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Abstract

The dynamics and energetics of two mean two-dimensional wakes behind a ow-normal

thin at plate, induced by inclusion and exclusion of end plates, are studied. Both wakes are

characterized by quasi-periodic vortex shedding but di�er in mean topology and typical wake

characteristics, such as mean base pressure and recirculation length. Energetically optimal

proper orthogonal decomposition modes are used to approximate the coherent motion and

thus triply decompose the velocity �eld into a mean, coherent, and residual �eld. This

is utilized to obtain a dynamic characterization of the wakes and to study the large scale

coherent structures and their energetic exchanges with other scales of motion. From this, a

slow-varying base ow and lateral shear layer apping are shown to inuence the shedding

dynamics di�erently in each wake. These di�erences in the mean �eld and coherent dynamics

are related to wake turbulence levels and vortex deformation, and thus are at the beginning

of the energy cascade and the energy transfer process related to the wake turbulence levels.
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Preface

Chapter 4 is published, Braun et al. (2020), and reprinted with permission. The work

constitutes a close collaboration between E. Braun and the author under the supervision of

Prof. Martinuzzi. The closed end data set was measured by M. Shahroodi and M. Kindree

(internal report, not published), the open end by Dr. Mohebi (Mohebi, 2016). Raw velocity

�elds were processed and analyzed in conjunction with E. Braun for this chapter.

Remaining sections are original work by the author.
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Chapter 1

Introduction

The turbulent wake of a two-dimensional (2D) thin at plate normal to a uniform stream

remains di�cult to simulate using computational uid dynamics (CFD) despite the geomet-

ric simplicity and mean two-dimensionality of the wake. Solutions predicted by Reynolds-

Averaged Navier-Stokes (RANS) and unsteady Reynolds-Averaged Navier-Stokes (URANS)

single-point closure simulations have signi�cantly di�erent wake characteristics than those

based on Large-Eddy Simulation (LES) or Direct Numerical Simulation (DNS). Experiments

lack consensus on basic wake quantities, like the drag coe�cient and vortex shedding fre-

quency, and suggest that two possible states (or solutions)1 exist, both satisfying the mean

two dimensional condition. These two states result in di�erent loading characteristics and

turbulence levels. The existence of distinct states satisfying the mean 2D condition has not

been reported for circular or prismatic cylinders. Hence, there is a fundamental interest in

understanding how these di�erences can arise.

The presence of two solutions poses a critical challenge in wind load design for structures

like road signs and solar panels. Failure to accurately predict loads here can result in poor

structural design. This motivates a more fundamental understanding of the processes un-

derlying the wake dynamics and structure. The mean structural di�erences coincide with

changes to the large-scale motion, which contribute to the redistribution of momentum and
1Here a state refers to an experimental measurement of the ow, whereas a solution is a prediction.
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the pressure �eld, and thus loading amplitudes on the plate. Interactions between these mo-

tions result in energy transfer to smaller scales, modifying the pressure �eld and generating

turbulence. These energetic interactions remain poorly understood despite their importance

for modeling and prediction of turbulent ow. Here, the ow behind a normal thin at plate

with two di�erent end conditions results in nominally 2D wakes, yet di�erences in the mean

and uctuating �elds are observed. Hence, modi�cation to the large-scale interactions that

result in the wake di�erences can be studied independent of the generating body.

Two-dimensional blu� bodies immersed in a uniform stream are heuristic simpli�cations

for investigating complex interactions characteristic of recirculating turbulent wakes. These

wakes typically exhibit quasi-periodic Karman vortex shedding (i.e. vortices of opposite

rotational sign shedding o� opposing edges of the body with nearly constant frequency;

see Fig. 1.1 for a visual) interacting with the turbulence. The 2D vortex shedding process

consists of the growth, severance, and convection of vortices with opposite rotational sign

from opposing shear layers of the body. The vortices alternate so that it is the growth of

a vortex in one shear layer which interferes with the other shear layer feeding the opposing

vortex (on the laterally opposite side of the wake) so that it severs (vorticity convected

along the shear layer no longer enters the vortex core) and begins to convect down stream.

The concentration of vorticity within a vortex core gives rise to a net circulation, which

can induce uid motion over a distance (via induction by the Biot-Savart law) or a�ect

the internal deformation rate in adjacent rotational uid. Thus the core vorticity results in

complex non-local interactions between shed vortices and the formation process (the growth

and severing of vortices) and the associated pressure uctuations generate conservative (lift)

and dissipative (drag) forces on the body.

Such wakes are characterized by their mean base pressure (associated with the drag

forces), mean recirculation length, and Reynolds stress distributions (stresses on mean uid

elements associated with turbulent velocity uctuations). Of these, the circular and rectan-
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Flat plate Vortices

Free stream 
direction

Figure 1.1: Visual of vortex shedding behind a normal thin at plate. Plotted are iso-
contours of uid element rotation. Blue and red correspond to negatively and positively
signed rotation, respectively.

gular 2 cylinders have been studied extensively. For cylinders of su�cient span-to-chord ratio,

s=c > 30 with s the spanwise length and c the ow-normal chord, the spanwise gradients of

the mean velocity, pressure, and Reynolds stresses (second moments of the velocity vector)

vanish over a large portion of the mid-span. For lesser span-to-chord ratios, 6 < s=c < 30,

carefully aligned end plates on the cylinder spanwise ends result in mean 2D wakes. Dif-

ferences in the dynamics and mean properties of these two wakes are within experimental

uncertainty when scaled with the uniform stream velocity, U1, and c, suggesting the same

2D wake for both end conditions. Experimental investigations of the at plate with s=c � 40

and no end plates (open end conditions) and with end plates (closed end conditions) show

that a mean 2D state exists in both cases. In contrast to the classical cylinder cases, the

wake dynamics and mean structure of these states are di�erent. For example, the closed end

condition results in a smaller recirculating region, greater structural loading, higher turbu-

lence intensity, and changes to the quasi-periodic uctuations in the wake when compared

to the open end condition. The latter wake is more closely approximated using URANS

simulations, whereas the former is better approximated by LES and DNS.

Both at plate wakes are characterized by quasi-periodic Karman vortex shedding. This

process is modulated by low-frequency motion so that shedding rate, strength, and trajec-
2Rectangular-section prismatic body with one face normal to the on-coming stream
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tory vary from cycle-to-cycle. Together these constitute several coherent motions, de�ned

here as organized, spatio-temporally correlated motion, between which energy is exchanged.

Coherent motions are critical to modern turbulence theory; their generation, evolution, and

interactions have signi�cant impact on dispersion and the turbulence energy budget. In the

considered ows, the open end case shows greater low-frequency modulation of the vortex

shedding, but lower turbulence intensity and mean drag coe�cient.

Coherent motions are well represented by a proper orthogonal decomposition. Proper

orthogonal decomposition (POD) represents the velocity �eld as a set of spatial orthonormal

modes paired with temporal coe�cients corresponding to each modes contribution at a given

time step. By Kolmogorov’s separation of scales, the linear independence of these modes

suggests that a subset of the most energetic modes can approximate the large scale coherent

motion. Further, modes associated with the vortex shedding will be linearly uncorrelated

with those associated with the low-frequency motions. Careful identi�cation of the modes

associated with a motion allows to study it in isolation and to quantify its non-linear in-

teractions with other motions. The interactions are quanti�ed by writing, for each mode, a

kinetic energy balance in which non-linear terms arise describing the energy transfer from

one mode to another. Despite di�erences in the mean energy budget and wake structure,

the ows considered herein have qualitatively similar coherent POD spaces. This suggests

di�erences in the dynamics arise from changes to the relative energy colorred contribution

and energy exchanges between the coherent motions.

Turbulent wakes are inherently stochastic. Modern views of turbulence theory suggest

that the wakes can be represented as a set of underlying deterministic processes overlaid

with stochastic uctuations. The deterministic processes are considered to arise directly from

coherent motions. Hence, energetic POD modes describing the dynamics of coherent motions

can be used to form a low order model of the deterministic dynamics in the wake. This

reduced representation with discrete modes represents a dynamical system. This concept

has been applied in other studies to model, for example, the evolution of a low Reynolds
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number circular cylinder wake from the sub-critical (i.e. no vortex shedding) to laminar

vortex shedding regime as a dynamical system evolving from an unsteady critical point to a

limit cycle attractor (i.e. a cycle to which the system returns after some �nite perturbation).

In this model a phase space is de�ned with the coherent temporal coe�cients so that the

system state is described by the current energy content of each mode and determines the

spatial kinetic energy distribution. In this way the system trajectory is described by energy

exchanges between modes. This system, however, is not independent of external interactions.

The system trajectory and solution attractor are both inuenced by energy interactions with

a time-independent and incoherent �eld. That one generating body produces two canonical

wakes with di�erent statistical behavior but ostensively similar coherent motion implies

critical changes to these external interactions.

Classically, turbulent ow is studied through the Reynolds decomposition where the ow

is assumed to be composed of a Reynolds averaged and spatially uncorrelated uctuating

�eld. This, however, does not acknowledge the existence of fundamentally di�erent scales in

the velocity spectra and thus does not distinguish coherent (i.e. spatio-temporally correlated)

from incoherent motion. To this end the triple decomposition was introduced, where the ow

is assumed to be composed of some time-independent �eld, the coherent motion, and the

incoherent motion. Study of the energetic exchanges between these �elds has long been

understood as important, yet relatively few studies engage in the energetics of coherent

motion and structure. Herein, this is used to compare the wake dynamics and associated

energy interactions between the time-independent, coherent, and incoherent �elds. These

energetic interactions determine how energy distributes through the scales and thus modify

the turbulence levels in the wake. This allows to propose mechanisms for key di�erences in

the two solutions and lays the foundation for deeper study of the interactions internal to the

coherent �eld and establishment of a uni�ed low-order model describing the coherent motion

for both wakes.

The objectives of this thesis are then:

5



1. Characterize the two at plate solutions. Mean two-dimensionality over a large portion

of the span will be veri�ed. A comparison of the mean ow topology, Reynolds stresses,

and spectra will highlight structural di�erences in the wakes.

2. Identify the large scale, coherent dynamics. Through a POD based low order repre-

sentation, the most energetic coherent motions are isolated and vortex shedding cycles

compared. This allows to understand how the two solutions arise; whether by mecha-

nistic di�erences, or the relative energy content of similar coherent motions.

3. Quantify changes to the transfer of energy between the coherent and incoherent �elds.

Di�erences between the turbulence levels and Reynolds stress structure are accounted

for by considering the turbulence kinetic energy balance equations under the triple

decomposition.

These objectives focus on the solution space of the at plate and the role of coherent

motion in determining the wake statistics and turbulence levels. Identifying the origin of

the two 2D solutions, or mean states, provides the basis for both addressing the challenges

this poses to CFD design tools and for building a uni�ed low-order model describing both

solutions. It advances the fundamental science, addressing in part the variance in reported

at plate wakes. Identifying the mechanism by which the turbulence levels are altered

furthers fundamental understanding of the interactions drawing energy from the coherent

motion into the incoherent motion. These objectives will be pursued by use of a POD based

triple decomposition. While this methodology is not new, application of it to study the

wake energetics in detail remains rare in the literature. Kinetic energy is a fundamental

quantity important to virtually all physical systems. That study of its global and local

distribution is uncommon presents a hole in current uid mechanical understanding. It is

hoped that a careful description and interpretation of the methods applied herein, paired

with an application, will provide the necessary basis for study of the energy ow in other

wakes.

6



In addressing these objectives the following chapters are organized to �rst provide the

relevant background (Chapter 2) on turbulent wakes, end conditions, the at plate wake,

proper orthogonal decomposition, and low-order modeling. Chapter 3 describes the data

analyzed, methods used, and their interpretation. Chapter 4 presents a body of previously

published work studying the at plate statistics and dynamics. In this chapter the coherent

�eld is de�ned and the dynamic interactions described. Chapter 5 analyzes the energy

budgets in the two wakes, considering distributed and integrated quantities and the ow

of energy through a typical shedding cycle. Chapter 6 synthesizes these observations and

discusses their implications. After this, recommendations for future work are given (§6) and

appendices are included to provide auxiliary details and documentation for future projects.
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Chapter 2

Background

This chapter covers the essential background information for characterizing the at plate

wake dynamics.1

The normal thin at plate wake exhibits the typical features of recirculating blu� body

wakes; free shear layers extending from where the mean velocity streamlines separate (re-

ferred to as separation points) from the body, a region of mean reverse ow near to the

body, and quasi-periodic Karman vortex shedding. The free shear layers are areas of high

mean shear rate extending from the separation points into the wake that drive the genera-

tion of uctuations (Smits, 2009). Above the Reynolds number, Re = U1c=� with U1 the

freestream velocity, c the ow normal dimension (chord) and � the kinematic viscosity, where

the Hopf-bifurcation occurs, energy is transferred into large scale uctuations. Increasing Re

further excites other instabilities (e.g. the Kelvin-Helmholtz shear layer instability). As Re

continues to increase, more instabilities are excited until turbulence emerges and provides a

path for direct energy transfer to a broad band of scales. However, the large scale produc-

tion remains dominate and deformations of large scale structures transfer energy downscale

through the eddy-cascade process (Holmes et al., 2012).

In a symmetric, two-dimensional (2D) blu� body, these structures are the formation
1Because Chapter 4 has been previously published, some material covering recirculated wakes and end

plates is repeated there.
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and convection of vortices, a process described by Gerrard (1966) as including three steps;

growth, severance, and convection. A vortex grows as vorticity (in�nitesimal uid element

rotation) from one shear layer pools near the body. When the vortex grows to su�cient

strength, it draws the opposing shear layer (with oppositely signed vorticity) across the

wake by induction, and severs its connection to the shear layer feeding it vortical uid. The

vortex then begins to convect downstream, the shear layer which has been drawn across

the wake rolls up to form the next growing vortex, and the process repeats. The average

imprint of this is a region of reverse ow near the plate, called the mean recirculation region,

which consists of two circulating foci located anti-symmetrically across the y = 0 axis and is

enclosed by mean streamlines extending from the separation points and meeting on the y = 0

axis. The distance between this point and the blu� body is the mean recirculation length,

‘R. The rate vortices are shed from the body is the shedding frequency, fc. The vortex

shedding process contributes dominantly to the base pressure, Pb and drag coe�cient, Cd,

and thus accounts for the majority of the mean and uctuating forces on the body. When

interacting with turbulence, vortex shedding, and its associated forces, has been shown to

modulate at low frequencies with other blu� bodies, Bourgeois et al. (2013).

The normal thin at plate immersed in a uniform stream has a long history (Fage Arthur

et al., 1927; Fail et al., 1959; Kiya and Matsumura, 1988; Knisely, 1990; Leder, 1991; Lisoski,

1993; Mohebi et al., 2017). These studies show a mean two-dimensional recirculating wake.

For Reynolds numbers above approximately 1000, the wake is turbulent. The dynamics are

dominated by quasi-periodic vortex shedding characteristic of symmetric 2D blu� bodies.

Reported properties characterizing the wake show important discrepancies. For example,

shedding frequencies, fsh, expressed in terms of the Strouhal number, St = fshc=U1, have

been reported in the range of 0:12 to 0:17, mean recirculation lengths, ‘R, in the range of

2:3c to 3:9c, and drag coe�cients, Cd, in the range 1:8 to 2:2.

Discrepancies in characteristic properties are also noted in computational uid dynamics

(CFD) simulations of the at plate wake. Steady and unsteady Reynolds-Averaged Navier-
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Stokes (RANS) single-point closure predictions of the at plate wake are considered unsatis-

factory, Tian et al. (2013); Dahlqvist (2016). While Large-Eddy Simulation (LES) and Direct

Numerical Simulation (DNS) predictions (Najjar and Balachandar, 1998; Narasimhamurthy

and Andersson, 2009; Hemmati et al., 2016, 2018) more closely approach the results of Fage

Arthur et al. (1927); Leder (1991), the experimental results reported in Mohebi (2016) agree

better with RANS based predictions. Hemmati et al. (2018) notes that simulation results

are insensitive to Reynolds number (Re) above Re = 1000, but sensitive to the boundary

condition at the spanwise ends.

Bodies not considered thin are subject to less discrepancy in wake properties. For exam-

ple, di�erences in reported mean 2D wakes are within experimental uncertainty for rectan-

gular and circular cross-section 2D blu� bodies. At high aspect ratios (s=c >� 30, with s the

span), the circular cylinder wake is mean 2D over a large portion of the span, Fox and West

(1990). This holds too for rectangular cylinders with width-to-chord ratio, b=c with b the

streamwise dimension, greater than � 0:6, Lee (1977); Obasaju (1979); Dur~ao et al. (1988);

Norberg (1993); Ohya (1994); Knisely (1990); Mohebi et al. (2017). When a high aspect ratio

is experimentally infeasible, end plates are used to eliminate spanwise gradients and maintain

mean two-dimensionality of the wake, Fox and West (1990); Williamson (1989); Williamson

and Roshko (1990); Hammache and Gharib (1991); Prasad and Williamson (1997). In both

the rectangular and circular cylinder cases, the mean 2D wakes associated with a high aspect

ratio and those with end plates are the same, within experimental uncertainty.

Di�erences in the dynamics, in addition to the mean wake properties, are suggested by

reported at plate wakes. Low-frequency unsteadiness in CFD simulations of the at plate

has been studied extensively (Balachandar et al., 1997; Narasimhamurthy and Andersson,

2009; Hemmati et al., 2016), and observed as a spectral accumulation centered at 1=10 the

shedding frequency. Similar study has not been undertaken experimentally, though low

frequency dynamics are suggested by spectra reported in Fage Arthur et al. (1927); Kiya

and Matsumura (1988); Leder (1991); Mohebi et al. (2017); Lisoski (1993). A slow shear
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layer apping has been discussed (Kiya and Matsumura, 1988), but without consensus on its

importance to the wake dynamics. Experimental evidence suggests that di�erences in base

pressure and recirculation length coincide with di�erences in the low-frequency unsteadiness.

The circular cylinder wake was shown to modulate between two solutions at low Re by

Noack et al. (2003). Using mean �eld theory, Noack et al. (2003) modeled the circular

cylinder as evolving from an unstable critical point (corresponding to a steady ow solution)

to a stable dynamic solution (vortex shedding). This was shown to correspond to an energy

exchange as the system moved between these two states. The stable vortex shedding solution

that the ow evolves to constitutes a system attractor, or a state to which the system returns

after some �nite perturbation. This was shown applicable to three-dimensional turbulent

wakes by Bourgeois et al. (2013). The at plate solution space appears to hold two such

attractors that result in mean 2D wakes.

Investigation of these complex wake dynamics amidst turbulent uctuations requires to

separate the deterministic from the random motion of the ow. When the ow is statistically

stationary, this is classically done by separating it into a time-averaged and uctuating �eld

(a process commonly called the Reynolds decomposition). Modern views of turbulent wake

dynamics recognize the importance of what is referred to as coherent motion. A coherent

motion is de�ned here as a continuous, spatially correlated motion of uid. For example,

the vortex shedding process, including the forming and shed vortices, can be considered as

one coherent motion. While this de�nition serves the present work well, it is not universally

applied in the literature and a number of de�nitions remain in use today (see Holmes et al.,

2012; Lumley, 1990, for a variety of perspectives in the �eld). Motions of uid particles which

are not collectively correlated and organized are then referred to as the incoherent motion

(i.e. random uctuations). From the concept of coherent motion, a triple decomposition

(Hussain and Reynolds, 1970) naturally arises, whereby the velocity �eld is expressed as the

sum of three parts; the time-independent, coherent, and incoherent motion.

In Hussain (1983, 1986), the concept of a coherent structure was introduced and its
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importance to the study of turbulent ow explored. A coherent structure is a bounded region

of simply connected uid with instantaneously correlated vorticity, distinguished from other

such regions by its size, intensity, and topological features. Note that this de�nition assigns

a territory to each structure and precludes superposition of structures, but provides the

possibility of structure interactions and spatio-temporal evolution. For example, vortices

in the at plate wake, which constitute such structures, can evolve in time as they form

and shed, and can interact with each other. These de�nitions of a coherent structure and

coherent motion allow for the evolution of a structure (or structures) to be represented by

one or more coherent motions.

To study these structures under the triple decomposition Hussain (1983, 1986) approxi-

mated the time-independent �eld as the Reynolds averaged �eld, the coherent as the phase

averaged (average of the ow when a recurring structure is at a particular age or phase in

the shedding cycle) �eld minus the mean, and the incoherent as the remainder. The phase

average requires identifying the age of a desired structure in each realization, then averaging

all realizations where the structure is at a similar age. This provides an approximation of

a typical structure at each stage in its lifespan. This phase averaging approach allows only

to study the average shedding cycle, any details of a cycles deviation from the average are

lost. Further, motions at other frequencies cannot be studied simultaneously and thus their

interactions with the vortex shedding, typically resulting in modulations to amplitude or

frequency, cannot be quanti�ed.

To better capture the quasi-periodic nature of turbulent coherent structures, proper or-

thogonal decomposition2 (POD) is used to de�ne the coherent motion, rather than the phase

average. POD reparameterizes the ow as a set of linearly energy optimal spatial modes

paired with temporal coe�cients. POD cannot identify coherent structures directly, rather,

it views them through associated coherent motions. When POD is applied to isolate coherent

motions, properties in addition to the basic de�nition are imparted; energy optimality, linear
2For a detailed introduction to POD see Sirovich (1987a,b,c); Aubry (1991).
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independence, space-time correlation, and zero mean. Should the "true" coherent motion

not obey a property enforced by POD, some subtle considerations must be made,

Energy Optimality: POD optimizes the modes by kinetic energy represented and will

thus favour highly energetic motions.

Linear Independence: POD modes will tend to capture only one spatial scale. Non-

linear motions (whether occurring across scales or not) will be split up. If a non-linear

motion exists at a single scale, it is usually easy to select the associated modes.

Space-time Correlated: POD identi�es a motion by its space-time correlations. There-

for, all POD modes will represent spatiotemporally correlated motion.

Zero Mean: POD temporal coe�cients have zero mean by de�nition. Non-linear inter-

actions between motions can be disguised as interactions with the mean �eld.

The assumption is made here that the coherent motion, as identi�ed by POD, reects the

underlying, deterministic processes driving the dynamics. To study the dynamics in the at

plate wake, a low-order representation of the coherent motion is constructed from a subset

of the POD modes. A common criteria for selecting coherent modes is that they should

contain a signi�cant portion of the kinetic energy. While signi�cant kinetic energy content

is su�cient to include a mode, it is not necessary for it to represent important dynamics.

See, for instance, Hosseini et al. (2015), where low energy second harmonic modes were

found to drastically improve estimations. Selected coherent modes are required to meet two

criteria; they must converge with increasing number of realizations, and must be dynamically

important. Note that not all dynamics will be strongly coupled to the process under study

and thus not all modes including important dynamics are considered. This principle is

applied in du Plessix (2015), where harmonics, related to the vortex shedding, and a slow

drift mode are used to construct a low-order representation of the vortex formation and

shedding process. This model does not include the Kelvin-Helmholtz instability, which is
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observed in the wake studied by du Plessix and is coherent, but is not strongly coupled with

the formation process.

The aforementioned criteria are used to separate motions based on their spectral content,

representing each by a set of discrete modes. Thus modes representing motions at low and

fundamental (shedding) frequencies can be isolated and their interactions studied. Further,

the triple decomposition can be approximated; the time-independent �eld as the Reynolds-

averaged �eld, the coherent �eld as the POD low-order representation, and the incoherent

�eld as the residual3. From this, balance equations similar to, but distinct from, those found

in Hussain (1983, 1986) can be derived to quantify the mean energy budget across the three

�elds. This is done by substituting the triple decomposition into the Navier-Stokes equations

and taking the inner product with each of the de�ned velocity �elds, resulting in three

kinetic energy balance equations. These equations describe the average transport, di�usion,

dissipation, and transfer between �elds of the kinetic energy. This provides a description

of the energy required to generate the coherent motion (as exchanges between the mean

and coherent �elds) and the energy transferred to other scales (as exchanges between the

coherent and residual �elds).

3The term incoherent implies a lack of coherence, and thus some features of the inertial range, like
isotropy. Since the POD based triple decomposition is an approximation, the residual may not be truly
incoherent and is thus not referred to as the incoherent motion throughout this work.
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Chapter 3

Methodology

The methodology applied in this study is covered in four sections; §3.1 briey outlines the ow

geometry and experimental conditions, §3.4 describes the proper orthogonal decomposition

and triple decomposition, §3.2 de�nes the correlation and power spectral density functions,

§3.3 outlines the conditional and phase averaging techniques, and §3.5 shows the vortex

identi�cation criteria applied. Further details on the measurements taken are given in §4.3.

3.1 Experimental Details

Two at plate wakes, one with and one without end plates, were measured by stereoscopic

particle image velocimetry (PIV). A schematic representation of the experimental setup

is shown in Fig. 3.1. The streamwise, transverse, and spanwise directions and associated

velocity components are labeled as (x; y; z) and (u; v; w), respectively. Both wakes were

measured in the same open jet test section wind tunnel (see §4.3 for details).1

The at plate with end plates (closed ends) had a chord of c = 22:4mm, span of s =

508mm, and mid-point thickness of 0:2c with beveled edges. This gives a span-to-chord ratio

of s=c = 23 and a blockage ratio of 0:057. Square end plates were fastened at the spanwise
1Measurements for the open end con�guration were performed by M. Mohebi (Mohebi, 2016) and for

the closed end con�guration by M. Shahroodi and M. G. Kindree (internal report, not published). The raw
velocity �elds were processed and analyzed by the author.
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Figure 3.1: Schematic representation of the geometry and nomenclature, showing the PIV
�eld of view (FoV): a) cross-sectional view b) top view.

ends, z = �11:5c, with expanding angles of � 2�. Fox and West (1990) show mean 2D ow

over �4:5 < z < 4:5 on the circular cylinder at this spacing. These end plates extended

from x = �c to x = 5c and y = �3c. The oncoming free stream velocity was U1 = 14:8m=s,

giving a Reynolds number, Re = U1c=�, with � the kinematic viscosity, of Re = 2 � 104.

The measurement domain extended from x =� 0:5c and was approximately 5:5c� 5:5c.

The at plate without end plates (open ends) was measured as part of a larger experimen-

tal campaign detailed in Mohebi (2016). The open end at plate had a chord of c = 13:0mm,

span of s = 560mm (extending out of the ow), and a uniform thickness of 0:05c. The wetted

span-to-chord ratio was s=c = 38 and the blockage ratio, based on frontal area, was 0:034.

The free stream velocity was U1 = 8:7m=s with a Reynolds number of Re = 6600. Two

measurement domains were used, one extending from x = 0:5c and one from x = 3:4c, with

size 5:5c � 5:5c. A limited preliminary measurement was conducted using the closed end

plate (c = 22:4mm) without end plates at Re = 2 � 104. The mean �eld structure and

recirculation length were similar to those of Mohebi (2016) within experimental uncertainty.

Hereafter, velocity, pressure, circulation, vorticity, and area are assumed to be non-

dimensionalized by U1, �U2
1, with � the density, (U1c)�1, U1=c, and c2, respectively.
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The PIV measurements were performed with a Photonics Industries 20 mJ Nd:YLF

laser with a wavelength of 532 nm producing a � 2 mm laser sheet. A pair of Photron SA4

Fastcams with a resolution of 1024� 1024 pixels were mounted at �45� to the y = 0 plane.

Six Laskin nozzles upstream of the wind tunnel inlet were used to seed the ow with olive oil

particles at a number-mean diameter of approximately 1 �m. Acquisition rates corresponded

to approximately 10 points per shedding cycle. For each ow three independent trials were

measured with acquisition windows spanning about 230 shedding cycles, or 2700 snapshots.

The captured images were processed with DaVis Flow Master 8:3 software giving a vector

spacing of � 0:08c. Further detail of the measurements taken and validation of Reynolds

number insensitivity is provided in §4.3.

3.2 Correlations and Power Spectral Density

Cross and auto-correlations are de�ned as,

Rgh (�) =
1
T

Z T

0
g(x; t)h(x; t+ �)dt ; (3.1)

where g and h represent arbitrary ow variables and � a time delay. When g(x; t) 6= h(x; t)

this is referred to as a cross-correlation, when g(x; t) = h(x; t) it is referred to as an auto-

correlation.

The power spectral density (PSD) of g(x; t) is de�ned as the Fourier transform of the

auto-correlation,

PSD (f) =
Z 1

�1
Rgg (�) e�i2�f�d� ; (3.2)

where f is frequency, e the natural number, and i the imaginary unit.
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3.3 Phase and Conditional Averaging

The phase average (Hussain and Reynolds, 1970) is applied to study typical shedding cycles.

Let �(t) be the phase of the vortex shedding in the ow �eld and de�ne �� < �(t) < �. To

study the vortex shedding, an associated waveform, bg(x; �(t)) is de�ned, where g represents

some ow quantity dependent on time.

Assuming a suitable approximation of �(t) exists, and the structure occurs enough times

through the measurement data to be approximated statistically, but without assuming any

regularity in occurrence of the structure (i.e. periodicity), an average occurrence of the

structure waveform can be approximated through a conditional average. Let h � i� be the

average of some quantity over the argument � and h � jBIi� be the conditional average over

the indexed set of bins BI . De�ne h � i without averaging arguments to be a phase averaged

quantity so that the phase average becomes,

hgi (x; �I) = hg(x; t)j�Iit � bg(x; �(t)) : (3.3)

Here �I is an indexed set of 36 equal width phase bins with edges [��; �+), no overlap,

and, with abuse of notation, let �I = 1
2 (�+ � ��) represent the bin centers. In the case of

periodic vortex shedding the phase average takes the equivalent form,

hgi (x; �I) =
1
N�

N��1X

n=0

g(x; [�I=2� + n] �) � bg(x; �(t)) ; (3.4)

where N� is the number of samples in a phase bin. As an example, instantaneous and phase

averaged vorticity contours are plotted in Fig. 3.2 for two phases of the vortex shedding

cycle in the closed end wake. This process isolates an average vortex shedding cycle from

the measurements, but loses all information associated with cycle-to-cycle changes in the

shedding.

Conditional averages are further utilized to present an average look at the ow during a
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Figure 3.2: Closed end iso-contours of instantaneous (top row) and phase averaged (bottom
row) vorticity at two phases. Phase averaged vorticity contours are overlaid with Q-identi�ed
vortex core outlines in black.

given event or state,

hgjBIi (x) = hg(x; t)jBIit : (3.5)

In this case the average is understood as a discrete state, rather than a waveform. The

conditional phase average is then de�ned as,

hgjBIi (x; �I) = hg(x; t)j�I \BIit : (3.6)
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3.4 Triple Decomposition and Proper Orthogonal De-

composition

The velocity �eld is analyzed by a triple decomposition into mean, coherent, and residual

contributions,

u(x; t) = U(x) + uc(x; t) + ur(x; t)| {z }
u0(x;t)

(3.7)

where U(x) is found by the Reynolds average, uc(x; t) by a proper orthogonal decompo-

sition (POD) based low-order representation, and ur(x; t) is de�ned to be the residual,

u(x; t) �U(x) � uc(x; t) = ur(x; t). The arguments x and t represent the position vector

and time, respectively, and upright bold symbols indicate vector quantities. This is an ex-

tension of the classical Reynolds decomposition (u(x; t) = U(x) + u0(x; t)) from which is

de�ned the Reynolds-averaged Navier-Stokes equations and Reynolds stresses, u0iu0j. Note

that the Reynolds stresses are presented here in non-dimensional form, the dimensional form

is �u0iu0j.

The coherent �eld is constructed from a POD so that,

uc(x; t) =
NX

n=1

an(t)�n(x) ; (3.8)

where �n(x) is a spatial modal function with its temporal coe�cient an(t). Hereafter the

arguments x and t may be omitted for compactness.

The POD recasts the velocity �eld onto a basis of orthonormal spatial functions,

(�m;�n) =
Z

�
(�m�n)dxdy = �mn ; (3.9)

where � is the PIV observation domain. Paired with these spatial modes are linearly inde-

pendent temporal coe�cients, found by projecting the modes back onto the velocity �eld.
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These have the property,

aman =
Z

T
amandt =

p
�m�n�mn ; (3.10)

where �n are the correlation matrix’ eigenvalues and sum to twice the total kinetic energy

(TKE),

TKE =
1
2

X

n

�n =
1
2

Z

�
u0iu0idxdy : (3.11)

Thus the Reynolds stress �eld is separated into coherent and residual contributions,

u0iu0j = uciucj + uriurj : (3.12)

As an example, the two most energetic modes from the closed end wake are summarized in

Fig. 3.3. Together these modes are a harmonic pair and represent the vortex shedding.
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Figure 3.3: Iso-contours of the u, v, and w spatial contributions, u-v pseudo-streamlines,
and spectra of the temporal coe�cients for the two most energetic closed end POD modes.

Symmetrisation is employed to force the natural symmetries in the at plate wake to

be reected by the POD modes. This procedure amounts to splitting the velocity �eld into
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symmetric (even) and anti-symmetric (odd) parts along the y-direction. The POD spaces

resulting from the symmetric and anti-symmetric �elds will only be mutually orthogonal if

the wake is naturally symmetric. This is discussed and veri�ed in appendix C. Convergence

of the mean �eld and POD modes was tested by calculating these quantities on a gradually

increasing subset of the snapshots selected by pseudo-random sampling.

The coherent motion is approximated in both wakes by N = 8 modes selected based on

four criteria. First is contribution to the kinetic energy (and tacitly the normal Reynolds

stresses). Second is contribution to the Reynolds shear stresses. Third is the presence of

non-linear, energetic interactions between modes, as seen in their phase space (these are

discussed in §4.4.4). Lastly, only modes which maintain statistical signi�cance between

trials were selected. This was tested by verifying that the mode shape did not change when

computed from only one trial (i.e. Eq. 3.9 > 0:95 for n = m). For the presented analysis

modes were calculated with all three trials.

3.5 Vortex Identi�cation

Vortex cores are identi�ed using the Q-criterion (Hunt et al., 1988). An example is provided

in Fig. 3.2. Letting Av be the area enclosed by the Q = 0 iso-contour, the vortex strength

(circulation) is estimated as

�v =
Z Z

Av
h!i � dA (3.13)

where

h!i =
@hvi
@(x=c)

�
@hui
@(y=c)

(3.14)

is the phase-averaged vorticity.

With this de�nition of Av, � 70% of the circulation associated with a shed vortex is

captured. This is consistent with the Burgers vortex model (see appendix B for details)

and is nearly constant in the data reported. Further, Q is relatively insensitive to small
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perturbations (i.e. uncertainty), so that this is a reliable comparison of vortex strength

between the two ows. Note that with 2D data, the �2-criterion (Jeong and Hussain, 1995)

is indistinguishable from the Q-criterion.
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Chapter 4

End e�ects of nominally

two-dimensional thin at plates

This chapter is an edited version of Braun et al. (2020) with small changes to maintain

consistency with notation used in the rest of the thesis. For completeness, the following are

clari�ed here:

� Several numerical models used to simulate uid ow are referred to in this chapter.

These are classi�ed as Reynolds-averaged Navier Stokes (RANS) single-point closures,

large eddy simulations (LES), and direct numerical simulations (DNS). RANS single-

point closures model the Reynolds stresses (u0iu0j) based on the eddy-viscosity hypoth-

esis. LES solves the Navier-Stokes equations for the large scale motion (larger than

the inertial scale) and employs models for the small scales. DNS solves the full Navier-

Stokes equations. See Pope (2000) for further reading.

� For incompressible ows the Reynolds stresses are commonly written as u0iu0j. This

practice is adopted here. The dimensional form of the Reynolds stresses is �u0iu0j.
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4.1 Abstract

Di�erences in the structure and dynamics of nominally two-dimensional turbulent wakes are

investigated experimentally for a thin at plate, normal to a uniform ow, with two di�erent

end conditions: with and without end plates. Both cases are characterized by Karman-like

vortex shedding with broadband low frequency unsteadiness. Both wakes evidence a low

frequency apping motion in addition to the slowly drifting base ow common to cylinder

wakes. For the case without end plates, an interaction between the drift motion and the

vortex formation process is associated with a much stronger modulation of the quasiperiodic

vortex shedding amplitude when compared to the case with end plates where a apping

motion is more strongly expressed. These dynamics underlie structural di�erences in the

mean wake and Reynolds stress �elds.

4.2 Introduction

Experimental studies have shown that achieving mean two-dimensional (2D) wakes is subject

to subtle e�ects, even for high aspect ratio blu� bodies. The addition of carefully aligned end

plates can reduce three-dimensional e�ects substantially. The spanwise end condition can

locally a�ect the separation process from the obstacle faces, thus altering the vorticity ux

to the wake and hence the vortex formation process. These changes can result in spanwise

gradients of the mean base pressure and wake velocity. For the case of the thin at plate

normal to a uniform stream, the e�ects of end conditions appear more subtle. Di�erences in

the mean wake structure and shedding frequency are observed when comparing experimental

studies, or numerical simulations, even though spanwise gradients in the wake are reported

as negligible. It is thus fundamentally interesting to understand the di�erences in the wake

dynamics when di�erent end conditions result in di�erent, but still 2D, mean wakes. In this

work a thin at plate normal to a uniform stream is considered for open (no end plates)

and closed ends (with end plates). The aspect ratio is su�ciently large so that the ow
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spanwise gradients are negligible for both cases. However, di�erences in mean ow topology

and dynamics are observed and investigated.

For 2D circular cylinders, as an example of blu� bodies without �xed separation points,

the inuence of end plates for reducing three-dimensionality is well understood (Williamson,

1989; Williamson and Roshko, 1990; Fox and West, 1990; Hammache and Gharib, 1991;

Prasad and Williamson, 1997). The free end condition can alter the local base pressure

causing the location of separation on the cylinder surface to change (Williamson and Roshko,

1990) and a�ect the stability of the separated shear layer (Prasad and Williamson, 1997).

These changes can lead to predominantly oblique shedding of vortices. Oblique shedding

is related to changes in the Strouhal number (Williamson, 1989), a small mean spanwise

velocity component and pressure gradient (Hammache and Gharib, 1991). Hammache and

Gharib (1991) note that when parallel shedding occurs, the mean base pressure along the

span of the body is symmetric and the mean spanwise velocity component vanishes. Thus,

carefully aligned end plates force the necessary boundary conditions for parallel shedding.

For rectangular cross-section, 2D blu� bodies with sharp leading edges mounted with a

face normal to a uniform stream, the separation points are generally �xed at the leading edges

and spanwise end conditions are not expected to a�ect the vortex formation process (Roshko,

1954; Lee, 1977). De�ning the obstacle spanwidth as s, the ow normal dimension c (chord)

and the streamwise thickness b. For cases where the mean ow does not reattach on the

obstacle surfaces, b=c <� 2:3 (Okajima, 1982), a comparison of results from experimental

studies over a wide range of s=c > 10 and di�erent end conditions suggest this expectation

holds for 0:4 < b=c < 2:3 (Lee, 1977; Obasaju, 1979; Dur~ao et al., 1988; Norberg, 1993; Ohya,

1994; Knisely, 1990; Mohebi et al., 2017). For a given b=c, reported (blockage corrected)

values for the midspan mean base pressure, sectional drag and shedding frequency from

these studies agree within experimental uncertainty and the ow about the midspan can be

considered two-dimensional.

Comparing experimental results for rectangular cylinders below the critical thickness,
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b=c � 0:3{0:4 (Knisely, 1990; Norberg, 1993; Mohebi et al., 2017), shows large discrepancies.

For nominally thin plates, b=c < 0:2, with large s=c (Fage Arthur et al., 1927; Fail et al.,

1959; Kiya and Matsumura, 1988; Knisely, 1990; Leder, 1991; Lisoski, 1993; Mohebi et al.,

2017), di�erences of up to 15% are observed in the shedding frequency or drag coe�cient

and 30% for the mean recirculation length. Regardless of the end conditions, separation is

reported to be �xed at the plate leading edges.

The numerical prediction of in�nite thin-at plate ows using steady and unsteady

Reynolds-Averaged Navier-Stokes (RANS) single-point closures has generally proven unsat-

isfactory (Tian et al., 2013; Dahlqvist, 2016). Simulations using Direct Navier Stokes (DNS)

or Large-Eddy Simulation (LES) (Najjar and Balachandar, 1998; Narasimhamurthy and An-

dersson, 2009; Hemmati et al., 2016, 2018) more closely approach the experimental results

of Fage Arthur et al. (1927) and Leder (1991), although the shedding frequency and drag

are over-predicted by 10% to 15%. A comparative study (Hemmati et al., 2018) notes that

while simulation results are relatively insensitive to Reynolds numbers above 1000, based

on the on-coming stream velocity and c, predictions are sensitive to the type of numerical

boundary condition imposed at the spanwise ends.

The wake structure and dynamics for the thin plate di�er signi�cantly from those for

circular or square cylinders (Balachandar et al., 1997). Di�erences have been attributed to

the stabilizing e�ect of the afterbody (Balachandar et al., 1997; Mohebi et al., 2017), the

portion of the body downstream of the separation. In particular, the importance of low-

frequency unsteadiness in the thin-plate wakes has been discussed extensively based on DNS

studies (Najjar and Balachandar, 1998; Narasimhamurthy and Andersson, 2009; Hemmati

et al., 2016). This unsteadiness, most easily observed in the recirculation region, corresponds

to a broadband energy accumulation centered about 1/10 of the shedding frequency in ve-

locity spectra. The low-frequency dynamics have not been studied in detail experimentally.

Reported spectra (Fage Arthur et al., 1927; Kiya and Matsumura, 1988; Leder, 1991; Mo-

hebi et al., 2017; Lisoski, 1993) do suggest that the di�erence in the reported base pressure
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and mean recirculation length coincide with di�erences in the low-frequency spectral signa-

ture. These observations warrant a more detailed analysis of the low-frequency dynamics for

di�erent end conditions.

Low-frequency modulations of the shedding process have been shown to involve energy

exchanges between coherent motions. For laminar, 2D cylinder wakes Noack et al. (2003)

used an analysis based on proper orthogonal decomposition. They show that the dynamics

resulted from an energy exchange between shed vortices and a slow-varying base ow and

could be modeled as a Stuart-Landau mean-�eld oscillator. Bourgeois et al. (2013) extend

this approach for quasi-periodic, three-dimensional turbulent wakes. Herein, this approach

is used to investigate the low-frequency dynamics in the at plate wake.

In this study, the at plate wake is investigated for two end conditions: with and without

end plates. A modal decomposition of the wake velocity uctuations shows the existence of

two low-frequency modes of motion. Their relationship to the shedding process is examined

and related to di�erences in the Reynolds stress �eld and mean wake velocity �eld structure.

4.3 Methodology

The near-wake ows behind high aspect ratio thin at plates normal to a uniform stream

of velocity, U1, are considered for two conditions: open ends (OE), without end plates; and

closed ends (CE), with end plates. Experiments were conducted in an open jet suction-type

wind tunnel. The tunnel inlet had a diameter of 3 m. The conditioning section consisted

of a honey-comb and 7 sieves. The air owed through a gradual 36:1 area-ratio contraction.

The working section of the wind tunnel was a 0.5 m-diameter jet in which the test-plate was

mounted. The free stream velocity was monitored with a 1
4 in diameter Pitot-static tube

mounted at the working section inlet penetrating the jet about 5 cm. The di�erential pressure

transducer was a Dwyer Instruments Inc. Magnehelic 2000-OC. Based on the manufacturer’s

calibration data, the Pitot-static tube accuracy is 0.25%.
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The ow geometry, measurement window, and nomenclature are schematically shown in

Fig. 4.1. The Cartesian coordinates in the streamwise, ow-normal, and spanwise directions

are denoted (x,y,z) with their corresponding velocity components (u,v,w), respectively.
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Figure 4.1: Schematic representation of the geometry and nomenclature, showing the PIV
�eld of view (FoV): a) side view b) top view.

The thin test-plates consisted of machine-at steel. For the open end case, the test-

plate is from a previous study (Mohebi, 2016) and had a chord of c = 13:0mm, a span

of s = 560mm, such that it extended out of the ow, and a uniform thickness of 0:05c.

The wetted span-to-chord ratio was 38 and the blockage ratio, based on the frontal area,

was 0:034. For closed ends, the test-plate had a chord of c = 22:4mm, a wetted span of

s = 508mm, and a mid-point thickness of 0:2c with beveled edges. The wetted span-to-

chord ratio was 23 and the blockage ratio was 0:057. The square rigid end plates consisted

of 1:9mm thick steel and were mounted normal to the test plate at the edge of the working

jet at z = �11:5c. For this end plate spacing, results from Fox and West (1990) indicate

mean 2D ow over �4:5 < z < 4:5 for a circular cylinder. The plates extended to x = �c

upstream, y = �3c and x = 5c downstream. The spanwise base pressure distribution was

found to be sensitive to end plate orientation. The end plates were adjusted to an expanding

angle of � 2� relative to the free stream to minimize spanwise gradients of the mean base
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pressure.

Surface pressure measurements were made at 5 locations on the leeward face of the larger

plate (z=c = 0;�4;�10; y=c = 0;�0:1;�0:2). The pressure taps were 0.5 mm diameter holes

drilled into 2 mm inner-diameter copper tubes embedded into the plate. The copper tube

ends were connected with a Tygon tube to the high-pressure side of All Sensor Corporation

5-INCH-D1-4V MINI pressure transducers. The low-pressure side of the di�erential trans-

ducers connected via a manifold to the static pressure of the wind tunnel’s Pitot-static tube

to ensure a common reference. The pressure was sampled at a rate of 10 kHz with a 24-bit

National Instruments NI9234 interface using an in-house LabView code. The pressure signals

were digitally �ltered using an 8th-order Butterworth �lter applied forwards and backwards

to eliminate the phase lag.

Time-resolved, three-component planar velocity �elds were acquired using stereo parti-

cle image velocimitry (PIV) in dual-frame mode. The LaVision PIV system consisted of a

Photonics Industries 20 mJ Nd:YLF laser (wavelength 532 nm), producing a � 2 mm laser

sheet, and a pair of Photron SA4 Fastcams (1024 � 1024 pixels). Cameras were mounted

at angles of �45� relative to the y = 0 plane. The ow was seeded with olive oil particles

generated with six Laskin nozzles and introduced upstream of the tunnel inlet. The parti-

cles number-mean diameter was approximately 1�m. The e�ective �eld of view (FoV) was

approximately 5:5c � 5:5c. For the closed end case, a single FoV was used extending from

x � 0:5c. For the open end case, the recirculation length was signi�cantly longer and two

FoV were used. The �rst extended from x � 0:5c and a second, overlapping FoV extended

from x � 3:4c. The two FoVs are schematically shown in Fig. 4.1.

For each measurement, data were acquired for three independent trials of 2728 snapshots

(image-pairs). The snapshots were sampled at a rate of 1 kHz allowing 10 to 11 points per

shedding cycle. Each acquisition window (one trial) spanned about 230 shedding cycles, or

about 700 cycles for three trials.

PIV images were processed with DaVis Flow Master 8.3 software. A two-pass frame-
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straddled processing was performed. The �nal interrogation window was 32�32 pixels, with

50% overlap for a vector spacing of � 0:08c. Following the procedure of Ra�el et al. (2018),

statistical convergence required two trials and the estimated overall uncertainty was approx-

imately 1% and 6%, based on the maximum values, for the mean velocity and Reynolds

Stresses, respectively, within a 95% con�dence level.

Experiments are reported at U1 = 14:8 m/s (CE) and 8:7 m/s (OE), giving a Re =

U1c=�, with � the kinematic viscosity, of 20000 (CE) and 6600 (OE). Nominal ambient con-

ditions were 20�C and 90 kPa. For both cases, the on-coming ow was uniform to within 0.2%

over 97% of the test-stream and the free stream turbulence was less than 0.5%. The shedding

frequency, fsh, corresponded to St = fshc=U1 = 0:142� 0:002 (CE) and 0:119� 0:002 (OE).

The mean base pressures were CPb = Pb � P1=1
2�U

2
1 = �1:22� 0:03 (CE) and �0:93� 0:03

(OE), with � the density. St and CPb for closed ends match earlier studies (Fage Arthur

et al., 1927; Leder, 1991). In the following sections, velocity, Reynolds stress, circulation,

vorticity, and area are presented non-dimensionalized by U1, �U2
1, (U1c)�1, U1=c, and c2,

respectively.

For open ends, Mohebi (2016) found that the mean velocity and Reynolds stress pro�les

were insensitive for Re � 6600. Representative data are shown in Figure 4.2. This �gure

shows y-pro�les of non-vanishing mean quantities (U , V , u02, v02, u0v0) at an arbitrarily

chosen downstream location, and U distributions along y = 0. For Re of 6600 and above,

the measured distributions collapse onto a single curve within the experimental uncertainty.

It is seen that the distributions measured for 3000 and 4500 deviate from those at higher

Re.

The velocity �eld was analyzed subject to a triple decomposition into mean, coherent,

and residual contributions:

u(x; t) = U(x) + uc(x; t) + ur(x; t)| {z }
u0(x;t)

(4.1)
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Figure 4.2: Mean velocity and Reynolds stress distributions at di�erent Reynolds numbers
as reported in Mohebi (2016); y-pro�les at x=c = 4, centerline pro�les at y = 0. Reynolds
number and symbol: 3000, ; 4500, ; 6600, ; 8000, ; 9600, ; 10800, ; 12000, .

where u0 represents the total uctuations. Upright bold symbols indicate vectors. The

argument x is the position vector and t time. The coherent contribution is determined from

a proper orthogonal decomposition (POD) (Holmes et al., 2012) of the ow �eld:

uc(x; t) =
NX

n=1

an(t)�n(x) ; (4.2)

where an and �n are temporal and spatial modal functions. In subsequent sections, the

arguments x and t are implied for compactness.

The spatial functions are orthonormal, satisfying the inner product:

(�m;�n) =
Z

�
(�m�n)dxdy = �mn ; (4.3)

where � is the PIV observation domain. The total kinetic energy of the uctuations is thus

given by:

TKE =
1
2

X

n

�n ; �n = a2
n ;

32



where �n are the empirical eigenvalues.

The low-order (coherent) representation consists of N = 8 highly energetic modes. The

coherent and residual contributions to the Reynolds stress tensor are de�ned as uciucj and

uriurj, respectively. By construction, their summation yields the total (Reynolds averaged)

Reynolds stress �eld:

u0iu0j = uciucj + uriurj :

The N modes were determined based on the following considerations. First is the contribu-

tion to the TKE (a measure of the contribution to the Reynolds normal stresses). Second is

the contribution to the Reynolds shear stresses. Third is the existence of inter-modal rela-

tionships seen in phase-space as discussed in § 4.4.4. Finally, the mode statistical signi�cance

was established by comparing the co-linearity of the modes between di�erent trials (inner

product, Eq. (4.3)> 0:95). Note that modes not satisfying the latter criterion had contribu-

tions below the measurement uncertainty. For the �nal analysis, the modes were calculated

from the three combined trials. Raw data and low-order representations were compared for

randomly selected time intervals to verify that the vortex centroid locations and trajectories

were well approximated. In the remainder of the text, "signi�cant" identi�es contributions

that are statistically signi�cant and result in observable changes in the uciucj distributions.

Variables for conditionally averaged shedding cycles are presented as ensemble phase

averages:

hgi(x; �) =
1
Np

Np�1X

n=0

g(x;
�
�
2�

+ n
�
�)

where g is the ow variable, Np is the number of samples in each of 36 phase bins, and �

is the shedding period. The phase � is determined using a1 and a2, the two most energetic

POD temporal coe�cients containing the fundamental shedding frequency, according to

� = arctan
�
a2

a1

�
:
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The circulation of the shed vortices was estimated according to:

�v =
Z Z

Av
h!i � dA (4.4)

where

h!i =
@hvi
@(x=c)

�
@hui
@(y=c)

is the phase-averaged vorticity. The cores are �rst identi�ed using the Q-criterion (Hunt

et al., 1988). Letting Av be the area enclosed by the Q = 0 iso-contour, the vortex strength

is computed from (4.4). For shed vortices, it is noted that � 70% of the circulation associated

with the vortex is captured when using Q = 0 to de�ne Av. This result is consistent with

the Burgers vortex model, as described in B. Since the ratio of � 70% is nearly constant, the

de�nition of Av based on Q = 0 will be used to obtain a representative value of the circulation,

as the value of Q is relatively insensitive to small perturbations due to uncertainty. It is

noted that results using the �2 criterion (Jeong and Hussain, 1995) are indistinguishable

from those obtained with the Q-criterion.

4.4 Results

The quasi-periodic, turbulent near wake of a nominally 2D thin at plate normal to a uni-

form stream is investigated for open (OE), without end plates, and closed (CE), with end

plates, end conditions. The ow mean two-dimensionality is considered in §4.4.1. Di�erences

between the mean wakes for the two end conditions are briey identi�ed from the mean �eld

in §4.4.2. Di�erences in global quantities, such as the Strouhal number, mean base pres-

sure, and vorticity thickness, are considered in §4.4.3. Subject to a POD modal analysis,

slow-varying contributions to the wake dynamics are characterized in §4.4.4. Finally, their

inuence on the turbulent wake structure is discussed in §4.4.5.
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4.4.1 Two Dimensionality and Phase Uniformity

Mean two-dimensionality was veri�ed for both ows. Figure 4.3 compactly summarizes U , V

and CPb z-distributions and U , V , u02 and u0v0 y-distributions for di�erent spanwise locations.

It is observed that spanwise variations are negligible within experimental uncertainty. The

y-distributions at di�erent z=c collapse onto a single curve and show the general symmetry

about y = 0. It was veri�ed thatW , u0w0 and v0w0 vanish within the experimental uncertainty

and are not shown for brevity.

-0.1 -0.05 0 0.05 0.1-0.3 0 0.3 0.6 0.9 1.2

-2

-1

0

1

2

-0.1 -0.05 0 0.05 0.1-0.3 0 0.3 0.6 0.9 1.2

-2

-1

0

1

2

-1.5 -1.3 -1.1 -0.9 -0.7 -0.5
-10

-5

0

5

10

-0.3 0 0.3 0.6 0.9

-2

-1

0

1

2

-0.3 0 0.3 0.6 0.9 1.2

-2

-1

0

1

2

Figure 4.3: Top: z-distributions of U and V for CE (left) and OE (middle) and CPb (right).
CPb is shown for Re = 10000 and 20000 (circles and triangles, respectively, CE closed symbols
and OE open symbols). Bottom: y-distributions of U , V , u02, and u0v0 for CE (left two) and
OE (right two) for x = 3c and z = 0c, 0:5c, and 1c. Black lines and closed symbols are for
CE; green lines and open symbols for OE.

Figure 4.4 shows a sample cross-correlation between pressure at the midspan and z = 10c

on leeward face of the plate. The distributions are consistent with predominantly parallel

shedding. The maximum correlation occurs at zero-lag and, within a small tolerance, cor-

relation peaks are one period apart. By inspection, the instantaneous pressure signals are

generally in phase.
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Figure 4.4: Cross-correlation Rp0p0(�) of pressure signals for taps at z = 0c and z = 10c. CE
in black, OE in green. Rp0p0(�) = 1

T

R T
0 p0(0; t)p0(10; t+ �)dt.

4.4.2 Mean Wake

Mean streamlines overlaying ooded contours of the principal Reynolds stresses (u02, v02,

u0v0) in the central plane, z = 0, are shown together with their coherent and residual �eld

contributions in Fig. 4.5. Also shown are the u02; v02, and w02 y-distributions at the x-

locations of maximum u02 and v02. The mean streamlines are calculated by integration of the

velocity along y-pro�les, outward from the symmetry plane y = 0, and correspond to loci

of constant _m =
R
Udy (Castro and Haque, 1987). The separating streamline ( _m = 0) is

shown as a thicker line. The mean �eld shows mirror-symmetry about y = 0, Fig. 4.3, and

hence Fig. 4.5 presents results for the closed end ow in the top half-plane and for the open

end in the bottom, respectively.

While the streamline topology is qualitatively similar for both cases, the recirculation

length measured along y = 0 to the saddle point at x = ‘R, is signi�cantly longer in the open

end case, ‘R = 3:9c, than for the closed end, ‘R = 2:4c. Simple scaling considerations could

not account for the structural di�erences between the recirculation regions. For example,

the recirculation nodes at (xn; yn) = (1:25c;�0:43c) (CE) and (2:53c;�0:46c) (OE) are at

di�erent relative streamwise locations at xn = 0:52‘R and xn = 0:65‘R, respectively. In

contrast, the maximum outward deviation of the separating streamline from y = 0, at (xs; ys)
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= (1:01c;�0:77c) (CE) and (1:66c;�0:89c) (OE), correspond to similar relative streamwise

locations (xs = 0:42‘R and xs = 0:43‘R), such that the relative location of these two features

do not scale. It is also noted that ys=yn � 1:84 for both cases, suggesting di�erent scaling

in the streamwise and ow-normal directions. Moreover, the curvature of the separation

streamline, extending from the leading edges along the shear layer to the wake saddle point,

is smaller for the open than the closed end case. Additional di�erences in the wake structure

are discussed in relation to the Reynolds stresses below.
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Figure 4.5: Reynolds stress contours with overlaid mean streamlines. Top half-planes with
closed ends, bottom half with open ends. The separating streamline is denoted by a thicker
line terminating at the saddle point at the end of the mean recirculation (x = ‘R; y = 0).
Filled symbols are for closed ends, open symbols for open ends. Yellow circles and triangles
indicate points of maximum u02 and v02, respectively. The �rst row shows the Reynolds
averaged �eld; second the coherent �eld; third the residual �eld. Colormap levels change
across the horizontal line. Final two columns show pro�les at x-location of maximum v02
and u02; u02 as indicated in the �rst row. v02, w02.

The magnitude of the Reynolds stresses (Reynolds averaged) are generally much larger

with closed than with open ends. Downstream of the recirculation nodes, the main contri-
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bution to the Reynolds stresses in both cases is from the coherent motion, ostensibly due to

vortex shedding. In this region, in contrast to the Reynolds averaged �eld, the three residual

�eld normal stresses are similar in magnitude, implying that much of the di�erences observed

in the Reynolds stress (Reynolds averaged) distributions can be addressed by considering the

coherent �eld dynamics. Di�erences in the vortex formation process are suggested by the

observations that: (i) the location of the maxima for u02 and v02 are located within the recir-

culation region for the closed end case, but outside for the open ends; (ii) in the base region

upstream of the recirculation nodes, the magnitude of the Reynolds stresses are generally

high for the closed, but very low for the open end cases, respectively. In the base region

of both ows, very close to the plate, u0v0 changes sign. This inversion is associated with

the coherent contribution as it is not observed in the residual �eld. For the open end case,

the coherent contribution to the Reynolds stress strongly dominates and, upstream of the

recirculation nodes, the residual �eld contributes negligibly to the Reynolds stresses. These

observations motivate a detailed investigation of how the vortex formation and shedding

process di�er for the two cases.

Spectra of the u0 and v0 velocity components at locations of maximum u02 and v02 are

shown together with their auto-correlations at the location of maximum v02 in Fig. 4.6. Strong

periodic contributions associated with vortex shedding occur at frequencies corresponding

to St = 0:119 (OE) and 0:142 (CE). In contrast to the closed end case, the open case

shows signi�cant spectral broadening and a larger energy accumulation at low frequencies,

consistent with a more rapid decay of auto-correlations in periodic uctuations (Rv0v0). In

contrast, auto-correlations of the non-periodic uctuations (Ru0u0) decay slower for the open

end case. These results indicate greater cycle-to-cycle variation in the wake for the open than

for the closed end case and will be related to stronger low-frequency coherent variations in

the open end vortex shedding process.
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Figure 4.6: a) Power spectral density (PSD) function of u0, v0 at max u02 (left), and v02
(right). Successive spectra are o�set by 105 and a reference line at (10�4, absolute) is added
to each for clarity. b) Auto-correlations of u0 (top), v0 (bottom) at max v02. u02max is at
(x; y) = (1:5c; 0:5c) (CE) and (3:4c;�0:8c) (OE) and v02max is at (x; y) = (2:1c; 0c) (CE) and
(4:9c; 0c) (OE). OE (green); CE (black).

4.4.3 Global Quantities

The lower mean base pressure for the closed end case, CPb = �1:22 (CE) vs. -0.93 (OE),

is consistent with the shorter recirculation length ‘R and the increased streamline curvature

seen in Fig. 4.5. For a mean 2D ow, the separation streamline originating at the plate

corners must terminate at the saddle point at x = ‘R, y = 0 (Castro and Haque, 1987). This

observation implies that the vorticity generated at the separation point is contained in the

plane, such that a simpler 2D analysis is representative of the downstream evolution of the

vorticity ux.

The local rate of change of circulation is related to the mean vorticity ux according to:

D�
Dt

=
Z ymax

ymin
h!ui d(y=c); (4.5)

where ymax; ymin indicate the locations of the maximum U , at the shear layer edge, and

minimum U , at ymin = 0. Note that for y > ymax, the vorticity approaches zero and the

contribution of h!ui is negligible. Figure 4.7 shows the vorticity ux as a function of the

streamwise location x=‘R for the two cases, together with their ratios.

The mean rate of vorticity generation at the separation points is expected to be pro-

portional to 1
2(1 � CPb) (Roshko, 1954; Ahlborn et al., 1998), which is consistent with the
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Figure 4.7: Mean vorticity ux D�=Dt for closed end (CE) and open end (OE) conditions
and their ratio (CE/OE). To allow comparison over similar domains, data from the extended
open ends �eld were included (OEext).

higher D�=Dt observed immediately downstream of the plate for the closed end case. The

ux along the separated ow region decreases more rapidly for the closed end condition such

that the (CE)/(OE) ux ratio approaches unity by x � ‘R, which is close to the location

of the local centerline u02 maximum, corresponding to the vortex formation length (Gri�n,

1995).

The mean vorticity ux downstream of the formation region is mainly attributed to the

circulation �v transported by the shed vortices at an average rate of D�=Dt = �v � St,

within experimental uncertainty, with ratio (CE)/(OE)� 0:97. The slow decay of D�=Dt,

downstream of ‘R, is due to the vorticity di�usion of the shed vortices. The di�erence

between the two cases in the strength �v of the shed vortices and the vorticity ux for

x < ‘R suggests di�erence in the formation region dynamics.

The vorticity thickness is introduced as a measure of the shear layer spreading rates Cas-

tro and Haque (1987) and is de�ned:

�w =
U1 � U2

j@U@y jmax
;

where U1 is the maximum and U2 the minimum U located at y = ymax and y = ymin = 0

40



of Eq.(4.5), respectively. j@U@y jmax coincides with the U y-pro�le inection point. Figure 4.8

shows �w as a function of the relative streamwise location x=‘R allowing direct comparison of

the di�erent ow regions. In the recirculating region, the spreading rate is signi�cantly higher

for the closed end then the open end case, suggesting a strong mixing of higher-momentum

uid consistent with the observed higher drag (lower CPb) for the closed end case. The higher

spreading rate also implies a greater mean rate of vorticity transport towards y = 0 to interact

with opposite-sign vorticity from the opposing shear layer, leading to a higher vorticity

annihilation rate consistent with the more rapid decay rate of D�=Dt seen in Fig. 4.7 for

the closed end case. Downstream of the recirculation, the x-evolution of �w is approximately

linear for both cases, but the slopes di�er signi�cantly: d�w=dx � 0:17c=‘R (CE) vs. 0:11c=‘R

(OE). The similarity in evolution suggests similar dynamics past the formation region, which

is expected as the ow far downstream must approach the classical 2D far-wake similarity

solution such that the x-evolution is independent of the wake-generating body (Wygnanski

et al., 1986).

Figure 4.8: Vorticity thickness �w=c as a function of downstream distance x=‘R for closed
(CE) and open end (OE) cases. To ensure that the comparison domain was the same, data
from the extended open ends �eld was also used (OEext).

Flooded iso-contours of h!i are shown with streamlines for closed and open ends in

Fig. 4.9 at the same phase in the respective averaged shedding cycles. At this phase, the

vortex along the lower shear layer, h!i > 0 (red), is in the process of shedding. The streamline
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saddle point upstream of the shedding vortex moves with the vortex such that there is no

net vorticity ux across it. Hence, the saddle point indicates that the shedding vortex is no

longer fed vorticity from the lower shear layer. The forming vortex along the upper shear

layer, h!i < 0 (blue), penetrates deeply the base region and interferes with the vorticity ux

along the lower shear layer, leading to the shedding event. When compared to the closed end

case, the open end formation length is much longer. The vortices form and shed signi�cantly

further downstream from the plate. The saddle points form at x � 0:8‘R (OE, ‘R = 3:9c)

versus 0:6‘R (CE, ‘R = 2:4c). The curvature of the feeding shear layer is also less for the

open end case.

The average trajectory of the vortex cores, represented by the vorticity centroid in the

region enclosed by the Q = 0 contour, is also shown in Fig. 4.9. The separation between the

trajectories of the opposing vortices decreases inside the formation region and increases as the

vortex is shed. For the closed end case, the separation increases more rapidly downstream,

which is consistent with a greater spreading rate as inferred from �w in Fig. 4.8.
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4

Figure 4.9: Flooded iso-contours of the phase-averaged vorticity �eld h!i are shown with
velocity streamlines; both �elds are shown at the same phase. Within the �elds, jh!ijmax
= 6.15 (CE), and jh!ijmax = 3.94 (OE). To better show OE h!i detail, the color bar limits
were set to �4:6. Closed green lines indicate Q = 0 and enclose region Av. Purple lines
indicate the trajectory of the vorticity centroids, (xc; yc) =

R R
(x; y)h!i � dAv. Streamlines

are in a convective reference frame. See appendix B for de�nition of red line.
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4.4.4 POD Analysis

By construction, the phase average does not account for cycle-to-cycle variations and is thus

an incomplete description of the shedding dynamics. As observed from Fig. 4.6, spectra for

the open end case show greater spectral broadening and the velocity uctuation correlations

show a faster decay in periodic but a slower decay in non-periodic contributions when com-

pared to the closed end case. These di�erences suggest that the cycle-to-cycle variations are

important for describing the di�erent dynamics for these two cases. Here two slow-varying

coherent motions related to the wake dynamics are found for both end conditions. These

motions are most strongly associated with two distinct POD modes. The �rst identi�ed

mode resembles the shift mode described by Noack et al. (2003), and characterizes a slow

expansion and contraction of the recirculating region. Hereafter these will be referred to as

the drift mode and motion. The second mode characterizes a lateral apping of shed vortex

trajectories and is hereafter called the apping mode.

Figures 4.10 and 4.11 provide a succinct summary of key aspects of the POD analysis.

The eight POD modes representing the coherent motion account for about 56% (CE) or 68%

(OE) of the TKE. From the modal energy distribution in Fig. 4.10, the two most energetic

modes, representing 46% (CE) and 54% (OE) of the TKE, show very strong spectral energy

concentrations at the shedding frequency. Iso-contours of their u-spatial functions, �u
1 ;�u

2

{ not shown for brevity, show the classical anti-symmetric distribution about y = 0 and

nearly-periodic spatial patterns in the x-direction associated with the periodic motion of

vortex shedding (Noack et al., 2003). These are a fundamental harmonic pair, with temporal

coe�cients a1 and a2, as deduced by their phase relation in Fig. 4.11a. Within any arbitrary

shedding cycle, the amplitude A =
p
a2

1 + a2
2 is nearly constant, but A varies between

cycles. This amplitude modulation is signi�cantly greater for the open end case. In the

�gure, the red line closely approximates A for the average shedding cycle. A mode pair, a3

and a4, corresponding to the second harmonic with spectral energy concentration at 2fsh,

is observed in both �elds (not shown for brevity). Their u-spatial functions are symmetric
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about y = 0 and show streamwise spatial periodicity at about half the wave length observed

for the fundamental pair. While the second harmonic pair contributes only about 3% of

the TKE, its contribution to u02 is signi�cant, especially in regions about the symmetry

plane (Bourgeois et al., 2013; Hosseini et al., 2015).
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Figure 4.10: Flooded isocontours and pseudo-streamlines for spatial functions together with
spectra of temporal coe�cients for the slow-drift, a� (top), and apping, af (bottom), modes.
CE is on the left, OE on the right. Note that, for the OE �eld, af is taken from the extended
domain. Spatial modes are orthonormal: (�n;�m) = �nm. Right most: relative contribution
to the TKE. a1, a2 fundamental harmonic pair. a3, a4 second harmonic.

The most energetic mode with a symmetric u-spatial modal function, �u
� shown in the

top row of Fig. 4.10, is associated with low-frequency energy concentration in spectra of a�

in Fig. 4.10. The amplitude of this slow-varying mode, a�, is strongly coupled with the

oscillation amplitude A of the fundamental harmonic pair. From the a�, a2 phase portraits

of Fig. 4.11b, the relationship takes the form of a paraboloid, a� � c0 + c1A2, with c0 and

c1 constants. Note that the parabolic regression line is not indicative of the trajectory in

the phase space since, during a typical cycle, a� and A vary little. This behaviour has been

observed in other cylinder wakes (Noack et al., 2003; Bourgeois et al., 2013; Mohebi et al.,

2017) and has been interpreted as a conservative energy exchange between shed vortices and

a slow-drift of the base ow. Henceforth, the base ow is de�ned as: uB = U + u�, with

44



Figure 4.11: Phase portraits for CE (left) and OE (right) for: a) harmonic pair a2 vs. a1;
b) a2 vs. a�, (a1 � 0); and c) a2 vs. af , (a1 � 0). Note: af is taken from the extended OE
�eld. Solid red lines indicate a regression in b) and in a) the limit cycle (a� = 0). Dashed
red lines in b) show bin averages for high, limit, and low cycles. The modal coe�cients are
scaled by

p
�n.

u� = a���.

The relative energy content of the slow-drift mode can be related to di�erences in the

low-frequency wake dynamics. For the closed end case, this mode represents only 2.6% of the

TKE. Fluctuations along the paraboloid are concentrated near the limit (mean) shedding

cycle, suggesting low modulation of the shedding amplitude consistent with the narrow

spectral peak of Fig. 4.6. For the open end case, a� represents 7:4% of the TKE. The

uctuations in the phase-space range from above the limit cycle to the unstable equilibrium

at A � 0 (Noack et al., 2003), suggesting strong cycle-to-cycle modulation of the shedding

process with intervals of vortex shedding suppression. These observations are consistent with

the spectral broadening and auto-correlation trends seen in Fig. 4.6.

In both ows, the third most energetic anti-symmetric mode is characterized by the
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u-spatial modal function �u
f which is most strongly expressed downstream of the mean

recirculation nodes along the shear layer (bottom row of Fig. 4.10). A direct comparison of

the open and closed end �elds lends itself to ambiguity because these subtend dynamically

di�erent regions. Speci�cally, the PIV domain for the closed end case captures more of the

wake dynamics downstream of the recirculating region since it extends to 2.12‘R, whereas

the same FoV for the open end �eld extends to 1.42‘R, such that the dynamics downstream

of the recirculation are partially captured. To maintain the same spatial resolution within

the constraints of the experimental set-up, an additional PIV plane with the same FoV

dimensions was considered for the open end case. This plane extends from x = 0:87‘R to

2:13‘R. The correspondence of the modes for the two FoV was ascertained by considering

the similarity in the dynamics represented by the modes in the region straddled by the two

FoV. It was found that �f and af appear largely unchanged and represent the same motion

when the POD is computed from a truncated closed end FoV with similar limits to the open

end downstream FoV. Hence, the modal function �u
f and the spectrum for af from the open

end extended FoV are shown in Fig. 4.10.

In both ows, the contribution of these modes, af�f appears to describe a slow, in-

tandem ow-normal oscillation, or a apping motion, of the shear layers. The v-spatial

modes, not shown for brevity, are symmetric about y = 0. The u-spatial modes are anti-

symmetric about y = 0. Hence, these modes tend to increase u in one shear layer, while

decreasing u in the opposing one, but v is in the same direction for both shear layers. As

shown below, this motion can be related to the trajectory of the shed vortices. The spectra

of af indicate energetic content at low frequencies, although a low-energy contribution at

fsh is still observed. For the closed end, the apping mode accounts for about 3% of the

TKE, which is similar to the contribution of the slow-drift. For the open end case, however,

the contribution of the apping mode is relatively weaker, accounting for about 1.5% of the

TKE, compared to 7.4% for the slow-drift.

The spectral content of the apping mode at fsh suggests an interaction with the pair
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a1, a2. This interaction appears to be captured in the last mode pair included in the low-

order representation. Although these mode pairs contribute less than 3% of the TKE, their

contribution to the Reynolds stress �eld in the recirculating region is not negligible and

are thus retained in this model. These modes, identi�ed as transition modes, are briey

discussed in appendix A.

Figure 4.12: Conditionally phase averaged vorticity centroid trajectories (top) with corre-
sponding strengths �v (bottom). Conditional phase averaging was preformed on the apping
mode. Trajectories and strengths are shown for high (red), low (blue), and average (black)
cycles. CE on left, OE on the right. OE points on x=‘R < 1:2 are from near FoV, x=‘R > 1:2
from extended FoV.

The inuence of the apping motion on the trajectories and strength, �v, of shed vortices

is illustrated in Fig. 4.12. The forming vortices are fed by circulation advected along the

shear layers. Hence, their position is expected to follow the motion of the shear layers.

Figure 4.12 shows the conditionally phase-averaged trajectory of the vortex cores, de�ned

by the vorticity centroid within regions enclosed by the curve Q = 0, for di�erent states of

the apping motion. Briey, the shedding cycles were regrouped in three equal bins based on

the magnitude of af . The bins represent the positive most, median (af � 0), and negative

most apping mode contributions. Within each bin a phase average was then done. The
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inuence of the apping motion is most clearly expressed in the wake downstream of the

vortex formation region. For shedding cycles within the median bin, the vortex trajectories

are symmetric about y = 0. For positive most af , the vortex trajectories are biased upward

(y > 0) and downwards (y < 0) for the negative most af . As can be inferred from Fig. 4.11c,

the phase trajectories in the af{a1; a2 space are not correlated with A or, by extension

through the paraboloid relationship, a�. Hence, it is mainly the shear layer apping motion

that a�ects the downstream vortex trajectories.

Figure 4.12 also shows the shed vortex strength �v, conditionally phase-averaged on af as

a function of x=‘R. In the median bin, around af � 0 when the apping mode contribution

is least, the strength of the vortices shed from the opposing shear layers is the same. In

contrast, when the shear layers are deected upwards (positive most bin shown in red), the

vortices shed along the top shear layer (y > 0) are slightly weaker than those shed along the

lower (y < 0). The converse is true in for the negative most bin (blue). This observation

holds for both ows. By the Biot-Savart induction principle, the imbalance in �v is consistent

with the downstream deection of the shear layers. It is noted that the imbalance reects

the contribution of the transitional mode pair (modes 7 and 8 of the reconstruction). It thus

appears that this mode pair expresses a coupling through an energy exchange between the

slow-drift, fundamental harmonic, and apping modes, which can be inferred from the phase

portraits in A.

4.4.5 Reynolds Stresses and Wake Structure

In this section, the di�erences in the structure of the Reynolds stress �elds for the two ows,

Fig. 4.5 (u0iu0j), are related to the vortex trajectories, formation lengths, and cycle-to-cycle

variations. The inuence of the slow-drift mode captures variations of the base ow and thus

the recirculation/formation region. As observed from Fig. 4.12, the apping mode a�ects

little the trajectories upstream of ‘R. Hence, a conditional average based on the magnitude of

a�, reecting the slow-varying base ow uB, is used in Fig. 4.13 to investigate the formation
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Figure 4.13: High cycle left, limit cycle middle, and low cycle right. Phase averaged iso-
contours of vorticity at the phase when a vortex is about to shed from the negative shear
layer. Overlaid are Lagrangian streamlines, the back ow (black dashed line), absolute
maxima for huci2 and hvci2 (red circles and triangles, respectively), the �rst local maximum
huci2 on the centerline (also red circles), and the vortex centroid path over the cycle (orange
circles). Top, CE and bottom, OE. Note: gap in OE contours is the transition between PIV
FoVs and is chosen to lie between the vortex trajectories from each FoV for visual clarity.

region. The velocity data are grouped according to the a� magnitude into the three levels

along the paraboloid indicated in Fig. 4.11b. Each level includes 15% of the data population

and is de�ned as high, limit (a� � 0), or low cycles. For each level, the phase average was

calculated over 20 phase bins. Since a� varies negligibly over a cycle, cycles remain within

the level group. A dashed black line corresponding to uB = 0 delimits the backow region

for each level.

In Fig. 4.13, phase-averaged streamlines and vorticity iso-contours are shown at approx-

imately the same shedding phase (i.e., for the same phase bin) for the three a�{levels.

The phase corresponds to the �rst appearance of the saddle point in the upper shear layer

(h!i < 0, blue), indicating that the vortex is about to shed. Plots for the open end case

show data for the two FoVs separated by white space for clarity. The two data sets were

processed independently, using only the signal in the region straddled by the two FoV to
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synchronize the shedding phase. Note that the vortex (h!i > 0, red) has already shed from

the lower shear layer. The absolute maxima of the conditionally averaged Reynolds stresses,

huci2 and hvci2, are indicated together with the local maximum of huci2 along y = 0. In each

�eld, the loci of centroid locations, obtained over all phase bins, indicate vortex trajectories.

The limit cycle is considered �rst as a comparison basis. From the Reynolds stress �elds,

the local maximum of huci2 on the centerline lies between the shed vortex and the forming

vortex. This location approximately corresponds to the maximum extent of the forming

vortex and is thus consistent with Gri�n’s de�nition of the formation length for the circular

cylinder. This de�nition holds for all cases and conditions considered.

The o�-axis huci2 maxima for closed ends are found within the core of the forming

vortex, but are related to the maximum extent of the forming vortex core for open ends.

It appears that the location of the o�-axis maxima huci2 are more related to the vorticity

distribution. Gri�n (1995) made a similar observations in assessing Re-e�ects. He noted

that while the formation length changed little, the location of o�-axis maxima huci2 were

sensitive to Reynolds number due to increased vorticity di�usion. hvci2 maxima are observed

downstream of all huci2 maxima, but occur further downstream for the open end case.

When considering the high and low cycles in Fig. 4.13, the location of huci2 and hvci2

maxima relative to the forming vortices is similar to the limit-cycle case. Hence, the location

and trajectories of the vortex centroids in relation to the backow region indicated by uB = 0

underlie important di�erences in the formation dynamics. In the closed end case, the forming

core passes through the backow region and a signi�cant portion of the vorticity is drawn

towards the at plate. In contrast, for open ends, much of the core is located outside

the backow region. The cores move downstream during the formation leading vortices to

shed farther in the wake. Correspondingly, when the vortex trajectories pass through the

backow region, the maxima of huci2 are found upstream of the formation length, and hvci2,

immediately downstream, Fig. 4.13.

Increased base region activity in the closed end u0iu0j and uriurj is related to the vorticity
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Figure 4.14: Left of legends; Reynolds averaged stress (top), coherent and residual production
along y = 0 for open (OE) and closed (CE) ends as functions of x=‘R (bottom). Right of
legends; coherent and residual production (left) and coherent to residual transfer (right),
both scaled by maximum production and as functions of x=‘R. CE, top and OE, bottom.

entrainment towards the plate and shortened formation length. Figure 4.14 shows u02 and v02

center-line distributions; coherent and residual kinetic energy production; and the coherent

production of residual uctuations, representing a transfer of energy from the coherent to

the residual �eld. The exact production term for a 2D-ow along y = 0, where u0v0 =

0, is given by Gk = (v02 � u02)@U@x and the coherent production of residual uctuations is

(�uriurj@uci=@xj). Plots to the right of the legends are scaled by the maximum Gk in the

�eld.

From the production pro�les in Fig. 4.14, the closed end coherent Gk maximum is before

‘R so that coherent uctuations are advected upstream where they impinge on the plate

and deform against it; dispersing energy into the residual �eld via the coherent-residual

transfer term. In a similar fashion, plate impingement draws energy from the mean �eld,

strengthening residual uctuations and contributing to an increase in residual kinetic energy

in the near �eld; this can be seen in the residual production. Correspondingly, uriurj are

much larger in the closed ends base region. The uctuations are redirected outwards by the

plate to align with the mean ow, generating a negative production, Fig. 4.14.
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In contrast, with open ends, Gk and coherent Reynolds stresses are concentrated down-

stream of ‘R, such that uctuations are advected downstream, resulting in relatively low

coherent interaction with the plate and little transfer of coherent kinetic energy into the

residual �eld. Also, the mean ow gradients are lower approaching the at plate, implying

a more stable base region and resulting in negligible residual production. With a stagnant

near �eld (Fig. 4.5), the coherent motion still realigns with the mean ow, leaving a region

of negative production positioned farther downstream, suggesting an association with the

larger formation length when compared to the closed ends.

4.5 Concluding Remarks

A comparative study of the turbulent, quasi-periodic wake of a 2D thin at plate normal to

a uniform stream for open and closed end conditions was presented. While the mean ow

�eld in both cases was 2D, important di�erences in the wake structure and Reynolds stress

�elds are observed. From a low-order representation of the ow from 8 POD modes, the two

ows show similar basic underlying motions: a periodic contribution, a slow drift of the base

ow related to a cycle-to-cycle variation of the backow region, and a low-frequency ow

normal non-periodic apping of the shear layers a�ecting the trajectories of shed vortices.

However, the relative energetic content of the motions di�er between the two ows such that

di�erent dynamics in the formation regions are observed which can be related to di�erences

in the mean wake structure.

The open ends ow is characterized by a lower streamline curvature, greater variation

of the slow drift base ow, and less entrainment of the forming vortex vorticity into the

backow region. With closed ends, the trajectory of the vortex cores are drawn inwards to

the base region which causes an increase in the advection of vorticity towards the base of the

plate, and results in more transfer to the residual �eld which translates to greater dissipation

of TKE in the base region. The increased dissipation and streamline curvature would be
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consistent with a lower CPb when comparing the closed ends to the open ends.

A plausible explanation for the di�erent dynamics is that open ends allow for the ambient

pressure to be expressed in the recirculation region, leading to an increase in the base pres-

sure (Fox and West, 1990) and a decrease in the separation streamline curvature. A decrease

in the streamline curvature has a destabilizing e�ect (Castro and Haque, 1987), which is

consistent with the increased low-frequency energy content observed for the open end case

compared to the closed end. It remains unclear why, in contrast to circular and square

cylinders, two di�erent mean 2D wakes can arise. It is clear, however, that the presence of

the afterbody alters the wake dynamics (Balachandar et al., 1997). To better understand

the dynamics, further investigation into these ows will then focus on how the stability of

the shear layer a�ects the energetic exchanges between the coherent motions.
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Chapter 5

Energy Budget

Here the closed and open end kinetic energy balances, as found from the POD triple decom-

position, are utilized to study and compare the vortex shedding dynamics present in the two

ows. Similar to Hussain (1983), the energy equations are found by �rst applying a triple

decomposition,

u (x; t) = U (x) + uc (x; t) + ur (x; t) ;

to the Navier-Stokes equations and then taking the inner product with a term in the triple

decomposition. This gives three equations (labeled a, b, and c),

Ui
�
@(Ui + uci + uri)

@t
+(Uj + ucj + urj)(Ui + uci + uri);j

�
=

�Ui
�
P;i +

1
Re

(Ui + uci + uri);jj
� (5.1a)

uci
�
@(Ui + uci + uri)

@t
+(Uj + ucj + urj)(Ui + uci + uri);j

�
=

�uci
�
P;i +

1
Re

(Ui + uci + uri);jj
� (5.1b)

uri
�
@(Ui + uci + uri)

@t
+(Uj + ucj + urj)(Ui + uci + uri);j

�
=

�uri
�
P;i +

1
Re

(Ui + uci + uri);jj
�
;

(5.1c)
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where summation is implied over subscripts i and j but not over c or r. Here uc and ur are

de�ned from the proper orthogonal decomposition, rather than the phase average used by

Hussain. After simplifying and time averaging, a k-balance equation for each of the mean,

coherent and residual �elds arises,

0 = �
1
2

(UiUi);j Uj + uciucjUi;j + uriurjUi;j � (Uiuciucj);j � (Uiuriurj);j � UiP;i

+
1

2Re
(UiUi);jj �

1
Re
Ui;jUi;j

(5.2a)

0 = �
1
2

(uciuci);j Uj � uciucjUi;j + uriurjuci;j + uriucjuci;j

�
1
2

(uciuciucj);j �
1
2

(uciuciurj);j � (uciuriucj);j � (uciuriurj);j

�
�
ucip0

�
;i +

1
2Re

(uciuci);jj �
1

Re
uci;juci;j

(5.2b)

0 = �
1
2

(uriuri);j Uj � uriurjUi;j � uriurjuci;j � uriucjuci;j

�
1
2

(uriuriurj);j �
1
2

(uriuriucj);j �
�
urip0

�
;i +

1
2Re

(uriuri);jj �
1

Re
uri;juri;j :

(5.2c)

Letting U stand for U , uc or ur, the terms take one of six forms (omitting scaling factors of

1
2),

Advection: A =
�
UiUi

�
;j Uj (5.3a)

Transfer: G or H =� UiUjUi;j (5.3b)

Turbulence Transport: T =�
�
UiUiUj

�
;j (5.3c)

Pressure Work: P =� UiP;i (5.3d)

Viscous Di�usion: M =
1

Re
�
UiUi

�
;jj (5.3e)

Dissipation: D =
1

Re
Ui;jUi;j (5.3f)
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with the kinetic energy, K, kc, or kr being,

Kinetic Energy: k =
1
2
UiUi: (5.4)

Let the subscripts K, kc and kr denote the balance equation a term is taken from (e.g. Akc).

In this formulation the advection term (A) represents the total change in kinetic energy for

a given �eld, A = 1
2

D(UiUi)
Dt , and is moved to the right hand side of the equation. This is done

to simplify plot interpretation.

While a common understanding of terms in the Reynolds decomposed equations exists,

and Hussain has outlined a similar interpretation of the phase average triple decomposition

equations, it is prudent to draw attention to several di�erences in the POD based triple de-

composition. The advection (A), production (G), viscous di�usion (M) and dissipation (D)

all retain familiar forms and interpretations to the Reynolds and phase average decomposed

�elds. The turbulence transport (T ) is similarly interpreted, but is made up of several more

terms than in the Reynolds or phase averaged cases and the coherent to residual transfer

(H) and pressure work (P ) have some particularities to their interpretation that deserve

attention.

Mathematically A holds the same form as the turbulence transport terms, with the

presiding di�erence being that it can only be expected to integrate to zero if the domain is

extended to include the free stream momentum source, thereby undermining the analysis.

Since the balance equations are time averaged,@k�
@t = 0 and Dk�

Dt = 1
2uiui;jUj = AK+Akc+Akr .

Thus AK , Akc and Akr describe globally the net change in kinetic energy within the domain

and locally the transport of kinetic energy by the mean ow. Because the PIV window is

o�set from the at plate, Akc and Akr include the kinetic energy produced upstream of the

domain and carried in by the mean �eld.

G describes the production of time varying uctuations by the mean ow and includes

two terms, Gkc = �uciucjUi;j and Gkr = �uriurjUi;j, that are sinks in the balance of K
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and sources of kc and kr, respectively. M and D describe viscous e�ects in the ow, one

conservative (M) and one a sink (D). The measurements taken do not have the resolution

to resolve the small scales. They are thus lumped together (labeled as Dissipation in �gures)

and computed as the remainder of the balance equation for the residual �eld and directly

for the mean and coherent �elds. T is made up of conservative terms describing the mean

transport of kinetic energy by uctuating motions in the ow. Here TK contains the transport

of K by the coherent and residual motions. Tkr is similar. Tkc has four terms with varying

combinations of uc and ur. Interpreting these terms separately is unnecessary for the present

arguments so their sum is shown and understood to be the conservative transport of kc by

coherent and residual uctuations.

Under the POD triple decomposition, transfer of energy between the uctuating �elds is

represented by two terms,

Hkr1 = �uriurjuci;j

Hkr2 = �uriucjuci;j:

These are sinks in the balance of kc and sources of kr. Hkr1 has a similar form to the

production, uctuating stresses from one �eld interact with the deformation tensor of another

to produce kinetic energy in the �rst �eld. Hkr2 involves velocity uctuations from both the

coherent and residual �eld, complicating interpretation. In this work Hkr2 is separated

into strain and rotation dependent parts and analyzed thus. More detail is given prior to

discussion of this term in §5.4.

The pressure work terms must be laid out carefully because de�nition of a coherent

and residual pressure �eld is ambiguous. The Poisson equation gives a non-linear relation

between the pressure and velocity �elds so that separation into distinct components related
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to the coherent and residual �elds is not possible,

�
1
�
p;ii = ui;juj;i

6= Ui;jUj;i + uci;jucj;i + uri;jurj;i :

Instead the pressure �eld is calculated from the total velocity �eld, u, and Reynolds decom-

posed. Thus the mean pressure work remains unchanged, PK = �UiP;i, and the uctuating

pressure is used in the kc and kr balances (i.e. Pkc = �ucip0;i and Pkr = �urip0;i). The co-

herent and residual pressure work arises from the correlation between the pressure gradient

and two velocity �elds. Further, the part of p0;i correlated with uc must be uncorrelated with

both ur and the part of p0;i correlated with ur. These parts can be written as,

rpc(x) =
ucip0;i
�p�c

rpr(x) =
urip0;i
�p�r

;

where �p, �c and �r are the standard deviations of the pressure, coherent velocity and residual

velocity respectively. The correlated uctuations are then,

(p0;i)c =
rpc
�c
uci

(p0;i)r =
rpr
�r
uri :

This gives,

(p0;i)cuci =
rpc
�c
uciuri = 0

(p0;i)c(p0;i)r =
rpcrpr
�c�r

uciuri = 0 ;

and similarly for (p0;i)r. This process resembles de�ning an extended POD (EPOD), Bor�ee
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(2003), space on the pressure gradient �eld from the velocity POD, through which the same

linear independence can be established. This suggests that EPOD provides a natural basis

for expressing modal interactions through the pressure �eld (not pursued in this work). The

contributions Pkc and Pkr can be interpreted as arising from linearly independent signals in

much the same way uc and ur are separated. However, the correlated parts of rp0 cannot

be interpreted as arising from the coherent and residual velocity �elds independently and

are not expected to represent all uctuations in rp0.

In de�ning the coherent and residual �elds, the natural symmetries of the wakes are

employed by applying a symmetric/asymmetric split over the line y = 0 prior to �nding

the POD. While the spatial content of the symmetric and asymmetric �elds are linearly

independent, the temporal content is not, meaning that symmetric modes may be temporally

correlated with asymmetric modes. This allows for error in calculation of the energy terms

that is dependent on the degree to which the mean measurements are symmetrizable. This

is discussed further in appendix C.

5.1 Integrated Energy Flow

Here the energy balance integrated over the domain (referred to as the integrated energy

ow) is discussed. Figures 5.1 and 5.21 show the ow of kinetic energy from the mean �eld

down to the residual uctuations for the closed and open end cases, respectively. All values

are scaled by the mean rate of change in summed kinetic energy Dk�
Dt = 1

2 (uiui);j Uj so that
Dk�
Dt = AK + Akc + Akr = 1. Akc and Akr in both ows tend to carry energy out of the

domain, leading to Dkc
Dt , Dkr

Dt < 0 and DK
Dt > 1. The terms with the largest net contribution

are the advection (A), production (G), and pressure di�usion (P ), followed by the coherent

to residual transfer terms (H). The remaining transport terms are small and di�erences

between the ows are accounted for by the position of local contributions relative to the
1Using the measurement uncertainty for the velocity measurements, the uncertainty for the largest term in

the transport equation, DK
Dt , is estimated to be 10% to 15%. The information available from the measurement

data is insu�cient to conduct an accurate estimation of the uncertainty of other terms individually.
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measurement domain (i.e. some contributions extend out of the domain in one ow but not

in the other).

From the K-balance, � 1=2 of DK
Dt is accounted for by mean pressure work, PK , in both

ows. This reects that the measurement domain does not capture the entire wake (i.e. some

conservative terms will have a non-zero "global" contribution). In the closed end case the

remaining change in K is accounted for by a transfer to the uctuating �eld, Gkc � 0:5Dk�
Dt

and Gkr � 0:1Dk�
Dt . The open end ow has a similar rate of residual production but a lower

rate of coherent production, Gkc � 0:39Dk�
Dt . Hkc accounts for � 0:4Gkc in both the closed

and open end ows, respectively.

Since the mean and coherent �elds are highly interdependent, these observations suggest

that some di�erence in their relationship results in lower coherent production rates with

open ends, but qualitatively similar dynamics thereafter. It will be shown that the base

pressure di�erence in the two ows contributes to a cascade of interactions that result in

wake changes consistent with those observed in the two ows.

5.2 Local Energy Flow

Here an overview of the spatial energy ow is given. Figures 5.3 and 5.4 show terms of the

K-balance for the closed and open end ows respectively. In both ows, energy is advected

in through the shear layers and drawn towards the productive regions and centerline by

the turbulence transport and mean pressure work. The bulk of the transport is due to the

coherent motion, see Fig. 5.9.

The signi�cant di�erence in base pressure between the two con�gurations would suggest

a corresponding di�erence in mean pressure work upstream of the domain near the at

plate. However, the mean ow velocity is low here and the similar integrated PK requires

similar contributions outside the domain as well. Thus, the most signi�cant changes in PK

are expected to be captured by the measurement domain and caused by local changes in
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Figure 5.1: Energy ow for the closed end case. All energy rate values are scaled by Dk�
Dt ,

where k� = K + kc + kr.

Figure 5.2: Energy ow for the open end case. All energy rate values are scaled by Dk�
Dt ,

where k� = K + kc + kr.
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Figure 5.3: Closed end K-balance, all terms summed to equate to the Reynolds averaged
K-balance. Separate production and turbulence transport terms shown in Figs. 5.7 and 5.9.
Black lines mark separating streamline.
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Figure 5.4: Open end K-balance. Terms summed to equate to the Reynolds averaged K-
balance. Separate production and turbulence transport terms shown in Figs. 5.7 and 5.9.
Black lines mark separating streamline.
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pressure gradient transition from the base to the free stream pressure. Indeed, the closed

end pressure gradients are steeper and contribute to a greater portion of K transported to

the centerline by PK , especially upstream of ‘R. This is reected by the turbulence transport

of K where the coherent motion carries a greater amount of K upstream of ‘R with closed

than with open ends. This is consistent with discussion of the belated formation of open end

vortices in §4. It was noted that less vorticity is drawn into the backow region (U < 0),

leading the largest concentrations of coherent production to fall downstream of ‘R. Despite

this, the levels of K within the recirculation region are similar in both ows, suggesting the

majority of the energy is transferred to the uctuating �eld.

Figures 5.5 and 5.6 show kc-balance terms. Energy enters this �eld through the mean

production, Gkc . As noted previously, the closed end ow has the greater production, with

corresponding higher mean deformation rates and Reynolds stress levels. A region of negative

production (Gkc < 0) occurs in both ows centered on the x-axis, just upstream of the

recirculation foci. Regions of negative production have been observed previously in at plate

(du Plessix, 2015) and two cylinder (Beguier et al., 1978) wakes and has been associated with

counter-gradient shear due to coherent structure interactions by Hussain (1983, 1986). In

§5.5, this will be studied through the lens of Reynolds stress and strain rate eigenbasis

alignments.

In chapter 4 it was noted that, with closed ends, the position of maximal Gkc relative to ‘R

lead to a greater amount of kc advected into the recirculation region, raising the uctuation

levels. A similar trend is noted with the turbulence transport and pressure work of kc, energy

is drawn closer to the at plate and in greater quantities with closed ends. This leaves Tkc

as the dominate term transporting kc into the recirculation region with open ends, where it

is secondary to Akc with closed ends.

The residual �eld is fed energy through Gkr and Hkc , Figs. 5.7 and 5.8. Production

peaks in both ows in the shear layers, close to the at plate. With closed ends a small

region of production against the downstream face of the plate exists. With open ends two
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Figure 5.5: Contour plots of coherent contribution to each term from the POD based triple
decomposition k-balance equations. Note that the production term plotted isG = �uciucjUi;j
and the turbulence di�usion is plotted as the sum of all coherent contributions. Black lines
mark separating streamline.
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Figure 5.6: Contour plots of coherent contribution to each term from the POD based
triple decomposition k-balance equations. Note that the production term plotted is G =
�uciucjUi;j and the turbulence di�usion is plotted as the sum of all coherent contributions.
Black lines mark separating streamline.
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Figure 5.7: Left, contour plots of the four transfer terms that arise in the POD triple
decomposition k-balance equations. Note that the residual production, Gr = �uriurjUi;j is
from the kr-balance and all other terms from kc-balance. Right, bar plot showing integrated
global contributions of these terms. Black lines mark separating streamline.

semi-detached pools of Gkr sit near the outer edges of maximal Gkc . Regions of high Hkc

occur along the shear layers, closely aligned with regions of high Gkr , and on the centerline,

near regions of high Gkc and negative Tkr .
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Figure 5.8: Left, contour plots of the four transfer terms that arise in the POD triple
decomposition k-balance equations. Note that the residual production, Gr = �uriurjUi;j is
from the kr-balance and all other terms from kc-balance. Right, bar plot showing integrated
global contributions of these terms. Black lines mark separating streamline.

Figure 5.9: Contours of turbulence transport of K by coherent (left) and residual (right)
motion. Top, CE; bottom, OE. Black lines mark separating streamline.

68



5.3 Energetics of Vortex Generation

Here the energy ow through a typical shedding cycle is considered to study the steady state

process through which vortices are generated in the at plate wake. First the phase averaging

technique used is described and compared to the traditional method popularized by Hussain

(1983). Then the energy ow through the shedding cycle is examined and compared at

critical ow points. It is found that the coherent production and coherent transport of K

balance each other in the shear layers, but become imbalanced close to the centerline. Here

the pressure is found to play an important role in the energy dynamics, and to reduce in

importance towards the shear layers. It is thus shown that many di�erences in the closed

and open end wakes stem from changes in the mean pressure �eld in these locations.

5.3.1 Phase Average

Conditional phase averaging is employed to examine the energy dynamics within a typical

shedding cycle. In contrast to the traditional phase average (TPA) (Hussain, 1983), a phase

averaged �eld, from which the energy balance equations are derived, is not de�ned. Instead

phase average terms are computed from the triply decomposed �eld to see how a typical

shedding cycle sums to the mean energy balance. Here these approaches are outlined and

compared briey to provide a basis for the analysis that follows.

The conditional phase average is restricted to the limit cycle, which corresponds to the

mean shedding strength in each ow. For example, applying the conditional phase average

as de�ned in §3 to the coherent Reynolds stresses gives,

\uciucjL(x; �I) = huci(x; t)ucj(x; t) j �L \ �Ii ; (5.5)

where �I are the phase bins and �L is the limit cycle condition.

The TPA is not restricted to the limit cycle. Assuming the conditional average su�ciently

approximates the waveform associated with vortex shedding, Hussain (1983) de�nes the
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Figure 5.10: Contours of closed end TPA vorticity (top) and coherent limit cycle phase
averaged vorticity (bottom).

coherent uctuations as,

eui(x; t) = hui(x; t)i � ui(x; t) : (5.6)

With this �eld a triple decomposition of the velocity is de�ned in Hussain (1983) so that the

coherent Reynolds stresses become eui euj and balance equations are derived accordingly.

It is enough to compare one linear and one non-linear term to understand the di�erences.

Figures 5.10 to 5.12 plot closed end vorticity and shear stress phase averaged following the

methods outlined above. The vorticity �elds closely align, with di�erences attributed to the

removal of residual uctuations from the conditional phase average. While the shear stress

contours and pro�les show that the same shedding dynamics are represented, deviations can

be seen throughout the �eld. The explanation for this is straightforward; recall that the
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Figure 5.11: Contours of closed end TPA shear stress (top) and coherent limit cycle phase
averaged shear stress (bottom).

Figure 5.12: Pro�les of vorticity (left) and shear stress (right) at points of maximal u-normal
(blue) and v-normal (orange) stress evolving through a typical shedding cycle. Solid lines
are the TPA and triangles are the phase averaged coherent limit cycle.
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TPA has the property,

heuii = eui; (5.7)

so that,

heui euji = eui euj: (5.8)

This property is not shared by the limit cycle coherent phase average, so it is not expected

that the shear stress, or any non-linear term, will align in the same way that linear terms do.

In consequence the coherent limit cycle phase averaged kc-balance terms are not considered

as de�ning a complete balance equation. Rather, the phase average is used to explore how

a typical shedding cycle gives rise to the average kc-balance.

5.3.2 Energy Flow Through a Cycle

The closed end con�guration generates a wake with coherent and residual uctuations of

greater intensity over a shorter streamwise distance than the open end case. This section

endeavors to outline how changes in the mean �eld, precipitated by the end conditions,

contribute to changes in the uctuating �eld. The understanding of mean and coherent �eld

should be considered carefully; the turbulent at plate wake should not be understood as a

time-independent �eld superimposed with time-dependent uctuations with zero mean. The

two �elds are deeply interconnected, one feeds the other and is in turn deformed. With this

in mind an attempt is made to describe a self-reinforcing sequence of interactions between

the mean and coherent �elds.

Given both ows are 2D, well into the turbulent regime, and have similar geometries, it

is presupposed that the disparate base pressures arise from the change in end conditions.

With closed ends the larger (more negative) base pressure is associated with steeper pressure

gradients, drawing the mean streamlines to the centerline earlier in the wake and resulting in

greater streamline curvature and a shorter recirculation length. This contributes to greater

mean strain and more transport of K to the centerline by PK , Fig. 5.13, and translates to
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Figure 5.13: Pro�les of closed and open end mean strain tensor magnitude (top row) and
mean pressure work contribution to the K-balance equation, PK , (bottom row) at y = 0:6c
and y = 0. Pro�les are selected to pass through regions of maximum Gkc .

greater coherent production. Further, the increased streamline curvature is associated with

greater instability ampli�cation, which shortens the formation length (relative to ‘R) and

leads to greater activity inside the recirculation region.

Fig. 5.14 demonstrates the interplay between the pressure, coherent production (Gkc)

and coherent transport of K (TK1). Gkc , TK1 and �Uibp0;i are plotted against � at locations

of maximal ucucL (upper half-plane), �rst centerline ucucL maximum and maximal vcvcL.

These locations are marked on the middle plots in Fig. 4.13. The locations of maximal vcvcL

occur in dynamically di�erent regions for the two ows, Fig. 4.13, and are plotted twice

to compare dynamically equivalent regions. Horizontal dashed lines represent the average

value and vertical dashed lines indicate the separation phase for each ow. In the shear

layers Gkc and TK1 are phase aligned with similar phase averaged and mean magnitude for

both con�gurations. Closer to the centerline, however, a phase lag is introduced. At the

ucucL centerline maximum, Gkc lags TK1 and is greater by an amount roughly equal to PK .

Downstream of ‘R, Gkc , which is primarily associated with forming vortices, is less than

TK1 and leads through the cycle. At the centerline ucucL maximum, AK , Gkr , TK2 and the
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Figure 5.14: Closed (top) and open (bottom) end plot of bTK , bGkc and �Uibp0;i varying with
phase angle at maximum ucucL (left), �rst centerline ucucL (middle-left), and vcvcL (right
and middle-right). Horizontal dashed lines mark average of the value with like color. Vertical
dashed line indicates phase when the lower vortex is shed.
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viscous terms are small so that the K-balance equation reduces to Gkc � TK1 + PK . This

implies that the greater PK in the formation region with closed ends must be accompanied

by an increase in coherent production, as observed. Further, this increase in Gkc triggers an

increase in TK1, feeding Gkc even more, whereas the open end con�guration only has TK1 to

feed Gkc , resulting in little production upstream of ‘R.

A phase lag between Gkc and TK1, whose direction depends on the sign of Gkc � TK1,

only exists close to the line y = 0. The y dependence suggests that a transport time begins

to e�ect coherent production close to regions with the highest mean momentum de�cit, and

the dependence on Gkc�TK1 implies their tight coupling. When Gkc and TK1 are in balance

(i.e. Gkc�TK1 = 0), transport by the coherent motion feeds the production directly. Yellow

lines in Fig. 5.14 represent the term �Uibp0;i. This term vanishes in the mean, but plays

an important role in the shedding dynamics. Where imbalance in Gkc and TK1 occurs, the

exchange of energy is mediated predominately by this pressure term, acting to store excess

kinetic energy locally. Away from the centerline the pressure plays a reduced role in the

dynamics and this relationship no longer holds. At upstream locations (middle two plots

in Fig. 5.14) TK1 tends to lead Gkc , and downstream TK1 lags. The reversal corresponds

roughly to where vortex cores lie when severed from their feeding shear layer, suggesting the

cause may be the subsequent acceleration of the cores.

Comparing the two ows, shedding occurs at di�erent phases relative to the cycle of

Gkc and TK1 at all points except for the �rst centerline maximum ucucL. This location was

proposed by Gerrard (1966) as a stable de�nition of the formation length for blu� bodies

and was observed in chapter 4 to remain comparable between the closed and open end

wakes through several shedding regimes. This suggests that the stability of this formation

length de�nition is related to the energy dynamics of vortex formation. Note that, while the

rightmost plots in Fig. 5.14 also show a similar shedding phase relative to the energy cycle,

this point aligns with the maximum v-normal Reynolds stress for open ends, but is farther

downstream with closed ends.
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The increased coherent production in turn contributes to the steep pressure gradients

and greater base pressure with closed ends. The pressure Poisson equation can be given in

two forms,

�
1
�
p;ii = sijsij �

1
2
!i!i (5.9a)

�
�

1
�
p+ ujuj

�

;ii
= � (ui!j�ijk);k ; (5.9b)

where sij is the strain rate, !i the vorticity vector and �ijk the permutation tensor, Brad-

shaw and Koh (1981); Adrian (1982). From equation 5.9a, the mean pressure depends on

the uctuating �eld and strain and vorticity contribute to negative and positive curvature,

respectively. Equation 5.9b shows that the transfer of energy between �elds has no e�ect

on the mean pressure directly, rather the associated changes in (ui!j�ijk);k do. Consider the

mean pressure work on the coherent �eld within a cycle, uciP;i, which is zero on average but

plays a role in the formation dynamics as they occur. Figure 5.15 shows phase averaged

distributions, cuciP;i, with the recirculation region marked and convective frame streamlines

overlaid. This sequence of frames shows the lower vortex growing and moving out of the

mean pressure basin as the opposing vortex roles up and settles into the vacated space. The

�nal frame shows the lower vortex being severed from its feeding shear layer. The mean

pressure does three times more work (in phase) on the coherent �eld with closed than with

open ends. In both ows the pressure work remains in approximate anti-symmetry over the

line y = 0 until the �nal frame. Here the opposing vortex passes over a local x-direction min-

imum in the mean pressure. This reects the mutual dependence of the mean and coherent

�elds, the opposing shear layer severing the lower shear layer generates a region of high strain

near the saddle point, inducing negative curvature in pressure. Simultaneously, a connected

uid region of near solid body rotation is entering the opposing vortex (Fig. 5.16), inducing

positive curvature. This process both generates and is induced by the mean pressure �eld.

The greater streamline curvature and shorter formation length with closed ends imply
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Figure 5.15: Closed (top) and open (bottom) end contours of cuciP;i overlaid with convective
frame streamlines and an outline of the recirculation region. The �nal frame (CE: � = �30�
and OE: � = �110�) shows the lower vortex separating from the feeding shear layer.

77



the steeper pressure gradients that magnify production in the formation region. Since the

change in pressure must occur over nearly the same y-distance (from the shear layer to

y = 0) in both ows, these gradients must be accompanied by greater strain and vorticity

magnitudes, equation 5.9a, amplifying production further. More energetic coherent motion

in turn transports K into productive regions at a greater rate, which the high instability

ampli�cation implies will readily translate to greater coherent production. Greater rates of

coherent production result in more intense regions of strain and vorticity during formation,

producing the steep pressure gradients over less distance. With open ends the pressure

gradients and streamline curvature are less. This results in lower instability ampli�cation,

a longer formation region and lower rates of coherent production. With less transport of K

to the productive region and lower streamline curvature, the open end ow can sustain drift

mode cycles much closer to the critical point than the closed end ow. Additionally, the

closed end ow shows base region activity not present with open ends.

5.4 Energetics of Vortex Deformation

Here deformation of the vortices during the formation process is considered. It is argued that

transfer of energy to the residual �eld arises through changes to the internal deformation

tensor due to vortices deforming against the free stream, on each other, and, with closed

ends, against the at plate. In this section all energy rates are scaled by the maximum value

of Gkc , rather than
R

�
Dk�
Dt . The transfer rates depend on the local deformation �eld. This

allows to associate high levels of bGkr and bHkr with changes in the pressure curvature and

deformations of Q-identi�ed vortex cores. From equation 5.9a, Bradshaw and Koh (1981)

express the pressure Poisson equation as the sum of the strain and vorticity magnitudes and

point out that this e�ectively separates the irrotational and rotational contributions of the

velocity gradient to the pressure �eld. Further, since both terms are positive semi-de�nite,

the strain rate tends to create maxima in the pressure �eld and the vorticity tends to create
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minima. This observation underlies a connection to the Q-criterion and vortex cores. The

Q-criterion takes the form,

Q =
1
2

(ijij � sijsij) =
1
2�
p;ii (5.10)

where clearly a vortex core is identi�ed as a connected uid region with greater rotation

than strain that contains a pressure minima, Dubief and Delcayre (2000). Then deformation

of a vortex (in so far as a Q-identi�ed vortex can be assumed a real vortex) can be detected

by a change in pressure curvature, measured by the relative strain and rotation magnitudes.

Vortex deformations are described as either convex (the boundary exing away from the

vorticity center) or concave (a ex towards the center). Since,

(ui;j);i = (sij);i + (ij);i = 0 (5.11)

a convex deformation should be accompanied by an increase in rotation and corresponding

decrease in strain and vice versa for a concave deformation. Near core boundaries jsj �

jj = 1
2 j!j, where j � j denotes the Frobenius norm. This implies that deformations in the

formation region, where strain and vorticity are highest, will correspond to locally high levels

of energy transfer by Gkr and Hkr .

Figure 5.16 shows contours of the strain magnitude, jS+scj. Through a cycle high levels

of strain are maintained close to the at plate in the shear layers, with transient regions of

strain following separating saddle points. The mean strain rates, jSj, in both ows maintain

similar levels. The transient regions are much larger in magnitude in the closed end wake,

suggesting higher levels of vortex deformation. With closed ends a steady region of high

strain is present in the base region, indicating interaction between the coherent motion and

the leeward side of the at plate. These observations suggest increased energy transfer to

the residual �eld with closed ends, consistent with integrated values of Gkr and Hkr given in

§5.1.
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Figure 5.16: Contours of jS + scj for closed (top) and open (bottom) ends. Overlaid are
convective streamlines and recirculation region boundary.

5.4.1 Coherent Transfer Mechanisms

Energy exchanged between the coherent and residual �elds is captured by two terms in the

balance equations,

Hkr1 = uriurjuci;j (5.12a)

Hkr2 = uriucjuci;j : (5.12b)

The terms mirror the mean production; uctuating stresses acting in a gradient give the

average energy exchange between the two �elds. Hkr1 can be interpreted in the same way as

the coherent and residual production terms and the symmetry of uriurj readily admits the
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simpli�cation,

Hkr1 = uriurjscij ;

where scij is the coherent strain rate. While Hkr1 contains the residual stress acting on

the coherent strain rate, the stress term in Hkr2 is a cross-�eld covariance between the

coherent and residual �elds. Alone this term vanishes in the mean (by the properties of

POD), but it does not vanish when paired with the coherent velocity gradient. Because

uriucj is not symmetric in general, Hkr2 cannot be expressed with the same simplicity as

Hkr1. uriucj is symmetric when uc and ur are parallel, but a skew-symmetric part arises

from perpendicularity in the two vectors. Thus it is instructive to decompose Hkr2 into two

terms,

Hkr2A = uriucjscij

Hkr2B = uriucjcij ;

where cij is the skew-symmetric part of the coherent velocity gradient and Hkr2 = Hkr2A +

Hkr2B. Here the symmetric and skew-symmetric parts of uriucj are associated with the

coherent strain and vorticity, respectively. The strain and vorticity associated transfers are

then presented together,

Hkrs = uriurjscij + uriucjscij (5.13a)

Hkr = uriucjcij ; (5.13b)

This not only separates the strain and vortical contributions, it also associates those paired

residual and coherent uctuations that are in parallel with the straining transfer, and those

that are perpendicular with the vortical transfer.

The coherent to residual energy exchanges, decomposed as described above, are con-
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Figure 5.17: Contours of HkrS (left) and Hkr (right) for closed (top) and open (bottom)
ends scaled by max(Gkc).

sidered on a mean and phase average2 basis. Two sources for this transfer are suggested,

instabilities and shear introduced by free stream interactions and deformation of the vortices

as they form and convect downstream. The �rst occurs mainly in the shear layers, close to

separating saddle points, and the second occurs where vortex interactions result in mixing

of oppositely signed vortical uid.

Figure 5.17 shows contours of HkrS and Hkr from both ows. As was observed in

section 5.2, the strain dependent contributions tend to be maximal close to regions of max-

imum Gkr in the shear layers, suggesting similar instabilities drive the two transfers. In the

open end ow these regions coincide with the semi-detached pools of high Gkr (Fig. 5.8),

rather than more intense regions closer to the at plate, reecting the dependence on co-

herent strain. With closed ends no semi-detached pools can be distinguished from the Gkr

contours, Fig. 5.7. The vorticity dependent contributions are greatest near the centerline,

suggesting vortex interactions drive this transfer. With open ends, single islands lie centered
2Recall this is not the traditional phase average applied in Hussain (1983, 1986).

82



Figure 5.18: Contours of phase dependence of closed end bHkrS and bHkr scaled by max(Gkc).
Overlaid are Q-identi�ed vortex cores at the phase shown (solid line), one phase prior and two
phase steps after (dotted lines) incrementing by 10�. Boundaries of a darker color correspond
to earlier phase steps.

on y = 0, whereas two islands mirrored over y = 0 are present with closed ends. The closed

end ow also has a strain contribution in the base region of the ow, mimicking that seen

in Gkr contours, though positioned slightly downstream.

Phase averaged contours of the coherent to residual transfer are plotted for closed and

open ends in Figs. 5.18 and 5.19, respectively. Note that contour levels for bHkrS di�er than

those for bHkr. In both ows, the strain transfers tend to lie near the separating saddle

point and are slowly drawn towards the centerline between vortices, losing magnitude as the

vortices convect downstream. With closed ends this contribution reaches a maximum when

the vortex is severed, whereas with open ends the maximum isn’t reached until � 135� later.

Transfers at the saddle point are divided into two regions, one associated with a concave
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Figure 5.19: Contours of phase dependence of open end bHkrS and bHkr scaled by max(Gkc).
Overlaid are Q-identi�ed vortex cores at the phase shown (solid line), one phase prior and two
phase steps after (dotted lines) incrementing by 10�. Boundaries of a darker color correspond
to earlier phase steps.

deformation at the leading edge of the newly rolling up vortex and one a concave deformation

against the trailing edge of the shed vortex. Here uid from the opposing shear layer is drawn

into proximity with the feeding shear layer, generating strain and a pressure maxima. These

conditions allow even small residual and parallel residual-coherent uctuations to transfer

energy to the residual �eld. However, the open end streamlines (see Fig. 5.16) suggest that,

at the time of severing, uid from the opposing shear layer isn’t being drawn into contact

with the feeding shear layer. Instead, the saddle point is formed when the opposing vortex

is strong enough to induce it, and only later, when the opposing vortex draws vortical uid

across the wake, does the energy exchange occur. Note that this location shows high levels

of strain in Fig. 5.16, but this is from S, rather than sc, and has no direct inuence on
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coherent-residual energy exchanges.

Hkr can be interpreted as transfer of kc to orthogonal residual uctuations driven by the

coherent vorticity. The rotational deformation of coherent uid elements transfers kinetic en-

ergy into residual uctuations orthogonal to their direction of motion. Figures 5.18 and 5.19

show that vortical transfers in bHkr tend to be largest close to the centerline, between vor-

tices, where strain and vorticity have comparable magnitudes (i.e. Q � 0). Further, this

transfer tends to be negative in those regions where a vortex encroaches freely, and positive

where two vortices are in close contact. The latter falls into two categories; i) one vortex

recedes from another (as in a shedding event), in which case the transfer lies closer to the

vortex left behind, or ii) one vortex presses against another, in which case the transfer lies

closer to the encroached upon vortex. From the open end contours of bHkr in Fig. 5.19, as the

opposing vortex expands towards the centerline, entraining uncontested territory between

the shear layers, a gain in coherent kinetic energy is measured. Meanwhile, the oppositely

signed lower and shed vortex are continuously interacting, generating residual uctuations

orthogonal to the local coherent ow. Where vorticity coincides with these uctuations,

energy transfer to the residual �eld results. The position of these transfers relative to the

Q-criterion boundaries suggests a relation to changes in the pressure �eld. This is discussed

further in relation to Fig. 5.21.

In the �nal two frames, as the shedding event approaches, the opposing and lower vortices

press against each other, creating transfers in both structures. With closed ends (Fig. 5.18),

the formation region is more compact, leaving little uncontested territory and resulting in

less negative transfer. Still, some negative transfer occurs as the lower vortex moves towards

the opposing saddle point. The lower and shed vortex still interact through formation, but

the transfer has nearly vanished by the time the lower vortex sheds. Where strong interaction

between the opposing and lower vortex doesn’t begin until near separation with open ends,

with closed ends mutual deformations begin almost immediately.

Figure 5.20 plots bHkrS and bHkr with bGkr against � at several critical points in the �eld.
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Figure 5.20: Closed (top) and open (bottom) end plot of bHkrS, bGkr and bHkr scaled by
max(Gkc) and varying with phase angle. Locations plotted are the �rst appearance of a
separating saddle for the lower vortex (left), the �rst centerline ucucL (middle-left), two
spatial steps above this point, and at (x; y) = (1:25‘R; 0). Vertical dashed line indicates
phase when the lower vortex is shed.

From right to left the points are; the saddle point in the feeding shear layer as the lower

vortex is shed, the �rst centerline maximum of ucucL, two spatial steps above this point, and

at the open end vcvcL maximum and its equivalent location in the closed end �eld. At the

separating saddle point, transfer by bHkrS matches bGkr , reaching a peak once per cycle just

after the lower vortex sheds. bHkrS is small away from the shear layers. This supports the

notion that it is a transfer driven by similar mechanisms to the residual production. In the

open end case, the maximum bHkrS plotted in Fig. 5.20 is about half the global maximum

from Fig. 5.19. Clear negative contributions of bHkr during shedding events, at and above the

centerline maximum ucucL are visible with open ends. These have comparable magnitude

to bHkrS transfers but occur over small spatial and temporal domains. With closed ends,

negative transfers have similar magnitude but are preceded by a positive transfer3. Above
3One occurs at � = 180� , making it di�cult to distinguish.
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Figure 5.21: Closed (top) and open (bottom) end plot of bHkr scaled by max(Gkc), bp and bQ
varying with phase angle. Locations plotted are the �rst appearance of a separating saddle
for the lower vortex (left), the �rst centerline ucucL (middle-left), two spatial steps above
this point, and at (x; y) = (1:25‘R; 0). Vertical dashed line indicates phase when the lower
vortex is shed.

the centerline, the preceding positive transfer is 180� out of phase with separation, indicating

it occurs when the opposing vortex sheds, and is followed by the lower vortex expanding

upwards into uncontested space. Downstream transfers are similar in both ows, suggesting,

similar to the vorticity ux pro�les in Fig. 4.7, that di�erences between the two ows subside

in the far wake.

bHkr is plotted against � with Q in Fig. 5.21 at the same locations as in Fig. 5.20. Neg-

ative transfers coincide with an increase in Q, implying a vortex is moving or expanding

into this point. Positive transfers, especially downstream of ‘R, appear strongest where dQ
d�

is maximal, or where changes in the vortical content relative to the strain are large. Addi-

tionally, downstream of ‘R (rightmost column), bHkr has four peaks per cycle (all positive),

compared to two peaks at the upstream locations, implying an interaction with the second

harmonic develops downstream of the formation region. It may be that the negative and
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positive transfers are related to separate processes. The negative seems best described as

a kinematic movement of vorticity from the residual to the coherent �eld, resulting in a

"bending" of the coherent streamlines and an increase in kc. This could be caused by POD

representing non-linearities in the vortex shedding incrementally, so that the modes contain-

ing the relavent vorticity are placed in the residual �eld. The positive transfers appear to

require two vortices interacting (recall discussion of Figs. 5.18 and 5.19) and a change in Q,

and thus in pressure curvature. This may be related to vorticity di�usion; as a vortex moves

downstream, some vorticity is di�used and left behind. This vorticity then interacts with

the next vortex (of opposite sign), inducing the transfer of energy to the residual �eld.

5.4.2 Residual Production and Vortex Deformation

The residual production in both ows is largely restricted to the shear layers near the at

plate, where the Kelvin-Helmholtz instability is expected to drive the transfer. However,

both ows see contributions away from these regions that suggest a relation to the coherent

motion. With open ends two semi-detached pools of Gkr in the shear layers downstream of

‘R (Fig. 5.8) lie near where bHkrS was noted to reach a maximal value (Fig. 5.19). In the

closed end wake no semi-detached pools can be distinguished as a result of the more compact

formation region. Instead, the closed end base region has a net residual production, where

the open end base region is calm. Shown in Fig. 5.22 is the evolution of bGkc , bGkr and

\jS + scj through a cycle. The open end ow remains calm at each point in the phase,

whereas the closed end ow maintains �nite Gkr . This residual production coincides with a

region of negative coherent production, suggesting that comparing the two ows at regions

with greater dynamic similarity may yield a similar coincidence of negative Gkc and positive

centerline Gkr . Thus, the following considers points in the open end ow far downstream

of the base region that coincide with negative production. This analysis �nds that the

base region production with closed ends corresponds to the presence of the at plate and

associated pressure gradients, rather than the region of negative production.
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Figure 5.22: Coherent and residual production scaled by max(Gkc) (top) and strain magni-
tude (bottom) in the closed (left) and open (right) end base regions.

Figures 5.23 and 5.24 show the evolution of bGkr , bHkrS, bGkc and \jS + scj at three lo-

cations in the �eld marked with green circles on an accompanying contour plot of bGkr at

the phase delineated by the dashed line in the evolution plots. This phase corresponds

with the maximal residual production in the closed end base region. Since the open end

ow has no distinguishable cycle in bGkr (Fig. 5.24), the plotted phase was selected to be

at similar o�set from the shedding phase (�off = �80�) to the closed end case. Even at

dynamically comparable locations, jSj, and thus bGkr , is negligible with open ends. This

di�erence in the formation energetics seems related to the proximity of the at plate to the

forming vortices. The base region production with closed ends reaches a maxima almost

90� out of phase with separation, appearing to coincide with the shear layer (upper in the

plotted case) being drawn towards to the centerline to roll up. Consistent with observations

in chapter 4, jSj is roughly three times greater with closed than open ends in this region.

This presents an explanation; the proximity of the at plate generates a mean pressure �eld

with high gradients and negative curvature that deform the growing coherent structure as

it sweeps across the plate. This induces instabilities which result in production of residual
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Figure 5.23: Closed end variation of bGkr , bHkrS and bGkc scaled by max(Gkc) with jSj and
cjscj at selected points (green markers on contour) with contour plot of Gkr at phase marked
by dashed line.

uctuations. Concomitant are periodic transfers from the coherent �eld measured by HkrS.

These hold similar magnitude and extend farther into the recirculation region ("upstream"

according to the local direction of mean velocity), suggesting this process is �rst measured

by the coherent �eld, then the mean �eld. In this way, the closed end at plate generates

a forcing which deforms vortices as they develop, whereas the open end wake has no such

deformation.

The �nal phase evolution plots in Figs. 5.23 and 5.24 were chosen to be in the shear lay-

ers, upstream of the vortex formation. Here, the free shear layers are composed of vorticity

generated on the plate and advected downstream. Thus both ows have bGkr contributions

decoupled from the coherent motion superimposed with a small phase dependent contribu-

tion. Whereas the centerline contributions uctuate twice per cycle, matching the frequency

of coherent x-direction uctuations, bGkr and bHkrS peak only once in the shear layers and are

no longer in phase. This implies a di�erence in the driving mechanism at these two locations.

On the centerline, mean strain is low and bGkr is tightly coupled with bHkrS, suggesting the

mean production here is an echo of the coherent-to-residual transfer, and that these energy
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Figure 5.24: Open end variation of bGkr , bHkrS and bGkc scaled by max(Gkc) with jSj and cjscj
at selected points (green markers on contour) with contour plot of Gkr at phase marked by
dashed line.

exchanges are driven by vortex deformations. In the shear layer, mean strain is high so that

residual uctuations can self-perpetuate and bGkr decouples from bHkrS. The relationship is

reversed and bHkrS is here an echo of residual uctuations produced by bGkr interacting with

regions of coherent strain as they develop. These regions arise as uid from the opposing

shear layer is drawn into contact with the feeding shear layer during formation. With open

ends the mean strain is much lower in both locations so that bGkr nearly vanishes in the base

region and transfers by both bGkr and bHkrS in the shear layers are lower.

5.5 Further Discussion of Energy Exchanges

Regions where Gk < 0 (denoted Gk(�)) were observed previously in Figs. 5.7 and 5.8 for

both ows. Interpretation of the physics in these regions is challenging and has implications

for the description of turbulence in the presence of large scale coherent motion. In the

inertial range one expects an average transfer of energy down scale at all points in the

�eld. But large scale structures can create conditions for a local mean transfer of turbulence
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kinetic energy from the uctuating �eld into the mean �eld. The necessary conditions for

such an exchange are important to understand, both to describe the physics of coherent

motion and to inform ow decomposition techniques for low order models. Hussain (1983)

discussed negative production in the context of phase averaged coherent structures and

showed, as one example, how a structure undergoing shear naturally deforms into an ellipse

which serves to amplify shearing uctuations in one direction. Under certain conditions this

deformation can amplify counter-gradient shear and, when this process tends to occur in the

same spatial location for sequential structures, there is an average negative production of

coherent uctuations by the mean gradient. This does not necessarily constitute an inverse

cascade in a Reynolds decomposition based analysis since the mean �eld is composed of the

free stream (controlled to be time-independent) and time averaged coherent motions. Thus,

a region of negative production can just as easily be a transfer of energy from some coherent

motion into itself as it can be a transfer of energy from a smaller to larger scale of motion!

Gurka et al. (2004) and Liberzon et al. (2005) expressed Gk in terms of the strain rate

eigenspace4 and showed that, for a 2D ow, turbulence kinetic energy is produced when

uctuations tend to align with the local direction of mean uid element compression, and

that an alignment with the direction of mean uid element stretching is associated with

Gk(�). This is consistent with the classical vortex stretching description of the turbulence

cascade since stretching along the vorticity axis must be orthogonal to the associated velocity

vectors. It is worth noting that, in 3D, Liberzon et al. (2005), and more recently Ballouz and

Ouellette (2020), show that the sign of production cannot be uniquely determined by the

alignment of the stress �eld with the strain eigenspace, but both conclude from simulated

data that alignment tends to play a greater role than relative eigenvalue magnitude. This

provides a constructive framework from which to analyze regions of Gk(�) in the present

ows.

Moreover, stress-strain eigenspace alignment has important implications for closure mod-
4The reported equations in Gurka et al. (2004) and Liberzon et al. (2005) have a typo. The correct form

is presented with a derivation in appendix D.
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els, especially single-point closures like the Boussinesq approximation. The Boussineq ap-

proximation,

u0iu0j �
2
3
k�ij = �2�TSij (5.14)

tacitly assumes alignment between the deviatric stress and mean strain eigenspaces, Schmitt

(2007). Since the direction of a tensors eigenvectors is not changed by addition of a scaled

identity matrix, this also assumes alignment of the Reynolds stresses with the mean strain.

Schmitt (2007) establishes a measure of the alignment between the deviatric stress and strain

rate tensors and �nds that such alignment is rare in experimental ows, even those that are

2D in the mean. Since the eigenspaces of the Reynolds and deviatric stresses are identical this

translates directly to a statement about the mean production. The Boussinesq approximation

assumes that the mean production is always in an optimally positive alignment. Similar to

Ballouz and Ouellette (2020), both the Reynolds stress and mean strain are decomposed into

their eigenspaces and the mean production is expressed as an alignment between these bases

scaled by their eigenvalues. However, the Eulerian rotation group is not used, alignments

are expressed as vector projections instead (see appendix E and F for details).

In the at plate ow regions with Gk(�) are observed in the recirculated wake. Where

Schmitt (2007) found generally poor eigenspace alignments, it is found that the coherent

Reynolds stresses maintain remarkably good alignment with the mean strain, even where

Gk < 0. Note that Gk < 0 implies an eigenspace alignment not permitted by the Boussinesq

approximation. The residual �eld too, shows good alignment where the mean strain �eld is

strong. Away from the at plate, where the strain rates are weak, this alignment decays.

This section proceeds by �rst discussing the stress and strain eigenspaces and their in-

teraction through the production term. Following this, regions of negative production in the

at plate ow are discussed and it is posited that the coherent motion interacts with the

mean pressure �eld here, forcing a negative production alignment of the ow.

93



5.5.1 The Eigen-decomposition

First, physical interpretation of the eigenvalues and eigenvectors is given. Both the Reynolds

stress, �, and mean strain rate, S, tensors are square-symmetric and thus have real eigen-

values and can be decomposed as,

� =Q���QT
�

S =QS�SQT
S

where Q denotes the matrix of eigenvectors, with qn denoting a single eigenvector, and

QQT = I resulting in the identity matrix. � denotes the matrix of eigenvalues with �n

being a single eigenvalue. It is assumed eigenvalues (and vectors) are sorted so that �1 � �2.

Note that S is 2D so that, even though w0 is not zero in these ows, the production can be

accurately treated as a 2D process.

In general the eigen-decomposition must be applied carefully to uids physics. It will

always be possible to �nd a rotated frame in which the stress or strain tensors are purely

shear, or purely diagonal. In materials science the distinction between "shear" and "normal"

stress is de�ned by the molecular structure of the material and so is clear. In uids there is

no such �xed reference frame, instead the local ow state must be considered to determine if

"true" shear is present. This distinction is beyond the scope of this work and can be shown

to have no bearing on the value of the terms considered. This does not mean this distinction

has no inuence on the evolution of these terms and, to this end, Kol�a�r (2007) proposes an

additive decomposition of the mean gradient tensor into strain, rotation, and shear parts.

This will not be applied here, though presents an interesting avenue of future interrogation.

5.5.2 Reynolds Stress Tensor

With the cautionary note above in mind the Reynolds stress tensor is discussed. This tensor

arises in the Reynolds averaged Navier-Stokes equations as part of the total stress acting
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Figure 5.25: Left, uctuating velocity vectors (gray dots) and eigenvectors of the associated
Reynolds stress tensor (red lines) scaled by

p
��
n. Right, equivalent plot but with only a

single realization of the velocity vector.

on the mean �eld. It is widely interpreted as the stress imparted on a mean uid element

by small scale turbulent uctuations. In addition to being square-symmetric, � is positive

semi-de�nite,

��
n � 0: (5.15)

Decomposing it into principle stresses, as in materials science, equates to �nding orthogonal

directions of maximal normal stress on the mean uid element.

Further insight can be garnered by considering that the elements of � are the variance

and covariance of the velocity vector components. Consider Fig. 5.25, the points in the data

cloud represent all realizations of the tip of vector u at an arbitrary point in the wake. The

red lines are the eigenvectors of �, q�
n scaled by

p
��
n. When a single realization of the

velocity vector is used, � becomes a degenerate tensor with one non-zero eigenvalue such

that
p
��

1q�
1 = u. The eigenvectors describe orthogonal directions of maximal variance in u,

which are interpreted as the directions of greatest force applied by the uctuating �eld to a

mean uid element (on average).
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5.5.3 Strain Rate Tensor

The mean strain rate tensor is the symmetric part of the mean gradient and describes the

local rate of deformation of a uid element. This tensor has the property,

Tr(S) = Tr(�S) = 0; (5.16)

which gives (in 2D)

�S1 = ��S2 : (5.17)

The eigenvectors express the orthogonal directions of equal in magnitude tensile (�S1 � 0)

and compressive (�S2 � 0) deformation. This does not distinguish between shear and normal

strain. The decomposition proposed by Kol�a�r (2007) gives a shear component of the velocity

gradient that will always be a degenerate tensor with all eigenvalues equal to zero, but, the

symmetric part of this shear tensor will have non-zero eigenvalues. This implies that the

shear rate can play a distinct role to the "normal" strain rate in uid element deformation

and mean production, but that distinguishing does not change the total production.

5.5.4 Mean Production

Mean turbulence production,

Gk = u0iu0jUi;j = u0iu0jSij ; (5.18)

can be expressed in terms of the eigenspace of the strain rate tensor (Gurka et al., 2004;

Liberzon et al., 2005). Here this approach is extended to express production in terms of the

eigenspace of both the Reynolds stress and strain rate tensors. This is similar in spirit to

Ballouz and Ouellette (2020) except that all quantities are kept in their tensor and vector

forms, rather than adopting a rotation group to describe the relative eigenspace rotations.
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Restricting ourselves to a 2D case, the expression for production is,

Gk = ��S (��
1 � �

�
2) (2L1 � 1) ; (5.19)

where L1 =
�
qS1 � q�

1
�2 is a measure of the alignment between the �rst eigenvectors of the

stress and strain tensors and �S = �S1 = ��S2 . Additionally, de�ne L2 �
�
qS2 � q�

1
�2 = 1� L1

as the alignment between the �rst stress and second strain eigenvector. When L1 > L2 the

ow is in alignment L1 and vice versa when L1 < L2. From here a criteria for negative

production can be found,

Gk < 0 if L1 >
1
2
; (5.20)

or

Gk < 0 if � > 45� ; (5.21)

where � is the angle between the tensile strain rate eigenvector and the �rst stress eigenvector.

When the stress placed on a mean uid element by the local velocity uctuations is more

aligned with the tensile direction of deformation (alignemnt L1), production is negative and

energy is transferred into the mean �eld. When the stress is more in alignment with the

compressive direction of deformation (L2) production is positive and energy is transfered

into the uctuating �eld. The Boussinesq approximation then assumes L2 = 1 at all spatial

points.

There is another perspective that can be taken, recall that q�
1 also represents the direction

of greatest variance in the local velocity uctuations. When the mean uid element tends to

stretch in parallel to the local velocity uctuations, production is negative. When the mean

uid elements tend to compress in parallel to local uctuations, production is positive.
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Closed Ends Open Ends
Reynolds Averaged -0.0152 -0.0137

Coherent -0.0261 -0.0238

Table 5.1: Reynolds averaged and coherent �eld integrated negative production relative to
total integrated Reynolds averaged production,

�R
�Gk(�)dV

�
=
�R

�GkdV
�
.

Closed Ends Open Ends
Reynolds Averaged -0.1448 -0.1719

Coherent -0.2287 -0.1875

Table 5.2: Reynolds averaged and coherent �eld integrated negative production relative to av-
erage total production normalized by productive area,

�R
�Gk(�)dV

�
=
�R

�GkdV
� A(+)+A(�)

A(�)
,

where A(+) and A(�) represent area of the domain with non-zero positive and negative pro-
duction (with a tolerance of 10�4 �

R
�GkdV ).

5.5.5 The Flat Plate Flow

Plots of local Gk in §5.2 show a region of Gk(�) in both at plate con�gurations centered

on the x-axis just upstream of the mean recirculation foci. du Plessix (2015) discusses the

Gk(�) in the open end case and notes that restriction of the region to the centerline suggests

predominately normal stress contributions related to vortex shedding. He also observes a

weak region of negative production trailing phase averaged vortices, consistent with Hussains

description of deformed coherent structures. Unlike the vortex shedding features previously

observed in §4, the Gk(�) location relative to ‘R, rather than the vortex formation length, is

the same in both con�gurations. This is despite it being a feature of the vortex shedding.

Here, negative production regions in the closed and open end ows are quantitatively

compared. It is shown that both shear and normal stresses contribute to the negative

production and that the negative production is captured entirely by the coherent motion,

speci�cally the vortex shedding. It is found that the negative production constitutes a

region of mean uid element deformation that is driven by the pressure gradients, rather

than turbulence forcing.

The Gk(�) observed is not negligible and has a similar magnitude in both ows under the

Reynolds average. Tables 5.1 and 5.2 with Fig. 5.26 summarize the relative magnitude of
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Figure 5.26: Pro�les of Gk (black), GkN =
�
u2 � v2

�
@V
@y (red) and GkS = �uv

�
@U
@y + @V

@x

�

at y = 0 (solid line) and y = �0:5c (dashed line) for the RANS (u; v = u0; v0) and coherent
(u; v = uc; vc) �elds.

the RANS and coherent negative production regions, Gk(�) and Gkc(�), respectively. When

spatially integrated the Gk(�) accounts for � 1:5% of the global Gk and � 2:5% of Gkc(�).

When normalized by the productive area (area in the �eld with nonzero Gk), the negative

regions have a spatially averaged production of � 15� 20% of the total production.

Hussain and duPlessix both discuss the negative production in terms of shear and normal

production. In a 2D ow the production can be written as:

Gk =
�
u02 � v02

� @V
@y| {z }

GkN

+
�
�u0v0

�
@U
@y

+
@V
@x

��

| {z }
GkS

: (5.22)

The �rst term is the normal production, GkN , and the second is the shear production, GkS.

Streamwise pro�les of these are plotted for both ows with Gk at y = 0;�0:5c in Fig. 5.26.

Near the centerline, for both the Reynolds averaged and coherent �elds, GkS is small and

GkN dominates. Moving away from the centerline GkN drops o� as GkS becomes dominate,
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Fig. 5.26. The extrema of Gk(�) and Gkc(�) fall between 10 and 20% of the maximum Gk.

Comparing the two ows, the location of negative production moves downstream with ‘R in

the OE case. The residual production has no Gkr(�) region and counteracts the centerline

production in the closed end wake. Thus, the negative production is associated with the

coherent motion in both ows and following discussion will focus on the coherent �eld.

5.5.6 Eigen-decomposed Production

With the shear/normal production framework it is di�cult to make anything more than

kinematic observations. Here the aforementioned eigenspace alignment of the tensors making

up the production term is studied and an explanation for the negative production is proposed.

Evolution of the alignment measure L1 for the coherent and residual �elds and the eigenspaces

of the coherent stress and strain tensors are studied to highlight changes in the ow leading

to negative production. This provides a plausible mechanism for drawing energy out of the

coherent �eld into the mean �eld via interaction with an adverse pressure gradient.

Contours of the eigenspace alignment measure L1 for the coherent and residual �elds

are plotted for both ows in Fig. 5.27. Black lines mark Gkc = 0 and dashed pink lines

mark L1 = 1=2. The focus here is on the wake region between and including the shear

layers as Reynolds stresses are below the noise level in the free stream. Coherent eigenvector

alignments tend to be almost perfect (i.e. L1 � 1 or 0) and reorientation from alignment L2

to L1 is abrupt (from Gkc > 0 to Gkc < 0). The residual stresses also maintain large regions

with good alignment along the shear layers and in the region of Gkc(�). That high alignment,

even in regions of negative production, is maintained suggests a direct dynamic relationship

between these eigenspaces. Downstream, regions of L1 � 0:5 grow, suggesting that, as mean

strain �elds weaken, the residual (and to some degree coherent) stresses decouple from the

mean strain. These regions lie outside the open end domain due to the relatively longer

formation length. While large regions of the coherent and residual stresses are in alignment

L2 and are expected to be well predicted by Boussinesq-like closures, critical regions of
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Figure 5.27: L1 =
�
qS1 � q�

1
�2 and L2 =

�
qS2 � q�

1
�2 for the open and closed end ows. Pink

lines indicate L1 = L2 = 1=2 and blue Gk = 0.

the vortex formation and downstream evolution contradict the implicit assumptions of such

closures. This is consistent with the results of Schmitt (2007); Liberzon et al. (2005); Ballouz

and Ouellette (2020) who found mean production of turbulence to be damped in general by

a misalignment of the stress and strain eigenspaces.

Spatial evolution of the eigenspaces are shown in Fig. 5.28. Here streamlines of the

eigenvectors from both tensors with contours of their eigenvalues underneath are shown.

Marked with green circles are three locations of discontinuous 90� rotation of the eigenvectors.

Note that discontinuities in eigenvalue orientation do not imply discontinuities in physical

values. These rotations occur in both eigenspaces, lie on the Gkc(�) boundary, and coincide

with points where �1 = �2 for one of the �elds (i.e. Sij = 0 in the strain �eld and ucvc = 0

in the stress �eld). This suggests the transition from positive to negative production is

associated with a change in the dominate eigenvalues of the stress and strain eigenspaces.

Moreover, these abrupt changes occur in both eigenspaces separately so that the dynamics
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Figure 5.28: Pseudo-streamlines of strain (top) and stress (bottom) eigenvectors overlaying
contours of their respective eigenvalue for the closed (left) and open (right) end ows. Pink
lines indicate L1 = 1=2. Green circles mark positions of abrupt eigenvector realignment.

cannot be traced to just one tensor. In physical space, the strain reorientation equates to

the direction of mean uid element stretching, qS1 , changing from the x to y-direction. On

the centerline, q�
1 remains oriented in the y-direction, but transitions abruptly near the inner

edges of the shear layers, close to the recirculation foci.

Plotted in Fig. 5.29 are Gkc and PK contours overlaid with mean streamlines and pres-

sure gradient pseudo-streamlines, respectively. The dashed pink line marks L1 = 1=2 and

green circles mark discontinuous eigenvector rotation, as before. The negative production

boundaries coincide with a region of mean �eld deformation in an adverse pressure gradient,

implying PK = P;iUi < 0. Although there are extensive regions throughout both wakes

where PK < 0 and Gkc > 0, the free stream provides the momentum to overcome the pres-

sure gradient in these regions. Where production is negative, the only non-zero K-balance

terms are TK and Gkc . This implies that the energy exchange is required to balance PK .

In alignment L1, the Reynolds stress resists local uid element deformation, which is here
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Figure 5.29: Top, mean velocity streamlines overlaying Gkc contours for the closed and open
end ows. Bottom, contours of pressure work, UiP;i, overlaid with pressure gradient pseudo-
streamlines and a pink dashed line marking L1 = 1=2. Green circles mark positions of abrupt
eigenvector realignment.

driven by the pressure �eld. This opposition, in isolation of another force, drives the transfer

of energy from the coherent to the mean �eld. Recall that the Gkc(�) location is imilar in

both ows relative to ‘R and that it appears independent from the plate, unlike the base

region residual production, Fig. 5.22. This suggests that the coherent motion loses energy

on average as it passes through the local pressure gradients, forcing a production negative

alignment so that energy transfers from the coherent �eld, to the mean �eld, and into climb-

ing the pressure gradient. This implies the importance of the pressure �eld in guiding the

dynamical evolution of these eigenspaces.
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5.6 Summary

This chapter is concerned with the kinetic energy budgets of the triply decomposed velocity

�elds behind the closed and open end at plates. The integrated and local balance terms

revealed that the larger magnitude of CPb in the closed end wake results in more mean

pressure work in the formation region. This increases the mean kinetic energy available to

the vortex formation process and precipitates changes in the wake structure. In considering

the in-phase contributions to the coherent energy balance this dependence was con�rmed.

Within the mean recirculation region, near the centerline, AK and DK are negligible so that

the increase in PK was matched by an increase in Gkc . This increase in coherent production

results in stronger coherent motion which transports, by TK1, more mean kinetic energy into

the productive regions, further driving the coherent production.

It was found that Gkc and TK1 remain in lockstep in the shear layers, implying their

tight coupling. However, a phase lag is introduced between them close to the centerline,

indicating a transport time is introduced to the dynamics. This interaction was observed to

be moderated by uctuations in the pressure �eld through �Uibp0;i.

The increased levels of Gkc and more compact formation region with closed ends corre-

sponds to higher levels of Hkr . Vortex deformations causing energy exchanges were identi�ed

between forming vortex cores, in the shear layers and, with closed ends, in the base region

near the at plate. These deformations were found to relate to distinct processes. Energy ex-

changes were observed on vortex boundaries in Hkr, which describes an interaction between

the coherent vorticity and uctuations of uc and ur that are perpendicular to each other.5

These transfers appear related to vortices encroaching on the territory of another and may

be the result of di�usion of oppositely signed vortical uid between vortices. Energy trans-

fers occurring in the shear layers, captured by Gkr and HkrS, were seen to be related to two

straining mechanisms. First, after a vortex separates, the portion connected to the feeding
5Recall from §5.4, the tensor u r 
 uc becomes symmetric when u r and uc are parallel so that u r 
 uc :

c = 0 due to the skew-symmetry of c.
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shear layer rotates out into the free stream. Here the strain �eld induces a transfer, gradually

smoothing out the vortex core as it convects. This transfer shows phase dependency in bGkr

and bHkrS, highlighting the role of the coherent motion in providing kinetic energy to gener-

ate residual uctuations that interact with the mean strain to draw further energy from the

mean �eld. A similar cooperative interaction is observed in the second straining mechanism

and for the base region deformations. The second transfer mechanism in the shear layers is

associated with separation and roll up of the feeding shear layer. This transfer remains close

to the feeding shear layer after separation and reaches a maximum as the opposing vortex

draws uid across the wake into contact with it (ostensively resulting in high strain rates).

In the closed end base region a periodic transfer from bGkr and bHkrS was observed. This

transfer is caused by deformation on the nearby plate; the physical appearance of the cores

is compressed in the x-direction and elongated in the y-direction due to the pressure �eld

induced by the presence of the plate. With open ends vortex shedding occurs downstream

and their cores never enter this strain �eld, consequently no periodic transfer is observed.

In general the closed end wake shows more intense energy exchanges relative to Gkc , but

integrated transfers account for a similar proportion of
R

�Gkc compared to the open end

ow.

To study regions of negative coherent production Gkc(�), the coherent stress and mean

strain were eigen-decomposed. This led to a simple expression of the mean coherent pro-

duction where its sign could be directly related to the alignment between the stress and

strain eigenbases. The regions of Gkc(�) were located near the centerline, just upstream of

the mean recirculation foci, and were found to be quantitatively and qualitatively similar in

both wakes. The mean �eld alignment transition from positive to negative production was

found to correspond with a region of PK < 0. It was then argued that, since Gkc � TK1 +PK

in these regions, the adverse pressure gradient forces a change in the mean ow alignment

and draws energy out of the coherent �eld.

These observations indicate a deep connection between the coherent and mean �elds,
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often through the pressure �eld. The global and local dynamics cannot be accurately de-

scribed, even instantaneously, without reference to both �elds. The pressure �eld was of

critical importance in each step of the wake energetics, it was found that the di�erences

between the closed and open end mean pressure �elds are closely linked with di�erences

in the turbulence levels. Through a connection between pressure �eld curvature and the

Q-criterion, deformation of vortices was associated with transfers between the coherent and

residual �elds. Further, regions of negative production were argued to be the result of adverse

pressure gradients.
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Chapter 6

Conclusions and Outlook

The work presented is summarized and conclusions drawn in §6.1. In §6.2 recommendations

for future work are made.

6.1 Conclusion

This thesis focused on comparing two mean 2D solutions to the at plate wake, with the

goals of establishing the degree to which these solutions are dynamically distinct and to

study the kinetic energy distribution and ow through a triple decomposition of the velocity

�eld. Both ows were veri�ed to be mean 2D. The wakes both showed characteristics typical

of turbulent quasi-periodic Karman vortex shedding. The large-scale dynamics were studied

through application of the proper orthogonal decomposition (POD), allowing to establish

a low-order representation of the coherent motion and thus triply decompose the velocity

�eld into a mean, coherent, and residual part. The dynamics were compared through this

lens, showing similar interactions within the coherent motion but with di�erent energy levels.

Kinetic energy budgets were then studied on an integrated and distributed basis. The energy

transfer rates between the three �elds were quanti�ed and found to suggest the importance

of mean base pressures in the resulting energy ow. The cause and consequences of this

were elaborated, drawing connections between vortex deformations and the di�ering levels
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of residual uctuations.

The mean 2D wakes of the closed and open end at plate ows were found to be sta-

tistically and topologically distinct. The Strouhal number, mean base pressure, and mean

recirculation length, quantities which typically distinguish the wakes of di�erent 2D geome-

tries (i.e. the circular from the rectangular cylinder) were found to di�er between the two

at plate ows. The closed end con�guration had a higher Strouhal number (St), greater

(more negative) mean base pressure (CPb), and shorter mean recirculation length (‘R) than

the open end case. The closed end wake also had higher turbulence levels (greater non-

dimensionalized Reynolds stress magnitude). This was coupled with di�erences in the mean

topology; the closed end Reynolds stress maxima were located upstream of ‘R and within

the separating streamline, whereas the open end Reynolds stress maxima were outside of the

mean recirculation region. Further, large residual stresses were observed in the closed end

base region, where the open end ow was calm. These observations suggested that the two

at plate solutions have di�erences in the coherent motion underlying the mean �eld.

A proper orthogonal decomposition (POD) based low-order representation was used to

identify and characterize di�erences in the coherent motion. In both ows, a similar set of

coherent modes were identi�ed; the �rst and second harmonics of the vortex shedding, a

slow drift of the base ow associated with modulations in shedding amplitude, a slow lateral

apping of the shear layers, and a set of modes capturing an energy transition between

these motions. These POD subspaces di�ered in the relative energy content of each mode.

The slow drift mode constituted a greater portion of the total kinetic energy (TKE) and is

observed to range from states corresponding to vortex shedding suppression to those with

higher-than-average amplitude shedding cycles with open ends. With closed ends, the slow

drift was restricted to states closer to the limit cycle.

The apping mode captured a greater portion of the TKE with closed ends which, cor-

respondingly, showed greater deection of vortex trajectories than with open ends. It was

noted that the vortex trajectory deection was coupled with an imbalance in vortex strength,
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suggesting the trajectory deections result from this circulation imbalance. That the ap-

ping motion results from a vorticity imbalance implies a non-local upstream e�ect on the

shear layers, close to the separation points. This permits a plausible explanation of the

mechanism for the apping motion. In an imbalanced state the mean pressure �eld mini-

mum is expected to be shifted towards the stronger vortex, resulting in sharper curvature

close to the separation point, and thus greater levels of deformation and vorticity. However,

an excess of vorticity will be generated while this state is sustained. This excess will even-

tually result in enough circulation to shift the pressure �eld into the opposing state, thereby

establishing a repeating process. This would predict that the closed end wake, with a larger

CPb , experiences greater imbalances and vortex deections, consistent with observations.

It was noted that much more vorticity is caught in the back-ow region with closed

than open ends. This was related to the shorter formation length and greater activity levels

within the recirculation region of the closed ends. These di�erences highlight the relative

energy content of the coherent motions, but fall short of explaining the di�erences in base

region activity and mean �eld topology. Thus di�erences in the two solutions must arise

from mechanistic means in addition to the relative energy content of the coherent motions.

Through study of the energy ow, quanti�ed by a triple decomposition, di�erences in CPb

were associated with both the di�erences in Reynolds stress magnitude and topology. Fur-

ther, these were shown to have a subsequent e�ect on the level of coherent-to-residual trans-

fer. With closed ends a greater portion of the change in kinetic energy (Dk�
Dt ) was accounted

for by the coherent production (Gkc � 0:5Dk�
Dt ) compared to open ends (Gkc � 0:35Dk�

Dt ),

whereas the residual production was found to account for a similar portion in both ows

(Gkr � 0:1Dk�
Dt ). This con�rms the higher turbulence levels with closed ends result from

changes to the coherent dynamics. Examination of the average and in-phase mean and

coherent energy budgets revealed the strong inuence of the mean pressure �eld on the for-

mation dynamics. The closed ends formation region is subject to steeper pressure gradients,

resulting in greater transport of mean kinetic energy (K) to the centerline, upstream of ‘R,
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where advection is negligible. To balance this inux, coherent production increases, leading

to more transport of K and establishing a self sustaining cycle. With open ends shallow

pressure gradients are coupled with a longer formation length relative to ‘R, resulting in

Reynolds stress maxima outside of the recirculation bubble.

The shorter formation length and greater coherent production with closed ends translate

to higher levels of coherent-to-residual transfer (Hkr � 0:2Dk�
Dt ) than with open ends (Hkr �

0:14Dk�
Dt ). This was associated with greater levels of vortex deformation in the closed end

wake. Vortex interactions with the opposing shear layer during separation and with the free

stream were found to occur both earlier in the formation process and more intensely with

closed ends. Further, pressure curvature induced by proximity of the closed end at plate to

the vortex formation resulted in vortex deformation and energy transfer in the base region.

These observations are consistent with the CPb and mean �eld topology di�erences in the

two ows.

In addition, a transfer dependent on normal-to-each-other coherent and residual uc-

tuations and the coherent vorticity was identi�ed. It contributes predominately between

successive vortices, close to their boundaries. The association with directions normal to the

local coherent ow suggests this may be a di�usive transfer of energy to the residual �eld.

This characterization of the two at plate solutions suggests the mean �eld, in particular

the mean base pressure, has a large inuence on subsequent coherent dynamics. The sugges-

tion that open ends allows for the ambient pressure to be expressed within the recirculation

region in §4 is consistent with the observed importance of the mean pressure �eld in dictating

the kinetic energy budgets. It is thus clear that the energy content of the identi�ed coherent

modes cannot describe all di�erences between the two wakes. The coherent POD spaces

appear qualitatively similar in these ows, relating a vortex formation and shedding process

to a slow-varying base ow and apping motion. However, the internal deformation tensors

di�er, altering the rate energy is transferred through the coherent and to the residual �eld.

This raises an interesting observation in itself. It would appear that, despite di�erences in
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the mean �eld (e.g. ‘R, CPb and the Reynolds stress distributions) and its interaction with

the coherent �eld, similar coherent dynamics are established in both wakes.

It remains unclear why the at plate allows for two mean 2D solutions, but other blu�

bodies do not. A plausible cause is the stabilizing e�ect of the afterbody. For example, the

afterbody of the rectangular cylinder isolates the separation points from the wake dynamics.

Below a thickness-to-chord ratio of b=c < 0:4, the two at plate solutions begin to express.

It may be that, with b=c < 0:4, the base pressure is able to force the shear layer close to

the separation points such that a second mean 2D solution can be excited. This is, again,

consistent with the notion that end plates alter the mid-span base pressure to select the

closed end solution. Further, it compliments the above description of the apping motion

dynamics, suggesting these processes occur together. This is in part veri�ed by literature, no

such apping motion is reported for the rectangular or circular cylinder, but requires further

study.

6.2 Recommendations

Recommendations for future work are provided loosely in order of expected project scale and

commitment. Recommendations include expansion of the present results to the modal energy

exchanges (§6.2.1), deduction of the mechanism driving the apping motion (§6.2.2), devel-

opment of low order models describing the at plate coherent motion (§6.2.3), experimental

study of end condition criteria for selecting a given mean 2D solution and of afterbody e�ect

on the solution space (§6.2.4), expansion of the eigenbasis framework for study of regions

of negative production (§6.2.5), and use of the present data sets in reduced order modeling

development (§6.2.6).
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6.2.1 Further Characterization of the Coherent Dynamics

This work focused on studying the limit cycle energy ow between components of the triple

decomposition, rather than interactions between the modes de�ning the coherent �eld. A

natural followup to this study is then to quantify the modal kinetic energy balance. Following

a procedure similar to deriving the triple decomposition equations, the modal k-balance can

be derived, Noack et al. (2003); Hosseini et al. (2015). This will provide a more detailed

picture of both the coherent interactions in the wake and the energy ow to the residual

�eld.

Complimentary to this is to study the triple decomposition energy ow during high, low

and very low cycles. This can provide better insight into the processes leading to a given

cycle, contextualizing the modal exchanges.

6.2.2 The Flapping Motion

The apping mode was not well resolved in the upstream open end domain. This suggests

that the apping motion is best observed downstream of formation in the velocity �eld.

However, imbalance in vortex strengths must begin in the formation process. The mechanism

driving the apping motion, be it the one hypothesized above or another, can be studied

to some degree with the close end data already acquired. However, a single, synchronized

domain spanning both the near and extended domains for the open end wake can allow to

associate apping dynamics with the base pressure di�erences in the close and open end

ows.

6.2.3 Low Order Model

The slow drift mode is known to be well modeled by a mean �eld parabola. The apping

and transition modes are not considered in this model. Future modeling work can focus on

describing the relationship between these unmodeled modes and the harmonic and slow drift
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modes. Since the slow drift and apping are naturally uncorrelated (they are symmetric and

anti-symmetric processes) such an extension of the successful mean �eld parabola would be

broadly applicable. In principle this can be pursued independent of characterization of the

modal energy exchanges, however these are expected to assist in the modeling.

6.2.4 End Conditions and Separation Points

The current evidence suggests careful end condition selection can determine which 2D solu-

tion the wake will approach. However, it is still unclear when a given solution is expected

to arise. This is critical to establishing satisfactory simulation criteria to produce accurate

predictions.

Addressing this problem requires answering two questions; by what mechanism do the end

conditions inuence the mid-span dynamics, and how sensitive are the two solution dynamics

to the afterbody? Evidence collected in this work suggests base pressure is a critical factor.

It was thus hypothesized that open end conditions allow the ambient pressure to be expressed

within the recirculation region. The question of afterbody inuence addresses the hypothesis

of isolating the separation points from base pressure inuence and is closely related to the

end condition hypothesis. These questions regard fundamentally interesting physics in the

vortex formation process and are required to enable accurate at plate simulations.

6.2.5 Negative Production

Regions of negative production were related to alignment between the stress and strain

eigenbases. Through this it was found that a realignment of the mean �eld was required

to overcome local adverse mean pressure gradients in the mean recirculation region. This

suggests a relationship between these three �elds not described by the production term alone.

A recent study (Tom et al., 2021) has cast the strain and vorticity balance equations in the

local eigenframe of the strain rate tensor. Casting the Reynolds stress transport equations

in the same frame gives a relationship to describe the mutual evolution of the stress, strain,
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and pressure �elds in terms of eigenbases. These relationships would allow to further study

development of negative production regions through factors that lead to the eigenframe

realignment. However, the eigenvalue ordering is applied at each point independently. This

results in ambiguity regarding the spatial evolution of the eigenbases. A sorting based on

dynamic relationships is necessary to apply this framework successfully.

6.2.6 Reduced Order Modeling

An attractive strategy for control of complex ows is to identify and model the ow evolu-

tion on a reduced basis with a set of ordinary di�erential equations. Classically this can be

done through a Galerkin projection. Galerkin models assume a limited form of the dynamic

evolution and tend to be sensitive to perturbations in the data. To address this recent devel-

opments have been made in data driven modeling of such attractors. However, these methods

rely on apriori knowledge of appropriate terms to describe the system trajectories and, when

applied to turbulent data, struggle to provide viable models. Despite its importance to de-

veloping ROMs within a data driven framework, little is known about the properties to be

expected in turbulence attractors and solution paths between nearby attractors. Further, the

inuence turbulent uctuations have on the dynamical evolution of coherent motions, and

vice versa, is poorly understood. Development on understanding the evolution of turbulent

solutions and sensitivity of the energy path to boundary conditions is critical to developing

modeling strategies which can be successful in turbulent ow prediction and control.

The two wakes studied herein present a useful case study for ROM development. The

coherent dynamics are simple enough to be expressed on a relatively small basis, the wake is

turbulent, and the mean ow is 2D. Further, the physics, namely the kinetic energy balances,

are well studied and critical features of the wakes well documented. Having two wakes gener-

ated by the same body allows to test the generalizability of any given model. It is suggested

to address the issues of coherent-residual �eld interaction and model generalizability.
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Appendix A

Transition Modes

Figure A.1: Flooded isocontours for spatial function u and v components together with
phase portraits and spectra of temporal coe�cients for the transition mode, at. Phase
portraits show at vs. a2 (a1 � 0) with modal coe�cients scaled by

p
�n. Red lines indicate a

regression. CE (top), OE (middle), OE extended (bottom). Spatial modes are orthonormal:
(�n;�m) = �nm.

Figure A.1 shows the u,v spatial functions, the at{a2 phase portrait and spectra of the

temporal coe�cient at for the �rst of the mode pairs (modes 7 and 8) observed in the three

124



POD spaces. These modes are interpreted as transition modes. Their spatial distributions

are similar to the those of the apping mode, but the spectra show energetic contributions

associated with the �rst harmonic. Their energetic contribution to the TKE is 2.5% (CE),

2.8% (OE) and 1.5% (OE-extended), respectively.

As can be inferred from the at{a2 phase portrait, a relationship between the transition

and fundamental harmonic pairs exists. For the three �elds, a regression analysis suggests

a relationship of the type at � (A2 + c2) (a1 + a2), with c2 a constant. Implied is thus a

tacit link to a� through a� � c0 + c1A2. Note that the regression lines are not indicative

of the trajectories in phase space. Recalling that A is nearly constant during a cycle, the

trajectories are contained in the a1 { a2 plane and are thus normal to the at { a2 plane. These

transition modes thus appear to describe an exchange of energy between modes relating three

distinct motions. While the details describing the energy exchange are beyond the present

scope, inclusion of these modes appears important in considering the wake dynamics.
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Appendix B

Burgers Vortex and the Q-Criterion

The Q-criterion is used in this study to identify vortex cores and estimate the vortex circu-

lation. However, referring to Fig. 4.9, it is clear that the cores, regions enclosed by Q = 0

(green level lines) do not contain all of the vorticity associated with a given vortex. Here,

it is shown that the ratio of the vortex circulation to the vortex circulation calculated using

the core region (Q � 0) is constant. First, the analytical Burgers vortex model (Panton,

2013) is considered.

The Burgers vortex describes a homogeneous, incompressible, and time invariant vortex

whose viscous di�usion is balanced by an extensional strain (vortex stretching). Denoting

� as the circulation contained within a radius r from the centroid, �tot the total circulation

associated with the vortex, � as the extensional strain parameter, and � as the kinematic

viscosity, the fraction of the total Burgers vortex circulation at an arbitrary radius is:

�(r)
�tot

= 1� exp
�
�

�2

4

�
; with �2 =

�r2

�
: (B.1)

The relationship between Q and � for the Burgers vortex can be written:

�1 =
�
��2

3

4�2�2
2

��
exp

�
��2

4

�
� 1
��

exp
�
��2

4

�
(2 + �2)� 2

�
�

3
2
; (B.2)
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(a) (b)

Figure B.1: (a) Flooded isocontours of �1, with �1 = 0 denoted in green. (b) �=�tot as a
function of Q=Qmax; N CE, � OE, with analytical model as red line.

where

�1 =
Q
�2 and �3 =

�
�
: (B.3)

Setting �1 = 0 yields:

�3 =
p

6��2 exp
��2

4

�
q�

exp
��2

4

�
� 1
� �

�2 � 2 exp
��2

4

�
+ 2
� : (B.4)

Equation (B.4) has an asymptote at �2 � 5:03572. Consequently, from Eq. (B.1), the

maximum amount of circulation associated with the core region, Q � 0, is �=�tot � 0:7153.

For closed and open ends, the shed vortex circulation is of order 100 and � is of order 10�5.

Hence, the parameter �3 is of order 105. Thus, referring to Fig. B.1a, it is expected that

�=�tot ! 0:7153.

A graphical user interface (GUI) was developed to manually select integration areas. A

typical user selected area is shown in red in Fig. 4.9. As seen from Fig. B.1b, the experimental

results agree well with the Burgers vortex model, yielding �v=�tot = 0:70 � 0:01, where �v

is based on the contour Q = 0. Figure B.1b also suggests that a Richardson extrapolation
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can be used to minimize the sensitivity to experimental uncertainty in estimating Q = 0.

Results are presented using the latter approach.
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Appendix C

Symmetrization and Proper

Orthogonal Decomposition Space

Orthogonality

Symmetrization is a commonly applied decomposition where the velocity �eld is split into

one part which is even (or symmetric) and one which is odd (or anti-symmetric) in one spatial

dimension. This is performed to improve convergence of the proper orthogonal decomposition

(POD) modes when the true �eld is expected to have natural symmetries. In the uids

community these �elds are typically referred to as the symmetric and anti-symmetric �elds

and in the main body of this work this terminology is used. However, a function which

holds the properties of symmetric (anti-symmetric) velocity �elds is referred to as even

(odd) in the mathematics literature. Since the impact of the symmetrization procedure on

the orthogonality of the resulting even and odd POD spaces is of concern here, the latter

terminology is used throughout this appendix.

The symmetrization procedure assumes that the POD spaces of the even and odd velocity

�elds are mutually orthogonal, both in their spatial modes and temporal coe�cients. This

is true only when the velocity �eld contains natural symmetries. Deviation from a naturally
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even or odd �eld will necessarily introduce correlations between the temporal coe�cients of

the POD spaces. It is therefor necessary to quantify, in terms of the even and odd velocity

�elds, the error introduced by assuming they are uncorrelated in time.

This appendix �rst introduces the even-odd split used in uid dynamics and outlines

important properties of even and odd �elds. Then the spatial and temporal orthogonality

of POD spaces which result from the even and odd �elds is assessed. Finally, the impact

of this procedure on the k-balance equations is quanti�ed. It will be shown that, while

symmetrization can lead to signi�cant error in general, the at plate wakes considered here

are su�ciently symmetric so that cross-correlation between the even and odd POD space

temporal coe�cients remains small.

C.1 The Even-Odd Split

Even, gE (x), and odd, gD (x), functions are de�ned as functions where

gE (�x) = gE (x) (C.1)

gD (�x) = �gD (x) : (C.2)

The canonical examples are the sine and cosine functions. It is possible to �nd the even and

odd parts of any function by

gE (x) =
1
2

(g (x) + g (�x))

gD (x) =
1
2

(g (x)� g (�x)) ;

with g = gE + gD.

The velocity �eld is often split into an even and odd part along one spatial direction so

that, u = uE + uD. In this work, the velocity components are split into an even and odd

part along the y-direction. Note that the v-component is opposite the u and w components
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to match the mirror-symmetry. Then,

uE =
1
2

(u (x; y; z; t) + u (x;�y; z; t))

vE =
1
2

(v (x; y; z; t)� v (x;�y; z; t))

wE =
1
2

(w (x; y; z; t) + w (x;�y; z; t))

is the even part and

uD =
1
2

(u (x; y; z; t)� u (x;�y; z; t))

vD =
1
2

(v (x; y; z; t) + v (x;�y; z; t))

wD =
1
2

(w (x; y; z; t)� w (x;�y; z; t))

is the odd part.

The vector and spatial components of the velocity �eld are typically vectorized to com-

pute POD spaces. This results in the matrix [u]MN�T , where M is the number of vector

components, N the number of spatial points, and T the number of time steps. There are

several properties of even and odd velocity �elds that are important.

S1 u = uE + uD .

S2 k (x) 6= kE (x) + kD (x), where k is the kinetic energy.

S3
R

� kdV =
R

� kEdV +
R

� kDdV , where � is the measurement domain.

S4 [uE] [uE]T is also even in its spatial components (and is a symmetric matrix).

S5 [uD] [uD]T is also odd in its spatial components (and is a symmetric matrix).

S6 [uE]T [uD] = [uD]T [uE] = [0]

S7 [uE] [uD]T and [uD] [uE]T 6= [0] in general.
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Note that property S6 is equivalent to summing over the spatial components and property

S7 to summing the temporal dimension. This shows that �nding the even and odd parts of

a velocity �eld along just a single spatial dimension decomposes the velocity �eld into two

�elds that are spatially uncorrelated but remain correlated temporally.

The following sections are more easily addressed by considering E and D to be linear

operators that �nd uE and uD, respectively, so that uE = Eu and uD = Du. For example,

if u has 4 spatial points then,

E =
1
2

2

66666664

1 0 0 1

0 1 1 0

0 1 1 0

1 0 0 1

3

77777775

(C.3)

and

D =
1
2

2

66666664

1 0 0 �1

0 1 �1 0

0 �1 1 0

1� 0 0 1

3

77777775

: (C.4)

These matrices are then tiled to operate on the stacked �eld [u] so that,

[uE] =

2

66664

E 0 0

0 D 0

0 0 E

3

77775
[u] (C.5)

and

[uD] =

2

66664

D 0 0

0 E 0

0 0 D

3

77775
[u] : (C.6)

These linear operators have the properties,
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L1
ET = E

DT = D

L2
E2 = E

D2 = D

L3 ED = DE = [0]

L4 E + D = I

C.2 Even and Odd POD Spaces

The POD space can be found through application of the singular value decomposition (SVD)

to a vectorized uctuating velocity �eld, u0. As such the following identities can be employed

to see how the even and odd operators impact the POD spaces.

[u0]T [u0] = V
�
�T�

�
V T (C.7)

[u0] [u0]T = W
�
��T �W T (C.8)

where V and W are the unitary bases (corresponding to POD modes and temporal coe�-

cients, respectively) and � are the singular values.

Beginning with identity C.7,

[u0]T [u0] =
�

[u0]T ET + [u0]T DT
�

(E [u0] + D [u0])

= [u0]T ETE [u0] + [u0]T ETD [u0] + [u0]T DTE [u0] + [u0]T DTD [u0]

= [u0]T ETE [u0] + [u0]T DTD [u0]

V
�
�T�

�
V T = VE

�
�T
E�E

�
V T
E + VD

�
�T
D�D

�
V T
D : (C.9)

The right singular vectors of [u0] (eigenvectors of [u0]T [u0]) are simply the sum of the right
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singular vectors of the even and odd velocity �elds. From identity C.8,

[u0] [u0]T = (E [u0] + D [u0])
�

[u0]T ET + [u0]T DT
�

= E [u0] [u0]T ET + E [u0] [u0]T DT + D [u0] [u0]T ET + D [u0] [u0]T DT

W
�
��T �W T = WE

�
�T
E�E

�
W T

E +WD
�
�T
D�D

�
W T

D

+ EW
�
��T �W TDT + DW

�
��T �W TET :

(C.10)

The left singular vectors of [u0] (eigenvectors of [u0] [u0]T ) are a linear combination of the

even and odd left singular vectors and cross-terms consisting of transformed left singular

vectors.

These observations give three properties of even and odd POD spaces. De�ning a POD

mode as �n (x) (which corresponds to the nth right singular vector from V ), a temporal

coe�cient as an (t) (nth left singular vector from W ) and the kinetic energy represented by

a mode as �n=2 (one half of the square of the nth singular value in �), then the properties,

P1
P

n
�n
2 =

P
n
�En

2 +
P

n
�Dn

2 : this follows from property S3.

P2 [�E]T [�D] = [�D]T [�E] = [0]: this based on result C.9.

P3 [aE]T [aD] and [aD]T [aE] 6= [0] in general: this from result C.10.

hold in addition to the standard properties a POD space is equipped with. Properties P2

and P3 are particularly important, the spatial modes of an even and odd POD space are

orthogonal to each other and every other mode within the same space, however, the temporal

coe�cients are only orthogonal to coe�cients within the same POD space.

C.3 Impact on k-Balance Terms

The coherent �eld is de�ned from even and odd POD modes so that uc = uEc + uDc

and ur = uEr + uDr. The assumption made in the symmetrization procedure is that the
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Figure C.1: Closed (left) and open (right) end integrated relative errors, Ek� , ET �K , EG�kc , EG�kr ,
EA�kc , and EA�kr .

Figure C.2: Closed end distributions of Ek� , ET �K , EG�kc , EG�kr , EA�kc .
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inner products in property P3 are [0]. The degree to which this is true depends on the

symmetries inherent to the wake and can be quanti�ed by considering the balance terms

which vanish when this assumption is true. Denoting the error in a term as ( � )�, error

in the kinetic energy, mean di�usion, coherent and residual production, and coherent and

residual advection can be expressed as,

k� = 2uciuri = 2 (uEciuDri + uDciuEri) (C.11a)

T �K = [(uciurj + uriucj)Ui];j = [(uEciuDrj + uDciuErj + uEriuDcj + uDriuEcj)Ui];j (C.11b)

G�kc = uciurjUi;j = (uEciuDrj + uDciuErj)Ui;j (C.11c)

G�kr = uriucjUi;j = (uEriuDcj + uDriuEcj)Ui;j (C.11d)

A�kc = uciuri;jUj = (uEciuDri;j + uDciuEri;j)Uj (C.11e)

A�kr = uriuci;jUj = (uEriuDci;j + uDriuEci;j)Uj ; (C.11f)

where G�K = G�kc + G�kr . Note that there is also a molecular di�usion and dissipation term,

however, by a classical scaling argument, these terms are typically considered to be negligibly

small for the Re range herein.

Plotted in Figs. C.1 to C.3 are the relative errors introduced by neglecting these terms

for the closed and open end wakes. For example, the relative error in the kinetic energy is

Ek� = k�= (k + k�). Immediately observable are the small integrated errors in Fig. C.1. This

results from the local distributions being odd functions and allows the integrated k-balance

terms to be interpreted at face value. Locally, errors in the range 1� 3% are present in both

ows, with errors as high as 6% in the closed ends Akc . EA�kc is likely ampli�ed by numerical

error introduced from approximating the derivative, uri;j, rather than symmetrization. The

low integrated and distributed relative errors support assuming the even and odd temporal

coe�cients are uncorrelated.
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Figure C.3: Open end distributions of Ek� , ET �K , EG�kc , EG�kr , EA�kc .
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Appendix D

Strain Eigenvectors and Production

In Literature

In Gurka et al. (2004) and Liberzon et al. (2005) it is stated that the production can be

represented in terms of the mean strain rate eigenvectors and values as

Gk = �u0iu0jSij = �u2�S1 cos2(u0;qS1 )� u2�S2 cos2(u0;qS2 )� u2�S3 cos2(u0;qS3 ) ; (D.1)

where u0 are the velocity uctuations, u2 = (u0;u0), S is the mean strain rate tensor, �Sn is

the nth ordered eigenvalue of S with associated eigenvector qSn, and ( � ; � ) represents the

inner product between vectors. This contains a typo. The correct form is

Gk = u0iu0jSij = �u2�S1 cos2(�1)� u2�S2 cos2(�2)� u2�S3 cos2(�3) ; (D.2)

where cos(�n) = (u0;qSn)=
p
u2 is the cosine of the angle between the velocity uctuation and

the eigenvector.

If the matrix QS contains as columns the eigenvectors of S and � the eigenvalues along
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its diagonal (with 0 elsewhere), then S = QS�SQT
S . A derivation of Eq. D.2 then follows,

Gk = �u0 
 u0 : S

= �u0 
 u0 :
�
QS�SQT

S
�

= �QT
Su0 
 u0QS : �S :

Let u� = u0QS =
�

(u0; qS1 ); (u0; qS2 ); (u0; qS3 )
	

so that,

= �u� 
 u� : �S

= �u� ��Su�

= ��S1 (u0;qS1 )2 � �S2 (u0;qS2 )2 � �S3 (u0;qS3 )2

= �u2�S1 cos2(�1)� u2�S2 cos2(�2)� u2�S3 cos2(�3) :
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Appendix E

Eigenbasis Alignment in Two

Dimensions

Two-dimensional production, Gk = u0iu0jSij, is expressed in terms of the eigenbases of the

Reynolds stress, �, and mean strain rate tensors, S, (Eq. 5.19 in the text) as,

Gk = ��S (��
1 � �

�
2) (2L1 � 1) : (E.1)

where ��
n are the ordered eigenvalues of �, �S = �S1 = ��S2 represents the eigenvalues of S,

and L1 =
�
q�

1;qS1
�2 is the alignment between the two eigenbases. While presented for the

uctuating Reynolds stresses, this equation can be derived identically for the coherent and

residual stresses as well. Here a brief derivation is given.

Let,

� = Q���QT
� (E.2)

S = QS�SQT
S ; (E.3)

be the eigen-decompositions of � and S where � is a diagonal matrix containing the eigen-

values, � with associated eigenvectors, q, in Q. Assume the eigenvalues to be ordered such
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that �1 � �2. Then ��
1 � ��

2 � 0, �S1 + �S2 = 0, and �S1 � 0 and �S2 � 0.

The production in terms of the eigen-decompositions is:

Gk = �
�
Q���QT

�
�

:
�
QS�SQT

S
�

= �QT
SQ���QT

� QS : �S :

Let QT
SQ� =

�
QSQT

�
�T � Q be the rotation matrix from the Reynolds stress to the strain

rate eigenbasis with elements Q ij =
�
qSi ;q�

j
�
. The magnitude of any row or column vector

from this matrix is 1. Then,

Gk = �Q im��mnQjn�Sij ;

where summation is implied over i, j, m, and n,but not over � or S. Note also that ��mn = 0

if m 6= n and �Sij = 0 if i 6= j. This simpli�es to,

Gk = ��S1
�
Q2

11�
�
1 + Q2

12�
�
2
�
� �S2

�
Q2

21�
�
1 + Q2

22�
�
2
�
: (E.4)

Since the magnitude of each column and row vector from Q is 1, let L1 �
�
qS1 ;q�

1
�2 =

�
qS2 ;q�

2
�2 and L2 �

�
qS1 ;q�

2
�2 =

�
qS2 ;q�

1
�2 with the property L1 + L2 = 1. Substituting this

into Eq E.4 and letting �S = �S1 = ��S2 ,

Gk = ��S (L1��
1 + L2��

2) + �S (L2��
1 + L1��

2)

= ��S (��
1 � �

�
2) (2L1 � 1) :
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Appendix F

Eigenbasis Alignment in Three

Dimensions

In three-dimensions, the expression of production, Gk = u0iu0jSij, in terms of the eigenbases

of the Reynolds stress, �, and mean strain rate tensors, S, is more complex. Assuming

ordered eigenvalues, �1 > �2 > �3 with associated eigenvectors, qn, three-dimensional (3D)

production takes the form,

Gk =
�
2j�S3 j � �

S
1
�

(��;q3)�
�
2�S1 � j�

S
3 j
�

(��;q1) +
�
�S1 � j�

S
3 j
�

(��;1) ; (F.1)

where 1 is a vector of ones, �� = ��
i is a vector of the Reynolds stress eigenvalues and

qn =

8
>>>><

>>>>:

�
qSn;q�

1
�2

�
qSn;q�

2
�2

�
qSn;q�

3
�2

9
>>>>=

>>>>;

is a vector containing the projection magnitudes of the nth strain eigenvector onto the stress

eigenvectors. While presented for the uctuating Reynolds stresses, this equation can be

derived identically for the coherent and residual stresses as well. �� � qn is a measure of
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the total stress contribution aligned with principle strain n. The �rst two groups on the

right hand side contain all dependence on eigenspace alignment. Group one increases in

magnitude as the largest Reynolds stresses become aligned with the most compressive strain

rate and group two when aligned with the most tensile strain rate. These groups are always

greater and less than or equal to zero, respectively. The �nal group captures the e�ect of

�S2 = ��S1 + j�S3 j. When �S2 < 0 this group is positive, when �S2 > 0 it is negative. Here a

brief derivation of this equation is given.

Let,

� = Q���QT
� (F.2)

S = QS�SQT
S ; (F.3)

be the eigen-decompositions of � and S where � is a diagonal matrix containing the eigen-

values, � with associated eigenvectors, q, in Q. Assume the eigenvalues to be ordered such

that �1 � �2 � �3. Then ��
1 � ��

2 � ��
3 � 0, �S1 + �S2 + �S3 = 0, and �S1 � 0 and �S3 � 0.

Production expressed in terms of the eigen-decompositions is,

Gk = �
�
Q���QT

�
�

:
�
QS�SQT

S
�

= �QT
SQ���QT

� QS : �S :

Let QT
SQ� =

�
QSQT

�
�T � Q be the rotation matrix from the Reynolds stress to the strain

rate eigenbasis with elements Q ij =
�
qSi ;q�

j
�
. The magnitude of any row or column vector

from this matrix is 1. Then,

Gk = �Q im��mnQjn�Sij ;

where summation is implied over i, j, m, and n,but not over � or S. Note also that ��mn = 0
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if m 6= n and �Sij = 0 if i 6= j. This simpli�es to,

Gk = ��S1
�
Q2

11�
�
1 + Q2

12�
�
2 + Q2

13�
�
3
�

� �S2
�
Q2

21�
�
1 + Q2

22�
�
2 + Q2

23�
�
3
�

� �S3
�
Q2

31�
�
1 + Q2

32�
�
2 + Q2

33�
�
3
�
:

Substituting Q2
2n = 1�Q2

1n �Q2
3n and �S1 + �S2 + �S3 = 0 and �S3 = �j�S3 j ,

Gk = ��
1
��
�2�S1 + j�S3 j

�
Q2

11 +
�
2j�S3 j � �

S
1
�

Q2
31 + �S1 � j�

S
3 j
�

+ ��
2
��
�2�S1 + j�S3 j

�
Q2

12 +
�
2j�S3 j � �

S
1
�

Q2
32 + �S1 � j�

S
3 j
�

+ ��
3
��
�2�S1 + j�S3 j

�
Q2

13 +
�
2j�S3 j � �

S
1
�

Q2
33 + �S1 � j�

S
3 j
�
;

=
�
�2�S1 + j�S3 j

�
��
nQ2

1n +
�
2j�S3 j � �

S
1
�
��
nQ2

3n +
�
�S1 � j�

S
3 j
�X

n

��
n ;

and de�ning �� = ��
n and qi = Q2

in as the squared magnitude of the alignment between qSi

and q�
n,

Gk =
�
2j�S3 j � �

S
1
�

(��;q3)�
�
2�S1 � j�

S
3 j
�

(��;q1) +
�
�S1 � j�

S
3 j
�

(��;1) :

144


