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Abstract
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the analysis of Block Wiedemann and Block Lanczos algorithms. It is shown that if
the input matrix A has entries in a small finite field F, and satisfies a condition that
holds generically, then the expected nullities of these matrices are low — as needed to
establish the efficiency and reliability of these algorithms. A sparse matrix precondi-
tioner, that ensures that the above-mentioned condition holds with high probability, is
also contributed.
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1 Introduction

Consider the problem of solving a system of linear equations Ax = b where A € FZX” is
an n X n matrix and b € FZ‘Xl is a vector with dimension n over the finite field F, with
size q. A related problem which is also of interest is the computation of an element of
the null space of such a matrix A. Indeed, instances of these problems are formed and
solved in modern algorithms for integer factorization and discrete logarithm computations.
In particular, the latter problem arises with ¢ = 2 when the number field sieve is applied
— as described by Buhler, Lenstra, and Pomerance [2] — while computations over F, for
larger ¢ arise during discrete logarithm computations — as described by LaMacchia and
Odlyzko [19].

Several different “Krylov-based” methods have been proposed, implemented and ana-
lyzed in recent years. In contrast with elimination-based methods, these do not manipulate
the entries of the coefficient matrix A. Instead, these algorithm treat A as an operator on
vectors. “Scalar algorithms” work over the vector subspace — generally called a Krylov
space — generated by v, Av, A%v, A3, v, ... for a vector v € FZXI. Henceforth, this subspace
will be called “the Krylov space generated by A and v.”

Numerical algorithms of this type have been known and used for years: Both the Lanc-
zos algorithm [20] and the Hestenes-Stiefel conjugate gradient algorithm [15] are examples.
A rather different algorithm of this type was proposed more recently for exact computa-
tions over arbitrary fields by Wiedemann [27]. The Lanczos method has, subsequently,
also been adapted by LaMacchia and Odlyzko [19] and used for matrix computations over
large finite fields; a complete analysis of a slightly modified version of this algorithm was
subsequently provided by Eberly and Kaltofen [13]. A rather different variant of the Lanc-
zos method was recently proposed for computations over small finite fields by the author
of this report [11].

The “scalar” algorithms, mentioned above, are provably reliable when used to solve
nonsingular systems. Unfortunately, they are not reliable, in the worst case, when used
to solve singular systems or sample from the null space of a given matrix: If the Jordan
normal form of the input matrix includes nilpotent blocks with order greater than or equal
to two, then a system Az = b might be consistent, but no solution might exist in the Krylov
space generated by A and b — or, indeed, the Krylov space generated by A and v for any
vector v that might easily be found. The existence of such nilpotent blocks also biases
sampling in searches for elements of the null space of a given matrix. Similarly, algorithms
that compute the rank of a matrix by computing the size of a Krylov space will fail if the
input matrix has more than one nontrivial invariant factor.

For this, and for various other reasons (discussed below), block algorithms have also
been used for these computations: These algorithms perform computations over the Krylov
space generated by A and a block of vectors ¥ = vy, vy, ..., vy, that is the subspace of F;‘Xl
spanned by vectors A'v; for i > 0 (or, for some applications, for ¢ > 1) and 1 < j < kg.
A consultation of the excellent text of Golub and van Loan [14] confirms that, once again,



such algorithms have been used for numerical computations — notably including eigenvalue
computations — for years. These algorithms were first adapted for symbolic computations
by Coppersmith, who contributed both a block Lanczos algorithm [4] and a block Wiede-
mann algorithm [5]. Kaltofen [18] subsequently completed the analysis of Coppersmith’s
block Wiedemann algorithm for computations over large fields, noting, as well, that one
could use “rectangular blocks” (different block sizes on the left and the right) in order to
significantly improve the algorithm’s performance. Villard [25, 26] contributed a more com-
plete analysis of the algorithm for computations over small finite fields as well. More recent
work concerning block Lanczos algorithms has included several other, rather different, ver-
sions of such an algorithm — including a somewhat simpler variant of Montgomery [23, 24],
a “biconditional” block Lanczos algorithm contributed by Hovinen [16, 17|, and another
“biconditional” algorithm that also included Katofen’s idea of rectangular blocking, devel-
oped by this author [10].

Unfortunately the reliability of these algorithms is still not completely understood,
especially for computations over very small finite fields. In particular, a biconditional
block Lanczos algorithm generally selects blocks of vectors

U= UL, U2,...,U, and U = v1,v2,...,Vk,

uniformly and independently from FZXI, The algorithm then generates

e vectors Ai, A2, A3, ..., in the Krylov space generated by A and ¥ = vi,va,...,Vk,,
along with
e vectors pui, fia, i3, . . . in the Krylov space generated by AT and @ = uy, us,us, . . .

such that, for 7,57 > 1,

)
FAN =
Hi 24 {O otherwise.

Additional computations, along the way, allow for systems to be solved or for elements
of the null space to be obtained. Once generated, a vector in either of the above Krylov
spaces must be stored in memory until it is “matched,” that is, a vector in the other Krylov
space that is not orthogonal to it has been identified. There is, consequently, a risk that
storage requirements will be prohibitive because too many vectors remain unmatched after
they are generated.

As noted by Hovinen (and others), the likelihood of this type of failure can be bounded
provided that one bounds the expected dimension of the null space of a block Hankel matrix
with the form

H171 HLQ - HlykR
Hy1  His Hpp

Haisyvsn = : ) (1.1)
Hy, 1 Hpip 2 v Hip kg



where H; ; is a Hankel matrix whose entry in row r and column s is u?Ar+s_lvj. Matrices
H Aiisp,i,sp Such that the entry in row r and column s is uiTA”'svj, instead, also arise.
These matrices are defined somewhat more precisely in Section 3.

A similar complication arises in some versions of a block Wiedemann algorithm, namely,
those that incorporate an “early termination” heuristic. For blocks of vectors « and v as
above, let H 4 7 be the matrix

u
U

LD b

. AZ . [1)1 v ... UkR] S F];LXkR.
T
ukL
In a block Wiedemann algorithm, one generally applies a (block) extension of the Berlekamp-
Massey algorithm [1, 22] in order to compute a minimum right generating polynomial' of
the sequence of matrices

Haav0 Haaot Haas2 -

Again, things might change slightly depending on the problem to be solved: It might be
necessary to generate a minimum right generating polynomial for the related sequence

instead.
One proceeds by considering successive elements of the whichever of the above sequences
is appropriate in order to compute a sequence of iterates

NORMORNE)

g ..

for the minimum right generating polynomial g € F,[z]*?*FR of this sequence. The number
of terms of the sequence that must be examined, and the number of iterates that should
be generated, can be bounded by a function of the order n of the input matrix A and the
block sizes k;, and kg in use — and, indeed, the development of this type of bound has been
a significant contribution in the analysis of block Wiedemann algorithms. This bound is
not necessarily tight and is, indeed, quite pessimistic if the rank of A is significantly lower
than its order.

With that noted, let us say that a zero discrepancy has occurred during the it? iteration
in the above computation, for i > 1, if g@=1) = ¢() £ ¢. As originally noted by Lobo [21],
experimental evidence suggests that a long sequence of zero discrepancies is unlikely to
arise when Wiedemann’s algorithm is applied, so that one may often conclude that a

In their writings about block Wiedemann algorithms, Coppersmith, Kaltofen and Villard all describe
this in some way. I have consulted Villard’s report in order to write the above.



minimum right generating polynomial has been computed and terminate the computation
after noting that

(@) — g(i—l-l) — (i+k)

for any positive integer ¢ and for reasonably small k: For computations over large fields,
it seems to be sufficient to set k to be two when applying this heuristic; depending on the
block size used, k might be chosen to be (at most) logarithmic in n for computations over
small fields.

Once again, this phenomenon can be related to a condition concerning the rank of
matrix, namely, a matrix with either the form

Haaso Hagsn  MHaawse HMHaaor
Hagor Hagwe Haaws Haam,r+1
Haase Haass  Haasa Ha,i,5r+2
| Haass Hagost1 Hagos+2 -+ Hagsrts)

or with a similar block Hankel form, such the top left block is H Aii,5,1 instead of H A,i,7,0°
Since the rightmost columns of this matrix must be linear combinations of the columns
to the left, such a matrix cannot have full rank if a sequence of zero discrepancies has
occurred.

Permuting rows a columns of these matrices one obtains either a matrix Ha g, 5,55
or a matrix H Ajii,sp,.5,s @s described above, in the discussion of block Lanczos algorithms.
Consequently results that bound the nullity of matrices with this form, for uniformly and
randomly generated blocks of vectors @ and ¥, are sufficient both to bound the storage
requirements for biconditional block Lanczos algorithms and to establish the reliability of
early termination heuristics in block Wiedemann computations.

As part of his Master’s research, Hovinen [16, 17] made significant progress in bound-
ing the nullities of such matrices?. In an elegant application of module theory, Hovinen
established that if vectors

U =u,u,...,u, and ¥ = vy, v9,..., 0

are chosen uniformly and independently from FZXI, and ¢ is an integer such that ki is less
than or equal to the rank of a matrix A € Fy™", then the probability that the matrix

H A, k(i+A),5,ki 1s Tank deficient is at most

4 In/K 4 6 4 kA1)

2While I was listed as co-author of the conference report of this work, this was not part of my contribution.
Instead, the analysis described here was entirely due to Hovinen.



— provided that the number of nontrivial invariant factors of A is less than or equal to
k —log,n, and provided that ¢®/n + ¢%/n? < 1. (See, in particular, Corollary 3.21 of [16],
which states this in somewhat different form.) Hovinen applied this and other results to
complete an analysis of his block Lanczos algorithm — the first such algorithm to be fully
analyzed.

It is possible to establish similar bounds by more elementary methods. Indeed, Section 3
presents a method to do this using basic linear algebra and probability theory, along with
a well known bound from the theory of finite fields — namely, that the number of distinct
monic irreducible polynomials in F,[z] with degree d is at most ¢¢/d. These methods are
applied, in Section 4, to generalize Hovinen’s results:

e The restriction on field size — that ¢*/n + ¢®/n? < 1 — is not serious: If ¢*/n +
¢3/n? > 1, instead, then g > % n, and large-field arguments can be used to bound
the likelihood that H Aiisy.v,sp 15 Tank deficient, provided that one works over a field
extension with degree at most five over F,.

However, this restriction is also unnecessary, and it is not used in Section 4. Indeed
(as one might suspect) bounds on the likelihood that that the above matrix is rank-
deficient improve as ¢ increases.

e The restriction that the number of nontrivial invariant factors of A is less than
or equal to k —log,n is also significantly relaxed: Bounds for the likelihood that

H Aiisy, 5y are provided in Section 4 whenever the number of nontrivial invariant
factors of A is at most min(kz, kr) — 1.

e As the above notation may suggest, bounds are given for the likelihood of rank
deficiency of a larger class of block Hankel matrices, including those that arise when
algorithms using a different block size on the left than on the right are applied. It
seems that there are already quite a few variants of “block Wiedemann” and “block
Lanczos” algorithms, and still others may emerge. I am hopeful that the bounds
given here are general enough to be applicable when analyzing quite a few of these
algorithms.

In particular, bounds for the probability that either a matrix H Ay, 5,sp OF @ matrix
HAis, 5,55 15 rank deficient by at least j, when the number of nontrivial invariant factors
is greater than the minimum of the block sizes used, are given at lines (4.6) on page 44
and (4.7) on page 44, respectively. They indicate that at any fixed point in a block Lanczos
computation, when the same number of vectors have been produced in the Krylov space
generated by AT and @ as have been generated in the Krylov space generated by A and ¥
(so that sy, = sg), it is unlikely that there are significantly more than loglog n unmatched
vectors produced in either Krylov space. This can be used to argue that it is unlikely that
there are ever significantly more than O(log n) unmatched vectors at any point during the
computation at all. It can be also be used to argue that it is unlikely that a sequence



of zero discrepancies with length more than logarithmic in n ever arises during a block
Wiedemann computation that employs an early termination heuristic.

As mentioned in various reports — including the original ones of Coppersmith — block
sizes are chosen for a variety of reasons when block Lanczos and block Wiedemann algo-
rithms are designed and implemented for multiple reasons. These include more efficient
use of storage and improving coarse grained parallelism. Since one block size might not be
best for everything I am hopeful that this ongoing work to eliminate or relax conditions
to ensure reliability will simplify the design and implementation of block Wiedemann and
Lanczos algorithms in the future.

Section 5 introduces a variant of a “sparse Wiedmenn” preconditioner that closely
resembles one introduced by Wiedemann [27] and further analyzed by Chen et. al. [3].
Since this preconditioner is slightly different than the one described in these other reports
a reasonably complete analysis of its properties is provided. That noted, it is not really
either new or surprising that this preconditioner is sparse, that it preserves the rank of the
matrix being conditioned, or that the number of nontrivial nilpotent blocks in the Jordan
form for the conditioned matrix is probably small — and proofs of these properties are
based on similar proofs in the cited reports. It is perhaps more surprising that the number
of nontrivial invariant factors of the preconditioned matrix is probably small, as well: This
result complements the results of Sections 3-4 by establishing (with high probability) the
matrix property used to bound storage requirements for a block Lanczos computation or
ensure reliability of an early termination heuristic in a block Wiedemann computation. It
is also sufficient to establish the reliability of block algorithms that solve systems, sample
from the null space of a matrix, or compute matrix rank.

Section 6 describes additional work in progress as well as a few questions that may be
of interest to other researchers.

Much of this work has appeared, in rather different form, in a pair of unpublished
technical reports [8, 12]. The properties of the sparse Wiedemann preconditioner, discussed
above, were also announced in an extended abstract [9] that included a very brief proof
sketch. Apart from that, this is the first conference or journal presentation of this work.

2 Characterizations of the Matrix A

2.1 Main Characterization

The existence of “Frobenius normal form” as well as a (rational) Jordan normal form for
a matrix suffice to establish that every matrix A € F'*" can be described as follows. The
factorization of A, described here, will be used extensively throughout this report.

Suppose now that

A=X"'DXx (2.1a)



for a nonsingular matrix X € FZX”, and for a block diagonal matrix
Ag 0
D= . € Fyrm. (2.1b)
0 Ay,
In this case, A; is a matrix whose characteristic polynomial is a power of an irreducible
polynomial ¢; with degree d; > 1 in Fy[z], for 0 < i < h, so that

©Y0,P1y- -, Ph

are distinct monic irreducible polynomials in F,[z].

It will be useful to consider the case that the given irreducible polynomial is x separately
from other cases. To facilitate this, let us suppose that ¢y = x (so that dy = 1), that h > 0,
and that ¢1, @2, ..., ¢n are the (remaining) monic irreducible divisors of the characteristic
polynomial of A.

To continue, suppose that A; is a block diagonal matrix

Zi1 0
A; = ’ N (2.1c)
0 Z; v;
for an integer ¢; > 0 for 1 < i < h, and that

0 — 5,0
1 O —ai,j@
1

ding jxdin;,;
Zij = I I (2.1d)

L 1 —Q45,din; j—1 |

is the companion matrix of the polynomial

p; 7 =@ A g 1T e Qo+ Q6T 0 (2.1e)

for 0 <i<hand1l<j </, and such that

lo>0and ¢; > 1 for 1 <i<h, (2.1f)
nig = nig > >nie > 1for 0 <i < h, (2.1g)
di(nm +nio+ -+ ’I’Lixi) =n,; for 0 <1 < h, (2.1h)



and
no+ny+---+np =n. (2.1i)

If these parameters are defined as above then A is nonsingular if and only if ¢y = 0, while
A is nilpotent if and only if h = 0.
Finally, let
= max(@o,ﬁl,...,ﬁh) (2.1j)

so that ¢ is the number of invariant factors of A.

2.2 A Decomposition of F;‘Xl

Lemma 2.1. If A is as given in equations (2.1a)—(2.1j) then there exist vectors (; ; € F;‘Xl,
for0<i<hand 1l <j</{;, such that

nx1l __ -

Fq - @ Vi
0<i<h
1<5<¢;

where
Vijg=A{f(A)G; | [ €Fylz] and deg(f) < dini;},

is a subspace with dimension d;n;; over Fy, and such that
@; " (A)Gij =0

for all integers i and j such that 0 < i < h and 1 < j < {;. Furthermore, there is exactly
one sequence of polynomials

fo1s fo2s -y foegs s fuds frs o fue, € Fol]
such that f; ; has degree less than d;in;; for 0 <i < h and 1 < j </{;, and such that
R
Y= fi;(AG,;
i=0 j=1
for any given vector y € FZXl.

Proof. Let e; be the i*" unit vector (with 1 in position ¢ and 0’s elsewhere) for every integer i
such that 1 <+4¢ < n. Then, since the matrix X —1ig nonsingular, the vectors

X ey, X tey, ..., X e,
certainly form a basis for F;‘Xl. Now let

Cii= X1
] — Eno+nit-+ni—1+di(ni,1+ni2+4n; j_1)+1

9



for0 <i< hand1l<j<{. Itis easily confirmed by an examination of the definitions of
the above matrices D, A; and Z; j (for 0 <i < h and 1 < j <¥;) that

k—1 _ -1
A Gij=X Cnotni+-4ni_14di(ng1+ni 2++ng j_1)+k (2:2)

for every integer k such that 1 < k < d;n; ;. Thus, if

Vij ={f(A)G; | f € Fylx] and deg(f) < din;;}

as above, for 0 <i < h and 1 < j </;, then V; ; is spanned by the vectors

X—l
€notny+tni_14di(ng 140 2++n j_1)+1
X le
no+ni+-+ni—1+d; (ng, 1402+ 4N jo1)+2

X—l
Enotni+-4ni_14di(ng1+ni 2++n jo14ni ;)

and, since these vectors are linearly independent, V; ; has dimension d;n; ; over F,. It also
follows by the equation at line (2.2) that the vectors

Gij» ACi,j, A Gijs - - , A% Cij

are linearly independent and form a basis for V; ; as well. Now

Fot = D Vi

0<i<h
1<5<4;

as claimed, and it follows that every vector y € F;‘Xl has a unique representation as
h 4
y=>_> fii(A)G,
i=0 j=1
for polynomials f; ; € Fg4[z] such that f; ; has degree less than d;n;; for 0 < ¢ < h and

1<j<dt.
It remains only to argue that o/ (A4)¢;; = 0. Set

€ = Cng+tnite+ni—1+d; (ng,1+ng o+ +ng jo1)+1
Then

0, (A =9 (XTIDX) X le

)

=Xl (D)X - X 'e

10



_y i (A1) .
0 ;" (An)
and o
@; " (Zin) o 0
o (D) = p ) _
0 A (Zig)

The result now follows since Z; ; has characteristic polynomial go?i'j , so that gplm’j (Z; ;) =0,
and column ng 4+ ny + -+ +nj—1 + d;j(n;1 +ni2 + -+ +n;j—1) + 1 of the block diagonal
matrix

;" (Do) - 0
w; (A1)

0 ©; " (An)
is filled with zeroes. O

Corollary 2.2. If A and the vectors (; ; are as described in Lemma 2.1, and f; ; € Fq[x]
for0<i<handl1l<j</;, then

R4
Z Z fij(A)Gi; =0
i=0 j=1
if and only if f; ; is divisible by cp?i'j for all i and j such that 0 < i < h and 1 < j </;.

Proof. Suppose first that f; ; is divisible by gplm’j for all integers ¢ and j such that 0 <7 < h
and 1 < j < /;. Then f;; = g; - ;" for a polynomial g; ; € F,[z], so that

Fii(A)Gij = 915(A) - 01 (A)Gij = i,5(A) -0 =0,
by the results of Lemma 2.1, and since this holds for all ¢ and 7,
h ¢
Z Z fij(A)G; =0
i=0 j=1

as well.
Now suppose, conversely, that there exists at least one pair of integers ¢ and j such
that 0 <i < h, 1<j </, and f;; is not divisible by ¢;*’. Then

fij=vi g

11



for some integer m such that 0 < m < n;; — 1 and for some polynomial g € F,[z] that
is relatively prime with the irreducible polynomial ;. The polynomial g must then be
relatively prime with gpl” as well, so that there exist polynomials s,¢ € F,[z] such that
s-g+t- gol” = 1. Consequently

s(A) - fi,j(A) G = s(A) - g(A) - " (A) G5
= (L —t(A4)- "”(A)) o1 (A)Cij
= @I (A)Gij — t(A) - o (A) - ;7 (A)Gij
= cpZ”(A)C (A) @;"(A)-0
= ;i (A)Gi,j

Since ¢} is a nonzero polynomial with degree d;m < d;n; j, ¢i*(A)(; ; is a nonzero element
of V; j, so that f; ;(A)(; ; must certainly be a nonzero element of V; ; as well. Now, since

Fn><1 @ V,j

0<i<h
1<5<4;

and fs+(A)(s+ € Vit for all integers s and ¢ such that 0 < s < hand 1 <t < /g, it
necessarily follows that

Z Z fii(A)G,; #0

=0 j=1

as well, establishing the claim. O

2.3 An Alternative Characterization of A

It will occasionally be useful to consider an alternative characterization of the matrix A.
With that noted, suppose that A is as given in the equations at lines (2.1a)—(2.1j), as usual,
and let 60,61, .. €h be integers such that 0 < € < /{; for 0 < ¢ < h. Let

ho0 h 4;
N = Z Z dmm and N = Z dmm (2.3&)
i=0 j=1 =0 j=t;+1
so that N + N = n. Then
~ . la ol ~
A=X"! ~1 X 2.3b
0 A (2.3b)




~ ~ o~

for a nonsingular matrix X € Fy ™" and for matrices A € Fév *N and A € Fév *N o In
particular,

Ag 0 Ag 0
~ Al ~ A1
A= and A= ) (2.3c)
0 A 0 Ay,
and where
Zi,l 0 Zi,lz+1 0
~ Zio - Z -
A, = . and A= bht2 ) (2.3d)
0 Zz,a 0 Zz,&-

for 0 <4 < h and for Z; ; as shown at line (2.1d) for 0 <i < hand 1 < j < ¥;.

3 Definitions of Matrices and Fundamental Properties

The matrices to be studied will now be defined (see, in particular, Definitions 3.1 and 3.19)
and fundamental properties, needed to establish that they are unlikely to have low rank,
will be introduced.

3.1 The Matrix ICA,{;,S

Definition 3.1. Let k and s be positive integers. Let si; = [s/k] for 1 <14 < (s mod k)
and let s;,; = |s/k] for (s mod k) +1 <14 <k, so that

Sk1 2 Sk2 = " 2= Skk
either sy 1 = sp or sp1 = sp + 1, and

Sk1t+ Sko2+ -+ Sk =S

For vectors ¥ = vy, va,...,0; € FZXI, let K455 € Fy™® be the matrix with columns
Avy, A? Aska—l
VU1, V1, V1, -vny ! V1,
2 Sk.o—1
vo, Avg, A%vg, ..., A2 ug,
v, Avg, Avp, ..., ASRE Ty

that is, the vectors Aivj for integers h and j such that 1 <j <k and 0 <i < s ; — 1.

13



Definition 3.2. Once again, let £ and s be positive integers. Let Null 4 3 s be the number
of choices of vectors v = v1,vo,...,v € FZXl and scalars

d1,07 dl,la s 7d1,sk71—17 o 7dk,07 dk717 o 7dk‘,skyk—1 € Fq
such that
dip
dy1

—

Kaged=0  ford= (3.1)

dk,skyk—l

Lemma 3.3. If A is as given in equations (2.1a)—(2.1j) and k and s are positive integers,
then Null 4 i, s is equal to the number of choices of polynomials f; jm € Fqlz] for 0 < i <h,
1 <j<¥, and1 <m <k, where deg(fijm) < din;j for all i, j and m as above, and of
polynomials g1, g, - .., gk € Fqlx] such that deg(g;) < sk ; for 1 < j <k, such that

figagr + fijagz + -+ fijwgr = 0mod @)™
for all integers i and j such that 0 <i < h and 1 < j <.
Proof. If follows by Lemma 2.1 that the number of choices of vectors v = vi,v9,...,v; €
FZXI is the same as the number of choices of polynomials f; j ., € F4[z] such that f; ;, has

degree less than d;n; ;, for 0 < i< h, 1 < j <¥;, and 1 <m < k. Indeed, there is exactly
one such choice of polynomials f; ;, for 0 <¢ < h and 1 < j </; such that

hol
vm =33 fiim(A)Ci; (32)

i=0 j=1

for 1 < m < k and for the vectors (; j described in the lemma.
One can also define a unique set of polynomials g1, g, ..., gr € Fg[z], such that g; has
degree less than sj ; for 1 < j < k, corresponding to a sequence of scalars

di,0,di1s -5 disg =155 dk0,dk 1, - -+ disy -1 € Fo,
by setting
g; = ajo+ dj71l‘ + dj72l‘2 + -+ dj,sk’j_1$sk’j_1 (3.3)

for 1 <j<k.
It suffices to examine the definition of the matrix K4 5 s and the equations at lines (3.2)
and (3.3) to confirm that

h ¢
Kazsd= Z Z(fi,j,lgl + fij292 + -+ fijkgr) (A)Gj-
i=0 j=1
The claim now follows by an application of Corollary 2.2. U

14



The following probabilities will also be of interest.

Definition 3.4. Let pa s(j) be the probability that the matrix K5, € F;** is rank de-
ficient by exactly j if the vectors ' = vy, vs, ..., v, are chosen uniformly and independently
from F;‘Xl — that is,

pAaks(J) = Prlrank(K 4 5,5) = min(n, s) — j] (3.4)
Similarly, let 041 s(j) be the probability that the matrix IC4 i 5 is rank deficient by at
least j if the vectors ¥ = v1, v, ..., v are chosen uniformly and independently from FZXI,
that is
oA k,s(j) = Prlrank(K47) < min(n, s) — j]. (3.5)
Lemma 3.5. If the vectors ¥ = wvy,v3,...,ur are chosen uniformly and independently
from F;‘Xl then
min(n,s)
Nullgjs = Z an+s—min(n,s)+ij’k7s(j)_
j=0

Proof. Suppose, first, that s < n, so that nk + s — min(n,s) = nk; then every matrix
KA, is rank deficient by some integer j such that 0 < j < s. Now, if Nullysj is as
defined above then there are q"kpAvk,S(j) matrices K455 € F;‘XS that are rank deficient
by j (corresponding to choices of vectors ¥ = v1,ve, ..., v € F;‘Xl). The claim for the case
that s < n now follows by the fact that if K4 5, is rank deficient by j then its right null
space has dimension j and includes exactly ¢/ vectors.

The proof of the claim for the case that s > n (so that nk+s—min(n,s) = (k—1)n+s)
is similar: It suffices to observe that every matrix K4 5 s is rank deficient by some integer j
such that 0 < j < n, and that the right null space of this matrix has dimension s — n + j

and includes ¢* "7 vectors in this case. O
Note that 0415(0) = 1, paks(j) = caks(j) —oars(i+1)if 0 < j < min(n,s),

and o4 ks(j) = paks(y) if 7 = min(n,s). The following is therefore a consequence of

Lemma 3.5.

Corollary 3.6. If vectors ¥ = wvi,va,...,v are chosen uniformly and independently

from F;‘Xl then

in(n,
Nu”A,k;7s — an+8—min(n78) q _ 1 Z oA k; 8 j_l

Corollary 3.6 implies that

(NU”A ks — an-i-s—min(n,s))

(q _ 1)an+s—min(n,s)+j—1

oA ks(F) <
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if 1 < j < min(n,s). Bounds for the probability that K4z, is rank deficient will be
obtained by bounding Null A ks and applying this inequality.

Suppose now that 60,61, .. €h are integers such that 0 < € < {; for 0 < i < h, and
consider the decomposmon of A described in Subsection 2.3 — considering, in particular,

the matrices A € FNXN and A € FAXA as defined at lines (2.3a)—(2.3d).
Lemma 3.7. If A, A € F(]FXN and A € FéVXN are as described above, then

Null s < ¢V*Null 5,
for all positive integers k and s.
Proof. Tt follows by Lemma 3.3 that

e Nully s is the number of choices of polynomials f; j., € Fglz] for 0 < i < h, 1 <
Jj <4, and 1 < m < k where deg(fijm) < din;; for all such ¢, j and k, and of
polynomials g1, g2,...,9x € Fqlx] such that deg(g;) < si; for 1 < j < k and such
that

fijagr + fijoge + -+ fijkge = 0mod ¢ " (3.7)

for all integers ¢ and j such that 0 <¢ < h and 1 < j < ¥¢;, while

° Nullg’k’S is the number of choices of polynomials f; ;. € Fqlz] for 0 < i < h and

1 <5< ZZ and of polynomials g1,¢2,...,9r € Fg4lz] such that the above degree
constraints are satisfied, and such that the equation at line (3.7) is satisfied for
0<i<hand1l<j </

It suffices to note that, for any choice of polynomials f; gm and g1,92, .-+, 9m sa‘msfymg the

second set of constraints, for 0 < i < hand 1 < j < El, there are at most ¢V* ways to
choose polynomials f; ; m € Fg[z] for 0 < i < h and € +1 < j </¥; in order for the first set

of constraints to be satisfied — for there are ¢/V* choices of these polynomials satisfying
the given degree constraints. O
3.2 Definitions and Properties Concerning A - K, ,

Let r be the rank of A. Then, since Zy; has nullity one and rank ng; — 1 for all j, the
block matrix Ag has rank

50 ZO
Z(n07j - 1) = Z’nO’j - 60 =nNnog — 60.

J=0 J=0
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On the other hand, if 1 < ¢ < h then the matrix A; € FZiX”i is nonsingular, so its rank is n;.
Now, since A is similar to a block diagonal matrix with diagonal blocks Ag, Ay, ..., Ay, it
follows by the above that

h
r:no—ﬁo—l—Znh =n—{.
h=1
Definition 3.8. Suppose that s is a positive integer and that s 1, sk2,..., sk, are as in
Definition 3.1. Let A-Null 4 ;. s be the number of choices of vectors vy, vs,...,v; € FZXI and
scalars
d1,07 dl,la oo 7d1,sk71—17 e 7dk,07 dk717 e 7dk‘,skyk—1 € Fq
such that
d10
. di1
A ]CAﬂj’Sd = for d = .
dkysk,k_l

The following lemma replaces Lemma 3.3 in this analysis.

Lemma 3.9. If A is as given in equations (2.1a)—(2.1j) and k and s are positive integers,
then A-Null 4 1, 5 is equal to the number of choices of polynomials f; j m € Fglz] for 0 < i < h,
1 <j<¥, and1 <m <k, where deg(fijm) < din;j for all i, j and m as above, and of
polynomials g1, g, - .., gk € Fqlx] such that deg(g;) < sk ; for 1 < j <k, such that

foj191 + foj292 + -+ + fojkgk = 0 mod 20! (3.8)

for every integer j such that 1 < j < £y, and such that

fijagr + fijoga + -+ fijrgr = 0 mod ¢; ™ (3.9)
for all integers i and j such that 1 <i < h and 1 < j </¥;.

Proof. The proof of this lemma is quite similar to that of Lemma 3.3; considering the
matrix A - K4 5, instead of K4 55, one can apply Lemma 2.1 to confirm that A-Null 4
is equal to the number of choices of polynomials f; j.m € Fqlz] for 0 <i < h, 1 < j < 4,
and 1 < m < k, where deg(f; jm) < din; ; for all i, j and m as above, and of polynomials
91,92, - - -, gk € Fqlx] such that deg(g;) < s ; for 1 < j <k such that

xfijag1 + xfijoge + -+ xfijkge =0 mod ¢,

for all integers ¢ and j such that 0 < i < m and 1 < j < ¥¢;. It now suffices to note that,
since pg = x,
zfoj101 + xfoj292 + -+ fojkgk = 0 mod
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if and only if the condition at line (3.8) is satisfied for all j such that 1 < j < ¢y. On the
other hand, since the polynomials x and ¢; are relatively prime for 1 <+i < h,

Tfi a9+ xfijoge + ... xfijkgr = 0 mod @)

if and only if the condition at line (3.9) is satisfied for 1 <i < h and 1 < j < ¢;, as needed
to establish the claim. O

Since the rank of A - K4 ;s is at most that of A, the following plays the role of Defini-
tion 3.4 in this analysis.

Definition 3.10. Let p4 1 s(j) be the probability that A-KC4 7 s is rank deficient by exactly j
if the vectors v = v1,v9, ..., v; are chosen uniformly and independently from FZXI — that
is,

Pak,s(j) = Prlrank(A - K4 55) = min(r, s) — j].
Let G4k,s(j) be the probability that A - K4 5, is rank deficient by at least j if the vectors
¥ = v1,v9,...,0; are chosen uniformly and independently from FZXI, that is,

TAks(j) = Prlrank(A - K4 5,) < min(r, s) — j].

The proof of the following claim is virtually identical to that of Lemma 3.5: One should
simply replace K4 5, with A - K4 5, and n with r (as the upper bound for maximal rank
when s > r) in the argument — noting, as well, that if the matrix A-K4 5, has rank r — j,
when s > r, then the dimension of its right null space is s — r + j.

Lemma 3.11. If the vectors ¥ = wvi,va,...,v are chosen uniformly and independently
from F;‘Xl then
min(r,s)
A-Nullgos < Y g TmEIH G ().
§=0

Now Gaks(0) = 1, pars(j) = 0ars(j) — 0ars(j +1) if 0 < j < min(r,s), and
Gaks(J) = Paks(j) if j = min(r,s). The following can be concluded from the above
lemma, just as Corollary 3.6 can be concluded from Lemma 3.5 using essentially the same
relationships between pa j s(j) and o4k 5(J)-

Corollary 3.12. If vectors v = wv1,vs,...,u, are chosen uniformly and independently
from F;‘Xl then

in(r,s
A-Nullg s < g"FH7m00) | 14 (g~ 1) Z
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Corollary 3.12 implies that

(A‘NU”A,k,s — an-i-s—min(ns))
(q _ 1)an+s—min(r,s)+j—l

Tak,s()) < (3.10)

The following lemmas will be of use in obtaining bounds for A-Null4 ; ; from bounds
for Nullg g s

Lemma 3.13. Let g1, 92, .., 9k € Fqlx] such that deg(g;) < si; for 1 < j <k and at least
one of these polynomials is nonzero. Then the number of polynomials f; jm € Fqlx] such
that deg(fi jm) < din;j for0 <i<h,1<j </t and1 <m <k, such that

foj191 + foj292 + -+ + fojkgk = 0 mod 20!

for every integer j such that 1 < j < fy, and such that

fijign + fijoga + -+ fijrgr = 0mod ¢, "’

for all integers i and j such that 1 < i < h and 1 < j < ¥; is less than or equal to the
product of ¢* and the number of polynomials fi,jm satisfying the same degree constraints
and such that

fijagr + fijege + -+ fijrge = 0 mod ¢; ™ (3.11)
for all integers i and j such that 0 < i < h and 1 < j < ¥;.

Proof. Let S be the set of choices of polynomials fg ;. such that the given degree con-
straints are satisfied for 1 < j < ¢y and 1 < m < k and such that the equation at line (3.11)
is satisfied for 1 < j < £y. Since the constants on choices of polynomials f; ;, such that
1<i<h 1<j</tandl <m < k are the same for both cases, it is necessary
and sufficient to prove that the number of choices of polynomials fo ., for 1 < j < 4y
and 1 < m < k, satisfying the given degree constraint and the condition at line (3.8) for
1 < j < 4y, is at most the product of ¢ and the size of the set S.

With that noted, suppose that f ;,, are polynomials such that the degree constraints
are satisfied for 1 < j < ¢; and 1 < m < k and the constant at line (3.8) is satisfied for

1 < j < {p. Then there exist elements a1, o, ...,y of F, such that
fojag1 + foj2g2 + -+ fojkgr = "~ mod z"0 (3.12)
for 1 < j5 < 4.
Consider any choice of ay,aq,...,ay, as above. Suppose, first, that there exist poly-

nomials J?()J,m such that deg(fod',m) < mgj for 1 < j < ¥dpand1l < m <k and such
that

. - - B . ‘
fojig1 + foj292 + -+ + fojkgr = ajz™7 ™" mod "0
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for 1 < j < {y. Then there are exactly |S| choices of polynomials satisfying these constraints
— for each other choice of polynomials fo,j,m (again, for 1 < j < fyand 1 < m < k) satisfies
these constants if and only if

Fojm = fo,m + fo,jm for1<j</fpand1<m<k

where fo jm (for j and m as above) is one of the choices of polynomials in S.

On the other hand, if there is no choice of polynomials ﬁJ,j,m as described above then
the number of choices of polynomials satisfying the above condition is at most |S| once
again, since |S| > 0.

The claim now follows because there are ¢‘ choices of the above sequence of values
a1, 00,...,00 € Fy. ]

Lemma 3.14. Suppose that g1 = go = -+ = g, = 0 € Fylz]. Then there are " choices
of polynomials f; jm € Fglx] such that deg(fi jm) < din;j for 0 <i < h, 1 < j < ¥; and
1 < m <k, the constraint at line (3.8) is satisfied for 1 < j < {y, and the constraint at
line (3.9) is satisfied for 1 <i < h and 1 < j <¥;.

Proof. If gy = g = -+ = g = 0 then the constraint at line (3.8) is satisfied for 1 < j < ¢
and the constraint at line (3.9) is satisfied for 1 < i < h and 1 < j < ¥¢;, for all choices
of polynomials f; jm € Fglz] such that deg(fijm) < din;; for 0 <i < h, 1 < j < ¥4;, and
1 < m < k. There are ¢"™* such choices of polynomials. O

Let 11 be the minimal polynomial of A. Since ged(g1, g2, - - -, gk, 1) is a (well-defined)
nonzero divisor £ of ¢, with degree less than s/k, for any choice of polynomials g1, g2, . . . , gk
such that deg(g;) < sj; for 1 < j < ksuch that at least one of these polynomials is nonzero,
and there are at most ¢"* choices of polynomials fijm such that deg(fijm < @™ (for
0<i<h,1<j</4,and 1 <m <k) tobe considered when

g1=92,= - =gr =0,
such it follows by Lemma 3.3 that

Nullags < g™+ pEw(6) (3.13)

£eFq[=]\{0}
¢ divides 91
deg(&)<s/k

and it follows by Lemma 3.9 that

A-Nullg g < g™+ p(©)o(6) (3.14)

§€F,[z]\{0}
¢ divides 91

deg(§)<s/k

where, for any divisor £ of 11 with degree less than s/k,
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e /(&) is the number of choices of polynomials g1, g2, . . ., gr € Fq[z] such that deg(g;) <
s for 1 < j <k, and

ng(glvg27 s 791677;[)1) = ga

e for any choice of polynomials g1, g2, . .. gx satisfying the above condition, v(§) is the
number of choices of polynomials f; j,, such that deg(f; ;m) < dim;; for 0 < i < h,
1 <j< ¥4 and 1 < m <k, and such that the condition at line (3.11), above, is
satisfied for 0 < i< h and 1 < j < ¥;, and

e for any choice of polynomials g1, g2, . . . , gx satisfying the above condition, 7(€) is the
number of choices of polynomials f; ;,, satisfying the above degree constraint such
that the condition at line (3.8) is satisfied for 1 < j < £y and such that the condition
at line (3.9) is satisfied for 1 <i < hand 1 <j </;.

It follows by Lemma 3.13 that D(¢) < ¢®v(€) for any nonzero divisor € of 11 ., so that

> @) < g > uEw

£eFq[z]\{0} £eFq[z]\{0}
& divides 91 ¢ divides ¥1
deg(§)<s/k deg(§)<s/k

and (using the equations at lines (3.13) and (3.14), above)

A-Nullg g s < ¢°Nullg g s — (g — 1)g™". (3.15)
Once again, suppose that ZO,?l, .. Zh are integers such that 0 < ? </lifor0<i<
h, and consider the decomposmon Of A described in Subsection 2.3 — considering, in

particular, the matrices A € FN N and A e FAXA as defined at lines (2.3a)—(2.3d).

The proof of the followmg lemma is v1rtually identical to that of Lemma 3.7 —
one should simply use Lemma 3.9, instead of Lemma 3.3, in order to relate A-Null 4y g
and A-Null3
Lemma 3.15. If A, A € Ff]VXN and A € Ff]vxjv are as described above, then

A-Nullg s < ¢MFA-Null;,
for all positive integers k and s.
3.3 Avoidance of a Subspace

It will also be useful to bound the probability that X A’{;,SCZ belongs to a given subspace
of F™<1,
q
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Lemma 3.16. If A is as given in equations (2.1a)—(2.1j), k and s are positive integers,
and y is a nonzero vector in F;’Xl, then there are at most Nullg 1, s — q"* choices of vectors

U =v1,02,...,v and scalars dog,do,1, - - - 7dk75k,k—1 € Fq such that
do,o
- do,1
ICAUS =y for d= . . (3.16)
dkysk,k_l

Proof. Once again recall that, by Lemma 3.3, Null4 ;. ¢ is the number of choices of polyno-
mials g1, 92,...,9r € Fglz] such that deg(g;) < si ; and of polynomials f; ;. € Fq[x] such
that deg(fi jm) < din;j for 0 <i < h,1<j</{; and 1 <m <k, and such that

fiiogo + fijagi + -+ fijkgr = 0 mod ;™ (3.17)

for 0 <i< hand1l<j </ Indeed, as described in Lemma 2.1, the above polynomials
fijm for i, 7 and m as above correspond to different choices of the vectors vy, v2,. .., v,
while the coefficients of polynomials g1, go, ..., gr are simply the coefficients of a vector d
as shown above.

Consider a choice of polynomials gi1,g2,...,9r € Fqlz] such that deg(g;) < si; for
1 < j < k (and a corresponding vector cf) as above. Suppose first that g; # 0 for at
least one integer j such that 1 < j < k and let S be the set of choices of polynomials
fijm € Fglz] such that 0 <i < h, 1 <j <4, 1 <m <k, and such that the equation at
line (3.17) is satisfied for 0 < ¢ < hand 1 < j < ;.

Suppose well that there exists a set of polynomials ﬁ,jm for 0 <i<h, 1<j <Y
and 1 < m < k — corresponding to vectors @ = wi,ws,...,wg € FZ‘Xl — such that
ICAﬂ;,’scf: y. Then the number of polynomials f; jm, € Fglz] for 0 <i < h, 1 < j <,
and 1 < m < k corresponding to vectors ¥ = vy, vs,...,v; such that KA7578J: y is equal
to the size of the above set S — for vectors v, vs,. .., vy satisfy this condition if and only
if vy, = Wy, + Uy, for 1 < m < k and the vectors vy, v, ..., 0% € FZXI correspond to one of
the choices of polynomials fum € Fylz] included in S.

On the other hand, if at least one polynomial g; is nonzero and there does not exist a
set, of polynomials fZ jmfor0<i<h,1<j</ and1l<m <k, corresponding to vectors
W = wi,Ws, ..., w; such that K4 gz sd = y, then the number of sets of polynomials f” m
satisfying this condltlon is at most ]S | once again, since |S| > 0.

It remains only to consider the case that g; = 0 for 1 < j <k, in which case d is the zero
vector. There are ¢"* choices of polynomials f; j, € Fy[z] such that deg(fi jm) < din; ; for
0<i<h 1<j</t;iandl1<m<k. Letv=uw,vy,...,0t € FZXI be the corresponding
vectors; then IC A@Scf is the zero vector for all such choices of polynomials and since the
vector y is nonzero, K A@scf is not equal to y for any of them.
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Considering all possible choices of the polynomials g1, g2, . . ., g it now follows that the

number of choices of vectors v = v1,ve,..., v, € FZXl and scalars do o, do,1, ..., di,s —1 €

k

F4 such that the equation at line (3.16) is satisfied is at most Nullg s —¢™", as claimed. [

Definition 3.17. Suppose that A € FZX”, k and s are positive integers, and that x is a

subspace of FZXI. Then Nully sy is the number of choices of vectors v = vy, v9,...,v; €
FZ‘Xl and scalars doo,d1,1, - - -, dk,s, ,—1 such that
doo

- - do1
Kagsd e x for d = .
dk,sk’k—l
The following is now immediate from Lemma 3.16.
Corollary 3.18. If A is as given in equations (2.1a)—(2.1j), k and s are positive integers,

and x is a subspace of FZXI with dimension d, then

Nullg s < g% Nullg jos — (qd _ 1) g,

Proof. If x has dimension d then y includes the zero vector along with (¢¢ — 1) nonzero
vectors y € F;’Xl. Now, the number of choices of vectors v = vy, ve,...,v; € F;‘Xl and
scalars dy 0,d11, - - -, dk,s, ,—1 € Fg such that K4 5.d = 0 is, by definition, Null4 . s. On the
other hand, if y € FZXI is a nonzero element of x then it follows by Lemma 3.16 that the
number of choices of vectors v = v1,vs,...,0; € FZXl and scalars di0,d11,. .., dks;  —1

such that the equation at line (3.16) is satisfied is at most Nullg s — ¢"*. Tt now follows
that

Null g sy < Null g + <qd _ 1) (Null g 4.5 — g"*)
= ¢" Nully s = (a7~ 1) - g™

as claimed. O

3.4 The Matrices H 445, 55, and 7/'2,471778L,17,5R
Block Hankel matrices, as defined below, will also be considered.

Definition 3.19. For a matrix A € FZ‘X" and for positive integers kr,, sr, kr and sg, and
vectors 4 = Uy, ug, ..., U, € FZXI and U= v1,v2,...,0k, € FZXI, let

_ T SILXSR
HA,U,SL,’U,SR - ’CAT,QI7SL ICA7U7SR G Fq *

and let
7 T SI XS
Hasposg = Kargs, - A Kagsg € FfF708
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Note that, since the rank of K47 z,, € Fy”*F cannot exceed min(n,sr) and the rank
of Kawsp € FZXSR cannot exceed min(n,sg), the rank of H4 g, 55, cannot exceed

min(n, sz, sr), and the rank of H 4 g5, 55, cannot exceed min(r, sz, sg).

Definition 3.20. For a matrix A € Fy™" and positive integers kr, sp, kg and sg, let
be the number of choices of vectors

NUIIAvkLNSL’kR’sR
— nx1 — nx1
U =up,ug,...,ug, €F, and U =v1,02,...,0, € Fj
and of scalars
dl,(]a dl,la s ’dl,SkR,l—h s 7dkR707 dk‘R,ly cee ’dkRyskR,kR_l € Fq
such that
dy o
- - di1
Hais, vszd =0 for d = .
dkR,SkR,kR—l

sp.km.sp D€ the number of choices of the above vectors and scalars such that

Let A-Nullg , |
Hais,,vspd =0 for d as above.

Definition 3.21. Let A € FZX” let kr, sp, kr and sgr be positive integers, and suppose
that kr, + kr vectors

U= UL, U,..., Uk and U=101,02,...,Vkpg

are chosen uniformly and independently from FZXl. For a nonnegative integer j such that
J < min(n,sr, Sg), let pak; s, knsp(J) be the probability that the matrix Ha g, #.s5 15
rank deficient by j, that is,

PAKLspkrsr(J) = Prlrank(H 4 i s, 5.s5) = min(n, sz, sg) — j].

Let 04k, s, kp.sp(d) be the probability that this matrix is rank deficient by at least j, that
is,
OAkp,spkrse(J) = Prlrank(Haa s, 5,s,) < min(n, sz, sg) — j].

Similarly, let pa ks, kr.sp(j) be the probability that the matrix ﬁA,ﬁ,sL,ﬁ,sR is rank defi-
cient by j, that is,

ﬁA,kL,SL,kR,SR(j) = Pr[rank(%A,ﬂ',SL,ﬁ,SR) = min(r7 SL, SR) - j]

Let 04k, s, kp.sp(d) be the probability that this matrix is rank deficient by at least j, that
is, N
Oakyspkrsr() = Prirank(Haas; 5,s5) < min(r, sp, sr) — j].
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The next result has essentially the same proof as Lemma 3.5: It suffices to note that
there are q"(kL+kR)pA,kL7sL7kR,sR(j) matrices H 4 g, 7k, that are rank deficient by j, and
that the right null space of any such matrix has dimension sg —min(n, sy, sg)+j. Similarly,
there are q"(kL+kR)ﬁA,kL7sL7kR,sR(j) matrices 7:[\14@1%17,;612 that are rank deficient by 7, and
the right null space of any such matrix has dimension sg — min(r, sz, sg) + J.

Lemma 3.22. Let A € FZX", let k1, s, kr and sy be positive integers and suppose that
the vectors
U= UL, U2,y ..., UL

L and U= 01,02,..., Uk,

and chosen uniformly and independently from FZXI. Finally, let j be an integer such that
0 <j <min(n,sr,sgr). Then

min(n,sr,sg)

_n(kn+kg)+sg—min(n,s, Z ,
Nu”A,kLmS[nersR - q”( L R) R mln(n L SR pA kL,SL,kR,SR(]) : q

min(n,sy,sg)

+g—1) Z W ) B

— q”(kL+kR)+SR—min(”7SL75R)
and
min(r,sz,,Sg)

_nlkitkr)+ ,
A-Null gk, s; kpsp = 4" n(kr+kgr)+sg—min(r,sy,sg) Z Paky sy hmsn(d) - q

min(r,sz,,sg)
_ n(kp+kr)+sgp—min(r,s,,s j—1
=gq (kr+kr)+sr (r:8L,8R) (g—1) E Gk hmsn(d) - @

Once again, useful inequalities are obtained:

(NU”A kr,sp.kr.Sp — qn(kL+kR)+sR_min("75L75R))

(q — 1)qn(kL+kR)+sR—min(n,sL,sR)—i-j—l

UA7kL7SL7kR7SR(j) S (3.18)

and

(ANUlLLg,y oy ooy — g7 ELHER)HsR-min(rss.sn)

(q — 1)q"(kL+kR)+8R—min(T78L,SR)+j—1

8A7kL7sL7kR7SR(j) S (3.19)

The next results will be of use in bounding Null4 1, s, krsr and A-Nully ;, s, krSR.
Lemma 3.23. Let A € FZX” and let kr,, sr, kr and sg be positive integers. Then
NUlA ey o psn < @5 4 " ENUll gy o (NUILA g s — ¢7F0)
and

kr+k - k
A-Nulla oy sy kg < 0" n(kotkr) 4 q" SLA_NLI”A,kLysL(NU||AJ€R78R —q"").
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Proof. Consider vectors 4 = uy,ug,...,ug, and the corresponding matrix Kz z;, whose
transpose is included in the definition of H, 7, #s,, above. This matrix has rank at
most min(n, sz), and (by definition) if the above vectors are chosen uniformly and inde-
pendently from F;”d then this matrix has rank min(n, sz,) —j with probability p,r , s, (J)
for every integer j such that 0 < j < min(n,s;). Consequently there are ¢"*-p AT jop sy (J)
choices of the vectors @ such that this is the case.

Fixing any such choice of u, one should note that the right null space of the matrix
ICEZT@’SL € F;2™™ is a subspace x of F;”d with dimension n — min(n, sz) + j. Notice, next,
that for any choice of vectors

= nx1
U=101,02,...,0k, € Fy
and scalars dl,O, dl,l, .. 7d17SkR,1—1’ e ,dkmo, dkR,17 ce ’dkRvskR,kR_l S Fq,
d10
- - din
Hais,,vszd =0 for d = )
dkRvskR,kR_l

if and only if K4 5, R(f € x. It follows by Corollary 3.18 that the number of choices of the
vectors ¢ and scalars dq 0, d11, .. - 7dkR,SkR,kR—1 such that this is the case is at most

n—min(n,sr,) n—min(n,sg)+j 1) . anR‘

q . Nu”A,k‘R783 - (q

Considering all choices of j, it now follows that

min(n,sr)
Null gy sp kpsr < Z (anLpATJcL,sL (J)
7=0
« (qn—min(n,sL)—l—jNu”A knsm — (qn—min(n,sL)—l—j - 1)an3))

min(n,sr,)
k .
= > (@™ par iy 6, ()
=0
« (qn_min(n’sL)+j(NU”AJgR,sR o anR) + anR))
min(n,sr,)
= qn_SL(Nu”A,kR,SR - anR) anL+SL_mln(n7SL)+]pATJi‘L,SL (j)
=0
min(n,sy)
+ "R N g e ()

j=0
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min(n,sr,)
= qn_SL(Nu”A,kR,SR - anR)Nu”ATJgL,sL + qn(kL+kR) Z pAT,k‘L,SL (j)
=0
(by Lemma 3.5)

= "L (Null g g s — @F)Null g7 5, + g FethR)

since pyr i, 5, (j) are probabilities of mutually exclusive events, one of which is guaranteed
min(n,sy)

to occur, so that .-, PAT g, .5, (J) = 1.
Reorganizing terms, one can see that

n(kL+kR)

— k
Nulla ks kmse < 4 +q" SLNu”AT7k‘L75L(NU||A:kR7SR —q" R)'

It remains only to notice that, since the matrices A and A have the same invariant factors,
it follows by Lemma 3.3 that Null 47 ;. o = Nullg g, s, , as needed to establish the first part
of the claim.

The proof of the second part of the claim is virtually identical to that of the first.
In this case, one should begin by considering matrix AT - I AT 4,5, » Just as the argument
given above began by considering K7 ;.. In particular, it should be noted that, for
0 < j < min(r,s), the matrix AT - K47z, has rank min(r,s;) — j with probability
PaT 1, s, (J), s0 that there are ¢"*2p 4z . (j) choices of vectors @ = uy, ug, . .., up, € F;‘Xl
for which this is the case.

Fixing any such choice of , one should next note that the right null space of the matrix
KzT,ﬁ,sL - A is a subspace x of FZ‘Xl with dimension n — min(r,sz) + j. As in the above
argument, Corollary 3.18 should be applied to obtain an upper bound for A-Null4 1, s, kp.sk
(instead of Nullg x, s, kp.sp). While min(r, sz) replaces min(n, sz) in this derivation, and
A-Null g7 . o, replaces Nullyr 5 . , the derivation is otherwise unchanged. O

Lemma 3.23 provides useful bounds for Nullg g, s, in a
common case, as described next.

and A‘NU”A,kL,sL,

kRr,SR kr,sr

Theorem 3.24. Let A € FZX", let kr,, sp, kr and sg, and suppose that
Null g g, 5, < anL + Vq(kL_l)n‘f‘SL’ Null g s < anR + Vq(kR_l)n'f‘SR

and
A-Nullg gy s, < g0 4 pglke—ntse

where v,U > 1. Then
Nulla iy o psr < 0" P2 PR (14 vg®n ™50 4127

and

A-Null g, < q"FETRR) (1 4 pgt R oy DR,

sL,kR,SR
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Proof. 1t follows by the above lemma that

kr+k — k
NU||AJ€L78LJ€R,SR < qM Lthn) +4q" SLNU||A7kL75L(Nu”A7kR75R —q""")
< qn(kL—i-kR) + g NU”A,kL,sL . Vq(kR—l)n-i-sR
— n(kp+kr) nkp+sp—sr
=q + vq Null g k) s,

< qn(kL—I—kR) _|_ankR+sR—sL(anL _|_Vq(kL—1)n+sL)

_ qn(kL—l—kR)(l —I—I/qSR_SL +V2qu—n)

as claimed. The proof that

A-Nulla gy s kp,sr < qn(kL+kR)(1 +vg* T 4y DR,

is virtually identical: One begins by applying the lemma to conclude that
A'Nu”A,kL,SkaRvSR < qn(kL+kR) + qn_SLA'Nu”A,kL,SL(Nu”A,kR#R - anR)'
and applies the given bounds on A-Null4 ;, s, and Nullg z, s, in the same way. O

The next objective is to establish an analogue of Lemmas 3.7 and 3.15 — Theorem 3.27,
below. Unfortunately the proof of this is somewhat more complicated because of the
structure of Ha g, isp a0d Ha i s, 755

With that noted suppose, once again, that Zo, ?1, . ,Eh are integers such that 0 < ZZ </
for 0 < i < h and consider the decomposition of A described in Subsection 2.3. Then

AT 0

AT = XT -
0 AT

(xT)~ (3.20a)

as well. Suppose that kr, sy, kg and sg are positive integers. For any set of vectors
U =uj,ug,...,u € F;‘Xl (3.20b)
it is possible to write each vector u; uniquely as
wp = W1, + Ui L, (3.20c)
where u; 7, is a linear combination of the vectors
X'Tel,)?Teg, . ,XTeﬁ

and where u; 1, is a linear combination of

vT vT
X eg X €ggr---
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(where ey, €9, ..., e, are the standard unit vectors in FZXI). Henceforth let us write
'L_[T,L :ul,LyuZLy---yukL,L and 'L_[B,L :ﬂl,L7ﬂ2,L7---7ﬂkL,L (3.20d)

for the vectors described above.
Similarly, for any set of vectors

U=01,02,...,0, € FZXI (3.20e)
it is possible to write each vector v; uniquely as
Vi = ViR + ViR (3.20f)
where 7; g is a linear combination of the vectors
)?_161,)2_162, e ,X‘leﬁ

and where v; g is a linear combination of the vectors

S o1 o1
X 6N+1=X eN+2,...,X en.
Henceforth let us write
Ur,r = U1,R, U2,Ry-- -+ Ukp,r  and  UBR =01,R,V2R---,VknR (3.20g)

for the vectors described above.
It is straightforward to use the above characterization of A and definition of these
vectors to establish that
U LA™y p = U A"V =0 (3.20h)

for all integers 4, j and m such that 1 < i < kp, 1 < j < kg, and m > 0. It follows that if
s is a positive integer, sip 1, Skp,2:- - -+ Skp,kp are as defined in Section 2, and

dio,dig,-. o dis 1, kg0, dig1s - - gy — 1 € Fy

then

HAﬂI’vaﬁNst = HA76T,L75L7ﬁT,R7SRd + HA7ﬁB,LvsL7ﬁB,Rvst
d1,0
di1

for d = (3.201)

diy,, -1

skR,kR
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Lemma 3.25. Let A be as described in Subsection 2.3, and consider any choice of vectors

U, = U1, L, U2, Ly - - Uky Ly, UB,L = ULL ULy, Uky Ly

and 17B,R = 51,3,5273. .. a'LN)kR,R

as described above, as well as scalars

d1,07 d1,17 cee ’dl,skR,l_l’ cee 7dk‘R,07 dkR,17 s 7dkR75kR,kR—1 € Fq-
The number of choices of vectors
UT,R = U1,R, U2,R> - - - » Ukp,R
(that are linear combinations of X te;, X les, ... ,X‘leﬁ as above) such that
d1,0
- - din
Haisy, 5,554 =0 ford= : (3.21)
dkRvskR,kR_l
where U = U1, U2, ..., Up,, U = V1,02,...,V0p, U = Ui + Uy for 1 < i < kg, and

v; = Ui g + Ui, for 1 <i < kg, is less than or equal to the number of choices of vectors

Ur,R = U1,R; U2, R - - - » Uk R
(that are linear combinations of )?_lel,)?_leg, .. ,X‘leﬁ as above) such that
HA717T,L,SL,17T,R78Rd = 0. (3.22)
Szmzlarly, the number of choices of vectors vr r that are linear combinations of the vectors
X- 161,X ey, .. X 1eN, such that HAuvast 0, for i, U and d as above, is less
than or equal to the number of choices of wvectors UTR (that are linear combinations of
X~ leg, X ey, ., X N) such that HA UTL,SL7UT,R73Rd 0.

Proof. Fix any choice of the vectors 7 1, Up 1, Vg r and scalars

dl,Oa dl,la s ’dl,SkR,l—h s 7dkR707 dk‘R,ly e 7dkR, -1€ Fq

SkRr.kR

as above, and let S be the set of choices of vectors vrr = ViR, V2R, -, Uk, r (that
are linear combinations of the vectors X _161,)? _162,...,)? _161\7 as above) such that
the condition at line (3.22) is satisfied. It is necessary and sufficient to show that the
number of choices of vectors Ur r = U1.g,U2.R, ..., Vk,,r (that are linear combinations of
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)?_161,)2_162, ... ,X‘leﬁ once again) such that the condition at line (3.21) is satisfied,

instead, is less than or equal to the size of the set S.
Now suppose first that there exists a sequence of vectors

wWr g = W1,R, W2 R, - - -, Wkp,R

that are linear combinations of X'_lel, X‘leg, . ,)A(_leﬁ such that

— —

HA,UT,LyvawT,Rvst = HAvﬁB,LyngB,Rvst'

In this case it suffices to apply the equation at line (3.20i) to conclude that there are exactly
|S| choices of vectors

UT,R = V1,R, V2R - - - Ukp,R
that are linear combinations of X ~le;, X ~ley,..., X e & satisfying the condition at line (3.21)
— for a sequence of vectors

UT,R = V1,R, V2R - - - » Ukp,R
that are linear combinations of X ~'e;, X ey, ..., X e 5 satisfies the condition at line (3.21)
if and only if the sequence

U1,R — W1,R, V2 R — W2 Ry---,Vkp R — Wkp R

is a sequence of linear combinations of X le;, X ey, ..., X e 5 satisfying the condition

at line (3.22), instead.
In the remaining case, there is no sequence of vectors

wWr,g = W1,R, W2,R, - - -, Wkp,R

that are linear combinations of X'_lel, X‘leg, . ,)A(_leﬁ such that

— —

HA,ﬁT,L,SLﬁT,mst = HAyﬁB,LysLﬁB,Rvst'

In this case, the equation at one (3.20i) can be applied to establish that there are no vectors
Ur,R = V1,R, U2,R; - - -, Ukp,R

that are linear combinations of the vectors X _161,)? “ley, ... ,X' —le 5 satisfying the con-
dition at line (3.21) at all — and the first part of the claim holds because |S| > 0.

The proof of the second part of the claim is virtually identical: One can argue as above,
with the matrix ﬁA,ﬁ,sL,ﬁ,sR replacing Ha 4, 7,55, and with the matrix ﬁA,ﬁT,L,SL,ﬁT,R,SR
replacing Ha iy 1 sp.57. 158" O

31



Lemma 3.26. If k1, sy, kr and sgr are positive integers and A is as described in Subsec-

tion 2.8, then there are Null + choices of sequences of vectors
’ A,kL,SL,kR,SR

- ~ ~ ~ %1
Ur,L. = U1,L,U2,L,- .-, Uk L € FZL
that are linear combinations of X e1, X ey, ... ,XTeK,, sequences of vectors
- ~ ~ ~ nx1
Ur,R = V1,R, V2R, -+, Vkp,R € Fy
that are linear combinations of X le1, X leq, ... ,X‘leﬁ, and sequences of scalars
di,0,di1y. -5 dis, 155 kg0, kg 1y -5 Akpsy -1 € Fy
such that
d1,0
. - di1
HA@T,bSLﬁT,R,SRd =0 for d = . s (3.23)
dkRvskR,kR_l

and there are A-Null 3 . SLk:RsR choices of sequences of vectors Ut 1, that are linear combi-

nations of XTer, XTes, ... ,XTeﬁ, sequences of vectors Ut g that are linear combinations of
—1 € Fy, such

~

X ter, X tey,... ,X_leﬁ, and sequences of scalars dy,di1,. .. ’dkRyskR,kR

that Ha iy, sy, gspd = 0 for d as above.

Proof. Let
0
0 _
_ Nx1
Oy =1.]€ F, 7
0
Consider a sequence of vectors @ = w1, us, ..., U, € Fév %1 the sequence of vectors
U = U, ¢ ,U u, o, €Fd
XL~ "Mx oYX Y XL q
such that
~ Ws
—_xT |
U, L= X oN

for 1 < ¢ < kg, is certainly a sequence of kj, vectors in FZXI that are linear combinations

of XTey,XTey,..., X e 5 Furthermore, every sequence of vectors

L, ~ ~ ~ nx1
ur,L. = U1,L,U2,L,- .-, Uk L € Fq
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that are linear combinations of X7ey, X ey, ..., X e & 1s equal to the sequence ug , cor-

responding to exactly one sequence of vectors @ = ui,us,...,ux, € FéV 1
Similarly, there is a one-to-one correspondence between sequences of linear combinations
of X e;, X leg, ... ,X_leﬁ and sequences of vectors in F(]IV”: Consider a sequence v =

—

V1,v2,...,Vk, of vectors in Ff]V“. If one sets Ug g to be the sequence of vectors

U — ~ ~ =N nx1
VRV R R V28R YkpX.RC Fy

where
_ 1| Y
v gp=X {0 ~]
N
for 1 <14 < kg, then every sequence

— ~ ~ . nx1
Ur,R = V1,R, V2R, - -+, Ukp,R € Fy

~

of vectors that are linear combinations of X le;, X les,..., X le 5 can be expressed as

H)?,R for exactly one sequence of vectors ¥ = vy, v9,..., 0k, € Ff]VX1.

Now consider any sequence of vectors @ = uy, ua, ..., u, € Fév %1 and the corresponding
sequence of vectors g ; € FZXI, any sequence of vectors ¥ = vi,v,..., V5, € F(]ZVXl and

the corresponding sequence of vectors Ug ,, € FZXI, and any sequence of scalars

d1,07 d1,17 e 7d1,SkR71—17 e 7dk‘R,07 dkR,17 s 7dkR78k)R,kR_1 € Fq-
One can see by an examination of the equation at line (2.3b) that

d10
di 1

-

Haa d=Hzg, 5.4 ford=

2.05LU% pSR TSR

dkmSkR,kR—l

The first part of the claim now follows by a consideration a summation over all possi-
ble choices of vectors & and d and all possible coefficients of the above vector d and by
applying the definition of Null 3 kr The second part of the claim follows by the

,S/g,k)R,SR'
same argument, with the matrix Ha a; ; s, .5rp.sn rePlacing Ha iy sy orp.sp and with
i L replacing H 3 - L (for various choices of vectors «@ and ¥). O
SUT, LySLVT,RsSR yUT,LsSLVT,RySR

Theorem 3.27. If k1, s;, kr and sgr are positive integers and A is as described in Sub-

section 2.3 then

(kL+kr)N Nyl| ~

Nu”AvkLvvakRvsR =4 Akr,sp,kR,SR

and

_ (kp+kr)N 4_ .
=4 A Nu”A,kL,SkaRvSR'

A-Null s,

sL,kR,SR
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Proof. By definition, Nullg 1, s, kg,sps is the number of choices of vectors @ = uy,ug, ..., ux, €
F;’Xl, vectors U = v1,v2, ...,V € F;‘Xl, and scalars
dl,(]a dl,la s 7d1,SkR’1—17 s 7dkR707 dk‘R,ly cee ’dkRvskR,kR_l
such that
di 0
- - din
Hais,, vszpd =0 for d = . . (3.24)
dkR,SkR,kR—l

As noted above, each choice of vectors @ corresponds to exactly one choice of vectors
Ur, = Ui,rL,UsL,-..,uk,  and vectors upy = Ui,r,U2L,---,Uk 1 as defined above.
Similarly, each choice of vectors ¥ corresponds to exactly one choice of vectors vrr =
UL,R, U2,R, - - - » Uk.r and of vectors U r = U1,R, V2R - - - , Ukg,r as defined above.

Fix any choice of the vectors @p 1, and vz g. It follows by the first part of Lemma 3.25
(summing over all possible choices of @7 1, and the coefficients of the above vector (f) that
the number of choices of ur 1, Ur g (defining vectors 4 and ¥) and the coefficients of d_: such
that the equation at line (3.24) is satisfied, is less than or equal to the number of choices
of vectors ur r,, U Rr, and coefficients of d such that

-

HA7ﬁT,L7SL7ﬁT,R7SRd = O

— and the first part of Lemma 3.26 implies that this number is NullgvkL’SkaRvsR.
The first part of the claim now follows by the fact that there are ¢*zt5rRIN possible
choices of the vectors up 1 and U g.
The second part of the claim follows by the same argument, with applications of the
first parts of Lemmas 3.25 and 3.26 replaced by applications of the second parts of these

lemmas. O

4 Analysis of the Expected Nullities When There are Few
Invariant Factors

Let us next consider the expected nullities of K4 5 and A - Ky 5, for o = vy, v9,..., v,
and of Ha s, 5,5, and ﬁA,ﬁvsL7ﬁ75R for 4@ = u1,ug,...,ux, and ¥ = vi,v9,...,V,, When
the number of invariant factors is small — that is, when k& > ¢ (for consideration of the first
and second of these matrices) and when min(kr, kg) > ¢ (for consideration of the third
and fourth).
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4.1 A Bound for Null,

Lemma 4.1. Let s be a positive integer, and let £& be a a nonzero factor of the minimal
polynomial Y = @80,1907111,1 e @Zh'l of A whose degree is less than s/k.Then there are at
most ¢°*~98©k choices of polynomials g1, gs,...,q; € Fqlz] such that deg(g;) < si; for
1<j5<kand

ng(917927 v 7gk71/}) = é.

For every such choice of polynomials there are at most ¢k~ +deg€) chojces of poly-
nomials fi jm such that deg(fijm) < din;j for0<i<h, 1<j <V, and1 <m <k and
such that

fijngi + fij2ge + -+ fijxge = 0 mod ¢ "’

for all integers i and j such that 0 <i < h and 1< j < /.

Proof. Consider a polynomial £ € F,[z] as described in the claim. Since ¢ is a divisor of 91,

=00 1" ot (4.1)
for integers mq, m1, ..., my such that 0 <m; <n;q for 1 < < h.

Let j be an integer such that 1 < j < k. If s; ; > deg(&) then a polynomial g; € F[z]
with degree less than sy, ; is divisible by £ if and only if g; = h;{ for a polynomial h; € Fy[x]
with degree less than sy, j—deg(&). Since the coefficients of h; can be chosen freely, there are
gsri—e8(&) choices of gj € Fqlz]. On the other hand, if s, ; = deg(§) then a polynomial g;
with degree less than sy, ; is divisible by ¢ if and only if g; = 0, so that there are ¢ —deg(¢)
choices of g; in this case as well.

Now, if deg(§) < s/k then s;; > deg(§) for all j such that 1 < j < k and, since
Sp1+ Sg2 + -+ sk = s, it follows that there are there are qs_dcg(ﬁ)k choices of the
sequences of polynomials g1, g2, ..., gr such that g; has degree less than s ; for 1 < j <k
and each is divisible by &. It follows that there are also at most ¢°~98©¥ choices of
polynomials g1, g2, ..., gr € Fqlx] such that g; has degree less than s, ; for 1 < j < k and

ng(gb 92, -5 9k, ¢) = 67 (42)

as well, since there latter condition implies the former.

Now consider any choice of polynomials g1, g2,...,gr € Fqlz] such that g; has degree
less than sy ; for 1 < j < k and such that the equation at line (4.2) is satisfied, and let ¢
be an integer such that 0 < ¢ < hA. Since the polynomial £ has the factorization shown at
line (4.1), either

mg

e m; < n;1, each of g1,92,...,gx is divisible by ¢,

1
mials is not divisible by ™!, or

and at least one of these polyno-

e m; =n;1 and g1, 92,...,9; are all divisible by 90;-“’1.
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Consider the first case, so that m; < n;1 and each of g1, gs,...,gx is divisible by ¢
and at least one of these polynomials is not divisible by 90;”1*1. In this case there exist
polynomials ﬁl,ﬁg, . ,ﬁk € F4lz] such that g, = ﬁr - " for every integer r such that
1 < r < k, and such that Er is not divisible by ¢; for at least one such integer r. Then,
since ¢; is irreducible, ﬁr is relatively prime with both ¢; and "1~ and there exist
polynomials 5,7 € F,[z] such that

o+ B

(2

=1,

so that §ET =1 mod (’Dm,l—mi

(]
Now consider any integer j such that 1 < j < ¢; and n; ; > m; as well; since n; ; < n; 1,
i, M

Shy = 1 mod cp? as well, and

fiingr + fiiogs + - fijrgk = 0mod @)™
= fi,j,lﬁl + fi,jg/ﬁz I fi,j7k/ﬁk — 0mod "™
= fi,j,rﬁr = —(fi,j,1/]%1 + fi,jgﬁz I fi,j,r—l/ﬁrq
+ figrsthesr + figosaheso + o+ fijahi) mod @™
= fijr=—8(fijihn + fijoho + -+ fijrihr—1
+ fi,j,r—i—lﬁr—l—l + fi,j,r+2ﬁr+2 +oeet fi,j,kﬁk) mod "

i, M

Thus f; ;191 + fij292 + -+ fijrgr = 0 mod gpz-”’j if and only if
fige = Figrpi ™ 0

where J?i,j,r is a polynomial with degree less than d;m; whose coefficients can be chosen
freely and where v € Fy[z] is the unique polynomial with degree less than (n;; — m;)d;
such that

v=—5(fijih1 + fijoho+ -+ fijr—1hr—1
+ fijasrhesr + figrsohees + -+ fijehi) mod @]

i\j M

Since each polynomial f; ; ,, must have degree less than d;n; ; and the coefficients of these
polynomials can be chosen freely, if 1 < m < k and m # r, there are ¢* 4" choices of
the polynomials

fig1s fig2s s figr—1, figr+1s figr2s - -5 fijk

and, for each choice of the above polynomials there are ¢%™: choices of fijr (since the
coefficients of the above polynomial f; ;, can also be chosen freely). The number of choices
of fij1, fij2, .-, [fijkis therefore gk Ddinij+dimi ip this case.
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Suppose, on the other hand, that j is an integer such that 1 < j < ¢; and n;; < my;
then

fijagr + fijoge + -+ fijkgk
= (fijah1 + fijoho + -+ fijxhi)p" = 0mod ¢,
for every choice of f;;1, fij2 + -+ fijkr Since each of these polynomials must have

degree less than d;n; ; but can otherwise be chosen freely, there are ¢"4imii choices of these
polynomials. Now, since
kdﬂl@j = (k — 1)dini,j + dﬂl@j < (k — 1)dini,j + dimi,
the number of choices of these polynomials is at most g(¥—1dinii+tdimi in this case as well.
Since n; = di(n;,1+ni2+...n;y,) it follows that if n; 1 > m; then the number of choices
of all of the polynomials f; j,, such that 1 < j < /; and 1 < m < k, is at most

4;

H q(k—l)dini,j+dimi _ q(k_l)Zﬁizl(dini,j)+2§i:1(dimi) _ q(k—l)ni—i-dimﬂz"
j=1

Consider now the second case, that is, m; = n;1 and g¢1,92,...gr are all divisible

by ¢;"". In this case

fiiigr+ fijoga + ... fijkge = 0 mod @, "

for 1 < j < ¢; for all choices of polynomials f; ;, such that 1 < j </; and 1 <m <k, and
there are ¢*™ choices of these polynomials. Now, since ni; <njp <m; for 1 < j <4,

n; = di(nig +nig+...np,) < dimil,

so that kn; = (k — 1)n; + n; < (k — 1)n; + dym;¢;, and the number of choices of these
polynomials is at most g(k=Dnitdimili ip this case as well.

Since ¢; < ¢ for every integer ¢ such that 0 < ¢ < h, it follows the number of choices
of all polynomials f; ;,, such that 0 <i < h, 1 < j < /; and 1 < m < k, and the given
constraints are satisfied, is at most

h
H q(k—l)ni+dimi3i _ q(k—l)z?zo ni+S 0o dimil;
i=0

< q(k—l) Sl ot g dimil

— q(k)—l) Z?:O ni—i-Z Z?:O dimi

— q(k—l)n—l-f deg(&)

as claimed. O
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Lemma 4.2. Let s be a positive integer, and let £ be a a factor of the minimal polynomial
Y1 =" o op™ ! of A whose degree is greater than or equal to s/k. If gi,ga, ..., gk €
Fqlz] are polynomials such that g; has degree less than sy, ; for 1 < j <k then g1, g2, .., gk
are all divisible by £ if and only if

g1=92=-=gr=0.

If the above equation is satisfied then there are ¢"* choices of polynomials fijm € Fqla]
such that 0 <1 < h, 1 <j </{;, 1 <m <k, the degree of f; jm is less than d;n;; for all
such i, j and m, and such that

fijign + fijoga + ... fijrgr = 0mod @,
for all integers i and j such that 0 <i < h and 1 < j <.

Proof. Since the degree of £ is an integer that is greater than or equal to s/k, the degree of £
is greater than or equal to s, for 1 < m < k. Now, since the degree of the polynomial £
exceeds the degree of g, (if 1 < m < k and the degree of g, is less than s ), gm can
only be divisible by £ if g,, = 0. Thus g1, g9, ..., gr are all divisible by £ if and only if

91,92, ---,9k 207

as claimed.
If the above equation is satisfied then

figag + fijoga + -+ fijrgr = 0 mod "

for all choices of polynomials f; j., such that deg(f;jm < din;j for 0 <i < h, 1 <j <4,
and 1 < m < k. The result now follows because there are ¢"* choices of polynomials
in F,[x] satisfying these degree constraints. O

Theorem 4.3. If A is as given in equations (2.1a)—(2.1j) and s and k are positive integers
such that k > £, then
Null s < g™ +wgltm e

where

6log, n ifk=10+1,

v=1<4 ifk=10+2,

(1+2¢"F1) ifk>¢+3.
Proof. Tt follows once again by Lemma 3.3 that Null4 ;s is the number of choices of poly-
nomials f;jm for 0 <7 < h, 1 < j < ¢ and 1 < m < k, and of polynomials g, for
1 < m < k, such that f; ;,, has degree less than d;n; ; and g,, has degree less than s,
for all 7, j and m as above, such that

f7‘7.]71-gl + fl,‘],2g2 + te + fz7]7k‘gk = (’D:LZ'J
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for0<i<hand1<j </,

nOl nll

Once again, let ¢y = @1 .. op"" be the minimal polynomial of A. Then

ng(gl7927"'7gk7¢1) :g (43)

for some nonzero divisor £ of vy in Fg4[z], for any choice of the polynomials f; ;,, and g,
(for 7, 7 and m as above) satisfying these constraints.

Suppose first that the degree of ¢ is less than s/k; then it follows by Lemma 4.1 that
there are at most ¢°*~98©* choices of g1, g2, .. ., gk, such that g,, has degree less than Sk.m
for 1 < m < k, satisfying the condition at line (4.3). It also follows by this lemma that
there are at most gk~ t£deg) choices of fijm (for all 4, j, m) corresponding to any such
choice of g1, ¢g9,...,gr such that the above constraints are satisfied. Consequently there

are at most

s—deg(&)k . (k—1)n+Ldeg(§) (k=1)n+s+(f—k) deg(&)

q g =49
choices of f; ; » and gy, for all 4, j and m as above, satisfying the constraints described in
Lemma 3.3 along with the condition at line (4.3).

On the other hand it follows by Lemma 4.2 that the condition at line (4.3) is only

satisfied when deg(§) > s/k if

g1=g2=-=g,=0

(in which case & = 1)); there are then ¢"* corresponding choices of the polynomials fijm
satisfying the constraints described in Lemma 3.3.
It follows that
Null 4 s < an + Z q(k—l)n-i-s-i-(é—k)deg({). (4.4)
§€F,[=]\{0}
¢ divides 9
deg(§)<s/k
Since all terms shown in the above expression are nonnegative, a larger (but cor-
rect) bound can be obtained by discarding the condition that deg(§{) < s/k. Since
S gono Yot gpzh’l, € is a divisor of 1 in Fy[z] if and only if
£=p " o
for integers mg,m1,...,my such that 0 < m; < n;; for 0 < ¢ < h — in which case
deg(&) = Z?:o m;d;. Tt now follows that

NU”Aks San+ Z (k 1)n+s+(0— k)z o dimy

Ogngnz 1
for 0 <14 < h

<an_|_ Z (k—1)n+s+(L— IC)Z:Z o dim

m; >0
for0<i<h
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— g +q(k—1)n+s Z q(é—k) Sk dimg

m; >0
for0<i<h
h
_ an _|_q(k‘—1)n+s Z Hq(ﬁ—k)dimi
m;>0 =0
for0<i<h
h
_ an +q(k—1)n+sH Z q(Z—k)dimi
1=0m; >0
h
_ an + q(k—l)n—l—s H(l . q(f—k)di)—l‘
=0
An upper bound for
h
H(l _ q(f—k))di)—l
1=0

can therefore be used to obtain an upper bound for Null4 ;. Upper bounds that are
sufficient to establish the claim are derived in the rest of this argument.

Suppose first that £k = ¢ + 1. In this case, since g, 1, ..., @ are distinct irreducible
polynomials in F,[z] that each divide the minimal polynomial ¢ of A, and ¢ has degree at
most n, one can apply Proposition 3 of Wiedemann [27] to conclude that

h h

[T =Pt =T[(1 - g %) < 6log,n,
=0 =0

as needed to establish the bound claimed for this case.

Suppose next that k = £ + ¢ for some constant ¢ > 2. In this case, since there are at
most ¢?/d monic irreducible polynomials in Fq[z] with degree d for any positive integer d,
one can group g, ¥1,-- -,y by degree to establish that

h h h
H(l _ q(Z—k)di) >1— Zq(é—k)di -1 Zq—cdi
=0 1=0 1=0
d (1—c)d
q —cd q
>1— - =1
ST SE R, pl i
d>1 d>1
(1-c)d
- q
=1 l1—c
D D
d>2
(1—c)d
>1— ql—c _ Z q
d>2



_ - q 1—c)d
d>0
q2(1—c)
=1—-q¢"— Z 274 (since ¢ > 2 and ¢ > 2)
d>0
-1 ql—c o q2(1—c)
If ¢ = 2 then it follows that
h
H(l — q(f—k)di) >1-— ql—c o q2(l—c)
i=0
>1-3—1 (since q > 2).

Thus H?:O(l — q=Rdiy=1 < 4 when k = £ + 2, as needed to establish the bound claimed
for this case.

Suppose, finally, that ¢ > 3. Then

(1 + 2q1—0)(1 - ql—c - q2(1—c)) =14+ ql—c _ 3q2(1—c) _ 2q3(1—c)
=1+ ql—C(l o 3q1—c o 2q2(1—c))

>1+¢"7¢(1 —3¢7% —2¢7) (since ¢ > 3)
>1+4¢"7°(1 - 3 %) (since ¢ > 2)
> 1.

It follows that (1 —q'=¢ — q2(1_c))_1 < 14 2¢'¢, as needed to establish the claimed bound
in this final case. O

The following can be obtained using the bounds for Null4 ;s in the above theorem,

together with the inequality shown at line (3.6) on page 15, and the observation that if
s > n then ¢"*F < gk=Dnts,

Corollary 4.4. Suppose again that A is as given in equations (2.1a)—(2.1j) and that s
and k are positive integers such that k > £. Then

O_A7k7s(j)éq%lqmin(n,s)—n—j—l—l

for v as defined in Theorem 4.3, above, and for 1 < j < min(n,s).

4.2 A Bound for A-Nully

Theorem 4.5. If A is as given in equations (2.1a)—(2.1j) and s and k are integers such
that k > £, then
A-Nully g, o < "% 4 pghDntstbo
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for
6log, n ifk=0+1,

v=1_4 ifk=10+2,
(14 2¢" %Y if k> 1+ 3.

Proof. This follows from an application of the inequality at line (3.15) on page 21, along
with Theorem 4.3, above. O

Since n = r+/{y, the above bounds can be applied along with the inequality at line (3.10)
on page 19 to establish the following.

Corollary 4.6. If A is as given in equations (2.1a)—(2.1j) and s, j and k are integers such

that k > £, then
Faoli) < g2g g T
sy - q—

for v as defined in Theorem 4.5, above, and for 1 < j < min(r,s).

4.3 Bounds for Null,, and A-Null,

sp,kR,SL SL:kR,SR

Theorem 4.7. If A is as given in equations (2.1a)—(2.1j) and sp, ki, sg and kg are
positive integers such that min(kr,kgr) > ¢, then
NUllA kg kmasre < @"FF TR (1 4 vg™n s 41200,
where
6log, n if min(kp, kg) =€+ 1,
v=+<4 if min(kr, kg) =€+ 2,
14 2¢¢-minkr kR if min(kp, kg) > £+ 3.
Proof. 1t follows by Theorem 4.3 that

Nulla gy s, < ¢ + g™ D750 and Nullg g o < ¢ 4 vgFrDnter

for all positive integers s; and sg, and for v as above. The claim now follows by an
application of Theorem 3.24. ]

The bounds in the above theorem can used along with the inequalities at lines (3.18)
and (3.19) on page 25 to establish that if min(ky, kg) > ¢ then

TA ks .5s kmsn (]) < q—Ll (quin(n,SL,SR)—sL + V2qmin(n,SL,SR)—n)q1—j (4.5)

for 0 < j < min(n,sr,sg), and for v as above.

Now, in order to consider A-Nullgx, s; kp.sg, let Zg = 0 if ng,; = 1, and let Zg be the

largest integer such that 1 < @\0 < {4y and o 7 > 2. otherwise — so that

no1 = N2 = 2 NG =2 and Mo 7or1 = Modor2 = = Moo = 1.
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Set ZZ = {¢; for 1 < i < h and suppose that A, and the matrices Ac F?XN and A € F?Xﬁ
are as described in Subsection 2.3. Then N = n—4_g +Zo, and A is the zero matrix in Fév xN
for N = by — Z(], so that A and A both have rank r = N — 570. Furthermore, if

z\: maX(ZO,le . e 7Zh)

then ¢ is the number of nontrivial invariant factors (that is, the number of invariant factors
different from z) of A.
The following bounds can be established by an application of Theorems 3.24 and 4.3.

Theorem 4.8. If A is as given in equations (2.1a)~(2.1j) and sr, ki, sg and kg are
positive integers such that min(kr,kgr) > ¢, Then

A_NUHA,]CL,SL,ICR,SR S qn(kL+kR)(1 + VqSR_SL + V2q8R_r)
where R
6log, n if min(kr, kg) =+ 1,
v=44 if min(kp, kg) =€ + 2,

14 2g-minte kR if min(ky, kg) > 0+ 3.

Proof. Consider the matrix Ae Ff]\? N described above. It follows by Theorem 4.3 that if
kr, sr, kg and sg are positive integers such that min(kp, kg) > Z, then

Null 5

Nkr (kp—1)N+sp, R Nkg (k1) N +5n
Akps, =4 " tvg and Nullz, < ¢VF7 +1g

for v as given above. Theorem 4.5 can be applied to establish that

N Nk | =,(kp—1)N+
A'Nu”A,kL,sL < gNkr 4 ,/q( L—1)N+sg,
for v = I/qZO.

Theorem 3.24 can now be applied to establish that

A-Null 3 < qﬁ(kL'i‘kR)(l_‘_yqu—sL —I—I/-I//\qu_ﬁ)

Akr,sL,kR,SR
_ qﬁ(kL+kR)(1 + VqSR—SL + VQQSR—N-i-Zo)
_ qN(kL—I—kR)(l + I/qu_sL + V2qu_T).

Finally, since n = N + N , an application of Theorem 3.27 establishes that

(kL +kr)N 4_ .
=4 A Nu”AvkL,SL,kRvSR

< qn(kL+kR)(1 + vg®RT 4 V2q5R_7")

A-Nullg s,

SL:kR,SR

as claimed. O
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The bounds in the above theorem can used along with the inequalities at lines (3.18)
and (3.19) on page 25 to establish that if min(ky, kg) > ¢ then

8A,kL,sL,kR,sR (]) < 1 q_ (qum(r,sL,sR)—sL + V2qmin(r,sL,sR)—r)q1—j (4.6)

for 0 < 7 < min(r, sz, sg), and for v as above. R

Finally, bounds for Nullgk, s, kpsp can also be given when ¢ < min(kr,kr) < 4,
using a different application of Theorems 4.3 and 3.24. In this case, one should set Eo =
min(kr, kg) — 1, l; = 0; for 1 < i < h, and consider the corresponding integers N and N
and matrices A € FN N and A € FN XN 45 described in Subsection 2.3. Now

N =r+min(kr, kg) — 1 = n — €y + min(kg, kg) — 1
and N R
N =n— N =/{y—min(kr, kr) + 1;
furthermore, the matrix A has exactly min(kr, kr) — 1 invariant factors. Arguing as above,
with this choice of matrices, one can establish the following.

Theorem 4.9. If A is as_given in equations (2.1a)—~(2.1j) and sp, kr, sr and kg are
positive integers such that ¢ < min(kr, kgr) < ¢, then

Nu”AkL op ks <qn(kL+kR)(1+Vqu SL—l—I/2 SR—T— mln(kL,kR)—l-l)

where v = 6log, n
Once again, it is appropriate to adjust the definition of “rank deficiency:” A con-

sideration of the Frobenius normal form of A is sufficient to establish that if if k;, < ¢

then the rank of K 4r cannot exceed min(r + kg, sz) for any choice of vectors @ =
FnXl
q

JU,ST,
UL, U, ..., Ug, € . Similarly, the rank of K4 55, cannot exceed min(r + kg, sg) for
any choice of vectors v = v1,v2,...,0, € F;‘Xl. Thus the rank of H4 g, 55, cannot
exceed min(r + min(kr, kr), S, Sr)-

With that noted, let agvkaL’kR#R(j) be the probability that H 4 45, 5, i “rank de-
ficient by at least j” when ! < min(kr, kr) < £ and the vectors @ = wuy,ug,...,us,
and ¥ = v1,vg, ..., v, are chosen uniformly and independently from FZXI, that is,

Jj47kL7sL,kR7sR(j) = Pr[rank(HA,ﬁ,sL,ﬁ,sR) < min(r + min(kLv kR)v SL, SR) - ]]
Then

U,/%l,kL,sL,kR,sR(j) = UA,kL,sL,kR,sR(j + min(n, SL, SR) — min(r + min(kL, kR), SL, SR)).

The bounds in the above theorem can now used along with the inequalities at lines (3.18)
and (3.19) on page 25 to establish that if ¢ < k = min(kg, kgr) < £ then

0{4 kL78L,kR78R ()

< L q_ (qum(r—l—min(kL,kR),sL,SR)—SL +V2qmin(r+min(kL,kR),sL,sR)—r—min(kL,kR))q2—j (47)

for 0 < j < min(r + min(kr, kgr), S, sr), and for v as above.
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5 A Sparse Matrix Preconditioner

The goal of this section is to describe a sparse matrix preconditioner that produces a matrix
with a small number of nontrivial invariant factors with high probability.
5.1 Definition and Basic Properties

It will be assumed in this section that A € F;’X’” for positive integers n and m. Let r be
the (unknown) rank of A, let

N = min(n,m) + [2log, max(n,m)] (5.1)

and let

3 if ¢ =2,
c= (5.2)
[3lng] otherwise.

Consider matrices L € Fév ™ and R € FZ”XN whose entries are randomly selected
according to the following distribution.

e If 1 <4 < min(n,m) then each entry in row ¢ of L or column i of R is set to be zero
with probability

)

< [clog, max(n,m)] 1)
max | 1— - - .
i q

e If 1 <4 < min(n,m) then each entry in row i of L or column i of R that has not
been set to be 0, above, is chosen uniformly and independently from F, \ {0}.

e Finally, if min(n, m) < i < N then each entry of row i of L or column i of R is chosen
uniformly and independently from F,.

Notice that if 1 <i < 2[log, max(n,m)]| then i < [clog, max(n,m)], as well, so that

B [clog, max(n,m)] <0<

| =

1

Thus the entries in the top [2log, max(n,m)]| rows of the matrix L and the left-
most [2log, max(n,m)]| columns of the matrix R are chosen uniformly and independently
from F, if L and R are randomly chosen as described above. Indeed, the entries of the
top q[clog, max(n,m)]/(¢ — 1) rows of L and columns of R are chosen uniformly and
independently from F,.

As noted in the introduction, this is a minor variant of a sparse matrix preconditioner
introduced by Wiedemann [27] — and the following is a minor modification of Wiedemann’s
argument that such a matrix is sparse.
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Lemma 5.1. If L € Ff]VX” and R € FZ”XN then the expected number of nonzero entries
in L is in O(nlnmazx(n,m)Inmin(n,m)) and the expected number of nonzero entries in R
is in ©(mInmax(n, m)Inmin(n, m)).

Proof. Let i be an integer such that either
1 <i < gfclog, max(n,m)]/(qg — 1) or min(n,m)+1<i < N.

Then the entries of row ¢ of L and of column ¢ are chosen uniformly and independently
from Fg, so that the expected number of nonzero entries in row i of L is (¢ —1)n/q and the
expected number of nonzero entries in column ¢ of R is (¢ — 1)m/q. It follows by linearity
of expectation that the expected number of nonzero entries of all such rows of L is

(¢ —Dn
q
- 2q[clog, max(n,m)] (g—D)n
B q—1 q
= 2[clog, max(n,m)|n

(q[c log, max(n,m)]
qg—1

+ N — min(n, m)> :

€ O(nlnmax(n,m),

since ¢ € O(Ing). Similarly, the expected number of nonzero entries in all such columns
of R is in ©(mInmax(n,m)).

Now let i be an integer such that g[clog, max(n,m)|/(¢ — 1) < i < min(n,m). Then
each entry of row i of L or column i of R is nonzero with probability [clog, max(n,m)]/i,
instead. It now follows by linearity of expectation that the expected number of nonzero
entries in all such rows of L is

min(n,m)

Z [clog, méx(n, m)]| .

i=q[clog, max(n,m)]/(¢—1)
min(n,m)
= [clog, max(n m)|n Z (1/1)
i=q[clog, max(n,m)]/(¢—1)

= (C lqu max(n, ( min(n,m) — H(c log, max(n,m)]/(q—l))

m)[n
< [clog, max(n, m)|nInmin(n,m)
m)1

€ O(nlnmax(n, m)Inmin(n,m)),

once again since ¢ € ©(Ingq). In the above derivation Hj, is the k™" Harmonic number, that
is, Hy, = Zle(l /). Similarly, the expected number of nonzero entries in these columns
of Risin ©(mInmax(n, m)lnmin(n, m)). The result now follows, since all rows of L and all
columns of R have been considered, and since In max(n, m) € O(Inmax(n, m) In min(n, m)).

O

46



The next few lemmas we be used repeatedly in the analysis of these matrices.
Lemma 5.2. Let i be a positive integer such that [clog, max(n,m)| <i. Then

_ [elogy max(n, m)] ‘
(1)

< max(n,m) 3.
i

Proof. Tt is well known that if = is a real number such that |z| < 1 then
l+z<e” <l+a+a®

— see, for example, Section 3.2 of the text of Cormen, Leiserson, Rivest and Stein [6].
Since i is a positive integer such that [clog, max(n,m)] <4, this implies that

<1 B [clogq max(n,m)]) - <1 B clog, max(n,m)) < clog, max(nm)/i

1 - 1

Therefore

<1 _ fC Iqu IIlE‘iX(ny m)—‘ >Z < e—clog, max(n,m)
1

— e ¢ In max(n,m)/Ingq

< e~3Inmax(n,m) (since ¢ > 31Ingq)
= max(n,m) ">, O
Once again, let r be the rank of A. It will be useful to consider two other pairs of
matrices that are chosen using a distribution similar to the above. Suppose, in particular,
that Lo, Ry € F;,*" are randomly chosen as follows.

e If 1 <1 < r then each entry of row 7 or Ly or column 7 of Ry is set to be zero with

probability
< [log, max(n,m)| 1 >
max | 1— - — .

)

¢ q

e Each entry in row ¢ of Ly or column i of Ry that has not been set to 0, above, is
chosen uniformly and independently from F, \ {0}.

Once again, this implies that the entries of the top [2log, max(n,m)]| rows of L and
the leftmost [2log, max(n,m)] columns of Ry are chosen uniformly and independently
from F.

Lemma 5.3. Let A € F;XT be a nonsingular matriz and let B € FZXT as well. Suppose
that matrix Ly € FZXT is randomly chosen as described above. Let

C=LyA+BeF.

Suppose i is an integer such that 1 < i <.
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(a) The probability that row i of C is a linear combination of rows i+ 1,i+2,...,r is at
most ‘
¢~ + max(n,m) .

(b) The probability that rows i,i+ 1,...,r of C are linearly dependent is at most

1—i
+ max(n,m) 2.

q J—
(¢) The probability that the nullity of C is greater than or equal to i is at most

ql—i

+ max(n, m) 2.
q J—

(d) The expected value of the nullity of C is at most

q
(g — 1)

+ max(n,m) .

Proof. To begin, let us consider part (a) in the special case that A= I, the r x r identity
matrix, so that C' = Ly + B.

Suppose that 1 < i < r, and consider the probability that the i row of C is a linear
combination of rows ¢ + 1,7 + 2,...,r. Let s; be the rank of the submatrix C; of C that
consists of the above rows i +1,i42,...,r. Then s; < r — 4, since there are only r — ¢ rows
in this matrix, so that r — s; > 1.

The matrix @ has a set .S; of s; linearly independent columns, and each of the remaining
columns is a linear combination of those in this set. Consider any assignment of values to
the entries in row ¢ of Ly, in the columns of S;. There is exactly one assignment of values,
that can be made to the remaining r — s; columns in row 4, in order for row ¢ of C' to be a
linear combination of rows ¢ + 1,4+ 2,...,7r.

Suppose that 1 — [clog, max(n,m)]/i > 1/q. Then [clog, max(n,m)] < i, so that
Lemma 5.2 is applicable, and it follows by the above analysis, and the choice of Lg, that
row ¢ of C is a linear combination of rows i 4+ 1,7 4+ 2,...,r, with probability at most

(1 _ [clog, méx(n,mﬂ )T’—si S (1 ~ [elog, me‘xx(njmﬂ )Z

since r — s; > 1
1 1 ( 2_)

< max(n,m)™> (by Lemma 5.2).

On the other hand, if 1 — [clog, max(n,m)]/i < 1/q then the entries of row i of Lo are
chosen uniformly and independently from F,. It follows by the above analysis that row i
of C'is a linear combination of rows i + 1,7 + 2,...,r with probability at most

OROR
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Over-approximating by adding together the upper bounds for these cases, one can see
that if 1 < ¢ < r then row ¢ of C' is a linear combination of rows ¢ + 1,7 4+ 2,...,r with
probability at most ¢~¢ 4+ max(n,m)~3, as required to establish part (a) of the claim when
A is the identity matrix.

Now let A be an arbitrary nonsingular matrix in F,*". Then C = LyA+B=C"-A
where €' = Lo+ B’ and B' = B- A~L. Tt follows by the above analysis that row i of C’ is
a linear combination of rows i + 1,47+ 2, ..., with probability at most ¢~* +max(n, m)~3.
However, since Ais nonsingular, row ¢ of C’ is a linear combination of rows i+1,7+2,...,r
of C" if and only if row i of C is a linear combination of rows ¢ + 1,7 +2,...,7 of C, and
this implies that part (a) holds in the general case.

Now consider the probability that rows ¢, + 1,7+ 2,...,r are linearly dependent. In
this case, there must exist at least one integer j such that ¢ < j < r and row j is a linear
combination of rows j+ 1,5 4+ 2,...,r. The probability that this is the case is at most

T

Z( —I—maxnm Zq +Zmaxnm

j=i
=S (4 1) - max(nm)

I8
<S¢ bmaxm) ™ (since r < max(n,m)
j=t

< Z q 7 + max(n,m) ">
Jj=i
g ,
=1 + max(n,m)” %,

establishing part (b).

In order to establish part (c) note that if the nullity of C' is greater than or equal to i,
then the rank of C' must be less than or equal to » — ¢, and rows 4,7+ 1,...,r of C must
therefore be linearly dependent. Consequently, part (c) of the claim is implied by part (b).

Finally, in order to establish part (d), note that, since the nullity of any r X r matrix is
a nonnegative integer that is less than or equal to r, the expected value of the nullity of C
is

r r 1—i
Z (Pr[nullity(C) > 1i]) < Z < 1 Tt max(n,m)_2> (by part (c))

i=1 -1 \1~

Zq Zmaxnm

z:l
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T
=2 Zq_i + 7 - max(n,m) 2

¢—1 i=1
T
< _7 Z ¢ ' + max(n, m)_1 (since r < max(n, m))
q_liﬂ
< =3¢ + max(n,m)”!
-+ =
q -1
= ——— 4+ max(n,m) . O
(g—1)2

Notice that the transpose of the matrix Ry is chosen using the same probability distri-
bution as described for Ly. The next result can therefore be obtained as a consequence of
the previous one, by considering the transpose of the matrix D that is mentioned below.

Corollary 5.4. Let Ae Fo" be a nonsingular matriz and let B € Fi*" as well. Suppose
that the matriz Ry € FZXT’ is randomly chosen as described on page 47, above. Let

D=ARy+BeF".
Suppose that i is an integer such that 1 < i <.

(a) The probability that column i of D is a linear combination of columns i+1,i+2,...,r
18 at most

¢~ + max(n,m) .
(b) The probability that columns i,i+ 1,...,7r of D are linearly dependent is at most
gl
q J—

+ max(n, m) 2.

(¢) The probability that the nullity of D is greater than or equal to i is at most

ql—i

q_

+ max(n, m) 2.

(d) The expected value of the nullity of D is at most

_q
(g — 1)

+ max(n, m) "

21
Lastly, consider matrices Ly € F,(JTH o8 Xm0 Ry € F

that are randomly chosen as follows.

rX (r-+ [210g, max(n,m)])
q
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e If 1 < ¢ < r then each entry in row i of Ly or column ¢ of R; is set to be zero with
probability

)

[clog, max(n,m)] 1
max (1 — ; <)

e If 1 < < r then each entry in row ¢ of L1 or column ¢ of R; that has not been set
to 0, above, is chosen uniformly and independently from F, \ {0}.

e Finally, if » <4 <r + [2log, max(n,m)] then each entry in row i of L; or column i
of Ry is chosen uniformly and independently from F,.

Note that the top r x r submatrix of L1 and the left » x r submatrix of R; are chosen using
the distributions described for Ly and Ry, respectively (as described on page 47). Thus
the entries in the top [2log, max(n,m)] rows of L; and the leftmost [2log, max(n,m)]
columns of R; are chosen uniformly and independently from F,.

Lemma 5.5. Let A € F." be a nonsingular matriz. Let B € Fff”2 084 max(n’mmw, and
suppose Ly is chosen as described above. Let

C = LIAV_'_ Be F((]r+f2 log,, max(n,m)ﬂ)Xr‘

Then the probability that rows [2log, max(n,m)]+1, [2log, max(n,m)[+2,...,7 of C are
linearly dependent or C has rank less than v (or both) is at most 3 max(n,m)~2.

Proof. To begin let us suppose that A= I, the r x r identity matrix. Let Lg, By € F;XT
be the top r x r submatrices of L1 and B, respectively. Then the top r x r submatrix of C

is the matrix
Co = L(] -+ Bo S FZXT.

Since Ly is selected using the distribution described on page 47, it follows by part (b) of
Lemma 5.3 that rows [2logy max(n,m)]|+1, [2log, max(n,m)]|+2,...,7 of Cp are linearly
dependent with probability at most

—[2log, max(n,m)]

q

) + max(n, m) "2 < 2max(n,m) 2. (5.3)
The corresponding rows of C' are linearly dependent with the same probability, since these
are the same rows.

Recall that the entries of the matrix L; inrows 1,2,..., [2log, max(n,m)], and in rows
r+1,7+2,...,7+[2log, max(n,m)], are chosen uniformly and independently from F,. It
follows that the entries of C' in these rows are chosen uniformly and independently from F,,
as well.

Suppose that rows [2log, max(n,m)]|+1, [2log, max(n,m)|+2,...,r of C are linearly
independent. Then there exists a set S of 7 — [2log, max(n,m)] columns of C' such that
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the submatrix of C' including rows [2log, max(n,m)|+1, [2log, max(n,m)] +2,...,r and
the columns in set S is nonsingular.

In order the complete the analysis, in the case that A= I, consider an assignment of
values for the entries of Ly in rows [2log, max(n,m)]+ 1, [2log, max(n,m)] +2,...,r and
the columns in S. Since the remaining entries are uniformly and independently selected
from F,, the probability that the columns of the matrix C & Fgﬂrm logg max(n,m)])xr are not
linearly independent is at most

2[21log, max(n,m)] ¢ [2log,, max(n,m)]

Z " < Z ¢ = < max(n,m) "2 (5.4)

i=[2log, max(n,m)]+1 i>[2log, max(n,m)]+1 ¢-1

Thus the probability that C has rank less than 7, when A = I,., is at most the sum of
the bounds at lines (5.3) and (5.4), that is, 3max(n,m) 2, as claimed.

Suppose, next, that A is an arbitrary nonsingular matrix in F;X’". Then
C=LiA+B=C"A,

for ' =L+ B and B'=B- AL

It follows by the above analysis, using B’ in place of B, that the matrix C’ has rank
less than r with probability at most 3 max(n,m)~2. Since A is nonsingular, the matri-
ces C and C’ have the same rank. Thus C has rank less than r with probability at most
3max(n,m) 2% as well. O

Notice that the transpose of the matrix R; is chosen using the same probability dis-
tribution as described for L;. The next result can be obtained as a consequence of the
previous one by considering the transpose of the matrix D that is mentioned below.

Corollary 5.6. Let A€ F." be a nonsingular matriz. Let B € FZX(Hmqu max(n,mﬂ)’
and suppose Ry is chosen as described on page 51. Let

D= ARy 4 B e Fy R o)

Then the probability that columns [2log, max(n,m)]+1, [2log, max(n,m)| +2,...,r of D

are linearly dependent or D has rank less than r is at most 3max(n,m)~2.

5.2 Preservation of Rank

Suppose again that A € Fy*™ for positive integers n and m and that matrices L € FqNX"
and R € F;”XN are randomly selected as described in Subsection 5.1 for

N = min(n,m) + [2log, max(n,m)].
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The rest of this section will concern properties of the “conditioned” matrix
A=LAR ¢ FY*N, (5.5)

It should be noted that properties similar to the ones established in this and the next
subsection have been proved for a similar matrix preconditioner in Chen et. al. [3]. Indeed,
the arguments given here are based on the proofs found in Section 7 of that report.

If A is as above then the rank of A is certainly at most that of A. The following result
therefore implies that the ranks of A and A are the same, with high probability.

Theorem 5.7. Let A € ngm be a matrixz with rank r. Suppose the matrices L € Ff]VX”
and R € F;”’XN are randomly chosen as described at the beginning of Section 5.1, and that
A= LAR.

(a) The probability that either rows
[2log, max(n,m)| + 1, [2log, max(n,m)] +2,...,r

of the matriv LA are linearly dependent, or that the (r + [2log, max(n,m)]) x m
submatriz of LA that includes rows with indices

1,2,...,r and min(n,m) + 1,min(n,m) +2,..., N

has rank less than r, is at most 3max(n,m)™2.

(b) The probability that A has rank less than v is at most 6 max(n,m) 2.

Proof. Let us begin by considering the matrix LA, noting that this does not depend in any

way on the choice of the matrix R. Since A has rank r, there exist permutation matrices

P e Fy*" and Q € F"™ such that the leading r x r submatrix of PAQ is nonsingular.
Notice that, since P~! is also a permutation matrix, the matrices L and L - P~! are

chosen according to the same probability distribution. Now

LA=(L-P Y- (PAQ)-Q L.

Rows [2log, max(n,m)] + 1, [2log, max(n,m)] + 2,...,r of the matrix LA are linearly
independent if and only if the corresponding rows of (L-P~!)- PAQ = LAQ are. Further-
more, the (r + [2log, max(n,m)]) x m submatrix of LA that includes the rows 1,2,...,r
and rows min(n,m) + 1,min(n,m) + 2,..., N has rank less than r if and only if the
(7 + [2log, max(n,m)]) x r submatrix of LAQ including rows with these indices has rank
less than r, as well. Finally, the ranks of the matrices LA and LAQ are also the same. The
matrix A can therefore be replaced with PAQ in the rest of this proof, in order to assume
without loss of generality that the leading r x r submatrix of A is nonsingular.
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Using this simplifying assumption, let us write A as

. . . . rx(m—r
where A; ;1 is now a nonsingular matrix in F;XT, and where A;2 € Fy ( ), Agq €

F((In—r)xr7 and A272 c F((]n—r)x(m—r)'
Consider the (r + [2log, max(n,m)]) x m submatrix of LA that includes rows with
indices
1,2,...,r and min(n,m) + 1,min(n,m) +2,..., N.
This can be written as

Aig A
L L . ) )
[L1 L] |:A2,1 A2,2}

where L1 € F((;JFD o8 , Lo € FéHm 8 max(mm)])x(n—r)’ and where Ly is chosen

using the probability distribution described on page 51. The submatrix consisting of the
leftmost r columns of this matrix is

max(n,m)])xr

A r+[2log, max(n,m r
[Ll L2] : |:A171:| =1Ly 'Al,l + Loy - Ag’l S Fz(z Hi2log, (n;m)])x .

)

If we choose (and fix) the values in the matrix the above matrix Ly then, since Ay € Fj*"

is nonsingular and Lo - Ao € F[(]H_D g max(n’mmw, it follows by Lemma 5.5 that (when

the entries of L; are selected) the likelihood that rows
[2log, max(n,m)]| + 1, [2log, max(n,m)] +2,...,r

of this matrix are linearly dependent or that this matrix has rank less than r is at most
3max(n, m) 2. Since this is true for any choice of values for Ly it follows — as claimed in
part (a) above — that this is also an upper bound on the probability that the corresponding
rows of LA are linearly dependent or LA has rank less than r, when L is randomly chosen
as described above.

Now consider any fixed matrix L € F(ZZV *™ such that the matrix

LA e Fyxm

has rank r. Repeating the above argument, using Corollary 5.6 in place of Lemma 5.5, one
can establish that the probability that

A=LAR

has rank less than r is at most 3max(n,m)~2 as well. Thus, if L and R are randomly
chosen as above, then the probability that LAR has rank less than r is at most twice the
above value, as claimed in part (b). O
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5.3 On the Number of Nilpotent Blocks

Consider the number of invariant factors of A that are divisible by 2. This is the same as
the number of nontrivial nilpotent blocks in a Jordan form of A.

A consideration of the Jordan form establishes that this is also the difference between
the rank of A and that of A2. This observation can be used to establish upper bounds on
the expected value of this difference and on the probability that this difference is high.

Lemma 5.8. Let L € FéVX”, AcF ™ Re F;”XN, and let A= LAR € F(JZVXN. Suppose
that R
rank(A) = rank(A).

Then

o~

rank(A?) = rank(ARLA).

Proof. Since R
A% =(LAR)?=L-(ARLA) - R,

the rank of A2 is certainly less than or equal to that of ARLA. 1t is therefore sufficient to

prove that R
rank(A?) > rank(ARLA)

as well in order to establish the claim.

Let s = rank(ARLA). Then the column space of ARLA has dimension s and there
exist vectors x1,Z9,...,Ts € FZ”Xl such that the vectors y1,y2,...,ys € F;‘Xl are linearly
independent if

y; = ARLAx; for 1 <i<s.

Suppose, as in the claim, that rank(A) = rank(g ). Then, since A= LAR,
rank(A) = rank(LAR) < rank(AR) < rank(A),

and rank(AR) = rank(A) as well. The matrices AR and A therefore have the same column
space.

Let w; = Ax; for 1 < i < s. Then wq,ws,...,ws belong to the column space of A, so
that they belong to the column space of AR as well. It follows that there exist vectors
21,29, ...,2¢ € F(]]VXl such that

w; = Ax; = ARz; for1 <i<s.
Consequently
yi = ARLAz; = ARLw; = ARLARz; for1<i<s

as well.
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Once again, since rank(A) = rank(A) = rank(LAR),
rank(A) = rank(LAR) < rank(LA) < rank(A)

so that rank(LA) = rank(A). It follows that the matrices LA and A have the same right
null space. Now, this can be used to establish that if £ > 0 and vy, v9,... v € F;”Xl, then
LAvy, LAvs, ..., LAv are linearly independent if and only if Avy, Ave, ..., Avy are linearly
independent. In particular, this is the case if k = s and v; = RLARz; for 1 <i < s. That
is, since Av; = ARLARz; = y; for 1 < i <k, Lyy, Lys, ..., Lys are linearly independent,
because y1,%2, . ..,ys are linearly independent.

It remains only to note that

Ly; = LARLARz = A%z,  for1<i<s.

Thus the vectors A 22, A 229, ... ,2 22 are linearly independent, implying that rank(ﬁ ) >
s =rank(ARLA), as required to complete the proof. O

Lemma 5.9. Let A € F™™ be a matriz with rank r, and let L € Ff]VX” be any matriz such
that rows [2log, max(n, m)|+1, [2log, max(n,m)]|+2,...,7 of LA are linearly independent
and the submatrix of LA including rows

1,2,....7 and min(n,m) + 1,min(n,m) +2,..., N

has rank r.

Suppose that the matriz R € F;”XN is randomly selected as described at the beginning
of Subsection 5.1.

Then, for any integeri > 0, the probability that the matriz ARLA has rank less than r—i
15 at most

ql—i

qg—1

+ max(n, m) 2.

Proof. Since A has rank r, there exists a permutation matrix P € anxm such that the
leftmost r columns of the matrix AP are linearly independent. There is therefore a set

Sc{1,2,...,n}

of size r such that the r x r submatrix of AP, including the rows in S and the leftmost
r columns, is nonsingular. The r x m submatrix of AP that includes the rows in S therefore
has the form
4 ¢
where A € Fg” is a nonsingular matrix and where C € FZX(m_T)
Suppose L has the properties given in the statement of the claim. Then there exists a
permutation matrix @ € F)N, with (i, j)'™ entry Q;; for 1 < i,j < N, such that Q;; =1
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for [2log, max(n,m)| + 1 < ¢ < min(n,m) and such that the top r rows of the matrix
QLA are linearly independent. There is therefore a set

TC{1,2,...,m}

of size r such that the r x r submatrix of QLA including the top r rows and the columns
in T is nonsingular. The N x r submatrix of QLA that includes the columns in T therefore
has the form

o~

A
D
(N—r)xr

where A € F,™" is a nonsingular matrix and where D € Fy
Notice that
ARLA = AP - (P7'RQ™1(QL)A

and — since P and () are permutation matrices, and Q;; = 1 for c+1 < ¢ < min(n,m) —
the matrices R and P~'RQ~! are chosen using the same probability distribution. Conse-
quently,

- - Ry Rip
o[t 8
@ Ro1 Rop

where Ry € F;XT, RLQ S F;X(N_T), R272 S F((]m—r)xr’ R272 S F((]m—r)x(N—r)’ and where

the matrix Ry € F;XT is randomly chosen using the probability distribution described on
page 47.

Let us now consider the r x r submatrix of ARLA that includes the rows in S and the
columns in 7. This matrix has the form

4 o] (o mil (5]

RoA + Ry 5D
Ro1 A+ RyoD
— ARyA + ARy 3D + CRy A+ CRy oD
_ (ﬁRO + B) A,

:[g C}.

where

B = gRl,gDzzl\_l + CR2,1 + CR272D;1\_1 € FZXT'

Fix any choice of values for the entries of the matrices Ry 2, Ro1, and Ry »; then the
entries of the above matrix B € Fg” are fixed as well. Since Ry is chosen using the above-
mentioned probability distribution, it follows by part (c) of Corollary 5.4 that the matrix
ZRO + B has rank less than r — ¢ with probability at most

1—i

7 T + max(n, m) 2.

q_
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Since the matrix A is nonsingular, the matrices XRLl + B and (ﬁRl,l + B) - A have

the same rank. Since the latter matrix is a submatrix of ARLA, it follows that ARLA has
rank less than r — ¢ with probability at most

1—i

1 T+ max(n,m)”

q_

2

as well. O

Theorem 5.10. Let A € ngm be a matriz with rank r.
Suppose the matrices L € F(]ZVX" and R € F;”XN are randomly chosen as described in
Section 5.1, and that A= LAR.

(a) The probability that i or more of the invariant factors ofg are divisible by x2 is at
most o ;
q —1

qg—1

+ 4max(n,m) 2.

(b) The expected number of invariant factors of A that are divisible by x2 is at most

(]2

(g—1)2

+ 4max(n,m) "

Proof. Let us begin by considering the condition that rows
[2log, max(n,m)]| + 1, [2log, max(n,m)] +2,...,r
of the matrix LA are linearly independent and the submatrix of LA including rows
1,2,...,r and min(n,m) + 1,min(n,m) +2,..., N

has rank r. This event depends on L, but not on the choice of R, and it follows by part (a)
of Theorem 5.7 that the probability that this condition is not satisfied is at most

3max(n, m) 2. (5.6)
On the other hand, it is follows by Lemma 5.9 that the probability that the above condition
is satisfied, and rank(ARLA) < r — i, is at most
1—i

q
qg—1

2

+ max(n,m)”

for any integer ¢ > 0, because the above quantity bounds the probability that the rank
of ARLA is less than r — i for any choice of the matrix L such that the above condition
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is satisfied. Since the rank is an integer value, it is less than r — i if and only if it is
less than or equal to r — (i + 1) = r — ¢ — 1. Thus the above condition is satisfied and
rank(ARLA) <r — (i + 1) with probability at most
1—i
q—1
as well. Replacing ¢ with ¢ — 1, one can conclude that this condition is satisfied and
rank(ARLA) < r — i with probability at most

+ max(n, m) ">

2—1

1 1 + max(n, m) 2. (5.7)

q_

Notice that if the above condition holds, then the number of invariant factors of A that
are divisible by 2 is

rank(A ) — rank(A?) < r — rank(A?)
=r —rank(ARLA) (by Lemma 5.8).

Adding the probability that the above condition is not satisfied, it follows that the proba-
bility that LAR has i or more invariant factors divisible by 22 is at most
P i g i
= + max(n,m)”* + 3max(n,m)”* = p—) + 4max(n, m)
as required to establish part (a).
Now let NilBlocks be the number of invariant factors of A that are divisible by z2, so

that NilBlocks is an integer-valued random variable that can assume values
0,1,...,r

and such that NilBlocks > i only if rank(ARLA) < r—i, as noted above. Then the expected
value of NilBlocks is

E[NilBlocks] =)  Pr[NilBlocks > 4]

i=1
T2
= Z ( 1 + 4max(n,m)_2>
=1 N4
2 T ) T
=1 1 Z ¢+ 4max(n,m) 2 Z 1
4=t i=1
_ ¢’ -2
RCENE + 4r max(n, m)
q —_—
2
< ( a 2 + 4max(n, m)"! (since 7 < max(n, m))
q —_—
as required to establish part (b). O

59



5.4 On the Number of Invariant Factors That are Not Powers of x

Next consider the number of invariant factors of A that are not powers of x. Suppose that
there are £ such factors, so that the first £ invariant factors of A are

fiofos s fe

where f; is divisible by f;1q, for 1 < ¢ < £ — 1, and where f; has a nonzero root, A, in
some extension of F,. Then A is a root of f; as well, for 1 < i < ¢. It follows that the
Jordan normal form of A (over a suitable extension of F,) includes at least ¢ blocks with

eigenvalue A, and that the matrix R
A= My

has nullity at least ¢. This observation will be used to bound the expected number of
invariant factors that are not powers of .
Suppose, for the rest of this section, that E is an algebraic closure of the finite field F,.

Lemma 5.11. Let A € Fo™" be a nonsingular matriz, and let B € E™".
Suppose that the matriz Ry € FZXT 18 chosen as described for the probability distribution
on page 47. Let
D= ARy + B € E™*".

Let i be an integer such that 1 < i < r. Then the probability that column i of D is a
linear combination of columns 1+ 1,1+ 2,...,7 is at most

¢ + max(n,m) .

Proof. This can be established using a straightforward modification of the the proof of
part (a) of Lemma 5.3 and Corollary 5.4 — which correspond to the case that the above
matrix B has elements in the field F,.

As in the original proof, (after restricting attention to the special case that A is the
identity matrix) one should suppose that the submatrix D; consisting of rows

1+ 1,i+2,...,r

of D has rank s;. Then, after choosing values from F, for all but r — s; of the entries in
column ¢ of Ry one can observe that there is exactly one choice of the remaining values —
in this case, in E but possibly not in F, — for the remaining r — s; entries in column 7 such
that the 7*® column of D is a linear combination of columns i + 1,7 +2,...,7.

If any of the remaining values (to be assigned) lie outside of F,, then it is impossible
to complete the choice of column i of Ry, in such a way that the i** column of D is a
linear combination of columns ¢+ 1,7 + 2,...,r. If the remaining values to be selected lie
in Fg, instead, then the probability that the values are selected in the required way can be
bounded using the argument given in Lemma 5.3.

To complete the proof, one should remove the assumption that A is the identity matrix
using the same argument as is used in the proof of Lemma 5.3. O
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Lemma 5.12. Let A € ngm be a matriz with rank r and let L € Ff]VX" be a matriz such
that rows [2log, max(n,m)|+1, [2log, max(n,m)[+2,...,r of the matriz LA are linearly
independent and the submatriz of LA including rows

1,2,....7 and min(n,m) + 1,min(n,m) +2,..., N

has rank r.

Suppose the matriz R € is randomly chosen using the probability distribution
described at the beginning of Subsection 5.1.

Let i be an integer such that 1 < i < r. Then the probability that the matriz LAR has
i or more invariant factors that are not powers of x is at most

mx N
Fq

2—1
3

(r—i+1) a . + (r — i+ 1) max(n, m) 3.

Proof. Suppose that L is as described in the above claim. Then there exists a permu-
tation matrix P € Ff]VXN with (i, 7)™ entry P ; for 1 < 4,j < N such that P;; = 1 if
[2log, max(n,m)] + 1 < i < min(n,m) and such that the top r rows of the matrix PLA
are linearly independent. Once again, one can see, by inspection of the probability distri-
bution described at the beginning of Section 5.1, that the matrices R and RP~! are chosen
using the same probability distribution.

Since the matrices LAR and PLARP™! are similar, they have the same invariant
factors.

It follows that — replacing matrices L and R with the matrices PL and RP™!, respec-
tively — we may assume without loss of generality that the top r rows of the matrix LA
are linearly independent.

In this case, there exists a permutation matrix @) € Fflnxm such that the top left r x r
submatrix of LAQ is nonsingular. Note that, since Q! is also a permutation matrix,
the " column of the matrix Q'R is chosen using the same probability distribution as
the i*" column of R. It follows that — replacing matrices A and R with AQ and Q 'R,
respectively — we may now assume that the top left r x r submatrix of LA is nonsingular.

The matrix LA can now be written as

Aip A

LA =
Az1 Ago

(5.8)

where 11171 € F;XT is nonsingular, and where AVLQ € ng(m_r), g2,1 € F((]N_T)XT, and
A’2’2 c F((]N—r)x(m—r).
Note that

Ry Rip
R = ' 5.9
[32.1 R2.2} (5.9)
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where Ry € FZXT is randomly chosen using the probability distribution given on page 47,

and where Ry o € Fy "™ Ry € Y™ and Ry € Fy" N7
Let B € FZXT be the top left r x r submatrix of LAR. Then if follows by the decompo-
sitions given in equations (5.8) and (5.9), above, that

e e R e e rXr
B = |:A1,1 A172:| . |:R 0 :| = AI,IRO +A172R271 € Fq>< . (510)

)

Fix any choice of the rightmost N — 7 columns of R — fixing the submatrices R o
and Rg 2, shown above. Let

X = —Ay Apy € FN=xr (5.11)
and let
B=B-— (A1,1R1,2 + A1,2R272)X S FZXT. (5.12)

It will next be argued that if the remaining columns of R (including submatrices Ry
and Ry;) are chosen using the distribution given in the statement of the claim, then
the above matrix B has a large number of invariant factors, that are not powers of x, with
small probability.

Suppose that ¢ > 2, and recall that if B has i or more invariant factors that are not
powers of x, then there exists a nonzero element A of E such that

rank(B — ML) < r —i. (5.13)

Let Ej € FZX(T_j ) denote the submatrix of B that includes columns j+1Li4+2,...,r

and let I ; € ng(r_j ) denote the submatrix of the 7 x r identity matrix I, that includes
columns j + 1,7 +2,...,r. Then the condition at line (5.13) certainly implies that

rank(é,-_g —AMyj9) <1 —i (5.14)

as well.
With this in mind, for 2 < ¢ < r + 1, let p; denote the probability that there exists a
nonzero element A of the algebraic closure E such that

rank(éi_g — )\Ir,i—2) <r-— 1.

Now
pT+1 - 07 (515)
since it is impossible for the matrix Er_l — M, »—1 to have a negative rank for any choice
of \.
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Suppose now that 2 < i < r. In order to consider the difference between p; 1 and p;,
suppose that there does not exist any nonzero element A of E such that

~

rank(B;—1 — Al ;1) <r—i—1

Let C;_1 € F((;_Hl)x(r_iﬂ) be the submatrix of Ei_l that includes rows ¢,i+1,...,r; then
C;_1 is also the bottom right (r —i 4 1) x (r — i+ 1) submatrix of B.

Let f;_1 be the characteristic polynomial of C;_1. Then f;_1 is a nonzero polynomial
with degree r — ¢ + 1.

Consider any element A of E. Either A is a root of f;_1 or it is not; these cases will be
considered separately.

First consider the case that A is not a root of f;_1. In this case, the matrix

Ciy — M,y € EU—iHDx(r=itl)

is nonsingular. Since this is the bottom submatrix of the r x (r—i+1) matrix Ei_l A1,
it follows that R
rank(B;—1 — Al ;1) =r—i+ 1.
Since Ei_l — A, ;1 is the submatrix of Ei_g — Al ;—o containing the rightmost » — ¢ + 1
columns, it follows that R
rank(Bj_o — A, ;_9) > 1 —i+1
as well. Thus the condition at line (5.14) cannot be satisfied in this case.
Next consider the case that A is a root of f;_1, and recall the assumption that

~

rank(B;_1 — Al ;—1) > 1 —1i.

If rank(gi_l — A, i—1) > r — i+ 1 then, as noted in the discussion of the previous case,
this implies that
rank(Bi_g — )\Ir,i_g) >r—i+1

as well, making the condition at line (5.14) impossible. It is therefore sufficient to consider
the case that
rank(Bi_l — )\Ir,i—l) =r—i.

It would follow in this case that the condition at line (5.14) is satisfied, for this choice of A,
if and only column i — 1 of the matrix

B— )\, = AVI,IRO + (Avl,2R2,1 - (AVLIRIQ - 111,2R2,2)X —A)

is a linear combination of columns 4,7+ 1,...,r of this matrix. Applying Lemma 5.11 (for
any choice of entries of column 7 — 1 of the submatrix Rj 1, any choice of Ry and Ry 2, as
noted above, with A;; replacing A and with

A1pRo1 — (A1 Rip — A1pRo2) X — Al
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replacing the matrix called “B” in the statement of this lemma), one can see that the
probability of this is at most
¢~ + max(n,m) 3.
The polynomial f;_; has at most » — i 4+ 1 roots. Over-approximating the probability
of the union of events by the sum of the probabilities of the events, one can now conclude
that

pi <pit1+(r—i+1) (ql_i + max(n, m)_?’) (5.16)

for any integer ¢ such that 2 <i <.
Using equations (5.15) and (5.16), it is easily established by induction on r — i that if

2 <4 <7 then
2—q

pi<(r—i+1) T+ (r — i+ 1)* max(n, m) > (5.17)

To conclude, recall the assumption that the top r x r submatrix 2171 of LA is nonsin-
gular. The matrix LA must then have rank r, since A does. It follows that if LA is as

shown in equation (5.8), and X = —52,151_& € F((ZN_T)XT, as above, then
I, 0
[X [N_J L4
_ [Ir 0 } . Ay Ay
X In—r| |Ag1 Agp
_ 111,1 ng
0 0 |’

since the choice of X ensures that the bottom left (N — r) x r submatrix of this product
is zero, and since the right (N — r) columns are linear combinations of the left r columns.
Applying the decomposition of R in equation (5.9) as well, one finds that

Ay A [Ro R12]
LAR = |5V 212, 21
Aoy Aso| [R2n Rap
so that
I, 0
[X [N_J-LAR
_ [Ir 0 } %1,1 %1.2 .[Ro R1,2]
X IN—r Ag’l Ag,g R2,1 R2,2
_ Ay Aip] [Ro R
0 0 Ro1 Rap
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_|B C
10 0
where B is the top left 7 x 7 submatrix of LAR and where C = A1 1R0+A1 Ry 2 ¢ € Fy

s the top right r x (N —r) submatrix of LAR — and so that B =B—CX, for B as defined
at line (5.12) above.
Consequently, if A is a nonzero element of E, then

rX(N—r)

I, 0 [B-a,  C©
[X IN_T] (LAR = My) = [ —AX —AIN_J
and

I, 0 I, 0

[X [N_J (LAR -~ ly) - [_X IN_T]
[B-AL, ¢ ] [L 0
T A Ao, | -X In,
[B-CX -\, C
| 0 ~My_,
_[B-AL. C
B 0 —Mpy_r|’

so that (since A # 0)
rank(LAR — M) = rank(B — AL,) + N — 7.

It follows that rank(B Al) <r —iif and only if rank(LAR — AMy) < N — .

Consequently, if L has the properties described in the claim, and R is randomly chosen
as described, then the probability that LAR has ¢ or more invariant factors that are not
powers of x is the same as the probability that B does. Since this probability is at most p;,
the claim now follows by the inequality at line (5.17), above. O

Theorem 5.13. Let A € ngm be a matrixz with rank r.
Suppose the matrices L € F(]ZVX" and R € F;”XN are randomly chosen, as described at
the beginning of Section 5.1. Let A=LAR.

(a) Suppose i is an integer such that 2 <i < r. Then the probability that A has at least
1 inwariant factors that are not powers of x is at most

(r—i+1)g*>"

—2
g—1 '

+ (r — i+ 4) max(n, m)
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(b) The expected number of invariant factors of A that are not powers of x is at most

log, 7 + 5.

Proof. Once again, consider the condition that rows
[2log, max(n,m)] + 1, [2log, max(n,m)] +2,...,7

of the matrix LA are linearly independent that the (r+ [2log, max(n, m)]) x m submatrix
of LA that includes rows

1,2,...,r and min(n,m) + 1,min(n,m) + 2,...,min(n,m) + N

has rank r. This event depends only on the choice of the matrix L, and it follows by
part (a) of Theorem 5.7 that the probability that this condition if not satisfied is at most
3max(n,m) 2.

On the other hand, it follows by Lemma 5.12 that that the probability that this con-
dition s satisfied, and LAR has i or more invariant factors that are not powers of x, is at

most

2-i 2-i
T+ (r—i+1)*max(n,m)™> < (r—i+1)

2

(r—i+1) + (r —i+ 1) max(n,m)™~,

because the above quantity bounds the probability that LAR has at least 4 invariant factors
that are not powers of x, for any choice of the matrix L such that the above condition is
satisfied.

Now, the probability that LAR has i or more invariant factors is certainly at most the
sum of the above probabilities, as needed to establish part (a) of the claim.

Let nonNilFactors(LAR) denote the number of invariant factors of the matrix LAR
that are not powers of x. This is an integer-valued random variable that can assume values
between 0 and r. Thus

E[nonNilFactors(LAR)] = Z Pr[nonNilFactors(LAR) > i] = S1 + S2 + S3,

i=1

where
[log, m+3]
S = Z Pr[nonNilFactors(LAR) > 1],
i=1

Sy =>_ Pr{Full A nonNilFactors(LAR) > i,
i=[log, r+3]
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and .
S3= Y Pr[=Full A nonNilFactors(LAR) > i].
i=[log, r+3]

and where Full is the condition mentioned at the beginning of this argument. Sy, So and S3
will be bounded separately, below.

[log, 7+3]

Si = Z Pr[nonNilFactors(LAR) > i]
i=1
Llogq r+3|

<> 1
1=1

= |log, 7 + 3]
<log,r +3.
As noted above, it follows by Lemma 5.12 that

2—i
Pr[Full A nonNilFactors(LAR) >i] < (r —i+1) a T
q —_—

+ (r — i+ 1) max(n, m) ">

for any integer i between 1 and r. Thus

Sy = Z Pr[Full A nonNilFactors(LAR) > i]

i=[log, r+3]
r 2—1
< Z ((r—i+1)q 1+(r—i+1)2max(n,m)_3>
i=[log, r+3] 1=
7"(]2 i ! _
S 7 Z g + Z ((r — 2)* max(n, m)~?)
q i>[log, r+3] i=[log, r+3]
2 1—[log, r+3
<21 A + (r — 2)3 max(n, m) 3

g—1 q-1
1+ (r — 2)? max(n, m) 2.

A

Once again, as noted above, Theorem 5.7 implies that
Pr[—Full A nonNilFactors(LAR) > i] < Pr[=Full] < 3max(n,m) 2

for any integer 7 such that 1 < i <r. Consequently

Sy = Z Pr[=Full A nonNilFactors(LAR) > i]
i=[log, r+3]
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T
< Z max(n, m)_3

i=[log, r+3]

< (r — 2) max(n,m) "2
The sum of the above bounds for 57, Sz, and S3 is less than or equal to
log,r+4+ r2 max(n,m) "% < log, 7+ 5,

as required to establish part (b). O

5.5 Conclusion

An invariant factor of the matrix A is nontrivial if and only if it is divisible by z2, or it
is not a power of x. The maximum value of nonnegative integer-valued random variables
is always less than or equal to the sum of their values, so that the expected value of the
maximum is less than or equal to the sum of the expected values.

Since ¢%/(q — 1) < 4, the next result is therefore a straightforward consequence of
Theorems 5.10 and 5.13.

Theorem 5.14. Let A € ngm be a matrixz with rank r.
Suppose the matrices L € Ff]VX" and R € F;”XN are randomly chosen, as described at
the beginning of Section 5.1. Let A=LAR.

(a) If 2 <i < r then the probability that A has i or more nontrivial invariant factors is
at most o
i 9)g2l
% + (r — i 4 8) max(n,m) 2.

q J—

(b) The expected number of nontrivial invariant factors of A is at most

log, r + 9 + 4 max(n, m)~t < log,r+13.

6 Questions and Further Work

So far as I know, this work does not contribute to a further analysis of either Coppersmith’s
or Montgomery’s block Lanczos algorithms: Each of these symmetrizes the input matrix
(working with AT A or AAT instead of A directly) if needed and then applies a somewhat
simpler variant of a block Lanczos algorithm than the kind of “biconditional” block Lanczos
algorithm whose analysis includes the block Hankel matrices discussed in Sections 3—4.
Unfortunately it is reasonably straightforward to demonstrate that these algorithms
cannot be used to sample from the null space of A, in the worst case, if A is symmetrized
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in either of the above ways, for computations over Fy: Indeed, it suffices to consider block
diagonal matrices whose diagonal blocks include

i

(a symmetric matrix whose square is the zero matrix) to confirm that the ranks of both A7 A
and AAT can be significantly lower than the rank of A — making nonzero elements of the
null space of A extremely difficult to find by this process.

It is also known that the existence of nilpotent blocks with order at least two, in
the Jordan normal form of a matrix, can significantly bias the distribution under which
elements of the null space are sampled — such nilpotent blocks must be eliminated if one
hopes to sample uniformly. Now consider the matrices

100 I I Y
U—[l 1] and V—[O 1]—U,

it is easily checked that these matrices both have minimal polynomial z(x+1), so that they
have rank one and they have no nilpotent blocks with order at least two in their Jordan
form. However,

v or, 000
UU —VV—[OO,

so that, once again, symmetrization can decrease the rank of these matrices as well. Fur-
thermore
T T 11
v'u=vv: = [1 J
— a matrix that has minimal polynomial z2, so that it is a nilpotent block with order two.
Consequently one can begin with a matrix having no nilpotent blocks with order at least
two at all and, through either of the above symmetrizations, produce a matrix for which
the number of nilpotent blocks in the Jordan form is quite high.

Now, these algorithms have been used for work in computational number theory for
years; there is a well developed code basis and the old adage, “If it ain’t broke, don’t fix
it” probably applies. On the other hand, algorithms that symmetrize in this way should
not be included in libraries if users expect them to be efficient and reliable in the worst
case and cannot easily check the results that these algorithms provide.

This leads to the following question: Does there exist an efficient process that allows
a matrix A € F}*" to be symmetrized — in such a way that the resulting matrix has the
same rank as A and, furthermore, has no nilpotent blocks with order at least two in its
Jordan form?

Regrettably, this would not suffice to allow the results from this report to be applied:
These algorithms use the same block of vectors on the left as on the right, so that the block
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Hankel matrices arising in their analysis have the form
Hais,is or Haisas

for a single block of vectors @ = uy,us,...,u € FZXI. On the other hand, the probability
bounds given in Section 4 all concern matrices

HA7673L767SR or HA7673L767SR

where blocks of vectors @ = uy,ug, ..., u, and ¥ = v1,vs,. .., v, are assumed to be chosen
uniformly and independently from FZXI. At present, I see no way to overcome this obstacle.

It is curious that a bound on the number of (nontrivial) invariant factors is needed for
this analysis: As previously discussed [7, 11], no such restriction is needed for a similar
analysis of scalar Wiedemann® and Lanczos algorithms. While I do not know how to
eliminate this restriction entirely, for block algorithms, it does seem that it can be further
relaxed, and eliminated completely in several interesting special cases. Further work along
these lines is now in progress.

Finally, it should be noted that the Wiedemann sparse conditioner is probably not as
“sparse” as one might like: If it is being used to precondition a matrix A € F*" (so
that n = m, where Section 5 is concerned) then the expected number of nonzero entries
of each preconditioner being used is in ©(n In? n). To my knowledge, this is the only
sparse or structured preconditioner that has been proved to be reliable for computations
over Fy or other finite fields F, when ¢ is extremely small. Do other — cheaper — matrix
preconditioners that are reliable for computations over Fy exist?
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