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Abstract

The present work focuses on the development of a numerical framework for the aerothermodynamic analysis in

the hypersonic regime. In this work the Navier-Stokes equations for the compressible 
ows in thermochemical

non-equilibrium are solved in the set of pressure-based primitive variables, using the Streamline-Upwind

Petrov-Galerkin (SUPG) based stabilized formulation for the Finite Element Method (FEM) enhanced with

a discontinuity-capturing operator.

The �rst part of the project focuses on the validation of the 
uid dynamic framework for compressible


ows in high-speed regimes without considering real gas e�ects. In this part, the 
uid is assumed ideal,

non-reacting, and in thermal equilibrium. The numerical framework is validated against benchmark cases

with increasing complexity, namely the 
at plate, the compression corner, the two-dimensional cylinder

and the three-dimensional atmospheric re-entry capsule. The results obtained gave the con�dence that the

SUPG stabilized formulation enhanced with a discontinuity-capturing term constitutes a valid approach to

studying high-speed 
ows. The second part of the project involves the development and implementation of

real gas e�ects at the hypersonic regime. The developed numerical framework is able to predict 5-species non-

ionized 
ows in thermochemical non-equilibrium. The numerical framework for reacting 
ows in thermal

non-equilibrium is veri�ed and validated against benchmark cases, such as the zero-dimensional nitrogen

reactor, two-dimensional cylinder, and the three-dimensional hollow 
are and double cone.

Based on the good agreement of the results obtained with the available data in the literature, it is

safe to state that the methodology presented in this work proved to be a valid alternative to analyse the

non-ionized hypersonic 
ows in thermochemical non-equilibrium. The pressure-based primitive variables

numerical framework presented in this work, set the �rst step towards the development of a Fluid-Thermal-

Structure Interaction (FTSI) framework for the analysis of aerothermoelastic problems in the hypersonic

regime.
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Chapter 1

Introduction

1.1 Hypersonic 
ow

Conventionally it is de�ned \hypersonic" that regime characterized by a Mach number greater than 5. This

is just a convention, since a clear threshold separating the supersonic from the hypersonic regime does not

exist (Anderson, 2006). In fact, the hypersonic regime is established when certain physical phenomena be-

come more and more important (Bertin and Cummings, 2003; Anderson, 2006). These phenomena such

as chemical reactions, gas dissociation, ionization, thermodynamic and chemical non-equilibrium (thermo-

chemical non-equilibrium) and radiation are the results of the high enthalpy involved in this type of regime.

The hypersonic regime constitutes an extremely harsh environment for a vehicle to 
y in and for this rea-

son it must be correctly predicted. The prediction of the aerothermodynamic �eld that develops around

a geometry immersed in a hypersonic 
ow represents a challenging problem. Ongoing research continues

to address the main challenges associated with analysing hypersonic 
ow, as highlighted by Bertin and

Cummings (2003, 2006). The complexities of the hypersonic regime extend beyond gas chemistry and en-

compass 
ow topology. Notably, the strong shock-shock and viscous-inviscid interactions create localized

high pressure and heat 
ux. Accurately predicting these phenomena is crucial, as neglecting them can lead

to signi�cant structural damage, exempli�ed by the X-15 
ight test incident in 1967 (Bertin and Cummings,

2003; Jenkins, 2012). Given the intricate nature of the problem and the numerous unknowns, investigating

hypersonic 
ow typically adopts the pyramid approach (Schmisseur, 2015; Schmisseur and Erbland, 2012).

This integrated analysis process combines ground testing, numerical simulation, and 
ight testing. While


ight tests are expensive, they are essential for validating new technologies, assessing their readiness, and

providing insights into physical phenomena under actual 
ight conditions that remain elusive (Moses et al.,

1



2004; Bertin and Cummings, 2006; Schmisseur, 2015). Moreover, ground-based test facilities cannot fully

replicate all hypersonic 
ight conditions (Blankson, 1994). While many hypersonic-related parameters such

as Reynolds and Mach numbers, total enthalpy, 
ow �eld thermochemistry, pressure, and altitude can be

experimentally replicated, it is challenging to reproduce them simultaneously (Bertin and Cummings, 2006).

With the advancements in high-performance computing, numerical simulations o�er the potential to model

multiple parameters concurrently, providing valuable insights into aerothermochemistry in the hypersonic

regime. Recent literature works by Andrienko and Boyd (2015); Chaudhry et al. (2018); Hanquist and Boyd

(2018) showed progress in developing physics-based models for numerically predicting aerothermochemistry

in hypersonic 
ow. However, despite these advancements, discrepancies persist between computational 
uid

dynamics predictions and experimental measurements (Kieweg et al., 2019; Holloway et al., 2020; Ray et al.,

2020). Consequently, current research emphasizes the development of numerical solvers capable of accurately

predicting physio-chemical phenomena in the hypersonic regime.

A hypersonic vehicle, such as an atmospheric re-entry vehicle, 
ies through several 
ow regimes along

its trajectory (Longo et al., 2007; Casseau, 2017), from the free-molecular to the continuum regime, and it

is surrounded by a gas with di�erent characteristics. These 
ow regimes are characterized by the Knudsen

number (Scanlon et al., 2015), which relates the local mean free path � with a characteristic 
ow length L,

and it is de�ned as

Kn =
�
L

(1.1)

The Knudsen number expressed in Eq. 1.1, commonly de�nes the four types of 
ow regimes by considering

only the translational motion of the gas particles (Karniadakis et al., 2006). At Kn > 10 the free-molecular

regime is established, where intermolecular collisions can be neglected. In the transitional 
ow regime,

established for 0:1 < Kn < 10 the 
ow is in thermal non-equilibrium due to the insu�cient number of

collisions between gas particles. For lower Knudsen numbers there are the slip 
ow regime, de�ned by

0:001 < Kn < 0:1, and the continuum 
ow regime, characterised by Kn < 0:001. This 
ow classi�cation is

important because it allows to select the most appropriate numerical methods to solve the 
ow equations.

The Boltzmann equation describes the 
ow for all the Kn number, and for this reason it can be applied

to all the 
ow regimes. An example of numerical methods solving the Boltzmann equation are the Direct

Simulation Monte Carlo (DSMC) by Bird (1978) and Discrete Velocity Method (DVM) by Mieussens (2000).

These numerical methods are computationally expensive for 
ow at low Kn number and complex geome-

tries, and the Computational Fluid Dynamics (CFD) methods, which solve the Navier-Stokes equations,

are preferred when the Kn is lower than 0:1. The predictions of the CFD methods are consistent with the

DSMC and DVM since the Boltzmann equation can be reduced to the Navier-Stokes equations by the use
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of the Chapman-Enskog theory as shown by Schwartzentruber and Boyd (2015).

CFD methods are commonly applied in the slip 
ow and continuum regimes. The amount of intermolec-

ular collisions, depending on the Knudsen number of the 
ow, a�ects the thermal equilibrium of the 
ow.

Before discussing the topic of the thermal equilibrium, it is important to understand how the gas particles

store energy. Energy within gas molecules can be stored in four modes: translational, rotational, vibrational,

and electronic. However, atoms can only store energy in translational and electronic modes. When the gas


ow is in thermal equilibrium, all energy modes equilibrate at the translational temperature T , meaning

that the rotational (�r), vibrational (�v), and electronic (�e) relaxation times are small if compared to the

characteristic 
ow time, �f . Due to high temperatures involved in the hypersonic 
ow, chemical reactions

have to be considered. If the relaxation time for the chemical reactions (�c) is small compared to �f , the 
ow

is considered in chemical equilibrium. According to Nagnibeda and Kustova (2009); Bechina and Kustova

(2019) the thermal and chemical relaxation times relate to each other in this order: �t < �r < �e < �v < �c.

In the continuum regime the elevated number of intermolecular collisions allows for the 
ow to be in ther-

mochemical equilibrium. It follows that the standard equilibrium Navier-Stokes equations are appropriate

to describe this type of 
ow (Schouler et al., 2020), even if chemical reactions and vibrational excitation are

present. At higher Knudsen number, up to 0:1, the 
ow is in a state of non-equilibrium, since the number

of intermolecular collisions is not su�ciently high and the chemical and vibrational relaxation processes

require more time to reach equilibrium if compared to the 
ow time. The slip 
ow regime is appropriately

described by the non-equilibrium Navier-Stokes. Based on the 
ight altitude and velocity, non-equilibrium


ow can be chemical non-equilibrium or thermochemical non-equilibrium, as it can be observed in Figure

1.1 (Longo et al., 2007). In this work the focus is on numerical methods to solve non-equilibrium 
ow,

in the near-continuum regime. Diatomic molecules have di�erent internal energy modes, namely transla-

tional, rotational, vibrational and electronic modes (Gallis et al., 2009). Based on the degree of thermal

non-equilibrium, di�erent models describing non-equilibrium 
ow are used. The one-temperature model

(Nusca, 1998) is applied to the chemical non-equilibrium 
ow. In the case of chemical non-equilibrium, the

internal energy relaxation processes are fast with respect to the characteristic 
ow time, and only the trans-

lational temperature is required to describe all the internal energy modes. The multi-temperature models,

such as the two-temperature (Park, 1988) and three-temperature (Lee, 1984) models, are required when the


ow is in thermal non-equilibrium. In the near-continuum regime, rotational relaxation occurs signi�cantly

faster compared to vibrational relaxation processes (Lee, 1984; Gno�o et al., 1989; Sarma, 2000). For many

hypersonic non-equilibrium 
ow, conditions allow for assuming thermal equilibrium between the rotational

and translational modes. For this reason translational and rotational internal energies are described by the

same temperature T . Based on this commonly accepted assumption, the three-temperature model (Lee,
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Figure 1.1: Hypersonic 
ow regimes and characteristics (Longo et al., 2007).

1984; Gno�o et al., 1989; Candler and MacCormack, 1991) describes the 
ow using the three-temperature

model. The �rst temperature is the translational-rotational temperature T , while the second one is the vi-

brational temperature Tv, that de�nes the vibrational energy of the molecules. The third temperature is the

electron-electronic temperature Tele, which characterizes the energy due to the electronic excitation of the

gas particles and the free electrons translational energy. The last model used in describing non-equilibrium


ow is the two-temperature model (Park, 1988, 1989a). This model derives from the three-temperature

model, by assuming that the electron-electronic and vibrational energies are in equilibrium at the temper-

ature Tve, given that the coupling between these energy modes is rapid (Park, 1985, 1989a). The second

temperature is the translational-rotational temperature T . The governing equations for non-equilibrium 
ow

involve the conservation of the mass of each species considered in the gas mixture, of the momentum and

of the total energy. For the two-temperature model the equation relative to the conservation of the vibra-

tional and electron-electronic energies is added. For the three-temperature model one conservation equation

for the vibrational energy and one for the electron-electronic energy are added to the system of governing

equations. The mathematical formulation of non-equilibrium 
ow is well documented in the works of Gno�o

et al. (1989); Park (1990); Candler and MacCormack (1991). However, the challenge lies in determining the

gas properties, including the thermodynamic and the transport properties, and in developing appropriate
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numerical models for the chemical reaction source, the source of the vibrational-electronic energy equation,

and for the chemistry-vibration coupling, which still remain areas of active research as stated by Sarma

(2000).

For thermal non-equilibrium 
ow each energy mode is expressed in terms of its corresponding temper-

ature, in order to determine its contribution to the thermodynamic properties (Capitelli et al., 1996). For

each species of the gas mixture, the thermodynamic properties, such as entropy, enthalpy, and speci�c heats

are computed using the partition-function approach in the formulas obtained from the statistical thermody-

namics (Meher and Ghorui, 2015). The transport properties, namely the viscosity, thermal conductivity, and

the di�usion coe�cient a�ect the reliability of the results for the viscous stress, the heat conduction, and the

di�usion of species. The transport properties of individual species can be computed using collision integrals

or empirical formulas. The viscosity of each species can be computed, based on the kinetic theory, through

the Boltzmann equation using the Chapman{Enskog method (Bottin et al., 2006). The de�nition of the colli-

sion integral for each colliding pair a�ects the accuracy of the viscosity calculation. Curve-�tting expressions

are used to compute the collision integral in a computationally e�cient way, as proposed by Gupta et al.

(1990); Palmer (1997); Capitelli et al. (2000). The species viscosity can also be computed directly through

the empirical curve-�tting method as proposed by Blottner et al. (1971). The thermal conductivities for

each species can be computed for each internal energy mode according to the kinetic theory as in Gupta

et al. (1990); Palmer (1997). The quantities such as viscous stress and heat conduction in a gas mixture

involve mixture transport properties and not the properties of the individual species. In order to get the

mixture transport properties two methods can be used, namely the mixing rules and the collision integrals.

According to the mixing rules, the viscosity and thermal conductivity of a mixture can be calculated from

the properties of individual species. The Wilke’s mixing rule proposed by Wilke (1950) assumes that all the

interactions between a pair happen with the same cross-section (Palmer and Wright, 2003). The Wilke’s

mixing rule is valid up to a temperature of 10000 K and for neutral gases. Another mixing rule was proposed

by Armaly and Sutton (1980) for partially ionized gas mixtures. A more physically accurate method to com-

pute the mixture transport properties relies on the use of collision integrals. Gno�o et al. (1989)and Gupta

et al. (1990) proposed to compute the mixture viscosity and thermal conductivity for a weakly ionized gas

mixture. In a gas mixture of multiple species, the species di�usion strongly a�ects the surface quantities, in

particular the surface heat conduction, as is shown in the studies conducted by Gosse and Candler (2005) and

Alkandry et al. (2013). There are four models developed to approximate the mass di�usion 
ux. According

to the Fick model, the mass di�usion 
ux is considered proportional to the gradient of the mass fraction

of individual species, through the e�ective di�usion coe�cient (Alkandry et al., 2014). The modi�ed Fick

model was developed to guarantee that the sum of the mass di�usion 
uxes is zero (Alkandry et al., 2013).
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Another model is the Self-Consistent E�ective Binary Di�usion (SCEBD) model, which was proposed by

Ramshaw and Chang (1993) for multi-component plasma 
ow. Lastly, Sutton and Gno�o (1998) proposed

to use the Stefan-Maxwell equation, which was originally developed to solve for the gradient of the mole

fraction, to solve for the multi-component mass di�usion. In all the previous models the e�ective di�usion

coe�cient has to be determined. There are two models to calculate the di�usion coe�cient. In the �rst

model a single di�usion coe�cient is considered for all the species and it is calculated based on a constant

Lewis number (Casseau, 2017). In the second model one di�usion coe�cient for each species is considered

and it is expressed as a function of a binary di�usion coe�cient. This second model is referred to as the

binary di�usion model (Sutton and Gno�o, 1998).

The rate of production of the components of a mixture is expressed in terms of the reaction rates of

the chemical reactions considered. The reaction rates are function of the reaction rate coe�cients. In the

past few decades, research has been dedicated in developing models for determining the reaction rate co-

e�cients. A chemical kinetic model for a 7-species air and 7 reactions was developed by Blottner (1969),

while Dunn and Kang (1973) developed the Dunn-Kang model for an 11-species air and 26 reactions. Gupta

et al. (1990) proposed a model for 11-species air and 20 reactions. While the Dunn-Kang model calculates

both the forward and backward reaction rate coe�cients using the Arrhenius law, the Gupta model uses the

equilibrium constant method, according to which the backward reaction rate coe�cient is a function of the

forward coe�cient. For the 11-species air, Park proposed several models presented in Park (1985, 1989a,b);

Park et al. (1991); Park (1993). As for the Gupta model, Park chemical kinetic models make use of the

equilibrium constant method to compute the backward reaction rate coe�cients. The e�ects of the chemical

kinetic model on the aerodynamic quantities have been extensively studied. Examples of investigation of

the e�ects of di�erent chemical kinetic models can be found in the works of Hao et al. (2016); Wang et al.

(2017); Niu et al. (2018).

In thermal non-equilibrium 
ow the total energy is the sum of the di�erent internal energies. The inter-

nal energies can exchange among themselves. In this work the two-temperature model of non-ionized air is

considered. This means that there are no free electrons in the mixture and the only energy transfer to be

considered is the transfer between the vibrational and translational energy modes. Depending on the degree

of non-equilibrium two models are used to de�ne the translational-vibrational energy transfer, the standard

Landau-Teller model and the modi�ed Landau-Teller model (Shoev et al., 2018; Petrov et al., 2016). This

last model is used in the case of strong non-equilibrium. According to the Landau-Teller models, the energy

exchange is a function of the average relaxation time between the vibrational and translational energies.

The average relaxation time depends on the relaxation time between each colliding pair of species. Several

models have been developed to determine the vibrational-translational relaxation time of a colliding pair of
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species. A semi-empirical model was proposed by Millikan and White, the M-K model. The M-K model

approximates the vibrational-translational relaxation time for a pair of species, but it loses accuracy at high

temperature (Kustova and Oblapenko, 2016). In order to increase the temperature range of applicability

of the M-K model, Park proposed a correction. The resulting model is the M-K-P model (Park, 1993).

Another approximated model for calculating the vibrational relaxation time is the S-S-H model, proposed

by Schwartz et al. (1952). More rigorous models were developed based on the kinetic theory, such as the one

presented in Kustova and Oblapenko (2016); Shoev et al. (2018); Oblapenko (2018).

For thermal non-equilibrium reacting 
ow, the contribution of the internal energies to the activation en-

ergy of the chemical reactions must be taken into account. The energy required by molecules to dissociate re-

duces as the vibrational energy level of the molecules increases. This means that molecules that are in a higher

vibrational energy state are more probable to dissociate (Knab et al., 1995). The two phenomena are cou-

pled and the energy exchange rate between chemical reactions and vibrational energy of the molecules must

be modelled to solve problems involving non-equilibrium reacting 
ow. Several coupling models have been

proposed, such as the Park model described in Park (1989a, 1990), the vibration-dissociation-recombination

(VDR) model by Sagnier and Verant (1998), the coupled vibration-dissociation-vibration (CVDV) model

(Macheret et al., 1994; Seror et al., 1997), and the coupled vibration-chemistry-vibration (CVCV) model of

Knab et al. (1995).

1.2 CFD in hypersonic 
ow

The Aerodynamics, Aerothermodynamics and Plasmadynamics (AAP) discipline of the NASA’s Hyper-

sonic’s Project (Mansour et al., 2007) identi�ed the main issues and challenges in numerical simulations of

hypersonic 
ow. The research plan of the AAP discipline also involved the de�nition of the state-of-the-art

of the numerical tools available for the hypersonic 
ow analysis and where to focus the e�orts in order to

advance the state-of-the-art, as stated by Salas (2007). One of the main issue in the CFD for hypersonic


ow is the lack of experimental and 
ight data to validate the numerical models developed (Bertin and

Cummings, 2006). The computational challenges in the hypersonic aerothermodynamic prediction, de�ned

by Mansour et al. (2007); Salas (2007), include the developing of models for an accurate prediction of the

location of the boundary layer transition due to surface roughness; simulating the gas-surface interactions

including ablation; accurate modelling of radiative heating; accurate prediction of localized heating due to

shock impingement and laminar-to-turbulent transition; enhanced understanding of the turbulent physics in

the presence of real gas e�ects including transition phenomena; improved modelling of the chemical kinetics
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in comparison with the widely used Park’s two temperature model; accurate prediction of unsteady separated


ow; handling of complex geometries; grid adaptation to capture essential 
ow features such as shear layers

and shock waves; error quanti�cation and de�nition of modelling uncertainties.

Several techniques have been developed to encompass the e�ects of turbulence in the numerical simula-

tions of turbulent 
ow. These techniques can be classi�ed in three main categories: the Reynolds-Averaged

Navier-Stokes (RANS) turbulence models, the Large-Eddy Simulation (LES) and Direct Numerical Sim-

ulations (DNS). The DNS and LES are very accurate, but computationally very expensive. The RANS

models are the only techniques that can be used for high-Reynolds number 
ow and for complex geome-

tries. The most common RANS turbulence models are the one-equation Spalart-Allmaras model and the

two-equation k-! and k-" models. The Spalart-Allmaras model solves for a single transport equation for a

turbulent viscosity-like variable (Spalart and Allmaras, 1992). The k-! (Wilcox, 1988) and k-" (Launder

and Spalding, 1974) models solve transport equations for the turbulent kinetic energy (k) and for speci�c

rate of dissipation (! and ") of turbulent kinetic energy into internal energy. The k-! model results to be

more accurate than k-" in near-wall 
ow. The Shear-Stress Transport (SST) variant of the k-! turbulence

model combines elements of the k-! and k-" models, utilizing the k-! formulation in the near-wall region

for improved boundary layer predictions and transitioning to the k-" formulation in the outer 
ow (Menter,

1994). An uncertainty and sensitivity analysis study of the most common RANS turbulence models in the

hypersonic regime, namely the Spalart{Allmaras, the Wilcox 2006 k-!, and the Menter SST turbulence

models, was conducted by Erb and Hosder (2020). A correction method for the RANS k-! and k-! SST

models was developed by Tian et al. (2023) to improve the accuracy of the aerothermodynamic predictions

in hypersonic turbulent and transition 
ow. Zuo (2023) applied the RANS realizable k-! model to study

the shock wave-turbulent boundary layer interaction (STBLI) over a compression ramp in the hypersonic

regime at low and high Reynolds numbers. Recently the STBLI over a hollow cylinder 
are was investi-

gated by Pirbastami (2023) in the hypersonic regime through the LES approach using the Ansys Fluent

solver. A high-order Discontinuos-Galerkin (DG) approach for LES in the hypersonic regime was proposed

by Terrana et al. (2020). While these studies (Zuo, 2023; Pirbastami, 2023) were conducted assuming an

ideal gas, the work of Jiang et al. (2022) included thermochemical non-equilibrium e�ects in the STBLI

analysis using a �nite di�erence based solver. A DNS has been successfully carried out to study the laminar

to turbulent transition of an hypersonic 
ow over a body with di�erent nose-tip bluntness (Melander et al.,

2022). Even though DNS represent the most promising option to study turbulent and transitional 
ow,

RANS models are still preferred in high Reynolds number hypersonic 
ow (Knight and Mortazavi, 2018;

Zuo, 2023). Radiative heating in high enthalpy hypersonic 
ow may represent the major component of the

total heat 
ux, and for this reason this physical phenomenon must be considered in the numerical analysis of
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hypersonic 
ow (Brchnelova, 2020). The radiative heating was included in the CFD analysis of hypersonic


ow in Shang and Surzhikov (2012), while more recently radiation and ablation coupling for hypersonic 
ow

applications was studied through a multi-solver approach in Zibitsker et al. (2022); Jo et al. (2023). It was

stated by Gno�o (2007) that unstructured grids o�er the greatest 
exibility in terms of grid-adaptivity for

evolving critical 
ow features and in representing complex deforming geometries in a hypersonic aerother-

modynamic simulation. For these reasons unstructured grids provide the perfect opportunity to generate a

robust aerothermodynamic simulation. Unfortunately it was proven by Nompelis et al. (2004) and Gno�o

(2007) that unstructured elements poorly perform in the hypersonic heat prediction. In this regard, Nas-

tac et al. (2022) addressed the problem by proposing a successful new scheme to capture shock waves on

shock-non-aligned unstructured grids and an adaptive unstructured grid approach that uses mixed elements

to improve the heat 
ux predictions. In the ongoing e�ort to develop adaptive high order numerical schemes

to solve the high sensitivity of the heat 
ux predictions to the grid’s distribution in the hypersonic regime,

Finite Element (FE) methods, such as DG methods emerged as a valuable alternative to the commonly

used Finite Volume (FV) methods (Potluri et al., 2023). Some recent developments in the context of DG

methods for hypersonic 
ow are proposed in Ching et al. (2019, 2022); Heyningen et al. (2023); Luo et al.

(2023). Another class of FE methods is represented by the stabilized �nite element methods. Stabilized FE

methods for hypersonic applications represent a valid option due to their robustness on unstructured grid,

but they were not explored enough by the 
uid dynamic community (Seguin et al., 2019; Gao et al., 2020).

The work proposed by Anderson et al. (2018) shows superior accuracy of the stabilize FE methods respect

to FV methods, especially on unstructured grids. Other works solving hypersonic 
ow through the stabilized

FE methods can be found in Bova et al. (2010); Kirk et al. (2014); Cengizci (2022); Codoni et al. (2022,

2023).

The current state-of-the-art on hypersonic 
ow simulations is represented by the following CFD solvers:

the NASA Langley code LAURA (Langley Aerothermodynamic Upwind Relaxation Algorithm) (Gno�o and

Cheatwood, 1996; Mazaheri et al., 2013), the NASA Ames code DPLR (Data-Parallel Line Relaxation)

(Candler et al., 1994), and the US3D code from the University of Minnesota (Candler et al., 2015; Nompelis

et al., 2004). LAURA and DPLR are structured, multi-block codes based on the �nite volume discretization

technique, specialized in solving high-speed 
ow in thermochemical non-equilibrium. US3D is an unstruc-

tured, �nite volume CFD code which is widely used in the hypersonic simulations due to its high 
exibility

in handling complex geometries. Other validated codes were developed and widely used for hypersonic

applications. Among these codes there are the unstructured, �nite volume LeMANS code (The Michigan

Aerothermodynamic Navier-Stokes) from the University of Michigan (Scalabrin and Boyd, 2005), and the

unstructured �nite volume based DLR-TAU code (Gerhold, 2005) developed by the German Aerospace Cen-
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ter and validated for hypersonic 
ow by Mack and Hannemann (2002). Another solver applied to hypersonic


ow simulations is the open-source structured and unstructured, �nite volume code Eilmer (Gollan and

Jacobs, 2013; Gibbons et al., 2023), developed by the University of Queensland. Another open-source solver

applied to the simulation of hypersonic problems is the unstructured, �nite volume based COOLFluiD code

(Computational Object Oriented Libraries for Fluid Dynamics) developed by the Von Karman Institute

(Lani et al., 2013). The solver Hy2Foam was developed by the University of Strathclyde (Casseau et al.,

2016) within the widely used OpenFOAM framework, to simulate thermochemical non-equilibrium e�ects

in the hypersonic regime. The validation of the solver Hy2Foam for hypersonic 
ow computation was con-

ducted by Exp�osito and Rana (2019) and Tay et al. (2019). Finally, the unstructured solver SU2-NEMO

(Non-Equilibrium MOdeling) (Maier et al., 2021) was developed in the open-source, multi-physics, �nite

volume based SU2 framework (Economon et al., 2016), to enhance the SU2 capabilities by including ther-

mochemical non-equilibrium e�ects.

In the hypersonic 
ow context, where the state-of-the-art is dominated by FV solvers, the FE method

proved to be a valid alternative, due to its robustness and superior accuracy on unstructured grids. This

work explores further the stabilized FE option in solving hypersonic 
ow. In particular, the stabilized FE

formulation is derived in pressure-primitive variables, in contrast to the commonly employed set of entropy

or conservative variables. The choice of pressure-primitive variables o�ers practical advantages, particularly

in the straightforward imposition of boundary conditions. Furthermore, in the context of 
uid-structure

interaction, this variable set simpli�es the computation of wall heat transfer and traction. This simplicity

enhances the coupling between the 
uid dynamic solver and the structural solver. The upcoming Section

will provide a comprehensive introduction to the �nite element method within the context of computational


uid dynamics.

1.3 Finite Element Method in 
uid dynamic

In computational 
uid dynamics several approaches have been used in order to �nd the numerical solution

of the Navier-Stokes equations: �nite di�erence (FDM), �nite volume (FVM) and �nite elements (FEM)

methods. The �nite element method works for both structured and unstructured grids with curved or rec-

tilinear cells (or elements), while FDM requires structured grids even though curved cells are allowed. For

this reasons FEM can easily handle very complex geometries (Tezduyar and Hughes, 1982a) as well as FVM

which shares the same geometric 
exibility. The superiority of FEM respect to FVM is in the ease of imple-

mentation of the boundary conditions and the ease in obtaining higher order accuracy, not trivial in FVM

(Dick, 2009).
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Finite element methods were successfully used in the numerical analysis of the hypersonic regime and the

results were promising. The focus of this work is to further explore the use of the stabilized �nite element

techniques to solve hypersonic 
ow in thermochemical non-equilibrium. The �nite elements method has

its origin in the structural mechanics �eld. It was then applied to the solution of 
uid dynamic problems,

not without any di�culties. Indeed, a lot of research has been dedicated since the end of the 1970s in the

developing of stabilized formulations for compressible and incompressible 
ow. The subject of the stabilized

formulations for FEM in 
uid dynamic is still subject of active research and it is thanks to these formula-

tions that FEM became a valid numerical technique for the study of 
uid dynamic problems (turbulent and

laminar 
ow, incompressible and compressible 
ow over a wide range of 
ow regimes).

The governing equations of the 
uid dynamics are the Navier-Stokes equations. The Navier-Stokes equa-

tions contain a non-symmetric operator, namely the convective term (u � r)u. The convective term involves

the non-commutative product of the velocity �eld u with its spatial gradient ru, hence the non-symmetric

property of the term. Because of the non-symmetric property of the convective term, methods like central

di�erence and the (Bubnov) Galerkin method result in numerical spurious oscillations (Tezduyar and Hughes,

1982a). These numerical instabilities a�ect the numerical solution especially in convection-dominated 
ow

and they have to be avoided in order to achieve a su�cient level of accuracy. The classical Galerkin formu-

lation is not able to control the oscillations, and for this reason researchers focused on developing stabilized

formulations suitable for the �nite elements approximation.

The �rst �nite element stabilized formulation, based on the streamline upwind concept, was developed as

a Petrov-Galerkin formulation by Brooks and Hughes (1982) for the linear advective-di�usion equation and

the incompressible Navier-Stokes equations. Brooks and Hughes (1982) showed the accuracy and robustness

of the streamline upwind Petrov-Galerkin (SUPG) formulation for several numerical cases. The SUPG is

a numerical technique used to better handle the non-linearity associated with the convective term in the

governing equations. This technique introduce a term (the SUPG term) in the formulation that enhance

the representation of the convective e�ects, helping to prevent numerical oscillations and improve the overall

solution quality. In that period, other researchers, such as Tabata (1977, 1978) and Baba and Tabata (1981),

developed upwind �nite elements approximations in order to enhance stability of convection dominated 
ow.

A mathematical analysis assessing the stability and order of convergence of the �nite elements methods for

convection-di�usion problems and linear hyperbolic problems can be found in Johnson et al. (1984). The �rst

step towards the generalization of the SUPG formulation to the compressible 
ow was made by Tezduyar

and Hughes (1982b, 1983); Hughes and Tezduyar (1984). In these works, the class of Petrov-Galerkin �nite

element formulation based on the streamline upwind methods was developed for the compressible Euler equa-

tions. The main idea was to write the system of conservation laws in quasi-linear form using the Jacobian
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matrix of the 
ux vector in the discontinuous part of the weighting function (Hughes and Tezduyar, 1984).

In Tezduyar and Hughes (1983) the de�nition of the time intrinsic parameter � , de�ning the SUPG term,

was identi�ed as subject of further research, since the accuracy of the solution depends on it. In order to

select the optimal value of the parameter � for every equation of the system describing the problem, it was

proposed by Hughes and Mallet (1986a) to de�ne � as a matrix and so doing separated � could be de�ned for

each degree of freedom. The work presented by Hughes and Mallet (1986a) was generalized to the space-time

�nite elements formulations for compressible 
ow by Shakib et al. (1991), where a new design for � parameter

was proposed. Up to this point it was established that the streamline upwind Petrov-Galerkin �nite element

formulations for convection-dominated 
ow produce oscillation-free solutions, unlike the classical Galerkin

methods. In this regard, interesting results have been obtained when the conservation laws were solved in

a particular set of entropy variables. A discussion on the �nite element formulations derived in entropy

variables is in Hughes et al. (1986a) and in Hughes et al. (1987). Hughes et al. (1986a) showed that sym-

metric forms of the compressible Euler and Navier-Stokes equations can be obtained selecting a particular

set of entropy variables. The classical Galerkin weighted residuals formulation was adopted to discretize the

symmetric Navier-Stokes equations resulting in a intrinsically stable discrete solution which always satisfy

the second law of thermodynamic (Hughes et al., 1986a). Hughes et al. (1986a) concluded that whenever a

discontinuity in the solution �eld is present, the Galerkin method was not e�ective and a Petrov-Galerkin

formulation was necessary to solve this class of problems, highlighting the need for a shock capturing term

in order to control the oscillations close to the discontinuities. The discontinuity capturing term in FEM is

a technique used to enhance the method’s ability to accurately represent and resolve sharp changes in the

solution, ensuring more reliable and stable numerical simulations. The FEM assumes a smooth variation of

the solution within each element and continuous across the elements. The discontinuity capturing term is

introduced in the formulation to improve the method’s ability to handle these abrupt changes in the solution

�eld. A convergence analysis of �nite elements methods, based on streamline di�usion techniques with and

without shock-capturing term, for hyperbolic conservation laws was carried out by Johnson and Szepessy

(1987); Johnson et al. (1990) and by Szepessy (1989). The authors showed the convergence of �nite element

solutions to the entropy solution (physical solution) of the conservation laws stating that the results could

be extended to a multidimensional system of conservation laws derived in entropy variables (Johnson and

Szepessy, 1987; Johnson et al., 1990; Szepessy, 1989). The stabilized �nite element formulations supple-

mented with shock capturing terms in two di�erent sets of variables, conservation and entropy variables,

have been tested and compared in the works of Beau and Tezduyar (1991); Beau et al. (1993). The results

showed no superiority of one set of variables with respect to the other, since both performed very well in

solving compressible 
ow and almost no di�erence in the two discrete solutions were observed (Beau et al.,
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1993). From an analysis of �nite elements formulations in entropy variables, it was clear that the streamline

upwind formulations could not perform well whenever a discontinuity was present in the solution �eld. The

SUPG term, although it ensured an oscillation-free discrete solution when the solution was smooth, was

found to be rather ine�ective in the cases of discontinuous exact solutions and a discrete solution a�ected

by spurious oscillations was produced. In order to solve the problem, another modi�cation of the weighting

function of the SUPG formulation was implemented, giving origin to the discontinuity-capturing term (or

shock-capturing). The discontinuity-capturing term was �rst added to the SUPG formulation for the linear

scalar convection-di�usion equation in Hughes et al. (1986b) and it was generalized to multidimensional

systems of advective-di�usion equations in Hughes and Mallet (1986b). Since the discontinuity-capturing

term depends on the discrete solution gradients, the resulting formulation is non-linear even if the equation

to which the method is applied are linear. From the discontinuity-capturing term in entropy variables de-

�ned by Hughes et al. (1986b), a discontinuity-capturing parameter in conservation variables was de�ned

by Beau and Tezduyar (1991). A very e�cient method, the CAU method, in solving compressible Euler

and Navier-Stokes equations in entropy variables was introduced by Almeida and Galeao (1996). The CAU

method proposed by Almeida and Galeao (1996) was applied to the SUPG formulation in the context of the

space-time discretization technique and it proved to be a valid and very accurate method especially near the

discontinuities in the solution �eld.

The Galerkin Least Squares (GLS) method represents another stabilized formulation which originates

from a generalization of the SUPG method. The method was �rst developed for advective-di�usion equations

by Hughes et al. (1989). The Galerkin Least squares formulation for compressible Navier-Stokes equations

was extended to any set of variables by Hauke and Hughes (1994, 1998); Hauke (2001a). The extension of

the method to any choice of variables was derived starting from the GLS formulation in entropy variables.

The performance comparisons among the di�erent sets of variables was described in the works of Hauke

and Hughes (1994, 1998). It was stated that only the set of entropy variables could satisfy the second law

of thermodynamics regardless of the use of any dissipation terms, while for all other sets of variables (con-

servation and primitive variables) dissipation terms were necessary, such as the Galerkin least squares and

the discontinuity-capturing operator. Moreover, it was observed that both entropy and pressure primitive

variables perform well in the incompressible limit of the compressible Navier-Stokes equations and for this

reason they represent a good choice if a uni�ed compressible-incompressible numerical framework needs to be

developed, as stated by Hauke and Hughes (1994, 1998). Regarding the incompressible limit of the stabilized

formulations for compressible 
ow, an alternative SUPG formulation for compressible 
ow, which is accurate

for low free stream Mach numbers was developed by Wong et al. (2001), where a new stabilization matrix

� was de�ned. An adaptation of the GLS formulation to the hypersonic 
ow computation was described
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by Chalot and Hughes (1994), where instead of the perfect gas model an equilibrium chemistry algorithm

was implemented. The space-time GLS formulation in entropy variables supplemented with a discontinuity

capturing term was applied to the solution of the compressible Euler and Navier-Stokes equations by Shakib

et al. (1991).

A lot of research have been dedicated to �nd the correct expression for the stabilization parameters

(for both SUPG/GLS and discontinuity capturing terms). The stabilization parameters are indeed very

important, since they a�ect the accuracy of the method and they should be selected in a way that a good

compromise between accuracy and stability is achieved (Hauke, 2001a). The stability parameter was de-

signed for higher order �nite elements methods for the advective-di�usive equation by Franca et al. (1992).

Another approach was developed by Tezduyar and Osawa (2000), where the stabilization parameters were

computed based on element-level matrices and vectors. The parameters developed by Tezduyar and Osawa

(2000) took into account the element length scales, convection and element Reynolds number and were ap-

plied to the unsteady convection-di�usion equation and to the Navier-Stokes equations from incompressible


ow. The stabilization parameters developed for each element using the convection-dominated and di�usive-

dominated limits are described by Tezduyar (2002, 2003, 2005). The element level stabilization parameters

were applied to the classic SUPG formulation developed by Brooks and Hughes (1982) supplemented by

the shock capturing of Beau and Tezduyar (1991) for the inviscid compressible 
ow in Catabriga et al.

(2005, 2006). In particular, in the work of Catabriga et al. (2006) the parameters were computed for each

degree of freedom of each element. In the works of Catabriga et al. (2005, 2006), an interesting analysis on

when to update the stabilization parameters was carried out leading to the result that a better convergence

was achieved if the parameters were updated at the end of each time step, instead of at the end of each

non-linear iteration. Further discussion on the computation of the stabilization parameters of the stabilized

formulation for compressible 
ow can be found in Tezduyar (2004a,b). Following the �rst introduction of

the discontinuity-capturing term for the scalar convection-di�usion equation (Hughes et al., 1986b), another

discontinuity-capturing term was proposed in Tezduyar and Park (1986) in the context of the SUPG for-

mulation for the convection-di�usion-reaction equations. The discontinuity-capturing term introduced by

Tezduyar and Park (1986) contains a second element length scale in the direction of the solution gradient

(the �rst element length scale in the convection direction being the one used in the SUPG term de�nition).

Using this element length scale in the direction of the solution gradient, the discontinuity-capturing direc-

tional dissipation (DCDD) was developed and introduced by Tezduyar (2001, 2003). The DCDD parameter

is selected in a way that the method is not over di�usive in the particular case of convection parallel to

the solution strong gradient. Simpler and less computational expensive discontinuity-capturing parameters

respect to the one introduced in Beau and Tezduyar (1991), were developed by Tezduyar (2004b) and Tez-
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duyar and Senga (2006) in the context of the stabilized �nite element formulation for compressible 
ow.

The new shock-capturing parameters, categorized as YZ� Shock-Capturing (Tezduyar et al., 2006; Tezduyar

and Senga, 2007), were derived from the DCDD idea for incompressible 
ow and unlike the DC developed

by Beau and Tezduyar (1991), their de�nition was based on conservation variables instead of in entropy

variables. In the YZ� Shock-Capturing term, the parameter � can be selected appropriately in order to

obtain a smoother or sharper shock. In the works of Tezduyar et al. (2006); Tezduyar and Senga (2007),

the SUPG formulation supplemented with the YZ� Shock-Capturing was applied to the solution of inviscid

supersonic 
ow and it proved to yield better shock quality than the SUPG formulation (Brooks and Hughes,

1982) with the discontinuity-capturing developed by Beau and Tezduyar (1991).

The SUPG stabilized formulation supplemented with a discontinuity-capturing term was successfully ap-

plied to study compressible 
ow in several complex engineering problems, for example in Xu et al. (2017);

Takizawa et al. (2017); Kanai et al. (2019); Xu et al. (2019); Kozak et al. (2020); Bazilevs et al. (2021);

Codoni et al. (2021) and also hypersonic non-equilibrium 
ow, as in Bova et al. (2010); Kirk et al. (2011,

2014); Codoni et al. (2022).

1.4 Objectives and outline

This work focuses on the development of a numerical framework for the analysis of reacting non-ionized

hypersonic 
ow in thermochemical non-equilibrium. It is not the purpose of the present work to analyse

the physical phenomena happening in the hypersonic regime, but to show the capabilities of the framework

developed. The cases simulated during the project are validation and veri�cation test cases, representing

a proof of concept. Indeed, the goal is to develop a Streamline Upwind Petrov-Galerkin stabilized �nite

element solver for the simulation of hypersonic 
ow in thermochemical non-equilibrium. The solver has the


exibility of using either structured or unstructured grids. For the structured grid the hexahedral elements

are supported, while for unstructured grids both tetrahedral and prismatic elements can be used. The novelty

of the proposed approach consists in solving the governing equation of compressible reacting 
ow in thermal

non-equilibrium in pressure-primitive variables, as an alternative to the widely used set of conservation

variables. The choice of using the pressure-primitive variables lies in the ease of de�ning the boundary

conditions together with their excellent performance in the incompressible limit as was shown by Hauke and

Hughes (1998) in their comparative study of di�erent set of variables for compressible 
ow solutions. Hence,

selecting the set of pressure-primitive variables extends the applicability of our numerical framework across

a wide range of Mach number. Moreover, the set of pressure-primitive variables simplify the computation of

the wall heat transfer and traction, making the coupling between the 
uid dynamic and structural solvers
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straightforward. For these reasons, this work sets the stage for the development of a general multi-purpose

numerical framework for the 
uid dynamic, aeroelastic and aerothermoelastic analysis of compressible 
ows

from the low subsonic regime to the hypersonic regime. The rest of the manuscript is organized as follows.

In Chapter 2 it is described in detail the SUPG stabilized �nite element formulation enhanced with a

discontinuity-capturing (DC) operator for the analysis of non-ionized hypersonic 
ow in thermochemical non-

equilibrium. The chapter is organized as follows. In Section 2.1 the governing equations of the hypersonic


ow’ problem are described. After stating the governing equations that are solved through the FEM, the

transport properties are de�ned in Section 2.2, the chemical model in Section 2.3, and the thermal non-

equilibrium model 2.4. In Section 2.5 the weak problem is formulated and the SUPG and DC operators used

in this work are described. Moreover, in Section 2.5 the solution procedure is described, including the time

integrator adopted in this work.

In Chapter 3 numerical examples for high-speed 
ow simulations of non-reacting air in thermal equilibrium

are presented. In particular the focus of this Chapter is in assessing the robustness and accuracy of the

formulation presented in Chapter 2 when it is applied to high-speed regimes. The numerical test cases

selected are standard benchmark cases in the supersonic and hypersonic regime. These cases are ideal

for validation and veri�cation of the 
uid dynamic solver because of the availability of experimental and

numerical data in the literature and because they involve non-complex physical phenomena. The �rst case

described is the 1D Sod’s problem (Sod, 1978). The Sod’s problem has an analytical solution and for this

reason this veri�cation case is ideal to assess the capabilities of the SUPG stabilized formulation and the

suitability of the DC term in predicting basic compressible 
ow phenomena such as expansion fan, contact

surface and shock wave, without introducing excessive arti�cial viscosity in the solution. Next, the 2D Mach

6 
at plate (Carter, 1972) problem with a detailed mesh convergence study is presented. Then, the Mach

10 NASA experiment by Arisman and Johansen (2015) is shown. Next it is shown the 2D compression

corner at the ramp’s angles of 15� and 24�, which is a numerical test case speci�cally focused on assessing

the suitability of the 
uid dynamic solver in predicting an extremely important quantity in the hypersonic

regime, namely the surface heat transfer. It follows the Mach 17 
ow over a cylinder problem (Mazaheri and

Kleb, 2007). The cylinder problem at Mach 17 allows to investigate the instabilities, namely \Carbuncle

problem" (Elling, 2009), encountered when the traditional CAU DC operator is used. The carbuncle problem

was alleviated by using an alternative de�nition of DC operator, refer to as DC2 in Chapter 2. After assessing

the numerical framework capabilities in predicting a bow shock in front of a blunt body such as the cylinder,

it is illustrated another test case involving a 2D Mach 17 
ow over a cylinder, but this time the focus is

on the surface heat 
ux prediction. Next, the 3D simulation of the Viking Lander Capsule (Edquist, 2006)

and comparison of results to NASA Laura code and wind tunnel experiment are presented. The Chapter
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concludes by showing the surface heat 
ux prediction for the 3D Mars Path�nder re-entry vehicle. The cases

presented in this Chapter assumed the gas to be calorically perfect except for the Mach 10 NASA case, for

which the real gas model is used. The literature data against which our results are validated and veri�ed

were obtained by assuming the gas calorically perfect. For this reason such assumption was made in this

Chapter.

In Chapter 4, veri�cation and validation studies of the numerical framework developed for the analysis

of hypersonic 
ow in thermochemical non-equilibrium, are performed. The SUPG stabilized formulation

implemented in the framework is extensively described in Chapter 2. The purpose of this Chapter is to assess

the accuracy, reliability and robustness of the numerical framework developed in pressure-based primitive

variables and its e�ectiveness in describing the hypersonic 
ow and their intrinsic complex chemico-physical

phenomena. The framework is assessed using benchmark cases in 0D, 2D and 3D. The chemical model based

on the modi�ed Arrhenius equation, is veri�ed through the 0D case, referred to as the adiabatic reactor. The

adiabatic reactor is the �rst case that is presented in this Chapter and it allows to isolate the chemical kinetics

components of the complete numerical framework and to assess its validity. The reactor case involves a 5-

species air mixture, initially at high temperature, which is allowed to react under the assumption of thermal

equilibrium. The species and temperature evolution over time are compared with numerical data obtained

from a study conducted by Seguin et al. (2019), which employed the open-source chemical kinetic solver

Cantera. The second test is the 0D case, known as N2 thermal bath. In this case, the transient evolution of

reacting nitrogen in vibrational non-equilibrium is observed. The N2 thermal bath involves both chemistry

and thermal non-equilibrium and provides an ideal opportunity to verify the integration of the chemical

and two-temperature models within the framework. Moving on to a 2D case, a cylinder immersed in a

Mach 12:7 
ow of a 5-species reacting air mixture under thermal non-equilibrium conditions is considered,

as described by Sekhar (2012). The cylinder in the hypersonic reacting thermal non-equilibrium regime,

serves as a fundamental benchmark to assess the framework’s robustness in handling a strong bow shock.

Additionally, its accuracy in predicting the distribution of temperature and species concentration along the

stagnation line is evaluated. The two �nal tests considered in this Chapter involve 3D axisymmetric cases,

namely the hollow cylinder extended 
are (HCEF) and the double cone, both operating under hypersonic


ow conditions. Detailed measurements of surface pressure and heat 
ux were obtained for the HCEF and

the double cone models in high-enthalpy 
ow through a series of experiments conducted at the LENS XX

expansion tunnel facility, as documented by Holden et al. (2013). The primary objective of these experiments

was to generate an experimental dataset that could be utilized for the validation of hypersonic CFD codes. In

the current study, the HCEF and double cone cases are speci�cally selected to test the numerical framework.

The HCEF and the double cone involve phenomena such as shock-shock and shock-laminar boundary layer
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interactions, as well as 
ow separation. The intricate 
ow topology created in the laminar hypersonic regime

around the HCEF and the double cone results in extreme conditions, which are manifested as peaks in surface

pressure and heat transfer. The results obtained with the current numerical framework are compared with

the experimental data from the Calspan University of Bu�alo Research Center (CUBRC) (Holden et al.,

2013) and numerical data (MacLean et al., 2014) available in the literature.

Finally in Chapter 5 the conclusions of this work are drawn, together with suggestions and future steps,

involving further developments of the numerical framework to augment its capabilities in the context of

hypersonic 
ow analysis.
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Chapter 2

Methodology

2.1 Governing equations

The governing equations for compressible 
ows are the Navier-Stokes equations. In this work, a framework

to solve non-ionized hypersonic 
ows in thermochemical non-equilibrium is presented. In order to study

hypersonic 
ows, the set of Navier-Stokes equations needs to be modi�ed to include reactions and vibrational

non-equilibrium. Vibrational non-equilibrium problems are studied with the two-temperature model. The

two-temperature model assumes that the translational and rotational energy modes are in equilibrium at

the translational temperature T = T t = T r, and the vibrational and electronic energy modes equilibrates at

the vibrational temperature TV = T v = T e. According to the previous assumptions, an additional equation

to the set of Navier-Stokes equations is needed. The added equation describes the vibrational and electronic

energies conservation. The complete set of governing equations for hypersonic 
ows (Lee, 1984; Gno�o et al.,

1989; Kirk et al., 2011, 2014) is stated as follows:

@�s
@t

+r � (�su) = �r � (�sus) + _!s; (2.1)
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(�suseves )
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Eq. 2.1 represents the conservation of mass for each species s of the mixture, Eq. 2.2 is the conservation

of momentum, Eq. 2.3 and Eq. 2.4 are the conservation of total energy and vibrational-electronic energy

respectively. In Eqs. 2.1, 2.2, 2.3, and 2.4, NS is the number of species and us is the di�usion velocity of

the individual species s. The Fick’s law (Alkandry et al., 2013) is assumed to obtain the di�usion velocity.

According to the Fick’s law, us is proportional to the gradients of the species concentrations cs as de�ned

below:

�sus = ��Dsrcs (2.5)

In Eq. 2.5, Ds is the species di�usion coe�cient. The Fick’s law in Eq. 2.5 is applied to the system

of governing equations and the �nal system of equations describing the viscous 
ows in thermochemical

non-equilibrium is obtained as:

@�s
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@�etot
@t

+r � (�uetot) +r � (pu) = �r � q +r � (���u) +r �

 

�
NSX

s=1

(hsDsrcs)

!

; (2.8)

@�eve
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�
NSX

s=1

(eves Dsrcs)

!

+ _!V : (2.9)

In the above equations �s, hs and eves are respectively the density, enthalpy and the combined vibrational-

electronic energy of the species s. The pressure and density of the mixture are respectively p and �. The

second-order viscous stress tensor ��� is de�ned as:

��� = (�r � u) I + �
�

(ru) + (ru)T
�
; (2.10)

where I is the identity matrix and � is the bulk viscosity. The Stokes hypothesis allows to relate the bulk

viscosity to the dynamic viscosity � as follows

� = �
2
3
� (2.11)

The Fourier law is used to de�ne the heat conduction vector q as

q = ��rT � �verTV ; (2.12)
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and the vibrational heat conduction vector qV as

qV = ��verTV ; (2.13)

In Eq. 2.12 � = �t +�r is the frozen thermal conductivity of the mixture, which consists of the combination

of the translational �t and rotational �r thermal conductivities. In Eq. 2.13, �ve = �v + �e is the combined

vibrational �v and electronic �e thermal conductivity the mixture. In Eq. 2.6 and Eq. 2.9, the source

terms _!s and _!V represent respectively the species production rates and the combined vibrational and

electronic energy production. The de�nitions of the species production rates and the combined vibrational

and electronic energy production are given in Section 2.3 and Section 2.4 respectively. In order to close the

system of governing equations a relation between the pressure, the density and the temperature is needed.

Each species in the mixture is assumed as an ideal gas. For ideal gases the following state equation holds

ps = �sRsT (2.14)

where ps is the partial pressure relative to the species s and Rs is the gas constant, which is given in terms

of the universal gas constant, �R J
K mol and the molar mass of species s, Ms

kg
mol , as follows

Rs =
�R
Ms

(2.15)

The Dalton law (Mooren, 2012) gives a relation for the pressure of the mixture p in terms of the partial

pressures as

p =
NSX

s

ps (2.16)

The same expression is adopted for the density of the mixture �

� =
NSX

s

�s (2.17)

In the following,  indicates a general mixture quantity such as energies, enthalpies and speci�c heats. This

general mixture quantity can be obtained from the relative quantity for each species  s as follows

 =
NSX

s

cs s (2.18)

21



where the mass fraction cs is given as

cs =
�s
�

(2.19)

The mixture total energy etot in Eq. 2.8 is de�ned as the sum of the mixture internal energy eint and the

kinetic energy as

etot = eint +
1
2
juj2 (2.20)

The mixture internal energy eint is given for the two-temperature model as

eint = et (T ) + er (T ) + ev
�
TV
�

+ ee
�
TV
�

+
NSX

s

csh0s (2.21)

where h0s is the enthalpy of formation of the species s. The sum of the mixture vibrational energy ev and the

mixture electronic energy ee gives the mixture combined vibrational and electronic energy eve that appears

in Eq. 2.9 and it is shown below

eve = ev + ee (2.22)

The combined vibrational and electronic energy of the species, eves , is de�ned in the same way as the mixture

quantity eve was obtained, as it follows

eves = evs + ees (2.23)

The mixture translational et, rotational er, vibrational ev and electronic ee energies are obtained from the

species translational ets, rotational ers, vibrational evs and electronic ees energies respectively, using Eq. 2.18.

The species translational energy is de�ned as

ets = Ctvs
T (2.24)

and the rotational energy

ers = Crvs
T (2.25)

In Eqs. 2.24 and 2.25, Ctvs
and Crvs

are the speci�c heats at constant volume for each species respectively for

the translational and rotational mode. For the species vibrational energy we adopt the harmonic oscillator

model, as suggested by Lee (1984). According to the harmonic oscillator model the vibrational energy for

each species is de�ned as

evs =

8
>><

>>:

0; for atoms,

Rs�v
s

exp(�v
s=TV )�1 ; for molecules.

(2.26)
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where �vs is the characteristic vibrational temperature of the molecule s. It is essential to recall the assump-

tion made at the beginning of this Chapter, according to which the vibrational and electronic modes are

equilibrated at the vibrational temperature TV in the two-temperature model. For the species electronic

energy a Boltzmann distribution with temperature TV is assumed for the energy contained in the excited

electronic states (Vincenti and Kruger, 1965). The electronic energy for species s is de�ned as:

ees = Rs

P1
i=1 �

e
isgis exp

�
��eis=TV

�

g0s +
P1
i=1 gis exp (��eis=TV )

(2.27)

where �eis is the characteristic electronic temperature of the species and it is associated with the electronic

energy level i. The quantity gis is the degeneracy of the electronic level i for the species s. As suggested by

Vincenti and Kruger (1965), only the ground and �rst electronic energy levels are signi�cantly populated.

This assumption allows to simplify the expression for the electronic energy given in Eq. 2.27, which can now

be de�ned as

ees = Rs�e1s
g1s=g0s exp

�
��e1s=TV

�

1 + g1s=g0s exp (��e1s=TV )
(2.28)

Finally, the speci�c heat at constant volume for each species for the di�erent energy modes is de�ned. The

speci�c heat at constant volume for the translational mode is de�ned as

Ctvs
=

3
2
Rs ; (2.29)

for the rotational mode is

Crvs
=

8
>><

>>:

0; for atoms

Rs; for molecules ,
(2.30)

while for the vibrational mode is

Cvvs
=

@evs
@TV

=

8
>><

>>:

0; for atoms

Rs
�
�v

s
TV

�2 exp(�v
s=T

V )
(exp(�v

s=TV )�1)2 ; for molecules ,
(2.31)

and �nally for the electronic mode is

Cevs
=

@ees
@TV

= Rs
�
�e1s
TV

�2 g1s=g0s exp
�
��e1s=TV

�

(1 + g1s=g0s exp (��e1s=TV ))2 (2.32)

The de�nition of the speci�c heats at constant pressure is derived straightforward from the speci�c heats

at constant volume. Indeed, the speci�c heats at constant pressure are de�ned as Cqps
= Cqvs

for q = r; v; e
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while for the translational mode Ctps
= Ctvs

+Rs (Lee, 1984; Gno�o et al., 1989).

2.2 Transport properties

In this Section, the transport properties of the hypersonic problem are de�ned. In particular, a de�nition for

the viscosity, the thermal conductivities for each mode, and the di�usion coe�cient of the 5-species gaseous

mixture, is given. First of all, the dynamic viscosity and thermal conductivities for the single species s, are

de�ned. Once the species transport properties are de�ned, the mixture quantities are obtained by using

the Wilke’s mixing rule (Wilke, 1950). In this work, the species dynamic viscosity �s is obtained from the

curve �t provided by Blottner et al. (1971). The Blottner curve �t is given as a function of the translational

temperature T and the dynamic viscosity is given as

�s = 0:1 exp [(As lnT +Bs) lnT + Cs] (2.33)

In Eq. 2.33, As, Bs and Cs are the coe�cients of the Blottner curve �t (Blottner et al., 1971). The validity

of the Blottner curve �t is up to a temperature T = 30; 000 K. The thermal conductivities relative to each

internal energy mode are obtained for the single species from the Eucken’s relation (Vincenti and Kruger,

1965). According to the Eucken’s relation, the species translational thermal conductivity is de�ned as

�ts =
5
2
�sCtvs

(2.34)

while the species thermal conductivities of the rest of the internal modes q = r; v; e (namely rotational,

vibrational, and electronic) are given as

�qs = �sCqvs
: (2.35)

The gaseous mixture dynamic viscosity and thermal conductivities can be now obtained as a function of

the transport properties de�ned for the single species in Eqs. 2.34, 2.35, using the Wilke’s mixing rule.

According to the Wilke’s mixing rule the dynamic viscosity of the mixture is de�ned as

� =
NSX

s

�s
�s
�s

(2.36)

while the overall thermal conductivities for each internal mode q = t; r; v; e is given as

�q =
NSX

s

�qs
�s
�s

(2.37)
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In Eqs. 2.36, 2.37 the quantity �s is de�ned as

�s =
NSX

r

�r
�

1 +
q

�s
�r

�
Mr
Ms

� 1
4
�2

r
8
�

1 + Ms
Mr

� (2.38)

while the mole fraction �s is given as

�s = cs
M
Ms

(2.39)

where M is the mixture molar mass.

This section is concluded by giving an expression for the di�usion coe�cient. A single di�usion coe�cient

is assumed to describe how the species di�use in the mixture. The di�usion coe�cient D is obtained from

the Lewis number Le de�nition as follows

Ds = D = Le
�t + �r

�
�
Ctps

+ Crps

� : (2.40)

In the present work, a constant Lewis number for air is assumed equal to 1:4 (Alkandry et al., 2013). This

value of the Lewis number is used for all the cases presented in Chapter 4.

2.3 Species production rate

As it was stated at the beginning of this Chapter, in this work the non-ionized 5-species reacting air model

is considered. The species considered are nitrogen N2, oxygen O2, nitric oxide NO, atomic nitrogen N and

atomic oxygen O. The reactions modelled are presented in Kirk et al. (2011) and reported in the following

N2 + M �! 2 N + M (2.41)

O2 + M �! 2 O + M (2.42)

NO + M �! N + O + M (2.43)

NO + O �! O2 + N (2.44)

N2 + O �! NO + N (2.45)

In the above set of reactions, M represents any of the species of the mixture. The �rst three reactions in Eqs.

2.41, 2.42, 2.43 are dissociative reactions, while Eqs. 2.44, 2.45 are exchange reactions. Dissociation reactions
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depend on the degree of vibrational non-equilibrium, meaning that these two phenomena are coupled. In this

work, the vibration-dissociation coupling is modelled using the Park preferential dissociation model (Park,

1989a). According to the Park model, all the reactions are characterized by the translational temperature

T , except for the dissociation reactions, which are characterized by the temperature Td, de�ned as follows

Td =
p
TTV (2.46)

The source term in Eq. 2.6, _!s, is the rate of production of species s and it is de�ned in Gno�o et al. (1989)

as

_!s = Ms

NRX

r

(�sr � �sr) (Rfr �Rbr) (2.47)

with NR the total number of reactions. In Eq. 2.47, �sr and �sr are the stoichiometric coe�cients respec-

tively of the reactants and the products of the reaction r relative to the species s, while Rfr and Rbr are

the forward and backward reaction rates for the reaction r. The stoichiometric coe�cients are derived in a

straightforward way from the reaction de�nitions. The expressions for the reaction rates are given in Gno�o

et al. (1989) and they are shown in the following:

Rfr = 1000

"

Kfr

NSY

s=1

�
0:001

�s
Ms

��sr
#

(2.48)

Rbr = 1000

"

Kbr

NSY

s=1

�
0:001

�s
Ms

��sr
#

(2.49)

In Eqs. 2.48 and 2.49, Kfr and Kbr are respectively the forward and backward reaction rates coe�cients in

cgs units, while the molar masses are in g
mol . The modi�ed Arrhenius formula is used to obtain the expression

for the forward reaction rate coe�cient, which is given as

Kfr = CfrT
�r
q exp

�
�
Efr

KTq

�
(2.50)

where Cfr is the pre-exponential coe�cient, Efr is the activation energy for the reaction r and K is the

Boltzmann constant. In Eq. 2.50, Tq is the temperature driving the reaction r. According to the Park

model, the dissociation reactions are driven by the temperature de�ned in Eq. 2.46, hence Tq = Td, while

for the rest of the reactions Tq = T . The values for Cfr , the exponent �r and Efr
K are given by Gno�o et al.

(1989) and Park (1989a) for every reaction r. The backward reaction rate coe�cient Kbr is always a function
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of the translational temperature T and it is obtained as

Kbr =
Kfr (T )
Keq
r (T )

(2.51)

where Keq
r is the equilibrium constant for the reaction r. In this work, two di�erent de�nitions for the

equilibrium constant are presented. The �rst de�nition of Keq
r is given from curve �ts (Park, 1985)

Keq
r = exp

�
Br1 +Br2 lnZ +Br3Z +Br4Z

2 +Br5Z
3� (2.52)

where Bri , with i = 1; :::; 5, are the curve �ts coe�cients and Z = T
10000 . The second option to compute the

equilibrium constant Keq
r involves the use of the Gibb’s free energy (Seider and III, 1985) as de�ned below

Keq
r =

� p0

RT

��r

exp

 

�
NSX

s

(�sr � �sr)

 
ĥs
RT
�
ŝs
R

!!

(2.53)

where p0 = 105 Pa is the reference pressure and

�r =
X

s

(�sr � �sr) (2.54)

The values of the normalized enthalpy ĥs
RT and entropy ŝs

R are obtained from curve �ts provided by Scalabrin

(2007). In the numerical framework developed during this project, both de�nitions of the equilibrium

constant are implemented. During the solver’s veri�cation stage of this project, more accurate results are

observed when the equilibrium constant is computed according to the expression de�ned in Eq. 2.53. This is

the reason why the numerical results shown in Chapter 4 are obtained using the Gibb’s free energy expression

for the equilibrium constant.

2.4 Vibrational and electronic energies production rate

In this Section, the focus is on de�ning the source term in the vibrational energy equation Eq. 2.9. There

are two contributions to the production rate of the combined vibrational and electronic energies _!V , namely

the creation of molecules with vibrational and electronic energies _QV and the transfer of energies between

modes _Qtransf , in particular the translational-vibrational and rotational-vibrational energy transfer. The

vibrational-electronic production rate term is then de�ned as

_!V = _QV + _Qtransf ; (2.55)
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where

_QV =
NSX

s

( _!s (evs + ees)) (2.56)

and

_Qtransf =
NSX

s

_Qtrs (2.57)

We obtain the vibrational energy transfer for each species by using the Landau-Teller model (Landau and

Teller, 1936) as

_Qtrs = �s
êvs � evs
�vs

(2.58)

where êvs = evs (T ) represents the vibrational energy in the equilibrium case, hence computed at the trans-

lational temperature T , and �vs is the vibrational relaxation time for species s. For a gaseous mixture an

expression for the vibrational relaxation time that takes into account collisions among all the species of the

mixture itself, is needed. In this work, the widely used model proposed by Millikan and White (1963) is

adopted to compute the vibrational relaxation time in a gaseous mixture

�vs = �MW
s =

PNS
r �r

PNS
r (�r=�vsr)

(2.59)

where �r is de�ned in Eq. 2.39 and �vsr is given as

�vsr =
1
P

exp
h
Asr

�
T�

1
3 � 0:015�

1
4
sr

�
� 18:42

i
(2.60)

In Eq. 2.60, the mixture pressure P is in atm, Asr is de�ned as

Asr = 1:16� 10�3�
1
2
sr (�vs )

4
3 (2.61)

while the reduced molecular weights of species s and r, �sr are de�ned as

�sr =
MsMr

Ms +Mr
(2.62)

with the molar masses expressed in g
mol . The vibrational relaxation time �MW

s computed as in Eq. 2.59 is

valid up to a temperature of 8000 K. In order to extend the temperature range of validity, Park proposed a

correction �Ps to the Millikan and White model. This correction is de�ned as

�Ps =
1

�s�csns
(2.63)
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where �s � 10�20 m2 is the limiting value of the cross section at high temperature (Gno�o et al., 1989; Park,

1989a), ns = NA
Ms
� �s is the number density of species s, where NA is the Avogadro number, and �cs is the

average thermal velocity of species s. The species average thermal velocity is given as

�cs =
r

8KT
�ms

(2.64)

where ms is the species mass per particle in kg. After applying the Park correction, the �nal expression for

the vibrational relaxation time is obtained for each species as

�vs = �MW
s + �Ps (2.65)

The numerical solver developed is general and the ideal gas case, where the 
uid is an ideal gas and in thermal

equilibrium, can be easily retrieved. Indeed, in the thermal equilibrium case the 
uid is in equilibrium at the

single temperature T and the equation for the vibrational and electronic energy Eq. 2.9 can be neglected.

Moreover, for the ideal gas case, one continuity equation is considered, the source term in the continuity

equation is explicitly set to zero, and all the 
uid properties are set to the values for the ideal air.

2.5 Weak formulation

In the previous Sections of this Chapter, the governing equations of the hypersonic problem are identi�ed.

After the de�nition of the governing equations, the expressions for the transport properties and the source

terms are given through the appropriate models. The equations for the hypersonic 
ows are completely

de�ned. The next step is to solve these equations. In this work the FEM is used for the spatial discretization

of the equations. The starting point for the FEM is the variational form of the equations. In this Section,

the variational or weak form of the governing equations is derived, the stabilization parameters and the

discontinuity capturing operators implemented in the solver are described, and the �nal FEM problem is

stated by showing the �nal SUPG stabilized FEM formulation of the governing equations.

The Navier-Stokes equations of non-ionized compressible 
ows in thermochemical non-equilibrium are

rewritten in a compact way as in the following

U;t + Fadvi;i = Fdiffi;i + _S; (2.66)
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with i = 1; :::; d, where d = 2; 3 is the space dimension, and where the vector of conservation variables U is

de�ned as

U =

��������������������

�s

�u1

�u2

�u3

�etot

�eve

��������������������

; (2.67)

while Fadvi and Fdiffi are the ith component of the convective and di�usive 
uxes, respectively, given by

Fadvi =

��������������������

�sui

�uiu1 + p�1i

�uiu2 + p�2i

�uiu3 + p�3i

�uietot + pui

�uieve

��������������������

Fdiffi =

��������������������

�Dscs;i

�1i

�2i

�3i

�qi + �ijuj +
PNS
s (�hsDscs;i)

�qV i +
PNS
s (�eves Dscs;i)

��������������������

: (2.68)

The source vector is given by

_S =

��������������������

_!s

0

0

0

0

_!V

��������������������

; (2.69)

Now, the convective 
ux vector is split in two terms as

Fadvi = Fadv=pi + Fpi =

��������������������

�sui

�uiu1

�uiu2

�uiu3

�uietot + pui

�uieV

��������������������

+

��������������������

0

p�1i

p�2i

p�3i

0

0

��������������������

: (2.70)
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The weak form of the problem is obtained by applying the method of the weighted residuals. According

to the method of weighted residuals, the strong form of the Navier-Stokes equations, shown in Eq. 2.66, is

multiplied by a vector-valued test function W 2 V, where V is a suitably chosen space of test functions,

and then integrated over the spatial domain 
 with boundary �. After applying the splitting de�ned in Eq.

2.70, the integration by parts is performed on the pressure and di�usive 
uxes resulting in

Z



W �

�
U;t + Fadv=pi;i � _S

�
d
�

Z



W;i �

�
Fpi � Fdiffi

�
d
+

Z

�h

W �
�
Fpi � Fdiffi

�
ni d� = 0

(2.71)

where �h is the portion of � where the Neumann boundary conditions are applied, and ni is the ith component

of the outward unit surface normal vector n. The last term on the left-hand-side of Eq. 2.71 represents

the prescribed boundary conditions for the traction and the heat-
ux, which are known values. By simply

neglecting this term, the zero-traction and zero heat 
ux are naturally imposed. The change of variables

from the conservative to the pressure-based primitive variables Y is de�ned as

Y =

��������������������

ps

u1

u2

u3

T

TV

��������������������

: (2.72)

By applying the change of variables, the Eq. 2.71 can be rewritten in a quasi-linear form. Given S, a suitably

chosen space of vector-valued trial functions for the pressure-based primitive variables, and V, the space of

vector-valued test functions for the pressure-based primitive variables, the weak form of the Navier-Stokes

equations of hypersonic 
ows in thermochemical non-equilibrium can be formulated as: Find Y 2S, such

that for all W 2V,

Z



W �

�
A0Y;t + Aadv=p

i Y;i � _S
�
d
�

Z



W;i � (Ap

iY�KijY;j) d
+
Z

�h

W �
�
Fpi � Fdiffi

�
nid� = 0;

(2.73)
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Here, the Euler-Jacobian matrices A0, Aadv=p
i , Ap

i , Kij are de�ned as

A0 =
@U
@Y

; Aadv=p
i =

@Fadv=pi
@U

@U
@Y

; Ap
i =

@Fpi
@U

@U
@Y

; Kij =
Fdiffi
Y;j

; (2.74)

2.5.1 Stabilization parameters

In the Navier-Stokes equations, the non-linearity of the convection term in the momentum equation, repre-

sents an intrinsic source of instability. This instability is evident in convection dominated 
ows. For these

type of 
ows, the standard Galerkin formulation results to be unstable. In this work numerical stability is

achieved by adopting the Streamline Upwind Petrov-Galerkin (SUPG) formulation. The SUPG formulation

is a stabilized formulation that was �rstly developed in the context of incompressible 
ows in Brooks and

Hughes (1982). The SUPG stabilized formulation is obtained by adding to the formulation expressed in Eq.

2.73 a residual-based stabilization term. Since the stabilization term added is residual-based, the consis-

tency of the stabilized formulation is still satis�ed. Indeed, as the residual of the equations tends to zero,

the original formulation is retrieved. The SUPG operator adopted in this work can be found in Xu et al.

(2017). This term is characterized by the product of three components, namely the gradient of the weight

function, a stabilization parameter � (Hughes and Mallet, 1986a; Shakib et al., 1991; Hauke, 2001b), and

the strong-form residual of the Navier-Stokes equations Res(Y), which is de�ned as follows:

Res(Y) = A0Y;t + (Aadv=p
i + Ap

i )Yi � (KijY;j);i � _S (2.75)

with i; j = 1; ::; nsd, where nsd is the number of spatial dimensions. The computational domain is supposed

to be discretized in Nel elements. The SUPG term, which acts only in the interior of the elements, can be

de�ned as
NelX

e

Z


e

(Aadv
i )TWWW ;i���SUPGRes(Y) d
 (2.76)

where Aadv
i = Aadv=p

i + Ap
i , while the stabilization parameter in pressured-based primitive variables is

computed from the stabilization matrix �̂ given in conservative variables through the transformation matrix,

A0 as:

���SUPG = A�1
0 �̂ (2.77)

A lot of e�ort has been dedicated by researchers in �nding an optimal de�nition of the stabilization parameter

���SUPG (Hughes and Mallet, 1986a; Shakib et al., 1991; Hauke, 2001a; Tezduyar, 2004a; Tezduyar and Senga,

2006). In this work, it is selected the expression for the stabilization matrix in conservative variables �̂ given
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by Xu et al. (2017), which is de�ned as

�̂ =
�

4
�t2

I +GijÂ
adv
i Â

adv
j + CIGijGklK̂ikK̂lj

�� 1
2

(2.78)

where �t is the time step, Â
adv
i and K̂ij are the Euler-Jacobian matrices in conservative variables, and CI

is a constant set to the optimal value 3 (the reader is referred to Johnson (1987); Brenner and Scott (2002);

Ern and Guermond (2004) for a discussion on estimating the value of the constant CI). In Eq. 2.78 G is

the element metric tensor, which is de�ned as

Gij =
dX

k=1

@�k
@xi

@�k
@xj

(2.79)

where x(�) represents the mapping between the parametric space and the physical space. The non-linearity

of the governing equations, represented by the convection term, produces spurious numerical oscillations in

the solution. These oscillations are controlled by the SUPG term, that is added to the formulation, making

the formulation stable for convection-dominated 
ows. The SUPG term operator is not able to provide the

necessary stability in the case strong discontinuities, such as shock waves, are present in the solution �eld.

This is the reason behind the use of the DC operator. As the SUPG, the DC operator is residual-based,

meaning that the consistency of the SUPG stabilized formulation is still satis�ed when enhanced with the

DC term. The DC operator involves the product of the gradient of the weight function, the gradient of the

solution and a parameter which is a matrix. Following the same approach used to de�ne the SUPG term,

the DC term is expressed in the set of conservative variables as below:

NelX

e

Z


e

W;iK̂DCUid
 (2.80)

where K̂DC is the matrix-valued DC viscosity in the set of conservative variables. The change of variables

is applied to the Eq. 2.80 through the transformation matrix A0, resulting in the following

NelX

e

Z


e

W;iKDCYid
 : (2.81)

where the DC viscosity matrix expressed in the set of pressure-based primitive variables KDC is de�ned as

KDC = K̂DCA0 (2.82)
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In the 
uid dynamic solver developed in this work, three de�nitions of the DC term are implemented. In the

rest of this thesis the �rst de�nition is referred to as DC1, the second one as DC2, and the third one as DC3.

The DC3 de�nition was applied by Rajanna et al. (2022) to compressible 
ows of an ideal non-reacting gas

in thermal equilibrium and this de�nition was not extended to the 
ows in thermochemical non-equilibrium.

Therefore, the DC3 is only used to solve problems involving non-reacting 
ows in thermal equilibrium. In

the following, explicit expressions of the DC viscosity matrix are provided in the set of conservation variables

for the DC1, DC2, and DC3. For the DC1 and DC2 a diagonal form of the arti�cial viscosity matrix K̂DC

is assumed as

K̂DC = diag(K̂Ci ; K̂M ; K̂M ; K̂M ; K̂E ; K̂Ev ) (2.83)

with i = 1; ::; NS. The de�nition of the DC1 term is an extension of what was proposed in Xu et al. (2017)

for the compressible 
ows of ideal air to the 
ows in thermochemical non-equilibrium. Therefore, the entries

of the matrix in Eq. 2.83 are de�ned as

K̂Ci = CC
hjResij
jrUij

K̂M = CM
hjResNS+1:NS+nsdj
jrUNS+1:NS+nsdj

K̂E = CE
hjResNS+nsd+1j
jrUNS+nsd+1j

K̂Ev = CE
hjResNS+nsd+2j
jrUNS+nsd+2j

(2.84)

The de�nition in Eq. 2.84 is derived from the CAU method proposed by Almeida and Galeao (1996),

which can be seen as an extension of the \�91" shock-capturing technique to unsteady problems (Beau and

Tezduyar, 1991; Beau et al., 1993). Furthermore, it is observed that the DC1 de�nition can also be seen as

the Y Z� DC with � = 1 (Tezduyar, 2007). The DC2, was �rstly proposed by Bazilevs et al. (2021) for ideal

air and in this work this de�nition is extended to the hypersonic 
ows in thermochemical non-equilibrium.

For the DC2, the components of the DC viscosity matrix in Eq. 2.83 are de�ned as

K̂Ci = min
�
CC

hjResjw
jrUjw

; k̂cap
�

K̂M = min
�
CM

hjResjw
jrUjw

; k̂cap
�

K̂E = min
�
CE

hjResjw
jrUjw

; k̂cap
�

K̂Ev = min
�
CE

hjResjw
jrUjw

; k̂cap
�

(2.85)
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where the weighted norm of the governing equation residuals jResjw is de�ned as

jResjw = c2jRes1:NS j+ kukjResNS+1:NS+nsdj+ jResNS+nsd+1j+ jResNS+nsd+2j (2.86)

with c the speed of sound. In Eq. 2.85 the weighted norm of the conservation variable solution gradient

jrUjw is de�ned as

jrUjw = c2jrU1:NS j+ kukjrUNS+1:NS+nsdj+ jrUNS+nsd+1j+ jrUNS+nsd+2j (2.87)

In the expressions in Eqs. 2.84 and 2.85, i = 1; ::; NS, and h is the element size, while CC , CM , and CE are

O(1) positive constants. In this work the constants CC ; CM ; CE are set to 1. Finally, based on the work of

Rajanna et al. (2022), an explicit expression of the DC3 viscosity matrix in the set of conservation variables

is given as

K̂DC = C

 
Res(Y)T ~A0

�1
Res(Y)

GijU;i ~A0
�1

U;j

! 1
2

(2.88)

where C is O(1) positive constant set to 1, and ~A0 is the transformation matrix from the conservative

variables to the entropy variables (Hauke and Hughes, 1998).

2.5.2 Solution procedure

The SUPG and the DC terms de�ned respectively in Eq. 2.76 and Eq. 2.81 are added to the weak formulation

expressed in Eq. 2.73. Before giving the complete stabilized formulation, the spatial discretization is applied.

In particular, the spaces of the trial (S ) and test (V ) functions are discretized as Sh and Vh, which represent

the spaces of �nite vector-valued trial Wh and test Yh functions respectively. At this point, the �nal semi-

discrete stabilized formulation for non-ionized viscous compressible 
ows in thermochemical non-equilibrium,

becomes: Find Yh 2 Sh, such that for all Wh 2 Vh,

Z



Wh �

�
A0Yh

;t + Aadv=p
i Yh

;i � _S
�
d
�

Z



Wh

;i �
�
Ap
iY

h �KijYh
;j

�
d
+

NelX

e=1

Z


e

�
(Ai)

T Wh
;i

�
� ���SUPGRes(Yh) d
 +

NelX

e=1

Z


e
Wh

;i �KDCYh
;i d
+

Z

�h

Wh �
�
Fpi � Fdiffi

�
nid� = 0;

(2.89)

The complete semi-discrete formulation is expressed in Eq. 2.89 and it needs to be solved. The �rst

step is to integrate in time the above formulation. The time integration method chosen in this work is the

second-order accurate generalized-� method proposed by Jansen et al. (2000) for stabilized �nite element
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formulations. Before delving further in the description of the time integration method, few more de�nitions

are needed. The vectors of the nodal degrees of freedom and their time derivatives are referred to as Y and

_Y, respectively. Also, A de�nes the nodal index for the �nite element analysis. Furthermore, the nodal test

function Wh in Eq.2.89 are substituted with NA, for clarity reasons. It is important to highlight the fact

that the nodal basis functions NA are the same used to expand the nodal degrees of freedom. The residual

vector R corresponding to Eq. 2.89 is expressed as:

R =
h
RA
�
NA;Yh

�i
(2.90)

The algorithm of the generalized-� method is stated as: Given _Yn, Yn, �nd _Yn+1, Yn+1, _Yn+�m , Yn+�f ,

such as:

R
�

_Yn+�m ;Yn+�f

�
= 0 (2.91)

Yn+1 = Yn + �t _Yn + 
�t
�

_Yn+1 � _Yn

�
(2.92)

_Yn+�m = _Yn + �m
�

_Yn+1 � _Yn

�
(2.93)

Yn+�f = Yn + �f (Yn+1 �Yn) (2.94)

where �t = tn+1 � tn represents the time step size, while �m, �f and 
 are real-valued parameters de�ning

the method. Jansen et al. (2000) showed that the generalized-� method is second-order accurate for


 =
1
2

+ �m � �f (2.95)

while the following condition

�m � �f �
1
2

(2.96)

ensure unconditional stability. Following the procedure described in Whiting (1999); Whiting and Jansen

(2001); Bazilevs et al. (2007), a one-parameter family of time integrators that is unconditionally stable and

second-order accurate can be obtained by setting 
 as in Eq.2.95 and �m and �f as:

�m =
1
2

(3� �1)
(1 + �1)

�f =
1

1 + �1
(2.97)

In Eq.2.97, �1 is the spectral radius of the ampli�cation matrix for an in�nite time step. The parameter

�1 controls the damping of the high frequencies respect to the resolution of the problem. This parameter

can take values between 1 and 0. When �1 is equal to 0 the highest frequency of the system is killed in
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one time step, while all the frequencies are preserved when the spectral radius parameter is set to 1 (Chung

and Hulbert, 1993). The non-linear system represented by the Eqs.2.91-2.94, states that, given the solution

at the time level tn, the integration of the equations to the time level tn+1 is carried out by imposing the

residual in Eq.2.91 to be equal zero. This non-linear system of equation is solved using the two stages

predictor-multicorrector Newton-Raphson method. In the predictor stage the values of the solution at the

time level tn+1 for the iteration 0 are set as in the following expressions:

Y(0)
n+1 = Yn (2.98)

_Y
(0)
n+1 =


 � 1



_Yn (2.99)

The multicorrector stage involves three main steps, reported below, that are repeated for l = 1; ::; lmax until

convergence.

� The solution for the iteration l is evaluated at the intermediate time levels �m, �f , in agreement with

Eqs.2.93,2.94, as:

_Y
(l)
n+�m

= _Yn + �m
�

_Y
(l�1)
n+1 � _Yn

�
(2.100)

Y(l)
n+�f

= Yn + �f
�
Y(l�1)
n+1 �Yn

�
(2.101)

� the intermediate solutions de�ned in the previous step are used to assemble the residual of the governing

equations R and the relative matrices in the linear system de�ned below:

M(l)� _Y
(l)
n+1 = �R(l) (2.102)

where the matrix M (l) is de�ned as:

M(l) =
@R

�
_Yn+�m ;Yn+�f

�

@ _Yn+�m

@ _Yn+�m

@ _Yn+1
+
@R

�
_Yn+�m ;Yn+�f

�

@ _Yn+�f

@ _Yn+�f

@ _Yn+1
(2.103)

The linear system in Eq.2.102 is solved for the increment � _Y
(l)
n+1 using the Generalized Minimal Resid-

ual (GMRES) technique described by Saad and Schultz (1986), with a block-diagonal preconditioning.

In particular, from the left-hand-side matrix are extracted nodal blocks of dimension DOF � DOF ,

where DOF represents the number of degrees of freedom. Each block is LU factorized and the lin-

ear system is left- and right-preconditioned through the matrices L�1 and U�1, respectively. This

methodology results to be exceptionally e�cient, with a great parallel scaling
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� the solution is updated by automatically satisfying the Eq.2.92, as in the following expressions:

_Y
(l)
n+1 = _Y

(l�1)
n+1 + � _Y

(l)
n+1 (2.104)

Y(l)
n+1 = Y(l�1)

n+1 + 
�t� _Y
(l)
n+1 (2.105)

With this step one Newton iteration is concluded.
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Chapter 3

Numerical results: equilibrium 
ows

3.1 1D Sod shock tube case

The shock tube case is a 1D, inviscid and unsteady case (Sod, 1978). An initial diaphragm separates two

regions of the same 
uid at rest and at di�erent pressure and density. After the instantaneous removal of the

diaphragm a shock wave propagates in the low pressure region while an expansion wave propagates in the

opposite direction. The contact surface across which pressure and velocity stay the same, propagates in the

same direction of the shock wave. In order to simulate this case, the DC1 de�nition for the discontinuity-

capturing operator is used. The following initial conditions are adopted as in Sod (1978): �L = 1 Kg=m3,

pL = 1 Pa, uL = 0 m=s, TL = 3:484e�3 K and �R = 0:125 Kg=m3, pR = 0:1 Pa, uR = 0 m=s, TR = 2:787e�3 K,

where subscripts L and R represent left and right regions with respect to the diaphragm. The speci�c heat

ratio is 
 = 1:4 and the gas constant is R = 287 J=(kg K). The length of the domain is L = 1 m. Two

sets of computational grids are investigated, i.e. the coarse grid of 1000 elements and the �ne one of 10000

elements. The results obtained from the simulations at the physical time instant t = 0:2 s, are compared

with the analytic solution and are shown in Figure 3.1. In Figure 3.1, it is observed that the results from

both the coarse and �ne grids are in excellent agreement with the analytic solution. Moreover, it can be

appreciated the improvement in the solution given by the �ne grid in Figure 3.1d, where the �ne grid shows

a less di�usive behaviour with respect to the coarse grid’s solution, for the expansion fan and the contact

surface.
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(a) Pressure (b) Internal Energy

(c) Velocity (d) Density

Figure 3.1: Comparison of the numerical results for pressure 3.1a, temperature 3.1b, velocity 3.1c and density
3.1d distributions with the analytic solution of the Sod shock tube case (Sod, 1978).
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Figure 3.2: Computational domain for the Mach 6 
at plate case at zero angle of attack with respect to the
free-stream direction.

3.2 2D Mach 6 
at plate

In this Section, it is presented the 
at plate example, which represents one of the fundamental benchmark

cases for code validation. First, a brief description of the 
ow developed on the plate is given. Then the

computational set-up is described and the Section concludes with two paragraphs. In the �rst paragraph a

grid convergence analysis is conducted, while in the second the numerical results obtained with the formu-

lation proposed in Chapter 2 are compared with the experimental data. For this case, the DC1 de�nition of

the DC operator is used.

A 
at plate, assumed with zero thickness, is immersed in a viscous 
ow with no incidence with respect to

the free-stream. A boundary layer develops on the wet surfaces of the plate, starting from the leading edge

and growing in thickness downstream. The streamlines of the outer potential 
ow are de
ected from the

free-stream direction because of the boundary layer. In supersonic 
ows a weak oblique shock wave forms at

the leading edge of the plate because of the streamlines’ de
ection. In Figure 3.2 the computational domain

of the 
at plate case is illustrated. The domain extends for 1 m in the free-stream direction, identi�ed by the

x axis, and for 0:3 m in the vertical direction, the y axis. At the in
ow and top boundaries, the free-stream

conditions are prescribed as p1 = 5:17 Pa, u1 = 849:34 m=s (parallel to the wall) and T1 = 48:89 K. The

free-stream conditions correspond to M1 = 6 and Re1;L = 104, which is the local Reynolds number at

the reference length of 0:1 m. At the wall the no slip condition for the velocity and a constant temperature

Tw = Taw = 353:57 K are prescribed, where

Taw = T1
�

1 +

 � 1

2
p
PrM2

1

�
(3.1)
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is the adiabatic temperature computed with a recovery factor equal the square root of Prandtl number

Pr. Finally, zero traction and zero heat transfer are prescribed at the outlet boundary. The temperature

dependent viscosity is computed according to the following Sutherland law:

� = �r
Tr + S
T1 + S

�
T1
Tr

�1:5

(3.2)

with �r = 1:716 � 10�5 Pa � s, Tr = 273:15 K and S = 110:4 K. The thermal conductivity is k = �cp=Pr with

Pr = 0:72, while the speci�c heat ratio is 
 = 1:4. The simulation is carried out using a constant time step

�t = 5 � 10�6 s.

3.2.1 Grid Convergence Analysis

Together with the validation, the veri�cation of a numerical framework is an essential developing step. It is

important to verify that the governing equations of the model describing the physical problem, are solved

correctly. The veri�cation process involves obtaining estimates of the numerical uncertainties or errors

associated with the discretization methods. The goal is to ensure that the solution remains independent of

the grid, and theoretically as the grid spacing approaches zero, the exact solution (solution of the continuum

equations) should be obtained. In this Section, the numerical uncertainties are presented in terms of the grid

convergence index (GCI), following the guidelines outlined in ver (2008). For the grid convergence analysis

three uniform structured grids are considered: a coarse grid consisting of 107� 32 elements, a medium grid

with 214� 64 elements, and a �ne grid with 428� 128 elements. Since the computational grids have equal

grid spacing in both the x and y directions, the grid size h can be easily identi�ed as the length of one cell.

The grid re�nement factor for the coarse-medium grids is de�ned as r32 = h3=h2 and for the medium-�ne

grids as r21 = h2=h1, with h1 < h2 < h3. In the case presented here, r32 = r21 = 2. The apparent order of

convergence p can be computed as:

p =
1

log (r21)
j log j�32=�21j+ q(p)j (3.3)

q(p) = log
�
rp21 � s
rp32 � s

�
(3.4)

s = sgn
�
�32

�21

�
(3.5)

where �32 = �3 � �2 and �21 = �2 � �1, with �n refers to the solution relative to the nth grid. The wall

pressure pw is selected as the solution to carry out the grid convergence analysis. The extrapolated value

can be calculated from the solutions of the �ne and medium grids, �ext21 , and from solutions of medium and
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coarse grids, �ext32 , as follows:

�ext21 =
rp21�1 � �2

rp21 � 1
(3.6)

�ext32 =
rp32�2 � �3

rp32 � 1
(3.7)

Finally from the approximate relative errors

e21
a = j

�1 � �2

�1
j (3.8)

e32
a = j

�2 � �3

�2
j (3.9)

we can compute the �ne and medium grid convergence indexes as:

GCI21
fine =

Fse21
a

rp21 � 1
(3.10)

GCI32
medium =

Fse32
a

rp32 � 1
(3.11)

where Fs = 1:25 is the safety factor. The numerical uncertainties are estimated using the grid convergence

indexes. The average (global) values, GCIg, and the average order of convergence, pg, are calculated by

taking the average of all local values. Applying this procedure to the Mach 6 
at plate case, the following

values are obtained: pg � 1, GCIfine = 3:94% and GCImedium = 6:28%. Figure 3.3 presents the wall

pressure distribution for the three grids. The local GCI21
fine, computed for each node of the plate, is used

to indicate the numerical uncertainties as error bars in the plot of the wall pressure distribution for the �ne

grid, as shown in Figure 3.4. It is evident that the approximate numerical error is signi�cant in the leading

edge region, near the stagnation point, which is therefore a critical point in the numerical analysis of this

case.

3.2.2 Simulation results

Based on the results of the grid convergence study in the previous paragraph, the �ne grid is selected for

the simulations shown in this paragraph (see Figure 3.5). While the grid spacing �x � 0:0023 m in the

x direction is kept uniform, a wall re�nement is adopted in the y direction with a minimum grid spacing

�y = 5 �10�4 m at the wall. First, the Mach number contours are observed. The compression wave caused by

the displacement of the streamlines due to the viscous boundary layer at the plate can be seen in Figure 3.6.

The normalized Mach pro�le at the station x = 0:75 m is shown in Figure 3.7. The Mach pro�le is normalized
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Figure 3.3: Wall pressure distribution for the coarse, medium and �ne grids together with the extrapolated
value �ext21 .

Figure 3.4: Wall pressure distribution for the �ne grid with numerical uncertainties (GCI21
fine) reported as

error bars.
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Figure 3.5: Discretization of the computational domain for the 
at plate case at Mach 6 with a structured
mesh.

Figure 3.6: Mach number contours for the Mach 6 
at plate case.

based on the Mach number at the edge of the boundary layer, Me, which is predicted to be Me = 5:65.

The spatial coordinate perpendicular to the wall, y, is normalized by the boundary layer thickness, which

is � = 0:056 m. The outcomes shown in Figure 3.7 exhibit good agreement with the experimental data

gathered by Lewis (1967), except in close proximity to the wall where velocity measurements were technically

challenging in the wind tunnel. Figure 3.8 shows a comparison between the distribution of the skin friction

coe�cient, cf , along the plate and the numerical results attained using the �nite di�erence method provided

by Carter (1972). The results show an excellent level of agreement. Additionally, Figure 3.9 illustrates the

non-dimensional wall pressure distribution, pw=p1.

3.3 2D Mach 10 oblique shock problem

In this Section, the oblique shock case is presented. This case involves a 
ow hitting a 
at plate with 5�

incidence. The experimental test was performed at NASA Langley’s 31-inch Mach 10 facility (Medford et al.,

2011). The free-stream 
ow is characterized by Mach number M1 = 9:7 and a Reynolds number based on

free-stream values of Re1 = 3:8 � 105. An oblique shock wave forms from the leading edge of the plate, due

to the incidence of the 
ow respect to the plate. In Figure 3.10 the computational domain is shown. The

domain is 0:2 m long and 0:03 m high and it is discretized with a structured grid of 1000�150 elements. It is
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Figure 3.7: The normalized Mach pro�le at x = 0:75 m compared with the experiment data obtained by
Lewis (1967).
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Figure 3.8: The skin friction coe�cient distribution along the wall is compared to the �nite di�erence
numerical results of Carter (1972). The skin friction coe�cient is de�ned as: cf = 2�w= (�1ku1k).

Figure 3.9: The wall pressure distribution non dimensionalized by the free stream pressure (pw=p1) is
compared to the the �nite di�erence numerical results obtained by Carter (1972).
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Figure 3.10: Computational domain for the Mach 9:7 oblique shock case.

Figure 3.11: Discretization of the computational domain for the oblique shock example at Mach 9:7 with a
structured mesh.

adopted a grid with re�nement in both directions, x and y, at the wall and at the leading edge of the plate,

with a minimum grid spacing of �x = �y = 2:5 � 10�5 m, in x and y, as shown in Figure 3.11. For this case,

the DC1 de�nition of the DC operator is used. The velocity components parallel and normal to the plate

are u and v, respectively. At the inlet and top boundaries the free-stream conditions u1 = 1401:94 m=s,

v1 = �122:65 m=s, p1 = 68:4 Pa and T1 = 52:3 K are prescribed. The free-stream conditions given ensure

the Mach and Reynolds numbers characterizing the 
ow for this case. The no-slip conditions and a constant

temperature Tw = 314 K are prescribed at the wall, while at the outlet zero traction and zero heat 
ux

are applied. For this case, the temperature and density dependent thermodynamic properties of the air,

treated as a real gas, are adopted. The thermodynamic properties are computed through the GASPROPS

algorithm described in detail by Hollis (1996a). The GASPROPS algorithm was developed speci�cally

for computing the gas properties in the wind tunnels of the Aerothermodynamic Facilities Complex at the

NASA Langley Research Center. As suggested by Hollis (1996a), the transport properties are calculated

from the kinetic theory models. In particular the viscosity is computed from the Chapman-Cowling relation

(Chapman and Cowling, 1970):

� = 2:6693 � 10�6
p
MT
�2


Pa � s (3.12)
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Figure 3.12: Mach number contours for the Mach 9:7 oblique shock case.

where � is the collision diameter and 
 are the collision integrals. The thermal conductivity is calculated

from the kinetic theory models in Hirschfelder et al. (1954) with the modi�ed Eucken correction as below:

k = �
�

15
4

+ 1:32
�
cp
R
�

5
2

��
R (3.13)

The 
ow topology can be observed in the Mach number contours illustrated in Figure 3.12, where the oblique

shock wave and the boundary layer developed on the plate are evident. Figure 3.13 shows the Mach pro�le

at the location x = 0:106 m where the results are compared with the numerical simulation by Arisman and

Johansen (2015). The results show very good agreement. Some discrepancies, however, can be observed in

terms of the shock wave angle. The shock wave angle predicted by the stabilized formulation is �s � 7�,

slightly underestimating the angle computed using the gas dynamics relations for M = 9:7 and a de
ection

angle of � = 5�, which is �a � 9:7�. In Figure 3.14, the velocity pro�les in the boundary layer at four

di�erent locations, x = 0:588; 0:784; 0:91; 1:068 m, are compared with the experiment data provided by

Medford et al. (2011). The results are in very good agreement with experiment data.

3.4 Compression corner: heat 
ux analysis

The compression corner in hypersonic 
ow falls within the category of shock wave-boundary layer interaction

(SWBLI) problems (Babinsky and Harvey, 2011). It comprises a 
at plate section followed by an inclined

section at a speci�c angle, denoted as �. In hypersonic 
ow over the compression corner, the primary features

are a primary shock wave downstream the corner and a separation region, whose size varies depending on

the Mach number and the angle �. The primary shock wave originates from the de
ection of the streamlines

caused by the wedge angle �. Due to the intense adverse pressure gradient resulting from the compression

by the primary shock wave, the 
ow separates around the corner of the model. This separation leads to the
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Figure 3.13: Mach pro�le at x = 0:106 m is compared with numerical results by Arisman and Johansen
(2015) for the Mach 9:7 oblique shock case.

formation of a secondary shock wave, whose strength is in
uenced by the Mach number and the angle �. The

secondary shock reinforces the primary shock, resulting in high pressure and wall heat 
ux. As the primary

shock impinges upon the boundary layer on the inclined section of the model, it creates a high-pressure region

that compresses the boundary layer, causing it to become thinner. This thinning of the boundary layer leads

to increased surface heat transfer. The 
ow characteristics described in this Section are further discussed

in the subsequent paragraphs, which present two compression corner cases: one at � = 15� where the 
ow

remains attached and does not separate at the corner, and another at � = 24� where a wide separation

region is observed. The DC3 de�nition of the discontinuity capturing operator is chosen to carry out the

two simulations of the compression corner at � = 15� and at � = 24�.

3.4.1 2D compression corner 15�

The compression corner at � = 15� is presented in this Section. The free-stream is characterized by a Mach

number M1 = 14:1 and a Reynolds number Re1 = 2:6 �105 1=m. At the inlet, p1 = 10:02 Pa, T1 = 72:22 K

and u1 = 2401:9253 m=s are imposed to satisfy the free-stream Mach and Reynolds numbers. The wall is

assumed to be no-slip and isothermal at the temperature Tw = 297:22 K. At the outlet, the traction-free

condition is imposed. The temperature dependent viscosity is computed through the Sutherland law de�ned
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(a) x = 0:588 m (b) x = 0:784 m

(c) x = 0:91 m (d) x = 1:068 m

Figure 3.14: Velocity pro�les in the boundary layer at di�erent locations along the plate for the Mach 9:7
oblique shock case. The experiment data by Medford et al. (2011) are also shown for comparison.
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Figure 3.15: Computational grid for the compression corner at � = 15�.

Figure 3.16: Mach number contours for the compression corner at � = 15�.

as:

� = �ref �
T 1:5

T + S
(3.14)

with �ref = 1:458 �10�6 Pa � s and S = 110:33 K, while the thermal conductivity is obtained from the Prandlt

number de�nition as follows:

� = �cp=Pr (3.15)

with Pr = 0:72 and the speci�c heat at constant pressure is constant and given as a function of the speci�c

heat ratio 
 = 1:4 and the universal gas constant R, as cp = 
R

�1 . Figure 3.15 illustrates the computational

grid for the current case. The grid has 250 elements in the stream direction and 70 elements in the direction

normal to the surface. The grid s characterized by a re�nement close to the leading edge of the model and

close to the wall, with a minimum element size at the wall of 5 � 10�5 m. The 
ow topology can be observed

in Figure 3.16. The Figure 3.16 shows the absence of separation region and the thinning of the boundary

layer on the inclined section, where the primary shock originates. The non-dimensional coe�cient for the
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Figure 3.17: Distribution of the surface heat 
ux coe�cient Ch for the compression corner at � = 15�.
Comparisons with the experiment by Holden (1970) are also shown.

surface heat 
ux in this case is de�ned as follows:

Ch =
q

�1u1 (H1 �Hwall)
(3.16)

where H is the total enthalpy. The distribution of the surface heat transfer coe�cient is illustrated in Figure

3.17. The results agree quite well with the experiments data obtained by Holden (1970). The results slightly

overpredict the heat 
ux in the 
at plate section, while they correctly predict the heat transfer peak relative

to the region where the boundary layer is thinned by the compression generated by the primary shock.

3.4.2 3D compression corner 24�

The compression corner at � = 24� is presented in this Section. For this case, the same free-stream boundary

conditions are imposed as in the compression corner case at � = 15�, as well as the viscosity and thermal

conductivity. At the wall the no-slip boundary conditions are applied and the wall is assumed isothermal at

the temperature Tw = 297:22 K. The outlet and the sides of the domain are traction-free. As suggested by

Rudy et al. (1991), the three-dimensional e�ects cannot be neglected and they strongly a�ect the predictions

of the extent of the separation region. The 3D computational grid for this case is shown in Figure 3.18.

The grid has 250 elements in the stream direction, 70 elements in the direction normal to the surface

and 25 elements in the transverse direction. The elements are clustered close to the leading edge of the
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Figure 3.18: Computational grid for the compression corner at � = 24�.

Figure 3.19: Mach number contours for the compression corner at � = 24�.

model and close to the wall, with a minimum element size at the wall of 5 � 10�5 m. The 
ow topology

can be observed in Figure 3.19. The Figure 3.19 shows a wide separation region around the corner of the

model. The separation shock impinges on the primary shock. In Figure 3.19, it can also be observed the

thinning of the boundary layer due to the high pressures generated by the primary shock strengthened by

the separation shock. The heat transfer coe�cient is de�ned as in 3.16. The distribution of the surface heat

transfer coe�cient is illustrated in Figure 3.20. The results in Figure 3.20, are in good agreement with the

experiments (Holden, 1970), especially in the separation region. The peak heat 
ux is slightly underpredicted

and further downstream respect to the experimental data.

3.5 2D Mach 17.6 cylinder case

The two-dimensional cylinder case (Mazaheri and Kleb, 2007) described in this Section is an hypersonic

benchmark case that has the goal to show the robustness of the numerical framework in handling a strong

bow shock and the accuracy of the predictions under such extreme 
ow conditions. In particular, it focuses

54



Figure 3.20: Distribution of the surface heat 
ux coe�cient Ch for the compression corner at � = 24�.
Comparisons with the experiment by Holden (1970) are also shown.

on the assessment of the performance of the two de�nitions of discontinuity-capturing operators, DC1 and

DC2, when a bow shock is present. The free-stream is characterized by a Mach number M = 17:6 and a

Reynolds number Re = 3:769 � 106. When a blunt body, such as the cylinder considered in this case, is

immersed in an hypersonic 
ow, a strong, detached shock wave starts developing in front of the body. The

minimum distance between the bow shock and the stagnation point on the body, is called shock stand-o�

distance (Shen and Wen, 2018). In this case, we measure this shock stand-o� distance and we compare the

shock stand-o� distance predicted by the stabilized formulation with the data available in the literature.

The computational domain is shown in Figure 3.21. The cylinder radius is 1 m. The domain is discretized

with a structured grid of 60 elements in the azimuthal direction and 64 elements in the radial direction. While

the grid is kept uniform in the azimuthal direction, a wall re�nement is adopted with the �rst wall element’s

size of 6 mm. Figure 3.22 shows the mesh adopted to simulate the cylinder case. At the inlet, the prescribed

free-stream conditions are v1 = �4:9906 � 103 m=s, p1 = 576:2 Pa and T1 = 200 K, which are respectively

the values for the velocity, pressure and temperature that satisfy the Mach and Reynolds numbers de�ning

the free-stream. The no-slip conditions are prescribed at the surface of the cylinder, which is assumed

isothermal at the temperature Tw = 500 K. Finally, zero-traction and zero-heat 
ux are prescribed at the

outlet of the domain. The perfect gas relation is used with the gas constant R = 287 J=(kg K), while the

speci�c heat ratio is 
 = 1:4. The Prandtl number is Pr = 0:71. The temperature dependent viscosity is
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Figure 3.21: Computational domain for the Mach 17:6 cylinder case.

Figure 3.22: Structured mesh for the Mach 17:6 cylinder case.
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(a) DC1. (b) DC2.

Figure 3.23: Mach number contour for the Mach 17:6 cylinder case: 3.23a stabilized formulation with DC1,
3.23b stabilized formulation with DC2.

determined by the Sutherland law:

� = �r
Tr + S
T1 + S

�
T1
Tr

�1:5

(3.17)

where �r = 1:716 � 10�5 Pa � s, Tr = 273:15 K and S = 110:4 K. The thermal conductivity is computed from

the Prandtl number de�nition as k = �cp=Pr.

The simulations are conducted utilizing the two distinct de�nitions of discontinuity-capturing operators,

namely DC1 and DC2, de�ned in Chapter 2. Figure 3.23 illustrates the Mach contour visualizations, showing

that the use of the DC1 operator leads to the so called carbuncle problem (Elling, 2009). The carbuncle

phenomenon represents a shock instability that arises during the employment of low-dissipative numerical

techniques for capturing multi-dimensional shock waves (Dumbser et al., 2003; Elling, 2009). The origins of

the carbuncle phenomenon remain unclear, and a universally applicable solution to this numerical issue has

yet to be identi�ed (Elling, 2009). Dumbser et al. (2003) observed that the free-stream Mach number, shock

structure, and computational grid all in
uence the manifestation of the carbuncle phenomenon. In the study

presented in this Section, the carbuncle problem is partially mitigated by substituting the DC1 operator

with the discontinuity capturing operator DC2. Using the DC1 operator, numerical instabilities arise at the

shock wave as shown in Figure 3.23a, while they are reduced when the DC2 operator is used as it can be

seen in Figure 3.23b. The shock stand-o� distance predicted by the SUPG stabilized formulation enhanced

with DC2 is compared with the data presented in Mazaheri and Kleb (2007). The comparison is shown in

Table 3.1. Table 3.1 shows that the formulation described in Chapter 2 enhanced with the de�nition of the

Table 3.1: Shock stand-o� distance value predicted by the stabilized formulation using the DC2 operator.
Comparison with the predictions by Mazaheri and Kleb (2007)

Predictions Stand-o� [m] Relative Error [%]

FEM 0:49 9%
Mazaheri and Kleb (2007) 0:45

discontinuity capturing operator DC2, is able to predict with good accuracy the shock stand-o� distance.

These results show the suitability of the SUPG stabilized formulation enhanced with DC2 in predicting 
ow
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Figure 3.24: Computational grid for the cylinder case.

in high-speed regimes and in the presence of strong shock waves, such as the bow shock in front of a blunt

body.

3.6 2D Mach 17 cylinder: heat 
ux analysis

In this Section the laminar cylinder case immersed in a hypersonic 
ow, is presented. This case is a standard

2D benchmark case for hypersonic 
ow. The free-stream is de�ned by a Mach number M1 = 17 and a

Reynolds number Re1 = 7:52 � 105. The free-stream conditions imposed at the inlet are p1 = 57:4 Pa,

T1 = 200 K and u1 = 5000 m=s. The no-slip boundary conditions are prescribed at the wall, which is

assumed isothermal at Tw = 500 K. The temperature dependent viscosity is calculated using the Sutherland

law in Eq. 3.14 and the thermal conductivity as in Eq. 3.15. In order to simulate this case, the DC3

de�nition of the discontinuity-capturing operator is chosen.

For this case a structured computational grid is used as shown in Figure 3.24. The grid is characterized

by 180 elements in the azimuthal direction and 140 elements in the radial direction. A grid re�nement is

adopted at the wall, where the smallest element size is 5 � 10�5 m. The 
ow �eld developed around the 1 m

radius cylinder, is shown in the Mach contours plot in Figure 3.25. The bow shock developed around the

cylinder, shows some oscillations towards the outlet boundary. These small oscillations are grid related, since

the shock-grid alignment is progressively lost moving away from the stagnation region. The distribution of

the surface heat 
ux is shown in Figure 3.26. The results obtained by the present formulation are compared

to the numerical data obtained using the NASA LAURA code by Quattrochi (2006). The results slightly

overpredict the data from Quattrochi in the region between the stagnation point and the bottom part of
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Figure 3.25: Mach number contours for the cylinder case.

the cylinder. The peak heat transfer predicted by the present formulation agrees with the one obtained in

Quattrochi (2006).

3.7 3D Viking Lander capsule

The Viking Lander capsule is an atmospheric re-entry vehicle (see Figure 3.27a). The Viking Lander Capsule

possesses a comprehensive set of geometric, numerical, experimental, and 
ight data. Consequently, it is

an exceptional three-dimensional, hypersonic benchmark case. Figure 3.27b presents the simulated model

of the capsule. The dimensions of the model are 3:48% of the actual capsule’s dimensions, as depicted in

Figure 3.27a, aligning with the wind tunnel experiment provided by Ingoldby et al. (1976). To replicate the

experimental set-up described by Ingoldby et al. (1976), the model incorporates a sting. The free-stream


ow conditions are characterized by a Mach number M = 6 and a Reynolds number ReD = 1:24�106 based

on the scaled diameter of the capsule D. The undisturbed 
ow conditions within the wind tunnel have been

computed in Edquist (2006) and detailed in Table 3.2. Figure 3.28 shows a sketch of the computational

Table 3.2: Tunnel 
ow conditions (Edquist, 2006).

M ReD u m=s pPa T K � kg=m3

6 1:24 � 106 946:4 718:1 62:8 3:961 � 10�2

domain. The free-stream conditions outlined in Table 3.2 are prescribed to the inlet of the domain. The

capsule and sting surfaces are treated as isothermal at the constant temperature Tw = 300 K and no-slip

boundary conditions are prescribed. As for the outlet and laterals, zero-traction and zero-heat 
ux boundary
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Figure 3.26: Distribution of the surface heat 
ux for the cylinder case. Comparisons with the numerical
data by Quattrochi (2006) are also shown.

(a) Geometry (Flaherty, 1972). (b) Computational model.

Figure 3.27: The �gure on the left 3.27a shows the real geometric dimensions of the Viking lander capsule
(Flaherty, 1972). The �gure on the right 3.27b shows the simulation model consisting of the capsule and the
sting.
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Figure 3.28: Computational domain for the Viking Lander Capsule case.

conditions are applied. The 
uid is assumed to be a perfect gas, with a speci�c heat ratio 
 = 1:4, a gas

constant R = 287 J=(kg K), and a Prandtl number Pr = 0:72. The temperature-dependent viscosity is

determined by the Sutherland law:

� = �r
Tr + S
T1 + S

�
T1
Tr

�1:5

(3.18)

where �r = 1:716 � 10�5 Pa � s, Tr = 273:15 K and S = 110:4 K. The thermal conductivity is computed from

the Prandtl number de�nition as k = �cp=Pr.

The surfaces of the model are discretized with linear triangular elements, while linear tetrahedral and

prism elements are used to discretize the volume and the boundary layer, respectively. The computational

domain involves approximately 8 millions volume elements. The level of resolution of the mesh used in the

present case is assessed with respect to the one used in Edquist (2006), by means of the wall Reynolds

number. The wall Reynolds number is de�ned as:

Rew =
�a��
�

(3.19)

where �� is the height of the �rst element at the wall. In Eq. 3.19 the density �, the speed of sound

a and the viscosity � are calculated at the wall. For the present case, the boundary layer is resolved by

using 10 elements in the direction normal to the surface and �� = 10�4 m. The value of �� adopted gives

a maximum wall Reynolds number of around 700, which is relatively high if compared with the wall grid
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(a) Mesh.

(b) Zoom on the boundary layer.

Figure 3.29: The computational grid used for the Viking Lander Capsule case is illustrated in 3.29a, while
the boundary layer resolution can be appreciated in the grid detail shown in 3.29b.

spacing adopted by Edquist (2006). Indeed, Edquist (2006) kept the values Rew = 1; 0:5 for the coarse and

�ne grids respectively. The computational grid we use for the present simulations is illustrated in Figure

3.29, where a zoom on the boundary layer section qualitatively shows the resolution of the grid at the

wall. Following the considerations made in the previous Section for the cylinder case, the DC2 de�nition

of the discontinuity capturing operator is selected, which gives a solution free from numerical instabilities

in the presence of a bow shock. The simulations are carried out for two di�erent angles of attack, in

particular � = 10�; 20�. Visualization of the Mach number contour and wall pressure distribution for the

case � = 20� are illustrated in Figure 3.30. In particular the Mach number contour and the wall pressure

coe�cient predicted by the present formulation are shown in Figure 3.30a. For comparison purposes, the

results obtained, using NASA LAURA code, by Edquist (2006) are also shown in Figure 3.30b. The 
ow

characteristics, including the shock stand-o� distance and the shape of the bow shock, simulated using

the SUPG stabilized formulation enhanced with DC2 operator, demonstrate qualitative agreement with

the LAURA predictions. The maximum pressure coe�cient value calculated by the present formulation

(Cp = 1:8) slightly underestimates the LAURA predictions (Cp = 1:85). To determine the aerodynamic
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(a) SUPG stabilized formulation enhanced with DC2. (b) LAURA simulation (Edquist, 2006).

Figure 3.30: Mach contour and wall pressure coe�cient distribution for the case � = 20�. The results
predicted by the SUPG stabilized formulation enhanced with DC2 are shown in 3.30a, while results predicted
by LAURA code (Edquist, 2006) are shown in 3.30b.

forces, the Cauchy stress tensor acting on the surface of the capsule, denoted as ��� � n, is integrated over

the entire surface, excluding the contribution from the sting. In this context, the axial force is de�ned as

FA = Fx, as the axial direction coincides with the x-axis. Similarly, the normal force is de�ned as FN = Fz,

as the normal direction aligns with the z-axis. The axial CA, normal CN , lift CL and drag CD coe�cients

are calculated as below:

CA =
FA

q1Sref
(3.20)

CN =
FN

q1Sref
(3.21)

CL = �CA sin�+ CN cos� (3.22)

CD = CA cos�+ CN sin� (3.23)

where q1 = 1=2�juj2 is the free-stream dynamic pressure and Sref = �D2=4 is the reference area. The

values of the aerodynamic coe�cients predicted by the present formulation are shown in Figure 3.31 and

tabulated in Table 3.3 together with numerical and experiment data (Edquist, 2006). In Table 3.3 the relative

error is computed with respect to the experiment values. Table 3.3 and Figure 3.31 demonstrate that the

current formulation predicts the aerodynamic forces with good accuracy even though the boundary layer is

poorly resolved if compared with the one used by Edquist (2006). Furthermore, it is worth to notice that

the relative errors, with which the forces coe�cients are predicted by the present formulation, in percentage
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Table 3.3: Forces coe�cients values for the two angles of attack simulated using the SUPG stabilized
formulation enhanced with a DC2 operator. Experiment and numerical (LAURA) data are extracted from
Edquist (2006).

� CA CN CL CD L=D

10�

Experiment 1:5628 0:02357 �0:24828 1:54341 �0:16063
LAURA 1:53969 0:02197 �0:2458 1:52348 �0:16132

SUPG formulation 1:51404 0:02139 �0:24185 1:49475 �0:1618
(3:12%) (9:26%) (2:59%) (3:15%) (0:73%)

20�

Experiment 1:44095 0:05085 �0:44276 1:36593 �0:32438
LAURA 1:42042 0:0482 �0:44049 1:35059 �0:32566

SUPG formulation 1:39502 0:04928 �0:43081 1:32775 �0:32447
(3:19%) (3:09%) (2:7%) (2:8%) (0:03%)

remain almost constant for the two angles of attack � simulated, and it is believed the errors will reduce by

increasing the resolution of the boundary layer.

3.8 3D Mars Path�nder vehicle: heat 
ux analysis

In this Section the 3D Mars Path�nder re-entry vehicle is analysed. A detailed numerical and experimental

aerothermodynamics analysis of the Mars re-entry vehicle in hypersonic regime, have been carried out by

Hollis (1996b). The model’s geometry of this case is taken from the experimental model de�ned as MP � 1

in Hollis (1996b). The computational grid is shown in Figure 3.32. The grid is unstructured and contains

a re�nement section around the capsule. The resolution of the boundary layer grid is shown in Figure

3.32b and it is characterized by 27 layers with the smallest element size at the wall in the normal to the

surface direction of 1:25 � 10�5 m. The re�nement region is sized to include the bow shock in front of the

model. Accurately capturing the bow shock is essential in predicting the stagnation surface heat transfer.

The free-stream is characterized by a Mach number M1 = 10 and a Reynolds number Re1 = 3:187 � 106.

The free-stream conditions imposed at the inlet are p1 = 130:5 Pa, u1 = 1415 m=s, T1 = 51:63 K. These

conditions satisfy the M1 and Re1. The wall is isothermal at Tw = 300 K and the no-slip boundary

conditions are prescribed. At the outer domain the traction-free condition is imposed. The simulation is

performed using the DC3 de�nition of the discontinuity-capturing operator. The streamlines of the 
ow

�eld developed around the vehicle are shown in Figure 3.33, while in Figure 3.34 a slice of the Mach number

contours is shown. The 
ow �eld illustrated in Figure 3.34, is mainly characterized by a bow shock in front

of the body. Behind the vehicle two symmetric recirculation regions are observed. A shear layer develops

between the post-shock region and the recirculation region. It is also worth noticing an oblique shock wave

developed downstream the vehicle on the sting. The surface heat transfer distribution is shown in Figure
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(a) Axial force coe�cient CA. (b) Normal force coe�cient CN .

(c) Lift coe�cient CL. (d) Drag coe�cient CD.

(e) Lift to Drag ratio L=D.

Figure 3.31: Forces coe�cients as function of the free-stream angle of attack �. The axial force 3.31a,
normal force 3.31b, lift 3.31c and drag 3.31d coe�cients and the lift to drag ratio 3.31e predicted by the
FEM formulation are compared with the LAURA numerical predictions by Edquist (2006) and with the
experimental data by Ingoldby et al. (1976).
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(a) Cross-sectional slice of the computational grid. (b) Zoom on the boundary layer grid.

Figure 3.32: Computational grid for the Mars Path�nder vehicle.

Figure 3.33: Streamlines colored by the Mach number for the Mars path�nder case.
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Figure 3.34: Cross-sectional slice of the Mach number contours for the Mars path�nder case.

3.35 as a function of the curvilinear coordinate S=Rb, where Rb is the radius of the Mars Path�nder. The data

obtained with the current formulation are compared to the experimental data obtained by Hollis (1996b)

for the Test 293 Run 007. The numerical results obtained in this work are in the limit of the experiments’

error, except for the location of the shock wave on the model’s sting, which is underpredicted by the current

formulation, presented in Chapter 2. The slight overprediction of heat transfer in the front part of the

vehicle, downstream the stagnation point, it may be related to a coarser grid at the shock location, with

respect to the resolution of the portion of the shock right in front of the stagnation point.
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Figure 3.35: Distribution of the surface heat transfer for the Mars path�nder case. Comparison with the
experimental data by Hollis (1996b) are also shown.
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Chapter 4

Numerical results: thermochemical

non-equilibrium 
ow

4.1 Adiabatic reactor

The adiabatic constant-volume reactor test represents a 0D case speci�cally designed to verify the chemical

model employed in the numerical framework. The chemical model implemented in the formulation describes

the reactions of gaseous species at typical hypersonic temperatures. Initially, the air mixture has a pressure

p0 = 6383:5 Pa, a temperature T0 = 10000 K, and a composition given in mole fraction of 79% nitrogen

(�N2) and 21% oxygen (�O2). The unsteady reactions of the gases occur in an adiabatic volume in thermal

equilibrium and without convection. For this test case, a 5-species system (nitrogen N2, oxygen O2, nitric

oxide NO, atomic nitrogen N, and atomic oxygen O) is considered and the complete set of reactions described

in Chapter 2. To capture the entire transient process, an initial time step, �t, of 10�10 s is selected. As

the simulation progresses, the time step is manually increased. The transient process is characterized by

the temporal evolution of the species’ normalized number densities, n, and of the temperature, as shown in

Figures 4.1 and 4.2 respectively. The number densities are normalized using the initial conditions’ number

density, n0, of the air mixture. Figure 4.2 reveals that at the time instant t = 5�10�4 s, the temperature value

is approximately 5 % lower than the corresponding value obtained using Cantera by Seguin et al. (2019).

This discrepancy is linked to the lower degree of oxygen dissociation observed in Figure 4.1. In general,

the temporal evolution of the species’ number densities closely follows the trend predicted by Cantera,

converging to similar values, except for molecular oxygen. This discrepancy arises from the di�erent reaction

rate coe�cients employed in the current model compared to those used in Cantera.
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Figure 4.1: Time evolution of species normalized number densities in the adiabatic air reactor. Comparison
with Cantera numerical data by Seguin et al. (2019) are also shown.

Figure 4.2: Time evolution of temperature in the adiabatic air reactor. Comparison with Cantera numerical
data by Seguin et al. (2019) are also shown.
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4.2 N2 thermal bath

The molecular nitrogen thermal bath is the second zero-dimensional case presented in this Chapter. It

focuses on the temporal evolution of a mixture consisting of atomic and molecular nitrogen with molar

concentrations of �N = �N2 = 50 %, initially in a state of thermal non-equilibrium. The mixture is at the

initial conditions of p0 = 41420 Pa, T0 = 30000 K, and TV0 = 1000 K. Within a volume with no convection,

the two species (N, N2) undergo the nitrogen dissociation-recombination reaction de�ned below:

N2 + N2  �! 2 N + N2 (4.1)

The objective of this case is to verify the thermal non-equilibrium model, speci�cally the Park vibration-

dissociation coupling model, integrated into the SUPG stabilized formulation. To capture the entire transient

process, the initial time step is set to �t = 10�10 s, with manual time step increments as the simulation

progresses. The normalized number density distributions of the two species, as well as the evolution of the two

temperatures (T and TV ), are compared to the numerical data obtained from the HALO3D solver by Seguin

et al. (2019). The HALO3D solver employs two di�erent preferential vibration-chemistry couplings: the Park

model (Park, 1989a) and the coupled vibration-dissociation-vibration (CVDV) of Treanor-Marrone model

(Marrone and Treanor, 1963). Figure 4.3 displays the temporal evolution of species number densities, which

aligns well with the numerical data obtained using the Park model in the HALO3D solver. The translational-

rotational temperature and the vibrational-electronic temperature distributions over time, shown in Figure

4.4, also exhibit strong agreement with the numerical data obtained using the Park model by Seguin et al.

(2019). However, some discrepancies in number density distributions arise around t = 10�6 s, attributable

to the di�erent reaction rates coe�cients utilized in the present formulation with respect to those used in

HALO3D. These discrepancies in Figure 4.3 impact the temperature distributions in Figure 4.4 at the same

time instant due to the dissociation-vibration coupling. Both number densities and temperature distributions

converge excellently to the HALO3D values at a later time (t = 10�3 s). Furthermore, Figure 4.4 illustrates

that the initial mixture of atomic and molecular nitrogen, in a state of thermal non-equilibrium, evolves over

time and correctly reaches thermal equilibrium at approximately the same time instant as predicted by the

literature’s numerical data, around t = 5 � 10�5 s. The results presented in Figures 4.3 and 4.4 verify the

two-temperature model, the chemical model, and their integration via the Park model. The subsequent step

involves applying the numerical framework to a more complex hypersonic non-equilibrium cases.
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Figure 4.3: Time evolution of species normalized number densities in the N2 thermal bath. Comparison with
the HALO3D numerical predictions by Seguin et al. (2019) are also shown.

Figure 4.4: Time evolution of the translational/rotational temperature and vibrational/electronic tempera-
ture in the N2 thermal bath. Comparison with the HALO3D numerical predictions by Seguin et al. (2019)
are also shown.
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4.3 Mach 12:7 cylinder

The prediction of hypersonic 
ow around a cylinder is used as a standard test case for evaluating the

capabilities of numerical solvers in accurately handling strong shock waves and predicting the appropriate

degree of thermal non-equilibrium and chemical compositions in the post-shock region. This two-dimensional

test case have been extensively investigated by numerous researchers, including the works of Lee (2007);

Bova et al. (2010); Kirk et al. (2011, 2014); Sekhar (2012); Seguin et al. (2019); Holloway (2021); Maier et al.

(2021). In this Section, it is examined the 
ow of viscous air characterized by a free-stream Mach number

(M) of 12:7 and a Reynolds number per unit length (Re1L) of 355; 000 m�1, past a cylinder with a radius

of 0:1 m. The problem is characterized by the formation of a strong bow shock in front of the cylinder. The

free-stream air is initially in a state of thermal equilibrium, with a chemical composition of 79 % nitrogen

(�N2) and 21 % oxygen (�O2), given in mole fraction. As the 
ow passes through the shock, the gases

undergo signi�cant compression and experience elevated temperatures, leading to thermal non-equilibrium

and to chemical reactions. In the state of thermal non-equilibrium, the vibrational and electronic energy

modes equilibrates at the temperature TV distinct from the temperature T governing the translational and

rotational energy modes. Throughout the entire post-shock region, the 
ow remains in a state of thermal

non-equilibrium, except in close proximity to the cylinder wall, where the two temperatures converge to the

same value.

In Figure 4.5 we illustrate the computational domain. The free-stream conditions prescribed at the

inlet of the computational domain, are given by Sekhar (2012) and they consist of a pressure p1 of 90 Pa, a

temperature T1 of 195:96 K, and a velocity u1 of 3570:89 m=s. The wall is assumed adiabatic and no-slip

boundary conditions are imposed. The computational grid, illustrated in Figure 4.5, is structured and it is

characterized by 200 elements in the radial direction and 200 elements in the azimuth direction, resulting in a

total of 40; 000 hexahedral elements. The �rst element’s size at the wall measures 3�10�5 m. The distribution

of the species mass fractions, cs, along the stagnation line, is presented in Figure 4.6. Additionally, Figure

Figure 4.5: Computational grid relative to the 2D cylinder case.
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Figure 4.6: Species mass fractions distribution along the stagnation line for the 2D cylinder case. Comparison
with the NASCAR-GT numerical predictions by Sekhar (2012) are also shown.

Figure 4.7: Translational/rotational temperature and vibrational/electronic temperature distributions along
the stagnation line for the 2D cylinder case. Comparison with the NASCAR-GT numerical predictions by
Sekhar (2012) are also shown.
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Table 4.1: Free-stream conditions for the HCEF RUN01 (Holden et al., 2013)

T1 189 K
�1 6:34� 10�4 kg=m3

u1 3123 m=s
cN2 76:5 %
cO2 23:5 %

4.7 shows the distributions, along the stagnation line, of both translational and vibrational temperatures.

The predictions are compared with numerical data obtained by Sekhar (2012) using the NASCAR-GT solver

on cartesian grids. The comparison shows a highly satisfactory agreement between the two datasets. Figure

4.7 shows that the thermal non-equilibrium region predicted by the formulation proposed in this study

exhibits a higher translational temperature compared to the prediction made by Sekhar (2012). However,

the vibrational temperature shows good alignment with the previous results with a slight underestimation

immediately after the shock. The equilibrium values achieved at the wall are in excellent agreement with

the numerical predictions from the NASCAR-GT solver.

4.4 Hollow Cylinder Extended Flare (HCEF)

In order to validate CFD tools, a series of experimental studies were conducted in the LENS XX expansion

tunnel. These studies focused on high enthalpy hypersonic 
ow over the a HCEF and a double cone.

The primary objective of these experiments, as stated by Holden et al. (2013), was to acquire detailed

measurements of the surface pressure and heat transfer in separated regions of laminar shock wave boundary

layer interactions. These measurements took also into account chemistry and thermal non-equilibrium e�ects.

The resulting experimental dataset serves as an essential tool for validating the chemistry and thermal models

employed in 
uid dynamic solvers. In this Section, the focus is speci�cally on the 30� HCEF test case, which

corresponds to RUN01 of the experiments conducted by Holden et al. (2013). The geometric details of the

30� HCEF model, are given by Holden et al. (2013). Additionally, Figure 4.8 provides a visualization of

the computational domain and its discretization for this particular test case. Since the HCEF case is an

axisymmetric case, the computational cost of the simulations is reduced by modelling a quarter of the whole

HCEF model of the experiments.

The free-stream is de�ned by a Mach number M = 11:3 and total enthalpy H0 = 5:07 MJ=kg. The free-

stream boundary conditions are prescribed at the inlet of the computational domain in agreement with the

RUN01 test conditions which were measured in the LENS XX expansion tunnel and documented in the work

of Holden et al. (2013). These conditions are reported in Table 4.1 The free-stream is in thermal equilibrium,

so the translational-rotational modes equilibrate the vibrational-electronic modes at the temperature T1.
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The wall is assumed isothermal at temperature Tw = 300 K with no-slip conditions, while symmetry boundary

condition is applied to the sides. At the outlet zero-traction and zero-heat 
ux are imposed.

For this case, a structured computational grid is selected, which o�ers a higher level of control on the

re�nement of the di�erent regions of the computational domain, with respect to an unstructured one. The

grid is characterized by 1:15 millions hexahedral elements. A uniform spacing of �x = 4� 10�4 m along the

wall direction is adopted, while it is used a re�nement in the direction normal to the wall with a minimum

cell size at the surface of �y = 3 � 10�5 m. To assess the e�ects of the vibrational non-equilibrium, two

di�erent simulations are carried out on the same grid and with the same free-stream conditions. The �rst

simulation is performed assuming the gas as a 5-species reacting air in thermal equilibrium, while the second

one assumed the gas as a 5-species reacting air in thermal non-equilibrium. The Blottner �t and the modi�ed

Eucken relation are used respectively for the viscosity and the thermal conductivity for both cases.

The topology of the 
ow developed on the HCEF model in the thermal non-equilibrium case can be

appreciated in Figures 4.9 and 4.10, which show the Mach number and pressure contours respectively.

The 
are shock compression generates a high-pressure region, which induces an adverse pressure gradient

impacting the 
ow upstream and causing it to separate at the corner of the model. As a consequence of

the separation, a less intense shock wave forms due to the de
ection of the velocity streamlines. The 
are

shock moves downstream as the 
ow reattaches. In the vicinity of the reattachment point, a peak in the

pressure can be noticed. Figures 4.11 and 4.12 show the surface pressure distribution and the wall heat

Figure 4.8: Discretization of the computational domain for the HCEF case with a structured grid (isometric
view).
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ux respectively. For this case, the predicted pressure and heat 
ux distributions are compared with both

experimental data obtained in the LENS XX expansion tunnel facility and numerical data presented at the

AIAA Aviation 2014 Fluid Dynamics meeting in Atlanta in 2014 (MacLean et al., 2014) by Nompelis and

Gno�o. Nompelis and Gno�o used the 5-species air chemistry and vibrational non-equilibrium models in

US3D and NASA Langley LAURA codes, respectively, for their numerical analysis. From both Figures

4.11 and 4.12, it can be observed that the inclusion of the thermal non-equilibrium e�ects in the simulation

a�ects the size of the separation region. In particular, a wider separation zone is predicted when the 
ow

is assumed in thermal non-equilibrium. Figure 4.11 shows an overestimation of the pressure peak in the

reattachment region with respect to the experiments, for both simulations. When the vibrational non-

equilibrium e�ects are included in the simulation, a higher peak in the pressure is observed with respect to

the thermal equilibrium case. Figure 4.12 shows that the inclusion of the thermal non-equilibrium e�ects

in the simulation does not a�ect the wall heat 
ux distribution other than in the length of the separation

zone. Indeed, both simulations predict almost the same values for the heat 
ux peak and for the wall heat


ux distribution in the inclined section. By comparing the heat 
ux predictions, in thermal equilibrium and

non-equilibrium, with the experimental data it can be noticed an underestimation of the quantity along the

whole model, except in the reattachment zone, where a reasonable agreement is achieved with respect to the

experiment.

4.5 Double cone

In this Section, the 25�=55� double cone case is presented. This case corresponds to the RUN01 from the

experiments reported by Holden et al. (2013). The geometrical details of the model are documented in the

work of Holden et al. (2013). The computational domain and the computational grid adopted are shown in

Figure 4.9: Tow-dimensional slice of the Mach contours for the axisymmetric HCEF case in thermal non-
equilibrium.
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Figure 4.10: Two-dimensional slice of the pressure contours for the axisymmetric HCEF case in thermal
non-equilibrium.

Figure 4.13. Because the double cone is an axisymmetric case, it is chosen a computational domain which is

a 15� section of the whole double cone used in the experiments.

The free-stream is characterized by a Mach number M of 12:2, a unit Reynolds number Re1L of

1:4 � 105 and a total enthalpy H0 of 5:44 MJ=kg. These conditions guarantee a laminar regime over the

Figure 4.11: Surface pressure distribution for the reacting air in thermal equilibrium (RG EQ) and the
reacting air in thermal non-equilibrium (RG NEQ) for the HCEF case. Comparisons with the experimental
data by Holden et al. (2013) and with the numerical data by Nompelis (US3D solver) and Gno�o (LAURA
code) (MacLean et al., 2014) are also shown.
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Figure 4.12: Surface heat 
ux distribution for the reacting air in thermal equilibrium (RG EQ) and the
reacting air in thermal non-equilibrium (RG NEQ) for the HCEF case. Comparisons with the experimental
data by Holden et al. (2013) and with the numerical data by Nompelis (US3D solver) and Gno�o (LAURA
code) (MacLean et al., 2014) are also shown.

whole double cone. The free-stream boundary conditions are prescribed at the inlet of the computational

domain in agreement with the RUN01 test conditions which were measured in the LENS XX expansion

tunnel and documented in Holden et al. (2013). These conditions are reported in Table 4.2. The free-stream

is in thermal equilibrium, so the translational-rotational modes equilibrate the vibrational-electronic modes

at the temperature T1. The wall is assumed isothermal at temperature Tw = 300 K with no-slip conditions,

while symmetry boundary condition is applied to the sides. At the outlet zero-traction and zero-heat 
ux

are imposed.

For this case it is used a structured grid, which is characterized by 920 elements along the wall, 240

elements in the direction normal to the wall and 16 elements in the transverse direction, for a total of 3:52

Table 4.2: Free-stream conditions for the double cone RUN01 (Holden et al., 2013)

T1 175 K
�1 4:99� 10�4 kg=m3

u1 3246 m=s
cN2 76:5 %
cO2 23:5 %
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millions hexahedral elements. A uniform cell spacing is kept along the wall direction �x = 2 � 10�4 m,

while it is adopted a re�nement in the wall normal direction with a minimum cell’s size at the surface of

�y = 2 � 10�5 m. To assess the e�ects of the vibrational non-equilibrium, two simulations are carried

out, di�ering from each other for the type of 
ow considered, on the same grid and with the same free-

stream conditions. The �rst simulation is performed assuming the gas as a 5-species reacting air in thermal

equilibrium, while the second one assumes the gas as a 5-species reacting air in thermal non-equilibrium. The

Blottner curve �t and the modi�ed Eucken relation are used respectively for the viscosity and the thermal

conductivity for both cases.

The double cone case, together with HCEF, represents an example of shock wave-laminar boundary

layer interaction. The complete topology of the 
ow developed over the double cone can be observed in

Figures 4.14 and 4.15, which show respectively the Mach number and pressure contours for the thermal

non-equilibrium case. In particular, the shock wave-laminar boundary layer interaction can be qualitatively

identi�ed in Figures 4.14 and 4.15. An attached oblique shock wave develops at the leading edge of the �rst

cone, due to the inclination of 25� with respect to the free-stream, while a detached shock wave forms on

the second cone, which has a higher inclination. The 
ow-�eld also presents a triple point, from which a

transmitted shock wave originates and it impinges on the surface of the second cone, creating high pressure

Figure 4.13: Discretization of the computational domain for the double cone case with a structured grid
(isometric view).
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Figure 4.14: Two-dimensional slice of the Mach contours for the axisymmetric double cone case in thermal
non-equilibrium.

and heating. The rise in pressure causes the 
ow to separate at the corner between the �rst and the second

cone. Furthermore, the high pressure generates an under-expanded jet 
ow close to the surface of the second

cone. Another shock wave forms due to the separation bubble around the corner. The attached shock wave

from the �rst cone is strengthened by the separation shock wave and it impinges on the bow shock from the

second cone.

The surface pressure and heat 
ux distributions are shown in Figures 4.16 and 4.17 respectively. For

this case, the predicted pressure and heat transfer distributions are compared with both experimental data

obtained in the LENS XX expansion tunnel facility and numerical data presented at the AIAA Aviation

2014 Fluid Dynamics meeting in Atlanta in 2014 (MacLean et al., 2014) by Nompelis and Gno�o. Nompelis

and Gno�o used the 5-species air chemistry and vibrational non-equilibrium models in US3D and NASA

Langley LAURA codes, respectively, for their numerical analysis. The surface pressure distribution in

Figure 4.16 shows that the results obtained including the thermal non-equilibrium e�ects are in reasonable

agreement with the experimental data, correctly predicting the separation point and the transmitted shock

impingement location. In the same Figure 4.16 it can also be observed that when the 
uid is considered a

reacting mixture in thermal equilibrium the separation point and the impingement location are respectively

further downstream and upstream with respect to the experimental measurements, indicating a prediction
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Figure 4.15: Two-dimensional slice of the pressure contours for the axisymmetric double cone case in thermal
non-equilibrium.

of a shorter separation region. In Figure 4.17, when the thermal non-equilibrium e�ects are included in the

simulation the heat 
ux peak value underestimate by around 30 % compared to the numerical data from the

literature, while it is in reasonable agreement with the experiments. When the mixture gas is assumed in

thermal equilibrium, the peak of the heat 
ux overestimate the experimental data, as it can be observed in

Figure 4.17. In Figures 4.16 and 4.17 the surface pressure and heat 
ux predicted by the SUPG stabilized

formulation are in a very good agreement with the numerical data obtained by Gno�o using the LAURA

code (MacLean et al., 2014).
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Figure 4.16: Surface pressure distribution for the reacting air in thermal equilibrium (RG EQ) and the react-
ing air in thermal non-equilibrium (RG NEQ) for the double cone case. Comparisons with the experimental
data by Holden et al. (2013) and with the numerical data by Nompelis (US3D solver) and Gno�o (LAURA
code) (MacLean et al., 2014) are also shown.
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Figure 4.17: Surface heat transfer distribution for the reacting air in thermal equilibrium (RG EQ) and
the reacting air in thermal non-equilibrium (RG NEQ) for the double cone case. Comparisons with the
experimental data by Holden et al. (2013) and with the numerical data by Nompelis (US3D solver) and
Gno�o (LAURA code) (MacLean et al., 2014) are also shown.
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Chapter 5

Conclusion

This work presents the Streamline Upwind Petrov-Galerkin (SUPG) stabilized formulation enhanced with a

discontinuity-capturing term, derived in the context of the Finite Element Methods (FEM). The formulation

is derived in pressure-based primitive variables and it is developed to solve hypersonic 
ow in thermochemi-

cal non-equilibrium. The formulation is implemented in the numerical framework without losing generality,

meaning that the framework can be used to study either equilibrium or non-equilibrium 
ow with or without

reactions, and giving the user the option to choose the number and type of species characterizing the mixture.

Even though the implementation of the stabilized formulation is general and user friendly, it is important to

highlight the fact that the framework is limited to non-ionized mixtures of no more than 5 species.

In Chapter 3, the stabilized formulation is validated and veri�ed against benchmark cases for non-reacting

high-speed 
ow in thermal equilibrium. The results obtained are in good agreement with the numerical and

experimental data available in the literature, proving the suitability of the set of pressure-based primitive

variables in describing high-speed 
ow for two- and three-dimensional cases. The formulation presented in

Chapter 2 performs very well in predicting the 
ow phenomena of the shock tube, showing an excellent

agreement with the analytic solution for the �ne grid. This case shows that the stabilized formulation is

suitable in handling the unsteady discontinuities in the �eld, such as moving shock waves and contact sur-

faces. Moreover, the smoothness of the solution across the entire domain shows the e�ectiveness of the SUPG

and DC stabilization operators. The excellent agreement with the analytic solution shows that the method

satis�es the Rankine{Hugoniot conditions, giving us the con�dence to proceed with the set of pressure-based

primitive variables to solve hypersonic problems. The comparison with numerical and experimental data for

the 2D Mach 6 
at plate and the 2D Mach 10 oblique shock cases, respectively, highlights the robustness

and accuracy at high Mach numbers of the SUPG stabilized formulation enhanced by the DC1 operator. It
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is also observed that the DC1 operator poorly performs in the presence of a bow shock in front of a blunt

body. The problem is partially mitigated by using a slightly more dissipative de�nition of the discontinuity

capturing operator, the DC2. The DC2 performed very well for the 2D Mach 17:6 cylinder case and for

the more complicated 3D Viking Lander capsule case. In the hypersonic regime, the accurate prediction

of the heat 
ux represents a challenge which is addressed in this work through the solution of 2D and 3D

problems, namely the 2D compression corner at 15� case, the 3D compression corner at 24� case, and the

3D Mars Path�nder vehicle case. For the heat 
ux analysis an entropy-based discontinuity capturing op-

erator, the DC3, is adopted. From the comparison with the experiments data, it is observed that for the

2D compression corner at 15� case the formulation correctly predicts the heat 
ux peak in the region of

the viscous-inviscid interaction, while for the more challenging 3D compression corner at 24� case the peak

heat 
ux is slightly underpredicted. Furthermore the heat 
ux overprediction in the front part of the Mars

Path�nder vehicle may be related to the low grid resolution in the bow shock region. Even though the heat


ux results are promising, further investigation is required on the sensitivity of the heat 
ux predictions to

the grid resolution at to the shock and at the surface.

The promising results obtained for high-speed 
ow in thermal equilibrium, gives the con�dence to ex-

tend the stabilized �nite element formulation to the hypersonic 
ow in thermochemical non-equilibrium. In

Chapter 4 simulations of test cases in zero, two, and three dimensions are carried out with the purpose

of validation and veri�cation of the chemical kinetic and the vibrational non-equilibrium models, together

with the chemistry and vibrational non-equilibrium coupling. The results obtained for the adiabatic reactor

case show that the chemical kinetic model is valid to study the reactions described in Chapter 2. Slight

discrepancies with the Cantera data are related to the di�erent reaction rate coe�cients adopted in the

present solver. The next case is the N2 thermal bath. This case focuses on the veri�cation of the Park

preferential vibration-chemistry coupling and the two-temperature model, by comparing present results with

the numerical data available in the literature. The results are in excellent agreement with the data produced

with the solver HALO3D using the Park vibration-chemistry coupling model. After the veri�cation of the

chemical kinetic and vibrational non-equilibrium models, together with their coupling, the complexity of the

test case is increased by selecting the Mach 12:7 cylinder in thermochemical non-equilibrium. The results

are in good agreement with the numerical data from the NASCAR-GT solver. The region in thermal non-

equilibrium presents a slightly higher translational temperature, and a lower vibrational temperature with

respect to the numerical data. The reason of these discrepancies may lie in the di�erent oxygen dissociation

rate coe�cients, since the dissociation and the vibrational energy are coupled. The last two cases presented

are the Hollow Cylinder Extended Flare (HCEF) and the double cone. For both cases, the numerical results

compare well with the state-of-the-art software LAURA and US3D, but they di�er from the experimental
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data. The overestimation of the pressure peak and a reasonable agreement for the heat 
ux peak, are a

common trend occurring in the numerical data available in the literature for the HCEF case. The reasons

are still yet to be understood. According to Hao and Wen (2018) more experiments are required to exclude

any measurement errors, while transport properties’ e�ects need further examination. Kianvashrad and

Knight (2017a) suggested that the discrepancies with the experiments in the pressure peak predictions can

be associated to the 
ow topology predicted. In particular, the authors explained that a farther upstream

separation could lead to a complex interaction between the separation shock, 
are shock and reattachment

shock, which is di�erent from the experimental one. Reasonable agreement in the peak heat transfer and

overestimation of pressure peak was observed even at higher free-stream enthalpies than the one presented

in Chapter 4, and the results were discussed by Kianvashrad and Knight (2017b). Also, Kianvashrad and

Knight (2017b) stated that the dependency of the speci�c heat on the temperature and the transport proper-

ties’ models played an important role in the prediction of the peaks, but further investigation was needed. It

is concluded that the peaks in pressure and heat transfer for the two simulations are within the limits de�ned

by the experiments and the numerical data from Gno�o and Nompelis (MacLean et al., 2014). In particular

the SUPG stabilized formulation’s predictions are in good agreement with the numerical data available in

the literature, and the overestimation of the pressure peak is a common problem that still requires further

investigation.

The SUPG stabilized formulation derived in pressure-based primitive variables, proved to perform very

well in describing non-equilibrium 
ow, producing stable discrete solutions with an accuracy level compa-

rable with the state-of-the-art CFD solvers. This work is a proof of concept that showed the capability of

the pressure-primitive variables in the context of high-speed 
ow. The use of pressure-primitive variables is

justi�ed be several advantages with respect to all other set of variables. One practical advantage of this set

of variables is that the de�nition of the boundary conditions becomes almost trivial. Moreover, this work

wants to set the basis for a general numerical solver that can be applied to a wide range of Mach numbers,

from the hypersonic regime to the incompressible limit, and Hauke and Hughes (1998) proved that the set

of pressure-primitive variables is capable to perform in the incompressible limit. Lastly, in the pressure-

primitive variables setting the computation of the wall heat 
ux and traction results to be quite simple,

making the coupling between the 
uid dynamic and the structural solvers straightforward. This property is

essential in the development of a multi-purpose numerical framework that can be applied to study aeroelastic

problems. For this reasons, the framework developed represents an interesting and valid option in solving

hypersonic 
ow.

In conclusion, the SUPG stabilized formulation in pressure-based primitive variables enhanced with a

discontinuity-capturing term in the FEM setting, is a valid approach to compute hypersonic non-equilibrium
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and equilibrium 
ow. It is important also to highlight the fact that the chemical kinetic model, the ther-

mal non-equilibrium model, together with the models used in this work for the calculation of the transport

properties are chosen because they have been extensively validated in the literature and because of their sim-

plicity in the implementation. In this regard, it is suggested to explore the performance of di�erent models

for the calculation of the thermodynamic and transport properties, together with improved chemical kinetic

and vibrational non-equilibrium models. It must also be observed that even if the results are promising,

the solver is still at its initial stage and e�orts must be dedicated to optimize the implementation in order

to reduce the computational cost of the simulations. In this regard, a rigorous comparison between the

computational cost of the present solver with the state-of-the-art will be conducted as a next step. Further-

more, the current numerical framework is limited to laminar 
ow. Realistic hypersonic applications involve

transitional and turbulent 
ow. Indeed, turbulence modelling and laminar to turbulent boundary layer tran-

sition for hypersonic 
ow in thermochemical non-equilibrium are still matters of active research. For this

reason, the immediate next step will be to implement a turbulence model in the formulation presented in

Chapter 2. As a �rst e�ort it is suggested to solve the Reynolds-averaged Navier-Stokes (RANS) equations

with the Spalart-Allmaras turbulence model as proposed by Ali and Soulaimani (2010). Following, the more

accurate Variational Multiscale (VMS) method in the �nite element context will be explored, as reported for

example by Roa et al. (2016). Finally, the formulation presented in this work is implemented in a numerical

framework which already incorporates a module for the solution of thin-shell structures. The purpose of

this work is to augment the capabilities of the 
uid dynamic solver towards the solution of hypersonic 
ow

in thermochemical non-equilibrium, without considering the module for the solution of the structure. As

future steps, the Fluid-Structure Interaction (FSI) numerical framework will be validated for hypersonic non-

equilibrium 
ow and the aeroelastic analysis of complex hypersonic systems will be conducted. Moreover,

the hypersonic regime is characterized by extremely high temperatures. For this reason, the thermal e�ects

must be included in the aeroelastic analysis. The resulting aerothermoelastic analysis plays a key role in

the design process of an hypersonic system, providing vital data for designing the thermal protection system

(TPS) and assessing the survivability of the whole hypersonic system. Hence, further developments to the

FSI framework in the direction of the Fluid-Thermal-Structure Interaction (FTSI) are needed, in order to

conduct aerothermoelastic analysis in the hypersonic regime.
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Appendix A

Matrices

In the following sections we report explicitly the transformation matrix A0, the inverse of the transformation

matrix A�1
0 , the convective matrices Aadv=p

i , the pressure matrices Ap
i , and the di�usion matrices Kij , with

i; j = 1; ::; NSD where NSD = 3 is the number of spatial dimensions, for the thermal equilibrium and

non-equilibrium cases. The formulation implemented includes a variable number of species NS. Depending

on the problem studied, NS can take values in [1; 5]. To ensure clarity and completeness, we decided to write

the matrices for NS = 5. All the cases with a lower number of species can be easily derived by removing

the corresponding row and column to the provided matrices.
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A.1 Thermal equilibrium matrices

The transformation matrix:

A0 =

2

6666666666666666666666664

�1�T1 0 0 0 0 0 0 0 ��1�p

0 �2�T2 0 0 0 0 0 0 ��2�p

0 0 �3�T3 0 0 0 0 0 ��3�p

0 0 0 �4�T4 0 0 0 0 ��4�p

0 0 0 0 �5�T5 0 0 0 ��5�p

�1u1�T1 �2u1�T2 �3u1�T3 �4u1�T4 �5u1�T5 � 0 0 �u1��p

�1u2�T1 �2u2�T2 �3u2�T3 �4u2�T4 �5u2�T5 0 � 0 �u2��p

�1u3�T1 �2u3�T2 �3u3�T3 �4u3�T4 �5u3�T5 0 0 � �u3��p

�1�T1 etot1 �2�T2 etot2 �3�T3 etot3 �4�T4 etot4 �5�T5 etot5 �u1 �u2 �u3 � (��petot + Cv)

3

7777777777777777777777775

(A.1)

where Cv = Ctv + Crv + Cvv + Cev , �Ti = 1
pi

with i = 1; NS and �p = 1
T .

The inverse of the transformation matrix:

A�1
0 =

2

6666666666666666666666664

�p�e
tot
1 +juj2

��T
1 Cv

+ 1
�1�T

1
�p�e

tot
2 +juj2

��T
1 Cv

�p�e
tot
3 +juj2

��T
1 Cv

�p�e
tot
4 +juj2

��T
1 Cv

�p�e
tot
5 +juj2

��T
1 Cv

��p u1
��T

1 Cv
��p u2

��T
1 Cv

��p u3
��T

1 Cv

�p

��T
1 Cv

�p�e
tot
1 +juj2

��T
2 Cv

�p�e
tot
2 +juj2

��T
2 Cv

+ 1
�2�T

2
�p�e

tot
3 +juj2

��T
2 Cv

�p�e
tot
4 +juj2

��T
2 Cv

�p�e
tot
5 +juj2

��T
2 Cv

��p u1
��T

2 Cv
��p u2

��T
2 Cv

��p u3
��T

2 Cv

�p

��T
2 Cv

�p�e
tot
1 +juj2

��T
3 Cv

�p�e
tot
2 +juj2

��T
3 Cv

�p�e
tot
3 +juj2

��T
3 Cv

+ 1
�3�T

3
�p�e

tot
4 +juj2

��T
3 Cv

�p�e
tot
5 +juj2

��T
3 Cv

��p u1
��T

3 Cv
��p u2

��T
3 Cv

��p u3
��T

3 Cv

�p

��T
3 Cv

�p�e
tot
1 +juj2

��T
4 Cv

�p�e
tot
2 +juj2

��T
4 Cv

�p�e
tot
3 +juj2

��T
4 Cv

�p�e
tot
4 +juj2

��T
4 Cv

+ 1
�4�T

4
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tot
5 +juj2

��T
4 Cv

��p u1
��T
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��p u2

��T
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��p u3
��T

4 Cv

�p

��T
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��T
5 Cv

�p�e
tot
2 +juj2

��T
5 Cv

�p�e
tot
3 +juj2

��T
5 Cv

�p�e
tot
4 +juj2

��T
5 Cv

�p�e
tot
5 +juj2

��T
5 Cv

+ 1
�5�T

5
��p u1

��T
5 Cv

��p u2
��T

5 Cv
��p u3

��T
5 Cv

�p

��T
5 Cv

�u1
� �u1

� �u1
� �u1

� �u1
�

1
� 0 0 0

�u2
� �u2

� �u2
� �u2

� �u2
� 0 1

� 0 0

�u3
� �u3

� �u3
� �u3

� �u3
� 0 0 1

� 0
juj2�etot

1
�Cv

juj2�etot
2

�Cv

juj2�etot
3

�Cv

juj2�etot
4

�Cv
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5

�Cv
� u1
�Cv

� u2
�Cv

� u3
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7777777777777777777777775

.

(A.2)

The convective matrices are:

Aadv=p
1 =

2

6666666666666666666666664

�1betaT1 u1 0 0 0 0 �1 0 0 ��1�pu1

0 �2betaT2 u1 0 0 0 �2 0 0 ��2�pu1

0 0 �3betaT3 u1 0 0 �3 0 0 ��3�pu1

0 0 0 �4betaT4 u1 0 �4 0 0 ��4�pu1

0 0 0 0 �5betaT5 u1 �5 0 0 ��5�pu1

�1�T1 u2
1 �2�T2 u2

1 �3�T3 u2
1 �4�T4 u2

1 �5�T5 u2
1 2�u1 0 0 ���pu2

1

�1�T1 u1u2 �2�T2 u1u2 �3�T3 u1u2 �4�T4 u1u2 �5�T5 u1u2 �u2 �u1 0 ���pu1u2

�1�T1 u1u3 �2�T2 u1u3 �3�T3 u1u3 �4�T4 u1u3 �5�T5 u1u3 �u3 0 �u1 ���pu1u3
�
�1�T1 etot1 + 1

�
u1

�
�2�T2 etot2 + 1

�
u1

�
�3�T3 etot3 + 1

�
u1

�
�4�T4 etot4 + 1

�
u1

�
�5�T5 etot5 + 1

�
u1 �

�
etot + u2

1
�

+ p �u1u2 �u1u3 � (��petot + Cv)u1

3

7777777777777777777777775

,

(A.3)
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Aadv=p
2 =

2

6666666666666666666666664

�1betaT1 u2 0 0 0 0 0 �1 0 ��1�pu2

0 �2betaT2 u2 0 0 0 0 �2 0 ��2�pu2

0 0 �3betaT3 u2 0 0 0 �3 0 ��3�pu2

0 0 0 �4betaT4 u2 0 0 �4 0 ��4�pu2

0 0 0 0 �5betaT5 u2 0 �5 0 ��5�pu2

�1�T1 u2u1 �2�T2 u2u1 �3�T3 u2u1 �4�T4 u2u1 �5�T5 u2u1 �u2 �u1 0 ���pu2u1

�1�T1 u2
2 �2�T2 u2

2 �3�T3 u2
2 �4�T4 u2

2 �5�T5 u2
2 0 2�u2 0 ���pu2

2

�1�T1 u2u3 �2�T2 u2u3 �3�T3 u2u3 �4�T4 u2u3 �5�T5 u2u3 0 �u3 �u2 ���pu2u3
�
�1�T1 etot1 + 1

�
u2

�
�2�T2 etot2 + 1

�
u2

�
�3�T3 etot3 + 1

�
u2

�
�4�T4 etot4 + 1

�
u2

�
�5�T5 etot5 + 1

�
u2 �u1u2 �

�
etot + u2

2
�

+ p �u2u3 � (��petot + Cv)u2

3

7777777777777777777777775

,

(A.4)

Aadv=p
3 =

2

6666666666666666666666664

�1betaT1 u3 0 0 0 0 0 0 �1 ��1�pu3

0 �2betaT2 u3 0 0 0 0 0 �2 ��2�pu3

0 0 �3betaT3 u3 0 0 0 0 �3 ��3�pu3

0 0 0 �4betaT4 u3 0 0 0 �4 ��4�pu3

0 0 0 0 �5betaT5 u3 0 0 �5 ��5�pu3

�1�T1 u3u1 �2�T2 u3u1 �3�T3 u3u1 �4�T4 u3u1 �5�T5 u3u1 �u3 0 �u1 ���pu3u1

�1�T1 u3u2 �2�T2 u3u2 �3�T3 u3u2 �4�T4 u3u2 �5�T5 u3u2 0 �u3 �u2 ���pu3u2

�1�T1 u2
3 �2�T2 u2

3 �3�T3 u2
3 �4�T4 u2

3 �5�T5 u2
3 0 0 2�u3 ���pu2

3
�
�1�T1 etot1 + 1

�
u3

�
�2�T2 etot2 + 1

�
u3

�
�3�T3 etot3 + 1

�
u3

�
�4�T4 etot4 + 1

�
u3

�
�5�T5 etot5 + 1

�
u3 �u3u1 �u3u2 �

�
etot + u2

3
�

+ p � (��petot + Cv)u3

3

7777777777777777777777775

.

(A.5)

The pressure matrices:

Ap
1 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

1 1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

3

7777777777777777777777775

, (A.6)
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Ap
2 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

1 1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

3

7777777777777777777777775

, (A.7)

Ap
3 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

1 1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0

3

7777777777777777777777775

. (A.8)

The di�usion matrices:

K11 =

2

6666666666666666666666664

�D�p
�
�1
�R1
� 1

R1

�
�D�p �1

�R2
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p
�
�2
�R2
� 1

R2

�
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p
�
�3
�R3
� 1

R3

�
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p
�
�4
�R4
� 1

R4

�
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p �1
�R4

�D�p
�
�5
�R5
� 1

R5

�
0 0 0 0

0 0 0 0 0 2�+ � 0 0 0

0 0 0 0 0 0 � 0 0

0 0 0 0 0 0 0 � 0

D�p h1�h
R1

D�p h2�h
R2

D�p h3�h
R3

D�p h4�h
R4

D�p h5�h
R5

(2�+ �)u1 �u2 �u3 k

3

7777777777777777777777775

,

(A.9)
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K12 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 � 0 0

0 0 0 0 0 � 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 �u2 �u1 0 0

3

7777777777777777777777775

, (A.10)

K13 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 � 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 � 0 0 0

0 0 0 0 0 �u3 0 �u1 0

3

7777777777777777777777775

, (A.11)

K21 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 � 0 0

0 0 0 0 0 � 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 �u2 �u1 0 0

3

7777777777777777777777775

, (A.12)
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K22 =

2

6666666666666666666666664

�D�p
�
�1
�R1
� 1

R1

�
�D�p �1

�R2
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p
�
�2
�R2
� 1

R2

�
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p
�
�3
�R3
� 1

R3

�
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p
�
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�R4
� 1

R4

�
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p �1
�R4

�D�p
�
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�R5
� 1

R5

�
0 0 0 0

0 0 0 0 0 � 0 0 0

0 0 0 0 0 0 2�+ � 0 0
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D�p h1�h
R1

D�p h2�h
R2

D�p h3�h
R3

D�p h4�h
R4

D�p h5�h
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�u1 (2�+ �)u2 �u3 k

3

7777777777777777777777775

,

(A.13)

K23 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 � 0

0 0 0 0 0 0 � 0 0

0 0 0 0 0 0 �u3 �u2 0

3

7777777777777777777777775

, (A.14)

K31 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 � 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 � 0 0 0

0 0 0 0 0 �u3 0 �u1 0

3

7777777777777777777777775

, (A.15)
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K32 =

2

6666666666666666666666664

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 � 0

0 0 0 0 0 0 � 0 0

0 0 0 0 0 0 �u3 �u2 0

3

7777777777777777777777775

, (A.16)

K33 =

2

6666666666666666666666664

�D�p
�
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�R1
� 1
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�D�p �1
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�R5
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�D�p
�
�2
�R2
� 1
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�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p
�
�3
�R3
� 1

R3

�
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p
�
�4
�R4
� 1

R4

�
�D�p �1

�R5
0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p �1
�R4

�D�p
�
�5
�R5
� 1

R5

�
0 0 0 0

0 0 0 0 0 � 0 0 0

0 0 0 0 0 0 � 0 0

0 0 0 0 0 0 0 2�+ � 0

D�p h1�h
R1

D�p h2�h
R2

D�p h3�h
R3

D�p h4�h
R4

D�p h5�h
R5

�u1 �u2 (2�+ �)u3 k

3

7777777777777777777777775

,

(A.17)

where D is the constant species di�usion coe�cient, Ri with i = 1; ::; NS is the universal gas constant

for the species i, and k = kt + kr + kv + ke is the thermal conductivity for the mixture.
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A.2 Thermal non-equilibrium matrices

The transformation matrix A0:

A0 =

2

6666666666666666666666666664

�1�T1 0 0 0 0 0 0 0 ��1�p 0

0 �2�T2 0 0 0 0 0 0 ��2�p 0

0 0 �3�T3 0 0 0 0 0 ��3�p 0

0 0 0 �4�T4 0 0 0 0 ��4�p 0

0 0 0 0 �5�T5 0 0 0 ��5�p 0

�1u1�T1 �2u1�T2 �3u1�T3 �4u1�T4 �5u1�T5 � 0 0 �u1��p 0

�1u2�T1 �2u2�T2 �3u2�T3 �4u2�T4 �5u2�T5 0 � 0 �u2��p 0

�1u3�T1 �2u3�T2 �3u3�T3 �4u3�T4 �5u3�T5 0 0 � �u3��p 0

�1�T1 etot1 �2�T2 etot2 �3�T3 etot3 �4�T4 etot4 �5�T5 etot5 �u1 �u2 �u3 � (��petot + Ctrv ) �Cvev

�1�T1 eve1 �2�T2 eve2 �3�T3 eve3 �4�T4 eve4 �5�T5 eve5 0 0 0 ���peve �Cvev

3

7777777777777777777777777775

,

(A.18)

with Ctrv = Ctv + Crv , Cvev = Cvv + Cev , and evei = evi + eei with i = 1; ::; NS is the sum of the vibrational and

electronic energies for each species i.

The inverse of the transformation matrix:

A�1
0 =

2

6666666666666666666666666664

�p�e
tot
1 +juj2+eve

1
��T

1 Ctr
v

+ 1
�1�T

1
�p�e

tot
2 +juj2+eve

2
��T

1 Ctr
v

�p�e
tot
3 +juj2+eve

3
��T

1 Ctr
v

�p�e
tot
4 +juj2+eve

4
��T

1 Ctr
v

�p�e
tot
5 +juj2+eve

5
��T

1 Ctr
v

��p u1
��T

1 Ctr
v
��p u2

��T
1 Ctr

v
��p u3

��T
1 Ctr

v

�p

��T
1 Ctr

v
� �p

��T
1 Ctr

v

�p�e
tot
1 +juj2+eve

1
��T

2 Ctr
v

�p�e
tot
2 +juj2+eve

2
��T

2 Ctr
v

+ 1
�2�T

2
�p�e

tot
3 +juj2+eve

3
��T

2 Ctr
v

�p�e
tot
4 +juj2+eve

4
��T

2 Ctr
v

�p�e
tot
5 +juj2+eve

5
��T

2 Ctr
v

��p u1
��T

2 Ctr
v
��p u2

��T
2 Ctr

v
��p u3

��T
2 Ctr

v

�p

��T
2 Ctr

v
� �p

��T
2 Ctr

v

�p�e
tot
1 +juj2+eve

1
��T

3 Ctr
v

�p�e
tot
2 +juj2+eve

2
��T

3 Ctr
v

�p�e
tot
3 +juj2+eve

3
��T

3 Ctr
v

+ 1
�3�T

3
�p�e

tot
4 +juj2+eve

4
��T

3 Ctr
v

�p�e
tot
5 +juj2+eve

5
��T

3 Ctr
v

��p u1
��T

3 Ctr
v
��p u2

��T
3 Ctr

v
��p u3

��T
3 Ctr

v

�p

��T
3 Ctr

v
� �p

��T
3 Ctr

v

�p�e
tot
1 +juj2+eve

1
��T

4 Ctr
v

�p�e
tot
2 +juj2+eve

2
��T

4 Ctr
v

�p�e
tot
3 +juj2+eve

3
��T

4 Ctr
v

�p�e
tot
4 +juj2+eve

4
��T

4 Ctr
v

+ 1
�4�T

4
�p�e

tot
5 +juj2+eve

5
��T

4 Ctr
v

��p u1
��T

4 Ctr
v
��p u2

��T
4 Ctr

v
��p u3

��T
4 Ctr

v

�p

��T
4 Ctr

v
� �p

��T
4 Ctr

v

�p�e
tot
1 +juj2+eve

1
��T

5 Ctr
v

�p�e
tot
2 +juj2+eve

2
��T

5 Ctr
v

�p�e
tot
3 +juj2+eve

3
��T

5 Ctr
v

�p�e
tot
4 +juj2+eve

4
��T

5 Ctr
v

�p�e
tot
5 +juj2+eve

5
��T

5 Ctr
v

+ 1
�5�T

5
��p u1

��T
5 Ctr

v
��p u2

��T
5 Ctr

v
��p u3

��T
5 Ctr

v

�p

��T
5 Ctr

v
� �p

��T
5 Ctr

v

�u1
� �u1

� �u1
� �u1

� �u1
�

1
� 0 0 0 0

�u2
� �u2

� �u2
� �u2

� �u2
� 0 1

� 0 0 0

�u3
� �u3

� �u3
� �u3

� �u3
� 0 0 1

� 0 0
juj2�etot

1 +eve
1

�Ctr
v

juj2�etot
2 +eve

2
�Ctr

v

juj2�etot
3 +eve

3
�Ctr

v

juj2�etot
4 +eve

4
�Ctr

v

juj2�etot
5 +eve

5
�Ctr

v
� u1
�Ctr

v
� u2
�Ctr

v
� u3
�Ctr

v

1
�Ctr

v
� 1
�Ctr

v

� eve
1

�Cve
v

� eve
2

�Cve
v

� eve
3

�Cve
v

� eve
4

�Cve
v

� eve
5

�Cve
v

0 0 0 0 1
�Cve

v
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7777777777777777777777777775

.

(A.19)

The convective matrices are:

Aadv=p
1 =

2

6666666666666666666666666664

�1betaT1 u1 0 0 0 0 �1 0 0 ��1�pu1 0

0 �2betaT2 u1 0 0 0 �2 0 0 ��2�pu1 0

0 0 �3betaT3 u1 0 0 �3 0 0 ��3�pu1 0

0 0 0 �4betaT4 u1 0 �4 0 0 ��4�pu1 0

0 0 0 0 �5betaT5 u1 �5 0 0 ��5�pu1 0

�1�T1 u2
1 �2�T2 u2

1 �3�T3 u2
1 �4�T4 u2

1 �5�T5 u2
1 2�u1 0 0 ���pu2

1 0

�1�T1 u1u2 �2�T2 u1u2 �3�T3 u1u2 �4�T4 u1u2 �5�T5 u1u2 �u2 �u1 0 ���pu1u2 0

�1�T1 u1u3 �2�T2 u1u3 �3�T3 u1u3 �4�T4 u1u3 �5�T5 u1u3 �u3 0 �u1 ���pu1u3 0
�
�1�T1 etot1 + 1

�
u1

�
�2�T2 etot2 + 1

�
u1

�
�3�T3 etot3 + 1

�
u1

�
�4�T4 etot4 + 1

�
u1

�
�5�T5 etot5 + 1

�
u1 �

�
etot + u2

1
�

+ p �u1u2 �u1u3 � (��petot + Ctrv )u1 �Cvev u1

�1�T1 eve1 u1 �2�T2 eve2 u1 �3�T3 eve3 u1 �4�T4 eve4 u1 �5�T5 eve5 u1 �eve 0 0 ���peveu1 �Cvev u1

3

7777777777777777777777777775

,

(A.20)
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Aadv=p
2 =

2

6666666666666666666666666664

�1betaT1 u2 0 0 0 0 0 �1 0 ��1�pu2 0

0 �2betaT2 u2 0 0 0 0 �2 0 ��2�pu2 0

0 0 �3betaT3 u2 0 0 0 �3 0 ��3�pu2 0

0 0 0 �4betaT4 u2 0 0 �4 0 ��4�pu2 0

0 0 0 0 �5betaT5 u2 0 �5 0 ��5�pu2 0

�1�T1 u2u1 �2�T2 u2u1 �3�T3 u2u1 �4�T4 u2u1 �5�T5 u2u1 �u2 �u1 0 ���pu2u1 0

�1�T1 u2
2 �2�T2 u2

2 �3�T3 u2
2 �4�T4 u2

2 �5�T5 u2
2 0 2�u2 0 ���pu2

2 0

�1�T1 u2u3 �2�T2 u2u3 �3�T3 u2u3 �4�T4 u2u3 �5�T5 u2u3 0 �u3 �u2 ���pu2u3 0
�
�1�T1 etot1 + 1

�
u2

�
�2�T2 etot2 + 1

�
u2

�
�3�T3 etot3 + 1

�
u2

�
�4�T4 etot4 + 1

�
u2

�
�5�T5 etot5 + 1

�
u2 �u1u2 �

�
etot + u2

2
�

+ p �u2u3 � (��petot + Ctrv )u2 �Cvev u2

�1�T1 eve1 u2 �2�T2 eve2 u2 �3�T3 eve3 u2 �4�T4 eve4 u2 �5�T5 eve5 u2 0 �eve 0 ���peveu2 �Cvev u2

3

7777777777777777777777777775

,

(A.21)

Aadv=p
3 =

2

6666666666666666666666666664

�1betaT1 u3 0 0 0 0 0 0 �1 ��1�pu3 0

0 �2betaT2 u3 0 0 0 0 0 �2 ��2�pu3 0

0 0 �3betaT3 u3 0 0 0 0 �3 ��3�pu3 0

0 0 0 �4betaT4 u3 0 0 0 �4 ��4�pu3 0

0 0 0 0 �5betaT5 u3 0 0 �5 ��5�pu3 0

�1�T1 u3u1 �2�T2 u3u1 �3�T3 u3u1 �4�T4 u3u1 �5�T5 u3u1 �u3 0 �u1 ���pu3u1 0

�1�T1 u3u2 �2�T2 u3u2 �3�T3 u3u2 �4�T4 u3u2 �5�T5 u3u2 0 �u3 �u2 ���pu3u2 0

�1�T1 u2
3 �2�T2 u2

3 �3�T3 u2
3 �4�T4 u2

3 �5�T5 u2
3 0 0 2�u3 ���pu2

3 0
�
�1�T1 etot1 + 1

�
u3

�
�2�T2 etot2 + 1

�
u3

�
�3�T3 etot3 + 1

�
u3

�
�4�T4 etot4 + 1

�
u3

�
�5�T5 etot5 + 1

�
u3 �u3u1 �u3u2 �

�
etot + u2

3
�

+ p � (��petot + Ctrv )u3 �Cvev u3

�1�T1 eve1 u3 �2�T2 eve2 u3 �3�T3 eve3 u3 �4�T4 eve4 u3 �5�T5 eve5 u3 0 0 �eve ���peveu3 �Cvev u3

3

7777777777777777777777777775

.

(A.22)

The pressure matrices:

Ap
1 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

, (A.23)
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Ap
2 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

, (A.24)

Ap
3 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

. (A.25)

The di�usion matrices:

K11 =

2

6666666666666666666666666664

�D�p
�
�1
�R1
� 1

R1

�
�D�p �1

�R2
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p
�
�2
�R2
� 1

R2

�
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p
�
�3
�R3
� 1

R3

�
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p
�
�4
�R4
� 1

R4

�
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p �1
�R4

�D�p
�
�5
�R5
� 1

R5

�
0 0 0 0 0

0 0 0 0 0 2�+ � 0 0 0 0

0 0 0 0 0 0 � 0 0 0

0 0 0 0 0 0 0 � 0 0

D�p h1�h
R1

D�p h2�h
R2

D�p h3�h
R3

D�p h4�h
R4

D�p h5�h
R5

(2�+ �)u1 �u2 �u3 ktr kv

D�p e
ve
1 �e

ve

R1
D�p e

ve
2 �e

ve

R2
D�p e

ve
3 �e

ve

R3
D�p e

ve
4 �e

ve

R4
D�p e

ve
5 �e

ve

R5
0 0 0 0 kv

3

7777777777777777777777777775

,

(A.26)

with ktr = kt + kr.
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K12 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 � 0 0 0

0 0 0 0 0 � 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 �u2 �u1 0 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

, (A.27)

K13 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 � 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 � 0 0 0 0

0 0 0 0 0 �u3 0 �u1 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

, (A.28)

K21 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 � 0 0 0

0 0 0 0 0 � 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 �u2 �u1 0 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

, (A.29)
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K22 =

2

6666666666666666666666666664

�D�p
�
�1
�R1
� 1

R1

�
�D�p �1

�R2
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p
�
�2
�R2
� 1

R2

�
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p
�
�3
�R3
� 1

R3

�
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p
�
�4
�R4
� 1

R4

�
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p �1
�R4

�D�p
�
�5
�R5
� 1

R5

�
0 0 0 0 0

0 0 0 0 0 � 0 0 0 0

0 0 0 0 0 0 2�+ � 0 0 0

0 0 0 0 0 0 0 � 0 0

D�p h1�h
R1

D�p h2�h
R2

D�p h3�h
R3

D�p h4�h
R4

D�p h5�h
R5

�u1 (2�+ �)u2 �u3 ktr kv

D�p e
ve
1 �e

ve

R1
D�p e

ve
2 �e

ve

R2
D�p e

ve
3 �e

ve

R3
D�p e

ve
4 �e

ve

R4
D�p e

ve
5 �e

ve

R5
0 0 0 0 kv

3

7777777777777777777777777775

,

(A.30)

K23 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 � 0 0

0 0 0 0 0 0 � 0 0 0

0 0 0 0 0 0 �u3 �u2 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

, (A.31)

K31 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 � 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 � 0 0 0 0

0 0 0 0 0 �u3 0 �u1 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

, (A.32)
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K32 =

2

6666666666666666666666666664

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 � 0 0

0 0 0 0 0 0 � 0 0 0

0 0 0 0 0 0 �u3 �u2 0 0

0 0 0 0 0 0 0 0 0 0

3

7777777777777777777777777775

, (A.33)

K33 =

2

6666666666666666666666666664

�D�p
�
�1
�R1
� 1

R1

�
�D�p �1

�R2
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p
�
�2
�R2
� 1

R2

�
�D�p �1

�R3
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p
�
�3
�R3
� 1

R3

�
�D�p �1

�R4
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p
�
�4
�R4
� 1

R4

�
�D�p �1

�R5
0 0 0 0 0

�D�p �1
�R1

�D�p �1
�R2

�D�p �1
�R3

�D�p �1
�R4

�D�p
�
�5
�R5
� 1

R5

�
0 0 0 0 0

0 0 0 0 0 � 0 0 0 0

0 0 0 0 0 0 � 0 0 0

0 0 0 0 0 0 0 2�+ � 0 0

D�p h1�h
R1

D�p h2�h
R2

D�p h3�h
R3

D�p h4�h
R4

D�p h5�h
R5

�u1 �u2 (2�+ �)u3 ktr kv

D�p e
ve
1 �e

ve

R1
D�p e

ve
2 �e

ve

R2
D�p e

ve
3 �e

ve

R3
D�p e

ve
4 �e

ve

R4
D�p e

ve
5 �e

ve

R5
0 0 0 0 kv

3

7777777777777777777777777775

,

(A.34)
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