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TECHNICAL CONTRIBUTIONS 

Note on Calculi for a Three-valued Logic 
for Logic Programming 

Matthias Baaz Richard Zach 

1 Introduction 

From the time ma.ny-valued logic was first formulat,ed by Lukasiewicz in t.hc 
1920ies, it; has been associated with problems dealing wit.h 1111dcfincd11css, 
i11cornpleteness aud non-termina.tion. In 1938, Klccne introduced ma.ny­
va.lucd logics to describe termination properties of recursive funct.ions. Thus, 
it seems only na.tura.l I.hat sema.ntics of progra.mtning languages, cspecia.lly 
of logic-oriented progra.mmiug languages, be studied using suit,a.blc ma.ny­
va.luccl logics. 

One of the ma.in problems in the area. of ::;ema.n,t.ics for logic program minp; 
is t.hc meaning of negation. Recently, Dela.ha.ye and Thiba.u (2] introcluced 
a new three-valued logic to describe the semantics of logic prop;ra.u1s with 
HegaJ.ion. In this note we present a. sequent calculus and a. na.tura.l deduct.ion 
formulation of this logic. 

This logic is Kleeue's three-valued logic K3 together with a. second in1-
plica.tio11 connective-, which is equal to Bochvar's externc1.J implicatio11 (7]. 
The set of truth va.lucs is V = {J, n, t}. Klccne's ma.t.crial implica.t.io11 ⇒ is 
retained for nse in the body of a. clause in a. logic progra.m, while --; i::; used 
between head a.n<l body. The fixpoint semantics dcvcloppcd using this logic 
enjoys several nice properties analogous to the fixpoint scma.ntics of logic 
progra.ms wit,hout negation or definite clause programs. 

The truth tables for the logic DT a.re as follows: 

I\ J 11, l V f 1/, 

ti f f f J J f 1l 

u. J 1l 'll 'U, 1L 11, t 

f 11, t f 

These con11ect.ives a.re the sta.nda.rd operations in L3 a.nd correspond t.o great.­
cs I. lower bound, least; upper bound, and complemcnta.t.ion in the linear ord<'r 
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J::; 1t::; ton V. 
The following arc the trut.h tables for the two implical.ion conncct.ives: 

⇒ f 1J, t 
f t 
1J, 1/, u t 

f u t 

-+ f 1L 

f t 
u t t 

f f 

As has been pointed out by Chestakov ( cf. (5, p. 169]), the resulting proposi­
tional system is equivalent to the Lukasiewiczian system L3 : The Lukasiewicz 
implica.t.ion -+L ca.n be dclined by 

where J,. is defined by J,.(A) :=(A ⇒ -,A) I\ (-,A ⇒ A), i.e., J,.(A) cqua.ls t 

if A is 11., and equa.ls / otherwise. 
Sema11t.ics of the quantifiers V (for a.II) and 3 (there exists) a.re, ana.lo­

gously to /1. and V, the minimum a.ud maximum of the set of truth values of 
a.II ground instances of the quantified formulas; they are the "generalized" 
/1. a.nd V in the terminology of [l]: 

3 

{f},{J,u},{f,t},{J,u,t} J {!} J 
{ 1l}, { t/., t} 1/, {/,11.},{11.} u 

{ t} {!, t}, {11.,t}, {!, 11., t}, {l} 

2 A Sequent Calculus for DT 

Sequent calculus for cla.ssica.l logic was introduced by Gelltzen (4] and ha.s 
since been very importa.nt to proof theoretic studies. Many import.ant. the­
orems of first order logic and its extensions have natural formula.Lions in 
sequent calculus and more elegant proofs than in, e.g., a framework based 
on Hilbert-style logical calculi. Sequent calculi have also been used for deal­
ing with computa.t.iona.l logic in the textbook of Gallier (3] a.nd elsewhere. 
A useful feature of sequent calculi is the a.va.ila.hility of a. standard method 
for proving completeness due to SchiiLt.e-the method of reduct.ion t.rC'cs- · 
which furthermore gives a non-a.lgorithmic cul.-eliminat.ion t.heorcrn for th" 
lo!!;ic being discussed. Furthermore, standard cut.-elirnina.t.ion a.s do11e by 
Gent.zcn, a.s well a.s several of.her proof theoretic results oht.a.incd via. se­
quent formula.I.ions ca.rry over, mutatis mulawlis. 



We give in the following a three-valued sequent ca.lculus fort.he lop;ic DT. 
l11 the definitions of terms, formulas etc., we follow Takeuti [8]: free (n, 
b, ... ) a.nd bound variables (x, y, ... ) a.re syntactica.lly distinct. A thrce­
va.lued sequent in first order three-valued logic is a.n expression of the form 
II I r I 6, where II, I', 6 are finite sequences of formulas. The ca.lculus is 
a.s follows: 

1. Axioms: all sequents of the form 

A I A I A, 

where A is a.ny formula .. 

2. St.ructura.l rules: 

Weakening: 

Hll'l6 n1r16 n1r16 
Il, A Ir I 6 wf 111 r, A I 6 WU IT Ir I 6, A wl 

Contra.ct.ion: 

n, 11, A Ir I 6 n I. r, A, A I 6 11 I r I 6, 11, 11 
11, ;l j r I 6 cf n Ir, A I 6 cu. 11 j I' I 6, ;I cl. 

Excha.ugc: 

ir, A,1J,II' 1 r I 6 II I r,A, B,r' I 6 11 Ir I 6,,t,JJ,6' 
H,JJ,A,H' Ir I 6 ef II I r,B,A,l'' I 6 eu JI Ir I 6,n,A,6' cl 

Cut.: 

H, 11 I r I 6 II Ir, A I 6 n, A Ir I 6 u I r I 6, A 
11 I 1' I~ cut,f11. ]I Ir j 6 cut,.fl 

Hl1',Al6 1111'16,A 
JI I r I ~ cut, u.t 

:L Logical rules: 

U.11 les for not: 

n Ir I 6,A 
H,(-,A) Ir I 6 -,J 

rr Ir, A I 6 
II I r,(-,Jl) I 6 -,u 

ll,All'l6 
n Ir I 6,(-,A) -,/. 
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Rules for and: 

n, A, n I r I 6. n I r I 6., A n I r I 6., 11 
II,(A!\B)lfl6.!\J Illfl6.,(A!\JJ) !\t 

nIr,A,JJl6. nIr,Al6.,A nIr,Bl6.,JJ 
nIr,(A!\B)l6. l\u 

Rules for or: 

n, A I r I 6. n, BI r I 6. rr I r I 6., A, JJ 
H,(A v B) Ir I 6. vf n Ir I 6.,(A v JJ) vt 

rr I r,A,JJ I 6. n,A I r,A I 6. n,JJ Ir, TJ I 6. 
uIr,(AVJJ)l6. Vu 

Rules for Kleene's implication ⇒: 

11I1'I6.,A n,uIrI6. 
1 

n,Alrl6.,n 
Il,(A ⇒ JJ)ll'l6. ⇒ IIII'l6.,(A ⇒ JJ) ⇒/. 

111 r,11,JJ I 6. II I r,11 I 6.,A n,JJ I r,n I 6. 
n Ir, (A ⇒ IJ) I 6. ⇒ 11• 

Rules for Bochva.r's external irnplica.t,ion -+: 

llll'lll,A ll,/JII',JJl6. --]-I-,(-A_-+_JJ_)_l_l'_l_6. ___ f ll,AII',Al6.,ll 

II Ir I 6.,(A - IJ) -+t 

Rules for the universal quantifier: 

H,A(t) Ir I 6. rr Ir I 6.,A(a) 

n, (\Ix )A(.r.) I r I 6. v f II I 1'6., (\Ix )A(.1:) \ll 

II I r, A(a) I 6., A(a) II I r, A(t) I 6. 
Jljl',(Vx)A(x)l6. \111, 

Rules for I.he existeut.ia.l quantifier: 

H,A(a.) Ir I 6. 
31 

11 Ir I 6.,A(t.) 

H,(3x)A(x) I 1'6. JI I I' I 6.,(3x)A(a;) 3
t 

n, A(a.) Ir, A(a.) I 6. n Ir, A(t.) I 6. 
------'--'------'-----3u n I r,(3x)A(x) I 6. 

In (Vu), (\ll), (3!), a.n<l (31t), a has to satisfy the eigenvariablc co11dit.io11: a 
must 11ot occur in I.he lower sequent,. Not.e tha.t there is no rule (-+11.), si11rc 
A -+ JJ docs never ta.kc the truth vale u. 
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3 Natural Deduction for DT 

In (4], Gentzen also introduced the calculus of natural deduction NJ. It. 
differs from other concepts of calculi in that there arc no axioms, but one 
deduces a formula. from certain assumptions and some rules of inference 
allow cert.a.in assumptions to be cancelled. A formula. is deducible in NJ iff 
it is deducible from a set of assumptions a.JI of which a.re ca.nr.clled. 

The original formulation of natural deduction by Gcntzcn is, of course, 
an intuit.ionistic system. In fact, there is a strong correspondence bet.ween 
na.t.ura.l deduction and the sequent calculus, NJ-deductions being, in a. sense, 
LJ proof trees written sideways. From this point of view, the "i11tuit.io11is111" 
of NJ lies in I.he fa.ct. that there is always only one formula. being derived, 
just. as there is at most one formula to the right of I.he sequent. arrow in LJ, 
t.he intuitionistic sequent calculus. We thus immediately obtain a. classical 
natural deduct.ion system by allowing sequencesof formulas to be derived. To 
generalize this system to a. three-valued logic, one additionally has t.o allow 
for t.wo different. kinds of assumptions corresponding to I.lie truth values .f 
and 11 .. Also note, that in na.tural deduction, we deal with sets of formulas, 
and I.he comma. stands for set. union. 

Rules for not.: 

n,(AJ Ir n, [,11) 1 r n I r,[A] II Ir, [·Al 111 r 

6. 6,'_.,;1 6. 6,'_.,A 6;11 J' --J-, 
6 Eu' 6 "J' 6, -,fl 

Rules for and: 

n1r n1r 

6,A 6;JJ 
6,(A I\ IJ) II\ 

Hjr,(AAJJ] n,[A],[/J] Ir 

6,(A°AB) 6. l' ____ 6_____ ,, f I\ 

ll,[A A BJ Ir n I r,[A],[JJ] II I r,(Al II I 1',[B] 

6,(Al\1J) 6. 6;A 6;JJ 
-------'------6--------- E11.I\ 



Rules for or: 

n1r n I r,[Av BJ n,[Al Ir n,[Bl Ir 

D., it, IJ D., (AV JJ) A A 
D., (AV 1J) IV D. F✓1V 
II, [A~ BJ Ir n I qAJ, [BJ n, [AJ Ir, [AJ n, [1JJ Ir, [BJ 

. . 
D.,(AVIJ) A A A 
--'-----------6.-------- E,,V 

Rules for Klccnc's implica.iion =}: 

JI, [A] I l' n Ir, [~t ⇒ BJ n I r 11, [If] I r 

6; IJ 6, (A·⇒ JJ) t.: A 6. l' 

----1⇒ -------,----- '~f ⇒ 
6,(1\ ⇒ JJ) 6 

11,[A =:- JJJ Ir n I f.lA],[BJ II I r,[A] n,[BJ] r,[JJJ 
. . 

D.,(A.⇒ IJ) 6. t.:A A ________ t,. ________ E,,⇒ 

Rules for Bochva.r's cxicrna.l implica.t.ion --+: 

ll,[AJ] 1',[A] n I r, [A --+ ll] II I r 

6., (A_, TJ) 
D., 1J 

Rules for the 1111ivcrsa.l quantifier: 

111r 
: * 

c.,;\(n) 6,('v';,)A(x) 
6., ('v'x )A(:i:) .l'v' 6 

n, [('v':i:)11(:r.)] Ir n I r,_[A(a)] n I r,_[A(t)] 
: * 

6, ('v':i;)A( :i:) D., A( n) 6. 
------6:------- t;uv 
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Rules for the existentia.l quantifier: 

n1r n I r,[(~x)A(x)] II,[A(n)] Ir 

: * 
~. A(t) ~,(3;,)A(x) A 

/3 
~ 

E13 
~,(3x)A(x) 
n,[(3x):4(x)J Ir 11, [A.(a)]) f, [A(a)] n I r,_[A(t)J 

: * 
~,(3;,)A(x) A A 

~ E"3 

l11 (JV), ( E11\/), (E13), and (£1,3), the variable a. a.gain has t.o sat.isfy I.he 
cigenva.ria.ble condit.ion: a. must not occur in TI I r a.nd must not. he the 
eigcnva.riable of a. qua.nt.ifier inference in f,he deduction *· Again, note I.ha.I. 
there is no rule (E,.-> ). 

In ordinary na.tura.l deduction one usually works with a. special syrnhol 
J.. denot.ing falsehood, a.nd repla.ces -,A by A ::> J... This comes from I.he fa.cl. 
I.ha.I; in NJ, it would be a. bit a.wkward Lo a.How an empf,y encl formula. (which 
would correspond Lo a.n empty right-hand side in LJ). Since our ca.lc11l11s is 
not int.uit.ionist,ic, we allow any number {inchHling none) of end formula.i;, 
Still, it would he possible to introduce a. device a.na.logous l.o J.. (<'.g., so11ie 

proposit.iona.1 constant or a formula. which does not assume the truth va.lllr\ l) 

t.o represent the empty set of formula.s. In a.n intuitionist.ic syst.cm for DT, 
one could then represent -,A a.s A=> J.., where J.. always ta.kes J a.s it.s truth 
value. This works only because => is defined by -,AV JJ, a.nd heca.use J 
lea.ves disjunctions invariant; it would not work with -> a.ncl/or a. const.a.nf. 
I.a.king u. a.s it.s va.lue. 

Anot.her fa.ct tha.t should be pointed out is that the nat.ura.l deduct.ion 
calculus for DT a.lso enjoys a certain "normal form" propcrt.y, a.5 docs NJ 
(cf. [6]), but the resulting "normal forms" a.re not. unique. The rea.1-011 is 
t.ha.t. I.here ma.y be n~ore than one formula at the bottom of a. deduction, t.o 
which reduct.ions can be applied. One could, however, ddiuc I.he notion ol' 
formula thread, i.e., a.n end formula. and it.s predecessors in I.he deduct.ion. 
Norma.I forms of c~1.ch formula. thread would then be unique. 

The essential fca.t.iire of these ca.lculi is the use of three pla.ccs for for111 u la.s 
in I.he sequent corresponding to the three truth values, resp. the use of t.wo 
different; places for assumptions in the natural deductiou formula.I.ion. 

Finally, note that t.he choice of the truth value t as the dcsigna.t.ed I.mt.Ii 
va.luc in the na.t.ura.l deduction axiomatization is not csscntia.J---onc could 
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just as well give natural deduction syst.ems in each oft.he other t.wo truth 
values. 
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