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Therefore, if A = 7 + iô, then 

-^ s inh (TrxA) | r ( f + z 4 * ) | 2 | r ( f + P % ^ ) | 2 i / A > 0 
Iim Imim2) 5—•0+ 

if A < 0 

To double check, this conforms with [Vovkodav & Ulitko]. Since q(x) is an even 

function of x, we also have T n 1 (A) = —m2(A). Therefore, if for real A we set m(A) = 

- lim¿ >o+ Im(mi(\ + iô)), then for / e L 2 (—00, 00) the expansion formula in terms 

of P¡f is 

Jo VnA m(A) . / . O 0 VttA 

r ^ ^ m h ( x ) ) ^ d ( X ) 12 -^K(ismh(y))f(y)dy 

and our proof is complete. • 

There is a generalization of associated Legendre functions that we will need to 

deal with in the next chapter. For the sake of completeness we recall their definition, 

present two basic lemmas, and refer the reader to [Kuipers & Meulenbeld] for further 

discussion. 

Definition 110 The generalized associated Legendre function of the first kind is 

denoted by P^h and is a solution of the differential equation 

(1 - - 2 4 , + M " + « - 2 ( 1 ¾ - 2 Ô T I ) } / = ° ( 5 ' 5 2 ) 

Lemma 111 The differential equation 

/, 2x d2f ndf . 1 a2 + b2 + (a2 - b2)it, r n 



has a solution of the form 

with 

+ = -q 

Proof. Set 

z = it 

in the equation (5.52) to get 

dt2 dt 1 v ' 2 1 + t2 

This proves our lemma. • 

Corollary 112 

Proof. Immediate from the definition. • 



Chapter 6 

Decomposition Formulas 

In this chapter we discuss expansion formulas for the prequantized operators derived 

in Chapter 2. 

6.1 Decomposition Formula For Half Cone Orbits 

Since for these orbits k = 0, the differential equation (4.32) for the upper half cone 

will reduce to 

for which we derived expansion formula in the previous chapter. To discuss decom­

position of the prequantized operators for the upper cone, we compare these integral 

expansions with the standard irreducible representation of SL(2,M). A t first, we 

note that the eigenfunctions of the Casimir operator Q are linear combinations of 

the functions 

z > 0. (6.1) 

^(<p,z,X) = e^f±(z,X) (6.2) 

where 

U(ZiX)=Z-^I 

Since 
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and 

we have, 

O z i ( - i ± i V Â ) * 

d 

Thus, 

[cos{<p)z— - s i m > ) — 

e¿v _ e-<v i 

2i 2i 

Therefore, 

P1VZiip1ZiX) ( - Ì ±iVX- m ) ^ + % , z, A) + ( - Ì ± tVÂ + m ) ^ " 1 ^ , *, X) 

Similarly, 

P2VZiipiZiX) (_ ì ± ¿VA - m)^ + 1 (cp , z, A) - ( - | ± zVÂ + m ) * r > , z, A) 

By putting everything together we have 
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Lemma 113 For the upper cone orbit, the prequantized operators will shift the eigen-

functions of the Casimir element as 

P2VZ(Ip1ZiX) 

P 3 * ^ , z, A) 

( _ i ± iJx - m ) í f > , Z1 A) + ( - | ± iVx + m)*™-1^ z, A) 

(-\ ± iVx - m)*Z+1(cp, z, A) - ( - Ì ± ¿VA + m ) ^ - 1 ^ , *, A) 

-imtf™(<p, z, A) 

Moreover, the ladder operators in this case perform as 

H(*Z(tp,z,\)) = 

H+(VZ(<p,z,X)) = 

H-(W£(tp,zt\)) = 

-m*Z(ip,z,X) 

• (--±VÏX) -m 

(-- ± ViX) + m 

WF1(IpiZ1X) 

VZr1(IpiZ1X) 

Proof. Since 

P 3 = -
dip 

everything follows from equations (4.19), (4.20) and (4.21) by straightforward com­

putations. • 

Proposition 114 Let f be a square integrable function on the upper cone and denote 

the eigenfunctions of the Casimir operator for this orbit by W±((p,z, A). Then, 

a) 

dX r $?(¥>, y, A) 
-fm(y) dy + 

i r°° d\ r°° 

- j f VH(VtZt\)—J ^(Cp1V1 X)fm(y)dy 
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where, 

6j 0n/y i/ie representations V°'s of the principal continuous series appear in the 

decomposition of f. 

Proof. 

a) Let Oc denote the upper cone. Recall that 

Q = dz A dip 

life L2 ( Oc, il), then f(<p+ 2ir, z) = f(<p, z). Since émtfi is dense in 5 1 , 

OO 

/ f o r ) = £ e i r a * / m ( r ) (6.3) 
- O O 

where, 

fm(r)= f ém*f(v,r)dy (6.4) 
J s 1 

Since / G L 2 (0 c , f 2 ) , by Fubini's theorem fm e L2(R+) and hence we can apply 

Theorem 97 to fm. Hence, 

fm(x) = J JT W H M * . ^ /_« W y - ( ^ ) / m ( y ) dy + 

1 roo /+(x,A)-/-(a,A) dA f ° ° /+(y,A)-/-(y,A) f / A , 
TT JO 2 2v/X J-oo 2 J m ^ «y 

Substituting this formula in equation (6.3) proves part a). 

b) We first note that 
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with A > 0, where q is the eigenvalue of Q. Hence, q G [5,00) and thus, one can 

write q = s ( l — s), where s — | + z£. Moreover, by Lemma 113 

tf(#^,z,A)) = - m (6.5) 

Therefore, by using Appendix A for the irreducible representations of SX(2 ,R) , we 

see that only representations corresponding to V°'s from principal continuous series 

appear in this expansion. • 

6.2 Decomposition Formula For Two Sheeted Hyperboloid 

Orbits 

In this chapter, we first transform equation (4.32), with k < 0, to a simpler form. 

Then by using expansion formulas for the Jacobi functions derived in the previous 

chapter, we derive the eigenfunction expansion for this case. 

L e m m a 115 Solutions of the Casimir differential equation 

t i 1 \ d2f . df , m 2 — kir2 — 2-nmz . 
(z2 + fc)—4- + 2z-j- + k • / = -qf 
v ' dz2 dz z2 + k 

for the upper two-sheeted hyperboloid, k < 0, are of the form 

W(z) = <t>a/(t)h(t) 

where are Jacobi functions and 



P2 

k = -Z1 ,p>0 
TT1 

Z 
U = - TT 

P 
u = cosh(2í) 

a = \m — p\ 

/3 = |m + p| 

p = a+p+l 

1 A 2  

q = 4 + T 

Proof. 

In the equation 

dz2 dz z2 + k 

let 

P2 

k = -Z- t P > 0 
Z 

U = - TT 
P 

This change of variable and parameter will transform (4.32) into 

(2 1 \ d2f , o df rn2 +p2 - 2mpu 

Now let 

/ (w) = /i(w) * 0(u) 
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where, 

h(u) = ( u - l ) a ( u + l ) 6 (6.8) 

with, 

_ \m-p\ 
a - 2 

= [m+ p| 
2 

to get 

(u2 - 1 ) 0 + 2[(am, p + 1)« + Smip}^ + [ < p + ¿ 2 J <t> = 

where, 

_ \m-p\- \m + p\ 
°m,p — 2 

\m-p\ + \m + p\ 
CRTUTP 

Finally, set 

u = 2X + 1 

to get 

X{X + 1 ) ^ + [7* + (a* + 1)X] + H + \*<j> = 0 , X > 0 (6.9) 

with, 

T 1 "I- CR

RRIIP -\- SRRIIP 

a* = 1 + 2<7miP 

= ^ m i + arn,p + Q 

file:///m-p/-
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Equation (6.9) is a form of the hypergeometric equation. To relate this equation 

to the Jacobi equation of the previous chapter, we set 

X = sinh 2(i) (6.10) 

to get 

+ (P 2

 + A ^ = O (6.11) 

with 

gift) = (2a + 1) coth(i) + (2/5 + 1) tanh(i) 

and 

a = \m — p\ (6.12) 

/3 = \m+p\ (6.13) 

p = a + /3 + 1 (6.14) 

* = \ + T ( 6 - 1 5 ) 

By Definition 98, Jacobi functions ¢"'^ satisfy this equation and hence our proof is 

complete. • 

Proposition 116 Eigenfunctionsofthe Casimir operator (4-30)for upper two-sheeted 

hyperboloid orbits are of the form 

V^P(Z) = eimtfiip™'p(z) 

Proof. This is immediate from above lemma. • 

Now that we have identified the eigenfunctions of the Casimir operator for two-

sheeted hyperboloid orbits, we can discuss decomposition theorem for this case. 
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Theorem 117 Let f G L2{Op,íl), where 0% is an upper two-sheeted hyperboloid 

with p2 = —kn2, and Q, is the Kostant-Souriau form on it. Then, 

a) 

where, 

/<*«>= E / ^ r W w ^ + E ^ r w 
m=—oo " v n=l 

= 2 ^ r ( » A ) r ( g + i )  
1 ; r ( ì ( p + z A ) ) r ( ì ( P + zA)- /3) 

M = max .0 

i n\{p-i\n)) (-i)" 

2 2 p + i â z ^ i _ n r ( o : + l)r(zA n ) n 
\n roo 

•-Lcn / [ A ( í ) ] ^ ( y ) / ( y ) d y 
! Jo 

with, 

__ r(c)r(o - 6) 
~ r ( c - 6)r(o) 

b) Only representations of the principal continuous series and those of the principal 

discrete series appear in the decomposition of part a). 

Proof. 

a) Let / G L2(0%,Q). Then, /(</? + 2TT,Z) = f{<p,z). Hence, since eimtfi is dense in 

OO 

-OO 
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where, 

fm(u)= f eim"f(Ku)d<p (6.17) 
Js1 

Since / G L2(OpiQ), by Fubini's theorem fm G L 2 ( l , oo, du). If we set 

u = cosh(2i) 

then, since 

/

oo 
Ifm(U)I2du < oo 

we have 

roo 
/ | / m (cosh(2í ) ) | 2 s inh(2¿)dí < oo 

Jo 

Moreover, recall from equation (6.8)that 

Mcosh t 2 i)) = 
22 [sinh(2i)j2 

Therefore, if we for the sake of simplicity we denote the right hand side of the above 

equation by h(t), i.e. if we set 

22 [sinh(2i)]5 

and set 

g(t) = / m ( c o s h ( 2 i ) ) ^ ^ (6.18) 

we have 
roo 

/ | o ( í ) | 2 d í < o c 
Jo 



I l l 

Therefore, we can apply Corollary 102 to g € L2(0, oo, dt). This will provide 

/

OO -I J \ 

^[A(t)]hf(mx)^2+So,.[A(t)]^jf (t) 
where, 

/•OO 1 

^(A) = jf - ± = [ A ( y ) ] M f (y)g(y)dy 

By substituting / from Equation (6.18) in the above expansion and using Equation 

(6.8) we get 

roo -i j \ M 

U U ) = I V 2 l ^ ' P [ u ) f m { x ) W w + S a - C p W 
where, 

/ m ( A ) = [ ^ 2 ^ ^ ' n ( u ) f { u ) d U 

This completes proof of part a), 

b) We first note that 

1 A 2  

? = 4 + T 

Since A E [0, co) for the continuous part of the expansion, we have q G [0, j) and 

hence q = s(l — s) with s = Moreover, from part a) we have m e Z . Therefore, 

the representations V°'s appear in the continuous part. On the other hand, for the 

discrete spectrum there are eigenvalues A/ of the form A/ = i(2n — 1), where n is a 

positive integer. Hence, for these points of the spectrum 

qn = n ( l - n) 
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By the table of irreducible representations of 51/(2, E) in Appendix A , these 

correspond to the principal discrete series. • 

6.3 L 2 Expansions On One Sheeted Hyperboloid Orbits For 

A Especial Case 

The methods of eigenfunction expansion that we have used in the previous sections of 

this chapter are still applicable for the case of one sheeted orbits. However, contrary 

to our previous cases, the expansion formula does not simplify and hence we can not 

identify the type of irreducible representations that appear in this expansion. In this 

section we derive the general solution for the Casimir ordinary differential equation, 

but only present L2 expansions for a particular case. More specifically, we present 

the expansion of L2 function on the orbit which are only a function of z. As before, 

we start by finding the solutions of the Casimir differential equation. 

L e m m a 118 The solutions of the Casimir differential equation 

/ 9 , x d2f „ df , m2 — kn2 — 2ixmz , , . 

( * + ¾ ? + 2 ¾ + * — ? + * — f
 = -"f

 ( 6 ' 1 9 ) 

for a one-sheeted hyperboloid orbit, k > 0, are of the form 

^*(z) = Pfb(U) 
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where P"'b are generalized associated Legendre functions of the first kind and 

k = P2 

U = 
Z 
-ir, —co < u < oo 
P 

Q = -i/(z/ + l ) 

a = ± ( m — zp) 

b = ± ( m + ip) 

Proof. Perform the change of variables 

to get 

k = \ , p>0 

Z 
U = -7T, —CO < U < OO 

P 

9\d2f _ df , m2—p2 — 2mpu, , 
du 2 du 1 + it 2 

By Lemma 111 this equation has a solution of the form 

P:>\U) 

where 

q = —1/(1/ H-1) 

a 2 + O2 = 2 ( m 2 - p 2 ) 

a2 — b2 = — 4zmp 

Solving the above equation results in 

a -- ± ( m — ip) 

b = ± ( m + ¿p) 



114 

and proves the proposition. • 

Corollary 119 Equation 6.19 has Legendre's associated functions Pjf as its solu­

tions if and only if p = 0, or m = 0. In this case, 

p, = ±m 

or 

a - ^fip 

Proof. To have Legendre's associated functions as solutions we have to have a = b 

in the previous lemma. This leads to p = 0 or m = 0 and hence 

a = ±m 

or 

a = ^fip 

This completes our proof. • 

Proposition 120 Eigenfunctions of the Casimir operator (4-30) for one-sheeted hy-

perboloid orbits are of the form 

V™*(z) = eimv^'p(z) 

Proof. Immediate from the above lemma. • 
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Theorem 121 Let f € L2(0°,{1), where 0° is a one-sheeted hyperboloid orbit with 

p2 = HTT2, and Q is the Kostant-Souriau form on it. Also assume that f = f(z). 

Then, 

where, 

*Z(*) = ^ ^ ^ ( ^ + e - ^ P r H í ) } 

n(t) = ^ {e**SPMit) -e"**P?{-it)} 

' m(A) = - ¿ S i n h ( W X ) | r ( f + i ^ t £ ) | ' | r(f + i ^ I ! ) | » 

p. = ip 

1 .. 

, = i + A2 

and 

Via-
r ( i - f - | ) r ( i - f + f) 

B = -2 M + 1 7T2 
r ( | - f + f ) r ( - f - f ) 
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Proof. 

Let / be a square integrable function on a one-sheeted hyperboloid. Then, f((p + 

2TT,Z) = f(ip,z). Hence, since e î m v > is dense in S1, 

OO 

f{<p,z) = JTlJm* fm(z) (6.20) 
- O O 

where, 

/«,(*) = [ eim«f(ip,z)dip (6.21) 
Jsi 

Since / G L 2 (Op, f i ) , by Fubini's theorem fm e L 2 ( R ) and hence we can apply 

Theorem 109 to fm. Moreover, since / = }(z) by hypothesis, m = 0 and fm = f. 

Hence, 

[ ^ * » s i n h ( z ) ) ^ d ( A ) £ ° - ^ * í ( ¿ s i n h ( y ) ) / ( » ) d i , 

with, 

= ip 

1 ., 
" = ~ 2 + î A 

and 

S = -2^+^5 

r ( i - f - | ) r ( i - f + |) 

r a - f + f)r(- -) 
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On the other hand, 

+ = -q 

and hence, 

1 2̂ 
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Conclusion 

In this thesis we have derived the coadjoint orbits of 57(2, R), its prequantization 

representation and the Casimir element of this representation. We have generalized 

eigenfunction expansion in terms of the Jacobi functions and have derived explicit 

formulas for the decomposition of the prequantization representation of SV(2,R) for 

the cone and two-sheeted hyperboloid orbits. 
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Appendix 

In this appendix we recall a few results from the theory of irreducible represen­

tations of SX(2,R), see [Sugiura]. 

A2 - Cayley Transform 

First we note that SX(2,R) and SU(III) are isomorphic Lie groups via Cayley 

transform 

SU(IFI) = C SL(2 ,R) C " 1 

where 

( , • \ 

y/2 
\ 

1 - z 

1 i 
ì 

By this transformation, the basis £i, £ 2 and £ 3 of 5/(2, R) where, 

( 1/2 
,6 

V o - 1 / 2 y 
is transformed to the basis 

1/2 ^ 

11/2 0 y 
,6 = 

2 

for su( l , 1), where 

0 1 

V 1
 0 J 

, XQ — 
l l i 0 

2 l 0 - z 
,y 

^ O 1/2^ 

v ~ 1 / 2 0 y 

0 - z 

V z 0 J 

(A-I) 

(A-2) 

(A-3) 

X 1 = CCiC-1, Y = C&C'1, and X 0 = C ^ C 1 . (A-4) 

A2 - K-finite Vectors 

To present irreducible representations of S7(2,R) we need a few results form the 



120 

theory of group representation. 

Proposition A2 .1 LetT be a strongly continuous representation of a locally compact 

unimodular group G on a Banach space % and let K be a a compact subgroup of G. 

For XeK and k G K set 

Xx(k) = Tr(Ux(H))i UxeX 

d(X) = deg(Ux) 

E(X) = d(X) [ TkXW)dk 

JK 

Then E(X) is the projection operator on the subspace ri(X) of Ti consisting of all 

vectors x E rH such that the set {Tk (x) \ k G K} spans a finite-dimensional subspace 

Iix on which T induces a direct sum of a certain number of copies of Ux-

Proof: See [Sugiura], page 257. 

Definition A2.2 Wi th the above notation for a connected compact K, an element 

of the subspace 

HK = ^E(X)U 
xeK 

is called a ^-finite vector. 

A3 - Classification 

Let 

U : 577(1,1) -> B(U) 
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be one of the standard irreducible representations of SU (1,1), and denote the deriva­

tive of U by U'. Let UK be the restriction of U1 to the space of K-finite vectors. An 

eigenvalue of 

H = -iUK(XQ) 

is called a weight and the set of K-weights is denoted by M. Also define 

Q = U(u) 

where, 

UJ = X2

0- X2

1 - Y2 

is an element of the universal enveloping algebra of su(l, 1). Let q be an eigenvalue 

of Í2. Then, by Bargmann's theorem, see ([Sugiura]), U is completely characterized 

by M and the values of q. More specifically, 



Representation M Q 

Vj's j + Z, J = O 1J s ( l — s), s 

Vhï\H-
è + N i 

4 
Vhï\H- - è - N 1 

4 
Jjn - n - N n( l - n) 
jj-n 71 + N n( l - n) 
Va Z « 7 ( 1 - o) 
I {0} 0 

o) 

These representations have been given specific names. The representations 

{Vj'3 | j = 0, i Re(s) = |} 

are called Principal Continuous Series, whereas 

{£/" I n e \z, \n\ > 1} 

are called Discrete Series. Finally, 

{V I \ < o < 1} 

are called Complementary Series. 



Bibliography 

[Auslander & Kostant] Auslander, A. , Kostant, B . , Polarization and Unitary Rep­

resentations of Solvable Lie Groups, Invent. Math. 14 (1971). 

[Ben Salem & Triméche] Ben Salem, N . , Triméche, K . , Mehler Integral Transforms 

Associated with Jacobi Functions with Respect to the Dual Variable, Journal of 

Mathematical Analysis and Applications 214 (1997), 691-720. 

[Berezin] Berezin, F.A.,Quantization, USSR Izvestija 8 (1974), 1109-1165. 

[Bourbaki] Bourbaki, N.,Integration, Herman, Paris, 1965. 

[Erdélyi] Erdélyi, A., Higher Trancendental Functions, Volume 1, McGraw-Hill, 

1953. 

[Flensted] Flensted-Jensen, M . , Paley-Wiener Type Theorems for a Differential Op­

erator Connected with Symmetric Spaces, Arkiv for Matematik 10 (1972), 143-

162. 

[Flensted &; Koornwinder] Flensted-Jensen, M . , Koornwinder, T., The Convolution 

Structure for Jacobi Expansions, Ark. Mat. 11 (1973), 245-262. 

[Fulton & Harris] Fulton, M . , Harris, J. , Representation Theory, Springer-Verlag, 

1991. 

[Humphreys] Humphreys, J.E., Introduction to Lie Algebras and Representation 

Theory, Springer-Verlag, 1980. 

123 



124 

[Jacobson] Jacobson, N.,Lie Algebras, John Wiley, 1962. 

[Kirilovl] Kiri lov, A . A . , Unitary Representations of nilpotent Lie groups, Russian 

Math. Surveys 17 (1962), 57-110. 

[Kirilov2] Kiri lov, A . A . , Merits and Demerits of the Orbit Method, Bulletin of AMS, 

Volume 36 No. 4 (1999), 433-488. 

[Kostant] Kostant, B . , Quantization and Unitary Representations, Lecture Notes in 

Mathematics, No 170, Springer-Verlag, 1970. 

[Kuipers & Meulenbeld] Kuipers, L . , Meulenbeld, B . , On a Generalization of Legen­

dre's Associated Differential Equation, I, P roc Kon. Ned. Akad, v. Wetensch, 

Series A 60, 436-443, 1967. 

[Lebedev] Lebedev, N . N . , Special Functions and Their Applications, Dover Pub., 

1972. 

[Mackey] Mackey, G.W. , The Theory of Unitary Group Representations, Chicgo lec­

tures in Mathematics. University of Chicago Press, 1976. 

[Mackey2] Mackey, G.W. , Induced Representations of Groups and Quantum Mechan­

ics , Benjamin, 1968. 

[Simms & Woodhouse] Simms, D.J . , Woodhouse, N . M . J . , Lectures on Geometric 

Quantization, Lecture Notes in Physics; 53, 1976. 

[Sniatycki] Sniatycki, J., Geometric Quantization and Quantum Mechanics, 

Springer-Verlag, 1980. 



125 

[Souriau] Souriau, J .M. , Structure des Systèmes Dynnamiques, Dumond, Paris, 1970. 

[Spivak] Spivak, M . , Differential Geometry, V I, Publish or Perish, 1971. 

[Sugiura] Sugiura, M . , Unitary Representations and Harmonic Analysis, Halsted 

Press Bokk, 1975. 

[Tichmarsh] Tichmarsh, E.C., Eigenfunction Expansions Associated With Second 

Order Differential Equations , Oxford University Press, 1950. 

[Vilenkin] Vilenkin, N.J . , Special Functions and the Theory of Group Representa­

tions, Transi, of Mathematical Monographs, Vol. 22, A M S , 1968. 

[Vovkodav & Ulitko] Vovkodav, L F . , Ulitko, A . F . , Arbitrary Function Expansion 

into Integral by the Legendre Functions -P l \ + i 7 . (±¿ sinh(:r)), Dokl . Akad. Nauk 

UkrSSR, Ser. A , No. 8, 678-683, 1973,Ukranian. 

[Wallach] Wallach, N.R., Symplectic Geometry and Fourier Analysis, Math Sci 

Press, 1977. 

[Warner] Warner, G. , Harmonic Analysis on Semisimple Lie groups, I, Springer, 

1972. 

[Wigner] Wigner, E . G . On Unitary Representations of Inhomogeneous Lorentz 

Group , Annals of Mathematics, 40, 1939. 

[Woodhouse] Woodhouse, N.M.J . , Geometric Quantization, Oxford Clarendon 

Press, 1992. 




