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Therefore, if A = 7 + i, then

Asinh(TrxA) [r(f+ z4*) [ [r(f+ P% )| i/A>0

Tim Imim.)
S5—eo0+ .
if A<O

To double check, this conforms with [Vovkodav & Ulitko]. Since g(x) is an even
function ofx, we also have Tn, (A) = —m,(A). Therefore, if for real A we set m(A) =
- limy >eot Im(mi(\ +1id)), then for / e L’(—o00, 00) the expansion formula in terms

of Pifis

Jo VnA m(A) J.0, VEtA

r ""mh(x))rd(X) 12 -"K{(ismh(y))f(v)dy

and our proof is complete. -

There is a generalization of associated Legendre functions that we will need to
deal with in the next chapter. For the sake of completeness we recall their definition,
present two basic lemmas, and refer the reader to [Kuipers & Meulenbeld] for further

discussion.

Definition 110 The generalized associated Legendre function of the first kind is

denoted by P~ and is a solution of the differential equation

( - -4, +M" «-2(13-20TI1) =°
Lemma 111 The differential equation

I, xdf df . 14 +b + (a - bit, .
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has a solution of the form

P} (it)
with
viv+1)=—q
Proof. Set
z=1t
in the equation (5.52) to get
(1+ tz)% + 2t-§f£ +{-v(v+1)+ %az i 1:(‘:; - b2)it}f =]
This proves our lemma. =
Corollary 112
=g

Proof. Immediate from the definition. =



Chapter 6

Decomposition Formulas

In this chapter we discuss expansion formulas for the prequantized operators derived

in Chapter 2.

6.1 Decomposition Formula For Half Cone Orbits

Since for these orbits k£ = 0, the differential equation (4.32) for the upper half cone

will reduce to

d f df
2_ — —
zdz2+2z Z+qf—0, z> 0. (6.1)

for which we derived expansion formula in the previous chapter. To discuss decom-
position of the prequantized operators for the upper cone, we compare these integral
expansions with the standard irreducible representation of SL(2,R). At first, we
note that the eigenfunctions of the Casimir operator @ are linear combinations of

the functions
VR (p, 2, ) = €™ fi(z,N) (6.2)
where,
Fulz,A) = = 3EVA
Since
Z%fi = (—% + 49V fx
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and
we have,

z%\lﬂﬂ = (—%iix/i)wg

—B%\Il;” = m¥}
Thus,

XOUT = (cos()2 — sin(p) o) UT
. .6z Oy | .
= ﬁ—#(—%ﬂ:iﬁ)@’ﬁ—%&—_zﬁimwg

Therefore,

1 \:
ROL(p 2 = § [(-3 £ 8/A = mBE (200 + (-5 £V 4 m)VE(0,2,)

L
2

Similarly,

) 1 1
Pz‘I’ll((P, Z, >‘) = % [(_5 == Z\/X - m)\y$+1(¢, Z, A) - (—5 * Z\/X-*— m)\Iﬂ:i’:l_l((Pﬁ Z, )‘):|

By putting everything together we have
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Lemma 113 For the upper cone orbit, the prequantized operators will shift the eigen-

functions of the Casimir element as

PUT(p,2,)) = % [(—% +iVA = m) U (p, 2, )) + (—% +iVA+m)IT (g, 2, A)]

PUZ(p,2N) = % [(—% + VA~ m)UT* (g, 2, \) — (—% +ivVA +m)¥T (g, 2, A)]
PO (p,2,)) = —imUT(p,z,))

Moreover, the ladder operators in this case perform as

H(\Il;’:((p’ Z, )‘)) = —m\II;':"((p’ 2, )‘)
Ho(W2(p,2,)) = — [(—% ViR - m] YT (i, 2, )
1
H(¥2p,20) = = |(=3 £ VA) +m] W17 (5,2,
Proof. Since
0
Py= 5

everything follows from equations (4.19), (4.20) and (4.21) by straightforward com-

putations. =

Proposition 114 Let f be a square integrable function on the upper cone and denote

the eigenfunctions of the Casimir operator for this orbit by VT (p, z, ). Then,
a)

— 0 1 % m dA oo @T(W,y,)\) m
fle,2) =30 7"/0 (0,2, A) ol 5 f™(y) dy +

%/0“@ W,AM/ 3™ (p,, N f™(y) dy
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where,
m 1 m
@i (307 Z, /\) = _2- {\I/T((p> 2, /\) =35 (Q07 2, /\)]

b) Only the representations V% of the principal continuous series appear in the

decomposition of f.
Proof.
a) Let O, denote the upper cone. Recall that
Q=dzAdyp

If f € L*(O,, ), then f(p + 27, 2) = f(ip,2). Since e™¥ is dense in S?,

flo,r) =3 €™ f(r) | (6.3)
where,
fnlr) = [ e (oimde (6.4

Since f € L?(0O.,), by Fubini’s theorem f,, € L?(R*) and hence we can apply

Theorem 97 to f,,. Hence,

e L (@ N +f-(@A) d) oo A)+S- (Y,
fm(x) 1 o J+ A);’f z,A 2d>‘/\ Mfm(y) dy -+

- =xJo

1 N =F_ (2N dr A)=f= (g,
[ eedn el g [ BSELA g (g dy

T JO 2VA J—

Substituting this formula in equation (6.3) proves part a).

b) We first note that
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with A > 0, where ¢ is the eigenvalue of Q). Hence, ¢ € [i—,oo) and thus, one can

write ¢ = s(1 — s), where s = % +1£. Moreover, by Lemma 113

Therefore, by using Appendix A for the irreducible representations of SL(2,R), we
see that only representations corresponding to V% from principal continuous series

appear in this expansion. =

6.2 Decomposition Formula For Two Sheeted Hyperboloid
Orbits

In this chapter, we first transform equation (4.32), with k¥ < 0, to a simpler form.
Then by using expansion formulas for the Jacobi functions derived in the previous

chapter, we derive the eigenfunction expansion for this case.

Lemma 115 Solutions of the Casimir differential equation

d? df m? — kn? — 2rmz
2 e’y 4 - _
(2 +k)dz2+2zdz+k oy f qf

for the upper two-sheeted hyperboloid, k < 0, are of the form

YP(2) = $3° (D)h(D)

where qS:\\’ﬂ are Jacobi functions and



2
k —%,p>0
z
u = -7
p
u = cosh(2t)
a = |m-p|
B = |m+p|

p = a+pf+1

_1,x
7177
Proof.
In the equation
d*f df m? — kn? — 2rmz
(z2+k)d2+2d + k R f=—qf
let
2
ko= —%,p>0
z
u = -7
p

This change of variable and parameter will transform (4.32) into

@:_ m? + p? — 2mpu

(u—l)—+2d 7T

Now let

f(uw) = h(u) * ¢(u)

106
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where,
h(u) = (u—1)*(u+1)° (6.8)
with,
_ Im-pl
“© T T
|m + p|
b =
2
to get
d*¢ d¢
2
(u® = 1) 7 + 20(0mp + D+ mpl=- + (o, + O] ¢ = —q8
where,
5. = Im—pl—|m+pl
m,p —
2
_ Im—p[+|m+p|
Omp =
2
Finally, set
u=2X+1
to get
X(X+1)i2——+[*+(*+1)X]+d¢+>\* =0,X>0 6.9
ng fy « dX ¢ - ’ > ( " )
with,
Y = 140mp+0my
of = 1420m,
A" = a,zn,p + T+ 4


file:///m-p/-
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Equation (6.9) is a form of the hypergeometric equation. To relate this equation

to the Jacobi equation of the previous chapter, we set

X = sinh?(t) (6.10)
to get
ZZT? + g(t)%? + (0 +A)p=0 (6.11)
with
9(t) = (2o + 1) coth(t) + (26 + 1) tanh(¢)
and
a = |m-p| (6.12)
B = |m+p| (6.13)
p = a+B+1 (6.14)
¢ = % + %2 (6.15)

By Definition 98, Jacobi functions ¢§f’ﬂ satisfy this equation and hence our proof is

complete. ™

Proposition 116 Eigenfunctions of the Casimir operator (4.30)for upper two-sheeted

hyperboloid orbits are of the form
TP (2) = ™Y (2)
Proof. This is immediate from above lemma. m

Now that we have identified the eigenfunctions of the Casimir operator for two-

sheeted hyperboloid orbits, we can discuss decomposition theorem for this case.
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Theorem 117 Let f € L*(Oy,Q2), where Oy is an upper two-sheeted hyperboloid
with p? = —k7?, and Q is the Kostant-Souriau form on it. Then,

a)

few=Y [ ) %WT’p(U)f(A)E%F DI 0

= 27
m=—o<

where,

F)= [ g

B 20~ (G T (o + 1)
- T (p+iN)T(E(p+1A) — B)

(D

Qn

with,

. = L(c)T'(a —b)
" T(c—b)I(a)

b) Only representations of the principal continuous series and those of the principal
discrete series appear in the decomposition of part a).

Proof.
a) Let f € L?(Op,Q). Then, f(p + 27,2) = f(p,2). Hence, since e'™? is dense in

st

flo,u) = €™ f(u) (6.16)



where,

110
fnla) = [ ™o (o, u)de (617)
Since f € L?(0%, ), by Fubini’s theorem f,, € L?(1, 00, du). If we set
u = cosh(2t)
then, since
/100 | frn (u) [Pdu < 00
we have

o0
/ | fm (cosh(2£)) 2 sinh(2£)dt < oo
0
Moreover, recall from equation (6.8)that

_ 1 [ape
2% [sinh(2t)]2

h(cosh(2t))

Therefore, if we for the sake of simplicity we denote the right hand side of the above
equation by A(t), i.e. if we set

ey — L (A0

"~ 2% [sinh(2t)]}
and set

o(t) = fm(cosh(2t)) 2

we have

(6.18)

/ 19(8)Pdt < oo
0
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~ Therefore, we can apply Corollary 102 to g € L*(0, 00, dt). This will provide

> 1

9(t) = A \/57;[ 01263 (1) IZ,+Zan[A (1)

where,
> 1
9N = \/—[A(y)] NP (v)g(y)dy
By substituting f from Equation (6.18) in the above expansion and using Equation
(6.8) we get
* 1

P 3 dA - a.™P
fm(u) - . \/—wA ( )fm(’\)lc()\),2+n2=1 nd",\n (t)

where,

) = | = () f(w)du

i

0

This completes proof of part a).

b) We first note that

)\2

g=3+

N

Since A € [0, 00) for the continuous part of the expansion, we have ¢ € [0, ) and
hence ¢ = s(1—s) with s = +4£. Moreover, from part a) we have m € Z. Therefore,
the representations V%* appear in the continuous part. On the other hand, for the
discrete spectrum there are eigenvalues A; of the form A\, = i(2n — 1), where n is a

positive integer. Hence, for these points of the spectrum

gn =n(l —n)
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By the table of irreducible representations of SL(2,R) in Appendix A, these

correspond to the principal discrete series. m

6.3 L? Expansions On One Sheeted Hyperboloid Orbits For

A Especial Case

The methods of eigenfunction expansion that we have used in the previous sections of
this chapter are still applicable for the case of one sheeted orbits. However, contrary
to our previous cases, the expansion formula does not simplify and hence we can not
identify the type of irreducible representations that appear in this expansion. In this
section we derive the general solution for the Casimir ordinary differential equation,
but only present L? expansions for a particular case. More specifically, we present
the expansion of L? function on the orbit which are only a function of z. As before,

we start by finding the solutions of the Casimir differential equation.

Lemma 118 The solutions of the Casimir differential equation

d*f df m? — kn? — 2rmz
2

bl = — 1
(z —+—I~c)dz2 +2zdz+k oy f qf (6.19)

for a one-sheeted hyperboloid orbit, k > 0, are of the form

¥ () = PE(w)
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where P are generalized associated Legendre functions of the first kind and

2
E = %,p>0

z
u = -m, —oo<uUu<oo

g = ~vv+1)
a = =£(m-—ip)

b = *(m+ip)

Proof. Perform the change of variables

2

E= 5p>0
2
u = -1, —00<u<oo
to get
(1+ 2)dzf_*_%df_+_{ +m2—p2—2mpu}f 0
uc)— — =
du? du T\ 14+ u?

By Lemma 111 this equation has a solution of the form
P} (u)
where
g = —-v(v+1)
a’+b = 2(m®-p?)
a? -0 = —dimp
Solving the above equation results in
a = £(m—ip)

b = £(m+ip)
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and proves the proposition. m

Corollary 119 Equation 6.19 has Legendre’s associated functions P* as its solu-

tions if and only if p=0, or m = 0. In this case,
g = *m
or
po= Fip

Proof. To have Legendre’s associated functions as solutions we have to have a = b

in the previous lemma. This leads to p = 0 or m = 0 and hence

a = +m

a = Fip
This completes our proof. m

Proposition 120 Eigenfunctions of the Casimir operator (4.30) for one-sheeted hy-

perboloid orbits are of the form
pP(a) = ey (a)

Proof. Immediate from the above lemma. m
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Theorem 121 Let f € Lz(O;,’, Q), where O} is a one-sheeted hyperboloid orbit with

p® = kn?, and Q is the Kostant-Souriau form on it. Also assume that f = f(z).

Then,
> 1 K a1 2 > 1%
/0 TR isinh(2) —5d() / = A@,,(zsmh( v))f(y)dy +
| et 2w [ Lowisinnw) o)
where,
BH(1) = —;—{e”%Pf(z’t) emE P (~it)
() = %{e”’2P“(zt) =78 Py (~it)}
m(A)——ismhwf) |r( \/—+p)l2| L f B)e
with,
po= ip
v = —%-i—i)\
1 2
q = Z+)\
and
A = 2¥r% .
IR RN B
B = —9wtlr; L
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Proof.
Let f be a square integrable function on a one-sheeted hyperboloid. Then, f(p +

27, 2) = f(yp, z). Hence, since €™ is dense in S?,

= i eim‘pfm(z) (6.20)
where,
fnld) = [ émslp.2)de (6:21)

Since f € L?(0J,Q), by Fubini’s theorem f,, € L*(R) and hence we can apply

Theorem 109 to f,. Moreover, since f = f(z) by hypothesis, m = 0 and f, = f.

Hence,
2
M
/ % L gt (isinh(z D / A b(isinh(y)) £ (4)dy +
/ Uk (3 sinh(z ))m(/\) ()\)/ W (isinh(y)) f(y)dy
JiB " 2 V7B
with,
po=ip
v = —-;—-i—iA
and
1
A = W2
MG-§-9ra-4+9
B = —9#tl 3 1
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On the other hand,

v(v+1)=—¢q
and hence,
1 2
q= Z + A
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Conclusion

In this thesis we have derived the coadjoint orbits of SI(2,R), its prequantization
representation and the Casimir element of this representation. We have generalized
eigenfunction expansion in terms of the Jacobi functions and have derived explicit
formulas for the decomposition of the prequantization representation of SI(2,R) for

the cone and two-sheeted hyperboloid orbits.
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Appendix

In this appendix we recall a few results from the theory of irreducible represen-

tations of SL(2,R), see [Sugiura].

A2 - Cayley Transform

First we note that SL(2,R) and SU(1,1) are isomorphic Lie groups via Cayley

transform
SU(1,1) = C SL(2,R) C™! (A-1)
where
c=L ' (A-2)
V2 1 1
By this transformation, the basis &;, & and &; of s/(2, R) where,
1/2 0 0 1/2 0 1/2
&= o = €3 =
0 -1/2 1/2 0 -1/2 0

is transformed to the basis
01 7 0 1 0 —i
Xl=l ,onl ,Y=— (A'3)
211 0 2\ i

for su(1,1), where

X1 = C{lC‘l, Y = 0620—1, and Xo = C§3C_1 E (A-4)

A2 - K-finite Vectors

To present irreducible representations of SI(2,R) we need a few results form the
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theory of group representation.
Proposition A2.1 Let T be a strongly continuous representation of a locally compact
unimodular group G on a Banach space H and let K be a a compact subgroup of G.

For A€ K and k € K set
XA(k) = TT‘(U,\(]C)), Uy El/\
d(A) = deg(Ux

)
E() = d() /K TooR)dk

Then E()) is the projection operator on the subspace H(\) of H consisting of all
vectors x € H such that the set {Ti(z) | k € K} spans a finite-dimensional subspace

He on which T induces a direct sum of a certain number of copies of U,.
Proof: See [Sugiura], page 257.

Definition A2.2 With the above notation for a connected compact K, an element

of the subspace

Hik = > ENH

AeK

is called a K-finite vector.

A3 - Classification

Let

U : SU(1,1) — B(H)
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be one of the standard irreducible representations of SU(1, 1), and denote the deriva-
tive of U by U'. Let Uk be the restriction of U’ to the space of K-finite vectors. An

eigenvalue of
H = —iUk(Xo)
is called a K-weight and the set of K-weights is denoted by M. Also define
Q=U(w)
where,
w=XZ-X2-Y?

is an element of the universal enveloping algebra of su(1,1). Let ¢ be an eigenvalue
of 2. Then, by Bargmann’s theorem, see ([Sugiura]), U is completely characterized

by M and the values of g. More specifically,
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Representation M q

Vs J+Z,j=0,5 s(1—s), s=3+1¢
Vs |yt 1+N L

Ve |- —— :

ur -n—N n(l —n)

u-—r n+N n(l—n)

Ve Z o(l—o0)

I {0} 0

These representations have been given specific names. The representations

(V915 =0,2, Re(s) = 5

NN

are called Principal Continuous Series, whereas
1
{U" |ne §Z, In] > 1}
are called Discrete Series. Finally,
1
{v° | 3 <0< 1}

are called Complementary Series.
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