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Abstract. A probabilistic calculus, derived from Milner’s SCCS, WSCCS is
presented. We define a notion of bisimulation for probabilistic processes and
show that it is a congruence. A simple equational characterisation is shown to
be both sound and complete for finite processes. We present many examples
including some extended ones. The larger examples show both the expressive
power of WSCCS and the availability of simple proof methods for some complex
systems.

1. Introduction.

Process algebras [Mil83, BBK86, Mil90] depend upon concepts of non-determinism,
or choice; however the biases in the resolution of such choices are usually left un-
specified. It is natural to consider extending such systems by adding a probabilis-
tic quantification for non-determinism. Recently there has been much interest in
the properties and representation of concurrent probabilistic systems [CJS90,
LS89, GSSTI0, SST89, Jon90, JS90, Tof90a, SS90, Chr90] and in probabilistic
sequential systems [Wel83, Rab76]. One reason for this interest is that proba-
bilistic methods of computation often offer more efficient and more fault tolerant
solutions than conventional deterministic methods. A probabilistic system will
often cope with the presence of faults simply as a consequence of its underlying
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algorithm [Tof90b, Tof91], avoiding the need for modification to handle fault
generating situations.

In this paper we shall give an account of a calculus relying upon a notion
of relative frequency, as this is formally simpler than the direct description of
probability. In particular we will be looking at the choice operator of our calculus.
Conventionally, we write a choice as

A+ B

and interpret it as a process that has the capabilities of both the processes A
and B. This choice is underspecified. In an unbiased environment - one which
lets the process decide which choice to take - we could see behaviours ranging
from infinite selection of one process over the other to some fixed ratio of choice
between the processes.

The theory of Markov [Kei] and stochastic systems is rich, and includes many
general results. As a consequence of our processes being probabilistic in nature,
they can be realised within these frameworks and existing theories exploited to
prove properties of our processes. Indeed the later examples of this paper exploit
some simple Markov theories, which enable us to prove properties of some highly
complex (in terms of their number of states) systems.

Our calculus is synchronous, since we shall be quantifying the relative fre-
quency of free simultaneous choice. In an asynchronous system choices may be re-
solved at arbitrary times, thus giving a choice which may not be between equally
free objects. This calculus simplifies the probabilistic system of [SST89,GSST90]
and is based upon Milner’s [Mil83] synchronous calculus of communicating sys-
tems. We choose not to quantify our choices directly with probabilities but to
use weights which we can interpret as probabilistic specification via the concept
of relative frequency; our notion of equality will allow us to make that interpre-
tation. Our intention is that processes such as the following will be identified:

1:P + 2:Qand3:P + 6:Q.

That is to say that we shall see 1 occurrence of P for every 2 of @ in the left
hand process, and shall see 3 occurrences of P to every 6 of @ in the right hand
process. Since the relative frequency of P and @ is the same in both systems we
would like to equate these process descriptions.

Whilst a calculus built from natural weights may at first seem unnatural as
a way of expressing probabilities, we shall consider the calculus as describing
rational probabilities, which we have forced into naturals by multiplication by a
suitable factor. We shall see later that multiplication of weights by a constant
factor is conserved by our interpretation of WSCCS processes.

We exploit some special weights, which will be denoted by the symbols,

w,w? Wt
to express a notion of priority. We shall introduce an operator, similar to that
of [BBK&6], which will extract the highest priority part of a process. However,
unlike the earlier work, our priorities can be dynamic. The relative priority of two
actions is given by the syntax of the process and thus does not have to remain
fixed over the execution of the process. The use of powers of priority gives us a
richer notion of priority than that given in [Tof90a, SS90], in particular we are
able to address the question of mazimal progress, that is to form our processes in
such as way that they will compute whenever their environment will permit them
to. Whilst the work of [Cam89] has a dynamic notion of priority (within CCS);
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it requires that the operational semantics is parameterised by environments, our
semantics avoids this problem.

Weights are operationally more convenient than probabilities since we do not
have to ensure that they normalise to any particular value. This normalisation
problem is the cause of the complexity of the derivation law for permission in
probabilistic systems. Using weights the permission rule is literally the pruning
of sub-processes that will never execute as none of their actions are permitted.

Since our calculus is synchronous we have a simple notion of time. Whilst this
is not as rich as many of the timed systems now available [RR86, Tof89, MT90,
HRI0, Yi90, CAM90 and many others], it is sufficiently expressive to allows us
to observe simple temporal properties of our processes, much as we can with
SCCS [Mil83].

As in [SST89, GSST90, Tof89, Tof90a] we shall work with a multi-coloured
transition system; that is to say we have more than one notion of evolution. We
intend to use two different mechanisms of state change, either by a weighted
choice, or by the performance of a named event. This description method is used
as it makes the underlying mechanism of state change clear, and we obtain a rich
system which is capable of expressing most of the processes we wish to study.
Consequently our model is stratified [GSST90] which is suspected to be the most
abstract possible for such systems.

We proceed by defining our calculus WSCCS, the weighied synchronous cal-
culus of communicating systems. Its syntax and some motivating examples of
processes are presented, followed by the language’s operational semantics. We
define a notion of process equivalence based on matching the absolute frequency
with which equivalent states can occur, and demonstrate that it is a congruence.
Subsequently, it is straightforward to define an equivalence based on the rela-
tive frequency of occurrence of equivalent states, which is indeed a notion of
probabilistic equivalence.

From our notions of process equivalence we have a simple equational char-
acterisation of WSCCS processes and this is presented. We show that it is both
sound and complete for finite processes. We conclude the technical introduction
to the language WSCCS with a description of some uses of priority.

Subsequently we present four extended examples, intended to demonstrate
the usefulness of the calculus and its simplicity, these are an eager buffer, a first
come first served resource allocation system, a self-synchronising system and a
probabilistic task allocation system.

The eager buffer is a buffer in which the data is moved as far in the direction
of its destination as it is possible to do so, using empty cells. Thus mimicing a
physical buffers usual data availability performance. We demonstrate that such
a buffer can be constructed from simple cells within our language.

The first come first served allocation system, is one in which there is a single
resource, which may be claimed by many competing users. The resource should
be allocated to the user that has been waiting the longest. We demonstrate that
by using our dynamic priorities such an allocating strategy can be coded without
auxiliary processes or data structures.

The autosynchronisation algorithm is a method for synchronising a large
number of distributed systems. The system is uniform, that is all of its compo-
nents are identical. We demonstrate that such a synchronisation methodology is
tolerant to component failure, as well as local clock errors. We exploit a powerful
general proof method to demonstrate the properties of our synchronisation sys-
tem. This example exploits our ability to code broadcast actions within WSCCS.
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Finally, we present a probabilistic task system, which also exploits the Markov
chain decomposition theorem to demonstrate its correctness. Our parallel prob-
abilistic task allocation system is shown to be both dynamic, that is changing
allocations in response to work load changes, and tolerant of failures of two dif-
ferent kinds. These last two examples are substantive and have been used to
explain some Biological behavioural problems. Far more extensive discussions of
the properties of these two systems can be found in [Tof90b] and [Tof91] respec-
tively.

2. The Language WSCCS.

Our language WSCCS is an extension of Milner’s SCCS [Mil83], a language for
describing synchronous concurrent systems. To define our language we presup-
pose an abelian group Act of atomic action symbols with identity / and the
inverse of a being @. As in SCCS, the complements a and @ form the basis of
communication. Normally multiplication of actions will be represented by jux-
taposition, but when clarity demands we shall use the symbol # to represent
action composition. We also take a set of weights W, denoted by w;, which are
of the form nw* with n from the positive natural numbers P and the w* (with
k > 0) a set of infinite objects, with the following multiplication and addition
rules assuming k > k':

k k k

7
= mwF 4 nw* nwk+nwk=(n+m)w = mw* + nw
! 1
EHED — ok’ 5 nwk

1
nw® + mw*’ = nw

nwk

*mwb = (nm)w
We consider the objects n used as weights to be abbreviations for nw®. It is
straightforward to demonstrate that our notions of multiplication and addition
on weights are both commutative and associative, and that weight multiplication
distributes over addition. Finally, that projection (A (nw*) = n) distributes over
both addition of equal priority weights and multiplication. Finally we assume a
set of process variables Var.

The collection of WSCCS expressions ranged over by E is defined by the
following BNF expression, where a € Act, X € Var, w; € W, S ranging over
renaming function (those S : Act — Act such that S(,/) = v/ and S(a) = S(a)),
action sets A C Act (with / € A), and arbitrary finite indexing sets I:

E:=X|a.E|Y{wi:Eliel}|ExE|E[A]|O(E)| E[S] Iu,-:?:E~.
We let Pr denote the set of closed expressions, and add 0 to our syntax, which

is defined by 0 &l Y {wiE;li € 0}.
The informal interpretation of our operators is as follows:

0 a process which cannot proceed;

X the process bound to the variable X;

a.E aprocess which can perform the action @ whereby becoming the process
described by E;

S {w; : B;ili € I} the weighted choice between the processes E;, the weight
of the outcome E; being determined by w;. We think in terms of repeated

*
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experiments on this process and we expect to see over a large number of

experiments the process E; being chosen with a relative frequency of ﬁ:
1€ T

e E x F the synchronous parallel composition of the two processes E and F. At
each step each process must perform an action, the composition performing
the composition (in Act) of the individual actions;

e E[A represents a process where we only permit actions in the set A. This
operator is used to enforce communication and bound the scope of actions;

e O(E) represents taking the prioritised parts of the process £ only.

e E[S] represents the process E relabelled by the function S;

. ,u,-a":E‘ represents the solution «; taken from solutions to the mutually recur-
sive equations Z = F.

Often we shall omit the dot when applying prefix operators; also we drop
trailing 0, and will use a binary plus instead of the two (or more) element in-
dexed sum, thus writing Y {51 : a.0, 6 :b.0i € {1,2}}asb:a + 6 :b.
Finally we allow ourselves to specify processes definitionally, by providing re-

. - . d
cursive definitions of processes. For example, we write A e/ a.A rather than
uz.az.

2.1. Simple Examples

We present some simple examples of processes definable within the WSCCS
syntax as a motivation for the operational semantics that follows.

2.1.1. Gambler’s Ruin.

We take the actions 1, 2, 3, 4, 5, 6 and describe a fair die as the following
process: :

Die ® 1:1.Die +1:2.Die + 1:3.Die +1:4.Die 1:5.Die + 1 : 6.Die,

and a gambler with an amount of money n, who wins 6 units of money when
a six is thrown and loses his stake (of size one) on any other outcome as the
following process (we add the actions win and lose):

Gamb(0) < 0
Gamb(n) “. Lose.Gamb(n — 1) + 1 : 2lose.Gamb(n — 1)
1 : 3lose.Gamb(n — 1) + 1 : 4lose.Gamb(n — 1)

1 : 5lose.Gamb(n — 1) + 1 : 6win.Gamb(n + 6)

The process

Game(n) &f (Gamb(n) x Die)[{:/, win, lose}

describes a betting game in which the gambler starts with n units of money.
We can use this description to find the Markov system that the above process
describes and we could predicate such parameters as the expected time until our
gambler is bankrupt. We can make our die unfair by changing the weighting of
the various outcomes, such an unfair die can be described as,
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Unf 2:1Unf+1:2Unf+1:3.Unf+1:4Unf 42:5Unf+1:6.Unf;
this die only produces a six one time in eight. If the process Unf is used in place
of the Die process in the game, our gambler would run out of money sooner.

If the group Act has the structure that the operation on number actions is
to add them. For example a synchronous action of 243 being the same as the
action 5. Then the process

Die x Die

will describe rolling two dice and adding their outcomes. Notice, if we had a free
multiplicative structure on the actions, then we would need a further process to
perform the addition of the outcomes of the individual die roles.

2.1.2. Spontaneous Failure.

Most systems are subject to spontaneous failure due to hardware faults or dis-
ruption of electricity supply; but most descriptions of systems assume that they
do not have behaviour of this nature. The process

Fail Y m ./ Fail +1: fail.0
describes a system that emits the action fasl with weight 1 at each turn and then
becomes the nil process. If we take an idealised process M describing a system
without spontaneous failure then the behaviour of the process

M x Fail

will be that of M except on a fail action where the process will subsequently
stop. Note that there is no communication structure allowing M to prevent the
occurrence of a fail or even influence its likelihood.

2.1.3. Competing Priorities

One problem in giving an account of priority is when two processes wishing to
communicate have incompatible priorities. Such a system could be presented as:

P def w:a.R1 +1:0.5

Q déf w:b.8 +1:3.Ry

Sys < (P x Q)[(Act - {a,b})

In the above P wishes to give a priority over b, whilst @ gives priority to b over
@, so their is a degree of conflict. Some authors [Cam90] forbid such constructs.

In our interpretation the above system Sys will prove equal to:
w v/ (Ry x Ra)[(A = {a,b}) +w : /(81 x S2)[(A — {a,b})

which can be interpreted as we have the same probability of arriving in either
permitted state. This would seem a natural account of such competition.

2.2. The Semantics of WSCCS.

In this section we define the operational semantics of WSCCS. The semantics
is transition based, structurally presented in the style of [Plo81], defining the
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actions that a process can perform and the weight with which a state can be
reached. We shall define two forms of transition, the first will witness the perfor-
mance of an event from the group Act; the second will witness the performance
of some choice with a particular weight. Unfortunately for our second form of
transition a relation is too weak, since we do not wish to identify the 1 transitions
inl:P+1:P+2:Q. Such an identification would not permit us to interpret
the weights as probabilities. Consequently we must retain both of the 1 transi-
tions in the above process, as a result we have a multirelation between states,
weights and their descendants. Since we do not want unnecessary replication of
transitions we must take the least multirelation consistent with the derivation
system.

In Figure 1 we present the operational rules of WSCCS. They are presented
in a natural deduction style. The transitional semantics of WSCCS is given
by the least relation —C WSCCS x Act x WSCCS, the least multi-relation
+—C bag(WSCCS x W x WSCCS) !, which are written E - F and E > F
respectively, and the least relation does 4 (F') satisfying the rules laid out in Figure
1. These rules respect the informal description of the operators given earlier.

The predicate doess(E) defines those states which can potentially perform
an action from the set A starting from the state E. It is well defined since we have
only permitted finitely branching choice expressions. This operationally defined
predicate is used to produce the behaviour of the permission operator, which is
to prune from the choice tree those processes that can no longer perform any
action. As an example consider:

Pdéflza+2:(3:b+4:c)

if we take P[{a,b}, then we need to retain both the 1 and the 2 transitions
from P as the process could perform as action from 3 : b + 4 : ¢. However, if
we took P[{a} then we must lose the 2 transition as none of its descendants are
permitted to perform any activity

2.2.1. Direct Bisimulation.

Our bisimulations will be based on the accumulation technique of Larsen and
Skou {LS89]. We start by defining accumulations of evolutions for both types of
transition.

Definition 2.1. Let S be a set of processes then:
o P+ S with w = Y {w;| P 25 Q for some Q € S}; 2
o P 2. S iff there exists @ € S and P - Q.

We define a form of bisimulation that identifies two processes if the total
weight of evolving into any equivalent states is the same. This is not quite the
identification we wish to make, but we will make such an identification later.

1 Where bag(WSCCS x W x WSCCS) is the bag whose elements are those of the set
WSCCS x W x WSCCS, with the usual notion of bag.

2 Remembering this is a multi-relation so some of the Q and w; may be the same process and
value. We take all occurrences of processes in S and add together all the weight arrows leading
to them.
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e.E-E S {w; Eilie T}~ E;
E-E P p E-SE P F
ExF—“LE’xF’ ExFSE! x B
E-2E P F! E-SE F2SF!
ExFSExF! ExFSE s F
E-SF' acA E-5E' doess(E')
doess(E) does s (F)
E-SE' acA E—SE' doesa(E')
E[A-SE'[A E[AXSE'[A
E—F' B E

ES124 ] B[SV E[S]

E{wi . [E/5]} S E Ei{ui.[E/F]p-=F
ik B E! JTE oy
k K
E%E’ EXSE'(K >k). B
O(E)—O(E') O(E)-2-0(E")

Fig. 1. Operational Rules for WSCCS.
Definition 2.2. An equivalence relation R C Pr x Pr® is a direct bisimulation
if (P,Q) € R implies for all S € Pr/R that:

e forallwe W, P> Siff Q-5 S,
o foralla € Act, P 2 Siff Q % S.

Two processes are direct bisimulation equivalent, written P L @, if there exists
a direct bisimulation R between them.

Definition 2.3.
A= U{R | R is a direct bisimulation }.

That 2 is a direct bisimulation follows immediately from it being a union of
direct bisimulations.

3 We denote the equivalence class of a process P with respect to R by [P]r- When it is clear
from the context to which equivalence we are referring, we will omit the subscript.
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Lemma 2.4. Let P and @ be processes such that P K3 Q. Then for all action
sets A, does 4 (P) iff does4(Q).

Proposition 2.5. Direct equivalence is substitutive for finite processes. Thus,
given P 9 Q and P; ~ Q; for all i € I then:

l.a.P2agq; 2. Sierwi : Py & Sieqwi ¢ Qi
3.PxELQxE;, 4. P[A~LQ[A;
5. P[S]ZQISl 6.6(P) L e(Q).

Proof. (After [Mil89, GSST90]) We proceed by induction over the structure of
the process and the size of the process:

1.aPR a.Q) immediate;

2. Tieqwi * P; 4 Yierw; : @; immediate;

3. PxEA Q x E, we construct the equivalence relation
R={(PxE,QxE)|PLQU{(PxE ExQ)|P~Q}. So consider the

weight evolutions of the two processes,

if P x E+2 [P’ x E'] then
V2L [P'] and E V% [E'] also (possibly)
V2, [E'] and E +22 [P']
with w = wyv; + wyvy, hence
% [P'] and
Q *3 [E"), thus
QxES[Q x E'l =[P x E').
Likewise for the action evolutions,
if Px E -2 [P’ x E'] then
P [P]and E - [E')
with ¢ = bc,
thus Q - [P'] hence
QxE-S5[Q x EN=[P x E.
The symmetric cases follow immediately by the same proof;
4. P[A 2 Q[A we define R = {(P[A,Q[A) | P < Q}. Now consider the weight
evolutions of the processes,
if P[A " [P'[A] then
P+ [P"], and hence
Q% [P, thus
QA= [Q'TA].
From lemma 2.4 as doesa(Q') iff doess(P') since Q' L P
so [@'[A] = [P'[A] as required.

Similarly for the action evolutions
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if P[A -2 [P'[A] with @ € A then
P % [P'], and hence
Q % [P'], thus

QA — [Q'TA] = [P'[4];

5. P[S] L Q[S] immediate.

6. O(P) b ©(Q) follows from P and @ matching on the highest power of w they
can perform, and subsequently match at all stages.

d0

We proceed by the usual technique of pointwise extension to define our equiv-
alence for finite state processes.

Definition 2.6. Let £ and F be expressions containing variables at most X.
Then we will say £ £ F if for all process sets P, E{P/X} 4 F{P/X}.

Proposition 2.7. If £ & F then wiX.E L wiX.F.
2.2.2. Relative Bisimulation.

Unfortunately, the congruence given by direct bisimulation is too strong; it does
not capture our notion of relative frequency, but captures total frequency. Since
we would like to be able to equate processes such as,

2:P4+3:Qand4:P + 6:Q,

we need to weaken our notion of equality. The basic idea is that in order to
show two processes equivalent, for each pair of equivalent states we can choose
a constant factor such that the total weight of equivalent immediate derivatives
is related by multiplication by that factor. If we can do this for all potentially
equivalent states then we will say that the processes are the same in terms of
relative frequency. Since the constant factor may well need to be a rational (and
we wish to keep our numbers as simple as possible) we will actually use two
constants in comparing relative frequency. This allows us to use a symmetrical
definition.

Definition 2.8. We say an equivalence relation R C Pr x Pris a relative bisim-
ulation if (P, Q) € R implies that:

1. there are ¢1, ¢y € P such that for all S € Pr/R and for all w,v € W, P > §
iff Q +> S and cyw = Cov;
2. forall S € Pr/R and for all a € Act, P - S iff Q = S.

Two processes are relative bisimulation equivalent, written P ~ @ if there exists
a relative bisimulation R between them.

We have chosen to use multiplication by a constant rather than division as
this permits us to stay within the natural numbers. We could have normalised
so that the total weight actions of any state is 1, and then we would have had an
equivalence that is identical to that of stratified bisimulation [SST89,GSST90].
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Definition 2.9.

A= J{R| R is a relative bisimulation}.
Proposition 2.10. Let P and @ be processes such that P L Q, then P < Q.
Definition 2.11. Let ~E~‘ and F be expressions containing variables at most X.
Then we will say E ~ F if for all process sets P, E{P/X} ~ F{P/X}.

Proposition 2.12. ~ is a congruence for finite and finite state processes.

2.3. Abstract Bisimulation

We would like a notion of equivalence that permits us to disregard the structure
of the choices and just look at the total chance of reaching any particular state.
This is known not to produce a congruence: [GSST90], but is a useful notion of
equivalence. Obviously this cannot be well defined for processes with unresolved
priority weight transitions.

Definition 2.13. We define the probability of a transition: P 2 P, if P 2

P’ and the total weight of transitions from P is v/, with p = -

Definition 2.14. We define an abstract notion of evolution as follows;
P prigp 2y P pr with p = [ pi.

In order to define an equivalence which uses such transitions we need a notion
of accumulation.

Definition 2.15. Let S be a set of processes then:
P it p= S {pilP “BY Q for some @ € 5}; 4

We can now define an equivalence that ignores the choice structure but not
the choice values.

Definition 2.16. We say an equivalence relation R C Pr x Pr is an abstract
bisimulation if (P, Q) € R implies that:

for all S € Pr/Randforall p [0,1], P & it @ 2 5.

Two processes are abstract bisimulation equivalent, written P ~ Q if there exists
a abstract bisimulation R between them.

This will not be substitutive as the following counter example demonstrates.
Consider the process:

(I:a+1:(1:0+2:¢)[{a,b}
we can demonstrate by abstracting the inner part that it is the same as:

(3:a+1:b+2:c)|’{a,b}23:a+1:b

* Remembering this is a multi-relation so some of the Q and p; may be the same process and
value. We take all occurrences of processes in S and add together all the weight arrows leading
to them.
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there is a surjection f : [ — J with
(£1) Bicrwi : By = Sjeqv; « By qv; = E{wld E.I/\ f@) =3},
and for all ¢ with f(7) = j then E; = E;.

(Fzp1) a.Exb.F=ab(Ex F)
(Ezpz) a.E x Tjev;: Fj =Ejeqvi: (a.E x Fj)

(Ezps) PxQ=QxP
(E':cp4) (Eielwi : Ei) X (EjEij . FJ) = E(,"j)e(jxj)’l)iw]' : (E,' X Fj)

(Resy) (a.BE)[A= {a-(E(A) ifaeA

0 otherwise.

(Resz) (Zierw; : E;)[A = Ejegwj : (E;[A) where J = {i € I|da(E;)}
(©1) ©(a.E) =a.0(E)

(©2) O(Zicrwi : Ei) = Ejes N (w;).0(E;) where J = {i € I|3n and w; = nw™e«{w:}

(Ren) E;Hw; B = Eielnwi : E; where n € P

Fig. 2. Equational rules for WSCCS.

but performing the permission first and then equating is:
(Tia+1:(1:b)~1:a+1:b

which is not the same. However, this relation can easily be shown to be an
equivalence. It is included as it is the formalisation of the translation of WSCCS
processes into Markov systems. That is, for each state distinguished with this
form of transition we have a state of a Markov system and the transition prob-
abilities are those given by the probabilities.

2.4. Equational Characterisation of WSCCS.

We present some equational laws over WSCCS processes in Figure 2, these form
a sound and complete equational system over the finite processes in WSCCS
[Tof90a]. We shall write p = ¢ for p ~ g.

Definition 2.17. Let A be an action set then the syntactic predicate, da(E),
expressing the fact that E can perform an action in A, is defined recursively as
follows:

o ds(a.E)iffa€ 4
o If there exists i € I with d4(E;) then da(Zicrw; : E;).
Note, that whilst d4(E) performs the same role, we cannot use the predicate

does 4 (E)in our equational theory as it is defined over the operational semantics
of our processes.
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Definition 2.18. Let W be a set of weights {w;} then maz, (W) is the maxi-
mum power of w occurring in W.

Definition 2.19. We define a projection from weights as follows,

N(mw*) =

The demonstration of the completeness of these equations for finite state
processes follows from an obvious reduction of processes to one of two normal
forms, either:
a.P or
Ligrwi : P
where P and the P; are themselves in normal form. See [Tof90a] for a fuller
account.

2.5. Exploiting Priority.

Our calculus contains an extremely expressive notion of priority which can be
used to express many standard forms of process. We can factorise processes by
exploiting the following distribution equation:

O(P x Q) =0(P) x6(Q)

this holds since the projection function A" on weights distributes over multipli-
cation of weights, and over addition of equal priority weights. This distribution
law demonstrates that the addition of priority to our weights has not disturbed
the simultaneous performance of experiments when they are independent. It is
simple to demonstrate that priority cannot distribute over restriction, indeed it
is clear that it should not do so.

This factorisation allows the sensible definition of two different notions of
asynchronous behaviour within our calculus. The first, which is analogous to
asynchrony within CCS [Mil83] is to use simple non-determinism:

P 1 P11 8P

The second exploits priority and gives us a different notion of asynchrony:

PPt 0P

in this case our action will be performed as soon as the environment will permit
it. This is a simple encoding of the concept of maximal progress which is present
in many timed calculi [HR90, Yi90, CAM90]. Obviously care must be taken in
the presence of restrictions to maintain the interpretation, but this will always
be possible. We will be using this form of asynchronisation in both our eager
buffer and the task allocation examples.

We can also use priority to give a form of broadcast. We take a broadcast
action to be one which all processes capable of receiving should receive. This
translates naturally into a process by exploiting a priority structure, a higher
priority is given to transmitting to more receivers. So if we wish to broadcast an
action @ to up to n processes and thereby become the process P we can write
the following process:

Broad(a,n, P) Yonanp +wr 1" P+t wiaP+1:/P
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this form of communication is exploited in our example of a fault tolerant syn-
chronisation algorithm. An example using the dynamic nature of priority is that
of the implementation of a FCFS discipline which we give later.

2.6. The Eager Buffer.

We wish to define the cells of a buffer which will move stored data into the
free cell closest to the data’s destination. Removing the data and concentrating
instead on its flow we arrive at the following definition of our cells.

For the middle cells of the buffer (1 < n < t), we take the process:

d. .
Eagn éf 1:4nn.Veagn +1:\/.Eagn
d P
Veagn f Mny1.Eagn +1:/ Veagn

The last cell has the form,

d .
Eag: . ne.Veage +1:/.Eag:
di —_—
Veage & 1. out.EBags +1:/.Veag,

and the first cell has the form,

d
FEag, é’ 1 :in.Veagl +1: \/.Eagl
d -
Veagy S ing.Eagy +1:/.Veag

We define our buffer as
Buf; e O((Fag1 X Eagy X ... X Eage)[{in,out})

The above processes Eag; could be said to be output eager, that is they try
and pass on values as soon as possible. Equally we could have defined our cells to
be input eager, grabbing data from an adjacent cell as soon as possible, or even
made both activities eager. We hope that it is clear that all of these forms of
eagerness lead to the same buffer behaviour, and leave the proof as an exercise.

Definition 2.20. A bit operation shr f(b) takes all sequences ..10.. within b and
replaces them with ..01... The operations first(b, v) and last(b, v) make the first
and last bits of the bit vector b equal to the value v respectively.

We shall now demonstrate that the above buffer is indeed eager, in the sense
that data is moved as far to the right as possible. Necessarily, when concentrating
on the control signals, this will resemble a logical shift right operation.

We can define another buffer, using bit vector of length ¢ to describe its state,
we use juxtaposition to represent concatenation within the bit vector:

Buf!(0b0) ' 1: in.Bug!(first(shr £(060),1)) + 1 : /. Buf(shr £(0b0))

This represents a buffer with empty first and last cells, so it can move all internal
data along by one cell, and possibly input data into the first cell. The following
state is obtained when the first data cell is full, but the last is not:

1/ Buf!(shr£(160))

so all data is simply moved towards its destination. In the following case the first
and last cells are full:

Buf'(160)
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Buf'(161) 2 1./ Buf!(shr f(1b1)) + 1 : 5ul.Buf'(last(shr f(1b1),0))

so if data is moved out, then the other data can be moved, using the last cell,
otherwise it moves where it can but cannot occupy the last cell. Finally, we
consider the case, where both input and output are possible:

Buf’ (Obl) 24| : n.Buf’ (frrst(shrf((]bl) 1)) + out.Buf'(last(shr f(0b1),0))+
1 : in&out.Buf!(first(last(shr f(061),0),1))+ 1 : \/Buf (shrf(Obl))
To compare the two forms of the buffer we rename the cells of our original
buffer as follows:

Cellm(l) Veagm
Cellm(o Eagm

It is relatively straightforward to demonstrate that
Buf'(b) = ©((Cell1(b1) x Cella(b2) x ... x Cellg(be))[{in, out})

2.7. A First Come First Served System.

In many systems a single resource can be used by several different users. Often
control of that resource is supposed to be allocated on a first come first served
(FCFS) basis. Evidently, if many parallel components are all requesting a re-
source at the same time, with no distinction being made between them, then the
resource will be allocated in some (semi-)random fashion. It certainly cannot be
guaranteed that the resource is allocated to the process that has been waiting
the longest. We demonstrate how the FCFS resource allocation strategy can be
described very efficiently using the priorities of WSCCS. Indeed, in our descrip-
tion we do not need any auxilary processes. Hence such allocation methods can
be included in large system descriptions with great ease.

A FCFS request process can be described as follows:

P(k) % ok Gel#ta $.pul.80 +1: /. P(k +1)

this is a process which performs a get#ta with priority k; if the get is refused it
then will attempt the get again, but with the next higher priority after performing
a 4/ action. Once the resource is claimed it is retained for a period of time and
then released. The process is then capable of performing ticks indefinately.

The resource the processes are competing for is a simple semaphor:

Res def $get.Res’
Res' %/ $put.Res

Example 2.21. As an example of the FCFS system consider five processes that
have arrived in such a way that they should produce a sequence of actions
a,b,c de:

O((Res x P(5) x P(4)[b/a] x P(3)[c/a] x P(2)[d/a] xP(1)[e/a])[{V/,a,b,c,d,€e})
Start by considering the process ©((Res x P(i){e/a])[{+/, a,b,¢c,d,e}):

= e.0((Res' x $.put.$0)({\/,a,b,c,d,e})
e.(1:/.0((Res’ x $.put. $0)[{\/ a,b,c,d,e})+
l \/E')((Res x $0)[{v/,a,b,¢c,d, e})
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= e.($] 1 /.©((Res’ x $.put.$0) [{v,a,b,c,d,e})+ 1 :/.80)
=e.$0

Now consider the process O((Res x P(i + 1)[d/a] x P(i)[e/a])[{+/, a,b,¢, de}):
= d.O((Res' x $.uL.80 x P(i + 1)[e/al)[{/,a,b,c, d, e})
=d.(1:/.O((Res' x $.put.$0 x P(i + 2)le/a))[{\/,a,b,c,d, e})+
1:/.O((Res x $0 x P_(z + 2)[e/a])[{V/,a,b,c,d,e})
=d.(1:/.O((Res' x $.put.$0 x P(i + 2)le/a])[{V/,a,b,c,d, e} )+
1:/.O((Res x P(s +i)[e/a]) [{v,a,b,¢,d, e})
=d.(1: V.O((Res’ x $.put.$0 x P(i + 2)[e/a]) [{/, a,b,c,d,e})+
1:./.e.80)
=d.\/.$e.%0
Similarly we can show that ©((Resx P(i+2)[c/a]x P(i+1)[d/a] xP(i)le/a])[{V/,a,b,¢,d,e})
=c./.$d./.$¢.80
and that ©((Resx P(i+3)[b/a]x P(i+2)[c/a]x P(i+1)[d/a] xP(i)[e/a])[{V/,a,b,c,d,e})
= b/ Sc./8d./ $e.80
and finally that ©((Res x P(5)x P(4)[b/a]x P(3)[c/a]x P(2)[d/d] xP()[e/a])[{a,b,c,d,e})
= a.\/.$b./.$c.\/.8d.\/.$e.$0

That is it produces the actions a,b,c,d, e in alphabetical order, and therefore
has maintained a FCFS discipline.

To produce a more general example of a queue, we need a process that is
capable of producing several processes to compete for the resource:

Spawn(n) déf m./(Spawn(n + 1) x Pro(1)[an/a]) + n./.Spawn(n)

Composing the spawning process with the resource we get a system where
arbitrary numbers of processes will arrive and compete for the resource:

Sys def O((Spawn(1) x Res)[{a1,az,...})

If this system has processes which obey the FCFS discipline then it should
produce the actions a; in ascending order, interspersed with +/ actions. We could
attempt to show that there is some process of this form identical to Sys, but
this would require calculating the rates of process spawning and the times that
each process retains the resource. For simplicity we shall demonstrate that the
actions marking the aquisition of the resource are performed in ascending order
directly. In order to show that this is the case we make the following auxillary
definition.

Definition 2.22. Let Pri(k) by the priority associated with the action gef#ay
in process Pro within the system Sys.

We can observe that the following is an invariant for the system:
for all 1 < j if there are processes in Sys capable of performing get#a; and H#aj, then
Pri(i) > Pri(j).

We shall prove that the above is an invariant of the system, and hence that
we have constructed a FCFS system.

Proof. We shall show the invariant holds by demonstrating that it is preserved

by all possible transitions of the system. As an abbreviation we write P(i, k) wf

P(k)[a;/a].
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Consider the generalised initial state ©((Spawn(i) x Res)[{ay, as, . . .}) which
is equal to:
n:\/.O((Spawn(i) X Res)[{a1,a2,...})+
m :/.O((Spawn(i + 1) x Res x P(i,1)) ({a1,a2,...})
In both of the possible resulting processes the invariant holds.

There are two general states which we need to consider depending on whether
the resource is currently claimed or not (for i < m):

L. O((Spawn(m+1) x Res x P(i,k;) x ... x P(m, km))[{a1,as,...}), now from
the invariant for j < I we have k;j > k; and hence this process is equal to:

m : ai, .O((Spawn(m+2) x Res' x Sputnilx P(i+1, kig1+1)X...xP(m+1,1))[{a1, az,...})
+n : ai; . O((Spawn(m + 1) x Res' x $put$nilx P(i+ 1,kig1 +1) x ... x P(m, km +
1))[{a1,a2,...})
From the invariant the highest priority claim on the resource is that of
P(i, k;), since k; is the greatest of all the priorities. Hence, the marking action
that is performed is that of the lowest numbered process currently queuing.
In the first resulting process we add 1 to each priority (the least of which
must be 1) and add a new priority of 1, so the order will be maintained. For
the second case we simply add 1 to all but the first priority and hence the
order, of the priorities for remaing queuing processes is maintained.

2. O((Spawn(m+1) x Res' x $get.80x P(i, k;) x ... x P(m, km))[{ay, az,. . 3,
this process has the following behaviour:
m : /. O((Spawn(m +2) X Res' x $3€t.80x P(i, ki +1) X ... X P(m, km +1) x P(m+1,1)
f{u.l, ag,.. })+
m :/.O((Spawn(m+2)x Resx P(i, ki+1)x...x P(m, km+1)xP(m+1,1) [{a1,a2,...})+
n 1 /.O((Spawn(m+1) X Res' x $get.$80x P(i, k; +1) x...x P(m, km+1))[{a1,a2,...} )+
7 /. O((Spawn(m + 1) X Resx P(i, ki +1) X ... X P(m, km + 1))[{a1,a2,...})
In all cases the order of the priorities is maintained, as 1 is added to all the
existing priorities, and if a new process is added then its priority is 1 and
thus must be less than all the others, whilst it has the highest existing index.

From the structure of the above states we can see that the system can only reach
states where there are either no processes queueing and process (say n) is about
to be spawned, or there are all the processes numbered from i to m queuing.
Thus the invariant is maintained over all reachable states of the system. [

In the presence of the invariant it is clear that in any state of the system the
next visible action to be performed will be that available with the lowest index.
Hence, the systems performs the actions a; in ascending order on i, that is, it is
a FCFS system.

3. A Proof Method.

Often with a probabilistic system, the computation proceeds through many states
before reaching a final stable configuration, in which we regard the computation
as successful. The final configuration may be a single state or a small collection
of states. The number of possible intermediate states can be very large and we
need an efficient proof method in order to demonstrate that the fina) (presumably
desired) configuration of the system will be achieved. To this end we exploit a
well known corollary of the decomposition theorem for Markov chains [GS82].
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Definition 3.1. We call a set of states A closed, when for all P € A if P ate] P’
then P’ € A.

Theorem 3.2. Let P be a finite state process, whose derivatives form closed
sets Ay, Az, ..., An, then eventually P evolves to a state in A;, for some 3.

For a proof of the above theorem see page 121 {GS82).

Corollary 3.3. If the derivatives of a process P have a single closed set A, then
P will eventually evolve to a state in A.

The simplest manner to satisfy the conditions of Corollary 3.3 for a process
P; is to exhibit a set of closed states A all of which are derivatives of P, and
to demonstrate that from all other derivatives of P there is a derivation path
leading to a state in 4. The second condition is sufficient to demonstrate that
there are no other disjoint closed sets of states amongst the derivatives of P.

In the following subsections we shall exploit the above methodology to demon-
strate the correctness and fault tolerance of two simple probabilistic algorithms
for synchronisation and for the allocation of work amongst several processors.

3.1. Synchronisation

In many situations the maintenance of an accurate distributed clock (or system
synchronisation) is exploited to simplify the control of distributed programs. We
present a simple algorithm which eventually ensures that all processors will be
synchronised, in which there is no central clock, i.e., any unit can fail and the
synchronisation will be maintained, and which is stable to local clock errors of
fixed absolute magnitude.

The algorithm can be summarised as follows:

1. Count a period s on the local clock and enter a responsive state (2);
2. For the next period d, if the synchronisation signal arrives then accept it and
synchronise and start the clock again (1), otherwise go to (3);

N . e, d
3. Issue the synchronisation signal with some probability p =2 )

to any synchronisation signal.

or respond

The number of processors that are synchronising is given by the variable
z. We represent each step of the local clock in the above by two ticks of each
WSCCS process and arrive at the following formalisation of the algorithm:

Sleep(s) def active.\/.Sleep(s — 1)

Sleep(k) & \// Sleep(k — 1)
Sleep(0) o Doze(d)

The above process represents a synchronising process in state (1), it performs
2s ticks and then enters the state Doze(d), the active action records the hoped
for synchronisation point.

For (0 < k < d):

Doze(k) o V(1 : sync.Sleep(s) +1:/.Doze(k — 1)
Doze(0) def Decide
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In the above, if the synchronisation sync is input the process returns to the
start state, otherwise it performs ticks until it can issue the synchronisation
signal.

For (0 <k < 2):

Decide & m . V- Wakeable + n : \/.Broad(z)
Broad(k) = Sync* .Sleep(s) + Broad(k — 1)
Broad(0) a“fy, V. -Sleep(s)

Wakeable < 1 : sync.Sleep(s) + 1:\/.Decide

The process Decide chooses whether or not to issue the synchronisation signal
with the given probability. If the process enters the state Broad(z), then it tries
to contact as many processes as will listen with the synchronisation signal, by
broadcasting it. In the state Wakeable if the synchronisation signal is received
the process returns to its start state, otherwise it will retry on whether to issue
the synchronisation signal.

We can describe a collection of the synchronising processes by taking a col-
lection of times i; for 1 < j < z and composing z synchronisers together.

Sys def O((Sleep(i1) X ... X Sleep(iz))[ {active, active?,. .., active?})

Clearly we should wish to be able to establish that the above system will
eventually synchronise, that is to say that it will reach the state:

O((Sleep(s) x ... x Sleep(s))[ {sync, active?, ..., active*})

we shall prove that this does indeed occur by using Corollary 3.3.
Firstly we shall describe a closed set of derivatives for the process Sys and
show that they form a (probabilistic) cycle.

Lemma 3.4. The set of states:

{@((H::f Sleep(i))[ {active, active?, ... active*})|1 < i < s}u

{\/G)((Hi:f Sleep(i — 1)) {active, active?, ... active?})|1 < i < s}U

{o(( i:f Doze(j))[ {active, active?, ..., active* })[1 < j < d}U

{J@((Hi:f Doze(j — 1)) {active,active?, ... active*})|1 < j < d}U
{@((Hi:f Decide)[ {active, active?, ..., active®})}U

{0((TT,=} Wakeable x [[7"=:7" Broad(2))[ {active, ..., active*})|1 < k < z}U
{0(([T2ZF Broad(z))[ {active, active?, ..., active? }) }u

{@((Hizf Wakeable)[ {active, active?, ..., active*})}

(which we call €) is closed.

Proof. We consider each of the states in turn (for 1 < i <s):

O((TT1Z? Sleep(s))[ {active, active?, . .., active*})
| active®
V-O((TIIZ: Steep(s — 1))[ {active, active?, .. ., active®})
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o(( f: Sleep(i))[ {active, active?, ..., active* })
IV
VO(( f:i Sleep(i — 1))[ {active, active?, ..., active’ })
Fori> 1:
V-O(( ;Z Sleep(i — 1))[ {active, active?, ..., active*})
v
O((T1LZ? Steep(i — 1))[ {active, active?, . .., active®})
and fori =0

V-O(( Ei Sleep(0))[ {active, active?, ..., active®})
v

o(( Ei Doze(d))[ {active, active?, ..., active*})

@((H;Zi Doze(d))| {active, active?, ..., active®})
IV

V-O(( ;: Doze(d —1))[ {active, active?, ..., active®})
Ford>j>1
V-O((TT1ZF Doze(j — 1))[ {active, active?, ..., active®})
v
O((TL,Z} Doze(j — 1))[ {active, active?, ..., active’ })
and for j =0
V-O(ITIZ: Doze(0))[ {active, active?, ..., active* })
v
O((TT}Z: Decide)[ {active, active?, .. ., active®})

For the more interesting state, let CJ; by the usual combinatoric choice func-
tion, then:

o(( fzi Decide)[ {active,active?, ..., active’})
| VICmt =]
o(( ;zlf Wakeable x Hmzi—k Broad(z))[ {active, active?, ..., active* })

O((TT,.Z¥ Wakeable x [T"Z:7* Broad(z))[ {active, active?, ..., active* })
1

o(( ;Z P))[ {active, active?, ..., active?})
For the final two states:

O(([T2Z] Broad(z))[ {active, active?, ..., active*})
v

@((HE; Sleep(s))[ {active, active?, ..., active®})
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@((H;:i Wakeable)[ {active, active?, ... active®})}
1

O((TT}Z: Decide)[ {active, active?, . .., active®})
O

We now need to demonstrate that for any other derivatives of Sys there is a
derivation path leading to a state in our closed set.

Lemma 3.5. For any derivative of Sys there is a derivation path leading to a
state in C.

Proof. Consider a general state of the synchroniser, not in C with none of the
sub-processes in either of the Decide, Wakeable or Broad(k) states. From any
state with sub-processes in the above states consider some path that removes all
such sub-processes, this will always exist and have non-zero probability.

From any state where all sub-processes are Sleep(i) or Doze(j) states with
non-zero values we can clearly evolve to a state in the following form:

O((TT:2 Decide x [TZT Doze(d;)x x [[¥=" Sleep(si))[ {activ, ..., active*
i=1 j=1 j k=1

with {+m+n =z and d; > 0 and s; > 0. That is we simply perform +/ actions
until the first sub-processes reach the decide state.

From the above state we simply insist that when any process reaches a Decide
state it does not issue the synchronisation message, (we assume the fotalnumber
of times this decision is taken to be t), eventually (after 2 * (maz(si) + d) ticks)
the process will reach the state:

O((TT\Z? Decide)[ {active, active?, .. ., active’})

with the probability of taking this path being p’. Hence, from any state there is
a derivative path to a statein . [

At this point we can indeed derive our desired theorem:

Theorem 3.6. Given the process Sys with any values for iy, ...,4,, then even-
tually Sys reaches the state:

O((Sleep(s) x ... x Sleep(s))[ {active, active?, ..., active* })
and cycles through the states of C as shown.
Proof. From Lemmas 3.4 and 3.5 and Corollary 3.3. [

A straightforward use of probability theory demonstrates that the expected
cycle time of the complete system (in the original units is):

s+d+ =0

in the above the cycle time’s dependence on p gets very small for large z, in
which case the cycle will have length s + d 4+ 1 with a reasonably high accuracy.
The standard deviation of the cycle length is:
S
(T-p*)?
which can be made very small as z becomes large. Thus we can achieve cycles
of reasonably fixed durations.
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3.1.1. Error Properties of the Synchronisers.

It is clear in the above analysis that if any of the individual cyclers fail, that is
becomes the process $0, then the system as a whole will be unaffected (except
for a slight change in the mean cycle length). Of more interest is the problem of
different local clocks not agreeing over duration. We can model this by taking a
process with an integer error of magnitude e in the amount of time s before it
starts to wait for the synchronisation signal. Such a process can be described as
follows.

For0<k<s—e, 0<j<dand0<i<z:

Esleep(s — €) =4 active.\/.Esleep(s — e — 1)

Esleep(k) Y \/./.Ehsleep(k — 1)

Esleep(0) o Ehdoze(d)

Edoze(j) o V(1 : sync.Esleep(s — e} + 1: \/.Edoze(j — 1)
Edoze(0) %S Bdecide

Edecide def m :/.Ewakeable + n : \/.Ebroad(z)

Ebroad(l) def synck . Esleep(s — e) + Ebroad(i - 1)
Ebroad(0) def V/-Esleep(s — €)

Ewakeable < 1 : sync.Esleep(s — ) + 1 : \/.Edecide

and we can consider a system with this process composed with the original
synchronisers:

Sys =4 O((Esleep(sy) x Sleep(sz) X ... x Sleep(sz41))[{active,active?, ..., active*})

Assuming that e < d then we can show that the following collection of states
forms a closed set:
{O((Esleep(s — e — h) x szf Sleepny)[ {active, ..., active*})|0 < h < s — e}u
{V.©((Esleep(s —e — h = 1) X ;:f Sleep(p_1))[ {active, ..., active*}}|0 < h < s - e}U
{V.©((Edoze(i) x i:f Sleep(;))[ {active,...,active*})|1 <i < e}u
{V-O((Edoze(i) x [[|=7 Sleepqiy)[ {active, ..., active?})|1 < i < e}u
{©((Edecide x Hi:fDoze(]‘))[ {active,...,active*})|1 < j < d—e}U
{V/-O((Edecide x ntf Doze(j — 1)){ {active,...,active?*})[1 < j < d —e}u

{©((Edecide x H::; Decide)[ {active,...,active*})}U

{O©((Ebroad(z) x ::f Wakeable x H:::_k Broad(z))[ {active, ..., active?})}U
{©((Ebroad(z) x HZ: Broad(z))[ {active, ..., active*})}u

{©((Ebroad(z) x i:f Wakeable)[ {active,...,active*})}U

{©((Ewakeable x H::f Wakeable x n::;vk Broad(2))[ {active,...,active*})|1 < k < z}U
{©((Ewakeable x []""% Broad(2))[ {active, ..., active})}u

{O((Ewakeable x Hz:f Wakeable)[ {active,...,active*})}

In the above set the interesting states are those of the form:

O((Edecide x H:zi Doze(j))[ {active,active?, ..., active®})
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In this case if the erroneous process decides to send the synchronisation signal,
then all the dozing processes will respond, that is, it evolves to the state:

V-O((Esleep(s — e — h) x Hizi Pwy)[ {active, active?, ..., active?})

otherwise it will not give the signal (and neither can any other process) in which
case it will be in the state:

. ecide x [],=; Doze(j — active, active®, ..., active’
V. O((Edecide x [[}=% D 1 2

both of which are in the set of closed states.

A similar closed set can be constructed with —e < d, which we omit for rea-
sons of space. The demonstration that from all other states there is a derivation
leading to these states is similar to that given earlier and omitted.

Thus we have an algorithm for synchronisation which is unaffected by local
clock errors whose absolute magnitude is less than the value of d. This algo-
rithm was motivated by the attempt to provide an account of a synchronisation
behaviour observed for some species of ants, a full account of this work can be
found in [Tof90b,Tof93] and in its biological context in [THF92)].

3.2. Work Load Division

The problem of allocating a workload over several processing units is common to
many distributed systems. We present an algorithm for allocating processors to
tasks; which is dynamic, tolerant of errors, and avoids unnecessary reallocation
of processors. The system we consider is one where there are some number of
processors k handling ¢ different types of task, with amounts work arriving at
each task type in some (possibly random) fashion. For simplicity we number the
tasks, and consider them arranged linearly with the lowest numbered on the left
and the highest on the right®. Processors can change the type of task they will
perform and will do so in response to an overloading of processors performing
their current task type. The intent of such a system is to maximize the amount
of work performed by allocating the processors to task type in such a way that, if
it is possible to do so, the loading requirements are met. Obviously we would like
such a system to dynamically reconfigure itself to meet changing work require-
ments, and to minimize the scope and amount of interprocess communication.

We consider that the tasks are numbered sequentially. The algorithm works
in the following manner:

1. a processor tries to perform a task within its current task area;

2. if there is no work, attempt to communicate with processors in the tasks
immediately above and below you;

3. if that communication continually fails in a particular direction too many

times consider moving in that direction with some probability (dependent on
the direction);

4. return to state (1).

The last 3 behaviours have the effect of leaving all unoccupied processors
distributed evenly amongst the tasks.

5 This originated from thinking of task zones arranged along a production line system.




24 Chris Tofts

We start by defining a process that places an amount of work, in the set
d . . . . -
Range ief {0,1,2,...,r}, into each task in accordance with an arbitrary distri-

bution:
Prod(r) e Eisrt: worki.\/. EiERange wi. \/.Prodz(i)
We describe our allocation algorithm as follows:

Wk, (ki kv) “2 w : workz /o Wrks(0,0) + 1 : Tsks(kr, kr)

In the above, the processor has found work of the type it currently wishes to
perform so it does it and stays with this task type. Once if fails to find work it
attempts to ensure that all waiting processors are evenly allocated to task types,
by communicating with processors above and below it in the task sequence.
The action task,y; contacting a processor to the right, and task, informing a
processor to the left of its presence. Only unoccupied processors engage in these
communications.

Tskz(ki, kr) . task,yitasky./ Wrk(0,0)+ 1: Tskl(k;, kr)

if it can perform the action task,t+itask, then it assumes that the balance is
maintained and will not move. In the following if contact cannot be made to
either the task below, or above, or both:

Tsk!,(ki, kr) déf(w : (L.task,41.Downd, (ki kr + 1)+ 1 :m.Updz(kl + 1,k ))+
1:\/.Bothd (ki + 1,k + 1))

then the processor considers whether to move in the appropriate direction in

order to reestablish balance. The parameters k; and k, indicate the number of

times contact has been refused to the left and the right respectively. If balance

may have been lost with the task zone above:

Upda(ky, kr) < { V- Wrkalky, kr) i kr < kro
paz(Ki, kr) = m :\/.Task,41(0,0) + n : /. Wrk(0,0) otherwise.

when the contact, to the right, has been lost for more than k.. times then decide

to move in that direction with probability m:';n. Similarly, if contact has been
lost with the task below:

def [/ Wrkz(ki, k) if k; < ky
Downdz(ki, kr) = m' i/ Wrky;_1(0,0) +n' : \/ Wrkz(ki, kr) otherwisec.

when the contact, to the left, has been lost for more than k;. times then decide
to move in that direction with probability Finally if contact has been lost
in both directions:

_m
m/4n'’

Both,(ki, kr) ! VWrk,41(0,0) + m'n : / Wrk,_1(0,0)+
(mm' +nn') s / Wrkz (ki kr)

def Both,(ki, kr) if ky > ki and ky > kre
Bothd,(k, k) = Upd(ki, kr) if kr > kre and ky < Ky
Downd(ki, kr) otherwise.

then if the number of failed contacts has exceeded the critical number; choose
whether to move in that direction with the appropriate probability. Finally, we
assume that we have a fixed number of different task types ranging from 1 to t,
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so we have to provide versions of the above for the extremal task types, where
there is no task below or above respectively.

Wrky (ki kr) S w2 works ./ / Wrky (0,0) + 1 : Tsky (ky, kr)
Tsky (ki kr) “Cw : tasky ./ Wrki (0,04 1: /Upds

def [/ Wrky (ki kr) if Br < Kre
Updy (ki kr) = { m :/ Wrky(0,0) + n : o/ Wrky (ki, kr) otherwise.

Wrke(Fr, ke) 2 w2 worky o/ /. Wrke(0,0) + 1 : Tske(ky, kr)

Tske(ky, kr) “w Taske o/ Wrke(0,0)+ 1 : /. Downde(ky, kr)
def [/ Wrks(ky kr) if by < Ky
Downde(ky,kr) = m':/ Wrk,_1(0,0) 4+ n' : \/ Wrk(k;, kr) otherwise.

So our description of the task allocation system will be as follows (given a
sequence z; of values in the range 1...1):

k
EBo & o(([[Wrks:(0,0)) x Prods x ... x Prods) [{v/})

i=1

In the above the constants z; describe the initial allocation of processors to
task types. The constants k;. and k,. fix the ‘elasticity’ of the system, that is
how likely a processor is to move.

3.2.1. Fized Work Levels.

Initially for simplicity we assume that work levels in each task type are fixed,
and we shall demonstrate that if the work load and the processor number match
then the system can allocate sufficient processors into each task to carry out the
work required. This is the case when the producer process is of the following
form:

def

Pr.(r) = Eg:gl :wo’rk;.\/.\/.P'rz(wz)

We take the work in task z to be w,. If we assume that we have k processors
and that 21‘:11 w, = k then we prove that the system Ez will allocate processors

1=

correctly to task types.
Theorem 3.7. The system

def

k

Eg' % @(((Herx‘ (0,0)) x Pry(wy) X ... x Pre(we)) [{V3)
1=1

with E:ztl w, = k eventually evolves into the state:

wi

6)(((Her1(0,0)) x erk,(o,o)x Pri(wy) X ... x Pro(we)) [{v3)

i=1 =1

We omit the details of the proof (see [Tof91b])or reasons of space, except to
observe that the following is a closed set of states, for the process Ez’:
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([ [wrki(0,0)) x [[Wrke(0,0)x Pri(w1) x ... x Pre(ws) [{v/})
i=1

i=1

VL O(([[Wrki(0,0)) x Hert(0,0)x Pri(wi) x ... x Pre(w)) [{v?)

=1 =1

o(([Twrki (0,00 x [[Wrke(0,00x Pri(wr) x ... x Pre(we)) [{vH}

i=1 i=1

In order to show that the above system is dynamic we should like to demon-
strate that as we vary the values of w; then the allocation of processors changes
to meet the new demands upon the system. Obviously this can only work if the
changes in the w; occur sufficiently infrequently to allow the system to ‘catch
up’. We observe that if we took an arbitrary allocation of processors to task
types as our starting position; clearly this could be the correct allocation of pro-
cessors for one set of workloads w;. Now consider running this system, but with
fixed workloads w}, from the above theorem 3.7. If there is a correct allocation of
processors the system will reach it, so the processors will eventually be reconfig-
ured correctly. The reason for the dynamism is that the stability of the system
is dynamic (with respect to workloads), so it can ‘track’ any changes in demand
upon it, eventually reallocating processors in the correct pattern.

3.2.2. Performance with Erroneous Processors

We can consider the effect on the performance of our allocation system of various
forms of erroneous processors. We assume that we have k potential processing
units, one of which is erroneous. The simplest is one that performs no work, that
is a process:

Lazy def $0

In this case the system will behave as if it had £ — 1 processors available and
allocate them correctly amongst tasks.

A more interesting form of erroneous process is one that is ‘locked’ into the
performance of a single particular task, for example the process:

Fizy = worky ./ /. Fizy + 1 :\///.Fizy

which will only perform work of task type 2. In this case provided there is work in
task 2, the system can correctly allocate all k processors to tasks, but obviously
when there is no work to be done of type 2, the system cannot allocate processors
correctly.

This algorithm was original derived to give an account of the allocation of
work amongst ants with only a single physical form. For a full account see [Tof91,
Tof93] and for the biological implications see [TF92].

4. Conclusions and further work.
We have presented a calculus of relative frequency that is both elegant and

simple. We can express any degree of relative frequency between processes; for
example:
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n:A+ m:B w:A 4+ n:B

express respectively that A and B occur, in a fixed ratio, or with A dominant.
The notion of priority developed is very flexible and gives us a high degree of
expressive power. Unlike the work of [BBK86], we have encoded priority syn-
tactically into our processes and hence it is dynamic with respect to particular
actions.

The applicability of the calculus is demonstrated well by the four examples
presented. It should be noted that the inclusion of probabilistic information may
make process definitions more complex but it allows access to some powerful
and general proof methods. The preservation of priority information over our
parallelism operator permits rapid identification of the highest prioritised object
within a process, and thus can greatly reduce the effort required in proofs.

The calculus has proved quite successful in describing the properties of some
complex systems, especially in terms of the ease of proof in some of these cir-
cumstances. Further examples of the use of the calculus in describing complex
biological and computational systems are being investigated. As a methodology
for performing calculations it has had some success and we are investigating
further more complex examples to try and discover more powerful proof and
calculational methodologies.
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