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ABSTRACT

The European Space Agency0s idneheGravaytField
and Steadytate Ocean Circulation Explor¢GOCE) will at the end of its lifespan
achieve 12 cm geoid accuracy at a spatial resolution of 100 Kms thesis attempts to
answer the questionis a GOCE satellitonly global geopotentiaimodel (GGM)
sufficient for geodeticapplications such as datum unification North America?The
main research objectives that were investigatedrder to answer this questianclude:
GOCEGGM evaluation,estimation ofheightdatum offsets for regionafertical datums,
and the estimation dhe gravity potentialor a geoidbased vertical datunBased on the
research objective outcomascan be concluded that using only a GOCE satdihitsed
GGM is not sufficient forgeodetic applications such aaum unificationin North
America. Thus, a GOCE5GM should be rigorously combined with gravity and

topography data in a remoeemputerestore geoid modelling scheme.

sat el



ACKNOWLEDGEMENTS

| would like to express my sincere thanks to my supervisor, Dr. Michael G. Sideris, for
his supervisionand supportover the past two and a half yearddis knowledge and
recommendations on a large variety of togdicen how to give effective presentations,
how to improve my journal papers and thesis, and even hdettermy teachingand

instructionalskills, havebeen invaluabland much appreciated

| would also like to thank the very beautiful and intelligent, Dr. Elena Rangelova, whose
guidanceand friendshiphas enhanced my time at University of Calgary. Really, this
thesis, the journal papers, and even Advanced Physical Geodesy (which has left a scar on
my heart) would not have be@s successfly completedwithout her helpElena, this
mustbe said: you are a strong role model for women wishing to pursue further studies

and a career in the sciences.

Next, | would like to thank my dear friend and colleagBabakAmjadiparvar, for all the

stimulating discussions wieave had during the preparan of this thesis. Without his

help in many matters, | am not sumew this thesisvould haveevers e en t he Al i gh't
end of tTruy, he caimmat be thianked enough!

Marc Véronneauat the GeodeticSurvey Division of Natural Resources Canada
acknowledgedor providing me withvariousdatasets, collaboratingn journalpapers,

and for alwaygaking the time to answeny questions. By the same token, the staff at the
Canadian Hydrographic Service are thanked for their prompt responsesgieestons,

as well as Dan Roman from the LASNational Geodetic Survey, and Jianliang Huang
from the Geodetic Survey Division of Natural Resources Canada. P. Woodworth and C.
Hughes are acknowledgefdr providing me withten different globalsea surface
topography models that have been utilized in this shefhe late D.G. Wright is
acknowledged for the development of the regional Atlantic sea surface toppgraghl
utilized in this studylast but not leastSinem Ince is acknowledged fproviding a

gravimetric geoid modedf Canadahat has beensedin this study.



A genuinethank you goes to my graduate committedich consisted of Dr. J.W. Kim,
Dr. Patrick Wu, and Dr.Kyle O 6 K e, &f teeir feedback anatonstructive comments,

which hasconsiderably improvethefinal versionof this thesis

Finally, I would like to givea big shoubut of gratitude tany family and friends for their
unconditional love andupport. The other graduate students in the graatd earth
observationgyroup are thankedor their friendship In particular | would like to thank
my office mate,Feng Tangfor providing me withdata and helping me to debug C++
codefor two course projectsand Jin Baekfor all the pep talkwhen | really just wanted

to call it quits.

This work is a contribution to the ESA STSESOCE+ Height System Unification with
GOCE project, and was also supported by NSERC, GEOIDE Network Centres of
Excellence Queen Elizabeth Il scholarship, and bwydpate scholarshipgend teaching
assistantshipgsom the University of Calgary.



TABLE OF CONTENTS

Y 013 = Lo SRRSO PPUPPPPPPRRPPTRR ii
ACKNOWIEAGEMENTS. ......eiiiiiiiiiiiiiii ittt rmmmt e e e e e eeeeseeeneenssnnnmmmeeeeeeeees jii
Table Of CONENTS......oiiiiie e eeee e e e e e e e as v
LISt Of TADIES. ...t e e e e e s emme e e e e e e e e e e ann] viii
IS o o [0 =S PP PPPPPPPP X
List of Symbols and ADDIreVIations..............ceiiiii oo XV
CHAPTER 1 INTRODUCTION oottt reme ettt e e anan s 1
1.1 Problem Statement.. ... ..o 1
1.2 TeSIS ODJECHIVES. ... ..ot e e e e e e e e e ammne e e e e 3
1.3 TRESIS OULINE. ...t e e e e e 4
CHAPTER 2 HEIGHTS, VERTICAL DATUMS, AND THE GEOID ...........cceeld 5
P2 I [ 01 o T [UT {1 [ o TP PP PP PUPPPPPRN 5
2.2 Gravity Potential and the GeOId............uueiiiiiiiiiiiei e 6
G o L=To | LA V] (=] 01 TR PPRSRR 8
2.3.1 DYNamiC HeIgNIS.....ccco oot 10
2.3.2 Orthometric Heights............uuiiiiiiiiiii e 10
2.3.3 NOrMal HEIGNTS......euuiiiiiiiiiiiiiis it smmmr e e e e eeeeesennesnnnnes 12
2.4 Definition and Realization of Classical Levelling Based Vertical Datums.......... 16
2.5 Classical Levelling Based Vertical Datums in North America....................cc.ue... 20
2.5 LCGVD28 ....oeeieeiiiie ettt ennnnes 20
2.5.2 NAVDSS ...t —— 21
285 T T 01 PR 22
2.5.4 Problems Presented by Classical Levelling Based Vertical Datums and the
Adoption of a GeoieBased and GNS&ccessible Vertical Datum.................... 23
2.6 Concepts of Geoid Mielling: RemoveComputeRestore...........cooeeevvvevvvivieeeeeennn. 25

CHAPTER 3 EVALUATION OF GOCE GLOBAL GEOPOTENTIAL MODELS ..37
IR I 011 (o Yo [ U3 (0] o TP 37



3.2 Overview of Dedicated Satellite Gravity Field MiSSIiOns...........ccccoeveeiiviveeeeceennnnns 38

3.3 GOCE Model Evaluation using GNSS/Levelling Data............cccccvvvveeeecvvvnnneee... 45
IS0 |V 11 g ToTo (o] (oo | 2N UPPRU P PPPPY 49
3.3.2 GNSS/Levelling BenChmarks.............uueuuieiiiieeieieeeeeiviiiviinienninnne e 50
3.4 RSUILS @NA DISCUSSION. .....ceiiiiiiaeeieiiiaieeee ettt e e e e e e e emmt e e e e e e e e e e s e annnbeeeeeeeas 55
3.4.1 Global Cumulative @&d Error from Degree Variances.................ccco..... 55
3.4.2 Absolute GGM Evaluation using GNSS/Levelling Data....................... 56
3.4.3 Performance of the GGMs in Different Spectral Bands........................ 63
3.5 SUMIMATY. .o ereer e e et e e e e e e e bbb mmme e e e e e e eernaas 69

CHAPTER 4 ESTIMATING VERTICAL DATUM OFFSETS IN NORTH AMERICA

WITH GOCE GLOBAL GEOPOTENTIAL MODELS ... 71
vt R [ o1 (oo [F o3 1o o TP TP PPPPPPPPPR 71
4.2 MethOdOlOGY.......ccoiiiiiiiiie ettt et e e e e e e e s s a e e e e e e e e D
4.2.1 Sources of Error affecting LVD Offset Computations...........cccc.cevvvvveen. 79
A D - . RPN 80
4.2.3 GNSS/Eevelling Benchmark Disoiution .............cccceeviieieiiiecceeeeeeees 81
4.3 RESUIS N0 DISCUSSION. ......uuuiiiiiiiiiieeee it e e e e et eeeeessee e e e e e e e eeeeeeea e e 84
4.3.1 Estimating CGVD28, NAVD88, and Nov07 Offsets in Canadagu8id3
GNSS/Levelling BeENChMArKS.........ccoooiiiiiiieeen e 85
4.3.2 Estimating Nov07 Offsets for CML, VAN, and NFD Networks............. 86
4.3.3 The Effect of @stematic Errors on LVIDffsets..........ccccoevvviviiivivvieeenen. 92
4.3.4 Estimating LVD Offsets using Tide Gauges..........ccceeveeeeeiiiacceeeeeeeeenns 105
YU | .0 = oY/ SO 113

CHAPTER 5 EVALUATION OF W, USING CANADIAN TIDE GAUGES AND

GOCE GLOBAL GEOPOTENTIAL MODELS ..o eeeeereee e 116
5.1 INTOAUCTION. ... e e e 116
220\ =1 0 To o (o] (oo V75T 117
5.2.1 Distribution of Tide gauge Stations and Water Level Data................. 118
5.2.2 Global Geopotential ModelS...........ccoooeviiiiiiiiieeeiice e eeveemeees 121
5.2.3 Sea Surface Topography Models............cccovvviiiieeeiie 121

Vi



5.2.4 Methodology for Estimatingk using Tide Gauge Information and SST Models

..................................................................................................................... 133
5.3 RESUILS ANd DiSCUSSION. .....cctiiiiieeiiiiiiiieeee ettt e e e e e e amme e e e e e e e e e e e neeneeeeeen 139
5.3.1Wp Evaluationwith Tide Gauges and GOCE GGMS..........c.ccccceiiiiiiieee. 139
5.3.2Wp Evaluation with Tide Gauges and Gravimetric Geoid Models......... 141
5.3.3W, Evaluation with SST ModelS...........ooooeeiiiiiiiiieeee e 143
54 SUIMIMIANY. ..ttt ettt e e e e s emeee e e e et et e e e e ettt ta s sms e e e e e e e e ennan s 145
CHAPTER 6 CONCLUSIONS .....ooiiiiiiiiiiie et emeeiee et 151
6.1 TheSIS StAtEMENT.........uuiiiiiiiiiii e eeeer e e e e e e e nene e 151
6.2 CONCIUSIONS ...ttt rree bbbttt e e e e e e e e e e smme e e e e aeeeens 152
6.3 RECOMMENUALIONS. ......uuiiiiiiiiiiii e eree e e e e e e e e eeeee s 154
6.4 FULUre INVESHIQAtIONS......ccce e e i eeeteeei et erees e e e e e e e e e e e e e enaas 156
REFERENCQGES ...ttt rrne ettt e e e e e et s snen e e e e e eeanen 158

vii



LIST OF TABLES

Table 3.1Global geopotential MoOdels...........oooiriiiiiiie e 43

Table 3.2: Summary of tools and test datesstor gravity field validation................. 46

Table 3.3: Statistics of geoid height differences (after a constant bias fit) using 1,315
Canadian GNSS/levelling benchrR8..............ccccooiiiiiiiieee e 57

Table 3.4: Statistics of geoid height differences @afa constant bias fit) witEGM2008
extended GGMs to degree and order 2,190 using 1,31%dizen GNSS/levelling
DENCRMAIKS ... e 58

Table 3.5: Statistics of geoid height differences (after a planar fit) using 1,31&dGan
GNSS/levelling BeENChMArKS...........ooviiiiii e 59

Table 3.6: Statistics of geoid height differences (after a constant bias fit) using 18,399
U.S.A. GNSS/levelling benchmarks.............cccooviiiiiee e 60

Table 3.7: Statistics of geoid height differences (after a constant bias fit) E@2008
extended GGMs to degree and order 2,190hqusl8,399 U.S.A. GNSS/levelling

01T L] ] 4= USSP 61

Table 3.8: Statistics of geoid height differences (after a planar fit) using 18,38AU

GNSS/levelling benchmarks...............ouuuiiiiii e 62
Table 4.1:Gravimetric geoid MOAEIS.........cooviiiiiiiiiiiii e 380
Table 4.2: Potential and vertical datum offsets for NovO7, NAVD88, and CGVD28
vertical datum evaluated wit308 GNSS/levelling benchmarks..............ccccceenn.e. 87
Table 4.3: Potential and vertical datum offsets for Nov07 vertical datum evaluated with
GNSS/levelling benchmarks from CMNFD, and VAN regions of Canada.......... 88
Table 4.4: LVD offset for NovO07 datum for CML, NFD, and VAN regions using error
information for the ellipsoidal, orthometric, and geoid heights............................ 90
Table 4.5:LVD offsets for Canada using null model..................coovicciiii e, 98
Table 4.6:LVD offsets forCanada using-parameter model...................ooooeeee. 99
Table 4.7:LVD offsets for Canada using@arameter model....................cceeeee 100
Table 4.8:LVD offsets for Canada using combined model............c...cccooeivieeee.. 101
Table 4.9:U.S.A. NAVDS88 LVD offsets using null model..............ccccceeeeeriieenn... 102
Table 4.10:U.S.A. NAVD88 LVD offsets using Jparameter model.................... 102

viii



Table 4.11:U.S.A. NAVD88 LVD offsets using-parameter model.................... 102
Table 4.12:U.S.A. NAVD88 LVD offsets using combined model...................... 103
Table 4.13:CML LVD offsets computed by removing systematic effects from raw geoid
height residuals before the estimation of the offségisarious parametric models...

Table 4.14: U.S.A. NAVD88 LVD offsets computed by removing systematic effects
from raw geoid height residuals before the estimation of the offset using various

PArAMELIIC MOUEIS ......uiiiiiiiiiiii et nnee s 104
Table 4.15:CGVD28 offset with 16 Canadian tide gauges..........cccceeeeeeeevveeennn. 109
Table 4.16:CGVD28 offsé with 12 Canadian tide gauges.........ccccceeeeeeeeevieeennn. 109
Table 4.17:CGVD28 offset with 2 Canadian tide gauges (Atlantic).................. 110
Table 4.18:CGVDZ28 offset with 5 Canadian tide gauges (Pacific).................... 110
Table 4.19:NAVD88 offset with 59 U.S.A. tide gauges.........cccceeeeeeeeeeivieeeeeeennn.. 112
Table 4.20:NAVD88 offset with 28 U.S.A. tide gauges (Atlantic)...................... 112
Table 4.21:NAVDS88 offset with 18 U.S.A. tide gauges (Pacific)....................... 112
Table 4.22:NAVD88 offset with 13 U.S.A. tide gauges (GUlf)..........c.cccceeeenrrnne 112

Table 5.1:Canadian tide gauge stations and localmssa levels at epoch @80 . 120

Table 5.2: Comparison of geometrically determined SST at tide gauge @@&52010

and SST interpolated to tide gauge station locations from various SST madel&29

Table 5.3: Wy values for Pacific and Atlantic tide gauges with 19 years of water level
data with GGMs expanded to degree and order 180 and 2,190 (add 62,636,80¢.00 m
tO VAlUES INLADIE)......ceeeeeeee e ——— 139

Table 5.4: W, values evaluated using Pacific and Atlantic tide gauges 1@ithears of
water level data and different gravity field models (add 62,636,800%G9 tm values in

1[I = 1 o] 1= PSS SPPPPPP 140
Table 5.5: W, values for three Canadian regions computed with regional gravimetric
geoid models (add 62,636,800.06/$ht0 all VAlUES)............cceovrveeeeeeseeeeeeernnn. 142

Table 5.6: W, values evaluated with SST interptdd from models at tide gauges 43

Table 5.7:W, values evaluated for the Pacific antafitic oceans using SST models



LIST OF FIGURES

Figure 2.1: Ellipsoidal ) and orthometricHPp) heights.........ccccoovoveveviieeeeeern 6
Figure 2.2: Normal heights i"°™0;), height anomalysf), quasigeoid and local quasi
[0 =0 Lo U 15
Figure 2.3: Classical levelling basedertical datums in North America................. 20
Figure 2.4: Ellipsoidal heighth, orthometric heighti, and geoid heigh¥l ................ 24
Figure 2.5: Deflection of the Vertica ... 25
Figure 2.6: Geoid surfacaV, ellipsoid surfaceéJ, gravity vectorg, and geoid undulation
P et en 2O
Figure 2.7: Data for geoiccomputation...............ooevviiiiiiiiimmre e smmmeeees 30
Figure 2.8: Practical computation of the geoid..............ccccviiiiimmenniiciiiee 31
Figure 2.9: Actual and condensed tography in planar approximatian................. 33

Figure 3.1: Schematic diagram of the concept of satetlitsatellite tracking in the high

IOW MOAE (SSTNI) .. e eee et e e e e e e e e nnne e 39
Figure 3.2: Schemat diagram of the concept of sateltiie satellite tracking in the low
low mode (SSTFI) combined With SSThI .....oeeiiiii e 40

Figure 3.3: Schematic diagram of the concept of satellite gradiometry combined with

SST-hl where 2° order derivatives of the gravitationabtential are measured in LEO

satellie by differential acCeleromMetry. ... 40
Figure 3.4: Geographicadlistribution of 1,315 NovOGNSS benchmarks in Canada
............................................................................................................................. 51
Figure 3.5: Geographicabistribution of 18,399 NAVD88 GNSS benchmarks in U.S.A
............................................................................................................................. 52
Figure 3.6: CGG2010Gravimetric geoid model over North America................... 53
Figure 3.7: Geoid height differencels-H-N¥"-"#*ECM2008 (jn meters) for CanadiaNov07
GNSS/levelling benchmarks.............ooiiiiiiiiiiiee e 54
Figure 3.8: Geoid height differences-H-N""-"+*ECM2008 (jn meters) for the U.S.A.
NAVD88 GNSS/levelling benchmarks............cccuuiiiiiiiiieeeiiie e 54

Figure 3.9: Cumulative geoid error (cm) forlease4 and releas8 GOCE GGMs...56



Figure 3.10: Standard deviation of the geoid height differences (after planar fit with
omission error estimas from EGM2009 for the timewise approach GOChased
models and two GRACIBNIY MOUEIS..........oooviiiiiiiiiiiii e 64
Figure 3.11: Standard deviation of the geoid height differences (after planar fit with
omission error estimates frolBGM200§ for the direct approach GOGtased moel

and their background MOdEIS............ooovieiiiiii e 64
Figure 3.12: Standard deviation of the geoid height differences (after planar fit with
omission error estimates froBEGM2009 for thecombined GOCEased models....66
Figure 3.13: Standard deviation of the geoid height differences (after planar fit with
omission error estimates froBGM200§ for thespacewise GOCEbased models..67
Figure 3.14: Standard deviation of the geoid height differences (after planar fit with
omission errorestimates fromEGM200§ for the timewise approach GOChased
models and two GRACIBNIY MOUEIS............oooviiiiiiiiii e eeee 67
Figure 3.15: Standard deviation of the geoid height differences (after planar fit with
omission error estimates frolBGM200§ for the direct approach GOGased mdel

and their background MOdElS...........cooooiiiiiii 68
Figure 3.16: Standard deviation of the geoid height differences (after planar fit with
omission error estimates froBGM200§ for the combined GOGhlased mdels and
their background MOdel...........coooiiiii e 68
Figure 3.17: Standarddeviation of the geoid height differences (after planar fit with

omission error estimates froBGM200§ for thespacewise GOCEbased models..69

Figure 4.1: Relations between points on different reference surfaces................ 12
Figure 4.2: Effect of indirect bias term in North Americar@ax70 ............oooovenne 76
Figure 4.3: Distribution of 308 GNSS/levelling benchmarks common in Nov07,
CGVD28, and NAVDS88 VHIcal datuUmsS...........ccooeiiiiiiiiiiienee e eeneees 82
Figure 4.4: Distribution of 1,315 GNSS/levelling benchmarks in Nov07 verticalima
for Canadian mainland (CML)..........ooiiiiiiiiieeee e 82
Figure 4.5: Distribution of 26 GNSS/levelling benchmarks in Nov07 vertical datum for
VancouVver ISIaNd (VAN . ..couu e e eeree e e e e eara e 83
Figure 4.6: Distribution of 34 GNSS/levelling benchmarks in Nov07 vertical datum for
NewfouNdland (NFD)..........u e e ee bbb eneas 84

Xi



Figure 4.7: Geoid height differencef-H-N=°"2%® (in meters) for the CMLNovO7

GNSS/levelling benchmarks...............uuuuiiiiii e 94
Figure4.8: Geoid height differences-H-NFM%% (in meters) for the WVDS88
GNSS/levelling benchmarks..............uuuiueiii e 94
Figure4.9: Geoid height differencesh-H-N®™%°%® (in meters) for the GVD28
GNSS/levelling benchmarks...............uuuuiiiiiie e 95
Figure 4.10: Geoid height differencels-H-N""?°%%(in meters) for the U.S.A. AVD88
GNSS/levelling benchmarks..............uuuiuiiiii e 95
Figure 4.11: Distribution of H (m) in Nov07 GNSS/levelling network (1,315
DENCNMAIKS).. ..o e e e e e e e e e e e e eer e e e e e e aaeaaees 96
Figure 4.12: Distribution of H (m) in NAVD88 GNSS/levelling network (308
PENCRAMAIKS).....eiiiiiiiee e 96
Figure 4.13: Distribution of H (m) in CGVD28 GNsS/levelling network (308
DENCNMAIKS).. ..o e e e e e e e e e e er e e e e e e aaeaaes 97

Figure 4.14:Distribution ofH (m) in U.S.A NAVD88 GNSS/levelling network.....97
Figure 4.15: Tide gauge stations with MSL referenced to CGVD28 vertical datum; 10
stations on the Atlantic Coast adtations on thPacific Coast....................coo. 105
Figure 4.16: Tide gauge stations with MSL referenced to NAVD88 vertical datum; 28

stations on the Atlantic Coast, 18 stations on the Pacific Coabtlastations on the

U] O 0T T 106
Figure 4.17: Geoid height difference$i-H-NFM2°% (in meters) for te CGVD28
referenced tide QAUQES...........ooiiiiiiiiiiiiieee e e e e e e e e e e e eaaan 107
Figure 4.18: Geoid height difference$-H-NFM2%® (in meters) for tB NAVD88
referenCed tIE QAUGES........uuuuiiiiiiieiiiie ettt et e e e e e e e e e e et e e e e e e e e e e e e e e 107
Figure 4.19:CGVD28offsets at Canadian tide gauges..........ccccoeeeeeeevieeeeeeeennn. 108
Figure 4.20:NAVDS88 offsets at U.S.Alide gauges.........c.ccevvvviviiiieivieeneeeeeiiinn, 109

Figure 5.1: Geographical distribution of tide gauges in Canada used/f@omputation
(Red: Tide gauge stations with data gdplack: Tide gauge stations without data gaps)

........................................................................................................................... 119
Figure 5.2: Regional oceanic models with SST values in mse{€op Left: Foreman
Top Right: Wright Bottom: Thompson & DemIiroV)...........eevviiiiiiieiiiieeseeeeeeeeenn 122

Xii



Figure 5.3: Maximenko with SST values in meters (Geodetic: GRACE, drifter velocity,

AIIMELIY) oo e ———————————————— 123
Figure 5.4: CLS with SST values in meters (Geodetic.: GRACE, drifter velocity,
altimetry, hydrography).. ... 123

Figure 5.5: ECCO2JPL with SST values in meters (Oceanographic: data assimilation of
many variables including geodetiC)............uuvuiiiiiiiiiceee e 124

Figure 5.6: OCCAM12 with SST values meters (Oceanographic: no data assimilation)

Figure 5.7: GECCO with SST values in meters (Oceanographic: data assimilation of
many variables including geodetiC).............uvuiiiiiiiiiee e 125

Figure 5.8: ECCOgodae with SST values in meters (Oceanographic: data assimilatio
of many variables including geodetiC)...........ccuuuriiiiiriieeeiieee e 125

Figure 5.9: Liverpool Fine with SST values in meters (Oceanographic: data assimilation

(o) 0)Y/o [foTo =10 1)) TS USSR 126

Figure 5.10: Liverpool Coarse with SST values in meters (Oceanographic: data
assimilation of Nydrograpiy)........... e 126

Figure 5.11: GOCE1 with SST values in meters (CLS 01 mean sea surface (MSS)
(o[0T oo o ST o [ox i o L1 (N 22 S SUUSPP P 127
Figure 5.12: GOCE2 with SST values in meters (CLS MSS' go_cons_gcf_dir_r3)
........................................................................................................................... 127

Figure 5.13:Comparison between SST determined using tide gauge records@Bs

and SST from Foreman & Thorsgn oceanic SST model..............ooovvviviiieeeneen. 130

Figure 5.14: Comparison between SST determined using tide gauge records and
goco03s+E®12008and SST from Foreman & Thompson oceanic SST model.130

Figure 5.15: Comparison between SST determined using tide gauge records and

CGG2010and SST from Forean & Thompson oceanic SST model.................. 131
Figure 5.16:Comparison between SST determined using ¢jduge records amgico03s
and SST from F@man & Wright oceanic SST model............evieiiiiiiieecenennnnnns 131

Figure 5.17: Comparison between SST determined using tide gauge records and
goco03s+EGM200&nd SST from F@man & Wright oceanic SST model......... 132

Xiii



Figure 5.18: Comparison between SST determined using tide gauge records and
CGG20120and SST from Foreman & Wright oceanic SST madel.................... 132

Figure 5.19:Geometrical evaluation of searface topography at tide gauges.....134

Figure 5.20: Differences in lesal MSL between west and east coast of Canada with

respect to IERS (2010 62636856.00 BAS” ........oveveeeeeeeeeeeeseeeeeeeeeeeeeeeenenene. 149
Figure 5.21: Summary ofW, estimates using GOCE GGMs and tide gauge information
........................................................................................................................... 149

Figure 5.22: Summary ofW estimates using gravimetric geoid models and tidegga

information, and SST MOAEIS........oen e et 150

Xiv



LIST OF SYMBOLS AND ABBREVIATIONS

Symbol Description

a semimajor axis of ellipsoid

0 attraction of the topography above the geoid at @@int

0 attraction of the condensed topographi?at

=|=J|Lo bias corrector term

b semiminor axis ofellipsoid

const constant

CD height of the tidabenchmark above the chart datum

00 g height of the tidalbenchmark above the chart datum at epoch
2008.0

0 geopotential number

ol fully normalized geopotential coefficient of the anomalous
potential

0 normal geopotential number of a poipt

— gravity gradient

— normal gravity gradient

Q0 differential path element along the normal plumb line

Qn QO epoch of the chart datum

Op measured gravity at Phe Earthoés s

i) average value of graviglong the plumb line

) average gravity along the plumb line obtained using a Prey
reduction

G Newtonds gravitational <constant

GM geocentric gravitational constant

3 gravity vector

XV



h ellipsoidal height; height above surfaceetifpsoid

h2oos.0 ellipsoidal height in ITRF 2008 epoch 2008.0

hp ellipsoidal height at a poirR

H orthometric height

O dynamic height

O Helmert orthometric height

HOp height from pointP to the vertical datumj; also known as

orthometric height

O normal orthometric height

(0] distance between ellipsoid and telluroid

(o} distance from point datum origin point to the qugeoid
j local vertical datum imlatum zone j

N dynamic form factor

k local vertical datum in datum zone k

a planar distance

m spherical harmonic order

M mass of the Earth

M® mass of reference ellipsoid

n spherical harmonic degree

Nmax maximum degree of spheridarmonic model

N geoid undulation; also known as geoid height

0 zeracdegree geoid undulation term

NP9 residual geoid signal derived from Stokes integral
NeM geoid signal derived from a global geopotential model
0 7 geoid height obtained from GNSS and levelling data
NH geoid signal due to indirect effect of topography

Np geoid undulation of point

XVi



.Yl_
SSTrodet, Mt

Yy
“f
oYY
VY
SSTe1r

residual geoid height evaluated at pdinising Stokes integral

indirect effect on the geoid in planar approximation

geoid undulation a poiR in datum zong

datum point and in datum zope

datum point and in datum zoke

point on the Earthods surface
point on the geoid

datum origin point of a classical levelling based vertical datum
fully normalized Legendre function

point on the plumbine where the normal gravity potential equals
the actual gravity potential at poiRt

point on the ellipsoid of theormal plumb line

point on the ellipsoid

radial distance

radius of the bounding sphere

radial distance to the ellipsoid

mean Earth radius

mean radius of the reference ellipsoid
Stokesd kernel function

sea surface topograptoptained from a SST modeiven in the
meantide system

sea surface topography in mei@he system

fully normalized geopotential coefficient of the anomalous
potential

sea surface topography at a pdint
sea surface topography in tittee system

sea surface topography value obtained using tide gauge records
and a geoid model in the tide free system

Xvii



We
Wi

X1
X2

Xp

anomalous potential
anomalous potential at a poit

potential of the topographic masse®at
potential of the condensed masseBgat

normal gravity potential
constant normal gravity potential on the ellipsoid

normal potential of a poir® on the ellipsoid

random error of the geoid height difference at pBint
rate of the sea level rise

gravitational potential

normal gravitational potential generated by éfigsoid
vertical land motion velocity

gravity potential

avalue of constant gravity potential for an equipotential surface or
datum

gravity potential of the local geoid or the local vertical datum in
datum zong

gravity potential at poirf®

gravity potential of the water surface estimated frosea surface
topographynodefrom amodel

an equipotential surface with a known potential which sea
surface topography values are referenced

gravity potential of a poir®® on the geoid

coordinate of data point for the determinatiorn of
north-southtilt parameter

westeast tilt parameter

coordinate of computation point for the determinatioh of

coordinate of data point for the determinatiorn of

XVili



Yp coordinate of computation point for the determinatioh of

Zo height of the local MSlabove the chart datum

w height of the local MSlabove the chart datuat epoch 2008.0

@ yearly is averaged water level time series

b deflection of the vertical

rr average normal gravity between the corresponding points on the
ellipsoid and telluroid

) normal gravity evaluated at the ellipsoid

x5 nominal value of normal gravity generally chosen at-fatdude
(e.g., at 45e¢ | atitude)

% normal gravity at the equator

% normal gravity at the pole

I normal gravity evaluated at the geoid at the point mbde from a
sea surface topographyoatel

I normal gravity computed at the geciting the latitude of the
computational poinP

rr mean value of the normal gravity along the normal plumb line

rr average normal gravity along normal pluiite between telluroid
and ellipsoid

b5} normal gravity vector

10 indirect effect of the terrain at poiRt

g gravity disturbance

a gpg indirect effect on gravity

1Q error in height measurement due to the deflection of the vertical

u N local vertical datum offset for datum zone

10 indirect effect of the geoid

us scale parameter

UusSSsST difference betweeBSTc 1+ andSSTodel mT

1Y indirect effect on the potential

XiX



1w

f
®g
wQ
wQ
wQ
WO
WO
W

G

Up

potential offset between local vertical datum in zgnand a
reference datum

functionthat satisfies Laplace equation

gravity anomaly

free-air gravity anomaly

gravity anomaly determined fromgdobal geopotential model
topography reduced gravity anomaly

terrain correction in planar approximation

biased gravity anomaly derived from terrestrial data

difference between the potential of the reference datgand the
potential of the normal ellipsoid,

height anomaly a®

separation of the local quageoid (coincides with datum origin
point) from the ellipsoid

co-latitude

longitude

geodetic longitude afentroid ofatest network
geodetic longitude of poirR

pi

crustal density

Earthdés surface

degree variances afGGM

omission error of GGM

indirect bias term

geodetic latitude

geodetic latitude ofentroid ofatest network

latitudeof node from a sea surface topograpigydel

geodetic latitude of poir

XX



a centrifugal potential
centrifugal potential generated by tklépsoid

spherical distance

¥ angular velocity

Ye angular velocity of the Earth

q region o_f integration in Stokes integral for datum offset
computations

q’ reference datum

q? datum in a particular zone

n gradient operator

Abbreviation Description

BVP Boundary Value Rblem

CGvD28 Canadian Geodetic Vertical Datum of 1928

CGVD2013 Canadian Geodetic Vertical Datum of 2013

CHAMP Chdlenging Mini-Satellite Payload

CHS Canadian Hydrographic Service

CML Canadian Mainland

DEM Digital Elevation Model

DFO Department of Fisheries and Oceans Canada

DORIS DopplerOrbitography and Radiopositioning Integrated by Satellite

ESA European Space Agency

FFT Fast Fourier €chnique

GBVP Geodetic Boundaryalue Roblem

GGM Global Geopotential ModgeGlobal Gravity Model

GNSS Global Navigation Satellite Systems

GOCE Gravity Field and Steadstate Ocean Circulation Explorer

GRACE Gravity Recoveryand Climate Experiment

XXi



GSD Geodetic Survey Division

IERS International Earth Rotation and Reference Systems Service

LEO Low Earth Obit

LSC LeastSquares Gllocation

LVD Local Vertical Catum

MDT Mean Dynamic ©pography

MSL Mean Sea evel

MSST Mean Sea Surfaceopography

NOAA National Oceanic and Atmospheric Administration

NAVD88 North American Vertical Datum of 1988

NFD Newfoundland

NGS National Geodetic Survey

NRCan Natural Resources Canada

RTM Residual Terrain Mdel

SEM Spectral Enhancemehtethod

SGG Satellite Gravity Gadiometry

SLR Satellite Laser Ranging

SST Sea Surface dpography

SSThl Satelliteto-Satellite Tracking betweenidgh and low orbiting
satellites

SSTI Satelliteto-Satellite Tacking between low Earth orbitingtsHites

VAN Vancouver Island

VLBI Very Long Baseline Interferometry

WHS World Height System

XXii



CHAPTER 1
INTRODUCTION

1.1 Problem Statement

Height observations are among one of the most fundanmeetdurements for a variety

of scientific and engineering applications such as topographic mapping, water system
observations, coastal studies, construction projects, among others. With the advent of
spacebased technologies such as the Global NavigatitellBa Systems (GNSS), Very

Long Baseline Interferometry (VLBI), Satellite Laser Ranging (FLM®oppler
Orbitography and Radiopositioning Integrated by Sate{@®RIS), and satellite radar
altimetry, heights of any arrbialowey tphoa nkE.
surface can be easily obtained. The heights obtained utilizing-bpaed techniques

refer toa referenceellipsoid, which is an analytically defined geometric surface, and

hence these heights, known as ellipsoidal heights, are ¢#onme nature. The
shortcoming of ellipsoidal heights is that one is not able to distinguish the direction of
water flow. In other words, heights referenced to the ellipsoid may have water flowing

from a lower ellipsoidal height to a higher ellipsoidaigh, which intuitively contradicts

the notion that water ought to flow from a higher position to a lower one. Heights that can
distinguish the direction of water flow are physically meaningful heights and their
determination is dependent on the gravityeptial of the Earth (i.e., a combination of the
gravitational potenti al due t othdcengifugalar t h 6 s
potenti al due to the Ear t hposstionrofchighertgradty ) as

potential to gositionof lower gravitypotential.

Conventionally, heights have been measured with respect to the mean sea level (MSL);
therefore, heights are generally referenced to a constant potential or equipotential level
surface of the Eart lnbides vgth thevglobayMSEL inalledst t h a't
squares sens&hich is known as the geoi@auss 1828; Listing 1873Dver the past

two hundred years, height observations have been obtained through spirit levelling and
gravity measurements. Spirit levelling yielidte relative height between two points in a
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levelling network. In order to obtain absolute heights from spirit levelling, a defined zero
reference point or a zero reference surface is needed. This zero reference surface to which
levelling heights can beeferenced is known as a vertical datum. Regional and national
vertical datums have traditionally been realized by fixing one or more tide gauge stations
as the zero height reference point to which the levelling observations are constrained.
This type of vetical datum will be refrred toas a classical levellinbased vertical

datum throughout this text.

Currently, thereexisthundreds of regional and national classical levelbaged vertical
datums throughout the world. Since the MSL at a tide gaugesvadh spatially and
temporally,classical levellingoased vertical datums realtzen various parts of the world

will refer to different zero level points and surfaces. In order to relate height
measurements between different vertical datums, therefiifes between the zero
reference points and surfaces must be known. Thus, the need for a global height system
arises when there is an attempt to connect geodetic data from two neighbouring countries
or regions that have been using different definitionstii@ zero point for the vertical
datum. Due to its practical importance, vertical datum unification has been one of the

main topics of research in the field of geodesy over the past three decades.

Classical levellingbased vertical datums that defineeithzero point or zero surfaces
based orthe MSL at a tide gauge do not necessarily coincide with the global geoid due to
variations in sea surface topograpf8ST) which occurs as a result of differences in
water salinity, temperature, tidegnd waves, among others(Torge 2001). The
discrepancy between the reference surface of a classical levsdlgagl vertical datum

and the geoid can reach up 2 m (Balasubramania 1994yherefore the precise
determination of the geoid is crucial for the unificatmf different height systems, as the
reference surfaces of various classical levelbaged vertical datums can be compared

or determined with respect to a globally consistent and accurate geoid model.

|t iI's expected that {(EBA deicatedosptiteagnavitpfield c e A g ¢
mission GOCE (Gravity Field and Steadstate Ocean Circulation Exployewill



contribute to a crhtevel accurate geoid model. The mission objectives include the
determination of gravity anomalies with an accuracy of Gamand the geoid with an
accuracy of 22 cm while achieving a spatial resolution of 100 km (Drinkwater et al.
2003) . According t o B uotegtal medel, wdch .utiliz§gs2 0 09 ) ,
observations frondedicated satellite gvdly missiors, is knownto limit the accuracy of a
world height system (WHS) or a global geoid model that represents the zero height
surface of a global vertical datunas well asthe determination of the geoidal
geopotentialp, the connection of local vertical datums to thebglageoidbased vertical
datum, the computation of geopotential valésand the computations of heights. Thus,
one of the scientific objectives of the GOCE missiornoisassist inthe unification of
existing classical levellingpased vertical datums byqviding a globally consistent and
unbiased geoidi.e., one whereonly satellitebased observations are utilized for the

construction of the gravity field or geoid model)

1.2 Thesis Objectives

Within the context of using the latest highcuracysatellite gravity field mission GOCE
for the purpose of vertical datum unification in North Amerida& tmain research

objectives are:

1 GOCE global geopotential modéEGM) evaluation using GNSS and levelling
data in order to determine which of the recently released GOCE GGMs have the
best agreement with independent terrestrial data, or in other words, which GOCE
GGM will have the best performance in North America. This alibw for the
selection of the best GGM for the purpose of geoid modelling for applications
such as vertical datum unification or the implementation of a gessdd vertical

datum.

9 Estimation of local datum shifts from GNSS on benchmark and GNSS on tide
gauge data using the best GOCE global geopotential model in North America for

the purpose of datum unification. The effect of the following factors on the



determination of local vertical datum shifts or offsets will be examined: GOCE
GGM errors, measuremeerrors in the GNSS and levelling data, the geographic
size of the test network, the density and configuration of the GNSS/levelling
benchmarks of the test networks, and the spatial tiltswdowithin the test

networks.

1 Estimation of the gravity potemli of the zereheight surface for a North
American geoiebased vertical datum using long term tide gauge records and a
wide variety of regional and global sea surface topography models.

1.3 Thesis Outline

Chapter 2 provides the background informatiooassary for understanding the concepts
discussed in ChaptB, 4, and 5. Chapter 3 examines the evaluation of the GOCE global
geopotential models in North America while Chapter 4 focuses on the estimation of local
vertical datum offsets for North Americaclassical levellingbased vertical datums.
Chapter 5 examines the estimation dMavalue for the geoibased vertical datum that
could be implemented by government agencies in both Canada and the U.S.A. Finally,
Chapter 6 provides the main conclusiavith respect to the stated thesis objectives and

also provides recommendats for future investigations.



CHAPTER 2
HEIGHTS, VERTICAL DATUMS, AND THE GEOID

2.1 Introduction

The three coordinates used to define point
longitude, and height. The latitude and longitude are more precisely known as geodetic
latitude and geodetic longitude as these quantities refer to an oblate ellipsoi
revolution,whichis a mahematicallydefined surfacéhat is chosen to fit thgeoideither

globally or regionally. In other words, it can be considered a geometrical approximation

of the geoid (i.e., the surface of constant gravity potential th&tt dmncides with the

global MSL) that can be determined analytically using four defining paramatéise

semimajor axis of the ellipsoid)GM (geocentric gravitational constant), (dynamic

form factor), andy (angular velocity}or globally best fiing ellipsoids, i is usually

assumed that the center of the ellipsoid ¢
the ellipsoidds minor saixaxisSimilarly ta the gpodetid wi t h
latitude and longitude of a poiftonthe Eart hés surface, t he he

also refer to the ellipsoid. The ellipsoidal heidh, is the distance from the ellipsoid to

the pointPon the Earthoés surface, which i s mea
ellipsoid (see Figure 2.1)he use of ellipsoidal heights is convenient since they are

easily related to geocentric coordinates that are obtaised) space based techniques

such as GNSS.

However, it should be noted that the ellipsoidal surface does not in fact coincide with the
MSL. Globally, the difference between the MSL and the globally best fitting ellipsoidal
surface ranges between + 100 meters. Furthermore, although ellipsoidal heights are
geometrically meaningful, they cannot be considered physically meaningful heights. In
other words, one cannot determine the direction of water flow from ellipsoidal heights,
which is crucial for engineering applications such as, e.g., transcontinental pipeline
construction. Knowledge of the gravity potential (via gravity observationsyjisresl in

order to determine physically meaningful heights. Moreover, for most surveying
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applications the height of a point has traditionally referred to the MSL or to a vertical
datum that has its origin point tied to the MSL at one or more tide gaugexaiple of
such is given in Figure 2.1 where the height from pé&irto the vertical datum is
denoted byH"p .

topographic surface

®

rY

vertical datum
origin point

vertical datum j
(local geoid)

uU=1,

ellipsoid

Figure 2.1: Ellipsoidal (hs) and orthometri¢HYp) heights (Jekeli 2090
2.2 Gravity Potential and the Geoid

The gravity potentialW is the sum of the gravitational potentidl and centrifugal
potentiall :

~ ~ ~

O iR GiRA i h—h (2.1)

where( r , afe spherical polar coordinates (radial distancdatitude, and longitude,
respectively). A surface on which a potential function has a constant value is known as an

equipotential surfacelhe equipotential surface &% (i.,e., W(r,d, &) = congpt ant



that best agrees with the global MSL at rest is known as the {(f@aigss 1828; Listing
1873). Today it is understood that the geoid surface will vary with time due to mass
deformations and rdistributions within the Earth. The distance between thpseid

and the geoid surface is known as the geoid undulation or geoid height. The
determination of this quantity will be discussed in Secti@nI2should be noted that the
local geoid in Figure 2.1 is synonymous with the local vertical datuansipedic datum

zone, which hagraditionally beenconstrained by the local MSL at one or more tide
gaugesGlobally, the datum offsebetween local vertical datunfsVDs) and a globally

consistent geoid model can reach up-®r (Gerlach and Rummel 28)1

Functions that satisfy the Laplace equation (gef, )=are @alled harmonic functions.
Harmonic functions are analytic (i.e., continuous with continuous derivatives of any
order) and can be expded into a spherical harmonic seriébe gravitational pential

(i.e., the geopotential generated by the masses of the Earth including the atmosphere) is a
harmonic function, meaning thgtV =dlutside the masses, or in other words when the
density} is equal to zero. Thus, the gravitational potential can beesgpd most
conveniently in terms of spherical harmonic functions (Heiskanen and Moritz 1967;
Jekeli 2000):

wihh. —B - B o6Ff Al Y Omi_0 AT-© (2.2)

whereGi s t he Newtonds grMavsi ttahtei obhaarlt hcdosn sntaasnst
atmosphere)R is the mean Earth radiuss the degreanis the orderC, ,,and§, ,are

fully normalizedspherical harmonicoefficiens for degree and order andm, andP,, ,,

are fully normalized Legendre functiongquation (2.2) is the solution to a boundary

value problem for the potential and only holds if the point of computation is in free space.

The convergence to the true gravitational potential is guaranteed only for points outside a
sphere enclosing all massén practice Eq. (2.2) will be truncated to a maximum degree

Nmaxas it Is impossible in practice to expand the series to infinity.

Whenm=n=0, Eq. (2.2) reduces to:



w ihkh —38 (2.3

Thus, the zeralegree term is simply the potential of a homogenous sphere and the higher
degree terms express the deviations from the potential of such a sphere.

On the other hand, the centrifugal potential is not a harmonic function. The Laplace
equatia for the centrifugal potential is not zero (i.g0,0 = Z)¥Due to this, the gravity
potential W is not a harmonicfunction either as it is a sum of the gravitational and
centrifugal potentials. In spherical coordinates the centrifugal potential cantbenvas
(Jekeli 2000):

ih— 9 11 Q& (2.4)
wherevyei s t he Earthés rotation rate. The gr a
(specifically the gravitational potential) are-wisited in Section & where geoid
modelling is discussed.
2.3 Height Systems
The relationship between the gravity vector and the gravity potential is:
b noh (2.5)
where 7 denotes the gradient operator. The gradient is a vector pointing in the direction
of the steepest descent of a function (i.e., perpendicular to its isometric lines). Therefore
in the case of the gravity potential, the gradient\bis the vector perpendlilar to the

equipotential surfaces. Thus, the relationship betweemé#umitude of thgravity vector

and the gravity potential may be written as:



€& Q —h (2.6)

wheredn is the differential path along the perpendicular. The minus igidisates that
potential decreases with altitude, the path length is positive upwards, and the gravity
magnitude is positive. From equation (2.6) it follows that a height, which can be defined
as the distance along the plumb line (itee curved line thaintersectnormally the
equipotential surfaceandto which the gravity vector is tangent) from a pdthon the
surface of the Earth to the geoidy, is dependent on the gravity potential and the

gravity vector:
Q0 —O0'0 . —h (2.7)

whereH, is the height at poinP with respect to the geoitp and W, is the gravity

potential at poinP.

There are three types ghysical heights: dynamic heights, orthometric heights, and
normal heights. Eacdepends orthe difference in gravity potential between the local
geoid and the point in question The local geoid can défme a local vertical datum
where a single poir®?,, which is assumed to the on the geoid and is accessible, through

for example a tide gae, defines the vertical datum origin point (see Sectidn 2.

The difference in the gravity potential between the local geoid and theRp@rknown

as the geopotential number:
0 W W p (2.8)

whereV\/gjié the potential of the local geoid, aké is the gravity potential at poirR.
Any point on the B r t durfase has anique geopotential number. If the geopotential
number is appropriately scalésee Eq. (2.7)k may be used as the height coordinaite
the point in question.



2.3.1 Dynamic Heights

The dynamic height of a poiftis given by the equation:

0 —F (2.9)

whereyys is the nominal value of normal gravity generally chosen atlatitlde (e.g., at

45¢e |l atitude) . Al t hough dynami c hei ghts
geometric meanird it is simply the potential in distance units relative to the geoid, as
the sameonstant scale factor is used for all dynamic heights within a particular datum.

2.3.2 Orthometric Heights
In contrast to dynamic heights, orthometric heights of a pihave a very definite
geometric interpretation: it is the distance above the local geoid along the plumb line,

which is curved due to the fact that equipotential surfaces are not parallel to each other.

The orthometric height is given by the following netiatical relationship:

(o Q" (2.10)

whereg(, is'the average value of gravity along the plumb line:

T — 0006 (2.11)

wheredH is a differential element along the plumb line amd i a the base of the

plumb line on the local geoid. Tkné(Pj term from Eq. (2.10) can bestimated from

measurementssing the following relationship:
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5 _ "00'® (2.12)

However, the value oigl(Dj ¢annot be evaluated exactly as this requires complete

knowl edge of the mass density of the Earth
exactly determined. The computation of orthometric height therefore depends on a
density hypothesis for the crugtor this purpose, a frequently utilized model assumes a

constant crustal density and constant topographic height in the region near thi. point

With this assumption, the average gravity along the plumb line beteedP can be
obtained using a Pyaeduction (Heiskanen and Moritz 1967):

o -Q "Q ¢ 00 —0 ¢* '00 8 (2.13)
The Prey reduction models the gravity value inside the crust by remibna@ragtraction of
a Bouger plate (i.e2 G} HFJ; ) of constahdensity, which is followed by applying a free
air downward continuation using the normal gravity gradient @.e,/), @rd lastlythe

Bouger plate is restoretdsing nominal values for the density and the gradient (i.e., 2670
kg/m® and-0.0848 mgal/m) Eq. (2.13) simplifies to:

T "Q T8It ¢+— O 8 (2.14)

When substitutingg?, " © Yot 4(!ih Eq. (2.10), the orthometric height is known as

Helmert orthometric dight It can be determined with tllembination of Eq. (2.10) and
Eq. (2.13)Jekeli 2000):

'O — p THTCF— — THITp YR — E h (215

where the higher order terms contribute less thaf.10
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Heiskanen and Mortiz (1967) assess that an error in the topographic mass jdeffisity
approximately 600 kg/fhat an elevation of approximately 1000 m will affect the
orthometric height by 25 mm, while Strange (1982) estimates this error to be up to 30
mm for elevations greater than 2000m. The topographic density of 608 fepresents

the largest range in madensity that should be encountered in practice according to
Heiskanen and Mortiz (1967), but the changes in the shassity may reach up to 1000
kg/m®.

2.3.3Normal Heights

I n order to avoid making a density hypoth
interpretable height may be estimated using an approximation of the gravity field that can

be calculated exactly at any given point. The apipnation of the gravity field refers to

the normal gravity field, where the gravity field is generated by an fi#trtty ellipsoid

that contains the total mass of the Earth, rotates with the Earth around its minor axis, and

is itself an equipotential siace of the gravity field it generates. The normal gravitational

field generated by the ellipsoidf{, can also be expressed by Eq. (2.2), though it will only

contain even zonal harmonics (i.e+0; no dependence on longitude sitce s 0) due 1

to the imposed symmetries of the ellipsoid (Jekeli 2000). Likewise, the normal
centrifugal potential can be determined using Eqg. (2.4). Thus, the normal gravity potential

U can be defined as:
Yih— o ih— ih—8 (2.16)

The normal graity potentialU can be evaluated anywhere in spaceandabove the
ellipsoid using four constants that define the size, shape, mass and rotation of the
ellipsoid. U is constant on the ellipsoid (i.&Jp) and can be calculated using the Pizzetti

formula (Heiskanen and Mortiz 1967):

9 &h (2.17)
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wherea andb are respectively the semiajor and semminor axis of the ellipsoid.

Similarly to the relationship beten gravity and the gravity potential, the normal gravity

vectoracan be derived using

2 1 (2.18)

wherethe magnitude ob can be calculated exactly anywhere on the ellipsoid using the

SomiglianaPizzetti formulaHeiskanen and Mortiz967)

[ A (2.19)

whereo, and g, are the normal gravity at the equator and the pole respectively, and are
normdly given as published value$he normal gravity can also be obtained above the
surface of the ellipsoid by the Taylor series expansian where the final expression up

to the 2%term is given by:

rQ p -p — — ¢ — i ¥ Q 0o—10h (2.20)
whereh is the height above the surface of the ellipsoid(aiscthe geodetic latitude.

The normal plumb line through a poiRts the line that is perpendicular to equipotential
surfaces of the normal gravity field. On this plumb Jitleere is a pointQ where the
normal gravity potential equals the actual gravity potential at pbo{see Figure 2.2). In

other words,Uq is equivalent toWe. Thus, the normal geopotential number @fis
defined as (Jekeli 2000):

o) Y OYY o 6 Y ® h (2.21)

whereWs has been replaced by the relationship given in Eq. (2.8).
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Similarly to Eq. (2.12) from the previous section on orthometric heights, it follows that

6 . [ Wh (2.22)

whereQ is the point on the ellipsoid of the normal plumb line (see Figure 2.2)d+a71d
denotes the differential path element along the normal plumb line. By dividing and
multiplying the right hand size of Eq. (2.22) by the length of the normal plumb line from
the ellipsoid to poin@ (i.e., H*Q in Figure 2.2) one obtains (Jekeli 2000):

g ——h (2.23)
where
M - [ (2.24)

is the mean value of the normal gravity along the normal plumb line.

From Figure 2.2, it can be seen that the pQities on the telluroid. The telluroid is the
surface whose nor mal potenti al I's equal t
surface along the ellipsoidal normal. It should be noted that the telligombt an

equi potential surface. The distance betwee
as the height anomaly Bt . The quaspeoid is the surface defined by the separation

from the ellipsoid.
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topographic surface

telluroid

vertical datum
origin point

P quasi-geoid

ellipsoid

Figure 2.2: Normal height{H"™;), height anomaly(3p), quasigeoid and local quasi
geoid (Jekeli 2000).

Although the shape of the quagoid is similar to the shape of the geoid, it should be
noted that the quasgjeoid is not an equipotential surface for either the normal gravity

field or the actual gravity field. The local quaggoid shown in Figure 2.2 contains the

*

vertical datum origin poinPY and is parallel to the quageoid by the amourit-IQ( i)
0

which is defined as (Jekeli 2000):

(o} —3 (2.25)

It is shown in Figure 2.2 th&ﬂ;( i is the distance from the ellipsoid to po{igg I\Where
0

UQ< F)W(o I Another way to view it is as the distance from pcﬂﬁb to the quasgeoid
0

The normal height is thus defined as the distance fronota juasigeoid to the point P
(Molodensky et al. 1962, see Figure 2.2):
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0 — (2.26)

The average normal graviqg can be approximated from the expression (Heiskanen and

Mortiz 1967):

re p— — ¢—i® = — . (2.27)

Substituting Eqg. (2.27) into Eq. (2.26) yields (Jekeli 2000):

O —p p — — ¢ — i — — . (2.28)

Lastly, the local height anomakyhich is the separation of the local qugsbpid from the
ellipsoid, can be determined from the following relationship (Jekeli 2000, see Figure 2.2):

- - g - —3 (2.29)

2 4 Definition and Realization of Clasdcal Levelling Based Vertical Datums

A vertical reference system is defined as a system for elevations that supports physical
and geometric heights globally with a relative accuracy better thah(lh@e and
Sanchez 200h A vertical reference framie a realization of the vertical reference system

by a set of physical points or stations with precisely determined geopotential humbers
and geocentric coordinates referred to the Conventional Terrestrial Reference System
(CVRS Conventions 2007 Hence, he vertical datum has been defined as an
equipotential surface with a conventional value W of Ear t h 6 s gravity

Hei ghts are defined with respect to this
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to which heights, taken as vertical coor di
to Van2]lek (1991), there are three kinds o
geoid, the quagyeoid, and the reference ellipsoid.

Torge (1980) defineshe geoid as a surface of constant gravity poteiigahaving been

reduced for the gravitational effects of hsular and atmospheric masses, and short
periodic variations in the Earthoés gravity
of sea stface topography over the oceassemoved, or more compactly, a level surface
whereW=W; that bes approximates the MSL at refdue to the existence of long term

gravity field variations, the geoid is generally referred to a specific time epoch (Heéck an
Rummel 1989).

Van2z| ek (1991) presents two practical opti
surface wher&V=W,. First is the abstract option, where one specifies a constant value of

t he Earthos WawWseonst whichpdefines thé epic ds one specifievel

surface. The second option is known as the geometrical option, and it requires that the

chosen horizontal surface approximates in a specific way the MSL surface.

Traditionally, height systems have been defined by the-terrg arerages of one or

many local reference benchmarks, for example by averaging the sea level observations to
obtain MSL constrained to one or several tide gauges, with the assumption that the MSL
coincides with the geoid. However, phenomena due to tidesswséce topography,
currents, and storm surges cause the MSL to deviate from an equipotential surface; thus
the discrepancy between the MSL and the geoid can reath 2ipn (Balasubramania
1994).Moreover, the relationship between the observed MSL ambldanchmarks is not
constantdueto changes in sea level and the uplift/subsidence of land, causing datums at
different epochs to refer to different reference levels. This effect of defining the vertical
datum in relation ta local MSL is responsible fdhe vertical datum offset between
different regional and national datums. Most countries have been using regional vertical

datums as local reference systems, and it is estimated that more than one hundred
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regional vertical datums have been derived all tvemworld (Balasubramania 1994; Pan
and Sjoberg 1998).

Thus, the realization of a vertical datum has generally been accomplished by locating a
point of zero height, which is generally located by obtaining the averaged long term MSL

at a tide gauge stati, which is linked to a reference benchmark either a shetdraie

away from the tide gauger located directly on the tide gauge. This benchmark is
assigned as the starting point of the levelling network and defines the zero height value of

the verticaldat um (Van2] ek 1991). Orthometric, dy
be determined by adding gravity dependent corrections to the leveled height increments

( Rumme |l and Teunissen 1988). This is what
based ve t i ¢ a | Fivd andiruapgroaches for defining a regional vertical dadinen

described below Vanz2 | e k 1 9 VRS Cdonhvedtiens 2000 7

1) The geoid surface is defined by the MSL measurements obtained from the tide
gauge network on the coasts oé tbountry. The datum is fixed to zero at these
stations. Due to the discrepancy between the MSLs at the selected tide gauge
stations and the geoid, distorted heights will result from this approach. It is
assumed that the tide gauge records do not inclogesaors or that the error
level is acceptable when fixing the datum to zero at the defined tide gauge

network.

2) The vertical datum is defined by performing a fregwork adjustment where
only one tide gauge or point is held fixed. The heights fromatljestment are
shifted so that the mean height of all tide gauges equals zero. This approach is
similar to (1) with the exception that the MSL observations made at other tide
gauges are not included, and thus the MSL is defined from the records ofea singl
tide gauge only.

3) The mean sea surface topograplSST) values at tide gauge stations are

estimated from satellite altimetry and hydrostatic mod8&latellite altimetry
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4)

5)

measures sea surface heights (SSHs), which is the height of the water surface
givenwith respect to a reference ellipsof@ine can obtain the MSST or the mean
dynamic topography (MDT) sing a geoid model and altimetry derived SSH
values as the SSH values are generally averaged over &8&, MSST and

MDT are used synonymousiyg this thesisand referthe height of the mean sea
surface above the geoifihe network is adjusted by forcing MSUSST to zero

for all tide gauge stations. With this method of realizing a regional vertical datum,
most of the drawbacks for method (1) and (2) aireie&ted, though it should be
noted that satellite altimetry has poor performance in coastal regions where tide
gauges are located due to contamination of the altimetry footprint by land.
Moreover, in shallow regions, global ocean circulation models derfvem
altimetry and hydrostatic models may have up to a decimeter level uncertainty
(Shum et al. 1997).

The vertical datum is defined in the same way as in method (3) with the exception
that the reference tide gauges are allowed to float in the adjusbyiesrror
estimates. In this approach all MSL and SST information at the reference tide

gauges can be incorporated.

Lastly, the vertical datum is defined as in method (4) with the exception that
orthometric heights are estimated from satebidésed elppsoidal heights and
gravimetric geoid heights. As the satehliterived heights are referenced to a
global reference ellipsoid, the regional datum is linked to a global vertical
reference surface. This approach may be used to realize an tiotesthavorld

height systenor a global vertical datum (Colombo 1980; Balasubramania 1994).

The link between the traditional levelling based vertical datum and the geoid is realized
by GNSS positioning at the benchmarks of the vertical control network. Theoretically it
is expected thate-HYp-Np=0, wherehs is the ellipsoidal height4"; is the orthometric

height, and\p is the geoid undulation. However, in practice it does not equal zero due to

various inconsistencies of the geoid and ellipsoidal heights, systematic errors in the
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levelling network, limitations in the measurement accu@ce vertical component by

GNSS, biases present in gravity anomalies, long wavelength geoid errors, and

geodynamic phenomena (Rangelova 2007; Kotsakis and Sideris 1999).

25 Classical Levelling Based Vertical Datums in North America

There are threecommonly usedclassical levelling based vertical datums in North
America: the Canadian Geodetic Vertical Datum of 1928 (CGVD28), the North
American Vertical Datum of 1988 (NAVD88and the Nov07 vertical datum. It should

be noted that NovO7 is not afficial vertical datum.The main characteristics of these

three vertical datumare summarized in Figure 2.3.

Classicalleveling
based vertical
datums in North
America

—>

CcGVD28
Official vertical datum

» over-constrained
* piece-wise densification

large distortions
outdated

NAVDS8S8
Official vertical datum

*minimum constraint
adjustment
* large east-west tilt

h 4

Nov07
Scientific datum

* minimum constraint
adjustment

» care taken of systematic
errors

» used for geoid validation

Figure 2.3: Classical levelling based vertical datums in North America.

25.1 CGVvD28

The Canadian Geodetic Vertical Datum of 1928 (CGVDO28&he oficial vertical datum

of Canada. Its based on an adjustment of |Hwvey measurements prior to 1928 with

constraints to the mean sea level at six tide gauges: Vancouver (BC);Rujpex (BC),
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PointauPeére (QC), Halifax (NS), Yarmouth (NSpd&New York Cityandis accessible

through approximately 80,000 benchmarks mostly distributed in southern Canada
(Véronneau 2006). All levelling measurements consisting of -akservations or
extensionssince the original adjustmemiave been processed aatiag to the same
procedure and constrainamthe 1928 original gdstment. The CGVD28 heights are said

to be -Gdmtomonmét ri c heightso gi vasng rodmalt t he
gravity values based on latitude instead of actuavity measumments. Hnce the

heights are neither orthometric nor normal heigind as a resulEGVD28 does not

coincide witheitherthe geoid or the quagieoid (Véronneau 2006). Moreover, the sea
surface topography at the tide gauge statithes;ising of the sedevel due to melting of

glaciers and thermal expansion, earthquakest fneave, local instabilitieand the fact

that | and elevation is changing dsut@e,t o t he
postglacial rebound) have not been accountediriothe realization of the CGVD28
Additionally, the levelling data used in CGVD28 are not corrected for systematic errors

due to atmospheric refraction, rod calibration, rod temperature, and the effects of solar
and |l unar ti des o0 nsurfadesTheEEGVD2hdatam hpeeaonptiortale nt i a
distortion that ranges fron65 cm in Eastern Canada to 35 cm in Western Canada with
respect to an equipotential surfasige to various correction omissions, approximations,

and the fact that the vertical contra@twork was establishedver time in a piecavise
manner(Véronneau and Héroux 2006). Currently, the network is characterized by a rapid

rate of degradation due to destruction and loss of physical markers and limited
maintenance as Canada is planning tolé@ment a geoidbased GNS%Sccessible vertical

datum by 2013 (Véronneau et al. 2006).

2.5.2NAVDS88

The North American Vertical Datum of 1988IAVD88) was the result o& joint effort
in the 1970s andL980s by the governmental agencies o8.4., Canadaand Mexico to
unify the vertical catrol networks on the continent. It is currently the official vertical
datum in the U.S.A.The NAVD88 was established by the minimaanstraint
adjustment of geodetic leNimg observatios in Canada, U.S.A., and Mexidaoolding
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fixed the hght of the primary tidal benchak at Rimouski, Quebec, Canadaudto the
demonstratedspatial (andto a lesser extentemporal) variations in the sea surface
topography additional tidal bechmark elevations were not utilizedAVD88 heights

are Helmert orthometric heightfhe NAVD88 datumcontains a large eastest tilt of

1.5 mfrom the Atlantic to Pacific coastpossibly due to the accumulation of systematic
errorsin the levelling network, and as a result was never officially adopted in Canada

(Véronneawand Héroux2006).

2.5.3Nov07

The NovO07 vertical datumis the latest realization of a series of minimroanstraint
adjustments of the federal firstder leveling networkin CanadaHowever, t should be

noted that NovO7 is not an official vertical datuitnhas been realized for the purpose of
validating geoid models in North America withe heights of benchmarks given as
Helmert orthometricheights The main néwork covers the continental main land, and
includes independent networks for Newfoundland, Vancouver Island, and various other
islands. In addition, there is a series of independent local networks around tide gauges in
the northern region of Canadihe former tide gauge in Poinrtat+Pére, Quebec (QCIn

the lower St. Lawrence Riveis the fixed station for the Canadian mainland network.
Similarly, each of the other stregions containing their own independent networks,
have their adjustments tied to their own respective fixed tide gauge stations. It was found
that the best approach to decrease the systematic error for NovO7 was to adjust together
only the most recent ledwalg measurements that allow a continuous netwmetween
Vancouver and HalifaxThis resultedn a discrepancy between the two coasts of 80 cm,
which represents about 20 to 30 cm of systematic error over approximately 6000 km of
levdling lines (Véronneau 20)2The remaining 50 cm accounts for the separation
between the mean water levels on the west and east coasts of Canada (Véronneau 2012).
This separation was first reported by Sturges (1967), where it was shown that MSL
values at tide gauges on the Piactioast appeared to be systematically760cm higher

than those of similar latitude on the Atlantic coast, which was later shown to be caused
by a combination of ocean density differences and bounciamgnt effects (Sturges
1974).
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25.4 Problems Preseted by Classical Levelling Based Vertical Datums and the

Adoption of a GeoidBased and GNSSAccessible Vertical Datum

In the discussion of the vertical datums CGVD28, NAVD88, and Nov07 it is evident that
classical levelling based vertical datums have m@amoplems. Firstly, maintaining and
realizing a vertical datum based on spirit levelling is expensive, time consuming, and
laborious. Moreover, it provides limited coverage over a geographic region, and is
especially difficult to do in remote areas and m@ainous terrain. Other problems relate

to maintaining the vertical control network over time, as benchmark become unstable or
disappear completely, and there are temporal effects such aglgmat rebound that

also need to be taken into account. Ofrseuthere is the problem of existing systematic
levelling errors and distortions found within the vertical control network. Moreover, as
the MSL varies both spatially and temporallyegional vertical datums will refer to
different reference surfaces. @emtly, there are hundreds of classical levelling based
vertical datums in the world and as each of these datums refer to their own eeferenc
surface defined by a local MSthere is a need to be able to relate these datum to each
other, or in other wordsto unify these datums. This is especially important for
engineering projects between two neighbouring countries, or even for a country that may

have two different daim zones (e.g., island vs. miaind regions).

Due to the various issues presentedclpssical levelling based vertical datums, the
Geodetic Survey Division (GSD) of Natural Resources Canada (NRCan) and the U.S.
National Geodetic Survey (NGS) have decided to modernize the way vertical datums are
realized by implementing a geehsed an@GNSSaccessible vertical datum. Adopting a
geoidbased vertical datum means that there will be no more need for expensive and
time-consuming spirit levelling in order to establish a vertical control network. The issue
of benchmark stability and coverage also resolved. The geoid is also a fairly stable
reference surface that only has to be updated, in the North American context specifically,
for temporal effects such as post glacial rebound once every ten years (Rangelova 2007).
Moreover, a geoiased ertical datum is compatible with spalbased positioning

techniques such as GNSS. This concept is illustrated by Figuréte geoid surface is
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shown with thered line while the ellipsoidal surface is shown in the green line. The
ellipsoidal heitnt hp can be determined fro NSS while the gravimetric geoid model
provides the geoid heigiNp. The difference between the ellipsoidal heightand the
geoid undulatiorNp will yield the orthometric height®s, which has traditionally been

obtained from leelling.

GNSS
Topography

Ellipsoid

Figure 2.4: Ellipsoidal height, orthometric height, and geoid heightl.

Figure 2.4 shows the simplified relationship betwéei, andN ash-H-N=0. This is
because in practice it is assumed that the ellipsoidal normal and the plumb line coincide
with each other. In actuality the ellipsoidal normal and the plumb line are offset by an
angleb as shown Figure 2.3vhich is known as the deflection ofetkertical. According

to Jekeli (200Q)the error that occurs due to the difference between the plumb line and

ellipsoidal normal is negligible fdopographicki ght s of t he Earthos s
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Earth’s Surface

/ Ne Geoid

Ellipsoid
Figure 25: Deflection of the verticab.

For mountainous terrairfh can reach a maximum of 1 arc minute. The effect on the
height can be estimated from the height differenibedshibh abpwhich shows that
even for the most extreme cases where equal to 1 arc minute ardis equal to4000
metrs, the height differena#h is less than Inm (Jekeli 2000). As the effect is less than

1 mm, the approximation that the plumb line and the ellipsoidal normal are coincident

has no significant effect on results.

Lastly, from the move to implement a dgegtdased vertical datunanother motivation of
datum unification presents itself. The gravity data currently available for North America
refer to different vertical datums. Thus, the existing datum offsets between the Canadian
and U.SA. official vertical datums should be computed in order to update the gravity
databases for geoid modelling. The estimation of local vertical datum offset for North

American vertical datums is the focus of Chapter 4.

2.6 Concepts of Geoid Modelling:;The RemoveCompute-RestoreTechnique

The determination dfVis a nonlinear problem, which is complicated by the fact that

is not a harmonic function as discussed in SectidnThese limitations can be overcome
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by linearization and approximation of thieape, size, and gravity field of Earth by those

of an equipotential ellipsoid of revolution (i.e., reference ellipsoid) with the same mass

and rotational velocity as Earth. The anomalous potent{ak., disturbing potential) is
defined as the differencbetween the gravity potential of the Earth and the normal

gravity potential of the reference ellipsoid:

Yoo Y W ) ® w8 (2.30)

From Eq. (2.30) it can be seen that the problem of determinreguces to determining

the difference btween the gravitational potentiatthe Earth and the ellipsoitf.can be

seen thafl is a harmonic function (i.eqpT 3 @s bothvandV*ar e har moni c.

theorem states that a harmonic function, sucti @sT, can be determined everywhere in

free space from values on a boundary surface that encloses all masses.

ellipsoidal normal

\ geoid

plumbline

W=Wpy
Qgl
ellipsoid
U=Wg
vy

Figure 2.6: Geoid surfacV, ellipsoid surfac&J, gravity vectorg, and geoid undulation
Np (afterHeiskanen and Mortiz 1967).

Values that can bmeasured on the boundary surface are usually gravity measurements,

sud as gravity disturbances gand gravity anomaliegog The gravity disturbance is the
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difference between the gravity the normal gravity at the same point. A gravity anomaly is
the diffeeence between the value of gravity at a p&on the geoid and the value of the
normal gravity at a poin®p on the ellipsoid, which corresponds with the pdétabon the

geoid surface (see Figure 2.6).

The fundamental equation of physical geodesy is an important equation that relates

gravity anomalies to the disturbing poteniigHeiskanen and Mortiz 1967):

— —— ®Om (2.31)

Equation (2.31) only holds on the geoid surfaceiaride boundary condition in Staked
Boundary Val ue Pr o$ggroblem ti{e Baurdary surface is$he geoié s 0
with potentialW, approximated by the ellipsoid with potentihl The surface of the geoid

is given by geoid undulations or geoid dgis, N, which depends orthe disturbing
potenti al dehuatonu(gdskaBen and Blditiz 1967):

5 — —, (2.32)

and by selectindd ="Y = W,= const.,the equation simplifies to:

5 —8 (2.33)

Thus, B u B ferthula shows that the surface of the geoid can be determined provided
thatT is known.Equation (2.31) shows thdtcan be estimated from gravity observations

on the boundary surface. A BVP tishthee gdoid, uhe d ar y
gravity measurements need to the reduced to the geoid by terrain reductions, which

requires assumptions about the topographic density distribution.
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St o kRV® & vased on the mathematical definition given bylLitwglacedifferenial

equation:

yYY — — — m (2.34)

with the boundary condition given in spherical approximation (Heiskanen and Mortiz
1967)as

— =Y wQTmn (2.35)

It should be noted that spherical approximation geduonly in equations relating the
small quantities of anomalous potenfialgeoid undulationsl, gravity anomaliespgand
deflections of the vertical, among others. The reference is not the sphere but the ellipsoid,

thus the normal gravityin go gandlg must be computed precisely for the ellipsoid.

Analytical s o | s BMP camn $e expoessedhas spligtical kagnsonic series
sinceTi s har moni c. B lequation the gdoid gndulation cas also be
expressed in terms of spherical hamt series (in a spherical approximation on the

geoid):

0« hb YB B 60 Al Y OmI_ 0 OFET, (2.36)

where C, nand S, nare fully normalized geopotential coefficients of the anomalous
potential,P,, ,@rethe fully normalized Legendre functions (Heiskanen and Moritz 1967),

andl, @ arethe latitude and longitude of the computational point. Similarly, using Eq.

(2.35),pgcan also be expressed in terms of spherical harmonic series:

w Q@ h B ¢ p B 6 AT Y O®WI_ 0 OFBIT, (2.37)

wheredlis the mean normal gravity.
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As well , the anal ygBVP canbe expedsdrytthe StokesotdgralSt o k e s

(Heiskanen and Moritz 1967):
0 —A @wQIYQh (2.38)

whereidenotes the EwyritshotshesuStfamkeeesd ker nel
(Heiskanen and Moritz 1967):

Yf —— @OEl p vAIfO cAird 10E1 OEI- 8 (2.39)

In Eq. (2.39),y is the spherical distance between the data paint \ aed the
computation pointl{p, p):o

OE- OEI— OET—Ai-OAT-B (2.40)

The geoid signal can be decomposed into long, medium, and short wavelength
components as shown in Figar2.7 and 2.8 The long wavelength componentstbé

geoid signal come from the harmonic coefficients of global geopotential models (GGMs;
this is also synonymous with global gravity models), which are depviadarily from

data collected from dedicated satellite gravity field missions. The mediumengtte
components are a result of local gravity anomalies, which can be observed from
terrestial, shipborne, aborne, and even satellite platforms. The short wavelength or high
frequency components of the gravity figlignal or the geoid signal are migia result of

the Earthoés topography. This information
models (DEMSs).
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Geoid

Frequency Long wavelengths Medium wavelengths Short wavelengths
band
Harmonic . . Topography,
Data type
L coefficients of global Gravity anamaliesand bathymetry, crustal

gravity gradients

gravity model (GGM) density

I l

Terrestrial, shipborne,
airborne, satellite
sensors measurements

Satellite orbit
perturbations, inter-
satellite range and
range-rate difference

Observing

SRTM, shipborne
system

sounding

Satellite Altimetry

Figure 2.7: Data for geoid computation.

The use of Eq. (2.38) requires gravity anomaly coverage all ihnee Earth for the
computatiorof a single geoid undulation. Of course this is an impractical requirement, as
gravity anomalies do not have global coverage, or even if there is global coverage, the
data is not always available for scientific and civilian use. Thus, Eq. (2.38) cabenly
applied to a limited region. In such a case, the long wavelength contributions of the
gravity field will not be present in the results and will have to be computed from the
spherical harmonic coefficientsf a GGM Moreover, the integral in Eq. (2.383% i
discretized, and is evaluated as a summation using discrete data. Thus, due to the
available density of the gravity data, the short wavelength components will be aliased. As

a result, the short wavelengthsust beevaluated from topographic heights. Ither

words, the gravity anomalies utilized with Eq. (2.38) have the contributions from the
topography and the GGM removed (i.e., short and long wavelength contributions are
removed) . Thus t he 0 r e mapmpaitérestoset geahmque i n t
(Molodengky et al. 1962; Mortiz 1966; Vincent and Marsh 1974; Rapp and Rummel
1975) for geoid modelling involves the computation and removal of the GGM and terrain
contribution from the free air gravity an

restoration ofthe GGM contribution and the terrain contributionMovia the indirect
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effect termN". This concept is illustrated in Figure 2.8, which shows the contributions of
different data to regional geoid determination.

The smoothgeoid N°M

is the contribution of the spherical harmonic coeffitselnom a
GGM. The slightly more detailed line indicated BY+N®%shows the geoid surface
with contributions from long and medium wavelength components from GGMs and the
use ofsinfegra lwib grdvity anomalies that have the long and short wavelength
contributions of the gravity signal removed (i.e., hence only medium contributions).
Lastly, theN®M+N®%N" shows the detailed geoid, where short wavelendgtiesto of the

Eart hdos arergaleeditheopgh the indirect effect on the geoid.

SMOQTHED GEOQID

100 km
goam—— T ELUIPSOID

Figure 2.8: Practical computation of the geoid (Schwarz et al. 1987).

The residual gravity anomaly shownaagjn Figure 2.8 is a determined as:
®Q wQ wQ ©oh (2.41)

where 3’ is the freeair gravity anomalymeasured from terrestrial, shiprne or

airborne platformsq:gG'\’I Is the gravity anomaly which represents the long wavelength
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component of the gravity signal and is determined fromngefglobal geopotential

model;andlastly, qg" is the topographyeduced gravity anomaly

To summarizeN®™ andp§" can be evaluated using Eq. (2.36) and (2.37). For small
distancesjnside a certain arel, one may use the planar approximation for Eq. (2.38)
where the first term in th® ( s jhe domiant one (Sanso6 and Sideris 213

- - - (2.42)
YQ, QuAw® (2.43)
andthereforeEq. (2.38) simplifies to:

0 —A —QoA® (2.44)
where
a ®» W w w 8 (2.45)

The coordinates of the data points are denotedxby)(and the coordinates of the

computation points are denoted By, ).

It hasalready been mentiondtat Eq. (2.38) only gives the geoid undulation provided
that no masses are outside the geoid surface. One way to take care of topographic masses
ofdensityyi s t hr o u g2/ cohderisatien retlutdn, which candmproximately
applied in three steps (see Figure &8nso and Sideris 201t3
1) remove all masses above the geoid,
2) lower the stations fror® to Py using the freair reductiornF,

3) and restore masses condensed on a layer on the geoid with densjtyH
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Figure 2.9: Actual and condensed topography in planar approximation (Sideris 1990).

He | me2t toadensation givespgon the geoid computed fronB&nsé and Sideris
2013:

WQWwQ & 0O b, (2.46)

whereqg,+ Fis the freeair gravity anomaly aP, Ap is the attraction of the topography

above the geoid &, andASO is the attraction of the condensed topographioasee
Figure 2.9. The attraction change is denoted ibyA (see Eq. (2.49)), which is simply
-AP+ASO in Eq. (2.46)It should benoted thatin this approximatiorthe attraction of the
condensed topography in Eq. (2.46)computed on the geoid surface in order for the
reduced gravity to refer to the geoid (i.e., which is actually thgeoid in this case) and

so that the reducegravity can be used with Eq. (2.44). For further discussion, one may
refer to Wichiencharoeril982), Wang and Rapp (1990), Sideris (1990), @adso and
Sideris (2013)
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Due to the shifting massethe potential changes as well by an amount known as the
indirect effect on the potentiabansé and Sideris 20t3

7YY Y (2.47)

whereTp, is the potential of the topographic masse@oamndTSO is the potential of the
condensed asses aPy. Due to this potential change, Eq. (2.38) vegtlgfrom Eq. (2.46)
produces a surface that in known as th@eoid (i.e., a surface different from the geoid).
The difference between the geoid and theyeoid is denoted by Nn Figure 2.9, which

is the indirect effect of the shifted topography on the gddiehally, the indirect effect
should be small (i.e., the @eoid should be near the geoid) in order to allow
approximations irthe geoid modellingomputationsHelmert reluced gravity anomalies
yields a small indirect effe¢e.g.,] U NH 1m/3km;Sans6 and Sideris 2018nd is
therefore very suitable for geoid determinati@efore one can apply Eq. (2.38), the
gravity anomalies must be transformed from the geoichéocgeoid by applying a

correctiond golghown as the indirect effect on graviyanso and Sideris 2013
1 0 Q -— ¥ (2.48)

The final geoid height is a sum of the-geoid height and the indirect effect on the geoid.
When using the remowveomputerestore technique the terrain effect gngand the
indirect effect can be respectively approximated in planar approximatiddaasdand
Sideris 2013

106 WQ -OA —QOA® (2.49)
and
10 0 —0 —A —QOBw (2.50)
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Thus the remowvweomputerestore technique can be applied as follows:

1) Earth surface gravitgbservations should be reduced on to the geoid.

2) Compute the long wavelength component of the gravity field signalg.§
andN®, using Eq. (2.36) and Eq. (2.37).

3) Compute theopographyreduced gravity anomaly using Eq. (2.49).

4) Compute the residual gvity anomaly using Eq. (2.41).

5) Evaluate the residual orae oi d hei ght s Dintegral g.e.lEg.i ng
(2.44)).

6) Compute the indirect effect of the topography on the geoid using Eq. (2.50).

7) Restore the effects of the long (i.e., geoid undulatetermined from the GGM)
and short wavelength components (i.e., indirect effect on the geoid) of the geoid
signal to the residual/egeoid heights (i.e., geoid heights from step (5)).

8) In the case that the reference ellipsoid md8snd the normal grawitpotential
Up are different from that of the geoid add the zdegree term to the geoid
undulations (Heisaknen and Mortiz 1967):

0 h (2.51)

whereR’ is the mean radius of the reference ellipsoid.

On a final note, theise of Eq. (2.38) is computationally time consuming due to the fact
that the integration must take place over the entire surface of the Earth. This can be
overcome by reducing the size of the integmatarea by modifying the Stoké&srnel
function, as tk truncation error that results by limiting the area of integration of the
terrestrial gravity anomalies to a spherical cap can be reduced by an appropriate
modification of the Stokes kernel (Molodensky et al. 1962; Jekeli 1982; Hsu 1984).
Alternatively, ncreasing the size of the integratiareahas been shown to improve the
results (Schwarz 1984; Sjoberg 1986), though these methods have not proven to be
superior to the removeomputerestore techniqueS@nsé and Sideris 201 3However,

integrak such theone shown in Eqg. (2.443re convolution integra, and carthus be
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evaluated by fast Fourier techniques (FFT) provided that the data is given on regular
grids Ganso6 and Sideris 2013Jsing FFT there isaneed for time consuming point

wise numerical sumations. Moreover, FFT gives results on the same grid as the data
was provided on. Therefore, spectral techniques based on FTT overcome the problem of
slow computation speed and provide a homogenous coverage of results, which is
beneficial for interpolatio and plotting purposessansé and Sideris 2013Moreover,

with FFT there is @o no need to modify the Stolesrnel function (Schwarz et al. 1987;
Sideris and Forsberg 1990). It is thus recommended that for the computation of large
regional and continental geoids, spectral techniques such as FFT should be implemented,
especially since gravity and terrain data egadily available on regular gridSgnsé and
Sideris 2013

Gravsoft(developed by C.C. Tseming, R. Forsberg, P. Knudsand D. Arabelos at the
University of Copenhagen) atFTGeoid(developed byr.C. Li andM.G. Sideris at the
University of Cal@ry) software products may be used for geoid modellinghould be
noted thatGravsoftis not commercially available; howeverdan be made available by

request for the purpose of scientific research.

Lastly, as the focus of thithesis is not geoichodellingbut rather the contribution dfie
GOCE dedicatedsatellite gravity field mission to the applicatiai vertical datum
unification ando the determination df\p, the treatment ajeoid modellinghas not been
exhaustiveherein For full derivations and more details on any of the material covered in
this chapter, HofmankVellenhof and Moritz(2006) Heiskanen and Morit£1967)
Jekeli(2000) andSansé and Sideris (2018hould be consulted
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CHAPTER 3
EVALUATION OF GOCE GLOBAL GEOPOTENT IAL MODELS

3.1 Introduction

As discussed in the previous chapterglabal geopotential model or a global gravity
modelis a set of coefficients that model the entd gravity field of the Earth and are
derived from data collected from dedicatedtellite gravity field missionsand/or
terrestrial dataThese coefficients adenown asspherical harmonic coefficients and can
be used to compute different functionals of Eha r tgravitysfield. The three dedicated
saellite gravity field missions a&rthe Ch#lenging Mini-Satellite Payload (CHAMPRYhe
Gravity Recoveryand Climate Experiment (GRACE), and the GOCE missidime

CHAMP satellite was | aunched July 15, 200

geopotential via the analysis of orbit peritibns Reigber et al. 2002 The GRACE
mission was launched a few years later on March 17, 2002 with the objective to map the
global gravity field with a spatial resolution of 400 to 40,000 km every thirty days, and
has contributed significantly to the derstanding of the timeariable aspect of the
Eart hdés ¢ fapleyiet gl. 20004 GHAMP aphd GRACE have provided static
gravity field solutions at the decimetre lewélgeoid accuracy up to degree and order 60
and 120, respectively (Sneeuw and &dh2004). Lastly, GOCE was launched on March

17, 2009 bythe European Space Agencyn or der t o measure the
an unprecedented accuracy and spatial resolution (Drinkwater et al. 2003). By the end of
its mission, the GOCE satellite Bxpected to determine gravity anomalies with an
accuracy of 1 mGal and the geoid with an accuracy-2fcin while achieving a spatial
resolution of 100 km. In order to put the GOCE accuracy requirement into context, the
estimated cumulative geoid accurdoy the combined modé&eGM2008 which contains
terrestrial gravity data, is 7 cm at degree and order 200 while for the GRACE only
satellite modeltg-grace2010gMayerGirr et al. 2010)t is 20 cm at degree and order

180 (Pail et al. 2011). Since the launch of the GOCE satdétlitegenerations of GOGE

based GGMs have been released. These GGMs are available for downloatthérom
International Centre for Global Earth Models (ICGEMhttp://icgem.gfz
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potsdam.de/ICGEN)/ Gruber et al. (2011) have shown that with two months of GOCE
data, the global geoid accuracy is abo@t&n with a 111 km spatial resolutioith the

recent release obtirth generation GOCE GGMs that contain approximately 27 months
of GOCE observations, the global geoid accuracy is approximately 1.2 cm at a spatial
resolution of 100 kmwhich corresponds to a degree and order of approximatel{s280
Figure 3.9).

The performance of GGMs can be assessed using external datasets such as geoid heights
obtained from GNSS and levelling, asggeodetic deflections, and gravity anomalies,
among others (see.g., Gruber 2004; Gruber 2009; Hirt et al. 2010; Hirt et al. 2011; Hir

et al. 2012; Huang and Véronneau 2009; Kotsakis and Katsasnpa@®; Ince et al.
2012. External or independent datasets refer to quantities that have not been utilized in
the construction of the GGMs. The objective of this chapter is to evaluate the
performance of satellitenly GOCEbased GGMs in North America using geoid heights
obtained from GNSS and ldliag in order to determine the best GOG&sed model in

North America for height system unification aw determination. The use of a GOCE
satellte-only GGM is preferred for such applications because it provides a globally
consistent and unbiased geoid (Gerlach and Rummed) 2Thus, the aim is to show
which GOCE GGM performs best in Canada #relJ.S.A.

In the next section of this chapter, thatellite gravity missions CHAMP, GRACE, and
GOCE arebriefly reviewed. In Section 3, the methodology and distribution of the
GNSS/levelling benchmarks used for the evaluation of GOCE GGMs in North America
are described. Results are presented and disdus Section d.anda summarys given

in Section 3.

3.2 Overview of Dedicated Satellite Gravity Field Missions

According to Rummel et al. (2002)vhen designing dedicated satellite gravity field
missions the following four regrements should be neidered:

1) uninterrupted satellite tracking in three spatial dimensions,
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2) measurement or compensation of the effect ofgrawitational forces,
3) the orbit altitude of the satellite should be as low as possible, and

4) measurement of gravity gradient

At presentthere are thremmaint ec hni ques avail able for the
gravity field from dedicated satellite missions: satelidesatellite tracking between high

and low orbiting satellites (SSHl), satelliteto-satellite tracking beteen low Earth

orbiting (LEO) satellites (SST), and satellite gravity gradiometry (SG&ee Figures
3.1t03.3

In the SSThi technique, the orbits of high orbiting satellites such as GNSS are assumed
to be known accurately so that an accurate ttmeensional position is provided while
the velocity and acceleration information of the LEO satellite is determined from

satelliteto-satellite tracking between the high and low orbits.

GPS - satellites

SST - hl

a>a S ,
“e s

~opER 7,

3-D accelerometer

anomaly

Figure 3.1: Schematic diagram of the concept of satetlitsatellte tracking in the high
low mode (SS7hl) (Rummel et al. 2002).

The SSTHI principle is based on the line of sight measurement of range and the
acceleration difference between two LEO satellites. In the SGG method, gravity

acceleration measurements abs&rved in three dimensions over the short baselines of a
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gradiometer. CHAMP utilizes the SS technique, satisfying requirements (1) and (2)
as outlined by Rummel et al. (2002). The GRACE satellite mission utilizes thdl SST
technique and satisfies racements (1), (2), and partially requirement (4). THeCEk
mission utilizes the SGG ar®@5T-hl techniques, which satisfy all the requiremerdsed

by Rummel et al. (2002).

mass % Bl
anomaly %; 3

Figure 3.2: Schematic diagram of the concept of satetlitsatellite trackig in the low
low mode (SSTIl) combined with SSThl (Rummel et al. 2002).
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Figure 3.3: Schematic diagram of the concept of satellite gradiometry combined with
SSThl where 2 order derivatives of the gravitational potential are measured_BO
satellite by differential accelerometry (Rummel et al. 2002).

40



The CHAMP mission was put into orbit in order to measure the gravity and magnetic
fields of the Earth. It was in operation for over ten years with the mission ending on
September 19, 2010he mission carried &NSSreceiver with continuous 3D tracking
capability and a precise accelerometer to measurggrasitational forces. The orbit of
CHAMP was near circular with an 87 degree inclination and an altitude that decayed
from approximately B0 km to 300 km by the end of the mission. One of the first
developed GGMs using six months of CHAMP data improved th€pr&MP era GGM
GRIM5-S1 constructed using satellite orbit perturbati¢Bgncle et al. 2000) by almost

one order of magnitude up tegree and order 35 (Reighkatral. 2003; Pail et al. 2011).

The GRACE mission consists of two identical satellites following each other in the same
orbit by a separation distance of 200 km. The microwavéddal link viaan inter
satellite ranging systembserve the relative motion of the twin satellites wilery high
accuracy while theGNSS receivers measurthe positions of the satellites, allowing
observations between the high and low orbiting satellites. Similarly to CHAMP, the
GRACE mission is alsequipped with an eboard accelerometer to account for fion
gravitational forces. The mission has a near circular orbit with an 89 degree inclination at
an orbit altitude of 485 km. According to Pail et al. (2011), the GRAG&ed GGMs
gained approximatelywo orders of magnitude in accuracy (i.e., 1 cm geoid error at
degree and order 100) as compared with GR$45

In contrast to the CHAMP and GRACE missions, the SGG on board the GOCE mission
provides medium to short wavelength components of the graeltyds it measures the
second derivatives of the gravitational potential while the -BISinode is used to
determine the orbit and thus provides the long wavelength information of the gravity
field. In Chapter 2 it washownthat the gravitational potenti@an be expressed as a
sphericaharmonic function (see Eq. (2.2)). Since the second derivate of the gravitational
potential is a functional of the potential, it too can be expressed in terms of a spherical
harmonic function. Such a function relates th®QE observations to the spherical
harmonic coefficients that make up a GGM. Thus, by solving a large system of equations

via least squares the GGM coefficients can be deduced from GOCE observations. A
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comprehensive discussion of GOCE data processing céoubd in Pail et al. (2011).

The GOCE satellite has a sun synchronous orbit with an inclination of 96.7 degrees, and
was launched with an initial altitude of 270 km. Due to the inclusion of the gravity
gradiometer on board the GOCE mission, as well asother orbit altitude, the GOGE
based GGMs are expected to outperform theGREE era GGMs based only on
CHAMP and GRACE dataGOCE observations have allowed for the construction of
satellite only GGMs that extend to degree and orderZB&0(see Table B).

The various GGMs that are evaluated in this chapter are listed in Tabl€h&.Tirst
generation GOCE models are indicated withat the end of the model name and have
been computed from two months of GOCE observations. The second generation GOCE
models are indicated witl2 at the end of the model name and are constructed from
approximately six to eight months of GOCE observations. The third generation GOCE
models areindicated withr3 at the end of the model name and are based on twelve
months of GOCE observations while the fourth generation GOCE models are indicated
with r4 at the end of the model name and are based on approximately 27 months of
GOCE observations. THBGM-1s model is an exception to this rule, as it contains 10
months of GOCE observations. In addition to the G&é@ged modeléwhich includes
GOCEGRACE combined modelsjwo GRACEbased models are also evaluated as pre
GOCE era models in order to iddgtany improvements of the new GO@&ased models

in North America. Although generally each generation of the GO&®ed models use
exactly the same period of GOCE observations, they differ in their computation

strategies, the-priori information used, anttheir spectral resolutions.

There are four different types of GO@&Ased models which are based on how the
models are constructed and they include: the-tinse approach indicated liyn in the
model name, the spawedse approach indicated kgpwin the model name, the direct
approach indicated bgir in the model name, and combined models, which have no clear

defining feature in their nomenclature.
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Table 3.1Global geopotential models

Model

nmax

Data Source

References

go_cons_gcf 2 dir_r4

260

GOCEdirect approach based on 27.5
months of data and
go_cons_gcf_2_dir_r3 as a backgroun
model

Bruinsma et al.
2010

go_cons_gcf 2 dir_r3

240

GOCE direct approach based on 12
months of data and
go_cons_gcf_2_dir_r2 as a backgroun
model

Bruinsma et al.
2010

go_cons_gcf 2 dir_r2

240

GOCE direct approach based on 8
months of data and #grace2010s as a
background model

Bruinsma et al.
2010

go_cons_gcf 2 dir_rl

240

GOCE direct approach based on 2
months of data and eigédit as a
background model

Bruinsma et k
2010

months of GOCE data and 7 years of
GRACE data

go_cons_gcf 2 tim_r4 250 | GOCE timewise approach based on 17 Pail et al. 2011
months of data

go_cons_gcf 2 tim _r3 250 | GOCE timewise approach based on 17 Pail et al. 2011
months of data

go_cons_gcf 2 tim _rZ 250 | GOCE timewise approach based on 8 | Pail et al. 2011
months of data

go_cons_gcf 2 tim_rl 224 | GOCE timewise approach based on 2 | Pail et al.
months of GOCE data 2010a

goco03s 250 | GOCE combined model based on 12 | MayerGurr et
month of GOCE data, 7 years of GRA( al. 2012
data, 8 years of CHAMP data and 5 ye
of SLR

goco02s 250 | GOCE combined model based on 8 | Goiginger et al.
months of GOCE data, 7 years of 2011
GRACE data, 8 years of CHAMP data
and 5 years of SLR

goco01s 224 | GOCE combined model based on 2 Pail et al.
months of GOCE data and 7 yeafs 2010b
GRACE data

DGM-1s 250 | GOCE combined model based on 10 | Hashemi

Farahani et al.
2012

go_cons_gcf 2 spw_1

240

GOCE spacavise approach based on 8
months of data

Migliaccio et
al. 2011
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Model Nmax | Data Source References

go_cons_gcf 2 spw_n 210 | GOCE spacavise approach based on 2 Migliaccio et

months of GOCE data al. 2010
itg-grace2010s 180 | based on 7 years of GRACE data MayerGurr et
al. 2010
eigen6s 240 | GOCE combined model based &7 Forste et al.

months of GOCE data and 6.5 years o] 2011
GRACE and SLR data

eigenbs 150 | based on 5 years of GRACE data Forste et al.
2008
eigen6ce 1420 | Satellite/terrestrial combined model Forste et al.

based on 6.7 months of GOCE data, 6/ 2011
years of GRACE and SLRata, surface
gravimetry, and altimetry

eigenbc 360 | Satellite/terrestrial combined model Forste et al.
based on eigebs global geopotential | 2008
model, surface gravimetry, and altimeti

EGM2008 2190 | Satellite/terrestrial combinedodel Pavlis et al.
based on itggrace03s global geopotenti 2012
model, surface gravimetry, and altimeti

In both the timewise and direct approaches, a large system of normal equations is solved
to estimate the spherical harmonic coefficients of thedeh The main difference
between thesevb approacheis that in the direct approaem aprioi gravity field model

is used as a background model and GOCE observations are used to improve this model
whereas the timaise approach does not include a baokgd model. In the timaise
approach, the GOCE observations are considered asséines along the orbit. As the
time-wise approach is based solely GOCEdata, it can be consideré¢al yield a pure

GOCE model. In the spaseise approach, the geopotential spherical harmonic
coefficients are recovered from a set of nearly evepbced observations on the mean
orbital surface with the main objective of deriving the spherical harmonic coefidgn
taking the spatial correlation of the Earth gravity field into account. The combined
GOCEbased GGMaitilize observations from severdifferent complementary sources

such as CHAMP, GRACE, and SLR. It should be noted that the combined models can be

distinguished as satelltenly models (i.e., data observations for satellite sources only)
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and satellite/terrestrial models (i.e., gravity observations are derived from surface
gravimetry and altimetry). A complete description about different methodsingbe

development of GOClbased models can be found in Pail et al. (2011).

3.3 GOCE Model Evaluation using GNSS/levdling Data

Generally, comparisons with independent gravity field functionals are used to evaluate
the performance of the GOGEGMSs (Hirtet al. 2011)In order to estimate the external
accuracy (i.e.real geoid or grawt error) of a GGMthree basic validatin tools are
available, which areummarizedn Table 3.2 (Gruber 2004An important drawback of
comparisons with independent extdrdatases is that the results of comparisons are
reliable only when the quality of the external data set is hiGmuber (2004) uses
comparison with GISS/levellingdata ad sea surface topography models to validate
GGMsbased on CHAMP and GRACE coefficients, asserting that these methods can also
be used for the validation of GOCE models

Gravity observations, such as the first radial derivative of the disturbing potential and the
first horizontal derivative of thélisturbing potential (i.e., vertical deflections), contain
significant spectral power in the medium and higher fregesn(Schwarz 1985; Jekel
1999, and therefore can be considered a complement to the evaluation of GGMs using
GNSSlevelling data (Grube2009; Ihde et al. 2010; Gruber et al. 2011; Hirt et al. 2011).

The GNSdevelling validation method has been used in many studies for the evaluation
of a GGM, and has been used specifically to validate the very-tagblution gloll
modelEGM2008(Forse et al. 2009; Kotsakis and Katsambalos 2009; Jekeli et al. 2009).
The EGM2008(Pavlis et al. 2012 complete up to spherical harmonic degree and order
2160, and also provides additional spherical hamimaeoefficients up to degree 2190.
This correspondi a spatial resolution of 5 arc minutes, or approximately 9 km. Ince et
al. (202) and Kotsakis an&atsambés (2009) have used GN&&yelling to test both

the absolute and relative agreemengebpotential modeld.é., GOCE andEGM2008§

respectively)

45



Table 3.2: Summary of tools and test datasets i@vgy field validation (Grube2004).

Tool Test Data Sets | Range of Test | Quality Problems
Parameters
Precise orbit | Satellite Long Residuals with | Indepenént
determination | tracking data: | wavelengths. | respectto tracking data.
of geodetic and| Laser, DORIS, | Degree:870 tracking data in| Quality of
altimeter GNSS, Resolution: space and altimeter
satellites with a| Altimetry. 320-20,000 km| frequency observations.
variety of orbit domain. Sensitivity of
parameters. Altimeter satellites for
crossover gravity field.
differences for | Non-
computed gravitational
orbits. disturbances.
Comparison GNSS/levelling | Medium to RMS and mean| Treatment of
with geoid heights. | short of geoid height | omission error.
independent | Point and mean| wavelengths. | and gravity Filter model.
geoid and gravity Degree: 50 anomalies Impact of long
gravity anomalies. 250 differences at | wavelengths.
information. Astrogeodetic | Resolution: 80 | the points of
deflections. 400 km comparison ang
slopes.
Analysis of sea| Mean sea Long to short | Differences Quality of the
surface surfaces from | wavelengths. | between mean sea
topography altimetry. Degree: 10 geodetic and | surfaces and
solutions. Oceanographic | 250 oceanographic | oceanographic
sea surface Resolution: 80 | soluions. sea surface
topography 2000 km Test for topography
solutions. remaining model.
oceanographic | Filtering.
signals. Ocean
boundaries.

When using GNSS/levellindata, the ellipsoidal height&"**are measured by GNSS
technobgy and the orthometric heightd®®""9 are derived from levelling data and
gravity measurements. The geoid heightis the separation between the geoid and
ellipsoid at each station:
Q (3.2)

Similarly, the geoid height ofach GNS8evelling station can be computed using the

GGMs(i.e.,N®™). Thus, he basic idea in using GN3$&/elling data for the evaluation of
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GGMs is the comparison of geoid heights obtained using a GGMNF¥),and geoid
height obtained using GN#8velling data (i.e.NCNSSeveling

A problem that occurs when usindNGSlevelling data or any other independent gravity
field functional to validate a GGM is the omission error. The GGMs are limited by their
maximum degreeand order of coefficienfscausing an omission error to always be
present due to the fact that the higgree sparal content is missing (Hiet al.2011).

On the other hand, the terrestrial data to which the GGMs are compared contain the full
spectral signal. In order to appropriately compare the two-s#dtathey need to be
comparable in terms of their spectcaintent, which can be done by lgass filtering of

the terrestrial data to remove hifflequency constituents (Grub2004), or by spectral
enhancement of the GGhlhased functionals in the high and very high frequency range
(using a high resolution gravitfield model such a£GM2008 and residual terrain
models (RTM))so that it is more comparable with the fsiiectrum terregtl data (Hirt

et al. 2011). It should be noted that the GGbased functionals can also be enhanced
with local gravity and topogrdyc data using a remos@mputerestore scheme as
outlined in Chapter 2 in order to model the high frequency spectral content of the gravity
field. Low pass filteringusing methods such as spectral filters, Gaussian filters, or least
squares collocation @C) is a difficult task when the data is irregularly or reedy
distributed, whereas the spectral enhancemegthoad (SEM) can be used for GGM
validationas it isindependent of the spatial distribution of the terralsttata (Hirt et al.
2011).

The global magnitude of themission error can also be estimated by meansdefgaee
variance modelThe degree variance method provides an approximation described by the

degree variances of the geopotent{ataled to the geoid heightdp the global
contributon of the gravity signaHeiskanen and Moritz 196Jgkeli et al2009:

, Y — B o6 Y h (3.2)

47



wherer®is theradial distance to the ellipsoahdr® is the mdius of the bounding sphere.

As the full true gravity spectrum is unknown, in practice, instead of &8), (degree
variance models fitted to therulgisapgpled gr av
(Kaula1966)

, (3.3)

where nmax is the maximum degree and order of the geopotential model. It should be
noted that thalegree variances method does not provide the spatial distriboitithe

model 6s omission error but Therearedaso aheli vy an
models that can be used for degree variances, such as, e.g., the TsdRappimgodel
(Tscherning and Rapp 1974

Another error present that would cauadifference between the geoid undulations
derived using the GGM and the geaiddulations derived using GNSS/levelling is the
commission error of the GGM, which is the error that is propagated in the model through

the errors of the coefficients.

The standard deviation of the difference between the GGM derived geoid undulations and
the GNSSlevelling undulatiors contains the commission and omissions errors of the
spherical harmonic model, and also the errors in tN&% andevelling datawhile the

mean difference accounts for tpessibleuse of different ellipoids andheightdatums
(Jekeli et al.2009). The SEM should make the geoid undulations derived from GGMs
and the geoid undulations derived fronN&Slevelling as spetrally consistent as
possible but will not entirely eliminate it, as even the SEM omission error estsraate

only good up to a finite degree and order.
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3.3.1 Methodology

The general comparison methodolagged in the evaluation of tH@GMs by means of
GNSSlevellingundulatons s a modi fi cation of Gruberos (

1. Computethe geoid heights from the GGM at the locasiof the GNSS/levelling

points up to a maximum degree and ongs.

2. Approximate the omission error from tE€&M2008tide free spherical harmonic

model series for degree and ordgg.+1 to 2190

3. Add the EGM2008omission erroestimate to the geoid undulation obtained from
the GGMin order to make the GGM geoid undulation and the GNSS/levelling

geoid undulations spectrally similar.

4. Geoid height differences are computed betwsgmectrally enhancechodel geal
heights andsNSS/levelling geoid height3he difference is regarded as a quyalit
estimate for the global model used up to the selawigd

5. For each regionalGNSS/levelling dataset a mean value of differences is
computed and subtracted in order to take into account inconsistencies in height

system definitions.

6. Thestandard deviation f t e afslerd 0 geoi d height di f f e

It should be noted that as the maiurpose of this chapter is to intempare the GOCE
satellite only GGMs, the effect of RTM (see e.g.rtHt al. 2010) andocal/regional
gravity measurements have not been utilizdthoughthe existing spatial tilts found in
the levelling networks W affect the quality estimate, it will not affect the relative

performance between the models. Thus, within the context of determining the best GOCE
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GGM for height system unification andlp determination, accounting for the spatial tilts

within the levelling networks, though ideally preferable, may be omitted.

The computation of geoid heights from spherical harmonic coefficients has been
performed using théarmonic_synth.software Holmesand Pavlis 2008 The zere
degree term of the geoid heiglsee Eq. (2.51)3hould be added to the computed geoid
heights from harmonic_synth.f The GRS80 reference ellipsoid is used and the
conventional potential of the global equipotential surface imletp Wo=62,636,856.00

m?/s® as per the International Earth Rotation and Reference Systems Service (IERS,
2010) conventionBased on th&sRS80 ellipsoidbarameters and the IERS conventions

the zeredegree term of the geoid height is computeei8s7 cm.
3.3.2 GNSS/Leveling Benchmarks

GNSS/levellingbenchmarks data sets for Canadse providedy the Geodetic Survey
Division (GSD) of Natural ResourceCanada (NRCan) 1,315 data points with
orthometric heights in the Nov07 datum are used foetrauation of the GOCHlobal

geopotential model$n Canada.These data com&om adjustments of the levelling

network on the Canadian mainland

The GNSSellipsoidal heightsn this data set come from the 20@@ustment of the GPS
SuperNet network iCanada Craymer and Lapell&997 in ITRF2005(Altamimi et al.
2007) epoch 200®. The ellipsoidal heights were corrected for the effect of the glacial
isostatic adjustment of the crust usinGBSSderivedcrustal velocity model developed
by GSD(i.e., the National Velocity Model 1.0)igure3.4 shows the distribution of these
1,315 stations

The effect of post glacial rebound or glacial isostatic adjustment in North America has an
effect on the geoid that ranges between108 mm/yr, while the maximum vertical
crustal displacement may reach up to approximately 12 mimfixe Hudson Bay regio
(Rangelova 2007).
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Figure 34: Geographicadlistribution of1,315Nov07 GNSS benchmarks in Canada

The GNSS/levelling data for the.8JA. was provided byhe National Geodetic Survey
(NGS) of National Oceanic and Atmospheric Administration (NOAAhis dataset
consists of 1899 points from the continental . 8JA. made available at
http://www.ngs.noaa.qgov/GEOID/GPSonBM09/

The GNSS ellipsoidal heights weregiven in NAD83 (CORS96) 2002.cand were
transformed to ITRF2008poch 2006.Qsing software developed by NG&vailable at
http://www.ngs.noaa.gov/TOOLS/Htdp/Htdp.shfmd make them consistent with the

Canadian data points. The asthetric heights are in NAVD88The geographical

distribution of these data points is shown in Figube 3.
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Figure 35: Geographicatlistribution of 18399 NAVD88 GNSS benchmarks in.8IA.

Figure 3.6 shows the coverage of the official Canadian gravimetric geoid model
CGG2010over North America, while Figures 3.7 and 3.8 showdlifferences between
thedir_r4+EGM2008geoid heights and the geoid heights obtained from GNSS/levelling
in order toemphasizethe existing spatial tilts in the NAVD88 and Nov07 levelling

networks.
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Figure 3.6: CGG2010 gravimetric geoid mdel over North America (www.geoid.nrcan.gc.ca/hm/images/cgg20)0.jpg
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Figure 3.8: Geoid height differencefi-H-NY"-"4+*ECM2008 (in meters)for the U.S.A.
NAVD88 GNSS/levelling benchmarks

It can be seen from Figure 3.7 thatthe NovO7 network there is a noticeabestwest
tilt and a less significant nortksouth tilt while Figure 3.8 shows that there is both a
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significant eastvest tilt and nortksouth tilt present in the U.S.ANAVD88 levelling
network which can be attributed to the accumulation of systematic levelling errors and

the difference of the mean sea levels between the west and east coasts of North America.

34 Results and Discussion

This section describes the evaluation results by means of geoid height comparisons in
Canada andhe U.S.A. Absolute comparisons are presented and the performance of the
GOCE models in different spectral bands is investigated. The omission error of the

GGMs is approximated using the high resolution mé&{&M2008

3.4.1 Global Cumulative Geoid Error from Degree Variances

The cumulative global geoid error can be evaluated fronettoe degree variances of a
GGM. The total cumulative geoid error is the square root of the sum of the error degree
variances. Figure 3.9 shows the cumulative geoid errors at difféegrees of truncation

for the third and fourth generation direct and tiwise GOCE GGMsAs the gravity

field model error curves are derived from error estimates as a result of a least squares
solution (i.e.,utilized in order obtain the spherical hasnic coefficients), they can be
regarded as Ai ntFRomrFigured3d.9,dtrcan be seem that at megtee and
order 200, which corresponds to a spatial resolution of approximately 100 kdir_ti7e

model has a cumulative geoid error of apmately 1 cm, while théim_r4 model has a
cumulative geoid error of approximately 4 cm. This is an improvement over the third
generation models, whedé_r3 has a cumulative geoid error of approximately 3 cm and

thetim_r3 has a cumulative geoid error of approximately 6 cm at degree and order 200.

Thus, with the release of tliir_r4 model, it appears that the GOCE mission objective of
obtaining the geoid with a global accuracy e tm at a spatial resolution of 100 kiash
been achieved. With longer time series of GOCE observations, theviseeapproach

may also achieve a global cumulative geoid error-8fcin at truncation degree 200. In
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the following sections 3.4.2 and 3.4.3

estimated by comparison with geoid height derived from GNSS and levelling data.
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Figure 3.9: Cumulative geoid error (cm) foelease4 and elease3 GOCE GGMs

3.4.2 Absolute GGM Evaluation using GNSS/Levelling Data

The statistics of geoid heighlifferencesafter a constant bias fitsing 1,315 Canadian
GNSS/levelling benchmarks are given in Table 3.3 while the statistics of the geoid height
differences extended witBGM2008are given in Table 3.4. It is evident based on the
results from Table 3.8hat the fourth and third generation GOCE satetlitéy models
perform better than the second and first generations GOCE satalltenodels. For
example, the standard deviation of the geoid height differences fdinthet model is

29.9 cm, compared to 32.3 cm trih_r3, 33.5 cm oftim_r2, and 35.7cm of tim_rl.
Similarly, it can be observed from Table 3.3 that die r4 standard deviation of the
geoid height differences is 29.7 cm while for the third generation naidel3 the
standard deviation of the geoid height differences is 32.1 cm, and it is 34.7 cm for the

second generation modsgit_r2.
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Table 33: Statistics of geoid height differencéafter a constant bias fit)sing 1,315
Canadian GNSS/levahg benchmarks.

Model Nmax Min (cm) | Max (cm) | Std. Dev. (cm) | Mean (cm)
go_cons_gcf 2 dir r4| 260 | -108.9 97.7 29.7 -53.5
go_cons_gcf 2 dir r3| 240 |-114.4 101.5 32.1 -54.3
go_cons_gcf 2 dir r2| 240 |-124.4 110.3 34.7 -55.1
go_cons_gcf 2 dir rl| 240 |-117.8 93.7 29.6 -53.2
go_cons_gcf 2 tim r4 250 |-120.0 95.0 29.9 -53.3
go_cons_gcf 2 tim r3 250 |-119.2 104.0 32.3 -54.3
go_cons _gcf 2 tim r2 250 |-124.3 112.5 33.5 -54.9
go_cons_gcf 2 tim rl 224 | -140.4 118.0 35.7 -55.1
go_cons_gcf 2 spw 240 |-126.0 121.6 34.1 -56.4
go_cons_gcf 2 spw 1210 |-166.3 124.7 37.4 -55.3
goco03s 250 |-113.9 105.4 31.9 -54.1
goco02s 250 |-123.2 113.2 33.2 -54.5
goco01s 224 | -140.1 117.3 35.3 -54.7
DGM-1s 250 |-113.4 126.3 32.9 -54.2
itg-grace2010s 180 |-135.9 135.2 43.6 -59.1
eigenbs 150 |-170.9 215.7 49.3 -64.3
eigen6s 240 | -125.3 106.8 34.8 -55.1
eigenbc 360 |-92.5 66.1 24.2 -50.2
eigen6ce 1420 | -50.0 48.5 14.0 -44.4
EGM2008 2190 | -55.5 45.7 13.3 -44.1

The first generation modelir_rl appears to perform better than the second, third, and
fourth generation direct models, this is because the background mode| faris eigen

5c¢, which is not a satdite-only model (see Table 3.1).h& eigen5¢ model contains
terrestrial gravity datayhich means that the higher frequency components of the gravity
field are better modelled wittiger5¢c when compared to GGMs that only contain data
from satellitebased platformslt is shown in Table 3.3 that the GGMs based on the
spacewise approach p&arms on the whole worse than the tiwese and direct approach
based GOCE models. For exampim_r3 has a standard deviation of 32.3 cm compared
to thespw_r2which has a standard deviation of 35.7 cm. Of course, the GGMs which
include terrestrial graty data such asigenbc, eigen6c, andEGM2008have the best
agreement with the GNSS/levelling data; this is expected as these datasets yield geoid
heightsthatare spectrally more consistent with the geoid heights from GNSS/levelling as
compared to geoid heights obtained from GGMs that do not contain terrestrial gravity
data.
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Table 34: Statistics of geoid height differencéster a constant bias fityith EGM2008
extendedGGMs to degree and order 2,19@sing 1,315 Canadian GNSS/levahg
benchmarks.

Model Nimax Min (cm) | Max (cm) | Std. Dev. (cm) | Mean (cm)
go_cons_gcf 2 dir r4| 260 | -74.7 45.0 16.6 -45.5
go_cons_gcf 2 dir r3| 240 |-69.3 55.4 19.7 -45.3
go_cons_gcf 2 dir r2| 240 |-85.0 63.5 23.2 -46.1
go_cons_gcf 2 dir r1l| 240 |-53.2 47.7 14.4 -44.1
go_cons_gcf 2 tim r4 250 | -66.7 45.3 16.8 -45.3
go_cons _gcf 2 tim r3 250 |-72.1 54.8 20.6 -46.3
go_cons_gcf 2 tim r2 250 |-106.9 58.2 22.4 -46.9
go_cons_gcf 2 tim rl 224 | -63.3 49.7 21.8 -45.4
go_cons_gcf 2 spw 1240 |-82.9 62.3 21.7 -47.3
go_cons_gcf 2 spw 210 |-70.3 66.9 22.4 -44.8
goco03s 250 | -74.7 55.7 20.0 -46.1
goco02s 250 |-107.8 55.9 22.1 -46.5
goco01s 224 | -63.5 52.4 21.2 -45.1
DGM-1s 250 |-89.8 52.4 22.8 -46.2
itg-grace2010s 180 |-71.4 89.9 23.6 -44.4
eigenb5s 150 |-142.2 121.7 32.9 -49.6
eigen6s 240 | -87.3 66.8 23.4 -46.1
eigen5c 360 |-74.5 54.8 18.1 -46.1
eigen6c 1420 | -50.4 48.1 13.7 -44.1
EGM2008 2190 | -55.5 45.7 13.3 -44.1

Likewise, results presented in Table 3.4 show more or less the same trends as the results
from Table 3.3. The standard deviations and the mean value of the geoid height
differences have decreased in general for most of the G@8&d GGMs, since the
modelshave been extended withGM2008 which incorporates terrestrial gravity data.

For example, fotim_r3the mean value of the geoid height difference from Table 3.3 is
54.3 cm and it is 46.3 once extended wWBEBM2008 The approximate effect of the
GOCE omssion error on the mean geoid height difference is thus 8 cm. When comparing
the mean geoid height differences between Table 3.3 and 3.4, it can be seen that the
effect of the omission error it is greater for GRACE based models, which is at the dm
level. This has do with the fact that GRACE based models are only expanded to a
maximum degree and order of 150 to 180 while GOCE based models are usually
expanded to a maximum degree and order of 240 to 260. Here it is evident that including
the SGG orboard theGOCE mission has helped to resolve higher frequencies of the
gravity field when compared withr@ GOCE missions such as GRACE.
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The statistics of geoid height differences after a modeling the systematic errors found in
the NovO7 GNSS/levelling data with dape for the 1,315 Canadian GNSS/levelling
benchmarks are given in Table 3.5. The same trends observed from the results in Table
3.3 can be observed from thesults presented in Table 3.5, despite the fact that the
magnitude of the standard deviation loé¢ tgeoid height differences has decreased on the
whole after removing the systematic effects in the levelling network with a planar fit.
Again, it is the GGMs with the longesie-series ofGOCE obserations that have the

best agreement with the Nov07 GBIfvelling data.

Table 35: Statistics of geoid height differencéster a planar fitusing1,315Canadian
GNSS/levding benchmarks.

Model Nimax Min (cm) | Max (cm) | Std. Dev. (cm) | Mean (cm)
go_cons_gcf 2 dir r4| 260 | -158.9 42.7 25.6 -53.1
go_cons_gcf 2 dir r3| 240 |-160.6 40.1 28.6 -53.8
go_cons_gcf 2 dir r2| 240 |-171.4 44.3 31.3 -54.6
go_cons_gcf 2 dir r1| 240 |-162.9 29.6 26.1 -52.6
go_cons_gcf 2 tim r4 250 | -164.7 310 26.5 -52.6
go_cons_gcf 2 tim r3 250 |-164.4 38.8 28.9 -53.8
go _cons_gcf 2 tim r2 250 |-171.1 46.7 30.0 -54.4
go_cons_gcf 2 tim rl 224 | -187.3 61.7 32.5 -54.5
go_cons_gcf 2 spw 1240 |-174.20 55.8 30.6 -55.8
go_cons_gcf 2 spw 1210 |-213.4 66.2 34.0 -54.7
goco03s 250 |-158.8 40.4 28.3 -53.6
goco02s 250 |-169.6 47.8 29.5 -53.7
goco01s 224 | -186.7 61.0 32.1 -54.2
DGM-1s 250 | -159.5 61.2 29.6 -53.7
itg-grace2010s 180 |-174.7 93.2 40.6 -58.6
eigenbs 150 |-224.6 140.9 46.2 -63.8
eigen6s 240 | -172.3 40.8 31.4 -54.6
eigenbc 360 |-133.5 5.3 19.3 -49.7
eigen6e 1420 | -78.5 2.2 8.7 -43.9
EGM2008 2190 | -79.3 0.8 8.0 -43.6

Table 3.6 shows the statistics of geoid height differences after a constant bias fit for the
U.S.A. using 18,399 GNSS/levelling benchmarks, while Table 3.7 shows the same
statistics for the geoid height differences wiEGM2008 extended GGMs. The same
trerds as seen in Canada from Table 3.3 are observed for the U.S.A. from Table 3.6:
GOCE satelliteonly models that contain longer tirseries of GOCE observations
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generally have smaller standard deviations of geoid height differences than models with
shortertime-series of GOCE observations, with the greatest difference observed between
first generation GOCE GGMs and fourth generation GOCE GGMs. Geoid heights
obtained from GOCE based GGMs have better agreement with geoid heights from
GNSS/levelling when compad with GRACE based GGMs, and lastly, satellite models
that also include terrestrial gravity data still has the best performance overall due to their

ability to model the higher frequency components of the gravity field signal.

Table 36: Statistics of geoid height differencéafter a constant bias fit)sing 18399
U.SA. GNSS/levelling benchmarks.

Model Nimax Min (cm) | Max (cm) | Std. Dev. (cm) | Mean (cm)
go_cons_gcf 2 dir r4| 260 |-184.1 154.9 42.0 -50.1
go_cons_gcf 2 dir r3| 240 |-202.5 184.1 44.8 -50.4
go_cons _gcf 2 dir r2| 240 |-211.9 188.4 46.1 -50.3
go_cons_gcf 2 dir rl| 240 |-167.6 165.6 42.4 -50.9
go_cons_gcf 2 tim r4 250 |-187.5 153.2 42.8 -49.9
go_cons_gcf 2 tim r3 250 |-188.8 170.5 44.3 -50.0
go_cons_gcf 2 tim r2 250 |-195.3 185.7 44.9 -50.6
go_cons_gcf 2 tim rl 224 | -207.1 208.0 46.8 -51.0
go_cons_gcf 2 spw 1 240 |-229.8 225.0 46.8 -50.9
go_cons_gcf 2 spw 1 210 |-242.9 230.2 47.7 -51.3
goco03s 250 |-187.7 177.5 44.1 -50.2
goco02s 250 |-196.8 187.1 44.6 -50.5
goco01s 224 | -209.9 201.1 46.3 -50.7
DGM-1s 250 |-201.8 195.6 45.3 -50.7
itg-grace2010s 180 |-272.1 249.6 57.2 -50.3
eigenbs 150 |-367.1 365.2 62.8 -48.9
eigen6s 240 | -217.8 186.7 46.4 -49.9
eigenbc 360 |-144.8 136.9 35.3 -50.2
eigen6e 1420 | -86.0 72.7 30.3 -48.0
EGM2008 2190 | -81.6 68.7 30.1 -48.0

The most interesting difference between the performance of GOCE GGMs in Canada and
the U.S.A. is that the GOCE omission error is not as significant in the U.S.A. For
example, the mean value of the geoid height differences for the third generation satellite
only combined modejoco03sfrom Table 3.6 is 50.2 cm while the mean value is 47.6
cm for thegoco03s+EGM2008nodel from Table 3.7. This difference is less than 3 cm.
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Likewise, even for the GRACE based models, the effect of the omission error is

approximaely 2 cm in the U.S.A.

Table 3.7: Statistics of geoid height differencéafter a constant bias fityith EGM2008
extended GGMs to degree and order 2,190sing 18,399 U.S.A. GNSS/levelling
benchmarks.

Model Nimax Min (cm) Max (cm) Std. Dev. (cm) | Mean (cm)
go_cons_gcf 2 dir r4| 260 |-120.2 96.0 33.7 -48.0
go_cons_gcf 2 dir r3| 240 |-108.3 90.0 33.3 -47.8
go_cons_gcf 2 dir r2| 240 |-143.3 96.3 35.7 -47.6
go_cons_gcf 2 dir r1l| 240 |-84.6 78.7 30.9 -48.3
go_cons_gcf 2 tim r4 250 |-102.5 82.8 32.6 -47.2
go_cons _gcf 2 tim r3 250 |-112.8 93.0 34.6 -47.7
go_cons_gcf 2 tim r2 250 |-124.7 110.1 35.6 -48.0
go_cons_gcf 2 tim rl 224 | -113.9 94.5 34.2 -48.0
go_cons_gcf 2 spw 1 240 |-127.8 122.9 36.2 -48.3
go_cons_gcf 2 spw 1210 |-98.1 77.3 33.6 -48.1
goco03s 250 |-116.2 92.6 34.3 -47.6
goco02s 250 |-123.5 112.0 35.3 -47.9
goco01s 224 | -113.5 94.9 33.6 -47.7
DGM-1s 250 |-148.1 111.2 35.7 -48.1
itg-grace2010s 180 |-97.7 95.7 36.3 -48.7
eigenbs 150 |-169.8 170.6 49.1 -47.2
eigen6s 240 | -147.4 93.2 36.0 -47.2
eigenbc 360 |-119.8 115.5 30.8 -48.6
eigen6c 1420 | -83.7 72.5 30.2 -47.9
EGM2008 2190 | -81.6 68.7 30.1 -48.0

The effect of the GOCE GGM omission error is dependent on the topography/terrain,
which is the main source of which frequency gravity fisighals (Forsberg 1984), as
well as the distribution and density of the GNSS/levelling benchmarks. There is a notable
difference between the density and distribution of the GNSS/levelling benchmarks in the
U.S.A. and Canada. In Canada, the 1,315 benchnpaoksde coverage mostly for the
southern portion of the country while significant areas in the northern portion of the
country remain wsurveyed (see Figure 3.4). Moreovédte mountainous topography
found in the western portion of Canada is coarselyey@d when compared with the
GNSS/levelling benchmark distribution in the U.S.A. This effect will be discussed in in
the next chapter as well, where GOG&sed GGMs are utilized for the computation of

local vertical datum offsets.
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Table 38: Statistics ofgeoid height difference@fter a planar fitusing 18399 U.SA.
GNSS/levelling benchmarks.

Model Nmax Min (cm) | Max (cm) | Std. Dev. (cm) | Mean (cm)
go_cons_gcf 2 dir r4| 260 | -205.7 148.0 27.4 -46.2
go_cons_gcf 2 dir r3| 240 |-196.1 176.9 31.6 -46.4
go_cons_gcf 2 dir r2| 240 |-202.3 178.6 33.5 -46.3
go_cons_gcf 2 dir rl| 240 |-196.5 158.0 28.3 -46.9
go_cons_gcf 2 tim r4 250 |-215.8 146.6 28.5 -45.9
go_cons_gcf 2 tim r3 250 |-217.2 163.8 30.4 -46.0
go_cons_gcf 2 tim r2 250 |-198.8 178.3 31.7 -46.6
go_cons_gcf 2 tim rl 224 | -208.7 200.3 34.1 -47.0
go_cons_gcf 2 spw 1240 |-212.1 217.4 34.5 -46.9
go_cons_gcf 2 spw 1210 |-225.3 222.1 35.6 -47.3
goco03s 250 |-211.5 170.6 30.2 -46.2
goco02s 250 |-194.4 179.9 31.5 -46.5
goco01s 224 | -2029 202.6 33.6 -46.7
DGM-1s 250 | -203.5 188.1 32.7 -46.7
itg-grace2010s 180 |-253.4 242.5 47.2 -46.3
eigenbs 150 |-347.0 359.6 53.6 -44.9
eigen6s 240 |-1998 180.1 33.9 -45.9
eigenbc 360 |-173.6 66.1 19.0 -46.0
eigen6ce 1420 | -70.3 -10.3 7.2 -44.0
EGM2008 2190 | -67.6 -10.0 6.2 -44.0

Lastly, Table 3.8 shows the statistics of geoid height differences after a planar fit for the
U.S.A. using 18,399 GNSS/levelling benchmarks. Again, the same trends observed in

Table 3.6 can be observed from the results presented in Jablés expected, after

removing the spatial tilts from the NAVD88 levelling network by fitting a plane to the

GNSS/levelling data, the magnitude of the standard deviations in Table 3.8 have

decreased overall when compared to the magnitude of the stateldations presented

in Table 3.6.

Thus, for both Canada and the U.S.A. it is recommended to use fourth generation GOCE

based GGM for applications such as geoid modelling or unification of height systems.
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3.4.3 Performance of theGGMs in Different Spectral Bands

In order to evaluate the GOCE GGM performance in different spectral bands the models
are truncated at a selected degree (i.e., from degree and order 10 to the maximum degree
and order of the model in intervals of 10 degre€bg spherical harmonic coefficient of

each model from the truncation degree to the maximum degree and order of the model is
replaced byEGM2008coefficients, and the models are additionally extended to degree
and order 2190 (i.e., th@,.x0of EGM200§. Figure 310 shows the performance of the
time-wise GOCE GGMs (i.e., the pure GOCE models) and tweGDEE era GRACE
satelliteonly mockls for Canada while Figure 3.8ows the same for the U.S.A. Similar
trends are observed for both countries. Firstyinaprovement of each successive release

of GOCE models due to increasing length of GOCE observations included in each
consecutive model generation is observed (i, r4 performs better thatim_r3 and

tim_r3 performs better thatim_r2 etc). Secondly the GRACE based GGMs lose their
signal in lower degrees, while the GOCE models show more signal content in higher
spectral bands, which can be attributed to the inclusion of 27 tmonths of GOCE
observations. Thus, it can be concluded that the inelusiceven 2 months of GOCE
observations will provide additional information about the gravity field in both Canada
and the U.S.A.

In Figure 3.11 the performance of the direct GOCE GGMs are shown along with the
background modelsigen5c for dir_rl anditg-grace2010dor dir_r2 while dir_r2 is

used as the background modeldar r3. Similarly, Figure 3.15 shows the same models
for U.S.A. Of course, the same trends as seen in Figures 3.10 and 3.14 with tveséme
GOCE models are also seen with the dif@O@CE models. The interesting feature to note
is that thedir_r1 model in Canada shows improvement with respeetger5c, which

can be attributed to the inclusion of 2 months of GOCE data. However, in the U.S.A this

cannot be observed.
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Figure 3.10: Standard deviation of the geoid height differentafter planar fit with
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Figure 3.11. Standard deviation of the geoid height differenaféer planar fit with
omission error estimates froBGM200§ for the direct approach GOGkased model
and their background models
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Figure 312 shows the performance of the combined GOCE satellite only models for
Canada while the same can be seen in Ei§ub for the U.S.A. Inboth Canadaand the
U.S.A.these models have similar performance up to approximately degree and order 180,
while gocoO3shas the best performance in the higher spectral bands due to the fact that it
contains the longest timmeriesof GOCE observations. All of the combined sateltitdy

models contain approximately seven years of GRACE data, hence the very similar
performance in the lower spectral bands of 10 to 100 in terms of spherical harmonic
degrees can be seen in Figure2Zand Figure 3.16

It is interesting to note that the fourth generation models ¢lie.r4 andtim_r4) that
contain more than double the length of GOCE observations when compared with the
third generation combined models show little improvement in the medium range spectral
band (i.e., between 100 to 200), though the improvement is clear in the hightealspec
bands (i.e., above degree 200). The similar performance of the models can be attributed
to the use of the same GOCE observations as well as similar dgteopessing (e.g.,

same daliasing models and GNSS orbits are used; Pail et al. 2011). Fooiteer
Figures 3.10, 3.11, and 3.12 illustrate that the GOCE GGMs have better performance
when compared t&GM2008in the medium wavelength range (i.e., from degree and
order 100 to 180). Pail et al. (2010b) have shown that GRACE is the most important
datagt for the modeling of the long wavelength components for the gravity field (i.e.,
degree and order 2 to 100) whereas GOCE is a significant contributor from degree and
order 100. Due to the improved performance of GOCE GGMs in the medium wavelength
range,utilizing a GOCE GGM for local vertical datum offset computations orVigr
determination is expected to yield a more accurate geoid signal in this particular spectral
range (i.e. ~100 to 200) when compare&@\vi2008

In Figure 3.13 and Figure 3.17 itrche seen that in both Canada and U.S.A. respectively,
the spacavise GOCE models show a significant deviation in performance after degree
and order 180 in Canada and 160 in U.S.A. when compared with third and fourth
generation GOCE satellite only GGMs.
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Figure 3.12 Standard deviation of the geoid height differentafter planar fit with
omission error estimates froBGM2009 for the combined GOClBased models.

On the whole, it is evident that the GOCE models perform very similarly up to degree

and order 182 0 O , after which al/l of the model s
GOCE satelliteonly GGMs should only be used up to degree and order 180 to 200 for
applications such as computing local vertical datum offsets. In Catiatda4 can be

used up degree and order 20, r4 can be used up to degree and order-200;, and
goco03sxcan be used up to degree and order180. In the U.S.Atim_r4 can be used up

degree and order 19P00; dir_r4 can be used up to degree and order-28@, and
goco03aup to degree and order 1800.

The results in this section are in agreement with other GOCE model evaluation studies.
For example, Ince et al. (2012) have shown that GOCE models generally conform to the
accuracy of terrestrial data within the spectral band of degree 90 to 180 in Camdda,
tend to deteriorate beyond degree 180. Likewise, Gruber et al. (2011) have shown with
the first generation GOGhased GGMs via the evaluation of geoid slopes differences in
Germany that at truncation degrees higher than 180, the pure GOCE modeis will

longer contain the full gravity field signal due to the attenuation of the gravity signal with
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respect to the satellite height. However, with the release of the fourth generation GOCE

GGMs, the full gravity signal can be observed up to degree and20a2110.
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Figure 3.13 Standard deviation of the geoid height differenafter planar fit with
omission error estimates froBGM200§ for the spacavise GOCEbased models.
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3.5 Summary

To conclude, the fourth generation GOCE GGMs have the best performance overall in
Canada and U.S.A. when validation is performed with an external dataset such as geoid
undulations obtained from GNSS and levelling d&faapter 4 and Chapter 5 will focus

on the use ofjoco03s(expanded to degree and order 180¢ tim_r4 model (expanded

to degree and ord@00) and thedir_r4 model (expanded to degree and order 200)he
computation of local vertical datum offsets and for the evaluadtiprnThe motivation of
utilizing goco03scomes fromPail et al. (2016), where it has beeshown that utilizing a
combined GRACE and GOCE GGM is expected to yield a more accurate geoid signal in
spectral rangd00-180 when compared t&GM2008 Similarly, thedir_r4 GGM also
contains GRACE data in its background modéle motivation of usingim_r4 is that it

is the only GOCE satellitenly model that does not use anyréori background model

or any complementary data sources in the construction of the mieete the
contributions from GOC#only observations can be highlighted with the usenofr4.

69



From the absoluteomparisorof geoid height differences the ultra high resolution GGMs
EGM2008and eigen_6cshow better performance than the rest of the tsofte both
Canada and U.S.A. This is because both Canada and U.S.graarmetrically well
surveyed and thus have a good coverage of terrestrial gravity measurements that can
adequately model the higher frequency signals of the gravity field. Thessttiair
gravity measurements were used in the development afltifzehigh resolution GGMs

and this is the main reason for the superior performance of these models in Canada and
U.S.A. The opposite situation is observed in the regions with poor coverndge aad

quality of terrestrial gravity measurements. For example, the geoid accuracy of
EGM2008is at the drrevel over large parts of Asia, Africa, South America, and
Antarctica due to the lack of high resolution terrestrial data in these region®f(idirt

2012). It is for these regions, where dense terrestrial gravity observations are missing,

that GOCE is expected to contribute most significantly.

Lastly, accounting for the effect of RTMan improve the comparison results between the
geoid heighdifferences which can play an important role in the evaluation of GGMs in
mountainous regions (Hirt et al. 201The contribution higher frequency gravity field

content from RTM maybe considered for future GGM evaluation studies for North

America.
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CHAPTER 4
ESTIMATING VERTICAL DATUM OFFSETS IN NORTH AMERICA WITH
GOCE GLOBAL GEOPOTENTIAL MODELS

41 Introduction

Vertical datum realization and unification has been amongst one of the main topics of
research in geodesy, and has been discussed in detail over the lastetades by
Colombo (1980), Rummel and Teunissen (1988), Heck and Rummel (1990), Rapp and
Balasub amani a (1992), Xu (1992), Rumme | and
al. (2004), among others. These studies have illustratethyradgtermining the potential

value of a LVD it is possible to relate different datums around the world, and also to

define a world vertical datum.

In theory, the choice of the datum point (or datum origin) and its potential value can be
arbitrary, but as heights are in practice given wetspect to the MSLthe datum points

are usually choseat orclose to tide gages (tied to the vertical control network), and the
adopted potential value at these points are chosen such that the zero level coincides with
the MSL. However, due to the fact that the MSL varies both spatially and temporally, the
zero level defined fronthe long term averaging of tide gauge records results in different
reference surface between datum zomedllustrated in Figure 4.1, whe@ and O®

are the datunorigin pointsthat define the reference surfadeslatum zong and datum

k; ha andhg are the ellipsoidal heights of poiAtand pointB obtained from GNSS1?,

and H®; are the orthometric heights obtained from leveling in datum game datum
zonek at pointsA andB, respectivelyN?, andN®g are the geoid undulations obtained
from GNSS/levelling in datum zorjeand datum zon& at pointsA andB, respectively;

and UN?, and UN®g are the local vertical datum offsets with respect to the global
conventional geoid\p, It should be noted that the geoid and the ellipsoidal surfaces

illustrated in Figure 4.1 are in reality not parallel to each other.
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Figure 4.1: Relations between points on different reference surfaces.

The aim of theGOCE mission is to directly provide potential differences between
benchmarks in different datum zones (Gerlach and Rummdl).20he GOCE geoid
heights can be combined with ellipsoidal heights derived from space based techniques
such as GNSS and physical heights derived from legelind gravimetry at the

benchmarks in order to determine datum offsets between datum zones.

Thus, the potential and the LVD offsets for three vertical daturioith America (i.e.,
CGVD28, NAVDS88, and Nov(7see Chapter 2 Sectiorb2arecomputed witlrespect to

a conventionalglobal equipotential surface using GOCE GGMs this respectthe
following are assessed: the effect of the GQ@&del omission errors, the effect of the
GOCE model commission error in combination with the errors of the GNSE&llieg

data, as well as the effect of the systematic levelling errors on the LVD offsets. The
remainder of the chapter is organized as follows: Section 4.2 reviewsdthodology

and data utilizedresults are presesd and discussed in Section 4aBd asummary of

the main outcomes are given Section 4.4.
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4.2 Methodology

According to Rummel (2001) there are three basic approaches or methods available for
the connetion of different datum zones:

1) direct connection by levelling and gravimetry,

2) oceanograpic approaches, and

3) indirect connection by solving the geodetic boundary value problem (GBVP).

Option (1) is not suitable for global height unification since it can only be used on
continents while option (2) relies on the fact that the mean dynamicraggog(MDT;

i.e., the height of the sea surface above the geoid) should be precisely known at co
located datum point tide gauges for which the MDT difference between tide gauges from
different datum zones would correspond of the datum or height offsetdretive datum
zones (Gerlach and Rummel Z)1The MDT can be obtained from oceanographic
models or from altimetry determined mean sea surface (MSS) heights and a precise
gravimetric geoid model. However, altimetry determined sea surface heights in coastal
regions tend to have poor accuracy due to the fact that the altimetry signal is likely to be

contaminatedby the land portion of the coastline

Following the work of Rummel and Teunissen (198&)., option (3)) one begins with

the assumption that there akel differentLVD zonesq?, i= { 0, J},whiéh,refer to
different tide gauges and consequently have different reference surfaces. Choosing one of
these datms as a reference datuthe height unification method aims to link all the other

datum zones to the reference damyfn
The geopotential differencd datum zong can be evaluated by
) W W (4.2)

whereW, refers to the gravity potential of tlselected reference datum a\h@jréfers to

the gravity potential of the LVD in datum zope
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The offset of the local zero height surface from the reference level surface is

16— (4.2)

The solution to the GBVPRor pointsP is given by:

Y o ——— —AY $Q 1o Q 8 (4.3)

The qg' | dre biased gravity anomalies derived from terrestrial data and the unbiased

gravity anomaliegre obtained after correctifigr the datum offset of datum zojie

®QdQ T 8 (4.4)

The qu' I répresents the gravity anomaly on the topographic surface reduced to the zero

height surface in the zofeising the orthometric height® using:

o«

wQ Q —10 [ (4.5)
wheregpri s t he measured gravityPadyidtheeorniahr t h o s

gravity evaluated ahe ellipsoid. It follows thatm' 'i3 biased sincel?” is biased due to

the unknown offset between the height reference surface through datun®panmat the
geoid.The terméﬂ\/\/( lid interpreted as thifree-aird reduction which is used to reduce

the gravity anomalym( ! flom the local zero height surfate the level surface defined

by the Wy value. Of course, it is not possible to correct the biased gravity anomalies

before one is able to determitdf | Equation (4.8 i s i ns esequatbn(seen Br un
Chapter 2Eq. (2.32)):

1 J— (4.6)
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whereq W=Wo-Uo.

Thus,the observatin equation of the geoid height can be given by:

— — — —AY $QQ B —OA Y Q 8

(4.7)

The first bracketed term on the right hand side in (Bd) is the zereorder term(see
Chapter 2, Eqg. (2.51)).

The third term in Eq(4.7) is the solution of the Stokes integral with the local gravity

anomalieqi.e., geoid height determined using Steoketegral)
0 —A Y WwQ Q 8 (4.8)

The fourth term represents the indirect effect of the terrain on the geoid. Using

S= zie‘qi S‘(Pé (qiiQﬁthe fourth term in EqQ. (4.7) can be written as:

B —JwA Y Q B -Y6 B Y10 8 (49
Substituting Eq. (42 Eq.(2.5)), Eq. (4.8) and Eq. (49Eqg. (4.7) becomes:

0 o0 10 6 B Y10 h (4.10)

wheretiN( Jid thelocal datum offset, an®’ _S-tN' is the indirect bias ternThus, the
height reference surface of a specific datum zone deviates from the unbiased geoid not

only due to its own datum offset (i.e., the direct bias term) but also due to the integration
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of biased gravity anomalies (i.@he indirect bias term). If no satellite based gravity
model is used, this error amounts to approximately the same size as the datum offsets,
approximately 1 to 2 m globally (Gerlach and Rummel30However, Gerlach and
Rummel (20B) have shown that thivalue decreases usirgGOCE GGM with a
maximum degree and order of approximately 200; the error does not exceed 1 cm, thus
allowing the effect to be neglected in practical height unificatidditionally,
investigations in North America have shown ttie omission of the indirect bias term

for the computation of datum offsets leads to less than 1 cm offset error for ao6GM
maximum degree and order Mideris et al. 203;Hayden et al. 2012aee Figure 4)2
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Figure 4.2 Effect of indirect bias term in North Americaratax 70 (Sideris et al. 2013).

The geoid height on the left hand side Eqg. (4.D) is computed with the available
geodetic and orthometric heights of the pétrats the difference

5 1 O . (4.11)
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The indrectbias term can bemittedas it has been shown in Figure 4.2 that its effect is
less than one centimeter in North America for GGMs used up to at least degree and order
70. ThusEqQ. (4.10 can be rewritten as

10 5 T O O 8 (4.12)

The geopotential differenaan then beomputed by multiplying the computed offset by

thenormal gravity on the ellipsoid

T w 10 8 (4.13)

Preferably, one would obtain the geoid heiatin Eq. (4.12) from a highaccuracy
satelliteonly GGM, such as the GOGEased models, and evaluate the meditmshort
wavelength geoid signals using local gravity anomalies and topographic information in a
removerestore computational scheme (see Chapt8eion 26). The Canadian official

geoid modelCGG2010(Huang and ¥ronneau 2013) anthe U.S.A. official geoid

model USGG2012 (www.ngs.noaa.gov/IGEOID/USGG2012are both examples of

optimal combinations of a satelitslly GGM, local gravity, and topographic
information. TheCGG2010geoi d hei ghts are available on
covers 20N to 80N and-170W to -10 W while the USGG2012geoid teights are
available on a 16 by 1d& tagsBN ahd-130Wtoes60W e gi on

for mainland U.S.A.;in addition coverage for Alaska, Hawaii, Guam and Northern

Mariana Islands, Puerto Rico, UAS.Virgin Islands, and the American Samoaalso
available. HenceCGG2010can be utilized to assess the magnitude of the omission error
of the GOCE GGM in a large part of North Amer{sae Chapter 3, Figure 3.6)

Onemay also use th&GM2008(Pavlis et al. 2012) model to approximate the omrssio
error of the GOCE models. HowevdtGM2008is not able to model a gravity field
signal with halkwavelengths smaller than 9 km. The global average omission error is
approximately 4 cm when the geoid is computed u&i@M2008 although it can be

larger in mountainous terrain (Jekeli 2009). In other words, due to the fact that the
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topography of the Earth is the main source of irglquency gravity field signals
(Forsberg 1984), the effect of the omission error in-lgnwg terrain will tend to be
smallerthan inmountainous regions (see, e.g., Hirt et al. 2010). Moreover, the residual
terrain model (RTM) technique (Forsberg and Tscherning 1981; Forsberg 1984; Forsberg
1985) can be used to model the higgquency signals not provided by tB€&M2008
modelWhen wusing the RTM technique a digital
topography is referred to a lomgavelength reference surface, which removes the low
frequency components of the digital terrain model already implied by the GGM (Hirt et
al. 2010. However, in regions with sufficient terrestrial gravity data coverage, such as
Canada or the U.S.A., the remesemputerestore method allows for a more accurate
modelling of the high frequency components of the gravity field. TB@&52010and
USGG2012are better candidates the&xsM2008to quantify the contribution of the high
frequencies of the gravity field that are not modelled by the GOCE GQMs.
gravimetric geoid model developed by Ince et al. (2012), though not an official geoid
model of Canadacan be considered an updated gravimetric geoid model with respect to
CGG2010 as it uses the third generation direct GOCE model for the long wavelength

contributions of the gravity field, and can also be used to quantify omission errors.

It should be emipasized thaCGG2010andUSGG2012are not completely independent
from EGM2008 EGM2008 uses the higlguality Canadian and UA. local gravity
information that is used in the computation@&G2010and USGG2012 Conversely,
CGG2010utilizesgoco0l1gPail et al.2010) andEGM2008from degree 2 to 224 using a
weighted averaging based on the coefficient standard deviationE@nt2008up to
degree and order 2190 (Huang J., Natural Resources Canada, personal communication,
November 29, 2012). IWSGG202, the goco02smodel substitute the GRACE model
that went into makingeGM2008 by applying a cosine taper to blend tgeco02s
coefficients with those oEGM2008 starting at degree and order 100 and ending at
degree and order 200, which prodsieemodified reference model reflecting GOCE data
for the midwavelengths of the gravity field signal (Roman D., National Geodetic Survey,

personal ommunication, March 21, 2013)herefore, one can expect that the effect of
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the GOCE omitted signal on the LVD offsetsll not differ significantly when it is
evaluated by means BGM2008 CGG20100r USGG2012

4.2.1Sources of Error affecting LVD Offset Computations

Systematic and random measurement errors, as well as the omission and commission
errors from the gravity field models will affect the LVD offsets computed from
GNSS/levelling information. According to Kotsakis et @011), a biased LVD offset

(i.e., an dfset value that differs from the true LVD offset value) may result in the

presence of systematic effects and spatially correlated errors in the height data. In such a

case,hp-HPj -Np will not follow the typical trend of a constant offset; rather it mayeal
spatial tilts or even a more complex oscillatory pattern over the network of

GNSS/levelling benchmarks.

Systematic errors that can contribute to biased LVD offsets comprise of datum
inconsistencies between the ellipsoidal heights and the geoildtfierghich result from

the use of different reference ellipsoids in the geoid model and ellipsoidal heights.
Additionally, geometrical distortions in the levelling height data due to-owestraining

the LVD to several tide gauge stations (e.g., CGVDE8)g and medium wavelength

errors in the geoid model, accumulated systematic errors in the levelling network (Entin
1959), improper modelling of temporal height variations, the inconsistent treatment of
permanent tide in the geoid, physical and ellipsdndaghts (Ekma 1989; Makinen and

Ihde 2009), and the uncertainty of the zeflce gr ee t er m of the Earth
which corresponds to a vertical uncertainty of more than 1 cm for thehgaglt surface

of a vertical datum (Kotsakis et al. 201djay also result in a biased LVD offset.

The removal of the systematic effects in the height data can be performed through
appropriate corrections and spatiatttending of the raw geoid height differences or

simultaneously with the LVD offset usingetextended observation equation:

¢

10 He 0 0 Q 0 0 (4.14)
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where the ternalx absorbs the systematic errors through a set of parameterie ap
is a vector of known coefficients dependent on the spatial position of the GNSS/levelling

benchmarks, ang represents the random error of the geoid height difference atRoint

The inseparability between thﬁNF’; term and the bias parameter of thereotor model
remains an open problem in geodesy for the practical determination of local datum
potentials and offsets. A comprehensive discussion regarding examples of parametric
models used for the description of systematic effects can be found in Ho®(2203).

Lastly, commission errors of the GGMs for wavelengths that exceed the size of the test
area can act as a bias on the LVD offset estimate. This effect cannot be reduced by
increasing the sampling distribution of the GNSS/levelling benchmaréisnzay be
especially problemat for small test regions such as tindependent levelling networks

of Vancouver Island and Newfoundland.

4.2.2 Data

The main datasets include physical heights at benchmarks obtained from levelling and
gravimetricmeasurements, ellipsoidal heights obtained from GNSS on the benchmarks,
and geoid heights obtained from GGlé&eChapter 3,Table 3.1)or gravimetic geoid

models (see Table 4.1)

Table 4.1:Gravimetric g¢oid models

Model Data Source References

CGG2010 based on terrestrial gravity data g Huang and Véronnea
global models goco01s and EGM2008 | (2013

USGG2012 based on terrestrial gravity data g NGS Q012

global models goco02s and EGM2008

Ince et al. (2012) Based on terrestrial gravity datand| Ince et al. (2012)
global model go_cons_gcf 2 _dir_r3
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4.2.3 GNSS/levelling Benchmark Distribution

Two subsets of GNSS/levelling benchmarks are used in Canada while the 18,399
GNSS/levelling benchmarks presented in Chapter 3 for GOCE model evaluation (see
Figure 3.5) are utilized for the computation of LVD offsets for the NAVD88 datum in the
U.S.A.

The first datasetin Canadarefers to 308 benchmarks/here theoriginal ellipsoidal
heights and coordinatesere given in ITRF200%Altamimi et al. 2007)epoch 2006.0
and come from the adjustment of t6&€S SuperNehetwork in Canad@&Craymer and
Lapelle 197). Thesehave been updated to ITRF2008 ep&d08.0 usingsoftware
developed by the U.SA. National Geodetic Survey (available at
http://www.ngs.noaa.gov/TOOLS/Htdp/Htdp.shfmtaking into account the effect of
postglacial reboundisingthe velocities from thé&rgusandPeltier (2010JGEODVEL1b

GPSsolution This correction was appliegsing a 2D linear interpolation and with the
assumption thathe acceleration of the vertical motion iera. These benchmarks have
physical heights obtained from levelling that refer to CGVD28, NAVD88, and the Nov07

vertical datums (see Figure 4.3).

The nextdataset refers to levelg data given with respect to the Nov@artical datum.
There are threenain regions: Canadian Mainland ML), Newfoundland (NFD), and

Vancouver Island(AN).

For the Canadian mainland (see Figure 4.4), the relief of the terrain ranges from mean sea
level to 500 m for eastern and most of central Canada while the topodrapbmes

quite rugged for the western portion of the country where the elevation ranges from 500
m to 3000 m, reaching a maximum of 5000 m or more in a few selected Hegas(
Resources Canada 2007).
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Figure 4.3 Distribution of 308 GNSS/keveling berchmarks common in NovO07,
CGVD28, and NAVD88 vertical datums.

| |
-5000-4500-4000-3500-3000-2500-2000-1500-1000 -500 O 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Figure 4.4 Distribution of 1,315 GNSS/levelling benchmarks thee Nov07 vertical
datum forthe Canadian mainland (CML).
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The topography of Vancouver Island as shown in Figure 4.5 can bigl@@tsmedium
rugged terrain, where coastal elevations range from 100 to 500 m while the average
elevation of the interior of the island ranges from 500 to 1500 m, reaching a maximum of
2000 m (Natural Resources Canada 2007).
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Figure 4.5: Distribution of 26 GNSS/levelling benchmarks in Nov07 vertical datum for
Vancouver Island (VAN).

In contrastto Vancouver Islandthe terrain of Newfoundland as shown in Figure 4.6 is
much more flat, ranging elevationfrom mostly 100 to 500 m, reachgna maximum of

700 m in a few areas (Natural Resources Canada 2007).
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Figure 4.6 Distribution of 34 GNSS/levelling benchmarks in Nov07 vertical datum for
Newfoundland (NFD).

4.3 Results and Discussion

In order to assess the performance of @@CEbased models for the computation of
LVD offsets the results are compared with those obtained griglvimetric geoid models

in Table 4.1 As shown in Chapter 3, thgpoco03smodel performs well up to degree and
order 180 in both Canada and U.S.A., whihetim_r4 performs well up to degree and
order200 In Canada thdir_r4 has good performance up to degree and dti@r and it

has good performance up to degree and order 200 in the UI8u4.the GOCE models

are extended from degree and order 18219Q 201 to 2190, and 211 to 2198ing
EGM2008in order to evaluate the effect of the omission error on the computed LVD
offsets.All computations have been implemented with the GRS80 ellipsoid parameters.

The 2010 International Earth Rotation and Reéen c e System Servic
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conventional value of 62636856.0078 (Petit and Luzum2010) was used fo¥\p
defining the global equipotential surface. The height d&talain a tidefree system.

4.3.1 Estimating CGVD28, NAVD88, and Nov07 LVD Utetsin Canada using 308
GNSS/Levelling Benchmarks

Table 4.2 presents the LVD offsets of Nov07, NAVD88, and CGVD28 for the data set of
308 GNSS/levelling benchmarks distributed mainly along the southern region of Canada
(see Figure 4.3). Ae resultsare shownin terms of the potential difference between the
reference conventional surface and the local datum i.d) andthe offset of the LVD

(i.e., iNY). For the leassquares evaluation of Eq. (2)1a unit weight matrix has been
used, assuming @nstant and uncorrelated noise in thewn heights at all data points;

the error estimates shown in the tables indicate a formal statistical acomtgcyhe

main objective of this section is to estimate the effect of the GOCE model omission error
on LVD offset estimations, and as such the effects of systematic errors have not been

taken into account for the numerical computations presented herein.

The effect of the GOCE omission error is quite significant in @anahen computing
LVD offsets. For example, from Table 4.2 , the Nov07 offset computed with
goco03s+EGM200%s -44.8 cm and the offset computed wiitim_r4+EGM2008is -449

cm while the GOCE only models yiel$8.2 cm and53.3 cm, respectively. Thus, the
effect of the GOCE GGM omissiarror on thd VD offsets can be quantified as 13 cm
for the third generation GOCE GGM truncated at degree and order 180, and 8 cm for the
fourth generation GOCE GGMs truncated at degree and order 200 ar8a2&d on the
results from Table 4.2, it can lseen that botkir_r4 andtim_r4 perform very similarly
when the models are truncated at degree and @@@rand 210, respectivelyhe
difference between the evaluated LVD offsets is less than. Tleensimilar performance

is expected as both models uke same7 months of GOCEobservationsand similar
data preprocessing (Pail et al.,, 2011). Likewise, thg-grace2010somission error

affects the computed LVD offsets by 13 cm.
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It is expected that the results obtained Vit G2010 EGM2008 GRACE+EGM2008

and the GOCEEGM2008models will be similar as the same high quality gravity data
are utilized by all three models. For example, the Nov07 offset evaluate&@2008

is -44.8 cm and withlCGG2010it is -45.2 cm. It can be seen tHaGG2010yields a 13

cm difference between the offsets computed wgtto03s and an 8 cm difference
between the offset computed witim_r4, which is similar to the omission error
approximatedy EGM2008 However, a 15 cm effect is observed witgrgrace2010ss
used Based on the smaller offset difference, it can be concludedirtha#t or dir_r4

should be preferred fitg-grace2010d9or the LVD offset computations.

It can also be observed from Table 4.2 that the formal standard deviations of the
estimated LVDoffsets decrease when using models that incorporate the higher frequency
information of the gravity fieldFor example, the standard deviation of the Nov07 offset
usinggoco03ss 2.1 cm while it reduces to 0.7 cm in theco03s+EGM2008ase. This

is becase the geoid heights computed with the GOEGM2008 models are more
spectrally consistent with the GN&&/elling geoid heights than the geoid heights
computed with the truncated GOCE models of degree t8@eneral it can also be
observed that the staadl deviations of the estimated NAVD88.d., 2.2 cm) and
CGVD28 €.g.,1.7 cm) offsets are larger than the standard deviation of the Nov07 offset
(e.g.,0.7 cm), which can be explained by th#erences in thexisting systematic errors

and local datum idtortions in NAVD88 and CGVD28 desbed in Chapter 2 Section

25.

4.3.2 Estimating Nov07 LVD Offsets for CML, VAN, and NFD Networks
Table 4.3 shows the Nov07 offset computed with @@G2010,Ince et al. (2012),
goco03s+EGM2008andtim_r4+EGM2008models, as well as thgoco03sandtim_r4

models The LVD offsets for VAN and NFD are evaluated for a local level surface that is
different from that of the NovO7 CML network.
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Table 4.2 Potential and vertical datum offsets for NovO7, NAVD88, and CGVD28
vertical datum evaluated with 308 GNSS/levelling benchmarks.

Vertical Datum i W (m%s) uN® (cm) i W (m%s) uN® (cm)
goco03s goco03st EGM2008
Nmax-180 Nmax:180 +181 to 2190
Nov07 -5.71+ 0.20 -58.2+2.1 -4.40 £ 0.06 -44.8 £ 0.7
NAVD88 -9.23 £ 0.30 -94.0+ 3.1 -7.91+£0.22 -80.6 + 2.2
CGVD28 -2.77 £ 0.20 -28.3+2.0 -1.46 £0.16 -149+1.7
tim_r4 tim_r4 + EGM2008
Nmax. 200 Nmax: 200+ 201to 2190
Nov07 -523+0.17 -53.3+ 1.8 -4.41 £ 0.07 -44.9+ 0.7
NAVD88 -8.74 £ 0.27 -89.1 +2.7 -7.92+ 0.22 -80.7+ 2.2
CGVD28 -2.29+ 0.20 -23.3+2.0 -1.47+0.16 -15.0+ 1.7
dir_r4 dir_r4 + EGM2008
Nmax: 210 Nmax: 210+ 211to 2190
Nov07 -5.23+0.17 -53.3+1.8 -4.39 £ 0.07 -44.7 £ 0.7
NAVDS88 -8.75 + 0.27 -89.1+2.8 -7.90 + 0.22 -80.5+ 2.2
CGVD28 -2.30 £ 0.20 -23.4+2.0 -1.45+0.16 -14.8+1.7
itg-grace2010s itg-grace2010s + EGM2008
Nmax. 180 Nmax. 180 + 181 to 2190
Nov07 -5.88 + 0.23 -59.9+2.3 -4.57 +0.12 -46.5+ 1.3
NAVD88 -9.39 £ 0.32 -95.7+ 3.3 -8.08 £ 0.24 -82.3+25
CGVD28 -2.94 £ 0.22 -30.0+ 2.3 -1.63+0.19 -16.6 +1.9
CGG2010
Nov07 -- -- -4.42 + 0.06 -45.2 + 0.6
NAVDS88 -- -- -7.92£0.21 -81.0+2.1
CGVD28 -- -- -1.49+£0.17 -15.3+1.7
EGM2008 Nmax:2190
Nov07 -- -- -4.39 + 0.06 -44.8 +0.6
NAVD88 -- -- -7.91+£0.21 -80.6 +2.2
CGVvD28 -- -- -1.45+£0.16 -148+1.7
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Table 4.3 Potential and vertical datum offsets for NovO7 vertical datum evaluated with
GNSS/levelling benchmarks from CML, NFD, and VAN regions of Canada.

Regions i W (m?s?) iN® (cm)
CGG2010

CML (1315) -4.40 + 0.03 -45.0+0.3
NFD (34) -4.31+0.19 -44.1+1.9
VAN (26) -3.81+0.13 -38.9+1.3

Ince et al. (2012)

CML (1315) -4.44 +0.03 -45.3 +0.3
NFD (34) -3.71+0.11 -37.8+1.1
VAN (26) -4.00 £ 0.10 -40.8 £0.9

goco03s Rax: 180

CML (1315) -5.81+0.11 -59.2+1.1
NFD (34) -4.29 + 0.49 -43.7 +5.0
VAN (26) -1.02 + 1.45 -10.4 + 14.8

goco03st EGM2008 npax: 180 + 181 to 2190

CML (1315) -4.36 + 0.04 445 + 0.4
NFD (34) -3.28 £ 0.10 -33.5+1.1
VAN (26) -4.05+0.11 -41.3+1.1

tim_r4 Npax. 200

CML (1315) -545 + 0.09 -55.5+ 1.0
NFD (34) -3.98 + 0.48 -40.6 + 4.8
VAN (26) 240+ 1.11 -24.4+11.3

tim_r4 + EGM2008 nyax. 200 + 20 to 2190

CML (1315) -4.34+ 0.04 -44.3+ 0.4
NFD (34) -3.14+0.11 -32.0+ 1.1
VAN (26) -3.97 £ 0.13 -405+1.3

dir rd npax: 210

CML (1315) -5.36 + 0.09 -54.7+ 0.9
NFD (34) -4.07 £+ 0.37 -41.5+ 3.8
VAN (26) -2.97 £0.97 -30.3+9.9

dir _r4 + EGM2008 npayx: 210 + 211 to 2190

CML (1315) -4.33+ 0.04 -44.2+ 0.4
NFD (34) -3.36 £ 0.10 -34.2+ 1.1
VAN (26) -3.95+0.16 -40.3+ 1.6

tim_rd Npmax: 250
NFD (34) -3.45 +0.37 -35.2+ 3.8
VAN (26) -3.78 £ 0.77 -38.5+£7.9

The results shownn Table 4.3for the CML test networkreflect the same trends
presented for the results in Table 4.2. Once again, the LVD offsets presented in Table 4.3

demonstratehat the addition of the higher frequencies of the gravity field signal to the
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GOCE GGMss an important factdior the accurate determination of the LVD offsets in
CanadaTherefore, i is recommended that a rigorously combined GOCE GGM and local
gravity and terrain data should be used when using GR#SEd GGMs for the
evablation of LVD offsets in Canada.

The esults from Table 4.2mphasizethe fact thatsimply increasing the number of
GNSS/levellingoenchmarks will not necessariigduce the effect of the GOCE omission
error on the LVD offsetsFor example, the offset for the CML network computed with
1,315 bachmarks and théim_r4 model is-55.5 cm while it was-53.3 cm when
evaluated with 308 benchmarks. In this case, increasing the number of benchmarks has
actually increased the effect of the GOCE omissgioor by 2 cm. This increase in the
effect of the ®CE omission error can be explained by the fact that a portion of the
newly added points are located in the rugged terrain of western Caamdeell the
distribution of the benchmarks in the CML network is not necessarily improved with
respect to the 30Benchmark case of the previous section (see Figures 4.3 and 4.4). Thus,
another factor that will affect the LVD offset estimate, in addition to the density of the

benchmarks, is theonfiguration of the GNS&velling network

For the offsets estimated dhe two islands (i.e., VAN and NFD) the effects of the
limited geographical coverage asparse and irregular distribution of the GNSS/levelling
benchmarks can be observed from the results in Table 4.3. For example, the offset
evaluated for VAN usingocd3sonly is-10.4 + 14.8 cm when compared-88.9 + 1.3

cm with CGG2010and-40.8 £ 0.9 cm withthe Ince et al. (2012nodel Using the 3

sigma test, it can be seen that the offset computedgeitb03s(as well as théim_r4
model) yields a statisticallyinsignificant LVD offset for Vancouver Island as the
estimated LVD offset is smaller than three timegatsnal error. This insignificant result

can befurther explained by the effect of the GOCE omission error on the LVD offset of
Vancouver Island, whitis expected to be quite significant due to its rugged terrain (see
Figure 4.5. In other words, neither thgpoco03snor thetim_r4 model truncated at degree

and order 180 and 200, respectively, sufficiently models the geoid signal on Vancouver

Island.On the other hand, it can be seen from Table 4.3 that when the offset is evaluated

89



with tim_r4 expanded to degree and order 250 the valu88$% + 7.9 cm, which is in
much better agreement to the offset values evaluatedG@GiB2010andthe Ince et al.

(2012) gravimetric geoid models.

As expected, in the case for Newfoundland, the effect of the GOCE omission error on the
LVD offset appears to be less significant when compared with Vancouver Island, the
effect on the LVD offseteaches a maximum of 10 cm when comparing results obtained
usinggoco03g0 goco03s+EGM2008As well, when evaluating the LVD offset for NFD

with tim_r4 expanded degree and order 250, the contribution of the higher degree
spherical harmonic coefficients it as stark as in the case of VAN. The difference
between thé. VD offset estimated withim_r4 expanded to degree and order 200 and the
LVD offset estimated wittim_r4 to degree and order 250 is approximately 5 cm for the
NFD test network and approxinedy 14 cm for the VAN test network.

Table 4.4:LVD offset for NovO7 datum for CML, NFD, and VAN regions using error
information for the ellipsoidal, orthometric, and geoid heights.

Region GN® (cm) without error GN® (cm) with error Difference (cm)
information information
goco03s Rax:180
CML (1315) -59.2+1.1 -63.2+1.0 4.0
NFD (34) 437+5.0 56.9+ 2.5 13.2
VAN (26) 104+ 148 77.3+8.9 87.7
CGG2010
CML (1315) 45.0+0.3 41.6+0.3 3.4
NFD (34) 441 +2.0 406+ 1.7 3.4
VAN (26) 30.9+13 37.5+13 2.4

Table 4.4 shows the LVD offsets computed with the inclusion of the ellipsoidal height,
orthometric heightand geoid height errousing gocoO3sand CGG2010in order to
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evaluate the effect of including accuranformation on the LVD offset estimations. The
variances of the spherical harmonic coefficients were used when propagating the
commission errors from the GOCE model to the geoid heights.average error for the
geoid heights obtained frogoco03sis 3.4cm. The error estimates for the ellipsoidal
heights,orthometricheights, and geoitleightsobtained from th&€ GG2010modelwere
provided by GSD. For the VAN test network the mean ellipsoidal height error is
approximately 1 cm, the mean orthometric heigiior is approximately 2 cm, and the
average error for the geoid heights obtained fromGB€2010model is 5 cm. For the

NFD test network, the average ellipsoidal and orthometric height errors are the same as
for the VAN testnetwork while the average gedeight error from th€ GG2010model

is 2 cm. Lastly, for the CML test network the mean ellipsoidal height error is 1 cm, the
mean orthometric height error is 6 cm, and the mean geoid height error obtained from the
CGG2010model is 3 cm.

Based on theesults presented in Table 4.4, a 4 cm difference can be observed in the
LVD offset computed using GOCE commission error information up to degree and order
180, in combination with the error estimates for the ellipsoidal and levelling heights,
when comparetb the LVD offset estimated without any error information for the CML
region. This effect is more pronounced for Newfoundland, where the difference is 13 cm.
One of the reasons contributing to this difference can be explained by the fact that the
geograpital coverage of the NFD network is much smaller when compared to the
geographic coverage of the CML network, and therefore it is more likely to be affected
by the commission errors of the GGM wavelengths that exceed the size of the test area.
The large diference of almost 88 cm for Vancouver Island may be due to the uncertain
reliability of the control data and their errors on Vancouver Island, in addition to the fact
that utilizing only thegocoO3smodel extended to degree and order 180 for the VAN test
network yields statistically insignificant resultgloreover, using only the variances of

the spherical harmonic coefficients may also have an effect as the inclusion of a full
variance cevariance matx may yield different resultsThus, for each of the islands, the

computed potential and offset for the NovO7 datum demonstrate that the GGM
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inaccuracies and the measurement errors cannot average out over the limited geographic

coverage and number of GNSS/levelling benchmarks founalcim egion.

With the goal of unifying height datums with 1 cm accuré€yRS Conventions 200y7)

it can be observed from Table 4.4 that the inclusion of accuracy information for even
high resolution models may be necessary. Utilizing the accuracy informpttovided

with the CGG2010model yields in combination with the errors of the ellipsoidal and
levelling heights results in a 2 to 3 cm difference in the LVD offsets for CML, NFD, and
VAN test networks when compared to LVD offsets computed without acgcurac

information.
4.3.3 The Effect of Systematic Errors on LVD Offsets
In this section, the systematic effects in the height data and their effect on the estimated

LVD offset are examined. For the evaloat of the LVD offset, Eq. (4.)4is used with
the following options for the biasrrector term (Kotsakis et &011):

Null modele (4.19
1-Parameter Mode#HLo 1 1O, (4.16
2-Parameter Model.=|=ﬂo W e . W _ _ Qéeh (4.17)
and

Combined Mode#je @ - . O _ _ Géd 1 10. (4.18

No systematic errors or other biases are modeled within the heighliatausing Eg.
(4.15). The scale parametdrs in Eq. (4.5) may be viewed as ampparent scale

difference between LVD orthometric heights and the GNSS/geoid based orthometric
heights as the raw residuals/geoid height differehseﬁg -Np are often
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topographicallycorrelated The application of the systematic model shown in ([Edl6)

will only be successful in a test network that has a significant height variability so that the

offset parameteliNF’; and the scale parametersan be sufficiently separated through the
leastsquares estimatiofKotsakis et al. 20119f Eq. (4.4). In general, if one expects to
obtain realistic estimates of the LVD offset, the vertical offset term should not be
strongly correlated with the adopted bias corrector term model. Thus the bias corrector
term model should not contain any components fii@iain constant or almost constant
over the test network. As discussed in the previous section, it should be noted that for test
networks with limited geographic coverage, the lovayelength geoid errors will
contaminate the leasguares estimate of the/D offset, thus for such networks it is
necessary to include the GGM commission errors for spatial wavelengths the exceed the
size of the test area when utilizing bias corrector term models to estimate the effect of

systematic errors on LVD offsetBor the model in Eq. (4), Gy is the latitude of the

GNSS/levelling benchmark angb is the longitude; the overall tilt consists of aS\
component;, anda W-E componenk, with respect to the centroid of the test network

(Gys @)- The combined model shovy Eq. (4.B) consists of a combination of the 1

parameter and the@arameter model.

The geoid height differencese plotted in Figures A4to 4.10 in order to show the spatial

tilts present in the respective GNSS/levelling networksle the distribution of the
orthometric heights of the Canadian Nov07, NAVD88, CGVD28, and theAU.S.
NAVDDS88 test networks are shown in Figures 4.11 to 4.14, respectively. Figures 4.7 to
4.9 show that for the Canadian Nov07, NAVD88, and CGVD28 testonks there exists

a significant eastvest tilt, and a less significant norsouth tilt while for the U.3\.
NAVD88 test network, shown in Figure 8,1there is both a significant slavest and
north-south tilt.

93



70

o))
o

9]
5

Latitude (degrees)

9]
o

45

-140 -130

| L | |
-120 -110 -100 -90
Longitude (degrees)

-80
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Figure 4.12: Distribution of H (m) in NAVD88 GNSS/levelling network
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Figure 4.14:Distribution ofH (m) in U.SA. NAVD88 GNSS/levelling rtwork
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