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1 Introduction

Consider the problem of solving a system of linear equations Ax = b where A ∈ Fn×nq is

an n × n matrix and b ∈ Fn×1
q is a vector with dimension n over the finite field Fq with

size q. A related problem which is also of interest is the computation of an element of
the null space of such a matrix A. Indeed, instances of these problems are formed and
solved in modern algorithms for integer factorization and discrete logarithm computations.
In particular, the latter problem arises with q = 2 when the number field sieve is applied
— as described by Buhler, Lenstra, and Pomerance [2] — while computations over Fq for
larger q arise during discrete logarithm computations — as described by LaMacchia and
Odlyzko [19].

Several different “Krylov-based” methods have been proposed, implemented and ana-
lyzed in recent years. In contrast with elimination-based methods, these do not manipulate
the entries of the coefficient matrix A. Instead, these algorithm treat A as an operator on
vectors. “Scalar algorithms” work over the vector subspace — generally called a Krylov
space — generated by v,Av,A2v,A3, v, . . . for a vector v ∈ Fn×1

q . Henceforth, this subspace
will be called “the Krylov space generated by A and v.”

Numerical algorithms of this type have been known and used for years: Both the Lanc-
zos algorithm [20] and the Hestenes-Stiefel conjugate gradient algorithm [15] are examples.
A rather different algorithm of this type was proposed more recently for exact computa-
tions over arbitrary fields by Wiedemann [27]. The Lanczos method has, subsequently,
also been adapted by LaMacchia and Odlyzko [19] and used for matrix computations over
large finite fields; a complete analysis of a slightly modified version of this algorithm was
subsequently provided by Eberly and Kaltofen [13]. A rather different variant of the Lanc-
zos method was recently proposed for computations over small finite fields by the author
of this report [11].

The “scalar” algorithms, mentioned above, are provably reliable when used to solve
nonsingular systems. Unfortunately, they are not reliable, in the worst case, when used
to solve singular systems or sample from the null space of a given matrix: If the Jordan
normal form of the input matrix includes nilpotent blocks with order greater than or equal
to two, then a system Ax = b might be consistent, but no solution might exist in the Krylov
space generated by A and b — or, indeed, the Krylov space generated by A and v for any
vector v that might easily be found. The existence of such nilpotent blocks also biases
sampling in searches for elements of the null space of a given matrix. Similarly, algorithms
that compute the rank of a matrix by computing the size of a Krylov space will fail if the
input matrix has more than one nontrivial invariant factor.

For this, and for various other reasons (discussed below), block algorithms have also
been used for these computations: These algorithms perform computations over the Krylov
space generated by A and a block of vectors ~v = v1, v2, . . . , vkR , that is the subspace of F

n×1
q

spanned by vectors Aivj for i ≥ 0 (or, for some applications, for i ≥ 1) and 1 ≤ j ≤ kR.
A consultation of the excellent text of Golub and van Loan [14] confirms that, once again,
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such algorithms have been used for numerical computations — notably including eigenvalue
computations — for years. These algorithms were first adapted for symbolic computations
by Coppersmith, who contributed both a block Lanczos algorithm [4] and a block Wiede-
mann algorithm [5]. Kaltofen [18] subsequently completed the analysis of Coppersmith’s
block Wiedemann algorithm for computations over large fields, noting, as well, that one
could use “rectangular blocks” (different block sizes on the left and the right) in order to
significantly improve the algorithm’s performance. Villard [25, 26] contributed a more com-
plete analysis of the algorithm for computations over small finite fields as well. More recent
work concerning block Lanczos algorithms has included several other, rather different, ver-
sions of such an algorithm — including a somewhat simpler variant of Montgomery [23, 24],
a “biconditional” block Lanczos algorithm contributed by Hovinen [16, 17], and another
“biconditional” algorithm that also included Katofen’s idea of rectangular blocking, devel-
oped by this author [10].

Unfortunately the reliability of these algorithms is still not completely understood,
especially for computations over very small finite fields. In particular, a biconditional
block Lanczos algorithm generally selects blocks of vectors

~u = u1, u2, . . . , ukL and ~v = v1, v2, . . . , vkR

uniformly and independently from Fn×1
q , The algorithm then generates

• vectors λ1, λ2, λ3, . . . , in the Krylov space generated by A and ~v = v1, v2, . . . , vkR ,
along with

• vectors µ1, µ2, µ3, . . . in the Krylov space generated by AT and ~u = u1, u2, u3, . . .

such that, for i, j ≥ 1,

µTi Aλj =

{
1 if i = j,

0 otherwise.

Additional computations, along the way, allow for systems to be solved or for elements
of the null space to be obtained. Once generated, a vector in either of the above Krylov
spaces must be stored in memory until it is “matched,” that is, a vector in the other Krylov
space that is not orthogonal to it has been identified. There is, consequently, a risk that
storage requirements will be prohibitive because too many vectors remain unmatched after
they are generated.

As noted by Hovinen (and others), the likelihood of this type of failure can be bounded
provided that one bounds the expected dimension of the null space of a block Hankel matrix
with the form

HA,~u,sL,~v,sR =




H1,1 H1,2 . . . H1,kR

H2,1 H2,2 . . . H2,kR
...

...
. . .

...
HkL,1 HkL,2 . . . , HkL,kR


 (1.1)
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where Hi,j is a Hankel matrix whose entry in row r and column s is uTi A
r+s−1vj . Matrices

ĤA,~u,sL,~v,sR such that the entry in row r and column s is uTi A
r+svj , instead, also arise.

These matrices are defined somewhat more precisely in Section 3.

A similar complication arises in some versions of a block Wiedemann algorithm, namely,
those that incorporate an “early termination” heuristic. For blocks of vectors ~u and ~v as
above, let H̃A,~u,~v,i be the matrix




uT1
uT2
...
uTkL


 ·Ai ·

[
v1 v2 . . . vkR

]
∈ FkL×kRq .

In a block Wiedemann algorithm, one generally applies a (block) extension of the Berlekamp-
Massey algorithm [1, 22] in order to compute a minimum right generating polynomial1 of
the sequence of matrices

H̃A,~u,~v,0, H̃A,~u,~v,1, H̃A,~u,~v,2, . . .

Again, things might change slightly depending on the problem to be solved: It might be
necessary to generate a minimum right generating polynomial for the related sequence

H̃A,~u,~v,1, H̃A,~u,~v,2, H̃A,~u,~v,3, . . .

instead.

One proceeds by considering successive elements of the whichever of the above sequences
is appropriate in order to compute a sequence of iterates

g(0), g(1), g(2), . . .

for the minimum right generating polynomial g ∈ Fq[x]
kR×kR of this sequence. The number

of terms of the sequence that must be examined, and the number of iterates that should
be generated, can be bounded by a function of the order n of the input matrix A and the
block sizes kL and kR in use — and, indeed, the development of this type of bound has been
a significant contribution in the analysis of block Wiedemann algorithms. This bound is
not necessarily tight and is, indeed, quite pessimistic if the rank of A is significantly lower
than its order.

With that noted, let us say that a zero discrepancy has occurred during the ith iteration
in the above computation, for i ≥ 1, if g(i−1) = g(i) 6= g. As originally noted by Lobo [21],
experimental evidence suggests that a long sequence of zero discrepancies is unlikely to
arise when Wiedemann’s algorithm is applied, so that one may often conclude that a

1In their writings about block Wiedemann algorithms, Coppersmith, Kaltofen and Villard all describe

this in some way. I have consulted Villard’s report in order to write the above.
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minimum right generating polynomial has been computed and terminate the computation
after noting that

g(i) = g(i+1) = · · · = g(i+k)

for any positive integer i and for reasonably small k: For computations over large fields,
it seems to be sufficient to set k to be two when applying this heuristic; depending on the
block size used, k might be chosen to be (at most) logarithmic in n for computations over
small fields.

Once again, this phenomenon can be related to a condition concerning the rank of
matrix, namely, a matrix with either the form




H̃A,~u,~v,0 H̃A,~u,~v,1 H̃A,~u,~v,2 . . . H̃A,~u,~v,r

H̃A,~u,~v,1 H̃A,~u,~v,2 H̃A,~u,~v,3 . . . H̃A,~u,~v,r+1

H̃A,~u,~v,2 H̃A,~u,~v,3 H̃A,~u,~v,4 . . . H̃A,~u,~v,r+2
...

...
...

. . .
...

H̃A,~u,~v,s H̃A,~u,~v,s+1 H̃A,~u,~v,s+2 . . . H̃A,~u,~v,r+s




or with a similar block Hankel form, such the top left block is H̃A~u,~v,1 instead of H̃A,~u,~v,0:
Since the rightmost columns of this matrix must be linear combinations of the columns
to the left, such a matrix cannot have full rank if a sequence of zero discrepancies has
occurred.

Permuting rows a columns of these matrices one obtains either a matrix HA,~u,sL,~v,sR

or a matrix ĤA,~u,sL,~v,sR as described above, in the discussion of block Lanczos algorithms.
Consequently results that bound the nullity of matrices with this form, for uniformly and
randomly generated blocks of vectors ~u and ~v, are sufficient both to bound the storage
requirements for biconditional block Lanczos algorithms and to establish the reliability of
early termination heuristics in block Wiedemann computations.

As part of his Master’s research, Hovinen [16, 17] made significant progress in bound-
ing the nullities of such matrices2. In an elegant application of module theory, Hovinen
established that if vectors

~u = u1, u2, . . . , uk and ~v = v1, v2, . . . , vk

are chosen uniformly and independently from Fn×1
q , and i is an integer such that ki is less

than or equal to the rank of a matrix A ∈ Fn×nq , then the probability that the matrix

ĤA,~u,k(i+∆),~v,ki is rank deficient is at most

4qi−⌈n/k⌉ + 6
n + q−k(∆−1)

2While I was listed as co-author of the conference report of this work, this was not part of my contribution.

Instead, the analysis described here was entirely due to Hovinen.
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— provided that the number of nontrivial invariant factors of A is less than or equal to
k − logq n, and provided that q2/n+ q3/n2 < 1. (See, in particular, Corollary 3.21 of [16],
which states this in somewhat different form.) Hovinen applied this and other results to
complete an analysis of his block Lanczos algorithm — the first such algorithm to be fully
analyzed.

It is possible to establish similar bounds by more elementary methods. Indeed, Section 3
presents a method to do this using basic linear algebra and probability theory, along with
a well known bound from the theory of finite fields — namely, that the number of distinct
monic irreducible polynomials in Fq[x] with degree d is at most qd/d. These methods are
applied, in Section 4, to generalize Hovinen’s results:

• The restriction on field size — that q2/n + q3/n2 < 1 — is not serious: If q2/n +
q3/n2 ≥ 1, instead, then q ≥ 1

2

√
n, and large-field arguments can be used to bound

the likelihood that ĤA,~u,sL,~v,sR is rank deficient, provided that one works over a field
extension with degree at most five over Fq.

However, this restriction is also unnecessary, and it is not used in Section 4. Indeed
(as one might suspect) bounds on the likelihood that that the above matrix is rank-
deficient improve as q increases.

• The restriction that the number of nontrivial invariant factors of A is less than
or equal to k − logq n is also significantly relaxed: Bounds for the likelihood that

ĤA,~u,sL,~v,sR are provided in Section 4 whenever the number of nontrivial invariant
factors of A is at most min(kL, kR)− 1.

• As the above notation may suggest, bounds are given for the likelihood of rank
deficiency of a larger class of block Hankel matrices, including those that arise when
algorithms using a different block size on the left than on the right are applied. It
seems that there are already quite a few variants of “block Wiedemann” and “block
Lanczos” algorithms, and still others may emerge. I am hopeful that the bounds
given here are general enough to be applicable when analyzing quite a few of these
algorithms.

In particular, bounds for the probability that either a matrix ĤA,~u,sL,~v,sR or a matrix
HA,~u,sL,~v,sR is rank deficient by at least j, when the number of nontrivial invariant factors
is greater than the minimum of the block sizes used, are given at lines (4.6) on page 44
and (4.7) on page 44, respectively. They indicate that at any fixed point in a block Lanczos
computation, when the same number of vectors have been produced in the Krylov space
generated by AT and ~u as have been generated in the Krylov space generated by A and ~v
(so that sL = sR), it is unlikely that there are significantly more than log log n unmatched
vectors produced in either Krylov space. This can be used to argue that it is unlikely that
there are ever significantly more than O(log n) unmatched vectors at any point during the
computation at all. It can be also be used to argue that it is unlikely that a sequence
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of zero discrepancies with length more than logarithmic in n ever arises during a block
Wiedemann computation that employs an early termination heuristic.

As mentioned in various reports — including the original ones of Coppersmith — block
sizes are chosen for a variety of reasons when block Lanczos and block Wiedemann algo-
rithms are designed and implemented for multiple reasons. These include more efficient
use of storage and improving coarse grained parallelism. Since one block size might not be
best for everything I am hopeful that this ongoing work to eliminate or relax conditions
to ensure reliability will simplify the design and implementation of block Wiedemann and
Lanczos algorithms in the future.

Section 5 introduces a variant of a “sparse Wiedmenn” preconditioner that closely
resembles one introduced by Wiedemann [27] and further analyzed by Chen et. al. [3].
Since this preconditioner is slightly different than the one described in these other reports
a reasonably complete analysis of its properties is provided. That noted, it is not really
either new or surprising that this preconditioner is sparse, that it preserves the rank of the
matrix being conditioned, or that the number of nontrivial nilpotent blocks in the Jordan
form for the conditioned matrix is probably small — and proofs of these properties are
based on similar proofs in the cited reports. It is perhaps more surprising that the number
of nontrivial invariant factors of the preconditioned matrix is probably small, as well: This
result complements the results of Sections 3–4 by establishing (with high probability) the
matrix property used to bound storage requirements for a block Lanczos computation or
ensure reliability of an early termination heuristic in a block Wiedemann computation. It
is also sufficient to establish the reliability of block algorithms that solve systems, sample
from the null space of a matrix, or compute matrix rank.

Section 6 describes additional work in progress as well as a few questions that may be
of interest to other researchers.

Much of this work has appeared, in rather different form, in a pair of unpublished
technical reports [8, 12]. The properties of the sparse Wiedemann preconditioner, discussed
above, were also announced in an extended abstract [9] that included a very brief proof
sketch. Apart from that, this is the first conference or journal presentation of this work.

2 Characterizations of the Matrix A

2.1 Main Characterization

The existence of “Frobenius normal form” as well as a (rational) Jordan normal form for
a matrix suffice to establish that every matrix A ∈ Fn×nq can be described as follows. The
factorization of A, described here, will be used extensively throughout this report.

Suppose now that

A = X−1DX (2.1a)
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for a nonsingular matrix X ∈ Fn×nq , and for a block diagonal matrix

D =




∆0 0
∆1

. . .

0 ∆h


 ∈ Fn×nq . (2.1b)

In this case, ∆i is a matrix whose characteristic polynomial is a power of an irreducible
polynomial ϕi with degree di ≥ 1 in Fq[x], for 0 ≤ i ≤ h, so that

ϕ0, ϕ1, . . . , ϕh

are distinct monic irreducible polynomials in Fq[x].
It will be useful to consider the case that the given irreducible polynomial is x separately

from other cases. To facilitate this, let us suppose that ϕ0 = x (so that d0 = 1), that h ≥ 0,
and that ϕ1, ϕ2, . . . , ϕh are the (remaining) monic irreducible divisors of the characteristic
polynomial of A.

To continue, suppose that ∆i is a block diagonal matrix

∆i =




Zi,1 0
Zi,2

. . .

0 Zi,ℓi


 (2.1c)

for an integer ℓi ≥ 0 for 1 ≤ i ≤ h, and that

Zi,j =




0 −αi,j,0
1 0 −αi,j,1

1 −αi,j,2
. . .

...
1 −αi,j,dini,j−1



∈ F

dini,j×dini,j
q (2.1d)

is the companion matrix of the polynomial

ϕ
ni,j

i = xdini,j + αi,j,dini,j−1x
dini,j−1 + · · · + αi,j,2x

2 + αi,j,1x+ αi,j,0 (2.1e)

for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi, and such that

ℓ0 ≥ 0 and ℓi ≥ 1 for 1 ≤ i ≤ h, (2.1f)

ni,1 ≥ ni,2 ≥ · · · ≥ ni,ℓi ≥ 1 for 0 ≤ i ≤ h, (2.1g)

di(ni,1 + ni,2 + · · ·+ ni,ℓi) = ni for 0 ≤ i ≤ h, (2.1h)
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and
n0 + n1 + · · · + nh = n. (2.1i)

If these parameters are defined as above then A is nonsingular if and only if ℓ0 = 0, while
A is nilpotent if and only if h = 0.

Finally, let
ℓ = max(ℓ0, ℓ1, . . . , ℓh) (2.1j)

so that ℓ is the number of invariant factors of A.

2.2 A Decomposition of Fn×1
q

Lemma 2.1. If A is as given in equations (2.1a)–(2.1j) then there exist vectors ζi,j ∈ Fn×1
q ,

for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi, such that

Fn×1
q =

⊕

0≤i≤h
1≤j≤ℓi

Vi,j

where
Vi,j = {f(A)ζi,j | f ∈ Fq[x] and deg(f) < dini,j},

is a subspace with dimension dini,j over Fq, and such that

ϕ
ni,j

i (A)ζi,j = 0

for all integers i and j such that 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi. Furthermore, there is exactly
one sequence of polynomials

f0,1, f0,2, . . . , f0,ℓ0 , . . . , fh,1, fh,2, . . . , fh,ℓh ∈ Fq[x]

such that fi,j has degree less than dini,j for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi, and such that

y =

h∑

i=0

ℓi∑

j=1

fi,j(A)ζi,j

for any given vector y ∈ Fn×1
q .

Proof. Let ei be the i
th unit vector (with 1 in position i and 0’s elsewhere) for every integer i

such that 1 ≤ i ≤ n. Then, since the matrix X−1 is nonsingular, the vectors

X−1e1,X
−1e2, . . . ,X

−1en

certainly form a basis for Fn×1
q . Now let

ζi,j = X−1en0+n1+···+ni−1+di(ni,1+ni,2+···+ni,j−1)+1
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for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi. It is easily confirmed by an examination of the definitions of
the above matrices D, ∆i and Zi,j (for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi) that

Ak−1ζi,j = X−1en0+n1+···+ni−1+di(ni,1+ni,2+···+ni,j−1)+k (2.2)

for every integer k such that 1 ≤ k ≤ dini,j. Thus, if

Vi,j = {f(A)ζi,j | f ∈ Fq[x] and deg(f) < dini,j}

as above, for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi, then Vi,j is spanned by the vectors

X−1en0+n1+···+ni−1+di(ni,1+ni,2+···+ni,j−1)+1,

X−1en0+n1+···+ni−1+di(ni,1+ni,2+···+ni,j−1)+2 . . . ,

X−1en0+n1+···+ni−1+di(ni,1+ni,2+···+ni,j−1+ni,j)

and, since these vectors are linearly independent, Vi,j has dimension dini,j over Fq. It also
follows by the equation at line (2.2) that the vectors

ζi,j, Aζi,j, A
2ζi,j, . . . , A

dini,j−1ζi,j

are linearly independent and form a basis for Vi,j as well. Now

Fn×1
q =

⊕

0≤i≤h
1≤j≤ℓi

Vi,j

as claimed, and it follows that every vector y ∈ Fn×1
q has a unique representation as

y =

h∑

i=0

ℓi∑

j=1

fi,j(A)ζi,j

for polynomials fi,j ∈ Fq[x] such that fi,j has degree less than dini,j for 0 ≤ i ≤ h and
1 ≤ j ≤ ℓi.

It remains only to argue that ϕ
ni,j

i (A)ζi,j = 0. Set

ê = en0+n1+···+ni−1+di(ni,1+ni,2+···+ni,j−1)+1.

Then

ϕ
ni,j

i (A)ζi,j = ϕ
ni,j

i

(
X−1DX

)
X−1ê

= X−1ϕ
ni,j

i (D)X ·X−1ê
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= X−1




ϕ
ni,j

i (∆0) 0
ϕ
ni,j

i (∆1)
. . .

0 ϕ
ni,j

i (∆h)


 ê,

and

ϕni,j
i (∆i) =




ϕ
ni,j

i (Zi,1) 0
ϕ
ni,j

i (Zi,2)
. . .

0 ϕ
ni,j

i (Zi,ℓi)




The result now follows since Zi,j has characteristic polynomial ϕ
ni,j

i , so that ϕ
ni,j

i (Zi,j) = 0,
and column n0 + n1 + · · · + ni−1 + di(ni,1 + ni,2 + · · · + ni,j−1) + 1 of the block diagonal
matrix 



ϕ
ni,j

i (∆0) 0
ϕ
ni,j

i (∆1)
. . .

0 ϕ
ni,j

i (∆h)




is filled with zeroes.

Corollary 2.2. If A and the vectors ζi,j are as described in Lemma 2.1, and fi,j ∈ Fq[x]
for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi, then

h∑

i=0

ℓi∑

j=1

fi,j(A)ζi,j = 0

if and only if fi,j is divisible by ϕ
ni,j

i for all i and j such that 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

Proof. Suppose first that fi,j is divisible by ϕ
ni,j

i for all integers i and j such that 0 ≤ i ≤ h
and 1 ≤ j ≤ ℓi. Then fi,j = gi,j · ϕni,j

i for a polynomial gi,j ∈ Fq[x], so that

fi,j(A)ζi,j = gi,j(A) · ϕni,j

i (A)ζi,j = gi,j(A) · 0 = 0,

by the results of Lemma 2.1, and since this holds for all i and j,

h∑

i=0

ℓi∑

j=1

fi,j(A)ζi,j = 0

as well.
Now suppose, conversely, that there exists at least one pair of integers i and j such

that 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi, and fi,j is not divisible by ϕ
ni,j

i . Then

fi,j = ϕmi · g
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for some integer m such that 0 ≤ m ≤ ni,j − 1 and for some polynomial g ∈ Fq[x] that
is relatively prime with the irreducible polynomial ϕi. The polynomial g must then be
relatively prime with ϕ

ni,j

i as well, so that there exist polynomials s, t ∈ Fq[x] such that
s · g + t · ϕni,j

i = 1. Consequently

s(A) · fi,j(A)ζi,j = s(A) · g(A) · ϕmi (A)ζi,j
= (1− t(A) · ϕni,j

i (A)) · ϕmi (A)ζi,j
= ϕmi (A)ζi,j − t(A) · ϕmi (A) · ϕ

ni,j

i (A)ζi,j

= ϕmi (A)ζi,j − t(A) · ϕmi (A) · 0
= ϕmi (A)ζi,j ∈ Vi,j .

Since ϕmi is a nonzero polynomial with degree dim < dini,j, ϕ
m
i (A)ζi,j is a nonzero element

of Vi,j, so that fi,j(A)ζi,j must certainly be a nonzero element of Vi,j as well. Now, since

Fn×1
q =

⊕

0≤i≤h
1≤j≤ℓi

Vi,j

and fs,t(A)ζs,t ∈ Vs,t for all integers s and t such that 0 ≤ s ≤ h and 1 ≤ t ≤ ℓs, it
necessarily follows that

h∑

i=0

ℓi∑

j=1

fi,j(A)ζi,j 6= 0

as well, establishing the claim.

2.3 An Alternative Characterization of A

It will occasionally be useful to consider an alternative characterization of the matrix A.
With that noted, suppose that A is as given in the equations at lines (2.1a)–(2.1j), as usual,
and let ℓ̂0, ℓ̂1, . . . , ℓ̂h be integers such that 0 ≤ ℓ̂i ≤ ℓi for 0 ≤ i ≤ h. Let

N̂ =

h∑

i=0

ℓ̂i∑

j=1

dini,j and Ñ =

h∑

i=0

ℓi∑

j=ℓ̂i+1

dini,j (2.3a)

so that N̂ + Ñ = n. Then

A = X̂−1

[
Â 0

0 Ã

]
X̂ (2.3b)
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for a nonsingular matrix X̂ ∈ Fn×nq and for matrices Â ∈ FN̂×N̂
q and Ã ∈ FÑ×Ñ

q . In
particular,

Â =




∆̂0 0

∆̂1

. . .

0 ∆̂h


 and Ã =




∆̃0 0

∆̃1

. . .

0 ∆̃h


 (2.3c)

and where

∆̂i =




Zi,1 0
Zi,2

. . .

0 Z
i,ℓ̂i


 and ∆̃i =




Z
i,ℓ̂i+1

0

Z
i,ℓ̂i+2

. . .

0 Zi,ℓi


 (2.3d)

for 0 ≤ i ≤ h and for Zi,j as shown at line (2.1d) for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

3 Definitions of Matrices and Fundamental Properties

The matrices to be studied will now be defined (see, in particular, Definitions 3.1 and 3.19)
and fundamental properties, needed to establish that they are unlikely to have low rank,
will be introduced.

3.1 The Matrix KA,~v,s

Definition 3.1. Let k and s be positive integers. Let sk,i = ⌈s/k⌉ for 1 ≤ i ≤ (s mod k)
and let sk,i = ⌊s/k⌋ for (s mod k) + 1 ≤ i ≤ k, so that

sk,1 ≥ sk,2 ≥ · · · ≥ sk,k

either sk,1 = sk,k or sk,1 = sk,k + 1, and

sk,1 + sk,2 + · · · + sk,k = s.

For vectors ~v = v1, v2, . . . , vk ∈ Fn×1
q , let KA,~v,s ∈ Fn×sq be the matrix with columns

v1, Av1, A
2v1, . . . , A

sk,1−1v1,

v2, Av2, A
2v2, . . . , A

sk,2−1v2,

. . . vk, Avk, A
2vk, . . . , A

sk,k−1vk,

that is, the vectors Aivj for integers h and j such that 1 ≤ j ≤ k and 0 ≤ i ≤ sk,j − 1.
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Definition 3.2. Once again, let k and s be positive integers. Let NullA,k,s be the number
of choices of vectors ~v = v1, v2, . . . , vk ∈ Fn×1

q and scalars

d1,0, d1,1, . . . , d1,sk,1−1, . . . , dk,0, dk,1, . . . , dk,sk,k−1 ∈ Fq

such that

KA,~v,s
~d = 0 for ~d =




d1,0
d1,1
...

dk,sk,k−1


 . (3.1)

Lemma 3.3. If A is as given in equations (2.1a)–(2.1j) and k and s are positive integers,
then NullA,k,s is equal to the number of choices of polynomials fi,j,m ∈ Fq[x] for 0 ≤ i ≤ h,
1 ≤ j ≤ ℓi, and 1 ≤ m ≤ k, where deg(fi,j,m) < dini,j for all i, j and m as above, and of
polynomials g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) < sk,j for 1 ≤ j ≤ k, such that

fi,j,1g1 + fi,j,2g2 + · · ·+ fi,j,kgk ≡ 0 mod ϕ
ni,j

i

for all integers i and j such that 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

Proof. If follows by Lemma 2.1 that the number of choices of vectors ~v = v1, v2, . . . , vk ∈
Fn×1
q is the same as the number of choices of polynomials fi,j,m ∈ Fq[x] such that fi,j,m has

degree less than dini,j, for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi, and 1 ≤ m ≤ k. Indeed, there is exactly
one such choice of polynomials fi,j,m for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi such that

vm =

h∑

i=0

ℓi∑

j=1

fi,j,m(A)ζi,j (3.2)

for 1 ≤ m ≤ k and for the vectors ζi,j described in the lemma.
One can also define a unique set of polynomials g1, g2, . . . , gk ∈ Fq[x], such that gj has

degree less than sk,j for 1 ≤ j ≤ k, corresponding to a sequence of scalars

d1,0, d1,1, . . . , d1,sk,1−1, . . . , dk,0, dk,1, . . . , dk,sk,k−1 ∈ Fq,

by setting
gj = dj,0 + dj,1x+ dj,2x

2 + · · · + dj,sk,j−1x
sk,j−1 (3.3)

for 1 ≤ j ≤ k.
It suffices to examine the definition of the matrix KA,~v,s and the equations at lines (3.2)

and (3.3) to confirm that

KA,~v,s
~d =

h∑

i=0

ℓi∑

j=1

(fi,j,1g1 + fi,j,2g2 + · · ·+ fi,j,kgk)(A)ζi,j .

The claim now follows by an application of Corollary 2.2.
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The following probabilities will also be of interest.

Definition 3.4. Let ρA,k,s(j) be the probability that the matrix KA,~v,s ∈ Fn×sq is rank de-
ficient by exactly j if the vectors ~v = v1, v2, . . . , vk are chosen uniformly and independently
from Fn×1

q — that is,

ρA,k,s(j) = Pr[rank(KA,~v,s) = min(n, s)− j] (3.4)

Similarly, let σA,k,s(j) be the probability that the matrix KA,~v,s is rank deficient by at
least j if the vectors ~v = v1, v2, . . . , vk are chosen uniformly and independently from Fn×1

q ,
that is

σA,k,s(j) = Pr[rank(KA,~v,s) ≤ min(n, s)− j]. (3.5)

Lemma 3.5. If the vectors ~v = v1, v2, . . . , vk are chosen uniformly and independently
from Fn×1

q then

NullA,k,s =

min(n,s)∑

j=0

qnk+s−min(n,s)+jρA,k,s(j).

Proof. Suppose, first, that s ≤ n, so that nk + s − min(n, s) = nk; then every matrix
KA,~v,s is rank deficient by some integer j such that 0 ≤ j ≤ s. Now, if NullA,k,sj is as
defined above then there are qnkρA,k,s(j) matrices KA,~v,s ∈ Fn×sq that are rank deficient

by j (corresponding to choices of vectors ~v = v1, v2, . . . , vk ∈ Fn×1
q ). The claim for the case

that s ≤ n now follows by the fact that if KA,~v,s is rank deficient by j then its right null
space has dimension j and includes exactly qj vectors.

The proof of the claim for the case that s > n (so that nk+s−min(n, s) = (k−1)n+s)
is similar: It suffices to observe that every matrix KA,~v,s is rank deficient by some integer j
such that 0 ≤ j ≤ n, and that the right null space of this matrix has dimension s − n + j
and includes qs−n+j vectors in this case.

Note that σA,k,s(0) = 1, ρA,k,s(j) = σA,k,s(j) − σA,k,s(j + 1) if 0 ≤ j < min(n, s),
and σA,k,s(j) = ρA,k,s(j) if j = min(n, s). The following is therefore a consequence of
Lemma 3.5.

Corollary 3.6. If vectors ~v = v1, v2, . . . , vk are chosen uniformly and independently
from Fn×1

q then

NullA,k,s = qnk+s−min(n,s)


1 + (q − 1)

min(n,s)∑

j=1

σA,k,s(j) · qj−1


 .

Corollary 3.6 implies that

σA,k,s(j) ≤
(NullA,k,s − qnk+s−min(n,s))

(q − 1)qnk+s−min(n,s)+j−1
(3.6)
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if 1 ≤ j ≤ min(n, s). Bounds for the probability that KA,~v,s is rank deficient will be
obtained by bounding NullA,k,s and applying this inequality.

Suppose now that ℓ̂0, ℓ̂1, . . . , ℓ̂h are integers such that 0 ≤ ℓ̂i ≤ ℓi for 0 ≤ i ≤ h, and
consider the decomposition of A described in Subsection 2.3 — considering, in particular,

the matrices Â ∈ FN̂×N̂
q and Ã ∈ FÃ×Ãq as defined at lines (2.3a)–(2.3d).

Lemma 3.7. If A, Â ∈ FN̂×N̂
q and Ã ∈ FÑ×Ñ

q are as described above, then

NullA,k,s ≤ qÑkNull
Â,k,s

for all positive integers k and s.

Proof. It follows by Lemma 3.3 that

• NullA,k,s is the number of choices of polynomials fi,j,m ∈ Fq[x] for 0 ≤ i ≤ h, 1 ≤
j ≤ ℓi, and 1 ≤ m ≤ k where deg(fi,j,m) < dini,j for all such i, j and k, and of
polynomials g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) < sk,j for 1 ≤ j ≤ k and such
that

fi,j,1g1 + fi,j,2g2 + · · · + fi,j,kgk ≡ 0 mod ϕ
ni,j

i (3.7)

for all integers i and j such that 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi, while

• Null
Â,k,s

is the number of choices of polynomials fi,j,m ∈ Fq[x] for 0 ≤ i ≤ h and

1 ≤ j ≤ ℓ̂i and of polynomials g1, g2, . . . , gk ∈ Fq[x] such that the above degree
constraints are satisfied, and such that the equation at line (3.7) is satisfied for
0 ≤ i ≤ h and 1 ≤ j ≤ ℓ̂i.

It suffices to note that, for any choice of polynomials fi,j,m and g1, g2, . . . , gm satisfying the

second set of constraints, for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓ̂i, there are at most qÑk ways to
choose polynomials fi,j,m ∈ Fq[x] for 0 ≤ i ≤ h and ℓ̂i +1 ≤ j ≤ ℓi in order for the first set

of constraints to be satisfied — for there are qÑk choices of these polynomials satisfying
the given degree constraints.

3.2 Definitions and Properties Concerning A · KA,k,s

Let r be the rank of A. Then, since Z0,j has nullity one and rank n0,j − 1 for all j, the
block matrix ∆0 has rank

ℓ0∑

j=0

(n0,j − 1) =




ℓ0∑

j=0

n0,j


− ℓ0 = n0 − ℓ0.
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On the other hand, if 1 ≤ i ≤ h then the matrix ∆i ∈ Fni×ni
q is nonsingular, so its rank is ni.

Now, since A is similar to a block diagonal matrix with diagonal blocks ∆0,∆1, . . . ,∆h, it
follows by the above that

r = n0 − ℓ0 +

h∑

h=1

nh = n− ℓ0.

Definition 3.8. Suppose that s is a positive integer and that sk,1, sk,2, . . . , sk,k are as in
Definition 3.1. Let A-NullA,k,s be the number of choices of vectors v1, v2, . . . , vk ∈ Fn×1

q and
scalars

d1,0, d1,1, . . . , d1,sk,1−1, . . . , dk,0, dk,1, . . . , dk,sk,k−1 ∈ Fq

such that

A · KA,~v,s
~d = 0 for ~d =




d1,0
d1,1
...

dk,sk,k−1


 .

The following lemma replaces Lemma 3.3 in this analysis.

Lemma 3.9. If A is as given in equations (2.1a)–(2.1j) and k and s are positive integers,
then A-NullA,k,s is equal to the number of choices of polynomials fi,j,m ∈ Fq[x] for 0 ≤ i ≤ h,
1 ≤ j ≤ ℓi, and 1 ≤ m ≤ k, where deg(fi,j,m) < dini,j for all i, j and m as above, and of
polynomials g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) < sk,j for 1 ≤ j ≤ k, such that

f0,j,1g1 + f0,j,2g2 + · · ·+ f0,j,kgk ≡ 0 mod xn0,j−1 (3.8)

for every integer j such that 1 ≤ j ≤ ℓ0, and such that

fi,j,1g1 + fi,j,2g2 + · · ·+ fi,j,kgk ≡ 0 mod ϕ
ni,j

i (3.9)

for all integers i and j such that 1 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

Proof. The proof of this lemma is quite similar to that of Lemma 3.3; considering the
matrix A · KA,~v,s instead of KA,~v,s, one can apply Lemma 2.1 to confirm that A-NullA,k,s
is equal to the number of choices of polynomials fi,j,m ∈ Fq[x] for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi,
and 1 ≤ m ≤ k, where deg(fi,j,m) < dini,j for all i, j and m as above, and of polynomials
g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) < sk,j for 1 ≤ j ≤ k such that

xfi,j,1g1 + xfi,j,2g2 + · · ·+ xfi,j,kgk ≡ 0 mod ϕ
ni,j

i

for all integers i and j such that 0 ≤ i ≤ m and 1 ≤ j ≤ ℓi. It now suffices to note that,
since ϕ0 = x,

xf0,j,1g1 + xf0,j,2g2 + · · · + xf0,j,kgk ≡ 0 mod ϕ
n0,j

0
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if and only if the condition at line (3.8) is satisfied for all j such that 1 ≤ j ≤ ℓ0. On the
other hand, since the polynomials x and ϕi are relatively prime for 1 ≤ i ≤ h,

xfi,j,1g1 + xfi,j,2g2 + . . . xfi,j,kgk ≡ 0 mod ϕ
ni,j

i

if and only if the condition at line (3.9) is satisfied for 1 ≤ i ≤ h and 1 ≤ j ≤ ℓi, as needed
to establish the claim.

Since the rank of A · KA,~v,s is at most that of A, the following plays the role of Defini-
tion 3.4 in this analysis.

Definition 3.10. Let ρ̂A,k,s(j) be the probability that A·KA,~v,s is rank deficient by exactly j
if the vectors ~v = v1, v2, . . . , vk are chosen uniformly and independently from Fn×1

q — that
is,

ρ̂A,k,s(j) = Pr[rank(A · KA,~v,s) = min(r, s)− j].

Let σ̂A,k,s(j) be the probability that A · KA,~v,s is rank deficient by at least j if the vectors
~v = v1, v2, . . . , vk are chosen uniformly and independently from Fn×1

q , that is,

σ̂A,k,s(j) = Pr[rank(A · KA,~v,s) ≤ min(r, s)− j].

The proof of the following claim is virtually identical to that of Lemma 3.5: One should
simply replace KA,~v,s with A · KA,~v,s and n with r (as the upper bound for maximal rank
when s ≥ r) in the argument — noting, as well, that if the matrix A ·KA,~v,s has rank r− j,
when s ≥ r, then the dimension of its right null space is s− r + j.

Lemma 3.11. If the vectors ~v = v1, v2, . . . , vk are chosen uniformly and independently
from Fn×1

q then

A-NullA,k,s ≤
min(r,s)∑

j=0

qnk+s−min(r,s)+j ρ̂A,k,s(j).

Now σ̂A,k,s(0) = 1, ρ̂A,k,s(j) = σ̂A,k,s(j) − σ̂A,k,s(j + 1) if 0 ≤ j < min(r, s), and
σ̂A,k,s(j) = ρ̂A,k,s(j) if j = min(r, s). The following can be concluded from the above
lemma, just as Corollary 3.6 can be concluded from Lemma 3.5 using essentially the same
relationships between ρA,k,s(j) and σA,k,s(j).

Corollary 3.12. If vectors ~v = v1, v2, . . . , vk are chosen uniformly and independently
from Fn×1

q then

A-NullA,k,s ≤ qnk+s−min(r,s)


1 + (q − 1)

min(r,s)∑

j=1

qj−1


 .

18



Corollary 3.12 implies that

σ̂A,k,s(j) ≤
(A-NullA,k,s − qnk+s−min(r,s))

(q − 1)qnk+s−min(r,s)+j−1
. (3.10)

The following lemmas will be of use in obtaining bounds for A-NullA,k,s from bounds
for NullA,k,s.

Lemma 3.13. Let g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) < sk,j for 1 ≤ j ≤ k and at least
one of these polynomials is nonzero. Then the number of polynomials fi,j,m ∈ Fq[x] such
that deg(fi,j,m) < dini,j for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k, such that

f0,j,1g1 + f0,j,2g2 + · · ·+ f0,j,kgk ≡ 0 mod xn0,j−1

for every integer j such that 1 ≤ j ≤ ℓ0, and such that

fi,j,1g1 + fi,j,2g2 + · · ·+ fi,j,kgk ≡ 0 mod ϕ
ni,j

i

for all integers i and j such that 1 ≤ i ≤ h and 1 ≤ j ≤ ℓi is less than or equal to the
product of qℓ0 and the number of polynomials fi,j,m satisfying the same degree constraints
and such that

fi,j,1g1 + fi,j,2g2 + · · ·+ fi,j,kgk ≡ 0 mod ϕ
ni,j

i (3.11)

for all integers i and j such that 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

Proof. Let S be the set of choices of polynomials f0,j,m such that the given degree con-
straints are satisfied for 1 ≤ j ≤ ℓ0 and 1 ≤ m ≤ k and such that the equation at line (3.11)
is satisfied for 1 ≤ j ≤ ℓ0. Since the constants on choices of polynomials fi,j,m such that
1 ≤ i ≤ h, 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k are the same for both cases, it is necessary
and sufficient to prove that the number of choices of polynomials f0,j,m for 1 ≤ j ≤ ℓ0
and 1 ≤ m ≤ k, satisfying the given degree constraint and the condition at line (3.8) for
1 ≤ j ≤ ℓ0, is at most the product of qℓ0 and the size of the set S.

With that noted, suppose that f0,j,m are polynomials such that the degree constraints
are satisfied for 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k and the constant at line (3.8) is satisfied for
1 ≤ j ≤ ℓ0. Then there exist elements α1, α2, . . . , αℓ0 of Fq such that

f0,j,1g1 + f0,j,2g2 + · · ·+ f0,j,kgk ≡ αjx
n0,j−1 mod xn0,j (3.12)

for 1 ≤ j ≤ ℓ0.

Consider any choice of α1, α2, . . . , αℓ0 as above. Suppose, first, that there exist poly-

nomials f̂0,j,m such that deg(f̂0,j,m) < n0,j for 1 ≤ j ≤ ℓ0 and 1 ≤ m ≤ k and such
that

f̂0,j,1g1 + f̂0,j,2g2 + · · ·+ f̂0,j,kgk ≡ αjx
n0,j−1 mod xn0,j
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for 1 ≤ j ≤ ℓ0. Then there are exactly |S| choices of polynomials satisfying these constraints
— for each other choice of polynomials f0,j,m (again, for 1 ≤ j ≤ ℓ0 and 1 ≤ m ≤ k) satisfies
these constants if and only if

f0,j,m = f̂0,j,m + f0,j,m for 1 ≤ j ≤ ℓ0 and 1 ≤ m ≤ k

where f0,j,m (for j and m as above) is one of the choices of polynomials in S.

On the other hand, if there is no choice of polynomials f̂0,j,m as described above then
the number of choices of polynomials satisfying the above condition is at most |S| once
again, since |S| ≥ 0.

The claim now follows because there are qℓ0 choices of the above sequence of values
α1, α2, . . . , αℓ0 ∈ Fq.

Lemma 3.14. Suppose that g1 = g2 = · · · = gk = 0 ∈ Fq[x]. Then there are qnk choices
of polynomials fi,j,m ∈ Fq[x] such that deg(fi,j,m) < dini,j for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi and
1 ≤ m ≤ k, the constraint at line (3.8) is satisfied for 1 ≤ j ≤ ℓ0, and the constraint at
line (3.9) is satisfied for 1 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

Proof. If g1 = g2 = · · · = gk = 0 then the constraint at line (3.8) is satisfied for 1 ≤ j ≤ ℓ0
and the constraint at line (3.9) is satisfied for 1 ≤ i ≤ h and 1 ≤ j ≤ ℓi, for all choices
of polynomials fi,j,m ∈ Fq[x] such that deg(fi,j,m) < dini,j for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi, and
1 ≤ m ≤ k. There are qnk such choices of polynomials.

Let ψ1 be the minimal polynomial of A. Since gcd(g1, g2, . . . , gk, ψ1) is a (well-defined)
nonzero divisor ξ of ψ1 with degree less than s/k, for any choice of polynomials g1, g2, . . . , gk
such that deg(gj) < sk,j for 1 ≤ j ≤ k such that at least one of these polynomials is nonzero,
and there are at most qnk choices of polynomials fi,j,m such that deg(fi,j,m < ϕni,j (for
0 ≤ i ≤ h, 1 ≤ j ≤ ℓi, and 1 ≤ m ≤ k) to be considered when

g1 = g2,= · · · = gk = 0,

such it follows by Lemma 3.3 that

NullA,k,s ≤ qnk +
∑

ξ∈Fq [x]\{0}
ξ divides ψ1

deg(ξ)<s/k

µ(ξ)ν(ξ) (3.13)

and it follows by Lemma 3.9 that

A-NullA,k,s ≤ qnk +
∑

ξ∈Fq [x]\{0}
ξ divides ψ1

deg(ξ)<s/k

µ(ξ)ν̂(ξ) (3.14)

where, for any divisor ξ of ψ1 with degree less than s/k,
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• µ(ξ) is the number of choices of polynomials g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) <
sk,j for 1 ≤ j ≤ k, and

gcd(g1, g2, . . . , gk, ψ1) = ξ;

• for any choice of polynomials g1, g2, . . . gk satisfying the above condition, ν(ξ) is the
number of choices of polynomials fi,j,m such that deg(fi,j,m) < dimi,j for 0 ≤ i ≤ h,
1 ≤ j ≤ ℓi and 1 ≤ m ≤ k, and such that the condition at line (3.11), above, is
satisfied for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi, and

• for any choice of polynomials g1, g2, . . . , gk satisfying the above condition, ν̂(ξ) is the
number of choices of polynomials fi,j,m satisfying the above degree constraint such
that the condition at line (3.8) is satisfied for 1 ≤ j ≤ ℓ0 and such that the condition
at line (3.9) is satisfied for 1 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

It follows by Lemma 3.13 that ν̂(ξ) ≤ qℓ0ν(ξ) for any nonzero divisor ξ of ψ1., so that

∑

ξ∈Fq [x]\{0}
ξ divides ψ1

deg(ξ)<s/k

µ(ξ)ν̂(ξ) ≤ qℓ0
∑

ξ∈Fq [x]\{0}
ξ divides ψ1

deg(ξ)<s/k

µ(ξ)ν̂(ξ)

and (using the equations at lines (3.13) and (3.14), above)

A-NullA,k,s ≤ qℓ0NullA,k,s − (qℓ0 − 1)qnk. (3.15)

Once again, suppose that ℓ̂0, ℓ̂1, . . . , ℓ̂h are integers such that 0 ≤ ℓ̂i ≤ ℓi for 0 ≤ i ≤
h, and consider the decomposition of A described in Subsection 2.3 — considering, in

particular, the matrices Â ∈ FN̂×N̂
q and Ã ∈ FÃ×Ãq as defined at lines (2.3a)–(2.3d).

The proof of the following lemma is virtually identical to that of Lemma 3.7 —
one should simply use Lemma 3.9, instead of Lemma 3.3, in order to relate A-NullA,k,s
and A-NullÂ,k,s.

Lemma 3.15. If A, Â ∈ FN̂×N̂
q and Ã ∈ FÑ×Ñ

q are as described above, then

A-NullA,k,s ≤ qÑkA-Null
Â,k,s

for all positive integers k and s.

3.3 Avoidance of a Subspace

It will also be useful to bound the probability that KA,~v,s
~d belongs to a given subspace

of Fn×1
q .
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Lemma 3.16. If A is as given in equations (2.1a)–(2.1j), k and s are positive integers,
and y is a nonzero vector in Fn×1

q , then there are at most NullA,k,s− qnk choices of vectors
~v = v1, v2, . . . , vk and scalars d0,0, d0,1, . . . , dk,sk,k−1 ∈ Fq such that

KA,~v,s
~d = y for ~d =




d0,0
d0,1
...

dk,sk,k−1


. (3.16)

Proof. Once again recall that, by Lemma 3.3, NullA,k,s is the number of choices of polyno-
mials g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) < sk,j and of polynomials fi,j,m ∈ Fq[x] such
that deg(fi,j,m) < dini,j for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k, and such that

fi,j,0g0 + fi,j,1g1 + · · ·+ fi,j,kgk ≡ 0 mod ϕ
ni,j

i (3.17)

for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi. Indeed, as described in Lemma 2.1, the above polynomials
fi,j,m for i, j and m as above correspond to different choices of the vectors v1, v2, . . . , vk,

while the coefficients of polynomials g1, g2, . . . , gk are simply the coefficients of a vector ~d
as shown above.

Consider a choice of polynomials g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) < sk,j for

1 ≤ j ≤ k (and a corresponding vector ~d) as above. Suppose first that gj 6= 0 for at
least one integer j such that 1 ≤ j ≤ k and let S be the set of choices of polynomials
fi,j,m ∈ Fq[x] such that 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi, 1 ≤ m ≤ k, and such that the equation at
line (3.17) is satisfied for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

Suppose well that there exists a set of polynomials f̂i,j,m for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi
and 1 ≤ m ≤ k — corresponding to vectors ~w = w1, w2, . . . , wk ∈ Fn×1

q — such that

KA,~w,s
~d = y. Then the number of polynomials fi,j,m ∈ Fq[x] for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi

and 1 ≤ m ≤ k corresponding to vectors ~v = v1, v2, . . . , vk such that KA,~v,s
~d = y is equal

to the size of the above set S — for vectors v1, v2, . . . , vk satisfy this condition if and only
if vm = wm + ṽm for 1 ≤ m ≤ k and the vectors ṽ1, ṽ2, . . . , ṽk ∈ Fn×1

q correspond to one of

the choices of polynomials f̃i,j,m ∈ Fq[x] included in S.

On the other hand, if at least one polynomial gj is nonzero and there does not exist a

set of polynomials f̂i,j,m for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k, corresponding to vectors

ŵ = w1, w2, . . . , wk such that KA,~w,s
~d = y, then the number of sets of polynomials f̂i,j,m

satisfying this condition is at most |S| once again, since |S| ≥ 0.

It remains only to consider the case that gj = 0 for 1 ≤ j ≤ k, in which case ~d is the zero
vector. There are qnk choices of polynomials fi,j,m ∈ Fq[x] such that deg(fi,j,m) < dini,j for
0 ≤ i ≤ h, 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k. Let ~v = v1, v2, . . . , vk ∈ Fn×1

q be the corresponding

vectors; then KA,~v,s
~d is the zero vector for all such choices of polynomials and since the

vector y is nonzero, KA,~v,s
~d is not equal to y for any of them.
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Considering all possible choices of the polynomials g1, g2, . . . , gk it now follows that the
number of choices of vectors ~v = v1, v2, . . . , vk ∈ Fn×1

q and scalars d0,0, d0,1, . . . , dk,sk,k−1 ∈
Fq such that the equation at line (3.16) is satisfied is at most NullA,k,s−qnk, as claimed.

Definition 3.17. Suppose that A ∈ Fn×nq , k and s are positive integers, and that χ is a

subspace of Fn×1
q . Then NullA,k,s,χ is the number of choices of vectors ~v = v1, v2, . . . , vk ∈

Fn×1
q and scalars d0,0, d1,1, . . . , dk,sk,k−1 such that

KA,~v,s
~d ∈ χ for ~d =




d0,0
d0,1
...

dk,sk,k−1


.

The following is now immediate from Lemma 3.16.

Corollary 3.18. If A is as given in equations (2.1a)–(2.1j), k and s are positive integers,
and χ is a subspace of Fn×1

q with dimension d, then

NullA,k,s,χ ≤ qd · NullA,k,s −
(
qd − 1

)
· qnk.

Proof. If χ has dimension d then χ includes the zero vector along with (qd − 1) nonzero
vectors y ∈ Fn×1

q . Now, the number of choices of vectors ~v = v1, v2, . . . , vk ∈ Fn×1
q and

scalars d1,0, d1,1, . . . , dk,sk,k−1 ∈ Fq such that KA,~v,s
~d = 0 is, by definition, NullA,k,s. On the

other hand, if y ∈ Fn×1
q is a nonzero element of χ then it follows by Lemma 3.16 that the

number of choices of vectors ~v = v1, v2, . . . , vk ∈ Fn×1
q and scalars d1,0, d1,1, . . . , dk,sk,k−1

such that the equation at line (3.16) is satisfied is at most NullA,k,s − qnk. It now follows
that

NullA,k,s,χ ≤ NullA,k,s +
(
qd − 1

)
(NullA,k,s − qnk)

= qd · NullA,k,s −
(
qd − 1

)
· qnk

as claimed.

3.4 The Matrices HA,~u,sL,~v,sR and ĤA,~u,sL,~v,sR

Block Hankel matrices, as defined below, will also be considered.

Definition 3.19. For a matrix A ∈ Fn×nq and for positive integers kL, sL, kR and sR, and

vectors ~u = u1, u2, . . . , ukL ∈ Fn×1
q and ~v = v1, v2, . . . , vkR ∈ Fn×1

q , let

HA,~u,sL,~v,sR = KT
AT ,~u,sL

· KA,~v,sR ∈ FsL×sRq .

and let
ĤA,~u,sL,~v,sR = KT

AT ,~u,sL
·A · KA,~v,sR ∈ FsL×sRq .
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Note that, since the rank of KAT ,~usL ∈ Fn×sLq cannot exceed min(n, sL) and the rank
of KA,~v,sR ∈ Fn×sRq cannot exceed min(n, sR), the rank of HA,~u,sL,~v,sR cannot exceed

min(n, sL, sR), and the rank of ĤA,~u,sL,~v,sR cannot exceed min(r, sL, sR).

Definition 3.20. For a matrix A ∈ Fn×nq and positive integers kL, sL, kR and sR, let
NullA,kL,sL,kR,sR be the number of choices of vectors

~u = u1, u2, . . . , ukL ∈ Fn×1
q and ~v = v1, v2, . . . , vkR ∈ Fn×1

q

and of scalars

d1,0, d1,1, . . . , d1,skR,1−1, . . . , dkR,0, dkR,1, . . . , dkR,skR,kR
−1 ∈ Fq

such that

HA,~u,sL,~v,sR
~d = 0 for ~d =




d1,0
d1,1
...

dkR,skR,kR
−1


.

Let A-NullA,kL,sL,kR,sR be the number of choices of the above vectors and scalars such that

ĤA,~u,sL,~v,sR
~d = 0 for ~d as above.

Definition 3.21. Let A ∈ Fn×nq let kL, sL, kR and sR be positive integers, and suppose
that kL + kR vectors

~u = u1, u2, . . . , ukL and ~v = v1, v2, . . . , vkR

are chosen uniformly and independently from Fn×1
q . For a nonnegative integer j such that

j ≤ min(n, sL, sR), let ρA,kL,sL,kR,sR(j) be the probability that the matrix HA,~u,sL,~v,sR is
rank deficient by j, that is,

ρA,kL,sL,kR,sR(j) = Pr[rank(HA,~u,sL,~v,sR) = min(n, sL, sR)− j].

Let σA,kL,sL,kR,sR(j) be the probability that this matrix is rank deficient by at least j, that
is,

σA,kL,sL,kR,sR(j) = Pr[rank(HA,~u,sL,~v,sR) ≤ min(n, sL, sR)− j].

Similarly, let ρA,kL,sL,kR,sR(j) be the probability that the matrix ĤA,~u,sL,~v,sR is rank defi-
cient by j, that is,

ρ̂A,kL,sL,kR,sR(j) = Pr[rank(ĤA,~u,sL,~v,sR) = min(r, sL, sR)− j].

Let σ̂A,kL,sL,kR,sR(j) be the probability that this matrix is rank deficient by at least j, that
is,

σ̂A,kL,sL,kR,sR(j) = Pr[rank(ĤA,~u,sL,~v,sR) ≤ min(r, sL, sR)− j].
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The next result has essentially the same proof as Lemma 3.5: It suffices to note that
there are qn(kL+kR)ρA,kL,sL,kR,sR(j) matrices HA,~u,kL,~v,kR that are rank deficient by j, and
that the right null space of any such matrix has dimension sR−min(n, sL, sR)+j. Similarly,
there are qn(kL+kR)ρ̂A,kL,sL,kR,sR(j) matrices ĤA,~u,kL,~v,kR that are rank deficient by j, and
the right null space of any such matrix has dimension sR −min(r, sL, sR) + j.

Lemma 3.22. Let A ∈ Fn×nq , let kL, sL, kR and sR be positive integers and suppose that
the vectors

~u = u1, u2, . . . , ukL and ~v = v1, v2, . . . , vkR

and chosen uniformly and independently from Fn×1
q . Finally, let j be an integer such that

0 ≤ j ≤ min(n, sL, sR). Then

NullA,kL,sL,kR,sR = qn(kL+kR)+sR−min(n,sL,sR)

min(n,sL,sR)∑

j=0

ρA,kL,sL,kR,sR(j) · qj

= qn(kL+kR)+sR−min(n,sL,sR)


1 + (q − 1)

min(n,sL,sR)∑

j=1

σA,kL,sL,kR,sR(j) · qj−1




and

A-NullA,kL,sL,kR,sR = qn(kL+kR)+sR−min(r,sL,sR)

min(r,sL,sR)∑

j=0

ρ̂A,kL,sL,kR,sR(j) · qj

= qn(kL+kR)+sR−min(r,sL,sR)


1 + (q − 1)

min(r,sL,sR)∑

j=1

σ̂A,kL,sL,kR,sR(j) · qj−1


 .

Once again, useful inequalities are obtained:

σA,kL,sL,kR,sR(j) ≤
(NullA,kL,sL,kR,sR − qn(kL+kR)+sR−min(n,sL,sR))

(q − 1)qn(kL+kR)+sR−min(n,sL,sR)+j−1
(3.18)

and

σ̂A,kL,sL,kR,sR(j) ≤
(A-NullA,kL,sL,kR,sR − qn(kL+kR)+sR−min(r,sL,sR))

(q − 1)qn(kL+kR)+sR−min(r,sL,sR)+j−1
. (3.19)

The next results will be of use in bounding NullA,kL,sLkRsR and A-NullA,kL,sLkRsR.

Lemma 3.23. Let A ∈ Fn×nq and let kL, sL, kR and sR be positive integers. Then

NullA,kL,sL,kR,sR ≤ qn(kL+kR) + qn−sLNullA,kL,sL(NullA,kR,sR − qnkR)

and
A-NullA,kL,sL,kR,sR ≤ qn(kL+kR) + qn−sLA-NullA,kL,sL(NullA,kR,sR − qnkR).
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Proof. Consider vectors ~u = u1, u2, . . . , ukL and the corresponding matrix KAT ,~u,sL whose
transpose is included in the definition of HA,~u,sL,~v,sR , above. This matrix has rank at
most min(n, sL), and (by definition) if the above vectors are chosen uniformly and inde-
pendently from Fn×1

q then this matrix has rank min(n, sL)−j with probability ρAT ,kL,sL(j)

for every integer j such that 0 ≤ j ≤ min(n, sL). Consequently there are qnkLρAT ,kL,sL(j)
choices of the vectors ~u such that this is the case.

Fixing any such choice of ~u, one should note that the right null space of the matrix
KT
AT ,~u,sL

∈ FsL×nq is a subspace χ of Fn×1
q with dimension n−min(n, sL)+ j. Notice, next,

that for any choice of vectors

~v = v1, v2, . . . , vkR ∈ Fn×1
q

and scalars d1,0, d1,1, . . . , d1,skR,1−1, . . . , dkR,0, dkR,1, . . . , dkR,skR,kR
−1 ∈ Fq,

HA,~u,sL,~v,sR
~d = 0 for ~d =




d1,0
d1,1
...

dkR,skR,kR
−1




if and only if KA,~v,sR
~d ∈ χ. It follows by Corollary 3.18 that the number of choices of the

vectors ~v and scalars d1,0, d1,1, . . . , dkR,skR,kR
−1 such that this is the case is at most

qn−min(n,sL)+j · NullA,kR,sR − (qn−min(n,sL)+j − 1) · qnkR.

Considering all choices of j, it now follows that

NullA,kL,sL,kR,sR ≤
min(n,sL)∑

j=0

(qnkLρAT ,kL,sL(j)

× (qn−min(n,sL)+jNullA,kR,sR − (qn−min(n,sL)+j − 1)qnkR))

=

min(n,sL)∑

j=0

(qnkLρAT ,kL,sL(j)

× (qn−min(n,sL)+j(NullA,kR,sR − qnkR) + qnkR))

= qn−sL(NullA,kR,sR − qnkR)

min(n,sL)∑

j=0

qnkL+sL−min(n,sL)+jρAT ,kL,sL(j)

+ qn(kL+kR)

min(n,sL)∑

j=0

ρAT ,kL,sL(j)
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= qn−sL(NullA,kR,sR − qnkR)NullAT ,kL,sL + qn(kL+kR)

min(n,sL)∑

j=0

ρAT ,kL,sL(j)

(by Lemma 3.5)

= qn−sL(NullA,kR,sR − qnkR)NullAT ,kL,sL + qn(kL+kR)

since ρAT ,kL,sL(j) are probabilities of mutually exclusive events, one of which is guaranteed

to occur, so that
∑min(n,sL)

j=0 ρAT ,kL,sL(j) = 1.
Reorganizing terms, one can see that

NullA,kL,sL,kR,sR ≤ qn(kL+kR) + qn−sLNullAT ,kL,sL(NullA,kR,sR − qnkR).

It remains only to notice that, since the matrices A and AT have the same invariant factors,
it follows by Lemma 3.3 that NullAT ,kL,sL = NullA,kL,sL , as needed to establish the first part
of the claim.

The proof of the second part of the claim is virtually identical to that of the first.
In this case, one should begin by considering matrix AT · KAT ,~u,sL, just as the argument
given above began by considering KAT ,~u,sL. In particular, it should be noted that, for

0 ≤ j ≤ min(r, sL), the matrix AT · KAT ,~u,sL has rank min(r, sL) − j with probability

ρ̂AT ,kL,sL(j), so that there are q
nkL ρ̂AT ,kL,sL(j) choices of vectors ~u = u1, u2, . . . , ukL ∈ Fn×1

q

for which this is the case.
Fixing any such choice of ~u, one should next note that the right null space of the matrix

KT
AT ,~u,sL

· A is a subspace χ of Fn×1
q with dimension n −min(r, sL) + j. As in the above

argument, Corollary 3.18 should be applied to obtain an upper bound for A-NullA,kL,sL,kR,sR
(instead of NullA,kL,sL,kR,sR). While min(r, sL) replaces min(n, sL) in this derivation, and
A-NullAT ,kL,sL replaces NullAT ,kL,sL, the derivation is otherwise unchanged.

Lemma 3.23 provides useful bounds for NullA,kL,sL,kR,sR and A-NullA,kL,sL,kR,sR in a
common case, as described next.

Theorem 3.24. Let A ∈ Fn×nq , let kL, sL, kR and sR, and suppose that

NullA,kL,sL ≤ qnkL + νq(kL−1)n+sL , NullA,kR,sR ≤ qnkR + νq(kR−1)n+sR

and
A-NullA,kL,sL ≤ qnkL + ν̂q(kL−1)n+sL

where ν, ν̂ ≥ 1. Then

NullA,kL,sL,kR,sR ≤ qn(kL+kR)(1 + νqsR−sL + ν2qsR−n)

and
A-NullA,kL,sL,kR,sR ≤ qn(kL+kR)(1 + νqsR−sL + ν · ν̂qsR−n).
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Proof. It follows by the above lemma that

NullA,kL,sL,kR,sR ≤ qn(kL+kR) + qn−sLNullA,kL,sL(NullA,kR,sR − qnkR)

≤ qn(kL+kR) + qn−sLNullA,kL,sL · νq(kR−1)n+sR

= qn(kL+kR) + νqnkR+sR−sLNullA,kL,sL

≤ qn(kL+kR) + νqnkR+sR−sL(qnkL + νq(kL−1)n+sL)

= qn(kL+kR)(1 + νqsR−sL + ν2qsR−n)

as claimed. The proof that

A-NullA,kL,sL,kR,sR ≤ qn(kL+kR)(1 + νqsR−sL + ν · ν̂qsR−n).

is virtually identical: One begins by applying the lemma to conclude that

A-NullA,kL,sL,kR,sR ≤ qn(kL+kR) + qn−sLA-NullA,kL,sL(NullA,kR,sR − qnkR).

and applies the given bounds on A-NullA,kL,sL and NullA,kR,sR in the same way.

The next objective is to establish an analogue of Lemmas 3.7 and 3.15 — Theorem 3.27,
below. Unfortunately the proof of this is somewhat more complicated because of the
structure of HA,~u,sL,~u,sR and ĤA,~u,sL,~v,sR .

With that noted suppose, once again, that ℓ̂0, ℓ̂1, . . . , ℓ̂h are integers such that 0 ≤ ℓ̂i ≤ ℓi
for 0 ≤ i ≤ h and consider the decomposition of A described in Subsection 2.3. Then

AT = X̂T

[
ÂT 0

0 ÃT

]
(X̂T )−1 (3.20a)

as well. Suppose that kL, sL, kR and sR are positive integers. For any set of vectors

~u = u1, u2, . . . , ukL ∈ Fn×1
q (3.20b)

it is possible to write each vector ui uniquely as

ui = ûi,L + ũi,L (3.20c)

where ûi,L is a linear combination of the vectors

X̂T e1, X̂
T e2, . . . , X̂

T eN̂

and where ũi,L is a linear combination of

X̂T eN̂+1, X̂
T eN̂+2, . . . , X̂

T en
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(where e1, e2, . . . , en are the standard unit vectors in Fn×1
q ). Henceforth let us write

~uT,L = û1,L, û2,L, . . . , ûkL,L and ~uB,L = ũ1,L, ũ2,L, . . . , ũkL,L (3.20d)

for the vectors described above.

Similarly, for any set of vectors

~v = v1, v2, . . . , vkR ∈ Fn×1
q (3.20e)

it is possible to write each vector vi uniquely as

vi = v̂i,R + ṽi,R (3.20f)

where v̂i,R is a linear combination of the vectors

X̂−1e1, X̂
−1e2, . . . , X̂

−1e
N̂

and where ṽi,R is a linear combination of the vectors

X̂−1e
N̂+1

, X̂−1e
N̂+2

, . . . , X̂−1en.

Henceforth let us write

~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R and ~vB,R = ṽ1,R, ṽ2,R . . . , ṽkR,R (3.20g)

for the vectors described above.

It is straightforward to use the above characterization of A and definition of these
vectors to establish that

ûTi.LA
mṽj,R = ũTi,LA

mv̂j,R = 0 (3.20h)

for all integers i, j and m such that 1 ≤ i ≤ kL, 1 ≤ j ≤ kR, and m ≥ 0. It follows that if
s is a positive integer, skR,1, skR,2, . . . , skR,kR are as defined in Section 2, and

d1,0, d1,1, . . . , d1,skR,1−1, . . . , dkR,0, dkR,1, . . . , dkR,kR − 1 ∈ Fq

then

HA,~u,sL,~v,sR
~d = HA,~uT,L,sL,~vT,R,sR

~d+HA,~uB,L,sL,~vB,R,sR
~d

for ~d =




d1,0
d1,1
...

dkR,skR,kR
−1


. (3.20i)
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Lemma 3.25. Let A be as described in Subsection 2.3, and consider any choice of vectors

~uT,L = û1,L, û2,L, . . . , ûkL,L, ~uB,L = ũ1,L, ũ2,L, . . . , ũkL,L,

and ~vB,R = ṽ1,R, ṽ2,R . . . , ṽkR,R

as described above, as well as scalars

d1,0, d1,1, . . . , d1,skR,1−1, . . . , dkR,0, dkR,1, . . . , dkR,skR,kR
−1 ∈ Fq.

The number of choices of vectors

~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R

(that are linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ as above) such that

HA,~u,sL,~v,sR
~d = 0 for ~d =




d1,0
d1,1
...

dkR,skR,kR
−1


 (3.21)

where ~u = u1, u2, . . . , ukL , ~v = v1, v2, . . . , vkR, ui = ûi,L + ũi,L for 1 ≤ i ≤ kL, and
vi = v̂i,R + ṽi,R for 1 ≤ i ≤ kR, is less than or equal to the number of choices of vectors

~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R

(that are linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ as above) such that

HA,~uT,L,sL,~vT,R,sR
~d = 0. (3.22)

Similarly, the number of choices of vectors ~vT,R that are linear combinations of the vectors

X̂−1e1, X̂
−1e2, . . . , X̂

−1e
N̂
, such that ĤA,~u,sL,~v,sR

~d = 0, for ~u, ~v and ~d as above, is less
than or equal to the number of choices of vectors ~vT,R (that are linear combinations of

X̂−1e1, X̂
−1e2, . . . , X̂

−1e
N̂
) such that ĤA,~uT,L,sL,~vT,R,sR

~d = 0.

Proof. Fix any choice of the vectors ~uT,L, ~uB,L, ~vB,R and scalars

d1,0, d1,1, . . . , d1,skR,1−1, . . . , dkR,0, dkR,1, . . . , dkR,skR,kR
−1 ∈ Fq

as above, and let S be the set of choices of vectors ~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R (that

are linear combinations of the vectors X̂−1e1, X̂
−1e2, . . . , X̂

−1e
N̂

as above) such that
the condition at line (3.22) is satisfied. It is necessary and sufficient to show that the
number of choices of vectors ~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R (that are linear combinations of
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X̂−1e1, X̂
−1e2, . . . , X̂

−1e
N̂

once again) such that the condition at line (3.21) is satisfied,
instead, is less than or equal to the size of the set S.

Now suppose first that there exists a sequence of vectors

~wT,R = ŵ1,R, ŵ2,R, . . . , ŵkR,R

that are linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ such that

HA,~uT,L,sL, ~wT,R,sR
~d = HA,~uB,L,sL~vB,R,sR

~d.

In this case it suffices to apply the equation at line (3.20i) to conclude that there are exactly
|S| choices of vectors

~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R

that are linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ satisfying the condition at line (3.21)
— for a sequence of vectors

~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R

that are linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1e
N̂
satisfies the condition at line (3.21)

if and only if the sequence

v̂1,R − ŵ1,R, v̂2,R − ŵ2,R, . . . , v̂kR,R − ŵkR,R

is a sequence of linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ satisfying the condition
at line (3.22), instead.

In the remaining case, there is no sequence of vectors

~wT,R = ŵ1,R, ŵ2,R, . . . , ŵkR,R

that are linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ such that

HA,~uT,L,sL, ~wT,R,sR
~d = HA,~uB,L,sL~vB,R,sR

~d.

In this case, the equation at one (3.20i) can be applied to establish that there are no vectors

~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R

that are linear combinations of the vectors X̂−1e1, X̂
−1e2, . . . , X̂

−1e
N̂

satisfying the con-
dition at line (3.21) at all — and the first part of the claim holds because |S| ≥ 0.

The proof of the second part of the claim is virtually identical: One can argue as above,
with the matrix ĤA,~u,sL,~v,sR replacing HA,~u,sL,~v,sR , and with the matrix ĤA,~uT,L,sL,~vT,R,sR

replacing HA,~uT,L,sL,~vT,R,sR.
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Lemma 3.26. If kL, sL, kR and sR are positive integers and A is as described in Subsec-
tion 2.3, then there are Null

Â,kL,sL,kR,sR
choices of sequences of vectors

~uT,L = û1,L, û2,L, . . . , ûkL,L ∈ Fn×1
q

that are linear combinations of X̂T e1, X̂
T e2, . . . , X̂

T eN̂ , sequences of vectors

~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R ∈ Fn×1
q

that are linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ , and sequences of scalars

d1,0, d1,1, . . . , d1,skR,1−1, . . . , dkR,0, dkR,1, . . . , dkR,skR,kR
−1 ∈ Fq

such that

HA,~uT,L,sL,~vT,R,sR
~d = 0 for ~d =




d1,0
d11
...

dkR,skR,kR
−1


, (3.23)

and there are A-Null
Â,kL,sL

kRsR choices of sequences of vectors ~uT,L that are linear combi-

nations of X̂T e1, X̂
T e2, . . . , X̂

T eN̂ , sequences of vectors ~vT,R that are linear combinations of

X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ , and sequences of scalars d1,0, d1,1, . . . , dkR,skR,kR
−1 ∈ Fq, such

that ĤA,~uT,L,sL,~vT,R,sR
~d = 0 for ~d as above.

Proof. Let

0Ñ =




0
0
...
0


 ∈ FÑ×1

q .

Consider a sequence of vectors ~u = u1, u2, . . . , ukL ∈ FN̂×1
q ; the sequence of vectors

~u
X̂,L

= u
1,X̂,L

, u
2,X̂,L

, . . . , u
kL,X̂,L

∈ Fn×1
q

such that

ui,X̂,L = X̂T

[
ui

0Ñ

]

for 1 ≤ i ≤ kL, is certainly a sequence of kL vectors in Fn×1
q that are linear combinations

of X̂T e1, X̂
T e2, . . . , X̂

T eN̂ . Furthermore, every sequence of vectors

~uT,L = û1,L, û2,L, . . . , ûkL,L ∈ Fn×1
q
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that are linear combinations of X̂T e1, X̂
T e2, . . . , X̂

T e
N̂

is equal to the sequence ~u
X̂,L

cor-

responding to exactly one sequence of vectors ~u = u1, u2, . . . , ukL ∈ FN̂×1
q .

Similarly, there is a one-to-one correspondence between sequences of linear combinations

of X̂−1e1, X̂
−1e2, . . . , X̂

−1e
N̂

and sequences of vectors in FN̂×1
q : Consider a sequence ~v =

v1, v2, . . . , vkR of vectors in FN̂×1
q . If one sets ~v

X̃,R
to be the sequence of vectors

~v
X̂,R

= v
1,X̂,R

, v
2,X̂,R

, . . . , v
kR,X̂,R

∈ Fn×1
q

where

v
i,X̂,R

= X̂−1

[
vi
0Ñ

]

for 1 ≤ i ≤ kR, then every sequence

~vT,R = v̂1,R, v̂2,R, . . . , v̂kR,R ∈ Fn×1
q

of vectors that are linear combinations of X̂−1e1, X̂
−1e2, . . . , X̂

−1eN̂ can be expressed as

~v
X̂,R

for exactly one sequence of vectors ~v = v1, v2, . . . , vkR ∈ FN̂×1
q .

Now consider any sequence of vectors ~u = u1, u2, . . . , ukR ∈ FN̂×1
q and the corresponding

sequence of vectors ~uX̂,L ∈ Fn×1
q , any sequence of vectors ~v = v1, v2, . . . , vkR ∈ FN̂×1

q and

the corresponding sequence of vectors ~v
X̂,R

∈ Fn×1
q , and any sequence of scalars

d1,0, d1,1, . . . , d1,skR,1−1, . . . , dkR,0, dkR,1, . . . , dkR,skR,kR
−1 ∈ Fq.

One can see by an examination of the equation at line (2.3b) that

HA,~u
X̂,L

,sL,~vX̂,R
,sR
~d = HÂ,~u,sL~v,sR

~d for ~d =




d1,0
d1,1
...

dkR,skR,kR
−1


.

The first part of the claim now follows by a consideration a summation over all possi-
ble choices of vectors ~u and ~d and all possible coefficients of the above vector ~d and by
applying the definition of NullÂ,kL,sL,kR,sR. The second part of the claim follows by the

same argument, with the matrix ĤA,~uT,L,sL,~vT,R,sR replacing HA,~uT,L,sL,~vT,R,sR and with

ĤÂ,~uT,L,sL,~vT,R,sR
replacing HÂ,~uT,L,sL,~vT,R,sR

(for various choices of vectors ~u and ~v).

Theorem 3.27. If kL, sL, kR and sR are positive integers and A is as described in Sub-
section 2.3 then

NullA,kL,sL,kR,sR = q(kL+kR)ÑNull
Â,kL,sL,kR,sR

and
A-NullA,kL,sL,kR,sR = q(kL+kR)ÑA-NullÂ,kL,sL,kR,sR .
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Proof. By definition, NullA,kL,sL,kR,sR is the number of choices of vectors ~u = u1, u2, . . . , ukL ∈
Fn×1
q , vectors ~v = v1, v2, . . . , vkR ∈ Fn×1

q , and scalars

d1,0, d1,1, . . . , d1,skR,1−1, . . . , dkR,0, dkR,1, . . . , dkR,skR,kR
−1

such that

HA,~u,sL,~vsR
~d = 0 for ~d =




d1,0
d1,1
...

dkR,skR,kR
−1


. (3.24)

As noted above, each choice of vectors ~u corresponds to exactly one choice of vectors
~uT,L = û1,L, û2,L, . . . , ûkL,L and vectors ~uB,L = ũ1,L, ũ2,L, . . . , ũkL,L as defined above.
Similarly, each choice of vectors ~v corresponds to exactly one choice of vectors ~vT,R =
v̂1,R, v̂2,R, . . . , v̂kR.R and of vectors ~vB,R = ṽ1,R, ṽ2,R, . . . , ṽkR,R as defined above.

Fix any choice of the vectors ~uB,L and ~vB,R. It follows by the first part of Lemma 3.25

(summing over all possible choices of ~uT,L and the coefficients of the above vector ~d) that

the number of choices of ~uT,L, ~vT,R (defining vectors ~u and ~v) and the coefficients of ~d, such
that the equation at line (3.24) is satisfied, is less than or equal to the number of choices
of vectors ~uT,L, ~vT,R, and coefficients of ~d such that

HA,~uT,L,sL,~uT,R,sR
~d = 0

— and the first part of Lemma 3.26 implies that this number is Null
Â,kL,sL,kR,sR

.

The first part of the claim now follows by the fact that there are q(kL+kR)Ñ possible
choices of the vectors ~uB,L and ~vB,R.

The second part of the claim follows by the same argument, with applications of the
first parts of Lemmas 3.25 and 3.26 replaced by applications of the second parts of these
lemmas.

4 Analysis of the Expected Nullities When There are Few

Invariant Factors

Let us next consider the expected nullities of KA,~v,s and A · KA,~v,s for ~v = v1, v2, . . . , vk,

and of HA,~u,sL,~v,sR and ĤA,~u,sL,~v,sR for ~u = u1, u2, . . . , ukL and ~v = v1, v2, . . . , vkR , when
the number of invariant factors is small — that is, when k > ℓ (for consideration of the first
and second of these matrices) and when min(kL, kR) > ℓ (for consideration of the third
and fourth).
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4.1 A Bound for NullA,k,s

Lemma 4.1. Let s be a positive integer, and let ξ be a a nonzero factor of the minimal
polynomial ψ1 = ϕ

n0,1

0 ϕ
n1,1

1 . . . ϕ
nh,1

h of A whose degree is less than s/k.Then there are at
most qs−deg(ξ)k choices of polynomials g1, g2, . . . , gk ∈ Fq[x] such that deg(gj) < sk,j for
1 ≤ j ≤ k and

gcd(g1, g2, . . . , gk, ψ) = ξ.

For every such choice of polynomials there are at most q(k−1)n+ℓ deg(ξ) choices of poly-
nomials fi,j,m such that deg(fi,j,m) < dini,j for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi, and 1 ≤ m ≤ k and
such that

fi,j,1g1 + fi,j,2g2 + · · ·+ fi,j,kgk ≡ 0 mod ϕ
ni,j

i

for all integers i and j such that 0 ≤ i ≤ h and 1 ≤ j ≤ ℓ.

Proof. Consider a polynomial ξ ∈ Fq[x] as described in the claim. Since ξ is a divisor of ψ1,

ξ = ϕm0

0 ϕm1

1 . . . ϕmh

h (4.1)

for integers m0,m1, . . . ,mh such that 0 ≤ mi ≤ ni,1 for 1 ≤ i ≤ h.
Let j be an integer such that 1 ≤ j ≤ k. If sk,j > deg(ξ) then a polynomial gj ∈ Fq[x]

with degree less than sk,j is divisible by ξ if and only if gj = hjξ for a polynomial hj ∈ Fq[x]
with degree less than sk,j−deg(ξ). Since the coefficients of hj can be chosen freely, there are
qsk,j−deg(ξ) choices of gj ∈ Fq[x]. On the other hand, if sk,j = deg(ξ) then a polynomial gj
with degree less than sk,j is divisible by ξ if and only if gj = 0, so that there are qsk,j−deg(ξ)

choices of gj in this case as well.

Now, if deg(ξ) ≤ s/k then sk,j ≥ deg(ξ) for all j such that 1 ≤ j ≤ k and, since
sk,1 + sk,2 + · · · + sk,k = s, it follows that there are there are qs−deg(ξ)k choices of the
sequences of polynomials g1, g2, . . . , gk such that gj has degree less than sk,j for 1 ≤ j ≤ k
and each is divisible by ξ. It follows that there are also at most qs−deg(ξ)k choices of
polynomials g1, g2, . . . , gk ∈ Fq[x] such that gj has degree less than sk,j for 1 ≤ j ≤ k and

gcd(g1, g2, . . . , gk, ψ) = ξ, (4.2)

as well, since there latter condition implies the former.

Now consider any choice of polynomials g1, g2, . . . , gk ∈ Fq[x] such that gj has degree
less than sk,j for 1 ≤ j ≤ k and such that the equation at line (4.2) is satisfied, and let i
be an integer such that 0 ≤ i ≤ h. Since the polynomial ξ has the factorization shown at
line (4.1), either

• mi < ni,1, each of g1, g2, . . . , gk is divisible by ϕmi

i and at least one of these polyno-
mials is not divisible by ϕmi+1

i , or

• mi = ni,1 and g1, g2, . . . , gk are all divisible by ϕni,1
i .
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Consider the first case, so that mi < ni,1 and each of g1, g2, . . . , gk is divisible by ϕmi

i

and at least one of these polynomials is not divisible by ϕmi+1
i . In this case there exist

polynomials ĥ1, ĥ2, . . . , ĥk ∈ Fq[x] such that gr = ĥr · ϕmi

i for every integer r such that

1 ≤ r ≤ k, and such that ĥr is not divisible by ϕi for at least one such integer r. Then,
since ϕi is irreducible, ĥr is relatively prime with both ϕi and ϕni,1−mi and there exist
polynomials ŝ, t̂ ∈ Fq[x] such that

ŝĥr + t̂ϕ
ni,1−mi

i = 1,

so that ŝĥr ≡ 1 mod ϕ
ni,1−mi

i .

Now consider any integer j such that 1 ≤ j ≤ ℓi and ni,j > mi as well; since ni,j ≤ ni,1,

ŝĥr ≡ 1 mod ϕ
ni,j−mi

i as well, and

fi,j,1g1 + fi,j,2g2 + . . . fi,j,kgk ≡ 0 mod ϕ
ni,j

i

⇐⇒ fi,j,1ĥ1 + fi,j,2ĥ2 + · · ·+ fi,j,kĥk ≡ 0 mod ϕ
ni,j−mi

i

⇐⇒ fi,j,rĥr ≡ −(fi,j,1ĥ1 + fi,j,2ĥ2 + · · ·+ fi,j,r−1ĥr−1

+ fi,j,r+1ĥr+1 + fi,j,r+2ĥr+2 + · · ·+ fi,j,kĥk) mod ϕ
ni,j−mi

i

⇐⇒ fi,j,r ≡ −ŝ(fi,j,1ĥ1 + fi,j,2ĥ2 + · · ·+ fi,j,r−1ĥr−1

+ fi,j,r+1ĥr+1 + fi,j,r+2ĥr+2 + · · ·+ fi,j,kĥk) mod ϕ
ni,j−mi

i .

Thus fi,j,1g1 + fi,j,2g2 + · · · + fi,j,kgk ≡ 0 mod ϕ
ni,j

i if and only if

fi,j,r = f̂i,j,rϕ
ni,j−mi

i + υ

where f̂i,j,r is a polynomial with degree less than dimi whose coefficients can be chosen
freely and where υ ∈ Fq[x] is the unique polynomial with degree less than (ni,j − mi)di
such that

υ ≡ −ŝ(fi,j,1ĥ1 + fi,j,2ĥ2 + · · · + fi,j,r−1ĥr−1

+ fi,j,r+1ĥr+1 + fi,j,r+2ĥr+2 + · · ·+ fi,j,kĥk) mod ϕ
ni,j−mi

i .

Since each polynomial fi,j,m must have degree less than dini,j and the coefficients of these
polynomials can be chosen freely, if 1 ≤ m ≤ k and m 6= r, there are q(k−1)dini,j choices of
the polynomials

fi,j,1, fi,j,2, . . . , fi,j,r−1, fi,j,r+1, fi,j,r+2, . . . , fi,j,k

and, for each choice of the above polynomials there are qdimi choices of fi,j,r (since the

coefficients of the above polynomial f̂i,j,r can also be chosen freely). The number of choices
of fi,j,1, fi,j,2, . . . , fi,j,k is therefore q(k−1)dini,j+dimi in this case.
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Suppose, on the other hand, that j is an integer such that 1 ≤ j ≤ ℓi and ni,j ≤ mi;
then

fi,j,1g1 + fi,j,2g2 + · · · + fi,j,kgk

= (fi,j,1ĥ1 + fi,j,2ĥ2 + · · · + fi,j,kĥk)ϕ
mi

i ≡ 0 mod ϕ
ni,j

i

for every choice of fi,j,1, fi,j,2 + · · · + fi,j,k. Since each of these polynomials must have
degree less than dini,j but can otherwise be chosen freely, there are qkdini,j choices of these
polynomials. Now, since

kdini,j = (k − 1)dini,j + dini,j ≤ (k − 1)dini,j + dimi,

the number of choices of these polynomials is at most q(k−1)dini,j+dimi in this case as well.
Since ni = di(ni,1+ni,2+ . . . ni,ℓi) it follows that if ni,1 > mi then the number of choices

of all of the polynomials fi,j,m, such that 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k, is at most

ℓi∏

j=1

q(k−1)dini,j+dimi = q(k−1)
∑ℓi

j=1
(dini,j)+

∑ℓi
j=1

(dimi) = q(k−1)ni+dimiℓi .

Consider now the second case, that is, mi = ni,1 and g1, g2, . . . gk are all divisible
by ϕ

ni,1

i . In this case

fi,j,1g1 + fi,j,2g2 + . . . fi,j,kgk ≡ 0 mod ϕ
ni,j

i

for 1 ≤ j ≤ ℓi for all choices of polynomials fi,j,m such that 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k, and
there are qkni choices of these polynomials. Now, since ni,j ≤ ni,1 ≤ mi for 1 ≤ j ≤ ℓi,

ni = di(ni,1 + ni,2 + . . . ni,ℓi) ≤ dimiℓi,

so that kni = (k − 1)ni + ni ≤ (k − 1)ni + dimiℓi, and the number of choices of these
polynomials is at most q(k−1)ni+dimiℓi in this case as well.

Since ℓi ≤ ℓ for every integer i such that 0 ≤ i ≤ h, it follows the number of choices
of all polynomials fi,j,m such that 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k, and the given
constraints are satisfied, is at most

h∏

i=0

q(k−1)ni+dimiℓi = q(k−1)
∑h

i=0
ni+

∑h
i=0

dimiℓi

≤ q(k−1)
∑h

i=0
ni+

∑h
i=0

dimiℓ

= q(k−1)
∑h

i=0
ni+ℓ

∑h
i=0

dimi

= q(k−1)n+ℓdeg(ξ)

as claimed.
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Lemma 4.2. Let s be a positive integer, and let ξ be a a factor of the minimal polynomial
ψ1 = ϕ

n0,1

0 ϕ
n1,1

1 . . . ϕ
nh,1

h of A whose degree is greater than or equal to s/k. If g1, g2, . . . , gk ∈
Fq[x] are polynomials such that gj has degree less than sk,j for 1 ≤ j ≤ k then g1, g2, . . . , gk
are all divisible by ξ if and only if

g1 = g2 = · · · = gk = 0.

If the above equation is satisfied then there are qnk choices of polynomials fi,j,m ∈ Fq[x]
such that 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi, 1 ≤ m ≤ k, the degree of fi,j,m is less than dini,j for all
such i, j and m, and such that

fi,j,1g1 + fi,j,2g2 + . . . fi,j,kgk ≡ 0 mod ϕ
ni,j

i

for all integers i and j such that 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi.

Proof. Since the degree of ξ is an integer that is greater than or equal to s/k, the degree of ξ
is greater than or equal to sk,m for 1 ≤ m ≤ k. Now, since the degree of the polynomial ξ
exceeds the degree of gm (if 1 ≤ m ≤ k and the degree of gm is less than sk,m), gm can
only be divisible by ξ if gm = 0. Thus g1, g2, . . . , gk are all divisible by ξ if and only if

g1, g2, . . . , gk = 0,

as claimed.
If the above equation is satisfied then

fi,j,1g1 + fi,j,2g2 + · · ·+ fi,j,kgk ≡ 0 mod ϕ
ni,j

i

for all choices of polynomials fi,j,m such that deg(fi,j,m < dini,j for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi,
and 1 ≤ m ≤ k. The result now follows because there are qnk choices of polynomials
in Fq[x] satisfying these degree constraints.

Theorem 4.3. If A is as given in equations (2.1a)–(2.1j) and s and k are positive integers
such that k > ℓ, then

NullA,k,s ≤ qnk + νq(k−1)n+s

where

ν =





6 logq n if k = ℓ+ 1,

4 if k = ℓ+ 2,

(1 + 2qℓ−k+1) if k ≥ ℓ+ 3.

Proof. It follows once again by Lemma 3.3 that NullA,k,s is the number of choices of poly-
nomials fi,j,m for 0 ≤ i ≤ h, 1 ≤ j ≤ ℓi and 1 ≤ m ≤ k, and of polynomials gm for
1 ≤ m ≤ k, such that fi,j,m has degree less than dini,j and gm has degree less than sk,m
for all i, j and m as above, such that

fi,j,1g1 + fi,j,2g2 + · · ·+ fi,j,kgk ≡ ϕ
ni,j

i
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for 0 ≤ i ≤ h and 1 ≤ j ≤ ℓi.
Once again, let ψ1 = ϕ

n0,1

0 ϕ
n1,1

1 . . . ϕ
nh,1

h be the minimal polynomial of A. Then

gcd(g1, g2, . . . , gk, ψ1) = ξ (4.3)

for some nonzero divisor ξ of ψ1 in Fq[x], for any choice of the polynomials fi,j,m and gm
(for i, j and m as above) satisfying these constraints.

Suppose first that the degree of ξ is less than s/k; then it follows by Lemma 4.1 that
there are at most qs−deg(ξ)k choices of g1, g2, . . . , gk, such that gm has degree less than sk,m
for 1 ≤ m ≤ k, satisfying the condition at line (4.3). It also follows by this lemma that
there are at most q(k−1)n+ℓ deg(ξ) choices of fi,j,m (for all i, j, m) corresponding to any such
choice of g1, g2, . . . , gk such that the above constraints are satisfied. Consequently there
are at most

qs−deg(ξ)k · q(k−1)n+ℓ deg(ξ) = q(k−1)n+s+(ℓ−k) deg(ξ)

choices of fi,j,m and gm, for all i, j and m as above, satisfying the constraints described in
Lemma 3.3 along with the condition at line (4.3).

On the other hand it follows by Lemma 4.2 that the condition at line (4.3) is only
satisfied when deg(ξ) ≥ s/k if

g1 = g2 = · · · = gk = 0

(in which case ξ = ψ); there are then qnk corresponding choices of the polynomials fi,j,m
satisfying the constraints described in Lemma 3.3.

It follows that
NullA,k,s ≤ qnk +

∑

ξ∈Fq[x]\{0}
ξ divides ψ
deg(ξ)<s/k

q(k−1)n+s+(ℓ−k) deg(ξ). (4.4)

Since all terms shown in the above expression are nonnegative, a larger (but cor-
rect) bound can be obtained by discarding the condition that deg(ξ) < s/k. Since
ψ = ϕ

n0,1

0 ϕ
n1,1

1 . . . ϕ
nh,1

h , ξ is a divisor of ψ in Fq[x] if and only if

ξ = ϕm0

0 ϕm1

1 . . . ϕmh

h

for integers m0,m1, . . . ,mh such that 0 ≤ mi ≤ ni,1 for 0 ≤ i ≤ h — in which case

deg(ξ) =
∑h

i=0midi. It now follows that

NullA,k,s ≤ qnk +
∑

0≤mi≤ni,1

for 0 ≤ i ≤ h

q(k−1)n+s+(ℓ−k)
∑h

i=0
dimi

≤ qnk +
∑

mi≥0
for 0 ≤ i ≤ h

q(k−1)n+s+(ℓ−k)
∑h

i=0
dimi
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= qnk + q(k−1)n+s
∑

mi≥0
for 0 ≤ i ≤ h

q(ℓ−k)
∑h

i=0
dimi

= qnk + q(k−1)n+s
∑

mi≥0
for 0 ≤ i ≤ h

h∏

i=0

q(ℓ−k)dimi

= qnk + q(k−1)n+s
h∏

i=0

∑

mi≥0

q(ℓ−k)dimi

= qnk + q(k−1)n+s
h∏

i=0

(1− q(ℓ−k)di)−1.

An upper bound for
h∏

i=0

(1− q(ℓ−k)di)−1

can therefore be used to obtain an upper bound for NullA,k,s. Upper bounds that are
sufficient to establish the claim are derived in the rest of this argument.

Suppose first that k = ℓ + 1. In this case, since ϕ0, ϕ1, . . . , ϕh are distinct irreducible
polynomials in Fq[x] that each divide the minimal polynomial ψ of A, and ψ has degree at
most n, one can apply Proposition 3 of Wiedemann [27] to conclude that

h∏

i=0

(1− q(ℓ−k)di)−1 =

h∏

i=0

(1− q−di)−1 ≤ 6 logq n,

as needed to establish the bound claimed for this case.

Suppose next that k = ℓ + c for some constant c ≥ 2. In this case, since there are at
most qd/d monic irreducible polynomials in Fq[x] with degree d for any positive integer d,
one can group ϕ0, ϕ1, . . . , ϕh by degree to establish that

h∏

i=0

(1− q(ℓ−k)di) ≥ 1−
h∑

i=0

q(ℓ−k)di = 1−
h∑

i=0

q−cdi

≥ 1−
∑

d≥1

qd

d
q−cd = 1−

∑

d≥1

q(1−c)d

d

= 1− q1−c −
∑

d≥2

q(1−c)d

d

≥ 1− q1−c −
∑

d≥2

q(1−c)d

2
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= 1− q1−c − q2(1−c)

2

∑

d≥0

q(1−c)d

= 1− q1−c − q2(1−c)

2

∑

d≥0

2−d (since q ≥ 2 and c ≥ 2)

= 1− q1−c − q2(1−c).

If c = 2 then it follows that

h∏

i=0

(1− q(ℓ−k)di) ≥ 1− q1−c − q2(1−c)

≥ 1− 1
2 − 1

4 (since q ≥ 2).

Thus
∏h
i=0(1 − q(ℓ−k)di)−1 ≤ 4 when k = ℓ + 2, as needed to establish the bound claimed

for this case.
Suppose, finally, that c ≥ 3. Then

(1 + 2q1−c)(1− q1−c − q2(1−c)) = 1 + q1−c − 3q2(1−c) − 2q3(1−c)

= 1 + q1−c(1− 3q1−c − 2q2(1−c))

≥ 1 + q1−c(1− 3q−2 − 2q−4) (since c ≥ 3)

≥ 1 + q1−c(1− 3
4 − 1

8) (since q ≥ 2)

> 1.

It follows that (1− q1−c− q2(1−c))−1 ≤ 1+2q1−c, as needed to establish the claimed bound
in this final case.

The following can be obtained using the bounds for NullA,k,s in the above theorem,
together with the inequality shown at line (3.6) on page 15, and the observation that if
s > n then qnk < q(k−1)n+s.

Corollary 4.4. Suppose again that A is as given in equations (2.1a)–(2.1j) and that s
and k are positive integers such that k > ℓ. Then

σA,k,s(j) ≤ ν
q−1 q

min(n,s)−n−j+1

for ν as defined in Theorem 4.3, above, and for 1 ≤ j ≤ min(n, s).

4.2 A Bound for A-NullA,k,s

Theorem 4.5. If A is as given in equations (2.1a)–(2.1j) and s and k are integers such
that k > ℓ, then

A-NullA,k,s ≤ qnk + νq(k−1)n+s+ℓ0
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for

ν =





6 logq n if k = ℓ+ 1,

4 if k = ℓ+ 2,

(1 + 2qℓ−k+1) if k ≥ ℓ+ 3.

Proof. This follows from an application of the inequality at line (3.15) on page 21, along
with Theorem 4.3, above.

Since n = r+ℓ0, the above bounds can be applied along with the inequality at line (3.10)
on page 19 to establish the following.

Corollary 4.6. If A is as given in equations (2.1a)–(2.1j) and s, j and k are integers such
that k > ℓ, then

σ̂A,k,s(j) ≤ ν
q−1 q

min(r,s)−r+1−j

for ν as defined in Theorem 4.5, above, and for 1 ≤ j ≤ min(r, s).

4.3 Bounds for NullA,kL,sL,kR,sL and A-NullA,kL,sL,kR,sR

Theorem 4.7. If A is as given in equations (2.1a)–(2.1j) and sL, kL, sR and kR are
positive integers such that min(kL, kR) > ℓ, then

NullA,kL,sL,kR,sR ≤ qn(kL+kR)(1 + νqsR−sL + ν2qsR−n),

where

ν =





6 logq n if min(kL, kR) = ℓ+ 1,

4 if min(kL, kR) = ℓ+ 2,

1 + 2qℓ−min(kL,kR)+1 if min(kL, kR) ≥ ℓ+ 3.

Proof. It follows by Theorem 4.3 that

NullA,kL,sL ≤ qnkL + νq(kL−1)n+sL and NullA,kR,sR ≤ qnkR + νq(kR−1)n+sR

for all positive integers sL and sR, and for ν as above. The claim now follows by an
application of Theorem 3.24.

The bounds in the above theorem can used along with the inequalities at lines (3.18)
and (3.19) on page 25 to establish that if min(kL, kR) > ℓ then

σA,kL,sL,kR,sR(j) ≤ 1
q−1 (νq

min(n,sL,sR)−sL + ν2qmin(n,sL,sR)−n)q1−j (4.5)

for 0 ≤ j ≤ min(n, sL, sR), and for ν as above.
Now, in order to consider A-NullA,kL,sL,kR,sR, let ℓ̂0 = 0 if n0,1 = 1, and let ℓ̂0 be the

largest integer such that 1 ≤ ℓ̂0 ≤ ℓ0 and n
0,ℓ̂0

≥ 2. otherwise — so that

n0,1 ≥ n0,2 ≥ · · · ≥ n
0,ℓ̂0

≥ 2 and n
0,ℓ̂0+1

= n
0,ℓ̂0+2

= · · · = n0,ℓ0 = 1.
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Set ℓ̂i = ℓi for 1 ≤ i ≤ h and suppose that A, and the matrices Â ∈ FN̂×N̂
q and Ã ∈ FÑ×Ñ

q

are as described in Subsection 2.3. Then N̂ = n−ℓ0+ ℓ̂0, and Ã is the zero matrix in FÑ×Ñ
q

for Ñ = ℓ0 − ℓ̂0, so that A and Â both have rank r = N̂ − ℓ̂0. Furthermore, if

ℓ̂ = max(ℓ̂0, ℓ̂1, . . . , ℓ̂h)

then ℓ̂ is the number of nontrivial invariant factors (that is, the number of invariant factors
different from x) of A.

The following bounds can be established by an application of Theorems 3.24 and 4.3.

Theorem 4.8. If A is as given in equations (2.1a)–(2.1j) and sL, kL, sR and kR are
positive integers such that min(kL, kR) > ℓ̂, Then

A-NullA,kL,sL,kR,sR ≤ qn(kL+kR)(1 + νqsR−sL + ν2qsR−r)

where

ν =





6 logq n if min(kL, kR) = ℓ̂+ 1,

4 if min(kL, kR) = ℓ̂+ 2,

1 + 2qℓ̂−min(kL,kR)+1 if min(kL, kR) ≥ ℓ̂+ 3.

Proof. Consider the matrix Â ∈ FN̂×N̂
q described above. It follows by Theorem 4.3 that if

kL, sL, kR and sR are positive integers such that min(kL, kR) > ℓ̂, then

Null
Â,kL,sL

≤ qN̂kL + νq(kL−1)N̂+sL and Null
Â,kR,sR

≤ qN̂kR + νq(kR−1)N̂+sR

for ν as given above. Theorem 4.5 can be applied to establish that

A-Null
Â,kL,sL

≤ qN̂kL + ν̂q(kL−1)N̂+sL

for ν̂ = νqℓ̂0 .
Theorem 3.24 can now be applied to establish that

A-NullÂ,kL,sL,kR,sR ≤ qN̂(kL+kR)(1 + νqsR−sL + ν · ν̂qsR−N̂ )

= qN̂(kL+kR)(1 + νqsR−sL + ν2qsR−N̂+ℓ̂0)

= qN̂(kL+kR)(1 + νqsR−sL + ν2qsR−r).

Finally, since n = N̂ + Ñ , an application of Theorem 3.27 establishes that

A-NullA,kL,sL,kR,sR ≤ q(kL+kR)ÑA-NullÂ,kL,sL,kR,sR

≤ qn(kL+kR)(1 + νqsR−sL + ν2qsR−r)

as claimed.
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The bounds in the above theorem can used along with the inequalities at lines (3.18)
and (3.19) on page 25 to establish that if min(kL, kR) > ℓ̂ then

σ̂A,kL,sL,kR,sR(j) ≤ 1
q−1 (νq

min(r,sL,sR)−sL + ν2qmin(r,sL,sR)−r)q1−j (4.6)

for 0 ≤ j ≤ min(r, sL, sR), and for ν as above.
Finally, bounds for NullA,kL,sL,kR,sR can also be given when ℓ̂ < min(kL, kR) ≤ ℓ,

using a different application of Theorems 4.3 and 3.24. In this case, one should set ℓ̂0 =
min(kL, kR) − 1, ℓ̂i = ℓi for 1 ≤ i ≤ h, and consider the corresponding integers N̂ and Ñ

and matrices Â ∈ FN̂×N̂
q and Ã ∈ FÑ×Ñ

q as described in Subsection 2.3. Now

N̂ = r +min(kL, kR)− 1 = n− ℓ0 +min(kL, kR)− 1

and
Ñ = n− N̂ = ℓ0 −min(kL, kR) + 1;

furthermore, the matrix Â has exactly min(kL, kR)−1 invariant factors. Arguing as above,
with this choice of matrices, one can establish the following.

Theorem 4.9. If A is as given in equations (2.1a)–(2.1j) and sL, kL, sR and kR are
positive integers such that ℓ̂ < min(kL, kR) ≤ ℓ, then

NullA,kL,sL,kR,sR ≤ qn(kL+kR)(1 + νqsR−sL + ν2qsR−r−min(kL,kR)+1),

where ν = 6 logq n.

Once again, it is appropriate to adjust the definition of “rank deficiency:” A con-
sideration of the Frobenius normal form of A is sufficient to establish that if if kL ≤ ℓ
then the rank of KAT ,~u,sL cannot exceed min(r + kL, sL) for any choice of vectors ~u =

u1, u2, . . . , ukL ∈ Fn×1
q . Similarly, the rank of KA,~v,sR cannot exceed min(r + kR, sR) for

any choice of vectors ~v = v1, v2, . . . , vkR ∈ Fn×1
q . Thus the rank of HA,~u,sL,~v,sR cannot

exceed min(r +min(kL, kR), sL, sR).
With that noted, let σ′A,kL,sL,kR,sR(j) be the probability that HA,~u,sL,~v,sR is “rank de-

ficient by at least j” when ℓ̂ < min(kL, kR) ≤ ℓ and the vectors ~u = u1, u2, . . . , ukL
and ~v = v1, v2, . . . , vkR are chosen uniformly and independently from Fn×1

q , that is,

σ′A,kL,sL,kR,sR(j) = Pr[rank(HA,~u,sL,~v,sR) ≤ min(r +min(kL, kR), sL, sR)− j].

Then

σ′A,kL,sL,kR,sR(j) = σA,kL,sL,kR,sR(j +min(n, sL, sR)−min(r +min(kL, kR), sL, sR)).

The bounds in the above theorem can now used along with the inequalities at lines (3.18)
and (3.19) on page 25 to establish that if ℓ̂ < k = min(kL, kR) ≤ ℓ then

σ′A,kL,sL,kR,sR(j)

≤ 1
q−1 (νq

min(r+min(kL,kR),sL,sR)−sL + ν2qmin(r+min(kL,kR),sL,sR)−r−min(kL,kR))q2−j (4.7)

for 0 ≤ j ≤ min(r +min(kL, kR), sL, sR), and for ν as above.
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5 A Sparse Matrix Preconditioner

The goal of this section is to describe a sparse matrix preconditioner that produces a matrix
with a small number of nontrivial invariant factors with high probability.

5.1 Definition and Basic Properties

It will be assumed in this section that A ∈ Fn×mq for positive integers n and m. Let r be
the (unknown) rank of A, let

N = min(n,m) + ⌈2 logqmax(n,m)⌉ (5.1)

and let

c =

{
3 if q = 2,

⌈3 ln q⌉ otherwise.
(5.2)

Consider matrices L ∈ FN×n
q and R ∈ Fm×N

q whose entries are randomly selected
according to the following distribution.

• If 1 ≤ i ≤ min(n,m) then each entry in row i of L or column i of R is set to be zero
with probability

max

(
1−

⌈c logqmax(n,m)⌉
i

,
1

q

)
.

• If 1 ≤ i ≤ min(n,m) then each entry in row i of L or column i of R that has not
been set to be 0, above, is chosen uniformly and independently from Fq \ {0}.

• Finally, if min(n,m) < i ≤ N then each entry of row i of L or column i of R is chosen
uniformly and independently from Fq.

Notice that if 1 ≤ i ≤ 2⌈logqmax(n,m)⌉ then i ≤ ⌈c logqmax(n,m)⌉, as well, so that

1−
⌈c logqmax(n,m)⌉

i
≤ 0 ≤ 1

q
.

Thus the entries in the top ⌈2 logqmax(n,m)⌉ rows of the matrix L and the left-
most ⌈2 logqmax(n,m)⌉ columns of the matrix R are chosen uniformly and independently
from Fq if L and R are randomly chosen as described above. Indeed, the entries of the
top q⌈c logqmax(n,m)⌉/(q − 1) rows of L and columns of R are chosen uniformly and
independently from Fq.

As noted in the introduction, this is a minor variant of a sparse matrix preconditioner
introduced by Wiedemann [27] — and the following is a minor modification of Wiedemann’s
argument that such a matrix is sparse.
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Lemma 5.1. If L ∈ FN×n
q and R ∈ Fm×N

q then the expected number of nonzero entries
in L is in Θ(n lnmax(n,m) lnmin(n,m)) and the expected number of nonzero entries in R
is in Θ(m lnmax(n,m) lnmin(n,m)).

Proof. Let i be an integer such that either

1 ≤ i ≤ q⌈c logqmax(n,m)⌉/(q − 1) or min(n,m) + 1 ≤ i ≤ N.

Then the entries of row i of L and of column i are chosen uniformly and independently
from Fq, so that the expected number of nonzero entries in row i of L is (q−1)n/q and the
expected number of nonzero entries in column i of R is (q − 1)m/q. It follows by linearity
of expectation that the expected number of nonzero entries of all such rows of L is

(
q⌈c logqmax(n,m)⌉

q − 1
+N −min(n,m)

)
· (q − 1)n

q

≤
2q⌈c logqmax(n,m)⌉

q − 1
· (q − 1)n

q

= 2⌈c logqmax(n,m)⌉n
∈ Θ(n lnmax(n,m),

since c ∈ Θ(ln q). Similarly, the expected number of nonzero entries in all such columns
of R is in Θ(m lnmax(n,m)).

Now let i be an integer such that q⌈c logqmax(n,m)⌉/(q − 1) < i ≤ min(n,m). Then
each entry of row i of L or column i of R is nonzero with probability ⌈c logqmax(n,m)⌉/i,
instead. It now follows by linearity of expectation that the expected number of nonzero
entries in all such rows of L is

min(n,m)∑

i=q⌈c logq max(n,m)⌉/(q−1)

⌈c logqmax(n,m)⌉
i

n

= ⌈c logqmax(n,m)⌉n
min(n,m)∑

i=q⌈c logq max(n,m)⌉/(q−1)

(1/i)

= ⌈c logqmax(n,m)⌉n(Hmin(n,m) −H⌈c logq max(n,m)⌉/(q−1))

≤ ⌈c logqmax(n,m)⌉n lnmin(n,m)

∈ Θ(n lnmax(n,m) lnmin(n,m)),

once again since c ∈ Θ(ln q). In the above derivation Hk is the kth Harmonic number, that
is, Hk =

∑k
i=1(1/i). Similarly, the expected number of nonzero entries in these columns

of R is in Θ(m lnmax(n,m) lnmin(n,m)). The result now follows, since all rows of L and all
columns of R have been considered, and since lnmax(n,m) ∈ O(lnmax(n,m) lnmin(n,m)).
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The next few lemmas we be used repeatedly in the analysis of these matrices.

Lemma 5.2. Let i be a positive integer such that ⌈c logqmax(n,m)⌉ ≤ i. Then

(
1−

⌈c logqmax(n,m)⌉
i

)i
≤ max(n,m)−3.

Proof. It is well known that if x is a real number such that |x| ≤ 1 then

1 + x ≤ ex ≤ 1 + x+ x2

— see, for example, Section 3.2 of the text of Cormen, Leiserson, Rivest and Stein [6].
Since i is a positive integer such that ⌈c logqmax(n,m)⌉ ≤ i, this implies that

(
1−

⌈c logqmax(n,m)⌉
i

)
≤

(
1−

c logqmax(n,m)

i

)
≤ e−c logq max(n,m)/i.

Therefore
(
1−

⌈c logqmax(n,m)⌉
i

)i
≤ e−c logq max(n,m)

= e−c lnmax(n,m)/ ln q

≤ e−3 lnmax(n,m) (since c ≥ 3 ln q)

= max(n,m)−3 .

Once again, let r be the rank of A. It will be useful to consider two other pairs of
matrices that are chosen using a distribution similar to the above. Suppose, in particular,
that L0, R0 ∈ Fr×rq are randomly chosen as follows.

• If 1 ≤ i ≤ r then each entry of row i or L0 or column i of R0 is set to be zero with
probability

max

(
1−

⌈logqmax(n,m)⌉
i

,
1

q

)
.

• Each entry in row i of L0 or column i of R0 that has not been set to 0, above, is
chosen uniformly and independently from Fq \ {0}.

Once again, this implies that the entries of the top ⌈2 logqmax(n,m)⌉ rows of L0 and
the leftmost ⌈2 logqmax(n,m)⌉ columns of R0 are chosen uniformly and independently
from Fq.

Lemma 5.3. Let Ã ∈ Fr×rq be a nonsingular matrix and let B ∈ Fr×rq as well. Suppose
that matrix L0 ∈ Fr×rq is randomly chosen as described above. Let

C = L0Ã+B ∈ Fr×rq .

Suppose i is an integer such that 1 ≤ i ≤ r.
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(a) The probability that row i of C is a linear combination of rows i+1, i+2, . . . , r is at
most

q−i +max(n,m)−3.

(b) The probability that rows i, i+ 1, . . . , r of C are linearly dependent is at most

q1−i

q − 1
+ max(n,m)−2.

(c) The probability that the nullity of C is greater than or equal to i is at most

q1−i

q − 1
+ max(n,m)−2.

(d) The expected value of the nullity of C is at most

q

(q − 1)2
+max(n,m)−1.

Proof. To begin, let us consider part (a) in the special case that Ã = Ir, the r× r identity
matrix, so that C = L0 +B.

Suppose that 1 ≤ i ≤ r, and consider the probability that the ith row of C is a linear
combination of rows i + 1, i + 2, . . . , r. Let si be the rank of the submatrix Ĉi of C that
consists of the above rows i+1, i+2, . . . , r. Then si ≤ r− i, since there are only r− i rows
in this matrix, so that r − si ≥ i.

The matrix Ĉi has a set Si of si linearly independent columns, and each of the remaining
columns is a linear combination of those in this set. Consider any assignment of values to
the entries in row i of L0, in the columns of Si. There is exactly one assignment of values,
that can be made to the remaining r− si columns in row i, in order for row i of C to be a
linear combination of rows i+ 1, i+ 2, . . . , r.

Suppose that 1 − ⌈c logqmax(n,m)⌉/i ≥ 1/q. Then ⌈c logqmax(n,m)⌉ ≤ i, so that
Lemma 5.2 is applicable, and it follows by the above analysis, and the choice of L0, that
row i of C is a linear combination of rows i+ 1, i + 2, . . . , r, with probability at most

(
1−

⌈c logqmax(n,m)⌉
i

)r−si
≤

(
1−

⌈c logqmax(n,m)⌉
i

)i
(since r − si ≥ i)

≤ max(n,m)−3 (by Lemma 5.2).

On the other hand, if 1−⌈c logqmax(n,m)⌉/i < 1/q then the entries of row i of L0 are
chosen uniformly and independently from Fq. It follows by the above analysis that row i
of C is a linear combination of rows i+ 1, i + 2, . . . , r with probability at most

(
1

q

)r−si
≤

(
1

q

)i
= q−i.
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Over-approximating by adding together the upper bounds for these cases, one can see
that if 1 ≤ i ≤ r then row i of C is a linear combination of rows i + 1, i + 2, . . . , r with
probability at most q−i+max(n,m)−3, as required to establish part (a) of the claim when
Ã is the identity matrix.

Now let Ã be an arbitrary nonsingular matrix in Fr×rq . Then C = L0Ã + B = C ′ · Ã
where C ′ = L0 +B′ and B′ = B · Ã−1. It follows by the above analysis that row i of C ′ is
a linear combination of rows i+1, i+2, . . . , r with probability at most q−i+max(n,m)−3.
However, since Ã is nonsingular, row i of C ′ is a linear combination of rows i+1, i+2, . . . , r
of C ′ if and only if row i of C is a linear combination of rows i + 1, i + 2, . . . , r of C, and
this implies that part (a) holds in the general case.

Now consider the probability that rows i, i + 1, i + 2, . . . , r are linearly dependent. In
this case, there must exist at least one integer j such that i ≤ j ≤ r and row j is a linear
combination of rows j + 1, j + 2, . . . , r. The probability that this is the case is at most

r∑

j=i

(
q−j +max(n,m)−3

)
=

r∑

j=i

q−j +
r∑

j=i

max(n,m)−3

=

r∑

j=i

q−j + (r − i+ 1) ·max(n,m)−3

≤
r∑

j=i

q−j +max(n,m)−2 (since r ≤ max(n,m))

≤
∑

j≥i

q−j +max(n,m)−2

=
q1−i

q − 1
+ max(n,m)−2,

establishing part (b).

In order to establish part (c) note that if the nullity of C is greater than or equal to i,
then the rank of C must be less than or equal to r − i, and rows i, i + 1, . . . , r of C must
therefore be linearly dependent. Consequently, part (c) of the claim is implied by part (b).

Finally, in order to establish part (d), note that, since the nullity of any r× r matrix is
a nonnegative integer that is less than or equal to r, the expected value of the nullity of C
is

r∑

i=1

(Pr[nullity(C) ≥ i]) ≤
r∑

i=1

(
q1−i

q − 1
+ max(n,m)−2

)
(by part (c))

=
r∑

i=1

q1−i

q − 1
+

r∑

i=1

max(n,m)−2
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=
q

q − 1
·

r∑

i=1

q−i + r ·max(n,m)−2

≤ q

q − 1
·

r∑

i=1

q−i +max(n,m)−1 (since r ≤ max(n,m))

≤ q

q − 1
·
∑

i≥1

q−i +max(n,m)−1

=
q

(q − 1)2
+max(n,m)−1.

Notice that the transpose of the matrix R0 is chosen using the same probability distri-
bution as described for L0. The next result can therefore be obtained as a consequence of
the previous one, by considering the transpose of the matrix D that is mentioned below.

Corollary 5.4. Let Ã ∈ Fr×rq be a nonsingular matrix and let B ∈ Fr×rq as well. Suppose
that the matrix R0 ∈ Fr×rq is randomly chosen as described on page 47, above. Let

D = ÃR0 +B ∈ Fr×rq .

Suppose that i is an integer such that 1 ≤ i ≤ r.

(a) The probability that column i of D is a linear combination of columns i+1, i+2, . . . , r
is at most

q−i +max(n,m)−3.

(b) The probability that columns i, i+ 1, . . . , r of D are linearly dependent is at most

q1−i

q − 1
+ max(n,m)−2.

(c) The probability that the nullity of D is greater than or equal to i is at most

q1−i

q − 1
+ max(n,m)−2.

(d) The expected value of the nullity of D is at most

q

(q − 1)2
+max(n,m)−1.

Lastly, consider matrices L1 ∈ F
(r+⌈2 logq max(n,m)⌉)×r
q and R1 ∈ F

r×(r+⌈2 logq max(n,m)⌉)
q

that are randomly chosen as follows.
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• If 1 ≤ i ≤ r then each entry in row i of L1 or column i of R1 is set to be zero with
probability

max

(
1−

⌈c logqmax(n,m)⌉
i

,
1

q

)
.

• If 1 ≤ i ≤ r then each entry in row i of L1 or column i of R1 that has not been set
to 0, above, is chosen uniformly and independently from Fq \ {0}.

• Finally, if r < i ≤ r + ⌈2 logqmax(n,m)⌉ then each entry in row i of L1 or column i
of R1 is chosen uniformly and independently from Fq.

Note that the top r× r submatrix of L1 and the left r× r submatrix of R1 are chosen using
the distributions described for L0 and R0, respectively (as described on page 47). Thus
the entries in the top ⌈2 logqmax(n,m)⌉ rows of L1 and the leftmost ⌈2 logqmax(n,m)⌉
columns of R1 are chosen uniformly and independently from Fq.

Lemma 5.5. Let Ã ∈ Fr×rq be a nonsingular matrix. Let B ∈ F
(r+⌈2 logq max(n,m)⌉)×r
q , and

suppose L1 is chosen as described above. Let

C = L1Ã+B ∈ F
(r+⌈2 logq max(n,m)]⌉)×r
q .

Then the probability that rows ⌈2 logqmax(n,m)⌉+1, ⌈2 logqmax(n,m)⌉+2, . . . , r of C are
linearly dependent or C has rank less than r (or both) is at most 3max(n,m)−2.

Proof. To begin let us suppose that Ã = Ir, the r × r identity matrix. Let L0, B0 ∈ Fr×rq

be the top r× r submatrices of L1 and B, respectively. Then the top r× r submatrix of C
is the matrix

C0 = L0 +B0 ∈ Fr×rq .

Since L0 is selected using the distribution described on page 47, it follows by part (b) of
Lemma 5.3 that rows ⌈2 log1 max(n,m)⌉+1, ⌈2 logqmax(n,m)⌉+2, . . . , r of C0 are linearly
dependent with probability at most

q−⌈2 logq max(n,m)⌉

q − 1
+max(n,m)−2 ≤ 2max(n,m)−2. (5.3)

The corresponding rows of C are linearly dependent with the same probability, since these
are the same rows.

Recall that the entries of the matrix L1 in rows 1, 2, . . . , ⌈2 logqmax(n,m)⌉, and in rows
r+1, r+2, . . . , r+ ⌈2 logqmax(n,m)⌉, are chosen uniformly and independently from Fq. It
follows that the entries of C in these rows are chosen uniformly and independently from Fq,
as well.

Suppose that rows ⌈2 logqmax(n,m)⌉+1, ⌈2 logqmax(n,m)⌉+2, . . . , r of C are linearly
independent. Then there exists a set S of r − ⌈2 logqmax(n,m)⌉ columns of C such that
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the submatrix of C including rows ⌈2 logqmax(n,m)⌉+1, ⌈2 logqmax(n,m)⌉+2, . . . , r and
the columns in set S is nonsingular.

In order the complete the analysis, in the case that Ã = Ir, consider an assignment of
values for the entries of L1 in rows ⌈2 logqmax(n,m)⌉+1, ⌈2 logqmax(n,m)⌉+2, . . . , r and
the columns in S. Since the remaining entries are uniformly and independently selected

from Fq, the probability that the columns of the matrix C ∈ F
(r+⌈2 logq max(n,m)⌉)×r
q are not

linearly independent is at most

2⌈2 logq max(n,m)⌉∑

i=⌈2 logq max(n,m)⌉+1

q−i ≤
∑

i≥⌈2 logq max(n,m)⌉+1

q−i =
q−⌈2 logq max(n,m)⌉

q − 1
≤ max(n,m)−2. (5.4)

Thus the probability that C has rank less than r, when A = Ir, is at most the sum of
the bounds at lines (5.3) and (5.4), that is, 3max(n,m)−2, as claimed.

Suppose, next, that Ã is an arbitrary nonsingular matrix in Fr×rq . Then

C = L1Ã+B = C ′ · Ã,

for C ′ = L1 +B′ and B′ = B · Ã−1.

It follows by the above analysis, using B′ in place of B, that the matrix C ′ has rank
less than r with probability at most 3max(n,m)−2. Since Ã is nonsingular, the matri-
ces C and C ′ have the same rank. Thus C has rank less than r with probability at most
3max(n,m)−2 as well.

Notice that the transpose of the matrix R1 is chosen using the same probability dis-
tribution as described for L1. The next result can be obtained as a consequence of the
previous one by considering the transpose of the matrix D that is mentioned below.

Corollary 5.6. Let Ã ∈ Fr×rq be a nonsingular matrix. Let B ∈ F
r×(r+⌈2 logq max(n,m)⌉)
q ,

and suppose R1 is chosen as described on page 51. Let

D = ÃR1 +B ∈ F
r×(r+⌈2 logq max(n,m)⌉)
q .

Then the probability that columns ⌈2 logqmax(n,m)⌉+1, ⌈2 logqmax(n,m)⌉+2, . . . , r of D
are linearly dependent or D has rank less than r is at most 3max(n,m)−2.

5.2 Preservation of Rank

Suppose again that A ∈ Fn×mq for positive integers n and m and that matrices L ∈ FN×nq

and R ∈ Fm×N
q are randomly selected as described in Subsection 5.1 for

N = min(n,m) + ⌈2 logqmax(n,m)⌉.
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The rest of this section will concern properties of the “conditioned” matrix

Â = LAR ∈ FN×N
q . (5.5)

It should be noted that properties similar to the ones established in this and the next
subsection have been proved for a similar matrix preconditioner in Chen et. al. [3]. Indeed,
the arguments given here are based on the proofs found in Section 7 of that report.

If Â is as above then the rank of Â is certainly at most that of A. The following result
therefore implies that the ranks of A and Â are the same, with high probability.

Theorem 5.7. Let A ∈ Fn×mq be a matrix with rank r. Suppose the matrices L ∈ FN×n
q

and R ∈ Fm×N
q are randomly chosen as described at the beginning of Section 5.1, and that

Â = LAR.

(a) The probability that either rows

⌈2 logqmax(n,m)⌉+ 1, ⌈2 logqmax(n,m)⌉+ 2, . . . , r

of the matrix LA are linearly dependent, or that the (r + ⌈2 logqmax(n,m)⌉) × m
submatrix of LA that includes rows with indices

1, 2, . . . , r and min(n,m) + 1,min(n,m) + 2, . . . , N

has rank less than r, is at most 3max(n,m)−2.

(b) The probability that Â has rank less than r is at most 6max(n,m)−2.

Proof. Let us begin by considering the matrix LA, noting that this does not depend in any
way on the choice of the matrix R. Since A has rank r, there exist permutation matrices
P ∈ Fn×nq and Q ∈ Fm×m

q such that the leading r × r submatrix of PAQ is nonsingular.
Notice that, since P−1 is also a permutation matrix, the matrices L and L · P−1 are

chosen according to the same probability distribution. Now

LA = (L · P−1) · (PAQ) ·Q−1.

Rows ⌈2 logqmax(n,m)⌉ + 1, ⌈2 logqmax(n,m)⌉ + 2, . . . , r of the matrix LA are linearly
independent if and only if the corresponding rows of (L ·P−1) ·PAQ = LAQ are. Further-
more, the (r + ⌈2 logqmax(n,m)⌉) ×m submatrix of LA that includes the rows 1, 2, . . . , r
and rows min(n,m) + 1,min(n,m) + 2, . . . , N has rank less than r if and only if the
(r+ ⌈2 logqmax(n,m)⌉)× r submatrix of LAQ including rows with these indices has rank
less than r, as well. Finally, the ranks of the matrices LA and LAQ are also the same. The
matrix A can therefore be replaced with PAQ in the rest of this proof, in order to assume
without loss of generality that the leading r × r submatrix of A is nonsingular.
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Using this simplifying assumption, let us write A as

A =

[
A1,1 A1,2

A2,1 A2,2

]

where A1,1 is now a nonsingular matrix in Fr×rq , and where A1,2 ∈ F
r×(m−r)
q , A2,1 ∈

F
(n−r)×r
q , and A2,2 ∈ F

(n−r)×(m−r)
q .

Consider the (r + ⌈2 logqmax(n,m)⌉) × m submatrix of LA that includes rows with
indices

1, 2, . . . , r and min(n,m) + 1,min(n,m) + 2, . . . , N.

This can be written as
[
L1 L2

]
·
[
A1,1 A1,2

A2,1 A2,2

]

where L1 ∈ F
(r+⌈2 logq max(n,m)⌉)×r
q , L2 ∈ F

(r+⌈2 logq max(n,m)⌉)×(n−r)
q , and where L1 is chosen

using the probability distribution described on page 51. The submatrix consisting of the
leftmost r columns of this matrix is

[
L1 L2

]
·
[
A1,1

A2,1

]
= L1 ·A1,1 + L2 · A2,1 ∈ F

(r+⌈2 logq max(n,m)⌉)×r
q .

If we choose (and fix) the values in the matrix the above matrix L2 then, since A1,1 ∈ Fr×rq

is nonsingular and L2 · A2,1 ∈ F
(r+⌈2 logq max(n,m)⌉)×r
q , it follows by Lemma 5.5 that (when

the entries of L1 are selected) the likelihood that rows

⌈2 logqmax(n,m)⌉+ 1, ⌈2 logqmax(n,m)⌉+ 2, . . . , r

of this matrix are linearly dependent or that this matrix has rank less than r is at most
3max(n,m)−2. Since this is true for any choice of values for L2 it follows — as claimed in
part (a) above — that this is also an upper bound on the probability that the corresponding
rows of LA are linearly dependent or LA has rank less than r, when L is randomly chosen
as described above.

Now consider any fixed matrix L ∈ FN×n
q such that the matrix

LA ∈ FN×m
q

has rank r. Repeating the above argument, using Corollary 5.6 in place of Lemma 5.5, one
can establish that the probability that

Â = LAR

has rank less than r is at most 3max(n,m)−2 as well. Thus, if L and R are randomly
chosen as above, then the probability that LAR has rank less than r is at most twice the
above value, as claimed in part (b).

54



5.3 On the Number of Nilpotent Blocks

Consider the number of invariant factors of Â that are divisible by x2. This is the same as
the number of nontrivial nilpotent blocks in a Jordan form of Â.

A consideration of the Jordan form establishes that this is also the difference between
the rank of Â and that of Â2. This observation can be used to establish upper bounds on
the expected value of this difference and on the probability that this difference is high.

Lemma 5.8. Let L ∈ FN×n
q , A ∈ Fn×mq , R ∈ Fm×N

q , and let Â = LAR ∈ FN×N
q . Suppose

that

rank(A) = rank(Â ).

Then

rank(Â 2) = rank(ARLA).

Proof. Since

Â 2 = (LAR)2 = L · (ARLA) ·R,
the rank of Â 2 is certainly less than or equal to that of ARLA. It is therefore sufficient to
prove that

rank(Â 2) ≥ rank(ARLA)

as well in order to establish the claim.

Let s = rank(ARLA). Then the column space of ARLA has dimension s and there
exist vectors x1, x2, . . . , xs ∈ Fm×1

q such that the vectors y1, y2, . . . , ys ∈ Fn×1
q are linearly

independent if

yi = ARLAxi for 1 ≤ i ≤ s.

Suppose, as in the claim, that rank(A) = rank(Â ). Then, since Â = LAR,

rank(A) = rank(LAR) ≤ rank(AR) ≤ rank(A),

and rank(AR) = rank(A) as well. The matrices AR and A therefore have the same column
space.

Let wi = Axi for 1 ≤ i ≤ s. Then w1, w2, . . . , ws belong to the column space of A, so
that they belong to the column space of AR as well. It follows that there exist vectors
z1, z2, . . . , zs ∈ FN×1

q such that

wi = Axi = ARzi for 1 ≤ i ≤ s.

Consequently

yi = ARLAxi = ARLwi = ARLARzi for 1 ≤ i ≤ s

as well.
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Once again, since rank(A) = rank(Â ) = rank(LAR),

rank(A) = rank(LAR) ≤ rank(LA) ≤ rank(A)

so that rank(LA) = rank(A). It follows that the matrices LA and A have the same right
null space. Now, this can be used to establish that if k ≥ 0 and v1, v2, . . . vk ∈ Fm×1

q , then
LAv1, LAv2, . . . , LAvk are linearly independent if and only if Av1, Av2, . . . , Avk are linearly
independent. In particular, this is the case if k = s and vi = RLARzi for 1 ≤ i ≤ s. That
is, since Avi = ARLARzi = yi for 1 ≤ i ≤ k, Ly1, Ly2, . . . , Lys are linearly independent,
because y1, y2, . . . , ys are linearly independent.

It remains only to note that

Lyi = LARLARzi = Â 2zi for 1 ≤ i ≤ s.

Thus the vectors Â 2z1, Â
2z2, . . . , Â

2zs are linearly independent, implying that rank(Â ) ≥
s = rank(ARLA), as required to complete the proof.

Lemma 5.9. Let A ∈ Fn×mq be a matrix with rank r, and let L ∈ FN×n
q be any matrix such

that rows ⌈2 logqmax(n,m)⌉+1, ⌈2 logqmax(n,m)⌉+2, . . . , r of LA are linearly independent
and the submatrix of LA including rows

1, 2, . . . , r and min(n,m) + 1,min(n,m) + 2, . . . , N

has rank r.
Suppose that the matrix R ∈ Fm×N

q is randomly selected as described at the beginning
of Subsection 5.1.

Then, for any integer i ≥ 0, the probability that the matrix ARLA has rank less than r−i
is at most

q1−i

q − 1
+ max(n,m)−2.

Proof. Since A has rank r, there exists a permutation matrix P ∈ Fm×m
q such that the

leftmost r columns of the matrix AP are linearly independent. There is therefore a set

S ⊆ {1, 2, . . . , n}

of size r such that the r × r submatrix of AP , including the rows in S and the leftmost
r columns, is nonsingular. The r×m submatrix of AP that includes the rows in S therefore
has the form [

Ã C
]

where Ã ∈ Fr×rq is a nonsingular matrix and where C ∈ F
r×(m−r)
q .

Suppose L has the properties given in the statement of the claim. Then there exists a
permutation matrix Q ∈ FN×N

q , with (i, j)th entry Qi,j for 1 ≤ i, j ≤ N , such that Qi,i = 1
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for ⌈2 logqmax(n,m)⌉ + 1 ≤ i ≤ min(n,m) and such that the top r rows of the matrix
QLA are linearly independent. There is therefore a set

T ⊆ {1, 2, . . . ,m}

of size r such that the r × r submatrix of QLA including the top r rows and the columns
in T is nonsingular. The N×r submatrix of QLA that includes the columns in T therefore
has the form [

Â
D

]

where Â ∈ Fr×rq is a nonsingular matrix and where D ∈ F
(N−r)×r
q .

Notice that
ARLA = AP · (P−1RQ−1)(QL)A

and — since P and Q are permutation matrices, and Qi,i = 1 for c+1 ≤ i ≤ min(n,m) —
the matrices R and P−1RQ−1 are chosen using the same probability distribution. Conse-
quently,

P−1RQ−1 =

[
R0 R1,2

R2,1 R2,2

]

where R0 ∈ Fr×rq , R1,2 ∈ F
r×(N−r)
q , R2,2 ∈ F

(m−r)×r
q , R2,2 ∈ F

(m−r)×(N−r)
q , and where

the matrix R0 ∈ Fr×rq is randomly chosen using the probability distribution described on
page 47.

Let us now consider the r× r submatrix of ARLA that includes the rows in S and the
columns in T . This matrix has the form

[
Ã C

]
·
[
R0 R1,2

R2,1 R2,2

]
·
[
Â
D

]

=
[
Ã C

]
·
[
R0Â+R1,2D

R2,1Â+R2,2D

]

= ÃR0Â+ ÃR1,2D + CR2,1Â+ CR2,2D

=
(
ÃR0 +B

)
· Â,

where
B = ÃR1,2DÂ

−1 + CR2,1 + CR2,2DÂ
−1 ∈ Fr×rq .

Fix any choice of values for the entries of the matrices R1,2, R2,1, and R2,2; then the
entries of the above matrix B ∈ Fr×rq are fixed as well. Since R0 is chosen using the above-
mentioned probability distribution, it follows by part (c) of Corollary 5.4 that the matrix
ÃR0 +B has rank less than r − i with probability at most

q1−i

q − 1
+ max(n,m)−2.
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Since the matrix Â is nonsingular, the matrices ÂR1,1 + B and
(
ÂR1,1 +B

)
· Â have

the same rank. Since the latter matrix is a submatrix of ARLA, it follows that ARLA has
rank less than r − i with probability at most

q1−i

q − 1
+ max(n,m)−2

as well.

Theorem 5.10. Let A ∈ Fn×mq be a matrix with rank r.

Suppose the matrices L ∈ FN×n
q and R ∈ Fm×N

q are randomly chosen as described in

Section 5.1, and that Â = LAR.

(a) The probability that i or more of the invariant factors of Â are divisible by x2 is at
most

q2−i

q − 1
+ 4max(n,m)−2.

(b) The expected number of invariant factors of Â that are divisible by x2 is at most

q2

(q − 1)2
+ 4max(n,m)−1.

Proof. Let us begin by considering the condition that rows

⌈2 logqmax(n,m)⌉+ 1, ⌈2 logqmax(n,m)⌉+ 2, . . . , r

of the matrix LA are linearly independent and the submatrix of LA including rows

1, 2, . . . , r and min(n,m) + 1,min(n,m) + 2, . . . , N

has rank r. This event depends on L, but not on the choice of R, and it follows by part (a)
of Theorem 5.7 that the probability that this condition is not satisfied is at most

3max(n,m)−2. (5.6)

On the other hand, it is follows by Lemma 5.9 that the probability that the above condition
is satisfied, and rank(ARLA) < r − i, is at most

q1−i

q − 1
+ max(n,m)−2

for any integer i ≥ 0, because the above quantity bounds the probability that the rank
of ARLA is less than r − i for any choice of the matrix L such that the above condition
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is satisfied. Since the rank is an integer value, it is less than r − i if and only if it is
less than or equal to r − (i + 1) = r − i − 1. Thus the above condition is satisfied and
rank(ARLA) ≤ r − (i+ 1) with probability at most

q1−i

q − 1
+ max(n,m)−2

as well. Replacing i with i − 1, one can conclude that this condition is satisfied and
rank(ARLA) ≤ r − i with probability at most

q2−i

q − 1
+ max(n,m)−2. (5.7)

Notice that if the above condition holds, then the number of invariant factors of Â that
are divisible by x2 is

rank(Â )− rank(Â 2) ≤ r − rank(Â 2 )

= r − rank(ARLA) (by Lemma 5.8).

Adding the probability that the above condition is not satisfied, it follows that the proba-
bility that LAR has i or more invariant factors divisible by x2 is at most

q2−i

q − 1
+max(n,m)−2 + 3max(n,m)−2 =

q2−i

q − 1
+ 4max(n,m)−2

as required to establish part (a).
Now let NilBlocks be the number of invariant factors of Â that are divisible by x2, so

that NilBlocks is an integer-valued random variable that can assume values

0, 1, . . . , r

and such that NilBlocks ≥ i only if rank(ARLA) ≤ r−i, as noted above. Then the expected
value of NilBlocks is

E[NilBlocks] =

r∑

i=1

Pr[NilBlocks ≥ i]

=

r∑

i=1

(
q2−i

q − 1
+ 4max(n,m)−2

)

=
q2

q − 1

r∑

i=1

q−i + 4max(n,m)−2
r∑

i=1

1

=
q2

(q − 1)2
+ 4rmax(n,m)−2

≤ q2

(q − 1)2
+ 4max(n,m)−1 (since r ≤ max(n,m))

as required to establish part (b).
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5.4 On the Number of Invariant Factors That are Not Powers of x

Next consider the number of invariant factors of Â that are not powers of x. Suppose that
there are ℓ such factors, so that the first ℓ invariant factors of Â are

f1, f2, . . . , fℓ

where fi is divisible by fi+1, for 1 ≤ i ≤ ℓ − 1, and where fℓ has a nonzero root, λ, in
some extension of Fq. Then λ is a root of fi as well, for 1 ≤ i ≤ ℓ. It follows that the

Jordan normal form of Â (over a suitable extension of Fq) includes at least ℓ blocks with
eigenvalue λ, and that the matrix

Â− λIN

has nullity at least ℓ. This observation will be used to bound the expected number of
invariant factors that are not powers of x.

Suppose, for the rest of this section, that E is an algebraic closure of the finite field Fq.

Lemma 5.11. Let Ã ∈ Fr×rq be a nonsingular matrix, and let B ∈ Er×r.
Suppose that the matrix R0 ∈ Fr×rq is chosen as described for the probability distribution

on page 47. Let
D = ÃR0 +B ∈ Er×r.

Let i be an integer such that 1 ≤ i ≤ r. Then the probability that column i of D is a
linear combination of columns i+ 1, i + 2, . . . , r is at most

q−i +max(n,m)−3.

Proof. This can be established using a straightforward modification of the the proof of
part (a) of Lemma 5.3 and Corollary 5.4 — which correspond to the case that the above
matrix B has elements in the field Fq.

As in the original proof, (after restricting attention to the special case that Ã is the
identity matrix) one should suppose that the submatrix D̂i consisting of rows

i+ 1, i+ 2, . . . , r

of D has rank si. Then, after choosing values from Fq for all but r − si of the entries in
column i of R0 one can observe that there is exactly one choice of the remaining values —
in this case, in E but possibly not in Fq — for the remaining r− si entries in column i such
that the ith column of D is a linear combination of columns i+ 1, i + 2, . . . , r.

If any of the remaining values (to be assigned) lie outside of Fq, then it is impossible
to complete the choice of column i of R0, in such a way that the ith column of D is a
linear combination of columns i+ 1, i+ 2, . . . , r. If the remaining values to be selected lie
in Fq, instead, then the probability that the values are selected in the required way can be
bounded using the argument given in Lemma 5.3.

To complete the proof, one should remove the assumption that Ã is the identity matrix
using the same argument as is used in the proof of Lemma 5.3.
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Lemma 5.12. Let A ∈ Fn×mq be a matrix with rank r and let L ∈ FN×n
q be a matrix such

that rows ⌈2 logqmax(n,m)⌉+1, ⌈2 logqmax(n,m)⌉+2, . . . , r of the matrix LA are linearly
independent and the submatrix of LA including rows

1, 2, . . . , r and min(n,m) + 1,min(n,m) + 2, . . . , N

has rank r.

Suppose the matrix R ∈ Fm×N
q is randomly chosen using the probability distribution

described at the beginning of Subsection 5.1.

Let i be an integer such that 1 ≤ i ≤ r. Then the probability that the matrix LAR has
i or more invariant factors that are not powers of x is at most

(r − i+ 1)
q2−i

q − 1
+ (r − i+ 1)2 max(n,m)−3.

Proof. Suppose that L is as described in the above claim. Then there exists a permu-
tation matrix P ∈ FN×N

q with (i, j)th entry Pi,j for 1 ≤ i, j ≤ N such that Pi,i = 1 if
⌈2 logqmax(n,m)⌉ + 1 ≤ i ≤ min(n,m) and such that the top r rows of the matrix PLA
are linearly independent. Once again, one can see, by inspection of the probability distri-
bution described at the beginning of Section 5.1, that the matrices R and RP−1 are chosen
using the same probability distribution.

Since the matrices LAR and PLARP−1 are similar, they have the same invariant
factors.

It follows that — replacing matrices L and R with the matrices PL and RP−1, respec-
tively — we may assume without loss of generality that the top r rows of the matrix LA
are linearly independent.

In this case, there exists a permutation matrix Q ∈ Fm×m
q such that the top left r × r

submatrix of LAQ is nonsingular. Note that, since Q−1 is also a permutation matrix,
the ith column of the matrix Q−1R is chosen using the same probability distribution as
the ith column of R. It follows that — replacing matrices A and R with AQ and Q−1R,
respectively — we may now assume that the top left r× r submatrix of LA is nonsingular.

The matrix LA can now be written as

LA =

[
Ã1,1 Ã1,2

Ã2,1 Ã2,2

]
(5.8)

where Ã1,1 ∈ Fr×rq is nonsingular, and where Ã1,2 ∈ F
r×(m−r)
q , Ã2,1 ∈ F

(N−r)×r
q , and

Ã2,2 ∈ F
(N−r)×(m−r)
q .

Note that

R =

[
R0 R1,2

R2.1 R2.2

]
(5.9)
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where R0 ∈ Fr×rq is randomly chosen using the probability distribution given on page 47,

and where R1,2 ∈ F
r×(N−r)
q , R2,1 ∈ F

(m−r)×r
q , and R2,2 ∈ F

(m−r)×(N−r)
q .

Let B ∈ Fr×rq be the top left r× r submatrix of LAR. Then if follows by the decompo-
sitions given in equations (5.8) and (5.9), above, that

B =
[
Ã1,1 Ã1,2

]
·
[
R0

R2,1

]
= Ã1,1R0 + Ã1,2R2,1 ∈ Fr×rq . (5.10)

Fix any choice of the rightmost N − r columns of R — fixing the submatrices R1,2

and R2,2, shown above. Let

X = −Ã2,1Ã
−1
1,1 ∈ F(N−r)×r

q (5.11)

and let

B̂ = B − (Ã1,1R1,2 + Ã1,2R2,2)X ∈ Fr×rq . (5.12)

It will next be argued that if the remaining columns of R (including submatrices R0

and R2,1) are chosen using the distribution given in the statement of the claim, then

the above matrix B̂ has a large number of invariant factors, that are not powers of x, with
small probability.

Suppose that i ≥ 2, and recall that if B̂ has i or more invariant factors that are not
powers of x, then there exists a nonzero element λ of E such that

rank(B̂ − λIr) ≤ r − i. (5.13)

Let B̂j ∈ F
r×(r−j)
q denote the submatrix of B̂ that includes columns j + 1, j + 2, . . . , r,

and let Ir,j ∈ F
r×(r−j)
q denote the submatrix of the r × r identity matrix Ir that includes

columns j + 1, j + 2, . . . , r. Then the condition at line (5.13) certainly implies that

rank(B̂i−2 − λIr,i−2) ≤ r − i (5.14)

as well.

With this in mind, for 2 ≤ i ≤ r + 1, let pi denote the probability that there exists a
nonzero element λ of the algebraic closure E such that

rank(B̂i−2 − λIr,i−2) ≤ r − i.

Now

pr+1 = 0, (5.15)

since it is impossible for the matrix B̂r−1 − λIr,r−1 to have a negative rank for any choice
of λ.
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Suppose now that 2 ≤ i ≤ r. In order to consider the difference between pi+1 and pi,
suppose that there does not exist any nonzero element λ of E such that

rank(B̂i−1 − λIr,i−1) ≤ r − i− 1.

Let Ci−1 ∈ F
(r−i+1)×(r−i+1)
q be the submatrix of B̂i−1 that includes rows i, i+1, . . . , r; then

Ci−1 is also the bottom right (r − i+ 1)× (r − i+ 1) submatrix of B̂.
Let fi−1 be the characteristic polynomial of Ci−1. Then fi−1 is a nonzero polynomial

with degree r − i+ 1.
Consider any element λ of E. Either λ is a root of fi−1 or it is not; these cases will be

considered separately.
First consider the case that λ is not a root of fi−1. In this case, the matrix

Ci−1 − λIr−i+1 ∈ E(r−i+1)×(r−i+1)

is nonsingular. Since this is the bottom submatrix of the r×(r−i+1) matrix B̂i−1−λIr,i−1,
it follows that

rank(B̂i−1 − λIr,i−1) = r − i+ 1.

Since B̂i−1 − λIr,i−1 is the submatrix of B̂i−2 − λIr,i−2 containing the rightmost r − i+ 1
columns, it follows that

rank(B̂i−2 − λIr,i−2) ≥ r − i+ 1

as well. Thus the condition at line (5.14) cannot be satisfied in this case.
Next consider the case that λ is a root of fi−1, and recall the assumption that

rank(B̂i−1 − λIr,i−1) ≥ r − i.

If rank(B̂i−1 − λIr,i−1) ≥ r − i + 1 then, as noted in the discussion of the previous case,
this implies that

rank(B̂i−2 − λIr,i−2) ≥ r − i+ 1

as well, making the condition at line (5.14) impossible. It is therefore sufficient to consider
the case that

rank(B̂i−1 − λIr,i−1) = r − i.

It would follow in this case that the condition at line (5.14) is satisfied, for this choice of λ,
if and only column i− 1 of the matrix

B̂ − λIr = Ã1,1R0 + (Ã1,2R2,1 − (Ã1,1R1,2 − Ã1,2R2,2)X − λIr)

is a linear combination of columns i, i+1, . . . , r of this matrix. Applying Lemma 5.11 (for
any choice of entries of column i− 1 of the submatrix R2,1, any choice of R1,2 and R2,2, as

noted above, with Ã1,1 replacing Ã and with

Ã1,2R2,1 − (Ã1,1R1,2 − Ã1,2R2,2)X − λIr
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replacing the matrix called “B” in the statement of this lemma), one can see that the
probability of this is at most

q1−i +max(n,m)−3.

The polynomial fi−1 has at most r − i+ 1 roots. Over-approximating the probability
of the union of events by the sum of the probabilities of the events, one can now conclude
that

pi ≤ pi+1 + (r − i+ 1)
(
q1−i +max(n,m)−3

)
(5.16)

for any integer i such that 2 ≤ i ≤ r.
Using equations (5.15) and (5.16), it is easily established by induction on r − i that if

2 ≤ i ≤ r then

pi ≤ (r − i+ 1)
q2−i

q − 1
+ (r − i+ 1)2 max(n,m)−3. (5.17)

To conclude, recall the assumption that the top r × r submatrix Ã1,1 of LA is nonsin-
gular. The matrix LA must then have rank r, since A does. It follows that if LA is as

shown in equation (5.8), and X = −Ã2,1Ã
−1
1,1 ∈ F

(N−r)×r
q , as above, then

[
Ir 0
X IN−r

]
· LA

=

[
Ir 0
X IN−r

]
·
[
Ã1,1 Ã1,2

Ã2,1 Ã2,2

]

=

[
Ã1,1 Ã1,2

0 0

]
,

since the choice of X ensures that the bottom left (N − r) × r submatrix of this product
is zero, and since the right (N − r) columns are linear combinations of the left r columns.

Applying the decomposition of R in equation (5.9) as well, one finds that

LAR =

[
Ã1,1 Ã1,2

Ã2,1 Ã2,2

]
·
[
R0 R1,2

R2,1 R2,2

]
,

so that
[
Ir 0
X IN−r

]
· LAR

=

[
Ir 0
X IN−r

]
·
[
Ã1,1 Ã1.2

Ã2,1 Ã2,2

]
·
[
R0 R1,2

R2,1 R2,2

]

=

[
Ã1,1 Ã1,2

0 0

]
·
[
R0 R1,2

R2,1 R2,2

]
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=

[
B C
0 0

]

where B is the top left r×r submatrix of LAR and where C = Ã1,1R0+Ã1,2R1,2 ∈ F
r×(N−r)
q

s the top right r× (N−r) submatrix of LAR — and so that B̂ = B−CX, for B̂ as defined
at line (5.12) above.

Consequently, if λ is a nonzero element of E, then

[
Ir 0
X IN−r

]
· (LAR− λIN ) =

[
B − λIr C
−λX −λIN−r

]

and

[
Ir 0
X IN−r

]
· (LAR− λIN ) ·

[
Ir 0
−X IN−r

]

=

[
B − λIr C
−λX −λIN−r

]
·
[
Ir 0
−X IN−r

]

=

[
B − CX − λIr C

0 −λIN−r

]

=

[
B̂ − λIr C

0 −λIN−r

]
,

so that (since λ 6= 0)

rank(LAR− λIN ) = rank(B̂ − λIr) +N − r.

It follows that rank(B̂ − λIr) ≤ r − i if and only if rank(LAR− λIN ) ≤ N − i.

Consequently, if L has the properties described in the claim, and R is randomly chosen
as described, then the probability that LAR has i or more invariant factors that are not
powers of x is the same as the probability that B̂ does. Since this probability is at most pi,
the claim now follows by the inequality at line (5.17), above.

Theorem 5.13. Let A ∈ Fn×mq be a matrix with rank r.

Suppose the matrices L ∈ FN×n
q and R ∈ Fm×N

q are randomly chosen, as described at

the beginning of Section 5.1. Let Â = LAR.

(a) Suppose i is an integer such that 2 ≤ i ≤ r. Then the probability that Â has at least
i invariant factors that are not powers of x is at most

(r − i+ 1)q2−i

q − 1
+ (r − i+ 4)max(n,m)−2.
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(b) The expected number of invariant factors of Â that are not powers of x is at most

logq r + 5.

Proof. Once again, consider the condition that rows

⌈2 logqmax(n,m)⌉+ 1, ⌈2 logqmax(n,m)⌉+ 2, . . . , r

of the matrix LA are linearly independent that the (r+ ⌈2 logqmax(n,m)⌉)×m submatrix
of LA that includes rows

1, 2, . . . , r and min(n,m) + 1,min(n,m) + 2, . . . ,min(n,m) +N

has rank r. This event depends only on the choice of the matrix L, and it follows by
part (a) of Theorem 5.7 that the probability that this condition if not satisfied is at most
3max(n,m)−2.

On the other hand, it follows by Lemma 5.12 that that the probability that this con-
dition is satisfied, and LAR has i or more invariant factors that are not powers of x, is at
most

(r − i+ 1)
q2−i

q − 1
+ (r − i+ 1)2 max(n,m)−3 ≤ (r − i+ 1)

q2−i

q − i
+ (r − i+ 1)max(n,m)−2,

because the above quantity bounds the probability that LAR has at least i invariant factors
that are not powers of x, for any choice of the matrix L such that the above condition is
satisfied.

Now, the probability that LAR has i or more invariant factors is certainly at most the
sum of the above probabilities, as needed to establish part (a) of the claim.

Let nonNilFactors(LAR) denote the number of invariant factors of the matrix LAR
that are not powers of x. This is an integer-valued random variable that can assume values
between 0 and r. Thus

E[nonNilFactors(LAR)] =

r∑

i=1

Pr[nonNilFactors(LAR) ≥ i] = S1 + S2 + S3,

where

S1 =

⌊logq r+3⌋∑

i=1

Pr[nonNilFactors(LAR) ≥ i],

S2 =

r∑

i=⌈logq r+3⌉

Pr[Full ∧ nonNilFactors(LAR) ≥ i],
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and

S3 =

r∑

i=⌈logq r+3⌉

Pr[¬Full ∧ nonNilFactors(LAR) ≥ i].

and where Full is the condition mentioned at the beginning of this argument. S1, S2 and S3
will be bounded separately, below.

S1 =

⌊logq r+3⌋∑

i=1

Pr[nonNilFactors(LAR) ≥ i]

≤
⌊logq r+3⌋∑

i=1

1

= ⌊logq r + 3⌋
≤ logq r + 3.

As noted above, it follows by Lemma 5.12 that

Pr[Full ∧ nonNilFactors(LAR) ≥ i] ≤ (r − i+ 1)
q2−i

q − 1
+ (r − i+ 1)2 max(n,m)−3

for any integer i between 1 and r. Thus

S2 =

r∑

i=⌈logq r+3⌉

Pr[Full ∧ nonNilFactors(LAR) ≥ i]

≤
r∑

i=⌈logq r+3⌉

(
(r − i+ 1)

q2−i

q − 1
+ (r − i+ 1)2 max(n,m)−3

)

≤ rq2

q − 1

∑

i≥⌈logq r+3⌉

q−i +
r∑

i=⌈logq r+3⌉

(
(r − 2)2 max(n,m)−3

)

≤ rq2

q − 1
· q

1−⌈logq r+3⌉

q − 1
+ (r − 2)3 max(n,m)−3

≤ 1 + (r − 2)2 max(n,m)−2.

Once again, as noted above, Theorem 5.7 implies that

Pr[¬Full ∧ nonNilFactors(LAR) ≥ i] ≤ Pr[¬Full] ≤ 3max(n,m)−2

for any integer i such that 1 ≤ i ≤ r. Consequently

S3 =

r∑

i=⌈logq r+3⌉

Pr[¬Full ∧ nonNilFactors(LAR) ≥ i]
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≤
r∑

i=⌈logq r+3⌉

max(n,m)−3

≤ (r − 2)max(n,m)−2.

The sum of the above bounds for S1, S2, and S3 is less than or equal to

logq r + 4 + r2max(n,m)−2 ≤ logq r + 5,

as required to establish part (b).

5.5 Conclusion

An invariant factor of the matrix Â is nontrivial if and only if it is divisible by x2, or it
is not a power of x. The maximum value of nonnegative integer-valued random variables
is always less than or equal to the sum of their values, so that the expected value of the
maximum is less than or equal to the sum of the expected values.

Since q2/(q − 1)2 ≤ 4, the next result is therefore a straightforward consequence of
Theorems 5.10 and 5.13.

Theorem 5.14. Let A ∈ Fn×mq be a matrix with rank r.

Suppose the matrices L ∈ FN×n
q and R ∈ Fm×N

q are randomly chosen, as described at

the beginning of Section 5.1. Let Â = LAR.

(a) If 2 ≤ i ≤ r then the probability that Â has i or more nontrivial invariant factors is
at most

(r − i+ 2)q2−i

q − 1
+ (r − i+ 8)max(n,m)−2.

(b) The expected number of nontrivial invariant factors of Â is at most

logq r + 9 + 4max(n,m)−1 ≤ logq r + 13.

6 Questions and Further Work

So far as I know, this work does not contribute to a further analysis of either Coppersmith’s
or Montgomery’s block Lanczos algorithms: Each of these symmetrizes the input matrix
(working with ATA or AAT instead of A directly) if needed and then applies a somewhat
simpler variant of a block Lanczos algorithm than the kind of “biconditional” block Lanczos
algorithm whose analysis includes the block Hankel matrices discussed in Sections 3–4.

Unfortunately it is reasonably straightforward to demonstrate that these algorithms
cannot be used to sample from the null space of A, in the worst case, if A is symmetrized
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in either of the above ways, for computations over F2: Indeed, it suffices to consider block
diagonal matrices whose diagonal blocks include

[
1 1
1 1

]

(a symmetric matrix whose square is the zero matrix) to confirm that the ranks of both ATA
and AAT can be significantly lower than the rank of A — making nonzero elements of the
null space of A extremely difficult to find by this process.

It is also known that the existence of nilpotent blocks with order at least two, in
the Jordan normal form of a matrix, can significantly bias the distribution under which
elements of the null space are sampled — such nilpotent blocks must be eliminated if one
hopes to sample uniformly. Now consider the matrices

U =

[
0 0
1 1

]
and V =

[
0 1
0 1

]
= UT ;

it is easily checked that these matrices both have minimal polynomial x(x+1), so that they
have rank one and they have no nilpotent blocks with order at least two in their Jordan
form. However,

UUT = V TV =

[
0 0
0 0

]
,

so that, once again, symmetrization can decrease the rank of these matrices as well. Fur-
thermore

UTU = V V T =

[
1 1
1 1

]

— a matrix that has minimal polynomial x2, so that it is a nilpotent block with order two.
Consequently one can begin with a matrix having no nilpotent blocks with order at least
two at all and, through either of the above symmetrizations, produce a matrix for which
the number of nilpotent blocks in the Jordan form is quite high.

Now, these algorithms have been used for work in computational number theory for
years; there is a well developed code basis and the old adage, “If it ain’t broke, don’t fix
it” probably applies. On the other hand, algorithms that symmetrize in this way should
not be included in libraries if users expect them to be efficient and reliable in the worst
case and cannot easily check the results that these algorithms provide.

This leads to the following question: Does there exist an efficient process that allows
a matrix A ∈ Fn×n2 to be symmetrized — in such a way that the resulting matrix has the
same rank as A and, furthermore, has no nilpotent blocks with order at least two in its
Jordan form?

Regrettably, this would not suffice to allow the results from this report to be applied:
These algorithms use the same block of vectors on the left as on the right, so that the block
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Hankel matrices arising in their analysis have the form

HA,~u,s,~u,s or ĤA,~u,s,~u,~s

for a single block of vectors ~u = u1, u2, . . . , uk ∈ Fn×1
q . On the other hand, the probability

bounds given in Section 4 all concern matrices

HA,~u,sL,~v,sR or ĤA,~u,sL,~v,sR

where blocks of vectors ~u = u1, u2, . . . , ukL and ~v = v1, v2, . . . , vkR are assumed to be chosen
uniformly and independently from Fn×1

q . At present, I see no way to overcome this obstacle.

It is curious that a bound on the number of (nontrivial) invariant factors is needed for
this analysis: As previously discussed [7, 11], no such restriction is needed for a similar
analysis of scalar Wiedemann3 and Lanczos algorithms. While I do not know how to
eliminate this restriction entirely, for block algorithms, it does seem that it can be further
relaxed, and eliminated completely in several interesting special cases. Further work along
these lines is now in progress.

Finally, it should be noted that the Wiedemann sparse conditioner is probably not as
“sparse” as one might like: If it is being used to precondition a matrix A ∈ Fn×nq (so
that n = m, where Section 5 is concerned) then the expected number of nonzero entries
of each preconditioner being used is in Θ(n ln2 n). To my knowledge, this is the only
sparse or structured preconditioner that has been proved to be reliable for computations
over F2 or other finite fields Fq when q is extremely small. Do other — cheaper — matrix
preconditioners that are reliable for computations over F2 exist?
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