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Abstract

We address the problem of quickly computing the class group and unit group for quartic number

fields of large discriminant. Index-calculus algorithms are the fastest way to solve this problem for

arbitrary number fields. Our focus is primarily on improvements to relation generation, one of the

main stages in an index-calculus algorithm. In the quadratic case, the self-initialization approach to

relation generation developed by Jacobson has been very successful, but applying this idea to quartic

fields has not been attempted. We present a novel generalization of this approach that is applicable

to quartic number fields. Additionally, we characterize the efficiency of our method in terms of the

size of the roots of the field’s defining polynomial. We discuss our implementation of a complete

index-calculus algorithm using this approach.

Our implementation’s relation generation produces relations significantly faster than the current

state-of-the-art, Magma. Our implementation of the complete algorithm, including the improved

relation generation, is faster than Magma for number fields whose defining polynomial has small roots,

and is comparable for typical number fields.
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Preface

This thesis is an original work by the author. No part of this thesis has been previously published.
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1.1 Introduction

A number field K is an extension of the rational numbers that can be represented as Q[X]/(f) where

f is an irreducible polynomial over the rationals. The degree d of K is defined as the degree of f .

The class group of K is the quotient of the group of fractional ideals by the subgroup of principal

fractional ideals. The elements of the class group are equivalence classes of ideals, where two ideals

are equivalent if their quotient is a principal ideal. The unit group of K consists of all the elements

in the ring of integers of K with a multiplicative inverse that is also in the ring of integers of K.

In number fields there is a significant difference between the ideals generated by algebraic numbers

and the algebraic numbers themselves. The class group and unit group of K help to understand this

difference. As Neukirch [Neu99, Chapter 2] says,

“the class group measures the expansion that takes place when we pass from numbers to

ideals, whereas the unit group measures the contraction in the same process.”

These two groups are so fundamental that Cohen [Coh93, Chapter 4] puts computing them amongst the

five main computational problems of algebraic number theory. This thesis addresses the computational

challenges of determining the class group and unit group, focusing on developing an efficient algorithm

for computing them.

Algorithms using the index-calculus framework are the fastest for solving this problem and one of

the most important stages in this framework is relation generation. Although there are index-calculus

algorithms applicable to arbitrary degrees, researchers have been able to develop much faster relation

generation for quadratic fields by taking advantage of the specialized degree. This thesis gives a novel

approach to relation generation that generalizes the self-initialization approach of Jacobson [Jac99b]

for quadratic fields to the case of arbitrary degree number fields. To demonstrate the effectiveness of

our relation generation approach, we chose to focus on the case of quartic number fields (cubic fields

being under investigation by Luo [Luo24] concurrently with our research). Our primary performance

metric is the time per relation (defined in Section 1.3), which indicates the speed at which useful

relations are generated. In addition, a new implementation of the entire algorithm, using our relation

generation, allows us to compare against existing systems.

Motivation for the problem of computing class groups and unit groups of low degree number

fields is discussed in Section 1.2. The contributions of this thesis are discussed in Section 1.3. In

Section 1.4 we describe the structure of this thesis.
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1.2 Motivation

We briefly outline some of the many applications of the class group and unit group of number fields

of small degree.

Computing class groups has been associated with the security of several cryptographic algorithms.

Beginning with Buchmann and Williams [BW90], a number of cryptosystems (see [JW09, Chapter 13])

were developed that use the difficulty of computing class groups or unit groups of quadratic fields

as the basis for public-key encryption and digital signature algorithms. The security of many of

these schemes relies on the presumed difficulty of computing class groups and unit groups. Like

other computationally hard problems that cryptosystems rely on for their security, the study of the

algorithms for solving these problem is essential. It forms the primary basis for our confidence in the

security of such cryptosystems.

More recently, isogeny-based cryptography has become a promising direction in post-quantum

cryptography. Computing class groups has become a component in cryptography based on isogenies

of elliptic curves (see [CLM+18] for background on this approach). Using this connection, some

cryptographic protocols have been created for which knowledge of the class group enables faster

execution than similar protocols not utilizing the class group. For example, in [BKV19] a digital

signature algorithm is given which requires knowledge of the class group of an imaginary quadratic

field. The resulting digital signature protocol is hundreds of times faster and the signature is three

times smaller than other digital signature algorithms that are similar but do not require knowledge

of the class group.

For quartic fields it is possible that knowledge of the class group can also be used as the basis of

cryptographic protocols. Isogeny-based cryptography for genus two hyperelliptic has been considered

in the literature (see [CS20]) so cryptography involving hyperelliptic curves may make use of knowledge

of the class group of a quartic field in the future. A fast class group algorithm for degree four number

fields could be useful to make such protocols efficient.

The study of the class group and unit group is also interesting in its own right. Many basic

questions have not been resolved, such the famous conjecture of Gauss that there are infinitely many

quadratic number fields of positive discriminant with class number one. The tabulation of class groups

allows the validation of important conjectures such as those proposed by Cohen-Martinet [CM87].

These conjectures extend the well-established Cohen-Lenstra heuristics, originally formulated for

3



quadratic number fields, to fields of higher degrees. An example is [MJ16] which tabulates all class

groups of imaginary quadratic fields with absolute value of discriminant up to 240. Databases of such

tabulations are available online, one of them being the LMFDB [LMF24b] project.

Lastly, knowledge of class groups and unit groups is often a necessary step for computing algebraic

objects. Such objects include solutions to Diophantine equations. For example, solving the Pell

equation amounts to computing the unit group of a quadratic number field [JW09]. As another

example, one method for solving Thue-Mahler equations makes use of knowledge of the class group

of an associated number field. Another type of algebraic object that involves class groups are the

trace formulas for certain modular forms [BC18]. Thus fast algorithms for computing class groups

can also be used for computing these formulas.

1.3 Contributions

The absolute value of the discriminant of a number field is a measure of the number field’s size.

The calculation of the class group and the unit group becomes difficult as |∆| grows, with the most

efficient algorithms following an index calculus framework. One of the most time-consuming stages

of an index-calculus algorithm is relation generation, which is the primary focus of this thesis.

Before continuing, we emphasize that our goal in this thesis is to consider the efficiency of algorithms

in practice.

To explain relation generation we need to introduce a few concepts. Rational numbers are called

B-smooth if they factor over a set of rational primes called a factor base that are smaller than

B. We call an ideal B-smooth if it factors over a factor base of prime ideals of norm less than B

and the set of primes below the factor base primes are called the rational factor base. Relation

generation consists of finding algebraic numbers α so that the principal ideal (α) is B-smooth. If an

ideal generated by a relation generation algorithm has B-smooth norm it is almost always B-smooth

in practice. This suggests that a good way to find smooth ideals is to reduce the problem to finding

smooth norms.

The existing research on relation generation falls into two categories. The first is the development

of algorithms and implementations applicable to arbitrary degree number fields. The second is

algorithms for quadratic number fields. As mentioned, these algorithms use techniques specific to

degree 2 and they demonstrate that it is possible to achieve significant improvements by specializing

4



to a fixed, small degree. These algorithms are designed based on standard heuristic assumptions

that we will discuss in the next chapter. The approach to relation generation developed by Jacobson

in [Jac99b] is the self-initializing quadratic sieve (SIQS). SIQS has been very successful but similar

techniques have yet to be employed for fields of higher degree. This is the gap this thesis intends to

fill.

Following Jacobson’s sieving approach we fix an integer A that is B-smooth and an algebraic

integer ω1. We fix an integer called the sieving radius E and test the ideals (xA+ yω1) for integers

x and y in the interval [−E,E] for smoothness. We first check if (xA+ yω1)/A is B-smooth while

also obtaining the factorization of its norm using sieving. If the norm is B-smooth then it is easy to

confirm that (xA+ yω1) is B-smooth and to factor it into prime ideals.

A good way to compute the norms more quickly is to compute the norm form of (xA+ yω1)

which is the polynomial g(X,Y ) so that g(x, y) = N(xA+ yω1). Then rather than using the naive

approach of evaluating g for every x and y in [−E,E] we can use sieving. Sieving uses the same

general idea as the Sieve of Eratosthenes in order to find the B-smooth values of g(x, y) in less time

than the naive approach. In its usual form the Sieve of Eratosthenes finds primes in [−E,E] but

the means by which it does this is to identify the composite numbers in this interval. Only a slight

modification is needed to obtain the factorization of the composites in the interval. The idea is that

if we have a prime p that divides g(x, y) then p also divides other values of this polynomial at x′, y′

that differ by a multiple of p from x and y. We first define a two-dimensional array corresponding to

coordinates of x and y. We then iterate through the primes in the rational factor base and mark the

array at x, y as being divisible by p. After going through all the primes in the factor base we have

found information about the divisibility of each number in the interval by primes in the factor base.

With a little more work we obtain the B-smooth part of each number in the interval which allows us

to identify the B-smooths.

There are three primary contributions of this thesis: The first contribution, described in Sec-

tion 1.3.1, is an approach that maximizes the number of B-smooth ideals found, under standard

heuristic assumptions, when sieving the norm form of elements in an ideal with a certain type of

prime factors. The second contribution, described in Section 1.3.2, extends a sieving technique

called self-initialization that employs multiple sieving polynomials from quadratic fields to higher

degree number fields. The third contribution, described in Section 1.3.3, is the development of a

standalone implementation incorporating modern optimizations and designed for ease of modification

5



and extension. We begin with describing the general setup used by our sieving approach.

1.3.1 Norm Bound

In order to ensure a high probability of smoothness for the numbers g(x, y) = N(xA+ yω1)/A we try

to keep g(x, y) as small as possible for a given E through the choice of the size of A. For Jacobson’s

SIQS a bound of [Sil87] is used. Using this bound gives an upper bound of O(
√
|∆| · E2) on the

norms that are produced. We give an analogue of this which applies to arbitrary degree number fields

when the ideal that A,ω1 are drawn from factors into a product of a certain type of prime ideals.

Authors of previous work on sieving algorithms for number fields of degree larger than two have

omitted such a bound. This omission makes the assessment of the performance of these approaches

more difficult. We consider that both [Nei02] and [BF12] give timings for two different classes of

defining polynomials. The timings between the two classes are very different which raises the question

of the cause of this difference. Their omission of a norm bound makes it hard to know how much of

this difference is due to norm size.

Furthermore, the performance of their sieving approaches depends on the height of elements

that they search for in the maximal order. Finding elements in the maximal order of small height

is a generalization of the problem of finding a monic defining polynomial of small height, which

is a difficult problem. There is no reason to think their approaches will find elements with height

smaller than say
√
|∆| in which case the size of the norms they produce will be larger than

√
|∆| ·Ed

(recalling that d is the degree of the number field).

The determination of the norm bound depends on the representation of the number field Q[X]/(f),

in other words the choice of f. Every number field has infinitely many defining polynomials and so

we benefit from identifying a good one. In quadratic fields the defining polynomial f = X2 − t for

t a squarefree integer is a good one to use for SIQS because its roots are small compared to |∆|.

Similarly, the self-initialization approach that we give also uses an f whose roots are small. To make

this precise we introduce the idea of a λ-reduced polynomial where λ is a measure of the size of the

roots. We give computational evidence that for most quartic number fields a defining polynomial

with λ = 1
(2·(4−1)) = 1

6 can be found through the use of a polynomial reduction algorithm of [CD91]

named polredabs. However, defining polynomials with smaller λ exist for some families of number

fields. For degree four fields we show that there are families of number fields with λ as small as

1
(4·(4−1)) = 1

12 . This leads us to define the general case as λ approximately equal to 1
6 , while the
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special case as λ significantly less than 1
6 .

Our primary contribution regarding the norm bound is Theorem 4.2. As mentioned, it is an

analogue of the bound for quadratic fields of [Sil87] which applies to arbitrary degree number fields. It

applies to ideals a that are products of degree one prime ideals. In this theorem we give an expected

upper bound O(|∆|(d−1)λEd) on the norms that we test for smoothness. This bound specializes to

O(
√
|∆|E4) for general case quartic number fields. This is the first time the size of the norm in a

sieving approach for number fields of degree larger than two has been bounded.

The bound is important for three reasons:

• This bound is comparable to the bound O(
√
|∆|E2) in the quadratic case.

• Previous sieving algorithms could potentially give much larger norms than this bound.

• It lets us see the effect of λ on the size of the norms we test for smoothness.

1.3.2 Self-initialization Relation Generation

Our second contribution is to give a version of self-initialization that generalizes the approach of

Jacobson in the quadratic case so that it works in any fixed degree. The first step is to give an

approach using multiple sieving polynomials that permits our approach to self-initialization to be

added on top of it.

The motivating idea for using multiple sieving polynomials rather than one is that it allows a

smaller sieve radius E to be used. This in turn decreases the size of the numbers being tested for

smoothness.

Jacobson starts by defining an approach to relation generation which he calls the multiple

polynomial quadratic sieve (MPQS). Our approach is based on MPQS but there are some important

differences. One of these is that Jacobson uses the fact that quadratic fields are a Galois extension of

the rational numbers in order to compute the norm form of the sieving elements A,ω1. For non-Galois

fields such a calculation would not work. Our approach is to compute the norm form for an arbitrary

pair of sieving elements using a multivariable resultant. The resulting expression has low degree

in each indeterminate and a small number of terms. Thus the sieving polynomial for each pair of

sieving elements can be computed simply by evaluating this simple expression. This is much faster

than the interpolation method used in prior work (as described in the next paragraph).
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Our approach also differs greatly from the multiple polynomial approach of [Nei02] and [BF12].

For computing the norm form of a pair of sieving elements these authors use an interpolation

method. The interpolation approach must be reused for each pair of sieving elements and so becomes

expensive as the number of sieving polynomials grows. Another difference is that our approach

provides randomization of the relations by using many initial ideals a. In the other approaches the

majority of relations are generated by sieving a single ideal within which the pair of sieving elements

is randomized using LLL lattice reductions.

We now turn to the self-initialization strategy that is added on to the multiple polynomial

approach. The problem with MPQS is that changing the sieving polynomials has a cost. The data

we need for sieving are the roots of the sieving polynomial modulo the primes in the rational factor

base and these are somewhat expensive to compute. Self-initialization is a strategy in which we

calculate the coefficients and roots of the subsequent sieve polynomial from the previous one through

a handful of quick arithmetic operations.

As mentioned, our self-initialization approach generalizes the approach of Jacobson [Jac99b] in the

quadratic case so that it works for arbitrary degree. One change that is necessary to accomplish this

is to modify the algebra of the Gray code enumeration so that it will work for an arbitrary defining

polynomial. SIQS relies on the symmetry of the defining polynomial X2− t. Thus to generalize SIQS

to any fixed degree number field we use different terms for both the initial value of the Gray code

and for the terms that are added in each iteration.

Another modification we make is in how we relate the roots of one sieving polynomial to the roots

of the next sieving polynomial in the enumeration. Self-initialization approaches in the quadratic

case rely on the fact that quadratic fields are Galois extensions to relate the roots of the sieving

polynomials. As this approach will not work for non-Galois extensions, we instead relate the roots of

the sieving polynomials using an algebraic property of the norm form.

1.3.3 Implementation & Computations

Our implementation [Mar24] is composed of 10,000 lines of our own code. To implement an efficient

version of index-calculus we take advantage of the fastest algorithms available today. Our code

incorporates optimizations like a large prime variation and sparse linear algebra techniques that

speed up the linear algebra stage. The standalone design of our implementation makes it easy to

modify and extend.
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The decision to develop a new implementation was guided by the desire to provide a basis

for straightforward benchmarking without the constraints of existing software libraries. Thus our

implementation is independent of other implementations for computing class groups and unit groups.

This implementation is used to validate the two contributions we have discussed above. Apart

from timings of our implementation, we also make comparisons of our implementation with Magma’s

implementation as it is the current state-of-the-art.

Regarding the norm bound we discussed in Section 1.3, in our computations in Section 6.2 we

use two sets of defining polynomials for pure number fields that have different values of λ, ranging

from the typical case of 1/6 (obtainable for arbitrary quartic fields) to 1/12 for a certain class of

pure quartic fields. This allows us to isolate the effect of λ on the algorithm’s total time. The timing

results illustrate the strong effect of λ on total running time.

Our methodology for timing the algorithm is designed to model arbitrary number fields by

applying polredabs to polynomials with bounded coefficients. We consider relation generation using

the metric of time per relation as a way to measure the quality of a relation generation approach.

This is defined in terms of the set of “useful” relations, the ones included in the relations matrix

M to make it full rank. The reasons we consider time per relation are: first, that the speed of

generating useful relations is crucial to the success of a relation generation approach. Second, this

metric is easily computed for Magma’s implementation as well as our own. By this metric we find our

self-initialization relation generation is faster than Magma’s.

Regarding the self-initialization approach we discussed in Section 1.3, it is important to note the

distinct nature of our approach to relation generation compared to those in existing index-calculus

algorithms for quartic number fields. Our method does not merely augment an existing successful

algorithm with self-initialization; it represents a novel approach. As such it is important to validate

this approach. Our main hypothesis was that our self-initialization method would have a smaller

time per relation than prior work. The validation of this hypothesis is an important step toward the

potential future integration of self-initialization into index-calculus algorithms.

We give timings of the time per relation of our self-initialization implementation and compare it

to Magma’s time per relation. Our results show that our time per relation is often more than four

times smaller than Magma’s, validating our hypothesis. For the overall algorithm, our total running

time is comparable to Magma’s for the case λ = 1
6 . We also give timings for the case where λ is small.

When λ = 1
12 the total running time of our implementation is significantly smaller than Magma’s.
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1.4 Structure

In Chapter 2 we discuss the necessary background, for example bounds on the set of prime ideals

generating the class group. We discuss the polredabs algorithm which is designed to produce an f

with small roots.

In Chapter 3 we describe the prior work on index-calculus algorithms and the relation generation

stage. In Section 3.1 we discuss the index-calculus framework for computing the class group and unit

group. Optimizations of index-calculus such as the large prime variation and various approaches to the

linear algebra stage are also discussed. In Section 3.1.2 we give an account of the relevant approaches

to relation generation. The SIQS approach of Jacobson is described in Sections 3.5.2 – 3.5.3. The

previous methods for sieving in number fields of degree larger than two is described in Section 3.6.

Chapter 4 describes the contributions we have discussed in Section 1.2 and Section 1.3. In

Chapter 5 we discuss the details of our new implementation of the complete index-calculus framework.

Chapter 6 discusses our computational results. In Chapter 7 we give the conclusion and discuss

directions for future work.
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This chapter introduces the mathematical tools employed throughout the remainder of this thesis.

A large part of the material is derived from chapters 2 to 4 of [Coh93]. Another important reference

is [Bel04]. This paper treats many of the topics in [Coh93] and gives improved algorithms, especially

regarding [Coh93, Chapters 2–4].

2.1 Polynomials

Polynomials Over Q

Let f =
∑d
i=0 aiX

i be a polynomial with coefficients in Q. It is useful to have upper bounds for the

largest absolute value of the complex roots of f in terms of its coefficients. Two bounds ([Cau91,

Section v]) are

|r| ≤ 1 + max

{∣∣∣∣ad−1

ad

∣∣∣∣ , ∣∣∣∣ad−2

ad

∣∣∣∣ , . . . , ∣∣∣∣a1

ad

∣∣∣∣ , ∣∣∣∣a0

ad

∣∣∣∣} . (2.1)

and

|r| ≤ 2 max

{∣∣∣∣ad−1

ad

∣∣∣∣ , ∣∣∣∣ad−2

ad

∣∣∣∣ 12 , . . . , ∣∣∣∣a1

ad

∣∣∣∣ 1
(d−1)

,

∣∣∣∣a0

ad

∣∣∣∣ 1d
}
.

where r represents any complex root of f.

The height of a polynomial is defined as H(f) = max{|a0|, . . . , |ad|}. The Mahler measure of

a polynomial is defined as M(f) = ad
∏d
i=1 max{1, |ri|} where ri are the complex roots of f .

Resultant

We consider the polynomial ring R = Z[X0, . . . , Xk−1] for indeterminates X0, . . . , Xk−1. Let K be

the quotient field of R. Let f and g be polynomials in R[Z] with factorizations

f = a(Z − r0) · · · (Z − rd−1) and

g = b(Z − s0) · · · (Z − sn−1)

over the algebraic closure K of K. Their resultant is defined

ResZ(f, g) = an · bd
∏

0≤i≤d−1
0≤j≤n−1

(ri − sj).

The resultant has coefficients in R.
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Properties of the resultant include:

• For a constant f = a, ResZ(a, g) = an.

• Symmetry: |ResZ(f, g)| = |ResZ(g, f)|.

• Multiplicativity: ResZ(f · h, g) = ResZ(f, g) · ResZ(h, g).

The resultant may also be expressed in terms of the roots of one of the polynomials.

ResZ(f, g) = (−1)d·n · bd
n−1∏
i=0

f(si) (2.2)

One approach to computing the resultant is through the Sylvester matrix of the polynomials. If

the coefficients of f are {ai} and the coefficients of g are {bi} the Sylvester matrix is defined:

S =



ad ad−1 · · · a0 0 · · · 0

0 ad ad−1 · · · a0 · · · 0

...
. . . . . .

...
. . .

...

0 · · · 0 ad ad−1 · · · a0

bm bm−1 · · · b0 0 · · · 0

0 bm bm−1 · · · b0 · · · 0

...
. . . . . .

...
. . .

...

0 · · · 0 bm bm−1 · · · b0


The resultant ResZ(f, g) is equal to detS (see [Coh93, Section 3.3]). This is the approach used

by [Coh93] for computing resultants.

Example 2.1. We let R = Z[X0] and define two polynomials in R[Z]:

1. f(X0, Z) = X2
0 +X0Z + Z2,

2. g(X0, Z) = −X0 + 2X0Z + 3Z2.

For f , we have a2 = 1, a1 = X0, and a0 = X2
0 . For g, b2 = 3, b1 = 2X0, and b0 = −X0. The
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Sylvester matrix is constructed as follows:



1 X0 X2
0 0

0 1 X0 X2
0

3 2X0 −X0 0

0 3 2X0 −X0


We have that ResZ(f, g) is the determinant of this matrix. It is clearly a polynomial in R. The

determinant computation can be performed by any method, for example, cofactor expansion. It is

ResZ(f, g) = X2
0 · (7X2

0 + 5X0 + 1).

As another way to obtain this result we can use equation (2.2). We observe that f(X0, 1) is the 3rd

cyclotomic polynomial and so over the complex numbers we may factor f as f = (Z−X0ω)(Z−X0ω
2)

where ω is a primitive cube root of unity. Thus

ResZ(f, g) = g(X0ω) · g(X0ω
2)

= 9X4
0ω

6 + 6X4
0ω

5 + (6X4
0 − 3X3

0 )ω4 + 4X4
0ω

3 − 5X3
0ω

2 − 2X3
0ω +X2

0 .

After simplifying with ω2 + ω + 1 = 0 we get the same result as before.

The discriminant of a degree d polynomial f with leading coefficient cd is defined

disc(f) = (−1)d(d−1)/2c−1
d ResZ(f, f ′). (2.3)

2.2 Linear Algebra and Lattices

2.2.1 Linear Algebra

Two matrix normal forms are commonly employed in the linear algebra phase of class group algorithm

algorithms.

The Hermite Normal Form (HNF) of an m× n integer matrix M is denoted by HNF(M) =

[0|H], where H possesses the following characteristics: it is upper triangular, its pivot elements are

positive and situated below those in the preceding rows, and the elements to the right of a pivot are

nonnegative and strictly smaller than the pivot itself.
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Consider A as an m×n matrix with integer entries. It is guaranteed that there exists a matrix M

in HNF, represented as M = AU , where U is an invertible matrix with integer entries (see [Coh93,

Theorem 2.4.3]).

An n× n integer matrix M is said to be in Smith Normal Form (SNF) if it is diagonal and

the diagonal element mi+1,i+1 divides mi,i for all i < n. Refer to [Coh93, Definition 2.4.11] for more

details.

For any n× n integer matrix A with a nonzero determinant, a unique matrix in Smith Normal

Form M exists, such that M = V AU , where both U and V are invertible matrices with integer

entries (see [Coh93, Theorem 2.4.12]).

For class group algorithms we only need to obtain the structure of the class group using the Smith

Normal Form. One way to obtain this is to first compute the Hermite Normal Form, HNF(M) = [0|H].

We then consider the k × k submatrix H ′ of H in which the diagonal entries are larger than 1. By

permuting the rows and columns of H ′, we obtain a matrix in Smith Normal Form.

2.2.2 Lattices

One way to add structure to a free Z-module is by assigning lengths to vectors using generalizations

of the dot product 〈x,y〉 = x ·y =
∑
i≤d xiyi and L2 norm || · ||2.

A bilinear form b : V × V → R for V an R-vectorspace satisfies b (x+ x′, y) = b(x, y) + b (x′, y)

and b(λ · x, y) = λb(x, y) for all λ ∈ R, x, x′ and y in V.

A map q from V to R is a positive-definite quadratic form if q(λ · x) = λ2q(x) for every

λ ∈ R and x ∈ V and q is positive-definite. We have that b(x, y) = 1
2 (q(x+ y)− q(x)− q(y)) is a

(symmetric) bilinear form. Let b be such a form and Λ be a free-Z-module with basis (bi)i≤n. Then

for any x ∈ Λ we have x =
∑

1≤i≤n xibi with xi ∈ Z. It can be shown that q(x) =
∑

1≤i,j≤n qi,jxixj

with qi,j = b (bi,bj) and we let Q be the matrix Q = [qi,j ]. This matrix is called the Gram matrix of

q.

For convenience, we use

||y|| = q(y)1/2

for any y ∈ V.

A pair (L, q) with L a free-Z-module of finite rank m and q a positive-definite quadratic form on

L⊗R is a lattice. In this case the matrix Q defined above is symmetric and positive-definite. The
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determinant of (L, q) is defined

det(L) =
√

det(BtB) = |detB|

where B is the m×m matrix whose rows give a basis of the lattice on the standard basis of L⊗R.

The basis matrix B is related to Q by Q = BtB.

The rank of a lattice (L, q) is the rank of L, and it is said to have full rank if L has full rank.

The index of the sublattice (L′, q) in (L, q) is defined to be the Z-module index [L : L′] . We have

[L : L′] =
det(L′)
det(L)

(2.4)

[PZ89, Lemma 3.6].

In a lattice (L, q) of full rank there is a tuple of nonnegative real numbers (λi)i≤m that are the

smallest such numbers with the property that there exist m linearly independent vectors (vi)i≤m

in (L, q) satisfying q(vj) ≤ λi for all 1 ≤ j ≤ i. We call λi the ith successive minimum of (L, q)

[PZ89, Definition 3.29]. In particular, v1 is called a shortest vector, and the problem of finding

such a v1 is the shortest vector problem. The λi satisfy

∏
i≤m

λi ≤ µmm det(L)2 and, consequently,

λ1 ≤ µm det(L)
2
m . (2.5)

for a constant µm that depends only on the rank m of L [PZ89, Theorem 3.34].

Finding Short Vectors

The shortest vector in a rank-d lattice (L, q) can be found using the method of enumeration. This

type of algorithm takes input a d × d real number matrix Q defining q and a positive constant c.

It outputs all nonzero vectors x ∈ Zd such that q(x) ≤ c. A version of an enumeration algorithm

of Fincke and Pohst is given in [Coh93, Algorithm 2.7.7]. Although enumeration algorithms take

exponential time in d they are efficient for small dimension.

Another way to find short vectors in a rank-d lattice (L, q) is to use lattice basis reduction.

The LLL algorithm [LHLL82] takes as input a basis for a lattice and outputs a reduced basis with
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shorter, nearly orthogonal vectors. LLL uses a parameter δ such that 1
4 < δ < 1. Larger δ means the

resulting basis will have smaller elements but the running time will be higher [Bel04]. The lattice

basis (b)i≤d is called δ-LLL-reduced with respect to q if δ ∈ ( 1
4 , 1] and two properties are satisfied

|µi,j | ≤
1

2

for j < i ≤ d and

||b∗i + µi,i−1b
∗
i−1||2 ≥ δ · ||b∗i−1||2

for 1 < i ≤ d. Here b∗i are an orthogonal basis (of the ambient space V ) defined recursively by

b∗i = bi −
∑i−1
j=1 µi,jb

∗
j for i ≤ d and µi,j = 〈bi ·b∗j 〉/〈b∗j ·b∗j 〉 for j < i ≤ d.

The constant

cδ =
1

(δ − 1
4 )d(d−1)/4

appears in LLL bounds we will state later.

2.3 Number Fields

Representation of Fields and Field Elements

A number field K is an extension of the rational numbers of the form Q[X]/(f) where f is an

irreducible polynomial over the rationals. The degree of K is defined as the degree of f .

Our definition emphasizes the representation of K as this is an important topic in the sequel.

This definition is equivalent to defining a number field as a finite extension of the rational numbers

due to the primitive element theorem. This theorem tell us that any finite extension of the rational

numbers is generated over Q by a single algebraic number θ, a root of an irreducible polynomial

f. Furthermore, θ can be chosen to be an algebraic integer and, consequently, f will be monic. In

the sequel, we always obtain a monic defining polynomial f for K as a precomputation and do all

subsequent computations with K represented as Q[X]/(f). Given a number field K = Q[X]/(f) we

use θ to denote an element such that K = Q(θ).

We call f a defining polynomial for K if it is the minimal polynomial of a primitive element

of K. We note that if f is a defining polynomial then so is f(X + a) for any integer a. Thus there

are infinitely many defining polynomials.
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Representations of elements of K and arithmetic with these elements are discussed in [Coh93,

Section 4.2.].

Signature and Embeddings

Computing the d roots of f in C can be done efficiently using in [Coh93, Algorithm 3.6.6]. The

signature of K is (r1, r2) where r1 is the number of real roots and r2 is the number of pairs of

complex conjugate roots. We denote the complex conjugate of α by α. As complex roots come in

conjugate pairs we have d = r1 + 2r2.

As f has d roots in C there are d embeddings (σi)i≤n of the K into C. Embeddings of K into

Rr1 ×Cr2 and Rd can now be constructed using the (σi)i≤d [Coh93, Section 4.2.4]. We can order

the (σi)i≤r1+2r2 so that σi = σi+r2 for all i > r1 + r2.

One choice of embedding of K is τ : K→ Rr1 ×Cr2 defined

τ(x) = (σ1x, . . . , σr1+r2x) .

A second embedding σ : K→ Rd is defined

σ(x) =
(
σ1x, . . . , σr1x,

√
2Re(σr1+1x),

√
2Im(σr1+1x), . . .

√
2Re(σr1+r2x),

√
2Im(σr1+r2x)

)

where Re is the real part and Im is the complex part. Weighting by a factor of
√

2 is done so that

||σ(x)||2 = ||τ(x)||2.

Another important type of embedding is the logarithmic embedding denoted Log [Coh93,

4.9.6]. Again we use the embeddings σi of K into C but this time we embed K∗ into Rr1+r2 . It is

defined

Log x = (ni log |σix|)i≤r1+r2

where ni = 1 for i ≤ r1 and ni = 2 otherwise.
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Analytic Norms for Field Elements

With the embeddings σi we can define analytic norms for number field elements. The most well-known

norm is

||x|| = ||σ(x)||2 =

(∑
i=1

|σix|2
) 1

2

for all x ∈ K. Another norm introduced by [Buc90] is

||x||v =

(
d∑
i=1

evi |σix|

) 1
2

(2.6)

for all x ∈ K and for a vector of real numbers v = (vi)i≤d such that vr2+i = vi for r1 < i ≤ r1 + r2.

In [Coh93, Section 6.5] it is named the v-norm.

Discriminant and Integral Basis

The algebraic integers of K = Q(θ) are elements of K that have a monic minimal polynomial with

integer coefficients. The ring of algebraic integers is the ring these elements generate and is

denoted OK. This ring is a free Z-module of rank d [Coh93, Theorem 4.4.2]. An integral basis of

K is a Z-basis of the free module OK.

The discriminant |∆| is an invariant of the number field that can be defined using an integral

basis ω0, . . . , ωd−1. The discriminant is defined as the determinant of the lattice generated by the ωi

under σ. In the context of computing class groups, the absolute value of |∆| is used as a measure of

the size of the number field.

The field discriminant is related to the discriminant of the defining polynomial disc(f) by

|∆| = disc(f)[OK : Z[θ]]−2

(see [Coh93, Theorem 4.4.4 ]).

We call [OK : Z[θ]] the index of θ. Unlike |∆|, the index depends on the choice of f.

No efficient algorithm for computing an integral basis of OK for an arbitrary number field of

degree d is known. However, there is an efficient algorithm that solves this problem if we are given

|∆| and the prime factorization of |∆|. The integral bases can then be computed using the Round 2

algorithm. A full description of this algorithm, which involves computing successive “p-radicals” of
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certain ideals, is described in [Coh93, Section 6.1].

Roots of Unity

The roots of unity in any number field form a cyclic group 〈ωm〉 of order m where m | d. The way to

compute the roots of unity suggested by [Coh93, Algorithm 4.9.9] is to use Fincke-Pohst enumeration.

In a degree four number field, m is one of the solutions to φ(x) | 4 where φ is the Euler totient

function. For φ(x) = 2 the possible solutions are m = 3, 4, 6 and for φ(x) = 4 the possible solutions

are m = 5, 8, 10 and 12.

Conditions for Galois groups and subfields

For quartic fields K there are five possibilities for the Galois group:

• S4 the symmetric group of order 24,

• A4 the alternating group of order 12,

• D4 the dihedral group of order 8 (K is called a dihedral extension),

• V4 the Klein four-group of order 4 (K is called a biquadratic extension),

• C4 the cyclic group of order 4 (K is called a cyclic extension).

A field is called primitive if it has no nontrivial subfields. For degree four fields the only possible

degree of a nontrivial subfield is 2 as the degree of a subfield must divide 4.We have K is nonprimitive

if and only if G is one of D4, V4, C4 [HSW95].

If K contains a quadratic subfield Q(
√
c) for c a squarefree integer then K can be represented

as K = Q(
√
c,
√
a+ b

√
c), or defined by the minimal polynomial of

√
a+ b

√
c which is f =

X4 + 2aX2 + (a2 − cb2), where a, b, c are integers and both c and gcd(b, c) are squarefree. A full

characteriziation of the Galois groups of such a field is given by [KW89] and [HSW95]:

K is biquadratic⇔ a2 − cb2 = k2 for some integer k.

K is cyclic⇔ a2 − cb2 = ck2 for some integer k.

K is dihedral⇔ K is not biquadratic and K is not cyclic.
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A possible use of this characterization is to construct quartic defining polynomials with particular

Galois groups of their splitting fields.

Irrespective of how the field is represented, there are algorithms for computing the Galois group

that are efficient in practice for degree four e.g. [Coh93, Algorithm 6.3.3].

2.4 Ideals

An integral ideal a of OK is a sub-OK-module of OK, i.e., a sub-Z-module of OK such that for

every x ∈ OK and y ∈ a we have xy ∈ a. A ideal a is a nonzero sub-Z-module of K so that there

exists a nonzero integer a with aa an ideal of OK. The term “ideal” in the sequel refers to a fractional

ideal. The smallest such a is called the denominator.

We may write a ideal as a quotient of integral ideals. In particular, given any ideal a we can

represent a as the pair (b, a) such that a = b/a for b a integral ideal and a the denominator of b.

This representation is useful for two reasons. First, multiplication of ideals can be done pointwise on

elements of the pair. Second, retaining the denominator a is useful for many algorithms that work

with ideals (see [Bel04]).

We use (xi)
k−1
i=0 to denote the ideal x0OK + · · ·+ xk−1OK. When k = 1 the ideal is principal.

Ideal multiplication is defined as

ab =

{
k∑
i=1

xiyj : k ∈ N, xi ∈ a, yi ∈ b

}
.

For any ideal a of OK there is a unique ideal inverse so that aa−1 = OK = (1) defined

a−1 = {x ∈ K, xa ⊆ OK}. The set of all ideals I is a group under multiplication. Similarly, the set

of all principal ideals P is a group under multiplication (see [Coh93, Theorem 4.6.14]).

A prime ideal p in a ring R is defined as follows: p is prime if p 6= R and the quotient ring R/p

is an integral domain. That is, the ideal p satisfies two conditions: p 6= R and for any elements

a, b ∈ R, if their product ab ∈ p, then a ∈ p or b ∈ p. Equivalently, the quotient ring R/p does not

contain zero divisors.

If p is a prime in Q then there exist positive integers g and (ei)
g−1
i=0 such that

(p) =

g−1∏
i=0

peii
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where the pi are the prime ideals of K so that pi ∩Z = p. These are called the primes above p. The

ramification index of p at pi is the integer ei. The degree fi of pi is the degree of the finite field

OK/pi over Z/pZ. We have
∑g−1
i=0 eifi = d. Prime ideals will be discussed further in Section 2.4.1.

An ideal a can be represented as a matrix A of column vectors (bi)i≤d giving the coordinates of

the elements of a Z-basis of a in terms of a Z-basis of OK. The HNF of A gives a unique Z-basis

representation.

The operations of ideal multiplication and inversion have a role in some index-calculus class group

algorithms. Efficient algorithms for these operations are given in [Bel04, Section 5.3, 5.4].

Theorem 2.2 (Chinese Remainder Theorem). Let a1, . . . ,an be ideals in OK such that for every

pair i 6= j, ai + aj = OK. Then the map

OK/ (∩ni=1ai) −→ OK/a1 × · · · × OK/an

a 7−→ (a+ a1, . . . , a+ an)

is an isomorphism.

The norm of a nonzero ideal a is the number of elements in OK/a :

N(a) = |OK/a|.

Theorem 2.3. For two ideals a,b of OK we have N(a · b) = N(a) ·N(b).

This theorem is useful when we consider multiplicative decompositions of an ideal. For instance,

we can decompose an ideal into its prime factors or, if the ideal is principal, it might be decomposed

into a product of principal ideals. The following facts can be used for these respective cases:

• The norm of a prime ideal p above p is pf where f is the degree of p.

• The norm of a principal ideal a = (α) is the absolute value of the norm of α.

The first tells us that the prime factorization of an ideal a determines the factorization of its norm.

The second tells us that if we are given (β) = (
∏
αi) then the N((αi)) determine N((β)). Norms of

principal ideals (i.e. norms of elements of K) are the ones we are primarily interested in. These are

discussed in Section 2.5.
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Given a ideal a with Z-basis (bi)i≤d we use σ(a) to denote the lattice generated by the image of

bi under σ (recalling that σ is one of the embeddings we have defined). Using N(a) = [σ(OK) : σ(a)]

in equation (2.4) we can compute the determinant of σ(a).

Lemma 2.4. Let a be an integral ideal of K, then σ(a) is a sublattice of Rd and det(σ(a)) =

|∆|1/2N(a).

A bound on ||ω|| for ω an element of an LLL-reduced basis of OK follows from basic properties of

LLL (see [Bel04, Proposition 5.1]). More generally, we can apply the same idea to any integral ideal

using Lemma 2.4.

Theorem 2.5. If w1, . . . , wd is an LLL-reduced basis of an integral ideal a with respect to || · || then

||wi|| ≤ cδ(d−
(i−1)

2 |∆| 12N(a))
1

d−i+1

for 1 ≤ i ≤ d.

2.4.1 Prime Ideals

Decomposition of Prime Numbers

We discuss the factorization of the ideal generated by a rational prime p in OK. As before f is a

monic irreducible defining polynomial for the number field. We now consider the factorization of the

ideal generated by a rational prime. The Dedekind-Kummer theorem gives us a way to factor most

rational prime ideals into prime ideals in K.

Theorem 2.6. Let p be a prime not dividing [OK : Z[θ]], let f =
∏g
i=1 f

ei
i be the factorization of f

into monic irreducible polynomials in the finite field Fp, and let fi be a lift of fi to Z[X]. Then

(p) =

g∏
i=1

ai where ai = (p, fi(θ)).

All the ai are prime ideals with N(ai) = peini where ni is the degree of fi.

We call the pair (p, fi) the Dedekind-Kummer representation of p. Hence the problem of

factoring a prime not dividing the index reduces to factoring a polynomial over a finite field. As

discussed in [Coh93, Chapter 3] there are very efficient algorithms for this problem.
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When p divides the index, factoring p requires an integral basis of OK, the computation of

which we have already discussed. It is done with a sophisticated algorithm described in [Coh93,

Algorithm 6.2.9]. This algorithm is implemented in PARI/GP using the idealprimedec function.

Valuation at a Prime Ideal

Recall that each fractional ideal a can be expressed uniquely as a product a =
∏
p p

νp(a), with the

product over prime ideals. The exponent νp(a) is called the valuation of a at p.

The valuation of a nonzero element α in K at a prime ideal p is defined as the highest power n

such that α belongs to pn but not to pn+1. An efficient algorithm for computing the valuation is

given in [Bel04, Section 6.1]. The first step is finding an “anti-uniformizer” τ for p after which we

iteratively multiply a by τ until the result is no longer divisible by p.

The valuation of a nonzero ideal a of OK at p represented as a Z-basis α1, . . . , αd is the minimum

of the valuations of the αi (see [Bel04, Section 6.1]).

Chebotarev Density Theorem

The Chebotarev Density Theorem provides insight into the distribution of prime ideals in Galois

extensions. Our description is based on [SL96].

Let L/K be a Galois extension with Galois group G = Gal(L/K). For a prime ideal p of K which

does not divide ∆L/K we choose a prime ideal q in L. There is a unique element Frobq in G such

that for all α in the maximal order of L we have Frobq(α) ≡ α|OK/p| (mod q).

The Frobenius symbol of p in L/K is the conjugacy class {Frobq : q|p}. We let σp denote an

arbitrary element in this conjugacy class. For S a set of primes of K the natural density of S is

defined as

d(S) = lim
x→∞

|{p : |OK/p| ≤ x,p ∈ S}|
|{p : |OK/p| ≤ x,p prime}|

.

Theorem 2.7. Let K ⊆ L be Galois, and let C ⊆ G = Gal(L/K) be a conjugacy class. Then

{p : p a prime of K,p - ∆L/K, σp ∈ C}

has natural density #C
#G .

The cycle type of a permutation in a permutation group is the tuple of the number of cycles
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of each length that are present in the cycle decomposition. From group theory we know that if

two permutations have the same cycle type then they are in the same conjugacy class. The prime

decomposition type of a rational prime p is the tuple of degrees of the prime ideals above p in K.

For p not dividing |∆| the prime decomposition type is the same as the cycle type of σp.

Theorem 2.7 can be used to roughly estimate the probability that a random rational prime will

have a particular decomposition type. Note that in the sequel we will refer to these estimates only to

compare alternative algorithms rather than in our main results.

As an example we consider the density of prime decomposition types occurring in number fields

K of Galois groups D4 and S4. The first column of Table 2.1 gives the Galois group of the number

field. Regarding the other columns, the first row gives the decomposition type of primes not dividing

the discriminant. Below it are the values #C
#G . For instance 4 corresponds to the prime being inert

and (1, 1, 1, 1) corresponds to the prime being fully split. In the sequel we use this table to estimate

Galois Group 4 1, 3 2, 2 1, 1, 2 1, 1, 1, 1
D4

1
4 0 3

8
1
4

1
8

S4
1
4

1
3

1
8

1
4

1
24

Table 2.1: Decomposition Type Densities

the probability that a rational prime p not dividing |∆| but otherwise chosen at random will have

two distinct degree one primes above it. This corresponds to decomposition types that contain

two or more ones. These are 1, 1, 2 and 1, 1, 1, 1. For an S4 field an estimate for the probability is

1
4 + 1

24 = 7
24 .

2.5 Norms, Norm Forms, and Smooths

Norms

The norm of an element N : K→ Q can be defined for α ∈ K as

N(α) = N(

d−1∑
i=0

ciθ
i) = Resθ

(
d−1∑
i=0

ciθ
i, f(θ)

)

(see [Coh93, Section 4.3]). It can be shown that for α ∈ OK we have N(α) ∈ Z. The norm is a

multiplicative function. A simple but useful consequence of this is a ∈ Z has norm equal to the dth

power of a.
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We can bound the norm of a function in two ways. The first uses the arithmetic-geometric mean

(AM-GM) inequality. Recall that this inequality gives an upper bound for the geometric mean in

terms of the arithmetic mean: (
n∏
i=1

xi

) 1
n

≤ 1

n

n∑
i=1

xi,

where {xi}ni=1 denotes a set of nonnegative real numbers. The left hand side, the geometric mean, is

defined by multiplications of the terms while the right hand side, the arithmetic mean, is defined

by additions of the terms. One reason this inequality is important is that it relates the value of a

multiplicative function to the value of an additive function.

Number fields K have a multiplicative norm, and an additive norm || · ||. The AM-GM inequality

relates these in the following way:

Theorem 2.8 (AM-GM Norm Bound). For any α ∈ OK we have

|N(α)| ≤ d− d2 ||α||d.

A second way is to express the element α as a polynomial g and bound the norm using a bound

on the resultant of two polynomials. This polynomial will have degree less than d.

Theorem 2.9 (Coefficient Norm Bound). Given α ∈ OK and g a degree m < d polynomial with

integer coefficients so that α = g(θ)

|N(α)| ≤ (d+ 1)m/2(m+ 1)d/2H(g)d ·H(f)m.

Norm Forms

The norm form of the t elements (ω0, . . . , ωt−1) of Q(θ) is a map from K[X0, . . . , Xt−1] to

Q[X0, . . . , Xt−1] defined

φ(X0, . . . , Xt−1) = N(

t−1∑
i=0

Xiωi) = Resθ

(
t−1∑
i=0

Xiωi, f(θ)

)
.

As there is an efficient algorithm to compute the resultant the norm form can also be computed

efficiently.

The norm form is a degree d homogenous polynomial in t variables and so it can be dehomogenized
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by dividing by any of the Xi raised to the power d. Thus the set of zeroes of φ(X0, . . . , Xt−1)

and φ(X0, . . . , Xi−1, 1, Xi+1, . . . , Xt−1) over a field E are the same apart from the trivial solution

X0 = · · · = Xt−1 = 0 of the homogenized form.

We will always be interested in norm forms where the ω are algebraic integers. In this case, the

norm form has integer coefficients. As we will discuss in the next chapter, the norm form of two

elements ω0, ω1 is used when generating relations by sieving. We let a be the gcd of the ideals (ω0)

and (ω1). Throughout the thesis we will always denote the norm of this ideal by

A = N(a).

As a | (xω0 + yω1) for any integers x, y the polynomial A−1φ(X,Y ) has integer coefficients. We will

use these polynomials frequently throughout the thesis, so we give them a name.

Definition 2.10. Let ω0, ω1 be elements of OK, let a be the gcd of the ideals (ω0) and (ω1), and

let A = N(a). The sieving polynomial of ω0, ω1 is

1

A
φ(X,Y )

where φ(X,Y ) is the norm form of ω0, ω1.

Smooths

Rational numbers are called B-smooth if they factor over a set of rational primes called a factor

base that are smaller than B.

We call an ideal B-smooth if it factors over a factor base FBK of prime ideals of norm less than

B. The set of primes below the factor base primes are called the rational factor base, denoted FBZ.

If an ideal has B-smooth norm it is likely to be B-smooth itself. However, it is not always the

case.

Example 2.11. Let K be a cubic number field K so that the Galois group of the splitting field of K

is S3. If p is a prime ideal above 2 of degree 2 then its norm is 4 and hence p has 3-smooth norm.

However, N(p) = 4 > 3 and so p is not 3-smooth.

The probability that a principal ideal is B-smooth relates to the efficiency of the algorithm we

give in the sequel. Though we do not use this probability directly in the sequel, its relevance makes
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it worth mentioning briefly.

The Dickman function ρ(u) is defined as ρ(u) = 1 for 0 ≤ u ≤ 1 and for u > 1 the function

satisfies the differential equation ρ′(u) = −ρ(u−1)
u . The proportion of positive integers up to x that

are x1/u-smooth asymptotically approaches ρ(u) as x approaches infinity. Thus, for large values

of x, ρ can be used to approximate the density of smooth numbers among the integers up to x.

Furthermore,

ρ(u) ≈ e−u(log u)(1+o(1))

when x is large [Gra08].

Now we transition from smooth integers to smooth ideals. Biasse-Fieker in [BF14] consider the

likelihood of an ideal being B-smooth. They introduce a heuristic for estimating the smoothness

probability of ideals, specifically focusing on principal ideals with norms bounded by x and their

y-smoothness. Their heuristic is that the probability P (x, y) that a principal ideal of norm bounded

by x is y-smooth satisfies

PK(x, y) = PK(x, x1/u) ≥ e−u(log u)(1+o(1))

for u = log x
log y . Its qualitative meaning is that the probability of a principal ideal being B-smooth is at

least as large as the B-smoothness probability of a random integer.

2.6 Class Group & Unit Group

Let I be the group of nonzero fractional ideals of OK and P be the subgroup of principal fractional

ideals. The class group is Cl(OK) = I/P and its order, the class number, is h. It is a finite abelian

group [Coh93, Theorem 4.9.2]. The ideals a and b are equivalent if there exists a non-zero γ ∈ K

such that a = (γ)b and we write a ∼ b.

The group of units of OK, denoted by U(OK), consists of all elements in OK that have a

multiplicative inverse in OK. The Dirichlet Unit Theorem tells us that the unit group U(OK) is

finitely generated and isomorphic to the direct product of the group of roots of unity in the field and

r = r1 + r2 − 1
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copies of the infinite cyclic group Z. The rank r of the free part of the group of units is known as

the rank of the unit group of K. From this theorem it follows that the lattice generated by the

logarithmic embedding Log of the units u has rank r. A set of units u1, u2, . . . , ur whose images

under Log are a basis of this lattice is called a system of fundamental units.

Let u1, u2, . . . , ur be a system of fundamental units. The regulator R of K is defined as the

absolute value of the determinant of the r × r matrix M whose (i, j)-th entry is given by

Mij =


log |σj(ui)| for 1 ≤ j ≤ r1,

2 log |σj(ui)| for r1 < j ≤ r

The regulator R is independent of the choice of the system of fundamental units.

Other representations of a system of fundamental units can also be used. For example in [Thi95]

an efficient algorithm for computing a system of fundamental units represented as a power-product

of small elements of OK can be recovered from this basis.

Analytic Class Number Formula

The Dedekind zeta function ζK is defined ζK =
∑

a
1

N(a)s where the sum is over the nonzero

integral ideals of OK (see [Coh93, Section 4.9]). This function is equal to an Euler product

ζK =
∏
p

1

1− 1
N(p)s

where the product is over all non-zero prime ideals of OK.

The analytic class number formula connects algebraic invariants of a number field–discriminant

∆, signature (r1, r2), number of roots of unity m, class number h, and regulator R–and the analytic

properties of its zeta function. We can write it so that it gives the product of the class number and

regulator in terms of other quantities.

hR =
m
√
|∆|

2r1(2π)r2
lim
s→1

(s− 1)ζK(s).

We will consider estimating lims→1(s− 1)ζK(s) in the next chapter. As we have discussed, the other

quantities on the right hand side can be computed efficiently in practice.

30



Prime ideals generating the ideal class group

Let χ be a non-principal Dirichlet character modulo q, and let L(s, χ) be the L-function defined

by χ. Then the Generalized Riemann Hypothesis (GRH) asserts that all non-trivial zeros of

L(s, χ) =
∑∞
n=1

χ(n)
ns lie on the critical line, i.e., for any non-trivial zero ρ of L(s, χ), we have:

Re(ρ) = 1
2 .

Under GRH Bach [Bac90] shows that for a number field of degree d the set of prime ideals with

N(p) < 12(log |∆|)2

contains a generating subset of Cl(OK). Several variations of this result are possible. In the case of

quadratic fields the smaller bound

N(p) < 6(log |∆|)2

can be used instead. For general degrees and for sufficiently large |∆| Bach shows the constant 12

can be decreased to 4. Recently in [GM22] this is improved to

N(p) <

(
4− 1

3d

)
(log |∆|)2.

In the case of quartic fields this gives N(p) < 3.92(log |∆|)2.

In [BDyDF08] it is shown that, under the assumption of GRH, if T satisfies the inequality

∑
m≥1

N(pm)<T

logN(p)

N(pm/2)

(
1− logN(pm)

log(T )

)
>

log |∆|
2

− 1.9d− 0.785r1 +
2.468 + 1.832r1

log T
(2.7)

then the class group of K is generated by prime ideals of OK having norm strictly smaller than

T. This sum is over the prime ideals of p of OK and all positive integers m so that N(pm) < T.

Sufficiently large T are guaranteed be solutions to (2.7) because the sum diverges as T goes to infinity.

If we choose B > t where t is the smallest T satisfying (2.7) then the prime ideals with norm less

than B generate the class group. The authors show that t can be computed efficiently compared to

the overall cost of running the index-calculus algorithm. They note this approach often improves on

the Bach bound by a factor of 20 or more.
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2.7 Defining Polynomials

A degree d number field K can be represented by many different defining polynomials g.

Polynomial reduction algorithms take a defining polynomial g of K = Q[X]/(g) as input and

return the minimal polynomial f of some ω ∈ OK so that deg f = d and so that f is simpler than g

in some sense. The fields K and Q[X]/(f) are isomorphic.

We will focus on the reduction algorithm of [CD91] which is also described in [Coh93, Section 4.4.2].

The authors define the size of a monic degree d polynomial f =
∏

(X − τj) as Sizef =
∑d
j=1 |τj |2

where τj are the roots of f in C and this is the size that they minimize. We define

||f || = (

d∑
j=1

|τj |2)
1
2 = Sizef

1
2 .

This algorithm produces an f that is simpler in the sense that ||f || is upper bounded in terms of |∆|.

In many cases ||f || is smaller than ||g||.

This algorithm was implemented in PARI/GP as the function polredabs (short for "polynomial

reduction absolute"). Since then additional improvements have been made in PARI/GP.

For f a defining polynomial of the field ||f || is related to ||θ||. We have

||θ||2 =

d∑
j=1

|σj(θ)|2 =

d∑
j=1

|τj |2 = ||f ||2.

The idea of the algorithm is to find a Z-basis of OK and then compute a basis W of OK that is

LLL-reduced with respect to the positive-definite quadratic form || · ||2.

In the case K is primitive the output f of polredabs(g) will be the minimal polynomial of the

first or second element of W in practice. The first element ω is often ±1, so usually f is the minimal

polynomial of the second element. Indeed, for some choices of δ this can even be proved, see [Bel04,

Proposition 4.4]. We wish to know how large ||f || is. Applying Theorem 2.5 to ω we have

||ω|| = ||f || ≤ cδ(d−1|∆|)
1

2(d−1)

for primitive number fields.

In the case that the field is not primitive, polredabs will continue to walk the elements in W

until an element is found that has degree d (i.e. does not live in a subfield). Specifically for quartic
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fields in practice we find the LLL reduced basis bound from Theorem 2.5 is too pessimistic because

it gives an upper bound on ||f || of size O(|∆|
1

2(d−i+1) ) for some i greater than 2 which is much larger

than |∆|
1

2(d−1) . In practice we find ||f || is smaller than cδ(d−1|∆|)
1

2(d−1) for non-primitive fields as

well as primitive fields.

The current implementation of polredabs returns a canonical defining polynomial for the field

K. This property is useful for some applications, for example, tabulations of the class group of all

number fields of discriminant less than some bound. These canonical defining polynomials are used

by the LMFDB as a canonical representation of number fields [LMF24a].

Effect of polredabs On Height

A notion of the largeness of a polynomial that the reader may think is more natural than Size is its

height H(f). As [GJ16] notes, despite [Coh93] motivating polredabs as a method for constructing

defining polynomials of small height, polredabs is not well-suited to this (it is good at making ||f ||

small which is what we need in the sequel.). As polredabs is an important tool for us we want to

make this aspect clear, so we will illustrate the negative impact of polredabs on the height with an

example.

Example 2.12. We consider

g = X4 − tX3 − 6X2 + tX + 1.

This g defines a simplest quartic field which we will discuss in Section 4.1. We will show there that

these polynomials have a single large root and three small roots. For this example we let t = 240 and

we define f = polredabs(f). To see the effect of polredabs we place these polynomials side by side:

g = X4 − 1099511627776X3 − 6X2 + 1099511627776X + 1

f = X4 − 151115727451828646838274X2 + 5708990770823839524233219435661706459854405632.

The negative impact of polredabs on the height is clear.

However, it should be emphasized that the application of polredabs gives a polynomial of better
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size. That is, ||f || < ||g||. In particular, we have

||g|| ≈ 1.00 · 240 and

||f || ≈ 1.01 · 238.

As the authors of [GJ16] note, the relationship between ||f || and H(f) is a loose one, so we

should not have an expectation that H(f) will be small. Indeed, [Coh93] gives upper bounds for the

coefficients of f. The largest, for the constant term, is (||f ||/d)d, and in practice the constant term of

f is reasonably close to the upper bound.

Our experience with polredabs suggests two complementary heuristics about its effect on the

height in practice for ||f || ≤ c|∆|1/(2(d−1)) for c a small constant. First, if there is a large difference

in the absolute value of the roots of f then the output of polredabs has larger height than the

original polynomial. Second, if all roots have similar absolute value then the height is essentially

left unchanged. An extreme case of this is f = Xd − t. These polynomials are left unchanged by

polredabs because the absolute values of the roots are the same (|r| = t1/d).

The height of a polynomial is closely related to its discriminant so we might expect that

disc(polredabsf) is much larger than disc f when polredabsf has larger height than disc f. Indeed,

this is often the case. As f and polredabsf define isomorphic number fields the discriminants of

both number fields are |∆|. Thus it is the index [OK : Z[θ]] that is increased.
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A framework for index-calculus class group algorithms emerged from the work of several authors

in the 1980s including [PZ85], [HM89], and [Buc90] that all subsequent authors have adopted. The

index-calculus framework has three major steps:

• First, fix a set of prime ideals of small norm that is large enough to generate Cl(OK).

• Second, generate relations between these prime ideals.

• Third, if possible, represent Cl(OK) and U(OK) using these relations by doing linear algebra

on the system built from the relations. Otherwise, repeat the second step.

In Section 3.1 we describe the index-calculus framework for computing class groups and unit groups.

The focus of our thesis is on relation generation and so we give details on a number of relation

generation approaches that are relevant to our goal in Sections 3.3–3.5. In Section 3.3 we consider

ideal reduction relation generation which includes the approaches used by [Buc90] and [CDO97].

In Section 3.4 we give some details on the use of enumeration for relation generation which is an

approach that is, unfortunately, not described in the literature, but appears to be the basis of the

current state-of-the-art implementations.

Most relevant for the sequel are the subsections of Section 3.5 which discuss sieving relation

generation. In this section we first describe Silverman’s result on minimizing the size of the elements

being tested for smoothness in quadratic sieving. This result is used in MPQS for integer factorization

and for computing class groups. As discussed in the introduction, the self-initialization approach

to relation generation developed by Jacobson [Jac99b], the self-initialization quadratic sieve SIQS,

has been very successful but similar techniques have yet to be employed for fields of higher degree.

In Section 3.5.2 we describe how multiple sieving polynomials are used in Jacobson’s MPQS. In

Section 3.5.3 we discuss how Jacobson’s SIQS works and why it improves on MPQS.

3.1 Index Calculus Framework

In this section we give details on the index-calculus framework and discuss algorithm and implemen-

tation choices that can be made within it. As the index-calculus for computing class groups and

related problems such as integer factorization is so well-studied many techniques have been developed

over the years.
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Recall that a factor base FBK is an |FBK |-tuple of prime ideals p with N(p) < B with B ∈ Z>0.

By a = FBv
K we mean that a is B-smooth and the integer vector v = (vi)i≤|FBK | satisfies a =

∏
pi
vi .

Now let

φ : Z|FBK | → I/P φ(v) =

|FBK |∏
i=1

[pi]
vi .

The map φ is a homomorphism and the kernel of φ is a sublattice of Z|FBK |. It is possible to choose

FBK so that it contains a set of generators of Cl(OK) and in this case, the homomorphism φ is

surjective. From this we know

Z|FBK |/ ker(φ) = Cl(OK).

To find Cl(OK) all we need to do is to find a basis of ker(φ).

Elements v of ker(φ) satisfy FBvK ∼ (1) and so ker(φ) can be used to simultaneously work towards

our other goal of finding the logarithmic embedding of a system of fundamental units, which we

represent as the matrix V(OK). We do this by working with relations which are pairs of the form

(v,Log γ) such that FBv
K = (γ). We let Λ be the set of relations.

Then Λ is a lattice as for any relations (v1, γ1), (v2, γ2) and a ∈ Z we have (v1,Log γ1)+(v2,Log γ2)

and a(v1,Log γ1) are also relations. In [Buc90] it is shown that the determinant of Λ is hR if FBK

generates the entire Cl(OK).

To find Λ we generate a set of relations and work with the sublattice Λ′ that they generate. From

this sublattice we can obtain integer multiples h̃ of h and R̃ of R. If h̃ = h and R̃ = R. then Λ′ is

equal to the full lattice Λ.

Our discussion will mostly be about an approach that works only with Log γ and does not need

γ. For this approach we can even discard γ after Log γ is computed. We also will touch on so-called

“saturation” methods. These methods work with γ as well as Log γ.

To construct a relation we start with a B-smooth initial ideal a and generate (b, γ) so that

ab = (γ).

If b is also B-smooth then there is some vector v so that ab = FBv
K = (γ) and (v, γ) is a relation.

A basis of ker(φ) is found by constructing an integer matrixM with rows that generate a sublattice

of ker(φ). The matrix has |FBK | columns and the ith row in M is vi from the ith relation (vi, γi).

The HNF has the form HNF(M) = [0|H] for a square matrix H and we compute h̃ = det(H) which,
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if H is full-rank and FBK generates Cl(OK), will be a nonzero multiple of h.

A basis for the lattice of images of the units under Log is found using the kernel of M. This

kernel is computed simultaneously with the HNF and we store the result in a matrix A. We construct

a matrix Mlog of the Log γ. The matrix has r1 + r2 − 1 columns and the ith row in Mlog is Log γi

where γi is taken from the ith relation (vi, γi). We compute the product of Mlog and A and store it

in a matrix C. The integer multiple R̃ of R is the determinant of a submatrix V ′ of C representing a

basis.

We can efficiently check if Λ = Λ′ using a result of [Bac95] that is conditional on GRH. When

we have expanded Λ′ sufficiently that Λ = Λ′, which is a condition we can check, assuming GRH,

using a result of [Bac95], we know that V ′ represents a system of fundamental units under the

logarithmic embedding and so V ′ is the matrix the algorithm should return for V(OK). We compute

the class group using the Smith Normal Form S of the l-dimensional submatrix of H formed by

omitting columns and rows for which the corresponding diagonal element is 1. The class group is

Cl(OK) = Z/s1Z× · · · × Z/slZ for l ∈ Z≥1 and si ∈ Z>1 where the si are the diagonal entries of S.

The algorithm returns (si)i≤l for Cl(OK). Finally, if it is not known that the factor base we used

generates the entire class group assuming GRH, we verify this. As a result, the output is correct

assuming the validity of GRH.

The remainder of this section describes the steps in the framework in more detail.

3.1.1 Initialization

Factor Base

The first step of the framework that we have not already covered is choosing the bound B used to

define the factor base. What has been found by many authors of class group implementations is that

for the range of |∆| for which the class group can be computed, the optimal B is notably smaller

than what is suggested by a time complexity analysis. The optimal smoothness bound depends on

the implementation and so B must be determined experimentally. B has a large impact on the time

required for both relation generation and linear algebra.

We start with its impact on the linear algebra stage because the effect of B is more straightforward

in this case. The size of the factor base |FBK | is a strictly-increasing function of B. The number of

relations we must generate to complete the algorithm is slightly more than |FBK |. The time for the
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linear algebra stage is dominated by the algorithms that are executed on the O(|FBK | × |FBK |)

matrix M , such as the HNF. Thus the time for linear algebra is a strictly-increasing function of B.

Regarding the relation generation stage, the smoothness bound B affects the efficiency in two

ways: first, it determines the size of FBK and hence the number of relations that must be generated

in order to complete this stage. Second, it controls the probability for elements to be B-smooth

and thus the expected number of relations we generate in a fixed time interval. Consequently, the

relationship between B and the total time for the relation generation stage is more complex than for

the linear algebra stage.

Due to its large impact on both relation generation and linear algebra, the choice of B is an

important factor in the speed of the overall algorithm.

In [Buc90] the goal is to prove the complexity of the algorithms and the B that minimizes the

complexity of the overall algorithm is subexponential in log(|∆|) (see [JW09, Section 13.7.1] and

Step 9 of [Coh93, Algorithm 6.5.7]). In practice, it has been observed that this B is much larger

than needed.

For a particular implementation the optimal choice of B is made empirically based on constraints

arising from the linear algebra stage (i.e. the maximum size of M that can be handled in memory).

Recall that the bounds discussed in Section 2.6 give an integer Tmin so that the prime ideals that are

smaller than Tmin generate the class group under GRH. For a particular implementation the optimal

choice of B could be larger or smaller than the bounds discussed in that section.

Approximating hR

We use an approximation h̃R of hR to determine if Λ = Λ′. This approximation is obtained

from the analytic class number formula which we discussed in Section 2.6. We cannot compute

lims→1(s− 1)ζK(s) to an arbitrary precision efficiently. What is possible is to efficiently compute an

approximation h̃R so that

h̃R ≤ hR ≤ 2h̃R

under GRH.

The approach used by [Coh93, Section 6.5.2] is to compute the Euler product for the prime ideals
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of norm less than or equal to 12(log |∆|)2. We let,

z =
∏
p≤B

1− 1
p∏

N(p)≤B

(
1− 1

N(p)

)

and define h̃R =
m
√
|∆|

2r1 (2π)r2 z. It is shown that h̃R ≤ hR ≤ 2h̃R in [CDO97] using a result of [Bac95,

Section 8].

3.1.2 Relation Generation

To construct relations we start with a B-smooth initial ideal a =
∏
i≤|FBK | pi

wi = FBw
K and generate

(b, γ) so that ab = (γ) and N(b) is B-smooth. Many different methods for generating relations are

used. As this thesis is focused on improving relation generation, Section 3.1.2 is devoted to describing

these. In particular, that section focuses on methods that construct the pair (b, γ) of B-smooth

norm. In this section we will say what is done after we generated them.

At this point b is likely to be B-smooth but this is not yet verified. We use the prime factors of

N(b) to verify this. Recall from Chapter 3 that we can efficiently compute the valuation zi of b at

pi using the algorithm from [Bel04, Section 5.3]. The B-smoothness of b is tested by computing the

valuation zi at every pi in FBK and checking if b =
∏

pi
zi . In the case b is B-smooth (w + z, γ) is

a relation where w = (w)i≤|FBK |. Each time a relation is found the row vector w + z is added to M

and the row vector Log(γ) is added to Mlog.

For a fixed smoothness bound B the probability that b is B-smooth depends on the size of N(b)

(see [BF14]). A larger N(b) means b is less likely to be B-smooth so relation generation methods

must ensure N(b) is kept small.

Following Hafner-McCurley [HM89] many authors do relation generation in two stages. First,

O(|FBK |) initial relations are generated then we iteratively do some linear algebra to determine if

these relations are sufficient to get the class number and regulator. If not we add a small number of

additional relations. Both initial and additional relations could be generated in a random manner or

in a non-random manner. In the latter case we call them targeted relations. One important factor

in the efficiency of the framework is the number of random relations kreq we generate before any

linear algebra is done. We require Λ to be a full-rank sublattice of Λ′. To get Λ′ to have full rank, at

least |FBK | relations are needed but in practice we need more than this. We describe how authors
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have choosen the number of initial relations to generate in Section 3.1.7.

Number of Initial Relations

The goal of relation generation is to obtain enough full relations so that

h̃R < h̃R̃ < 2 · h̃R. (3.1)

Note that h̃ is defined as 0 if the module generated by the vectors v in our relations (v,Logα) does

not have full rank. Thus we must find at least |FBK | relations for equation (3.1) to be satisfied.

A standard approach has been to economize on the number of relations passed to the HNF as

much as possible. In this approach we stop generating full relations after we have |FBK |+ c of them

for a small c > 0. After generating the initial |FBK |+ c relations, we iteratively check the rank of

M and add a small number of additional relations until we reach full rank.

Historically, implementations of index-calculus class group algorithms computed the HNF without

a structured Gaussian elimination. In this context, two reasons for economizing on the number of

relations passed to the HNF are:

• the time to compute the HNF on a matrix with a fixed number of columns grows rapidly with

the number of rows,

• implementations of HNF algorithms are often optimized for the case where the input matrix is

close to being square.

This explains why algorithms that do not perform a structured Gaussian elimination want c to be

small. On the other hand c = 0 will almost never be enough relations. The author of an algorithm

can choose c so that |FBK |+ c has the minimum value they think will be necessary for all |∆| sizes

they are interested in. Optimizing c this way can give a small performance improvement over c = 0,

particularly for small |∆|.

For reference, we mention some values of c that have been used in [Jac99b], [BJN+99], and [BJ10]:

• [Coh93, Algorithm 6.5.7] uses c = 10

• [Jac99b] uses c between 5 and 10

• [BJN+99] uses c = 20
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• [BJ10] uses c = 100

The use of c = 100 in [BJ10] applies only to when the large prime variation is not used. When

the large prime variation is used [BJ10] does not give a value for c but only requires more than

|FBK | relations are found. For class groups of higher degree number fields [Coh93, Algorithm 6.5.7]

mentions that the choice c = 10 is only used for consistency with the quadratic class group algorithm

described in an earlier chapter.

Choosing the number of relations to be of the form |FBK |+ c for a small c is a common practice

but forcing the number of initial relations to be so small is not necessarily optimal. Structured

Gaussian elimination is now the standard practice for index-calculus class group algorithms. As

observed in [BKV19], if structured Gaussian elimation is being done, having a larger number of

initial relations can be beneficial:

“The goal of [relation generation] is to generate sufficiently many relations such that the

subsequent steps are able to determine the class group. In practice, this usually means

that we can stop collecting relations when the number of relations slightly exceeds the

number of prime ideals contained in their decompositions... However, a bigger excess

often reduces the running time of the subsequent steps significantly.”

The “number of prime ideals contained in their decompositions” means |FBK | in our notation. One

reason that more initial relations is helpful is that the rank of M will be closer to being full. Another

reason is that in a larger set of relations we may have relations that have smaller entries at certain

columns allowing structured Gaussian elimination to produce a better result (lower density and

coefficient size).

Once structured Gaussian elimination has been completed, the excess rows can be discarded so

that the matrix is slightly overdetermined. Thus choosing a number of relations of the form a|FBK |

for a > 1 can be helpful. This is the approach used by [BKV19].

3.1.3 Gaussian Elimination Techniques

After generating relations we have a sparse matrixM. One way to compute properties of sparse integer

matrices such as their HNF, Smith Normal Form, or nullspace is to first use Gaussian elimination to

reduce the dimensions of the matrix. Next, the algorithm for computing the property is then applied

to this smaller matrix.
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Some definitions: The weight of a row is the number of nonzero entries in the row. The weight

of a matrix is the number of nonzero entries in the matrix. The density of a row is its weight

divided by its length. The density of a matrix is its average row density.

Naive Gaussian elimination can be used to reduce the dimensions of M but it leads to a rapid

increase in the density and size of coefficients. The goal of structured Gaussian elimination is to

obtain a matrix of smaller dimensions while minimizing the increase in density and size of coefficients

using the standard row operations as well as

• the deletion of rows (as relations can be deleted)

• the deletion of zero columns that correspond to prime ideals that are not in FBK

Note that some authors such as [Cav02] use the term structured Gaussian elimination more narrowly.

A number of different elimination strategies are available. Jacobson uses an elimination strategy

of [HM97] that had been implemented in the library LiDiA (now defunct). The strategy used in Magma

is Markowitz pivoting (see [CBFS23a] and its reference [DER86, Section 9.2]). Another approach

was introduced by Cavallar [Cav02] which is now standard for Number Field Sieve implementations.

As Cavallar’s elimination strategy was defined in the context of integer factorization where linear

algebra is done modulo 2 it is not obvious that it should be useful for computing class groups. Biasse

in [Bia10] was the first to apply this approach to computing the class group of imaginary quadratic

fields. He shows that it is effective.

3.1.4 Large Prime Variations

Many index-calculus algorithms use an optimization called a large prime variation.

The simplest is the single large prime variation. This approach has been used in a number of

index-calculus implementations, for example [Jac99b]. In this approach we fix a large prime bound

LB. By checking the factorization of the norm of γ1 we can determine if (γ1) = FBv
K ·p for p a prime

which is outside of FBK satisfying N(p) ≤ LB. We call the triple

(v1,Log γ1,p1)

a partial relation. In the case that we find a prime B ≤ p ≤ LB dividing the norm we construct a

partial relation. We identify the p dividing (γ1) by finding all prime ideals above p and testing which
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one divides (γ1).

Suppose for a prime p we have l partial relations (v1,Log γ1,p), . . . , (vl,Log γl,p). There are(
l
2

)
= l · (l− 1)/2 possible quotients (γi/γj) for i 6= j each of which factors over the FBK and so gives

us a full relation.

Biasse and Jacobson in [BJ10] describe the traditional approach to combining partial relations

into a full relation this way: “In the case of 1-partial relations, any pair of relations involving the same

large prime p were recombined into a full relation.” This approach was implemented by Jacobson

in [Jac99b] and compared with the same algorithm without the large prime variation. The version

with the large prime variation was found to be slower.

Based on Cavallar’s ideas in [Cav02] there appear to be three requirements that a strategy for

combining partial relations into full relations should meet:

• the set of full relations spans all the full relations that are possible,

• the set of new full relations do not have linear dependencies that could easily be avoided,

• the increase in density and increase in the size of coefficients of M is minimized.

Using structured Gaussian elimination full relations can be constructed by making all the column

entries 0 in the columns corresponding to the large primes. Indeed, Cavallar [Cav02] observes that

combining partial relations into full relations and doing structured Gaussian elimination can be done

in a single step. Number Field Sieve implementations such as CADO-NFS follow this approach (the

whole step is usually called “filtering”).

We briefly mention the difference in the number of relations that are needed when a large prime

variation is used and when it is not and how this affects how we choose parameters. When a large

prime variation is used more relations are needed. From previous work on large prime variations

such as [BJ10],[BKV19] it is well-known that the number of partial relations that minimizes the

overall running time of the algorithm will be considerably larger than |FBK |. This observation

holds true across many implementations. Of course, the number of partial relations that should be

generated depends heavily on the implementation and must be determined experimentally. As an

illustration, the authors of [BKV19] computed the class group of a 512 bit discriminant using a large

prime variation (with three primes). They set |FBK | to be 7 million. In order to compute the class

group efficiently they computed 319.5 million relations (the large prime bound was approximately
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30 million). Thus they used a number of relations that was approximately 45.6 times larger than

|FBK |.

3.1.5 Linear Algebra

Many possible approaches exist for using linear algebra to deduce the class group and unit group

from a set of relations. This thesis is primarily about improving the relation generation stage so an

exhaustive survey of all these approaches is beyond the scope of this thesis. In order to implement

an efficient algorithm we tried several approaches (described in Section 5.2.4). In this section we

discuss prior work related to the approaches that we tried.

The first computation we do with the kreq × |FBK | integer matrix M is checking if M has

full-rank. This can be done using standard Gaussian elimination modulo a suitable prime (see [Coh93,

Chapter 2]) without computing the HNF of M directly. If M does not have full-rank we add more

relations to Λ′ as described below.

In Section 3.1.5 the approach to the linear algebra which uses the Hermite normal form is discussed.

The main ideas of this approach seem to originate with the work of Hafner and McCurley [HM89]

on computing class groups of quadratic number fields. This approach is also used, for example,

in [Jac99b] and [Coh93]. We then discuss variations of it that have been used.

Computing the Class Group Using the HNF and its Transformation Matrix

We now consider computing the class group by computing the HNF and its transformation matrix.

OnceM has full-rank we compute the HNF ofM directly. Computing the HNF and transformation

matrix for an integer matrix with |FBK | columns and O(|FBK |) rows is time-consuming. The

nullspace A of M can be computed simultaneously with HNF(M) = [0|H] (see [Coh93, Chapter 4]).

The state-of-the-art algorithm in practice appears to be due to [MW01a] which was implemented and

improved by Allan Steel in Magma (a description has not been published). Improvements to [MW01a]

are described in [PS10] which is the basis for the implementation in Flint.

We compute h̃ = det(H). Under GRH Cl(OK) is generated by the prime ideals in FBK and so

we have h | h̃.
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Computing the Unit Group

The matrix C = AMlog has rows Log(u) for u =
∏
γvii for integer vi where u is a unit of K and this

set of units is a subgroup of U(OK). As we have taken kreq > |FBK | � d it is extremely unlikely that

this group of units is not full-rank. If the subgroup is full-rank the rows of C generate a sublattice of

the lattice generated by a system of fundamental units under Log .

Given nonnegative real numbers a, b which are approximate integer multiples of a positive real

number x we define the rgcd (short for “real gcd”) as the largest real number d that is an approximate

integer multiple of x and divides a and b. The rgcd can be computed efficiently for r > 0.2 using [Coh93,

Algorithm 5.9.3].

By performing row operations on the matrix C with the RGCD algorithm we compute a basis of

this sublattice as a matrix V ′. This can be done using [Coh93, Algorithm 6.5.7] using the embedding

Log instead of the complex logarithmic embedding used by [Coh93]. In this algorithm, the determinant

R̃ of V ′ is computed simultaneously.

Unlike all the previous steps in the algorithm, which do not depend on the rank r of K, the cost

of this step depends on r as C has r columns. However, as r is much smaller than |FBK | this step is

not a computational bottleneck.

Additional Relations

We now turn to verifying that we have the full lattice of relations and adding additional relations if

we do not. Using the truncated Euler product in Section 3.1 we have computed an approximation

h̃R that satisfies h̃R < hR < 2 · h̃R under the assumption of GRH. No integer multiples of hR other

than hR are in the interval [h̃R, 2 · h̃R] so if h̃R̃ < 2h̃R then we must have h̃ = h, R̃ = R, and Λ′ = Λ.

Thus we know the Cl(OK) and V(OK) found using the relations in Λ′ are correct once it has been

verified that FBK generates Cl(OK).

If either Λ′ does not have full rank (which, given our choice of kreq, will correspond to h̃ = 0 with

extremely high probability), or we have h̃R̃ ≥ 2h̃R we iteratively do the following:

1. generate a small number of new relations

2. update M and Mlog,

3. update (h̃, R̃)

46



4. check if h̃R̃ ≥ 2h̃R.

One approach is to generate a small number of random relations. Alternatively, we can target

relation generation by trying to get a relation (v, γ) so that (γ) is divisible by a specific prime in

FBK . Generating these relations is discussed in Section 3.1.7.

3.1.6 Linear Algebra Variations

The approach of computing the HNF and its transformation matrix is well understood. This is

due to the fact that the HNF lets us express a set of generators for the class group in terms of

power-products of small elements. However, computing the HNF and its transformation matrix is not

essential to computing class groups and unit groups. Approaches of this kind have been developed for

real quadratic number fields. As was observed by Jacobson in [Jac99b, Section 4.5], computing the

transformation is expensive and sometimes unnecessary. Not computing the transformation reduces

the number of intermediate matrix entries that are manipulated in each step of the HNF. This is

extremely valuable due to the problem of coefficient explosion.

Turning to the computation of the unit group, we can use methods based on solving a systems of

linear equations over the integers. The advantage of doing this is that solving a systems of linear

equations over the integers can be done very quickly in practice. For real quadratic number fields

one method form introduced by Vollmer [Vol00] constructs elements of the nullspace of M. Once

we have found |FBK | relations so that M has full rank we find m additional random relations

{(ri,Logαi)}mi=1 so that ri does not appear inM. Then solve the system of equations XM = ri in the

integers for a vector xi. As the unit rank is 1 we have that xiMlog is a multiple of the regulator. We

let Ri be the real number so that Ri = Log(|αi|)− xiMlog. After enough random xi are constructed

we will find a pair x1 and x2 so that R1 and R2 have rgcd equal to the regulator.

Its potential to be more practical than the first approach is based on two observations:

• Computing the HNF without the transformation matrix is an order of magnitude faster than

computing the HNF with the transformation matrix.

• Solving systems of linear equations in the integers is faster than computing the HNF with the

transformation matrix.

Using this approach for computation of the regulator of a real quadratic field was studied in [BJS10].

They found it to be significantly faster than the HNF approach.
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Another approach to computing the regulator without computing the HNF is to compute an

integer basis A for the sublattice of all integer vectors in the kernel of M. Algorithms for this problem

exist in the software Magma and the Integer Matrix Library IML which are faster than solving this

problem by computing the HNF transformation matrix. We then proceed in the same manner as

above.

3.1.7 Additional Relations & Hybrid Strategies

After the initial relation generation we often have a lattice of relations Λ′ that does not quite have

full rank. If the matrix is almost full rank, e.g. the rank is at least 97% of |FBK |, we can try to

generate relations that are divisible by specific prime ideals. The linearly dependent columns of an

integer matrix can be computed in a number of different ways. The simplest practical method may

be to work modulo a random wordsize prime and use Gaussian elimination to find the non-pivot

columns. Due to the size of the modulus, this approach will only rarely find an extra pivot column

that is not a pivot of the integer matrix. The column indices identify certain primes p in the factor

base.

Selecting such a prime p we can target relation generation by trying to generate a relation (v, γ)

so that (γ) is divisible by it. Any of the relation generation methods we will subsequently discuss in

this chapter can be used for targeting. Targeting can be be done with an ideal reduction approach

(see [Jac99b, Ch 3.1.4]). In Jacobson’s [Jac99b] implementation (see [Jac99b, Algorithm 4.3]) targeting

is done using sieving relation generation after SIQS relation generation has been used to generate

random relations. In [BF12] targeting is done with the enumeration approach in PARI/GP.

After finding a small number of relations for each such p we recompute the pivot columns to see

if the matrix is full rank.

After targeting relations to reach full rank we may not be finished since we still may only have a

sublattice of the lattice of relations. We can expand this sublattice by finding additional random

relations. Any of the relation generation methods in this chapter can be used for doing this.

The strategies for finding additional relations in [Jac99a] and [BF12] suggest that the best

algorithms are often hybrids of more than one approach to relation generation. State-of-the-

art implementations for the Number Field Sieve also use a hybrid approach. Describing these

implementations Thomé [Tho22, Lec 10] explains that
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“There is no single way to do relation collection. In practice, the most efficient way

involves a blend of: Sieving (in order to detect); Trial-division; Re-sieving (in order to

factor); ECM; [and] Product trees”

3.1.8 Verification

If B is chosen smaller than Tmin then at some point we must verify that the class group is generated

by the prime ideals in the factor base.

In this verification we check that each prime of norm up to Tmin is contained in the subgroup of

Cl(OK) generated by FBK . This is done by finding for each prime ideal p of norm in the interval

[B, Tmin] a factorization of the form p = (γ) FBv
K .

The additional verification step makes the design of an efficient index-calculus algorithm more

challenging. Normally such an algorithm has two time consuming stages: relation generation and

linear algebra. Verification adds a third time consuming step that needs to be considered. Tuning

the implementation parameters so that the total running time is minimal is already a challenge.

However, it may be worthwhile for applications where the verification is only necessary for some

number fields or when the verification can be deferred until a later time.

Jacobson in [Jac99b] found the verification step was worthwhile. More precisely, he found that

the time taken by the relation generation and linear algebra steps in his SIQS implementation could

be reduced by setting B smaller than the Bach bound for quadratic fields 6(log |∆|)2 (the best bound

at the time).

3.2 Work on Related Problems

Before proceeding to our discussion of index-calculus relation generation we briefly mention some of

the most important results related to computing class groups with a different focus from ours.

3.2.1 Leveraging Subfields

The focus of this thesis is on computing class groups and unit groups for number fields without

special properties such as subfields. However, if the number field has subfields then in some cases it is

possible to reduce the problem to the computation of the class group and unit group of the subfields.
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Given the class groups of the three quadratic subfields of a biquadratic number field a theorem of

Kuroda [Kur50] allows the odd part of the class group of OK to be computed. A similar result can

be used to compute the unit group of OK. Using these results, algorithms for the class group and

unit group of multiquadratic number fields, which have the form Q(
√
a1, . . . ,

√
ak) with ai squarefree

positive integers that are multiplicatively independent modulo squares, are given in [BBdV+17]

and [BvV19] whose efficiency is a function of
∏
ai.

These algorithms are efficient in practice and we believe this approach is a better choice than

index-calculus algorithms for biquadratic fields. Generalizations of these algorithm have recently

been given. At present, these are less relevant to the practical computation of class groups and unit

groups of quartic number fields.

3.2.2 Time Complexity

Our focus is on computing class groups and unit groups in practice. The study of the time complexity

of algorithms has often informed practical computation. Unfortunately, a discussion of the time

complexity of our results in the sequel is beyond the scope of this thesis but we mention some of the

results.

The time complexity is written using the function

L|∆|[a, b] = e(b+o(1))(log |∆|)a(log log |∆|)1−a

for constants 0 ≤ a ≤ 1 and b ≥ 0 and authors that have not determined the constant b write L|∆|[a].

The state-of-the-art time complexity for number fields of arbitrary degree is L|∆|[ 1
2 , 1.7] for the

algorithm of [Buc90]. For quadratic number fields algorithms with better time complexity exist. The

Hafner-McCurley algorithm [HM89] has heuristic time complexity L[ 1
2 ,
√

2]. The second term in the

L notation can be slightly improved (see [JW09, Chapter 13]).

In the case of families of number fields for which the degree d grows as a function of log(|∆|) the

algorithm of [BF14] has time complexity L|∆|[ 2
3 + ε] for ε arbitrarily small. In [Gél17] this algorithm

is analyzed in detail, including deriving the first and second terms in the L-notation.

All of these time complexities are derived under heuristic assumptions. All of them require GRH

but a variety of other heuristics are used.
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3.3 Ideal Reduction Relation Generation

Shortest Vector Ideal Reduction Relation Generation

An ideal reduction algorithm is given by Buchmann [Buc90, Section 3.2] that is valid for number

fields of arbitrary degree. In this paper the primary goal is to prove a heuristic subexponential

time complexity rather than to achieve efficiency in practice. We call his approach shortest vector

ideal reduction to distinguish it from the LLL ideal reduction we discuss later in this section. This

approach finds an element γ corresponding to a shortest vector in σ(a). As we want the output ideals

b to be chosen in a random manner, the v-norm || · ||v is used.

For the method of [Buc90] we choose random nonnegative integers wi ≤ e for some positive integer

e to define the vector w = (wi)i≤|FBK |, choose random nonnegative integers vi ≤ e for i ≤ r1 + r2,

and set vi+r2 = vi for r1 + r2 < i ≤ d to define the vector v = (vi)i≤d. We then compute the ideal

a =
∏
i≤|FBK | pi

wi = FBw
K . Using an enumeration algorithm we compute the shortest vector in

σ(a) using the norm || · ||v. We find the element γ ∈ K corresponding to this vector and define b so

that ab = (γ). For the proof of the algorithm’s subexponential time complexity we need a large e.

Buchmann uses e = |∆|.

Recall we want b to have small norm. As a consequence of the bound on a shortest vector v1

from Chapter 3 we have

N(b) ≤ µd/2d · |∆|
1
2 .

The time required to find the pair (b, γ) is dominated by the time to compute the shortest vector in

σ(a) but this problem can be solved efficiently when d is small.

LLL Ideal Reduction Relation Generation

In [Coh93] ideal reduction is implemented using LLL lattice basis reduction rather than by computing

the shortest vector in σ(a).

In this method we construct w similarly to Section 3.3. A difference is that due the focus on

obtaining a practical algorithm [Coh93] suggests using a much smaller e of 20. This makes the cost

of the ideal arithmetic much smaller. We choose random nonnegative integers wi ≤ e for some

positive integer e to define the vector w = (wi)i≤|FBK |, choose random nonnegative integers vi ≤ e

for i ≤ r1 + r2, and set vi+r2 = vi for r1 + r2 < i ≤ d to define the vector v = (vi)i≤d and perform
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ideal reduction in the same manner as for shortest vector ideal reduction except that LLL is used

instead of enumeration. In particular, we take γ ∈ K to be the element corresponding to the first

LLL lattice basis vector (with respect to the v-norm) and define b so that ab = (γ). In this case we

have

N(b) ≤ 2d(d−1)/4 · |∆|
1
2

using the bound on the first vector b1 of an LLL reduced basis from Theorem 2.5 using δ = 3/4 in

cδ. Note that in practice δ is taken close to 1. This bound is slightly worse than in shortest vector

ideal reduction but in practice we expect to generate relations more quickly.

A method of reducing the basis of an ideal was introduced by [Buc90] that provides more

randomization at the infinite places than reduction with respect to || · ||. LLL reduction is done with

respect to the v-norm, see equation (2.6).

3.4 Enumeration Relation Generation

The current versions of both PARI/GP and Magma use approaches based on enumerating elements of

a. In particular, they enumerate the elements corresponding to short vectors in σ(a). This is done

for a large number of initial ideals a.

3.4.1 PARI/GP

Instead of computing a single b for each initial ideal a we can generate many relations for the same a

using an enumeration algorithm. Using an enumeration algorithm on the lattice σ(a) we find vectors

wi of small || · || norm. For each wi we get a pair (bi, γi) so that abi = (γi). The benefit is that

generating initial ideals a takes time so using fewer initial ideals can improve the efficiency.

Although this approach does not appear to have been discussed in the literature it has been

implemented in PARI/GP [All21]. In PARI/GP v2.6.1 which was released in 2013 this enumeration

approach replaced the existing LLL ideal reduction. Given an ideal a this function implements the

Fincke-Pohst algorithm on σ(a) to enumerate small elements.
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3.4.2 Magma

Magma’s class group algorithm originated with the library KANT in the 1990s but it has been refined

over time. Like PARI/GP, its release notes in recent years suggest the implementation is updated

every few years.

According to [BF12], in Magma versions prior to v2.18 the relation generation approach was to

enumerate a large number of small elements from an ideal a that is a power product of prime ideals.

The enumeration was done by applying the Fincke-Pohst method to the lattice generated by a Z-basis

of a.

According to the Magma release notes version v2.18 (released Dec 2011) added a sieving approach

as an initial step for generating relations. The code was written by one of the authors of [BF12] and

so it was most likely similar to the approach described in [BF12]. This sieving ended when the yield

of relations dropped below some threshold value and was followed by an approach using a version of

Fincke-Pohst enumeration.

According to the Magma release notes version v2.27.6 (released Nov 2022) removed the initial

sieving phase. Our assumption is that the relation generation approach is now done entirely by

enumeration.

The log generated by running Magma’s class group implementation shows it incorporates many

optimizations including a large prime variation and Bernstein’s batch algorithm for detecting and

factoring B-smooths [Ber04]. It also appears to make use of automorphisms of the number field

which we speculate is used to improve relation generation. We have done some benchmarking of

Magma’s algorithm for computing class groups and unit groups against PARI/GP’s. These benchmarks

show that it is between three and twenty times faster for the number fields discussed in Section 6.1.

Magma has different code for quadratic fields. In this context Magma’s implementation contains

two approaches: enumeration and an SIQS implementation. It switches from the enumeration-based

relation generation to the SIQS implementation at a 67-bit (20 digit) discriminant size for quadratic

fields [CBFS23b].

3.5 Degree Two Sieving Relation Generation

In line sieving we work with values of a sieving polynomial at points on the “line” x ∈ [−E,E]. Line

sieving is the most traditional way to do sieving but sieving can also be done over a two-dimensional
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region. The univariate sieving polynomial is replaced by its homogenized form in two indeterminates.

For example, we can sieve over x, y ∈ [−E,E]. This can be implemented with lattice sieving. The

idea is to set up a lattice in this plane and to sieve around the lattice points in order to identify

smooths. We refer to [FK05] for further information.

3.5.1 Choosing the Ideal’s Norm

From the discussion in Section 2.5 we know that it is important that N(b) be made small in order

to increase the probability that N(b) is smooth. In the context of sieving, N(b) is the value of the

sieving polynomial φ at a point x ∈ [−E,E], in the case of line sieving, or x, y ∈ [−E,E] in the case

of lattice sieving. We will discuss some work done in the integer factorization context on minimizing

the size of the integers being tested for smoothness of Silverman [Sil87] that was adopted by Jacobson

in [Jac99b].

Silverman minimizes the size of the integers being tested for smoothness for quadratic sieving

in general. This result is relevant to the sieving approach used by [DH84], the MPQS algorithm

Silverman gives later in the same paper, and the sieving algorithms for computing class groups that

were later given by Jacobson.

In this general sieving setup, relations are found by finding smooth values of a sieving polynomial

Q(x) = A2x
2 +A1x+ (A2

1 − n)/(4A2) on the interval [−E,E] where n is the number to be factored

and the constant term is chosen so that disc(Q) = n. Silverman then finds the choice of A2, A1 that

minimize sup |Q(x)|. This is A2 =
√

n
2E and A1 = 0 and hence the maximum value of Q(x) over

[−E,E] is

E

√
n

2
√

2
. (3.2)

We note that although Silverman considers line sieving it is easy to adapt his results to two dimensional

sieving.

This result is general in the sense that it allows arbitrary A2 and A1 provided that A2
1 − n is

divisible by 4A2, Silverman could, alternatively, have derived a bound specifically for his MPQS

approach. The improvement in equation (3.2) if this were done would not be large which explains

why Silverman chose to give the more general result.
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3.5.2 Multiple Polynomials

In the context of the quadratic sieve for integer factorization, an approach using multiple sieving

polynomials rather than just one was already given in [DH84]. Silverman [Sil87] improves on the

approach in [DH84] in an algorithm called the Multiple Polynomial Quadratic Sieve (MPQS). Like

the approach of [DH84] the sieving polynomials are linear transformations of a single polynomial.

In MPQS A2 plays the role of the q in the approach of [DH84] but instead of a prime q Silverman

uses a q that is a product of small primes. In the MPQS algorithms given by Silverman we first fix

an A2 ≈
√

n
2E that is divisible by many small primes which causes there to be many small values of

A1 that satisfy the condition (A2
1 − n)/(4A2). Hence there are many sieving polynomials we can use

for this choice of A2.

In the remainder of this section we describe the MPQS algorithm for computing class groups

given by Jacobson [Jac99b], which adapts the approach used in [Sil87] to computing class groups of

quadratic fields Q(θ) = Q(
√
D). In this approach a subset Q = {p1, . . . ,pt} of the factor base is

selected. We use an initial ideal a of norm A that is a product of elements of Q or their inverses

and so that A = N(a) =
∏t
i=1 N(pi) is close to the bound (3.2). These ideals are normalized so that

they are integral ideals. We set a = (c)Sv where v ∈ {−1, 1}t and c is the denominator of Sv, the

smallest integer so that (c)Sv is an integral ideal. Additionally, only one of a and a−1 is used. This

gives 2t−1 choices for the initial ideal a.

For any pair of elements ω0, ω1 in an ideal a the norm form φ(X,Y ) = N(Xω0 + Y ω1) gives the

values of the norms of Xω0 + Y ω1. Jacobson uses line sieving so Y is set as 1 and the elements are

ω0 = A and ω1 = (θ+ b)/2 for 0 ≤ b < A with b a root of the defining polynomial X2−D (mod 4A).

We have that N(ω1) = (θ+ b)/2 · (−θ+ b)/2 = (−θ2 + b2)/4 = (b2−D)/4 is an integer multiple of A.

Jacobson determines the norm form using the fact that K is a Galois extension of Q. As a result

the norm of an element can be expressed as a product of conjugates. The norm form is

φ(X) = N(XA+ (θ + b)/2) = (XA+ (θ + b)/2)(XA+ (−θ + b)/2) = A ·
(
AX2 + bX +

b2 −D
4A

)
.

(3.3)

The norm of the initial ideal A is then selected to minimize the largest value of φ over the interval

[−E,E]. He chooses A = N(a) =
∏t
i=1 N(pi) so that it is approximately equal to E−1

√
|∆|
2 . Recall

from Section 4.2 that this choice minimizes the size of A. As a result of equation (3.2) the N(b)
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values are smaller than

E

√
|∆|

2
√

2

in practice.

3.5.3 Self-Initialization

As with MPQS, the self-initialization approach began with work on integer factorization. In

1988 [PST88] introduced self-initialization as an optimization for MPQS. The approach was later

named the self-initialization quadratic sieve (SIQS). The authors suggest two approaches to self-

initialization. In one of their approaches, they first select a quadratic polynomial f whose discriminant

is divisible by n the number to be factored. This condition is related to their goal of factoring integers.

Next they choose K as a product of l primes
∏
pi that split in Q[X]/(f). They consider the solutions

u of f ≡ 0 (mod K) and for each solution u they define the polynomial gu(X) = 1
K f(u + XK)

which can be line sieved over [−E,E]. This gu is the sieving polynomial of the pair [K, θ − u] as

gu = 1
KN(XK + θ − u) by equation 2.2. There are 2l solutions u and so this gives 2l polynomials.

They indicate that a self-initialization approach can be used in order to obtain the sieve initialization

data for these polynomials. A fast implementation of self-initialization was later described [Con97]

who found it to be twice as fast as MPQS.

Jacobson’s approach is not the only approach to self-initialization in quadratic number fields,

another approach has been given by [Kle16]. The PhD thesis [Luo24] adapts the approach of [Kle16]

to higher degree number fields. In the sequel we focus on an adapting the ideas of Jacobson’s

approach to work in higher degrees so we will limit our discussion of self-initialization to Jacobson’s

approach. In the rest of this section we describe the SIQS algorithm of Jacobson [Jac99b].

Recall that this approach is defined in the field Q(θ) = Q[X]/(f) where f = X2−D. The element

(θ + b)/2, the norm form φ and the roots of φ mod the rational primes pi are the data we need in

order to be able to perform sieving. We want to choose a sequence of ideals so that we can quickly

iterate over this sieving data. The Chinese remainder theorem is used to iterate quickly through

2t−1 roots bi of the defining polynomial modulo 4A. In other words these bi are solutions of b2i ≡ D

(mod 4A).

In the case |∆| ≡ 0 (mod 4) the Chinese remainder theorem can be applied directly to obtain

the value of the bi modulo the pj . We have that there exist integers Bj for 1 ≤ j ≤ t such
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that Bj ≡ 0 (mod pk) if k 6= j and B2
j ≡ D (mod pj) otherwise. Any combination of the form

B = ±B1±B2± · · ·Bt−1 +Bt is a root of X2−D (mod pj). The sign of Bt is fixed so that only one

of B (mod A) and −B (mod A) is constructed. Then Bj = (A/pj)((A/pj)
−1tj (mod pj)) where tj

is a root of the defining polynomial (mod pj). If |∆| ≡ 1 (mod 4) then Bj can be determined with

a variation of this idea.

We denote the roots of f modulo A by P1, . . . , P2t−1 . We use a Gray code ordering on these roots.

By the definition of a Gray code Pi+1 and Pi differ at exactly one prime pk in {pj}tj=1. In other

words Pi+1 − Pi is a multiple of Bk. We take P1 = B1 + . . .+Bt. Each Pi is associated to a vector

u ∈ {−1, 1}t. The ordering on the u is defined ui+1 = ui + (0, . . . , 0, 2(−1)di/2
ν2(2i)e, 0, . . . , 0) where

the index of the nonzero entry is ν2(2i). Then Pi = ui · (Bj)tj=1 and so the ordering on the Pi is

defined Pi+1 = Pi + 2(−1)di/2
ν2(2i)eBν2(2i).

Using Pi it is easy to compute φi using equation (3.3). If pj - A then the roots of φi modulo pj

are related by

ri+1,j ≡ ri,j − 2Q−1(−1)di/2
ν2(2i)e (mod pj).

As there are not too many primes that can divide A it is not expensive to compute the roots modulo

such primes separately.

3.6 Higher Degree Sieving Relation Generation

After the development of the Number Field Sieve (NFS) for integer factorization, it was observed that

for defining polynomials f like those used in NFS, polynomials of small height, a very similar sieving

approach to NFS would work for computing class groups of Q[X]/(f). This was first suggested

in [BD91]. To illustrate the main point if we take ω0 = 1 and ω1 = −θ (the choice in the textbook

Number Field Sieve) the sieving polynomial of the pair [ω0, ω1] is f(X). We can sieve this polynomial

in the same manner as in the quadratic case. Hence sieving with these elements amounts to sieving

the defining polynomial. If the defining polynomial has small height then this approach has the

potential to be effective.

A more general idea described in [Nei02] is to take sieving pairs (ω0, ω1) for ω0, ω1 ∈ a so that the

heights of the minimal polynomials of ω0 and ω1 is small. The polynomial φ = N(ω0X + ω1Y )/N(a)

in Z[X,Y ] satisfies N(b) = |φ(x, y)| for all x, y ∈ Z and ω0, ω1 ∈ a where b is the ideal satisfying

ab = (ω0x+ ω1y). We call this approach the sieving with elements of small height.
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In order to compute φ an interpolation method is used. Values of N(ω0x+ω1)/N(a) are computed

for d+ 1 values of x. The norm form is then computed using Lagrange interpolation. A downside of

the interpolation approach is that it must be reused for each pair of sieving elements and so becomes

expensive as the number of sieving polynomials grows.

The author of [Nei02] gives timings of his sieving algorithm. In Table 5.2 he computes the class

group of cubic fields with a defining polynomial that has large height. These heights are approximately

|∆|2/3. In Anhang A and Anhang B he gives timings for number fields that have defining polynomials

of small height. These heights are approximately |∆|1/(2(d−1)) for d = 3, 4, 5, 6. The performance of

the algorithm is far superior for the number fields with defining polynomials of small height.

In [BF12] the approach of [Nei02] is modified and other new techniques are introduced for

computing class groups. The authors of [BF12, Section 4.1] generate α, β using a multi-step

process. They first define the embedding ψ~a : a→ Rd with α→ (a1 log |α|1, . . . , ad log |α|d) where

a = (a1, . . . , ad) is a vector of real numbers. They do reduction with a norm associated to this

embedding. The main steps are as follows:

• Fix an integral ideal a.

• Define a vector of random coefficients a.

• Define the lattice ∆a generated by α ∈ a under an embedding with respect to a certain norm

that is defined using a.

• Choose α, β so that α and β are the first two elements of the LLL-reduced basis for ∆a.

• Return the norm form Pα,β(X,Y ) = N(xα+ yβ).

Importantly, this process should be used with a = (1) to generate most of the relations. If this is not

sufficient then other a can be used [Bia23].

The approach of defining a lattice and doing reduction with respect to it resembles the LLL

ideal reduction approach. A key difference is that the Biasse-Fieker approach requires far fewer LLL

reductions. Another difference between these approaches is the lattice and norm that are used for

the reduction. Buchmann’s approach introduced the idea of using a random vector to define the

v-norm (see equation (2.6)). This norm is important for giving randomization at the Archmidean

components (see [CDO97, Algorithm 6.5.9 Remark 2]). The lattice and norm used by [BF12] are

intended for the same purpose but differ in that a logarthmic lattice is used.
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There are two main aspects to the performance of a relation generation algorithm. First, the size

of the norms N(b). Second, the time needed to generate the relations which in this case is simply the

time required to test N(b) for B-smoothness. Like [Nei02], the authors focus mainly on the speed of

relation generation rather than on determining how large N(b) is for their approach. The authors

include the requirement that “our choices of α and β yield polynomials with small coefficients.” In

other words, the resulting sieving polynomials must have small height. What the height should be,

or why the steps described above should produce polynomials with small height, is not clear.

In addition, they suggest applying the special-q sieving used in implementations of the Number

Field Sieve to the problem of computing class groups. Specifically, they suggest using a special-q

approach for prime q with q ≤ B so that f has a root modulo q. For these primes, the elements q

and θ − s where s is a root of f modulo q are elements of the degree one prime ideal (q, θ − s). The

vectors (q, 0) , (−s, 1) of their coordinates generate a lattice of elements with norm divisible by q.

A Gaussian reduction is then used to obtain a reduced basis ω0, ω1 of this lattice. The norm form

N(Xω0 + Y ω1)/q is straightforward to compute and to sieve. We refer to [BF12] for details.

Once Λ′ has full rank they suggest using methods they call saturation on the class group and

saturation on the unit group to expand the lattice of relations. In this method the elements γi in the

relations (vi, γi) are viewed as S-units with S = FBK . The set of all the γi generates a subgroup U

of the S-unit group. Fixing a prime p | [US : U ] the goal is to find some γ ∈ US\U with γ represented

as a power-product such that γ has a pth root α in US but not in U . If α can be determined as a

power-product of the γi then (v, α) where v is the 0 vector is a relation which expands the lattice.

In [BF12] the authors implemented their ideas and give some data supporting the use of sieving.

They write “For each size d, we drew at random 10 number fields with discriminant satisfying

log2(|∆|) = d.” Presumably, these polynomials were constructed by choosing coefficients from a

bounded interval. As we discuss in Section 5.3 this leads to polynomials of height O(|∆|1/(2(d−1))).

This is a very small height. They optimize for speed by combining the sieving with elements of small

height with the enumeration approach used in PARI/GP. Specifically, they try to produce enough

relations with their sieving approach so that the rank of M is 97% of |FBK |. All further relations

are found with the enumeration approach in PARI/GP. In Table 1 they give data for the performance

of their algorithm. In number fields of degree up to 6 they consistently find it is faster than PARI/GP.

The speedup of their algorithm over PARI/GP’s is largest in degree three and drops for each successive

degree. In other words, the effectiveness of sieving decreases as the number field’s degree grows
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larger. For example, for the quartic fields of ˜180 bits they tested, their algorithm was ˜26 times

faster than PARI/GP. Their results show that, for the class of defining polynomials they tested, their

hybrid sieving approach performs an order of magnitude better than the ideal reduction approach in

PARI/GP.

Table 2 is somewhat different. It shows the timings for quadratic polynomials of the form

f = X2 + 4 · (10n + 1). These polynomials have height O(|∆|). This is very large compared with

the presumed O(|∆|1/d) height in Table 1. In this case their timings were worse than PARI/GP. For

example, for the ˜54 digit (˜180 bits) quadratic field, their algorithm was ˜9 times slower than

PARI/GP. Differences in the height of the defining polynomials in the two tables may explain why

Biasse-Fieker’s results are much better for the timings in Table 1 than for the timings in Table 2.

An analysis of this algorithm is beyond the scope of this thesis but we will briefly comment on

the special case we gave at the start of this section. This saves us from dealing with the complexity

of the LLL reduction. We take a = (1) We set α = 1 and β = θ then by equation (2.2) we have

Pα,β(X,Y ) = Y df(XY −1)

so H(Pα,β) = H(f) and the goal is to find relations by sieving with elements of small height. In

order to minimize the height it would be beneficial to pass our initial defining polynomial to an

algorithm that tries to output a defining polynomial of small height before sieving this polynomial.

Unfortunately, we do not know of any algorithm that can take an arbitrary defining polynomial and

output a defining polynomial of height H(f) = O(|∆| 12 ) even in exponential time.

Example 3.1. Let us consider an example of the size of norm that might be obtained if we happen

to be given a defining polynomial of height approximately |∆| 12 . Sieving the intervals X ∈ [−E,E]

and Y ∈ [−E,E] the size of the norms being tested for smoothness are

(d+ 1)|∆| 12Ed.

For small d this is comparable with the norms N(b) produced by Buchmann’s approach which are

upper bounded by 2d(d−1)/4 · |∆|
1
2 (see Section 3.3).

Regarding implementations of sieving-based approaches, we do not know of any publicly available

implementations. Prior versions of Magma used a sieving approach for some cases but this is no longer
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the case.

Related Work

Other approaches for sieving relation generation have been suggested for d ≥ 2 that focus primarily

on time complexity results rather than on practical performance. [Bia14a] gives an algorithm of

heuristic subexponential time complexity bounded by L|∆|[1/3] for families of number fields with

defining polynomials of small height. [Gél18b] gives a variation of the sieving approach of [Bia14a],

broadens somewhat the families of number fields the approach applies to, and gives a more detailed

analysis of the time complexity, including both the first and second term in the L-notation,
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This chapter presents the new results of this thesis. First, in Section 4.1 we consider the size ||f ||

of defining polynomials f. We give a definition of a reduced defining polynomial and show some

families of these polynomials with different values of λ.

In Section 4.2 we consider ideals a that are products of degree one prime ideals that do not

divide [OK : Z[θ]]. For a of this form the ideals we test for smoothness have the form (xA+ yω1)

for integers x and y in the interval [−E,E] where A,ω1 are in a. In order to make the numbers

g(x, y) = N(xA+ yω1)/A being tested for smoothness have a high probability of being smooth we try

to keep g(x, y) as small as possible for a given E. This is done by choosing A so that N(xA+ yω1)/A

is small. This choice is important because the size of the norms of elements found by sieving is

determined by this choice and is a primary driver in the performance of the overall algorithm. The

size of the norm is a crucial factor in the speed of relation generation of any index-calculus algorithm.

The importance of the size of the integers being tested for smoothness can be seen, for example, in

factoring a number n. The performance gap between the quadratic sieve and the general number field

sieve comes from the fact that in the former the integers that are tested for smoothness have roughly

n
1
2 +ε versus exp(c log(n)2/3 log(log(n))1/3) for the latter, for small constants ε and c [Len17].

In Chapter 3 we discussed the sieving approaches of MPQS and sieving with elements of small

height. In the MPQS approach we select a pair of elements A,ω1 in an ideal a, where A ∈ Z and

ω1 ∈ OK, and test elements in the set T = {xA+ yω1}(x,y)∈S for B-smoothness using their sieving

polynomial. In this chapter we describe an analogue of this approach and then we discuss how the

approach can be made more efficient using an analogue of the self-initialization approach in SIQS.

In Sections 4.3 and 4.4 we give a description of self-initialization that is applicable to quartic

fields. The description of this approach is similar to the one in Sections 3.5.2, and Sections 3.5.3

respectively. In Section 4.3 we give a sieving approach utilizing multiple sieving polynomials which

permits self-initialization to be added on as an optimization. In Section 4.4 we present our approach

self-initialization which generalizes the approach used in the quadratic case to arbitrary degree

number fields.

To make these results applicable beyond the context of quartic fields, they are presented for

arbitrary field degrees d. We also interpret the results in the context of a quartic fields as our

implementation and testing are focused on this case.
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4.1 Reduced Defining Polynomials

In the quadratic case, the MPQS algorithm depends on a certain choice of defining polynomial. In

this case Jacobson [Jac99b] uses the defining polynomial

f = X2 − t.

One notable characteristic of this defining polynomial is that for each root r we have |r| = t
1
2 . Recall

the definition of ||f || from Section 2.7, which quantifies the magnitude of the polynomial’s roots. As

both roots have the same size, ||f || is very small amongst all possible defining polynomials for Q(θ).

In number fields of higher degree we choose a defining polynomial so that ||f || is small. The

choice of defining polynomial is important because the optimal sieving norm A is a function of ||f ||.

We derive this norm in Section 4.2.

Definition 4.1. Let f be an irreducible degree d monic polynomial that defines a number field with

discriminant ∆. We define λ as the real number so that

||f || = 2d|∆|λ.

We say f is λ-reduced if λ ≤ 1
2(d−1) .

A polynomial f that meets the criteria for being λ-reduced, where the precise value of λ is not

important, can simply be referred to as reduced.

Our requirement is that in practice polredabs polynomials be λ-reduced. The main idea of

polredabs is to apply LLL reduction to an integral basis of the maximal order of the number field.

Regarding the choice of the constant 2d, our choice is inspired by the constant cδ that appears in

bounds on the basis elements that are produced by LLL. We have not tied Definition 4.1 to the

polredabs algorithm because the approach we describe in the sequel does not require the defining

polynomial of the number field to have been produced with polredabs. After giving some examples

of defining polynomials with different λ values, we provide some computational evidence to justify

that polredabs polynomials are reduced.
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Example: Simplest Quartic Fields

The simplest fields introduced by Daniel Shanks [Sha74] are known for their elegant properties. In

degree four the simplest quartic fields have similar properties. Such a field has is defined by

f = X4 − tX3 − 6X2 + tX + 1.

for an integer t that we can specify to be nonnegative because of the symmetry of the coefficients.

This polynomial is reducible exactly when t2 + 16 is a square which only happens at t = 0 and t = 3.

Where f defines a totally real cylic field. Results on the simplest quartic fields are given in the PhD

thesis [Laz89].

We will show the defining polynomials of the simplest quartics fields satisfy the size property

with λ = 1
6 . There are four possibilities for the field’s discriminant:

• (t2 + 16)3,

• (t2 + 16)3/4,

• (t2 + 16)3/16,

• (t2 + 16)3/64.

see [Laz89, Section 2.3]. This means

(t/2)6 ≤ ((t/2)2 + 4)3 ≤ |∆| so t ≤ 2|∆|1/6. (4.1)

The roots are

ε1,2,3,4 = ±
4
√
t2 + 16

√√
t2 + 16± t

2
√

2
±
√
t2 + 16

4
+
t

4

for t not 0 or 3 where the second and third signs agree [Laz89]. We can order these roots by

the size of |εi| with |ε1| being the largest. We find ε1 by taking all the signs positive yielding

ε1 =
4√t2+16

√√
t2+16+t

2
√

2
+
√
t2+16

4 + t
4 . An upper bound on ε1 can be found using the bound on the

largest root from equation (2.1) which gives ε1 ≤ 1 + max{| − t|, |6|, |t|, 1}. So we have ε1 ≤ 1 + t for

t ≥ 6.

The other three roots all have very small absolute value. One way to see this is to lower bound ε1

and then use the relationship between the polynomial’s height and its Mahler measure M(f). We can
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lower bound ε1 by dropping all +16 terms and this shows t ≤ ε1 for all t.We haveM(f) ≤
√
d+ 1H(f)

for any polynomial f (see [GJ16, Section 2.2]) so in our case

t ·
4∏
i=2

|εi| ≤
4∏
i=1

max(1, |εi|) = M(f) ≤
√
d+ 1H(f) =

√
5 · t for t ≥ 6. (4.2)

This gives t · |ε2|3 ≤
√

5 · t so |εi| ≤ 6
√

5 for i ∈ {2, 3, 4}.

We have ||f || ≤ (ε21 + 3ε22)
1
2 Combining these upper bounds for t ≥ 6 we have

||f || ≤ ((1 + t)2 + 3
3
√

5)1/2

≤ ((t+ 1)2 + t)1/2 as 3
3
√

5 < 6 ≤ t

≤ (t2 + 3t+ 1)1/2 < (16t2)1/2 = 8t.

We also have t ≤ 2|∆|1/6 for t ≥ 6 from equation (4.1). So the defining polynomials for simplest

quartic fields are reduced for t ≥ 6.

Polynomials With Bounded Coefficients

The defining polynomials for simplest quartic fields are contained in a larger class of defining

polynomials with bounded coefficients. The polynomials tend to be λ-reduced with λ = 1
6 in

practice. In particular, consider polynomials whose coefficients have absolute value bounded by

2k/(2(d−1)) and so that the absolute value of the largest coefficient is close to 2k/(2(d−1)) where k is

some integer. For instance, the defining polynomials of the simplest quartic fields are an example of

bounded coefficient polynomials with k defined by t = 2k/6.

In practice the number fields defined by such polynomials have discriminant approximately 2k.

We discuss these polynomials further in Section 5.2.

Example: Pure Fields

A pure field is a number field defined by

f = Xd − t

where t is not divisible by a dth power. This defines the number field Q( d
√
t).
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The discriminant of a pure quartic is computed in [Fun84]. Let t = ab2c3 where

• a 6= 1,

• b and c are squarefree and coprime and b > 0, c > 0,

• |a| ≤ c if a is odd,

• c is odd, and

• t 6= 4.

In [Fun84, Corollary 1] the field’s discriminant is computed by determining an integral basis. Its

value depends on the residue of t modulo 32.

∆ =


−22a3b2c3 if t ≡ 1(mod8), 28(mod32),

−24a3b2c3 if t ≡ 4(mod16), 5(mod8), 12(mod32),

−28a3b2c3 if t ≡ 2(mod4), 3(mod4).

(4.3)

To construct some examples of λ-reduced defining polynomials we work with t = ab2 for integers

a, b where a` ≤ b ≤ 2a` for 0 ≤ ` and the conditions of [Fun84] are met: a 6= 1, b > 0, ab2 6= 4. To be

as concrete as possible, we also require that ab2 ≡ 1 (mod 8). Then

22a3+2` ≤ |∆| (4.4)

a ≤ 2−2/(3+2`)|∆|
1

3+2` (4.5)

so a ≤ 22/(3+2`)|∆|1/(3+2`). One of the roots is t1/4 and the others are equal to it up to a root of

unity. Thus for every root r we have |r| = t1/4. Hence

|r| = t1/4 = (ab2)1/4 ≤ (2a1+2`)1/4 ≤ w|∆|T (`). (4.6)

where T (`) = 1+2`
4(3+2`) and

w = (2 · 22(1+2`)/(3+2`))
1
4

for every root r. Determining ||f || is then done by substituting this bound in the definition ||f || ≤

(4w2 · |∆|
1+2`

2(3+2`) )1/2 = 2w|∆|
1+2`

4(3+2`) .
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On ` ∈ [0,∞) the function T (`) has a minimum of 1
12 and is a strictly increasing function

that approaches a horizontal asymptote of 1
4 . On this interval we can compute the largest value

of ` for which X4 − ab2 is reduced by solving 1+2`
4(3+2`) = 1

6 . The solution is ` = 3
2 . We see that

w = (2 ·22(1+2`)/(3+2`))
1
4 ≤ 23 on this interval so X4−ab2 is a reduced defining polynomial for ` ≤ 3

2 .

For ` > 3
2 we could simply apply the polredabs algorithm to get a 1

6 -reduced defining polynomial.

In this interval ` = 0 gives the best possible ||f || and ` = 3/2 gives the worst possible and the

exponents of |∆| are respectively 1
12 and 1

6 . In Chapter 6 we give some computations for a family of

defining polynomials with ` = 0 and also for a family where ` is chosen to make the exponent on |∆|

the mean of the exponents for the best and worst case: 1
2 ( 1

6 + 1
12 ) = 1

8 this happens when ` = 1
2 .

In summary for

` = 0 we have ||f || ≤ 2w|∆| 1
12 and for

` =
1

2
we have ||f || ≤ 2w|∆| 18 and for

` =
3

2
we have ||f || ≤ 2w|∆| 16 .

polredabs Polynomials

For degree four polynomials λ is defined by ||f || = 24|∆|λ. We can approximate the average λ for

degree four polredabs polynomials that define number fields of discriminant up to some bound. The

LMFDB has a complete database of polredabs defining polynomials for quartic fields of discriminant

up to 4 million. We tested n = 1024 defining polynomials of quartic fields selected uniformly at

random from this database and found all of them to be reduced. In other words λ ≤ 1
6 for all

these polynomials. This gives us some assurance that polredabs polynomials are usually reduced in

practice for d = 4.

We also approximate the average λ over these polynomials. To do this we compute

D∗ =
1

m

m−1∑
i=0

log |∆| and (4.7)

S∗ =
1

m

m−1∑
i=0

(log ||fi|| − 4) (4.8)

for the same m = 1024 defining polynomials fi as above. The average λ is equal to S∗/D∗ and for
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our polynomials we found S∗/D∗ ≈ 0.1477. This is quite close to 1/6

1/6− λ∗ ≈ 1/6− 0.1477 ≈ 0.0189.

This gives some evidence that λ is close to 1/6 for quartic polredabs defining polynomials. We have

seen certain families of defining polynomials with ||f || significantly smaller than |∆|
1

2(d−1) . In the

sequel we will see that the sieving approach we will give is much more efficient for these polynomials.

Unfortunately, this data suggests that such defining polynomials are rare.

4.2 Choosing the Ideal’s Norm

We consider how to choose A so that the ideals b = (xA+ yθ − yP ) have small norm. Here P is an

arbitrary integer but later in this chapter we will specialize to an integer P that is analogous to the

P we used in Section 3.5. We want to choose A so that

sup{N(b)} = sup {N(xA+ yθ − yP )/A}Ex,y=−E (4.9)

is minimized as a function of |∆|. In practice, the maximum value is achieved when x and y are

near the endpoints of the interval [−E,E] so we can find an approximate solution by minimizing

sup{N(EA+ Eθ − EP )/A}. As E is constant N(EA+ Eθ − EP ) = EdN(A+ θ − P ). Note that in

practice E is small compared with |∆|.

The following result gives a choice of A that makes N(EA+ Eθ − EP ) and hence N(b) small.

Theorem 4.2. Let d be fixed, and let A be the closest integer to d
−1
2 (d− 1)−1||f ||. As |∆| tends to

infinity, the following asymptotic relation holds: N(EA+ Eθ − EP )/A = O(Ed||f ||d−1).

Proof.

|N(A+ θ − P )|/A ≤ d− d2 (||A+ θ − P ||)d ·A−1 by the AM-GM inequality

≤ d− d2 (||(A− P ) + θ||)d ·A−1

≤ d− d2
(
d

1
2 (A− P ) + ||f ||

)d
A−1 by the triangle inequality

≤ d− d2
(
d

1
2A

d−1
d + ||f ||A

−1
d

)d
as 0 ≤ P < A
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We minimize h = d
1
2A

d−1
d + ||f ||A−1

d . Rearranging ∂h
∂A = 0 we get

d
1
2 (d− 1)

d
A =

1

d
||f ||

A = d
−1
2 (d− 1)−1||f ||

We can evaluate

d−
d
2

(
d

1
2A

d−1
d + ||f ||A

−1
d

)d
with A = d

−1
2 (d−1)−1||f || and we find |N(A+θ−P )| = O(||f ||d−1) from which the result follows.

Theorem 4.2 does not depend on the number of sieving polynomials that we use and so a single

polynomial could be used. It could be used when sieving any ideal that is a product of degree one

prime ideals and whose norm is coprime to the index. For this reason it is a separate contribution

from the self-initialization relation generation approach we give in Section 4.3-4.4.

Reduced Defining Polynomials Cases: Special and General

In Section 2.7 we gave computational evidence that degree four polynomials that are the output of

polredabs are reduced with λ = 1
6 . Theorem 4.2 shows that

N(EA+ Eθ − EP )/A = O(Ed|∆| 12 )

under this heuristic.

The polynomials f = Xd − t are typically left unchanged by polredabs because all the roots

are the same size. As shown in Section 4.1 these polynomials are reduced with λ = 1
12 when t is

squarefree. Thus, there are polredabs polynomials where λ is at least as small as λ = 1
12 . When we

have a defining polynomial with λ a lot smaller than 1
6 it is much faster to generate enough relations.

For λ = 1/12 the algorithm gives norms that are O(Ed|∆| 14 ) rather than O(Ed|∆| 12 ) when λ = 1/6.

Thus reduced defining polynomials have an associated λ that can vary between 1
12 = 1

4(4−1) ≤

λ ≤ 1
2(4−1) = 1

6 and we conjecture that λ is close to 1
6 for most such polynomials. For the purpose

of discussing the performance of our algorithm it is useful to put defining polynomials into two

categories according to the size of λ. We call the situation when λ is much smaller than 1
6 the special

case and otherwise we say we are in the general case.
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Choice of Sieving Approach

Theorem 4.2 assumes that 2-dimensional sieving is being used for relation generation. The same

method can be used to give a bound if line sieving is used instead. Let A2d be the value of A

in Theorem 4.2 and A1d be the corresponding result for line sieving. Then the values of A1d,

A2d are related by A1d = E−1A2d. When the discriminant is small, it is clear that the target

norm of d
−1
2 (d− 1)−1||f || for 2-dimensional sieving will be small. The target norm for line sieving

d
−1
2 (d− 1)−1||f ||/E is smaller still. As we will discuss in the next section, we want d

−1
2 (d− 1)−1||f ||

to be large so that we can use the largest number of sieving polynomials possible. This makes

2-dimensional sieving the more practical choice.

This approach serves as an analogue to the MPQS method of Jacobson, and is distinct from

existing sieving approaches in the literature in several key ways: First, our approach uses a number

of different initial ideals a rather than sieving primarily in the ideal (1). Second, our approach does

not require using the LLL algorithm to try to find sieving elements of small height. Third, sieving

elements are constructed with the Chinese remainder theorem, which is more efficient than using

LLL. Fourth, due to the use of Theorem 4.2 we can accurately estimate the size of the norms this

method produces. We will discuss the differences between our approach and existing approaches in

more detail at the end of this chapter.

4.3 Sieving With Multiple Polynomials

To sieve with multiple polynomials we choose a set of t primes from FBZ with properties analogous

to the quadratic case. We work with a subset of t primes chosen from FBZ so that there is a pair of

distinct degree one prime ideals p(0)
j and p

(1)
j above p and so that p - [OK : Z[θ]]. By Theorem 2.6

we know that the two degree one prime ideals can be written

p
(0)
j = (p, θ − r(0)

j ) and p
(1)
j = (p, θ − r(1)

j )

for some integers rj,0 and rj,1 that are roots of f modulo p. Setting

SK = {p(0)
0 ,p

(1)
0 ,p

(0)
1 ,p

(1)
1 , . . . ,p

(0)
t−1,p

(1)
t−1}
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when we choose the t primes from FBZ

A = N(

t−1∏
i=0

p
(0)
i ) =

t−1∏
i=0

pi

is close to the bound given in Theorem 4.2. The particular choice of this subset is a detail of our

implementation, and so we discuss it in Section 4.5.

As in the quadratic case, we want to generate a set of relations so that their ideals are divisible

by an ideal of the form a =
∏t−1
i=0 p

(ej)
j where ej is either 0 or 1 without computing a by the

time-consuming approach of repeated ideal multiplication. Instead, we do this by finding a pair of

elements contained in a. Then any linear combination of these elements generates a principal ideal

that is divisible by a. For j from 0 to t− 1 we let P be the unique integer so that

P ≡ r(ej)
j (mod pj) (4.10)

and 0 ≤ P < A. The Chinese remainder theorem allows us to compute P efficiently. Then θ − P ≡ 0

(mod p
(ej)
j ) so θ − P is an element of a. Thus for any integers x, y the element xA+ yθ − yP is also

in a. In other words, (xA+ yθ − yP ) is divisible by a.

We recall the definition of the sieving polynomial (Definition 2.10). Our sieving polynomial is

A−1φ(X,Y ) = A−1N(XA+ Y θ − Y P ) = Resθ(XA+ Y θ − Y P ), f(θ)). These polynomials over all

values of P and the roots of the dehomogenized sieving polynomial A−1φ(X, 1) modulo pj ∈ FBZ

are the data we need in order to be able to perform sieving. Rather than computing the norm form

for each of the 2t inputs to the resultant function we can precompute this norm form with arbitrary

indeterminates representing the coefficients of f and coordinates of θ − P on the standard basis of

K. The degree d = 4 is small enough that the resulting polynomial has few terms and so it is easy to

store and evaluate. A monic defining polynomial can be represented by X4 + c3X
3 + c2X

2 + c1X+ c0

for indeterminates (c0, . . . , c3). The number field elements we consider have the form Xa0 +Y θ−Y a1

for indeterminates a0, a1. We display the sieving polynomial in dehomogenized form as a−1
0 φ(X, 1)

as this makes it slightly easier to read (of course a−1
0 φ(X,Y ) is what we compute with):

a3
0X

4 − (4a2
0a1 + c3a

2
0)X3 + (6a0a

2
1 + 3c3a0a1 + c2a0)X2 − (4a3

1 + 3c3a
2
1 + 2c2a1 + c1)X + C

(4.11)
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where C = a−1
0 f(a1).

This approach is different from what Jacobson does in the quadratic case. Recall from Chapter 2

that he uses the fact that quadratic fields are a Galois extension of the rational numbers in order to

compute the norm form of the sieving elements A,ω1. For non-Galois fields such a calculation would

not work which is why we employ the multivariable resultant instead.

Now we want to compute the roots of A−1φi(X, 1) modulo each prime in FBZ . By equation (2.2)

we have that

N(XA+ θ − Pi) = Resθ(XA+ θ − Pi, f(θ)) = f(Pi −AX). (4.12)

From this it is clear that f (mod p) for p - A has the same number of roots as N(XA + θ − Pi).

Fixing a prime pj ∈ FBZ that does not divide A and a root sj of f modulo pj we have

µ
(j)
i =

Pi − sj
A

(4.13)

is a root of f(Pi −AX) (mod pj).

4.4 Self-Initialization

The sieving polynomials A−1φi(X,Y ) for i = 0 to 2t − 1 and the roots µ(j)
i of the dehomogenized

sieving polynomial A−1φi(X, 1) modulo pj ∈ FBZ are the data we need in order to be able to perform

sieving. As we will see below, each φi is associated with a root Pi of f modulo A. Rather than

computing the Pi (resp. µ
(j)
i ) directly using an algorithm for finding roots over finite fields, our

self-initialization approach allows us to order the Pi (resp. µ
(j)
i ) so that the next value is easily

computed from the previous one. In particular, a Gray code ordering is used so that Pi and Pi+1

(resp. µ(j)
i and µ(j)

i+1) differ at only one prime.

The Chinese remainder theorem allows us to decompose the roots of f (mod A) in terms of the

roots of f (mod pj) where pj are the primes dividing A. We let {B0, . . . , Bt−1} be integers such that

Bj ≡

{
0 (mod pk) if k 6= j

r
(0)
j − r

(1)
j (mod pj) otherwise

(4.14)

and b such that

b ≡ r(1)
j (mod pj) (4.15)

73



for all 0 ≤ j ≤ t. By the linearity of Chinese remainder theorem we have that

b+
∑
j∈B

Bj

is a root of f (mod A) for any set B that is a (possibly empty) subset of {0, . . . , t− 1} and that for

two distinct subsets B and C these roots are distinct modulo A. Thus the set of values of b+
∑
j∈B Bj

over all possible ω0 is the same as the set of all P. It is convenient to compute Bj using the expression

Bj = Ap−1
j

(
(Ap−1

j )−1(r
(0)
j − r

(1)
j ) (mod pj)

)
(4.16)

which follows from Chinese remainder theorem.

We use a Gray code ordering on the solutions P0, . . . , P2t−1 so that Pi+1 and Pi differ at exactly

one prime in {pj}t−1
j=0. In other words, the difference of Pi+1 and Pi is a multiple of Bk for some k.

Each Pi for i from 0 to 2t − 1 is associated to a tuple u ∈ {−1, 1}t whose ordering is

u0 = (1, . . . , 1) and

ui+1 = ui + (0, . . . , 0, (−1)d(i+1)/2ν2(2(i+1))e, 0, . . . , 0) for 0 ≤ i < 2t.

where the index of the nonzero entry in the tuple added to ui is ν2(2(i+ 1)). Then the ordering of

the Pi is

P0 = b+B0 + · · ·+Bt−1 and (4.17)

Pi+1 = Pi +Bν2(2(i+1)) · (−1)d(i+1)/2ν2(2(i+1))e for 0 ≤ i < 2t. (4.18)

Next we consider computing the roots by defining an ordering with respect to the index i of the

sieving polynomial φi/A. In particular, let µi be a root of this polynomial for a fixed prime pj - A

and root sj of f modulo pj . Recall that µi =
Pi−sj
A is a root of f(Pi − AX) (mod pj). The next

root is µi+1 =
Pi+1−sj

A which is a root of f(Pi+1 − AX) (mod pj) for i < 2t − 1. Comparing these
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expressions for µi and µi+1 we see that we can iterate over the roots (mod pj) by

µ0 = A−1(P0 − sj) and (4.19)

µi+1 = µi +A−1Bν2(2(i+1)) · (−1)d(i+1)/2ν2(2(i+1))e for 0 ≤ i < 2t. (4.20)

We can compute the roots modulo primes dividing A separately. There are only t such roots so

this does not take much time.

4.5 Implementation of Sieving Relation Generation

In this section we specialize to d = 4 number fields to be concrete. As we have seen, the high-level

details would be unchanged working in an arbitrary fixed degree number field. However, we expect

the choices for our implementation would probably need to change as the degree grows.

We can now give the algorithm for computing the sieving data for [A, θ− Pj ] for each j from 0 to

2t − 1. Algorithm 1 is the algorithm for generating a sieving polynomial and its roots.

• Λj is a tuple of roots of φj/A which is divided into subtuples of length 0 to 4 depending on the

number of roots of f modulo pi.

• U is a tuple of roots of f which is divided into subtuples of length 0 to 4 depending on the

number of roots of f modulo pi.
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Algorithm 1 SievingDataOnePrime
Input:

j : an integer 0 ≤ j < 2t − 1.

Pj : a root of f (mod A).

Λj : a tuple of roots of the φj/A.

A : norm of the ideal being sieved.

FBZ : rational factor base.

(Bi)
t−1
i=0.

U : a tuple of roots of the f modulo the primes in FBZ

Output: Pj+1,Λj+1

1: if j = 0 then

2: Compute Pj+1 using (4.17)

3: Compute roots for pi - A: For each prime pi ∈ FBZ and each root (µj,k)k≤4 ∈ Λj of φj/A

modulo pi compute µj+1,k using (4.19) and U

4: else

5: Compute Pj+1 using (4.18)

6: Compute roots for pi - A: For each prime pi ∈ FBZ and each root (µj,k)k≤4 ∈ Λj of φj/A

modulo pi compute µj+1,k using (4.20)

7: end if

8: Compute φj+1/A using (4.11)

9: Compute remaining roots in Λj+1 for pi | A using a root finding algorithm

10: Return Pj+1,Λj+1, φj+1/A

Algorithm 2 gives the algorithm for generating the sieving data (Pj ,Λj , φj/A)2t

j=0 for all the

sieving polynomials. The factor base FBK is passed as one of the inputs to this algorithm. Prime

ideals in FBK such that p - [OK : Z[θ]] are represented in two ways, first by the pair (p, g) where g

is a polynomial Z[X] (which is possible by Theorem 2.6) and, second, by a Z-basis. If p does not

divide the index then we store a tuple of pairs of Dedekind-Kummer representations (p, g) for primes

in FBZ not dividing the index. The other prime ideals in FBK are represented by a Z-basis only.

Our algorithm makes use of the roots of f modulo a prime p for p - [OK : Z[θ]]. A root r in this set

corresponds to the degree one prime ideal p = (p, θ− r) by Theorem 2.6. We set U0 to be the roots

76



of f (mod p) for all p ∈ FBZ such that p - [OK : Z[θ]]. U0 is straightforward to compute due to the

availability of the Dedekind-Kummer representation for prime ideals above p where p - [OK : Z[θ]].

We set U1 to be the roots of f (mod p) for all p ∈ FBZ such that p | [OK : Z[θ]] which we compute

using an algorithm for finding roots of polynomials over finite fields. Both U0 and U1 are divided

into subtuples of length 0 to 4 depending on the number of roots of f modulo pi. We set U to be the

concatenation of U0 and U1.

We set SZ to be the set of rational primes in FBZ so that there is a pair of distinct degree one

prime ideals p(0) and p(1) above p and so that p - [OK : Z[θ]]. That is, SZ = {p ∈ FBZ : p - [OK :

Z[θ]], p(0)p(1) | (p), p(0) 6= p(1)}.

The algorithm selects the norm A to use. This should be close to the optimal norm that we

computed in Section 4.2. In degree four this simplifies to

4
−1
2 (4− 1)−1||f || = 1

6
||f ||.

Initially, we let N be the closest integer to 1
6 ||f || and

SN = (p : p ∈ SZ, p ≤ N).

In the case |∆| is small the target norm 1
6 ||f || is very small. It can, of course, be so small that the

set of rational primes smaller than it is empty. If there are fewer than 5 primes in SN we double N

until |SN | ≥ 5.

A good approach to finding a subset of t primes from SN so that their product A is close to our

target is given in [Jac99b, Algorithm 4.2]. The idea is that we are given t and choose rational primes

that are close to ( 1
6 ||f ||)

t−1

. This ensures that their product is close to 1
6 ||f ||.

The requirement that the norm A be close to 1
6 ||f || restricts the largest choice of t more than it

is restricted in the quadratic case where A should be approximately
√
|∆|. We discuss the choice of t

in our implementation in Chapter 5.
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Algorithm 2 SievingData
Input:

f : a degree four polynomial.

|∆| : discriminant of the number field.

[OK : Z[θ]] : index of the defining polynomial.

E : sieving radius.

t : an upper bound on the number of rational primes to sieve.

FBZ : rational prime factor base.

FBK : factor base.

Output: SD : sieving data for all 2t polynomials

1: Compute U0 from FBK as described above

2: Compute U1: for primes p | [OK : Z[θ]] compute roots of f (mod p) using a root finding algorithm

3: Combine both lists of roots into a sorted tuple U

4: Compute SZ = {p ∈ FBZ : p - [OK : Z[θ]], p(0)p(1) | (p), p(0) 6= p(1)}

5: If SZ is empty Return “B too small”

6: Store the tuple of two roots r(0)
j and r(1)

j corresponding to two degree one prime ideals above p

for p ∈ SZ

7: t = min{|SZ|, t}

8: N = 1
6 ||f ||

9: Set SN = (p : p ∈ SZ, p ≤ N) and double N until |SN | ≥ 5

10: Find a subset of t primes from SN so that their product A is close to 1
6 ||f ||

11: Compute b ≡ r(1)
j (mod pj) for j from 0 to t− 1

12: Compute Bj = Ap−1
j ((Ap−1

j )−1(r
(0)
j − r

(1)
j ) (mod pj)) for j from 0 to t− 1

13: for j from 0 to 2t − 1 do

14: (Pj ,Λj , φj/A) = SievingDataOnePrime(j, Pj ,Λj , A,FBZ, (Bi)
t−1
i=0, U)

15: SDj = (Pj ,Λj , φj/A)

16: end for

17: Return SD, N, t, SN

We turn to comparing with some prior related work. First we compare with the quadratic case.

We have taken what is done in the quadratic case and built on that to get a self-initialization approach
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that works in number fields of any degree. One way that the method discussed in Section 4.4 differs

from Jacobson’s self-initialization is in the number of sieving polynomials used for a particular number

of rational primes t. We use 2t sieving polynomials rather than 2t−1. The reason is that for a pair of

sieving elements [A, θ + P ] there is usually not a corresponding pair [A, θ − P ] as there is in the case

when the defining polynomial is of the form f = X2 −D for some D ∈ Z. For example, suppose the

sieving norm is a single prime p. Then we want to sieve the two degree one prime ideals

P
(0)
j = (p, r

(0)
j ) and P (1)

j = (p, r
(1)
j )

we have chosen above p. When the defining polynomial is X2 −D then r(0)
j = −r(1)

j holds for every

p. Unfortunately, for general defining polynomials this rarely happens (the probability it happens

for a particular prime is 1/p). For this reason we cannot take advantage of symmetry in the way

that Jacobson does in order to obtain the same number of relations from half the number of sieving

polynomials.

We examine the distinctions between our method and Biasse-Fieker’s approach as presented

in [BF12], previously discussed in Section 3.6. Their work is relevant for two reasons: firstly, for

its use of sieving in relation generation, and secondly, as it is the most recent relation generation

approach documented in the literature for number fields of degree larger than two. A major difference

is that unlike the approach of Biasse-Fieker, our approach can be applied to any number field in the

sense that it is not dependent on finding elements of small height within the number field. Finding

elements of small height is a generalization of the problem of finding a defining polynomial of small

height. As stated in Section 3.6, we are not aware of any algorithm, even one that is exponential

time, that finds a defining polynomial of height upper bounded by
√
|∆|.

Another difference is that Biasse-Fieker derive |FBK | relations from sieving a single ideal a = (1).

The Biasse-Fieker approach described in [BF12, Algorithm 3–4] sieves a = (1) to get |FBK | relations.

They say to do this by repeating the algorithm until a large number of relations from (1) is found.

This is done by generating different randomization vectors a. Biasse-Fieker do not give details on

how a should be chosen.

Our self-initialization approach sieves 2t distinct ideals generated by (A, θ − Pi) for i from 0 to

2t − 1. As we do not do an LLL reduction we can be fully explicit about the elements being tested
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for smoothness. We test the elements in the sets

Ti = {xA+ yθ − yP : |x| ≤ E, |y| ≤ E}

for smoothness.

In assessing efficiency, we first consider the time required by our method to initialize the pair of

sieving elements [A, θ − Pi] which follow [A, θ − Pi−1] in the iteration of sieving elements. In other

words, to compute Pi given Pi−1. The Biasse-Fieker approach must compute a pair of elements [α, β]

using LLL. This is relatively time-consuming compared to the self-initialization approach which only

requires a small number of multiplications and additions of integers and so is much faster than LLL.

Next, we consider computing sieving polynomials. The method Biasse-Fieker use to compute

the norm form is interpolation (see [Nei02] for details) for each new pair of elements [α, β] The

interpolation approach must be reused for each pair of sieving elements and so becomes expensive as

the number of sieving polynomials grows. Our approach is to compute a general norm form that

can be used for any pair of sieving elements [A, θ − P ]. The degree four sieving polynomial’s five

coefficients are given by multivariable polynomials in equation (4.11). Each of them has low degree

and a small number of terms and so evaluating these polynomials is much faster than computing the

norm form by interpolation.

Finally, in their approach no method of computing the roots of the sieving polynomials is suggested

and so it appears necessary to resort to using a root finding algorithm over a finite field to obtain

the roots. In our approach the roots of the sieving polynomial φi/A are computed from the roots of

φi−1/A which is done with multiplication and addition of integers and so is much faster than using a

root finding algorithm.
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In Chapter 4 we described Algorithm 2, a self-initialization relation generation algorithm. This

algorithm can be applied to quartic number fields, and we focus exclusively on these fields in the

sequel. This chapter presents a complete index-calculus implementation using Algorithm 2 as the

primary method for generating relations. This implementation [Mar24] is composed of 10,000 lines

of our own code as well as leveraging subalgorithms in the libraries PARI/GP, Magma, Flint, and

CADO-NFS. Our implementation is independent of other class group algorithm implementations and

our code incorporates several optimizations like a large prime variation. The standalone design of our

implementation makes it easy to modify and extend. The decision to develop a new implementation

was intended to make benchmarking straightforward and to avoid the constraints inherent in existing

software libraries.

The software libraries we used and hardware we tested on are discussed in Section 5.1. Our

implementation is discussed in Section 5.2. In Section 5.2.5 a pseudocode outline of the implementation

is given. In Section 5.3 we discuss how the parameters of the implementation were chosen.

5.1 Software and Hardware

We use the following software libraries:

• CADO-NFS: v2.3.0 [Tea23a]

• Flint: v2.8.4 [tea23b]

• Magma: v2.27-6 [CBFS23a] [BCP97]

• PARI/GP: v2.11.2 [The20]

• SageMath: v10.0 [The23]

The CADO-NFS project can be seen as having two pieces. First, it contains a collection of programs

which can be run in a standalone manner and together form a pipeline for a complete index-calculus

algorithm. Second, it contains software for executing this entire pipeline on a large number of

machines in a semi-automated way.

We have used the sieving program las from CADO-NFS in our relation generation stage. We

chose this program because it is a very mature implementation and incorporates many optimizations.

Although it began as an implementation of the lattice sieving algorithm in [FK05], over time a lot
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of additional functionality has been added. One advantage of using las for sieving is its support

for large prime variations. Some further details on las are given in [KAF+10, Appendix A]. The

lecture notes of [Tho22] cover CADO-NFS in detail and include information about las not found in

CADO-NFS’s documentation.

Flint is a C library for doing number theory that provides arithmetic in rings including the

integers, rationals, reals, and number fields. We use it for some computations with dense matrices

over the integers and real numbers. Although doing all linear algebra in Magma would be more

optimal, Flint was originally chosen because of features like support for algebraic numbers and ball

arithmetic over the reals. These features could be used in the future.

Magma is a well-supported software package that includes many algorithms for algebra and number

theory amongst other areas. Magma includes a high-level interface to make it easier for users to make

use of its algorithms which are written in low-level code for performance. Unlike the other software

packages we use, Magma is paid software. Its most important algorithms are proprietary and cannot

even be viewed by Magma license holders. We use it for its state-of-the-art linear algebra algorithms

for integer matrices which were already discussed in Section 3.1.5.

PARI/GP is a computer algebra system designed for fast computations in number theory. Like

Magma, PARI/GP includes a high-level interface, GP, to make it easier for users to use its performance

algorithms. We use it for its number field algorithms.

SageMath is a mathematics software system that provides a high-level Python interface to many

existing software packages including Magma, PARI/GP, and Flint. Like [BF12], we use the SageMath

library to interface between the other libraries in order to access their high-performance algorithms.

By doing the computationally expensive parts of the implementation with these subalgorithms, the

overall implementation can be kept fast. Using an interface does mean some overhead but the amount

of overhead is primarily a function of the number of calls that are made to a particular function.

Fortunately, the functions available in these libraries are expressive enough that we only need to call

the most time-consuming ones a small number of times (fewer than ten times) in the most important

cases. The cases where we need to call the same function thousands of times represent less than 1%

of the total running time.

One advantage of using SageMath is that it includes functionality from many different libraries.

Functions in these libraries can be used in a modular manner. We can swap out one implementation

for an alternative one with ease. The large library of available functions enabled us to iterate through
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several approaches to linear algebra (discussed in Section 5.2.4). Using this approach has made it easy

to structure our project in a way that makes it modifiable in the future. Another advantage is the

performance of conversion between data types. For example, the implementation needs to convert a

dense matrix in Flint representation to a matrix in Magma’s sparse representation. Sage’s conversions

between the data types from PARI/GP, Magma and Flint is efficient enough for our purposes.

As SageMath already integrates with Magma, PARI/GP, and Flint and the only code we needed

to add to interact with other software was for las.

All the timings reported in Chapter 6 were done on a server at University of Calgary consisting

of Intel Xeon E7 CPUs with 2.80GHz clock speed and 32 KiB L1 cache.

We also did some testing of the sieving stage on an Apple M1 Pro CPU with 128 KiB L1 cache.

On this system, the time for las was roughly 6 times faster for the same set of parameters. This is

interesting as las is presumably most optimized for x86 processors and not ARM-based processors

like the M1. We expect an x86 machine with similar performance characteristics to the M1 should be

even faster. This illustrates the difference that hardware choices can make. It is also a reminder that

the range of discriminants that are feasible to compute with our implementation could be extended

by splitting the various steps of the index-calculus algorithm so that each step is run on the available

hardware that is best-suited for it.

5.2 Implementation

In this section we discuss our implementation in terms of four phases: initialization, relation generation,

relation processing, and linear algebra. These parallel the four phases discussed in the chapter on

prior work in Section 3.1.

5.2.1 Stage 1 Initialization

We are given a defining polynomial f for a quartic field K and the absolute value of its discriminant

|∆|. We must compute some invariants and properties of it that are used in the rest of the algorithm.

In Section 4.1 we explained why it can be assumed that we have a defining polynomial that is

λ-reduced with λ ≤ 1
6 . So we will assume our defining polynomial f is given in this form.

In Section 3.1.1 we discussed the importance of choosing the smoothness bound B for the efficiency

of the self-initialization implementation. We express B as a function of the best bound on a set of
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prime ideals generating the ideal class group. Recall from Section 2.6 that currently the best bound

on a set of prime ideals generating the ideal class group is the bound of Belabas-Diaz-Friedman and

we denote it by Tmin. How we chose B is discussed in Section 5.3.

At present, B is selected this way:

• compute Tmin with GRHBound(K).

• set B = Tmin for |∆| with fewer than 100 bits, and B = 1.5 · Tmin otherwise.

The choice of B ≥ Tmin is also used by Magma although Magma’s values are usually larger. Magma sets

the smoothness bound to always be at least as large as Tmin but as |∆| grows B is chosen larger than

Tmin. As a representative example of Magma’s B selection we generated a random quartic field with

208 bit discriminant. We found Tmin = 25061 and B = 59605, about 2.4 times larger than Tmin. See

Chapter 6 for tables that include the B used by Magma.

Our approach differs from Jacobson’s strategy in SIQS. As discussed in Section 3.1.8, he finds

that the total running time could be improved by setting B smaller than the best bound at the time,

Bach’s. Two differences between our implementation and Jacobson’s are relevant:

• Tmin is much smaller than the Bach bound,

• the state-of-the-art for linear algebra over Z has advanced.

The first point has been covered earlier. Regarding the second, more efficient algorithms for computing

the HNF and kernel allow for managing a larger B. Consequently, it is unsurprising that the optimal

B would be greater than Tmin.

We now turn to the initialization data that we will need in later stages of the algorithm. The

descriptions in Chapter 2 of these invariants and properties can be referred to for further details.

To compute which rational primes can be used for sieving we require the number field’s index

[OK : Z[θ]]. Our implementation computes the index using PARI/GP’s nfinit function.

An integral basis of OK is needed in order to factor prime ideals and compute valuations. For

degree four number fields, computing an integral basis requires the Round 2 algorithm and the prime

factorization of |∆|. Our implementation computes an integral basis of OK using PARI/GP’s nfinit

function.

The signature of the number field is, of course, necessary and our implementation also obtains

this from nfinit.
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In order to compute the factor base we must compute the prime ideals above p. When p divides

the index this requires an integral basis of OK and is done with a sophisticated algorithm described

in [Coh93, Algorithm 6.2.9] and available in PARI/GP using the idealprimedec function. Our

implementation computes FBK in the following way:

• For each p ≤ B we compute the primes p above p using PARI/GP’s idealprimedec function.

• We then compute N(p) and discard those p so that N(p) ≥ B. The result is stored as FBK .

• PARI/GP represents prime ideals using a Z-basis and in a two-element representation. If p does

not divide the index then the two-element representation is given by Theorem 2.6 (Dedekind-

Kummer). We store a tuple of pairs of Dedekind-Kummer representations (p, g) for primes in

FBZ not dividing the index.

The roots of unity in any number field form a cyclic group 〈ωm〉 of order m where m | 4. Our

implementation calls nfrootsof1 from PARI/GP to compute m,ωm.

Our implementation computes an approximation h̃R̃ to hR.We use the approach to approximating

to hR using Euler products that is described in [Coh93, Algorithm 6.5.6]. We implemented this

approach. The prime ideals involved in the product are implemented in PARI/GP.

After these initial computations are done we need to prepare the data for self-initialization. We

call Algorithm 2 which returns SD, t. SD consists of triples of the data needed for sieving φj/A which

are (Pj ,Λj , φj/A) and t is the number of sieving primes that were used.

5.2.2 Stage 2 Sieving

Sieving is done by executing the las binary from CADO-NFS.

Two important parameters of las are the fb and poly parameters. To construct these parameters

we loop over SD. Recall that its entries consist of a triple with the following components:

• the integer Pj used to define the sieving pair

• [A,Pj ], the roots of the sieving polynomial modulo the rational primes in the factor base Λj

• and the sieving polynomial φj/A

We convert the Λj and φj/A to the format used by CADO-NFS. The parameter fb of las is used to

pass in the converted Λj and the parameter poly of las is used to pass in the converted φj/A.
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The parameters E and B are passed in to the self-initialization implementation by the user. The

parameter lim of las is used to pass in the smoothness bound. We set lim = B. The parameter I of

las is used to control the area that is sieved. We set I= blog2(E)c.

Recall from Section 3.6 that [BF12] made use of special-q to improve the efficiency of relation

generation. las supports special-q sieving and we took advantage of this feature. We believed

special-q would be a less valuable optimization than it is for CADO-NFS because we are already sieving

with multiple polynomials, whereas in Number Field Sieve only one sieving polynomial is selected, to

which special-q adds some of the benefits of sieving multiple polynomials. Nevertheless, we found a

special-q interval of size 50 starting with the smallest prime that factors over FBK benefits the total

running time. Note that this range is much smaller than what was used by Biasse-Fieker [BF12]

which used special-q all the way up to B. The selection of this parameter is discussed in Section 5.3.

The las program supports relation generation with as many as eight large primes. It is well

known (see [BJ10]) that the majority of the benefit of a large prime variation comes from the first

prime with diminishing returns for each additional prime. For this reason we chose to implement a

single large prime variation. As with the small prime smoothness bound, las sets its large prime

bound as a power of two. The exponent is specified by the parameter lpb. In the course of writing our

implementation, we found that setting the large prime bound LB as a function of |∆| worked well. We

use the exponent lpb = b0.1 · log2(|∆|)c thus making the large prime bound LB = b0.1 · log2(|∆|)c+5.

The selection of this parameter is discussed in Section 5.3.

As las is customized to the integer factorization problem, the relations it generates have two

“sides”, an algebraic side and a rational side. We only need to sieve a single side but las requires us

to pass parameters for both sides. We accommodate it by passing the parameters listed above to

both sides. Any element of B-smooth norm found on the first side is also B-smooth on the second

side. Although this is inelegant, we note that this does not imply a doubling of the time required

for sieving as las is optimized to filter the elements examined on the second side so that only the

"survivors" from the first side are examined (see the notes on sieving in [Tho22]). The approach

causes some overhead, but it is much less than a factor of two.

5.2.3 Stage 3 Relation Processing

In this phase the relations are read, large primes are dealt with, and other operations are performed

to make the dimensions of the resulting relation matrix smaller.
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Use of the special-q sieving introduces a large number of duplicates which we now remove. For

the relation file corresponding to each initial ideal the duplicate relations found by lattice sieving are

removed by calling the UNIX commands sort and uniq.

Our implementation then reads relations from the relations files that las outputs.

In Section 3.1.4 we discussed how an implementation using a large prime variation must load a

larger number of partial relations than an implementation without this variation in order for the

algorithm to obtain the same final result. This observation comes from previous work on large prime

variations such as Jacobson-Biasse [BJ10] and [BKV19].

In the course of writing our implementation, we found that our implementation often performed

well when parameters are selected so that roughly kreq = 3|FBK | partial relations are found. At

present, our implementation’s parameters have been selected with the aim of collecting 3|FBK |

partial relations.

Often kreq will be smaller than the number of relations found by sieving the 2t polynomials. In

this case we will use kreq of the relations and keep the additional relations in reserve. If we later find

that more relations are needed then we load 20 more. These relations are selected in the following

manner. We ensure that a similar proportion of relations are loaded for each initial ideal a by

choosing a random subset of size bkreq/2
tc that will be loaded.

In contrast, Jacobson [Jac99b] loads relations polynomial-by-polynomial. We chose this approach

based on [BF12]’s statement that a difficulty with their sieving approach is that it produces sets of

relations with more linear dependencies than other approaches. By loading a roughly equal proportion

of relations for each sieving polynomial we hope to make the loaded relations have slightly fewer

linear dependencies than if we loaded them polynomial-by-polynomial. We note that since we did

not implement the alternative approach there is no easy way to demonstrate that a smaller number

of linear dependencies is achieved.

We then zero-initialize (initialize all entries with the value 0) the Flint matrices M and Mlog

where M is a dense integer matrix, Mlog is a dense matrix with real numbers implemented using

the arbitrary precision real number library mpfr. Both have kreq rows and they have |FBK | and

r1 + r2 − 1 columns respectively. For large primes we zero-initialize lp, which identifies the rational

primes dividing the norm of a partial relation, and Lp which holds the valuations at the prime ideals

above p. These four objects specify our partial relations.
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Element Arithmetic

Next we loop over the sieving data SD which is a tuple of triples Pj ,Λj , φj/A. Thus we have the

pair [A, θ − P ] of ideal elements that were used to define the sieving polynomial φj/A and the file of

stored relations for this polynomial.

The lines in the relations files consist of a pair of integers x, y and the norm N(xA+ yθ − yP ).

We need to change these lines into relations that can be inserted into the matrices M and Mlog. To

do this we loop over the lines in the files. We let:

• i be the index of the relation we are processing,

• τ = xiA+ yiθ − yiPj be the element of the current relation,

Each new element is added to a set PE. The set PE is represented as a Python set of PARI/GP

number field elements. A set is used because PE is only used to check what elements have been

encountered. The set type is used because the underlying data structure is a hash table and thus set

membership has expected time complexity O(1). Consequently, this check is fast.

Futher Deduplication

Our previous deduplication eliminated relations defined on elements τ and τ ′ which had the same

coordinates with respect to the sieving elements [A, θ − P ].

We now check if we have encountered the current relation before among the whole set of relations.

This means that we check if we have previously encountered an element x′A+ y′θ− y′P that is equal

to τ up to multiplication by a root of unity. In the next deduplication we will also check for pairs of

relations that are multiples of non-torsion units. In practice this is extremely rare so we only do

it once. If we have such an equality the corresponding vectors in the relations lattice are the same.

Consequently, adding this relation would be useless.

From our calculation in the initialization stage, we have the order m of the group of roots of

unity and a generator ωm of this group. We check if τ · ωim ∈ PE for i = 0, . . . ,m− 1. If it is, the

current relation is discarded and we continue.

Identify Large Prime

Next, we determine if a large prime is present. Our implementation checks if there is a rational prime

p in the list of factors of N(τ) such that p is larger than B. If there is one we set lpi = p. We call
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idealPrimeDec to find the degree one prime ideals above p and temporarily stores them in a tuple

P = (pi)
l
i=0 where l is between 1 and 4.

Valuations

Up to this point have only considered τ, an element of B-smooth norm. To determine a partial

relation from it we need to compute the valuation of τ at the prime ideals above the rational primes

dividing N(τ). Recall an element of B-smooth norm is not necessarily FBK-smooth (due to the

existence of prime ideals of degree larger than one) so not every τ will give us a partial relation. In

the course of writing our implementation, we found that most of them will.

In the quadratic case the valuation of an element α at a prime ideal p above a rational prime

p | N(α) can be computed efficiently via the Kronecker symbol of N(α) modulo p (see [Jac99b,

Theorem 2.4]). In the case of a degree four number field, valuations are more complicated. The

state-of-the-art is [Bel04, Algorithm 5.11] which is implemented in PARI/GP as the function valuation.

Our implementation computes νp(τ) for each p in the factor base and for p above the large

primes. If lpi 6= 0 it does the following:

• For each small prime p compute the valuations v = νp(τ) for each p ∈ FBK that is above p,

• If there is a large prime p we compute v = νp(τ) for each prime ideal p ∈ P (recalling that P

is the set of prime ideals above p),

• Check that candidate relations are true relations by checking if
∏

peii = (xA+ yθ− yP ), where

the product runs over the prime ideals found in the previous steps,

• If the candidate relation is not a true relation, continue,

• Otherwise, update row i in M and Lp at the entries corresponding to nonzero values of v,

In the course of writing our implementation, we found that we investigated whether a custom

implementation of the valuation algorithm [Bel04, Algorithm 5.11] would make computing valuations

faster. This involved implementing a version of Algorithm 5.11 using Flint’s algebraic number

class. However, tests suggested the cost of converting the Z-bases of prime ideals into Flint would

probably outweigh the benefit of a faster valuation algorithm so other, more valuable, optimizations

were pursued.
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Combining Partial Relations

The matrices M,Mlog,Lp and the tuple lp are the representation of our partial relations. We now

have found kreq relations.

We now describe how partial relations are combined into full relations. Consider the partial

relations that are divisible by the prime p. From a partial relations

(v1,Log γ1,p), . . . , (va,Log γa,p)

there are
(
a
2

)
= a · (a− 1)/2 possible quotients (γi/γj) for i 6= j each of which factors over FBK and

so gives us a full relation.

In Section 3.1.4 we discussed strategies used for combining partial relations into full relations. The

following strategy is intended to be as simple as possible while still meeting the three requirements

from that section. Among the a partial relations we find the index j of the partial relation so that

vj has the fewest nonzero entries. Then (γi/γj) gives us a full relation for any γi 6= γj . We select

these a− 1 relations as our full relations.

The first requirement is that the set of full relations we construct spans all the full relations that

we could possibly derive. In other words we want full relations that span the a · (a− 1)/2 relations

coming from the quotients γi/γj . Indeed, given an arbitrary γi/γi′ we can write γi/γi′ as

γi
γi′

=
γi
γj

(
γi′

γj

)−1

so the first requirement is satisfied.

Example 5.1. As one example, with a set of two partial relations corresponding to field elements

γ1, γ2 we have 2 − 1 =
(

2
1

)
, and we have a single full relation corresponding to the element γ1/γ2.

As another example, a set of three partial relations corresponding to elements γ1, γ2, γ3 yields three

possible full relations corresponding to the elements γ1/γ2, γ2/γ3, γ3/γ1. Each of these quotients

corresponds to a difference of two partial relations, and we see that subtracting the first relation from

the second relation gives the third relation.

The second requirement is that a minimal number of linear dependencies are introduced into the

full relations. As [Cav02, Section 3.3.2] indicates, any subset of a− 1 out of the total a · (a− 1)/2

are linearly independent as abstract vectors. Thus our strategy does not introduce any avoidable
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linear dependencies into the full relations.

The final requirement is that the increase in density and increase in the size of coefficients of the

relations matrix is minimized. Our approach is certainly not as good as Biasse-Jacobson’s [BJ10]

approach which is currently the state-of-the-art technique in the context of computing class groups.

However, as the number of partial relations divisible by a given large prime is relatively small

compared to the total number of relations found, their more sophisticated approach would not be

that beneficial.

The corresponding full relation is found by subtracting row j from row i in M and Mlog. After

performing the a− 1 subtractions, the row at index j is the only one still corresponding to a relation

divisible by p and can be discarded.

Our implementation does the following for each p ∈ lp:

• Among the partial relations divisible by p compute the index j of the row in M so that vj has

the smallest weight.

• Iterate over the indices i of rows divisible by p not including i = j and subtract row j from

row i in M,Mlog

• Remove row j from M and Mlog

At the end of this process the large prime data in Lp and lp is no longer needed and is discarded.

We note that combining partial relations is not the only structured Gaussian elimination that

is performed. Further structured Gaussian elimination is done by our linear algebra approach (see

Section 5.2.4). This is analogous to the approach of Jacobson in [Jac99b] where structured Gaussian

elimination was done by an elimination approach of [HM97] in the course of computing the HNF.

Final Deduplication

We now have a set of full relations. Some of these may be duplicates and it is worthwhile to eliminate

them. We do this by fixing a row ri of M and iterating through the rows to find duplicates. For

any two duplicate rows ri and rj of M we know that γi/γj is a unit. It could be either a root of

unit (torsion unit) or a non-torsion unit. In the course of writing our implementation, we found that

we never encountered a non-torsion unit but if we did such a unit could be stored and used later

when we attempt to compute the unit group. For this reason our implementation checks for it before
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eliminating one of the rows. This is done by testing if γmi = γmj where m is the integer so that 〈ωm〉

is the group of roots of unity. If this holds then γi and γj differ by a root of unity and so the second

relation can be discarded.

Trivial Relations

The implementation iterates over the primes p in FBZ and identifies the ones so that all the prime

ideals p satisfy N(p) < B. Put another way, we are identifying the primes p so that (p) is a B-smooth

ideal (recall that for degree larger than 2 a principal ideal whose norm is B-smooth is not necessarily

a B-smooth ideal because of the existence of prime ideals of degree larger than one). Let
∏

peii be

the factorization of such a prime and e be the tuple of the exponents. Then (e,Log p) is a relation.

We append e to M and Log p to Mlog.

The number of such relations is fairly small but they play an important role in structured Gaussian

elimination because they have low weight and their nonzero entries are in the columns of the matrix

that are most dense.

Additional Relations

The goal of relation generation is to obtain enough full relations so that

h̃R < h̃R̃ < 2 · h̃R.

Recall that h̃ is defined as 0 if the lattice generated by the vectors v in our relations (v,Logα) does

not have full rank. Thus we must find at least |FBK | relations for equation (3.1) to be satisfied. In

practice, more than |FBK | are needed.

As discussed in Section 3.1.7 a standard approach has been to economize on the number of

relations passed to the HNF as much as possible. Recall that in this approach we stop generating full

relations after we have |FBK |+ c of them for a small c > 0. After generating the initial |FBK |+ c

relations we proceed to some approach to linear algebra, and based on this approach, find additional

relations.

We also described that when structured Gaussian elimination is used choosing a number of

relations that is a|FBK | for a real number a > 1 can be helpful. In the course of writing our

implementation, we found that using a|FBK | for a > 1 was also useful for increasing the rank of M.
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A larger rank means that less additional relation generation is needed in order to make M have full

rank. At present, our implementation requires 1.2|FBK | full relations be generated before continuing

to the linear algebra stage. After this number of relations is collected we compute the rank of M. We

do this by computing the linearly dependent columns in M using the Flint function fmpz_mat_rank.

If the rank is smaller than |FBK | we set h̃ = 0. In this case, we need to generate additional relations.

As discussed in Section 3.1.7 sieving relation generation can be used to construct relations that are

targeted to the missing primes. This is a well-known approach described in [Jac99b, Algorithm 4.3],

for example. In Algorithm 4.3 Jacobson seems to indicate he used the same parameters (sieving

radius, smoothness bound, etc.) for his targeted approach as were used for the initial relation

generation. In the course of writing our implementation, we found that using a sieve radius of E for

the targeted sieving often yielded no relations. Our implementation uses a sieving radius of 4 · E as

it was the smallest radius we tested that yields at least one relation. All other parameters are the

same except we do not do a large prime variation for our targeted approach. A large prime variation

is yet another optimization that future work could experiment with.

5.2.4 Stage 4 Linear Algebra

As discussed in the chapter on prior work, Chapter 3.1.5, linear algebra is a critical stage in terms

of the efficiency of the algorithm. In the initial version of our implementation we used Flint’s

algorithms for linear algebra. This made the linear algebra stage the computational bottleneck.

Therefore multiple approaches were implemented before we selected the final approach. We briefly

describe the three approaches we experimented with. Since the goal of these experiments was to

choose a final approach, not to develop finalized versions of multiple approaches, we will not give

timings for the variants that we did not end up selecting.

In testing these ideas we used |∆| of size between 100 and 150 bits. The lengths of the factor

base were between 250 and 1500. The bottleneck of the linear algebra is always the computation

with M as it has |FBK | rows and O(|FBK |) columns.

The first approach we implemented was the well-known approach of computing the elementary

divisors by computing the HNF and computing the regulator using the transformation matrix of

the HNF. This was tried both with Flint’s HNF (fmpz_mat_hnf_transform) and Magma’s HNF

(HermiteForm). Flint’s implementation of the HNF is based on the paper [PS10] which in turn

makes use of (unpublished) work of Allan Steel on Magma’s HNF. Our comparisons showed Magma’s
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HNF is enormously faster than Flint’s.

The second approach we implemented was to obtain the class group by computing the HNF

without the transformation matrix and compute the unit group using Vollmer’s approach. Vollmer’s

approach was mentioned in Section 3.1.5 in the context of computing the regulator of a real quadratic

field. With a small modification, this can be applied to the problem of computing the regulator of

a general number field. This modification is as follows: Given M and a relation (r, logα) we solve

XM = r for X using the Flint function fmpz_mat_solve. We augment M to M =

 M

r

 . Then
we have [ x −1 ] is in the nullspace of the new M. Thus [ x −1 ] ·

 Mlog

Logα

 is a vector in the

log unit lattice. We iteratively construct [ x −1 ] this way and then augment M with them. After

repeating this some number of times we check if we have obtained a basis for the log unit lattice. The

advantage of Vollmer’s method is that computing the HNF without the transformation matrix and

solving the systems of equations is much faster than computing the HNF with the transformation

matrix. This implementation was done using Flint integer matrices. Solving the linear systems that

arise in Vollmer’s approach was also done in Flint.

The third approach we implemented computes the elementary divisors using the Magma sparse

integer matrix function ElementaryDivisors. It computes the unit group by obtaining a basis of

M ’s kernel with the Magma sparse integer matrix function KernelMatrix. According to Magma’s

documentation, the algorithm first performs structured Gaussian elimination using Markowitz

pivoting and then calls Magma’s kernel algorithm for dense matrices. In the course of writing our

implementation, we found that function ElementaryDivisors is very roughly one hundred times

faster than computing elementary divisors using Magma’s HNF. The function KernelMatrix is very

roughly ten times faster than computing the Magma’s HNF along with the transformation matrix.

Our implementation uses the third approach because it is faster than the others were. As a first

step we convert M to a sparse Magma matrix. We then call the functions ElementaryDivisors and

KernelMatrix on this matrix. The switch to Magma’s linear algebra shifted the bottleneck in the

overall algorithm’s running time from linear algebra to relation generation.

We now have a tuple of elementary divisors returned by Magma and a Magma dense integer matrix

holding the kernel. We obtain h̃ as the product of the elementary divisors. To complete computation
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of the regulator, the kernel matrix is converted from a dense integer matrix in Magma to Flint.

To compute the regulator and fundamental unit matrix we followed the standard approach used

in [Coh93, Algorithm 6.5.7]. Our implementation of Algorithm 6.5.7 uses the real logarithmic

embedding rather than Cohen’s complex logarithmic embedding. We use an initial precision of

prec = 29. If the precision is too low then Algorithm 6.5.7 can give results that are not numerically

accurate. In particular, the rgcd function will return a result that is smaller than the true value

and, consequently, h̃R̃ will never fall into the range h̃R < h̃R̃ < 2 · h̃R. If we observe this, we follow

the standard technique of dealing with precision issues by restarting the algorithm with a higher

precision [BF12].

At this point we have a nonzero candidate class number h̃ and a candidate regulator R̃. We

recall that h̃R is the approximation of the product of the class number and regulator that we have

computed. To know our lattice of relations is not a sublattice we need h̃R < h̃R̃ < 2 · h̃R to hold.

At this point it is very likely that one, or even both, of h̃ and R̃ are small multiples of their true

values. Biasse-Fieker [BF12] also observed this behavior in their sieving algorithm which they tested

on number fields of degree up to 6. They also note that

“it frequently even looks like only a factor of 2 is missing in either h or R. To find the last

missing relation can easily take more time than the entire previous run [emphasis added]”

The results for our implementation were consistent with this. This differs from the experience of

Jacobson who found that for his implementation h̃ was often the true value of h. Discussing imaginary

quadratic fields in [Jac99b, Section 5.2.2] he lists the values of h̃/h and notes:

“In only nine out of the ninety-five examples listed in these tables was the index greater

than 1.”

In all these examples the multiple of h was 2.

To find additional relations to obtain the true class number and regulator our implementation

does the following:

• If we have h̃R̃ ≥ 2h̃R we check the number of reserved random relations and load 20 of them.

• Otherwise, we set E = 2E and restart the algorithm from the beginning.

In some cases it is possible to deal with the problem of h̃ and R̃ being small multiples of their true

values without generating additional relations. Biasse-Fieker [BF12] propose two methods they call
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saturating the unit group and saturating the class group. In the course of writing our implementation,

we implemented these approaches and experimented with them for quartic fields with |∆| of 100

to 200 bits. In these experiments saturating the unit group was fairly successful in extending the

lattice when R was a very small multiple of the true value, no more than 10, say. In the case when

the multiple is 2 it was frequently successful. As the multiple is frequently no more than 10 this

was promising. On the other hand, saturating the class group was rarely successful. Separately, a

challenge with both approaches is that there is not a cost-effective way to know in advance if they will

succeed. Nor is it possible to predict from the number of relations in M how large h̃/h and R̃/R will

be. Of course this is not to suggest the saturation techniques are not beneficial, but it is evidence of

the difficulty of implementing them in a way that is efficient. Due to this difficulty, and the additional

complexity that would be introduced into our algorithm by using them, our implementation does not

use either approach.

5.2.5 Pseudocode

Algorithm 3 gives pseudocode for the algorithm implementation we have described in the previous

sections.
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Algorithm 3 QuarticClassGroup
Input:

f : defining polynomial that is λ-reduced for K with λ ≤ 1
6

|∆| : absolute value of K’s discriminant

E : sieve radius

t : the number of primes to sieve

Output:

h : the class number

R : the regulator

1: Compute Z-basis of OK, FBK, h̃R̃, kreq as described in Section 5.2.1

2: Generate relations using Algorithm 2 as described in Section 5.2.2

3: Load and process the relations as described in Section 5.2.3

4: if h̃ = 0 or h̃R̃ does not satisfy h̃R < h̃R̃ < 2 · h̃R then

5: Obtain more random relations as described in Section 5.2.3

6: Recompute h̃ and R̃ by the methods in Section 5.2.4

7: end if

8: return h, R

5.2.6 Implementation Correctness

The testing we did to validate this implementation gives correct results has two parts. First, using

Magma we computed the class group structure and regulator of a number of fields with discriminants

between 100 and 200 bits. Further details on how these fields were constructed can be found in

Section 5.3.2. Then after running our self-initialization implementation on a number field we checked

our class group structure and regulator against the values from Magma.

Second, we added assert statements to validate the program’s data in the course of execution. For

example, after each important step in the linear algebra stage we expect that FBv
K is a principal ideal

generated by γ for every relation (v, γ). We use assert statements to verify this for every relation.

These assert statements are enabled for a testing build of the implementation which we run regularly.

Of course, the production build, the build we use when collecting data on the implementation’s

performance, disables these assert statements so there is no performance overhead. The benefit of

using assert statements rather than unit tests for ensuring correctness is that assert statements are
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better adapted to code that is changed frequently. Assert statements work on “live” data and so

when the code changes only the assert statement itself must be changed. In contrast, unit tests feed

test data to a function in order to put the program into the particular state needed for the test. Thus

changes to the code very often require changes to the test data. The time spent on updating unit

tests can become very large when there are many tests.

5.3 Parameter Tuning

5.3.1 Methodology

Our goal is to take a positive integer k and return f that defines a quartic field K so that |∆| ≈ 2k.

As the purpose of these polynomials is for comparing the performance of our implementation for

arbitrary number fields we try to ensure that the polynomials are not biased in favor of a particular

approach to relation generation.

One way to construct such polynomials is to generate integral polynomials f =
∑4
i=0 ciX

i so

that the ith coefficient ci is chosen from (−A,A) for some bound A. To obtain |∆| ≈ 2k we can take

A = 2k/(2·(d−1)) = 2
k
6 with d = 4. In most cases this polynomial is irreducible over the rationals and

therefore defines a quartic number field. It can happen that f does not define a degree 4 number

field, however, this becomes unlikely as A grows larger. For A larger than say 220 it happens rarely.

This construction is used because it allows us to construct defining polynomials that generate a

number field of the discriminant size we want. For many applications we will not have a polynomial

of bounded coefficients but will instead have polynomials that have been reduced by polredabs or a

similar reduction algorithm. For example, the canonical defining polynomials used by the LMFDB are

computed using polredabs. To obtain polynomials of this form we apply polredabs to f . Like the

polredabs polynomials we tested from the LMFDB, these polynomials are all λ-reduced with λ ≤ 1
6 .

5.3.2 Parameter Selection

In this section we explain how parameters such as B were selected. Parameter selection was done so

that the user does not need to set these parameters manually.

Selection of tuning parameters for any algorithm can be viewed as a search over a multidimensional

space. We have observed two challenges to tuning self-initialization implementation: First, there
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is a high degree of interdependence between the parameters. Changing the value of one parameter

means that all the other parameters must be updated. Second, the variance of the optimal parameter

choices between number fields is large. As an arbitrary example of the variance in the optimal size of

a single parameter we can consider the size of interval used for the special-q approach, for two of

our test number fields of the same size |∆|, we have observed cases for which the best choice for the

size of the interval of special-q, with all other parameters held constant, differs by a factor of 100.

Like Jacobson [Jac99b] our parameter selection is informed by our experience running the algorithm

thousands of times as it was created.

This benchmarking was done on quartic fields of discriminant size between 81 and 193 bits. Runs

that were expected to take more than five minutes were monitored manually by examining the

implementation’s logs during execution so that the total running time relative to the best previous

run could be estimated (in an ad-hoc manner). If this predicted performance seemed much worse

than the previous best run then the run was considered unsuccessful and was discarded. Successful

runs had a total running time ranging from seconds to more than one day.

Once development of the implementation was completed, final selection for each parameter was

made based on simple criteria described below.

A great deal of research time was invested into refining our implementation with the different

optimizations we have discussed above. This limited the time available for tuning parameters.

Another difficulty is that the server our implementation was tested on is shared by many users so we

cannot overutilize the system by doing more than a few runs at a time.

These parameters are the best we could find in the available time. Like the tuning parameters

for any algorithm, the total running times that are found when using them is dependent on: the

hardware that we tested on, the compiler version used to compile the software libraries we used, and

the versions of the software libraries that were used.

As the optimal parameters vary greatly even for fields with the same size |∆| the default parameters

can be customized by the user. When optimizing the default parameters we narrowed down the

space of all possible inputs to focus on what we believe are the most important cases. The default

parameters are tuned for discriminants of 100 bits or more, although the implementation is applicable

to smaller discriminants with reduced efficiency. We chose this focus because, as discriminant size

increases beyond this threshold, our self-initialization approach becomes more effective. We recall

the following facts from Section 3.4.2 and Section 3.6 respectively: First, in quadratic fields Magma
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switches from enumeration-based relation generation to their SIQS implementation at a 67-bit

(20 digit) discriminant size. Second, Biasse-Fieker in [BF12] give data showing that their sieving

approach becomes less effective as the degree of the number field is increased. These facts support our

hypothesis that for quartic fields, a self-initialization approach in degree four could not be beneficial

for discriminants under 100 bits.

First, we consider the choice of smoothness bound B. The relationship between the total time

of the algorithm and the size of B was discussed in Section 3.1.1. Recall that B is one of the most

important parameters to optimize because it has a large impact on the time for relation generation

and the time for linear algebra.

Recall from Section 2.6 that Belabas-Diaz-Friedman show in [BDyDF08] if T is an integer

satisfying the inequality (2.7) then the class group of K is generated by prime ideals of K having

norm strictly smaller than T, under GRH. We let Tmin be the smallest T satisfying this inequality.

Authors such as Jacobson [Jac99b] and Cohen [Coh93] express the choice of B as a function of the

best available bound for a minimal B under GRH which for them was the Bach bound and for us

is Tmin. We can compute Tmin in Magma using the function GRHBound. Although it is theoretically

possible that Tmin can be larger than the Bach bound 12(log(|∆|))2, we found Tmin was much smaller

than 12(log(|∆|))2 for all the number fields we tested. Our observations are in line with a rule of

thumb mentioned by Belabas-Diaz-Friedman that Tmin is often more than 20 times smaller than the

Bach bound (based on sizes of |∆| where index-calculus is the algorithm of choice for computing

class groups). Thus Tmin is the state-of-the-art choice for the minimum B we can choose in order to

show that the entire class group is generated.

Let cB be the constant so that B = cB · Tmin. The number fields we tested are given in Table 5.1.

We selected three number fields with k = 16 · i for i from 6 to 10 in the construction in Section 5.3

The first column of number fields has unit rank r = 1, the second column of number fields has unit

rank r = 2, the third column of number fields has unit rank r = 3. We varied r as a precaution

designed to ensure that the self-initialization implementation performs well for all three possible unit

ranks. We later learned that r has little correlation with the total running time. Tuning B without

the rank restriction should therefore give similar results to what we suggest here. The field labels are

d followed by the size of the discriminant in bits.

We ran our implementation for three values of cB for each of the number fields in a row of

Table 5.1. The final cB was selected as the value was optimal for the majority of the three number
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fields in the row. To select cB we started with the number fields of smallest discriminant, those in

the first row, we ran the algorithm for cB in [0.5, 1, 1.5] which we selected based on computational

experience with the implementation.

r = 1

Fields
r = 1

Tmin

r = 2

Fields
r = 2

Tmin

r = 3

Fields
r = 3

Tmin

i Chosen
cB

d98 2771 d96 2654 d101 1877 6 1
d114 6221 d113 4929 d106 3234 7 1
d134 9438 d128 7856 d126 7578 8 1
d144 10917 d140 6587 d142 9621 9 1
d161 13656 d159 12213 d151 9847 10 1.5

Table 5.1: Selection of Smooth Bound

We found that for |∆| of size close to 100 bits cB = 1 but as |∆| increased towards 150 bits

we found that the optimal cB switched from 1 to 1.5. We therefore switched to choosing cB from

[1, 1.5, 2] for the fifth row of number fields. For these number fields the best cB was 1.5.

For example, the smallest total running time for d161 was found with cB = 1.5 taking just over

11 minutes. The cB = 1.5 time was about 18.5 times faster than the time for cB = 1 (which took

about 3.4 hours) and about 4.6 times faster than the time for cB = 2 (which took about 51 minutes).

We turn to the selection of the number of rational sieving primes t. These are the primes chosen

from {p ∈ FBZ : p - [OK : Z[θ]], p(0)p(1) | (p), p(0) 6= p(1)} which we then use in the construction

of the 2t initial ideals for sieving. We let

As =

s∏
i=1

pi

where the product is over the rational sieving primes, ordered by their size. The smallest integer s′

satisfying the inequality

As′ >
1

6
||f ||

is the largest feasible choice of t that allows us to choose t rational sieving primes with their product

close to 1
6 ||f ||. As we are working with a general case defining polynomial, the right hand side of this

inequality is approximately 24

6 |∆|
1
6 . In our computations we have found that a larger t is beneficial

for the efficiency of our self-initialization implementation. Unfortunately for our self-initialization

approach, the growth of s′ as a function of |∆| is somewhat slow. For this reason, we always set t
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equal to s′.

We now turn to some parameters that are less important for the total running time. For the

special-q approach we let cq be the size of the interval of special-q. For selecting cq we considered

[25, 50, 75] which we selected based on computational experience with the implementation. Let cq be

the size of the interval of special-q primes used. We selected a value by running the implementation

on d161 for these different q values. The best total running time was for cq = 50. This was 7.1%

faster than cq = 25 and 5.1% faster than cq = 75.

For LB, the smoothness bound for the large prime, we tried log2 LB = b0.1 · log2(|∆|)c+ c for

c in [3, 5, 7] which we selected based on computational experience with the implementation. We

selected a value by running the implementation on d1611 for these different q values. The best total

running time was for c = 5. This was 20.6% faster than c = 3 and 35.0% faster than c = 7.
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Chapter 6

Computations
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To show the efficiency of our self-initialization approach, we give computational results on the

self-initialization implementation (Algorithm 3) and also make comparisons of our implementation

with Magma’s implementation (Algorithm 4) as it is the current state-of-the-art. In Section 4.2 we

categorized λ into two cases, special and general. The general case is defined as λ approximately

equal to 1
6 , while the special case corresponds to λ signficantly less than 1

6 . The computational results

in this chapter are accordingly divided into these two scenarios.

The general case is addressed in Section 6.1.2 and Section 6.1.3. Our main priority is to show that

our approach to relation generation is effective. In Section 6.1.2 we consider relation generation using

the metric of time per relation as a way to measure the quality of a relation generation approach.

This is defined in terms of the set of “useful” relations, the ones included in the relations matrix M to

make it full rank. Its significance is that it quantifies the speed that useful relations are generated.

Jacobson [Jac99b] found the time per relation for his self-initialization approach was significantly

smaller than the time per relation for all prior approaches. Thus, our main hypothesis was that our

self-initialization method would have a smaller time per relation than prior work. The validation

of this hypothesis is an important step toward the potential future integration of self-initialization

into index-calculus algorithms. Our self-initialization relation generation has better time per relation

than Magma and the difference grows larger as |∆| increases. This finding suggests that, with further

optimization efforts, our approach could outperform Magma in terms of efficiency.

The quadratic sieving literature, for example [Sil87], gives a strong indication that the strategy

used for sieving with multiple polynomials significantly impacts performance. Thus, it would be

interesting to know how the analogue of MPQS described in Section 4.3 compares to other approaches

in the literature using multiple sieving polynomials. We believe our MPQS approach will produce

ideals of smaller norm than the approaches in the literature that require finding elements of small

height described in Section 3.5.2. Unfortunately, there are no implementations of these approaches

that are available to benchmark against.

Another aspect of relation generation time is the time to initialize the sieving data. By comparing

the time spent on initializing the sieving for our self-initialization approach to the time spent

on initializing the sieving for our MPQS analogue we show that self-initialization is a beneficial

optimization for our approach.

In Section 6.1.3 we give results on the total running time of our approach. The performance of

our self-initialization implementation is comparable to Magma’s highly-optimized implementation.
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For the special case, addressed in Section 6.2, we employ two families of defining polynomials to

demonstrate the impact of λ. Defining polynomials of pure number fields are used for this purpose

because they allow us to precisely control the value of λ. Comparing two families of number fields

with the same structure allows us to isolate the effect of λ on the algorithm’s total runtime. The

families we consider have values of λ equal to 1
12 and 1

8 , respectively. The results we give show that

our self-initialization implementation significantly outperforms Magma’s when λ = 1
12 for discriminants

with more than 150 bits. For λ = 1
8 our approach was predicted to be less efficient because of

the larger size of the norms N(b) that are generated, and this is indeed what we observe. Our

performance is still better than Magma for sufficiently large discriminants.

The hardware for the computations in this chapter is the same as we used in Section 5.1.

For the purposes of our computations we determined the Magma program that is most similar to

ours. This program, given in Appendix A, takes a defining polynomial as input and returns the class

group and unit group.

In order to time our self-initialization implementation and Magma’s implementation we use CPU

time. As we do not consider other measurements of time, we refer to “CPU time” simply as “time” in

the sequel. Units of time such as seconds always refer to CPU time.

6.1 General Case

We now turn to the case of computing the class group of an arbitrary number field. If we are provided

with a defining polynomial of λ larger than 1
6 we can obtain a λ = 1

6 defining polynomial using

polredabs. Thus we can represent an arbitrary number field using a λ-reduced defining polynomial.

As discussed in this chapter’s introduction, in Section 6.1.2 we consider the relation generation

stage. The metric we use to demonstrate the efficiency of our self-initialization relation generation is

time per relation which we define in Section 6.1.2. In Section 6.1.3 we give timings of our complete

self-initialization-based implementation and compare it to Magma’s performance.

6.1.1 Methodology

We use the construction from Section 5.3 for the defining polynomials that are used for the computa-

tions in both Section 6.1.2 and Section 6.1.3. Recall that this construction starts by constructing a

defining polynomial with discriminant size close a target we set and then applies polredabs to this
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polynomial.

In this section we start timings at discriminants of roughly 80 bits. This is the minimum number

of bits for which we think an self-initialization approach could possibly be useful.

We note that these polynomials all happened to have the Galois group of their splitting fields

equal to S4.

6.1.2 Results - Relation Generation

In order to demonstrate the efficiency of our approach to relation generation we use time per relation:

Time per relation =
Time to generate relations so M has full rank

Number of relations in M

recalling that M is the integer relations matrix. The time in the numerator is the sum of the time to

generate the initial relations using self-initialization (recall that these must generate a matrix whose

rank is 97% of |FBK |) and the time to generate additional relations to reach full rank. The relations

that we add to M are used because not every relation is useful for making progress towards getting a

set of relations that spans Λ, for example, duplicate relations do not help at all. A set of relations

that give an M of full rank are certainly useful. The reasons we consider time per relation are: first,

that the speed of generating useful relations is crucial to the success of a relation generation approach.

Second, we need a metric that can be easily computed for Magma’s implementation as well as our

own and this is possible for time per relation using information in Magma’s logs.

Another goal of our investigation of the general case is to determine how time per relation is

affected by the height of the sieving polynomials and the unit rank of the number field.

Time Per Relation

As we have mentioned, a similar metric to our time per relation is considered byJacobson [Jac99b]

for quadratic fields. He shows SIQS has a smaller time per relation than alternative approaches.

The time per relation for real quadratic fields is given in [Jac99b, Tables 5.5-5.6] and for imaginary

quadratic fields in [Jac99b, Tables 5.21-5.22].

Our main hypothesis was that our self-initialization method would have a smaller time per

relation than prior work. The validation of this hypothesis is an important step toward the potential

future integration of self-initialization into index-calculus algorithms. We give timings of the time
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per relation of our complete self-initialization implementation and compare it to Magma’s time per

relation. Our results show that our time per relation is often more than 4 times smaller than Magma’s.

Furthermore, the ratio of Magma’s time per relation over our time per relation increases as |∆|

increases. Both these findings validate our hypothesis. By this measure, our self-initialization relation

generation surpasses that of Magma. This finding strongly suggests that, with further optimization

efforts, our approach could outperform Magma in terms of efficiency.

We felt a comparison of time per relation would be more useful if the same smoothness bound

was used for both algorithms. Since we cannot change the B used by Magma, we made our approach

use the same B as Magma rather than the B discussed in Section 5.3. In this section we are trying to

make the best case for the use of self-initialization relation generation. For this reason the parameters,

such as the sieve radius, were chosen experimentally to minimize the relation generation time.

Both the numerator and the denominator of the time per relation have substantial fluctuations

even between number fields of the same size of |∆|. Consequently, we expect time per relation to

fluctuate a great deal. To reduce the variance we averaged timings from several number fields. As

we have mentioned, we start our timings at number fields with a discriminant size of 80 bits. For k

starting at k = 5 to k = 12 we constructed 4 defining polynomials with target discriminant size 16 · k.

Timings are averaged for four number fields with discriminant in the interval (16k − 8, 16k + 8). In

addition we ensure that for each k there was at least one number field with each of the possible unit

ranks: 1, 2, or 3.

Table 6.1 gives the time per relation for our self-initialization implementation. In the table, and

throughout this chapter, SI refers to our self-initialization implementation. We define G as the set

of self-initialization sieving polynomials. We use L to mean the tuple of logs of the heights of the

sieving polynomials. That is,

L = (log2H(g))g∈G.

The meaning of the column header names is as follows:

• “Range of |∆|” means the parameter k defined above.

• “Time per reln (ms)” is the time per relation.

• “Time (s)” is the relation generation time.

• “Min L” and “Mean L” are statistics about L.
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• “|FBK |” is the number of primes in the factor base.

Range of |∆| Time per reln

(ms)

Time (s) Min L Mean L |FBK |

80 1.0 0.4 34.9 36.8 266.8

96 1.3 1.0 40.5 46.1 432.3

112 1.5 2.1 47.3 52.4 710.3

128 4.8 7.8 59.4 62.8 1032.0

144 5.3 12.5 63.7 69.6 1490.8

160 18.9 79.3 76.1 79.4 2235.5

176 28.3 148.5 81.9 89.1 3264.7

192 47.6 298.6 92.9 97.1 4590.0

Table 6.1: SI Time Per Relation

Figure 6.1 shows both the SI and Magma time per relation. The data is for the same number fields

as in Table 6.1. “TPR” is an abbreviation for time per relation.

We observe that as Range of |∆| increases “Magma Time per relation” tends to increase at a faster

rate than the “SI Time per relation” across the full range of |∆|. Overall the trend of the time per

relation is clear: Magma’s is growing much faster than ours. Furthermore, the ratio of Magma’s time

per relation over our time per relation increases as |∆| increases. Both these findings validate our

hypothesis. According to this metric our self-initialization relation generation is better than Magma’s.

Effect of Minimum Height and Mean Height on Time Per Relation

Regarding the height of the sieving polynomials, our self-initialization approach produces a number

of quartic sieving polynomials g. We recall from Section 2.7 that the height of a sieving polynomial

g(X,Y ) is related to the size of g(x, y) in the region x ∈ [−E,E] and y ∈ [−E,E]. Indeed we have

the upper bound |g(x, y)| ≤ (d+ 1)H(g)Ed. Recall that Theorem 4.2 bounds max g(x, y)x,y∈[−E,E]

by roughly |∆|3λEd. It follows that the size of H(g) should be close to |∆|3λ. Thus, data on H(g)

can be used to corroborate Theorem 4.2.

In the case λ = 1
6 our algorithm is supposed to produce sieving polynomials that have height of

roughly
√
|∆|. In other words, the mean log height of g should be close to 1

2 log2(|∆|). The column
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Range of |∆| SI TPR Magma TPR (Magma TPR)/(SI TPR)
80 1.0 0.8 0.8
96 1.3 1.1 0.9
112 1.5 5.3 3.5
128 4.8 15.1 3.1
144 5.3 20.6 3.9
162 18.9 69.4 3.7
178 28.3 127.1 4.5
194 47.6 228.6 4.8
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Figure 6.1: Time Per Relation

in Table 6.1 giving the mean log of the height of the sieving polynomials shows that this is indeed

the case.

Figure 6.2 is derived from Table 6.1. Recalling that L is the set of logarithmic heights of the

sieving polynomials, this figure shows the relationship between “Mean L”, “Min L”, and “Time per

reln (ms)”.

Figure 6.2 shows the relationship between these quantities. This figure shows that on average the

time per relation increases monotonically with both the mean logarithmic height and the minimum

logarithmic height.
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Figure 6.2: Min and Mean Log Height vs. TPR

Effect of Unit Rank on Time Per Relation

In order to assess the effect of the unit rank on the time per relation we split the number fields from

Table 6.1 by unit rank. We had no prior belief that the unit group should have a relationship with

the time per relation but only consider this because the unit rank is an important invariant of the

number field.
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Figure 6.3: Unit Rank vs TPR
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Figure 6.3 shows the resulting time per relation for these three possible unit ranks. The graph

on the left shows the results for our self-initialization approach. It can be seen that the unit rank

of the number field has a negligible impact on the time per relation. This result is in line with

what Jacobson found in the quadratic case in [Jac99b]. In [Jac99b] Table 5.4 and Table 5.19 have a

column for the number of elements tested for smoothness. The unit rank has a small impact on the

number of elements tested for smoothness for small discriminants but the difference fades away as

the size of the discriminant grows. Tables 5.40 and Table 5.41 in [Jac99b] give the running time

for the relation generation stage. For large discriminants the unit rank of the number field has no

discernible impact on these times.

In Figure 6.3 the graph on the right shows the time per relation for Magma as a function of the

unit rank. This shows the unit rank also has no impact on Magma’s time per relation.

Time to Initialize the Sieving Data

In the quadratic case, the use of multiple polynomials within relation generation is an important

speedup over sieving a single polynomial. Additionally, self-initialization further enhances this

performance. Our self-initialization implementation behaves similarly.

We now consider the additional improvement obtained in our self-initialization approach over

the multiple polynomial approach. Unlike [Con97] and [Jac99b], where the motivation for using

self-initialization is the high cost of initializing the sieving data, in our implementation the cost of

initializing sieving polynomials is a small fraction of the time spent on relation generation. The vast

majority of the time is spent on sieving. Thus, we did not expect the performance improvement of

self-initialization to be a large percentage of the total time taken by the algorithm.

To do this we draw the same ideals from SN as are used for self-initialization in Algorithm 2.

We use a more direct, but presumably less efficient, method for computing the 2t sieving elements

[A, θ − P i] and roots of the sieving polynomials modulo the primes in the rational factor base.

In particular, every Pi is calculated using equation (4.10) rather than by using equations (4.17)–

(4.18) and roots of the sieving polynomial are calculated with equation (4.13) rather than with

equations (4.19)–(4.20). We use the abbreviation MP for this approach and as usual SI denotes the

self-initialization approach.

The two approaches only differ in the time to initialize the data for sieving, all other steps of

the algorithm run in the same time. For this reason we compare the times to initialize the data for
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sieving which are given in Table 6.2. The timings are for the same number fields as were used in

Section 6.1.2.

Range of |∆| t B SI Init Time

(s)

MP Init Time

(s)

(MP

Time)/(SI

Time)

80 2 1246 0.19 0.48 2.5

96 3 2434 0.36 1.07 3.0

112 3 4999 0.66 2.16 3.3

128 4 8291 1.43 5.15 3.6

144 4 11475 1.92 9.82 5.1

160 5 20798 3.24 23.73 7.3

176 5 25525 4.05 36.24 8.9

192 6 31708 5.62 55.28 9.8

Table 6.2: SI vs MP Sieving Data Init Time

The results in Table 6.2 show that self-initialization is beneficial. The performance of both

approaches is impacted by B, which determines the number of primes in the rational factor base,

and the parameter t.

6.1.3 Results - Total Time

We now turn to considering the running time of the entire algorithm. Table 6.3 gives the parameters

used in timing the entire algorithm. These parameters were found by tuning the parameters which

we have discussed in Section 5.3.
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Range of
|∆|

B/Tmin Tmin log2 LB t cq E

80 1 1246.3 13 2 50 512.0
96 1 2434.0 14 3 50 853.3
112 1 4998.7 16 3 50 1194.7
128 1 8718.0 17 4 50 7168.0
144 1 11474.7 19 4 50 3072.0
160 1.5 13470.3 21 5 50 10922.7
176 1.5 16469.0 22 5 50 32768.0
192 1.5 19062.3 24 6 50 43690.7

Table 6.3: SI Parameters

Table 6.4 gives the time for the three most time-consuming stages of the algorithm: self-

initialization relation generation (RG), additional relation generation (AR), and linear algebra

(LA). For k starting at k = 5 to k = 12 we used three of defining polynomials with target discriminant

size 16 · k mentioned in Section 6.1. Timings are averaged for number fields with discriminant in the

interval (16k − 8, 16k + 8).

Range of |∆| RG time (s) AR Time (s) LA Time (s) Total Time
80 1.3 0.7 3.4 5.4
96 2.2 7.4 6.5 16.0
112 9.1 11.2 17.9 38.2
128 69.2 22.4 35.8 127.4
144 100.6 26.4 44.4 171.4
160 602.2 56.8 118.1 777.0
176 3133.0 320.3 230.0 3683.4
192 10968.8 1482.3 415.9 12867.1

Table 6.4: SI Total Time

In Table 6.4 the time for the relation generation and additional relation generation steps is large

compared to the time for linear algebra. Comparing the results in this table to Jacobson’s results

in the quadratic case, a higher percentage of time is spent on relation generation than either the

imaginary or real quadratic cases (see Table 5.13 for the imaginary case and Table 5.35-5.36 for the

real case). Note that although the times in the table are given in seconds, their equivalent in hours

for the larger |∆| are shown in Figure 6.5.

We now give timings for Magma. Table 6.5 lists parameters used by Magma’s implementation as

well as the total running time of the time-consuming stages: relation generation and linear algebra.
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Range of |∆| B log2 LB RG time (s) LA time (s) Total Time
(s)

80 1246.3 13.5 0.2 0.6 0.8
96 2475.0 16.6 0.5 1.1 1.6
112 4998.7 18.3 2.2 2.0 4.3
128 8406.7 19.0 11.0 4.7 15.7
144 11474.7 19.5 21.7 7.3 29.0
160 18131.7 20.1 71.9 23.2 95.2
176 26925.7 21.7 224.5 84.2 308.6
192 37558.7 22.2 700.5 473.6 1174.1
208 56426.0 22.8 3170.4 2398.2 5568.6
224 79825.3 23.3 11790.3 9018.3 20808.6
240 112490.0 23.8 25905.2 28493.8 54399.1

Table 6.5: Magma Total Time and Parameters

Figure 6.4 compares the total time of Magma’s implementation and the self-initialization im-

plementation. The table lists the total times for Magma’s implementation and the total time for

self-initialization implementation. We show the total running times that took under 4 hours.

Our initial hypothesis was that our approach would be capable of generating relations that will

give us the class group within an amount of time not greatly exceeding Magma’s highly-optimized

implementation. The timings in Table 6.5 and Figure 6.5 validate this hypothesis.

As Magma’s implementation, which we discussed in Section 3.4.2, includes optimizations our

self-initialization approach does not have and Magma’s implementation has been refined over many

years, it is unsurprising that it is faster than our self-initialization approach. With further work on

the rest of our implementation, including adding all the optimizations included in Magma, we have

reason to expect that our new relation generation with superior time per relation will lead to faster

overall performance as well.

115



Range of |∆| SI Total Time Magma Total Time Magma/SI
80 5.4 0.8 0.15
96 16.0 1.6 0.10
112 38.2 4.3 0.11
128 127.4 15.7 0.12
144 171.4 29.0 0.17
160 777.0 95.2 0.12
176 3683.4 308.6 0.08
192 12867.1 1174.1 0.09
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Figure 6.4: SI Parameters

6.2 Special Case

In this section we use pure fields to illustrate how the efficiency of the self-initialization implementation

depends on λ. Recall that a field is pure if it can be represented by a defining polynomial of the form

f = X4 −D for an integer D. A subset of these number fields K are those defined by f = X4 − ab2

where a is squarefree. Recall from Section 4.1 that we can choose a, b so that λ has any value we like

greater than or equal to λ = 1
12 .
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6.2.1 Methodology

We use the defining polynomial f = X4 − ab2 where b = a` for two different values of `. First, in

Section 6.2.2 we consider the family of defining polynomials with ` = 0 for number fields of different

|∆| sizes. Our results show that we can do significantly better than the algorithm used by Magma in

this case.

Given a real number `, a target number of bits k, and a real number λ between 1
12 and 1

6 we want

to choose a, b so that |∆| has roughly k bits and ||f || is roughly |∆|λ. In Section 4.1 we discussed the

discriminant of K (equation (4.3)) and also determined that

||f || ≤ 25|∆|
1+2`

4(3+2`) .

Our approach is to choose a random a ∈ Z>0 that is close to 2
k

(1+2`) and a random b ∈ Z>0 to be

close to a`. We test the polynomial for irreducibility and stop when the first irreducible polynomial

is found. In practice, we get an irreducible polynomial after only a few attempts.

As an aside we mention a property of polredabs when applied to polynomials of this form. We

found polredabs(X4 − ab2) = X4 − ab2 for all defining polynomials used for computations in this

section. This behavior is certainly not true of reduced polynomials in general, it is specific to these

defining polynomials and to small values of λ. We note that λ = 1
8 is the largest λ considered in this

section.

As discussed in Section 5.3 we chose to tune the parameters of the self-initialization implementation

for the general case. However, we have observed that the best B depends on λ as well as |∆| and

so timings for the special case using this B would not be an accurate representation of what is

possible with our self-initialization approach. For this reason we have used a somewhat smaller B for

computations in the special case than the B selected for the general case in Section 5.3.

Recall that the Magma algorithm we compare against is given in Appendix A. Some information

can be obtained from the logs including the smoothness bound and the total time of Magma’s

implementation which we reference in this section.

6.2.2 Results for λ = 1
12

The first family we consider is when ` = 0 and so the defining polynomial is f = X4 − a where a is

squarefree. In this case we choose a higher range of |∆| than we chose for the general case because
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there is a crossover point where our algorithm becomes more efficient than Magma’s. We aim to begin

the range slightly below this crossover point. The data in this section are presented as averages of

three number fields.

Table 6.6 gives the value of B used by each of the three algorithms.

• “Tmin” is the Belabas-Diaz-Friedman smoothness bound discussed in Section 2.6.

• “SI B/Tmin” gives the multiple of Tmin that we used in the timing results discussed later in this

section.

• “Magma B/Tmin” gives the multiple of Tmin used by Magma.

For the self-initialization implementation we found it effective to set B = Tmin for all cases we tested

for ` = 0.

Range of |∆| Magma B/Tmin SI B/Tmin Tmin

144 1.8 1 7477
176 2.1 1 13685
208 2.6 1 29831
240 3.4 1 43496

Table 6.6: λ = 1
12 Smoothness Bound Data

Table 6.7 shows the connection between ||f ||, the heights of the self-initialization sieving polyno-

mials, and the total time. We let G be the set of self-initialization sieving polynomials. We use L to

mean the tuple of the log of the height over the set of sieving polynomials. That is,

L = (log2(H(g)))g∈G.

For this family of defining polynomials we have |∆|3λ ≈ |∆| 14 . The column “(Mean L)/(log2 |∆|)” gives

us the value z so that H(g) ≈ |∆|z for a typical sieving polynomial g. From our previous discussion

of H(g) we expect z ≈ 1
4 . The table confirms this, suggest the value will eventually converge to 1

4 .

We expect that Mean L is correlated with the time for the relation generation phase and hence of

the entire algorithm. The table demonstrates this correlation.
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Range of |∆| log2(|∆|) 3 log2 ||f || Mean L (Mean L)/(log2 |∆|) Time (s)
144 146.5 40.8 41.7 0.29 34.4
176 187.6 49.2 49.8 0.28 60.1
208 218.0 57.0 57.6 0.27 396.5
240 249.5 64.9 65.7 0.26 1415.5

Table 6.7: λ = 1
12 Height and Time Statistics

Table 6.8 gives the time per relation for SI and for Magma. The times are consistently better for

self-initialization than for Magma. Comparing this with general case we see the time per relation is

smaller for the λ = 1
12 case.

Range of |∆| SI TPR Magma TPR (Magma TPR)/(SI
TPR)

144 0.3 3.1 15.4
176 0.6 10.1 15.5
208 0.8 82.4 87.8
240 1.2 154.9 134.4

Table 6.8: λ = 1
12 Time Per Relation

Table 6.5 gives the time for the whole algorithm for pure number fields for self-initialization

and Magma. Due to the choice of discriminant range, Magma is faster for the first row of averaged

discriminants but self-initialization is more efficient for the remaining rows. The final column gives

the ratio of the Magma time over the self-initialization time (larger is better for us). The fact that

this ratio grows to over 40 demonstrates the value of our self-initialization approach.

6.2.3 Results for λ = 1
8

We now turn to our second family. By taking a larger value of ` we get a family of reduced defining

polynomials with a larger λ. The family with ` = 0 illustrates the case where λ = 1
12 is as small as

we know how to make it. We choose this second family to illustrate the intermediate behavior. For

the second case the value of ` was chosen so that λ is the mean of these two extremes. The mean of

1
6 and 1

12 is 1
8 . We see that taking ` = 1

2 gives a defining polynomial with this λ. This gives a second

family of pure fields to compare the first against. As both fields are pure, this comparison isolates

the effect of different λ on total running time.

Data in this section is an average of two number fields. The range of |∆| used is smaller because
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Range of |∆| Magma Time (s) SI Time (s) Magma/SI
144 26.0 34.4 0.8
176 280.0 60.1 4.6
208 7393.8 396.5 18.6
240 61362.2 1415.5 43.4

130 140 150 160 170 180 190 200 210 220 230 240 250 260
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Size of ∆

T
ot
al

T
im

e
(h
r)

λ = 1/12 Magma
λ = 1/12 SI

Figure 6.5: λ = 1
12 Magma vs. SI

of the larger computation time vs. λ = 1
12 .

Table 6.9 gives the value of B in terms of Tmin. Our Tmin is the value computed by Magma but

starting around 100 bits Magma starts using B larger than Tmin. As was the case for ` = 0, the size of

the B used by Magma grows with |∆|. Again the range of |∆| was chosen so that Magma is slightly

faster for the first few discriminants.

We found it was effective to set B = Tmin for the number fields with |∆| with size less than 200

bits. Above 200 bits we used B = 1.25 · Tmin. Comparing with Table 6.6 we see that the size of Tmin

is roughly the same. For Table 6.6 the most effective B was always B = Tmin.
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Range of |∆| Magma B/Tmin SI B/Tmin Tmin

144 1.5 1 8545.5
176 1.8 1 28304.0
208 2.3 1.25 36426.5

Table 6.9: λ = 1
8 Smoothness Bound Data

Table 6.10 shows the connection between ||f ||, the heights of the self-initialization sieving

polynomials, and the total time. In this case we have ||f ||3 ≈ |∆|3λ = |∆| 38 and so we expect z to be

approximately 3 · 1
8 = 0.375. We see this is indeed the case.

Range of |∆| log2(|∆|) 3 log2 ||f || Mean L (Mean L)/(log2 |∆|) Time (s)
144 143 55.5 56.2 0.39 53.9
176 198 75.3 75.8 0.39 890.8
208 229 87.1 86.9 0.39 11546.1

Table 6.10: λ = 1
8 Height and Time Statistics

Table 6.11 compares the time for the whole algorithm for self-initialization and Magma. Each row

gives the time for the full algorithm for Magma and the self-initialization implementation. As we have

mentioned, Magma is faster for the first few discriminants but self-initialization becomes more efficient

as |∆| grows.

As expected, the total running times for the self-initialization implementation are larger for λ = 1
8

than for the λ = 1
12 case. In contrast, the total running times for Magma are worse than for the

general case. This may simply be due to an unlucky choice of number fields in the sample for λ = 1
8 .

The final column gives the ratio of the Magma time over the self-initialization time (larger is better

for us). The trend of these ratios is upward but as expected the rate of increase is slower than in

Table 6.7.

Range of |∆| Magma Time (s) SI Time (s) Magma/SI
144 22.8 53.9 0.4
176 1282.8 890.8 1.5
208 23343.3 10531.1 2.1

Table 6.11: λ = 1
8 Magma vs. SI
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6.2.4 Comparison of Both

Finally, Figure 6.6 shows the total running time for λ = 1
6 and for the λ = 1

12 pure fields from

Section 6.2.
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Figure 6.6: Special and General Total Time

Regarding Magma’s implementation, the figure shows that the times for Magma’s implementation

are slightly worse for λ = 1
12 then for λ = 1

6 . The difference is not very large, suggesting that Magma’s

implementation does not depend on λ.

As we have discussed, self-initialization is not faster than Magma in the general case but the figure

illustrates that we can beat Magma by a large amount for special cases.
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Chapter 7

Conclusion and Future Work

In this thesis a new method of generating relations using self-initialization was developed. Our new

relation generation has better time per relation than the current state-of-the-art, Magma. Furthermore,

the improvement increases as discriminant size increases. Our implementation of the complete

algorithm, including the improved relation generation, is faster than Magma for the special case. In

the general case our performance is comparable to Magma’s. Our results are clear evidence that

with further work to incorporate all the optimizations that exist in Magma we would achieve an

implementation that is faster than Magma’s.

There are a large number of possible directions for future work, both in terms of improving

the new relation generation method and speeding up the linear algebra and other aspects of the

algorithm. Initially, we used Flint’s algorithms for linear algebra which made the linear algebra

stage the computational bottleneck. Later, we switched to Magma’s linear algebra to overcome this

issue, a change that improved performance, as shown in the timings in Chapter 6. Currently, the

bottleneck has shifted to relation generation.

For the remainder of this section we discuss some potential areas of improvement. We first

consider improvements to the relation generation used in Algorithm 1.

One direction is algorithmic improvements to sieving. In [Kle16] a self-initialization approach

for quadratic fields is given that handles large factor base primes. This approach identifies relations

involving these primes more efficiently than ordinary sieving. This self-initialization approach has

recently been generalized to orders of cubic number fields by Luo [Luo24]. According to him, adapting

the method to quartic number fields should be possible. Future work could explore the use of this
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approach.

Another direction is adapting the sieving program las from CADO-NFS ( [Tea23a]) to the problem

of computing class groups. las has been developed for the computational problems of integer

factorization and discrete logarithms modulo a prime thus the relations generated by las have two

“sides”, called the algebraic side and the rational side. We only need to sieve a single side, but we

need to accommodate las by passing parameters for both sides. An adaptation of las could remove

the code dealing with the second side.

Our approach could also be extended to allow more large primes to be used. In the random

relation generation stage we used one large prime. In the targeted relation generation stage we used

zero large primes. In the context of computing class groups of quadratic number fields, two large

primes are used by [BJS10] and three large primes are used by [BKV19]. Modern integer factorization

algorithms use many large primes [BGG+20] (las supports an arbitrary number of large primes).

Considering the use of large primes for integer factorization, we suspect the size of the discriminant

is the most important factor in determining the optimal number of large primes. It seems likely

that two or more large primes would be beneficial for sufficiently large discriminants. Given these

observations, integrating more large primes appears to be a promising direction. A somewhat related

idea that could be experimented with is Bernstein’s batch smoothness testing algorithm [Ber04].

This approach was found to be beneficial by Biasse-Jacobson [Bia10].

Another idea to explore is the use of hybrids of distinct relation generation methods. Biasse-

Fieker [BF12] generate an initial set of relations using sieving followed by additional relations with

enumeration. They found this approach to be more efficient than relying on sieving alone. Such a

hybrid sieving approach could be implemented as they did, by writing code to integrate with the pari

library in order to leverage its enumeration relation generation.

It may be beneficial to extend the algorithm so that more sieving polynomials are used. Recall

that the number of rational sieving primes is t and from these we can construct 2t initial ideals for

sieving. We choose t as the smallest integer so that the product of the first t primes in SN is larger

than 1
6 ||f ||. We can always choose parameters such as the sieve radius E so that enough relations

are obtained from this set of polynomials. However, using more sieving polynomials may make

the algorithm more efficient. An approach used by Jacobson that is worth exploring is to repeat

self-initialization on sets of different primes. Rather than choosing a single set Q of t prime ideals in

S we choose multiple sets Q of t. Each of these sets will contribute 2t sieving polynomials. Following
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Jacobson, we can do this by fixing a subset Q′ ⊂ SN of t′ prime ideals from which the sets Q will be

chosen, giving us a total of
(
t′

t

)
different sieving polynomials. To simplify the selection of the subsets

Q so that the product of the primes in Q is close to 1
6 ||f || each of the prime ideals is chosen so that

N(p) ≈ ( 1
6 ||f ||)

1
t . While this approach does not increase the benefit of self-initialization, which is a

function of B and t, it extends the benefit to a larger number of sieving polynomials. The additional

parameter t′ should therefore improve the algorithm’s performance.

A second way the number of sieving polynomials could be increased is by taking advantage of

more than two degree one prime ideals above the t rational primes. It is possible that an alternative

approach to choosing the set of prime ideals would allow more sieving ideals to be used. An

alternative using fully-split primes could be explored. Rather than the “base-two” Gray code our

self-initialization approach uses, this variation would use a base-four Gray code to enumerate the

sieving data efficiently. This would give us 4t initial ideals rather than 2t. A downside of using

fully-split primes is that there are usually few fully split primes in a factor base. The rarity of fully

split primes can be made somewhat more precise using the Chebatorev density theorem which we

discussed in Section 2.4.1. Recall that the tuple of the degrees of the prime ideals is called the

decomposition type. This result tells us that the asymptotic density of a prime decomposition type

is |C|/|G| where G is the Galois group and C is the conjugacy class of the cycle type corresponding

to that prime decomposition type. For a field with Galois group S4 the density of fully-split primes

less than B will be about |C|/|G| = 1/24. The set of rational primes that can be used for sieving

are the ones with decomposition types 1, 1, 2 and 1, 1, 1, 1 (the fully-split primes) so this set has

density 6/24 + 1/24 = 7/24. In summary, our current self-initialization method allows us to use

more rational primes for sieving than this alternative fully-split approach but on the other hand it

gives fewer initial ideals. Although it is not clear to us which approach would perform better, this

variation merits further investigation.

Up to this point, our focus has been on enhancements to relation generation. We will now consider

a number of improvements applicable to the overall algorithm.

In the structured Gaussian elimination stage Magma leverages efficient sparse integer matrix linear

algebra. A full redesign of our integer matrix linear algebra to only use Magma’s sparse linear algebra

rather than a combination of Flint and Magma would make the implementation faster.

Another aspect that could be improved is computing valuations of an element in a number

field at a prime ideal. At present, we employ the valuation algorithm of PARI/GP for this purpose.
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Although computing valuations is not a bottleneck for our implementation, a more adapted approach

to computing valuations could have some benefit. In particular, leveraging precomputations may

improve the efficiency.

Alternatives to Magma could be experimented with for the time-consuming linear algebra algorithms.

The HNF could be computed with the implementation of [PS13] which is available in the library

hnfproj. For computing the kernel of the relations matrix there is an implementation of [CS05]

which is available as the Integer Matrix Library IML. While neither of these libraries has been updated

for some time, and their performance relative to Magma’s algorithms is uncertain, an advantage they

certainly have over Magma is that they are free and open source.

The use of interval arithmetic would improve our handling of real numbers. Currently, we

implement real numbers with the mpfr library. Interval arithmetic would be superior as it would

let us test whether the precision used is insufficient for a correct result in our functions using real

numbers. It also would give us the precision of the final result. An efficient implementation of interval

arithmetic is part of the Arb library which has recently been merged into the library Flint.

Our experiments with alternative approaches to linear algebra in were discussed in Section 5.2.4.

We observed that it is common to arrive in the situation where the relations in the log unit lattice

give us a small multiple of the regulator. From here generating additional relations to obtain the true

regulator can be expensive. Saturation of the unit group, a technique which Biasse-Fieker [BF12]

found to be effective, appears to be a less costly alternative. Although some experimentation would

be needed to determine the most effective way to integrate saturation of the unit group, we think it

would be worthwhile. Saturation of the unit group is a separate technique from saturation of the

class group which we found much less effective. In Section 5.2.4 we also considered an alternative

approach to constructing relations in the log unit lattice. An investigation into this approach is also

worth pursuing.

The efficiency of our implementation could be increased with further work on parameter tuning.

Specifically, an extensive search of the parameter space could be carried out. The use of dedicated

hardware would allow conducting many runs in parallel which would make this search easier and

enable incorporating data from number fields of larger discriminant size. In some computer science

disciplines, advanced tools have been developed to automate much of the parameter tuning process.

However, we are not aware of any such tools specifically designed for automating parameter tuning

in computational number theory algorithms.
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Another potential direction for research is analyzing the time complexity of our self-initialization

approach. The time complexity of self-initialization approaches in quadratic number fields has been

analyzed (see for example [Kle16]). Our approach would also benefit from such analysis. Beyond its

theoretical significance, an analysis of our approach’s time complexity could also lead to practical

improvements.

In considering the broader impact of our research, several avenues emerge for further exploration.

A promising one is the potential application of our work to isogeny-based cryptographic protocols

for genus two hyperelliptic curves. Additionally, the applications to computational number theory

outlined in Section 1.2, including solving Diophantine equations and tabulation of class groups and

unit groups, are also interesting. Our self-initialization approach can be used for these problems,

particularly for applications where the discriminant of the quartic field is large. Given the improved

efficiency of our approach when the roots of the defining polynomial are small, an exciting direction

would be to identify applications where such a defining polynomial is known.
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Appendix A

Appendix

In order to compare our approach in self-initialization implementation to Magma we need an algorithm

that is close to ours in terms of inputs and outputs. The following Magma algorithm computes the

class and unit groups. We use this to benchmark against the self-initialization implementation.

Algorithm 4 Magma Compute Class Group and Unit Group
Input: f : defining polynomial of the number field

Output: Class group and unit group

1: ClassAndUnitGroup:=function(f)

2: O:=MaximalOrder(f);

3: cg,cgmap:=ClassGroup(O: Proof:="GRH");

4: ug,ugmap:=UnitGroup(O: GRH:=true);

5: return cg, ug;

6: end function;

This algorithm is called by first constructing a polynomial ring over the integers and then calling

Magma’s implementation with a polynomial argument. The documentation for ClassGroup explains

the "GRH" argument for the Proof flag:

“a bound based on the GRH is used to replace the Minkowski bound...The result will

hence be correct under the GRH.”

The GRH flag in UnitGroup has a similar purpose.
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Although we cannot know the details of Magma’s class group algorithm, a small number of

parameters used by Magma’s implementation are clearly identified in the logs of Magma’s implementation.

The logs give us the smoothness bound and large prime bound as these are relevant to our algorithm.

From the logs we can also identify three stages of the algorithm’s running time: initialization, time

until the relation matrix reaches full rank, the time for linear algebra, and the total time.
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