, & Lane, 2001]. The growth functions fgrow and 

fbuds are defined using B-splines and the graphical editor introduced by Prusinkiewicz [2004], 

and have generally the shape of Hill functions. A short discussion on function shape can be 

found in the section on long shoots and short shoots (see section 8.2.1). Hill functions are 

generally desirable to limit the amount of growth that can occur in each simulation step, 

avoiding unrealistically fast branch growth. 

Secondary branch growth is determined using the pipe model. Each branch contributes an 

initial diameter value. These values are accumulated along the tree axes using the formula dn = 

d1
n + d2

n , where d is the diameter of the internode below the branching point, d1 and d2 are 

diameters of the internodes above, and n is a user-defined parameter, usually between 2 and 3 

[Macdonald 1983]. This formula is a version of the pipe model [Shinozaki et al. 1964], according 

to which individual leaves contribute vascular strands, or pipes, that extend towards the base of 

the tree. Importantly, branch width is not decreased when leaves and branches are shed or 

pruned. The model thus requires a memory of past branches. 
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8.1 Meristem position 

8.1.1 Phyllotaxis 

The term phyllotaxis denotes the pattern of arrangement of leaves on a stem. Although leaves 

are not part of the model simulation, the position of leaves fixes the position of subtended 

axillary buds and thus can play a considerable role in determining the branching pattern of a 

tree (cladotaxis). The literature covering phyllotaxis is extensive [Steeves ad Sussex 1989, 

Romberger et al. 1993, Jean 1994; Adler et al. 1997, Lyndon 1998, Reinhardt and Kuhlemeier 

2001, Bryntsev 2004] and has led to a terminology covering many conspicuous patterns found 

in nature. These patterns are usually described by fractions, that is, ½, 1/3, 2/5, et cetera. These 

fractions are a measure of the angle around the stem between the points of insertion of any 

two successive leaves. In 1/3 phyllotaxis, for example, there is a 360 x 1/3 = 120 angle between 

two longitudinally adjacent leaves. This angle is called the divergence angle. 

In the mathematical model presented here, the divergence angles between consecutive buds 

are provided directly as input to compute its geometric position through mphyllo (equation 3). 

This provides direct control over bud positions and is a major component in modeling different 

branching structures. However, the phyllotaxis can be related to the number of buds formed by 

a metamer and, hence, indirectly to the vigor of branches, and is therefore partly an emergent 

result. 
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Figure 11. Two models with different cladotaxis. Spiral cladotaxis results in a less regular 
form as opposed to the regular distichous cladotaxis to the right. 

 

8.1.2 Cauliflory, Epicormic Branching 

Cauliflory refers to the phenomenon of flowering from the trunk or branches of the tree. 

Epicormic branching refers to the production of vegetative twigs from the trunk or branches. 

These phenomena can be simulated by the mathematical model. As explained earlier, the fate 

of buds is decided by the growth function (equation 3,4), which can result in dormancy, 

flowering, short or long shoot growth. Buds that stayed dormant or grew only very little can 

change their growth pattern either as the result of some major changes in the tree architecture, 

such as the shedding of a main branch or change in global growth parameters due to the 

balancing of shoot and root growth. As a result vegetative or flowering shoots can form from 

previously dormant buds. Figure 12 illustrates the case of epicormic branches in the model. 

When the newly activated apex immediately flowers this would correspond to cauliflory. 
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Figure 12. Epicormic shoot formed by an apex that activated after a period of dormancy, due 
to the shedding of branches and resultant abundant vigor flux. 

 

8.2 Meristem Potential 

8.2.1 Long Shoot and Short Shoot 

The terms long shoot and short shoot are quite self-explanatory. The persistence of both shoots 

growing only a few mms per year and those that extend much more, is a commonly observed 

phenomenon of many tree species. Short shoots produce leaves in almost the exact same 

position year after year, as opposed to long shoots that are can explore space much faster. 

Dormant apex 
activated, forming an 
epicormic shoot 

Simulation time 
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8.2.3 Apical Control 

The potential of lateral buds and branches is often related to their proximity to the apical 

meristem of the parent branch. The inhibitory influence of an apical meristem is generally 

called apical dominance (Cline 1997). With this term is usually associated a greater range of 

phenomena. Apical control (Zimmermann and Brown 1971, Wilson 2000) denotes the 

subordinate development of lateral branches in the same season, in contrast to apical 

dominance, where same season lateral branch growth is suppressed completely. Excurrent tree 

forms, such as pine or birch trees are usually described as having strong apical dominance, 

whereas decurrent tree forms such as elm or oak trees are described as having weak apical 

dominance [Kozlowski 1964]. Hence, apical dominance is regarded as a very central 

phenomenon of tree architecture. 

Parameter R from equation 2 is a main factor controlling the proliferation of excurrent to 

decurrent branching structures (Figure 17). Values of R > 0.5 produce excurrent structures due 

to an advantage of vigor allocation to parent branches at the expense of child branches. 

Conversely, values for R < 0.5 result in decurrent structures with a diffuse architecture. 
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[1961]. A very similar attempt to the one presented here of capturing the effects of 

gravimorphism on bud activation has been also proposed in Longay et al. [2012]. 

In the model gravimorphism is expressed in equation (2) by the parameters a,b and c. The 

differential development of lateral branches is used in the model to capture the growth of a 

greater diversity of trees. Epitony, for example, is a characteristic phenomenon in many fruit 

trees or trees adhering to the architectural models of Champagnat or Troll. These patterns are 

reproduced in the model by selecting a high value for parameter b and a negative value for 

parameter c in conjunction with a downwards tropism (Figure 18 bottom). Amphitony can be 

observed in many coniferous species and such patterns are obtained by selecting a large value 

for parameter a (Figure 18 top right). A model tree exhibiting hypotony is shown in (Figure 18 

top left). The branching structure has been generated by selecting a high value of parameter b 

and a positive value for parameter c in conjunction with a strong upwards tropism.  
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In the method proposed by Prusinkiewicz et al. different inflorescence architecture where 

captured by a transient model where vegetativeness of buds can be in one of two states, TA and 

TB, represented as a function of time. When a third parameter the flowering threshold VK is at 

any point greater than TA or TB the corresponding bud would become a flower. In the model 

proposed here the two internal states TA and TB are represented by the single vigor value v 

while the parameter VK is represented by the flowering parameter F. Analogously to the model 

proposed by Prusinkiewicz et al. the flowering event is controlled by a parameter acting as a 

threshold. The main distinction between the model presented here and the inflorescence 

model proposed by Prusinkiewicz et al. is the representation of the bud internal state 

representing the vegetativeness, which is represented by two functions of time in the case of 

Prusinkiewicz et al. and the (self-organizing) vigor flux model proposed in this thesis. 

The case in which a pronounced parent bias is present in the model (R > 0.5), and a bud has 

vigor values v higher than the flowering threshold F at all times in the simulation, while its 

lateral branches are below the flowering threshold F, corresponds to the monopodial flowering 

scheme (Figure 19 left). When vigor values of all branches are below flowering thresholds the 

sympodial flowering scheme is expressed in the model. Thus, an increase in flowering threshold 

corresponds to a continuous progression from monopodial to sympodial branching 

architectures. Figure 19 illustrates such a parameter space: on the left, is represented an 

architecture with a small value for the flowering threshold. Only the feebler, higher-order 

branches, those of less structural importance to the architecture, become flowers. The main 

branches keep on growing vigorously, expressing a monopodial flowering scheme. The middle 

tree model represents the case where all branches but the trunk are below the flowering 
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8.3 Time of Meristem Activity 

8.3.1 Growth rhythms  

Rhythmic growth in trees is a commonly observed phenomenon in the temperate climate when 

first buds break in spring after winter dormancy. However, rhythmic growth is occurring even 

under relatively uniform environmental conditions [Greathouse et al. 1971, Hallé and Martin 

1968]. Further, the periodicity of growth rhythms can be controlled by changing shoot size (e.g. 

by cutting off leaves or branches) [Greathouse et al. 1971], showing that growth rhythms are 

endogenously controlled. In the growth model growth rhythms are a manifestation of feedback 

oscillations reflecting the efforts of the tree to achieve a functional balance between the root 

and shoot system; a model idea first proposed by Borchert [1973]. A similar idea has been 

proposed by Prusinkiewicz et al. [1995], where using the Borchert and Honda flux model for 

capturing both the growth of shoot and root, the shoot flux was made proportional to the root 

flux. 

Continuous growth in the model can be induced by selecting a root function R(x) that specifies 

values of root flux RT that always exceed the total vigor flux value VT (the representative of the 

total shoot flux) at all simulation steps (section 7.4.2). Rhythmic growth is expressed in the 

model when total shoot flux exceeds the root flux total. The following example (Figure 20) 

illustrates two cases of development. First, there is the continuous case, where root flux is 

greater than shoot vigor flux at all times in the model simulation (green graphs). In this case, 

the parameters of growth are therefore always in their maximal or minimal states. Second, 

there is the rhythmic case, where the light flux is increasing faster than the root flux, resulting 
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in the periodic adjustment of branch growth parameters (red graphs). The stair-like pattern 

reflects the effect of the adjustment of global growth parameters, such as dormancy parameter 

D or growth function fgrow, on total vigor flux VT. Climatic impact on growth rhythms can be 

introduced by modulating the root function to express cyclic periods of total arrest of growth. 

 

 

Figure 20. Graph depicting continuous (green) and rhythmic development (red) in the model. 
In the case of rhythmic growth the shoot flux is increasing faster than the root flux, resulting 
in the periodic adjustment of shoot growth parameters to maintain a balance between shoot 
and root flux. 

 

 

 

 

rhythmic 

continuous 

root flux represented by dotted line 
shoot flux represented by solid line 
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8.3.2 Prolepsis and Syllepsis 

The simulation of rhythmic growth enables the model to capture branching architectures 

characterized by recurring whorls of branches. These whorls are the result of rhythmic growth, 

where dormant buds are activated at once (prolepsis) after a period of dormancy and develop 

often in very specific patterns. In contrast, in sylleptic growth shoot growth is initiated without 

entering a resting period, and axillary shoots grow contemporaneously with the apical 

meristem of the parent shoot.  

With rhythmic growth present in the model (see section 7.4.2), apices may enter a resting 

period as the dormancy parameter D is increased after initial shoot growth. This would 

correspond to proleptic growth. However, if the dormancy parameter D is insufficient to 

suppress activation of apices, for example due to continuous growth, sylleptic growth is the 

result.  Figure 21 illustrates proleptic growth (apices activate simultaneously after a period of 

rest) to the right and sylleptic growth (apices activate immediately) to the left. 
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8.3.4 Cladoptosis 

Branch shedding is a very common phenomenon in trees. Each year a large number of branches 

can be shed, depending on the tree species [Buck-Sorlin and Bell 1998, Dewitt and Reid 1992]. 

The removal of branches has in many ways as much impact on tree form as branch addition 

itself. A good example of the effect of shedding on the tree is the creation of tall boles. 

In the mathematical model branch shedding is directly modeled by the L-system (Table 1). 

When vigor flux at a bifurcation point drops below parameter S the entire branch following 

after the bifurcation point is removed from the simulated structure. Different parameter values 

for S result in a varying degree of shedding. 

 

8.4 Advanced Concepts of Plant Branch Construction 

8.4.1 Architectural Models 

The architectural study of tree form culminated in the introduction of the architectural models 

to describe the various patterns of tree form development found in nature. 23 such 

architectural models have been defined, each by a unique set of developmental characteristics, 

such as orthotropy or monopodial growth. The diverse patterns described by the architectural 

models have been applied to great range of developmental habits found in nature (see chapter 

5, Hallé 2004). 

One of the major advantages of the model presented here is that it captures key aspects of 

trees growing according to almost all of the architectural models. Moreover, these specific 
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of Aubréville and Fagerlind is given by the impact of flowering on vigorously growing branches. 

Flowering in all branches but the trunk is the case in the model of Fagerlind, but is absent in the 

model of Aubréville, where it is confined to structurally unimportant branches that would have 

not grown at all or only very little. The model of Leeuwenberg (c,f) is subject to less perceivable 

changes of architecture. The typical diffuse branching form that results from a well-branched 

Leeuwenberg architecture (c) with little or no vigor bias becomes more conical due to the 

enhanced growth of branches that lie at the periphery of the tree crown due to the differential 

growth preference (f). Such differences of form in the architectural model of Leeuwenberg are 

readily observed in nature, e.g. when comparing the Plumera rubra and Tabebuia rosea tree 

species (Figure 28). 

 

 

Figure 27. Architectural models from the bottom right to the top left: a) Rauh, b) Scarrone, c) 
Leeuwenberg, d) Aubréville, e) Fagerlind, f) Leeuwenberg. 

a) 

b) 

c) 

d) e) 

f) 
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of buds, a tree model that corresponds to the architectural model of Attim (a) or Petit (b) 

transitions to a form that would be attributed first to the model of Cook (d) and Corner (e) and 

finally to forms that neither flower nor produce any lateral buds (g,h). In the model (d) the bud 

formation function does not allow any lateral buds to be formed for the second-order branches 

and since those second order branches are the ones with the lowest vigor values, it is also they 

that will flower. This corresponds to the description of the model of Cook. In the case of model 

(e), branches of first-order are prohibited from forming buds, but flower instead and are 

subsequently shed. The model of Leeuwenberg transitions to the model of Chamberlain (f) 

before transitioning to the model of Holttum (i). The cause for this transition is the high amount 

of flowering which removes the growing apical meristem producing the trunk. However, as an 

axillary bud has been formed by the trunk meristem, the model continues to develop. The 

accumulated vigor flux from the previous growth step is distributed to the newly formed bud, 

which then activates and repeats the growth pattern of its parent, resulting in a trunk 

composed of a linear repetition of branch axes (f). In the case of the model of Holttum (i), the 

trunk is not producing any buds at all, creating a strictly monoaxial structure at all times during 

development. 
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Figure 30. Architectural models from the bottom right to the top left: Rauh (a), Scarrone (b), 
Leeuwenberg (c), Cook (d), Corner (e), Chamberlain (f), Mutant (g), Mutant (h), Holttum (i). 

 

The processes of bud flowering, branch plagiotropy, bud formation, branch hypotony and 

growth rhythms are simulated to obtain a continuous morphospace that captures the essence 

of a majority of architectural models and an impressive diversity of tree forms. It is noteworthy 

that the notion of a continuous morphospace is a very compliant notion with the original 

intention of architectural models. The architectural models are known to transition from one 

model to another in relation to, for example, environmental factors, specifically by levels of 

shade. The Arbutus species, for example, develop according to the model of Leeuwenberg in 

sunlight, but according to Scarrone when in shade [Bell, 2008, p. 342,343]. Such changes in 

development are conveniently described in the mathematical model by a decrease in 

parameter values for F (flowering) associated with shade. The correlation of decreased 

flowering with increasing shade has been observed in other plant species as well [e.g. Cai 2011]. 

a) 

b) 

c) 

d) 

e) 
f) 

g) h) 

i) 
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The continuous morphospace lends itself well to studies of such changes from one 

developmental pattern to another. 

 

8.4.2 Reiteration 

The architectural models were primarily introduced to describe the growth of younger trees. As 

a tree ages, it becomes more elaborate, with different developmental patterns occurring in the 

same architecture. In the context of architectural models this is related to activation of 

dormant branches and spontaneous differentiation of apices due to sudden changes in the 

habit, structural organization or growth environment of the tree [Bell 2008, pp. 298-299]. A 

change from plagiotropic to orthotropic growth potential of a branch which lets it exhibit the 

morphological characteristics of its parent shoot is understood as a reiteration of the 

architectural model of its parent [Oldeman 1974]. There are a number of different forms of 

reiterations which can be further distinguished, such as adaptive reiteration, traumatic 

reiteration and dedifferentiation [Bell 2008, pp. 344-346]. 

The self-organizing model lends itself very well to capturing the phenomenon of reiteration, 

since it is driven by the relations of growth potential between branches and environmental 

signals. An exemplary simulation of emergent reactions to pruning of the Borchert and Honda 

flux method has been shown by Prusinkiewicz et al. [2005].The phenomenon of reiteration is 

thus occurring emergently, as drastic changes to the vigor values of apices can result in a 

change of growth direction. These changes in vigor can come about in the model due to a 

variety of reasons, for instance as a result of changes in the local light environment. When a gap 
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in the tree canopy appears due to the abscission of a big branch, other branches able to exploit 

this space may increase their vigor values and change their developmental path from 

plagiotropy to orthotropy (Figure 31, left). The removal of dominant apices from the 

architecture can enable previously suppressed branches to acquire greater vigor, resulting in 

changes from a plagiotropic to an orthotropic disposition (Figure 31, middle and right). Finally, 

the tropism function ftrop can be defined such that small differences in vigor result in drastic 

changes in growth direction of a particular branch (Figure 32).  

 

Figure 31. Time series of model development. Dominant leader apex is removed during 
simulation (left image), leading to reiteration of branches (middle and right image). 

Reiteration 
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Figure 32. Examples of branch reiteration due to differences of local light conditions. 

 

8.4.3 Metamorphosis 

Dedifferentiation of branches from their expected developmental pattern, such as switches 

from a plagiotropic to orthotropic disposition, are described in terms of reiteration. The 

manifestation of such phenomena in a series of branches is called metamorphosis [Hallé and Ng 

1981, Edelin 1984, 1990]. Trees can be affected by these global changes in developmental 

patterns of branches to varying degrees and in different ways. Some trees do not experience 

metamorphosis at all, while other trees experience gradual or more abrupt changes [Bell 2008, 

p. 348]. 

In the self-organizing model aspects of metamorphosis can be simulated through the 

interlocked development of the root and shoot system. While the development of the shoot 

Reiteration 
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system is modeled in detail as a composition of branches and apices transferring a multitude of 

information between each other, the root development is simply expressed as a function of 

time (section 7.4.2). The root function specifies how much vigor is to be totally distributed to 

the shoot system in each simulation step, a function that has global implications for the shoot 

development. Additionally, the balancing mechanism of the root and shoot system may change 

important developmental parameters, such as the flowering parameter F and the function of 

growth ftrop. The root function can thus be used to affect shoot development in a global way. A 

rapidly increasing root function, for example, may increase global vigor values for branches 

leading to changes from horizontal to vertical growth directions (Figure 33 and Figure 34). 

A global change in growth patterns can also occur in the model due to changes of light 

environment. As the branches that are initially close to the trunk grow further away, they 

escape the shadowing cone of the trunk and may increase in vigor. This can lead to drastic 

changes in branch growth directions, such as from initially plagiotropic to orthotropic branches 

(Figure 35). 
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Figure 34. Abrupt changes from plagiotropic to orthotropic growth (metamorphosis) as a 
result of increasing total vigor flux. 

 

Metamorphosis 
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Figure 35. Metamorphosis of branches due to changes of light environment as branches 
explore space to the side of the main axis of development. Plagiotropic branch growth 
becomes orthotropic branch growth for branches in advantageous light conditions. 

 

 

8.4.4 Age states 

Trees can be categorized according to morphological characteristics, such as height, crown 

shape, leaf shape, rooting features and bark, into separate age states. The demarcation 

between those states can be either quite clear-cut or unnoticeable. The common ages states 

Metamorphosis 

Metamorphosis 
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used to describe trees are seed, seedling, juvenile, immature, virginile, reproductive, subsenile 

and senile [Bell 2008]. These seemingly inherent changes to bud fate due to age are called 

topophysis. 

The self-organizing model proposed here relies on parameters that change over time to reflect 

topophysis. These time parameters set different rules for branch organization to take place and 

emphasize that quite different realistic patterns can be simulated with the same conceptual 

model of tree form. A great example is tree development in its entirety. In the first stages from 

seedling to virginile state, many trees do not branch out much, becoming a rather simple 

structure which gains in height quickly. Upon entering the reproductive phase, sympodial 

growth and the transitioning to crown development may change tree form considerably by 

expanding a majestic crown (Figure 36 left). The subsenile and senile states may see severe 

slowdown in branch vigor with associated changes in branch disposition (Figure 36 right). 
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Figure 36. Model trees in reproductive age state to the left and subsenile age state to the right 
(images taken from Palubicki et al. 2009) using parameters which change over time, a case of 
topohysis. 

 

8.5 Interaction with environment 

Self-organization of branches may not limit itself to interactions between branches of a single 

tree, but can also occur between different trees.  

In the computational model, branches interact with each other both through mutual 

competition in space and for vigor. This interaction can be extended to interactions between 

different tree models in a trivial way. Each tree model is simulated by a separate L-system but 

must reside in the same voxel space. An example of two trees structures simulated with 

different L-systems competing with each other and growing around an obstacle is shown in 

Figure 37. 
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Figure 37. Snapshots from an animation of tree development. Apical control was initially 
present in the tree on the left, then removed in the course of development, resulting in a 
progression from the excurrent form of the young tree to the decurrent form of the old tree. 
This simulation also shows the adaptation of self-organizing trees to the presence of other 
trees and obstacles. Images taken from Palubicki et al. 2009. 
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9. Quantitative model analysis 

In the previous chapters, alongside a description of the growth model, the theoretical 

morphospace covering a large number of botanical phenomena has been presented. The 

illustrations of parameter spaces and model development constitute the main part of the 

model validation. They illustrate the realism of the branching structures compared to previous 

work and the flexibility of the approach by capturing a broad diversity of phenomena. But not 

all aspects of tree architectures can be evaluated in detail based purely on visual assessment. 

Therefore, in this chapter statistical data of generated branching structures is presented and 

compared to measured tree data to provide further means of model validation. Unfortunately, 

the database on measured trees that was available to this project was quite small, resulting in a 

limited statistical analysis. Furthermore, a widely accepted methodology for assessing the 

topological and geometric similarity between branching structures does not exist.  

The construction of a methodology of quantifying branching structures for assessing similarity 

between architectures is tightly related to the aim of the one assessing it. In forestry, for 

example, scientists reduce tree architectures to a few synthetic variables such as biomass, 

length of trunk, or crown shape. A reduction of the complex architectural tree information such 

as this is too indifferent for the purpose of assessing the similarity between branching 

structures. What is needed is a method that is able to demarcate different tree species or 

architectural models even under considerable intraspecific architectural variation. For the 

purpose of more detailed comparisons, methods have been proposed, for example, by Ferraro 

and Godin [2000] and Sismilich et al. [2003]. However, while a great step forward, these 
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methods emphasized comparisons of the topology of the branching structure and to a lesser 

extent of the geometric characteristics, such as length of shoots or diameter of branches. Such 

geometric characteristics have been explored by a larger number of botanists [e.g. Fisher and 

Honda 1979, Buck-Sorlin and Bell 2000, Remphrey et al. 2002, Remphrey and Pearn 2003, 

Goulet et al. 2000]. In these studies, characteristics included shoot length, branching angles, 

number of lateral buds or metamers per shoot, branch diameters and location of lateral branch 

development. On the basis of these characteristics the authors were able to demarcate 

particular tree species. However, these comparisons have been conducted only on a few 

different tree forms and it has not yet been established whether these methods of comparison 

extend to other trees as well: Buck-Sorlin and Bell compared two types of oak trees, Fisher and 

Honda applied their measures to Tabebuia rosea and Terminalia catappa trees and Remphrey 

et al. investigated architectural patterns of ash and poplar trees.  Some authors presented 

methods of analyzing the composition of statistical data using variations of hidden Markov 

chains [e.g. Durand et al. 2005]. These are potentially very useful tools to provide detailed 

information about structural relationships, but a fundamental question was left unaddressed: 

specifically, for none of these proposed characteristics that were used to assess structural 

similarities has it been established that they permit a demarcation of a greater diversity of tree 

forms in nature. In the following discussion, an evaluation of different architectural 

characteristics that have been proposed in the past is presented that might allow a 

demarcation of a greater diversity of tree forms in the future (section 9.3). Preceding this 

discussion some commonly measured statistical data, such as distributions of branch lengths, 
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branching angles and branch density is given when discussing the example of a comparison of 

model trees with a measured walnut tree (section 9.1). 

 

9.1 Comparison of model results to measured walnut tree data 

A measured walnut tree [Sinoquet et al. 1997] was made available to this study by the VPlants 

(Virtual Plants) team located in Montpellier, France, for comparison purposes. The tree was 20 

years old and pruned for timber production when measured with a magnetic digitizer. The 

measurements have then been encoded using the MTG formalism, preserving the topology and 

geometry of the branching structure as much as possible. The MTG formalism has been 

designed to enable users to express both modularity and the multiscale nature of plant 

structures [Godin and Caraglio 1998, Godin et al. 1999]. The growth model parameters have 

been fitted manually until the generated structure perceptually matched the walnut tree. 

Twelve instances of model trees with minor differences in their parameter setups have been 

generated and saved in MTG format. From these datasets statistical measurements regarding 

branch lengths, number of branches, branching angle and branch density were taken. Overall, 

both the model structure and the measured walnut tree had a similar amount of branches 

(about 2000 branches). The density of branches is illustrated by the density maps in Figure 38 

(bottom) and Figure 39 (bottom right). The grey color of the density map indicates how many 

branch tips are found in this section of the tree architecture (color intensity denotes the 

number of branches). In both structures most branches are located between 1m and 2.5 m 

from the trunk. In Figure 39 on the bottom right is a histogram of the distances from one 
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branch tip to the closest neighboring branch tip.  Histograms of branching angles and lengths of 

branch axes are given in Figure 39. 
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Figure 38. Top left: Image of reconstructed walnut tree. To the right and below: Images of 
some of the generated structures for comparison. Bottom: Radial distance of all branches 
from trunk in centimeters for measured walnut tree (left) and a sample procedural tree model 
(right). 
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Figure 39. Top left: Histogram of branching angles between measured walnut tree (solid line) 
and tree models (dotted line). Bottom left: Histogram of branch axes lengths of measured 
walnut tree (solid line) and tree models (dotted line). Bottom right: Histogram of closest 
distances between shoot tips for measured walnut tree (solid line) and tree models (dotted 
line). Vertical bars denote residuals of the averages of the model trees. 

 

9.2 Quantitative architectural models 

Hallé and Oldeman invented the architectural models for the purpose of investigating the 

endogenous mechanisms responsible for morphogenesis. They hypothesized that a number of 

observable characteristics of bud activity were direct manifestations of these mechanisms. The 

Measured walnut tree 
Model structures (averages) 
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list of characteristics they used includes tropisms, branch determinacy (monopodial and 

sympodial branches), apical control1 (architectures with trunk or without), lateral symmetry, 

rhythmic growth and specific patterns of branch reorientation and delayed bud activation. All 

these different patterns manifest themselves in almost any combinations in the architectural 

models which have been proposed to describe the diversity of tree forms found in nature. The 

following methodology attempts to measure quantitatively the characteristics used by Hallé 

and Oldeman in the definition of the 23 architectural models. In a sense, the aim of the 

methodology is to create a quantitative version of the architectural models, with the individual 

models being landmarks in a continuous morphospace spanned by the measured parameters. 

The similarity of two architectures would then be simply defined by the vector between their 

positions in the morphospace. The challenge here is to first adequately measure the 

characteristics used by Hallé et al. and then to use an adequate resolution that can capture 

necessary details of branching structures to make a demarcation of architectures meaningful. 

Among the characteristics employed by Hallé et al. in the descriptions of the architectural 

models, arguably the most frequently used are tropism, branch determinacy and apical control. 

The following method will constrain itself to measure just those characteristics. Here, both 

branch determinacy and apical control are related to the notion of branch vigor. The 

phenomenon of apical control can be described as the condition where a vigorously growing 

terminal apex is controlling the vigor of lateral apices. In branch determinacy, either a 

vigorously growing terminal apex is growing indefinitely compared to less vigorous lateral 
                                                           
1 It is noteworthy that the notion of apical control has not been used in the descriptions of the architectural models 
by Halle et al. directly; however, the phenomenon of apical control is recognized implicitly in the distinction of 
architectural rules into those describing development of the trunk and those describing the development of 
branches. 
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Figure 41. Vigor indices as a function of parent diameter dparent of two model structures. To 
the left, a structure generated under strong apical control (high value for parameter R). To 
the right, a structure with frequent flowering of apices (high value for parameter F). The 
differences in structure and model parameters is measured by the average values of vigor 
indices VI (solid line in the graphs). Lower than 0.5 average value in the structure to the left 
and higher than 0.5 for the structure to the right. 
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The branching structures above are extreme cases of apical control and sympodial branching. 

Usually trees will not have distributions of VI values that are completely below or above 0.5. 

The presence of short shoots in sympodial structures and long shoots getting outgrown by 

lateral branches due to environmental stresses, will in most cases, for both natural and model 

trees, diversify the VI distributions. However, the average values of vigor indices can still be 

used as an indicator to assess the general presence of apical control and monopodial versus 

sympodial branching, under the premise that most branches adhere to a particular growth 

pattern. The three examples below illustrate more diversified distributions (Figure 42). The tree 

model on the left has been generated using identical parameters to the one from Figure 41 

(left) but with slightly less apical control (decreased value for R). In contrast to the tree model 

from Figure 41 (left), some branches have VI values of greater than ½. This is a result of some of 

the bottom branches getting outcompeted by their laterals despite their advantage due to 

apical control, resulting in their being environmentally positioned (e.g. bottom branch on the 

right). The tree in the middle has been generated using no apical control, resulting in vigor 

values that are closer to one half, indicating overall similar rates of development between 

branches. The tree model on the right is growing rhythmically and has pronounced short shoot 

development as opposed to the tree model of Figure 41 (right) which was generated by an 

otherwise identical parameter setup. This leads to the formation of quite a few shorter 

branches that do not strongly compete with the distal branches of each shoot that activate 

after terminal flowering and grow vigorously (continuing further branch growth). 
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Figure 42. Three model trees and their VI distributions as a function of parent diameters. In 
contrast to the clear distributions of VI > 0.5 or VI < 0.5 from Figure 34, these architectures 
contain diverging VI values. In the first two structures these are brought about by effects of 
competition for light and in the structure to the right by pronounced short shoot growth 
incorporated in the growth function definition. 

 

Notice how despite the absence of apical control in the middle tree in Figure 42, the vigor 

values are still slightly below 0.5. The main reason is that the apex producing the trunk has a 

natural advantage in acquiring space over other branches by growing more erectly upwards. A 

distribution composed of more tightly scattered VI points around 0.5 is obtained by tree models 

generated under the influence of bending of branches due to the effects of gravity. 
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The measure can also be applied to natural trees. In Figure 43 are depicted two examples of 

measured lime trees and a cherry tree and their VI distributions. These measured tree 

structures have been provided by the VPlants team from Montpellier, France. I thank Chakkrit 

Preuksakarn and Frédéric Boudon for making the tree reconstructions available to this study 

and helping with the analysis. I also thank Eero Nikinmaa for making the lime tree data 

available. The trees were scanned by a laser device and from the resulting point cloud the tree 

geometry and topology reconstructed using a version of the space colonization method 

[Preuksakarn et al. 2010]. While the graphs of vigor indices of the lime trees show the presence 

of apical control and monopodial branching pattern the cherry tree distribution does seem to 

have diverging average values of vigor indices. For the smaller branches appear to be 

monopodial, while the bigger branches appear sympodial. Both tree species belong to the 

architectural model of Rauh and should be composed of monopodial branches. The high 

average VI values for the cherry tree indicate sympodial growth. This could indicate some 

traumatic event during early plant development that allowed lateral branches to outgrow their 

parents. However, for most branches of the cherry tree, monopodial growth has been 

measured. 
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Figure 43. VI distributions of reconstructed real trees. Left and middle: two lime trees. Right: a 
cherry tree. 

 

The distributions of the two lime trees look very similar to each other, indicating that similar 

trees might have similar statistical footprints of vigor indices (unfortunately, no further lime 

trees were available for the project). However, for model trees it has been observed that 

variations between statistical data using similar parameter setups are much smaller than for 

structures with very different parameter setups. By varying the seeding of the voxel space and 
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changing the start incision angle of branch phyllotaxy a number of 20 instances for some of the 

models introduced earlier were generated. These differed visually in form (Figure 44 right), but 

as can be seen from the graph depicting the average values of the 20 VI distributions, the 

residuals are very small (Figure 44 left).  

 

Figure 44. VI average values and their residuals (vertical bars) for a set of 20 different 
procedural models generated by different seedings of the light space. 

 

The measurement of vigor indices enables the demarcation of monopodial and sympodial 

architectures. If the average VIs are low, a more monopodial structure is indicated, whereas 

higher VI values indicate sympodial architectures (Figure 45). Architectures which are neither 

sympodial nor exhibit the phenomen of apical control are indicated by VI values of close to one- 

half. 
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