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Suppose that the tilt () and the angular speed a are given. Then, the deformed steady

shape is obtained by solving the following two simultaneous equations:

1 1
~+-4-2 =2
a cae

k

(7.4.10)

(7.4.11)

We then calculate the Lagrange Multiplier It from (7.4.6).This motion will be self-

sustaining for an acceleration of gravity g = ItRcCosB .

Setting the acceleratin of gravity to zero, we should be able to obtain the most

general shape-preserving motion of a pseudo-rigid dish free in space. We expect in this

case (as in its classical rigid counterpart) that we will no longer be at freedom to specify

both the tilt and the angular speed. The extra condition is obtained by setting It in (7.4.6)

to zero. Surprisingly, the equation obtained is in contradiction with (7.4.10) and (7.4.11),

thus implying that there do not exist shape-preserving free conical motions, except

pivoting and rotation in a plane.

7.5 Non-dimensionalization.
For the purpose of numerical studies, it is best to obtain a non-dimensionalized version of

the dynamical equations, so as to minimize and rationalize the number and type of

examples. Define the non-dimensional space and time variables by means of the

formulas:

x= Xo / R, (7.5.1)
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We note that the variables XI'Yl' ... ,Z3 are already non-dimensional by nature.

Denoting:
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we can rewrite the dynamic equations (6.2.2.7, ... ,6.2.2.12) and the constraints (6.2.2.4,
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Figure 7.1 Equilibrium in the XY Plane. Three-dimensional model (a),
Point of contact on the XZ plane (b), and Eccentricity (c)
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7.6.3 Pivoting Coin Movement.
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Figure 7.3 Spinning coin movement. Three-dimensional model (a),
Point of contact on the XZ plane (b), and Eccentricity (c)
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7.7 Conclusions.

(i)

Figure 7.5 Trace on the x - z plane

The objective of this thesis has been to study numerically the effect of in-plane

defonnability on the motion of a rolling disc. To this end, the theory of pseudo-rigid

bodies was adopted, whereby the defonnation is given by an affine transfonnation only,

rather than by the true defonnability of a continuum. This approximation results in

a governing system of ordinary (rather than partial) differential equations, thus rendering

the tools of classical analytical dynamics applicable to the fonnulation and solution of the

problem. One of the interesting features of the proposed model is that, even in the case of
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rolling in a constant vertical plane, the constraint of rolling without slipping is

nonholonomic, in contradistinction with the rigid case. The numerical simulations show

that the trajectory of the coin on the rolling plane is heavily influenced by its

flexibility Figure 7.4 shows that in three-dimensions the trace on the x-z plane is a perfect

circle, the height of the centre ofmass is still the same, and the ellipse eccentricity has

remained constant.

Figure 7.5 shows how the point of contact exhibits a more erratic behaviour, and there are

oscillations of the centre of mass and the ellipse eccentricity.

The numerical simulations suggest that it would be a worthwhile mathematical exercise

to attempt a qualitative study of the problem and to classify the solutions.
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APPENDIX A

NUMERICAL SOLUTIONS OF xo,Yo,zo,xpYpZpX2'Y2,Z2

1. Functions for Equilibrium in the XY Plane.
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2. Functions for Planar Movement in the XY Plane.
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3. Functions for Pivoting Coin.
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4. Functions for Conical Movement
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