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Abstract 

This thesis is devoted to European and Swing option pricing under Pilipovié's mean-

reverting models, and the associated jump-diffusion model. Currently there is no available 

analytical option pricing formula under Pilipovié models, even the general moments of 

the models are difficult to calculate. The results of the thesis include an explicit European 

option pricing formula under the one factor Pilipovié's model, and a multinomial tree 

method, which is developed to price swing options under Pilipovié's model with jumps. 

Here the multinomial tree method is also applicable for other jump-diffusion models. 

A Monte Carlo simulation method is implemented for the jump diffusion model. The 

calibration methods of Pilipovié's models is also discussed in the thesis. 
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Chapter 1 

Introduction 

1.1 Energy Markets 

Traditional money markets stand for several years. There are many kinds of money 

markets, such like the interest rate and equity markets, which are all quite mature. 

Compared to money markets, the energy markets are relatively new, and there are many 

differences between these two kinds of markets, which make the energy markets harder 

to model, and therefore the research on energy markets is very important. For example, 

there can be various regulations in energy markets, while in money markets there are 

little. The seasonality, which is barely seen in money markets, is an essential part in 

energy markets. For example, in natural gas markets and electricity markets, there are 

strong seasonal patterns in market data. The low liquidity and high frequency of events, 

and the impact of storage also make the energy markets different from money markets. 

Because of the difference between money markets and energy markets, the framework 

needs to be changed in the modeling of energy assets. 

Most of the characteristics of energy markets is covered in Pilipovié's book on energy 

derivatives (see [32]). 

1.1.1 Characteristics in Energy Market Data 

Statistical Analysis 

Natural gas is bought and sold through a large and integrated continental market with 

multiple pricing hubs. The main delivery hub in north America is known as the Henry 

Hub in Louisiana, which is the pricing hub for natural gas traded on the New York 
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Mercantile Exchange (NYMEX). The Alberta natural gas trading price is closely related 

to the Henry Hub prices, which is based on a virtual trading hub (AECO) on Natural 

Gas Exchange system (NGX). In figure 1.1 and figure 1.2 we can see the historical daily 

natural gas prices in Henry Hub (Jan 1991-Dec 2005) and in AECO (Jan 1994-Dec 2005). 

We can see that the price paths in both figures are very similar, which is result from the 

relationship between the two hubs. 

Henry Hub Daily Natural Gas Price (1991-2005) 
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Figure 1.1: Historical Natural Gas Price in Henry Hub (Jan 1991-Dec 2005) 
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Figure 1.2: Historical Natural Gas Price in AECO (Jan 1994-Dec 2005) 

If we look at the histogram of the natural gas prices, we can see high kurtosis and 
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positive skewness in the histogram, which are common in energy markets. 

Histogram Fit for Henry Hub Natural Gas Prices (1991-2005) 
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Figure 1.3: Histogram and Normal Distribution Fit for Henry Hub Prices 
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Figure 1.4: Histogram and Normal Distribution Fit for AECO Prices 
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Now if we take logprice for analysis, we will see that they are not normally distributed, 

which is an essential assumption in Black-Scholes modeling in money markets. Therefore, 

Black-Scholes model is not proper for model asset prices in energy markets. 

Histogram Fit for Henry Hub Natural Gas Logprices (1991 -2005) 
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Figure 1.5: Histogram and Normal Distribution Fit for Henry Hub Logrices 
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Mean-Reversion 

The Black-Scholes framework for spot price model is the most famous model in math-

ematical finance research, and there have already been several mature results derived 

under this framework. However, the Black-Scholes model is not applicable in energy 

markets, since it requires the spot prices to be a lognormal process. As we analyzed 

above, in energy markets, the spot price data has high kurtosis and non-zero skewness, 

which are different from price data that can be derived under Black-Scholes framework. 

In fact, the mean-reverting price model turns out to be the best model in capturing the 

distribution of energy prices. 

In a mean-reverting model, there is an equilibrium level around which the underlying 

mean-reverting variables oscillate. When the underlying variables of the model get away 

from the equilibrium level, we will notice them in the later time that they go back to the 

level again. The equilibrium level varies in different models. The level may be a constant, 

or a deterministic curve, or even itself a stochastic process. There is a drift term in the 

model which controls the speed of the variables to go back. There will also be noises and 

discrete jumps in the model. However, the expectation of variables will still converge to 

the equilibrium level. 

We can use the term half-life to calibrate the mean-reverting speed of a mean-reverting 

proces. Similar to the meaning in physics (the expected time for a given amount of 

substance to decay to half of its mass), the half-life of a mean-reverting model is the 

expected time that the variable in the model to go half way back to the equilibrium level 

(see [10]). 

The underlying mean-reverting variable in energy markets can be the price, the log-

price, or the volatility, etc. Here in the thesis we consider the price to be mean-reverting. 

The mean-reverting models will be introduced in chapter 2. 
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1.1.2 Impact of Demand Drivers in Energy Markets 

In energy markets, the impact from the demand side can not be ignored. Different from 

money markets, there are convenience yields and seasonality in energy markets, and both 

of which result from the impact of demand drivers. 

Convenience Yield 

For industrial users, they always prefer to keep there plants running, since the cost of 

shutting down and restarting is relatively higher than constantly running. To maintain 

constant production and avoid certain cases such like the lack of available supply, they 

are willing to pay a premium to have the necessary energy for running their plants. The 

premium they pay is called the convenience yield. The convenience yield can be seen as 

the value of production by purchasing energy before the users run out of energy supply. 

There are several factors which have effect on the value of convenience yield, including 

the benefit of smooth production, storage cost, etc. 

Seasonality 

The demand of energy can be largely changed at different times. This is mainly from 

the aggregate consumption of residential users. For example, in electricity markets, the 

consumption of residential users at midnight are generally lower, since most utilities in 

houses are shut down. The consumption of natural gas in winter will be higher than 

the case in summer, due to the demand of heat in winter. Because of the impact of 

seasonality, we can see significant patterns in price data. 

1.1.3 Exotic Contracts in Energy Markets 

Due to the various needs of end users in energy markets, there are lots of sophisticated 

energy contracts in energy markets. Average of prices, barriers, customized delivery 

requirements, etc., are commonly used in energy contracts. These kinds of typical energy 
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contracts are of great challenge to mathematical finance analysis in energy markets. 

Most of these kinds of contracts are considered as "exotic contracts", compared to the 

relatively simpler contracts, like forwards, vanilla options, swaps, swaptions, etc., in 

money markets. 

It is always hard to achieve explicit analytical solutions to the price of exotic options, 

and they are often priced under numerical methods. Pricing of exotic options is important 

in energy market trades. The swing options, which we will discuss in the thesis, is a kind 

of exotic options used mainly in naturally gas markets. 

1.2 Financial Derivatives 

In finance, a derivative, also called contingent claim, is a financial instrument that is based 

on an underlying asset's value; rather than trade or exchange the asset at present, market 

participants enter into an agreement to exchange money, assets or some other value at 

some future date based on the terms of the derivatives. Examples of assets could be 

anything from bar of a gold, to a stock, or even an interest rate. Common derivatives 

include put and call options, forward contracts, future contracts, swaptions, etc. A 

simple example is a futures contract: an agreement to exchange the underlying asset (or 

equivalent cash flows) at a future date. The exact terms of the derivative (the payments 

between the counterparties) depend on, but may or may not exactly correspond to, the 

behaviour or performance of the underlying asset. The creation of financial derivatives 

is mainly on the purpose of hedging, but the financial derivatives can be used for both 

speculation and hedging. Some derivatives can be traded on exchanges, while others are 

developed as private contracts between the financial agents and clients. 

The widely use of financial derivatives leads to a mathematical problem: pricing of 

derivatives. Although the price of exchangeable financial derivatives can be just driven 
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by the relationship of supply and demand, there are also certain contracts that works 

privately between two financial institutions. In the latter case, the two sides will be 

hoping to achieve a reasonably "fair" price for the contract. Even in the former case, 

when exchangeable derivative are priced due to the supplies and demands, there still 

exists certain arbitragers that are willing to estimate a relatively "fair" price for the 

public contracts, to help them to gain benefit from the difference between the real price 

and estimated price. 

Under certain conditions, there are theories which provide ways to price financial 

derivatives, for example by using the expectation of the discounted payoff. We will 

discuss the condition and theory in section 4.2. 

1.2.1 Options, European Options, Swing Options, Option Pricing 

There are many types of financial instruments that are grouped under the term deriva-

tives, and we concentrate on options in the thesis. Options are contracts where one party 

agrees to pay a fee to another for the right (but not the obligation) to buy something 

from or sell something to the other. Generally, there are several basic components for an 

option contract. 

The asset being traded in the option contract is called the underlying asset. 

The fixed price, which is decided in the contract as the price for the holder to trade 

the underlying asset, is the strike price, or the exercise price. 

The given dates for the trade to be finished is termed as the maturity dates, or expiry 

dates. 

The European option is a kind of options which is widely used. The European options 

provides an opportunity, but not an obligation, for the holder to buy (European call 

option) or sell (European put option) a given asset at the strike price. The holder can 

only exercise his right on the expiry date. 
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Options like European options are very simple, well understood and traded, and 

therefore named as "vanilla options". 

Swing options are different from vanilla options, which have various versions in prac-

tice. Generally, swing options provide option holders multiple exercise rights, and the 

holders can choose to exercise the rights on several given exercise dates before the end of 

the contract. 

There are several ways in option pricing. For example, analytical solution through 

expected payoff or partial differential equations. In the cases when an analytical solution 

can not be found, or the analytical form is to complicated to be practical, numerical 

methods can be applied, such like the finite difference method, finite element method, 

Monte Carlo simulation, binomial tree method, etc. 

There is an important component in option pricing, which is the risk-neutral measure. 

The risk-neutral measure is a probability measure, under which the non-arbitrage price of 

a derivative at present is equal to the risk-neutral measured expected value of the future 

payoff of the derivative discounted at the risk-free rate. All the option pricing methods 

are based on the prerequisite that the model is risk-neutral. 

By using Girsanov theorem, it is possible to transform the measure from physical 

measure to risk-neutral measure. Girsanov theorem is a theorem on change of measure 

in probability theory, which provides the way of the conversion (see [30]). The Radon-

Nikodym derivative can be calculated through Girsanov theorem, which is the change 

of density of one measure to the other (see [30], [33]). However, the Girsanov theorem 

can not be applied to the models in this thesis, and an alternative method is used (see 

section 2.2). 



Chapter 2 

Mean-Reverting Stochastic Models 

As introduced in chapter 1, There is mean-reverting patterns in the behavior of the prices 

of energy assets, and we can assume that there exists equilibrium prices in the asset price 

curves. In this chapter we will discuss three kinds of mean-reverting models, which will 

be used in this thesis: one factor, two factor, and one factor with jumps. D. Pilipovic 

first provided the one factor and two factor model in [32], with their solutions and some 

related analysis. There is also a solution to the one factor model via change-of-time 

method in [38] by A. Swishchuk. Some other models used in energy market research will 

also be introduced in of this chapter. 

2.1 Mean-Reverting Models without Jumps 

In this section we give a brief introduction of some widely used mean-reverting models 

without jumps. 

2.1.1 One Factor Models without Jumps 

Vasicek's Model 

Vasicek's model is used to describe the evolution of interest rates in financial markets. 

It was introduced in 1977 by 0. Vasicek ([39]). The underlying process is the 0rnstein-

Uhlenbeck process, which is an one-factor mean-reverting process. 

The stochastic differential equation has the form 

drt = a(b—'rt)dt--adWt. 

10 
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The solution of equation (2.1.1) is 

t 

rt = roe, + b(1 - at) +Jo Ue 

The expectation lIE [rt] is 

E [rt] = roe-at + b(1 - 

and the variance satisfies 

Var[rt] = a2 -(1 - e-2aL). 

We can see that 

limiE[rt] =b, 
t—*oo 

which implies that rt is following a mean-reverting process. 

Schwartz's One Factor Model 

E. S. Schwartz provide three models in his paper on commodity prices ([34]): one factor, 

two factor, and three factor models. Here we give an introduction of his one factor model. 

In one factor model he assumed that the logprice follows the Ornstein-Uhlenbeck 

process. The underlying asset price St has the form 

dSt = a(L - in S)Sdt + aStdWt, 

Where a > 0 is the drift speed, L is the equilibrium level, a, L, a are constant. If we 

let Xt = In St, by Ito's lemma (see appendix A.1.4) we will have 

dXt = a(1a-Xt)dt+adWt, 

where 

a2 

For risk-neutral measure, he assumes that X, follows 

dXt = a(/t* - X)dt + o•dW 
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under risk-neutral measure, where jf = - )., ). is the market price of risk. 

This one factor model is widely used, since it can be analytically solved, and an 

explicit European option pricing formula can be calculated (see [34]). 

2.1.2 Multi-Factor Models without Jumps 

Schwartz's two factor model and three factor model are also widely used. Here we give 

an introduction of these models. 

Schwartz's Two Factor Model 

In Schwartz's two factor model ([34]), the asset price follows 

JdSt = (—cit)Stdt+ciStdW', (21) 

dut = ci—crt)dt+ci2dWt2, 

where at follows the Ornstein-Uhlenbeck process, and the two Wiener process W' and 

W are correlated with 

dW'dW = pdt. 

Schwartz provided the solution and European option pricing formula of this model 

(see [34]). 

Schwartz's Three Factor Model 

In this model Schwartz assumes that the asset price follows (see [34]) 

dS (r—u)Sdt+uidW', 

dut = ic(c—cTt)dt+a2dW2, 

drt = a(m - rt)dt + u3dW1, 

where 

(2.2) 

dW'dW2 = p1dt, dW2dW3 = p2dt, dW'dW = psdt. 

Schwartz provided the solution and European option pricing formula of this model 

(see [34]). 
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2.2 Pilipovi's One Factor Model (Model iF) 

Pilipovió introduced the mean-reverting one factor model and two factor model in [32]. 

In one factor model, it is assumed that the equilibrium price is a constant L, and the 

spot price St follows the stochastic differential equation 

dSt = a(L—St)dt+crStdZt (2.3) 

In equation (2.3), Zt is a standard Wiener process, £ is the equilibrium price, a is the 

mean reverting speed, a is the volatility. Here a> 0 and a> 0. 

Note that the difference between model IF and Vasicek's model is that there is an 

additional term in the diffusion part in model IF. 

We can easily see that the spot price process defined by equation (2.3) is a mean-

reverting process: for any fixed S, such that St > L, E [dS] < 0, therefore St tends to 

decrease, and when St < L, E [dS] > 0, thus St tends to be increasing. Therefore, St 

will be oscillating around the constant line L. 

For the solution of this stochastic differential equation, we have (see [32], [38]) 

Theorem 2.2-1. In equation(2.3), the explicit solution of St with initial value So, is 

the time integral 

and 

t 

St = Soe_te t_ + aLe_tet_ I eCes e Z3+ds, 
0 

E [Se] = e_at(So - £) + L. 

(2.4) 

Model IF is not risk-neutral, and there can be infinitely many Radon-Nikodym deriv-

atives for the process S, and it can not be simply transformed to a risk-neutral process 

by applying Girsanov theorem. Therefore, there could be arbitrage in the market if the 

spot price is under model IF. In practical use, to make it risk-neutral, the market price 



14 

of risk is introduced. For a given market under model IF, with the market price of risk 

A, the risk-neutral stochastic differential equation will be (see [32]) 

dSt = (a(L - S) - Au8t)dt + uSdZ, (2.5) 

where Au is the risk premium. If we let a* = a + Au, L* -   we will have a 
- 

risk-neutral spot price model 

dS aStdZt. (2.6) 

We can see that equation (2.6) has the same form as equation (2.3). 

The motivation of using one factor models is to model the mean-reverting spot price 

behavior in energy markets. However, there are some problems when implementing one 

factor models to energy markets. One problem is that one factor models are not quite 

able to catch the spikes in the price behavior. Therefore, two factor models and jump 

models are introduced to fix this problem. 

2.3 Pi1ipovi's Two Factor Model (Model 2F) 

In the two factor case by Pilipovió, the equilibrium price Lt follows a stochastic process, 

and the spot price St follows 

dSt = a(Lt—St)dt+uSdZt, 

dL, = pLdt + 
(2.7) 

In equation (2.7), Lt is the stochastic process of the equilibrium price, which is a geometric 

Brownian motion with drift t and volatility 6. W is another Wiener process, which is 

independent of Z,. When y= = 0, the model reduces to model IF. 

If we replace Lt by some other processes other than a geometric Brownian motion, we 

can achieve several other kinds of models, for example we can use Ornstein-Uhlenbeck 
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process. It is still not quite clear what kind of stochastic process can be the best model 

for the equilibrium price in energy markets, and there are several kinds of models in 

modeling L. 

Below we provide the solution of this model ([32]). 

Theorem 2.3-1. With initial value 5o for S, initial value L0 for L, 

solution of equation (2.7) is the time integral 

and 

St = Soe_()te t 

+ Loe_ )te7Zt fo e_SW8 e()s_s ds 

E [Se] = Soe_tSo + c  Lo(e1Lt - Cat) 

The explicit 

(2.8) 

(2.9) 

To estimate the statistical property of Model iF and Model 2F, we can calculate the 

moments of the spot prices. For the moments of this model, first we have the following 

theorem 

Theorem 2.3-2. If St follows the stochastic differential equation (2.7) with equilib-

rium price L, for any t > 0, for any positive integer n and positive integer 1, JE [SL] 

follows 

where 

F4 [SL] 

=E   
k=O i=O 

- q  rIn n +1— i) - f(k, n +1— k)) (2.10) 

f(n, 1) = n(n - 1)a2 - na + Ml + l(l - 1) 2. 

For the proof of theorem 2.3-2, see appendix B.1. 

Now when 1 = 0 in theorem 2.3-2, we have 
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Corollary 2.3-3. The nth moment of St in equation (2.7) is 

E [Sr] 

k=O i=O 

where 

(- l)Thn!an+iSriL_kef(_)t o 

- i)! 1J=k-,k(f (3, n - j) - f(k, n - 

f(n, 1) = n(n - 1)u2 - na + tl + l(l - 1)62 

In corollary (2.3-3), consider the case when n = 1, we can get 

E [S] = Soe_tSo + a  Lo(ehlt - e-at) , 

(2.11) 

which is exactly the same as equation (2.9). 

Similar to model IF, we can also introduce the market price of risk for model 2F, to 

make the model of St in equation (2.7) be risk-neutral. Let the market price of risk be 

A, we can get the risk neutral model 

JdSt = (a(Lt - S) - AuSt)dt + uSdZ (2.12) 

dLt = ( — Ae)Ltdt+eLtdWt 

or { dSt = a*(L_St)dt+uStdZt (2.13) 

where a* 

dL = I*Ldt+eLdw 

- a + Au L* - = - A. This has the same form as equation (2.7). - 

2.4 Pilipovié's One Factor Model with Jumps (Model 1FJ) 

If we introduce a jump process in equation (2.3), we can get a new model 

dS = a(L - S)dt + uSdZ + USdP (2.14) 

Here P is a Poisson process with intensity , U is the distribution of the proportional 

jump size. Depends on different markets, U may have different distributions. 
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Note that here we assume the jump part to be of the form USdP, but there can still 

be other kinds of assumptions for the jump part, for example UdP. This assumption in 

equation (2.14) is to make the stochastic differential equation of log St simpler. 

Also, note that the only difference between model 1FJ and model iF is the jump part 

introduced in model 1FJ, and therefore they will produce similar stochastic path under 

same initial value, same parameters a, L, a and same path of Z. The difference between 

the paths is because that when a jump happens, the value of St is changed to (1 + U)S 

at the same time. 

Spot price acti4ty 
6 

5 

4 

ø 3 

2 

I 
IF 

IFJ 

L 
0  
0 0.2 0.4 0.6 

(year) 
0.8 

Figure 2.1: The Path of Model iF and 1FJ with Same Parameters 

For the solution of this model, we have 

Theorem 2.4-1. The explicit solution of equation (2.14) with initial value So is 

St 

Pt 

= fl (1 + U)(Soe_atet_ 
i=1 

t 

+ aLe_tet_ / g(s)ee'Tds) 
0 

(2.15) 
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where Tj is the ith arrival time of the Poisson process P, and 

PS 1 
ri I + Ui. 

The expectation of St follows 

where 

E [Si] = e_attE[Ut] (S0 - L) + Le_cEt1E [Ui] J + L, 

Jt= 
n=O 

(1+ E [Ut])eaTulPt = n]. 

For the proof of theorem 2.4-1, see appendix B.2. 

Now If ]E [Ui] = 0, we will have the following corollary. 

Corollary 2.4-2. When E [Ui] = 0, for equation (2.14), 

(2.16) 

E [St] = e_at(So - L) + L (2.17) 

This is the same as JE [S] under equation (2.3). 

¼ 



Chapter 3 

Calibration of Stochastic Models 

3.1 Maximum Likelihood Estimate (MLE) 

Suppose that the spot price follows the stochastic process S,. The concept of maximum 

likelihood method is to make the conditional probability (for conditional probability, see 

appendix A.1.1) of p(Stt St) be the most likely to the historical data. 

Now if we assume that the probability density function be defined as 

f(O, St+tISt) 

where 0 is the set of parameters to be calibrated, then the most likelihood estimator 

would be 
Ti 

£(0) = log [f f(0, St+itISt+(_l)t). 
i=]. 

Now the goal is to make £(0) have the maximum value, i.e., to make the probability 

be most likely to the historical data. 

Since the stochastic differential equation in one factor case is simple, it is possible to 

use the most likelihood method on the historical data to get the parameters. 

To get the maximum of the likelihood function, we can use the Downhill Simplex 

Optimization. The method do not require evaluation of partial derivatives. 

For application of maximum likelihood estimation in calibration Pilipovié models, see 

[40]. 

19 
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3.2 Extended Kalman Filter (EKF) 

In model 2F, there are more parameters, and therefore the performance of simple most 

likelihood method is not accurate enough to capture the path character, and it is neces-

sary to use the extend Kalman filter to make the result more accurate (see [4], [19]). 

If we consider a discrete model which satisfies the state process 

J X = 

Xk = h(.kk,vk) 

(3.1) 

where Xk is the observation value, iCk is the estimation from the model, and Wk and Vk 

are random distributions, Wk N(0, Qk), Vk N(0, Rk). We can use the Kalman filter 

to get the true value of .fCk with least error. 

The extended Kalman filter includes two different phases, the predict phase, and the 

update phase. 

In the predict phase, 

= g(Jk_1, 0) 

= FkPk_1Ik_1FJ ' + Q, where Fk 49X X=Xk-I 

In the update phase, 

Yk = Xk - h(J(k1k_l, 0) 

I 
Vk = HkPkIk_1H + Rk, where 11k 9h IX-JCk_1 

Kk = 

Xk = Xklkl + Kk 

Pklk = (I - KkHk) PkI k1 

(3.2) 

(3.3) 

Here gk r' N(0, Vk) is the error of the prediction. When applying EKF in calibration 

of stochastic models, Xk is the vector of stochastic process, for example in model IF, Xk 

is the values of St in time k, and in model 2F, Xk = (Sk, Lk)'. The random component 
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Wk is the random vectors of randomness in stochastic models, i.e, dZt and dW. Xk is 

the historical prices of S. 

The algorithm of extended Kalman filter is as below. 

• Start with an initial observation value X0. We use this value as the initial value of 

the model, i.e., .k0 = Xo. P010 is a k by k matrix, where k is the dimension of o. 

Start from time t = 1. 

• Prediction phase: For the given Xt 1 and P_11_1, follow the equation (3.2), calcu-

late the predicted values and Ptit-j. 

• Update phase: Calculate the error of prediction Yt by equation (3.3). Now by 

equation (3.3), calculate ktlt and Ptit, which are the values of the best estimate. 

• Repeat the prediction phase and update phase for t = 2,3,..., until all data points 

in the historical data are used. 

For each set of parameters in function p and h, a series of & is calculated. Since Yt is 

normally distributed for any t, we can apply the maximum likelihood method on gt, and 

then get the estimator of the parameters. 

3.3 Euler Discretization 

In calibration, we need to calculate the values of the parameters given the historical data. 

The stochastic models we are using are continuous, while the historical data is in discrete 

form. Therefore discretization of models are required for calibration. 

The Euler discretization method of Pilipovic models is provided in several papers. 

Here we use the description in [4]. 



22 

For model iF, let At be a small enough number, and we can rewrite equation (2.3) 

as 

St+ t=St+ a(L —St)t+u\/St., (3.4) 

where j-3 rsj N(O, 1). 

However, for model 2F, we may get negative value of St using Euler discretization 

(see [4]). To avoid this, let Xt = log St, Yt = log L, and by Ito's lemma (see A. 1.4), 

equation (2.7) is transformed to 

IdXt = (ae't_Xt_a_u2)dt+dZt, 
(3.5) 

dY = (i - 2)dt + odWt. 

By using logprices, we can guarantee the positive definite values in Euler discretiza-

tion. 

I 
where E1, i32 N(O, 1). 

= X, + (ael't_Xt - a - o2)L.t + 

= 

3.4 Parameter Estimation Through Spot Prices 

(3.6) 

3.4.1 One Factor Model (Model IF) 

It is possible to estimate the parameters when there is no jump part in Pilipovic model 

using maximum likelihood method. 

For one factor case, we use the approximation from Euler discretization 

= St + a(L - St) At + 

For this equation, B r'..' N(O, 1), and therefore we can see 

t-.-' N(S + a(L - S)t) cT2SAt) 
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Therefore for At small enough, it is possible to get the conditional probability density 

function 

f(8,St+tISt) =  exp( 
1 (S+ -  St -  a(L - St) At) 2) 

2a2S/ 
(3.7) 

where 8 denotes all the parameters to be estimated. Now we choose the likelihood 

function to be 

n 

£(0) = log JJ f(O, St+itISt+(i_l)4. 
i=1 

(3.8) 

Here is the spot price observation, or the discrete ith day spot price, from the first 

day to nth day. 

For the simulated spot price path in this section, we assume that there are 360 days 

a year, therefore At = . Note that At can be changed due to different business days 360 

in different markets. 

Here after the calibration, we simulation the spot price path again, and compare the 

four moments of the simulated path to the historical path, to see the calibration error 

through the deviation. 

Below is the simulation result using the natural gas spot price data in Henry Hub, 

Louisiana, USA. 

We can calculate the simulated moments, and then compare the moments with the 

historical moments. Here we use the term "deviation" to define the difference between 

the generated moments and the historical moments. 

The simulated moments (with deviation compared to historical data) are: 

Mean: 4.4996(1.1275), 

Variance: 48.478(43.3001), 

Skewness: 1.3789(-0.74572), 
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Figure 3.1: Calibration of Henry Hub Natural Gas Prices (Model iF, MLE) 

Kurtosis: 5.3117(-3.5875). 

We can see that the simulated variance is not good comparing to the historical data. 

This is because the one factor model is to simple to capture the realistic movement of 

spot prices, and therefore it is important to use multi-factor models or models with jumps 

to improve the accuracy. 

3.4.2 Two Factor Model (Model 2F) 

In model 2F, we use the extended Kalman filter to do the calibration. By equation (3.6), 

the model can be expressed by logprices Xt = log St, Yt = log L, and 

JXk = Xk1 + (aeYk1_Xk1 - a - a2)t + 

Yk = Ykl + ( - At + 

Here B1, .82 r'.' N(O, 1). By fitting equation (3.6) into the extended Kalman filter scheme 

in equation (3.1), it is possible to use the Kalman filter to do the calibration. 

Figure 3.2 shows the simulation result using the natural gas spot price data in Henry 

(3.9) 
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Hub, Louisiana, USA. 

Natural gas (Henry Hub) price trend 
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Figure 3.2: Calibration of Henry Hub Natural Gas Prices (Model 2F, EKF) 

Simulation results (deviation): 

Mean: 3.0023(-0.36982), 

Variance: 5.8369(0.65897), 

Skewness: 1.3184(-0.80616), 

Kurtosis: 5.0346(-3.8646) 

Extend Kalman filter method could also be used in other two factor models. For 

example, the calibration of AECO natural gas spot price data on model 2F has large de-

viation, however, if we assume that the second factor Lt follows the exponential Ornstein-

Uhlenbeck process, we will have better calibration error. 

Simulation results (deviation): 

Mean: 3.1335(0.2306), 

Variance: 4.0177(-0.66612), 
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Figure 3.3: Calibration of AECO Natural Gas Prices (Model 2F, EKF) 

Skewness: 1.4157(-0.00082024), 

Kurtosis: 5.5767(0.47749) 

Note that the calibration results here are still not applicable for practical use, since 

the seasonality components are not considered in the calibration. Furthermore, there is 

one more component needs to be calibrated before option pricing, which is the market 

price of risk. Only when all these components are well calibrated, we can price the options 

under risk-neutral measure and get the right prices. 



Chapter 4 

European Option Pricing for Model IF 

4.1 Payoffs of European Options 

In European contracts, the holder can only exercise the right on the expiry date. Since 

the European option provides an opportunity to make profit from the difference between 

the strike price and the asset price on the expiry date, the payoff value for the holder of 

a European option on the expiry date T follows 

V(T) = max(ST - K, 0) = (ST - K)+, for European call option, 

and 

V(T) = max(K - 5 T, 0) = (K - ST)+, for European put option. 

European options are very simple, well understood and widely traded options, they 

are also called vanilla options. 

4.2 Closed Form Option Pricing Method 

There are two popular methods in closed-form pricing of financial derivatives. Suppose 

that the stochastic differential equation of the underlying spot price St is 

dSt = 1u(S, t)dt + o-(St, t)dW, (4.1) 

we can use the martingale method or the partial differential equation method to price 

the European option. 

Here we assume that the equation (4.1) is risk-neutral, and that the risk-free interest 

rate is a constant r. 

27 
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For European call option and European put option, there is a put-call parity (see 

[15]). 

Theorem 4.2-1. (Put-Call Parity) Given the constant risk-free interest rate r, for 

the underlying asset that has spot price St, consider the European call option price 

C(S, K, T) at time t with maturity date T and strike price K, and the European put 

option price P(S, K, T), and they have the following parity 

C(S, K, T) + Ke_r(T_t) = St + K, T). 

Therefore, we only need to calculate the closed form solution to one of the two kinds 

of options, and the other one can be achieved by put-call parity. We pick up European 

call option for pricing in this chapter. 

The first method is the martingale approach. Under the assumption that the equation 

(4.1) is risk-neutral, the discounted spot price is a martingale (see section A.1.6). As we 

know that the payoff function V(ST, K, T) of European call options at maturity T with 

strike price K is 

V(ST,K,T) = (ST —K)+, 

the price of the European call option can be achieved by calculating the discounted expect 

payoff of the option based on all the information Ft at time t, i.e., 

C(S,K,T) = E [e_ T_t)V(ST,K,T)I], 

or by substituting the payoff function, 

C(S,K,T) = E [e—'T—t) (ST - K)+ j.T] 

If the price process S, has Markov property, and we use the induced filtration of St for 

., by the Markov property we can have 

C(S, K, T) = JE [eT_t(ST - K)+ISt] 
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The other method is by using partial differential equations. The partial differential 

equation can be derived from portfolio hedging (see [6], [29]). 

If the model of the underlying asset is simple, it is easy to derive the analytical form 

solution (e.g., model IF) by either method. However, when the model is complicated 

(e.g., model 2F and model 1FJ), the closed form solution can not easily be derived, and 

we need to apply numerical methods. The first method is based on the expectation of the 

discounted payoff function, and Monte Carlo method can be used. For the second method, 

there are also several numerical methods in solving the partial differential equation, such 

like finite difference method, finite element method, etc. 

The martingale approach is based on the calculation of the expectation, 

4.3 Explicit Formula 

In equation (2.4), the solution of the stochastic differential equation (2.3) is given by a 

time integral of a exponential geometric Brownian motion. M. Yor started the research 

on this kind of time integrals in 1992 (see [41]), and in his summary paper in 2005 ([42]) 

he pointed out that currently there is still no closed form probability density function, 

while the best result is a function with a double integral in it. 

With the probability density function provided in M. Yor's paper (see [41], [42]), we 

can write the European option pricing formula in the form of a triple integral. If we 

transform equation (2.4) using the scaling property of Wiener process and a change of 

variables, we can have 

ST = Soe_0TeT_ 

= Soe_2o + 

2T 
- + aLe_aTeT_ 

Le _ TTo 2 o A 

u2T pT 
—i--- I e as eZ8+ds 

0 

(4.2) 
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where 

TO= a_ T, 
4 

V = 

B8 = —iZ, 

B vT0 +BT0, TO = 

- 1T0 e2Bds. 
TO 

Note that B3 here is still a Brownian motion (see A.1.2). Therefore is an integral 
TO 

of exponential Brownian motion. Now by [41], there is a theorem on the joint probability 

density function of A and B(v) TO (v) T0 . 

Theorem 4.3-1. (M. Yor, see [41], [4]) For any one-dimensional Brownian motion 

B, if we consider the drifted Brownian motion and the integral 

fo 
ds, t ≥ 0, (4.3) 

and assume that t > 0, u > 0 and x E J1, then the joint probability density function of 

and satisfies 

1+ e2x ex dxdu 
E du, B' E dx) = exp(— )9(—, t) , (4.4) 

2u u ii 

where 0 is defined by 

r  2 100 __0s) sinh() sin ()de. 
8(r,t) et(2ir3t)i/2  

(4.5) 

By applying the result in theorem (4.3-1), we can get 

Corollary 4.3-2. If the price process St follows equation (2.3), the explicit European 

option pricing formula under model IF is 

+00 fo +00 CT = e_T0cv,To f  (SOX 2 + aLx_2u_i - K)+xve_(12)bxu(To)dudx 
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where 

Cv,T0 = 

0.. (To) = 

1 ir2 v2 T0  

6 2T 2 

fo +00 2 —xucoshs irs 
e sinhs sin —ds 

Note that the European option price in the corollary is of an integral form, and 

not quite convenient for application in European option prices. For numerical method, 

Monte Carlo simulation and binomial tree model (see chapter 6) are better choice, since 

the concepts of the methods are easier to understand. 



Chapter 5 

Swing Options 

5.1 Swing Option Contracts 

Swing options provide option holders multiple exercise rights, and the holders can choose 

to exercise the rights on several given exercise dates before the end of the contract. 

However, on each exercise date, the holder can only exercise at most once. Furthermore, 

there could be penalties if the exercise volume exceeds some given constraint. There are 

several different versions of swing options, depending on the payoff features, the penalty 

constraints, the flexibility of exercise volumes, etc. There several papers on modelling 

and pricing swing options, see [12], [17], [23]. Although there are several versions of swing 

option contracts, however, it is still possible to give a general model for swing options 

(see [12], [17]). 

Definition 5.1-1. We define a general swing contract as a contract with all conditions 

and assumptions below: 

1. Current time when the contract is written and priced is assumed to be the current 

time 0. This is because the price of swing option does not change when shifting time 

scale. 

2. The contract starts at time T1, and ends at time T2. 

3. Possible exercise dates: {r1,. . . ,r} E [T1,T2]. We assume that 

T1=r1<r2< ... <r=T2. 

4. Refraction period is L. That is, if the holder exercises the right at time r, the next 

exercise date should be after time r + L. 

32 
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5. Number of rights: N≤n. 

6. Exercise volume at r: with constraint E [p, qi]. If 6,i exceeds the constraint, 

there would be a penalty charge. 

7. Total volume constraints: >IY E [P, Q]. There are penalty charges if the total 

volume exceeds the constraint. 

8. Penalty function when the volume exceeds the constraints: q () at time r (for 

constraints in assumption 6), total penalty j) (for constraint in assumption 7). 

9. Strike price: K or variant K, t E {i-1,. . . ,r,}. 

Note that the constraints and penalties are important in a swing option, or it will 

reduce to an American option. R. Elliott and A. Cadenillas pointed out in [12] that if 

N = n, and there is no volume constraints (in definition 6,8 above), and the strike price 

is constant K, the holder only need to exercise once with volume Q to maximize the 

portfolio value, and therefore the swing option value is just the same as the American 

option. 

5.1.1 Payoff Function of Swing Options 

Let St follows a risk neutral model, the holder uses a maximization strategy, then the 

value of swing option follows (see [12]) 

N 

maxE[ e_''i(7.d.C(S-d.) - '1d. (7d))] - 

i=1 

), (5.1) 

where G(S.) is the payoff function, and 

[dl,...,dN]c[1,...,n], where dd  for any ij 

In a simpler case, if we let N = n, Kt = K, pi = Po, qi = q0 be constant, and assume 

that the holder is not allowed to exercise volumes out of constraints, and consider a call 
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swing option, we will have the option value 

such that 

maxE[ 
i=1 

-ri-iC io i' 
'TiyJTi - 

e1- E po, q0], i = 1, .. . , N, 

P ≤ N 
i=1ei-, Q. 

(5.2) 

R. Elliott and A. Cadenillas pointed out in [12] that the solution of this option value 

is a solution of variational inequalities. 

5.2 Fixed Exercise Volume Swing Options 

There are many conditions defined in definition (5.1-1). It is very complicated if we 

model the swing option using all the assumptions. By altering the restrictions in the 

definition, there can be several different versions of swing options. 

Here in the thesis we assume that the volume exercised on each exercise date 'r be a 

fixed amount, i.e., j = for all i = 1, 2,. .. , n. In this case, on each exercise date, the 

volume exercised is either 0 or , and the single exercise volume constraint q5i- () is not 

used. For the overall penalty function ', we can see that it depends only on the number 

of exercises. By the fixed exercise volume assumption, the model is greatly simplified. 

A. Lari-lavassani et al. provided the binomial tree method in pricing this version of 

swing option under model iF and model 2F ([23]). Here in the thesis we will use this 

swing option model, and provide the multinomial method for pricing under model 1FJ. 

Below are the assumptions for pricing fixed volume swing options. 

• Discrete time scale is used for the pricing. The length between to time scale is At. 

This is to discretize the continuous time model, which is essential for binomial and 
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multinomial tree method, since this At decides the time scale between each two 

consequent steps in the tree. The smaller /t is, the more accuracy we can get. 

• The contract starts at time 0 (current time). This is also the time when the option 

is priced. At time 0, the underlying asset price is S. 

The time 0 assumption is just by shifting of the time scale. Since the option pricing 

remains the same if we just shift the time scales, this will not change the result of 

the option price. 

• The time scale between two consequent exercise dates is kLt. In discrete trees, it 

takes k steps in the tree. 

• There are N exercise dates, starting from time kLt, and ending at time NkLt. 

i.e, r1 = kLt, r2 = 2kt, ..., TJ\r = NkLt. Clearly TN is the expiry date of the 

contract. 

• The strike price at all exercise dates are the same and constant, K. 

• The option holder has at most n exercise rights. Here n ≤ N, so the holder needs 

to decide on which dates to exercise the rights. 

• When the holder exercises the right at an exercise date, the holder can sell volume 

of underlying asset at price K. Here is constant at each exercise date. 

• Throughout the whole time of the contract, the total exercised volume needs to be 

in interval [P, Q]. If the total volume exceeds Q or is less than F, the penalty price 

will be charged. The penalty is charged at the expiry date. 

We can see that the penalty only depends on the total rights the holder exercised. 

Define the penalty function as (x), where x is the rights the holder exercised. 

Actually, we can see that the penalty function only affects the payoff function of 
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the option at the maturity date, therefore when we use backward derivation, it is 

easy to estimate the effect of the existence of penalties. 

. The risk-free interest rate is r. 

5.3 The Snell Envelope 

Swing options are in the family of multi-exercise options, and the optimal stopping strat-

egy is essential for solving swing option prices. The Snell envelope, which is a strong 

tool in solving optional stopping problems, can be applied in pricing swing options. By 

calculating the Snell envelope, one can get an optimal exercise strategy, as well as the 

option value under the optimal strategy, which is the swing option price. 

For definition and discussion of Snell envelope, see [31]. Generally, the Snell envelope 

can be defined as below. 

Definition 5.3-1. (The one-dimensional Snell envelope) Given an filtration J' = 17 

an i-adapted process C {G} 0, the Snell envelope of C is defined as the process 

X = {X}  i0, such that 

XT = GT, (5.3) 

X, = max(Gt,E[Xt+iI]) for all 0 < t < T. (5.4) 

When applying Snell envelope in swing option pricing, Ct is the payoff function of 

the underlying asset at time t, and T the expiry date of the contract. Since the price of 

the asset at time t is S, we can define Yt = a{ So, S1,. . . , S}, i.e., the filtration Ft is all 

the information of the asset price we have until time t. Actually, since the price process 

St has the Markov property, we can have 

E[X+iIJ] = 1E[X+1lS]. 
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Take American call option as an example. In American options, the payoff function 

Gt at time t is 

Gt = (S - K), 

and therefore the Snell envelope X is 

XT = (ST - K), (5.5) 

Xt = max((St—K)+,IlE[Xt+i ISt]). (5.6) 

Intuitively, the definition of the Snell envelope contains two parts. First, equation 

(5.3) shows that at the expiry date T, the holder will always exercise his remaining rights, 

and XT is the payoff at time T. Second, at each time t < T, there are two strategies, and 

the holder needs to decide whether to exercise or to hold the right. Therefore the holder 

needs to compare the benefits he can achieve by using each strategy. Depending on the 

current price, if the payoff he can get at time t is higher, then he will exercise the right, 

otherwise it is better to hold the remaining rights. Therefore, the option value at time t 

is the maximum between the immediate payoff and the conditional future option value, 

which is described in equation (5.4). Finally, note that Xt is actually the option value at 

time t under optimal strategy, Xo is therefore the option price we are looking for. 

The Snell envelope can be extended to multi-exercise cases by expanding the dimen-

sion of X. If the holder is allowed to exercise at most m times during the life of the 

contract, m > 1, and that he could only exercise once at each time, then the Snell 

envelope can be defined as 

Definition 5.3-2. (The multi-dimensional Snell envelope) Given an filtration .F = 

{1}, an F-adapted process G = {G}i0, the rn-dimensional Snell envelope (m> 0) 

of C is defined as the process X = {X} i0, such that 

X =0, for allk=O,l,...,T, (5.7) 
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XT  =GT, for all i=1,2, ... ,m, 

for all 0 ≤ t < T, 

Xti = max(G, + E[Xi J], 1E[X +i ITt]), for all i = 1, 2, ..., M. 

(5.8) 

(5.9) 

Note that in option pricing, X is the option value at time t with i rights left, under 

optimal exercise strategy. When m = 1, this definition reduces to definition (5.3-1). 

By the definition of Snell envelope, before the expiry date, since the holder will only 

exercise when 

Ct + E[X I.t] ≥ II? f V\rt+1 i It1, 
1LJI (5.10) 

we can actually get the optimal stopping strategy if we can calculate the conditional 

expectations 1E[X .] and E[Xi] in equation (5.10). Actually, if all these condi-

tional expectations are known at step t + 1, by equation (5.9), all the Snell envelopes Xti 

at time t can be evaluated, which will lead to the value of all conditional expectations 

at step t. At the expiry date T, we can see from equation (5.8) that the Snell envelopes 

are known, and therefore the conditional expectations at step T can be calculated. In 

all, starting from the expiry date, by backward derivation, all the Snell envelopes can be 

finally calculated, as well as the swing option price. 

The two kinds of numerical methods, Monte Carlo simulation and binomial and 

multinomial tree method, which will be discussed chapter 6, are based on the calcu-

lation of the conditional expectation in equation (5.10). 

The conditional expectations in equation (5.10) are sometimes named as "the contin-

uation value". We will use this term in the following chapters. 



Chapter 6 

Numerical Option Pricing Method 

Here in this chapter we use two methods that can be used in swing option pricing, the 

Monte Carlo simulation and the binomial/multinomial tree method. Here in the thesis 

the Monte Carlo simulation is applied in both no jump and jump cases, and the binomial 

tree method is applied in one-factor model and the one-factor model with jumps. In 

two-factor case, the binomial tree extends to a forest (see [23]), and in jump case, it is 

extended to a multinomial tree. 

6.1 Monte Carlo Method 

The Monte Carlo method is widely used in several disciplines, including physics, finance, 

and other computational fields. In Monte Carlo method, the stochastic behavior of the 

underlying systems is simulated by using random numbers (more often pseudo-random 

numbers), and the results are groups of generally nondeterministic sample data, which 

can be used for statistical inference. The method can be implemented in mathematical 

problems that can not easily be solved, and it is more efficient when the dimension of 

the system increases, compared to other numerical methods. 

In our swing option pricing problem, the system of the asset price is itself a stochastic 

system, and we use Monte Carlo simulation to generate the path of the prices. In 2001, 

F. A. Longstaff and E. S. Schwartz used a least-squares regression ([25]) to calibration 

the conditional expectations for evaluating the Snell envelope in one-dimensional case, 

and American option price can be estimated in this way. In 2004, N. Meinshausen and 

B. M. Hambly ([27]) used the least-squares scheme to calibrate the continuation values 

39 
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in multi-dimensional case. We can apply this method on swing option pricing in jump 

cases. 

The other implementation of Monte Carlo method in this thesis, is the numerical esti-

mation of European option prices. We can apply the method to estimate the expectation 

of the payoff function, and the European option price can be evaluated. 

6.1.1 Monte Carlo and Randomized Quasi-Monte Carlo Simulation 

There are several articles on the Monte Carlo simulations. Here we use the description 

in [7]. For a given expectation 

u=Ef(u) 

where u is a (0, 1) uniformly distributed random vector, the concept of Monte Carlo 

method is to generate n identically independently distributed (i.i.d) vectors u, i 

1)2) ... , m, which are uniformly (0, 1) distributed, and the approximation of the expec-

tation is 

,a= 
i—i 

For quasi-Monte Carlo method, the difference is that ui are not i.i.d (0, 1) uniformly 

distributed vectors, but become highly uniformly quasi-Monte Carlo sequences, which 

can be generated in a given procedure (see [11]). Examples of this kind of sequences are 

Halton sequence, Sobol sequence, etc. 

For randomized quasi-Monte Carlo simulation, the quasi-Monte Carlo sequences are 

randomly shifted, i.e., 

vi = mod(u + ri, 1), 

where ri are (0, 1) uniformly distributed vectors (see [24]). 

The approximation of expectation now becomes 

n 

Lt= 
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Monte Carlo method is a probabilistic approximation, and its accuracy can be given 

by calculating the confidence interval of the simulation results. A (1 - a) confidence 

interval means that the probability that the true value is not in the interval is a. If the 

number of samples in the simulation is n, and the results of the n samples have mean 

and variance &2, the (1 - a) confidence interval is given by 

& & 
CI = (i - Za/2, fi +  (6.1) 

where z12 is the 100(1—a/2) percentile of the standard normal distribution. For example, 

when a = 0.05, we can have the 95% confidence interval with half length 1.96&/\/i. 

From equation (6.1) we can see that the algorithm has probabilistic error O(&/v'i). 

The error of the estimator depends only on the variance of sample results and sample 

number n, which has advantage in high-dimensional problems. 

6.1.2 Path Simulation 

In equation (2.4) and equation (2.8), there are integrals of stochastic terms. These 

integrals can not be solved analytically, which would be a problem for us to generation 

spot prices. Although we only need the spot price ST in European option pricing, it is 

hard to apply the probability density function to generate values of ST. One direct way 

to get 8T is to generate the whole spot price path through time [0, T], and we can simply 

use the approximate Euler discretization. 

For Euler discretization, see section 3.3. 

To generate the path for the cases with jumps in equation (2.14), we need to generate 

the Poisson process P, which is discrete. Here we use Bernoulli distribution as the 

approximation, i.e., from time t to time t + At, the probability of a jump is 7At. If the 

jump occurs, we multiply S, by (1 + Ui). 

In figure 6.1 we can see a jump with large size near step 500. 
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Jump behavior 

 with jumps 
- - — without jump 

400 450 500 550 600 650 
Time step 

Figure 6.1: Large Jump Generated by Monte Carlo Simulation 

Figure 6.2 shows the spot price behavior under model IF and model 1FJ, generated 

with the same Wiener process Z. Here in the simulation we assume that log(i + U) 

N(j, ori ). Figure 6.3 shows the spot price behavior of model 2F. 

6.1.3 Variance Reduction Techniques 

From equation (6.1) we can see that there are two ways to improve the accuracy of Monte 

Carlo simulations: increment of sample numbers and reduction of variances. While the 

sample number is often fixed and depends only on the strength of computing machines, 

the variance of Monte Carlo results can be reduced by better design of simulation al-

gorithms. Variance reduction techniques are widely used to increase the accuracy of 

Monte Carlo method. We implement antithetic and control variate variance reduction 

techniques in the thesis. The description of these methods are provided in [7]. 
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with jumps 
- - —without jump 

200 400 600 800 1000 1200 1400 1600 1800 
Time step 

Figure 6.2: Sample Path of Monte Carlo Simulation (Model iF and Model iFJ) 
5-year simulation(1800 steps), 

So = 2,L= 3,a= 2,o = i,A = i.S,j = O.2, 0j = 0.2 

10 
- with jumps 
- - — without jump 

200 400 600 800 1000 1200 1400 1600 1800 
Time step 

Figure 6.3: Sample Path of Monte Carlo Simulation (Model 2F) 
5-year simulation(1800 steps), 

So = 2,L0 = 3,a= 10,0 = 1,A = i.5ji.= 0.2, = 0.2, pj = O,Uj = 0.2 
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For antithetic variates, based on the fact that 1 - u is also (0,1) uniformly distributed 

vectors, we generate 11 vectors u1, and get the estimation of expectation by 

n 

= (f(u) + f(1 - ui)). 

For control variates, the estimation of expectation becomes 

n 

(f(u) + 3(1Eg(u) - 

where @ satisfies 

16- Cov(f(u),g(u)) 
- Var(g(u)) 

It was proved ([7]) that these two methods could reduce the variance of f(u) and there-

fore increase the accuracy (see also [2]). And it is possible to combine these two methods 

together to get better results. Furthermore, they are also available if we use randomized 

quasi-Monte Carlo method. 

The control variates in the thesis are: 

• Model iF: 

• Model 2F: 

• Model 1FJ: 

JEST = _aT(S0 - L) + L 

EST = SoeTSo + aLo(e1T - C at 

As there is no closed form of expectation of ST in this case, we use the same random 

vector to generate a path of QT, where QT is the spot price under one factor model 

without jumps with initial value S, and use 

EQT = e_0T(So - L) + £ 

as the control variate. 
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The variance are based on the results of f(u) in Monte Carlo simulation. However, 

when we apply randomized quasi-Monte Carlo method, it is not proper to use Var(f(u)) 

directly, since ui are not independent in this case. Alternatively, we could do m times of 

simulations, and get m estimates Al , A2,. .. , /'t,,. Now the variance can be represented as 

Var(1). 

6.2 Monte Carlo Method on Swing Option Pricing 

In chapter 5 we introduce the Snell envelope for swing option pricing: 

X, =0, for all k=0,1, ... ,T, (6.2) 

X -GT, for all i = 1, 2,. . ., n, (6.3) 

for all 0 <t <T, 

X = max(Gt +TE[Xj],1E[X +1 I]), for all i = 1, 21 ... ,m. (6.4) 

The assumptions for the swing option model is given in section 5.2. With unit time 

interval At, the time scales we need to simulate is from time 0 to time Nk/t, and the 

exercise dates are dates k, 2k,. .. , Nk. Actually, in Monte Carlo method, we only need 

to simulate the prices at exercise dates. 

First we modify the Snell envelope description, to fit the notations in the assumptions 

in section 5.2. 

Given the initial price 8o, assume that the prices at exercise dates are Sk, 82k,• . . , SNk. 

By substituting the penalty function in the payoff on expiry date, we can write the Snell 

envelope for the swing put option price as 

Xtk =0, for all t=0,1, ... ,N, (6.5) 

Xj = max((n—i),(n—i-i- 1) + (K— SNk)+), for all i = 1,2,...,n, (6.6) 

for all 0< t <T, for all i = 1,2, ... ,n, 
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X k = mac ((K - Stk)+ + e tE[Xl)kIStk], e_ tE[X t+l)k IStk]). (6.7) 

Here the penalty charges are calculated through equation (6.6). Also note that we 

do not calculate X here, since it can not be regressed. The option price is achieved by 

applying an early exercise strategy. 

We apply the Monte Carlo method of swing option pricing in [27]. The method 

consists of two procedures: 

• Regression of the continuation value E[X+l)kIStk] for all i = 1, 2,. . . , n, and for all 

t = 1, 2,. . . , N - 1. This is by extending the method provided in [25]. 

• Calculation of the negative-biased estimate. This is the option value by early 

exercising, which is the method introduced in [25]. 

The convergence of the Monte Carlo method is proved in [27]. 

6.2.1 Regression of Continuation Value 

The first step is to do the regression and get the relationship between Stk and the con-

tinuation value E[Xt+l)k IStk]. If we can calculate the value of X(t+1)k by simulation, 

let 

= x] = 

and pick up proper basis function for the function g(x), for example g(x) = a + bx. 

Now by regression we can get the parameters a, b and then the form of g(x), which is an 

approximation of the continuation value function. 

The procedure of the progression is as below ([27]). 

• Generate p samples of price paths, and we get p paths of prices on exercise dates. 

Let the paths be 

= {stk }0, i = 1,2,. .. ,p. 
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• For each path, let the corresponding Snell envelope be X at each exercise time tk. 

Here i = 1,2,... ,n denotes the remaining rights, and j = 1,2,... ,p is the index of 

the sample. 

• The value X/k is the Snell envelope value on maturity date, and can be calculated: 

X k= max ((n — i),(n — i+1)+(K—S)+) 

• Now we have the sample values X/k and S3_l)k, for the continuation value function 

y = g(x), use the samples values X/k for y, and for x, pick up a proper 

basis function (here we use a+ bx), Sand we can use linear regression to get g_1 (x). 

• For each S calculate the approximate value of EkS(N_1)k] by (N- [XJ. 1)k' 

E[Xk IS(N_1)kj = 

Now from the equation 

= max ((K - Stk)• + e_rk1tE[X;hl)k Sk], e_T t1E[X t+l)k Stk]) 

given E[XkIS(N_1)k], we can calculate X2"(N-1)k for each sample path. 

• Repeat the regression at dates (N - 2), (N - 3),. .. , 2, and get all approximate 

values of the continuation value E[XkIS(t_1)kJ = 

By using this algorithm, we can get g(x) for all t = 1,2,. .. , N - 1, i = 1,2,. .. , n. 

We do not need to do the regression for time 0 values, since we do not need to do make 

exercise decision at time 0. 

6.2.2 Negative-Biased Estimation 

The negative-biased estimation is based on early exercise strategy. As we already have 

the regression functions of continuation value, at each exercise date, we can make exercise 

decision based on the regression function. 
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Below is the algorithm of the negative-biased estimation ([27]). 

• Generate p samples of price paths. These path are different from the paths gener-

ated in regression procedure. Still, let the paths be 

8(i) = i = 1,2,. . . ,p. 

• For each sample path starting from date k, with ri remaining rights, do the 

simulation as follows: 

tk For each exercise opportunity t = 1, 2,. . . , N, compare (K - S)+ and g(S), 

where i is the remaining rights on the sample path j. 

If (K - S) > g(S), exercise the right, and move on to time t + 1 with i - 1 

remaining rights. 

If (K— S) ≤ g(S), hold the right, and move on to time t+1 with i remaining 

rights. 

• For each sample path j, the discounted payoff of the swing option can be calculated. 

The option price is the mean value of all the payoffs. 

Note that by using this method, we are actually applying the stopping strategy (j) = 

{r} 1, where Ti gives the stopping time with i rights remaining in sample path j. 

Here 

= min{tl(K - S)•>  g ('k 

and for r 1, r .?2,. . . , r, we have 

(i) = min{tl(K - S) > g(S), t <t N} 

for alli=n-1,n-2, ... ,1. 
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Since the swing option value is the maximum payoff of all possible stopping strategies, 

this strategy provides a negative-biased estimate of the swing option price. Actu-

ally, if the fitted continuation value function is the real continuation value function, the 

strategy will be the optimal stopping strategy for the swing option (see [27]). 

6.3 Binomial Tree and Multinomial Tree Method 

In binomial tree method, it is assumed that the price of the asset has a binomial behavior, 

i.e., the price will either be increasing or decreasing for certain amount in each unit time. 

Based on this assumption, if we simulate the price behavior in the length of the contract 

by a discrete binomial tree, and calculate the probabilities for all the increasing and 

decreasing behaviors, by using the fact that the option value is equal to the payoff at the 

final date, deriving all the option value backwards, the option price could be calculated. 

When there is jump in the price behavior, we can extend the binomial tree to a grid, 

and we assume that at each time step, there are several nodes that the price can achieve, 

other than the "up" or "down" nodes in binomial tree case. For all the exceptional nodes, 

we assume that the behavior is caused by the jump of the price. Under this assumption, 

it is still possible to take backward derivation and calculate the final option price. 

The binomial pricing model arises from discrete random walk models of the under-

lying asset. Jarrow and Turnbull (1996, see [18]) pointed out that this method provides 

reasonable estimation when the number of trading intervals is large and the time between 

trades is small. The model was first introduced by Sharpe (1978), and later developed in 

detail in the most famous binomial tree model, the CRR (Cox-Ross-Rubinstein) model, 

in 1979. Binomial tree models are easy to program, and we can easily understand the 

result from the structure of the tree. At the start, the practical use of binomial tree 

models is the pricing of American-style options, and it is still of great importance now. 
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K. I. Amin developed the multinomial tree model in 1993 ([3]), to fit the binomial tree 

scheme to models with jumps. 

A. Lari-Lavassani et al. ([23]) developed the method for constructing a binomial tree 

under model iF and the forest version under model 2F, and they applied these models 

to price swing option prices. The convergence of the method was also proved via finite-

difference method. For the jump case, K. I. Amin developed a discrete multinomial 

tree scheme for pricing derivatives with asset prices under jump-diffusion process. This 

method can be an extension for binomial tree methods. Combining these two methods 

together, the multinomial tree under model 1FJ can be developed. 

6.3.1 One-Step Binomial Model 

An one step binomial model is shown in figure 6.4. Consider the asset price to be S at the 

start, and after one step, the price can have only two states: rising up to S or dropping 

down to Sd. Assume that there is a risk-neutral measure, such that the probability of 

rising up is p, and the probability of dropping down is Pd. Here p + Pd = 1 since there 

could only be two possible states in the next-step. Suppose that there exists a derivative, 

which is exercisable at the future state, and that the payoff at the future state is given by 

g(X) for asset price X. Finally, we assume that the risk-free interest rate is a constant 

r, exercised continuously. 

Under the risk-neutral measure, given the payoff function g, the price of the derivative 

can be give by the discounted value of expectation of the future payoffs at the initial state. 

i.e., If the time between the two states is it, the price of the derivative can be given as 

V = pug(Su)+pdg(Sd). 

Note that the Markov property is satisfied in our models, i.e., in the previous model, 

after one step, if we use S and Sd as new initial values, we can derive a two-period 
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Initial State Future State Payoff 

g(Sd) 

Figure 6.4: An One Step Binomial Model 
(see [15]) 

binomial model. If we continue developing new states, we can construct a multi-period 

binomial model, i.e., the binomial tree model. 

6.3.2 Construction of Binomial Trees 

There can be two different kinds of binomial tree models: the nonrecombining tree and 

the recombining tree (see [23]). In nonrecombining tree, the nodes indicating the prices 

can never be coincided, while this is possible in recombining tree (see figure 6.5 and figure 

6.6). In either cases, the tree can be expressed as {8}, where i is the state (or step), j 

is the index of possible values. 

In this thesis we choose the recombing tree model, since this reduces the time and 

space complexity, while the accuracy could still be guaranteed. 

In the construction of a recombining binomial tree, the prices at state i can be given 

as 

SW - fq(i)j 
- 1k.:j Jj=1' 

i.e., there are i nodes in state i. The starting price is = So. We assume that the 

transition probabilities are for the price S to be rising, and pf for descending. 
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S° 

0 

Figure 6.5: A Nonrecombining Binomial Tree 
Note: Dashed lines indicate zero values for the possibilities. Solid lines indicate possible 

transactions. (from [23]) 

Binomial tree models can be a good approximation of stochastic models, since some-

times it might be hard to give an analytical solution of the price of a derivative. Examples 

are American options and swing options. We assume that the time length between two 

states be At. Note that the accuracy depends only on At, and the smaller At is, the 

more accurate results we could get. 

6.3.3 Binomial Tree under Model IF 

For model IF, A. Lari-Lavassani et al. proved the following equations in [23], which 

provides the essential theorem for binomial tree models under model IF. 

Theorem 6.3-i. (Binomial tree component for Model iF) For the stochastic differ-

ential in equation (2.3), 

dS a(L—St)dt+crStdZt, 

with constant coefficients a, L, or over the time interval [0, T], Let SW = (8) be a 
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0 1 2 
time IA t) 

3 

Figure 6.6: A Recombining Binomial Tree 
(from [23]) 

recombining binomial tree, which describes this jump-diffusion equation discretely, with 

time step At. Then the transition probabilities and the prices satisfies 

L—S 
= + (a 2crSç 4)V1, 

8 (i+i) - 

j+1 - 

(6.8) 

By applying theorem (6.3-1), a binomial tree can be constructed. In the equation, At 

is independent of the nodes of the tree, and therefore the up and down sizes u and d,1 are 

constant throughout the whole tree. This forces the tree to be recombining. Furthermore, 

E [0, 1] when /t is small enough. Thus, the constructed tree is numerically efficient. 

(see [23]) 

Now consider a swing option contract following the assumptions in section 5.2. For 

the recombining tree, we can construct the Snell envelope X as 

= 
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where is the corresponding Snell envelope of node j in state i, when the holder still 

has k rights remaining. Now if we assume the swing option to be a swing put option, the 

Snell envelope will satisfy the equations below. 

= 0, for any state i and any node j, (6.9) 

= (K - S) - (i), for any node j, for all i = 1,2,. . . , n, (6.10) 

for all 1≤t<Nk, for any j=1,2,...,t, for all i=1,2, ... ,n, 

= max((K - s(i)) + +ptix(i_1) 
n+1,j+J. d +Lj-1, ' 

+ ptix(i) PU t+1,j+1 d t+1,j-1) (6.11) 

Note that in binomial tree models, there can only be two possible transactions for 

each node, and therefore the conditional expectation in equation (5.9) can be simply 

expressed as equation (6.11). 

The algorithm of the binomial tree method on swing option pricing is as below. 

• Decide the number of steps between two exercise dates. Let it be k. Given the 

length of the contract T, and the number of exercisable dates N, the time length 

of one step is At = 
Nk 

• Construct a recombining binomial tree under the given parameters in equation 

(2.3). 

• Calculate all the values of the Snell envelope X = {X } associated with the 

binomial tree. 

• The swing option price is given by 

6.3.4 Multinomial Tree under Model 1FJ 

The binomial tree constructed using theorem (6.3-1) is for model IF. Now if we consider 

model 1FJ, the only difference between model IF and model 1FJ is the jump part, and 
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the stochastic differential equation is 

dSt = a(L - S)dt + ciStdZt + USdP. 

As showed in chapter 2, if we assume the price at t is S, after a small interval At, if 

the price is by model IF, the price by model 1FJ would be (1 + Uj+t)z.PtSt+At. 

Now since the jumps are independent of asset prices, and by theorem 6.3-1, the 

possible prices in each state i will always be of the form S0e °", where j is an integer, 

and that —i < j < i. If there are Nk states, j will be between —Nk and Nk, and there 

are 2Nk + 1 accessible prices. In binomial tree models, however, there will be only i 

prices that can be accessed with non-zero probability. Now if we assume that all the 

accessible prices have non-zero transaction probability, it is possible to introduce jumps 

in the pricing process, and the model will be a multinomial tree. 

3 

0 

Pdce40.9365 
Payo6. 11.5835 

Nee: 58.0701 payoff 
0 

Price: 66.2886 
Payoff "O 

Price: 50 
Payoli2 

P4ce 45.2419 
Payoff 6.7081 

P:Cce:4Q.95 
Payoff, 110838 

0.5 '.5 2 2.6 

Figure 6.7: A Multinomial Tree 

2 as 4 

In figure 6.7 we can see a multinomial tree with initial price 50, and we consider a 

two-step swing put option with strike price 52, with 5 accessible nodes in each states after 

the initial state. The payoff in each node is calculated, and by calculating the expected 
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payoff, it is possible to find out the swing option price. Now the only problem is the 

transaction probabilities. 

First, we present the tree as {S}  _D, where S is the price of node j in state i, j j= 

and 

= 

There are 2D + 1 possible nodes in each state, except that in state 1 there can be only 1 

initial node. Clearly, if j is positive, > So. If it is negative, S < S, and 8 So 

We write the transaction probabilities as pf, which is the probability of the transition 

from node j in state i to node k in state i + 1. 

Second, since P, is a Poisson process, dP could be approximated by a binomial 

distribution, with probability 7/Lit with time step At. i.e., the probability of jump in 

each step is 

For the transition, we assume that the transition from node j in state i to node 

j + 1 or node j - 1 in state i + 1 are the "no jump" transitions, i.e., they are up and 

down transitions which are the same as the moves in binomial tree models. Therefore by 

theorem 6.3-1, for any state i= 1,2,...,Nk, for any  

£ J (1— iLt)( + (a 2;S )\/) when - D <j < D 
pj-1 

I 1—t when j=D { L-S() 
)\/) when —D<j<D 

1—t whenj= —D 

(6.12) 

(6.13) 

Note that in no jump cases, the probability of transition is equal to the probability 

of both no jump and the transition probabilities in theorem 6.3-1. In node N and node 

—N (top and bottom nodes), there can be only one possible transition. 

Now by [3], the transition probabilities in jump case can be developed in as below. 

First, by the equation of model 1FJ, in equation (2.14), for a given price St at time 
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t, after a jump at that time, the price will be (1 + U)S. i.e., (1 + U) is the distribution 

which produces the jump amplitude. Let the cumulative density function of log(1 + U) 

be C(x), where 

((x) = 1P(log(1 + U) ≤ x). 

Second, the jump probability in any state will always be At. The transition proba-

bility in jump case is the probability of jump time the probability of jump amplitude, 

and by [3], in state i, node j, 

Pi +1k (6.14) 

J t(c((1+ 
1qAt ( ((k + ) cr\/) - ((k - ) /)), when k 0 {-1, 0, 1}. 

Finally, by equation (6.12) and equation 6.14, for each state i, any node j, the tran-

sition probabilities can be given as 

P+k 

17At when k=0, 

(1 - ijt)( + (c i2St) )\/), when k = 1, —D <j <D 

whenk=1,j=D 

(1 - iLt)( - (a ? )\/), when k = —1, —D <j < D 

when k=-1, j= —D 

7zt ( ((k + ) os/) - ((k -  otherwise. 

For the swing put option under this model, the Snell envelope will be 

X (i) Nk,j 

= 0, for any state i and any node j, 

for any node j, for all i = 1, 2, .. . , 

= max((i), (K - S) - 15 (i - 1)), 

for all 0 ≤ t < Nk, for any j = 1,2,... ,t, for all  

(6.15) 

(6.16) 
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x] 
St D D 

= max((K - + t,j1) pXl,k). 
Pk t+1,k' 

k=-D k=-D 

The algorithm is as below. 

(6.17) 

• Decide the number of steps between two exercise dates. Let it be k. Given the 

length of the contract T, and the number of exercisable dates N, the time step is 

A- - T 
Nk 

• Decide D. Note that D should be chosen carefully, and should be associated with 

At, otherwise when applying equation (6.12), there might be values of probabilities 

that are not in [0, 1]. 

• Construct a multinomial tree under the given parameters in equation (2.3) 

• Calculate all the values of the Snell envelope X {X} associated with the 

binomial tree. 

The swing option price is given by 

6.4 Numerical Example: European Call Option Pricing 

In this section, we generate an "empirical" spot price path under model 1FJ, and calibrate 

the parameters for model iF and model 2F, then use Monte Carlo method to calculate 

European call option prices. 

The parameters and the term of European call option contracts are as below. 

• Parameters 

So = 2,L = 3,a = 2,o = 1, = l.S,/tj = O.2,crj = 0.2, At 360 = 

Constant risk free interest rate: r = 5% 

Expiry: 6 months(T = 0.5) 
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Strike price: K=2.1 

Simulation time: n=16384, m=10 

• "Empirical data" simulated by one factor model with jumps 

• Maximum likelihood estimation for one factor model without jumps a = 2.3218, 

a = 1.0224, L = 3.1698 

• Maximum likelihood estimation for two factor model without jumps a = 15.147, 

a = 1.0857, p =0.19223, 6 = 0.30846, L0 = 2.9257 

Figure 6.8 shows the "Empirical" price path used in this section. 
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Figure 6.8: The "Empirical" Price Path for European Call Option Pricing 

The simulation results' of European call option prices are given in table 6.1. The 

results are achieved by Monte Carlo and quasi-Monte Carlo simulation with variance 

reduction techniques, and the estimate of European call option price OT, the variance of 

'The results are calculated under Matlab 7.0. Program codes are available if requested. 
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the simulation results, the length of the 95% confidence interval and the 95% confidence 

interval are provided in the table. Here for randomized quasi-Monte Carlo method, we 

use the Sobol sequence (see section 6.1.1 and section 6.1.3). 

Model CT Variance 95% half CI 95% CI 
MC C+A IF 0.81725 1.2584e - 06 0.0006953 (0.81655, 0.81795) 
RQ C+A IF 0.81732 7.788e - 07 0.00054698 (0.81677, 0.81787) 
MC C+A iFJ 0.96055 2.9206e - 05 0.0033496 (0-9572,0.9639) 
RQ C+A iFJ 0.96084 2.008e - 05 0.0027774 (0.95806, 0.96361) 
MC C+A 2F 1.0725 7.5093e - 08 0.00016985 (1.0723, 1.0726) 
RQ C+A 2F 1.0725 8.3094e - 08 0.00017867 (1.0724, 1.0727) 

Table 6.1: The Monte Carlo Simulation Results of European Call Option Pricing 
(C: control variate, A: antithetic variates, RQ: randomized quasi-MC) 

We can see from table 6.1 that actually randomized Sobol sequence could improve 

the simulation results, but not much, and sometimes even a little worse (in model 2F). 

Actually this often happens when we combine randomized quasi-monte carlo method 

with control variates. 

The accuracy of results under model 1FJ is the worst among the three cases, this 

could result from the highest dimension of random variables in model 1FJ. It may also 

be because that we do not have good control variate for St in model 1FJ. 

We can also see that the simulation results are different for different models. This 

is because of the loss of accuracy in the calibration of parameters. It is actually more 

important to improve the calibration methods to get better estimation of option prices. 

6.5 Numerical Example: Swing Put Option Pricing 

In this section we provide some sample results of swing option pricing under Monte Carlo 

method and binomial tree method. 
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6.5.1 Swing Put Option Pricing under Model IF 

Here we implement model IF for asset price, and we assume that the model is risk-neutral, 

with form 

dSt = a(L-St)dt+crStdZt, 

where the parameters of the model and the parameters in the contract are given as 

Parameter Value 
a 10 
L 45 
cr 1.5 

So 40 
K 50 

Table 6.2: Parameters for Swing Put Option Pricing Under Model IF 

We assume that the contract lasts for 24 months, with 30 days for each month, and 

the holder has the right to exercise at the first day of each month. The risk free interest 

rate r = 0. 

The results from Monte Carlo simulation and binomial tree are given in table 6.3. 

Rights Monte Carlo Result 95% Confidence Interval Binomial Tree Result 
1 27.7756 (27.503, 28.0481) 27.5725 
2 53.157 (52.7227, 53.5913) 52.7001 

3 77.0065 (76.4524, 77.5606) 75.8713 
4 98.9669 (98.3136, 99.6202) 97.7845 
5 120.5241 (119.7097, 121.3385) 118.7301 
6 140.3239 (139.4026, 141.2451) 138.3465 
7 158.4772 (157.4191, 159.5353) 156.6262 

8 174.4729 (173.2385, 175.7073) 173.8667 

9 190.687 (189.303, 192.0709) 190.1361 
10 206.8155 (205.3053, 208.3256) 205.1836 

Table 6.3: Results of Swing Put Option Pricing Under Model IF 

Figure 6.9 shows the graph of the swing put option prices. 
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Swing Option Prices under Model IF 
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Figure 6.9: Swing Put Option Prices Under Model IF 

6.5.2 Swing Put Option Pricing under Model 1FJ 

In this section, we use model 1FJ for asset price, with form 

dSt = a(L—St)dt+uStdZt+UtStdPt. 

Here we assume that U follows the lognormal distribution, i.e., 

log(i + U) N(,-t, Oi). 

The parameters are given in table 6.4. 

Parameter Value 
a 10 
L 45 
Cr 1.5 
17 0.5 

aj 1 

so 40 
K 50 

Table 6.4: Parameters for Swing Put Option Pricing Under Model 1FJ 

The assumption of the swing contract is the same as in model IF. We assume that 

the length of the contract is 24 months, with 30 days for each month. The holder has 

the right to exercise at the first day of each month. The risk free interest rate r is 0. 
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The results from Monte Carlo simulation and binomial tree are given in table 6.5. 

Rights Monte Carlo Result 95% Confidence Interval Binomial Tree Result 
1 28.221 (27.9231, 28.5189) 27.5725 
2 54.1416 (53.7044, 54.5789) 52.7001 
3 78.5583 (77.9668, 79.1499) 75.8713 
4 100.7976 (100.0637, 101.5314) 97.7845 
5 121.7151 (120.856, 122.5742) 118.7301 
6 141.4391 (140.4671, 142.411) 138.3465 
7 160.2973 (159.185, 161.4097) 156.6262 
8 177.8913 (176.6118, 179.1709) 173.8667 
9 193.2613 (191.872, 194.6507) 190.1361 
10 207.517 (206.0043, 209.0298) 205.1836 

Table 6.5: Results of Swing Put Option Pricing Under Model IF 

Figure 6.10 shows the swing put option prices with different number of rights. 

Swing Option Prices under Model 1 FJ 
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Figure 6.10: Swing Put Option Prices Under Model 1FJ 



Chapter 7 

Conclusion 

Mean reverting models are widely used in mathematical finance research to describe the 

random walk of spot prices. In energy markets, the price behavior is different from the 

behavior in money markets, and mean reverting models are used to describe the price of 

energy assets. 

Pilipoviô's model are mean reverting models to describe the spot price in energy 

markets. It is assumed that there is a long-term equilibrium price which affects the 

spot price. In one-factor model, the equilibrium price is defined as a constant, while in 

two-factor model it follows a geometric Brownian motion. 

In Pilipoviô's model, the spot prices are assumed to be continuous. However, in the 

real world, the price may be discontinuous at certain times, and we will discover a jump 

in the spot price curve. The price may jump up to a higher price, or jump down to a 

lower price. To make the model be more realistic, it is necessary to consider the jump 

component in the model. 

Options are very popular investments in financial investment. European option is 

one of the most famous option in finance markets, and the pricing of European options 

is a popular area in finance research. However, in mean-reverting world, it is always 

difficult to solve the accurate explicit formula of the option price. Therefore, many kinds 

of approximation methods are provided to achieve approximate results. 

Swing options provide more flexible choices than European options, and are widely 

used in energy markets. However, since there could be many different conditions in a 

swing option contract, it has much more complicated payoff function than European 

option. 

64 
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In the thesis, the Pilipovió's mean-reverting models are used to model the underlying 

asset, including the one factor model, the two factor model, and the extended one factor 

model with jumps. The moments of the no jump models are calculated, and the European 

option pricing formula for one factor case is given in integral form. The Monte Carlo 

method, and the binomial and multinomial tree method are implemented in the pricing 

of swing options. 

The Monte Carlo method used in the thesis is based on the assumption that the 

continuation value function can be regressed by Longstaff-Schwartz method, and the 

prices are achieved through the method by N. Meinshausen and B. M. Hambly. The 

binomial tree method is used to calculate swing option price under no jump models, 

based on the paper by A. Lari-lavassani, M. Simchi and A. Ware. The multinomial 

tree method is an extension of binomial tree method using K. I. Amin's jump-diffusion 

scheme, which can be applied in jump cases. 

There are still some more work to do when applying this thesis on swing option 

pricing. First, modelling the price behavior is a fundamentally problem in mathematical 

finance, especially in energy markets when seasonality components and jump components 

are included. There is no best models in price behavior. Second, the explicit formula of 

European option price provided in the thesis is of an integral form, and numerical meth-

ods are still required to achieve the value of European option prices. Furthermore, the 

swing option pricing under a general swing option contract is a difficult and complicated 

work. What is remaining is still a long way and we need to make full effort in solving 

mathematical finance problems. 



Appendix A 

Probability Background 

A.1 Stochastic Process, Stochastic Differential Equations 

It is always difficult to make accurate prediction of the prices in a market, since there is 

randomness in the behavior of market prices. We can assume that the price follows an 

underlying stochastic process, and use the process to describe the price behavior. The 

empirical data of the prices can be seen as a path of practice under the stochastic process. 

A.1.1 Stochastic Process 

In this subsection, we will introduce some probability definitions regarding stochastic 

process. These definitions can be seen in most probability theory and stochastic process 

books. See [5], [20]. 

Definition A.M. (Probability Space) A probability space (S, .2, IP') is a measure space. 

with a probability measure P. Here Q is the sample space, which is a nonempty set that 

consists all the possible states, and .T is a o-algebra of Q, which contains all the events. 

Definition A.1-2. (Stochastic Process) Consider an index set T C R = R U fool U 

{—oo}. Fix an probability space (fl, A, IF) in the index set T. A stochastic process 

X = {X,}1. is a collection of random variables in (, A, IF), indexed by t E T. 

Definition A.1-3. (Filtration) For given index set T C R and probability space (cl, A, IF'), 

the filtration .T = { .T} tET is a family of nondecreasing a-fields ., such that for all t E T, 

A. Furthermore, consider a stochastic process X = {Xj}jT in (ft, A, IF), we say 

that X is adapted to J if X, is -measurable for all t E T. The smallest filtration of 
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X is the collection of generated o--fields, namely, Ft = u{X3 Is < t}. This is called the 

induced filtration or generated filtration. 

Definition A.1-4. (Conditional Expectation) Consider a probability space (cl, A, IF'), 

and a random variable X. Let .F be a a-field such that .F C A. Then there exists a unique 

.F-measurable, integrable random variable Y such that for all C e 9, IE[YIG] = E[XIG]. 

We say Y is a conditional expectatiOn of X conditional on g, and write Y = JE [X]. 

The filtration of X can be seen as the information of all the possible moves of the 

process X. In mathematical finance, we treat the spot price S = {St}tET as a stochastic 

process, and use the induced filtration F = {Ft}tET, Ft = cr{831s < t}. The filtration 

F can be treated as all the information of the price, i.e., Ft is all the information of the 

prices before time t. The index set T is normally R+ when we use continuous models, 

and in discrete valuation we can let T = Z+. 

The conditional expectations can be seen as the estimate of the random variable under 

give information. For example, consider the stochastic process S of spot prices, and the 

induced filtration F, TE [S IF8] is the estimate of the price at time t, given all the prices 

before time s. 

A.1.2 Brownian Motion 

Brownian motions are fundamental components in stochastic calculus. The definition of 

a standard Brownian motion is as below (see [36]). 

Definition A.1-5. A standard Brownian motion (or a standard Wiener process) is a 

stochastic process {Wt}ER+, defined on a probability space (, F, IF') with the following 

4 properties: 

• wo=o. 

• The function t - f W is continuous in liP with probability 1. 
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• The process {Wt}tER+ has stationary and independent increments. 

• For any t,s E R, Wt+s - W '' N(O,t). 

There are several properties of the standard Brownian motion W. Below we provide 

some propositions of W. 

• —W is also a standard Brownian motion. 

• For any fixed s E R+, the process { W+3 - WS}tER+ is a standard Brownain motion. 

• For any a E R, the process {aWt/a2}tER+ is a standard Brownian motion. 

A.1.3 Ito Integral 

Give a probability space (, A, IF), consider a measurable, adapted and L2-integrable 

function f(t, w) where w E Q. Let W, be a standard Wiener process. A Ito integral can 

be defined as the following (see [3O]): 

Definition A.1-6. (Ito Integral) For the given probability space (, A, IF') and function 

f(t, w) where w E C, and given W, a standard Wiener process, in interval [0, t], we split 

[0, t] to n partitions using 0 = uo ≤ ui ≤... ≤ = t, and then define 

t n 
f(u,w)dW = Jim  )[W'1 — Wuj ], 

n—oo 
i=1 

(A. 1) 

where u = u, and the limit is taken in L2 sense. When the limit exists, the integral 

exists, and we say j f(u, w)dW is an ItO Integral. 

Note that in definition A.1-6, we choose u = uj, which is different from the choice 

in Riemann-Stieltjes integral. In Riemann-Stieltjes integral, we choose middle points 

=  , and actually the choice of u will not change the value of integral as long as 

E [ui, u, 1]. However, in stochastic integrals, the choice of u makes difference in the 

values of integrals. If we choose u = UiUi in definition A.1-6, the integral is named 

the Stratonovich integral. 
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After the definition of Ito Integral, we can introduce stochastic differential equations. 

When we have 
t 

xt = X +f f(u,w)dW, 
we can write it in stochastic differential equation form 

dX, = f(t,w)dWt. 

A.1.4 Stochastic Differential Equations 

stochatic differential equations are widely used to describe the price behavior of a market, 

and there are several methods developed to price derivatives with asset price under 

stochastic differential equations. Different from regular differential equations, which have 

deterministic solutions, in stochastic differential equation, there is one or more terms, 

which is stochastic process. Thus, the solution of a stochastic differential equation is a 

stochastic process. Most definitions and fundamental theorems can seen found in [30]. 

Normally, the stochastic differential equations used in mathematical finance are dif-

fusion equations, and in the form 

dXt = (X,t)dt+a(X,t)dW, 

where W is the Wiener process. Here in the equation, i(X, t) is the drift term, and 

o (Xi, t) is the volatility. 

The process Xt in equation (A.1.4) is called a diffusion process, and it is usually a 

Markov process, i.e. 

TID(Xi+h = iIX. = X(S), Vs ≤ t) = TP(X +h = yIXt = x(t)). 

The equation (A.1.4) can also be written in integral form as 

t+s t+s 

xi+s _xs=f I2(Xuu)du+f (X,u)dW, 
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where the second integral ft+s o(X, u)dW is the Ito integral. 

The most important property of stochastic differential equations is M's lemma. The 

lemma is first proved by K. ItO ([16]). Here we use the description in [29]. 

Theorem A.1-7. (Ito's Lemma) Given f(Xt, t) a twice-differentiable function oft 

and X, where Xt is a stochastic process following the stochastic differential equation 

dXt = (Xj,t)dt+cr(Xt,t)dWt, (A.2) 

with well behaved drift and volatility functions, p(Xt, t) and a(Xt, t)dW, then we have 

Lf  
d (Xt, t) = dt + -axtdX +  o2 (X, t)dt, (A.3) 

or, after substituting dXi, 

df(Xt, t) = (Lf + -axt u(X, dt) + . 4 o.2 (xt, t)) dt + -o(Xt, dt)dW. (A.4) axt 

Ito's lemma can be treated as the product rule in stochastic calculus. In stochastic 

calculus, the derivative rules are changed. For example, the product rule has an additional 

term. 

Theorem A.1-8. (Ito's Product Rule) Given that Xt and Yt are two Ito stochastic 

process, then 

d(XY) = YdX + XdY + dXdY. (A.5) 

A.1.5 Stochastic Differential Equations with Jumps 

A stochastic differential equation with jumps has the form 

dXt = +i-'(X,t)dN, (A.6) 

with an extra jump component u(X, t)dN. In the jump component, v(X, t) is the jump 

amplitude, and Nt is the distribution of the number of jumps until time t. 
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We can write equation (A.8) in an integral form as 

pt+s pt+s Nt 

- X = J ji(X, u)du + J a(X, u)dW + 71(X,,, ,Ti), (A.7) 
S S i=1 

where are the time when a jump occurred. 

The Ito's lemma for equation (A.8) is (see [2]) 

Theorem A. 1-9. (Ito 's lemma with jumps) Given f (Xe, t) a twice-differentiable func-

tion of t and X, where Xt is a stochastic process following the stochastic differential 

equation 

then we have 

f(Xt+s) 

dXt = ,u(X,t)dt+ cr(Xt,t)dWt + zi(X,t)dNt,, 

= f(X5) + f5 f'(X_)dx + i: f"(x.-)a2(x u)du 

- lt1f/(X,-) (X - Xi-) + E It1(f(x) - f(X-)), 

or in stochastic differential equation form 

df(Xt) = f'(Xt- )dX + f"(Xt- )u2(X, t)dt 

— f'(X-)(Xi - X_)dN1, + (f (X i) - f(X-))dN. 

Here in Ti denotes the jump time, and Ti- denotes the time infinitesimally before the jump 

time 'ri. 

(A.8) 

(A.9) 

(A.10) 

A.1.6 Martingales 

Martingales are stochastic processes, with the following property (see [20]): 

Definition A.1-10. (Martingale) Given probability space (l, A, IP), and an index set 

T ç R, and a filtration .F on T. We say a stochastic process M = {Mt}LET is a martingale 

if it is an integrable, F-adapted process such that 

E [Mt IF5] = M5, for all s,t E T such that 5 <t. 
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Martingales are important in the non-arbitrage pricing of financial derivatives. For 

example, the discounted stock price is assumed to be a martingale in Black-Scholes 

models. For applications of martingales in mathematical finance, see [14], [28], [29], [37], 

etc. 

A.1.7 Statistics of Random Variables 

For a given random variable x, the moments of x are used to describe statistical properties 

of x. The mean value, the variance, the skewness and the kurtosis of x are related to the 

first 4 moments of x, which are mostly used (see [26]). 

. Mean: Mean(x)=E [x]. 

• Variance: Var(x) = IE [(x - )2], where = IE [x]. 

• Skewness: Skew(x) =  where E[x], and U2 = Var(x). 

Skewness is a measure of the asymmetry of the probability distribution of x (see 

figure A.1). 
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Figure A.1: The Probability Density Function of Distributions with Different Skewness 

• Kurtosis: Kurto(x) -   3, where = E[x], and = Var(x). 
- a4 

Kurtosis is a measure of the "peakedness" of the probability distribution of x (see 
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figure A.2). 
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Figure A.2: The Probability Density Function of Distributions with Different Kurtosis 

The skewness and kurtosis of a standard normal distribution are both 0. 

The mean, variance, skewness and kurtosis can describe the approximate shape of the 

samples of random variable x. 



Appendix B 

Proofs of Theorems 

B.1 Proof of Theorem 2.3-2 

For model 2F, we have 

J dSt = 

dLt = Ldt + eLtdWj. 

We want to show that for any t> 0, for any positive integer n and positive integer 1, 

E [SL] 

= k=O i=O (k—i)!flk_,k(f(i,n+l—i) — f(k,n+l — k))' 

n k (-1)rt! 

where 

(B.1) 

f(n, 1) = n(n - 1)2 - na + l + l(l - 1) 2. (B.2) 

First, note that Lt follows a geometric Brownian motion, and therefore 

1 2 

Lt = Loe t't. (B.3) 

Now as W '--' N(0, t), and therefore for any integer n> 0, for any t> 0, 

JE [L n] =  L en(1L_)tE [e"t] 

= LeTh(1)t fQO ee1 ' 
-00 

(x-nt)2 +! dx 
= L eTh(L_)t 2t 2 

= 

= 
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(B.4) 
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Furthermore, by Ito's lemma, 

or 

dStn = nS'dS + n(n - l) Stn- 2(ci2S)dt 

= (naLtS - naS + n(n - 1)ci2S)dt + nu Stn dZt, 

dL = lL'dL + l(l - 1)L 2(2L)dt 

= (lL + l(l - l)e2L)dt + lLdW, 

and therefore by Ito's product rule, 

dSL 

= LdS + SdL + dSdL 

= (naS'L' - naSL + !n(n - 1)c2SL + 1p,SL + l(l - l)e2SL) A 

+ncrSLdZ + leSLdWt + 

By taking expectation on equation (B.l), we can get 

dIE [s.L4] 

= (ncIE [Stn-'L'+'] - ncE [S,L] + n(n - 1)o 2E [SL] 

+1i [s'L] + l(l - 1)e2IE [SL]) A 

dIE [sL] 
 = ncdE [stn-'L'+'] + f(n, l)IE [SL], 

A 

(B.5) 

(B.6) 

(B.7) 

(B.8) 

(B,9) 

where f(n, 1) was defined in equation (B.2). 

Equation (B.9) is actually a linear first-order ordinary differential equation. If we 

define 

the solution of equation (B.9) will be 

E [SL] = e 0t(f nae_Tht)th(t)dt + C) (B.1O) 
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To prove theorem 2.3-2, we can use the principle of mathematical induction. 

First, let n + 1 = M, where M is a fixed positive integer. Now for any fixed M, we 

show that theorem 2.3-2 is correct for n = 0, 1, . . . , M. 

Now when n = 0, by equation (B.1), 

E [14] = L e(11(11)e2)t. 

From equation (13.1) and equation (B.2), we also have 

E [14] = Le(11 1(1_1)e2)t. 

When n = 1, 1 = M - 1. by equation (13.1) and equation (B.10), 

E [SL'] 

= ef(1M_1)t(J e_f(1M_1)tLfrfe(ML+M(M_1) 2)tdt + C) 

= ef(lM_l)t(f cLfhIe_f(lM_l)t+f(OM)tdt + C) 

-  + Cef(1,M_1)t 
- f(O,M)-f(1,M-1) 

As E [SLr'] = S0L"' when t = 0, we can get 

C = S0Lr' 

and therefore 

ceLm 

f(0,M) —f(1,M— 1)' 

JE [SL'] 

= SoL'Ilef(l,M_l),t +  aL'tef(O,M)t 

f(O,M)-f(1,M-1) f(O,M)-f(1,M-1)' 

(B.11) 

(B.12) 

(B.13) 

(B.14) 

(B.15) 

which is the same as the form of equation (B.1) when n = 1, 1 = M - 1. 

Now suppose that when n = N < M, equation (B.1) is satisfied. Consider the case 

when n = N +1, 1 = M - N - 1, as the expression of IE [S'L'] is already known, we 

have 
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E [S-L] 

ef(n 1)t(f flae_f(n,l)iE [stn-'L'+ '] dt + C) 

f(n,l)t f 
k=O i= 

+Ce 2l 
n—i k 

6f(n,l)t 

k=O i= 

n—i k 

k 
e_f(Th,1)t (_ 1)n_in!an_k+iS_iL+l_k+ief(kn+l_k)t 

n—i 
(k - i)! n + 1 - j) - f(k, n + 1 - k)) 

(_l)Th_mn!an+iSI_i rn+1-k+i o -' f 
n—i 

(k — i)!flkk(f(i,m+l — j) — f(k,n+l — k)) 

L_i L_i (k - i)! fI k=O i=O =k-,k (f (i, n + 1 - j) - f(k, n + 1 - k)) 
+Ce ,l)t. 

Since E [SL] = SL10 when t = 0, we can get 

C=SL— 

Therefore, 

E [SL] 

k (- l)mn!aTh+iSriLt_i 
ts (k - i)! [T=k..,k(f(i' n + 1 - j) - f(k, n + 1 - k)) 

n—i k 

= i 
k=O (k - i)!flk_,k(f (j,n+ l — j) - f(k,n+ 1— 

n—i k 
0 + S on 4e'1 - ii i (k - (_l)nn!aTh_k+iS0 Lt_! ef(Th0t 

q fJtm k=0 i=0 j=kz _ .,jk (f(j n + 1 - j) - f(k, n + 1 — 

We need 

E [SL] 
n k 

(-
= (k — i)!fl k=0 i=0 k,k(f(i,n+l — i) — f(k,n+l — k))' 

i.e., we need to prove that 

Son I0e f(n,l)t - 
k 

k=0 i= 

(- 1)n! am_k+iSk_iLTh+t_ef(m,1)t O 

dt 

- i)! flk 3Th + 1 - j) - f(k, n + I - k)) 
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n 

2= 

(- 1)Thn!aiSLref(Th,t)t 

- i)! 7' + 1 - j) - f(n, l)) 

Note that when i = 0, 

and 

=  (- 1)n! 
0 L10 (n - i)! flj=n_(f(i n + 1 - .1) - f(n, 1))' 

n-i k \\ 1) I&(2 J0 .L10 

' (k - i)! U=k-,ak(f(i, n + 1 - j) - f(k, n + 1 - k)) 

=E 
k=O i=n-k 

i=i k=n-i 

1 -i \n,,L-n-k+i Qk-i rn+l-k+Lf(n.flt 

(- 1)Thn!aiSLief(Thl)t 
(n - i)! 't + 1 - j) - f(k, n + 1 - k)) 

(- 1)Thn!aiSL+ef(Tht)t 
(n - i)! U=-,5ok(f(i' m + 1 - j) - f(k, n + 1 - 

By equation (B.17) and (B.18), the equation (B.16) can be simplified as 

or 

n n-i 
— L (_1)Thn!aiSLief(nt)t 

i=1 k=n-i (n - i)! fl=n-,5k(f(J' Th + 1 - j) - f(k, n + 1 - k)) 

(n—i)!flTh jfl-2,3 .. fl (f(j,n+l—j)—f(n,l)) 

(- 1)nn!aiS-iL+f(nt)t 
(n-i)P Th ' (f(j,ri+l-j) -f(n,l)) IJ.j=n-i 

n 

- n +1-j) - f(k, n +1- k)) 
n 

1 

(j fJj=n ...(f(j,ri+l-j) -f(n,l)) 

(B.16) 

(B.17) 

(B.18) 

(BJ9) 

If equation (B.19) is correct, then by the principle of mathematical induction, equation 

(B.1) is correct, and thus theorem 2.3-2 is proved. 

We can again use the principle of mathematical induction to prove that for any fixed 

n, for any i= 1, 2, ... , 

k=n-i 

1 
n 

T + 1 - j) - f(k, , + 1 - k)) 
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1 
vP- i iij_ni(f(j,n+1—j) - 

First, when i = 1, the left hand side of equation (B.20) will be 

n-i 
1 

k=n-
fT=_i,k(f(i, n + i - j) - f(k, n + 1 - k)) 

1 

f(n,l)—f(n— 1,1+1)' 

and the right hand side will be 

1 

i-rn-i (f(i, n + i - - f(n, 1)) .Llj=n-i 

1 

= f(n—1,l+1)—f(n,l)' 

therefore, equation (B.20) is correct when i = 1. 

Now when i = 2, we have 

n-i 

-. 

k=n-2 U=_2,k(f(i) fl + 1 - j) - f(k, n + 1 - k)) 

1 

1 

(f(n-1,l+1)—f(rt-2,l+2))(f(n,l)—f(n-2,l+2)) 
1 

(f(n-2)l+2)—f(n-1,l+1))(f(n,l)—f(n-1,l+1)) 

f(n,l) — f(n -1,l+ 1)— f(n,l)+f(n -2,l+ 2) 

(B.20) 

(f(n-2,l+2)—f(n--1,l+l))(f(n,l)—f(n-2,l+2))(f(n,l)—f(n-1,l+1)) 
1 

(f(n,l)—f(n--2,l+2))(f(n,l)—f(n-1,l+1)) 
1 

[Tjtn'_2(f(j,fl+l -j) - 

so equation (B.20) is satisfied. 

From above we can see that when n = 1 or n = 2, equation (B.20) is correct. Assume 

that it is correct until n - 1, we can prove the case of n. 

For the fixed n, first notice that the cases when i = 1 or i = 2 are proved above. Now 

assume that when i = h < n, 

n-i 

k=n-

1 

[L=n_h,jk(f(3' fl + 1 - j) - f(k, i' + 1 - k)) 
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1 

[•Ij=fl_h(f(j,n+l —j) - 

Then for the case when i = h + 1, for convenience in expression, we define 

for any integer j, and 

k=n-h--

g(j)=f(j,n+l—j) 

1 

fI=_h_i,k(f(i , n + 1 - i) - f(k, n + 1 - k)) 

1 

[ n-i•I=-h-i(f(i) fl +1 - j) - f(n, 1)) 

k=n-h-

n-i 

k=n-

1 
n-i 

ITI3=n_h_l,ik(9(i) - g(k)) fJ=-h_i(9(3) - g(n)) 

1 1 
lln 

- g(k)) fl _h(9(3) - g(n - h - 1)) j=n 

1 
n-i 

U_h_i(9(i) - g(n)) 
n-i 

1 

= - (Il=n-h,k(9(i) - g(k))) (g(n - h —1) - g(k)) k=n-h 

1 

[L=n_h(9(i) - g(n - h - 1)) 

(B.21) 

1 n-i 

(g(n—h-1)—g(n)) 1 
k=n-h fI=-h,k(9(3) 

n-i 

g(k)) 

1 Gn 1k=nh U=_h,k(9(ig(k)) - h - 1) - g(n) g(n - h — i) - 9(k)) 

1 

- g(n - h - 1)) 

n-i 

1  ((g(n g(n)—g(k) 
k=n-hU=-h,k(9(3  g(k))  - h — i) — g(n))(g(n - h — i) — g(k))) 

1 

fl= _h - g(n - h - 1)) 
n-i 

1  (  
k=n-h U=_h_i,k(9(i) - g(k)) g(n - h — 1) - 9(n)) 
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1 

I1=_h(Y(i) - g(n - h - 1)) 
1 

fl=—h(9(J) - g(n - h - 1)) [L=_h(g(i) - g(n - h - 1)) 

=0. 

Therefore equation (B.20) is correct in the case i = h + 1, and thus it is correct for 

case of n+ 1. From all above, by the principle of mathematical induction, equation (B.20) 

is correct, and therefore theorem 2.3-2 is proved. 

B.2 Proof of Theorem 2.4-1 

For model 1FJ, St satisfies 

dSt = c(L—St)dt+uStdZt+UtStdPt. 

The equation (2.15) is derived by multiplying jump amplitudes at the jump times. 

The equation (2.16) gives the expression of JE [Se], which follows 

where 

IF1 [St] = c—ot+7tE[Ut] (so - I) + Le_tE [Ui] Jt + L, 

Ji= 
—jt (t) 11•-

and r are the jump times. 

To prove equation (B.22), first we show that 

IE (1+[UtJ)Th_eniPt = n] 

(B.22) 

= e_at(So - L)(1 + E [U])Th + Le_atE [Ui] (i + E [Ut])Thieni + L. (B.23) 
i=1 

Equation (B.23) can be proved by principle of mathematical induction. 
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First, when n = 0, 

E [SP =0] = e--"(So - L) + L, 

so equation (B.23) is correct. 

When n = 1, 

JE[SP = 1,0 ≤ ri< t] 

= EPE[StjSTl]IPt=1,0≤'rl<t] 

= JE (ST - L) + LlP = 1, 0 <r1 <t] \  

= E [e_(t_T1)((1 + Ut)ST- - L) + LIPt = 1,0 < 71 <t] 

= e_a(t_T1)(E[1+ U]1E [ST-IPt = 1,0 <t] - L) +L 

= e_ (t_n1) (E[i+Ut]e_aT1 (So_L)+E[i+Ut]L_L) +L 

= Cat  [1 + U] (So - L) + e_t_n1)iE [Ui] L + L. 

Now suppose that equation (B.23) is right when ri = rn—i. Then for the case n = m, 

IE[StIPt=m,0≤ri <T2 < ... <Tm<t] 

E[JE[StSn,Pt=m — i,Tl≤T2<T2< ... <rm<t]ITl]+L 

= JE [e—t_71) (ST1 - L) (I + TE [Ut])m_ifti] 
rn—i 

+Le_tE [Ui] (1 + JE [Ut])eani+1 + L 

= e_t_T1)(E[1+ Utj  [S,,- I-r,] - L) (I +1E[U])m l 

+Le_tE [Ui] 
i=i 

(1 + TE [Ut])m_i_ieTi+1 + L 

= e_at(So - L)(1 + JE [Ut])rn + Le_C(t_T1)E [Ui] (1 + TE [U])m' 
rn-i 

+Le tE [Ui] ) "(1 + IE [Ut])m_i_leani+1 + L 
i=i 

rn 
= et(So - L)(1 + JE [u])tm + Le_atE [U] 

i=i 

From all above, equation (B.23) is proved. 

(1 + IE [Ut])m_ieTi + L. 
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Finally, 

E [Se] 

where 

710 
00 

n=0 

n! 

?lt( t)71 
n! e(So - L)(1 + E [U])Th 

00 

+ n! 
e_ t(t) 71 L _atE [Ui] (I+ E [Ut])Th_ieTi + L 

n=0 i=1 

= e_t+7t1tI(So - L) + Le tE [Ui] J + L, 

Jt= 
00 e_(it) IE  I 

(1+E[Ut])71_ieanuIpt =  ni 
_d 

710 

Thus theorem 2.4-1 is proved. 

i=1 
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