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1 Introduction

From the time many-valued logic was first formulated by Lukasiewicz in the
1920ies, it has been associated with problenis dealing with undefinedness,
incompleleness and non-terinination. In 1938, Kleene introduced many-
valued logics to describe termination properties of recursive functions. Thus,
it scems only natural that semantics of programming languages, especially
of logic-oriented programming languages, be studied using suitable many-
valued logics. .

One of the main problems in the area of semantics for logic programming
is the meaning of negation. Recently, Delahaye and Thibau [2] introduced
a new three-valued logic to describe the semantics of logic programs with
negation. In this note we present a sequent calculus and a natural deduction
formulation of this logic.

This logic is Kleene’s three-valued logic K3 together with a second im-
plication connective —, which is equal to Bochvar’s external implication [7].
The set of truth values is V = {f,u,t}. Kleene’s material implication = is
retained for use in the body of a clause in a logic prograin, while — is used
between head and body. The fixpoint semantics developped using this logic
cnjoys several nice properties analogous to the fixpoint semantics of logic
progrants without negation or definite clause programs.

The truth tables for the logic DT are as follows:
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These connectives are the standard operations in Lz and correspond to great-
cst lower bound, least upper bound, and complementation in the lincar order



f<u<tonV.
The following are the truth tables for the two implication conncctives:
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As has been pointed out by Chestakov (cf. [5, p. 169]), the resulting proposi-
tional system is equivalent to the Lukasiewiczian system L3: The Lukasiewicz
implication — can be defived by

A—=p Bi= (A= BV (Ju(A)AJu(B)),

where J,, is-defined by J,(4) := (A = =A) A (A = A), i.e., J,(A) equals ¢
il A is u, and equals [ otherwise.

Semantics of the quantifiers ¥V (for ail) and 3 (there exists) are, analo-
gously to A and V, the minimum and maximum of the set of truth values of
all ground instances of the quantified formulas; they are the “generalized”
A and V in the terminology of [1]:
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2 A Sequent Calculus for DT

Scequent calculus for classical logic was introduced by Gentzen [4] and has
since been very important to proof theoretic studies. Many important the-
orems of first order logic and its extensions have natural formulations in
sequent calculus and more elegant proofs than in, e.g., a framework based
on Ililbert-style logical calculi. Sequent calculi have also been used for deal-
ing with computational logic in the textbook of Gallier [3] and clsewhere.
A useful fealure of sequent calculi is the availability of a standard method
for proving completeness due to Schiitte—the method of reduction trees-—
which furthermore gives a non-algorithmic cut-climination theorem for the
logic being discussed. Furthermore, standard cut-elimination as done by
Gentzen, as well as several other proof theoretic results obtained via se-
quent formulations carry over, mulatis mutandis.



We give in the following a three-valued sequent calculus for the logic DT.
In the definitions of terms, formulas etc., we follow Takeuli [8]: frec (a,
b, ...) and bound variables (z, y, ...) are syntactically distinct. A three-
valued sequent in first order three-valued logic is an expression ol the form
1} A, where II, 'y A are finite sequences of formulas. The calculus is
as follows:

1. Axioms: all sequents of the form

AlA|A,
where A is any formula.
2. Structural rules:
Weakening;:
nmiria nmrja o Imir|a .
L. 1
LAr|a ™ uaia Hjria,a®
Contraction:
LA AT A Mir,AAlA |TrjAAA

[4 cl

LAT]A ninAja < THjr|aa

Iixchange:

ABWITIA T ABEA CIPIAABA
€ eu
LB, AT [A Y O{TBAT[AT HID|A B AAC

Cut:
ILAIT|A I|TAlA ILAITIA H(T|A,A
tut 3 cut, ft
n|r|a cut, fu n|r|a cut, /
N|ILA[A T|T|A A
cul, ul

nria

3. Logical rules:
Rules for not:
niria,A Imir,Aja u nAIria
LA T|A T, (-4)| A Mra,(-4) -

3
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Rules for and:
ILA,B|T|A Af mr|a,A nir|a,n
IL(AAB)|T|A T |A,(ANB)
I rABlA MTA|AA II[I‘,BlA,l}Au
IMr,(AAB)|A

Rules for or:
ILA|T|A Il,B|I‘[AVf M|T|AAB .
IL(AVB)|T|A M|T|A(AV B)
MDA B|A ILA|IT,AlA LB, B|A v
II|T,(AvB)|A

n

Rudes for Kleene’s implication =:

n|r|AaA ILBIT|A
Laswmra > wrisasn
WV ABIA ITAISA LBINBIA
MIEDIR

LA|T|A,B

Rules for Dochvar’s external implication —:

Nr AA LB, B|A ILA|T,ATA,B
— —
(A= B)|T[A LT[ &, (AS D)

Rules for the universal quantifier:

LA®L) | T]A

IL(V2)A(z) | T | A

M|T| A, Ad)

I TTa, oAt

| T, A(a) | B, A(a) 11| T, A(L)]| A
T, (Va)A(z) | & v

u

Rules for the existeutial quantifier:’
ILA@IT]A o T |A,A)
I, 32)A(=) | TA T[4, @) AR)
I,A(e) | T,A(a) | A T|T,A() | A
IT,(32)A(z) | A

Ju

In (Vu), (Y1), (3), and (3u), a has to'satisly the eigenvariable coudition: a
must not occur in the lower sequent. Note that there is no rule (—wu), since
A — B does never take the truth vale w.
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3 Natural Deduction for DT

In [4], Gentzen also introduced the calculus of natural deduction NJ. It
differs from other concepts of calculi in that there are no axioms, but one
deduces a formula from certain assumptions and some rules of inference
allow cerlain assumptions to be cancelled. A formula is deducible in NJ ifl
it is deducible from a sct of assumptions all of which are cancelled.

The original formulation of natural deduction by Gentzen is, of course,
an intuitionistic system. In fact, there is a strong correspondence between
natural deduction and the sequent calculus, NJ-deductions being, in a sense,
LJ proof trees writlen sideways. Froin this point of view, the “intuitionism”
of NJ lies in the fact that there is always only one formula being derived,
just as there is at most one formula to the right of the sequent arrow in LJ,
the intuitionistic sequent calculus. We thus immediately obtain a classical
natural deduction system by allowing sequencesof formulas to be derived. To
generalize this systemn to a three-valued logic, one additioually has to allow
for two different kinds of assumptions corresponding to the truth values f
and u. Also note, that in natural deduction, we deal with sets of formulas,
and the coma stands for set union.

Rules for not:

A LA T[4 T

I,[-~4] 1T

A A,-A A ASA AA
A Al A Eu A Ey

Rules for and:

yr njr [T, [AAB] IL[A]L[B]| T
AA ALB A(AND) A .
A,(A A D) IA A Lf/\
IL[AABIE IU|T,[AL[B] 1|T,[A] 1|1,
A(AAD A ALA ALl

( ) ) B

A
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Rules for or:

njr H|T,[AvB] IL[A]|T 1I,[B]|T
A A B A (AV B) A A
A ave Y A Fgv
IL[AVBIIT 1L,{4][B] 1,[A]] L,[A] IL{B]| L8]
A,(AV B) A A A
— E.V
Rules for Kleene's implication = .
I,[A]] T M|rjA= B8 n|r mms|r
Al ; A(A=B) AA =
AA=y T A “
I [A= BI|T I|TL,[A][B] HI|T,[A] I,[B]| 0,5
A (A= B) A AlA A
L=
A
Rules for Bochvar’s external implication —:
1, [A]] T, [A] I|r,[A—B] UIT
Al ; A(A=B)  AA L
AA-D) T A B -/
Rules for the universal quantifier:
u|r 1| T, [(V2)A(z)] I, [A()] | 0
M N
A, A(a) A, (Vz)A(z) A
Bt S\ Ev
A, (Vx)A(z) A
IL[(V2)A(z)] | I 1| T,[A(a)] 10| T,[A(t)]
. M 3 M
A, (V2)A(x) A, A(a)

4 Y
A -
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Rules for the existential quantifier:

mjr [T, (E)A@)] 1, (A@)] | T
A AY) A, (32)A() A *,
A, @F0)A@) 1 A 3
It, [(31)14(1)] IT 1, [A(e)] | [,[A(e)] IN|T [A(t)}
A, (F0)A(x) A A i

. B3

In (IV), (I2,Y), (E3), and (F,3), the variable a again has to satisly the
cigenvariable condition: a must not occur in Tl | T' and must not be the
cigenvariable of a quantifier inference in the deduction *. Again, note that
there is no rule (F,—).

In ordinary natural deduction onc usually works with a special :yml)ol
1 denoting falsehood, and replaces =4 by A > L. This comes from the fact
that in NJ, it would be a bit awkward to allow an ecmpty end formula (which
would correspond to an empty right-hand side in LJ). Since our calculus is
nol, intuitionistic, we allow any number (including none) of end formulas.
Still, it would be possible to introduce a device analogous Lo L (e.g., some
propositional constant or a formula which does not assume the truth valne )
to represent the empty set of formulas. In an intuitionistic system for DT,
one could then represent ~A as A = L1, where L always takes [ asits truth
value. This works only becaunse = is defined by ~A Vv I3, and because [
leaves disjunctions invariant; it would not work with — and/or a constant
taking w as its value.

Another fact that should be pointed out is that the natural deduction
calculus for DT also enjoys a certain “normal form” property, as does NJ
(cl. [6]), but the resulting “normal forms™ are not unique. The reason is
that there may be inore than one formula at the bottom of a deduction, to
which reductions can be applied. One could, however, defive the notion of
Jormula thread, i.e., an end formula and its predecessors in the deduction.
Normal forms of cach formula thread would then be unique.

The essential feature of these calculi is the use of three places for for mul.\s
in the sequent corresponding to the three truth values, resp. the usce of two
different, places for assumptions in the natural deduction formulation.

Finally, note that the choice of the truth value ¢ as the designated truth
value in the natural deduction axiomatization is not essential-—one could



-164-

just as well give natural deduction systems in each of the other two truth
values.
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