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Abstract

In this study, we develop an enhanced technique for characterizing quantum optical pro-
cesses based on probing unknown quantum processes only with coherent states. Our method
substantially improves the previous coherent-state quantum process tomography scheme in that
it naturally circumvents the need for the Glauber-Sudarshan representation for states and the
incurred P-function regularization used in the former scheme. This technique relies on a new
relation between the action of a general quantum process on coherent state inputs and its action
on an arbitrary quantum state. This relation not only introduces a substantial simplification
in the process identification task but also naturally eliminates a potential source of estimation
error associated with the P-function regularization. The new relation also enables straightfor-
ward extensions of coherent-state quantum process tomography to multi-mode and non-trace-
preserving processes. We illustrate our formalism with several examples, in which we derive
analytic representations of several fundamental quantum optical processes in the Fock basis. In
particular, we introduce photon-number cutoff as a reasonable physical resource limitation and
address resource-vs-accuracy trade-off in practical applications. We show that the accuracy of

process estimation scales inversely with the square root of photon-number cutoff.
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Chapter 1
Introduction

The problem of characterizing quantum dynamics is of fundamental interest in the fields of
quantum physics and quantum information science [1, 2}. For many practical applications, such
as assembling a complex quantum information processor, we require precise knowledge of the
properties of each component, i.e., the ability to predict the effect of the quantum devices on
an arbitrary input state and characterize the underlying processes within quahtum components.
This gives rise to a quantum version of the famous “black-box problem”, which is addressed
by means of quantum process tomography (QPT) [4, 5]. Quantum process tomography has
many applications ranging from probing of quantum communication channels to evaluation of
the performance of quantum gates [4, 5, 6, 7, 8, 9, 10, 11].

Quantum information processing with optical systems is one of the most promising ap-
proaches to a fully-functional quantum computer [12]. Also, as the photons are excellent
carriers of quantum information due to weak coupling to the environment implying low de-
coherence, and high speed, quantum optical systems are the obvious choice for quantum com-
munication.

The aim of this thesis is to elaborate on QPT for quantum optical systems. In particular, we
developed a new technique for characterizing quantum optical processes, which is a substantial
improvement upon an existing method [13]. The main results presented in this thesis have been
submitted for publication [14].

In some parts of this thesis, I quote verbatim from Ref. [14], which was written as a joint
effort of the coauthors and I. In the next section we begin with describing quantum states and
processes. In Sec. 1.2, quantum-state tomography is introduced as one of the tools for QPT. In

particular, we describe the balanced homodyne detection as a device for quantum-optical state



1.1. QUANTUM STATES AND PROCESSES

tomography. QPT is reviewed in Sec. 1.3. The original proposal [13] for characterization of
quantum-optical processes and the problems inherent to this approach are discussed in Sec. 1.4.
The last section is an overview of this thesis. We briefly discuss how the problems of the

original method are overcome by our new approach to quantum-optical process tomography.

1.1 Quantum states and processes

In quantum information processing, information is encoded into the state of quantum sys-
tems and processed by quantum operations. In this section we investigate the general mathe-

matical properties of these two basic elements,

1.1.1 Quantum states

A quantum state is a mathematical object that embodies all information about the prepara-
tion of a quantum system [1]. Knowing the quantum state enables us to predict the probabilities
of the outcomes for any measurements.

The most general formulation of measurements in quantum mechanics is POVM (Positive
Operator Valued Measure) formalism [1]. A POVM is a set of operators {£,,} on a Hilbert
space such that each operator is positive semidefinite, and they sum to unity >, . E,, = I. The
index m refers to an outcome of the measurement that take place in the experiment. If the

system is prepared in state p, the probability for outcome m is given by

p(m) = Tr[Enp). (L.1)

This relation is known as Born’s rule.

1.1.2  Quantum processes

The formalism of the quantum processes (also called quantum operations or quantum chan-

nels) provides a general framework for describing the evolution of quantum states in a wide

2



1.2. QUANTUM STATE TOMOGRAPHY

variety of circumstances [1, 15]. Assuming that the environment is independent of the device
that prepares the state p, the most general transformation of a quantum state p allowed by the
laws of quantum mechanics is described by a quantum process £. A quantum process describes

the evolution of any input state p into an output state

P =E(p). (1.2)

A simple examples of quantum process is a unitary transformation £(p) = UpU?. The quantum
process formalism describes the dynamical changes that a quantum system undergoes as the
result of some physical processes. Here p is the initial state and £(p) is the final state after the
process.

The dynamics of a closed quantum system can be described by a unitary transformation.
As in a real world, there are no perfectly isolated quantum systems, a real system always
suffers from unwanted interactions with outside world, which lead to decoherence, losses.
Thus, typically the quantum state p becomes entangled with the environment and the evolution

of p cannot be described as a unitary transformation.

1.2 Quantum state tomography

In classical mechanics, the state of a system is described by a set of canonical coordinates;
in principle it is always possible to set up an experiment consisting of multiple measurements
by which the state can be fully recovered. In contrast, in quantum mechanics it is not possible to
determine the state of a quantum system due to the limitations associated with the Heisenberg
uncertainty principle [16, 17] and thé no-cloning theorem [18]. On the one hand, one cannot
perform an arbitrary sequence of measurements on a quantum system without disturbing it. On
the other hand, it is not possible to make a perfect copy of quantum system without having
complete knowledge about the system. Hence, if the quantum state of a sysfem is unknown,

there is no way to reconstruct the quantum state unless an ensemble of identically prepared

3



1.2. QUANTUM STATE TOMOGRAPHY

quantum systems is available [19].

Quantum-state tomography (QST) is a procedure for reconstructing the state of a quantum
system p. In QST, by preparing many identical copies of a quantum system, one can perform a
different measurement on each copy of the system and generate enough statistics to reconstruct
the quantum state. In this procedure, the quantum state is fully recovered in the limit of large
number of measurements, A set of observables for performing measurements on multiple
copies of an unknown quantum system, which is sufficient for determination of the quantum
state, is called a quorum [20]. QST is one of the tools for QPT and determining the output state
of a quantum device. Also in quantum computing and information theory QST can be reliably
used to determine the actual state of the qubits [1, 2].

QST is based on inverting Born’s rule. The probabilities for d? (d = dim(5#)) independent
outcomes obtained from the experiment specify a pomo consistent with these probabilities such

that the estimation error is less than a given tolerance

lp = promollr < 6, (1.3)

where ||p|l; = Tr/ptp is the trace norm. In QST, measurements must be repeated to yield
Sfrequencies from which the probabilities can be inferred. If the measurement is repeated N

times, and outcome m is obtained n,, times, then the frequency is

rm
fm= ]_V_ (1.4)

For sufficiently many of measurements, one can estimate the associated probability with the
operator E,,

p(m) = fr. (1.5)

For the measurements that form a quorum, the equations

T[] = =2 (1.6)
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form a complete set of equations, which can be solved to obtain the estimated state pomo [21].
Therefore, a tomography method searches for a density matrix pomo On the space of semi-
positive-definite hermitian operators describing physical states whose predictions be in agree-
ment with the observed frequencies. There are several methods for quantum-state tomography;
for a review of the methods see Ref. [2]. Unfortunately, some quantum tomography methods
generate the estimated state pyme that does not satisfy the physical conditions for quantum
states (see Sec. 2.1) [21]. For instance, ppmo could have a negative eigenvalue, an eigenvalue
greater than 1, or zero eigenvalues that cannot be justified by the data.

In the case of infinite-dimensional Hilbert space, no finite number of measurements consti-
tute a quorum. Hence, certain assumptions about the structure of the state in question must be
made to limit the number of free parameters. A finite measurement together with the assump-

tions lead to some errors in estimated states (1.3) [22].

1.2.1 Optical-homodyne tomography

In this subsection, we describe balanced homodyne detector as a device for tomography of
the quantum state of light. In this case, we are dealing with a quantum system, which has an
infinite-dimensional Hilbert space.

The Hamiltonian of the quantum system of light with frequency w with certain polarization,
referred to as single electromagnetic-field mode, is equivalent to that of a quantum particle in

a one~dimensional harmonic potential,
H=uwta+1/2), (1.7)

where & and 4 are annihilation and creation operators of the electromagnetic-field mode, re-
spectively', satisfying the commutator relation [&, 47] = 1. The operator 74 = afd is known as

photon-number operator, its eigenvalues represent the number of photons. The eigenvalues of

In this thesis, we consider /i = 1.
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this Hamiltonian are denoted by A, = (n+ 1/2)w. They correspond to the energy levels of the
system. The energy spectrum is quantized with equally-spaced energy levels. The eigenstates
of H, {|n)}, are referred to as Fock states or photon-number states. They form a complete
basis for the Hilbert space. The quantum state of a particle in a harmonic potential can be
represented in the Fock basis or equivalently in terms of the function that describes position
and momentum of the particle; hence, a quantum state of light can also be represented in terms
of a similar function [25].

In quantum optics, the quadratures § and p are regarded as position and momentum opera-

tors of the electromagnetic oscillator. They satisfy the commutator relation [§, ] = 4 and are

defined as
at +a
j = e, (1.8
g 7 (1.8)
. (et —a)
= e 1.9
D 7 (1.9)

In the balanced homodyne detection [23, 24], the signal field and a strong laser beam called
local oscillator (LO) overlap at a 50% reflecting beam splitter. After the beam splitter, each
beam is detected by a photodetector, and the photocurrents I; and I, are measured. The inter-
ference term of the LO and the signal is captured in the difference photocurrent I;5 = I, — I.
The scheme of a balanced homodyne detector is shown in Fig. 1.1. For a single mode of
the electromagnetic-field, by using balanced homodyne detection, one can measure the linear

combinations of quadratures of a harmonic oscillator [25]

A

Gp = Gcosf 4 psind

atoi0 o 5 o—if
= &—_gf’f_, (1.10)

where the phase reference @ for the quadrature measurement is provided by the LO. The phase

@ can be varied by adjusting the LO using, for instance, a piezo-electrically movable mirror
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' ©

PD@

signal

PD

LO

Figure 1.1: Scheme of the balanced homodyne detector. PD denotes the photodetector. The
signal overlaps with the LO on a 50% beam splitter, and the outputs are measured by the PDs.
The minus sign indicates that the difference photocurrent is measured.

[25]. Hence, gy can be measured for different phases, and a POVM is

E(ge) = |g0) (g0, (1.11)

where |gp) is an eigenstate of the quadrature g, with eigenvalue g. Note that the POVMs are
labeled by a continuous index g and 8 rather than by a discrete index.

By using a balanced homodyne detector, the probabilities

2(g,9) = Tr[|ge){go0lp], (1.12)

can be estimated, and by employing a tomography method, the quantum-optical state can be
reconstructed. There are various methods for reconstruction of a state using the data, such as
inverse Radon transformation, maximum-likelihood or maximum-entropy; for a review of the

methods see Ref, [22].
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1.3 Quantum process tomography

Quantum process tomography (QPT) is a procedure for estimating an unknown quantum
process. Process tomography is successful if, for every input state, the estimate for the process
output closely approximates the process output state that can be reconstructed using quantum-
state tomography techniques. The worst-case error of this estimate, given by a distance (1.3)
between the reconstructed and estimated process outputs, is less than a given tolerance.

There are two types of methods for QPT: direct and indirect [3]. In indirect methods, the
effects of unknown quantum process on a complete set of probe states are found via QST on the
process output states, and the quantum process is characterized by applying an inversion map
on the output data. These methods are called indirect since QST is required to characterize a
quantum process. Standard Quantum Process Tomography (SQPT) [4, 5] and Ancilla-Assisted
Process Tomography (AAPT) [9, 26, 27, 28] are in this class. On the other hand, in direct
methods experimental outcomes directly provide information about a quantum process, without
using QST. The method of Direct Characterization of Quantum Dynamics (DCQD) [29, 30]
belongs to this class.

In SQPT, a quantum device can be characterized in the same way as for any classical linear
system; the only difference is that, in the quantum case, one needs many copies of the output
states to perform quantum tomography. SQPT exploits linearity of quantum process over its
density operators. If the effect of the process £(p;) is known for a set of density operators
{ps}, its effect on any linear combination p = . B;p; equals £(p) = 5, B:;€(p;). Therefore,
if {p;} forms a spanning set within the space .Z(5#) of linear operators over a particular
Hilbert space S, knowledge of {€(p;)} is sufficient to extract complete information about
the quantum process. SQPT was achieved by this method in liquid-state nuclear magnetic
resonance [31, 32, 33], atomic [34], solid-state [35], and quantum optical systems [36, 37].

However, practical implementations of SQPT become demanding especially for systems
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with large Hilbert spaces. For dim(##) = d, dim (% () = d?, which implies that at least
d? unknown operators {€(p;) }, each with d® unknown parameters, must be estimated. This pro-
cedure requires preparation of at least {p; ;‘il states, subjecting each to the unknown process
&, and determining each element of {€(p;) };-iil through measurement (each with d? unknown
elements), thereby inferring an overall number of d* parameters. Furthermore, in order to build
up sufficient statistics for reliable estimates of the output states, each measurement should be
performed many times on multiple copies of the inputs. Thus, a large number of realizations
and measurements are required for complete tomography of £.

An additional complication, especially for SQPT of quantum optical processes, is asso-
ciated with preparation of the probe states. Typical optical SQPT implementations deal with
systems consisting of one or more dual-rail qubits [36, 37] with postselection based on photon
coincidences projecting the input and output states onto these qubit subspaces. Due to optical
losses, imperfect sources and detector dark counts the input and output states departure from
the qubit subspace, and this approach cannot provide complete information about a process.
Furthermore, the probe states are highly nonclassical, hence difficult to generate.

In AAPT, an ancilla system with Hilbert space dimension at least as great as that of the
principal system is required. The process £ is characterized by preparing the combined system
in a single state, o, such that all information about the process can be imprinted on the final
state (€ ® Z)(o) [9, 26]. By performing QST on the final state the required information for
characterizing the quantum process can be extracted. In principle, the input state, o, can be
prepared in either entanglement-assisted or a separable mixed state. However, it has been
shown that use of maximally entangled pure states offers the best performance [3].

In DCQD, similarly to AAPT, an ancilla system is required. DCQD is based on using
certain entangled states as input and a certain set of error-detecting measurements [1]. A com-
bination of these input states and measurements lead to direct encoding of the information

about the quantum process into the measurement results, which eliminates the need for QST.
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In quantum optics, the complication associated with implementation of AAPT schemes
[26, 27] and DCQD [29, 36, 38] is the preparation of maximally- or highly-entangled probe
states. In particular, for large-dimensional Hilbert space these probe states are difficult to
prepare.

In all above mentioned methods for QPT (SQPT, AAPT, DCQD), quantum-optical process
tomography is restricted to low-dimensional Hilbert spaces. Thus, a method with available

probe states and applicable to arbitrarily large Hilbert spaces needs to be invoked.

1.4 Coherent-state quantum-process tomography

The difficulties for QPT have been partially alleviated in the recently-proposed scheme
“coherent-state quantum-process tomography” (csQPT) [13], as a method for complete char-
acterization of a general quantum-optical process. This scheme is based on probing unknown
quantum optical processes by coherent states [39], which are classical fields produced by com-
mon laser sources.

The scheme of csQPT is based on the observation that the density operator p of a generic
quantum state of every electromagnetic mode can be decomposed in terms of coherent states

|} using the Glauber-Sudarshan representation [40, 417:

p= / Lo Py(a)|a)(al, (1.13)
C

where F,(«) is a quasi-probability distribution, as a representation for the state, referred to as
the quantum state’s “P-function” and integrated over the entire complex plane. « is a complex
number with & = (g + 4p)/v/2 and corresponds to a point in two-dimensional space, which is

called phase space. Linearity of the quantum process hence implies that measuring

o) (al = eg(a) = E(la)(al), (1.14)
i.e., determining the effect of the unknown process on al/ coherent states, enables a prediction

10
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of its effect upon any generic state p according to

£(p) = /Ud2a P,(a)es()- (L15)

The implementation of csQPT is advantageous because (i) coherent states are readily avail-
able from lasers, (ii) coherent states of different amplitudes and phases can be produced without
changing the layout of the experimental apparatus, and (iii) output-state characterization can
be performed using optical homodyne tomography [22], which obviates the need for postselec-
tion and provides full information about the process in question. This method has been tested
experimentally on simple single—m’ode processes, such as the identity, attenuation, and phase
shift operations [13]. Furthermore, csQPT has been used to characterize quantum memory for
light based on electromagnetically-induced transparency [42].

An apparent obstacle to csQPT, however, is that the Glauber-Sudarshan representation does
not exist for many quantum optical states [43, 44]. For some states the P-function is an singular
generalized function that is not compatible with the form of the Glauber-Sudarshan represen-
tation (see Sec. 2.4). Hence, in general, some “regularization” is needed [45, 46]. A remedy
therefor is provided by Klauder’s theorem [47], which states that any trace-class operator p
(whose trace-norm is finite: ||p]l; < o0) can be approximated, to arbitrary accuracy, by a
bounded operator p;, € B(H) whose Glauber-Sudarshan function Py, is in the Schwartz class
[48], so integration Eq. (1.15) can be performed. The Klauder approximation can be con-
structed by low-pass filtering of the P function, i.e., by multiplying its Fourier transform with
an appropriate regularizing function equal to 1 over a square domain of size L % L and rapidly
dropping to zero outside this domain. Ref. [13] employs this method to implement csQPT. In
this proposal, the formalism for characterizing a quantulm-optical process in the Fock basis is
based on using the regularization function and depends on cutoff parameter L.

Practical implementation of Klauder’s procedure is however complicated, because it re-

quires finding the characteristic function of the input state and subsequently its regularized P

11



1.5. THIS THESIS

function, This function features high-frequency, high-amplitude oscillations that limit the pre-
cision in calculating the output state (1.15). Furthermore, Klauder’s approximation is ambigu-
ous with regard to the choice of the particular ﬁltering function as well as the cutoff parameter
L [13]. Errors of using Klauder’s approximation translates into errors in the process estima-
tion and there is no known method to bound this error. These ambiguities can potentially limit

applications of csQPT; hence, they need to be overcome.

1.5 This thesis

This thesis introduces a new, more efficient technique, which I have found, for quantum-
optical process tomography in the Fock (photon-number) basis [14]. I improve the existing
method for csQPT [13] by overcoming the problems associated with P-function regularization.
Specifically, the new method eliminates the explicit use of the Glauber-Sudarshan representa-
tion and thus removes the inherent ambiguity associated with employing Klauder’s approxima-
tion for csQPT. This elimination substantially simplifies csQPT and leads to some significant
results, which are presented in thfs thesis, |

This thesis is organized as follows:

Chapter 2 provides an overview of the mathematical tools for the new method of csQPT.
First we introduce a representation for a quantum process, which is called “process tensor”,
and discuss symmetries and the multi-mode case. In Sec. 2.3, we discuss how QPT can be per-
formed for quantum states defined over infinite-dimensional Hilbert space by restricting to a
finite-dimensional subspace using a regularization operator. We present a method for calculat-
ing the error associated with this restr_iction for energy non-increasing processes. Furthermore,
we review the Glauber-Sudarshan representation in more detail and its existence condition in
Sec. 2.4.

In Chapter 3, we introduce our new csQPT technique. We obtain an expression for the

12



1.5. THIS THESIS

process tensor in the Fock basis that can be calculated from the experimental data. Using this
tensor, the process output for an arbitrary input can be calculated by simple matrix multipli-
cation. In this way, transformations between the Fock and Glauber-Sudarshan representations,
which were necessary in Ref. [13], can be sidestepped. Using our new approach, we easily
extend csQPT from its restrictive single-mode applicability to multi-mode processes and even
to non-trace-preserving conditional processes. These extensions are particularly relevant for
quantum information processing circuits, whose basic components are inherently multi-mode
and conditional [49]. Moreover, in Sec. 3.2, we illustrate our method by analytically deriving
the process tensor for certain fundamental quantum optical processes using the Fock basis.

In Chapter 4, the practical application of the method is investigated for the case of phase-
symmetric processes, which are realized in many practical situations; that is, an optical phase
shift of the input state results in the same phase shift of the output. This property dramatically
simplifies the experiment because one just needs to find the effects of the process on discrete
set of coherent states with the same phase. This prompts us to discuss, in Sec. 4.2, how to
obtain the process ‘tensor for phase-symmetric processes. Furthermore, we discuss the error
analysis of our new method, and compare the sources of errors in the method with those of the
original proposal [13].

Chapter 5 summarizes the advantages of our new method and concludes. We wrap up in

the last chapter by suggesting future work based on our method.
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Chapter 2

Toolbox

In this chapter, we introduce the mathematical tools required to describe our new method
for ¢sQPT. In Sec. 2.1, we introduce a representation for a quantum state. In Sec. 2.2, we
consider a representation for a quantum process and discuss the symmetry of the process and
the multi-mode case. In Sec. 2.3, we discuss QPT for states over infinite-dimensional Hilbert
spaces. We show that by employing a regularization operator restricting to a finite-dimensional
subspace of the Hilbert space, QPT can be done with finite sampling. Moreover, we show
that the error in the process estimation scales inversely with the square root of photon-number
cutoff.

The Gluaber-Sudarshan representation plays the main role in csQPT. In Sec. 2.4, we exam-
ine The Gluaber-Sudarshan representation and the existence condition of the representation in
closer detail.

The calculation of the error in the process estimation, which is presented in Subces. 2.3.1,
is one of my project results in collaboration with the coauthors of Ref. [14]. I quote this

subsection verbatim.

2.1 Representation of a quantum state

In quantum physics, a quantumn state can be pure or mixed. If the state is pure, it can be
represented l;y a normalized vector [4) in the Hilbert space associated with that system. A
mixed state can always be represented as a statistical mixture of pure states.

A convenient way for describing quantum systems is the density operator language [1]. In

general, suppose a quantum system is in one of the states {|1;) }, with respective probabilities

14



2.2. REPRESENTATION OF A QUANTUM PROCESS

{p:}. We call {p;, |4;)} an ensemble of pure states, and the density operator for the system is
defined as ,
p=> pilbi)(ahil. @.1)
The density operator p has the following properties:
e p has trace equal to one, Tr{p] = 1,
e p is Hermitian,
e cigenvalues p; of p are nonnegative.

A quantum state p belongs to B(S#), denoting the set of all linear bounded operators acting
on the Hilbert space 2.

Let {|¢n)}22} be an orthonormal basis for the Hilbert space ¢ with dimension d. Then
any state p can be represented as

d—1

pP= Z pnml‘Pn>(Som|> (2.2)

n,m=0
where ppm = (0n|plem) is the matrix representation of the density operator referred to as the

density matrix.

2.2 Representation of a quantum process

A mapping £ over the space of all bounded operators #(5#) is a quantum process if it

satisfies the following conditions [1]:
e & islinear: £(py + p2) = E(p1) + E(p2).
e £ is trace non-increasing: Tr[€(p)] < Tr[p].

e & is completely positive, i.e., for any auxiliary Hilbert space 4%, o > 0 in B(F @ 54,)
implies (€ ® Z,)(c) > 0 where Z, is the identity operation on Z(54,).
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2.2. REPRESENTATION OF A QUANTUM PROCESS

There are several ways to describe a quantum process mathematically [1]. A widely-used
formalism to describe a quantum process is the Kraus decomposition [15]. In this description,

every quantum process can be expressed as
E(p) =) _ Kipkl, 23)
i

where {K;} are Kraus operators on the system’s Hilbert space. It can be shown that 3", K] K; =
T for trace-preserving processes, and in general ), I%;f K; < T for non-trace-preserving pro-
cesses, in order to guarantee Tr[€(p)] < 1.

In what follows, we provide a representation for a quantum process considering the basis
{lon)} for the Hilbert space. By subjecting a quantum state p to the quantum process £, and
exploiting linearity, from Eq. (2.2) we obtain

£(p) = Z PamE (Jon) (Oml). (2.4)
n,m=0

From this equation, the matrix elements of the input and output states are related by

d—-1
E@= D EX Pams @.5)
n,m=0
where
i = (@51E(lon) (oml)r) (2.6)

is a rank-4 tensor, hereafter referred to as the “process tensor” or the “superoperator”. By using
the process tensor the output state of the quantum process is given by

8(p Z k; pnmkoj (‘Pkl 2.7)

n,m,j,k=0
Thus, a quantum process can be represented by the process tensor by which the output state
can be found for any given input state. Estimating all d* elements of the process tensor is the

ultimate goal of quantum process tomography.
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2.2. REPRESENTATION OF A QUANTUM PROCESS

2.2.1 Symmetry

For many practical application of QPT, we may have partial knowledge, such as symmetry
information, about the quantum process in question. This information may be known prior
to process tomography or be obtained through an experiment. Having symmetry information
about a quantum process reduces the number of unknown elements in the process tensor.

For example, if trace of quantum states are preserved under the quantum process, then from

Eq. (2.5) we obtain

d—1 d-1
DE@= D Epam =1 2.8)
Jj=0 Jmym=0

For d? independent density matrices over the Hilbert space with dimension d, Eq. (2.8) leads
to d? constraints that reduce the number of unknown elements in the process tensor to d* — d2.

As another example, suppose that the basis {|;)} vectors are eigenvectors of a Hermitian
operator A

Alps) = aleps). 2.9)

If the quantum process is symmetric with respect to the operator A4, i.e.,

E(ApAT) = AE(p) AT, (2.10)
then from Eq. (2.6) we have
(PilE(Alpn)(@ml AN or) = (0| AE (Jn) (@ml) Allipr) 2.11)
This equation yields
Al = Q505. (2.12)

Therefore, using Eq. (2.12) one of the parameters in the process tensor can be written in terms

of others and the number of unknown elements reduces to d°.
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2.3. REGULARIZATION

2.2.2 Multi-mode process

A multi-mode quantum process is a mapping over the density matrices defined over the
Hilbert space that is tensor product of Hilbert spaces for individual modes. In the M-mode
case, the Hilbert space is 5 = 6 @ 36, Q - - - @ &, where each Hilbert space is associated
with a different mode of oscillation.

Let us consider a representation for a multi-mode process. For the AM-mode Hilbert space

we use the notation
l©n) = |91, Prgs o+ Pras) (2.13)
with n € N}, where Ny = NU {0}. Then a density matrix can be expressed as
P= D Poml@n)(@ml. (2.14)
n,neN}!
From a similar procedure to the single-mode case, we find that the matrix elements of the input

and output states are related by

E@ik= > ER™pnm, 2.15)
n,neNy
where
= (@€ (ln) (Pml)lew) (2.16)

is the rank-4™ tensor that is the M-mode process tensor representing the process.

2.3 Regularization

As the number of linearly independent probe states required for QPT must be at least
(dim(s#))?, for states over an infinite-dimensional Hilbert space, such as optical state, the
finiteness of resources and sampling implies that the process is necessarily under-sampled.
However, process tomography is regarded to be successful (see Sec. 1.2) if the predicted out-

put state, by using the estimated process Eiome, is a close approximation of the measured output

18



2.3. REGULARIZATION

state using QST. In this section, we show that by employing an appropriate regularization
operator that restricts the space of tomography to a finite-dimensional subset of B(sF), the
problem of under-sampling can be avoided. This reduced process tomography can always be
successful with a sufficiently large amount of sampling.

To clarify the issue, let us consider the ideal case. Suppose that Alice prepares and send
a quantum state through a quantum process (e.g. a quantum channel) to Bob. We assume
that Bob has an ideal measurement device associated with POVM E,,, and access to the entire
Hilbert space (infinite recourses). In this case, if the process is trace-preserving, the probability

of the measurement outcome m that Bob observes is given by

p(m) = THEE ()] = Y [Bmlikl€(0)ljer @2.17)

J,k=0

where [Ep,]; is the matrix element of the POVM element associated with the outcome m.
On the contrary, in a real world, due to the finiteness of recourses the probability that Bob
estimates for the outcome m, by performing the experiment many times, is pest(m). In general,
this probability might be different from the ideal value p(m). Therefore, the information that
Bob can extract from the output state is always restricted and depends on the measurement
device.
Now, if we employ a regularization operator K in Eq. (2.17), which restricts the space to
a finite-dimensional subspace of the Hilbert space, then we obtain
00
Prg(m) = THERKNE(DEN] = D [BmlalKnlylE(OlnlERlsy  (218)
40k, =0
where preg(m) is the probability of observing outcome m from the state Ky&(p)K], in the
finite subspace. N is the:parameter of the regularization, which defines the dimension of
the truncated Hilbert space. Therefore, if there exists K such that the difference between
Preg(m) and pest(m) be small, i.e. |pest(m) — Preg(m)| < 1, then QPT can be restricted to
a finite-dimensional subset of %(4¢) defined by the regularization operator Ky, so process

tomography can successfully be performed with a sufficiently large finite sampling.
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2.3. REGULARIZATION

The general form that we can consider for the regularization operator in the Fock basis is
o0
Ky = ZfN(n)In) (n]. (2.19)
n=0
The accuracy of regularization depends on the form of the operator fy(n). For example, the
regularization operator can be the projection operator onto the subspace J2 with the dimension
N+1
o~ <X) ’
Ky=1IIy =) H[N —n]n)(nl, (2.20)

n=0

where H|[n] is the discrete case of the unit step function. In the next section, by using this pro-

jection operator, we provide process error estimate when the space of tomography is restricted

to %’(;’Z)

2.3.1 Energy cutoff and estimation of the error of approximation

Here we focus on QPT in quantum optics. The state space is the Fock space which is an
infinite-dimensional Hilbert space associated with a single-mode electromagnetic field [14].

Of particular practical interest is the subspace B (7—~t) defined by an energy cut-off, i.e., esti-
mating the process without accessing any information about its high-energy behavior. This
restriction is naturally consistent with our choice to work in the Fock basis, because then
the resulting process tensor is of finite size, and with many practical settings (e.g. quantum-
information processing with photonic qubits).

The incompleteness of the information acquired in the experiment is accommodated in QPT
by evaluating the process tensor over a restricted finite-dimensional subspace 2 of the Hilbert
space 4 with a fixed maximum number N of photons. The incurred expense is that, through
this reduced tomography, only approximate information about the process will be inferred: for
a given input state p, the predicted output is not £(p), but rather £(5), where
ﬁNpﬁN

— 2.21
(i 22D

p=
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2.3. REGULARIZATION

is the trace-normalized projection of p onto %(;’2’) and
£(p) = TIné(p)IIy (2.22)

is the predicted output of the reconstructed process for input state g. In Eqs. (2.21) and (2.22),
Il is defined in Eq. (2.20).

If the input state p is outside .%‘(,/7@, the process output estimation error [|£(p) — £(5)|)x
is generally unbounded. However, it is possible to bound the error for certain practically im-
portant classes of input states and processes.

For example, all linear-optical processes involving only linear-optical elements (interfer-
ometers, attenuators, conditional measurements) do not generate additional photons, and thus
map B(J#) onto itself; so £(7) = £(p). For such processes, the error for a particular input p
can be estimated according to ||E(p) — E@)lx < €| lp — 7|1, with the superoperator norm
defined as ||| = sup{J|E(B)|l, : B € B(s#), ||B|: < 1} [50]. If the process is known to

be non-trace-increasing, we have [|€]| < 1 [1] so the error is bounded from abové by

€)= E@ < Hle =75 : (2.23)

.

Note that the above result is not sufficient for evaluating the error for a general process, because
this etror is given by the deviation of £(p) from o (p) rather than from £(p) [Fig. 2.1].

A further error bound can be obtained for the class of trace-preserving processes that do not
increase the mean energy, acting on a set of input states whose mean energy does not exceed
a certain value [51]. We illustrate this for a single optical mode (see Sec. 1.2.1). Suppose that
the quantum states p of interest satisfy 'I&:[pﬁ] < U. According to Ref. [51], if we choose
the cutoff dimension dim(ﬁ% = N + 1 such that U/hy4; < «y for some (small) v > 0, the

reconstructed process output errors are bounded from above as

~

E(p)
Ep) — —=—=|| <2, (2.24)
g Tr [8 (ﬁ)} .
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Figure 2.1: Errors associated with photon number cutoff. Restricting () to ‘%(/7@ results
in approximation g of the input state p. If the error of this approximation ||p — 7] is known,
the error of the images ||€(p) — £(P)]|1 can be estimated according to Eq. (2.23). However, the

difference between &£(p) and £(p) in the cutoff space remains generally unknown.

where
¢ =2/7+7/(L-7). (2.25)

Conversely, if we want to achieve a certain upper bound € on the error of approximation,
which corresponds to a lower bound on the desired accuracy of the process characterization, we
first solve Eq. (2.25) for y = y(¢), and then find the minimum N, € N such that U/hp, 41 < 7.
Any cutoff dimension N + 1 > N, is then sufficient for our purpose. For v < 1, ¢ = 2,/7,
which yields

e = O(1/VN). (2.26)

This implies that the error of approximation scales as 1/+/N with the cutoff dimension N 4 1.

For example, in order to achieve a 10% error in (2.24), we need ¢ = 0.05 and thus v =~
0.0006. For the input mean energy bound corresponding to one photon (U = 3/2w), the
required cutoff is N & U/y = 250. This calculation shows that the above error estimate is

extremely conservative.

22



2.4. EXISTENCE CONDITION OF THE GLAUBER-SUDARSHAN
REPRESENTATION

2.4 Existence condition of the Glauber-Sudarshan representation

csQPT is based on using the Glauber-Sudarshan representation. Hence, we need to examine
the condition for existence of the representation in more detail.
The diagonal coherent-state matrix elements of a density operator, (o/| pla'), by using the

Glauber-Sudarshan representation can be written as the following convolution integral form

(o |pla’y = /Cdzoz Pp(a)e‘l"l‘“'z. (2.27)

The existence of the Glauber-Sudarshan representation for an arbitrary density matrix p reduces
then to the inversion of Eq. (2.27).

In fact, the P-function for many density matrices only exists in terms of a generalized
Sfunction or distribution, which can be defined on a set of functions called test functions. The
function ¢~1% = is in the Schwartz space of test functions of two variables. A Schwartz
function is infinitely differentiable and the function and all its derivatives decay faster than any
polynomial at infinity [52].

From Eq. (2.27), thus, the P-function must belong to the class of the generalized func-
tions, which can be defined on the Schwartz space of test functions. This class of generalized
functions is called tempered distributions. A distribution is tempered if and only if it can be
identified with a derivative of finite order of a continuous function that is bounded by a polyno-
mial [53]. The Fourier transform can be formally generalized to cover tempered distributions;
the Fourier transform of a tempered distribution is again a tempered distribution. Therefore, a
necessary and sufficient condition for Eq. (2.27) to possess a solution for any arbitrary operator
is that the P-function be a tempered distribution.

For some quantum states the P-function is more singular than a tempered distribution, so
it is not compatible with the form of the Glauber-Sudarshan representation [Eq. (2.27)]; hence,

the representation does not exists. For example, the P-function for the superposition of two
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2.5. CONCLUSION

coherent states
Y@l = 508) + )8 + o), (2:28)

where NN is the normalization factor and 5~ +, is not a tempered distribution [54]. For the case
of pure states it has been shown that the P-function is a tempered distribution when the state
can be expressed as a linear combination of a finite number of the states (4')"|c) for arbitrary
value of « [44].

The condition for existence of the P-function in the form of a tempered distribution is that
the function (c|p|c) can be expressed as a sum of terms that each decreases less slowly than
1o for large values of |c| [45]. When the function (|p|c) contains a term that decreases
more rapidly than el some regularization is required {45, 46, 47].

If the P-function exists, it can be calculated using this formula [39]

eIO‘P

P(a) = / d23(~P\p|B) P ~pa+ba (2.29)

w2

where |3} is coherent state and the integral is over the entire complex plane.

2.5 Conclusion

In this chapter, we have presented a mathematical representation for quantum processes in
the form of a rank-4 tensor called the process tensor. In the case of symmetry, we discussed
that the number of unknown elements in the process tensor reduces and also generalized this
representation to the case of multi-mode processes.

In Sec. 2.3, we showeél that, by employing a regularization operator, the process estima-
tion can be restricted to a finite-dimensional subset of (#¢). Hence, with sufficiently large
amount of sampling, the estimate for the process output is a close approximation of the actual
output state, which can be reconstructed by measurement devices. Furthermore, we considered

the projection operator to the subspace of the Hilbert space with a fixed maximum number
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2.5. CONCLUSION

N of photons as an example of the regularization operator. We showed that the accuracy of
process estimation scales inversely with the square root of photon-number cutoff.

In Sec. 2.4, we examined the existence condition of the Glauber-Sudarshan representation.
We showed the necessary and sufficient condition for existence of the representation is that

(ct)plex) decreases less slowly than e for large value of |a|.
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Chapter 3 |

New method for csQPT

This chapter introduces our new method for csQPT [14]. In this method, based on find-
ing effect of an unknown quantum-optical process on coherent states pg (o) [Eq. (1.14)], we
provide a new procedure for determining the process tensor in the Fock basis.

We study general quantum optical processes £ acting on quantum states of light and begin
with the simplest case for which only a single electromagnetic-field mode is involved. Next, in
Sec. 3.1.1, we consider the multi-mode generalization. In Sec. 3.1.2, we show that, in principle,
knowing the effect of the process on coherent states with low amplitude around the origin in the
phase space is enough to calculate the process tensor. In Sec. 3.2, we illustrate our technique
by finding the corresponding superoperator for some important quantum-optical processes. In
the last section, we conclude this chapter and compare our method with the original proposal
[13].

The results of my project presented in this chapter are as follows:

e a new method for calculating the superoperator of an unknown quantum-optical process

in the Fock basis based on using coherent states as probe states (csQPT),
¢ multi-mode generalization of the method,
e showing the representation (j|gg(cx)|k) is an entire function,

e calculation of the superoperators for some fundamental quantum-optical processes (iden-
tity, attenuation, photon subtraction, photon addition, Schrédinger-cat generation, beam

splitter, parametric down conversion).
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3.1. FORMALISM: DETERMINING THE QUANTUM PROCESS TENSOR

3.1 Formalism: determining the quantum process tensor

In this section, we introduce a new formulation for csQPT. This formulation is based on

using the Fock basis {|n)} to represent completely positive map

= (JlE(Im) (nl)|k), 3.5

where n,m, 5, k € Np.

In what follows, we show how to estimate the process tensor elements £(}m)(n|) for m,n
within a finite domain {0,..., N}. Regarding to the existence condition for the Glauber-
Sudarshan representation (Sec. 2.4), because

_'042 a™a™

(e](Im)(n])|a) = e Tl

(3.2)

decreases less slowly than e~1%” (for large |a|), the Glauber-Sudarshan P representation

jm)n| = /C Lo Prn()|) (0] (3.3)

is guaranteed to exist for any operator |m)(n| (see Sec. 2.4).

The P-function can be calculated by means of Eq. (2.29):

Clo‘[2

/ &6 (~Blm) (n|B) o145

yrelal )
m'n /d2,3 ﬂmﬁn Ba+Po
(_1)m+n fa)?
T a2y/minl

= (1) =0 025 ) (3.4)

for O == 0™ /0™ and « and its complex conjugate & treated as independent variables, and

6?(a) = 6(Re(e))d (Im(c)).

Pon() =

opey [ g erseite
C

From representation (3.3) and exploiting linearity of the process, we obtain

£ (Im)(n]) = /C Lo Pon(a)os(), (3.5)
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3.1. FORMALISM: DETERMINING THE QUANTUM PROCESS TENSOR

where gg(c) is defined in Eq. (1.14). By inserting this equation into Eq. (3.1), we obtain the

process tensor
mn /C P Prn(0)(fle(@)]R). (3.6)
This expression can be simplified by using Eq. (3.4) and performing integration by parts:
?(a
= / o AL omap e ()]

or ez e (jlos (@)IR)]| . )

a=0

\/—'—n_
In this thesis, ( ] |os(c)|k) is referred to as “hybrid coherent-Fock state representation”.

Thus we have eliminated the need to make use of the Glauber-Sudarshan representation for
quantum states and the need to regularize the P-function. Hence, this method improves the
accuracy compared to Ref. [13] by removing the error associated with the regularization. The
process tensor is found by taking partial derivatives (with respect to o and &) of the matrix
elements of gg(c), which are estimated from experimental data and evaluated at v = 0.

Furthermore, the mathematical procédure defined by Eq. (3.7) is simpler and computa-
tionally faster (see Sec. 4.2) than employing Eq. (3.6) with a regularized version of P ma(c)
replacing the tempered distribution Pp,(c) [13, 42]. Equation (3.7) has been used to deter-
mine the fidelity of quantum teleportation of a single-rail optical qubit based on measurements
performed on coherent states (see supplementary material in Ref. [55]).

The above formalism is not restricted to trace-preserving quantum processes. Indeed, trace
preservation was not required in the derivation of our results. Thus, our method is applicable to
all quantum optical processes that are mathematically described by completely-positive maps,
but may be trace-preserving, trace-reducing or even trace-increasing. Non-trace-preserving
quantum processes are either conditional processes or part of a larger process £ = > . &,
which is trace-preserving as a whole but whose components £; may increase or decrease the
trace, respectively. A conditional process is a process that is conditioned on a certain proba-

bilistic event; for example, it may be heralded if the event is observed. One notable examples
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3.1. FORMALISM: DETERMINING THE QUANTUM PROCESS TENSOR

of such a process is a probabilistic conditional-NOT gate (CNOT), which forms the basis for
the Knill-Laflamme-~Milburn linear-optical quantum computing scheme [49]. Other examples
are photon-addition and photon-subtraction processes, whose superoperators are derived in
Sec. 3.2.

In experimental csQPT, states gg () are determined vsing homodyne tomography [22]. It is
important to remember, however, that this procedure reconstructs a density matrix normalized

to unit trace:

~ oe(e)
(2) = o fofa)

‘When measuring non-{race-preserving processes, one must recover the trace information con-

(.8)

tained in gg(c). This-information can be obtained by measuring the probability p,(€) =
Tr [oe(c)] of the process heralding event for all c’s for which the measurements are performed.

The state to be used in Eq. (3.7) in place of gg(a) is then gg (o) Tx [pe ()]

3.1.1 Multi-mode generalization

The use of quantum process tomography is not restricted to the single-mode cases. In some
applications, we need to find the effect of the process on the multi-mode quantum states. For
example, in a dual-rail qubit, the information is encoded in two different modes of oscillation;
hence, to verify performance of the quantum gate acting on a dual-rail qubit, two-mode process
tomography is required.

Generalization of our method to the multi-mode case is straightforward. In the M-mode
case, we use the notation |n) (with n € N}) for multi-mode Fock states and |at) = |, ag, . . ., Ctar)
(with o € CM) for multi-mode coherent states. The M-mode process tensor in the Fock basis
is

ik = (Fl€(Im)(n])|k). (3.9)

Similar to the single-mode case, we employ the Glauber-Sudarshan P representation for
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3.1. FORMALISM: DETERMINING THE QUANTUM PROCESS TENSOR

the multi-mode operator |m)(n/,

M
my(n| =[] /C Pay Prm(e)|ed) (@, (3.10)

with the overall P-function being a product of the P-functions for the constituent modes:

las|2( 1)mstns

Frm(@) Hm

From Egq. (3.9) and performing multiple integration by parts, we obtain

O 22 5% (). (3.11)

".’""";’— oM as) ms gns | Hlas|? /s
™ _/CMd aH\/____c?as Oz, [6 <J|@s(a)lk)]

=0 0 [P (lec()l)| | (.12)

M
= as=0

-1l

8

where
oela) = E(Ja)(a|). (3.13)

Equations (3.7) and (3.12) complete our coherent-state tomography formalism and show that
coherent states provide a complete set of probe states for characterizing quantum optical pro-

cesses, insofar as the expression for gg (o) completely determines the process tensor.

3.1.2 Hybrid coherent-Fock state representation as an entire function

According to Eq. (3.7), by knowing the hybrid coherent-Fock state representation ({j]os()|k))
as a complex-valued function of the variable « for any j and k&, one can determine the process
tensor E™. An interesting feature of Eqs. (3.7) and (3.12) is that complete information about a
quantum optical process is contained in its action on an infinitesimally-small compact set of all
probe coherent states in the immediate vicinity of the vacuum state |0) [Fig. 3.1]. From a math-
ematical point of view, this feature can be understood by realizing that, for any 7, & € Ny, the
hybrid coherent-Fock state representation is an entire function, i.e., a complex-valued function

in the variables «, & that is holomorphic over the whole complex plane, and so is its product
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Ima

Reg

Figure 3.1: Each point represents a coherent state in the phase space. The effects of a quantum
process on the coherent states within distance ¢ from the vacuum state are only required to
characterize the process.

with the exponential el Here we show this function is entire so it can be represented as a
power series that converges uniformly on any compact domain.
As a completely-positive quantum operation, £ possesses a Kraus decomposition Eq. (2.3);

hence we can rewrite the hybrid coherent-Fock state representation as

L

(Gloe(@)lk)y =D (| K; lay (e K|y

=
Z (] KJ1E) K o)
= (& (1k) (7)), | (3.14)

where

L
& B(H) — B(H) : Z TBK;, (3.15)

is the dual or adjoint map [56]. The complex-valued function (alfl|a) (referred to as a Q-
symbol if Aisa density operatory—where Ais any bounded operator on {—is an entire
function of the two variables o and & [43, 39]. Hence the right-hand side of Eq. (3.14) im-

plies that the function (j|og(a)|k) is an entire function. By representing the coherent states in
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PROCESSES
Eq. (3.14) in the Fock basis and using Eq. (3.1), we obtain
2o o= Q"™
(flog(c)lk) = 7S "> o i (3.16)

n=0 m=0
which‘is a power series of the complex variables o and &, hence convergent everywhere [43,
39].

Thus, each term e'“'z( Floe()|k) is infinitely differentiable over the whole complex plane
and is identical to its Taylor series expansion for any element of C. Moreover, Eq. (3.7) implies
that the process tensor is determined by the corresponding Taylor coefficients at o« = 0, The

same conclusion applies to the multi-mode case, for which we deal with entire functions on

CcM.

3.2 Examples: superoperators of important quantum optical processes

In this section, we illustrate our new method by applying it to some fundamental quantum
optical processes whose effects on coherent states are known. Specifically, using Eqgs. (3.7) or
(3.12), we analytically derive corresponding superoperator tensors £ in the Fock basis. The

results are summarized in Table 3.1.

3.2.1 Identity

For the identity process (£7), the effect of process on coherent states is gg, (o) = |} {c].

Then the matrix elements of the output states are

—|a|2 Oijdk

Inserting these elements into Eq. (3.7) yields E™ = 0,,;0n1 as expected.
ik J

(Jlog  (a)|k) = e (3.17)
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3.2.2 Attenuation and lossy channel

For attenuation of light fields (€,,), the process’s effect on single-mode coherent states is
given by gg, (@) = |na)(na|, where 0 < n < 1. The matrix elements in the Fock basis are

i+k o d Gk
2]al2 ’l’}J ol &

(iloea(@)lh) = o T

(3.18)

From Eq. (3.7), we obtain

mn __ 77j+k aman |:e|a|2(1—172)aj&k]
kT /minlfTRl * ¢ @,G=0
_ 77j+k om ’}f: (1—772)Laj+l5zk+l

mIntgikl ® “l=0 !

mln! pi+k(1 — n?)m—J
VGRS (m—g)! Om~gin=t G-19)

which depends explicitly on 7.

o,&=0

3.2.3 Photon subtraction and addition

Photon subtraction is defined as a process that removes a single photon from the light
field, whereas photon addition adds a single photon. Photon subtraction has been used by
Ourjoumtsev et al. [57] to generate optical Schrédinger kittens (coherent superpositions of
low-amplitude coherent states) from squeezed vacuum states for the purpose of quantum in-
formation processing. Single-photon-added coherent states can be regarded as the result of the
most elementary amplification process of classical light fields by a single quantum of excita-
tion; being intermediate between single-photon Fock states (fully quantum-mechanical) and
coherent (classical) ones, these states have been demonstrated to be suited for the study of the
smooth transition between particle-like and wavelike behavior of light [58].

Here we discuss idealized single-mode photon subtraction and photon addition. Both pro-
cesses are non-trace-preserving. For example, photon subtraction can be approximately real-

ized [57] by a highly-transmissive beam splitter whose reflected mode is directed to a detector
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¥ SPD ( - )

LRBS
P apa’
b) < >
p idler
_ pump
" beam
PDC .
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a'pa

Figure 3.2: (a) Experimental realization of photon subtraction; using low reflectivity beam
splitter (LRBS) the photon subtraction process is heralded by a single-photon detector (SPD)
click. (b) Experimental realization of photon addition; the photon addition process is heralded
by a SPD click of the idler mode of the parametric down-conversion (PDC).

and whose transmitted mode constitutes the output, respectively, as illustrated in Fig. 3.2a.
Any click of a detector implies extraction of photon(s) from the input mode by the beam split-
ter. As the beam splitter has low reflectivity, here single-photon extraction events are more
likely than multi-photon events. An approximate experimental realization of photon addition
is illustrated in Fig. 3.2b. The input quantum state p enters the signal channel of a parametric
down-conversion sefup with the low parametric gain [58]. Provided that detector dark counts
are neglected, a photon detection of the idler mode heralds photon addition to the signal mode,
which contains the output state of the process,

The effect of photon subtraction (Esup) and addition (E,4q) on coherent states is given by
0., (@) = &|a)(a]al and gg (o) = af|a)(a|@, respectively, where G and &' are the photon

annihilation and photon creation operators of a single mode, respectively. The matrix elements
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of the output states in the Fock basis are
j+1 = k41
. AU P T
<-7]Qgsub(a)|l"> =e \/3'—]{3" ) (3.20)
. - - oflakt
(jl0gs (@) ) = €71/ 3.21)

VD

The process tensor is

V(G 1)(k + 1)0p j+10nk+1, for photon subtraction,
mn (3.22)

VEk3Om, j-16n k-1, for photon addition,

where we have employed Eq. (3.7).

3.2.4 Schrddinger-cat generation

The unitary evolution according 10 Ukern()) = exp [—ix (&T&) 2] for x = /2, if applied

to coherent states, generates Schrédinger-cat states (hereafter denoted as &) [59, 60]

06(0) = Uker (5 ) o (el 0 (5
= 2 (le) +il = &) (fel ~i(=al), (3.23)
with matrix elements
~lel® i gk , ,
(floa (@) = =5 [1+ (1P 4 i1 i1 (3.24)

The superoperator tensor for this non-Gaussian unitary process obtained via Eq. (3.7) is
;.Z’n = e_i%(jz_k2)6mj5nk . (325)

This process does not change the total particle number of any input state.

3.2.5 Beam splitter

Now let us consider the beam splitter as an example of a two-mode process. The unitary

beam splitter transformation is given by [61]
B(0) = F@u-dla) (3.26)
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where © is the beam splitter reflection parameter. Specifically, its action on coherent state

inputs |a;) and |o) is given as

0z55(cu, o) =Ep (lan, a2) (ou, )
=B1(©) (Jorr, o) (01, a]) B(O)

=|Tay — Rovg, Roy + Ta) (Tay — Rawg, Ry + To (3.27)

with T' = cos(©/2) and R = — sin(©/2) being the transmissivity and reflectivity, respectively.

The matrix elements of the output states are

(41, J2|T'oy — Rag, Roy + T'og)

el lP~lozf?

~ a1 gl
X (T — Ran)™ (Ray + Tag)* . (3.28)

X (Ta1 - Rag, Ra1 -+ Ta2|k,1, ]C2> (TOél - Rag)‘il (Ra1 -+ TOég)j2

From the effect of the process on two-mode coherent states, we calculate the corresponding

tensor using Eq. (3.12), which yields

malmalng tny! ! J2 k
Emimemne
Jrjakrke j1'j2'k1'k2 Z Z < -p q

p=0 ¢=0
ko 2p+4-2q+j2+ke—m1—n
X TepregTiatRe—mi—m
m —q
% (_1)jx+k1—p—(IRj1+k1+m1+n1—2p—2q

X 5m1 +ma2,j1+j2 5n1 “+ne,k1+kas (3 -29)

as an explicit function of 7" and R.

3.2.6 Parametric down-conversion

Another two-mode process of interest is parametric down-conversion (PDC). In PDC, a
crystal with an appreciably large second-order non-linearity is pumped by a laser field. Each

of the pump photons can spontaneously decay into a pair of identical (degenerate PDC) or
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nonidentical photons (nondegenerate PDC). Here we consider a nondegenerate PDC process

Eppe induced by the transformation [61]
Sy(r) = ert@ta=alad), (3.30)
The effect of this unitary process on a two-mode coherent state is given by

Q&mc(ah 61'2) = 5poc(|0-’1, Oéz)<061, 042|)

= Sa(r)|on, ) {on, ol SY(r). (3.31)

To obtain the Fock representation of the PDC process, we first find the matrix elements of

the output states in the Fock basis:

(1, 72| Q&we (@1, t2) K1, ko) = (J1, 72| B2 (r)|cur, o) (cur, a| S (r) |, Ko

=IxJ, (3.32)

where I := (ary, oo S3(r)ky, k) and J := (0ny, 000]S3(r)] 1, 72). Employing the relations [63]

1 [oe]

at _ !
S50, 0) — ;(’canh )L, (3.33)
S1(r)aySy(r) = &ycoshr — afsinhr, (3.39)
81(r)agSa(r) = agcoshr — al sinhr, (3.35)

and the binomial expansion, we obtain

I (o, anlf) L @) & 310,0)

VR VR
=cosh7~\1/lngZ (tanh-7) ml%l; < >(“1 cosh 7)1 7P (G sinh )P
X Z( )(azcoshr)’»z 9(—Gy sinh )71, 1). (3.36)
g=0
Using
&l =z )Ill z) (3.37)
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and

@hy|l = (l+y) +3) (338)

we obtain:

ky .
t I ! h ki—p(_ o hr)P
coshm/lblllvz Z anhr) Z <p>(003 7)™ P(—sinhr)

p=0
X Z( ) (coshr) k= I(— 31nh1~)fle—la1]2/2 lo2|?/2
q=0
x aithi—ery 12+k2—q—p (Il +k—0q)! (.39

(=l +ke—g—p)"
From the symmetry between I and J, and by replacing k; and k, by j; and j,, respectively, we

also find:

J1

d ~cosh /77! m/ 7! Z (tanhr)" > (Z) (cosh )/ ~*(~sinh )

/=0 u=0
X L ( | ) cosh T)j2—”(— sinhr)? e~ leal?/2—lasz|?/2
v=0
% Ozl +Jl—u—‘val2’+gz—u—v (l' + jo — ’U)! (3.40)

=)'+ —u—v)’
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The Fock representation of the superoperator for the PDC process is then given by

1 2 2 -
Eqamaan? = e O O 02 O (@lall Hazlf o T
mM1iMo:11:Na: -

k1
n1!m1! 1 ]{?1 ky— .
= E osh r)**"P(— sinh r)?
V nalma! cosh r2+/71 1 jalk: 1ea) = (p (cosh-) (—sinhr)

ikt (1 = b + kg + p)!

X (tanhr)

5n1 —ngke—ke

(n1 - kl +p)'
X Z ( )(cosh r)*279(— ginh r tanh )7
q=0
jj! i (M1 — 1+ o -+ u)!
X (cosh 7)1 ™%(— sinh 7)*(tanh r)™ It +v -
;( > P A ) (m1 = j1 +w)!
Jo . '
X Ormg—m ,ja—in Z (f) (cosh7)27?(— sinh r tanh r)?
v=0
_ nl'm1|k1|j1| (tanh'r‘)"l'*ml
TN\ natmalks ! (cosh r)katiat2
J hr —— u
<303 e
= P (ky ul (j1 — u)!
ng 4+ p)! (Mg + u)!
( 2 ) ( 2 ) 1 5n2—n1,k2—k1 6m2—m1,j2—j1) (3'41)

(nq — k1 +p)! (ma — J1 + w)!

which can also be expressed in terms of a product of values of the hypergeometric function

oF}, as given by
grumaning _ nlmylmalng! (tanh r)m1+n1"j1—k1
galike A itk algel (ma — )1 (m — Ka)! (coshir)irtha=ii—kat?
X oI ("'j1>"n2 + 1;my — 41 + 1; tanh? 1")
X oIy (—k1,ma + 1301 — ky + 1;tanh®r)
X 5m2-—m1,j2—j1 5n2—n1,k2—k1 ) (3.42)
with
N (@n(B)n 2
2Fa(e, 573 2) = 1 ) At (3.43)
n=1 (’Y)TL n:
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Table 3.1: Process tensor E7;™ for some quantum optical processes

Operation £ o () Process tensor ET2™
ety (&) 2] oo

. I jbk (1 mn2ym—g
Attenuation (Eay) [no) (nal e -"J——(%{;.—)z———]ém_ ik
Photon addition (E,g4) atla)(a)a VK5 6m,j-16n,k-1
Photon subtraction (Egp) &) (ce|a V(G + 1)k + 1)0m j416n141
Cat generation (Ecar) 2(le) +i| — a)) AR T W W

(o] = i(-al) |

Boam splifter (€55)  [Ton = Row, Ren +Ton) /Bt 5 g Dol ( =1y +o—rs

X{(T'c; — Rag, Ry + To| (’;) (mfz_p) (’;‘) (nfiq)
% T2p+2q+72 +ke—mi—ny

% Ri1tkitmyt+ni—2p—~2g

X 6‘m—1 +ma,j1+j2 5n1+n2,k1 +k2

. .o ofat Imoing no!
. r(d1da—alal)y milmelinging!
Parametric down e 192)jay, og) A
. atal _a.a hrymtny—i1—ky
, r(alal—aiéaz) (tanhr)
conversion (Eppe) X <a1, Oézle 172 X (ma1—71)! (n1—k1)! (cosh r)izFFa—i ~F1+2

X oFy (—j1,m2 + 1;my ~ ji + 1;tanh®r)
X oFy (—k1,ng + 1;nq — ky + 1; tanh?7)

X 5m2—-m1,j2—j16n2—n1,k2—k1

the hypergeometric function, (z), := I'(z + n)/T'(z) the Pochhammer symbol and I'(-) the

Gamma function [62].

3.3 Conclusion

In this chapter, we have presented our new method for calculating the process tensor of an
unknown quantum-optical process in the Fock basis(Equations (3.7) and (3.12)). This method
eliminates P-function representation of input states and P-function regularization, which was
necessary in Ref. [13]. Hence, we improved the original technique by removing the inherent

ambiguity associated with P-function regularization (see Sec. 1.4).
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We also have presented the multi-mode generalization of our method. This generalization is
straightforward in comparison with that of Ref. [13], as in the latter the regularization functions
for each mode are involved and the superoperator formula would be more complicated.

In Sec. 3.1.2, we have shown that, as the hybrid coherent-Fock representation is an entire
function, knowing the effect of process on coherent states in the neighborhood of vacuum
is sufficient to characterize the quantum process. Due to the entireness of this function, in
principle, it is possible to characterize a quantum process by knowing its effects on the coherent
states over any compact region of the phase space.

In Sec. 3.2, we have illustrated our method by analytically deriving corresponding super-
operator operators of some fundamental quantum optical processes in the Fock basis. As the
superoperator formula, in the Fock basis, proposed in Ref. [13] was based on using a regular-
ized version of PL,nm(a/), the formula contains complicated integral. Hence, it was not possible
to calculate the superoperators, which we have obtained analytically and derive the closed-form
expressions by using Ref. [13].

As discussed in Sec. 1.4, coherent states are readily available in quantum optics; by having
a simple mathematical framework and available probe states the task of QPT is quite feasible
even for Hilbert spaces with large dimension. Hence, our new method provides a convenient

way for complete characterization of any quantum-optical processes.
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Chapter 4

Practical application

In this chapter, we develop a procedure for experimental application of our new method for
the class of phase-invariant single-mode quantum optical processes. In an experiment, the first
step towards QPT is preparing a set of known probe states {p;}. Here coherent states, as the
probe states, are available from a laser source, and the process output states are reconstructed
by means of optical homodyne tomography.

In Sec. 4.1, we discuss the phase invariance symmetry of a quantum-optical process and
derive the superoperator formula for phase-invariant processes. We introduce the procedure for
calculating the superoperator in Sec. (4.2). In Sec. 4.3, we discuss the sources of the errors in
our method and compare with those of the method in Ref. [13]. We conclude this chapter in
the last section.

The results of my project presented in this chapter are as follows:

¢ the superoperator formula for phase-invariant processes,
o a procedure for calculation of the superoperator,

e aJower bound for the number of probe states.

4.1 Phase-invariant processes

Many practically relevant processes, including the single-mode processes studied in Sec. 3.2,
exhibit phase invariance symmetry. The phase-invariant process is a process wherein for two
input states identical up to an optical phase shift ¢, the process outputs for these states differ
by the same phase shift:

E[e™ pe= ) = PE (p)e 9, 4.1)
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where ¢ is called the phase-shifiing operator [25]. If the phase-shifting operator acts on a

coherent state, it changes the phase of coherent state by ¢:
o) = ). 4.2)

Hence, for such processes, it is convenient to express the probe coherent states in polar coordi-
nates: |a) = |re¥) = |,
The P-function of the operator |m)(n| (representation (3.3)) in polar coordinates is [41]

@67‘2'*‘7:0(”_"7') (_1)m+nﬂ

Frn(r,6) = (m +n)! drm+n5(T)'

(4.3)

By inserting this form of P-function into Eq. (3.6) and performing integration by parts, we

obtain the superoperator in polar coordinates

min! dmin Ao » +i0
1'nn — R (1 (n-—-m) N
W= o | e e Gl ]| L e
where
0c(r,0) = € (Jre®) (re®|) . 4.5)
For phase-invariant processes Eq. (4.1), we have
(7los (r, 0)|k) = (G| € (¢™|r)(rle™™) |k)
= &0 k) g (1), (4.6)
with
ee(r) = (GIE (Iri(rl) k) . 4.7)

Using this property, the superoperator £ (4.4) for phase-symmetric processes has the following

explicit representation

Vmlnl dm™tr o,
Ep' = — €™ (Fles(r)|k) - (4.8)
gt (m + n)t drmt [ ¢ ] o "

where the Kronecker § imposes m — j =n— k.
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4.2 Calculating the superoperator

In this section, we introduce a procedure for calculating the superoperator of phase-invariant
processes (4.8) from experimental data. In experimental tomography of phase-invariant pro-
cesses [13, 42] it is sufficient to measurerthe process output for a discrete set of coherent states
{|rse®)}E ,, with small values of r; and the same phase, by using optical homodyne tomog-
raphy (Sec. 1.2.1). As there is no preferred reference for phase, y can be set to zero. By
representing the output states in the Fock basis, we have a set of matrices corresponding to the
amplitude of the input coherent states {r;, (j]oe(r:)|k) },. Using these data points, one can fit

a polynomial to corresponding set of matrix elements

Q
9a.0k(r) =>_ GG k)r', (4.9)
=0

where j and k denote the matrix element of the output state, C;(j, k) are coefficients of the
polynomial, and @) is the degree of the polynomial (which depends on the dimension of the
truncated Hilbert space). In order to achieve a good fitting, there is a lower bound on the

required number of input coherent states L [64]
L>Q+4 (4.10)

The index of determination [64] of gg ;x(r) is an indicator of good fit

> rlgg () = yI?

00D = S leatrol — P 1
where .
y=1 > le(r)lb) @12)
i=1

and 0 < R(gg,;x(r)) < 1. If R(gg,j1(r)) ~ 1 but R(gg-1,5%(r)) is not close to 1, one can say

that the fitted polynomial is a good approximation of the actual function [64]

9a.ik(r) & (4] 0=(r) k). (4.13)
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Furthermore, from Eq. (3.16) in polar coordinates and Eq. (4.7), we obtain
, 2 -

(fles(r)lk) = e ;%m i (4.14)
From this equation, it follows that, for the phase-invariant processes [Eq. (4.8)], when j — k is
even or odd, (j|os(r)|k) and its analytic extension to negative values of  are even or odd func-
tions of r, respectively. By taking into account the parity of this function, we have additional
information to be used in the polynomial fitting procedure; the constructed polynomial has to
contain only even or odd powers of r, respectively. Considering this property the inequality

(4.10) becomes

>Q,
- 2

(4.15)
hence the minimum number of input coherent states is decreased by a factor of two. In this
way the precision of process estimation from the experimental data is substantially increased.

From the coefficients C,(j, k), Eq. (4.8) is further simplified to:

6m— jn—k
r=0

gy = Vmlnl  dmtn l:i 'ch(j,k)T}

(m + n)l drmn

= Z Z m+n 2s+l m n) Cl (.7: k)ém-J,n—k

m-i—n)' 5=0 =0

L(m-n))/ 2 (,7 ki)
Y _JELEZEL_L__&m_Ln_k, (4.16)

5=0

where |.| indicates the floor function. The last result is significant in that, through simple
summation, one obtains the process tensor from the coefficients of the fitted polynomial using
experimentally-reconstructed output states.

Moreover, if the dimension of the truncated Hilbert space is d = IV 4 1, from Eq. (4.16) it
follows that only terms of power ! < 2N of the fitted polynomial (4.9) coniribute to the process

tensor, so it is sufficient to use any ) > 2. Hence, by using inequality (4.15), we obtain

L>N+2. 4.17)
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According to this inequality, we have a lower bound for the number of input coherent states
required to calculate the process tensor over the Hilbert space with maximum number of N

photons.

4.3 Sources of errors

In this section, we only discuss sources for the errors in the calculation of the process tensor
from the experimental data. Assuming ideal coherent states are available in laboratory, there
are three sources for the errors.

Due to finiteness of recourses, we consider the process estimation restricted to a finite-
dimensional subset of Z(#°). This restriction is a source of error in characterizing the process
tensor. For the specific example of a regularization operator (see Subsec. (2.3.1)), which re-
stricts to the subspace with a fixed maximum number of N photons, we have shown an error
bound on the estimation of the output states, for non-energy-increasing processes. The general
method for ﬁ116i11g the error bound for any quantum processes remains as an open question.

A second source of error in the calculation of the process tensor is due to the sampling of the
process. In the above-mentioned method, we find the effect of an unknown quantum process
on a discrete set of coherent states and then fit a polynomial function to the matrix elements of
the output states. Hence, there is an error associated with polynomial fitting procedure.

Another source of error is due to the state tomography of the output states. As discussed
Sec. 1.2, to reconstruct the process output state from the experimental data many copies of
each probe states are required, and many measurements must be performed. Due to finiteness
of resource (number of multiple copies and measurement, and time) there is always an error
associated with the QST

Considering the last two errors, there is an uncertainty associated with each elements of

the process tensor AEL", which are calculated by our procedure. The method for estimating

46



4.4, CONCLUSION

00 (0 11 1 NN NN
& EAG 0 EAGy o & HAG
00 on 1 1 NN NN
L EAGY PEAG L L &) 2AG
) N +1
nn nmo_
&L AE =
00 4 A ¢00 SN 1 NN NN
ED LAY ENEAEY L EM L AEM
{ J
T
N+1

Figure 4.1: As the superoperator is a rank-4 tensor, the errors are shown for diagonal elements.
There are two kinds of errors: the errors associated with state tomography and interpolation

AETP, and the error associated with projection to the subspace with maximum N number of

photons.

an upper bound on this uncertainty is a future work. The first error is different in that it does
not contribute to the uncertainty of the process tensor elements; this error is due to ignoring
high-energy behavior of the process (see Fig. 4.1).

In the original proposal for csQPT [13], beside these sources of errors, there is another
source of error associated with the -function regularization. Note that this error is an inherent

error in the process tomography method, which we eliminate by improving the method.

4.4 Conclusion

In this chapter, we have presented a practical procedure for calculating the process tensor
from the experimental data for the phase-symmetric processes. In Sec. 4.1, we obtained the
superoperator formula {Eq. (4.8)] for the phase-symmetric processes, where only depends on
the amplitude of input coherent states. Then, in Sec. 4.2, we presented a procedure for solving
Eq. (4.8) from the experimental data. We showed that by finding effects of a quantum process
on a discrete set of coherent states around the vacuum and exploiting the symmetry or antisym-

metry of the function (7] (r)|k), one can construct a polynomial that is a good approximation
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of the actual function , and use this polynomial to calculate the superoperator (4.16). Moreover,
we found a lower bound for the required number of coherent states as the probe states (4.17).
In Sec. 4.3, we discussed the sources of the errors in our method and compared it with those
of Ref, [13]. We showed that, apart from the error associated with the truncation of the Hilbert
space, there are two other sources of errors due to QST and polynomial fitting, while there is an
additional source of error associated with the P-function regularization in the original proposal

[13].
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Chapter 5
Conclusions

In this chapter, we review the main results of this study. The main goal of this thesis has
been to introduce a more efficient method for complete quantum-optical process tomography.
The following section summarizes the main achievements of my M.Sc. project, which are

presented in this thesis. The last section suggests some future works based on this study.

5.1 Results

As discussed in Chapter 1, coherent states are easily generated probe states for tomog-
raphy of unknown quantum-optical processes; hence; coherent-state process tomography is a
convenient method with available probe states for characterizing unknown quantum optical
processes. In this study (Chap. 3 and Chap. 4), we have presented a new, more efficient data
processing technique [14] for estimating a quantum process from an experimental procedure
similar to that of Ref. [13] in the Fock basis. Using this technique one can characterize any
complex processes in quantum optics, which may be used in quantum information processing
and communication. Here we summarize the advantages of our new method.

As discussed in Se‘c. 1.4, the original formulation was based on regularization and filter-
ing of the Glauber-Sudarshan representations for quantum states, which are cumbersome to
implement numerically. Furthermore, Ref. [13] introduces additional errors associated with
regularization of the P-function (see Sec. 4.3). In contrast, our new method to determine the
process superoperator [Chap. 3, Eq. (3.7) or Eq. (3.12)] is mathematically simpler, computa-
tionally faster and unique up 1o the choice of the energy cutoff.

Moreover, we presented straightforward generalizations of coherent state quantum process
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tomography to multi-mode in Subsec. 3.1.1. Although the method in Ref. [13] was also gener-
alizable to the M -mode case, as each mode of electromagnetic field should be regularized, and
there are M parameters need to be defined, the resultant formula for the superoperator would be
too complicated. We also discussed the generalization of this method to non-trace-preserving
conditional processes [3.1].

In Sec. 3.2, we have illustrated the new framework through several examples. We have
shown that it is straightforward to derive an analytically exact and unique closed-form expres-
sions for the superoperators for quantum-optical processes whose effect on coherent states is
known, while by using Ref. [13] this could be only done numerically.

An interesting consequence implied by our formulation [in particular, Egs. (3.7) and (3.12)]
is that complete information about a quantum-optical process is entirely captured by its effect
on a compact set of all coherent states |«) in the immediate vicinity of the vacuum state. As
discussed in Subsec. 3.1.2, this is due to the entireness property of the image of processes
on coherent states. It thus appears sufficient to perform tomography experiments only for a
range of coherent states whose mean photon number is much smaller than that required for the
method of Ref. [13].

In Chap. 4, we presented a procedure for calculating the superoperator of phase-invariant
processes. We showed that the formula to find the superoperator reduces to a simple summation
of coefficients of a polynomial fitted to the matrix elements of the experimentally reconstructed
output states. We also found that the lower bound for the required number of coherent states as
probe states is dim S+ 1.

For the time being, we have provided an evaluation of the error in the process estimation
associated with the use of the regularization operator introduced in Sec. 2.3, in the Fock basis.
For the class of processes respecting a certain energy constraint (which includes all processes
that do not amplify the energy), we have determined (i) the cutoff dimension that is sufficient

in order to achieve a certain degree of approximation accuracy, as well as (ii) the upper bound
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on the error of estimation for a given cutoff dimension. We have shown that the accuracy of

process estimation scales inversely with the square root of the photon-number cutoff,

5.2 Future work

In this section, we suggest two future works based on our new method.

As discussed in Subsec. 3.1.2, a quantum process can be characterized by knowing its
effect on low-amplitude coherent states around the origin in the phase space. This is due
to the entireness property of the hybrid coherent-Fock state representation (j|€(|c)(c|)|k),
which has to be reconstructed from the experimental data. Therefore, in principle, it must be
possible to characterize a quantum process by finding its effect on a set of coherent states in
any compact region of the phase space. Considering this fact, one can find a formulation for
the superoperator by which a quantum process can be characterized by knowing the effect of
the process on coherent states around any point ¢ in the phase space.

In this thesis, we have presented an experimental procedure for calculating the superoper-
ator for phase-invariant processes. This procedure can be easily generalized to any processes
by fitting two-dimensional polynomials to the matrix elements of the output states for a set of
coherent states as input states. Also, as discussed in Subsec. 3.1.2, to characterize a quantum
process only the effects of the process on the coherent states within distance € from the vac-
uum state are required. In principle, there must be a relation between € and the dimension of
subspace of the Hilbert space to which process tomography is restricted. This relation remains

as an open qucstion.
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