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. .‘;;‘,_.ABST’RACT

This thesis deals with four broadly related topics, namely fﬂ‘éifrzrn?r

‘;divisible modules, Vkrings M-injectivity and Krull—dimension. The’?i'?
‘,first main theorem gives a condition for direct sums of modules |

: divisible with respect to a given torsion theory to be divisible.. 4: ’

Next, connections between VLrings and strongly regular rings are‘

'established and an example of a regular ring which is not- a VLring
‘-iS given.: Using an’ earlier theorem, noetherian V;rlngs or. DSI—rings e

in our. terminology are characterized in terms of semi-simple modules B

" ds well as through minimal generating sets. A definition of M—essen-:ifiu“‘iffff

tial extension is given and MLinjective hulls are characterized as 1‘;}}7

'minimal.hhessential extensions. Certain standard results about
‘injectivity are. generalized to the Mhinjective case. Finally, the. ’{;

"notion of krull—dimension is introduced and rings 0Ver which all

modules with Krull—dimension are noetherian are characterized

Calling such rings ‘tall rings, it is shown that finite monoid rings

, over tall rings are. tall though polynomial rings are ‘never: tall
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INTRODUCTION

All rings in this thesis are assumed to possess an identity and

" all modules to be left unitary. Any property not explicitly stated to

be otﬁerwise is assumed to be a 'left' property, for example, 'ideal'
will mean left ideai. Notation is generally explainéd as it is intro-
duced but a list is also included at the end of the introduction.

This thesis divides up into roughly four fairly self-contained
sections. The fifét consistsvof Chaptgrs I and IT which‘deal with
divisibility of direct sums, the next of Chapters III and IV which
deal with V-rings, the third.of Chapt;rs V and VI which deal with
Aﬁinjectivity and the last qflChapter VII which déals with Kruli—
dimension and noetherian-ness. Though the motivation for the differ-
ent sections are linked, thé sections'themselves are by and large
independent of each other.

The main result of Chapter I, theorem 2.4, gives a criterion
for the divisibility of direct sums of modules with respect to some
torsionwtheory. Since'diQisibility with respect to the torsion theory

consisting of all modules over a ring R is precisely the same as being

 injective in R-mod, we recover the theorem about injectivity of direct

sums given in [25]. This is done in Chapter II mainly because the
result is needed later on.

Chapter III introduces the notion o£ a V-ring (named after
0. Villamayoxr), and discusses the connection between this notion and

regularity (in the sense of Von Neumann). I. Kaﬁlansky first observed
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that for commutative rings, being a V-ring and being Von Neﬁmann regu-

lar were equivalent. It is proved in Chapter III (theorem 2.8) that

the equivalence holds for all rings whose maximal ideals are two-sided.
Von Neumann reguiar rings whose maximal ideals are two~sided are called

strongly regular rings and were introduced in [ i]. For the sake of

.completeness we include some results from [ 1] and a basic theorem

about V-rings from [19]. Chapter III also contaihs an example of a
Von Neumann regular riﬁg which is not a V-ring, namely the ring of
endomorphismé 6f an infinite‘dimensiohal vectoxr space.' The first
such example was giveg by C. Faith but the prooflwas somewhat more
comp licated.

In Chapter 1V, atténtion is focused omn noetﬁerian V—rings.
Thése are charactérized ds rings over which all semi-simple modules
are injectivg, 'using reéults from Chapter II. The same characteri;
zation was obtained by Byrd [7] independeﬁtly and using different
methods. Next, we show in theérem 2.8 thét noetherian V-rings can
be alternatively chéracteriéed as rings over which every module has
a minimal generating set and every minimal generating set of any
submodule can be extended to a minimal generating set of the whole -
moduie. If we restrict this to fields we recover the classical theorem
on the existence of bases. The final part of Chaptef IV is the incor-
poration of an example of Cozzens [8] of a nocetherian V-ring which is
not regular. This example is given in full detail.

Chapters V and VI deal with the notion of M-injectivity intro-

ducéd by Azumaya [2] and Sandomiersky [23]. A definition is given for



the M-injective hull and Ehis is characterized as the maximal M-essen-

tial extension. The existence of M-injective hulls was given by

M. Ryar [22] bet the charécteriéatiOn of thisras an M-essential exten—
sion is, to our_knowledge, new.f The rest of Chapter V generalizee a
result of Bumby [6]. Chapter VI is deveted to generalizing a result

of B. Osofsky which states -that a ring R is semi-simple artinian if

and only if every cyclic R-module is injective. We prove (lemma 3.7)

that for a module M, if the endomofph?sm ring of ¥ is regular and if
every cycliC'module is M-injective, then M is semi~simp1erartinian.
Our interest in thie stems frem‘the followiﬁg question posed by Feith:
in [12]. Here, he defines a class of :inge called PGI—ringe (prober
'céc;ics‘injective) and asks whether ali such rings afe noetherian.
A PCI-ring R is non—noetﬁerién if aﬁd only if there exists a'cyclic
R~module M such that every c&clic R-module is M~injective but M is
not semi—simple.: . '

Hence, 1f we could show that the endomorphism ring of such an
M was regular, then we could show that all PGI-rings are noetherian.

Chapter VII is somewhat different from the ether chaptere in
that it has little connection with the notien of injectivity. In
this chapter Werihtroduce the notion'of Krull—dimension as outlined
in [15] and ‘study rings over which ail modules with Krull-dimension
are noetherian. -This question arose out of the observation thatrVi
ﬂings have this propert&. We charecterize these rings (theorem 1.12)
as rings over which every non—noetherian module has a non-noetherian

submodule and call them tall' rings: The method of proof also yields
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somewhat simpler prdofs of theorem 4.1 and corollary 4.4 of [15] which

are corollary 1l.1l4 and theorem 1.11 in Cﬁépter VII. In the second half

of Chapter VIL we prove theorem 3.3 that if R is a subring of S and if

S is

generated as ;n R-module by a finite set of elements in the centrali-

ser of R in S, then R is a tall ring = S is a tall ring. In particular,

this

means that every finite monoid ring over a tall ring is tall.

Also, we give a proof that no polynomial ring is a tall ring.

(L

Then
(2)
(3)

(4)
(5)

(6)
(7
(8)

Notations and Convention

For any ring R, R-mod denotes the category of left R-modules.

Let R be a ring, ¥ an R-module, N C M a submodule and x € M.

1) = {\ € lex'='0}‘is,thé annihilator of .

We say N is '1arge' or 'essential' inVM if fér all nonzero x in
M, Re N I # 0. | | |
By [x : N] we &enotg the ideal {\ € lew € N}. ::

Given a subset {xl,...;xn} C M we denoﬁe the submodule generated
by T e Ty by <x1,;..,xn>. | |
The word 'reguiar' is used in the sense of Von Neumann.

JRM) is the Jacobson fadical of M.

Zp denotes the integers modulo p.



CHAPTER I . DIVISIBILITY OF DIRECT SUMS

'-

§1. Torsion theories

In this‘chépter we dEtérmine'necessary and sufficient‘conditions |
for the direct sum @} M; of R—moduies to be divisiblerwith respect to |
.a given torsion thegiy (A,B)‘ﬁor the category R—méd of left R-modules.
Throughout this thesis R‘will denote an éssociative ring with 1-# 0
.and all the modules we consider ar; unitary left modules. VBefofg
:p¥oving the main result of this chapter we‘bfiéfly recall‘someibasié

definitions concerning torsion theories and indicate proofs of some

known results that we need. We follow the terminology of S.E. Dickson

[9l.

DEFINITION 1.1 A torsion theory fo£ R-mod consisﬁs of a pair (A,B)
of classes of R—moduleé satisfying the following conditions:
(i) ANB = {0}, the set consisting only of thé module O
. (ii) A+ A" >0 exact, 4 €A =4" €A
(1) 0+ B' + B exact, B€B=5B"'¢€B
V(iv) Given an§ M € R-mod, ghere exists an exact sequehce

0+A-+M-B-0with 4 € A, B € B.

The modules in A -are called the torsion modules for the torsion

theory (A,B) and the modules in B are termed torsion free.

LEMMA 1.2 Let M € R-mod. Then

0 for all B € B

]

(1) MeAe HomOW,B)

(ii) M € B = Hom(4,M) = 0 for all 4 € A,

[

5



Proof For any 4 € A, B € B and f € Hom(4,B) we have 4 - f'(A) -+ 0

and 0 — f(A) -+ B exact. From 1.1 (ii) and (iii) we get f(4) € AN B.
Now, 1.1 (i) implies f(A) 0. Hence f =

Given any M € R-mod, by 1.1 (iv) there exists an exact sequence
0+A4~+M->B-0with 4 €A, B '6“8. . If Hom(M,B) = O for ali B ¢ B‘we"
see that A+ M - 0 is exalcﬁr. From 1.1 (ii) we get ‘M €A, If

Hom(4,M) = O for all A € A we see that; 0 -+ M- B is éxact. Hence

M € B by 1.1 (iii). o

PROPOSITION 1.3 Let (A,B) be any torsion theory for R-mod. Then A

and B are closed under isomorphic images and extensions. A is closed

~under factor modules and arbitrary direct sums while B is closed under

submodules and arbitrary direct products.

Proof The closuré of A and B uncie‘r isomorphic images, of A under
factor modules and of B under submodules is immedlate from 1.1 (11)

and (1ii). If 0+ A' - A4 > A" - 0 is exact with-4', .4" in A, then for

any B € B the exactness of 0~ Hom(A" B) - Hom(4,B) - Hom(A' ,B) togeth-

er with 1.2 (i) implies Hom(4, B) = 0. Hence by 1.2 (i) again we see
that 4 € A, If {4}~ is any family with A_ € A for all a ¢ J, then
aEJ ‘ , -
Hom{( & Aa’B) = 11 Hom(A ,B) = 0 for any B € B. Hence & A ¢ A.
a€d . a&d a&d
Similarly, if 0 - B' -+ B+ B" -+ 0 is any exact sequence with
B',B" in B, then the exactness of 0 - Hom(A,B ) > Hom(4,B) - Hom(4,B")
together with 1.2 (ii) yields Hom(4,B) = 0 for all 4 € A. Hence B € B.

Finally if {Ba} is any family with Ba € B, then

o€ - ,
Hom(4, I B ) = I Hom(4,B ) 0 for all 4 € A. Hence 1I Bo: € B. o

acd ¢ a&d L aed
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DEFINITION 1.4 An R-module M is said to be divisible with respect to
a torsion theory (A,B) if given any diagram

_f

0Q— L— N

o|

M

<

with 0 -+ L > N exact, and coker f € A there exists .an h :N - M such

that hef = g.

"REMARK 1.5 It is clear that (A,B) given by A = R-mod and:B = {0} is
'a torsion theory for R-mod. With respect to this torsion theory the

notion of a divisible module is the same as that of an injective module.

In what follows immediately (A,B) denotes a fixed torsion theory‘

for R-mod and all the statements refer to the torsion theory. (A,B).

‘LEMMA 1.6 (i) The direct product of any family of divisiblé modules

is divisible;

(ii) Any direct summand of a divisible module is divisible.

Proof Exactly analogous to the case of injective fiodules and hence

omitted. o

THEOREM 1.7 The following conditions are equivalent:
(1) A is closed under submodules .

(2) B is closed under injective hulls.

Proof (1) = (2). Let B € B and E the injective hull of B.- Let 4 € A

and f € Hom(4,E). 1f f(4) # 0, since BG E is essential we get
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FAYNB#0. Letd' =f(f@)N 5). Then (1) implies A' € A. From

F@A'Y) = FQA) NB # 0 we see that f' = f'l'Ar' is 'a non—-zero element of

Hom(4',B) contrad:l.cizing the fact that 'B“E B. Hence Hom(4,E) = 0 for

all A € A, Thus E € B. 7 |
(2) = (1). A Let A' € A with 4 € A, Let B € B Aber arbitrary ‘arid

f € Hc}m(A',B).“h The injgﬂé\gyé hu;i E“Aof B is in B by (2). Since E is

injgct;ive, there exists' g : 4 -~ E extending f. A€ A, E€B=g - 0.

Hence f = 0. Thus Hom(4',B) = O for all B € B. Hence 4' € A. . ‘o

DEFINITION 1.8 A torsion theory (A,B) is called hereditary if it

satisfies any of the equivalent conditions (1), (2) of Theorem 1.7.-

Given a torsion theory V(A:,B) for R~mod we will be considéring

‘ . R ‘
the family F = {I|I c R, {Z' € A} of left ideals of R.

PROPOSITION 1.9 When (A,B) is a here’lditary torsion th'eofy F satisfies

the following conditions:
(1) I €F,IcJcR=dJ¢€F
(i) I, JinF=INJ €F and

(1i1) I € Fyx € R= [w:I] € F where [@:I] = {\ € R|\x € I}.

Proof If ICJCR then R/

R . R ,
fr +, {/' -+ 0 is gxact. Hence /J € A.‘ ThlS‘

proves (i).
R R, R
gt n®

and the hereditary nature of (A,B) we get R/InJ € A. This proves (ii).

1f I,J are in F, then from the exactness of 0.-+

Let n:R — R/I denote the canonical quotient map. Then the left
annihilator of n(x) = {\ € R|\x € I} = [z :I]. Hence
R ' R R ‘ . s
/[ac:I] o~ Bn(x) c /I Hence /[:x::l] € A. . This proves (iii). o



LEMMA 1.10 Let (A,B) be any torsion theory for R-mod. Then any

module M has a laz.rgest torsion submodule T(M).

Proof Let H= {N|N cM, N ¢ A}. Let C= 2 N, the sum in ¥ and
, : NeH '
D= & N the direct sum. Since there exists an exact sequence
NeH : : ‘ ‘
D~ C - 0 and since D € A we get C € A, Then, clearly C = T(M) is the

largest torsion submodule of M. - o

§2. Divisibility of direct sums

7 "I.‘his section containé the new results obtained Vin this éhapter.
Throughout this section' (A,B) is a hereditary torsion theory for R—méd,
F the associated "filter" of ideals, namely F={Ic R|R/I € A} For
any M € R-mod, T(M) Will denote the torséi.‘on submodule of M. We need

the following Weli—known 1einmé. "A proof of this can be found in [13].

LEMMA 2.1 A module M is divisible  given any f:I - M with I € F,
there exists an extension % tR -~ M of fs or equivélently there exists

an element m € M satisfying f(\) = Mm for all \ € I.

Let {¥ }  be a family of modules. We write & for the element -

a
‘a€d o ) . _ 7
(=) of I M. Foramyaz € II M wesetI ={\¢ RiMe € & M}
a€d a€d a€d Z aed

DEFINITION 2.2 An element x € I M _ is called "special" if there
. a€d .
exists a finite subset F of J such that )\xa = 0 for all a € J~-F and

A GI:'E.

Given any module ¥ and any * € M we denote the annihilator

{X € Rl\e = 0} of x by L(®).
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DEFINITION 2.3 An elemdnt @ € M is called a torsion element if and

only if x € T(M).

- It is well4known that:x € T(M) L(x)‘E‘F (L'emma.z.l.of [5D.

Let {M } be.a given family of- modules, N the factor module
S e : . ‘

I Ma [ Mo: and p ¢ II Ma >N the canonical quotlent map

a€d akd - !‘ a€l T e ‘

THHOREM 2.4 tB M_ is div1sible o each M is divisible and every ele~
a€d .

“ment x € ‘p_l(T(N)) is a special velement.

Proof Assume each M divisible and every z' €p (T(IV)) special

f:I-> & M be any map with I 6 F ‘Since I Ma is divisible there
" a€d , a€d

exists ‘an element u € IT M-a such that f()\) Xu for all N €T, In o

a€J

‘ ‘partlcular Tu c & Mo: - Hence I < I | The map @ R - N defined by

. . akd ‘
o) = W@ = pOw) for all X € R satisfies (D) = 0. et §: ' > W

den“ote the map ‘induced by cp.‘ Then cp(/I) = Rp(_zé). Since R/I 6 A we _s‘ee,

that lﬁ)(u) K: A Hence pu) € T(ZV) or u 6 P (T(N)) By. 'assumption *

every element in’ p (T(IV)) is special. Hence I U, =0 for almost all
g €J., From I C I , we get Iu = 0. for almost all ¢ €J. Let

v E€E ® M be the element- whose a-component is u or 0 accordlng as
aéd . -
Iu(I # 0 or Iua ="0. :Then VritdLS clear that Xv A for all >\ € I. ‘The -

map At R+ & Ma defined by R(A) = Av (M € R) extends f. From Lemma
a€d ' E

2 1 it follows that © M ‘1s divisible. This proves the implication =,

atd . C }
Conversely, assume ® M d1v151ble.= M being a direct‘sunnnand*
. aéd - :
of & Ma :Lt follows that each M is dlvisn.ble., Let x € p (T(N))
a€d '
Then clearly L(p(_)) = I . S:ane p() €T it follows that I, ,E F;

Consider the’ map f' I, ) M given by ) = . The leiSibillty

,.-- aéJv
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of & M now implles that there exists an extension A% R —» w M ef

acd ¢ - a€d .
fe If.y h(l) €. aﬁ} M ,‘then Yg = 0 for a;mostrall a.and Ig?a = Ié?a==
for almost all a € J. Thus & is a special element. o

THEOREM 2.5 Suppose {Md} is a family of R-modules such that for

atd ‘
evefy countable subset X of J, ® M& is divisible. Then ®- M is
. : :  a€X : a€d
itself divisible. ‘

Proof Assume if possible that @ﬂ M _ is not divisible. From theorem.
: a€d S .
2.4, there exists an element x € p-l(T(N)) which is not special. Then

I x # 0 for infinitely many a € J. Let K be an infinite cowntable -

subsetof{aeJIIx # 0}.. LetIV - (n M)/ (e M) and
, a€k a€k
Py H Ma -+ NK the canonical quotient map.. Let y € I M& be the ele-
a€ck a€X ‘
ment given by y =&, for all a € X. Then clearly I c Iy From

‘I, L(p(_)) € F we see that IQ € F. But I = L(pK(y)) It follows

¥y
that pK(y) E T(N ). Clearly IQ? > I x. # 0 for every a € X. Theorem

2.4 now implies that & M& ig not divisible, a contradictlon. This
a€X

comp letes the proof of Theorem 2.5. o

' THEOREM 2.6 Arbitrary‘direct sums of divisible modules divisible = F

satisfies the ascehdihg chain condition.

Proof Suppose F does not satisfy the ascending chain condition.

Then there exists an infinite sequence I1 c I2 C I3‘C «+. of ideals in

F with Iﬁ # I,

: . ' R .
1 for every J =z 1. Lét Aj = {%., n; R~ Aj the

]

canonical projection and xj = nj(l) € Aj' Let M3 be the divisible hull

of Aj ([18}, Proposition 0.7, page 10). Consider the element
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xz = (x.) of T M.. Let N = (I M,)/(® M.) andp: 0 M, >N
I =1 gz 9 J=1 P Cg=

" the canonical quotient map. For any N € I. we have Xxk 0 whenever

k = j. Hence Ié c I for all j = l. ‘In particular we get I, € F.

Hence p(x) € IT(¥). Let Xj.be any element of Ij which is not in Iﬁ

Then ng # 0._ Since X € I we see that I x - # 0 for each § = 1.

‘Hence x is not a special element in H M.. By theorem 2.4, ® M, is

J=1 ) J=1-
not divisible. This proves theorem 2.6. : :

2.7 REMARKS (1) When A = ELmod B = {0} theorem 2 4 gives neces-

sary and sufficient conditions for a direct sum & Ma to be injectiveﬂﬂ

aéd
It then asserts that & M is inJective if.and only if each M is in-
o€
jective and every element x € II Ma is spec1al.

a€d
(2) Also when A = R-mod, B = {0}; theorem 2 5 asserts that if

M ¥ is a family of R-modules with the property that @ M& is in--

¢ e a€d | ,
jective for every countable subset K of J, then & M _ is itself
‘ a€d ‘
injective.



CHAPTER IT “SOME RESULTS ON DIRECT PRODUCTS

In this chapter vté brie'fly list some results obtained by‘
B. Sarath .and K. VaradaraJan [ 25] and 1ater on improved by F F Mbuntum
and K. Varadarajan. They are included here ma:r.nly for the sake of com-— .
pleteness. We use these results in our later chapters.

Throughout this chaptetr J denotes an infinite set and {Ma} a
. : a€d
family of R-modules indexed by J. We choose a well-ordering on J and

fix it throughout the following discussions. Unless otherwise stated

| by an ideal in R we mean a left ideal in R.

LEMMA 1.1 Suppose there exists an element x € II Mcn and elements
akd
a, € R for 41l a € J such that

(1) a@ #0 for eacha € J and
(ii) aaxﬁ 0 whenever a < B.

Then @ - Ma is not a direct summand of 1II M
a&J . a &
This is proposition 1 in [25]. o

For any 'z € 11 M_let P () = {\ ¢ RIXx 0 for B = a}. Then
a&/ : : ‘
clearly for any ¢ < B in J we have P (.'x:) c P‘3 (:1:) For any ideal I in -

RletP(xI) P(_)ﬂIand

the number of distinct ideals in the collection
{P (x,I)} . if this number is finite;

¢ akl '
o otherwise.

Z(‘?_’I) =

For any vy € J the truncated element xY € II Ma is defined by
Ca€d
:Jca for all a< vy

0 forallazy

13
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LEMMA 1.2 Let I be eny'idea1 in R. ‘Suppose Z,u are any two elements .
of I M_ satisfying Az = \u for all x € I. Theﬁ
aeii). XQ? = Xgﬁ for every v € J and \ € I - ‘
i (ii) P (z,I) = P_(u,I) and Pd(:_c_Y,I) = Pa(z_tY,I) for any a,v in J.

In particular

(@, I) = L(u,I) and (z¥,I) = 2(',I) for all y € J.
Proof Trivial. n}

LEMMA 1.3 Suppose U € ® M then for any ideal I of R we have
C a&J
Z(u I) < » and 2(u¥,I) < = for all y <.

Proof Trivial. o

Suppose % and Y are elements of H M_ satisfying Ax = Ay for
o€ n
T all A €T and suppose %€ ® M. Then clearly Ic I= Combining
0 akd ‘ “
lemmas 1.2 and 1.3 we get ZCr I) < = and ZGﬁY I) < for every y € J.

The main result of chapter II asserts that the converse is also true.

In fact a result which is elightly stronger - than the converse is true.

§2.. Ascent sequence

Let x € 11 M& and Ic I Sﬁppose I(x,I) < ». Let
a€&t '
To C T1 Ceee © T, be the distinct ideals in the collection

{PQQErI)} and Gi the least ordinal in J with the. property
a&J ‘ : . . :
By (@,I) =T, (0 =% sr). Clearly § = 0. The (r+1) tuple of or-
i
dinals {0,51,...,6r}‘will be referredrto as the ascent sequence of x

w.r.t. I for the chosen well-ordering on J.
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LEMMA 2.1 Suppose I < l y L(x,I) < = and {0',51,,.. ,_61,,} the ascent

'_sequence of x L r.t. I. 'I.‘hen‘ each 61’ is a non—limi'ting ordinal.

Proof Suppose on the contrary a certain S.' is a limiting ordinal.

5. (a: I) # P (x, I) there exists a X € P (x5 I) with
-1 5; 5;. SR
1N {SP (D). Then there exists an al 3 J With 5; 1 Sa < 6 and -
v, 1 ﬂ
9‘ 0. ‘We know that P6 ‘(:r: I) =P (x ‘I) ‘for all 6A.‘ =ax 67:.
1 . 1,..]_ i

Assume k to be an 1nteger > 1 and that we have chosen elements

Tyseeesly in J with 5; -1 < al < cc2 < eer < @< 8y satisfying Az J‘#«VO
for 1< J‘S‘k Since 6 is a 1imiting ordinal there exists a' 6 J

with ak< cc?‘< 5.. From)\ E P (.'L‘ I) and A §P .(:L' I)—V5 (x I) we -
: 1 =1

.get an element ak+1 in. J——such that a' = a Uy < 6 and mak+1 # 0.

Iteration of this argument yields an infinite sequence al < a2 < a, < .o

of 'eleme'nts of J with, )\xa_‘ ‘aé 0 for all n z 1. ' This contradicts - 7

. ) 7‘ ! n‘
XéICIx. e

Recall that a well—ordering on J was called "adm:i.851ble" in [25]

CAf under the Well—ordering J corresponds to the set of ordinals < Q-

with R a limiting ordinal. (Equ1valent1y J ‘has no maximal element)

LEMMA 2. 2 Suppose the well—ordering on J is admissible. Let I C Ix’ :

Z(x I < and {0 61,...,6 } the ascent sequence of X w.r.t. I. Then

5,
= P5 (x,I) and hence Az -‘?\Q
» .
Proof | Let X € I Since I c I‘% we ‘have )\xa =0 except for a finite

number . of. elemen.ts‘q1 C oeee < Gy in J. . (The elements ayse .,a,iis in .

"‘general depend on 5\). Since J has no nia:iimal element there exists an :
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.o € J with ds < a. Then \ € PG(Q,I). But P (x I) is one of the 1deals,

T, and hence A € Pa(.lc_,I) C Ty = Py (ijc__,rI). Since A € I is arbitrary
r »
we get I = P5 (x,I). u]

r

PROPOSITION 2.3 Let the well-ordering on J be admissible. Let

x € I M and I C I . Suppose Z(:L‘,I) < and Z(:_C_Y,I) < « for every
aéd
limiting ordinal.y € J. Then there exists an element u € & M satis—,
“ . aéd
fying Az = A\u for all \ € I.

" Proof Tt_ie proof of this is an exact repliéa of the proof of Theorem

2 of [25]. We have c;nly to replace Proposition 6 of [25] by Lemma 2.2.

THEOREM 2.4 Let J be wéll-—ordered in an arbitrary way (i.e. the well-

L e

ordering on J need not be "admiss1b1e") Let & € I M Ic I
a€d
Then there exists: an element u € © M satisfying Mc = A\ for all A € I
atd
if and only if Z(x I) < and 1(xY,I) < ~ for all limiting ordinals ¥y

in J.

Proof 1In view of lemma 1.3 and proposition 2.3, to complete the proof
of theorem 2.4 we have only to ﬁrove the existence of # in the case

when J has~a maximal element. Let ¢ € J be the maximal element. Let k

_ J' = the set of ordinals < ¢ + Xo? where Xy is the first countable or-

dinal. Let IV ' M for all a < ¢ and N = 0 for any a € J' satisfying

a > c. LétyéH Nbegivenbyy =x foralla €J andy =20
= aet ¢ ¢@. ¢ ¢
for a € J"\J. Then it is trivial to see that Iy = Iac' Moreover every .

limiting ordinal in J' is already in J. It is trivial to see that
1(,I) =1+ 1(x,I) and that Z“(Q_Y,I) = Z(QY,I) for every limiting

ordinal y in J. Actually
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'Z(x I) if P'“(x _f)‘; T

Z@_”I) = 1 + Z(ac I) otherwise.,

Since J' is. an admissible well—ordered set, proposition 2.3 1s appli-

rcable toy € JIOUN . We thus get an element w E ® No: such that

A atd’'.

Ny = )\wfora11X€I Ifué@Misgivenbyu w forallaEJ

- L akd
then clearly )\Q )\u for all 1€ I, o

Cbl(OLLARY 2.5 ‘Let J‘be well;orderea; An element x € I'I Mo: is :
T akd - '

spec:Lal in the sense of definition 2.2 of chapter Ie Z(ac I ) < 0
and Z(acY I ) < « for every limiting ordinal v 6 J. o
- For any = 6 I M we denote Z(x Ry by Z(g:_) In other words

aed :
number of distinct Pa(__)

© 1(z) = {if this number is finite;

o othexwise.

| 'PROPOSITIONLZ 6 Suppose P M is a direct summand of Jud M Then -

ae % - , aEJ
aGJ a
“This is Theorem 1 1n [2.5‘] .

THEOREM 2.7 & Mo: is 1n3ective o each M is inJective ‘and () < o
a€d , . o o

‘for anyx'e moM.

aGJ
Proof This dlffers from Theorem 3 of [25] in only one. respect. The
well—ordering chosen on J could be arbitrary. It need not be 'admis—

sible". 'For any :I.deal I of R it is easy to see that Z(x I) < Z(:Jc)

‘Theorem 2.7 is. an immediate consequence of remark 2 7 (1). of chapter T -

and corollary 2.5 in the present chapter. o



CHAPTER III STRONGLY REGULAR RINGS

§1. V-Rings
In this cﬁaﬁter, wé recall the aéfinition of V:rings (after |

0.E. Villaméyor)g Ihesé rings, in a éénse,VgeneraliéeVartiniaﬁ semi;
simple rings, since f;rings can be cﬁéracterized by the fact that all
médules‘over them‘are Jaccbson;semisimple. Kaﬁlansky first obseréed
ﬁhat? for com@utative rings, the class of V;rings coincides with thé,
class of regulaf.rings. In the non-commutative case, howavgr, it is
known that néiéheruclass:iﬁcludes the other [8],[llj; Aﬁ exgmplé'of
a regular riﬁg which is hét a V—£ing was first given by C. Faith f;l],

He actually states that the subring generated by the socle and the

" centre of the ring of endqmorphisms,of an infinite dimensional vector

space over aﬁy field K‘ié regular but'npt a (left) V-ring. We prove
by more direct means ‘that the complete_rihg of endomorphisms of‘an in-
finite dimensional vector space is itself not a V-ring. The exémple'=

due to J.H. Cozzens [8] of a V-ring which is not regular is postponed

. to the next chapter on noetherian V-rings.

'DEFINITION 1.1 A ring R is called a (left) V-ring if every simple

(left) R-module is injectiﬁe.

DEFINITION 1.2 A ring R is called a regular ring if for every a € R

there exists an a' € R such that aa'a = a.

Reguiar‘rings were originally introduced by Von Neumann [30]. ..

Clearly regularity is a left-right symmetric property, whereas that of

1g
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a V-ring is not. In fact, the example of a non-regular V-ring given
by C. Failth which Ls mentioned in the introduction is also an example
of a left V—rin;, which is not a. right V-ring. 7

We now indicate the proof of a basic propositlon about V—rings N

A fwhich is essentlally due to 0 .E. Villamayor [19]

“PROPOSITION l.‘3. The follow:f.ng conditions on a ri'ng R are equi\falent:-A-" ‘

(,i) R is a V—ring.. | 7 :
.(il) Given an R-module M, a- submodule N M and x ¢ M. ac $ IV
- .there exists a maximal submodule - of M such that .’Z’ D N
andx ¢ 7. - | | ;
(i1i)  Given a module M#0 and‘an element x # 0 in M, there ex1sts o
:a max1mal submodule T of M with x ¥ T. . ; 4-
'(iv) | The . Jacobson radical JR(M) 0 for all M 6 R-mod.
(v) " JR(M) 0 for all cyclic modules M € R-tiod.
,(vl) Given a left :Ldeal Ic R and x € R, x ¥ T, there emsts au |
max:.mal left ideal J of R satisfying x {E J > I .
(vii) ' ‘JR(E(M)) 0 for all ‘simple modules M, where E’(M) is the .

1njective hull of AM.

" Proof . (:I‘.)‘;== (11) Let oc, R M, N be ds. in the hypothesis of (11)

Let T denote the collection of submodules S of M such that N c S C M

and x § M, Then T is non—empty and inductive and hence by Zorn s 1emma :

‘ contains a maxxmal element T. We show that T is actually a max:Lmal

~

‘submodule of M. Let n R - Mé, be the canonical quotlent map. : Then )

"Rn(x) is a sn.mple submodule of M/T from the_, choice of 7. 'Hence H
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h} = Rnlw) & 1", s‘ince R isa V—ring. 1f 0 # t €, then pick

0#¢¢€ 1’] (1;) Clearly 'x'"t(T,t), a contradiction of the maximalit}; )

of T in T. Hence T' =0 :and so % =‘Hn(w:)'v;7hich is. simple. ﬂence T

:is. maximal ._!

(11) = (i4i). Set N =0 in (il)

(iii) e"(iv‘). Obvious since JR(M) is the intersection of all

.m'a}:ima’l sUEmodules of M.

‘(iv) = (v). Trivial.
'(v) = (‘vi)l. Under 'the‘hypo‘thesis' of '(v):set.ting n: R -+ R/I to. -

be the canonical homomorphism, n) =f- 0 Since JR(/I) = 0 there

‘exists a maximal submodule J of R/ with 'r](.'c) '3 J Then J = (J) is

a maximal ideal in R, with I cd, x § J.
(vi)‘ = (vii). We will prove that (vi) = E'(M) M for every

simple module M. In particular this gives JR(E(M)) JR(M) =

' Suppose E'(M) # M.; Let a € E(M) With a f M. Then a # 0 and hence
_ Ra # 0. Since M is essential in E(M), we see that Ra n M -T‘ 0. Sincef‘

" M is simple, we see that Ra n- M M or that Ra > M. Let f 'R+ Ra

denote the- map f(?\) )\a‘. Choose \an.,,.m f 0 in M. Let E 6 R be such
that f(x) = m.  Then x $ Z(a) By (vi) there exists ‘a maximal 1eft -
ideal 7 in R with @ ¢ J and J > z(a’). Then m = f(a) & f(). Since M

is simple it follows that f(J) nNM=0. But M is- essential in Ra.r

Hence ) = 0. This yields J = z(a) and hence Z(a) is itself a maxi-

mal ideal in R. Thus Ra is simple. In particular -Rq = M, contra<i1c— ‘
‘ting the choice of a. Thus E(M)

(vii) ‘= (1). Let M. be ~any simple module. Let T be a ‘m'aximal

- submodule of E(M). . Since M is 'simple either TANM=0o0rITNM=M"
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If 7N M=0, then T' 0 31nce M is essential in E'(M) ~In this case

EM) is simple and hence E(M) M. I£7T ﬂ M= M for every maximal sub—

-module T of E(M), we will have JR(E’(M)) D M % 0,' contradicting (v:L:.)

Thus JR(E(M)) 0 =M= E(M) - Thus every s:mele :modhle is 1n3ect1ve.‘ 1:1

Let W be an infinlte d:.mens:.onal vector space over a field K and o

A = Hom'(W W). It is customary ‘to. regard W as an A—-module by defining o

R GCr) for any 0 € 4 and €W Itis weli-known [171, [21] ‘that.

A is a regular ring and that W is a simple A—module. We-will 'p‘ro‘ve'

that ¥ is not 1nJective over A. Actually we will restrict to the case:

where W has a countable infinite base {v } over K. The proof we'
: - n>l :
give can eas:l.ly be modified to take care of the uncountable case as well.

 PROPOSITION 1.4 With the motationms as above, W is not injective over 4.

Proof On the ‘contrary xassume W injective ‘over A .For each ‘inte'gex‘:‘ 7
n =1 let W = W and g W + W the 1dentity map of W. The maps g
give rise to a unlque map g : 69 Wn - W where €B W denotes the direct
. R 'n>1 : Tonzl
sum of the .A-modules W - If W is 1njective 3 some extension
e LW o W of g Let q: A~ T W_be defined by q(e) (e(v ))
n ) n
nzl nzl
Clearly q is a homomorphism of A—modules Let w = (1) ;vhere FrA~ W,

is the map f = °q. . Thentfor any‘ 6 € A we have

o). For any integern = 1 let

F o = vector‘subspace‘_ of W sPanned by vk for kzn+1 .

v

and I, {e € Ale(vk) -0 for kzn+ 1} ‘Then for any 6 € I the ele-

ment’ q(e) is in the submodule W @ ... 0 Wn of I W .  Since
‘ nzl ‘

h| © W, =g we get’

nzl ‘
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L

f(e) =h°q(e) =<g(q(6)j)’ g(e(v ),...,e(v )0 505002 )

6(1)1>+ ces + v, ). for every o € I

Here v, + ... + v denotes the sum in W.  Let Lp W + i be the K—linear

map' determine‘d by"cp '('v;)“ = v for 1 = i< n and <p (vk) =0 .f,orﬂ k=n+ 1.

’

! _Then clearly ®, € I . Hence ‘

f(cp ) =o, <v e +“v,‘¢5. But £(p,) ) = @ (w)

It tollows that <pn(w - Z 0. ySince Ker ¢, = .Fn+l we get

II'M.X_ v‘

w“'r ‘0 €F 7‘ ces ;.;. ‘....".(A*)‘

“ Now, (*) should be valid for every n é 1. Since {v } is a‘base'fforr
o
‘ W and F +1 is generated by Dy for k Z n + l it is cllelthat '3 no ele-
‘ment w 6 W satisfying (*) for all n = l. ThlS contrad‘i‘etion proves ‘
‘that W.is not an injective A—module. ci 7 . ‘ |

T

§2. Strongly regular rings‘ :

Even in the case of non-commutative rings, it is possible to find
relationships between V-rings and regular rings. We prove here that
for a ring whose maximal ideals are two—sided being a V~—ring is‘ equiva- n
lent to being a special kind‘of a’ regular ring.r [14] and []_9] are good
' sources for other results about the’ connections betWeen V—rings and

‘ - regular rings in the non-commutative case.

DEFINITION 2.1 A ring R ig ealled a strong'ly regular ring if given

a € R, there exists an'x € R such that xa? = a.

This ‘definition is taken from [1]. 'In fact there, the ‘defini~

tion was slightly different namely that’ given a € R, there exists an
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x € R such that aza: = q but the two are known to be equivalent [1]

For the sake of completeness we reproduce SOme of the results in [l]

LEMMA 2.2 Le‘t‘the. a ‘s’t‘rongly reg.ular; r’;mg. Then JR(R) =

'Proo'f Suppose a € JR(R) and :ca 4',, Since (1 - xa) is invertible,

there. exists po-€ R such that p,(l - xa) Then p.(l - :x:a)a = q .' But: -

.(l - za)a = 0. Hence 0 = a. ‘Hence JR(R) = 0. o

VLEMMA 2.3 Let R be a primitive strongly regular ring. Then‘-'}? is:a

. division ring.

Proof Since R is primitive, R is a- dense subring of the ring of

linear transformations of a vector space V over a division ring D

Suppose {el,e } are linearly independent elements of V over D, We can

‘assume that 3 an a € R C Hom (V V) such that ae; = 0, aez = e from B

.- the density of R in Ho (V . Since az(e ) -'0 it is impossible that"

xaz(e ) = e for any &£ € A. :‘Hence any‘two elements in V~ are linearly o

1
dependent over D and hence R HomD(V V) o~ Do is a division ring. c:

LEMMA 2 4 Let R bé a ring and M a maximal left ideal of R. Suppose )
that given a € R 3 b € R such that ba is a central element (i.e.f

bam =xba ¥ xz € R). and ba "=‘a.j Thenvl_w is a two—sided ideal.

‘M"

Stippose ay € M. Then 1et.b7:€ R be such that ba is central“and ba2',= Q.-

 Then yba = bay € M. . Since ba is c’entral [ba M] > M and since Y FM

and M is maximal, :['bd +M] =R, Hence ba €M and so

= ba% = ba- a = aba € M. Hence [y M] c M and since [y M] is maximal 7
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[y: M =M Letz €Manda € R, If za £ M then a § M. By what we

have shown [a Ml =M and hence za. € M a contradiction. It follows

. _.that for any 3 6 M and a é R za € M. Hence M is a two-—sidecl ideal. o~

,THEOREM 2.5, (Arens & Kaplansky [1]) i 'Let Rbe a .strong‘ly"regular o

ring: Then
: (1) Given a €R there e:d.sts an x € R such that a- aza'c's za?
and ar = xa is a central 1dempotent | |
(ii) R is a regular ring.

(iii) \ Every maximal ideal is two-sided.

l’roof Let M be a primitive (two—sided) ideal of R. Then Rﬁl 'is, a. =

primitive strongly regular ring and hence a division ring by 2. 3. So

M is maximal. Let’ {M } be the set of all primitive ideals of R.:
C Y ged

- a€d ¢ : a&d a
a

P, A~ Rﬁ ‘be the canonical pro;;ection maps. Since n M =0, 'th'e,re“, R

a : a€d . ,
exists a (1-1) ring homomorphism L:R=>A, Given a € R, there is an .

x €R such that a'= ‘xa‘z.‘. Now suppose p u(a) # 0, for some a. _Since:;:”
pau(xa - a) =p, (p.(aca - l)) P, (p.(a)) =0, it follows that’
pan(xa -1).=0 Hence Pq u(xa:x: -z =p, (p.(wa - l)) p p.(x) If

Pq s ulx) =0, then 'pau(xa) = 0 hence Py p.(:x:a -1 = 1 #0; a contra— _

‘ diction. So p‘u(x)“ # O. Also P, u(:x:ax -x) = pdh(w) ._.pau(am - 1). It

follows that P, p.(ax - l) 0, Hence

pap.(x) pap.(a) =1 =P, p.(a) p p.(ac) {where 1 = the ixnit element of-

‘ % }. On the“other hand if p w(a) =0, then pplaz) = Pa}%(xaj,=

a

So P, (ax) = (.'z:a) v a € J and further Py w(xa) = either 1, or 0. Hence

Py w((xa)?) = P, h(xa) Vaed, Further, VD¢ R
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plwab) =p (n(xa)ur(b)) =p u(xa)pﬁ p.(b) = P PP u(xd).=;p' w(baa)
V< a €dJ. From this we have xa = ax is central and hence that '
xqz = azx a and axa = d'z‘ap"="a. This proves (i) and (ii) (ii:.)

‘follows from (i) anq 2.4, - o

LEMMAZ 6 Let M be a maximal 1eft ideal of R, V= R/M 1£ M is':tv?re-,""
sided, for any 0 # v € V, we have Z(v)

Proof 1(w) = [v: M]. is maximal'isi‘nee Ry =V ‘is: simple.“ If:M‘ is

tvvo—sided and v 74.’0., “R ‘#_[v :M] © M and hence ‘Z(v)l = M.—V o _

PROPOSITION 2.7 Let R be a regular ring, MCRa max1mal left ideal .

Suppose M is two-sided. Then V = / is 1n3ective as an R-module

. Proof . Let I C R be any left ideal and f: I - / V any homomor—
" phism. Let m E Inm. Since R is regular, there exists an & € R such‘ 7

‘that mum ='m.‘_ S:.nce xm € I ﬂ M, we have f(m) f‘(mxm) mf(xm) Bnt;'

by 2.6, mV =0 v m e M. Hence f(m) mf(xm) ', Hence 1f T n M=1I,

" we have f =.0. If InM # vy then I ﬂ M is maximal in I. Suppose

a 6I,‘a¥IﬂMwith aya-—“afory ER. Deflneg R+be
g(r) = rf(yc;)‘fer .any r € VR.“ Given any 7 E I,.t =2Xa+ m for some’

N €R mdm € TN M (stnce I N M is maxinal in I). S0,

i

Af(a). : iAlso‘ g'(%) g()\a + ) = (M +m) . f(ya) |

= \af(ya) = Mf(@ya) = Mf(a). Thus glI = o

THEOREM 2.8  Let R be a ring such that all maximal left ideals M of R
are two-sided. Then the following are equivalent.

(i) R is regular
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(ii) R is a V%ring.

(iii) R is strongly regular.

Proof 1) = (ii). From proposition 2. 7, every simple R—module 1s

injective hence R is a V;ring

(11) = (i1). Tt follows immediately from 1.3 (11) that given ..

any N c M, N = ﬂ {N IN' > N and V' maximal submodule of M} Now sup—'n;’.

pose a.€ R is given. If M is a max1mal ideal of R and a2 € M then

a€‘[d:M]:=Mfrom26. SoMDRa. =M3Ra. S:Ln.ce o | |
Ra? =N {MlM > Ra? and M maximal in R} it follows that Ra2 > Rz and

hence Ja €R such that - xa2 = a. | ‘

(iii) = (i).' Immediate from (ii) of’ theorem 2 5. ‘i‘L a

REMARK 2.9 This theorem imoiies the result of Kaplansky in the com— -

mutative case.

REMARK 2, 10 ‘ Since every left ideal 1n a VLring is the intersection

of maximal left 1deals containing ity we obtain that every 1eft ideal '

'in a strongly regular ring is two-sided. This can also be deduced

directly from theorem 2.5;

REMARK 2.11 Strong'regﬁlarity is a\left—rightisymmetric‘concept:so
ﬂa strongly regnlar'ring iS‘aléo,a right*V;ring.

REMARK 2.12 In their paper 1191 ¢.0. ‘Michler -and O.E. V:Lllamayor

)show that the property of being a 1eft (or right) ‘V-ring 1s a Morita

tos

_invariant property. It is easy to ‘'see that strong regularity is not .

a Morita invariant property. In fact if K is a field and 4 = ,Mh(K),A

t

the ring of n X7 matrices over K, then K,and A are Morita equivalent,‘
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K is strongly regular but for n = 2 A is not strongly regular since

2

there are elements satisfying a# 0, a 0 for instance the matrlx

-(aij) where a~12- = l, @'Lg 0 v other 1, ,7 1= 1,, g = n. |
We conclude‘this‘chapterrwith«twp propositions which ue'require“

in the next chapter.

PROPOSITION 2,13 Let '{z?&}‘ -,bé a family of strongly regular _,rin'gs. -

- T a€f
Then II R_ = R is strongly regular.-

a€d T ;
Proof ObViouspsince'multiplication in R is point-wise. P

PROPOSITION 2 14 Let R be a: self—ingective rlng With JR(R)

(R is self—injective if R is injective as a- 1eft R—module) Then R

‘1s a regular ring.‘

" Proof | This is an immediate consequence of Prop031tion l Chapter 4 .

§4 of [17]. Inm (171 everything is stated for right modules. We appeal -

to the analogous result for left modules o

COROLLARY 2.15 ,Every‘self-injective‘VQring is regular.

Proof  Immediate from 1.3 (iv) and 2.14. ©

The ring Hom (W W) nhere W is an infinite dimen31onal vector )
‘space is right self~in3ective, -and has a 91mp1e left module which is :
not inJective. If it could be shown to be either 1eft self inJective‘:
or having a simple non—injective right module we could prove that: the/
converse ‘to 2. 15 is not necessarily true. (To our knowledge this

question has not been settled)r
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‘. CHAPTER IV DSI-RINGS

81, D.S’I-Rings .

DEFINITION 1. l A' ‘ring R is‘ ca‘lled' a 'DSIv-ring if arbi’trarv “dir\ect" o
V—sums of simple R—modules are injectlve. ’(Clearly everv DSI-‘-rins‘;"is s"“

We shall first show that every DSI—ring is noetherian.~ This '

theorem was also derived by Byrd [7] using different technlques

‘ THEOREM 1.2° Th:e: following are equiva'lentufor"a\ring“ R:

(1) R is a:DST-ring.

'(i1) - R is a noetherian ‘y_-r\:rtng'.‘

. Proof The implication R noetherian V-—ring = R a DSI—ring 1s an )
X immedlate consequence of the wel1 known result that direct sums’ of in—

- Jective modules are inJective over a noetherlan ring [4]

To prove the 1mplication R a DSI—rlng =R noetherian V—ring we '

have only to show that a DSI-r:Lng is noetherlan.: Suppose on the con— 7

' LR
!

trary that R is not noetherian. Then there exlsts an infinite ascend—-
i for every n

By ‘IIT 1. 3 (vi) we can fixnd a maximal left. ideal J of R with J = I )
R .

and a, §J . Let M = {I . Then M is.a s:mele R——module.i Let N
T]n(l) where- ’r]n R -+ R{T = n 1s the can_onicel quotlent‘ ‘I‘naip -
Slnce a ¢ J we have a x ‘T‘ For k n+1we have a GA:In-ir-i ‘—Ik uJ

28

’Let a € I be such that a f I Any DSI—-ring is’a, priori a: V-ring. 4,

k'



Hence aka 0 for k=n+ l. Applying II 1.1 we. see that & M is -

‘ “ ' nzl.
not a dlrect summand of - H Mh : SlncL R is a DSI—rlng by assumption,
‘ - nzl
& M has to be inJective because each M is simple When ,w,:M-xis‘
n=1 . - on=l
jlnjectlve it is automatically a. direct summand of T M. This con- -
‘ ‘ nz1l

: tradiction shows that R has to be noetherlan. g

COROLLARY l 3 . The following are equivalent for a rlng R: ) .

(i) R is a self 1n3ective DSI—ring.
(1) . R is semlsimple artinian. -

.t

;Proof“f Let R be a self—inJective DSI—ring Then’R”is a‘selfiinjecf
,tive VLring in particular. Hence by III 2. 15 1t is regular., Also‘
" from theorem 1.2, R is noetherian It is well—known that a noetherian 'fl:'

'regular ring is semlsimple Artin [17] [21]

Conversely, 1f R is. semisimple artinlan then every module over R

is inJective, In particular R is self—injective and direct sums of ;',f;"

simple modules over R are inJective. 3 ] . =

"The condition that'all*dlrect sums of simple modules be injective -aic

is therefore quite a restrictlve one.,‘However, if we take“a single in-

Jective 31mp1e module S then arbltrary direct sums of copies of s are"i

’ 1nJective_under a weaker hypothesis, '

THEOREM 1.4 Let R be a ring in 'w‘hi‘éh-évery' maximal left ideal is .two- o

sided. Suppose M is a 31mple inJectiVe module over R. Let-J be‘any

indexing set-and M =M for each a- 6 .J. Then © M& is an 1n3ect1ve
B ; ‘ ' akd - L :

Vﬁhmodule.



. v . . ‘ N ) R

“Pro'of If J is flnite there is noth:mg to prove. ‘Let J be_infinite. -

Let denote the annihilator of M, namely = (N € RPw = 0V u € M.

© For any’ v e M 1et Z(v) -{x € Rlxv =0}, From III, 2.6, ve get—Z(u);- z'@'g

© for any two non—zero elements Uy v of M. Also the annihllator L(O) of‘_ ,

} the zero element of M is the whole of R. . It follows immedlately from |
these, that L(u) L for any u # 0 in M. Once and for all choose an
admiss:.ble well—ordering on J . Let .'x: (.'x: ) be any element of

aGJ

I M We will show that Z(.'x;) =< 2 For this we consn.der two cases.
aEJ . ‘

"Case-(1). . Given. any a € J 3 a B € J satisfying @ = B“and .'xj'B":# 0 in M
In th1s case it is clear that

P (:x:) L for every a €d.

Case gzz. .3 — Jrsuch,t_hat‘-x = 0 for ,B = . Then leto,o be the

least ‘Qrdinalffsuc”h that"xp =0 for B = G- ‘Then it is clear that
‘ P,a(ﬁ). = L for d;< L
Pa(:)_c_) =.Rfcr a=aq.

,0"

In any case. Z(x) = 2 and hence by II, *2“'..‘7., it follcwsthat o

@3 Ma is 1nJect1ve C i':“,
'OZEJ ' ‘
Let V{K,I:}‘ be an, :'Ln‘finite “fami‘ly of skew fields. From III,
2.13, it follows, that ‘R =TI K is strongly. regular. (Any skew-—field

1,€I

'K is strongly regular since glven a €K, a 1 2 o a. Slnce R is not

noetherian, R is not DS.Z' but dlrect sums of copies of a single 1nJec- .

tive module are inJective. In fact, each K has a simple module struc—-

ture over R and it is shown in [26] that & X.'is not an inJect:Lve R~ -
B A ‘
module. We now study the impllcatlons of the DSI condltlon on strongly .

regular rings and commut_ative rlngs.'
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THEOREM 1.5 A strongly regular ring R is a DSI-ring « R is a direct

product of finitely many skew fields.

© Proof Assume K to be a strongly reguiar DSI-ring. Then from theorem

1.2 we see that R‘is noetherian. Since any strongly regular ;ing is
a priori regular‘and any noetherian regular ring is semi-simple Artin,
it follows that R is sémi—simple Artin. Hence R is a diréctrsum of
finitely many minimal left ideals of K. Since R is strongly reguiar

all left ideals in R are two-sided. We will prove.that each minimal

ideal of R is a skew field. Let X be;a minimal ideal of R and J any

'complementafy ideal, so that R = J ® K. Then J is a maximal ideal of

R and éb ~ K. Since every left ideal of R is two—sided, Jﬁié also a
maximal left ideal of R. Henqe in ?ﬁ there are no left ideals except
5& and 0. Hence 5& ~ K is a skew field. It now follows that R is a
direct sum of a finite number of skew fields.

Conversely, assume that R is a direcg produét of finitely many
skew fields. Each skew field is trivially seen to be strongly reguiaf.
By III 2,13, R itself is strongly regular; A finite direct préduct of
ékew fields is Artinian semi-simple. Hence all the modules over R are

injective, in particular so are direct sums of simple modules over R.

This completes the proof of theorem 1.5. o

-

COROLLARY 1.6 A commutative ring R is a DSI-ring if and only if it

is a direct sum of finitely many fields.

Proof Any DSI-ring is a priori a V-ring. Since any commutative
V-ring is regular it follows that R is regular. But in the commutative
case regularity and strong regularity are equivalent. Hence K is

strongly regular. Theorem 1.5 now gives the desired result. ' ‘o
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The results 1n the. next two sections 1llustrate the relatlonship
between artinian semi—simple rings and DS’I—rings. Since over an’ artinian )
semi-simple ring R,- every R-—module ‘M is semi—s:unple, we can pick a set
of minimal generators for M. (Of course these generators satisfy an .

1ndependence relationship as well namely that if {e } ‘are minimal S
: o D o€

”—generators of M then X Aoe = 0r )\a ea =0V A, € R, “ay ¢ gy

. Q. a. .
1,—1_1,1, A A - %

‘We show that every module M over a DSI-r:Lng R possesses a- minitﬁal

generating set, but first we, introduce ‘some notations and terminology

When C' is a subset of a set B we write B ~ C' for the complement of C

.in 'B.

§2. Irredundant and redundant subsets of a module

Given a subset A of a module ‘M, we write <A> for the submodule

of M generated by‘A. .

DEFINITION 3. 1 A s"ubset 'B of M 1is said to be irredundant if

A cCB, 4>= <B>=21 =B.

" In case B is not irredundant, we'will refer to it as redundant.

' DEFINITION 2.2 ° A subset A of M is said to be proper in M if A> 4. M

LENMA 2.3 Let B :he an ir_redundant subset of M, C:C-“I‘S’rthen:C;is also“.:

irredundant,

Proof " Suppose the contrary, that is <Dy = <C'>7for some D»g C.. ‘Then - '
A =D U (B ~ C’) satisfies A ¢ B, (,4> o <B> COntradictJ.ng the 1rredundancy- .

of B. .o’
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LEMMA 2.4 Let B be a subset of M. Then B is redundant if and only if

b € (B ~ {b}) for some b € B.

Proof If b € B~ {b}) then <B> =B ~ {b}) but clearly B~ {b} # B .
so B is redundant. If B is redundant,.there exists a C % B with

{¢) = <B>, hence any b € B~ ( satisfies b € <B ~ {(bP. )

LEMMA 2.5 Let B be any irredundant subset of M. For each b € B let

‘M. be a maximal submodule of M satisfying

b
(1) b f M.

(1) Mb >D<B~ {bP. ‘
M

Let I-= <B>, V= N Mb and J: 1%7 + II /M the naturai_ imbedding, that -
béB beB b . ‘ !

is jlx + N) = (x + Mb) . Then J. carries /IV isomorphically onto
, beB ‘ , '

o ¥

beB b o

Proof It suffices to check that j carries I+N/N'ont6 ® M/M . Let

< ‘ . béB ;
Py 1 % - M@ be ‘the projection map for each b € B.  Since
b€B b b ' ‘ '

I+N/'-+ M/ is onto. If b,b' € Band b # b'
N Mb !
then from (ii) in the hypothesis, Py Fj@®'") =0. The lemma follows

<b> + My fM, pb-j‘:

from this and the fact that <B> = I. 7 o

LEMMA 2.6 Let {Ba} be a family of ifredundant sets totally ordéred

a&J ‘
by inclusion. Then B = U B_ is irredundant.
a&d
Proof Suppose B is redundant. From lemma 2.4 there exists a b € B

with b € <B~ {b}>. Then we can find bl"" ’br in B ~ {b} with b in

<b ""’br'>' ‘Since {B } is totally ordered by inclusion, there

1 a
atd
exists an a € J such that b’bl"”’br all lie in Ba' Then
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b € <b1""’br> ‘C"<Ba ~ {bP and by lemma 2.4, Ba itself is redundant,

contradicting our assumption. o

DEFINITION 2.7 A subset B of M is called a minimal generating set °

for M if <{B> =MéndA$B=<A> #M."

If B is a minimal generating set it is clear that B is irredun-
dant, and that converseiy;, if B is an irredundant subset of M with

(B> = M, then B is a minimal generating set for M.

THEOREM 2.8 The. following condit;ions dﬁ a ring R ére equi'valent‘:
‘(i) R is a noetherian V-ring.
(ii) Given any minimal generating set of a submodule N of any
module M, it can be extended to a‘ mihnimal genérating sét '
for M. In particular for every R-module M there exists

a minimal generating set.

Proof (is = (ii). Let C be a minimal generating set for N. Let -
E = {B|B an irredﬁndant subset of M,B 2 (}. Clearly C € E Partially
or'dering E-by intlusion, it follows from lemma 2.6 that every totaliy
ordered subset has an upper :boﬁnd. Hence, by Zor;x's lemma there exists
a ﬁaximal ilrredundant subs;-zi: B 2 C in M. Suppose .<B> # M. Since B is
irredundant, from lemma 2.4 we get b f <B~ {bP> V¥ b € B. TFrom III
1.3 (ii), there exist maximal submodules M, of M with

B~ {b}> S M, bbVYb €B. Let I, N, j be as in lemma 2.5. The

proof now breaks into two cases.
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Case (a) I 3 N. Then we can pick u € N with u ¢ I.  Then consider

the set B' = B U {u}.‘ From u ¥ I =<B> we see that B' # B. Also for.

any b € B, we have <B' ~ {b}> € B~ {b}> + N C Mb—and b {Mb. Thus

b § <B' ~ {b}). Moreover, u ¢ I = <B> = <B' ~ {u}> and so by lemma

2.4, B' is irredundant, contradicting the maximality of B in E. |
I4V # %IV since by assumption

I # M. Since J is a monomorphism, j(I/N £ j(l%v). By lemma 2.5,

Case (b) NV cI. In this case I+N/N =

J(I/N) = @ %M . Each of the modules l%w is simple, and since R is a,

beB b “ ‘ b . Y
V-ring M{l{ is injective (V b € B), and since R is noetherian, & /M
‘ b T M I beB b
is injective. Since /ZV o @ /M it follows that /IV is an injective
bEB b

Y= e

v . : < :
INI'" =N Since / #M/ I/ # 0; hence I' # N. Let u € I', u- ¢ N.

I'

submodule of M/N Hence /N for some submodule I' .of ¥ with

Since I' N I = N it follows that u ¢ .

Consider B' =B U ‘{ﬁ}. For any b € B we claim that b § <B'~ {bP.

v+ A\u for some v € B~ {b}> and \ € R.

In fact b € B' ~ {HP =5

ThenXu=b-v€<B>ﬂf"“

INI' =N Hence
b=v+ € Bn~{p}+NcC M, contradicting the fact that b § M.
Thus b € <B ~ {b}>. As already seen, u ¥ I = <B> and hence by lemma

1.4, B' is irredundant contradi&:ting the maximality of B in Z. Hence

"B = M and this completes the proof of (i) = (ii).

(ii) = (1). It suffices to show that direct sums of countable

families of simple modules are injective, by I, 2.7 (ii) Let {Sk}
. k=1
be a countable family of simple modules and S = & Sk. Let E’(S) be
k=1 ‘
the injective hull of S. Let 0 # %y, € Sk. Then (' = {xklk = 1} is a

minimal generating set for S. From (ii) we get a minimal generating
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set B of E(S) with B 2. C. Suppose B # C. Let b € B~ C. By lemma

2.3, {b} is irredundant, hence b # 0.’ (If b =0, b € <¢> = 0). Since
‘ 7 -
S is large-in E(S), R N.5 # 0. Let 0 # wb = ) Ny, with Az # 0.
. : 7(=1 i :n n )
Since S, is simple, there exists a A € R with Wox =  Then

n-1

m, =Wz = Wb - k-za M) € @ seeesx ,bd, but this means

1
redundant, a contradiction. So B = C and hence E(S) = 3. u]

Lseeesd, b is redundant and hence by lemma 2.3 that B itself is-

§3. Cozzens' Example

We conclude this chapter with an example of a DSI-ring which'is‘
not regular. This example was given by Cozzens [8]. First we intro-

duce some terminology. Let'R be a ring, ¢ :R-+.§ a ring monomorphism.

DEFINITION 3.1 A map D:R - R is called a g-derivation if

() D@ +b) = D(a) + D(b)
(1) D(ab) = o @D®) + D@)b.

If ¢ is the identity of R we call D an ordinary derivation.
Let D be a ¢-derivation of R, R[X] the polynomial ring over R.

DEFINITION 3.2 The ring of differential polynomials over R with

¢-derivation D; R[X,¢,D] is defined as follows:
(1) R[X,p,D] has the same ele@ents and addition as R[X].
Multiplicationrin R 1s the natural extension of:
(ii) aX for any’a € R is the same as aX of R[X];
(iii) Xa = D(a) + ¢(a)X for any a € R. |

Again, if ¢ is the identity we write R[X,D] for R[X,Idé,D].
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We now take R to bé a field k¥, D to be an ordinary derivation,

and look at the ring of differential polynomials k[x,D].

PROPOSITION 3.3 R = k[X,D] is a left principal ideal domain.

Proof It-is sufficient to show that givenr fsg € R, 3 g,r € R such
that degr < degg and f = :‘qg + v, (degf = degree of f is exactly the
same as in the case of polynomial rings:) . The proof is ralmost exactly
analogous to the case of the usual polynomial r;Lng over a field. .

1f degf < degg we can set q = 0, r = f. 1If degf = degg we pro-
ceed by indixction on the degree of f. Let degf =n. Ifn =1 then

f=aX+b,g=cX+dand f= ac—lg + b - ac ‘d where a,b,é,d € k,

e# 0, or f= ad-ng + b = ad-lD(d) if ¢ = 0 and the proposition holds.

Suppose the proposition has been proved for all integers < 7. Let
f Z X and g = Z u..X‘7 with N\.,u.€k, 0272 =n, 0 =4 =m,
. (A . J I A i
1=0 . '7:-.0 , ) - .
ms=n, W, # 0. Then

TR Gl ()“\numﬁ.'an—m) ) p,J.X‘7 “

nom .
J=0

m n-m

_ -1 A=t 1 m-rtg

= Mo 2 ) r ) (“j)Xn
J=0 r=0
n-1

A X+ v v, €k, 0= r=n-l
r=(

- ‘ : : ' :
21y ‘
Hence [ - )\n“‘m‘ x"* mg = z vl'qu = f' (say) where vl'p €k for 0 =»r = n-l.:
ro ‘ ‘

. By the induction hypothesis, f' = q'g + r where degr < degg for some

q' € R and hence f = qg + r where q = q' + )\num_an—m and degr < degg. 0O

We define a left R-module structure on K as follows: Given

n . ”n
a€k, f= ] NX €Rweset fa= ]

DY (a). This is a well
1
=0 1=0 '
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Aéfined operation and the oﬁly bit of checkingrwhich is not absolutely
obvious is that (fy)a = f(ga) v fyg € R, a € k. To check this we no-
tice that 1f f Z X X sy g = X u Xj with A ,pJ in k, then’

fg = E Z 9 f ($ Dr(u )Xi*ﬂ'r |

=0 j=0
' m P ,
Hence (fgla = 2“ z X ( )Dr( ) J r( ).
J=0 i=0
m .
Now ga = } w.? (a).
g=o Y .
n .em
Hence flga) = ) X.Di( you Zg(a)]
' s=0 L 42 9
m
L

DR (p,DJ(a))

J=0 i=0

ll
i~
de
>
\“\
1
O
=3
7~
g
%
[
"
7~
Q
N’

it

So (fg)a = f(ga) and k is an R-module,

LEMMA 3.4 Under the above left R-module structufe, k is a simple

»

R-module.
Proof Trivial.
Let D be an ordinary derivation over k and R = K[X,D].

DEFINITION 3.5 An equation of the kind 2 a; i (y) = b where
1=0 .
b,ai € k, 0 =<7 <n, is known as a linear differential equation in D

over k. (y is assumed to be a free variable). If b = 0 the equation
is called homogeneous. In this case n is assumed to be > 0 so that

we can meaningfully talk of solutions.
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PROPOSITION 3.6 Let k 5e a field, D a derivation of k. Assume
that every homogeneous linear differential equation over k hasia non-
zero solution in k. fhen if f’E k[X,D] = R (the ring of differential .
ﬁolynomials) and degf =n = 1, then there existe g E'ﬁ such;that

(1) degg = n-1

(ii)  af = (X'+‘1)g where 0 # a S k.
Proof Let f = .Z aiX$. We set g = ZO b.x’ and solve for a, b €k, -

1=0 J

Ofs‘j < m-1. For the lemma to hold we require that af - (x + 1)g =

Expanding and equating coefficients we get a series of equations:

aa, - D(bo) - bo o = 0
aa, - bo - D(bl) —.bl =0
ag, = by, =D, ) -b, =0

aa, + bm—l =0

We can solve for b

1 from the last equation substitute in the one

above and solve for bm_2 in terms of a, m,a Dﬁﬁ D(a " ) and fro_

ceeding on like this, we end up with an equation of the type .

Z e; D (@) =0 where the e;s 0 =71 =m are dependent only on the a;
=0

and their derlvatives Since by hypothesis E c D (y) = 0 has a

1=0 m
non-trivial solution, we can find an a € K satisfying X e, D (a) =

1=0
and substituting back in the equatiomns (1) obtain bi’ 0<% =ml. o
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COROLLARY 3.7 The only irreducible elements of R = kfX,D] are of‘the"'

type X - a where a € k. ‘Hence every Simple module V over R is of typé.
R ' ' '
/R (X-a) "

Proof From lemma 3.6, it is clear that irreducible elemeﬁté'are

precisely of this form. Since in a left principal ideal domain all

maximal left ideals are generated by irreducible elements it follows

that.every simple_module is of type 3&@X—d)’ o

LEMMA 3.8 Every simple R = k[X,D]-module V is divisible.

Proof Let V = ak(X-a); We show V is divisible by induction on the
degree of elements in R. Lét f € R be givén. If degf =0, fis a
unit and there is notﬁing to prove.

(1) degf =1. Let f=+X + 6. Then Y_lf =X + Y~161and since

- divisibility of V by f is equivalent to divisibility by Y_lf’we assume

that f = X - B without loss of generality. Let ntR - V be thercaﬁ;ni—
cal quotient map, and suppose v € V i§ given. We pick h € k € R such
that n(h) = . (This is possible since f ¢ nnl(v) =f=gX~-a)+h
where degh < 1 = degh = 0). By hypothésis there exists an a € k such
that D(@) - a( - @) = k. Then (X - B)a = a(X - «) + h and so
(X - B)n(a) = n(h) = v. Since v and f were arbitrary this proves that
V is divisible by all elements of ordef 1.

(ii)  degf = m=2. . Indﬁctively we assﬁme V is di&iéible by all g
where degg < m-1. WNow let af = (X + 159 where degg = m-1. Then 7
FV=a NX + gV = a” (X + 1)V since V' is divisible by g and since

a ! is a unit fV =V, that is f divides 'V. Hence V is divisible. a
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We can now prove the theorem of Cozzens about when ktX,D] is a

A

V-ring.

. THEOREM 3.9 [Cozzens]. Let k be a field, R = k[X,D] the ring of
differential ﬁolynomials;i@ D. Then the following are equivalent:
(i) R is;a V-ring with a single simple module upto isomorphism.

(ii) -Ev%ry iinear differential equation in D over K has a solu-

1

tion and every homogeneous linear differential equation

has a non—-trivial solution:

Proof (i) = ({di). kis a simple R-module by lemma 3, and hence

~ n L . ‘ . .
inféctive., Let ) aiDL(y)’='b be any linear differential equation
=0 - n g : ' ,
where b,ai €k, 051 =n., Let 2 a%X$ = f € R. Then since R is a
- =0
domain and k is injective, k is divisible by f and hence 3 ¢ € k such

. n . '
b. But fe= ) aiDﬁ(c) by the module structure on k, (see
letma 3) and henée ) aiDz(y) = b has a solution. If b = 0, we have
7::0 - . < . )
to show we can choose ¢ # 0. in the above argument. We can assume if

that fe

b = 0 that degf = 1 and hence that f is not a uniﬁl Let Ro M Rf
where M is a maximal ideal of R. Let‘¢: 6& -+ Kk be aﬁ isomorphiém-
(exists by hypothesis) and ﬁ? R 4—5&‘the canonipal quotient map. Then
pon: R > k is an epimorphism. Let ¢ = on(l). ‘Then ¢ # Q, but since
nf =0, 0=on(f) = fo = 721 a0 ().

(ii) = (i). Under z;g hypothesis we have shown that every simple:
KF-module V is divisible and gince R is a principal ideal domain divisi-
bility is equivalent to injectivity. It remains to show that any two
.simple R-modules Vlyand V2 are isomorphic. To prove this it is suffi—

cient to show that there exists a non-zero homomorphism ¢ @ V1-+ V2.
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LetV=R/‘ V~=R/ .. Again let a € k b 171 £

/1 R-a)* V2 R(x-B)" g e : e a solut oy of
D(a) + a(B - a) = 0. Then (X - a)a = a(X - B). 'LEt,ﬂlﬁ-R + Vi,
nzﬁ R - V2 be. the canonical quotient maps and define ¢: vV, =V, by
o(n (1)) = ¢(n,(ra)) ¥ r € R. It is easy to see that ¢ is a non-
zero homomorphism. , O
COROLiARY 3.10 If a field k and a derivation D satisfy the hypo-
theses of theorem 3.9 then k[X,D] is a V-ring which is not reguiar.
‘Proof Any regular domain is a skew field: Xk[X;D] is a domain but

f € k{X;D] is not invertible if degf = 1. Hence k{X;D] is not

‘regular. : o

We now only have to demonstrate a field k and a derivation D
of k satisfying the condition (ii) -in theorem 3.9. For this, we quote
a result of Kolchin t16] which states: .Given a field k of characﬁeriSr
tic 0 and a derivation D of k, there e#ists‘a field U 5Zk and a deriva-

tion brof U extending D, such that the equation p(y,ﬁ(y),...,ﬁn(y))=70,n

arbitrary has a solution in U for all polynomials

p(Xl,...,Xﬁ+l).GVU[Xl,;..,Xﬁ+1] - U. Further, every.homogeneous 1ineaf
differential equation in bﬁoﬁer U has a non—zéro solution over U.

Such a field U is called a universal differential fie1d and u,D
clearly satisfy (ii) of theorem 3.9, hénce U[X,D] is a V-ring which is =

not regular, . o



CHAPTER V M~ESSENTIAL EXTENSIONS

AND A GENERALISATION OF BUMBY'S RESULT

§1., M-injectivity and M-injective hulls

The notions of M-injectivity and MLprojectiQity have been intrq»*L
duced anq studied by F. Sandomiérsky [23] and G. Azumaya [2]. These
notions atteﬁpt“torgeneraiise the classical definitions of injectivity
and projectivity‘in terms of an arbitrary module M in the category of

modules over a ring R.

DEFINITION 1.1 Let R be a ring, ¥ an R-module. Given any other

: ' 7
R-module N, we say N is M-injective if for every diagram O0—— M'— N, .

}lvf
: 7 ‘ : : :
with 0 - M' -+ M exact there exists g :M = N such that goi = f.

M-projectivity is defined dually.

It isrclear that if we replace M by tﬁe)left R-module R, the
definition of R-injectivity.is exactly the same as injectivity. VA
module M which is itself M-injective coinéides with the standard defi-
nition of'a‘quasi-injective module ané perhaps merits the naﬁe selfj
injective. The case of M-projective modules is not so clear. It is

4

not certain whether it is possible to piék an R-module M ‘such that the

class of projective R-modules and the class of M-projective R-modules .

coincide. We refer the interested reader to [ 3],[29] for some re-

sults in this direction.

43
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The folrlowingrdefini;.tion was introduced by G. Azumaya [2].

i

DEFINITION 1.2 Let A4,B be R-modules and f: A -+ B a monomorphism.
Then for &n R-module M, f is said to be an M—monomorphism'if t‘hére

exists a homomorphism ¢ : ¥ + B with B = o) + f(4).

We now embark on srome.definitions: and results Whiéh will allc‘m‘r'
us to characterize M-injective hu1']._s as maximal M-essential éxtensic;ns
for any given R-module M. We note here"t‘:hat M. Ryar [227] had‘shown
the existence of 'minimal' M-injective hulls, but tb:ét the concept of
M—esséntialness and the generalizaﬁiogx of thé resqlts ‘of Eckmann and

Schopf [10] are to our knéwlédge; new.

DEFINITION 1.3 A homomorphisxh f:4 ~ B is said to be M-admissible

if given & € B there exist finitely many submodules
f) =B cB ... ...fiC:B%{ of B and zvl,;i. My, of M (all depending
on .;v’) such that |

(i) « € Bk and

(ii) the inclusion B'zi—l QBi is an Nil:éinonomorphiém for 1'< 7 = k.

DEFINITION 1.4 Let A C B. We say that the inclusion 4 & B is M-

essential (or that B is arrxr M-essential extension of 4) if
(i) ' the inclusion 4 G B is M-admissible and

(i) CcBCNA=0=C=0.

REMARKS

1.5 ZEvery homomorphism is clearly R-admissible. Hence in case M = &,

condition (i) in definition 1.4 is superfluous. Thus an R-essential
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extension is nothing but an essential .extension‘in the usual sense. -
An M-essential extension is a priori éssential. But the converse ris
not true. For instance, ihen 7R = 7 the ring of inte'geis, the inclu-
sion Z & ¢ into the rationals is esser;tial, but not Zp—essential for
any prime p.

6 For any N C M, any:N;monomorph.isnin t4 -+ B is M—admiésiblé_. a

1.7 Suppose A & B is an M-monomorphism. Let ¢: /¥ ->::B be such- ﬁhat

o
it

A+ o). Then for A € H € B we have H = 4 +_<p(N) where -

N <p-.1 (). Thus ,A G H is an N-monomorphism, Clearly H & B is an
M-monomorphism.

As an immediate consequence of the above two obs‘ervatrions we see
that if C &'D is M-admissible and C C HC D, then C GH and H G D are |
both M-admissible., In pérticular if ¢ & D is M-essential, then C G H

and H & D .are M—e;'ssential.‘

LEMMA 1.8 If f:4 -+ B andg:B ~+ C are M-admissible maps so is

gof A~ C.

Proof Let y € C. Since g :B + C is M-admissible, there exist
finitely many submodules g(B) = Co c C"1 C v ven © CZ of C with

Y € C'Z, submodules Ml” . ’MZ of M and maps cpj: Mj - Cj satisfying

Cj = Cj—l + (pj(Mj) for 1 =24 = 71, ‘Then'CZ = g(B) + (pl(Ml) + ... + (pZ(MZ).
From y € CZ we get y = g(b)‘ + ) cpj(uj) with b €B and uj € Mj' Since

J=1
A —J: B is M-admissible there exist finitely many submodules

Ff) = B0 c Bl C.vs C Bk with b € Bk’ submodules Nl,... ’Nk of M and

maps 6 : Ni > B’i satisfying B, = Bi-—-1 + 67:(1\77:) for 1 =4 < k. Define

submodules Hi (for 0 =7 =h + 1) of C as follows:
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g(B,I:) for 0s i sk

(Bk)+ Z (p(M) for k+ 1= sk+ 1.
. J o
WritingNk+j=MjforlEgS'Zletai:Ni—»HiforlS'LSk'-i-Zbe

geo; for 1 =7 =k
0; 4 fork+l=isk+l.

Then clearly HO = gf), H = H,b L 0:1:(1\77:) for L =7 =k + 1 and

k1" This proves that gof: 4 - C is M-admissible. m

COROLLARY 1.9 If A cBc (C and 4 6B, B G( are M-essential then

| A GC is M-essential.

: Given an M-monomorphism f:A > B, and amap g : 4 + H where H is
M-injective it is proved by Azumaya [2] that there exists an h B > H
satisfying hef = g. The following lemma is a slight extension of this

result of Azumaya.

LEMMA 1.10 Let H be M—iﬁjective and f: 4+ B an M-admissible mono-

morphism. Given any ¢g: 4 - H there exists a map % : B -~ H satisfying

h°f=go | f

Proof Let F be the family of pairs (D,¢) where f(/-i) C D C B and
¢: D H satisfies ¢of = g. Since'f:4 > B is a monomorphism there
exists a unique map 6: f(4) - H such that 6°f = g. Thus (f(4),0) € F
showing that F is non-empty. Partially oxder F by (D,0) < (D',0")

whenever D € D' and o' |D = ¢. By Zorn's lemma there exists a maximal
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element (D,h) in“_.' F. If D # B there exists an « € B with « § D.

Since f:A-+B is M-admissible there bxists 'finitely many submodules

f@) = BO o Bl‘C eee C Bk_Of B, Nl""’Nk of M such that x € Bk and

B. C»Bi is an Ni*monomorphism for 1 <4 < k. It follows that

-1
D+ Bi-l S D+ Bi is an Ni-monomorphism for 1 =17 = k.

Since X is M-injective it follows from proposition 2.5 (4)

of [23] that H is N—injective for any submodule N of M. In prarti‘cular‘ ‘

H is N.-injective for 1 = ¢ = k. Observing that D + B, = D and using
the fact that D + B,]:__1 oD+ 'B,I: is an Ni—monomorphism' we extend A suc-
cessively to maps <p1, ¢ D+ Bi ~H (7= l;...,k). Then Py ¢ D+ Bk -+ Hrz:
e};t:ends h. 1In particular q>kof = hof = g. Moreover x € D + Bk and

x & D Thus (D,4) < (D + Bk,cpk) in F, contradict.ing thé maximality

of (D,h)¢ This shows that D = B. a

LEMMA 1.11 If H is an M-injective module the only M-essential ‘exten~-

sion of H is H.

Proof Let H & D be any M-essential extension of H. .Since the in-

clusion j: H - D is then M-admissible, by lemma 1.10 we get a map

"h :D —+ H such that hej = de._ Thus D = H & C for some C C D. Then

CNH=0 and from condition (ii) in definition 1.4 we get C = 0.

" Hence D = I. u]

DEFINITION 1.12 Let A be an R-‘-'modulé‘. An R-module B such that 4 c B,

B is M-injective and A & B is M-essential is called an M—-iﬁjective hull

of A.
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LEMMA 1.13 Let'4 € D C B be such that 4 & D is M-admissible. Then

for dny E € B the inclusion E + A G E + D is M-admissible.

Proof Any element of E + D is of the form z + y with x € E’, Y €D.

Since 4 & D is M-admissible there exist finitely many submodules

A= Do c D1 c c Dk' of D, Nl,...,Nk of M such that y € Dk and

D; _, GD, is an Ni—monomorphism for 1 =7 = k. Then

E+A4=E+D CE+D C...CE+D are such that  +y € E + Dy

and E + Di—l G &+ Di is an Ni-monomorphism for 1 =4 = k.

COROLLARY 1.14 TLet 4 C D, € B be such that 4 S D, is M-admissible

for © = 1,2, Then A &D, + D, is M-admissible..

Proof By lemma 1.11, D, + A C>D1'+ D2 is M-admissible. But
D1 + A4 = Dl' By lemma 1.8, the composite of 4 & D, and'D1 6D +D, ’

is M-admissible. o

§2. Existence and uniqueness up to isomorphism of M-injective hulls

We first recall the following test fbr M-injectivity of :a morduie |
H [ 2]. TFor H to be M-injective it is necessary and sufficient that,
given any u € M, any left ideal I of R and any homomorphism f : ITu-~H

there exists an extension # : Ru - H of f. ‘
THEOREM 2.1 For any module A there exists an M-injective hull.

Proof Let E be an injective hull of 4. Let F = {D|4 ¢ D ¢ E;
A & D is M-admissible}. Then F has 'a unique maximal element. In

fact we will show that # = U D is a submodule of F and that # € F.
: DEF \ |
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Let x,y be in A. Then there exist Dl;D2 in F such that x € Dzl,’y € Dz;

By corollary 1.12, A & D, + D, .‘is M-admissible. Hence D, + D2 € F. 7

Hence & + y € D1 +D, ¢ H. . qu‘ any £ € H and A € R it is cléar‘that
Az € H. Hence H is a submodule of Z. Since .any x € H lies ina D € F ,
from thé very definit‘ionrof‘ an M-admissible map it follows that AGH
is M-admissible. | 7

Since 4 G E is esse‘nti:.ai and A CHC E' it follows that A C;H is
essential. This combined witﬁ 'the:fé?:t that 4 G H is M—admissibie
shows that A GH is M-essen:t‘:'i.al., Wre‘ivill now prove that H isr‘M—injec-‘ .,
tive. Consider any map.-Iith; H where u € M, I an ideal in R. Since E |
is \injectiver(in particﬁlar-:M-injective) there exists an extension
g: f?u ~+ E of jof where j 1 H + E is the inclusion. Let & = g‘(u)r € E.
Then clearly H G H + R'Jc is an Ru-monpmox‘phism “and Ru < M, Ii: follows
that A G H + Rx is M~-admissible. ﬁy the makimality of H in F we see
that # = H + Ex. Hence x € H and hence g(R;l) C H. Thus'.g tRu - H is
an extension of f. This conl}ale;es the proof thaﬁ H is an M-injective

hull of A. | o

PROPOSITION 2,2 Let f:“‘A —?A' be any monomorphism, 4 &G B an M-essen-

4

tial extension and E' any Mjinjective module containing 4'. Then :
. ] .

A
there exists a map A : B -+ E' such that

._.._'i.—pA'

i li' |
E

e

N

o
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‘ . «r ‘ CER.
is commutative, where ¢ and 7' denote the respective inclusionms.
Moreover any such # is a monomorphism.
Proof The existence of % is an immediate consequence of lemma 1.8.

Let C = kerh. Then C N 4 = kerf = 0, since f is a monomorphism.

Since 4 & B is essential we get C = 0. Thus % is a monomorphism.

THEOREM .2.3 Suppose ¢ : 4 + A' is an isomorphism, E and E' arbitrary

M-injective hulls of 4 and A' respectively. Then there exists a

VY :E » E' such that

]

R ampemm i
- .

T

@ ,
1
N

is commutative where ¢ and 7' denote the respective inclusions.
Moreover any such ¥ is an isomorphism.
In particular, if E,E' are M-injective hulls of the same module

A there exists an isomorphism ¥ :& - E' such that \[/|A_= IdA.

Proof The exis‘tence: of ¥, and that any sﬁch ¥ is a monomorphis‘m'
follow from p‘r;)position_ 2.2. . Then . ¥(E) being Iisomorphic to E is M-
injective. Mor;aover A' ¢ Y(E) c E'. Since A' G E' is M-essential 1t
follows that Y(E) & E' is M-essential. From lemma 1.1l we nc;w have

\y(ESeE', g

REMARK 2.4 If F is an M-injective hull of A and H any M-injective
module contain‘ingrA, from proposition 2.;2‘we see that there exists a

monomorphism 4 : E - H such that :h|A = IdA. Then 4 G h(E) is M-essen-
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tial, and since 4(E) is M-injective the only M-essential extension of
h(E) is h(E’). itself. Thus h(E) is a maximal M-essential extension of
4 in H. 7 |
Conversely, let H‘ be an“y:M-injettive module containing 4 and F '
any. tnaximal M-essential extenstton of 4 in H. Let G be any M-injective
hull of F Again by propdsition 2.2 there exists a, monomorphiém
h:G -~ H such that h|F = IdF. It folic;ws that 4 (@) is an M-essential
extension of F. By corollary 1.9, it folltiws that 4 C»h(G’)lis M-essen~
tial. Since 4 & F is a maximal M—essential extension’" in H it follows
that F = h(G) aﬁd hence @ = F. '.t‘his Shows that F itself is M—inje‘ctivé.
We shall now prove the M-injective analogue of a result of Bumby
[ 6] which states that given two injective modules M, ZV if there exist

monomorphisms f: ¥ - M and g : M N then M and N are isomorphic.

§3. Analogue of Bumby's result

DEFINITION 3.1 A module 4 will be referred to as M—adm;l.ssible if

0 4 is M-admissible.

THEOREM 3.2 Let A and B be M-admissible, M-injective modules. Sup-

pose each of the modules 4,B admits a monomorphism into the other.

Then 4 =~ B.
Proof Without loss of generality we can assume 4 C B. Let f: B + A

_ be a monomorphism. From 0 €4 € B and the M~admissibility of 0 - B we

see tliat the inclusion 4 G B is M-admissible. An applicatic.m of lemma
1.10 immediately yields B = 4 & K for some. submodule X of B. TFrom the

M-injectivity of B we see that K is also M-injective.
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Let D be the submodule Z , fk(K) of A (the sum in A of the sub-
k=1 ‘
modules fk(K)). Then it is clear that f:D ® X + D is onto. However,
since f is a monomorphism, it follows that f:D®K D is an isomor-
phism. Now D ¢ A and 4 is M-injective. Hence there exists an M-injec-

tive hull F of D in A. Thén clearly E @ X is an M-injective hull of

D& K in A ® K = B. By theorem 2.3, the isomorphism f:D & K -~ D ex- .

. tends to an isomorphism‘ B:F &K~ FE. From the M-admissibility of

0 + 4 it follows that E & 4 is M-admissible. Again an application of
lemma 1.10 yields 4 = E & L for some Lc A. The map

hip@Id :E®KS®L~+ESL is an isomorphism. But

"FOKOL~E®L ®K=A4A®K=5B. Thus h gives rise to an iso-.

morphism of B onto 4. ‘ o

REMARKS

3.3 When R is considered as a lgft module over itself in ;;he usual
way the notion of:an R—injéctive module in the sens;e of Azumaya is
the same as that of an injective module over R. Moreover any homo-
‘morphism f+A + B is R-admissible in the sense of definition 1.1.
Hence every module is R-admissible. Thus theorem 3.2 in the special
case when M = R gives Bumby's result.

3.4 For the vaiidity of théorem 3.2 we cannot remove the restric-
tions tilat A and B be M—admissible. In fact when M is a simple (or:
a semi—simpie) module every module ox;er R is M-injective. Choosing R
to be the ring of i;nteger:s and M = Zp where p is a prime we séé that

any Z-module is Zp-—injective. .Let A = ® ¢ a countable direct sum
n=l
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of éopies of @ (rationals) and B = 2 & A. Then each of A-and B admits
a monomorphism into the other. Clearly, 4 4 B, siﬁce A is divisible

and B is not.



CHAPTER VI PCI-RINGS AND AN EXTENSION OF OSOFSKY'S RESULT

This,chapter is devoted to extending the following theorem due
to B.L. Osofsky. A-fing R is artinian semi-simple e every cyclic
module is (R—)injec;ivg. We proﬁe that a cyclic R-module M is semi-
simp le artinian e every cycliciﬁhmodule is MLinjectivé aﬁd EanGW) isl
regular., Since one of the first steps in Osofsky's:proof is that
R = Ean(B) is regular if every cyclic R-module is injective, the con-
dition EndR(&O regular in our proof seems necessary. .In main, we fol-
low [20], ﬁsing the resulté of the previous:chapter to replace injec~-
tive hulls by M—injectivé ﬁuils. The only other main modification
required is the replacement of a result of Johnson [see (20]
by our proposition 2.5,

Before proceeding with the main results of this chapter, we
explain our motivation by proving a h&pothetical ' theorem' dealing
with V-rings. C. Faith [12] has introduced the notion of a PCI-ring,
that is, a ring R such that 3% is injective for all ideals I # O
(proper cyclics injective). Clearly every PCI-ring is a V;ring.' The
example of a DSI-ring given by Cozzens [8] in Chapter II is also that
of a PCI-ring. Faith proves in [12] that a PCI-ring is either artiﬁian
semi-simple or a simple ore doma%n and then poses the question whether
these domains are noetherian, in other words, are all PbI—rings DSI?
We prove, the following implication. There exists a PCI-ring R which
is not DSIT = thére exists a cyclic R-module ¥ such that e?ery cyclic
R-module is M-injective but M itself not'Semi—simple.

54
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§1. PCI-Rings : .

LEMMA 1.1 Let R be a PCI-ring which is not DSI. Then there exists 7

a cyclic module M such that Soc(¥) is an infinite direct sum of simple

modules and is essential in M.

(-]

Proof Since R is not DSI let {S'z',} be a cc;llection of simple

R-modules wﬁose direct sum is not ingzjc:.tive. Let § = ; Si and let
E(S) be the injective hull of S. Let 0 # x € E(S), xz_.;' Then'

0 # Re ﬂS" is the socle of Rx. Suppose that the socle of Rx is a
finite direct sum of simple modules. Then, since R is PCI, it
follows that SocRx is injective. Hence Rx = SocRx & T for some

T ¢ Re. Wehave TN S CReNS = SocRz. Thus TN S € T N Sockx = 0.
Since S is essential in E(S), it follows that T = 0. Hence

Rx = SocRx. But then Raé = SocRx < SocE(S) = S. This contradicts

x ¢ 5. It follows :tha;t SocRx is an infinite direct sum of simple

modules. Also SocRx = Rx N S is essential in Rx N E(S) = Rx. o

LEMMA 1.2 TLet R be a PCI-ring which is not DSI. Let M be any
R-module with SocM essential in ¥. Then HomR(ZV,R) ='0 for all

submodules N of M.

Proof In the proof we will use the result due to C. Faith [12]
which asserts that 1f R is a PCI—ring.'which is not DSI thén R is a
simple ore domain. Let § = SocM. Then for any submodule N of X,

SoeN =S NN and S N N is essential in N. Let N € M and f € Hom:R(N,R).‘
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If‘f # 0, theré exists an & € N with f(x) # 0. Since R is a éomain we
have L(f(x)) = 0. It f_oilows that L(x) = 0 and that er Rx as }?-mod—'
ules. But Rrx C M. Hence Sochr is essential ,ir.z Re. It follows that
SocR is essential in R. However SocR is a two-;sided ideal ;>f R.

Since R is simple, either SocR = 0 or Sock = R. If SocR = 0, it is
not essential in R. 'Hence Sock = R. Then R is a semi-simple artinian
ring ‘and hence DSI, contradicting the hypothesis of the lemma.- Thus

Hom(N,R) = 0 for all N C M. ' o

PROPOSITION 1.3 ILet R be a PCI-ring which is not DSI. Then there

exists a cyclic R-module M satisfying the following two conditions:
(1) Every cyclic R-module is M-injective and

(ii) M is not semi-simple.

Proof | By 1.1, tﬁere exists a cyclic module M suéh that

(a) Spdlid is an infinite direct sum of simple modules‘ and

(b) SocM is essential in M.
Since M is cyclic, and SocM an infinite direct sum wer have SocM # M.,
Thus M i:s not semi-simple. | 7 B

Let N be any submodule of M. Let 4 be any cyclic R-module and
f: N -+ A any homomorphism. " If A ~ R, from lemma 1.2, we get f = O.
Hencé the zero homomorphism 0: M -+ 4 extends f. If 4 4 R, then 4 is
a proper cyclic module and hence injective. Hence there lexisths an
extension g ¢ M - A of f. This proves that every cyclic R-module is

M-injective. n]

Thus to answer Faith's question positively we have only to show

that there does not exist a non—senli-;simple cyclic module M with all
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cyclic modules M-injective. 'Though we: have not completely succeeded
in answering Faith's question, the moéivation for the results obpained .
in this chapter comes from Faith's problem. VActﬁally we prove‘the
following result.

Let R be anytring and'M an R-module such that End(M) ié é regu-

lar ring. Then M is semi-simple < every cyclic R-module is M-iﬁjective:

§2. Uniqueness of M~injective hulls

Let M be an R-module énd u € M. |

DEFINITION 2.1  An element e € R will be referred to as a u~idempotent

if eu # 0 and Ru = Reu ® R(1 - e)u.

When e is a u-idempotent and (1 - e)u # 0 then (1 - e) is also u-
ideﬁbotent. Moreover from u = eu + (lr— e)u it follows that the projec-
tion p, of Ru onto Reu is given by p(ru) = reu fbr.any r € R In gaf-
ticular eu = e?u and Z(u)e C Z(u)h Conversely, if ¢ € R satiéfies
0 # eu = ey and L(u)e € L(u), then e is a u—idempotent., Suppose A € R
is any element with AU = eu:where ¢ is a u~idempotent. Then for aﬂy

r € 1(u) we have. r\u = reu = 0. -Hence L(u)\ € Z(u). Moreover \u € Reu

and pelﬁbu«= Idg, . Hence p,(\u) = M. In other words heu = Au. But

Aew) = A(u) = A2u. Thus O # \u = A%u. This shows that \ is also a

u-idempotent.

In this section we will be making repeated use of the fact, that
when 4 € B the inclusion A G B is eséeﬁtial (alternatively expressed

as "4 is large in B") if and only ifi given 0 # b € B there exists an

1 € R such that 0 ¢ rb € A.
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LEMMA 2.2 Let ¢ € R be a u-—idempoteﬁt and I an ideal in R satisfying

I> Z(eu)'. If Teu is large in Reu, then Iu is large in Ru.

Proof  Suppose 0 # i € Ru. 1If heu = 0, then
‘ 0 # Ay = )\(1‘ - e)u E‘Z(eu)u C Tu. "If heu # 0, the 1argenéss of Teu
in Reu yields an r € R with 0 :94‘ rheu € Ieu. | |

Hence rieu = seu for éome s €1I. Tﬁen (r\ - 8) € L(eu) c f.
Hence A = (A - 8) + s € I. From pé(r}\u) = rheu # 0 we get rAu 94 0.

Thus 0 # r\u € Ju. - o

rFor the rest of this ‘seg:t‘ion and in section 3 completeiy, ‘M‘de;-
notes a cyelic module and x.a fixed generator of M. For any x-idem-
potent e € R the prpjecf:idn Rx + Rex will be deﬁoted by p,. We write
L for 1(x) and End(¥) for the ring oAf endomofphisnis of M. An element -

A € R will be called "special’ if L\ C L.

PROPOSITION 2.3 (i) If N # 0 is a direct summand of M, fl;ere exists
an x-idempotent ¢ € R such that N = Re:;c. 7
(ii) If every cyclic submodule of M is a direct summand of M,
gi-ven‘ any A € R with Ax # 0, there exists a U € R such that e = pN is
an x—idempoten‘t and \x = Xe.:x. o
(iii) Suppose End(¥) is regular ('ixgx the sense of Voﬁ-Neumann) .
Let A € R be special and \x # 0. Then ‘there exists a special i € R

with e = p\ an x~idempotent and \x = rex.

Proof (1) If p:M - N denotes the projection of M onto the direct
summand N, then p(x) = ex for some ¢ € B It is easily checked that‘

e is an x-idempotent and that N = Res.
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(ii) R\x # 0 is then a direct summand of M. I:;c' p:M > R denotes“ |
the projectionﬂ of M onto RAx then p(xi = phx for some p € R. Then
e = Uk is an x-idempotent satisfying Ax = )\e:;c. |
(iii) When N € R is s:i)ecial, ay M‘-;r M given by a.)\(m:) = y\x for
any r € R, is a{xvell—defined endomorphism of M. The regularity of
End(#) yields an element 6 € End(¥) such that aX°G°a)\ = a,. ‘Then
6(x) = wx for a special u € R, Now,
M = oy (@) = @ 0000, (&) = 0,060M) = o, () = WAz, Hence e = yA
satisfies ex # 0, ex = YA\ = phx = ex. Also Le = Luh € L\ C L

This proves that e is an x~idempotent. m]

PROPOSITION 2.4 Suppose every cyblic submodule of M is a direct sum~

mand of M and End(M) is regular. Let 0#AcH and 4 ¢ E, ¢ Mbe such

that 4 is large in Ei (7: = 1,2). Then 4 is large in E’1 + E2.

Proof Since 4 1is large in 'El it suffices to prove that El is large
in El +E2. Let 0 # )\l:x: + )\zx € E1 + E’2 with )\iac € Ei (Z = 1,2). 1If.

A& = 0 then O # A&+ A € B . Let A # 0. Then by (ii) of propo-

‘sition 2.3, there exists a p € R such that e, = p,XZ is an x—ide‘mpotent

and A2 = A e &. We consider the element [J.()\l + Xz)x. For the proof

of this proposition we have to deal with three different cases.
Case (1 Z(p)\lx) # Z(p,)\zx)

Without loss of generality we can assume that there exis‘ts an
element r € Z((J‘.Xlac) with » ¢ Z(p)\zac). Then ru()\l + Xz)m = rur® # 0.
Since A is large in E2 and rp)\zac € E'2 we get an element s € R with

0 # srph,x € 4. Then sru(h; + X))o = sryl,x is a non-zero element of E,.
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Case (2 | 2(uhyc) = Z(uxzx) and u(M\y + Xz)x =0

Then e,z = pxzx = -ullx‘ Hence A,x = kzezm = ’K2““1x,€rE1' It

follows thaﬁ le + xzx € Ei and Xlx + sz is non zero. - =

Case (3) (i) = L(pr,x) and u(xl +A,)x # 0
Let ¢ = p(xl + Xz). Since e, =,MX2 is .an x-idempotént; we have
Z(uxzx) O L. The equality Z(uxlx) = Z(ulzx)‘gives'l(ullx) > L. Hence

0. Thus Le ¢ L.~

]

for any a € L, acx = aph @+ aph

Proposition 2.3 (iii) how yields a special element v € R such
that e = ve is‘an x—idempotént énd cx = cex.

Let J = [p\x: E,] and J, = [uxzxz Al. From 4 c E, we get J, ¢ d.
Since uxzx E'Ez and A is largeAin Ez‘it‘follows that Jzuxzx isjlarge in
Ruh,@. Since J D Jz, it follows that Jph,x is large in Rpl,@.  But ‘
e, = uk2~is an x~idempotent and J O [Lkzx: 0] = [ezx: 0] = Z(ezx). ‘By
lemma 2.2,:Jx is large in Rwx.

We assert ;hat ev § L. 1In fact, if ev € L, from eve € Le € L we
will have 0 = evex = eex = ex, a contradiction. Thus evx # 0. The
largeness of Jx in Rr gives an element r € R with 0 # revx € Jx.

Since J D Z(ezx) > L{x) = L, it follows that

revex = rev(uklm + ulzx) €E.. Also, revex = reex = rex. Moreover
v € R being special we have Lv ¢ L. Since rev k L, it follow; that
re £ L. Thus O # rex = revex = revu(xié-+ Ax) €E .

This completes the proof of proposition 2.4. o’

PROPOSITION 2.5 Suppose every cyclic submodﬁle of M is a direct sum-
mand of M, End(¥) is regular and ¥ is M-injective. Then any A € M has

a unique (actually unique) M-injective hull in M.
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Proof We need to prove this proposition only when 4 # 0; By hypo;
thesis M itself .is MQinjeCtive. Hence by 1IV; Z.é, there exists an
M—injectiﬁe hull of 4 in M. " Suppose Ei’EZ are any two MEinjective
hiulls of 4 in M. Then A ié'large ih Eir(i = 1,2). Every cyclic sub- .
module of M being a direct sﬁmménd oer, A is large in El +‘Eé (pro-
position 2.4). Since El is M-injective we get M = El @ H fér some

HcM 1£fD=(E.+E)NEH, thenE +E, =E &D. Sipce'El is

large in El + E2 it follows that D = 0. Hence E’2 c Ei‘ Similarly

C .
E1 E2 o

§3. Generalization of a result of Qsofsky

DEFINITION 3.1 A family {e }  of w-idempotents will be said to be

a€&J S

x-orthogonal (or simply orthogonal when there is no possibility of cor~
I ; .

fusion) if edepx = 0 whenever a # B in J.

REMARK 3.2 It is easily seen that if {ea} is an orthogonal family

a€J :
of x-idempotents in ‘R, then the sum Z Eeax in Rx is direct. In fact
g€ '
if re x = Ae ik, then (re - A.ey)x = 0. Thus
& 7 gl Nt then (g - L e -
(re_ - )} Men) €L C l(ex). Hence (re_ - ) Xegde x = 0. 1In
a B#a BB a a BFa BB .

other words reaq = 0.

LEMMA 3.3 Suppose M has the property that every submodule of M has

a unique M~injective hull in M. Let {ea} be any get of’orthogonal
: a&t ,
x-idempotents in R. Then for any K C J there exists an x-idempotent

EK € R such thét
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eaEKx =ex 7 whenever ¢ € X
eBEKx_ = 0 =AEKeBx whene\fer B é K
B + By o = B,

Proof This 1s the analogue of Lemma 3 of [20]. We briefly indicate

the proof. TFor any K ¢ J let ( Z Reaac)* denote thé ‘tnique M—inj’éci:ivc
a€kK - .

hull of ) Re % in M. Then (@) Rea.’b)* is a direct summand of M. If
a€k a€K ‘
H ® i * = . ' ¥ -
p: M-~ ( Z Reax) is any map with q>|‘( Z Reax) Id( z Rea'ac)*’ then

a€k | i ‘fIGK bk

px) = ey for some x-idempotent ey and ( Reaa:)* = Rekac. Thenrfor ‘

z,
any F C G CJ we héve Re'F;n c Rerc and ReG;EJi Ref;c @ R‘eG_Fp:. In parti--
cular ReJx = ReK:z: @ ReJ_Kac. If ﬁK: ReJ:x: - RéKx denotes the projection
and B, € R any element with my(e;x) = Fyo, then the elements Fy € R
satisfy the requirements of the lemma. Act‘ually,

Rx =‘ReJac es R(l.f éJa:) = Reyx @ ReJ?‘K‘x‘ e’aR(;‘-)— eJ.'c). If‘pK: Rx -#.I?eK:b

denotes the projection, then By = pK(x). o

We carry over the terminology from lemma 3.3 for the rest of

this chap tet.

LEMMA 3.4 If bx € RE'Jx, br £ A= z Reax:, then Rbx N 4 ¢ 2 'Rea x
" a€d ' 1=l 1
for any finite subset {ai} C J.
' Y 1=l
“ n . } - - .
Proof Suppose Rbz N A ¢ | Re  x for some a €J, 1 =42 =n. Rbx
1=1 A n “
is the M-injective hull of Rbx N A. Since Z Rea x is M-injective -
‘ =1 7 ‘
and contains Rbx Nl 4, from the uniqueness of M-injective hulls it fol-
" ‘
lows that Rbx € ) Re x c A, a contradiction. o
=1 1 :
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LEMMA 3.5 | Suppose ax = z Ve, ® € y 1'{54 < where a, € Jy, 1 =< =n,
: =1 7 J=1 g m , .

AJ.CJ, 124 =m, \,ie%xaeov 1= =n. Then a E;jEJIAj Y 157,57

Proof First suppose J =1. Let ax‘ = XE’A x. Then
"1
ax = aE’A z= ) v e x from lemma 3,3. Since the {Re } are inde~-
Q. Q. ;
1 oniéfl1 1 1 : . aer

pendent submodules it follows that a; € A V1=<%=mn. Noting that

X RE 1. X RE (from the uniqueness of M-injective hulls) our
=t %5 i g, ' ‘
=17

proof is complete. n]

LEMMA 3.6 Suppose M has the property that every submodule of ¥ has

- a unique M-injective hull in M. Let r{e } be an infinite family of

) ¢ aes )
orthogonal x-idempotents in R. Let A= Z Re & and n: M > M(q be the
- , afd
canonical quotient map. Let P(J) denote the set of subsets of J and

U c P(J) satisfy the condition that ahy K € U is an infinite subset

of J. Let C' =VT](RE'Kx).‘ Then the sum z CK in M/“1 is direct if and
KeU '

ohly if for any finite number of elements X TR ’Kn in U, each of the

sets K7/ n(u KJ) is finite (L = 7 = n).

14J
n
Proof Suppose for some K €U, 0 =% < we have KO nipu K,[,]
) i=1
infinite. Then RE.x C RE, @, RE;x C Z RE, x and Eo § A, since
0 =1 n 7 ,
RE,x >, ] Re m. Hence 0 # 'q(E' @) €RC, N ) RC
@ K.’
, a €L n Ky 121 7 o ‘
Suppose 0 #c € RC’], n z RCy, for some Ki €U, 0=1=n Let
Lo 'L—l 7: ‘ 7 )
ba € RE, « N Z RE’K x be such that m(bx) = c. Since ¢ # 0, bz { A.
0' : 1=1 : '
So by 3.4, Hbx ¢ z Re x for any finite subset {o: } ~of J. Suppose
n i=1 % i=I
L = KO nitu K?,] is finite. Pick A € R such that
m i=1 B
Wox ZueBx{EZRex. Thenu.eﬁx#Oforsomej,msjs
J=1 a€l - J Pj :
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n KO 1=1 1

that Bj € Ko, Bj € U Ki’ contradicting ﬁj L. Hence L is infinite. o
‘ £=1

with B t L. Since \bx € RE, x, \bx € Z RE, x, from 3.5 it follows

4

LEMMA 3.7 Suppose M has the property that every submodule of M has a
unique M¥injectiﬁe hull in M. Suppose there exists an infinite family

Aiea} of orthogonal x-idempotents in R. Let 4 = Z Re x. Then the
aéd A a@J
module ,ﬁ is not M-injective.

Proof ' Let {L,} be a countable set of infinite disjoint subsets
izl
of J with U Li‘= J. Let D be the collection of subsets D of P(J)
=1
(the set of all subsets of J) sat:sfylng the following conditions:

(i) D> {L } ,- (1i) Given any finite collection Ki’ 0<<1=mn
Yz n “

of elements of D, Ky N [ U Ki] is flnite. It is easy to see -that D
o g= , .

is non-empty and inductive when partially ordered by inclusion, and

hence contains a maximal element, say D. We set D' = D - {Lﬁ} .
. ‘ ‘ ) : =1
Let n: M-+-%2 be the canonical quotient map and let N = X REB
: BeD
Set ¢ : Nx 4-%2 by ¢(EL x) = n(EL x) Viz=1l, ¢(Ebm) =QVY B eD.
, L ,

7 .
(¢ is well defined from lemma 3.6). Suppose %2 were M-injective.

Then, since ¢(Nx) € } R(nEL x),there exists ¢ € (1} En(&, x)}* %ﬁ
121 121 t

such that ¢(nx) = ne. Let n(bx) e. Then n(E x) € Rmbx) 'V 7 = 1.
Ly
Since En(Emx) N } Rfi, # =0V B €D', and ¢ € (1 (B, x))* it
121 Ly 21 L;
follows that En(bx) N Rn(Ebm) ov B € D'. Now from the argument
of lemma 3.6, it follows that {p 6 LiIeBx € Rbx} is infinite and

{B € B]eBx € Fbx} is finite ¥V B € D'.  Pick j, € L, such that’
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e.,x € Rbx ¥ 7 =21 and set T = {ji}
J; 7 . izl o
the Li's, ‘it folY¥ows that jh‘é, Lm if and only if n = m. From the

From the disjoint nature of

maximality of D it follows that T N B is infinite for some B € D.
As already pointed out, T ) Li = {'j'i} Y 2 =2 1 so we can assume that
BeD'. ButTNBEC {B€ BIeBw € Fbx} is finite V B € D', a contra-

diction. Hence Mél is not M-.-:Lnjective. o

LEMMA 3.8 Suppose End(¥) is regulair, M.is M-injective and every
cyclic submodule is a direct summand of M. Then there cannot éxist‘"

any infinite family of orthogonal x-idempotents in R.
Proof Immediate consequence of proposition and lemma 3.7. a]

LEMMA 3.9 Let M have the property that every cyclic submodule of

M is a direct summand of M.' If there exist no infinite families of-

orthogonal x-idempotents in M, then M is semi-simple.

Proof  We first show that': SocM # 0. If M itself is simple, there is
nothing to prove. If not, there exists a cyclic submociqle IV1 of M with -
0 #VIV1 # M. Pfopbsition 2.3 (i) yields ran x-idempotent él ‘suct.l that

ZV1 = Relx. iIf R(1 - el)x is simple‘ there is nothing to prove. If not,
there exists a cyclic sﬁbmodgle N2 of R(1 -~ el)x with 0 # IV2 74: R(1 - el)x‘.:
Then M = N, & N,' for some N,' ¢ M. Since (L - ¢))x O N, we get
R(L-e)x =N, ®H," where H," =N, N R(L - ¢ )x. Thus |

M= Nl ® sz ® Hz'. If e, is the projection of x onto Nz‘ tﬁen el’,ez

are orthogonal z-idempotents, ZV2 = Rezm and M = Relx ) Rezm ® R(1L - e').fc
where e' = e, + eé. If R(1 - e')x is not simple we can repeat the

above construction. Since there are no infinite families of orthog'onal
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’

x-idempotents in R, the above'process has to stop after a finite num--

ber 6f steps. Thus we will get a finite number of ortﬁogonéi x~-idem-

potents €.,...,2, with R(1 -~ e)x éimple where e = e, + ... + e,. Also
1 k 1 k.

(1 -e) =v is an x—idémpotent.
Thus M has a 'simple submodule of the form Rvx with v an z-idem—
potent. Let G be the set whose elements are families of orthogonai

x2-idempotents {ea} satisfying the condition that each Ebax is a
T a€d ‘

simple submodule of M. If g = (ea) y g' = (eB') are elements
, : a€d peJ' :

of G we define g = g' if J € J' and ea' = e, for all a € J. Then

applying Zorn's lemma we get a maximal element g € G. Since_thére are
no infinite families of orthogonal x-idempotents in E;, g will be a

finite collection (ei)k . We claim that M = Relx D ... @.Rekx.‘ This
: =1 A
will prove the semi-simplicity of M, gince each E@ix is simple. 1If

M # Eblx ® ... ® Re,x we will have R(1 - e)x # 0. Then using the

argument given in the earlier paragraph we can obtain a.simple module

k+1

N = Re, ,.x with {ei} an orthogonal family of x-idempotents. This

k+1 .
==l k
contradicts the maximality of g = {ei} in G.
, =1

PROPOSITION 3.10 Let M be a éyclic module with End(M) regular. If

every cyclic module is MLinjective then M is semi-simple.

Proof Immediate consequence of lemmas 3.9 and 3.10.

§4.  Regularity of End(M) and M-injectivity of cyclic modules

In this section we relax the restriction that M be cyclic. We
first observe that i1f M is semi-simple, then End(M) is regular. Ex-

plicitly we have not seen a‘proof of this fact in literature.* .The

*See [31].
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proo:f of this is exactly similar to the well-known fact that EndK(V)
is regular when ¥ is a vector space over a field K. For the sake of

completeness we briefly indicate the proof.

LEMMA 4.1 The ring of endomorphisms End(¥) of a semi-simple module

M is regular..

Proof Let f € End(M). Let N = kerf, j: N - M and i (M) > M the

respective inclusions. Since ¥ is semi-sifiple the exact sequences

0———»‘1‘7-—'2--3» M-—-—J:f(M)————r 0

0 —f () 2> Mé—»M/Jo<M>—+ 0

split. Let e:rf(M) -+ M, o2 M~ f(M) be such that fo6 = Idf(M) and -

@ot = Idf(M)' Then the ei!.emerit g = 6o¢ of End(M) is seen to satisfy
fegef = f. o

When M = M, & M2 with by ¢ M,I: - M, p;t M-~ M'zl :('zl = 1,2) respec-— .

tively denoting the inclusion and projection maps, we can represent
: %1 %2 '
any a € End(M) as a matrix.

a a

'wher'e @, . = podol € Hom(Mj,M,I;).
21 %22 v

7
J d

LEMMA 4.2 Suppose End(M) is regular and M1 is a direct summand of M.

Then End(Ml) is regular.

» O o
Proof Let M = Ml @ M2. Let ¢ € End(Ml) and a = [ € End(M).

0 O
Since End(¥) is regular‘, there éxists aB= ‘;11 P12 € lyi‘.nii(M)'with
' ‘ 21 BZZ
sepoa=c. But a9ﬁ°a=(¢ 0r(Byy Py [‘P 0] _ [<PI311<P 0]‘ Hence
‘ 0 0 le [322 0 0 0 0
0 =8, € End(Ml) satisfies @oBop = Lp." o
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REMARK 4.3 Suppose M = M, & M, and E?nd(Mi) regular (£ = 1,2). Then

in general it is not true that EndF(M) is regular., In fact if End(¥)

is regular, in addition to the regularity of End(Mi) (2 = 1,2) we also |
get the following as a Vconsequénce:

Given a,, € Hom(M1 ’Mz) (resp. a ., € Hom(Mé,Ml)) there exists

21 12

= Qa

Bl?. € Hom(Mz,Ml)”(res‘p_. (321 ‘6 Hom(Ml,Mz)) such that a2-1°§1~2fa21 21
(resp. a,, = a120521°a1é). In fact the regularity of End (M) yields a
B.. B o olfs., B..)Jfo o 0 0 :
B = 11 12 such that 11 12 = ‘ in End(M).
Pa1 Bap Gy OLiByy Bop)l%y O lap; O

21
This in turn givesi a210[312°a21 = 0y

!

EXAMPLE 4.4 Let R be a régular ring which is not semi-simple (for.

‘instance R = End]'{(V)' where V is an infinite dimensional vector space

over a field X). Then Sock # R. Let I be a maximal left :Lgieal'of R

I

with I D Sock. Then M1 = R/ is a siﬁxple“ R-module and hence End(Ml) ié
a regular ring (lemma 4.1). Also End(R) ~ R is regular. Héwever

End(M1 @® R) is not regular. In fact for any a € Hom(R,Ml)' o erwe have -

a) = a(h.1) = Xa(l) = 0 for any A € SocR. Since M1 is simple for any

B € Hom(M1 ,R) we have B(Ml) C SocR. Hence a°f = 0 for any a € H‘om-(R,Ml),
B € Hom(M1 ,B). Thus if we choose a # 0, for every B € Hom(M1 ,R) we have

aofea # a. From remark 4.3, we see that End(M1 & R) is not regular.

THEOREM 4.5 Let M be a module with End(M) regular. Then the follow-
ing conditions are equivalentt
(1) M is semi~simple.

(2) Every module is M-injective.
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(3) Every finitély generated module is M-injective.

(4) Every cyclic module is M~injective.

" Proof (1) = (2). Given any module 4 and -any f: ¥ -+ 4 with V € M,

the ;em—simplidty of M implies that ¥ is a direct summand of M and
hence f can be extended to a g: M N A‘."

(2) = (3) and (3) = (4) are trivial.

4) = (l).’ It suffices to show that every cyclic submo&uie of
M is semi~-simple. Suppose N is any cyclic submodule o‘f M. Sincé |
every cyclic module is M-injective it follows that ¥ is M-injective |
and hence N .is a direct summand of M. ‘Fro,mﬂ lemma 4.2 it foilows that
End(¥) is regular. | Also from proposition (2.5 (4)7 of [23) i;: follo;vs
that every cyclic module‘ is N—injegtivé. From proposition 3.10 it now

follows that N is semi-simple. : .o

We remark once again that all the material in section 3 and the
essential idea in theorem 4.5 are taken from [20]. The proofs here

are adaptations of the proofs in [20].



CHAPTER VII TALL RINGS

$§1. Krull dimension

The notion of Krull-dimension ié becoming an important tool for
the study of ﬁdqthéfién modules. We work with. the definition given in
[15], and examine some relationéhips‘between having Krull-dimension
and being noetherian. The starting point of this investigation is the
observation that over a V-ring the class of nogtherian modules and the
class of m&dules with Krull-dimension coincide (whichhis not tr&e in 7
general). M. Teply héd originally proved (the proof is unpublished)
that V;ringsrwith\Krull—dimension ére:noetheFian.‘ Apparently, the
proof is very similar to the. one first noted by us, essentially using 147
(i1). Our aim ip,this chapter is to study rings in general, over which
the classes of modules with Krull-dimension and,noet#erian“ﬁodules .

are equivalent.

DEFINITION 1.1 The Krull-dimension of a module M over a ring R,
(written X-dim M)‘is defihed By transfinite,recursion as follows:

(1) K-dim M = -1 if and only if M = 0. (ii) Given an ordinal a,
assuming that the concept K-dim N < a has already been defined, we

set K-dim M = q ;f and only if K-dim ¥ 4 a and there exists no infinite
deséending chain M = I0 > I1 5> ... of submodules of M with

I .
K—dim( % )4}2 oV iz 1.
1+l

Given a family {Ii} of submodules of M we will call them inde-~

7 pendent 1f their sum i Ii in M is a direct sum. Given any ring R,

70
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there always exist modules that do not have Krull-dimension over R,
but noetherian modules always have Krull-dimension. This is the con-

‘tent of our next two lemmas.

LEMMA 1.2 [15] 1f an R-module M contains an infinite independent

family of submodules then M does not have Krull-dimension.

Proof Suppose on the contrary there are modules M possessing an -

infinite independent family of submodules and having Krull-dimension.

VAmong them pick a module, say M, with the least Krull-dimension. Let

X-dim M = a. Then all the R-modules N with K-dim ¥ = B < a, will not

contain an infinite iﬁdependent family of submodules. Let {T.} be
‘ } izl
a disjoint partition of the integers = 1, with each Ti infinite. Let

W.= U T.andJ. = &® I.. ThenM=J, 2J DJ,_ is avdescending
4 .o J 1 . : 0 1 2 )
J>t Ji JEW ., .
chain with ,3 conta&ning-an infinite independent family of sub~
+1 . J, ‘ ‘ :
modules. Hence XK-dim’ e& > ¢ which contradicts K-dim M = a.
i+l '
This proves the lemma. a

LEMMA 1.2' Every noetherian module has Krull-dimension.

Proof Let M be a noetheriag module without Kfull—dimension. Let
N = {NIN is a submodule of ¥ and %ﬁ QOes not have Krull~dimension}
N is non-empty since d € N and hence has a maximal element, saf‘N,
since M is noetherian. Then %g does not have Krullfdimension‘but '
every proper factor of %& does. Let A = {A[N i A CM, A a submodule}. .
Let B = 1.u.b.‘{K—dim QQIA € A} (B exists since A is a set). Let

M I I

/4 o="0, D271 ,,. be a descending chain of submodules of @>. From
A N

the definition it is evident that if K-dim 4 = a, and B is a submodule
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of 4 then K-dim B = a. So either %% =0V J zn (for some integer n),
or K-dim ( v // . ] < K—dinx%%. < B for all integers
7,+1 i+1 .
2> 1.  In any case K-dim M < B + 1. . o

"We now set about tfying,to determine those rings over which the
converse of 1.2' holds.

Let R be a ring and S a subcategory of R-mod.

DEFINITION 1.3 S is called a Serre subcategory of R-mod if:

(i) S is non-empty.
(ii) M,N €S = HomR(M,N) = HomS(M,N) (S is full).

(iii) If 0 L M+ N -~ 0 is exact in R-mod then ¥ € S » L,N € S.

From (i) and (iii) it is clear that 0 € S. TFrom property (iii)
it follows easily that S is closed under fipitie products and hence
finite limits. We als; note that from [15] 1.1, it follows ;hat the set
of all modules with Krulifdimension o?er a ring‘R forms a Serre sub-
category of R-mod.
| Let R be a ring, S any subcategory of R;mod. We define two maps
G(S),H(S) : R-~mod » R-mod as follows: |

W) Y MES, GES) M = ES) W =

(11) VY M ES GOS)YW) n{IV|IVCM /eS}

I

]

(ii1) v M ¢S HOYW =n Wy cu, ¥ §S)
If S is a Serre subcategory, then from 1.3 (iii) it follows that
HS)@W) < GS)M VY M € R-mod.

Before stating the main results of this chapter we introduce a

definition and fix some terminology.



.73

DEFINITION 1.4 A module M has finite uniform dimension if no homo-

morphic image of M contains an infinite independent family of sub-

modules. Otherwise we say M does not have finite wiform dimension.

For the reé; of this section R denotes a ring; S a Serre sub-
category of R-mod. N denotes the Serre subcategory of all noetherian
R-modules K, Ka those of all modules with Krull—dimeﬁ;ion and those
of Krull dimensionvfra respectively. An immediate consequence‘of

lemma 1.2 is the following.
LEMMA 1.5 M € K = M. has finite uniform dimension.

LEMMA 1.6 Given any 0 # M € R-mod, theﬁ HEK ) # MV% H(KB)QM) for

all ordinals @.

Proof  If 0 # M €Ky, then A(K Y(M) = 0 # M. If M-§ Ky, then

B

HK)M) =M = K-dim N < B for all N & M. In this case, given any

B
descending chain M > N1 D N2 D ... there exists an integer io such
that K-dim Né&.+ < B for all 7 = io. Hente K-dim M < B, a contra-
diction. Fina?.l}lr, let B = l.u.b. {K-dim N|W < M, ¥ € K}. Then
l H<KB)(M) = H(K) (4). Hence M # H(K)(M) for all M # 0. a

PROPOSITION 1.7 Let S be a Serre subcategory of R-mod. Let M § S

and H(S) (W) # N for all 0 # N € R-mod. Suppose further that %& k S

for all finitely generated I ¢ M. Then either (i) there exists an
exact sequence 0 =+ N - M P -+ 0 with both N and P not in S, or

(ii) M does not have finite uniform dimension.

REMARK (i) and (ii) are not necessarily exclusive.
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Proof Let I ¢ M be: finitély generated and n: M ~ M{z. be the cénonical

AN

quotient map. Let i=:6() (1%.) A = 'r]-rl(Zl). ~ The proof splits into

three cases.

NS

(1)

1 (iii) that 4 = A/I k S. Hence H(S) (4) + 4. 'Therefore there exists

€ S. Then sinCeM/I }E S by hypothesis, it follows from

an 7 G4 with ¥ f S. Then M/I/z‘fr £ S, since M/I/z’v cs=0®ch=
A c N, a contradiction. Let N = n—_l (). From ¥ £ S we get N £ S. |
Nc;w O—>N—>M—>M4V—>Q is exact with ¥ andM/Nf_\_al% VZV not in S.

(ii) M{q £ s, and £ S. Then 4 f S ando->A—»M,—>Z'9A + 0 is

exact.

[

(111)  Suppose for all finitely generated I ¢ M we have
G(S) (M/I) € S. Then M/I/KS) (M/IHE S. .Since {0} is finitely generated
we get G(S)(M) € S. Hence M # G(S)(M). It follows that there exists

M
O#a1 GM,N CMW:L'i:ha1 E.Nl and /N1 € S.

P

. Taking this as the start of an induction, suppose al",... sa_

r

Nl,. .+ sl have been constructed with (1) a; 3 ZV (1< <2 and

(2) a; € N for all 7 # j. Let I = (al,...,a) and N= ﬂ N .. Then
r 1i=1 ‘
M4v imbeds into II % , and S is closed under finite products and sub-
i=1 4 ~
modules. Hence A%V €S, Again let n: M~ M/I be the canonical quotient

map and 4 = G(S)( ) Now 4 € S by assumption and since.

M M, M \ Lo
4 /) = fyp €S and /4 £ S, we get n(N) k,s' Also by the defi:ni‘—'
tion of G(S) we get G(S)(Mé) ¢ n(¥). Thus 4 € (V).  From 4 € S,

nW) & S we get 4 4 n(W). Hence there exists 0 # a € n@, a £ 4.

This means there exists [ C M/I with M/J. I € Sand a f L. Take

and a €EN,,
T

-1, o o=1l=
€ENNm(a), W, =m (). Clearly %1 kzvpn -

Dyt

[
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> a. =4 = o
Nr+1 a; V1= r, so we have constructed a

the conditions (i) and (ii). Hence by induction there exists

1 and Nr+1 satisfying.

{at}i>1 M and {Nﬂ} submodules of ¥ satlsfylng‘az 3 N@’ a; ¢ Né

121

Vi#gJ2=1., SettingV = 0 Ni and Mt M ~ %ﬁ to be the canonical

: 21
quotient map, it follows that {Rn@ai)} are independent in %&. o
7z1
LEMMA- 1.8 Let S be a Serre subcategory of R-mod satisfying
HES)W) # N for éll 0 # N.. Suppose given ¥ F S there exists an

A €'M such that 4& 3 S for every finitely generated I cA, Then KcS.

©

Proof Suppose there is an M € K, M f S. Of all such choose one of
least Krull-dimension, say a. Then M€ Ka and KB cSVB< a; where
o> -1since 0 € S. Since M f S there is an 4 € M such that 4& £S
for any finitely generated I € 4. Hence by proposition 1.7 and lemma
1.2 there is an exact sequence 0 +le + A4 -+ P > 0 with Ni and P not in
S. Now straightforward induetion\élldws"us to construct
N, N.
M>N >N,> ... where z/N fSY <=1, This means K-dim 3& zZa
’I:"'l ) . 7:_*_1

contradicting X~dim M = a. B !
THEOREM 1.9 The following are equivalent for a ring R:

(1) HWNY@W) # MY 0 # M € R-mod where N is the subcategory of

all noetherian R-modules. -

(1i) K =N,

~

i

Proof . That N ¢ K is well known [15]. Suppose M € R-mod M £ N
Then there is a submodule N € M such that N is not finitely generated
and hence %& ¢ N for any finitely generated submodule I of N. Hence

by lemma 1.8, K € N, Hence K = N. s}
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We now give a proof of a theorem first proved in [15]. The ori-
ginal proof involved the notion of a localizing subcategory, but it can
also be deduced by more direct arguments, in a slightly generalised

form.

LEMMA 1.10 Let R be a riﬂg, S a Serre subcategory of F-mod containing

all finitely generatéd modules. Let K be the subcatégory of 'all R-

modules with Krull—dimeﬁsion. Then H(S)Y # MV 0 # M € R-mod = S > K.

Proof If ¥ § S then %é £ S for any finitely generated I C M since

I €S. Hence from lemma 1.8, K¢ S, ‘ |

THEOREM 1.11 (Gordon Robson [15D) If the ring R has K-dim a (as a

left R-module) then every left R-module with X-dim has K-dim < a.

Proof  Let K = {M € R-mod|M has K-dim}, K_= {M € R-mod|K-dim M = a}.
Then c:learl.yKCL contains'all“finitely generated R-modules. Hence from
lemmas 1.6 and 1.10 (with S = Ka) we get K C Ka' This proves the

theorem. . ' o

We shall now concentrate on rings R which satisfy the condition

that all R-modules with Krull-dimension are noetherian.

 THEOREM 1.12 The following are equivalent for a ring R:

(i)' Every.R—module with Krull-dimension is noetherian.
(ii) Every non-noetherian R-module M has a proper non—noethe%ian
submodule.
(1ii) Given M € R-mod, M non~goethérian there is an exact sequence

0-+N->M->P >0 of R-modules with ¥,P non-noetherian.
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Proof  That (i) « (ii) is the essénce of Theorem 1.9. (iii) = (ii)

is obvious. To show (ii) = (iii) we iet N = {all noetherian R—modules}
and notice that M € R—mod M ¢ N = there exists N ¢ M with N non—flnitely
generated. Hence F N for any finitely generated I ¢ N. Applying
proposition 1.7 to ¥ with N = S and noticing that in any module M with-
out finite unifotm dimension we have an exact sequence 0 - N -'M -+ P - 0

of‘R—moduleé with N,P ﬁon—noetherian, our proof is complete. ‘ a

PROPOSITION 1.13 Let S be a Serre category M ¢ S. Suppose I ¢ M,

I finitely generated = I € S. Suppose further that H(S)N # N Y N £ S, u

Then M does not have finite uniform dimension.

Proof  Since H(S)M # M we can pick a, € ¥, N, ¢ Mwith a;, § ¥, and .

!

IVl ¥ S. Suppose we have Nl""?Nr’ a S, with a f Ni’ a, €N,

s e i f
Vid#g, amnd N ‘N. f S. Let as ...,ar =TI, N N...nN Nr = N. Now
i=1 . .
N+I N N*I ‘
é.: AT : S since ¥ N I € S. Pick r+l/N é.and Ay € Vs.t.

v =
1 E Nr+1? and “rtl/. £ S. Since Nr+1 =N Nr+1 + I we see that

NN, ¢S Finallya and q €N,V 1s j S » The

r+1 ¥ NI""I r+1 .
rest of the probf is the same as in .the proof of 1.7 (iii). . D

COROLLARY 1.14 Let M = Lim T where,T, € K_. 1If M has Krull-dimen-
-

.sion then M € K&.

Proof Set S = Ka in proposition 1.13. o
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§2. Tall rings

DEFINITION 2.1 An R-module ¥ will be called 'tall' if there is an

exact éequence 0—+N-+M=P >0 of R-modules with VN,P non-noetherian.

A ring R will b called 'tall' if every non-noetherian R-module is

tall, that is R satisfies the equivalent conditions of theorem 1.12.

LEMMA 2.2 TLet R be a tall ring, ¢ : R -+ S a ring epimorphism. Then

S is a tall ring.

Proof Let M be a non-noetherian S-module. Make ¥ an R-module

through ¢ by setting yrm = ¢(r)m ¥ » € R, m € M. ' Then N is an.R-sub-

module of M » N is an S-submodule of M. Hence M is a non-noetherian

R-module, and since R is a tall ring, has a proper non-noetherian

‘R-submodule N. Then N is also a proper non-noetherian S-submodule

and hence by theorem 1.12 § is a tall ring. 7 ,‘p

The classical example of an artinian but nonenoetherian-quule

is pr.

whether a ring R is a tall fing can be determined by examining the

?pw is in fact the injéctive hull of Zp = %éZ’ We show that

essential extensions of simple R-modules.

PROPOSITION 2.3 .Let R be a ring which is not tall. Then there exists

a simple R-module S and an R-module B such that S ¢ B and
(1) S is essential in B.
(ii) B is not noetherian but has no proper non-noetherian sub-

modules.

Proof Since R is not a tall ring, there exists a non-noetherian

R-module M which has no proper non-noetherian submodules. .Let a € M.
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Let N be a maximal submodulerof‘M not containing a. Since N is a

proper submodule, N is noetherian and %& is non-noetherian.. Setting
M , : : ‘

B = ,& and S = Rn(a) where m: M - B is the canonical quotient map,

the proposition follows. ' o

We now show that a polynomial ring is never a tall ring. To
show this it is sufficient to prove that a polynomial ring in one

variable over any ring is not tall.

PROPOSITION 2.4 Let R be any ring and R[X] the polyﬁqmialrring in

the commuting indeterminate X. Then R[X] is not tall.

R
—4&. Let Si =3 forr

all integeré 22 1and T = @'Si. Let u € §, and define us €ET (12 1)
. 7 :

to be the element with u in the ith coordinate and zero elsewhere.

Set Xul = 0, Xui = Uy and leave action bi elements of R unchanged.

This extends to anroperation by R[X] on I which makes T an R-module.

A verification exactly analogous to the case of pr shows that T is

not noetherian but has no proper non-noetherian submodules. o

REMARK 2.5 This shows that subrings of tall rings‘are not tall,
since we can take the field extension k(X) of a field k by an indeter-—
minate X. k[X] is a subring of k(X) which is not tall, while any field

is‘obviousiy tall.
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§3. Monoid rings over tall rings

In rcontras.t to prmig)osition 2.4 we will show that, given any
finite monoid with identi‘ty G, and a ring R, then the monoid ring R[G]
is a tall ringr » R is a tall ring. In thle course o‘fﬂ the proof wé need

the following lemma which is eaéy to verify.

LEMMA 3.1 Let M be an R-module, 4,B,C,D submodules of M with 4 > B,

A ¢

A+
Beanc @ Dranc

¢ > D. Then there exists an epimorphism = /4 - =

We now fix the following notation:
R is a subring of S containing the identity of S.
G = {1-= GosGys-e ,gn} is a finite subset of the cent;_,raliser‘ of
R in 8, and as an R-module, S = (G). If M is any S-module and 4 an

R-submodule of M; then we define E-submodules Ai (0 =7 =n) of M by

]

A C A C...C/i and 4 is an S-sub-
(2 0_<_j57: 0 1 n? n . -

module S. Setting gi_l(A)

{m € M|g7:m € A}, it is clear that gi-lﬁ

ié an R-submodule of M.

PROPOSITION 3.2 Let R, S, Gbe as above, and M an S-module. If M is

non-noetherian when considered as an R-module in the natural way, then
there exists an S-submodule N of M with both N and %V non-noetherian

as R-modules.

Proof We will constfuct R-submodules A(o),A(l) . | () of M such

. M
that A('z) and {4(7:) are both non-noetherian as R-modules. (For each
: i ,
R-submodule C of ¥, C'zl = ) g.C). Since M is non-noetherian and R

0=t 0) _ ,(0) (0)
is a tall ring, there exists an R-submodule 4 = A 0 of M with A :

and M/ (0) non-noetherian. Suppose A(o),. oo sd () have been constructeci
A -
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A<I')

with the reduired propert&. If A(r)+ gPHAr » is noetherian, set

A(Hl) = A(r). Then A(I;:-i) ) A(i) and‘ is non-noetherian, and

(1) () y ‘ |
M e A is noetherian. Since. ‘/~(1') is non~noetherian it fol--

M r ‘ '
lows that /(Pi-l) is non—noetherian. Now suppose
‘ r+1 -

(r) (r) @ (» (@] (r)

A » +gr+1A A = ngA , A » ﬂ:gm_iA is non noetherign.l

‘Then the proof splits into ‘two cases.

Case (1) B = A(r) ﬂ gr+1A is not noetherian. Then there exists a

non—noetherian submodule € of B with /C' also non—noetherian. We set

(:H-l) 9r+1(0) T‘henA(r’ﬂ)‘ @)

homomorphic image of A(Hl). ‘

, and, as an R—module, C is a

So A(PH) is non-noetherian as an ‘

R-module.

Case (2 B = (? n 91»1-1‘4 is noetherian. In this case, since

gr+ A is not noetherian and R is a tall ring we can get a non—noetherian
2

submodule C of ngA( z) with C > B and gr'!-l /C’ non-noetherian. Again

A(I*l) = g"1 (¢). Then A(Hl)

1 is non—noetherlan. In both cases,

we set

'by lemma 2.10 there exists an epimorphism

(r) ‘ (r) , ,(r+1) (r+1) (r) (r+1) (») (r+1)
Ar,+gr+lA /A%, +_9r+1A > AN /4 +B@g A /ngA :

A(M-1> = (¢ < B and hence the second

factor in the direct sum reduces to gri-lA (P)/ which is non—noetherian
. A ‘

()

by assumption. In case (2), the second factor reduces to ngA /
c

In case (1), we have‘glml~1

which is non-noetherian by the choice of C. It follows that

(r+1) _ (r+1) (rt+1)
M/A S =M A kg A

N is an S-submodule satis‘fy.in'g the requirements of the 'pi'opbsition. -0

is hon—noetherian. ‘Setting N = A(Z)
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THEQREM 3.3 Let R, G, S be as in prdposition 3.2, Then if R is 4

tall ring then so is S.

Proof Let M be a non-noetherian S—module. By theorem 1.12 it is
sufficient to show that M has a propei non-noetherian submodule to
prove that S is a tall ring. Now clearly ¥ is non-noetherian as an

R-module and by proposition 3.2 has an S-submodule N such that N and '

‘%/ are non-noetherian as R-modules. In particular M # N. Agéin by
N - ‘

applying proposition 3.2 to N, we get an S-submodule Nl such thét N1~

and @& are non-noetherian as R-modules and hence N1 € N. Let k be
1 : : _ ‘
an integer = 1 and assume inductively that we have constructed S-mod-

ules Nl c IV2 < ... E:Nk Cc N, with each‘q% non-noetherian as an

d :
R-module. Then there exists an S-submodule I of @b with @%' I and
: . kK Tk
I both non-noetherian as R-moduleg. Let m: N - Nk be the canonical

=l i N
quotient map, and Nk+1 =1 (). Then Nk G Nk+1 & N, and (%k+1 is
not R-noetherian. Proceeding thus, we get an infinite ascending chain

of S-submodules N, &N, & ""Q'Nk ¢ ... of I. Thus ¥ is a non-noe-

therian proper submodule of M and hence our proof is complete.. -

Il

COROLLARY 3.4 Let G

{e = go,gl,;.;,gn} be a finite monoid with
identity e. Let R be a fing and § = R[G] the monoid ring. Then S

is a tall ring < R is a tall fing.

Proof Since‘R is:an epimorphic image of 5, S aﬂtall’ring = R is a
tall ring'by lemma 2.2. 1f R is a tall ring, the subring Re of S is
a tall ring, S is generatedﬁby G as‘gn,Re—module, and since e is the
identity qwa, each gi € ¢ is in the centraliser of Re. Hence b&

theorem 3.3 S is a tall ring. o
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We now give some examples of tall rings.

EXAMPLE 3.5 Every V-ring R is a tall ring; since fox; all R-modules M,
HM) < JR(M) =.0, so HM) # M if M # O and so-by theorems 1.9, 1.12

R is a tall ring.

EXAMPLE 3.6 Every left perfect ring R is a tall ring, since again, '

for all modules M, JE(M) =M oM = 0 so HM) =M = M = 0.

Before our final example of a tall ring which is neither a per-

fect ring nor a V-ring, we prove some simple lemmas.
LEMMA 3.7 Every perfect V-ring R is semi-simple artinian.

Proof If R is a perfect ring R/ is semi-simple artinian and if
— JR(R) i :

R is a V-ring JR(R) = 0 so the lemma follows.- a

LEMMA 3.8 Let R be a ring, G a group and R(G) the group ring. Then

R[G] perfect = R perfect.

Proof Perfect rings are characterised by the fact that all modules |
have projective covers. Let R be perfect ¢ : R -+ S an onto fing homo-
morphism. Let M be an S-module. Make M an R-module by setting
m=o(r)m¥ r € R, m € M. Let kerq; = I. Let P be an R-projective
cover for M. Then P/IP is a projective cover for M as an S-module.

This is well known and easy to check. . Hence every homoniorphic image

of a perfect ring is perfect. Hence R[G] perfect = R perfect. u)

LEMMA 3.9 [19] Let R be a V-ring, G a finite group. Then if R[G]

is a V-ring the order of G is invertible in F.
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Proof Suppose G = {e = go,gl,...,gn_l} and 7 is not invertible in R.

Let M be a maximal ideal of R containing Rn and let S = %&. We make S

an R[G]-moduie by setting gs = s for all s € 5, g € G. Then the ele- .
n-1 ‘ ' : , :
ment X g; = A annihilates S but we can define f: R[G]X - S by
=0 ‘ : 7
f(a\) = an(l) for all a € R[G], where m: R + S is the canonical quo-

tient map. In fact for any a = »_ + r'gl + ... F in R[G]-

0 1 rn-lgnél

. = + + ... + cee =
with r. € R we have a\ (ro r + rn_l)(e g9, + + gn-l) el(a)r

where € : R[G] + R is the augmentation map. Hence ak = 0 & e(a) = 0.
For the action on S we have a.s = e(a)s for any s € S. Hencg

ak = 0 = ¢e(a) =0 =¢e(@n(l) = 0. Thus f is Qell—défined. Moreover
f# 0. Since XS = 0, t@ere exists no'extension of f to a homomorphism
R[G] = &S. Hence S is not R[G]-injedtive. Clearly S is a simple R[G]-

module. Thus R[G] is not a V-ring. a

EXAMPLE 3.10 Let R be an infinite direct product of copies of Z2

(the integers modulo 2). Let G be the cyclic group of or&erzz. Then
R is a V-ring(and‘hénce a;gall ring (example 3.5). Since R is not
semi-simple artinian R is not perfect by lemma 3.7. Hénce R[G] is

not perfect‘bﬁ 3.8. Since 2 is not'invértibleqin R, ﬁ[G]ris not a’
V-ring by 3.9, but R[G] ié a tall ring by 3.3. So R[G] is a tall ?ing

which is neither a perfect ring nor a V-ring.

We conclude this chapter with a proposition which may be of

practical use in determining when certain rings are tall.

DEFINITION 3.11 Let R be a ring. We define a collection F(R) of two

sided ideals of R by F(R) = {II%& is a tall ring}.
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PROPOSITION 3.12 R is a tall ring o'for any non-noetherian R-modul'ie

M, there exists an I € F(R) with IM # M. 1In particular if F(R) con~-

tains a nilpotent ideal then R is a tall ring.

Proof If R is a tall ring then {0} € F(R) hence one implication

is trivial. If a non-noetherian R-module ¥ is giveén suppose I € FW®
and IM # M. If %IM is noetherian then IM is non-noetherian and M has
é proper non-noetherian suBmodule. If I%M is non-noetherian, then
AZM is also a non-noetherian Z}I—module. Let Nt M ~» I%.M be the R-quo-
tient map and IV C M/IM a proper non-noetherian R/I-submodule. The set
n"l(IV) has a natural RF-module structure and is a propér non—-noretherian
submodule of' M. Hence by 1.12, R is ga tall ring. The laé‘t sentence
follows from the fact that 1f I is a nilpotent ideal then IM # M for

any module M # 0. - o
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