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ABSTRACT  

This thesis deals with four broadly related topics, namely 

divisible modüls , V-rings , M-injectivity and Krull-dimeiis ion.. The 

first main theorem gives A condition for direct sums of modules 

divisible with respect to a given torsion theory to be divisible 

Next, connections between V-rings and strongly regular rings are 

established and an example of a regular ring which is not a V-ring 

is given Using an earlier theorem, noetherian V-rings or D51-ring 

in our terminology are characterized in terms of semi-simple moduThs 

as well as through minimal generating sets A definition of M-essen-

tial extension is given and M-injective hulls are characterized as 

minimal M-essential extensions. Certain, standard results about' 

injectivity are generalized to the M-injective case Finally, the 

notion of Krull-dimension is introduced and rings over which all 

modules with Krull-dimension are noetheriat are characterized 

Calling such rings 'tail ringsit is shown that' finite 1 àtid.riiigs 

over tall rings 'are tall though polynomial rings are nevèrta1L. 
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INTRODUCTION  

All rings in this thesis are assumed to possess an identity and 

• all modules to be left unitary. Any property not explicitly stated to 

be otherwise is assumed to be a 'left' property, for example, 'ideal' 

will mean left ideal. Notation is generally explained as it is intro-

duced but a list is also included at the end of the introduction. 

This thesis divides up into roughly four fairly self-contained 

sections. The first consists of Chapters I and II which deal with 

divisibility of direct sums, the next of Chapters III and IV which 

deal with V-rings, the third of Chapters V and VI which deal with 

M-injectivity and the last of Chapter VII which deals with Krull-

dimension and noetherian-ness. Though the motivation for the differ-

ent sections are linked, the sections themselves are by and large 

independent of each other. 

The main result of Chapter I, theorem 2.4, gives a criterion 

fbr the divisibility of direct sums of modules with respect to some 

torsion theory. Since divisibility with respect to the torsion theory 

consisting of all modules over a ring R is precisely the same as being 

injective in R-mod, we recover the theorem about injectivity of direct 

sums given in [25]. This is done in Chapter II mainly because the 

result is needed later on. 

Chapter III introduces the notion of a V-ring (named after 

0. Villamayor), and discusses the connection between this notion and 

regularity (in the sense of Von Neumann). I. Kaplansky first observed 

1 
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that for commutative rings, being a V-ring and being Von Neumann regu-

lar were equivalent. It is proved in Chapter III (theorem 2.8) that 

the equivalence holds for all rings whose maximal ideals are two-sided. 

Von Neumann regular rings whose maximal ideals are two-sided are called 

strongly regular rings and were introduced in [ 1]. For the sake of 

completeness we include some results from [ 1] and a basic theorem 

about V-rings from [19]. Chapter III also contains an example of a 

Von Neumann regular ring which is not a V-ring, namely the ring of 

endomorphisths of an infinite'dimensioaal vector space. The first 

such example was given by C. Faith but the proof was soiuewhat more 

complicated. 

In Chapter IV,. attention is focused on noetherian V-rings. 

These are characterized ds rings over which all semi-simple modules 

are injective, using results from Chapter II. The same characteri-

zation was obtained by Byrd [7] independently and using different 

methods. Next V we: show in theorem 28 that noetherian V-rings can 

be alternatively characterized as rings over which every module has 

a minimal generating set and every minimal generating set of any 

submodule can be extended to a minimal generating set of the whole 

module. If we restrict this to fields we recover the classical theorem 

on the existence of bases. The final part of Chapter IV is the incor-

poration of an example of Cozzens [8] of a noetherian V-ring which is 

not regular. This example is given in full detail. 

Chapters V and VI deal with the notion of M-injectivity intro-

duced by Azumaya (2) and Sandomiersky [23]. A definition is given for 
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the M-injective hull and this is characterized as the maximal M-essen--

tial extension. The existence of M-injective hulls was given by 

M. Ryar [22] but the characterization of this as an M-essential exten-

sion is, to our knowledge, new. The rest of Chapter V generalizes a 

result of Bumby [6]. Chapter VI is devoted to generalizing a result 

of B. Osofsky which' states that a, ring R iâ semi-simple ärtinian if 

and only if every cyclic R-module is injective. We prove (lemma 3.7) 

that for a module M, if the endomorphisni ring of M is regular and if 

every cyclic module is M-injective, then M is semi-simpleartinian. 

Our interest in this stems from the following question posed by Faith 

in [12]. Here, h6 defines a class of ringg called PGI-rings (proper 

cyclics injective) and asks whether all such rings are noetherian.. 

A PCI-ring R is non-noetherian if and only if there exists a cyclic 

R-module M such that every cyclic R-module is M-injective but M is 

not semi-simple. 

Hence, if we could show that the endomorphism ring of such an 

M was regular, then we could show that all PCI-rings are noetherian. 

Chapter VII is somewhat different from the other chapters in 

that it has little connection with the notion of injectivity. In 

this chapter we introduce the notion of Krull-dimension as outlined 

in [15] and study rings over which all modules with Krull-dimension 

are noetherian. This question arose out of the observation that V-

rings have this property. We characterize these rings (theorem 1.12) 

as rings over which every non-noetherian module has a non-noetherian 

submodule and call them 'tall' rings The method of proof also yields 
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somewhat simpler proofs of theorem 4.1 and corollary 4.4 of [15] which 

are corollary 1.14 and theorem 1.11 iii Chapter VII. In the second half 

of Chapter VII we prove thebrem 3.3 that if R is a subringof S and if 

S is generated as an R-module by a finite set of elements 1n the centrali-

ser of R in S, then R is a tall ring 'S is a tall ring. In particular, 

this means that every finite monoid ring over a tall ring is tall. 

Also, we give a proof that no polynomial ring is a tall ring. 

Notations and Convention  

(1) For any ring R,R-mod denotes the category of left R-modules. 

Let R be a ring, M an R-module, N C  M a submodule atid x E M. 

Then 

(2) 1(x) = {X E RI).x = O} 4s. the annihilator of x. 

(3) We say N is 'large' or 'essential' in  if for all nonzero x in 

M, Rx fl N ? 0. 

(4j By [x :N] we denote the ideal {X E RXx E N). 

(5) Given a subset CM we denote the submodule generated 

by x 
'"' by 

(6) The word 'regular' is used in the sense of Von Neumann. 

(7) JR(M) is the Jacobson radical of M. 

(8) Z denotes the integers modulo p. 



CHAPTER I DIVISIBILITY OF DIRECT SUMS  

§1. Torsion theories  

In this chapter we determine necessary and sufficient conditions 

for the direct sum . M of R-modules to be divisible with respect to 
aEJ a 

a given torsion theory (A,B) for the category R-mod of left R-modules. 

Throughout this thesis R will denote an associative ring with 1 #' 0 

and all the modules we consider are unitary left modules. Before 

proving the main result of this chapter we briefly recall some basic 

definitions concerning torsion theories and indicate proofs of some 

known results •that we need; We follow the terminology of S.E. Dickson 

[9]. 

DEFINITION 1.1 A torsion theory for R-mod consists of a pair (A,8) 

of classes of R-modules satisfying the following conditions: 

(i) A fl B = {O}, th set consisting only of the module 0 

(ii) A -+ A" -+ 0 exact, A ( A .4" EA 

(iii) 0 -+ B' -- B exact, B E B B' E B 

(iv) Given any M E R-mod, there exists an exact sequence 

O--A--'-M-•B-+O with AEA,BE8. 

The modules in A are called the torsion modules for the torsion 

theory (A,13) and the modules in B are termed torsion free. 

LEMMA 1.2 Let M E R-mod. Then 

(i) M E A }Iom(W,B) = 0 for all B E B. 

(ii) M E 13 iom(A.,M) = Ofor all A E A. 

5 
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Proof For any A E A, B E 8 and f E Hom(A,B) we have A - f(A) -+ 0 

and 0 f(A) -+ B exact. From 1.1 (ii) and (iii) we get f(A) E An B. 

Now, 11 (i) implies f(A) = 0. Hence f = 0. 

Given any M E R-mod, by 1.1 (iv) there exists an exact sequence 

0 -+ A -* M -+ + 0 with A EA, B ES. If Hom(M,B) = 0 for all B E B we 

see that A - M -+ 0 is exact. From 1.1 (ii) weget ME A. If 

HomA,M) 0 for all A E A we see that 0 - M - B is exact. Hence 

M E 13 by 1.1 (iii). 0 

PROPOSITION 1.3 Let (A,S) be any torsion theory for R-mod. Then A 

and B are closed under isomorphic images and extensions. A is closed 

under factor modules and arbitrary direct sums while 8 is closed under 

submodules and arbitrary direct products. 

Proof The closure of A and B under isomorphic images, of A under 

factor modules and of 13 under submodules is immediate from 1.1 (ii) 

and (iii). If 0 -* A' - A -+ A" -+ 0 is exact with A', A" in A, then for 

any B E B the exactness of 0 - HomA",B) -+ Hom(A,B) - HomA' ,B) togeth-

er with 1.2 (i) implies HomA,B) = 0. Hence by 1.2 (i) again we see 

that A E A. If {Aa} is any family with Aa E A for all a E J, then 
aEJ 

Hom( () A ,B)= 11 Horn(A ,B) = 0 for any B ES. Hence E A E A. 
aEJ a aEJ a aEJ a 

Similarly, if 0 -+ B' - B -+ B" 0 is any exact sequence with 

B' ,B" in B. then the exactness of 0 -* Hom(A,B') -+ Hom(A,B) -'- Hdm(A,I3") 

together with 1.2 (ii) yields Hom(A,B) = 0 for all A E A. Hence B E B. 

Finally if {Ba} is any family with B a E B, then 
aEJ  

Hom(A, ii B) = U Hom(A,B ) = 0 for a11A E A. Hence U B E B. 0 

aEJ aEJ a aEJ a 
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DEFINITION 1.4 An R-module M is said to be divisible with respect to 

a torsion theory (A,) if given any diagram 

0 - L - f + N 

91 

with 0 + £ -+ N exact, and coker f E A there exists an N - M such 

that hof = g. 

REMRK 1.5 It is clear that (A,73) given by A = R-mod andX = {O} is 

a torsion theory for R-mod. With respect to this torsion theory the 

notion of a divisible module is the same as that of an injective module.. 

In what follows immediately (A,8) denotes a fixed torsion theory 

for R-mod and all the statements refer to the torsion theory. (A,8). 

LEMMA. 1.6 (i) The direct product of any family of divisible modules 

is divisible; 

(ii) Any' direct summand of a divisible module is divisible. 

Proof Exactly analogous to the case of injective modules and hence 

onitted. 0 

THEOREM 1.7 The following conditions are equivalent: 

(1) A is closed under submodules 

(2) 8 is closed under injective hulls. 

Proof (1) (2). Let B E B and E the injective hull of B. Let A E A 

and f E Hom(A,E). 'If f(A) # 0, since B C*. E is essential we get 
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f(A) fl B 0 0. Let A' = r '(fA) fl B). Then (1) implies A' E A. From 

f(A') = f(A) 11 B 0 we see that f' = fIA' is 'a non-zero element of 

Horn(A' ,B) contradicting the fact that B, K B. Hence Hom(A,FJ) = 0 for 

all A K A. Thus E K B. 

(2) (1). Let A? C AwithA E A. Let B E B be arbitrary and 

f K Hm(A',B). The injeclive hull E of B is in B by (2). Since E is 
1 4,. 

injective, there exists g : A + E extending f. A K A, E K B g = 0. 

Hence f = 0. Thus Hom(A',B) = 0 for all B E B. Hence A' E A. C1 

DEFINITION 1.8 A torsion theory (A,8) is called hereditary if it', 

satisfies, any, of the equivalent conditions (1), (2) of Theorem 1.7. 

Given a torsion theory (A,!3) for R-mod we will be considering 

the family F = {III C, X K Al of left ideals of R. 

PROPOSITION 1.9 When (A,B) is a hereditary torsion theory F satisfies 

the following conditions: , 

(i) I(F,IcJcRJEF 

(ii) I,JinFIflJEF and 

(iii) I K F, x ER- [x :1] K F where [x :1] = {X E RIXX Ell. 

Proof If ICJCR then  0 is exact. Hence K A. This 

proves (i). 

If 1',J are in F, then from the exactness of 0 • R, 

and the hereditary nature of (A,73) we get E A. This proves (ii). 

Let r : R-'X denote the canonical quotient map. Then the left 

annihilator of q(x) = {X K RIXm K I}= [x :1]. Hence 

Rrv) C . Hence '[x :.r] (A. This proves (iii). 0 
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LEMMA 1.10 Let (A,S) be any torsion theory for R-mod. Then any 

module M has a largest torsion submodule T(M). 

Proof Let H-= {NIN C M, N E A}. Let C = Z N, the sum in U and 
NEt? 

D = e N the direct sum. Since there exists an exact sequence 

NEt? 
D -'- C -+ 0 and since D E A we get C E A. Then, clearly C = T(M) is the 

largest torsion submodule of U. ci 

§2. Divisibility of direct stumc 

This section contains the new results obtained in this chapter. 

Throughout this section (A,B) is a hereditary torsion theory for R-mod, 

F the associated "filter" of ideals, namely F =-{I C E A). For 

any M E R-mod, T(M) will denote the torsion submodule of M. We need 

the following well-known lenmia.'A -proof of this can be found in [13]. 

LEMMA 2.1  A module U. is divisible given any f : I -+ Al with I E F, 

there, exists an extension h: 1? -+ U of f, or equivalently there exists 

an element m E M satisfying f(X) = m for all X E I. 

Let {M} be a family of modules. We write x for the element 
aEJ 

( ) of II U • For any E E ri U we set I = {X E RIX E E, M 
aEJ aEJ }. a a - aEJ a -- aEJ a —  

DEFINITION 2.2 An element x E 11 U is called "special" if there 
-- a 

aEJ 
exists a finite subset F of J such that Xx = 0 for all a E cl-F and 

a 

X E I• 

Given any module U and any X E U we denote the annihilator 

{)ERjXx=0}ofxbyL(x). 
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DEFINITION 2.3 An e1emnt x E 14 is called a torsion element if and 

only if x  TM). 

It is well-known that- X ET(M) *Lx)EF (Lemma 2.1 of [5]). 

Let {M } bea given family ofmodules, N the factor module 
aEJ 

ii M / 14 and p : M -• N the canonical quotient map. 

aEJ /aEJ aEJ 

THEOREM 2.4 Ma is diviible each Ma is divisible and every ele 
aEJ 

ment x Ep 1(T(N)) is a special element. 

Proof Assume each Ma divisible and every E  p(T(N)) special. .Lèt 

f (13 TM be any map with .I E F. Since U M is divisible there 
a •aEJ aEJ 

exists an element u E IT 14 such that f(X) = Xu for all X E L In 

particular lu C Hence I C I. The map .p: - N defined by 
aEJ - R 

p(X) = ?p(u) = p(Xu) for all X E R satisfies p(I) 0. Let p: -+ N 

denote the map induced by p. Then () Since X E A we see 

that Ep(u) E A. Hence p() K T(N) or U K p'(T(N)). By. assumption 

every element in p 1(T(N)) is special. Hence 1 u  0 for almost all 

a E J. From I C I24 we get liSa = 0 for almost all a K J. Let 

V K to M be the element whose a-component is u or 0 according as 
- a a 

aEJ 
lu 0 or lu = 'O..  Then it is clear that Xi' = Xis for all X E I. The 
a a -  - 

map h R -+ E M defined by h(X) = Xv (X E R) extends f. From Lemma 
aEJ 

2.1 it follows that Ei M is divisible. This proves the implication =. 

aEJ a 

Conversely, assume M divisible.t 14 being a direct summand 
aEJ a 

of E! 14 it follows that each TM is divisible. Let x K p 1 (T(N)). 
aEJa 

Then clearly £ (p(&) I. Since p() K T(N) it follows that I K F. 

Consider the map f: -• M given by f(X) = ). The divisibility 
aEJ a 
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of ea M a now implies that there exists an extension Ii: R - (f) Al of 
a aEJ aEJ 

f. If , y = h(1) E. W, Ma then a = 0 for almost all a and Ix = 

- aEJ - 

for almost all a E J. Thus a is a special element. o 

THEOREM 2.5 Suppose {Ma} is a family of R-modules, such that for 
aEJ 

every countable subset K of J, ED M is divisible. Then E. I'd is 
aEK a aEJ a 

itself divisible. 

Proof Assume if possible that 4D M is not divisible. From theorem, 
aEJ a 

2.4, there exists an element x K p '(T(N)) which is not special. Then 

0 for infinitely many WE J. Let K"be an infinite countable 

subset of {a EJJIzf3a O}., Let N  = (ri M)/(ED •M) and 
- aEK faEK 

Ii M the canonical quotient map. Let y K 11 M be the ele-
aEK a - aEK a 

ment given by 9 a = x  for all a E K. Then clearly I C I From 

I, = I(p) E F we see that I, E F. But 1,, It follows 

that E T(ZVx). Clearly I Y D I X 0_0 for every a E K. Theorem 

2.4 now implies that @ Ma is not divisible, a contradiction. This 
aEK 

completes the proof of Theorem 2.5. ci 

THEOREM 2.6 Arbitrary direct sums of divisible modules divisible F 

sadsfies the ascending chain condition. 

Proof Suppose F does not satisfy the ascending chain condition.. 

Then there exists an infinite sequence I C 12 C 13 C ... of ideals in 

F with 1 I for every j 1. Let A = R : R + A the 

canonical projection and x. = q(l) E A. Let M be the divisible hull 

of A. ((18], Proposition 0.7, page 10). Consider the element 
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x = (x of fl M.. Let N(fl M. a)/(13 1. M.)and: I'I M. - N a 
the canonical quotient map. For any X K I. we have = 0 whenever 

k ? j. Hence I. C I for all j 1. In particular we get I E F. 

Hence p(,) E T(N). Let Xbe any element of I which is not in I.. 

Then 0. Since X. E T we see that I.Xa• 0 for each j 1. 

Hence x is not a special element in II M.. By theorem 2.4, M. is 
j?1 a 

not divisible. This proves theoem 2.6. 

2.7 REMARKS (l) When A­ R-mod, {0} theorem , 2.4 gives neces-

sary and sufficient conditions for a direct sum ) U to be injective., 
aEJ 

It then asserts that K M is injective if and only if each U is in-
aEJ a a  

jective and every element x E 11 M is special. 
aEJa 

(2) Also when A R-mod, 8 = {0}; theorem 2..5 asserts that if 

{M a}• is a family of R-modules with the property that ED M is in-
.aEJ , . ,. , aEJ ,a 

jective for every countable subset 'K of J, then El? Ma is itself 
ctEJ 

injective. 



CHAPTER II SOME RESULTS ON DIRECT PRODUCTS  

In this chapter we briefly list some results obtained by 

B. Sarath and K. Varadarajan [25] and later on" imp' roved by F. F. Mbuntum 

and K. Varadarajan. They are included here mainly for the sake of corn-. 

pleteness. We use these results in our later chapters. 

Throughout this chapter J denotes an infinite set and {M } a 
aEJ 

family of R-modules indexed by J. We choose a well-ordering on J and 

fix it throughout the following discussions. Unless otherwise stated 

by an ideal in R we mean a left ideal in R. 

LEMMA 1.1 Suppose there exists an elenient,x E 11 Ma and elements 
aEJ 

a E R for all a E J such that 

(i) aaxa 0 for each a K J and 

(ii) aaxp 0 whenever a <P. 

Then W. M is not a direct summand of U 
a aEJ a 

This is proposition 1 in [25]. 0 

For anyx K Ii M let P (x) = {X K RXx = 0 for 3 21 a}. Then 
aEJa. a 

clearly for any < 3 in J we have Pa(x) C P(cc). For any ideal I in 

R let P(c,I) I and 

the number of distinct ideals in the collection 

IP a} aEJ, i2this numberis finite; 

oo otherwise. 

For any y E J the truncated element xy E U Ma is defined by 
aEJ 

T fx for all a<y 
= a 

a 
0 for all ay 

13 
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LEMMA 1.2 Let I be any ideal in R. Suppose x,u are any two elements 

of 11 Ma satisfying Ax = Au for' all A E I. Then 
aEJ 

(i) Xx=Xu  for every yEJandXEI 

(ii) P(x,I) = P(u,I) and P.(x,I) = P(u,I) fo'r any a,y in J. 

In'particulàr 

l(u,I) and l(x,I) = l(",I) for' all y K J. 

Proof Trivial. 

LEMMA 1.3 Suppose ü K '(B M then for any ideal I of R we have 
aEel a 

Z(u,I) < and l(u,I) < for all y E J. 

Proof Trivial. ci 

Suppoáe x and u are elements of. U Ma satisfying Ax = Au for 
aEJ - 

all A K I and suppose u E (D Ma• Then clearly I C I. Combining 
aEJ  

lemmas 1.2 and 1.3 we get ; 7.(x,I) < oo and l(cc',I) < for every y K J. 

The main result of chapter II asserts that the converse is also true. 

In fact a result which is slightly stronger-than the converse is true.. 

§2.. Assent sequence  

Let x E U Ma and I C 1• Suppose l(x,I) < . Let 
aEJ - - 

T0 C T  C, •.. C T be the distinct ideals in the collection 

and 6 the least ordinal in J with the-property 
aEJ , 

P5 (v,I) T (0 $ i $ r). Clearly 60 = 0. The (r+1)' tuple of or-

dinals {O,6,... 'r will be referred to as-the ascent sequence of 

w.r.t. I for the chosen well-ordering on J. 
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LEMMA 2.1 Suppose  Cl; l(,I) < and the ascént 

.sequence of x w • r. t • I. Then each 6. is a non-limiting ordinal. 

Proof Suppose on the contrary a certain 5 is limiting ordinal. 

Since P. (,I) P5 (S9 I) there èxists'.a X E P5 (x,I) with' 

A P5 (x,I). :Then there exists an a1 E eT with 5.5 ç 5. and 

Ax 0. We know that (,I) P x,I) for all 5. 5 a  
a1  

Assume k to be an 'integer I and that we have chosen elements 

in J with S d, < a < < a< < 5 satisfying ,Xx,#•0 

for 15 js'k.: Since5 is a limiting ordinal there'exists a' E J' 

wi.thak < &< s. From XE P(I) and A 

get an element ak in J 'such that a' S ak•l < 5 and ak+l 

Iteration of this argument yields an infinite sequence a <. < a3 < 

of elements of Cl with Ax # 0 for all n 1. This ontradicts 
n,-

% E .1 C 

Recall that a well-ordering on Cl was called "admissible" in [25] 

if under the well-ordering J: corresponds, to the set of ordinals < 2 -

w I ith  a limiting ordinal. (Equivalently Jhäs no maximal element). 

LEMMA 2.2 Suppose the, well-ordering on Cl, is admissible. Let I C 

l(x,I) <co and the ascent sequenceof xw.r.t. I. Then 

'8 
I P5 (x,I) and hence Xx= Ax r 

• Proof Let A (I. Since IC I. wehave Ax = 0 except for a finite 
a 

number -of, elements, a1 .., < a3 in Cl., (The elements a1 ,. .o,a in 

general depend on A). Since Cl has no maximal element there exists an 
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a E J with c < a. Then X E P(x,I). But P(x,I) is one of the ideals 

T. and hence X E P(x,I) C = P5 (,I). Since X E I is arbitrary 

we get I =P5  
r 

PROPOSITION 2.3 Let the well-ordering on J be admissible. Let 

x E 11 M and I C I. Suppose l(c,I) < and l(x,I) < for every 
aEJ a  - 

limiting ordinal,y E J. Then there exists an element u E M satis-
a(J a 

Lying Xx = XU for all X E I. 

Proof The proof of this is an exact repliôa of the proof of Theorem 

2 of [25]. We have only to replace Proposition 6 of [25] by Lemma 2.2.' 

THEOREM 2.4 Let ,J be well-ordered in an arbitrary way (i.e. the well-

ordering on J need not be "admissible"). Let x E 11 Ma I C I . 
aEJ 

Then there exists an element u E E1? Ma satisfying XX = XU for all X E I 
aEJ 

if and "only if l(,I) < 00 and 1(3Y,I) < ° for all limiting 'ordinals y 

in J. 

Proof In view of lemma, l.3"ard proposition 2.3, to complete the proof 

of theorem 2. 4 we have only to prove the existence of u in the case 

when J has/a maximal element. Let c E J be the maximal element'. Let 

= the set of. ordinals < c + x0 where x0 is the first countable or-

dinal. Let N a.= Ma f or all a S c and Na = 0 for any a E J' éatisfying 

a>c. Let E H N be given byy =x for all aEJ and y =0 
aEJ' a a a a 

for a E J'\J. Then it is trivial to see that Ii,, = I,• Moreover every 

limiting ordinal in J' is already in J. It is trivial to see that 

l(y,I) s 1 + l,I) and that l(yY,I) = l(x",I) for every limiting 

ordinal y in J. Actually 
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if Pc;-"' = . 

l,I) = 1; +l(,I) otherwise. . 
SinceJ' is, an admissible well-ordered set, proposition 2.3 is pli-

cable to y' E -II N • We thus get an element w E E) N such that 
- aEJ' S .-: aEJ'5 a 

)ia for all X E'i. If E ® Ma'iS given by Ua = fór'al1 a EaEj J 
- H  

then clearly ?x = A u for all ?s'E I. 0 - 

COROLLARY 2.5 Let J,be well-ordered. An element xE fl M is 
-  aEJ.. a 

special in the sense of definition. 2.2 of chapter I 00 

and l(x',I) < o for every liñitIng' ordinal y K J 

For any x E Ii M' -vie denpte'l,R) by l(&. In other words 
Ej 

fnumber of distinct a(& 
= jif this number is finite;- 

oo otheiwise. , 

PROPOSITION i. 2.6 Suppose • M. is a direct summand of II .M Then 
a ' - a, 

aEJ' aEJ 

1(x) < for all j E II M.  

aEJ . '. '• ' 

This is Theorem 1 'in [251. 

THEOREM '2.7 M. is injective each 'M is injeçtive-'and 1(g) < 
- aEJ ,a 

for forany x( flMa• - 

Proof This differs from Theorem 3 of [25] in only one- respect. The 

well-ordering chosen on J could. b,e arbitrary' It.néed not be "admis-

sible". For any ideal I dfR it 'is easy to see that lx,I) 1(x). 

Theorem 2.71s an immediate consequence of remark 2.7,' (1) of chapter I 

and corollary 2.5 in the present chapter. o " 'S 

00. 



CHAPTER III STRONGLY REGULAR RINGS  

§1. V-Rings  

In this chapter, we recall the dfinition of V-rings (after 

O.E. Villamayor). These rings, in a sense, generalize artinian semi-

simple rings, 'since V-rings can be characterized by the fact that all 

modules over themare Jacobson semisimple. Kaplansky first observed 

that, for commutative rings, the class of V-rings coincides with the. 

class of regular rings. In the-non-commutative case, however, it is 

known that neither class includes the other [81,[111.' An example of 

a regular ring which .s hot a V-ring was first given by C. Faith [l]. 

He actually states that the subring generated by the sbcle and the 

centre of the ring of endomorphisms of an infinite dimensional vector, 

space over any field K is regular but not a (left) V-ring. We prove 

by more direct means "that the complete ring of endomorphisms of an in-

finite dimensional vector space is itself not a V-ring. The example 

due to J.H. Cozzens [8] of a V-ring which is not regular is postponed 

to the next chapter on noetherian V-rings. 

DEFINITION 1.1 A ring R is called a (left) V-ring if every simple 

(left) R-module is injective. 

DEFINITION 1.2 A ring R is called a regular ring if for every a ER' 

there exists an a' .E R such that aa'a = a. 

Regular rings were originally introduced by Von Neumann [30]. 

Clearly regularity is a left-right symmetric property, whereas that of 

18 
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a V-ring is not. In fact, the example' of a. non- regular 1/-ring given 

by C. Faith whIch.Is mentioned In the Introduction is also an example 

of a left V-ring'whici is'noaright V-ring..  

We now indicate the.' proof of .a basic proposition about V-riiigs'. 

which is essentially due toOE.'Villarnayor [19]. 

PROPOSITION 1.3. The following conditions on a ring R are equivalent:-, 

(i) R is •a V- ring. 

(ii) Given anR-modüleM, 9--submodule N C 'M and x M, 

there exists a maximal submodule T'of M suth that T.DL\T 

and T. 

(iii) Given 'a module M Jr 0 and an element a 

a maximal submodule 2' of M with x 

in M, there exis'ts 

Lv) The .Jacobson radical JRM = 0 for all M E R-mod 

(v)" JR(k) -= 0'for all cyclic modules M E R-mod. 

(vi) Given a left ideal I C R and  E R, X Z, there exiá s a 

maximal left ideal Jof R satisfying x,  

JR(E(M)) = Ô for all simple mo,dules,M, where E(M).ls the 

injective hull of M. 

Proof . (i) (ii).' Let , .1?, M,Nbe as. in the hypotlIes'is of. (ii). 

Let T denote the' collection of subioüles S of .M such .'thatNCS,'M 

and 'x M. , Then T Is non-empty and inductive 'and hence by Zorn' s lemma 

contains a maximal element '2'. ' We show that 2' is actually a maximal 

• submodule of N.. Let q :M -, be the canonical quotient map. ' Then 

'Rq(x) is a simple submodule of 7, from the choice of T. 'Hence 
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= 1rj(&r) W 2', since P is -a V- ring. If 0 t E T',, then pick 

0 # t E 1 (t).. Clearly a, contradiction of the maxiinality 

of T in T. Hence 1 , 0 and so %, , i(c) which is simple Hence ¶ 

is maximal., 

Set NQ in(ii). 

(iii) (iv). .Obvious since JR(M) is the intersection of all 

maximal submodules of M. 

• '(iv), (v). Trivial'. 

(v) (vi) Under the hypothesis of (v) setting 'q R -'- '. to 

be the :cóflica1 homomorphism, r)) 0. Since JR(/1 ). = O,. there 

exists a maximal submodule J o f X with i() Then J = i() is 

a maximal ideal in R, with I C J, xt J. 

(vi) (vii). We. will prove that (vi) E(M) M for every 

simple module M In particular this gives JR(E(M)) = JR(M) = 0. 

SupposeE(M) Mi Let a E E(M) with'a M. Then a. 0 a±d,henë.é 

Ra O. Since M is essential in E(M), we see thai Ra 11 M O. since 

M is,simple, we see that Ra. fl'M = M or that Ra D M. •Lt f :'R - Rd 

denote the map f(X) =Xa. Choose anm# 0 in M. Let  ER be such.. 

that fx) = m. Thn x 1(a). By (vi) there exists .a 'maximal left 

ideal 'J in  with x 7 axidJ la). Then m= f(x) f(J). .Sinde M 

is simple it follows that f(J) fl M =' 0. But M is essential in Ra. 

Hence f(J) 0. This yieds. J = 'j(a) and hence ,l(a) :is itself a maxi-

mal ideal in R. Thus Ral is simple. In particular Ra = M, contradic-

ting the choice of a. Thus E(M) = M. 

(vii) (i). Let M.be any simple module. Let T be a maximal 

sübmodulé of 'E(M). Sihce M is simple either T fl M = 0= or T fl M = M.= 
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If T fl M = 0, then T' =0 since M is essential inEM). In this case 

EM) is simple and hen c,E(M) M. If T flM = Mfor every maximal sub-

'module T ofEM), we will. have JR(EM))' M .0, contradicting, (vii). 

Thus JR(E(M)) 0' M 'E(M).. Thus eiery siiiplemodule is injective., 

Let W be an infinite dimensional vector space over a field K ;and 

A = Hon(W,W). It is ci.stàmry 'to.regard W as an A-module by. defining 

.x=,e(x).for'any e'E.A and x E W.-, It is well-known [17)', (211 'that. 

A is, a regular ring and thatW is a simple A-module. We will .prove; 

that W is not injéct±ve'over'A. Actually we will restrit to the case 

where W has a countable infinite base {v} ôver,K. The proof we' 

give can easily b'modified totalie careof the uncountable case as well, 

PROPOSITION 1.4 . With the ,.riot atiors,a above, W is not injectl,ve over A. 

Proof On the contrary âsume W injective over A. For each integer 

n ? l.let W W and g: W - W the identity map of W. The maps 

give rise to a unique map g: - W where ' denotes the direct. 
nl 

sum of the .A-modules Wa .. If W is injective some extension 

h: IiW '-+ W of g. Let q A, -' U W, be defined 'by q(0) = (e(v))... 
nl - " n1  

Clearly q is a hothomophism of A-modules. Let w= f(l) where ': A W 

is the map f = h o q. Then for any '8 E•A we have , 

e.f(t) = e'•w = w). For 'any inteer-n 1 let 

vector subspace of W spanned by Vk for k ? n + 1 

and 1 8 E A I e(vk) = 0 for k n + l}. Then for any 0 E the ele-

ment'q(e) is in the submodi.jle W1 0. .. E0 W of U W. , Since 
nl 

hi Et W = g we get  

nl ,. ' ' 
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ho q(e) g(q(0)) g(O(v1),. .. .. 

= e(v1 + ... + V for every e E I. 

Herd V1 + ... + V denotes the sum in W. Let .W-• W be the K-linear 

map determined by p() = 'V2 ' for 1 n and 

Then clearly p 'E Hence' 

• + V7 . But 

= 0 .fork ? n, ± 1. 

It follows that w_v il ) = 0. Since KerP =F+i 

W. 
n.  

we get 

•••: (*). 

Now', () should be valid for every n 1. Sinèe {v} is abase.for 
n?1 

W and F is generated by Vk for 1 n. + 1 it is clear that 3 no ele-

ment w K W satis'fying (*) for all n 1. This contradiction proves 

that W. is not an injective A-module. 0 ' 

§2. Strongly regular rings' '  

Even in the case of non-commutative rings, it. is possible to .find 

relationships bètwèen V-rings and regular rings. We prove here that 

for a ring whose maximal 'ideals are two-sided being a V-ring is equiva-, 

lent to being a special kind of a'regular ring. (14] and [191 are good: 

sources for other results about the connections between V-rings and 

regular rings in the non-commutative case. 

DEFINITION 2.1 , A ring  is called a strongly regular ring if given 

a E R, there exists an'x E Rsuch that .ca2 = a. 

This definition is taken from (1]. :In fact there, the defini-

tion was slightly different namely that given a E R, there exists an 
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x E R such thata2x =. a but the two are known to be equivalent 

For the sake of completeness-we reproduce tome ofthè resultsin 

LEMMA 2.2. Let'Rbe a strongly regulár ring. Then JR(R) =0. 

Proof Suppose aEJR(R) and xa2.= a., Siice (l- xa) is'inverdble,. 

there. exists, L'ER sucb thàt(l - l. Then .(l -,xa)a = a. But  

a)a = 0. Hence 0' a. Hence JR(R) = 0. 

LEMMA 2.3 Let R be a primitive strongly regular 'ring. ThenR is'a 

division ring. 

Proof Since R. is primitive, R is a'dense sub-ring of -- the ring of 

linear trans foriations of a. vector space V over 'a division ring &' 

Süpose {e 1,  e2} are linearly independent elements of ,V bver"D. We can, 

,assume  that 3an'a (R"CHoni5 (V,.V) suci that a 1 -0, 2 from 

.the density, of R in HomD(V,V).' Since ä.(e) 0 'it.i' 'impssib1e that'' 

xa2,(2) = for any (R. . . Hence any' two elements in. V are linearly 

dependent over D and hence'R HomD(VV) D0 is a division. ring. 

LEMMA 2.4 Let R be a ring and M a maximal left ideal of R. Supjose 

that given a E R, 3b E R such, that ha is a cei'itra]. element (i.e. 

bax = xba V th E R). and ha2 =a.' Then'M is a two-sided ideal.: 

Proof Supposey ER, y.'Mis giveni We shOw first that [y:M] ='M.' 

Slippose ay EM.. Then let bE R be such that ha is centràl'and ba2 '= a.' 

Then yba = bay E M. Since ha is central, .[ba :MJ DM'and since y 

and _M is maximal, ['bcj:.M] = R. Hence &r E M and so 

a = ha2 = ba• a = aba E M Hence [y: M] C  M and since M] is maximal 
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[y: Mi =M. Let z E M .and .a.ER. If za M. then a M. By what we 

have shown [a : M] = N and hence za. E N, a contradiction. It follows 

that for any z E M and a .4 R, za E N. fldnce N is a two-sided ideal. 

THEOREM 2.5. Arens & KaIansky [iJ). LetJ?be.a stronglyHregular, 

ring. Then 

() Given a E R there exists an c E R such that a 

and ac = xa is a central ideotent.. 

(ii) R is 'á regular ring. 

i), Evry maximal iddal is two-sided. 

Proof Let M be a pr1mitie (two-sided) ideal of R. Then is a, 

primitive trongly regular rink and hence a division ring b. 2.3. So 

M Is maximal. Let'{M} be the get of all primitie•ideals'of.R.' 

R . 

Since JRR) = .O by .2.2, ft. 0. Let A TI and let 

1? :aEJ . aJ a 
Pa  -• /M..be the can9nic,al projection. maps. Since fl M 0, there 

aEJ 
exists a (1-1) ring homoniophism i.: R A. Given aER, •there is an. 

r E R such that a'= xa2.1 Now suppose pa(a) 0, for some a. Since 

- a) = .p(p.(xá - 1)) pa (t.(a))T= 0, i follows that 

Pa p' -, l)...= O.Hencè p 'it (xa - - l))• Pa 0 If 

a.a = 0, thenp(xa) =0, hence P.  1) .1a #0; a dohtraall I 

diction. So p)# 0. Also pa.L(a_ ' - 1). It' 

follows that p(a .1) = 0. Hence 

pt(x) •1a = . pi() {héie. 1a = the unit element. of 

}. On the other hand if p.(a) = 0, theh p(a.) = paii(xa) = 0. 

•Sop() = p(a) .V a E J and further p() either 1 or 0. Hence 

pap..((ta)2) =p(aa) V  EJ. Further,'V7ER . . . 
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= pja)pp.(b) = pa )pa a) 

V a E' J. From this we hàvá a = ax. is central and henèe that - 

xa2 = a2u = a 'and axa = d=a. This proves (i) -- and- (ii). (iii) 

'follows from (i) and 2.4. . o 

LEMMA 2.6 Let *M be amaximal left ideal of R, v=% ri, M is " two-

sided, for any .0 0 V ,E I', .e 'have 1(v) = M. 

Proof 1(v) = [v M] is maxiinar since Rv V 'is simple; If M is 

two-sided and v 'O,R'/(v:M] D M'and hence l(v)= M.. 0 

PROPOSITION 2.7 Let .1? be a regular' ring, M C R amaxilnal left ide'al; 

Suppose M is 'two-sided. Then V= is injct1ve as an R-module. 

Proof Let. I C R be any lift ideal and f: I '+ = V'any homomor-

phism. Let in E i n* M. Since R is regular, , there exists an ER such 

tha man = in. Since xiii E'Ifl M, 'ieha'e f(m) = f(niin) = rnf(xun).' But 

by 2.6, mV =.O V in EM. " Hence f(rn) =nf(xin) 0. Hence if i fl M = I,' 

we have f = ,O. If I ft M#, rr then I fl m, is maximal in. I. Suppose 

a E I, a i fl M wfth aya a; for y ER. Define g : 1? V by 

g(r) = rf(ya) fpr .any .r ER. Given any i E I. ..i Xa + in for some 

X ER and in E Ifl M.(s'ircè Ifl M is maximal in I). So , 

= Xf(a) + f(m) =.Xf(a).. Also g(i) = g(Xa'± m) = (Xa+,rn) f(ya) 

= Xaf(ya) = Xf(zja)'= Xf(â). Thus •g11 f. 0  

THEOREM 2.8 Let R be 'a ring such that all maximal left ideals U of 1? 

are two-sided. Then the following are equivalent. . . 

(1) R is regular. 



26 

(ii) R is, a V-ring. 

(iii) 'R is strongly regular. 

Proof (i) (ii). From proposition 2.7, every sile 'isi 

injective hence R is a V-ring.  

It follows immediately from 1.3 (ii) 'that given' 

any N C M, Nfl {N' IN' N and IV' maximal submodule of M}. Nbw sup-

pose a.E R is given. 'If is a'maxinal ideal of R and a2 'E M, then' 

aE[a:M]'=M from 26. SoM'DRa2 =MD,Ra. Since 

Ra2 fl {MIM Ra2 and M maximal in R} it follows that Ra2 Rd and 

hence 3 x ER such thaa =.a. , 

(i). Immediate from (ii) of'theoiem 2.5. '', d 

REMARK 2.9 This theoret implies the result of Kaplansky in the op-

mutative case.  

REMARK 2.10 Since every left ideal in a V-ring i the, intersection , 

of maximal left ideals containing it;' 'we obtain that every left ideal. 

in a strongly regular ring is two-sided. This can also 'be deduced 

directly from theorem 2.5. 

REMARK 2.11 Strong regularity is aleft-right,synimetricconceptso 

'a strongly regular ring is 'also a right' V-ring. 

REMARK 2.12 In their paper [19] G.O. 'Michier 'and O.E. Villamayor' 

show that the property, of being a left (or right) 'V-ring is a Morita 

invariant property. It is easy to 'see that strong regularity Is .not 

a Morita invariant property. In fact if K is a field and /1. = M(K). 

the ring of nxn matrices over K, then Kànd A. are Môrita equivalent 
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K is strongly regular but for n 2 A is not strongly regular since 

there are elements satisfying a j 0, a2 ,= 0 for instance the matrix 

(a..) where a12 1, 0 V. other i,j 1 5 i, j;5,fl. 

We conclude this chapter with two propositions which we require 

in the next chapter. 

PROPOSITION 2e13: Let be afthmilT of strongly regular rings. 
EI 

Then fl R = R, is strongly regular. 
aEJ  

Proof 0bvlos since multiplication in R is point-wise. 

PROPOSITION 2.14 Let R be a self-injective ring with e.TR(R) = 0 

(R isself-iñjective if Risinjectivéàs aleft R-module). Then H 

is a regular ring. 

Proof This• is an inimediáte''conèquence of Proposition 1, Chapter 4 

§4 'of [17]. In (17] everything is stated for right modules. We appeal 

to the analogous result. fr left modules. o  

COROLLARY 2.15 Every. seif-injective V-ring is regular. 

Proof Immediate froml.3 (iv) and 2.14. o 

The ring Hom(W,W) where W is an infinite dimensional vector 

space is right , self-injectiVe,andhas a siniple'lsft module which is 

not injective. If it coul&be shown to be either left self-iñjective 

or having a simple non-injective right module we could prove that' the 

converse to 2.15 is, not necessarily true. (To our knowledge this 

question has not been settled). 



CHAPTER. IV DSI-RINGS  

§1. EGI-Rings  

DEFINITION 1.1 A' ring This called, a DSI-rring if arbitrary "direct 

sums of simple R-modules are injective (Clearly . every DSI-ring is a 

V-king).  

'We shall first show that eyery 'SI-ring is noetheriai. This 

theorem was als,o derived ,b Byrd [7] using different technique. 

THEOREM 1.2' The' following. are eqUivLent fOr a ring' R: 

(1) R is a.DSI-ring.'' 

(ii) R is a noe the rian V-rin. 

Proof The im1icatiôtiRno'etherian V-ring.RaDSI-ringis'an 

immediate consecilence of the well-known' result, that directsums' of in-

jective. modules are ±njeciive 'o'er a noetherian ring."( 4 ]. 

To prove,, the implication R. a D ring =R noetherin Vrihgwe 

have only to show that aDSI-ring is noetherian.. Suppose on the -con-

trary that R is, not 'noetherian. Then there exists an' infinite ascend-' 

ing sequence 'of' ideals :••• with ,I foevèry n. 

Let'a 'E 1 be such that Any DSI-ring is'a,priói a'V-ring. 

By-III 1.3 (vi) we can f Ithd amaimal' left . ideal J ,of Rwith.JD11 1  I 

and Let = Then M is a simple R-module Let 

= 'r(1) where': R-* / = M is 'the canonical quotient 

Snce'a J we have 'O. For k n + 1 we have a E'I•1 LIk,Jk 

28 



29 

Hence aflxk 0 for k ?n +1. Applying"11,1.1 we, see that Ei. M is 
nl 

not a direct summand of fl M. Sinc .1? is a DSI-ring by.assumption, 
n>_1 

M has to be, injective 'because each Mis simple. When 
nl , '. fli 
injetivè it is automatical1y :a.direct summand of Ii M. This con-

n1 
tradiction shows that R ha to be noethérian. 

COROLLARY 1.3 The foll6wirig are equivalnt 'for a ring R: 

(i) R: is a s elf d4ijective DSI-ring 

(Ii) Ris semisimpl 

Proof Let R be a self:-.njective DSI-ring..' Thén'Ris a se1finjec-

tive V-ring in particular. Hence by I, 2.15 it is regular. .. Also' 

fràm theorem i.z, R. is noètherian. It is te11known that. a àOetheian 

regular riris 'èeinisimpleArin [17],[21]. 

Conversely, if R i6- sdmislmp!6 4rtinian,.then Overy module over 

is injective.. In prt'ci1.ar R is self-injective and direct sums of 

simple modules over R are injective. o 

The condition that all direct s.ims of simple, modules be injective 

is threfore quite arestrictve one. Howeyer, if we take a single in-

jective simple module S, then arbitrary direct sums of copies of S are 

injective inder a weker hypàthesis. 

THEOREM 1.4 Let B be a ring. inwhich every maximal left ideal is two-

sided. Suppose'Mis a simple injectivë module over R. LetJ be any 

indexing set and M M for each a E J. Then M is an injective 
a a 

aEJ 
R-module. , 
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Proof If Jis finite there is nothing to prove. Let J be infinite. 

Let I, denote the annihilator of M, namely L = {X E RXu 0  u M}. 

For Any' v. EM let:lv) ={X E RIXv O}. From 1IL, 2. 6, t.egeti(u)=j(z,) 

for any two non-zero-elements u,V of M. Also the annihilator (0) of 

the zero element of M is the whole of ,R., It follows immediately from 

these, that L(u)=L for .thy u,* 0 in M. Once and for all choose an 

admissible well-ordering on J Let 'x = (x) be any element of 
ãEJ 

Fl M. We 'will show that'l(c) 5 2. For this we consider two cases., 
açci 

Case'(l). Given any a E eT 3 a 3 E J satisfying a 5 3 and Xp ' 0 in 

In this case it is clear, that 

Pa L for every a EJ. 

Case (2). 3 an a E J such , that = 0 for. a. Then let a0 be the 

least ordinal such that = 0 for I ? a0 Then it is clear , that 

'P=L for a<a 

R.for a 

In any case. 1(x) '5 2 'and hence b II, 

M is injective. 
H a 
a EJ 

, it follows that 

Let {K.} be an Infinite family of skei fields. From III, 
iEI ' 

2. 13, it follows that 'R fl K. is strongly.regular. (Any skew-fiéld 
iEI 

K is strongly-regular since given a E.'-K, a 'a2 = a). Since Ris not 

noetherlan, R is n'ot DSI, but direct sums of copies of a single'injec-

tive module are injective. In fact, each K has a simple module struc-

ture over  and it is shown'.in (26] that (0 K. ±snbt an injective R-. 

iEI 
module. We now study the implications of the DST condition on strongly 

regular rings and commutative rings. 
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THEOREM 1.5 A strongly regular ring R is a DSI-ring = R is a direct 

product of finitely many skew fields. 

Proof Assume R to be a strongly regular DSI-ring. Then from theorem 

1.2 we see that Ris 

a priori regular and 

it follows that R is 

noetherian. Since .any strongly regular ring is 

any noetherian regular ring-is send-simple Artin, 

semi-simple Artin. Hence R is a direct sum of 

finitely many minimal left ideals of R. Since R is strongly regular 

all left ideals in R are two-sided. We will prove that each minimal 

ideal of R is a skew field. Let K be a minimal ideal of R and J any 

complementaiy ideal, so that R = J ( K. Then J is a maximal ideal of 

R and K. Since every left ideal of R is two-sided, J is also a 

maximal left ideal of R. Hence in R,, there are no left ideals except 

and 0. Hence K is a skew field. It now follows that R is a 

direct sum of a finite number of skew fields. 

Conversely, assume that R is a direct product of finitely many 

skew fields. Each skew field is trivially seen to be strongly regular. 

By III 2.13, R itself is strongly regular. 

skew fields is Artinian sand-simple. Hence 

injective, in particular so are direct sums 

This completes the proof of theorem 1.5. 

A finite direct product of 

all the modules over 1? are 

of simple modules over R. 

0 

COROLLARY 1.6 A commutative ring R is a DSI-ringif and only if it 

is a direct sum of finitely many fields. 

Proof Any DSI-ring is a priori a V-ring. Since any commutatiVe 

V-ring is regular it follows that R is regular. But in the commutative 

case regularity and strong regularity are equivalent. Hence R is 

strongly regular. Theorem 1.5 now gives the desired result. 11 



32 

The results in the .next two sections illustrate the telationhip 

between' artinian semi-éimple rings and DSI-rings. Since over ân rtinian 

semi-sinple ring R, -every R-module:M is semi-simple we can pick. s set:,. 

of minimal generators for M. (Of course these generators satisfy án 

independence relationship as well, nam].y that if {e} Pare minimal'. 
,aEJ 

generators of M, then e = by X ER,'a. EJ). 
a. a. a.a. a. 

We 11 
show that every module ., k over a DSI-ring R possesses a mininlal 

generating set, but first we Introduce some notations and terminology .. 

When C is a subset of a set B we write B "-' C for the complement of C 

n B. 

§2. Irredundnt and redundant subsets of a moule  

Given a subset A- of a oduleM, we write <A> fbtth o. submodule 

of lvi generated by A. 

DEFINITION .1 A subseB of Mssâid to-be irredundant if 

A CB, <A>= <B A=B. 

In case B is not irredundant, wewili. refer .to it as riundant. 

DEFINITION 2.2 A subset A bfMis said to be propét in M if <>M; 

LENMA 2.3 Let B b an irredundant subset of M, CCBthen Cis also 

irredundant. : 

Proof Supposethé contrary, that is V> = <C> for some D. C. Then 

A = D U (B —C) sátisfies4. B,<A> <B> contradicting theirredundancy. 

of B. 
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LEMMA 2.4 Let B be a subset of M. Then B is redundant if and only if 

b E <B {b}> for someb E B. 

Proof If b E KB {b} then <B> = <B ' {b} but clearly B {b} B 

so  is redundant. If B is redundant, there exists a C p B with 

= KB>, hence any b E B ' C satisfies b E <B {b}>. o 

LEMMA 2.5 Let B be any irredundant subset of M. For each b E B let 

Mb be a maximal submodule of M satisfying 

Ci) bMb. 

Mb D <B {b}>. 

Let 1= <B>, N= fl U and j.: -+ 11 the natural imbedding., that 

is o(x + N) (x + 1&) . Then carries / isomorphically onto 
.'bEB N 

bEB b 

Proof It suffices to check that j carries onto (J • Let 
bEE Mb 

Pb : 11 -# be the projection map for each b E B. Since 

b  b b 
<b>+Mb=M, Pb' j:4is onto. Ifb,b'EB' and Zb' 

b 
then from (ii) in the hypothesis, pb - j(b') =0. The lemma follows 

from this and the fact that <B> = I. o 

LEMMA 2.6 Let {Ba} be afainily of irredundant sets totally ordered 
a(J 

by inclusion. Then B = U B a is irredundant. 
aEcT 

Proof Suppose B is redundant. From lemma 2.4 there exists, a b E B 

with b E <B " {b}>. Then we can find b1,... br in B " {b} with b in 

Since {Ba} is totally ordered by inclusion, there 
aEJ 

exists an a E J such that all lie ixi B. Then 
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b. K <Z,1. ,b> c,<B fb}> and by lemma 2.4, B itself is redundant, 

contradicting our assumption. o 

DEFINITION 2.7 A subset B of k is called a minimal generating set 

for Mif<B> =M and AB<A>M. 

If B is a minimal generating set it is clear that B is irredun-

dant, and that converse1, if .B is an irredundant subset of M with 

<2> = M, then B is a minimal generating set for M. 

THEOREM 2.8 The following conditions on a ring R are equivalent: 

(i) R is a noetherian V-ring. 

(ii) Given any minimal generating set of a submodule N of any 

module M, it can be extended to a minimal generating set 

for M. In particular for every R-module M there exists 

a minimal generating set. 

Proof (i) (ii). Let C be a minimal generating set for N. Let 

= {BIB an irredundant subset of M,B a C). Clearly C K E. Partially 

ordering Eby in&1usion, it follows from lemma 2.6 that every totally 

ordered subset has an upper bound. Hence, by Zorn's lemma there exists 

a maximal irredundant subset B C in M. Suppose <8> 0 M. Since B is 

irredundant, from lemma 2.4'we get b f <B "-' {b}> V b K B. From III 

1.3 (ii), there exist maximal submodules Mb of M with 

<B {b}> .Mb f b V b E-8. Let I, N, j be as in lemma 2.5. The 

proof now breaks into-two cases. 
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Case (a) 14 N. Then we can pick u E N with u E I. Then consider 

the set B' = B U Jul. From u f I = <B> we see that B' & B. Also for 

any b E B, we have <B' "-' {b}> C. <B {b}> + N C Mb and b f Mb. Thus 

b f (B' "-' {b}). Moreover, u f I = <B> = <B' {u}> and so by lemma 

2.4, B' is irredundant, contradicting the maximality of B in E. 

Case (b) N C I. In this case X, = since by assumption 

I M. Since j is a monomorphism, ,J / 7 . By lemma 2.5, 

= . Each of the modules 7, is simple, and since Ris a, 
N l, EB Mb 'b 

V-ring M1, is injective (V b E B), and sinceR is noetherin, w NJ 

Mb .r bEB b 
is injective. Since c it follows that is an injective 

M MbEBI b1, 
submodule of ,'. Hence = / W for some submodule I' ,of M with 

I fl1' = N. Since , 1/ 0; hence I' N. Let u E I', U4 N. 

Since I' fl I ­  N it follows that u 

Consider B' -'B U {u}. For any b K B we claim that b t <B' '-' {b}>. 

In fact b K <B' {b}> b V + Xu for some V K <B ' {b}> and X K R. 

Then Xu = b - V E <13> fl it, = I fl V ­  N. Hence 

b = v + Xu E <B {7)> + IV (:,M  contradicting the fact that b Mb. 

Thus b t. <B " {b}>. As already seen, u f I = <B> and hence by lemma 

1.4, 13' is irredundant contradicting the maximality of B in E. Hence 

B = M and this completes the proof of (i) (ii). 

(ii) (i). It suffices to show that direct sums of countable 

families of simple modules are injective, by I, 2.7 (ii). Let {Sk} 
kl 

be a countable family of simple modules and S = (F) Sk. Let N(S) be 
kl 

the injective hull of S. Let 0 E Sk. Then c = {xkk l} is a 

minimal generating set for S. From (ii) we get a minimal generating 
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set B of B(S) with B 2. C. Suppose B C. Let b E B C. By lemma 

2.3, {b} is irredundant, hence b # 0. (If b 0, b E <> = 0). Since 
n 

S is, large , in ES), Rb fl .S 0. Let 0 # pb X,with X x 
k=i 

Since S is simple, therd exists a X E R with XXx Then 

=n x n = X(b Xkxk)E but this mean 

b is redundant and hence by lemma 2.3 that B itself is.' 

redundant, a contradiction. So B = C and hence B(S) = S. E3 

§3. Cozzens' Example  

We conclude this chapter with an example of a DSI-ring which is 

not regular. This example was given by Cozzens [8]. First we intro-

duce -some terminology. Let  be a ring, p : B -+ R a ring monomorphism.-

DEFINITION 3.1 A map D: R -+ R is called a (p-derivation if 

(i) D(a + b) = D(a) + D(b) 

(ii) D(ab) = p(a)D(b) '+ D(a)b. 

If p is the identity of R we call D an ordinary derivation. 

Let D be a p-derivation of R, R[X] the polynomial ring over R. 

DEFINITION 3.2 The ring of differential polynomials over R with 

p-derivation D, R(X,p,D] is defined as follows: 

(i) R[X,p,Dj has the, same elements and addition as R[X].' 

Multiplication in R is the natural extension of: 

(ii) aX for any a E B is the same as aX of R[X]; 

(iii) Xa = D(a) + p(a)X. for any a E R. 

Again, if p is the identity we write R[X,D] for R[X,IdR,D]. 
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We now take R to be a field k, D to be an ordinary derivation, 

and look at the ring of differential polynomials k[X,D]. 

PROPOSITION 3.3 R = k[X,D]. is a left principal ideal domain. 

Proof It is sufficient to show that given f,g E R, 3 q,r E R such 

that degr < degg and f = qg + r. (degf = degree of f is exactly the 

same as in the case of polynomial rings). Th proof is almost exactly 

analogous to the case of the usual polynomial ring over a field. 

If degf < degg we can set q = 0., r = f. If degf degg we-pro-

ceed by induction on the degree of f. Let degf = fl. If n =1 then 

f = aX + b, g = cX + d and f = ac  1g + b - ac 1d where a,b,a,d E k, 

c & ci, or f = ad 1Xg + h ad 1D(d) if c = 0 and the proposition holds. 

Suppose the proposition has been proved for all integers < n. Let 

1 Xt and g = X3 with E k, 0 n, in, 

0. Then 

= ) L 
= 0 J r(fl;m) Dr()i_m_2 3 

=o r=o 
nl 

vr El<,021 $fl_i• 
:n r21=0 

Hence f - xTlXfling = = f' (say) where E k for 0 r n-l. 

By the induction hypothesis, f' = q'g + r where degr < degg for some 

q' E R and hence f = qg + r where q = q' + and degr < degg. o 

We define a left R-module structure on k as follows: Given 

a E k, f = E R we set fa = XD(a). This is a well 
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defined operation and the only bit of checking which is not absolutely 

obvious is that (fg)a = f(ga) V f,g E R, a E k. To check this we no-
n M 

tice that if f = jO Xf, L jx'3 with in ;k then 

fg = X. T(i)Dr(.)X7 =0 r 
i=O j=O r=O 

Hence (fg)a = 
j=0 i=0 a 

Now ga = I II/ (a). 
i=o 

Hence f(ga) = L  XD[1 IJ277 (a)J 

(tLd7(a)) 
j=0 1,=O 

Dr  

=, Z 
j=0 i0 r=O a 

So (fg)a = f(ga) and 1< is an R-module. 

LEMMA 3.4 Under the above left R-module structure, k is a siinle 

R-module. 

Proof Trivial. 

Let D be an ordinary derivation over k and R = k[X,D]. 

DEFINITION 3.5 An equation of the kind aD(y) = b where 

b,a. E 1<, 0 i n, is known as a linear differential equation in D 

over k. (y is assumed to be a free variable). If b = 0 the equation 

is called homogeneous. In this case n is assumed to be > 0 so that 

we can meaningfully talk of solutions. 
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PROPOSITION 3.6 Let k be a field, D a derivation of k. Assume 

that every homogeneous linear differential equation over k has, a non-

zero solution ink. Then if fE k[X,DJ = 1? (the ring of differential. 

polynomials) and degf = n 2 1, then there exists g ER such that 

(1) degg :5 n-i 

(ii) af = X+l)g where 0 0 a E k. 

in M-1 
Proof Let .f = a.t. We set g and solve for ab E k; 

0:5 j 5 rn-i. For the lemma to hold we require that. czf - (r + l)g 0. 

Expanding and equating coefficients we get a series of equations:. 

aa0 - D(b 0) - 

- - D(b 1) - 

=0 

=0 

aa117 1 - b rn-2 - D(brn-i ) - brn-i = 0 

aa + 
= 0 

We can solve for Z'mi froth the last equation substitute in the one 

above and solve for brn2 in tern's of a,arn,ami,D(a),D(am,) and pro-

ceeding on like this, we end up with an equation of the type 

CD(a) = 0 where the c, 0 5 i srn are dependent only on the 

and their derivatives. Since by hypothesis Y cD'(y) = 0 has a 
i=O rn 

non-trivial solution, we can find an a E K satisfying X cD(a) = 0 

and substituting back in the equations (1) obtain 0 i 5.M-1. o 
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COROLLARY 3.7 The only irreducible elements of R = k[X,D] are of the 

type X - a where a E k. Hence every s'imple module V over R is of type. 

Proof From lemma 3.6, it is clear that irreducible elements are 

precisely of this form. Since in a left principal ideal domain all 

ma1mal left ideals are generated by irreducible elements it follows 

that.évery simplemodule is of type 'X)• 

LEMMA 3.8 Every simple 1? = k[X,D]-module V is divisible. 

Proof Let V = R 7R  Xa) We show V is divisible by induction on the 

degree of elements, in R. Let f E R be given. If degf = 0, f is a 

unit and there is nothing to prove. 

(i) degf = 1. Let f = yX + 5. Then y1f =X + y 5 and since 

divisibility of V by f is equivalent to divisibility by y 1f we assume 

that f = X - 3 without loss of generality. Let : R -+ V be the canoni-

cal quotint map,, and suppose V E V is given. We pick h E k C R such 

that (h) = V. (This is possible since f ( r 1(v) f = g(X - a) + h 

where degh < 1 degh = 0). By hypothesis there exists an a (A such 

that D(a) - a( - a) = h. Then (X - I3)a = a(X - a) + h and so 

(X - p)ri(a) = r(h) = V. Since v and f were arbitrary this proves that 

V is divisible by all elements of order 1. 

(ii) degf = rn?2. Inductively we assume V is divisible by all g_ 

where degg rn-i. Now letaf = (X + l)g where degg ? rn-i. Then 

fV = a-' (X + l)gV = a-' (X + l)V since V is divisible by g and since 

a 1 is a unit fV = V, that is f divides V. Hence V is divisible. o 
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We can now prove the theorem of Cozzens about when k[X,D] is a 

V- ring. 

THEOREM 3.9 [Cozzens].' Let k be af±eld, R = k[X,D] the ring of 

differential polynomials in D. Then the following are equivalent; 

R is' a V-ring with a single simple module upto isomorphism. 

Every linear differential equation in D over k has a, solu-

tion and every homogeneous linear differential equation 

has a non-trivial solution. 

Proof (i) (ii). k--is a simple R-module by lemma 3, ani hence 

inj'ective.. Let I aD(y) , b be any linear differential equation 

where b,a. E 7<, 0 5 i S n. Let ajt = f E R. Then since R is, a 
I i=O 

domain and k is injective, k is divisible by f and hence 3 c E 7< such 
n 

that fc = b. But fc aD(c) by the module structure on k, (see 
n i=O. 

lemma 3) dnd hende I ajli"(y) = b has a solution. If b = 0, we have 

to-show we can choose c 0jn the above argument. We can assume if 

b = 0 that degf 1 and hence that f is not a unit. Let R D M D Rf 

where M is a maximal ideal of R. Let (p: XM -- k be an isomorphism 

(exists by hypothesis)' and ri4: R -* YM  the canonical quotient map. Then 

R - k is an epimorphism. Let c =ç(l). Then c j 0, but since 

r1f = 0, 0 = i(f) = fc= X aD 71 (c). 

(1). Under the hypothesis ,we have shown that every simple 

B-module V is divisible and since R is a principal ideal domain divisi-

bility is equivalent to injectivity. It remains to show that any two 

simple R-modules V1 and V2 are isomorphic. To prove this it is suffi-

cient to show that there exists a non-zero homomorphism (p: V1 -+ V2. 
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R 
Let V1 = (Xa)' V2 = Again let a E k be a solution of 

D(a) + a( ­ a) = 0. Then (X - a)a = a(X - 3). Let : R 

R - V2 be. the canonical quotient maps and define p: V1 -• V2. by• 

(P (0 = p(r 2 (z)) V r E R. It is easy to see that p is a non-

zero homomorphism. ii 

COROLLARY 3.10 If a field k and a derivation D satisfy the hypo-

theses of theorem 3.9 then k[X,D] is a V-ring which is not regular. 

Proof Any regular' domain is a skew field; k[X;D] is a domain but 

f E k[X;D] is not invertible if degf 1. 'Hence k[X;D] is not 

regular. 0 

We now only have to demonstrate a field k and a derivation V 

of k satisfying the condition (ii) in theorem 3.9. For this, we quote. 

a result of Koichin [16] which states: Given a fieldk of characteris-

tic 0 and a derivation D of k, there exists a field U D k and a deriva-

tion D of U extending D, such that the equation p(y,(y),... 0,n 

arbitrary has a solution in U for all polynomials 

p(X 1,...,X•1).E U[X1,...,X+1] - U. Further, every homogeneous linear 

differential equation in D over U has a non-zero solution over U. 

Such a field U is called a universal differential field and U,D 

clearly satisfy (ii) of theorem 3.9, hence U[X,D] is a V-ring which is 

not regular. . El 



CHAPTER V M-ESSENTIAL EXTENSIONS  

AND A GENERALISATION OF BIJMBY' S RESULT  

§1. M-injectivity and M-injective hulls  

The notions of M-injectivity and M-projectivity have been intro-

duced and studied by F. Sandomiersky [23] and G. Azumaya [2]. These 

notions attempt to generalise the classical definitions of injectivity 

and projectivity in terms of an arbitrary module M in the category of 

modules over a ring R. 

DEFINITION 1.1 Let R be a ring, M an R-module. Given any other 

1.. 
R-module N, we say N is M-injective if for every diagram O-s-M'--+ M, 

If 
N 

with 0 -+ - M exact there exists g : M - N such that goi f. 

M-projectivity is defined dually. 

It is clear that if we replace M by the left R-module 1?, the 

definition of R-injectivity is exactly the same as injectivity. A 

module M which is itself M-injective coincides with the standard defi-

nition of aquasi-injective module and perhaps merits the name self-

injective. The case of M-projective modules is not so clear. It is 

not certain whether it is possible to pick an R-module M such that the 

class of projective R-modules and the class of M-projective R-modules. 

coincide. We refer the interested reader to 1 31, [29]  for some re-

suits in this direction. 

43 
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The following definition was introduced by G. Azumaya [2]. 

DEFINITION 1.2 Let A,B be R-modules and f: A -+ B a mononrphism. 

Then for an R-module M, fis said to be an M-monomorphism if there 

exists a homomorphism p: N -+ B with B = (p (M) + f(A). 

We now embark on some definitions and results which will allow 

us to characterize M-inj active hulls as maximal N-essential extensions 

for any given R-module N. We note here that M. Ryar [22] had shown 

the existence of 'minimal' M-injective hulls, but that the concept of' 

N-essentialness and the generalization of the results of Eckmann and 

Schopf [10] are to our knowledge, new. 

DEFINITION 1.3 A homomorphism f A -* B is said to be N-admissible 

if given x ( B there exist finitely many submodules 

f(A) = B CB C 

on ) such that 

(i) and 

C of B and N1,... ,Nk of M (all depending 

(ii) the inclusion B 1 CB. is an  11 N.-monomorphism for 1':5 i k. 

DEFINITION 1.4 'Let A C B. We say that the inclusion A C.B is N-

essential (or that B is an N-essential extension of A) if 

(1) the inclusion A C3 B is M-admissible and 

(ii) CcB,CflA=0=,C=O. 

REMARKS  

1.5 Every homomorphism is clearly R-admissible. Hence in case N = B, 

condition (i) in definition 1.4 is superfluous. Thus an R-essential 
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extension is nothing but an essential extension in the usual sense. 

An M-essential extension is a priori essential. But the converse is 

not true. For instance, LhenR = Z the ring of integers, the inclu-

sion Z C Q into the rationals .is essential, but not Z-essential for 

any prime p. 

1.6 For any N C M, any,N-monomorphisi'f :A - B is M-admissible,. 

1.7 Suppose A C,.B is an M-monomorphism. Let p : M -+B be such' that 

B = A + (p (M). Then for A C H C B we have H = A +(N) where 

N 1(H). Thus A C. H is an N-monomorphism. Clearly H c B is an 

M-monomorphism. 

As an immediate consequence of the above two observations we see 

that if C C.D is M-admissible'and C C H C D, then C C H and H ,- D are 

both M-admissible. In particular if C C+D is M-essential, then C H 

and H c.D.are M-essential.' 

LEMMA 1.8 If f: A -+ B and g: B -'- C are M-admissible maps so is 

gof:A.*C. 

• Proof Let yE C. Since g: B -+ C is M-adinissible, there exist 

finitely many submodules g(B) = C0 C C1 C ......0 C1 of C with 

Y E C1, submodules M1,... ,M1 of M and maps p.: M. -+ C satisfying 

= Cj1 + cp.(M.) for 1 j 1. ThenC1 = g(B) + p1(M1) + ... + 

From y E C1 we get y = + p.(u.) with   EB and u. E M.. Since 
f '11 a a 

11 -+ B is M-admissible there exist finitely many submodules 

f(A) = B0 C B1 C •.. C B  with b E Bk, submodules N1,... ,Nk of M and 

maps 0. : N. + B. satisfying B. = B. + 0.(N.) for 1 i k. Define 
•z_ •z.• 1- '1- 1•.-1 t 7.. 

submodules H. (for 0 i h + 1) of C as follows: 
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p 

g(B) for05i5k 

H. i-k 
g(B).+ for k+lsi_<k+l. 

ti_i 

Writing Nk+j = M for 1 5 j 5 1 let a: N - H for 1 5 i 5 k + 1 be 
17 

goe. for li5k 
11 

a. = 

1.. 
id-k fork+15i5k+l. 

Then clearly Ho = gf(A), H. .z_ i. H.—i + a .7- .(N .7- .) for 15 i 5k + 1 and 
, 

y K Hk+l. This proves that gof: A - C is M-admissible. 0 

COROLLARY 1.9 If A C B C C and A c3-B, B Q are M-essential then 

AC.Cjs M-essential. 

Given an M-nionomorphism f :A -+ B, and a map g : A -+ H where H is 

M-injective it is proved by Azutnaya [2] that there exists anh : B - H 

satisfying hof = g. Thefollowing lemma is a slight extension of this 

result of Azumaya. 

LEMMA 1.10 Let H be M-injective and f: A -- B an M-admissible mono-

morphism. Given any g: A'-+ ,H  there exists a map h: B -+ H satisfying 

hof=g. 

Proof Let F be the family of pairs (D,(p) where f(A) C D C B and 

(p: V - H satisfies (pof = g. Since -f: A -+ B is a monomorphism there 

exists a unique map 0: f(A) '* H such that Oof = g. Thus (f(A),0) E F 

showing that F is non-empty. Partially order F by (D,p) < (D' ,p') 

whenever D C Dt and p' ID = p. By Zorn's lemma there exists a maximal 
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element (D,h) in :F. If D # B there exists an x E B with x D. 

Since f: A -+ B is M-admissible there jexists finitely many submodules 

fA) =0 C B1 C ... C Bk of B, Nl,...,Nk of M such that x (B < and 

B. 1 +B. is an N.-monomorphism for 1 5 i 5 k. It follows that - 

D + B. 1 c D + B. is an N-monomorphism for 1 i 5 k. 

Since H is M-injective itfollows from proposition 2.5 (4) 

of' [23] that H is N-injective for any áubmodule N of M. In particular 

II is N-inective for 1 5 -1 s k. Observing that D + B0 D and using 
11 

the fact that D + B. 1 c,. D + B. Is an N.-monomorphism we extend h suc-
11 71 

Then pk:D+Bk + H 

extends h. 1n particular pkof = hof = g. Moreover x E D +-B k  and 

x D. Thus (D,h) < (P. + Bk,pk) in F, contradicting the maximality 

of (D,h) This shows tht P = B. 

LEMMA 1.11 If H is an M-injective module the only M-essentil .exten-

sion of H is H. 

Proof Let H V be any Al-essential extension of H. Since the in-

clusion j: H - V is then M-admissible, by lemma 1.10 we get a map 

V -+ H such that hoj = Ide. Thus V = H E4 C for some C C D. Then 

C 11 H = 0 and from condition (ii) in definition 1.4 we get C = 0. 

Hence D  

DEFINITION 1.12 Let A be an R-module. An R-module B such that A C B, 

B is M-injective and A CB is At-essential is called an M-injective hull 

of A. 
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LEMMA 1.13 LetA C D C B be such that A CD is H-admissible. Then 

for any E C B the inclusion E + A cE + 1) is H-admissible. 

Proof Any elenieitt of E + 1) is of the form x + y with x E N, .y E D. 

Since A C. D is M-admissible there exist finitely many submbdules 

A = D0 C D1 C •.. C D  of 1), N1,...,N7< of H such that y E D and 

D. 1 CD is an N.-monomorphism for 1 i 7<. Then 71 11 

E+A=E+D0 CE+D1 C ... CE+D7< are such thatx+y EE+D7< 

and N + D. C. N + D. is an N .-monomorphism for 1 '1 7<. 13 

COROLLARY i.14 1.14 Let A C D. C B be such that A. D. is H-admissible 

for i = 1,2. Then A 4 D • 2 is M-admissible. 

Proof By lemma 1.11, DI +4 c.D1 + D2 is H-admissible. But 

+A = D1. By lemma 1.8, the composite of A C,.D1 and D1 .D1 + D 2 

is H-admissible. a 

§2. Existence and uniqueness up to isomorphism of M-inlective hulls  

We first recall the following test for M-injectivity of a module 

II [ 2]. For H to be M-injective It is necessary and sufficient that, 

given any u E H, any left ideal I of R and any homomorphism f:Iu -+ Ti 

there exists an extension h : Ru -+ H of f. 

THEOREM 2.1 For any module A there exists an M-injectivehu1l. 

Proof Let N be an injective hull of A. Let F = {DIA C D C N; 

A c+D is M-adinissible}. Then F has a unique maximal element. In 

fact we will show that H = U D is a submodule of N and that H E F 
DEF 
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Let x,y be in H. Then there exist D1,D2 in F such that x E D1,y E D2. 

By corollary 1. 12, A C.D1 + D2 is M-admissible. HenceD1 + D2 E F 

Hence x + y K D1 + D2 C H. For. any x K H and X E R it is clear that 

Xx K H. Hence H is 'a submodule of E. Since any X E H lies in a D K F 

from the very definition of an U-admissible map it follows that A C+ H 

is M-admissible.  

Since A C).E is essential. and A C H C E it follows that A CH is 

essential. This combined with the fact that A C,.H is U-admissible 

shows that A C.H is M-essential. We will now prove that H is M-injec-

tive. Consider' any map Ii2'-+ H where u K U, I an ideal in R. Since E 

is injective (in particular.M-injective) there exists an extension 

g : Ru - E of jof where j H - E is the inclusion. 'Let x = g(u) E E. 

Then clearly H C. H + R is an Ru-monomorphism and Ru C U. It follows 

that A c+ H + Rr is U-admissible. By the maximality of H in F we see 

that H = H + R. Hence K H, and hence g(Ru) C H. Thus g : Ru -+H 'is 

an extension of f. This completes the proof that H is an M-injective 

hull ofA. ci 

PROPOSITION 2.2 Let f:A -7A' be any' monomorphism, A C+B an M-essen-

tial extension and E' any Minjective module containing A'. Then 

there exists a map h B - E. such that 
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is commutative, where i and i' denote the respective inclusions. 

Moreover any such h is a monomorphism. 

Proof The existence of h Is an immediate consequence of lemma 1.8. 

Let C = kerh. Then C 11 A = kerf 0, since f is a monomorphism. 

Since A C.B is essential we get C = 0. Thus h is a monomorphism. 

THEOREM -2.3 Suppose p:A -'A' is an isomorphism, E and E' arbitrary 

M-injective hulls of A and A' respectively. Then there exists a 

:E - E' such that 

A 

 Lv 
is commutative where i and i' denote the respective inclusions. 

Moreover any such t is an isomorphism. 

In particular, if E,E' are M-injective hulls of the 'same module 

A there exists an isomorphism 4 :E -+ E' such that \111A IdA. 

Proof The existence of i, and that any such .fr is a monomorphism 

follow from proposition 2.2. Then 4t(E) 'being isomorphic to E is N-

injective. Moreover A' C E". Since A' -E' is N-essential it 

follows that E) c•-E' is M-essential. From lemma 1.11 we now have 

lt(E) V. 0 

REMARK 2.4 If E is an M-injective hull of A and H any M-injective 

module containing A, from proposition 2.2 we see that there exists a 

monomorphism h E -* H such that hIA = IdA. Then A C.h(E) is M-essen-
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tial, and since h(E) is M-injective the only M-essential extension of 

h(E) is h(E) itself. Thus h(E) is a maximal M-essential extension of 

AinH. 

Conversely, let H be any M-injetive module containing A and F 

any maximal M-essential extension of A in H. Let G be any M-injective 

hull of F. Again by proposition 2.2 there exists arnonomorphism 

h :G -* H such that hIF = IdF. It follows that h(G) is an M-essential 

extension of F. By corollary 1.9, it follows that A C.h(G) is M-essen-

tial. Since A +F is a maximal M-essential extension in H it follows 

that F = h(G) and hence C = F. This hows that F itself is M-injective. 

We shall now prove the M-injective analogue of a result of Bumby' 

(6] which states that given, two injective modules M,N, if there exist 

monomorphisins f: N -+ M and g: 14 -+ N then 14 and N are isomorphic. 

§3. Analogue of Bumby's result  

DEFINITION 3.1 A module A will be referred to as M-admissible if 

0 -+ A is 14-admissible. 

THEOREM 3.2 Let A and B be M-admissible, M-injective modules. Sup-

pose each of the modules A,B admits a monomorphism into the other. 

Then AcB. 

Proof Without loss of generality we can assume A C  B. Let f: B 4 A 

be a monomorphism. From 0 CA C B and the 14-admissibility of 0 - B we 

see that the inclusion A C,,B is 14-admissible. An application of lemma 

1.10 immediately yields B = A (0 K for some submodule K of B. From the 

M-injectivity of B we see that K is also M-injective. 
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Let D be the submodule of A (the sum in A of the sub-
kl 

modules /<(K)). Then it is clear that f: D D K -+ D is onto. However, 

since f is a monomorphism, it follows that f: D 69 K,-+ D is an isomor-

phism. Now D C A. and A is M-iñjective. Hence there exists an M-injec--

tive hull E of D in A. Then clearly 2? (D K is an M-injective. hull of 

D W K in A 0 K = B. By theorem 2.3, the isomorphism f: D E) K - D ex-

tends to an isomorphism P: 2? W K -+ E. From the M-admissibility of 

0 -+ A it follows that 2? q A is M-admissible. Again an application of 

lemma 1.10 yields A .= 2? E)L for some L C A. The map 

p E IdL E K EI L - 2? ED 1 is an isomorphism. But 

2? 2? (39 I 2? I Ef K = A (?K = B. Thus h gives rise to an iso-

morphism of B onto A. 13 

REMARKS . 

3.3 When R is considered as a left module over itself in the usual 

way the notion of an R-injective module in the sense of Azumaya is 

the same as that of an injective module over R. Moreover any homo-

morphism f: A -+ Bis R-admissible in the sense of definition 1.1. 

Hence every module is R-admissible. Thus theorem 3.2 in the special 

case when M = R gives Bumby's result. 

3.4 For the validity of theorem 3.2 we cannot remove the restric-

tions that A 'and B be M-admissible. In fact when M is a simple (or 

a send-simple) module every module over R is M-injective. Choosing R 

to be the ring of integers and M = Z where p is a prime we see that 

any Z-module is Z -injective. Let A = EL3 Q a countable direct sum 
n?1 
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of copies of Q (rationals) and B = 2 ED A. Then each of A and B admits 

a monomo rphism into the other. Clearly, A qf B, since A is divisible 

and B is not. - 



CHAPTER VI PCI-RINGS AND AN EXTENSION OF OSOFSKY' S RESULT  

This chapter is devoted to extending the following theorem due 

to B.L. Osofsky. A ring R is artinian semi-simple every cyclic 

module is (R-)injective. We prove that a cyclic R-module M is semi-

simple artinian every cyclic R-module is M-injective and EndR(M) is 

regular. Since one of the first steps in Osofsky's proof is that 

R = End  (R) is regular if every cyclic R-module is inj e ctive, 'the con-

dition End R(ll) regular in our proof seems necessary. In main, we fol-

low [20], using the results of the previous chapter to replace injec-

tive hulls by M-injective hulls. The only other main modification 

required is the replacement of a result of Johnson [see (20] 

by our proposition 2.5. 

Before proceeding with the main results of this chapter, we 

explain our motivation by proving a hypothetical 'theorem' dealing 

with V-rings. C. Faith [12] has introduced the notion of a PCI-ring, 

that is, a ring R such that X is ijective for all ideals I 0 0 

(proper cyclics injective). Clearly every PCI-ring is a V-ring. The 

example of a DSI-ring given by Coizens [8] in Chapter II is also that 

of a PCI-ring. Faith proves in [12] that a PCI-ring is either artinian 

semi-simple or a simple ore domain and then poses the question whether 

these domains are noetherian, in other words, are all PCI-ring DSI? 

We provethe following implication. There exists a PCI-ring R which 

is not DSI there exists a cyclic R-module M such that every cyclic 

R-module is M-injective but M itself not erni-simple. 

54 
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§1. PCI-Rings  

LEMMA 1.1 Let R be a PCI-ring which is not DSI. Then there exists 

a cyclic module M such that Soc(M) is an infinite direct suth of simple 

modules and is essential in M. 

Proof Since R is not DSI let {S} be a collection of simple 
i=l 00 

R-modules whose direct sum is not injective. Let S = (D Si and let 

El(S) be the injective hull of S. Let 0 0 X E ES), x S. Then 

0 4 Rx 11 S is the socle of Rx. Suppose that the socle of Rx is a 

finite direct sum of simple modules. Then, since R is PCI, it 

follows that SocRx is injective. Hence Rx = SocRx T for some 

T C Rx. We have T fl S C- Ra.fl S = SocRx. Thus T fl S C T fl SocTh= 0. 

Since S is essential in N(S), it follows that T = 0. Hence 

Rx = SocRx. But then Rx SocR C SocE(S) = S. This contradicts 

x t S. It follows .that SocRx is an infinite direct sum of simple 

modules. Also SocRx = Rx 11 S is essential in Rx II N(S) = Rx. D 

LEMMA 1.2 Let R be a PCI-ring which is not DSI. Let M be any 

R-module with SocM essential in M. Then HornR(N,R) = 'O for all 

submodules N of M 

Proof In the proof we will use the result due toG. Faith [12] 

which asserts that if R is a PCI-ring which is not DSI then R is a 

simple ore domain. Let S = SocM. Then for any submodule N of M, 

SocN = S fl N and S 11 N is essential in N. Let N C M and f E HomR(N,R). 
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If f 0, there exists an x E N with f(x) 0. Since R is a domain we 

have L(f(x)) = 0. It follows that L(o) = 0 and that B Rx as R-mod-

ules. But Rx C  M. Hence SocRx is essential in Rx. It follows that 

SocR is essential in B. However SocR,is a two-sided ideal of R. 

Since B is simple, either SocR = 0 or Sod? = R. If SocR = 0, it is 

not essential in B. Hence SocR = R. Then B is a semi-simple artinian 

ring and hence DSI, contradicting the hypothesis of the lemma. Thus 

Hom(N,R) = 0 for all N C  M. E3 

PROPOSITION l.3 Let R' be a PCI-ring which is not DSI.' Then there 

exists a cyclic R-module M satisfying the following two conditions: 

(i) 'Every cyclic B-module is M-injective and 

(ii) N is not semi-simple. 

Proof By 1.1, there exists a cyclic module M such that 

(a) Soc1 is an infinite direct sum of simple modules and 

(b) SocM is essential. in N. 

Since M is cyclic, and SocM an infinite direct sum we have SocM # N.. 

Thus N is not semi-simple. 

Let N be any submodule of N. Let A be any cyclic B-module and 

f: N -- A any homomorphism. If A R, from lemma 1.2, we get f = 0. 

Henc the zero homomorphism 0: N -+ A extends f. If A 4 R, then A is 
a proper cyclic module and hence injctive. Hence there exists an 

extension g: N -'- A of f. This proves that every cyclic R-module is 

M-injective. o 

Thus to answer Faith's question positively we have only to show 

that there does not exist a non-semi-simple cyclic module N with all 
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cyclic modules M-injective. Though w have not completely succeeded 

in answering Faith's question, the motivation for the results obtained 

in this chapter comes from Faith's problem. Actually we prove the 

following result. 

Let Rbe any ring andM an R-module.such that End(M) is a regu-

lar ring. Then M is semi-simple every cyclic R-module is M-injective. 

§2. Uniqueness of M-injective hulls  

Let M be an R-module and U E M. 

DEFINITION 2.1 An element a E R will be referred to as a u-idempoten 

if eu 0 and Ru =Reu €R(l - e) u. 

When a is a u-idempotent and (2. - e)u 0 then (1 - a) is also u-

idempotent. Moreover from u = au + (1 * )u it follows that the projec-

tion Pe of Ru Onto Rau is given by p(ru) = rau for any r E R. In par-

ticular au = a2u and l(u)e C 1(u).. Conversely, if a E R satisfies 

0 1-eu = e2u and l(u)e C 1(u), then a is a u-idernpotent.. Suppose X E R 

is any element with Xu = eu where a is a u-ideinpotent. Then for any 

r K 1(u) we have Au = rau = 0. Hence l(u)X C 1(u). Moreover Xis E Reu 

and pgjRau IdReu Hence p(Xü) = Xis. In other words Xeu = Xu. But 

X(au) = X(Xu) = X2u. Thus 'O i Xis = X2u. This shows that X is also a 

u-Idempotent. 

In this section we will be making repeated use of the fact, that 

when A C B the inclusion A C,.B is essential (alternatively expressed 

as "A is large in B") if and only if, given 0 b E B there exists an 

ER such that 0#rbEA. 
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LEMMA 2.2 Let e E R be a u-idenipotent and I an ideal in R satisfying 

I D l(eu). If Ieu is large in Reu, then lu is large in Ru. 

Proof Suppose O Xu E Ru. If Xeu = 0, then 

0 4-Xu = X(l - e)u E l(eu)u C lu. If Xeu 4 0, the largeness of Ieu 

in Reu yields an r E R with 0 4 rXu E Ieu. 

Hence rXcu = seu for some s E I. Then (rX - s) E l(eu)' C I. 

Hence rX = (rX - s) + s E I. From p (rXu) = rXeu 4 0 we get rXu 0. 

Thus 0rXuEIu. o 

For the rest of this section and in section 3 completely, N de-

notes a cyclic module and x.a fixed generator of Al. For any x-idem--

potent e K 1? the projection Rx - Rex will be denoted by Pg• We write 

Is for 1(x) and End(M) for the ring of endomorphisins of N. An element 

X E 1? will be called "special's if LX C L. 

PROPOSITION 2.3 W. If N 0 is a direct sununand of N, there exists 

an x-idenipotent e E R such that N = Rex. 

(ii) If every cyclic submodule of N is a direct summand of Al, 

given any X E R with Xx 9t 0, there exists a p. E R such that e = p.X is 

an x-idempotent and Xx = Xex. 

(iii) Suppose End(M) is regular (in the sense of Von-Neumann).' 

Let X K R be special and )nr 0 0. Then there exists a special p. E R 

with e = p.X an x-ideinpotent and Xx = Xex. 

Prodf (i) If P: N -+ N denotes the projection of N onto the direct 

summand N, then p(x) = ex for some e K R. It is easily checked that 

e is an x-ideinpotent and that N = Rex. 
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(ii) RXx 0 0 is then a direct summand of M. If p : M -+ RXx denotes 

the projection of M onto RXx then p(xj = p.Ax for some P E R. Then 

e = pX is an x-idempotent satisfying ) = Xex-

(iii) When X E R is skecial, aX : M -+ N given by a,, (2-x) = Ax for 

any r E R, is a well-defined endomorphism of N. The regularity of 

End(M) yields an element 8 E End(M) such that a0Ooa = a. Then 

8(x) = px for a special K R. Now, 

Xx = a(x) = a o0o a (x) =ao 8(Xx) =a(Xiix) = Xi.tXx. Hence e = p.X 

satisfies ex 0 0, e2x = p.Xi.Xx = Xx = ex. Also La = LpX C LX C L. 

This proves that a is an x-idempotent. o 

PROPOSITION 2.4 Suppose every cyclic submodule of M is a direct sum-

mand of M and End(M) is regular. Let 0 # A C N and A C E. C N. be such 

that A is large in E (i 1,2). Then A is large in E + E2. 

Proof Since A is large in 9 it suffices to prove that E is large 

in E + E2. Let 0 X1x + X2 E E1 + E. with )x E E (i = 1,2). If 
11 

X2x = 0 then 0 X1x + X 2 x E E1. Let X 2 x 0. Then by (ii) of propo-

sition 2.3, there exists a E R such that a2 = PX2 is an x-idempotent 

and X 2 x = X2e2x. We consider the element (X 1 + X2)x. For the proof 

of this proposition we have to deal with three different cases. 

Case (1) l(tX 1x) J l(p.X2cc) 

Without loss of generality we can assume that there exists an 

element r E l(p.X 1x) with r J l(i.)L2x). Then rp.(X1 + X2)x = rpX2x 0. 

Since 11 is large in E and rp.X2x E E2 we get an element a E R with 

0 srp.X2x E A. Then srp.(X1 + X2 )x = srpX2x is a non-zero element of E1. 
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Case (2) .l(pX 1x) = l(p..X2x) and t(Xj + X2)x = 0 

Then e 2 x = -pX,x. Hence X 2 x =2 •LX E E1. It 

follows that X1x + X 2 x E E1 and X1a + X 2 x is non zero. 

Case (3) l(pX 1x) = l(1iX2x) and L(X 1 + X2)x 0 

Let c = + X2). Since e2 2 is an x-idempotent; we have 

l(p.X2x) 3£. The equality 1(p.X 1x) = l(pX2x)givesl(tX1x) 3£. Hence 

for any a E £, acx = ali.X1x+ ap.X2x'= 0. Thus Lc C £.' 

Proposition 2.3 (iii) now yields a special element v K R such 

that e = vc is an x-idempotent and cx = cex. 

Let J = •LX2,x  E1] and J2 = [p.X2x. A]. From A C E1 we get J2 C J. 

Since pX2x EE2 and A is large in E2 it follows that J2 X2x is large in 

RpA2x. Since J 3 J2, it follows that JitX2x is large in RpX2x. But 

e2 = is an x-idenipotent and J 3 [jLX2x: 0] = [e 2x: 0] = l(e 2x). By 

lemma 2.2,Jx is large in Rx. 

We assert that ev f L. , In fact, if ev E £, from eve E Lc C Ii we 

will have 0 = evcx = eex ex, a contradiction. Thus evx J.0. The 

largeness of Jx in Rx gives an element r E .? with 0 revx K Jx. 

Since J 3 l(e 2x) 3 Z.(x) = L, it follows that 

revcx = rev(pX 1x + 2x) E E1. Also,' revcx = reex = rex. Moreover 

v K R being special we have Lv C L. Since rev E L, it follows that 

L. Thus 0 rex = revcx = revp(X1x.+ X2x) E B1. 

This completes the proof of proposition 2.4. o 

PROPOSITION 2.5 Suppose every cyclic submodule of M is a direct sum-

mand of M, End(M) is regular and M is M-injective. Then any A C M has 

a unique (actually unique) M-injective hull in M. 
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Proof We need to prove this proposition only when A 0. By hypo-

thesis M itself is M-injective. Hence by IV; 2.2, there exists an 

M-injective hull of A in M. Suppose E1,E2 are any two M-lnjective 

hUlls of A in M. Then A is large in E. (i = 1,2). Every cyclic sub-

module of Mbeing a direct summand of M, A is large in E1 + E2 (pro-

position 2.4). Since E1 is M-injective we get M = E1 E H for some 

HCM. If D (E1 +E2) fl H, then E1 +E2 =E1 E1D. Since El is 

large in E + E it follows that D = 0. Hence E2 C E1. Similarly 

C E2. 0 

§3. Generalization of a result of Osofsky  

DEFINITION 3.1 A family {e } of -idempotents will be said to be 
a aEJ 

v-orthogonal (or simply orthàgonal when there is no possibility of con-

fusion) if e a e P x = 0 whenever a 3 in, J. 

REMARK 3.2 It is easily seen that if {ea} is an orthogonal family 
aEJ 

of x-idenip'otents in 1?, then the sum X Re x in Th is direct. In fact 
aEJ 

if re ax Xex, then (re - Xe)x 0. Thus 
Poa a a 

(2V - X e F' ) E £ C l(e x). Hence (rea - V V ax =0. In 
a V a #a  

other words re x = 0. 
a 

LEA 3.3 Suppose M has the property that every submodule of M has 

a unique M-injective hull 'inM. Let {ea} be any set of-orthogonal 
aEJ 

x-idempotents in R. Then for any K  J there exists an x-ideuipotent 

EER such that 
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eE.e a whenever aEK 

eFf = 0 = whenever 3 K 

+ Ej? = E'7x. 

Proof This is the analogue of Lemma 3 of [20]. We briefly indicate 

the proof. For any K C J 'let ( Re x)* denote the unique M-injectiye 
aEK 

hull of I Rex in M. Then (X Reth)* is a direct summand of M. , If 
aEK aEK 

(p M Re x) is any map with p V 1 ( Rex)* = Id( R \ then 
aEK a aEK L 

aEK. 

(p(x) = ex for some x-idempotent e K and -( Reac)* = Re,x. Then for 
aEK 

any F C G C J we have Rdx C Rex an. Re0x = ReC ED Re q?. In parti-

cular Rex = Ret Rejt. If iK: Re,x - Rex denotes the projection. 

and E. E R any element with i( (ef) = E, then the elements EK E R 

satisfy the requirements of the lemma. Actually, 

Rx=RexUR(l-é) ex). If p:Rx - Ret 

denotes the projeätion, then 

We carry over the terminology from lemma 3.3 f or the rest of 

this chapter. 

LEMMA 3.4 If ,bx E REc, bx A = Re ax, then Rbx fl A 4: Re x 
aEJ i=1• i 

for any finite subset {a fZ c J. 
i=l 
n 

Proof Suppose Rbx fl A C Re x for some a E J, I -1 < n. Rbx 
1=1 a11 n 

is the M-injective hull of Rbx fl A. Since I Rex is M-injective 
i=1 ai 

and contains Rlxc fl A, from the uniqueness of M-injective hulls it fol-
n 

lows that Rbx C Re x C A, a contradiction. 0 

j= a 
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fl 

LEMMA, 3.5 Suppose ax = vje x 
i=1 i 
# 0 V 1 5 

E; E1 x where a. EJ., 15i5n, 

j=l •j Zn 
i S n. Then a. E U A. V 1  

1- a 

Proof First suppose = 1. Let ax = XEA x. Then 
1 

ax = (lEA x = ' ea x from 1nmia 3.3. Since the 
1 aE/1 1 i i 

pendent subinodules it follows that a E A1 V 1 5 i 5 fl. Noting that 

RE = RE (from the uniqueness of M-injective hulls)' our 

j1 7 71 IJA. 
a=lê 

proof is complete. o 

{Re} 
aEJ 

are inde-

LEMMA 3.6 Suppose M has the property that every submodule of M has 

a unique M-lnjective hull in M. Let {ea} be 
aEJ 

orthogonal x-idempotents in R. Let A Reacc 
aEJ 

canonical quotient map. Let P(J) denote the set of subsets of J and 

U C P(J) satisfy the condition that ahy K 6 U is an infinite' subset 

of J. Let fl(RE7x). Then the sum in is direct if and 
KEU 

ohly if for any finite number. of elements K1,...,K in U, each of the 

sets K. fl ( U K.) is finite (1 5 i S n). 
J 

an infinite family of 

and 1:M-+be the 

ii 

Proof Suppose for some K. 6 U, 0 Si S n we have K0 fl ['U X,1 = £ 
n i=1 

infinite. Then RELx C REK X` REEx C Y RE x and ELx f A, since 
0 , i=i n  

RE x D Rex. Hence 0 0 r (ELx) E RCK . RCK. 
aEL ' 0i R 11 
Suppose0 0 c 6 RC fl RCK for some K E U, 0 5 i 5 n. Let 

n 1=1 i 11 
bx 6 REK x fl Y REj x be such that ri(bx) = c. Since c 0, bx A. 

i=1 n  
So by 3.4, ?bx j Y Re x for any finite subset {a} of J. Suppose 

i=1 i i=r 

I = K 11 [ U K.] is finite. Pick X E R such that 
0   i-i. •7' 

Thx = I L. " . Then x 0 0 for some j, Zn S (1 5ej vi 1 
j=i U rf aEL 
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72 
with 1• L. Since Xbx E REx, Xbx E RE K. x, from 3.5 it follows 

that 3. E K 0 1 , 3. E U K., contradicting 3. L. Hence £ is infinite. o 
a  

LEMMA 3.7 Suppose M has the property that every submodule of U has a 

unique M-injective hull in U. Suppose there exists an infinite family 

of orthogonal x-ideinpotents in R. Let A = Rex. Then the 

aEJM aEJ 
module is not M-injective. 

Proof Let {L} be a countable set of infinite disjoint subsets 
i1 

of J with U L. J. Let Vbe the collection of subsets D ofP(J) 
il 2-

(the set of all subsets of J) satisfying the following conditions: 

(i) D D {L.} , (Ii) Given any finite collection K., 0 5 i 5 n 
2- j>l n 

of elements of D, K0 fl I U is finite. It is easy to see that V 
i=1 

is non-empty and inductive when partially ordered by inclusion, and 

hence contains a maximal element, say D. We set D' = D - {E} 
i21 

Let : U •+ be the canonical quotient map and let N = REB. 
BED 

Set p : Nx -+ A by p(EL x) = 'q(EL x) V i ? 1, p(EBx) = 0 V B K D'. 

i 2- M 
(p is well defined from lemma 3. 6). Suppose A were M-.injective. 

Then, since cp(Nx) c R(yEx) there exists c E ( Rri(EEX))* U,, 

such that p(nx) = ne. Let r(bx) = c. Then rl(EL x) K R(bx) > 1. 

Since R(EBx) 0 V B K Dt, and n E( R(EL x)) * it d1   

follows that Rrj(bx) fl Rr(E?)= 0 V B E 11'. Now from the argument 

of lemma 36, it fçllows that {3 K £lex E Rhx} is infinite and 

{t3 E B I e x E Rbx} is finite V  ED'. Pick ji K L. such that 
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e. x E Rbx V i 1 and set T = {j.} . From the disjoint nature of 

the L.'s, it follows that j EL if nd only if n = M. From the 

maximality of V it follows that T fl B is ihfinite for some B E V. 

As already pointed out, T fl L = {i} V i 1 so we can assume that 

B K D' .' But T fl B . {P 'E BIex E Rbx} is finite V B E D', a contra-

diction. Hence 7, is not M-injective. 

LEMMA 3.8 Suppose End(M) is regular, Mis M-injective and every 

cyclic submodule is a direct summand of M. Then there cannot exist 

any infinite family of orthogonal r-idempotents in R. 

Proof Immediate consequence of proposition and lemma 3.7. 13 

LEMMA 3.9 Let M have the property that every cyclic submodule of 

M is a direct summand of M. If there exist no infinite families of 

orthogonal x-idempotents in M, then M is semi-simple. r 

Proof We first show that SocM 0 0. If M itself is simple, there is 

nothing to prove. If not, there exists a cyclic submodule N1 of M with 

0 0 11 & M. Proposition 2.3 (i) yields an x-idempotent e such that 

= Re 1x. If R(l - is simple there is nothing to prove.' If not, 

there exists a cyclic submodule N2 of R(l - with 0 N2 R(l - e1 )X. 

Then H = N2 (D N2' for some N2  C M. Since R(l - D N2 we get 

R(l - = N2 H2' where H2' = N2' fl R(l - e)x. Thus 

H = N1 (i N2 H2 . If 6? is the projection of x onto N2 then e,e2 

are orthogonal x-ideinpotents, N2 =Re x and H = Re 1x, EI Re 2x R(l - 

where e' =I + e If R(l - e')is not simple we can repeat the 

above construction. Since there are no infinite families of orthogonal 



66 

x-idempotents in R, the above process has to stop after a finite num-

ber of steps. Thus we will get a finite number of orthogonal -idem--

potents e1,... ,e with R(1 - e)x simple where e = e1 + + Also 

(1 - e) = v is an x-idempotent. 

Thus M has a simple submodule of the form Rvx with v an x-idem--

potent. Let Gbe the set whose elements are families of orthogonal 

x-idempotents e al satisfying the condition that each Reao3 is a 
aEJ 

simple submodule of M. If g (e ) , = (en ') are elements 
aEJ r EJ' 

of G, we define g 5 g' if J C eT' and e = e for all a E J. Then 

applying Zorn' s lemma we get a maximal element g E G. Since there are 

no infinite families of orthogonal x-idempotents in R, g will be a 

finite collection (e.) 7< . We claim that -M = Re x W ... ED  Ret. This 

will prove the semi-simplicity of M, dince each Rea is simple. If 

M Re 1x E ... W Reka we will have R(l - e)x 0 0. Then using the 

argument given in the earlier paragraph we can obtain a simple module 

N = Rek+lx with {e .}k+1 an orthogonal family of x-idempotents. This 

j=1 k 
contradicts the maximality of g = {e} in G. 

i=1 

PROPOSITION 3.10 Let M be a cyclic module with End(M) regular. If 

every cyclic module is M-injective then M is semi-simple. 

Proof Immediate consequence of lemmas 3.9 and 3.10. 

§4.- Regularity of End(M) and M-inlectivity of cyclic modules  

In this section we relax the restriction that M be cyclic. We 

first observe that if M is semi-simple, then End(M) is regular. Ex-

plicitly we have not seen a proof of this fact in literatüre.* The-
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proof of this is exactly similar to the well-known fact that EndK(V) 

is regular when V is a vector space over a field K. For the sake of 

completeness we briefly indicate the proof. 

LEMMA 4.1 The ring of endomorphisms End(M)of a semi-simple module 

M is regular. 

Proof Let f E End(M). Let N = kerf, j: N -• M and i: f(M) -* M the 

respective inclusions. Since M is semi-simple the exact sequences 

o 'N_a > M—Lf(M) 

o --f(M) - M -p -' 0 

split. Let 0 :f(M) + M, p: M- f(M) be such that foe = Id f(M) and 

p 0 1  Then the element g = eo(p of End(M) is been to satisfy 

fogoff. 

When M =M W M with i: M - M, p.: M + M (i 1,2) respec-

tively denoting the inclusion and projection maps, we can represent 

any a K End(M) as a matrix, u 12 where a  Octop, E Hom(MM). 

a21 221 el 

LEHA 4.2 Suppose End(M) is regular and M is a direct summand of M. 

Then End(M1) is regular. 

K End(M). 
cp&) 

(0 oJ 
(p Proof Let M = W M2. Let K End(M1) and a =  

IIll P12 
Since End(M) is regular, there exists a 3 = E End(M) with 

P21 P22 
(p 0 1 

a 0 p 0aa. But a?°al ii Hence 
O O1 [P2 p22}o 0] rpll• 0 oj 

0 = p11 E End(M1) satisfies (poeo(p = (p. 13 
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REMARK 4.3 Suppose M = Al €i M and End(M.) regular (i = 1,2). Then 

in general it is not true that End(M) is regular. In fact if End(M) 

is regular, in addition to the regularity of End(M 11 ) (i = 1,2) we also 

get the following as a consequence: 

Given a21 E Hom(M1,M2) (resp. a12 E Hom(M2 ,M1)) there exists 

P12 E Hom(M2 ,M1)'(resp. P., E Hom(M1,M2)) such that a21 0 1.20a21 = a21 

(resp. a12 = a12 0p21 oa12 ). In fact the regularity of End(M) yields a 

p11 p12 0 0 p11 p12 0 0 0 0 
= such that  in End(M). 

21 22 a21 p21 p22 a21 01,= a21 0 

This in turn gives a21 op 12oa21 = a21 . 

EXAMPLE 4.4 Let R be a regular ring which is not semi-simple (for 

instance R = EndK(V) where V is an infinit dimensional vector space' 

over a field K). Then SocR 0 R. Let I be a maximal left ideal of R 

with I D Sod?. Then M1 is a simple R-module and hence EndW1) is 

a regular ring (lemma 4.1). Also End(R) cR is regular. However 

End(M1 R) is not regular. In fact for any a E Hom(R,M1) c we have. 

.a(X) = a(X.l) = Xa(l) = 0 for anyX E Sod?. Since M is simple for any 

3 E Hom(M1,R) we have (M1) C Sod?. Hence aop = 0 for any a K Honi(R,M1), 

3 E Hom(M,R). Thus if we choose a 0 0, for every 3,,E Hom(M1,R) we have 

aol3oa 0 a. From remark 4.3, we see that End(M1 Eb R) is not regular. 

THEOREM 4.5 Let lvi be 'a module with End(M) regular. Then the follow-

ing conditions are equivalent: 

(1) M is semi-simple. 

(2) Every module is M-injective. 



(3) Every finitely generated module is M-injective. 

(4) Every cyclic module is M-injective. 

• Proof (1) (2). Given any module A and Zany f: N -+ A with N C 

the semi-simplicity of M implies that N is a direct summand of M and 

hence f can be extended to ,a g: M - A. 

(2) (3) 'and (3) (4) are trivial. 

(4) = (l). It suffices to show that every cyclic submodule of 

M is semi-simple. Suppose N is any cyclic submodule of M. Since 

every cyclic module is If-injective it follows that N is M-injective 

and hence Nis a direct summand of M. From lemma 4.2 it follows that 

End(N) is regular. Also from proposition (2.5 (4) o j2) it follows 

that every cyclic module' is ltl-injective. From proposition 3.10 it now 

follows that N is semi-simple. 

We remark once again that all 'the material in section 3 and the 

essential idea in theorem 4.5 are tak'eh from [20]. The proofs here 

are adaptations of the proofs in [20]. 



CHAPTER VII TALL RINGS  

§1. Krull dimension  

The notion of Krull-dimension is becoming an important tool for 

the ètudy of ndeth'erian modules. We work with.the definition given in 

[15], and examine some relationships between having Krull-dimension 

and being noetherian. The starting point of this investigation is the 

observation that over a V-ring the class of noetherian modules and the 

class of modules with Kriill-dimension coincide (which,, is not true in 

general). M. Teply had originally proved (the proof is unpublished) 

that V-rings with Krull-dimension are noetherian.' Apparently, the 

proof is very similar to the. one first noted by us, essentially using 1.7 

(ii). Our aim in this chapter is to study rings in general, over which 

the classes of modules with Krull-diension and noetherian modules 

are equivalent. 

DEFINITION 1.1 The Krull-dimension of a module M over a ring R, 

(written K-dim M) is defined by transfinite recursion as follows: 

(i) K-dim M = -1 if and only if M = 0. (ii) Given an ordinala, 

assuming that the concept K-dim N < a has already been defined, we 

set K-dim M = a if and only if K-dim M jz a and there exists no infinite 

descending chain M = 10 D 1 D •.. of submodules of M with 
II. \ 

K-dim( 1 )4zaVil. 

Given a family {I} of submodules of M we will call them inde-

pendent if their sum Z 1. in M is a direct sum. Given any ring R, 

70 



71 

there always exist modules that do not have Krull-dimension over R, 

but noetherian modules always have Krull-dimension. This is the con-

tent of our next two lemmas. 

LEMMA 1.2 [151 If an R-module M contains an infinite independent 

family of submodules then M does not have Krull-dimension. 

Proof Suppose on the contrary there are modules M possessing an 

infinite independent family of submodules and having Krull-dimension. 

Among them pick a module, say M, with the least Krull-dimension. Let 

K-dim M = cc. Then all the R-modules N with K-dim N = < a, will not 

contain an infinite independent family of submodules. Let {T.} be 

a disjoint partition of the integers ? 1, with each T. infinite. Let 11 

W. = U T. and J. = I.. Then M = J D J J is a descending 
jEW. 0 1 2 

chain with contaning.an infinite independent family of sub-
eT i+1 J. 

modules. Hence K-dim ? a which contradicts K-dim M cc. 
i+1 

This proves the lemma. o 

LEMMA 1.2' Every noetherian module has Krull-dimension. 

Proof Let M be a noetherian module without Krull-dimension. Let 

N = {NIN is a submodule of M and 7, does not have Krull-dimension} 

N is non-empty since 0 E N and hence has a maximal element, say N, 

since M is noetherian. Then does not have Krull-dimension but 

every proper factor of 7, does. Let A = {AIN A C M, A a submodule 

Let p= l.u.b. {K-dim 'IA E A} (P exists since A is a set). Let 

= D 1, •.. be a descending chain of submodules of /M . From 
LV 'N 11y LV 

the definition it is evident that if K-dim A = a, and B is a submodule 
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I. 
of A then K-dim B S a. So either '7/N = 0 V j n (for some integer ,n), 

or K-dim /N/ N} = Kdim S K-dim S for all integers 

il. In any case K-dimM5+l. o 

We now set about trying to determine those rings over which the 

converse of 1.2' holds. 

Let R be a ring and ,S a subcategory of .R-mod. 

DEFINITION 1.3 S is called a Serre subcategory of R-mod if: 

(i) S is non-empty. 

(ii) M,N E S HomR(M,JV) = Hom5 (M,N) (S is full). 

(iii) If 0 -+ L. - N - 0 is exact in R-mod then M E S L,N E S. 

From (i) and (iii) it is clear that 0 E S. From property (iii) 

it follows easily that S is closed under finite products and hence 

finite limits. We also note that from (15] 1.1, it follows that the set 

of all modules with Krull-dimension over a ring R forms a Serre sub-

category of R-mod. 

Let H be a ring, S any subcategory of R-mod. We define two maps 

G(S),H(S) : R-mod -* R-mod as follows: 

(i) V M E S, G(S)(M) = H(S)(M)= 0. 

(ii) V M S G(S)(M) = fl {NIN CM, E S}. 

(iii) V M S H(S)(M) =fl {NIN c M, N S}. 

If S is a Serre subcategory, then from 1.3 (iii) it follows that 

H(S)(M) C  G(S)M V M E R-mod.  

Before stating the main results' of this chapter we introduce a 

definition and fix some terminology. 
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DEFINITION 1.4 A module M has finite uniform dimension if no homo-

morphic image of M contains an infinite independent family of sub-

modules. Otherwise we say M does not have finite uniform dimension. 

For the rest of this section R denotes a ring, S a Sèrre' sub-

category of R-mod. N denotes the Serre subcategory of all noetherian 

R-modules K, Ka those of all modules with Krull-dimension and those 

of Krull dimension 5-a respectively. An immediate consequence of 

lemma 1.2 is the following. 

LEMMA 1.5 M E K M.has finite uniform dimension. 

LEMMA 1.6 Given any 0 M E R-mod, then H(K)(M) M 0 H(K)(M) for 

all ,ordinals P. 

Proof If 0 0 M E KV  then H(K(3 )(M) = 0 0 A1. If M then 

H(Kt3)(M) = M K- dimN $ 1 for all N M. In this case, given any 

descending chain M D N1 D N2 ... there exists an integer i such 

N. 
that K-dim (3 for all i i0. Henèe K-dim M 5 (3, a contra-

i+1 
diction. Finally, let (3 l.u.b. {K-dim NjN C M, N E Q. Then 

H(K)(M) = 11(K) (M). Hence M H(K)(M) for all M # 0. C] 

PROPOSITION 1.7 Let S be aSerresubcategory of R-mod. Let M S 

and 11(S)(N) N for all 0 .N E R-mod. Suppose further that S 

for all finitely generated I C M. Then either (i) there exists an 

exact sequence 0 -+ N -+ M -+ P -+ 0 with both N and P not in S, or 

(ii) M does not have finite uniform dimension. 

REMARK (i) and (ii) are not necessarily exclusive. 
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Proof Let I C Mbe: finitely generated and r: M - be the canonical 

quotient map. Let A = G(S)(),A = r 1 (A). The proof splits intb 

three cases. 

(i) K S. Then sinäe 1 . S by hypothesis, it follows from 

1 (iii) that A = '4. 3E S. Hence H(S)(A) A. Therefore there exists 

an N A with S. Then M IN ., since M/1/N E S G(S) 

A c 2, a contradiction. Let N = From TV Swe get  f S. 

Now 0 - N - N - -+ 0 is exact with N and YN c 1// not in S. 

(ii) S, andA S. 

exact. 

(iii) Suppose for all finitely generated I C N we have 

G(S) K S. Then M1, /G(S) S. Since {O} is finitely generated 

we get G(S) (N) E S. Hence N 0 G(S) (N). It follows that there exists 

0 a 1 1 1 E M, N C N with a E. N and E S. 
1  

Taking this as the start of an induction, suppose ai,...,ar 

N,... N have been constructed with (1) a N (l i r) and r  

(2) a. K N. for all I j. Let I = <a 1,... and N= fl N1. Then 

N 1=1 
YN imbeds into, 11 , and S is closed under finite products and sub-

i=1 I 
modules. Hence M ES. Again let r: M-+ be the canonical quotient 

map adA = G(S)(). NowA ES by assumption and since. 

E S and S, we jet (N) S. Also by the defini-

tion of G(S) we get G(S)(,.) C TO). ThusA C (N). From A ES, 

TI(N) jSwe get A TI(N). Hence there exists 0 E -q(N) , E A. 

This means there exists L C with K S and Z. Take 

a1 E N fl ri 1(), N1 = 11_1(). Clearly a 1 N 1 and E N.,11 
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) a. V 1 5 i S r, so we have constructed a 1 and N 1 satisfying 

r+1 11the conditions (i) and (ii). Hence by induction there exists 

{a} C M and {N} submodules of M satisfying a I, a. E N. 
il il a 

V j 1. Setting N = fl N and i1:M to be the canonical 
i1 

quotient map, it follows that {Rr)(a)) are independent in 
il 

0 

LEMMA 1.8 Let S be a Serre subcategory of R-mod satisfying 

H(S)(N) N for all 0 N. Suppose given M S there exists an 

A C'M such that A, S for every finitely generated I CA. Then K . S. 

Proof Suppose there is an M K K, M S. Of all such choose one of 

least Krull-dimension, say a. Then M E Ka and K C S V 3 < a, where 

a > -1 since 0 E S. Since M S there is an  C M such that A/ S 

for any finitely generated I C A. Hence by proposition 1.7 and lemma 

1.2 there is an exact sequence 0 -+:N - A -+ P -' 0 with N1 and P not in 

S. Now straightforward indtictional1oWsus to construct. 
N. N. 

MD N1 D N2 D ... where N. S V i 1. This means K-dim >_a 

contradicting K-dim M = a. o 

THEOREM 1.9 The following are equivalent for a ring R: 

(i) H(N) (M) , M V 0 M E R-mod where N is the subcategory of 

all noetherian R-modules. 

(ii) K=N. 

Proof That ('I C K is well known [15]. Suppose M E R-mod M N. 

Then there is a submodule N C- M such that N is not finitely generated 

and hence 3E N for any finitely generated submodule I of N. Hence. 

by lemma 1. 8, 1< C N. Hence K = N. 13 
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We now give a proof of a theorem first proved in [15]. The ori-

ginal proof involved the notion of a localizing subcategory, but it can 

also be deduced by more direct arguments, in a slightly generalised 

form. 

LEMMA. 1.10 Let R be a ring, S a Serre subcategory of R-mod containing 

all finitely generated modules. Let K be the subcategory of all R-

modules with Krull-dimension. Then H(S)M M V 0 4 M E R-mod S D K. 

Proof If M S then S for any finitely generated I CM since 

I E S. Hence from lemma 1.8, K C S. o 

THEOREM 1.11 (Gordon Robson [15]) If the ring R has K-dim ci (as a 

left R-module) then efery left R-module with K-dim has K-dim a. 

Proof Let K {M E R-modM has K-dim), K = {M 'E R-modK-dim M a). 

Then clearly Ka contains ailfinitely generated R-modules. Hence from 

lemmas 1.6 and 1.10 (with S = we get K C K. This proves the 

theorem. E3 

We shall now concentrate on rings R which satisfy the condition 

that all R-modules with Krull-dimension are noetherian. 

THEOREM 1.12 The following are equivalent for a ring R: 

(i) Every R-module with Krull-dimension is noèthenian. 

(ii) Every non-noethenian R-module M has a proper non-noetherian 

submodule. 

(iii) Given M E R-mod, M non-noethrian there is an exact sequence 

0 -+ N -+ M - P -+ 0 of R-modules with N,P non-noethenian. 
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Proof That (i) (ii) is the essence of Theorem 1.9. (iii) (ii) 

is obvious. To show (ii) - (iii) we let N = {all noetherian R-modules} 

and notice that M E R-mod M N there exists N C M with N non-finitely 

generated. Hence N,, N for any finitely generated I C N. Applying 

proposition 1.7 to N with N = S and noticing that in any module Mwith-

out finite uniform dimension we have an exact sequence 0 N -+M -+ P -+ 0 

of R-modules with N,P non-noetherian, our proof is complete. o 

PROPOSITION 1.13 Let S be a Serre category M S. Suppose I C. 

I finitely generated I E S. Suppose further that H(S)N N V N S. 

Then M does not have finite uniform dimension. 

Proof Since H(S)M # M we can pick a1 E M, N1 C M with a1 f N1 and 

N1 S. Suppose we have a1,... ,ar with a a ( N. 
11 1 

V i0 j,and fl N. S. Let al,...,ar = I, N1 fl ... fl N = N. Now 

N+I/ P1/ Ssince N fl I E S. Pick N 1 P1+1,, and E N .t. 

N ì, and Nl/ S. Since N 1 = N fl N 1 + I we see that 

N fl N 1 J S. Finally a2  t N and a 1 Nj V 1 i $r. The 

rest of the proof is the same as inthe proof of 1.7 (iii). 0 

COROLLARY 1.14 Let M = Lim T. where T. E 1< . If M has Krull-dimen-
i- a 

sion then  (K. a 

Proof Set S = Ka in proposition 1.13. 13 
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§2. Tall rinks  

DEFINITION 2.1 An R-moduleM will be called 'tall' if there is an 

exact sequence 0 -+ N -'- M - P - 0 of R-modules with N,? non-noetherian. 

•A ring R will be called 'tall' if every noi-noetherian R-module is 

tall, that is R satisfies the. equivalent conditions of theorem 1.12. 

LEMMA 2.2 Let R be a tall ring, p: R - S a" ring epimorphism. Then 

S is a tall ring. 

Proof Let M be a non-noetherian S-module. Make M an R-module 

through p by setting rin = cp(r)m V r E R, m E M. Then N is anR-sub-

module of M N is an S-submodule of 24. Hence M is a non-noetherian 

R-module, and since R is a tall ring, has a proper non-noetherian 

H-submodule N. Then N is also a proper non-noetherian S-submodule 

and hence by theorem 1.12 S is a tall ring. a 

The classical example of an artinian but non-noetherianmodule 

is Z. Z is in fact the injective hull of Z We show that 

whether a ring R is a tall ring can be determined by exnw1ning the 

essential extensions of simple R-modules. 

PROPOSITION 2.3 , Let R be a ring which is not tall. Then there exists 

a simple R-module S and an R-module B such that S C B and 

(i) S is essential in B. 

(ii) B is not noetherian but has no proper non-noetherian sub-

modules. 

Proof Since R is not a tall ring, there exists a non-noetherian 

R-module U which has no proper non-noetherian submodules. Let a K U. 
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Let N be a maximal submodule of M not containing a. Since N is a 

proper submodule, N is noetherian and 7, is non-noetherian. Setting 

B = 7. and S = R(a) where: M-+ B i the canonical quotient map, 

the proposition follows. ci 

We now show that a polynomial ring is never a tall ring. To 

show this it is sufficient to prove that a polynomial ring in one 

variable over any ring is not tall. 

PROPOSITION 2.4 Let R be any ring and R[X] the polynQmial ring in 

the commuting indeterminate X. Then R[X] is not tall. 

Proof Let M C R be a maximal ideal of R, S = . Let S = S for 

all integers i ? 1 and T = W S.. Let u E 5, and define u. ( T (i 1) 

to be the element with u in the i th coordinate and zero elsewhere. 

Set Xis 1 = 0, XU = and leave action by elements of R unchanged. 

This extends to an operation by R[X] on T which makes T an R-module. 

A verification exactly analogous to the case of Z shows that T is 

not noetherian but has no proper nn-noetherian submodules. ci 

REMMU<. 2.5 This shows that subrings of tall rings are not tall, 

since we can take the field extension k(X) of a field k by an indeter-

minate X. k[X] is a subring of k(X) which is not tall, while any field 

is obviously tall. 
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§3. Monoid rings over tall rings  

In contrast to proosition 2.4 we will show that, given any 

finite monoid with identity G, and a ring R, then the monoid ring RIG] 

is a tall ring R is a tall ring. In the course of. the proof we need 

the following lemma which is easy to verify. 

LEMMA 3.1 Let M be an R-module, A,B,C,D submodules of M with A D B, 

A+C A C 
C D D. Then there exists an epimorphism X ED B+D B+Anc 'D+AflC 

We now fix the following notation: 

R is a sub ring of S containing the identity of S. 

G = {l = is a finite subset of the centraliserof 

R in 5, and as an R-module, S = (G). If -M is any S-module and A an 

R-submodule of M, then we define R-submodules A (0 rs i 5 n) of M by 

A1 = gA. Clearly A = A0 C A1 C ... C A, and A is an S-sub-

0j5i 
module S. Setting gj 1(A) = {m E Mjg1m E A), it is clear that 

is an R-submodule of M. 

PROPOSITION 3.2 Let R, S, G be as above, and M an S-module. If M is 

non-noetherian when considered as an R-module in the natural way, then 

there exists an S-submdule N of M with both N and 7, non-noetherian 

as R-modules. 

Proof We will construct R-submodules A (0),A( 1),...,A of -M such 

that and '(i) are both non-noetherian as R-modules. (For each 

R-submodule C of M, C = g.C). Since M is non-noetherian and R 

osjsi () (0) 0 
is a tall ring, there exists an R-submodule A = A 0 of M with A 0 

/ 

M A( 0) have been constructed and (o) non-noetherian. Suppose 
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with the required property. If A+g 1A is noetherian, set 

A( 1) = A(r). Then A 11) J A and is non-noetherian, and 
r  

M(i- 1) A(r) 15 noetherian. Since. '(r) is non-noetherian it f017 
r+1 r frf r 

lows that .(i*i) is non-noetherian. No suppose 
21, 

A(r) + g A(r) A (r) A(r) is non-noetherian. 
r r+1 r 1 

Then the proof splits into two cases. 

Case (1) B = fl g +.1A' is not noetherian. Then there exists a 

non-noetherian submodule C of B with also non-noetherian. We set 

A1) = 0' 1(C). Then A 1) C A, and, as an R-module, C is a 

(ri-i) (r+-I) 
homomorphic image of A . So A 

R.- module. 

is non-noetherian as' an 

I 

Case (2) B = 11 g.•1Ar is noetherian. In this case, since 

g 1  is not noetherian and  is a tall ring we can get a non-noetheiian 

submodule C of g1A r with C D B and 9'r-1-1 / non-noetherian. Again 

(ri-i) 
we set A = g 1(C). Then is non-noetherian. In both cases, 

by lemma 2.10 there exists an epimorphism 

(r) /  Acr)+ g A (r) (r4-1)- A ( 1)+  (i A. ) /A 1)+B e) g 1A / g i-1A •+B. 
r r+1 r g 1  

In case (1), we have g1A(1*1) = C C B and hence the second 

factor in the direct sum reduces to gr.1.1A which is non-noetherian 

by assumption. In case (2), the second factor reduces to 
'C 

which is non-noetherian by the choice of C. It follows that 

= M/A 1) +g1A'*1) is non-noetherian. Setting N = 

N is an S-submodule satisfying the requirements of the proposition. o 
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THEOREM 3.3 Let R, G, S be as in proposition 3.2. Then if R is 

tall ring then so is S. 

Proof Let M be a non-noetherian S-module. By theorem 1.12 'it is 

sufficient to show that M has a proper non-noetherian submodule to 

prove that S is a tall ring. Now clearly M is non-noetherian as an 

R-module and by proposition 3.2 has an S-submodule N such that N and 

are non-noetherian as R-modules. In particular M # N. Again by 

applying proposition 3.2 toN, we get an S-submodule N1 such that N1 

and X are non-noetherian asR-modulès and hence N1 9 N. Let k be 

an integer 1 and assume inductively that, we have constructed S-mod-

ules Ni N2 ... N C N, with each non-no;theriart as an N. 

R-module. Then there exists an S-submodule I of 7, with /N'/I and 
k 

I both non-noetherian as R-moduleq. Let 71 :N -+ N  be the canonical 

quotient map, and N<+1 = f 1(r) Then N  Nk+l 9 N, and Nk+l is 

not R-noetherian. Proceeding thus, we get an infinite ascending chain 

of S-submodules N1 9 N2 9 ... N< .. of N. Thu§ N is a non-noe-

therian proper submodule of M and hence our proof is complete., 

COROLLARY 3.4 Let 0 = fe = g0,g 1,...,g} be a finite monoid with 

identity g. Let R be a ring and S = R[G] the inonoid ring. Then S 

is a tall ring R is a tall ring. 

Proof Since R is an epiiuorphic image of 5, S a,, tall ring R is a 

tall ring by lemma 2.2. If R is a tall ring, the subring Re of .S is 

a tall ring, S is generated,by 0 as an Re-module, and since e is the 

identity of 0, each E 0 is in the centraliser of Re. Hence by 

thedrem 3.3 S is a tall ring. 0 
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We now give some examples of tall rings. 

EXAMPLE 3.5 Every V-ring R is a tall ring, since for all R-modules M, 

H(M) C JR(M) =.O, so H(M) # M if M 0 0 and so -by theorems 1.9, 1.12 

R is a tall ring. 

EXAMPLE 3.6 Every left perfect ring R is a tall ring, since again, 

for all modules M, JR(M) = M N = 0 so 11(M) = N N = 0. 

Before our final example of a tall ring which is neither a per-

fect ring nor a V-ring, we prove some simple lemmas. 

LEMMA 3.7 Every perfect V-ring R is semi-simple artinian. 

Proof If R is a perfect ring R/J) is semi-simple artinian and if 

R is a V-ring JR(R) = 0 so the lemma follows.-

LEMMA 3.8 Let R be a ring, 0 a group and R(G) the group ring. Then 

R[G] perfect R perfect. 

Proof Perfect rings are characterised by the fact that all modules 

have projective covers ,. Let R be perfect p: 11 -+ S an onto ring homo-

morphism. Let N be an S-module. Make N an R-module by setting 

rn = p(r)m V r E R, m E N. Let keup = I. Let P be an R-projective 

cover for N. Then / is A projective cover for M as an S-module. 
IP 

This is well known and asy to check. Hence every homomorphic image 

of a perfect ring is perfect. Hence R[G] perfect R perfect. U 

LEMMA 3.9 [19] Let R be a V-ring, G a finite group. Then if R[G] 

is a V-ring the order of 0 is invertible in R. 
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Proof Suppose G = and n is not invertible in R. 

Let M be a maximal ideal of R containing Rn and let S = %. We make S 

an R[G]-module by setting ga = s for all S K S, g E G. Then the ele-
n-i 

ment Z g. = X annihilates S but we can define f: R[G]X - S by 
i=O 

f(aX) = ari(l) for all a E R[G], where 0 :R -3 is the canonical quo-

tient map. In fact for any a = r0 + r1g1 + ... + in R[G] 

with r. K R we have aX = (r0 + r1 + ... + r 1) (e + g1 + "' + c(a)X 

where E : R[G] + R is the augmentation map. Hence aX = 0 c(a) = 0. 

For the action on S we have a.s = c(a)s for any s E S. Hence 

aX = 0 = c(a) 0 - e(a) -q(l) = 0. Thus f is well-defined. Moreover 

f 0. Since AS =0, there exists no extension of f to a homomorphism 

R[G] - S. Hence S is not R[G]-injective. Clearly S is a simple R[G]-

module. Thus R[G] is not a V-ring. 

EXAMPLE 3.10 Let R.be an infinite direct product of copies of 

(the integers modulo 2). Let Gbe the cyclic group of order 2. Then 

R is a V-ring and hence a tall ring (example 3.5). Since R is not 

semi-simple artinian R is not perfect by lemma 3.7. Hence R[G] is 

not perfect by 3.8. Since 2 is not invertible in R, R[G] is not a 

V-ring by 3.9, but R[G] is a tall ring by 3.3. So R[G] is a tall ring 

which is neither .a, perfect ring nor a V-ring. 

We conclude this chapter with a proposition which may be of 

practical use in determining when certain rings are tall. 

DEFINITION 3.11 Let R be a ring. We define a collection F(R) of two 

sided ideals of R by F(R) = is a tall ring}. 
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PROPOSITION 3.12 R is a tall ring *for any non-noetherian R-module' 

M, there exists an I EF(R) with IM M. In particular if F(R)con-

tains a nilpotent ideal then R is a tail ring. 

Proof If R is a tall ring then {O} E F(R) hence one implication 

is trivial. If a non-noetherian R-module M is given suppose I E F(R) 

an  IM M. If I14 is noetherian then IM is non-noetherian and M has 

a proper non-noetherian submodule. If 71M is non-noetherian, then 

M R M 
IM is 7 also a non-noetherian /1 -• -module. Let r M be the R-quo-

tient map and N C 1-M IM a proper non-noetherian /1-submodule. The set 

i11(N) has a natural R-module structure and is a proper non-noetherian 

submodule of M. Hence by 1.12, R is a tall ring. The last sentence 

follows from the fact that if I is a nilpotent ideal then IM M for 

any module M 0 0. C3 
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