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Abstract

In this thesis we combine Turing categories with Cartesian left additive restriction cate-
gories and again with differential restriction categories. The result of the first combination
is a new structure which models nondeterministic computation. The result of the second
combination is a structure which models the notion of linear resource consumption. We
also study the structural background required to understand what new features Turing
structure should have in light of addition and differentiation — most crucial to this devel-
opment is the \lzvay in which idempotents split. For the combination of Turing categories

with Cartesian left additive restriction categories we will also provide a model.
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Chapter 1

Introduction

The purpose of this thesis is to propose and justify the definition of a differential Turing
category, and to pave the way to understanding what a differential partial combinatory
algebra should be. Partial combinatory algebras (PCA)s were introduced by Feferman
[24] to provide an algebraic formulation of computability. Turing categories were intro-
duced by Cockett and Hofstra [13] to provide a categorical formulation of computability.
Turing categories are closely related to PCAs, and a major objective of this thesis is to
define differential structure for Turing ca,tegor‘ies and PCAs which maintains these rela-
tionships. To start, we will review the differential A-calculus and the resource A-calculus
to build a motivation for adding differential structure to Turing categories and PCAs.

The idea of adding a derivative to a notion of computability was pioneered by Ehrhard
and Regnier [23]. They investigated an extension of the A-calculus in which terms have
a formal derivative they called differential substitution. Adding formal differentiation to
the A-calculus, in this manner, produces a system in which “resource sensitive” compu-
tations, in the sense of [5], can be modeled.

The relationship between the differential A-calculus and resource sensitivity arose
from a relationship which was observed between certain models of Girard’s linear logic
[26], and Milner’s IT-calculus (for communicating processes) [38] and how the latter can
simulate the A-calculus.

Girard’s linear logic treats propositions as resources, and thus it is intuitively con-
nected to the semantics of resource and concurrency. Girard, in attempting to a find a
model of linear logic based on linear algebra, proposed a model which used Banach spaces

[25]. However, as Ehrhard pointed out, this model did not completely describe the ex-



ponentials of linear logic [22]. Ehrhard continued Girard’s investigation, and discovered
that a complete model could be obtained using Kothe spaces.

The maps of the coKleisli category of the exponential comonad of Kothe spaces are
infinitely differential maps. As Cartesian closed categories are models of the simply typed
A-calculus, Ehrhard was able to interpret A-terms as differentiable maps, and compute
their derivatives. In [23], Ehrhard and Regnier took a syntactic approach to studying
differentiable A-terms by adding to the A-calculus a commutative monoid structure and a
formal derivative operator: they called the result the differential A-calculus. Ehrhard and
Regnier immediately realized that there was a connection to Boudol’s resource A-calculus

(see [5]). They noted in [23]:

Intuitions behind the differential A-calculus and the A-calculus with re-

sources are very similar.

Boudol’s resource A-calculus began with Milner’s Il-calculus. To show that the II
calculus is a complete programming language, Milner defined a simulation of the A-
calculus within the IT-calculus [38]. Milner’s simulation has the property that it soundly
models S-reduction, and that if two terms are not equal in the A-calculus, then they are
not equal under translation. However, the II-calculus distinguishes some terms which, in
all A-contexts, are indistinguishable [5].

In [5], Boudol defined the resource A-calculus, and proved that this calculus is precisely
the target of Milner’s simulation of the A-calculus. In [6], Boudol et al refined the
calculus, and began to consider its rewriting theory. The resource A-calculus was then
further refined by Pagani and Tranquilli to show that the rewriting system is confluent
modulo some equations [42].

In the resource A-calculus, the second argument of application is a bag of terms, and

.terms in this bag are either linear (available for exactly one use), or infinite (_)' (can be



used many times or discarded). Here is a simple example.
Oz.z[z])[M, N 25 M[N'+ N[M, N1,

The B-reduction will linearly substitute the term [M, N'] for z in z[z']. Since the first z
being substituted into is linear, and there are two options, a choice must be made: either
M is substituted or N is substituted. Since M is linear, when M is substituted, it is
depleted from the bag, but since NV is infinite it remains in the bag: at this point we have
(M[z)[[N'])/z] + (N[z'])[[M, N')/z]. In this case, the = being substituted into is infinite,
so the substitution is a normal substitution, and we arrive at the result M [N N4+ N[M, NY].

Ehrhard and Regnier had observed that the differential substitution of the differential
A-calculus acts exactly like the linear substitution of the resource A-calculus. This corre-
spondence, however, was not made precise until a categorical semantics became available
to unify the syntaxes.

Blute et al [3] initiated the categorical semantics of the differential A-calculus using
differential categories. A differential category is a symmetric monoidal category with
a comonad and a differential combinator; however, only maps of a certain type can be
differentiated. A standard example of a differential category is Ehrhard’s category of
Kothe spaces.

The differential A-calculus actually arose from the coKleisli category of the exponential
comonad on the category of Kothe spaces. Blute et al [2] thus axoimatized the coKleisli
category of a differential category to continue the investigation into categorical models of
the differential A-calculus. These Cartesian differential categories are categories in which
every map has a derivative. However, they are not necessarily closed, so these categories
still did not model the full differential A-calculus.

In [7], Bucciarelli et ol defined Cartesian closed differential categories which are the

closed extension of Blute et al’s Cartesian differential categories. This allowed them to



make a precise the connection between Ehrhard and Regnier’s differential A-calculus and
Boudol’s resource A-calculus. More precisely, Bucciarelli et al showed that the simply
typed differential A-calculus can be interpreted in a Cartesian closed differential category.
Further they showed that the differential A-calculus is a retract of the resource A-calculus;
in particular, this means that every model of the differential A-calculus is a model of the
resource A-calculus. |

Manzonetto [36] was the first to explicitly consider the untyped differential A-calculus.
Using the fact that Cartesian closed categories with a reflexive object provide models of
the untyped A-calculus, Manzonetto proved that Cartesian closed differential categories
with a linear reflexive object provide sound models of the untyped differential A-calculus.
Manzonetto did not provide a completeness theorem, but he did conjecture that when the
additive structure is idempotent then one can obtain a complete model of the differential
A-calculus [37]. Manzonetto’s results further led to speculation that all models will have
idempotent addition.

The syntax of the differential A-calculus forces application to be linear in the first
argument. To obtain models, one needs a pairing combinator which not only provides
a pair type, but also correctly lifts differential structure to the model. One of the main
contributions of this thesis, contrary to what was widely believed by the community, is to
show that this does not require the idempotent induced by pairing to be linear. Instead,
it is shown that a more sophisticated condition must be satisfied. This fact allows for
the possibility of models in which addition is not idempotent.

It should be pointed that a first step in exploring applicative systems that are linear
in the first argument was taken by Carraro et al [8] who introduced resource combinatory
algebras as an algebraic formulation of the purely linear fragment of resource A-calculus.
They assume application is linear instead of linear in the first argument; further, their

system does not provide a model of computability. Thus their approach is incompatible



with the content of this thesis.

1.1 Organization

Cockett and Hofstra [13] showed that studying PCAs is essentially the same as studying
Turing categories, and it is the interplay between PCAs and Turing structure which
provides the driving force behind this thesis. The thesis displays this relationship as first
additive and then differential structure is added. The organization of this thesis, then,
reflects a program used to ensure that Turing structure interacts with the additive and
differential structure in a consistent and seamless manner.

This thesis is broken into three chapters corresponding to the levels at which Turing
structure is introduced: Cartesian restriction structure, Cartesian left additive restriction
structure, and differential restriction structure. Each of these chapters displays the same
five stages: the introduction of the underlying categorical structure, investigation of
simple slice structure, idempotent splitting, the development of a sound and complete
term logic, and the introduction of a Turing structure and PCA.

The simple slice category is part of a crucial story involving closed restriction struc-
ture. The complete development of closed restriction structure is not included in this
thesis in order to keep its length manageable. However, the way in which the structure of
a category transfers to the simple slice category suffices, in conjunction with the results
for total closed structure, to understand the properties that a structurally appropriate
applicative system should have.

The main results of this thesis are directly tied to the idempotent completions in
the various settings. TFor Cartesian left additive restriction categories, one must split
the idempotents such that in the idempotent completion, the retraction preserves addi-

tion. For differential restriction categories, one must split the idempotents such that in



the idempotent completion, the retraction is strongly linear. These observations have
important implications for appropriate Turing structure in these settings.

The development of a sound and complete term logic makes it easier to see and reason
about PCAs. The author used the term logic in devéloping many of the results in the
thesis: particularly concerning PCAs and the pairing combinator. However, the main
body of the thesis sticks to categorical notation. The term logic is included because, once
one gets used to it, it is an essential tool in understanding these settings.

Finally, we describe Turing structure and PCAs for these categorical structures. The
first standard result about Turing categories is that they arise from splitting certain idem-
potents. For the Turing structure to fit with the underlying categorical structure, the
way Turing structure splits idempotents must match the way the free idempotent com-
pletion splits the idempotents. This requirement forces certain properties of application,
and in particular, explains why one needs, for differential Turing categories, application
to be linear in its first argument.. The second standard result about Turing structure is
that it is equivalent to the computable maps of a partial combinatory algebra. This in
turn requires the combinatory completeness of an appropriate applicative system. De-
veloping the definition of Turing structure for Cartesian left additive and differential
restriction categories in a way that all of these equivalences are maintained accounts for

the subtleties involved in these structures.

1.2 Contributions

This thesis introduces and explores left-addditive Turing categories; thus, the main new
contributions start in that chapter. Both theorem 3.3.1 which concernts the idempotent
splitting for Cartesian left additive restriction categories, and theorem 3.5.1 which pro-

vides a recognition theorem for left additive Turing categories, are new to this thesis.



This thesis also provides a characterization of left additive PCAs via proposition 3.5.2,
and provides a model in which an idempotent sum is not required: proposition 3.5.3 and
corollary 3.5.1.

For differential restriction structure, the main contribution is theorem 4.3.1 which
concerns the idempotent splitting for differential restriction categories. From this, the

thesis also provides the definition of a differential Turing category 4.6.1.



Chapter 2

Background

2.1 Restriction Categories

Partial maps play an imporant role in computability theory where one studies functions
that are computations — computations which need not terminate. An explicit structure
that allows one to reason about partial maps is crucial. This thesis will use restric-
tion categories [16] which were introduced by Cockett and Lack to provide a categorical
structure for handling partiality.

A widely known structure for describi‘ng partial maps are the partial map categories
of Robinson and Rosolini [41] which are constructed from a class of monics. One property
that these monics must have is that the pullback along such a monic must exist and again
be in the class of monics, and this is because composition is defined by pullback. This
makes reasoning in partial map categories quite complex.

Cockett and Lack’s restriction categories capture partiality using an idempotent which
acts like the domain of definition of a map. Unlike the partial map category approach,
restriction categories are equationally defined, and thus, simplify calculations. However,
the two approaches are closely related, as every partial map category is a restriction
category, while every restriction category is a full subcategory of a partial map category
[16].

For a historical introduction to partial structures, see [39)].

Definition 2.1.1. A restriction category is a category where each map f has an

asstgnment:
:A— B
Ao A

]~



which satisfies the following azioms:

[R.1] Ff=/;

[R.2] f5=3F;
[R.3) Tg =fg;
[R.4] fh=fhf.

Note, that in this thesis, we will write composition diagrammatically.
The standard example of a restriction category is Par [16], the category of sets and

partial functions. The (_) combinator is defined as

1 else

where | means is defined and 1 means not defined. Another example is the category of
topological spaces and maps which are continuous on an open susbset.

The following lemma shows some basic manipulations involving the restriction cate-

gory axioms.

Lemma 2.1.1. The following hold in a restriction category X:

(i) TF =7
(i) F =7,
(i) fg = ffg;
() fg =19
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O

By lemma 2.1.1.1 we see that the maps e = € are idempotent, and we will refer to
them as restriction idempotents.

A map is total when its domain of definition is its entire domain; that is, when f = 1.
The total maps in a restriction category form a subcategory which contains all the monic

maps:
Lemma 2.1.2. Let X be a restriction category. Then,

(i) All monic maps (hence all identities and isomorphisms) are total;
(1) If f: A— B and g: B — C are both total then fg: A — C is total too.

(111) If fg is total then f is total.

Proof. Consider the following.
(i) Assume f is monic. Then since f f = f = 1f we have f = 1.

(ii) Assume f =14 and § = 14. Then applying lemma 2.1.1.4,
fo=77 =T =1a
(iii) Assume fg = 1. Then applying lemma 2.1.1.3,

f=F1=7fg=Fg=1

The following proposition. is now clear.
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Proposition 2.1.1 (Cockett-Lack [16]). The total maps of a restriction category X are

a subcategory which contains all the monic maps.

We will use Total(X) to denote the subcategory of total maps of a restriction category

X.
A natural relation on parallel, partial maps is that a map f is less defined than g

when g restricted to the domain of f is f. In a restriction category we may define such

a relation on maps.
f<g=Fg="F

We prove that the above relation is a partial order which is preserved by composition.

Lemma 2.1.3. Let X be a restriction category with < defined as above. Then

14

(i) f< [
(i) f < g and g < f implies f=g;
(i) [ < g and g < h implies f < h;
(iv) f < g implies hfk < hgk;
(v) f=gif f =7 and there is a k such that f,g9 < k.
Proof. Consider:
(i) ff=fbyR.L.
(ii) Assume fg =G f = g. Then, use this assumption, followed by R.3,R.2,R.1, and
then the assumption again.
[=Ti=T9/=T3/=97/=7f=y.

(iii) Assume fg = f and gh = g. Then use the assumption, then R.3 followed by the

assumption twice.

Fh=Foh=TFgh=TFg=".
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(iv) Assume fg = f. Then, use R.4, then lemma (2.1.1, R.2,the assumption, R.4, and
then R.1.

hfkhgk = hfk gk = hf fk gk = hfk [ gk = hfk fk = hfkhfk = hfk

(v) The “=" direction is obvious. Suppose f =7 and there is a k such that f,g < k;
that is,
fk=f gk=g.

Thus,

N
Il
<~
oy
Il
Qf
oy
Il
o

The above also establishes that if e =& then e < 1 and that § f, fh < f.
Another standard relation on parallel, partial maps is that whenever both maps are
defined, then they are equal. The compatibility relation is studied more extensively by

Cockett and Hofstra in [11].

Definition 2.1.2. f,g: A — B in a restriction category are compatible when fg =

g f, and denoted f — g.

The compatibility relation is stable with respect to composition; it is also reflexive and
symmetric. However, one must take care in reasoning about compatible maps because

compatibility is not transitive.

-

Lemma 2.1.4. In a restriction category we have,
i) f~1f;
(1) [~ g implies g~ [;

(111) f— g implies hfk — hgk;
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(iv) f—giff fg< fiffgf<g;
() f<giff f~gandf <7.

Proof. (1) and (2) are obvious. For (3), assume f g =g f then consider

Tk hgk = hfk gk = hf fk gk R.4,lemma 2.1.1.3

= hfk fgk =hfkg fk=hg [k fk R.2, assumption, R.2
= hg [k fk = hf gk fk = hf gk fk R.3, assumption, R.3
= hgk [ fk = hgk fk = hgk hfk R.2,R.1,R.4.

For (4),if f — g then fg =7/ < f. Conversely, if fg < f then fg=JFgf =g f =
gf Thus f— giff fg < f. Similarly f — gif 5f < g. For (5), “=" is obvious.
Assume f—gand f 7. Then fg=ffg=Ffgf=Fff= /. 0

Definition 2.1.3. Let XY be restiiction categories. A restriction functor F': X — Y

is a functor where for all f, F(f)=F(f).
Lemma 2.1.5. Restriction functors preserve total maps.

Proof. Let F be a restriction functor, and f a total map. Then

F(j) =F(F)=F() =1.
|

Definition 2.1.4. Let F,G be restriction functors. A restriction natural transfor-

mation . : F = G is a natural transformation where each component, ca 1s total.

Proposition 2.1.2 (Cockett-Lack [16]). Restriction categories,functors, and natural

transformations form a 2-category.
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2.2 Cartesian Restriction Categories

Products in a restriction category are investigated by Cockett and Lack in [14]. They
considered the 2-category of rest)riction categories, restriction functors, and lax natural
transformations, and defined a restriction category to have restriction products when the
functors A : X — X x X and ! : X — 1 have right adjoints. Such categories can be

directly axiomatized, and this axiomatization is provided below.

Definition 2.2.1. A restriction terminal object, T is an object in a restriction
category where for any A there is o unique, total maplg: A — T such that v = 11 and
if f: A= B then

' A—T

A restriction binary product of A, B is an object A X B with total projections mp :
AxB —wAandm : AXxB —=Bst iff:C — Aandg: C — B then there is o
unique map (f,g) : C — A x B with the property that {f,9)mo =7 f and {f,g)m = [ g.

A Cartesian restriction category is a restriction category with all restriction bi-

nary products and o restriction terminal object.
Next, to set some notation, let X be a Cartesian restriction category, then set
A =1 AM = A" x A

In other words, A" = (--- (A x A) x --- A).

Next, we have a lemma regarding Cartesian restriction categories.

Lemma 2.2.1. The following all hold in o Cartesian restriction category.

(7’) <f>g>7r0 =._gf and <f>g>7rl =79 7’f and Only 7’f <f,g>7f() < f: <fag>7rl < g; <f>g> =
7.

x|
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(it) (f x g)mo =Tigmof and (f x g)m1 = mf mg.

(iti) If e =2 then e(f,9) = (ef,9) = ([, e9).

(iv) fg,h) =(fg,[h).

(v) {f,9)(h x k) = (fh, hk).

(i) (f x g)(h x k) = (fh x gk).
(vit) If f < [' then (f,9) < {f',9); if g < ¢ then {f,9) < (f,9").
(viii) o, ™ are laz natural.

(iz) (mo,m) =1

(z) AXx BEXBxA

(zi) 1f g is total then mof = (f X g)mo; if f is total then 7y = (f x g)m.
(wii) fxg=F xg;
(ziii)) 1 x f =77 and f x 1 =mof;

(ziv) AZRAXT=Tx A

Proof.

(i) =: Assume (f,g)mo < f,(f,9)m < g,{(f,g) = F7. Then,

(f,9)m0 = (f,9)m0 f assumption
= (f,9)70 [ lemma (2.1.1.4
=f9f=9ff assumption and R.4
=9f

A symmetric argument shows (f,g)m = f g.

<: Assume that (f, g)m = 7 f and (f,g)m = fg. The restriction ordering shows



16

that (f, g)mo < f and (f,9)m < g. Further, consider,

79) =(Fooym =Fogym =Fg =T3.
(ii) Consider
(f x g)mo = (mof, mg)mo = gm0,
and similarly (f x g) w1 = mof m1g.

(ii) Assume € = e. Then note,

(fegimo=¢eg f
=€gf : assumption
=egf R.3
=€ (f, g)mo
= e(f, g)mo- assumption

Similarly (f,eg)m = e(f, g)m, but (f, eg) is the unique map such that

Q

/ 6o 2
> Ty <

A'<—7rO_A X B_T> B.
Thus, e(f,g) = (f,eg). A similar argument shows e(f,g) = {(ef, 9).

(iv) Consider,

hfg
g R.4

<g) h>7r0'

(f9, fh)mo

Il I
=

f
f
f

Similarly, {fg, fhym; = f{g,h)m;. Thus, f{(g,h) will satisfy the same universal
property as (fg, fh); therefore, f{(g,h) = (fg, fh).
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(v) Consider,

(£,9)(h x k) = ([, g)(moh, m1k)

= ((f, 9)moh, (f, g)m1k) part 4
= (g fh, f gk)
=7/ (fh, gk) part 3
=3 (7 fh,gk) part 3
=7 (fh,gk) R.1
= (fh, gk) part 3,R.1
(vi) Assume f < f. Then,
9 (9 =Tg(/9
=F{/'9) part 3,R.1
=({fr.9 part 3
= (f,9)- F<r

Thus (f,g) < (f',g). A symmetric argument shows that if g < ¢’ then (f,g) <
(f,9).

(vii) Consider,
(f x 9) (h x k) = (mof, mg) (h x k) = (mofh, mgk) = (fh X gk).

(viil) We will show g is lax natural; m; follows follows by a symmetric argument. Consider

we must show,

Ax B2 A

fxyl < lf

CXD?C.
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Now,

(f x g)momof =Tigmof mo f

= Tigmof mof

= (f X g)ﬂ'O’

as required.

(ix) Consider that (mp,m)my = mp and (mp,m)m = m;. Thus (m,m) will satisfy the

same universal property as 1; therefore, (mp,m) = L.

(x) We show (m1,m) : AX B — B x Ais an involution thus an isomorphism. Consider,
<7T1,7T0><7T1,7T0> = <<7T1,7T0>7T1, <7T1,7T0>7T0> = <7T0,7T1> = 1.
(xi) Assume g is total. Then,

(f x g)mo =T1gmo f
=W7Tof

=T mof assumption

Similarly, if f is total, then (f x g) 7 = mg.
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(xii) Consider,

=<7ro 0,1 7T1> R.4

(xiii) We will show that 1xF =7, and f x1=mof follows by a symmetric argument.

Consider that

1 is total

[—
X
\l
Il
—
X
\l

Il

p—i

X
Sty

|
2
)

(xiv) We will show that (14,!4): A — A x T is an isomorphism. Since ! is total,
(I,Wm=T1=1.
Also, there is a unique total map A x T — T. Thus, !4xT = m = mola; therefore,
mo{1la,!a) = (mo,mola) = (mo,m) = 1.

O

In a Cartesian restriction category the restriction structure is determined by the

product structure:

Lemma 2.2.2. Let X be o Cartesian restriction category. Then, the restriction structure

may be interpreted as

f = <1>f>7r0)
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or

7 = <f> 1>7T1-

Proof. Consider,

(L,Am=F (i m=T.
O

Lemma 2.2.3. Let X be a Cartesian restriction category. Then Cartesian restriction

structure s unique up to isomorphism.

Proof. e Let T, T’ be restriction terminal objects. Let !4 denote the unique total
map A — T and !y denote the unique total map A — T’. Now the following

commutes since there is a unique total map T — T and !+ = 17.

i Lrr
T—T —T

1t

o Let (x,mo,m1, {_,_)) and (x', 7}, w1}, (_,_)") be two restriction product structures.

It suffices to show that (my,7}) : A X’ B — A x B is an isomorphism. Now,

(my, ) {mo, m1) = ({mwf, 7))o, (g, wh )1 lemma (2.2.1.4)
= (m] m, mh )
= (mp, 1)
= 1.
Similary calculations show that (mp, ) (m), 1) = 1; thus, (mf,#}) is an isomor-
phism.

d

Definition 2.2.2. Let F: X — Y be a restriction functor. F' is a Cartesian restric-
tion functor in case F' preserves all restriction product and restriction terminal object

diagrams.
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Lemma 2.2.4. The map ox = (F(m), F(m)) : (_x _)F — F(_ x _) is restriction

natural.

Proof. We must show that for all A, B the following diagram commutes.

F(A x B)—2-F(A) x F(B)
F’(axb)i ‘ lF’(a)xF’(b)
F(A' x B') —> F(A) x F(B)

It does since,

F(a x b)ox = F(a x b){F(m), F(m))
= (F(a x b)F(m), F(a x b)F(m))
= (F((a x b)mo), F((a x b)m1))
= (F(mbmoa), F(Toamb))
= (F(mb) F(moa), F(moa) F(m1d)) restriction functor
= (F(moa), F(mb)) lemma (2.2.1.3),R.2,R.1
= (F(mo)F(a), F(m)F (b))

= oy (F(a) x F(b)) .. lemma (2.2.1.5)

Since restriction functors preserve total maps, oy is a tuple of total maps hence o itself

is total. Therefore, oy is a restriction natural transformation. O
We end this subsection with a characterization of Cartesian restriction functors.

Proposition 2.2.1 (Cockett-Lack [14]). Let X, Y be Cartesian restriction categories, and
let F: X — Y be a restriction functor. F is a Cartesian restriciton functor iff ox and

'peTy are isomorphisms.

Proof. If F is a Cartesian restriction functor then lemma (2.2.3) shows that g : F(Ax B)

— F(A) x F(B) is an isomorphism and that !#(T) is an isomorphism. Conversely, if oy
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and !p(Ty are isomorphisms then I preserves all restriction product and terminal object

diagrams. O

2.3 Simple Slices

When X is total (so that restriction proélucts are categorical products) and A is an object
of X, the coKleisli category for the comonad (_ x A) is called the simple slice category
X over A and denoted X[A] [29] [27]. The coKleisli category is a weli known categorical
construction; see for example [34]. In [29], Jacobs shows that when a category X has finite
products that the simple slice category is equivalent to the category of computations
in context. In [31], such categories are used to prove the functional completeness of
Cartgsian closed categories. Thus, simple élice categories have an important role in the
semantics of programming languages.

In a Cartesian restriction category, we will define X[A] in the same way. This section
will prove that any comonad S = (S, ¢, §), where S is a restriction functor and ¢ is total,
will lift Cartesian restriétion structure to the coKleisli category. In particular, (_ x A)

is an example of such a comonad thus Cartesian restriction structure lifts to X[A].

2.3.1 CoKleisli Category.

For notation: in calculations, we will use bc;ldface for maps in the coKleisli category,
and plain font for maps in the base category.

Note that for a comonad on a restriction categofy, m = 1; thus, by lemma (2.1.2)
dx is total at each component (i.e. § is a restriction natural transformation); however, ¢
need not be. The following is a straightforward generalization of the fact that, for total

categories, Xs is a category (see for example [34]).

Proposition 2.3.1. If X is a restriction category, and S = (S,¢,0) s a comonad with
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S o restriction functor, then Xs is a restriction category where T = fex. Further, the

. . J . -
inclusion X —— Xs is a restriction functor.

Proof. We must show the restriction identities. First note that from the comonad laws
we have 6xS(ex) = dxeg(x) and for all g, 6xS(g9)ey = g. Combining this with the fact

that S is a restriction functor we have the following very useful identity,
(f)u = 5XS(7€X) = 7
The calculation for the above is

5xS(Fex) = 6xS(F)S(ex) = 6xS(f) S(ex) = 6xS(F) xS (ex)

= 6xS(F) 6xesex) = 0xS(f) ese) = 0xS(fesco = F

R.1 Using the above identity we have

R.2 Again using the above identity we have

fg=Fex)'gex =fgex =0 ex = (fex) Fex = E?

R.3 From the above identity,

fg = (feX)HEGX =fFex=fgex = (fex)gex =§.
R.4 Again, use the above identity, and also that f = §xS(f)ey.

fhf = 6xS(@xS(Hhex) = (ExS(Nhex)'f = oxS(NAf

= 0xS(fYhdxS(fley = 6xS(f)hey = flhey =fh.

Therefore, X is a restriction category.
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That the inclusion X —2+ Xs is a restriction functor: Consider

J(f)=ex] =8(ex =5(ex = S(flexex = exfex = J(f)ex,
so that J preserves the restriction as required. ‘ (W

The above proof relies on the fact that S is a restriction functor. We did not need ¢
to be total, but for the next step we will. The following proposition is a generalization of
the fact that for total categories, the coKleisli category of a Cartesian category is again

a Cartesian category.

Proposition 2.3.2. If X is o Cartesian restriction category, and S = (S,€,0) is a
comonad with S a restriction functor and where € is total then Xs is a Cartesian restric-

tion category. Further, the inclusion X L Xs is a Cartesian restriction functor.
Define !4 : A = T =lgay : S(A) — T, and define the projections and pairings:

(f,9)
S(AxB) <™y A S(AxB)-"sB S(Z)—"=AxB .

AxB " A AxB-5B 7 Y9 A «B

Proof. That T is a restriction terminal object in Xg follows from the fact that it is a

restriction terminal object in X. The projections are total as
€Ty =e_7ri6=Ee=e=1.

Next we must show that Xgs has binary restriction product structure. Recall that

(fes)! = F. Consider for my,

(£,9)m0 = ({f, g eaxmo={f,9)m0=Tf = Fea)'f =G F

Similarly for 1, (f,g)m1 = fg. Thus the restriction product laws hold, and now we
must show that (f,g) is the unique map that makes these laws hold. Suppose v also

satisfies vrg = g f and vy = fg. Then,

vmo = Veaxpmo =vmy =G f = (Fea)'f =73 f.
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Similarly vm, = fg. Thus, v = (f,g) by the uniqueness of (f,g) in X. Thus Xs is a
Cartesian restriction category.

That the inclusion X -2 Xs is a Cartesian restriction functor, use proposition (2.2.1).
That ! Ty is an isomorphism follows becéuse it is an isomorphism in X. That o« is an
isomorphism,

(J (7o), J (1)) = (emo, em1) = e{mp,m1) =€ = 1.
Thus, by proposition (2.2.1), J is a Cartesian restriction functor. O

InXs, fxg = ((em)'f, (em)g) = ox(f x g) which implies that J preserves products

strictly, because

J(f x g) =e(f x g) = (emof, emg) = (S(mo)ef, S(m)eg)
= ox(ef x eg) = ax(J(f) x J(g)) = I (f) x J(g)

Also note that the association map ax = J(ax).

2.3.2 The Simple Slice Category

To show that (_ x A) is a comonad, we will use the coKleisli triple presentation of a

comonad!.

The map (_ X A) : X — X is defined as X — (X x A) on objects. Next, define
ex = (X x A) 7% X and ffi= (X x A) <L (v x A)

Note that

fle=(f,m)mo=f 7= (mo,m)=1
and

gt = (f,m) (g, m) = ((f,m)g,m) = (fig)".

The (co)Kleisli triple presentation of a (co)Monad was provided by Manes in [35]. Recall, its data
consists of an object map, a family of morphisms ¢, and a combinator (_)!
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Thus, using the coKleisli triple presentation of a comonad, the following proposition

is obvious.

Proposition 2.3.3. Let X be a Cartesian restriction category. Then, (_ x A) is a

comonad on X.

Note that f x 1 =f xT = f x I, so that _ x A is a restriction functor. Also note

that € = mp is total, thus by proposition (2.3.2),
Proposition 2.3.4. X[A] is o Cartesian restriction category.

To unwind this comonad further, given amap f: X — Y then S(f) = (fx1): X x A
— Y x A and that 6x = (1,m) = A(1 x m). Also, o5 = {(mo X 1), (m; x 1)).
2.4 Idempotent Splitting

Definition 2.4.1. Lete : A — A be an idempotent; e is a split idempotent when e

factors,

N

A

r

€
—_—
/

-~

&

where sr = 1g.

Further, given a split idempotent like the one above, we call E a retract of A, and
write E < A. Obviously, an idempotent e splits into 7s if and only if sr = 1g, and also
r is a retraction and s is a section thus a monic.

The following construction, called the Cauchy completion or idempotent splitting of
a category, splits a class of idempotents into a retraction followed by a section. This

construction can be found in Karoubi [30].

Definition 2.4.2. Let X be a category, and € a class of idempotents in X. Splite(X) is

the structure with
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Obj: (A,e), such that A is an object in X and e € € such thate: A — A.
Arr: (A,e) AN (B,¢) is a map A LB in X such that efe' =f.

Id: (Aye) = (A,e).

Composition: (A,e) SN (B,¢e") AN (C,e")y = (A,e) LN (C,e").

First, note that composition is well defined since
fo/G// — GGfG/G/f/G//G// — Gf@/G/f/ 1" — ff/

Further note that a map f satisfies efe’ = f if and only if ef = f = f¢'.

The following lemma will be quite useful in many proofs.

Lemma 2.4.1. Let e = ee be an idempotent in o restriction category. Then

ol
®
Il
®
Il
o
ol

Proof. Suppose e = ee. First, it is always the case that ¢ = €e. To show that e = €€

consider

The following, from [30], is straightforward to check.

Proposition 2.4.1 (Karoubi). For every X and class £ of idempotents, Splitg(X) is a

category.

In this section we show that a class of idempotents that is closed to taking products
may be split to guarantee that the resultant category is a Cartesian restriction category.
First, we show that one can split any class of maps in a restriction catégory and again
obtain a restriction category. The following is a generalization of theorem 1 in [4] to

restriction categories.
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Proposition 2.4.2. Let X be a restriction category. Then

(1) Splite(X) has a restriction structure given by (A, e) R (B,e') = (A,e) , (A,e).

(it) If € contains all the identities of X, then there is a restriction preserving embedding

X < Splitg(X).

(iit) All maps in &€ split in Splite(X).
Proof. (i) Note the restriction is well defined since
cefe=cefee=cefe=cef =ef.

Now, we must show that this gives a restriction structure.
[R1] ef f=ef = .

[R.2] We need that ef eg = egef. Consider,

efeg =efcege =efeegec=cfege=2gefe =egef =egeef =cegef.

[R.3] We must show ef e5 = cef g. Now (using ef = ef e),

ecfg =cefeg =cefe] =cfef =efF =efe

Q
Q|
Q|

[R.4] Note, the burden is a bit trickier this time. We have (A, e) N (B,¢)
LN (C,e"), so that the restriction of h is ¢h and the restriction of fh is

efh. Thus, we must show that fe'h = efh f. Now,
féh =efehed =efhe =efh fe =efhf.

Thus Splitg(X) has the restriction structure as described.

(i) Define the inclusion on objects A — (4,14) and on arrows A < B (A, 1)

NEAN (B,1p). The inclusion obviously preserves the restriction. Note the inclusion
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is well defined since 14 f1p = f. This inclusion is clearly a functor, and is full and

faithful since
X(A, B) = Splitg(X)((A,14), (B,1B)).

(iii) To see that £ idempotents split in Split(X) suppose d € €, and (A, e) LN (A,e) is
a map in Splitg (X) (this map is necessarily idempotent). Note that (A, d) LN (A, d)
is also a map in Splitg(X); also r = (4,¢€) LN (A,d) and m = (A,d) LN (A,e)
are maps in Splitg(X) since edd = dd = d and dde = dd = d respectively. It is
straightforward t6 show that mr = (A, d) LR (A,d) and rm = (A,e) LR (A,e),
which completes the proof.

a

Now, we can consider when a map in Splitg(X) is total. Suppose (4, e) S, (B,€) is

total. Then we have ef = e.
Lemma 2.4.2. Let X be a restriction category. Then the following are true.

(i) A map (A,e) SN (B, ¢€) is total in Split.(X) iffe < f in X.

(it) If € is exactly the class of restriction idempotents, then (A,e) SN (B,¢€) is total
iffe < f inX.

Proof. Consider the following:

\I
Il
|

(i) Suppose (A,e) N (B,¢€) is total; i.e. ef =e. Then € = €. Conversely,

suppose € f = €. Then,
6? =E@7'=EJG=ETG=EG=6.

(i) This follows immediately from (1) since e = €.
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Proposition 2.4.3. Let X be o Cartesian restriction category, and € a class of idempo-
tents which is closed under taking products (i.e. if e1,e5 € € then ey x es € £). Then

Splitg(X) can be given Cartesian restriction structure.

Take the restriction terminal object to be (T, 1), and the total maps into the terminal
object to be
(A,e) 24 (T, 17).
Define the product of (B,€’) and (C,e”") to be (B x C, ¢’ x ¢"). Take projections out of
(B x C,e' x €') to be (¢/ x e")mp and (¢’ x €”)my. Take the pairing of (A4, ¢) N (B,¢)
and (4,e) - (C,¢") to be just (£, g).

Proof. First, note that the maps into the restriction terminal object are well defined as

eelalT = els. We must show that the restriction of el is €;

eely =eely =€€ =ee=e.

Next, we must show that if (A,e) N (B,¢€') then felp < ely; by using the fact X has

Cartesian restriction structure we have,
efelpely=efela=cefla=cflg= felp.

Now we must show that the structure defined gives a binary restriction product structure.
First, note that (¢ x €”) is always an idempotent when €’ and e’ are, and thus £ being
closed under products is well defined. Next, consider that the pairing of maps is well
defined as e(f, g)(e x e") = (ef,eq)(¢/ x ") = (efe',ege”) = (f,g). Also, note that

projections are total. We will show the argument for mg:
(¢ xe")(e x eNmy = (e x ')(e/ x e) = (¢ xe").

Next, consider that the pairing of maps satisfies the correct laws for restriction product

structure:

(£, x &")ymo = (fe/,9¢")mo = (f, 9)m0 =T f,
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and
(f9)(e x e)m = (fe, ge")m = (f,g)m = fg.

Finally, we show that (f,g) is the unique map with this property. Suppose (4,e) —
(B x C, ¢ x €") satisfies v(e/ x ¢)my = G f and v(e x €’)m = fg. Then note that
v(e' x €") =, so that vmy = 7 f and vmr; = f g. Then by the universal property in X we

have that v = (f, g). This completes the proof. O

2.5 Term Logic

A functional type theory or term logic for a category permits equational reasoning about
the maps. A term logic should be sound and complete with respect to the translation
of the logic into the categorical setting. A soundness and completeness theorem for a
translation means that theorems in the logic correspond precisely to equations in the
category. The development of term logic we use here follows [18]; these results can be
found in Cockett and Hofstra’s notes [9].

Also worth noting is that a term logic can often be used as a programming language.
This allows the development of categorical abstract machines, and often these machines
allow one to discover new optimizations [17).

A functional type theory is given by three pieces: syntax, type inference judgments,
and equations. The syntax of a functional type theory is generated inductively from a
set of atomic terms and atomic types. Type inference judgments ensure that terms in
the theory are well typed. Let T be a set of atomic types and V a set of atomic terms,
2 a set of function symbols, and let there be a mapping o : @ — T* x T, called the
sorting 2. Note that the arity, w : @ — N, can be defined in terms of the sorting as

w = o mp; length.

2M* is the free monoid of the set M
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Recall some basic notation.
Definition 2.5.1. A context is a finite bag of (term,type) pairs.
Definition 2.5.2. A term-in-context is a sequent

'Fm: A

where T" is a context, m is a term, and A is a type.

Term formation judgments

assert that if £;,--- , %, are terms in the logic, then ¢ a term in the logic. An equation

is a judgment of the form;
Fl"tliA Fl"tz:A
r l_e tl =1y : A,

However, the rule above will often be abbreviated by ¢; =r &5 : A, and when the context
and type are clear as just t; = t5. A proved term is a term which can be derived only
from judgments.

The syntax of the Cartesian restriction terms and types are respectively generated by
the following inductively defined sets. First let V' be a set of variables. Then a pattern
p is a tuple of variables with the property that each variable occurs exactly once in the

tuple.

T=V|(0|(T....T) | {pT}T | Tir

Ty:=T|1|Ty x--:x Ty

T is often called the carrier set of the term logic [20].
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Basic terms:

'Ft:A I'p: Aks: B
T,z:AFz:A PROJ TF{ps}T:B cur
Fl_tl:Al Fl_t'n,:An U(f)=([A1)"')An])B)

T'F f(ty,...,ty): B FuN
Cartesian terms:
Fl-tliAl ”'Fl_tn:An
FI—()]- UNIT Fl_(th"')tn):A]X"'XAn TUPLE
F)tl:Al)"'atn:Anl_t!A
F’(tl)"')tn)iA]X"'Anl-t:A Pat

Partial Terms:

'Ft:A I'kFs: B
Fl-t|S:A REST

Table 2.1: Cartesian Restriction Term Formation Rules

The term formation rules for Cartesian restriction term logic are given in table (2.5.3).
Note that for the cut rule, variables are removed from context and put into the proved
term. Since the proof of s depends on these variables, they are said to be bound in s.
Also, for convenience we will write s to denote (£s)|s

There are essentially six classes of equations placed on terms.

a-Renaming The terms introduced by the cut rule contain bound variables, and these
variables can be renamed with fresh variables by a process called a-renaming. Two
terms t;,ty are a-equivalent if they can be made syntactically equal after a finite
number of bound variable changes. a-equivalence is indeed an equivalence relation,

and the rule is written,

FI_tIZA Fl_etglA tlEatza
Fl-ct1=t2:A

Axioms Axioms specify basic equalities on terms. Axioms do not depend on any gen-

erated equivalence; we assume I'-¢; : A and ' 45 : A, and we write

F I‘e tl = tz : A AXIOME
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ESB.1 {z.z}t =t

ESB.2 {z.y}t = y; when y # z

ESB.3 {z.f(t1,...,t)}t = f{zti}t,. .., {z.ta)}0)
ESB.4 {().t}k = t,

ESB.5 {()£}() = ¢

ESB.6 {z.0}t = (),

ESB.7 {z.(t1,...,ta)}t 2 ({z-t1}t,..., {ztn}t)

ESB.8 {(1131, v ,xn).s}(tl, e ,tn) = {1131.' o ({xn.s}tn) o }tl

ESB.9 {z.5p}t = {z.8}1,.,3.

Table 2.2: Cut Elimination for Cartesian restriction terms

Equational We ensure that the equations generate an equivalence relation using the

following rules.

_TFt:iA Pheta=1: A ‘
Th t=t: A REFL TP 3 =g, A S YMM

Fl"et1=t21A Fl"et2=t31A
Theti=t5: A TRAN

Subterm We also have rules that ensure that terms with equal subterms are equal.
There is one subterm equality rule for each term formation rule; for example, for
the FUN rule,

Fl"et1=t/1:A1 Fl"etn=t;1’1An O'(f)=([A1,...,An],B)
The f(t1, . ta) = f (&, t0) : B

SUBFUN

Cut-elimination The equations for cut elimination of Cartesian restriction terms are
in table 2.2. These equations are written directed because they can be viewed as a

rewriting system on terms.
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CRL.1 %=1t
CRL.2 t,50 = fyr,s

CRL.3 tjs = {5,

CRL.4t =1

CRL.5 f(t1,.., (ks -rtn) = ft1,- - st

CRL.6 tl(sl,"_,sn) = t'sl,...,Sn

CRL.7 (t],- ey (tk)ls" . ,tn) = (t],. . ’tn)ls

Table 2.3: Equations for Cartesian restriction terms

Equations The equations for Cartesian restriction term logic are in table 2.3.

A theory of Cartesian restriction term logic is 7 = (Ty, 2, 0, &) where £ is the set of

axioms that are imposed on Cartesian restriction term logic.

2.5.1 Cut Elimination

In this subsection, we will show that any term in Cartesian restriction term logic is
equivalent to a term with no cuts. We will use the bag ordering technique to establish

cut elimination.

Definition 2.5.3. Let (W, <) be a well founded set. Let Bi, By € Bag(W), and define
<< on Bag(W) by By << By if

L4 B] = M] ucC

L Bg = Mg U C

o for all x € M there exists y € M, such that z <y

The bag ordering allows us to remove some common subbag of Bj, By, and then

compare what is left pointwise.
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Proposition 2.5.1 (Dershowitz). If (W, <) is a well founded set, then (Bag(W), <<)

is also a well founded set.
Proof. See [21]. O

Theorem 2.5.1 (Dershowitz). Let (W, <) be a well founded set, T be a set of terms,
and =>C T X T a rewrite relation. Let v: T — (W, <). If for every a = b, v(b) < v(a)

then the rewrite rule terminates.
Proof. Again see [21]. O
Proposition 2.5.2. Every Cartesian restriction term is equal to one with no cuts.

Proof. (Sketch):
Consider the well founded set (N x N, <jey), and the map |_| : Terms — N which is the
size of the term. Define

v:Terms — Bag(N x N, <<)

by
v(@) ={| (J¢],1s]) | {p.s}t' is a subterm of ¢ |}

Now we must compare v(t;) and v(ts) for each £ = t». However, using the bag ordering,
we can eliminate v(t;) Nv(ts), so we only need to compare singleton bags. For example,
take (ESB.4). Now, for all ¢ ;| <iex |(¢1,-..,tn)]- Thus (|t], ) <iex (|(t1,-.-, )], |8]) as
required. Or, for example, take (ESB.6). It is clear that (|¢], |t:]) <iex (£}, |f(t1,- ., tn)])

as required. The rest of the rules are similar. O

2.5.2 Basic Equalities

This subsection presents some equalities between terms that are useful in establishing
the completeness theorem for this term logic.

First, a lemma regarding some basic manipulations of restriction terms.



37

Lemma 2.5.1. (i) tss = t}s

(ir) t =t

(iti) If x & s then {z.s}t = s}

(iv) If no variables of p are in s then {p.s}t = sy,

@) ({pt'}), = {pts}t

(i) ({pt'}0), = {p-t'} (tis)

Points (4i7) — (vi) of the above lemma are all proved by induction. We will prove

point (v) explicitly and sketch proofs of the rest.
Proof. Consider the following calculations:

(i) Using CRL.3, followed by CRL.1 on sy,
t|s,s = t]sls = t|s
(i) Using ESB.4 followed by ESB.5,

ty =100 =t

(iii) The proof is by induction on the structure of s.

(iv) The proof is by induction on the length of the pattern p. For the case when p= ()

use ESB.4. When p = x is a variable, use part 3 of this lemma. When p =

(ph' o >pn))

{(pl,- . >pn)-t}(tl,--~>tn) = {pl-(' o {pn-t}tn' : ')}tl
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(v) Assume that ¢,# do not contain any cuts. Then the proof proceeds by induction

on the structure of the pattern p. When p = () consider that

({O-tl}t)|s = tllt,s = tlls,t = {()-tlls}t

When p = z, is a variable, induct on the structure of . The case for tuples is
omitted because it is almost the same as the case for function application. Note,

that parts 3 and 4 of this lemma are used extensively below.

{2015 = Ops = {20385,
= ({z.0}0))5, = {z- O}y = {20}
({z.z}t), = b = ({z.2}t)),
= (@}t (y, = {m00s )1
({;c.f(tl, e ,tn)}t)ls = f({a:.t]}tls, cey {m.tn}tls) = f({a:.tus}t, cee {m.tn,s}t)
= {@.f (b bngs) Y = (@ F b1yt )
(ot }s), = (21} oy = (221 oy,

= {x.t}sll{m'ﬂls}s/ = {x-tlt’|s}sl = {x'tlf/,S}sl

Which completes the induction when p is a variable.

Finally, assume p = (p1,...,p,), and consider

{(ph v )pn)'t}(th v >tn)|s = {pl" v {pn-t}tn' ' '}tlls

={p.(-+ {pnt}ty - ')]s}tl

= {pl-' T {pn-tls}tn‘ : '}tn

={(P1,- -, 2n) s} (b1, - -, )

This completes the induction and the proof of point (v).
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(vi) For this, use induction on the length of the pattern p. The calculations are direct
when p = () or when p = (p1,...,ps). Induct on the structure of ¢ when p =z, is

a variable.

O

Next, to make a few lemmas easier, we can define normal substitution [¢/p] s which

does not update the restrictions appropriately.
Lemma 2.5.2. {p.t}t' = ([¢'/p]t),

Proof. The proof is by induction on the pattern. First, if p = (), then {().t}t' = ¢}y =
(#/0]t)y- Next assume that p = z, is a variable. Then proceed by induction on ¢.
The case for tuples is omitted due to similarity with the case for function application.

Consider,

{z.0}' =0 = ([{'/2] )y

{za}t =t' =ty = ([t'/z]z),

{zy}t =y = (/2] v)

{z.f(t1,... ta)} = F{zt1}t, ..., {zta}t)
= f(([E' /2]t )y (/7] tn) )
= f(['/2ltr, . /@l tn)yy, .0 = F(E /2] tr, . [ /2] )y
= (/) J (-, )y
{zt1p, )t = {z.1}t (g oy = [/ 2 b1y g ety

= [t'/z] tayy Jafiant = 16 1B 0 it

= <[t’/x] fluu/mltz>|u = (/=] (1))

This has a few consequences.
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TCR.1[z:Aba] =14

TCR.2 [(p1,...,pn) F 2] = m[pi - 2] (for = € py)
TCR.3 [T F O] ='ary

TCRA [Tk (41, ta)] = (ITFt1], .., [T F )
TCR.5 [T F f(t1,...,tn)] = T+t ..., [T F &) M(F)

TCR.6 '+ {p.s}t] = ([T'F¢], D[(p,T) F 5]

TCR.7 [T+ tt] =T F o [T+ £]

Table 2.4: Translation of Cartesian restriction terms

Corollary 2.5.1.

(i) ift=1t and s =g then ([t/p]s),, = ([I'/p] $' )y
(i) {p.s}({p'.s'}t) = {p/.{p.s}s'}t
(iii) {p-{p'.s'}s}t = {p' {p.s'}t}({p-s}t)

2.5.3 Soundness

The interpretation of a logic into a category is sound if, whenever the axioms of the
logic are satisfied, then all the equations are satisfied. In this section we will define a
translation of Cartesian restriction terms into a Cartesian restriction category, and then
show this translation is sound.

The translation of terms [_] into a Cartesian restriction category is given in table

2.4.

Proposition 2.5.3 (Cockett and Hofstra [9]: proposition 1.10). The translation defined

in table 2.4 is sound.

Proof. CRL.1 This translates to [I' - ¢] = [I' - ¢] [T I £] which is R.1.



41

CRL.2 This translates to [’ F s] [T F & [T'F ] = [T F ] [T F s] [T F ¢] which is true
because of R.2.

CRL.3 Using R.3,

[TF s, )= Fs][CFi]=[TFTTFs] [T 1]

=Tk Fs]IFt) =[Ft]

CRL.4 Note that when z is variable then [I' F z] is a composition of projections, and

so it is total. Then
[CFt]=[CF] [TF¢=[TF{]
CRL.5 By lemma (2.2.1), when e =€ then e(f1,...,fn) = (f1,---,€fj, ..., fn). Then

[[Fl—f(tl)"')(tk)p)'--)tn)]]=([[Fl—tl]])"',[[Fl_S]][[Fl_tk]])"')[[Fl_tnIDM(f)

=T Fs] ¢, M) = [T (. )]

CRL.6 Using lemma (2.2.1), (f1,..., fa) =fifa:

[CF s = (T F 1], [T F sa]) [T H 1]

=[TFsi] - [T'Fsp] [T ] =['F ts,..sn]

CRL.7
[TF G @G- ta)] = (ICF&],.. ., [CFEs]ITFtl, .., [T F ]
= [Tk 8] {t1,...,tn) = [T F (¢4, .. ,tn)[s]]
Therefore the interpretation is sound.’ O

2.5.4 Completeness

To show the completeness of the interpretation 2.4, we will show that for each theory
there is a Cartesian restriction category generated freely from the logic. This means that

there is an interpretation or model of each theory in a Cartesian restriction category.
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For each Cartesian restriction theory 7 define the classifying category, C[7] to be the

structure with

Obj: Products of atomic types.

Arr: Amap f: A — Bis a term judgment I' : A+ ¢ : B, under the equivalence
relation given by provable equality in the logic. We will often use the following

notation for such an f: A — B;I' +— ¢, and if the types are clear, just I — ¢.
Id: The identity map 14 = A — A; T — T

Comp: Composition is given by substitution.

(Tt —t)
T {p/ ¢}t

Rest: The restriction of a map is given by:
f=T—t
7 = F — F|t
Products: For the total map into the terminal object use ! = I' — (). The projections

are mp = (I, ") = I and m; = (I, I') — I. Define the pairing as

f=T=t g=Trt
(f,9) =T (t1,12).

We must first show: .
Lemma 2.5.3. For any Cartesian restriction theory T, C[T] is a category.

Proof. That the identities act as identities, we must show that for any patterns p,p’ we

have (p = p)(p— t) =p > tand (p = t)(p' — p) = p — t. The proof proceeds by
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induction on the pattern. For the base case, the pattern is a variable. Recall that the

restriction of a variable disappears.

@ a)ly ) =20 utls =20 /44,

=z~ [z/ylt=y—t
where the last equation is a-equivalence. For the right law,
p—t(z—z)=p— {zalt=p—t

For the inductive case, assume the patterns are nonempty, and for all subpatterns,

Di, P F> P; acts as an identity. For the left law,

((P1y--spn) = (o1, oa)) (@1, -+ Gn) 2 0)
= (1. o) = {(q1, -, q0) B} (01, -, Pn)
=(1-on) 2 {a - {gn ke 30

= (1, 0) > Ir/an] < [pn/an)
=(q1,.- . qn)

The last equation is a-equivalence. Note also that the restriction of a pattern disappears,

so the fourth step is sound. For the right law,

(= (st )) (P, P0) = (P15, P0))

=p = {(P1, -, Pn)-(P1, -, P) }(E1y - -y )

=pes {(n,- . PP} Enr- s t)s oo {(P1, - P0)-Du} (b, -y )
=p = (Do 1) s (P Pr ) )

=p= ({Prpi}t, .o, {PrPn}tn)

=p'_>(tl)-")tn)

where the last step is the inductive hypothesis.
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That composition is associative, use corollary (2.5.1).

((p1 = @) (P2 = £2))(p3 > t5) = (p1 > {P2-t2}t1) (p3 — t3)
=p1 > {ps.ts}({pa-t2}t1)
=p1 > {p2-{ps-ta}ta}ts
= (p1+ t1)(p2 = {ps-ts}t2)

= (p1 = t1)((p2 > t2) (p3 > t3))

Next, we check that C[7] is a restriction category.

Lemma 2.5.4. For every Cartesian restriction theory, C[T] is a restriction category

given by the above restriction data.

Proof. R.1
Ff=@~p)p—t)=p— {pt}p
=p+— ({ptip), =p— ([p/plt),
=ptpr=prip=p—t=f
R.2
F7 =@~ ) ps) =p— {pps}op
=p = ({pp}p), =2 = ({p0}0)s, = (0= 1) (0 = pp) =G.f
R.3

JT =@ pp)P- D) =P = Pps =D Dy,

=Pl =p— DSy =P = PP —=8) =19
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R4
fh=@~=t)(g—qs) =p {g.qs}t
=p = {00} gop =P syt
= p = {ptPygsys = (P = Plgsye) (P 1) '
= {gsit)p=t)=(p—8)(g—s)(p—t)=fhf
Thus, C[T] is a restriction category. O

Next, we show that C[7] has the Cartesian restriction structure proposed.

Proposition 2.5.4 (Cockett and Hofstra [9]: theorem 1.12). For every Cartesian re-

striction theory T, C[T] is a Cartesian restriction category.

Proof. First, we show that C[7] has a restriction terminal object. First note that I =

p () =p—pp=prp,so that ! is total, and () — () is the identity. Further,

A= t)g—0)=p—={a0}=p— Q=0 {g.0}pp =T

Where the equality {g.()}¢ = ()}, can be proved by induction with the base case being
ESB.6.
Next, we show that the data given defines partial products. First, that the projections

are total is given by straightforward calculations, for example, for g,

mo=Pq)—p=mq9®a,= 049~ Ppa =09~ (9.

For the pairing law for wp note that no variable of ¢; occurs in ¢y, then

(f, gm0 = (p— (to, 1)) (P, @) = p) = p = {g{p.p}o}ta

=p={ghlti=p—tlyy, =p—ti(p—=t)=7f
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Similarly, (f, g)m = fg¢. To see that (f, g) is unique with respect to this property, assume
p — (v1,v2) also satisfies, (p — (v1,»))T0 =P = 0z (p — v1) and (p — (v, v2))m =

P 01 (p — v2). Then consider that

(p = (1}1‘,1}2))71'0 =p+ (['U2/q] 'Ul)lfuz

Since ¢ and v; do not share variables, this implies that o = [va/g]v; = v;. Similarly,

ve = ty. This completes the proof that C[7] is a Cartesian restriction category. a

2.6 Turing Categories

Turing categories were introduced by Cockett and Hofstra [13] to give a categorical
characterization of computability theory.
Let X be a Cartesian restriction category, andlet f: Ax B —-Ct: TxB —=C. f

has a ¢t index h: A — T if h is total and the following diagram commutes

Tx Bt—C

hxl[ f
Ax B

A map ¢ : T X B = C is universal if for every A and f: A x B — C f has 75¢
index. Essentially, we are saying that 7 is universal when it acts as a universal Turing
machine, for every f, we get a “code” h which is used by 7 to compute f. This leads to

the following definition:

Definition 2.6.1. A Cartesian restriction category X is a Turing category when there
is an object T, called o Turing object, such that for any two objects B,C there is a

map Tec which is universal.

An object T for which every other object is a retract is a universal object.
The standard example of a Turing category is given by the computable functions

over the natural numbers. For some fixed programming language, one may encode each
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program as a natural number. There is ‘a universal function ¢(n,m) which applies to
m the program whose number is 7. We may look at the category of functions that are
computable in this manner; N is a Turing object and the universal map is ¢.

From the definition we have an immediate observation
Lemma 2.6.1. The Turing object T' of a Turing category is universal.

Proof. Consider the following diagram.

(1Y)

Take m = (1,1)(h x 1)mg = h and r = (1,1)7. Then it is obvious that mr = 14. O

Theorem 2.6.1. [Recognition of Turing categories(Cockett-Hofstra [13]: theorem 8.4)]
Let X be a Cartesian restriction category. Then X is a Turing category if and only if

there is an object T' for which every other object is a retract and there is a universal map

TxTT.

Proof. Lemma (2.6.1) shows the implication “ => .” Thus assume X is a Cartesian
restriction category with an object T' for which every object is a retract and there is a
universal T x T — T. Our goal is to show X is in fact a Turing category. Now any two
objects B, C are retracts of T"; thus we have

mp me

BZ__>T C T

B re

Define

o =T x B 2T, 7y T 1S, ¢

Our goal is to show 75¢ is universal. Suppose f: A X B — C. We must show there is a
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total h: A — T such that
T x BZ%s

hxlT f
Ax B

commutes. However, note that (1 x mp)(1xrg) = 14xp, and that there is a total A such
that

TXxT=>—T

hXIT A;fmc

AxT

commutes because o is universal. Then consider the following diagram

IXmp .

Tx B=Ep«T 7250

RN

AxBTAxTTr;AxB

mp

which proves that 7p¢ is universal, and thus that X is a Turing category. O

In a Turing category, the Turing object plays the role of a weak exponential object,
and the index maps play the role of exponential transposes. There is also a way in which
Turing categories arise from models of the untyped lambda calculus. We can consider
an object A in a Cartesian closed category X for which (A = A) <1 A, these are called
reflexive objects. Note this makes every power of A a retract of A. Thus we can look
at the full subcategory of X whose objects are the finite powers of A, called Comp_, (A).
DeﬁneAxA—'——>A=A><A—T—XL>(A=>A)><AL31>A. Let f: A" x A — A. Then

A(f)m is total, and the following commutes.

(rx1eval

AxA—————A

/\(f)mxlT | /

A" x A
Thus by theorem (2.6.1) Comp_, (A) is a Turing category.

Another perspective on Turing categories comes from PCAs.
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In a Cartesian restriction category, an applicative system is A = (A, o) where Ax A

— A. Also define
@ i=A4 25 Ax A5 A M=o o) = (e x 1)eM: A% x A" — A

A map f: A" — A is A-computable if there is a total point A: T — A such that

Ax A2 4
(!h,l)T f
A’I‘b

commutes. h is called a code for f. The notion A-computable may also be extended
to maps A® — A™ Whenn =0, f: T — A™ is A-computable if If : A — A
is A-computable. For m = 0, f : A" =T is A-computable when f : A® — A" is
A-computable. Forn,m > 0 f : A — A™ is A-computable if each fr; is A-computable.

To denote the term {(a,b)e we will write a ® b, or if the context is clear just ab. Also
for notation, it will be assumed that application binds to the left, so the term (ab) ¢ can
be written as just abe.

For an applicative system, A = (A, o), call the following structure Comp(A):
Obj: Powers of A
Arr: A map A" Ly pm is a map which A-computable in the underlying category.

For an arbitrary applicative system A, the structure Comp(A) is not a category; for
example, there is no reason that the identity map is A-computable.

If presented in the term logic, a map in Comp(4) is of the form,
I —t

where t is a term whose nodes are e and whose leaves are variables in . An applicative

system is combinatory complete if every such ¢ can be represented by a single element
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t such that
LMy - My = {xp. - {1t} My -} M,

where 21, ...,%, are the variables in I. It is a classic result that combinatory complete-

ness devolves into having two particular elements s, k& such that
s My Mo mg = My mg (Mg M3) kmime = mipy,.

In a Cartesian restriction category, s, k arise as codes for the following maps respectively

Ax Ax A Soomhnmd, g oXo  fy A2 A Ax AN A
An applicative system with s,k is a partial combinatory algebra (PCA).

Proposition 2.6.1 (Curry-Schonfinkel). An applicative system is combinatory complete

if and only if it is o PCA.

Proof. The proof of the combinatory completeness theorem proceeds by constructing
points using only s,k that compute any map. The construction of points is given by

simulating the lambda calculus

Nrx=skk

Nr.z=kz

Nz (b1 t2) = s (A*z.t1) (Vm.t2).
Then, by induction,
(Nz.tym = {z.t}m
as desired. (]
To lift these classical results up to results about applicative systems in Cartesian

restriction categories, codes must be total. Thus, we must insist that szy and kz are

total for all z,y.
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If A is a PCA in a Cartesian restriction category, then Comp(A) may be given the
structure of a Cartesian restriction category. The identity is coded by s k k. Composition
is given by the combinator ¢ := A*zy 2.2 (y 2), so that if f has code f and g has code g,
then gf has name c f g. Pairing is given by the combinator A*abp.pab. mo is given by k
and 7 is given Mz y.y. For restriction, use that f = (1, f)m. The converse is also true;
if Comp(A) is a Cartesian restriction category, then s,k may be defined.

Moreover, this construction of combinators makes A into a Turing object and o™
into a universal map for each n. Thus, Comp(A) may be given the structure of a Turing
category when A is a PCA.

A summary of the above results is:

Theorem 2.6.2 (Cockett and Hofstra [13]: theorems 4.5 and 4.6). Let X be o Cartesian

restriction category, and A an applicative system. Then:

(1) A is a PCA if and only if Comp(A) is a Cartesian restriction category.
(it) If A is o PCA then Comp(A) is a Turing category.
Every PCA generates a Turing category, and the converse is also true.

Theorem 2.6.3. Let X be a Turing cotegory with Turing object T' and universal map
T x T — T. Then (T,e) is a PCA.

Thus, we have given another view on Turing categories using the strong connection
between Turing categories and PCAs. When moving Turing structure into left additive

and differential restriction structure, these connections should be preserved.
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Chapter 3

Cartesian Left Additive Restriction Categories

3.1 Cartesian Left Additive Restriction Categories

Cartesian left additive structure is first introduced in [2] as a prerequisite to Cartesian
differential structure. The idea behind Cartesian left additive restriction categories is that
they should axiomatize arbitrary partial maps between commutative monoids. Much of
this material is in Cockett et al [15]. ‘Such maps have an obvious addition; if f,g : A

— B
(f +9)(a) = f(a) + g(a)
henceif h: C — A,
(f +9)(h(a)) = f(h(a)) + g(h(a))
then it is obvious that the sum is preserved with composition coming from the left.

However, these maps are not homomorphisms, so in general

h((f +9)(a)) = h(f(a) + g(a)) # h(f(a)) + h(g(a)).

Since the maps in a, restriction setting are partial, the sum of maps should be defined
precisely where both maps are. The above observations are captured in the following

definition:

Definition 3.1.1. Let X be a restriction category. X is a left additive restriction

f7 and

category in case each X(A, B) is a commutative monoid such that f+ g

0 =1, and 4t is left additive; that is, f(g-+ h) = fg+ fg and fO= fO.

Note in the definition above that fO = f0 # 0. This is because 0 is total, but f0

need not be total.
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Some results about left additive structure:

Proposition 3.1.1 (Cockett et al [15]: Proposition 3.2). In any left additive restriction
category:
Q) f+9=9f+Fg
(ii) ife=¢€, thene(f+g)=ef+9=f+ey,
(i) f f < fl,9< g, then f+g < '+,
(i) if f~ f',9~ ¢, then (f+g9) — (/' + ).

Proof. (i)

fro=F+9(f+9)=F3(f+9)=T0ff+TT9=0f+[g

[+eg
= ey f+ feg by (i)
= E7f+efyg
= 2(Gf+F9)

= e(f+g) by (i)

(iii) Suppose f < f/, g £ ¢'. Then:

F+g(f'+4d)
= fg(f'+4)
= gif'+fg9
= gf+Fgsince f < flg<g

= f+gby (i)
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so (f+9) < (f'+9).
(iv) Suppose f — f/, g~ ¢'. This means that f f' = f' f and g’ = ¢’ g. Then we use

part (3) of this lemma in the following calculation.

+d(f+9) =73 (f+9)
=(ff+99)
=(ff+39)
Fa(f'+9¢)

F+g9(f'+9)

Thus, f+g9— f'+7"
|

Blute et al noticed that the additive maps, these are the maps h which satisfy

v (f+gh = fh+ gh and Oh = 0, form a subcategory. However, additivity does not
translate directly into the partial world, as there is no reason for (f + g)h and fg + gh
to agree on where theyrare defined. Thus to define an additive map in a left additive

restriction category requires a weaker relation than equality.

Definition 3.1.2. A map h in o left additive restriction category is additive when for

all f,9, (f +9)h~ fh+gh and Oh — 0
We also have the following alternate characterizations of additivity:

Lemma 3.1.1. A map [ is additive if and only if for any z, vy,

zfyf(z+y)f <zf+yfand0f <O

or

(xf +yf)f <zf +yf and Of <O0.
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Proof. The first part is an instance of lemma (2.1.4). Then note that by [R.4]
afyf(@+y)=afz+yfy=Ffz+Tfy,
so that we get the second part. O

Proposition 3.1.2 (Cockett et al [15): proposition 3.6). In any left additive restriction

category,
(i) total maps are additive if and only if (x+y)f =xf +yf;
(it) restriction idempotents are additive;
(111) additive maps are closed under composition,
(iv) if g < f and f is additive, then g is additive;
(v) 0 maps are additive, and additive maps are closed under addition.

Proof. In each case, the 0 axiom is straightforward, so we only show the addition axiom.

(i) It suffices to show that if f is total, then (z +y)f =z f +yf. Indeed, if f is total,
@+y)f =7+y =77 =fy =zf Tyl -
(ii) Suppose e =€. Then by [R.4],
(ze + ye)E = ze + ye & (ze + ye) < ze + ye
so that e is additive.
(iii) Suppose f and g are additive. Then
zfgyfg(z+y)fg
= zfgyfgafyf (@ +y)fg

zfgyfg(zf +yf)g since f is additive,

IN

IN

xfg +yfg since g is additive,

as required.



o6

(iv) If ¢ £ f, then g = 7 f, and since restriction idempotents are additive, and the

composites of additive maps are additive, g is additive.

(v) For any 0 map, (x +y)0 = 0 = 0+ 0 = 20 4 y0, so it is additive. For addition,

suppose f and g are additive. Then we have

(z+y)f~zf+yf and (z +y)g ~ xg + yg.

Since adding preserves compatibility, this gives

(x+y)f+(@+y)g~—zf+yf+zg9+yg

Then using left additivity of z,y, and = + y, we get

@+y(f+9) —z(f+g) +y(f+9)

so that f + ¢ is additive.

O

The above notion of additive map may be strengthened to assert that the domain
is additively closed. This means that whenever fh and gh are defined then (f + g)h is

defined, and 0h is total.

Definition 3.1.3. A map h in a left additive restriction category is strongly additive

when for all f,g, fh+ gh < (f + g)h and Oh = 0.
An alternate description, which can be useful for some proofs, is the following;

Lemma 3.1.2. f is strongly additive if and only if (xf +yf)f = zf +yf and 0f = 0.
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Proof.

af +yf < (@+y)f

ef +yf@+y)f=af +yf
efyf@+y)f=af+yf
@fe+yfy)f=af +yf

(@f +yf)f ==f +yf by [R.4].

r ¢ ¢ ¢

O

Proposition 3.1.3 (Cockett et al [15]: proposition 3.9). In a left additive restriction

category,
(1) strongly additive maps are additive, and if f is total, then [ is additive if and only
if it is strongly additive,
(i1) f is strongly additive if and only if f is strongly additive and f is additive;
(ii1) identities are strongly additive, and if f and g are strongly additive, then so is fg;
(iv) 0 maps are strongly additive, and if f and g are strongly additive, then so is f + g,

(v) if f is strongly additive and has o partial inverse g, then g is also strongly additive.

Proof. In most of the following proofs, we omit the proof of the 0 axiom, as it is straight-

forward.

(i) Since < implies —, strongly additive maps are additive, and by previous discussion,

if f is total, the restrictions of zf 4+ yf and (x + y)f are equal, so — implies <.

(ii) When f is strongly additive then f is additive. To show that f is strongly additive
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Together with 0f =

strongly additive.
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0f0 =00 = 0, this implies, using Lemma 3.1.2, that [ is

Conversely, suppose f is strongly additive and f is additive. First, observe:

zf +yf

I
R
=]

This can be used to show:

zf +yf = zf+yf(xf+yf)

= (& +yJ)f (zf +yf) by the above
= zf +yf (@f +yf)fas f is additive
= (&f +yf)f @f +yf)f by the above
= (af +yf)/f,
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TFor the zero case we have:

0f = 0f0 since f is additive
= 070
= 00 since f is strongly additive

= 0

Thus, by lemma 3.1.2, f is strongly additive.

(iii) Identities are total and additive, so are strongly additive. Suppose f and g are

strongly additive. Then

zfg+yfg
< (zf +yf)g since g strongly additive,

< (x+y)fg since f strongly additive,

so fg is strongly additive.

(iv) Since any 0 is total and additive, 0’s are strongly additive. Suppose f and g are

strongly additive. Then

z(f +9) +y(f +9)
= zf +2xg+yf+yf by left additivity,
< (x+y)f+ (z+y)gsince f and g are strongly additive,

= (z4+y)(f+ g) by left additivity,

so f + g is strongly additive.

(v) Suppose f is strongly additive and has a partial inverse g. Using the alternate form
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of strongly additive,

(27 +v7)9
= (zg9f +vgf)g
= (zgf +wygf)fg since f is strongly additive,
= (zgf +y9/)f
= x9f +ygf since f strongly additive,

= Tg+yg

and 0g = 0fg = 0f =0, so g is strongly additive.

O

In the standard example of commutative monoids and partial maps, addition on
a pairing of maps is defined componentwise, and has the effect that for all f,g,h,k,
(fxg)+(hxk)=(f+h)x(g+k). In combining Cartesian restriction and left additive
restriction structure, this interaction between the product functor and the addition on

homsets will be the same.

Definition 3.1.4. Let X be a Cartesian restriction category and a left additive restriction
category. X is o Cartesian left additive restriction category in case (f +g) x (h+

kY= (f xh)+ (gxk), 0=0x0, and m, 71, are additive.

For total Cartesian left additive categories, there is a structure theorem which states
that Cartesian left additive structure is determined by each object, A, being a commuta-
tive monoid with addition canonically defined as my +m; : A x A — A [2]. This theorem

also holds in Cartesian left additive restriction categories.

Theorem 3.1.1 (Cockett et al [15]: theorem 3.11). Let X be a Cartesian restriction

category. Then X is a Cartesian left additive restriction category iff each object is a total
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commutative monoid
+4a:AxXxA— A 04:1— A
such that the following exchange ! aziom .holds:
taxs = (Ax B) x (Ax B) =5 (Ax A) x (B x B) —4X%2, A x B.

Proof.

(“="): Suppose X is a Cartesian left additive restriction category. Then define
4 :=my+mM and OA = 0.

The identity laws hold since (0 x 1)(mg + m1) = 70 + 1 = 7y, and (1 X 0)(mp + m) =

mo + m0 = . Further, the following diagram commutes.

(Ax A) x AT 4 (Ax A)—2F4 4 A.
+ax1 1+A
Ax A = A

To prove the diagram commutes, consider that

{momo, T X 1)(1+A)-i—,4 = {mmo, (w1 X 1)+4)(mo + m1)
= momo + (m1 X 1)+4
= momo + (m1 X 1)(mp + m1)
= momo + (mom1 + m1)
= (momo + mom1) + M1 associativity
= o (mo + m1) + ™1
=Ty +4 +7T

= (+4x1)+4.

! Recall that the exchange map is defined by ex := (mg X mo, ™ X ™) and that it satisfies, for example,
((fag)a (h‘a /{2))633 = ((f) h‘)a (ga k)) and (A X A)ea?:: A,
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Thus, the structure gives a monoid, and this monoid is total since 04 = 1 and 7y + m; =
mom = 1. This monoid is commutative since mp -+ = m +m. The exchange law holds
because,
+AxB =T + M

= (mo + m1){mo, m1)

= {(mo + m1)mo, (mo + m1)m1)

= (momo + 1m0, To71 + 7T17r1} 7 is additive

= ((mo X )+ 4, (m1 X m)+B)

= ex(+4 X +B).
(“«="): Given a total commutative monoid structure on each object, the left additive

structure on X is defined by:

ALsB A5 B ad
A sy B & A——— B
f+g:={f9)+B 0aB :=!40B

Zero

That this gives a commutative monoid on each X(A, B) follows directly from the com-
mutative monoid axioms on B and the cartesian structure.

For the right identity law we must show f+0=(f140p)+p = f. Consider the
following diagram.

{f,!a0B)

A ; B
w %
&A +B

Bx1
\

The right most shape commutes because of the laws for commutative monoids, and the

other shapes commute because of the coherences of Cartesian restriction structure. The

left identity holds similarly.
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For associativity, precompose the monoid associativity diagram with {{f, g}, h); around
the bottom is (f + g) + h and around the top is f + (g + h).
For commutativity, use the symmetry (m;,mo)+p = +p of the commutative monoid

laws,
<f)g>+3 = <f,g><’ﬂ'1,7f0>+3 = <g)f> +5B

For the interaction with restriction,

0 =140p =140 =14 =1,

and

Fra={a+s={9Fs =(f,.9) =[7.

For the interaction with composition,
f0=f180¢c = flalc = [0,

and

flg+h)=F({g,M+ec) = {fg,fh)+c=fg+ [h
The requirement that (f + g) X (h+ k) = (f x h) + (g9 x k) follows from the exchange
axiom:

h,gxk
AxC (fxh,gxk)

B><D x (B x D)

W /

(B x B) x (D x D) +BxD

&\

(f,g)+3><(h,k) D
the right triangle is the exchange axiom, and the other two shapes commute by the

cartesian coherences. Also

0 = 0(mp, ™) = (0,0) = (mp0,m,0) = 0 x 0.
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It remains to prove that the diagonal map and projections are additive.

Since my is total, mp is additive in case for all f,g: A — BxC, (f +g)wo = fmo+ gmo,

which is shown by the following diagram:

A— P pxoyxBxo)ylE2

\71'0,971'0) (f’lfl,g”fl)) € / /

BxB)x (CxC)

(fmo,9m0)
A similar argument shows that 7 is additive. Since A is total, A is additive when

forall f,g: A— B, fA+gA=(f+g)A. This is shown by the following diagram:

A——Y29D B« B)x (B x B)

(£,9) l / }(

(fro)+s Bx B (B x B) x (B x B) +BxB
|
+ Bi m\ +B>‘;+B
B X B x B
This completes the proof that X is a Cartesian left additive restriction category. (W]

Proposition 3.1.4 (Cockett et al [15]): proposition 3.1.4). In a cartesian left additive

restriction category:
(@) (f,9)+ {9 ={f+[,9+9) and (0,0) = 0;
(ii) if f and g are additive, then so is ([, g);

(1i1) the projections are strongly additive, and if f and g are strongly additive, then so

is <f>g>:

(iv) f is additive if and only if

(mo +m1)f ~ mof +mf and Of — O;
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(that is, in terms of the monoid structure on objects, (+)(f) — (f X f)(+) and
0f—0),

(v) [ is strongly additive if only if
(mo+m1)f = mof +m1f and 0f = 0;

(that is, (+)(f) Z (f x f)(+) and 0f 2 0).

Note that f being strongly additive only implies that 4+ and 0 are lax natural trans-

formations.

Proof. (i) Since the second term is a pairing, it suffices to show they are equal when

post-composed with projections. Post-composing with mg, we get

((f,9) + (f's g )mo
= {f,9)mo + {f', g')mo since 7o is additive,
= gf+g/f
= g9 (f+/)
= g+g(f+f)

= (f+f9+d)m

as required. The 0 result is direct.

(i) We need to show
(x +y){f,9) — z(f,9) +v{f, 9);

however, since the first term is a pairing, it suffices to show they are compatible

when post-composed by the projections. Indeed,

+y){f, gm0 = (z+y)gf—23f+vygf
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while since mp is additive,

((f,9) +y(f,9))m0 = z(f, g)mo + y(f, g)mo =27 f + 47 f

so the two are compatible, as required. Post-composing with 7 is similar.

(iii) Since projections are additive and total, they are strongly additive. If f and g are

strongly additive,

2(f,9) + (. 9)
= (zf,z9) + (WS yg)
= (@f +yf,zg+yg) by (i)
< {(z+y)f, (& +y)g) since f and g are strongly additive,

= (z+y){f 9

so (f,g) is strongly additive.

(iv) If f is additive, the condition obviously holds. Conversely, if we have the condition,

then f is additive, since

(+y)f = (z,y9)(mo+m)f — (@,y)(mf +mf)=zf +yf

as required.

(v) Similar to the previous proof.

3.2 Simple Slices

Suppose S is a comonad, and § is a restriction functor on a Cartesian left additive
restriction category X; note that we are not assuming that S preserves addition. We

can define maps +4 = ¢+4 and 04 = ¢04 to be the components of a total commutative
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monoid structure on the objects of Xs. That is, we can define monoid structure on the
objects of Xs as the image, under the inclusion X SN Xs, of the canonical monoid
structure on X. Wé will prove that this does give a total commutative monoid structure
on Xgs. This implies that Xs is a Cartesian left additive restriction category, and that
the inclusion X —L» Xs is a Cartesian left additive restriction functor. In particular,
Cartesian left additive restriction structure lifts to X[A].

The following proposition is a generalization of Blute et al [2], proposition 1.3.3 to

the setting of Cartesian left additive restriction categories.

Proposition 3.2.1. IfX is a Cartesian left additive restriction category, and S = (S, ¢, §)
is a comonad with S a restriction functor and where € is total then Xg is o Cartesian left
additive restriction category. Further, the inclusion X — X is a Cartesian left additive

restriction functor.

Proof. In proposition (2.3.2), we proved that the inclusion J : X — X strictly preserves
products. This fact is quite useful for provi'ng that Xs has Cartesian left additive restric-
tion structure. Note that since J is a functor, it preserves composition, and in Xg this
means that for all h, k, J(hk) = J(hk) = J(h)J (k) = (J(h)'J (k).

Now, for the left unit law we must show (0 X 1)+ 4 = m;. Consider
(0 X )44 = (J(0) x I I(+4) = (J(0 x 1)) (+4)
= J((0 x 1)+4) = J(m) = m1.
Similarly, the right unit law holds. For associativity, we must show ax (1 X 4+4)+a4 =
(44 X 1)+ 4. Consider
ax (1 X +a)+a= (J(@))(J(1) x J(+4))+4
= J(ax(1 % +a)+a) = J((+a X 1)+4) = (J(+4) x ) (+2)

=(+ax1)+4.
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Finally, we must show the exchange law, +axs = ex(+4 X +pg), holds. Note, that

ex = J(ezx), so that
+axs = J(+axs) = J(ex(+a x +8)) = (J(ex))!(J(+4) x J(+8)) = ex(+a X +8).

Thus, Xs is a Cartesian left additive restriction functor, and X N Xs is a Cartesian

left additive restriction functor. |

Note that the addition in Xg is

F+g={(f,g)+a={f9)eta={f9)+a,

in other words, the addition in Xg is simply inherited from X.

The following is now obvious.

Proposition 3.2.2. For every Cartesian left additive restriction category X, X[A4] is a

Cartesian left additive restriction category.

Note, that if a map f: X x C — Y in X[4] is strongly additive then (mwq + 1) f >
wof + w1 f and Of = 0. This means

X % C > A <7TO+7TI)7T'2)f Y Z X % C % A (770)772)f+(771)772)f> Y,

and (0,m)f = f. Thus:

Proposition 3.2.3. A map f is strongly additive if and only if f is strongly additive in

its first variable.

3.3 Idempotent Splitting

As we shall see, idempotents that split as rs where r is strongly additive are important to
the development of left additive Turing categories. In this section, we will show that any
Cartesian left additive restriction category can be completed to one in which “retractively

additive” idempotents split in the above manner.
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Definition 3.3.1. Let X be a Cartesian l'eft additive restriction category. An idempotent
e is retractively additive when, 08 =0, (my +m)e > e X e and (my + m)e > (moe +

mie)e.

Note that the last conidition is equivalent to having, for all f, g, (f+g)e > (fe+ge)e.

The following lemma will be useful in the next section.

Lemma 3.3.1. If€ is strongly additive then for oll f,g

fe+ge = (fe+ ge)e.

Proof. Use the fact that €2 =8 e =2€e =e. Also use lemma (3.1.2)

(fe +ge)e = (fee +ge€)€' =fe +ge = fege = fe+ge

Retractively additive idempotents have the following property,
Lemma 3.3.2. The following hold in any Cartesian left additive restriction category,
(1) If (f +g)e > (fe+ ge)e then e is retractively additive if and only if € is strongly
additive.
(it) If e is strongly additive then e is retractively additive.
(i11) If e is retractively additive then so is €.

() If e is strongly additive, ¢ is retractively additive, and ee’ = €’e then ee is retrac-

tively additive.

(v) If e, e’ are retractively additive then so ise x €.
Part 2 in particular says that all identities are retractively additive.

Proof.



(i) Assume (f + g)e > (fe + ge)e.

Then assume e is retractively additive. Then it suffices to show that (mg + m1)e >

e me = mpe + me. Then,

mo€ + me. Note that e x e

(mo +m)E = (mp + m1)e (m + m1) > moe + mie (mo + m1)

= Tp€ i€ (mp + m) = M€ + m €.

Assume, € is strongly additive. Then it suffices to show (mp + m1)e > e xe. Con-

sider,

(mo +m1)e > M€ + ME = TpEME =M+ mMe =e X €

(ii) Suppose e is strongly additive. Then € is also strongly additive. Also,

(f +9)e=(f +g)ee > (fe + ge)e.

Thus by part (i) of this lemma, e is retractively additive.

(iii) Suppose e is retractively additive. Then by part (i) of this lemma € is strongly

additive. By part (ii) of this lemma  is retractively additive.

(iv) If e is strongly additive and € is retractively additive. Then,

Oee’ = Oee’ 0 = Oee’0 = Oee’ 0

= 0e/0 = 00 = 0.
Also,

(f +9)ee = (f +g)ee’ (f +9) = (fe+ge)e (f +9)

> (fee! + gee)e! (f + g) = fee! + gee' (f +g) lemma (3.3.1)

= fee’ + gee'

Thus ee is strongly additive.
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Next,
(fee' + gee')ee’ = (fee' + gee')e'e < (fe + ge)é'e
< (f+g)ece = (f + g)ee
Thus, e€’ is retractively additive.
(v) Since both maps are pairings, it suffices to show the inequality after either projec-

tion. For mp

(f +9)(ex e)m

= (f +g)me me

= (fm +gm)e (fmo + gmo)e

> (fme + gme)e (fmoe + gmoe)e

= (fmoe fme + gme gme)e fme gme (f7. + gmoe)e
= (fle x &)+ gle x &)(e x ).
Thus, (f+9)(ex &)mo 2 (f(ex€)+g(exe))(exe)my. Similarly, (f+g)(exe)m >
(F(e x &) + gle x &))(e x &)m. Thus,
(F+9)ex &) 2 (fle x &) + gle x ))(e x ).

O

On part (iv) of the above lemma: ee’ = €’e is needed to ensure that e€ is actually an
idempotent. One should also note that génerally, retractively additive idempotents that
commute are not closed to composition. This is because if e, €’ are retractively additive
then &, ¢ are strongly additive. However, it does not follow that ee’ is strongly additive.

For an explicit counter example, take e,e’ : N — N defined,
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It is easy to show that e, e’ are both retractively additive. However, e€’ is not strongly

additive because

(Oee”)(n) = ee’ (0) =t= 0(0).

Where 0 is the nowhere defined map rather than the 0 map. Thus ee’ is not strongly

additive.

Definition 3.3.2. Let e = rs and st = 1. e left additively splits if r is strongly

additive.

Next, we have an observation linking left additively split idempotents and retractively

additive idempotents.

Lemma 3.3.3. If e left additively splits, then e is retractively additive.

Proof. Suppose e left additively splits rs where r is strongly additive. Then € =73 =T
is strongly additive. Next, we will show that (fr+gr)s = (fe+ ge)e. First, (fr+gr)s =
(fer + ger)s < (fe + ge)e. Now,

(fr+gr)s=fr+gr=Frgr =fTg

g =

I
&
k‘ﬁ

e+ ge.

Thus (fr + gr)s = (fe + ge)e. This allows,

(f+9)e=(f+g)rs= (fr+gr)s=(fe+ge)e,
as required. O

Now, every left additive split idempotent is retractively additive, but retractively
additive idempotents need not split. A Cartesian left additive restriction category is a
split Cartesian left additive restriction category when every retractively additive

idempotent splits with a left additive retraction (i.e. left additively).
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.In a Cartesian left additive restriction category, suppose e = A — F —+ A. Then

consider the following diagram,

One could add f, g by just f + g. However one coud add fs+ gs then postcompose

with r; this results in (fs 4+ gs)r. Now,

Proposition 3.3.1. If rs is a left additively split idempotent, then f + g = (fs + gs)r
and 0 = Or.

Proof. The 0 case is by definition. Now,

(fs+gs)r > fsr+gsr=f+g.

Next, use lemma (3.3.1) in the following calculation,

(fs+gs)r = (fs+gs)T = (fs+gs)e

= (fse+gse)e = fse+ gse = fs+gs
=fsgs=fg=7F+g.
This proves that (fs+gs)r = f +g. I

The above proposition may be restated in terms of the monoid structure: if rs left
additively splits, then

+p=(8X8)+ar Op = 047

Also, left additive splittings are unique up to an additive isomorphism.
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Proposition 3.3.2. If

7N

A ¢ A
.
B/

commutes with v, strongly additive and sr = 1, s'r' =1 then there is a unique isomor-

phism «: B — B' such that ra = 1" and as’ = s. Moreover, « is strongly additive.

Proof. Define a:= B - A " B'.
First as'r = sr's'r = ser = sr = 1. Thus « is an isomorphism.
Next,
ra=rsr' =er' =7/,
as’ = sr's’ = se =s.
Thus « satisfies the required identities. Suppose @ satisfies the same identities. In

particular as’ = B¢’ Since &' is monic, it follows that o = . Thus « is unique. Now,
Oa=0ra=0r"=0
Also,
(f+g)a=(fs+gs)ra=(fs+gs)r' > (fsr' + gsr') = fa+ ga.

Thus « is strongly additive. O

Next, we give a construction that completes a Cartesian left additive restriction cat-
egory to be a split Cartesian left additive restriction category. Let X be a Cartesian left
additive restriction category. If £ is a product closed collection of retractively additive
idempotents that contains all the identities, then first each monoid of X lifts directly into

Splitg(X). Further, each e € £ splits

1A—e->6—e->1A.
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If e is retractively additive then for e to be left additively split, proposition (3.3.1) tells
us that

+e:=(exe)+ae 0, = Oe.

Denote Splitg (X) with this additive structure by Split, (X). Then

Lemma 3.3.4. Let X be o Cartesian left additive restriction category. If £ is a product
closed collection of retractively additive idempotents that contains oll the identities, then

Splitg, (X) is a Cartesian left additive restriction category.

Proof. Since & is product closed, Splitg, (X) is a Cartesian restriction category. We
will use theorem (3.1.1) to show that Splitg, (X) is a Cartesian left additive restriction
category. Thus we must show that each e is a total commutative monoid.

First, we will show that the monoid structure is total.
le=0e =0=!:T—T.

To show that addition is total we must show that (e x e)(e X €) +4 e = e X e. It suffices

to show that (e x €) +4 e = e X e. Use lemma (3.3.1),

(exe)+ae = (me+me)e =mee +me =e X €.

Thus the monoid structure is total.
To show show that the unit laws hold‘, we will show that the right unit law holds, as

the left holds by symmetry. First,
(fe+0e)e < (f +0)e = fe.

Also,

(fe+0e)e = fe + 0ec = fele = fe.

Thus the right unit law holds. The left law holds, again, by symmetry.
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For associativity note,

((moe + mie)e + mee)e > ((mg + m1)e + mae)e

> ((mo + m1) + ma)e = (mo + (m1 + m2))e,

(moe + (m1e + mee)e)e = (moe + (w1 + mo)e)e = (mo + (my + m2))e,

and using lemma (3.3.1) multiple times,

((moe + mie)e + me)e = (moe + me)e + mee = (mpe + me)e TZE

= TgEMETE = -

= (mpe + (m1e + mee)e)e.

Then by lemma (2.1.3), ((moe + me)e + me)e = (moe + (me + mae)e)e.
Commutativity is obvious.

For exchange use the naturality of ex:

Fexey = ((e x €) x (e x €)) +axp) (e x &) = ((e x &) x (e x &'))ex(+a x +5)(e x €)

=ex(lexe)x (e xe))(+ax+p)lexe)=cx((exe)+taex (¢ xe)+p¢).
Thus by theorem (3.1.1), Splitg, (X) is a Cartesian left additive restriction category. [

Theorem 3.3.1. Let X be a Cartesian left additive restriction category, and &€ be the
collection of retractively additive idempotents. Then Splitg, (X) is a split Cartesian left

additive restriction category.

Proof. Lemma 3.3.4 shows that Splitg, (X) is a Cartesian left additive restriction category.

Thus it remains to show that all retractively additive maps left additively split. Let e € I,

\

and suppose d — d. Then e splits,

d———

N A

€
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We must show that d — e is strongly additive, the 0 case is obvious. Thus it remains
to show that if f,g:d" — d then (fd + gd)de > (fe + ge)e. Now, since e is retractively
additive,

(fd+gd)de = (f + g)e = (fe + ge)e,

as required. ]

Also, interestingly, if e € £ is strongly additive then e splits in Splitg, (X) into strongly

additive pieces. This is proved by the following lemma.

Lemma 3.3.5. Let e = ee be left additively split as rs. Then e is strongly additive if

and only if s is strongly additive.

Proof. If s is strongly additive, then ¢ is strongly additive as strongly additive maps
are closed to composition. Thus it remains to show that if 7 and e are both strongly
additive then s is strongly additive. Since s is total, we must show that 0s = 0 and
(mo + m1)s = mos + ms. For the zero case,0s = (0r)s = 0 because r is strongly additive.

For the additive case, use proposition (3.3.1), then use lemma (3.1.2):
(mo 4+ m)s = (mos + ms)rs = (mose + myse)e

= T SEE + 1 S€E )e = Tyse + my e

= w8 + M8
OJ

Then it is clear that if e € £ is strongly additive then it is also retractively additive;
thus, e splits in Splitg, (X) into rs where r is strongly additive. The above lemma shows

that now, s must also be strongly additive.
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Basic terms: .
'Ft:A T,pat: AFs: B
T,z:AFz:A DROJ T+ {pat.s}T: B Cur
Fl_tllAl Fl_thAn O'(f)=([A1,...,An],B)

TF f(ty,...,tn): B FuN
Cartesian terms:
't : A Tkt : A,
TF():1 UNIT TF (... tn): A X - X A, LUPLE
Doty i Ay, bt AgFE A
T, (t,. o tn) i Ay x A Ft: A PAT
Additive Terms:

Fl_tl A FI‘tzA
TF0:4 2BRO T +5: A APP
Partial Terms:

PHt:A T'ks:B
Thtp: A REST

Table 3.1: Cartesian Left Additive Restriction Term Formation Rules

3.4 Term Logic

We extend the term logic for Cartesian restriction categories to Cartesian left additive
restriction categories, and then prove this extension is sound and complete with respect
to a translation into Cartesian left additive restriction categories.

The syntax is extended with a formal 0 term and formal sums of terms, which we

assume forms a monoid on the terms.

T:=V|0|(T...T) | pT)T 0| T+T | Tir
Ty:=T|1|Ty x---x Ty
The type judgments are extended in table (3.1).

Of the six classes of equalities we only need to update the cut elimination rules and

equations for the logic.

Cut-elimination The equalities for cut elimination of Cartesian left additive restriction

terms is presented in table 2.2.
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Table 2.2, and
ESB.10 {z.0}t = Oy
ESB.11 {0.t}0 = ¢

ESB.12 {z.(s1 + s2)}t = {z.s1}t + {x.82}1

Table 3.2: Cut elimination for Cartesian left additive restriction terms

Table 2.3 and
CLARC.8 %=1

CLARC.9 &y 4 + (to)), + -~ +ta = (7 1),

CLARC.].O tlz;’.}si = tlsl,...,Sn

Table 3.3: Equations for Cartesian left additive restriction terms

Equations The equations for Cartesian left additive restriction term logic are presented

in table 3.3.

We note that cut elimination holds in this logic as well. We also note that lemmas
(2.5.1 and 2.5.2) and corollary (2.5.1) have analogous counterparts. The proofs by in-
duction in lemma (2.5.1) simply require two extra cases — one for the zero and one for

the sum — and these new cases are easy to show.

3.4.1 Soundness

First, extend the translation as in table 3.4.

Table 2.4 and
TCR.8 [['F0] =0

TCR.9 [Tkt +to] = [T F ] + [ £5]

Table 3.4: Translation of Cartesian left additive restriction terms
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To prove the soundness of this translation, it suffices to prove that [CLARC.8-10]
hold.

Theorem 3.4.1. The translation defined in table (8.4) is sound.

Proof. CLARC.8 For this use the fact that 0 is total,

[CFge] =[CFO][C ¢ =[IF¢]

CLARC.9 Using proposition (3.1.1), if e= e,thene(fi+ -+ fo)=fi+ - +efi+
A + fn- Thel'l,

|[F|—t1+---+(tk)|s+---+tn]]=|11‘|—t1]]+~--+M|{i‘|—tk]]+---|lrl—tn]]

=TTFs Y [CH&]=[TF (Zti> ]

|s

CLARC.10 Using f+g = f7:

[C+ts,s]=[CF Zsi]] [CF=TFs&] [TFs]ILF=[TFt,. ]

O

3.4.2 Completeness

We form the classifying category, now of a Cartesian left additive restriction theory. To

do so we must add a zero map I — 0, and define additition,

f=Tw=t g=Tr1i
frg=Trt+1

Then it is straightforward to show that C[7] is a Cartesian left additive restriction

category. Note that 0 is total and f0 = f0. Also,

(p = t)(g— s1+52) = pr> {g.51 + 82}t

=p=r{gai}t+{gs}t=(@P=t)(g— s1)+ = 1) (g s2)
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Andp—= f+g9g =D = Py =P Dy =0+ fP—=g. Thus C[T] is a left additive
restriction category. The projections and A = p > (p,p) are easily shown to be additive.

As the addition is defined componentwise, it now follows that

Proposition 3.4.1. C[T] is a Cartesian left additive restriction category.

3.5 Turing Categories

Now, we are ready to define left additive Turing categories.

Definition 3.5.1. A Turing category X that has left additive structure is o left additive

Turing category when
LT.1 Each universal map tpc : T x B — C' is strongly additive in its first argument.

If a universal map is strongly additive in its first argument, call it an additive
universal map.

The above definition mimics the fact that in a Cartesian closed left additive category,
the evaluation map is additive in its first \'/a,ria,ble. Intuitively, the sum in left additive
Turing categories is meant to capture non-deterministic computation. For example, we

have (in term logic notation)
(ti+t)em=tiem+izem

If either ¢; or 3 is applied to some argument m then the result is either ¢; e m or t; e m.
However, in general,

t (m1 -+ ms) # tmy + tma.

The justification for calling this non-determinism comes first from Plotkin [40]; Plotkin

used Smyth’s powerdomains [43] to model nondeterministic state transformations. de
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Liguoro and Piperno then refined this approach in [19] where they used Smyth nonde-
terministic algebras to formally model nondeterminism. de Liguoro and Piperno defined
a semilinear applicative system to be what is called here a left additive applicative sys-
tem, with the additional constraint that the sum is idempotent. They then showed that
models of semilinear applicative systems are Smyth nondeterministic algebras.

One expects a recognition theorem for left additive Turing categories similar to the-
orem (2.6.1). A first guess might be that every object is a retract of the Turing object
where both the section and retraction are strongly additive. However, this does not work.
Of course, one may add structure to the definition of left additive Turing categories to
force this condition. However, doing so excludes the very natural example we will present
shortly.

From the section on idempotent splitting, one might expect that the retraction to be
strongly additive. This is indeed the case, and it is actually the following theorem that

inspired the work on idempotent splitting:

Theorem 3.5.1. Let X be a Cartesian left additive restriction category. Then X is a
left additive Turing category with Turing object T if and only if each object is a retract of
T where the retraction is strongly additive and there is an additive universal map T x T

—=T.

Proof. Assume X is a left additive Turing category. Then from theorem (2.6.1), every
object is a retract of 7. Thus it remains to show that the retraction is strongly additive.
For this, reconsider the following diagram.

(LY
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The retraction r = (1,!}7. Now, using that 7 is additive in its first argument,

(fH+or=F+)rra={f+gDr 2 {(fL,h7+(ghr= L)1 +g(,hr=fr+gr

and

Or = 0(1,)7 = (0,)7 =0

Conversely, assume that X is a Cartesian left additive restriction category such where
each object is a retract of T' and there retraction is strongly additive. Further suppose
T x T — T is an additive universal map. From theorem (2.6.1), X is a Turing category.
Thus it remains to prove that the derived universal map (1 x m) e r is strongly additive
in the first variable. Note that er is strongly additive in the first variable because e is

strongly additive in the first variable, and 7 is assumed to be strongly additive. Consider,

(F+9, k(A xm)er=_f+g,km)er=(fkm)er+ (g km)er

= (k)1 xm)er+(g,k)(1 xm)er,

thus 7 = (1 x m) e r is strongly additive in the first variable. O

3.5.1 Left additive PCAs

Next, we must discuss left additive PCAs. In a Cartesian restriction category, an addi-
tive applicative system is A = (A, e, +, 0) such that such that (A4, +,0) is a total com-
mutative monoid, and (A4, ) is an applicative system where further (z1+z2)y > 1 y+22y
and 0y = 0. In a Cartesian left additive restriction category, an additive applicative sys-
tem is just A = (A, o) where e is strongly additive in its first argument.

If A is an additive applicative system, then A is a combinatory complete if every term
in e,4 can be represented by a point. A left additive partial combinary algebra
(LPCA) is an additive applicative system with s,k just as before. Alternatively, an
LPCA is a PCA in an additive applicative system. An analog of the Curry-Schonfinkel

theorem holds for additive applicative systems as well.
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Proposition 3.5.1. An additive applicative system is combinatory complete if and only

if it is an LPCA.

Proof. Again, codes are constructed using a simulation of the lambda calculus, but now

we may add codes:

Nrx=skk

Nez=kz

M. (b ty) = s (Nz.ty) (MNx.tp)
Nz.0=0
)\*x.(tl + tz) = ()\*x.tl) + ()\*x.tz).

By induction,

(Mz.t)m = {z.t}m.

O

Also, if A is an LPCA, then the commutative monoid structure is always computable.
Lemma 3.5.1. IfA is an LPCA, then the commutative monoid structure is A-computable.

Proof. First note that 0z = 0, so 0 is A-computable. To show that + is computable, it
suffices to show that mg + m is A-computable. We will show that A*zy.z + v is a code

for my + m. Consider,

Nzyz+y) 11 = (Nzy.z) + (Nzyy)) 11
= ((Mzyz)11) + ((Mzyy)11)

= 1y + .
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When A is an LPCA, Comp(A) has the structure of a Cartesian left additive restriction

category.

Theorem 3.5.2. For an additive applicative system A, A is an LPCA if and only if

Comp(A) is a Cartesian left additive restriction category.

Proof. Assume that A is an additive applicative system. First, if Comp(A) is a Cartesian
left additive restriction category, then A is a combinatory complete. Thus, A is an LPCA
by proposition 3.5.1.

Conversely assume that A is an LPCA. Then Comp(A) is a Cartesian restriction
category by theorem 2.6.2. We will show that Comp(A) is a Cartesian left additive
restriction category by theorem 3.1.1. First, A? is obviously a total commutative monoid
with 0 = 1 and + =!. Next, (A, +,0) is a total commutative monbid since, by lemma

3.5.1, +,0 are A-computable. Then define
Fnam = ex((4+n) X (+m)) Optrm = O, X Opp.
Thus, Comp(A) is a Cartesian left additive restriction category by theorem 3.1.1. O

Combining theorem 3.5.2 with theorem 2.6.2, if A is an LPCA, then Comp(A) is a

Cartesian left additive restriction category and a Turing category. Moreover,
Proposition 3.5.2. For an LPCA A, Comp(A) is a left additive Turing category.

Proof. By theorem 3.5.1, it suffices to show for each n, A™ is a left additive retract of A.
Doing so devolves into showing that there are left additive retractions T, A2 < A. For T

take 0: T — Aand!: A — T; ! is strongly additive. For A X A take the section to be
(a,b) = N'p.pab.
The retraction is the pairing of the following two maps

P:aw a(Nzyx) * Q:a— a(Nzyy)



86

Both P and @) are strongly additive, and this follows sincer e is strongly additive in the

first variable. Consider, for example

(f+9P=(f+g)e (Nzyz) > (feNzyz)+ (90 \Ty.3) = fP +gP.

Similarly, @ is strongly additive. Further, the pairing of strongly additive maps is again
strongly additive, thus the retraction Ax A —> A is strongly additive. This completes

the proof that Comp(A) is a left additive Turing category. O

3.5.2 Bag PCAs

Next, we will construct a model of an additive PCA. The intuition comes from the bag
monad B : Par — Par; recall if A is a set, then B(A) is the free commutative monoid

generated by A. Moreover the bag monad is strong; there is a map

B(A) x A L B(A x A); ((Zx) y> =Y (@)

Suppose that A = (A,e) is a PCA. Then B(A) can be viewed as a nondeterministic

choice of programs. Moreover, using strength, the composite

B(O)

B(A) x A% B(A x 4) 22 B(A),

give the effect of nondeterministically applying a choice of programs to a single argument.
We will generalize the needed structure of the bag monad to produce a class of examples
with this nondeterministic flavor. It should be noted that such monads are the algebra
modalities of Blute et al [3] with the added condition of strength on the monad. It should
be noted that algebra modalities are related to the storage modalities of Blute et al [1] or
equivalently the linear exponential monads of Hyland and Schalk [28]; storage modalities

are used to study the semantics of linear logic with exponentials.

Definition 3.5.2. Let X be a Cartesian restriction category. A bag monad is (B,n, u,0)
where B : X — X is a restriction functor, (B,n,u) is a monad, (B, 8) is a strong functor,

and further the following are satisfied:
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(i) m is a strong restriction natural transformation; that is, Ta = 14 and (nx 1)0 = n;

(i) p is a strong restriction natural transformation; that is, Fa = lpoay and (ux1)0 =

0B(O)u;

(iii) For each A, there are restriction natural transformations [| : T — B(A) and @ :

B(A)?> — B(A) which makes B(A) into a total commutative monoid;

(iv) u is a homomorphism of this monoid structure; that is,

T L B(A)  B2(A) x B*(A) 2% B(A) x B(A)
\}\ /4/ % F
B*(A) B*(A) m B(A)
(v) the monoid structure is strong with respect to X; that is,
TxA-YERBUAYx A  BA2xA4 ox! B(A) x A
!l 19 lei
T B(Ax A) B(A)? x A? 0

(B(A) x A)? 5= B(A x A —= B(A x A).

Lemma 3.5.2. Let X be o Cartesian restriction category, let B be a bag monad, and let
A be an object for which there is a total isomorphism A — B(A). Then, A can be given

the structure of a total commutative monoid.

Proof. Define the monoid structure as

Ax A—F A 1

U
axal Ta“l k{ ol
B

B(A) x B(A) — B(A)

First, 0,4+ are clearly total.
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For the right unit law, the identity is ([Ja™! x 1)(a x a) ® a™! = m.

(o' x)axa)@da'=1xa)(x1)@®a™! = (1 x )yma™’

= Wlaa"l = Ty.

The left unit law is similar. For associativity, use that ay is natural, and that @ is

associative.

ax(1x +)+=ax(Ix ((axa)®a ™)) axa)da™
=ax(ax (axa)®)®a'=ax(ax (ax a)(lx ) Do’
=((@axa)xaax(lx®)da'=(axa)xa)(@®x1)da

=(axa)®alaxa)®a'=((axa)®a'x)(axa)®a™?,
For commutativity, use that cx is natural and that @ is commutative.
exlaxa)@a'=(axa)ex®a'=(axa)®a,
as required. O
Furthermore, « induces an algebra of B.

Lemma 3.5.3. Let X be a Cartesian restriction cateogry, let B be a bag monad, and let

A be an object for which there is a total isomorphism A = B(A). Then the map

B(A) A A
B(a)l a~!
B?*(a) ——~ B(A)

makes (A, v) into an algebra of B.
Proof. Tor the unit law, use the naturality of n and that unit law for the monad,

nB(a)ua™ = anpo™ = ac™ = 1.
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For the interaction with u, use the multiplication law for the monad, followed by the
naturality of u:
B(B(e)ua™")B(a)ua™" = B*(e) B(u) B(a™") B(e)ua™

= B*()B(w)ua™! = B*(a)upa! = pB(a)ua™
Thus v is an algebra of B. O

Suppose X is a Cartesian restriction category, (B,n, u,9,[],®) is a bag monad, and
let A= (A, e, k) be a PCA with a total isomorphism « : A — B(A). Then one can

define the following application on A.

Ax A A
axll Tu
B(A) x A B(A)

B(Ax A)

Think of B as the bag monad acting on N; « interprets the program position as a
bag of numbers; intuitively, n,m — ({|21,...,2; |}, m). Bach of these numbers is then
regarded as a program and applied nondeterministically to some argument, and the result

is a bag of values; intuitively,
{I (xl,m),...,(mj,m) I} = {|$1 .mw"axj .ml}

Then each of these values is interpreted as a nondeterministic choice of answers, and the
result is a bag of bags. u is applied to flatten the result into one large bag. Finally, this
bag is converted back to a number.

Given a bag monad B and a PCA A, if there is an isomorphism A —= B(A) and
codes for na~! and *, then A is a bag pca. If A is a bag PCA, then denote the induced
applicative system (A, %) by A,. We are going to prove that for every bag PCA A, the
induced A, is an LPCA;the first step is:
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Lemma 3.5.4. Let X be a Cartesian restriction category, let B be a bag monad, and let

A = (A, e,s,k) be an object for which there is a total isomorphism A =5 B(A). If the

1

maps na” and * are e-computable, then there are sy, ki that make Ay = (A, *, s«, ky)

into a PCA.
Proof. First define k; : A — A such that ky *1 = . Then define &, : T — A such that
k. *1=Fk,. It will then follow that k, is a code for my becasue,
ki x1x1'=kx1=my.
Define
ki:= (ke )na~l.
Then,
kixl=((kel)na ) *1

= (((kel)na™) x 1)(a x 1')63(0‘)1/

= ((ke1l)nx 1)§B(e)v

=((kel) >< 1)nB(e)v strength

= ((ke1l) x 1) env naturality

=mony (kel)el=rmy

=m algebra.
Now recall that if f has code f and g has code g then the code for fg is A*z.ge (f ex).
We have supposed that na~! has a code in @ and k @ 1 has a code in e because A is a

PCA. The code for k. is essentially the code for the composite, (k e 1)na~?!; explicitly

first define

Then define,
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Then,

(kama™! x 1% = ((kana™?) x 1)(a x 1)0B(e) B(a)pa™
= (kan x 1)0B(e) B(a)ua™!
= (kg x 1)nB(e)B(a)pa™! stre'ngth
= (k; X 1) e nB(a)ue™"! naturality
= (ke 1)na~'nB(a)ua™" assumption

1

= (ke l)na~lanua™" naturality

= (ke )nnua™!

= (ke 1)na~! monad laws.

Therefore there is a code k, such that k, xx*y = z.

Next we must show there is a code for the map (mg % m2) * (w1 *w2). Define,

s = (Vo™ (Ny.na” (Ve k() (xy2))))na™ - T — A

Note that s, exists because of the assumption that x has a e-code, and that na~! has a



92

e-code. Now, consider,

(e x I x1xDHxx1x1)(*x1)x
= (Mz.npa™ (Myna™ (Aex(wz) (=y2))))ne™ x 1x 1 x 1)

(ax1x1x1D)@Xx1Ix1)(Bo)x1x1(rx1x)(*x1lx*

= (Vo (Myna”! (Aex(xwz) (xy2))) x 1)n x 1 x 1)

(B(o) x I x )(r x 1 x 1)(*x 1) % strength

= (207! (Vya”! (Vear(aw2) (y2))) X 1) @ X1 x 1)

(Mx1x1)(rx1x1)(*x1)* naturality

= (Mzna~' (Myna (Azx(x22) (2y2))) x 1)  x1 x 1)

(*x 1)% algebra law

= (Vyna~ (N z.x(kmo2) (ky2)))na" x 1 x 1)(% x 1)*

= (M z.x(xm02) (xm12)) x 1)

= x(%mome) (X1 72)
= (71'0 *71’2) *(71’1 *71’2).
This completes the proof that (A,=, k;, sx) is a PCA. . O
Next, we show that if A is a bag PCA, then A, is an LPCA.

Proposition 3.5.3. Let A be bag PCA. Then A, is an LPCA.

By lemma 3.5.2, A may be given the structure of a total commutative monoid
(A,+,0). By lemma 3.5.4 A, is a PCA. Thus, it remains to show' that * is strongly

additive in its first argument.



Proof. For the zero case:

0%k = (0,kyx=(la ", k)x

= (o™, k) (a x 1)0B(e)v

For the sum case:

(g+h)xk=(g+h, k)

{{ga, ha) ® ™! k) (o x 1)§B(e)v

= ({ga, har), k)(® x 1)6 B(e)v

({go, haty, k) (1 x A)ex (0 x 0) ® B(e)v ;since (@ x 1)8 = (1
({90, ha), (k, k))ex (6 x 6) ® B(e) B(a)ua™

((ga, k), (hor, k) (8 x 0)(B(e) x B(#))(B(r) x B(a)) ® pcx™
({90, k), (ha, k) (6 x 6)(B(®) B(c)ps x B(e)B(ca)u) ® o™
({90, k)0B (o) B(a)p, (ha, k)0 B(e) B(au) @ ™'

((gar, kY0 B(®) B(c) ™, (b, k)0B(e) B(c)pa™ Yo x o) ®

93

x A)ex (0 x 0)®

naturality

1 is a homomorphism

1
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Corollary 3.5.1. For a bag PCA A, Comp(A.) is a left additive Turing category.

Simulations as described by Cockett and Hofstra [13] [10] and Longley [32] [33]
give a way to compare applicative structures. For PCAs A,B in a Cartesian restriction
category X, Cockett and Hofstra [13] proved that the definition of simulation ¢ : A — B

is equivalent to having a code u: T — B such that

(ux ¢ x p)of = e4d.

Also important is when PCAs A, B are simulation equivalent. In [13] Cockett and
Hofstra prove that A,B in X are simulation equivalent exactly when there are simulations
¢: A — Bandy: B — A such that ¢ is A-computable and has an A-computable
retraction, and ¢ is B-computable and has a B-computable retraction.

If A is a bag PCA, then we claim that A, is simulation equivalent to A.
Proposition 3.5.4. Every bag PCA A is simulation equivalent to A,.

Take ¢ =14 : A — Ay andp =14 : Ay — A. If ¢ and 9 can be proved to be
simulations, then note that simulation equivalence devolves to the fact that 14 is both A-
computable and A;-computable. By assumption, there is a code % such that xele1 = x,
thus by the above discussion, 9 is a simulation. Thus, it remains to show that ¢ is a

simulation.

Proof. We must show there is a code e such that (¢ x 1 x 1)x* = e, This can be
accomplished by showing that there is a o' : A — A such that (¢ X 1)x = e, and then

showing there is a o : T — A such that (e X 1)x = e’. Then
(ex1x1Dxrx1x=(0x1)*xx1)kx=(o/ X I)x =9, ‘

which proves that e is a x-code for e.



Define

Consider,

By assumption,

Consider,

no”!

= (1 x 1)§B(e)v
=nB(e)v strength
= env naturality

= o . algebra law.

is a code for na~!, then define

o :=nanal.

= (M x 1)(n x 1)93(0)3(04)/,404‘1

= (na”' x 1)nB(e)B(a)pa™!  strength

= (na~! x 1) enB(a)ua™" naturality
=na”'nB(a)ua™! (na”! x 1)e =na”
=nalanua™! naturality

= npo”!

=no”~! monad law.

(e x D) = (ga=" x 1)(na~" x 1)(a x 1)0B(s) B(a)ua~"

1
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Thus » is a %-code for e which completes the proof that A.. is simulation equivalent to

A,

O
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3.6 Remarks

3.6.1 Simple Slices

There is always an additive structure on X[A].” This additive structure is actually part
of a deeper structural story. The coherence condition for Cartesian closed left additive
categories, A(f + 9) = A(f) + A(g), is determined by forcing the additive structure of
X[A4] to coincide with additive structure on the Kleisli category of (A = _) (see Blute et
al 2]).

However, generalizing the above coherence to the restriction ca,sé is more subtle. One
might expect that eval should be strongly additive in its first coordinate as a result of this
coherence; i.e., (h + g, k)eval > (h, k)eval + (g, k)eval. However instead of an inequality,
one can show equality, and this suggests that this coherence condition might be t00

strong.

3.6.2 Idempotent Splitting

It was widely believed, when this investigation began, that in order to obtain a left
additive restriction category by splitting the idempotents of a left additive restriction
category, one could only split strongly additive idempotents.

An indication t:,ha,t this was incorrect came from the difficulty of axiomatizing a left
additive Turing category in which each object was the splitting of a strongly additive
idempotent. In particular, one could not obtain a reasonable recognition theorem for

these Turing categories.

3.6.3 Turing Categories

Of course, once one realizes that the idempotents need not be strongly additive, and

.in particular, that the section of a split idempotent need not be strongly additive, the
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necessity for Manzonetto’s encoding of pairing combinator[37] is no longer needed. In
fact, the standard pairing combinator works as long as one is in an additive applicative

system.
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Chapter 4

Differential Restriction Categories

4.1 Differential Restriction Categories

Cartesian left additive restriction categories provide the structure on which differential
restriction categories rests. The total derivative of smooth partial functions between finite
dimensional, real vector spaces provides a motivating example of differential restriction
structure where the derivative is given by the Jacobian matrix. Given a smooth partial
function, say f : R® — R™, the total derivative of f at a point in R™ (the Jacobian of f at
a point), D[f](x) is a linear map R™ — R™. However, the derivative may be generalized
to settings without closed structure by using the uncurried form of the derivative, D[f] :
R™ xR™ — R™. The second argument is the point at which the derivative is being taken;
the first is the direction in which the derivative is being evaluated. A key example of a
differential restriction category is developed by Cockett et al in [15] which is based on
the notion of taking the formal derivative of a rational polynomial with coefficients in a

commutative ring.

Definition 4.1.1. A differential restriction category is a Cartesian left additive

restriction category with o differential combinator

1 X =Y
D[f] : XxX —=Y

that satisfies

DR.1 D[0] =0 and D[f + g] = D[f] + D[g);

DR.2 (0,9)D[f] = 9f 0 and (g + h,k)D[f] = {9, k) D[f] + (h, k) D[f];
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DR.8 D[m) = momo and Dm] = mom;

DR.4 D[(f,9)] = (DIf], Dlg));

DR.5 D[fg] = (DIf],m[)Dlgl;

DR.6 {{g,0), (h, &) DID[f]] = h (g, k) D[f];

DR.7 ({0, R}, {g,k)) D[D[f]] = ({0, 9), (h, ) D[D[f]];
DR.8 D[f] = (1 x f)mo;

DRYD[f]=1x7.

Note that D[l4] =!axa since D[] is a total map A x A — T. A brief description
of these axioms may help with their meaning. DR.1 says that D|_] is a linear operator.
DR.2 says that the derivative of a map is additive in the first coordinate. DR.3 says
that projections are linear. DR.4 says that the derivative respects the product structure
correctly. DR..5 is the chain rule. We shall see shortly that DR.6 says that the deriva-
tive of a map is linear in its first variable. DR.7 says that the order in which partial
derivatives is taken does not matter. DR.8 says that restriction idempotents are linear.
DR.9 says that the partiality of the derivative of a map is determined by the “point” of
differentiation.

An important notion for Cartesian differential categories is that of a linear map; in
that setting a map f is linear if D[f] = mpf. However, note in a differential restriction

category, equal maps have equal restrictions; thus

(f xV)=mf=D[f] =(1xf)=mf=>10xF),

is true if and only if f = 1; i.e. f is total. Hence a map in a differential restriction

category, f, is linear when D[f] — mo f.

Proposition 4.1.1 (Cockett et al: proposition 3.20). In a differential restriction cate-

gory:
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(i) if [ is total, f is linear if and only if D[f] = mo f;
(it) if [ is linear, then f is additive;
(i) restriction idempotents are linear;
() if f and g are linear, so is fg;
(v) if g < f and f is linear, then g is linear;
(vi) 0 maps are linear, and if f and g are linear, so is f + g;
(vit) projections are linear, and if f and g are linear, so is {f, g);

(viis) if f is linear and has a partial inverse g, then g is also linear.

Proof. (i) It suffices to show that if f is total, D[f] = mf. Indeed, if f is total,

D] =1

=7><1=

|
=\

Sy

0 .
(i) For the 0 axiom use [R.4], that f is linear, and then [DR.2].

Of = WOj: <0,0>7T1f<0,0>71’0f
0,0)m fmof < (0,0)D[f]

—~

= 0f0

IN

0

and for the addition axiom use that f is linear and [DR.2],

@+ Nef +yf) = (@+y) [@fef +yeizyf)

=@+ y)f@fef +TzfTyf) = @ T ) f (&, z)m f@,z)mof + (y,2)m f(y, z)mo f)
= (@ + ) f((z, @)mi frof + (y,2)mi fmof) < (& +y) f ((w, 2) D[f] + (v, ) D[f])

= (@ +y,z)mof (@ +v,2)D[f] = (& +y, )70/ D[]

= (z+y,z)m[fmof =z +y,z)m1 flx +y,3)m0 f

=2z F+yzfZ(z+y)f < (@ +y)f

as required.
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(iii) Suppose e = €. Then consider

TIEME = TMempe Mo < Tiewp = (moe, meymo = (1 X e)mp = Dle],

so that e is linear

(iv) Suppose f and g are linear; then consider

D[fg] = (D[f],m £} Dlg]

> (mi fmof, m fyRigmeg = (m fro f, mi fymig{mifrof, mf)mog

= m fmofmfgmfmfrofg = mfmifomofmofg
=m fgmfg.

(v) If g £ f, then g = 7 f; since restriction idempotents are linear and the composite

of linear maps is linear, g is linear.
(vi) Since D[0] =0 = 70, 0 is linear. Suppose f a,nd g are linear; then consider
mo(f +9)DIf + g = mof + mog(DIf] + Dlg))
= mofT5g(DIf] + Dlg]) = mof D[f] + TogDlg)
= m frof +Tignog = m frigmo(f + g)
< mo(f +9)
as required.

(vii) By [DR.3], projections are linear. Suppose f and g are linear; then consider

D[(f,9)] = (DIf], Dg]}

Z (mﬂ'()‘ﬂ 7r_19‘7rog> = mﬁl-.g-ﬂ0<f) g>

= mmgnolf,g) = m fmgmoelf, g)

= ﬁﬂo(f, g> =m (f)g>7r0<f’ g>

as required.
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(viii) If g is the partial inverse of a linear map f, then

Dlg) = (3 x9)Dlg]
= (9f x gf)Dlg] = (9 x g)(f x f)D[g]
= (9 x g){mof,mf)Dlg) = (9 x g)(m f 7o f, 1 f)Dlg]
= (9 x g)(mof DIf],mf)Dlg] = (9 x g)mof (D[f],m f)Dlg]
= (9 x g)mof D[fg) = (9 x g)mof D[f]
= (g x g)mof (1 x F)mo = (g X g)mof (9 x g)(1 x F)mo
= Tigmog f (9 X g)mo = T1gmog T1g Mog
= Mg Tog

as required.
O

The above lemma, establishes that the collection of linear maps in X is a partial inverse
closed, differential restriction subcategory Lin(X) such that the inclusion £ : Lin(X)
— X preserves the deriviative, and has the property that if & = e; # ey = & then
£(ey) # L(eq).

Partial differentials in a differential restriction category may be obtained by “zeroing
out” the components on which the derivative is not being taken: the partial derivatives

in the first and second variables (respectively) are:

!
AxB——C Do

Ax(AxB) — S C %
(1,0} x 1)D[f]

!
AxB——C Dy,

Bx(AxBy——C 7
((0,1) x D[]

The following is a generalization of [2] lemma 4.5.1 to the restriction setting.
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Lemma 4.1.1. In any differential restriction category

D[f] = (mp X l)Dx,O[f] + (my X l)Dx,l[f]'

Proof. Consider,

(mo x 1) Dxolf]+ (m1 x 1) Dy [f]

= (mo x 1)({1,0) x )D[f] + (m x 1)({0,1) x 1) D[f]

= {(momo, 0}, m) D[f] + ({0, mom), 71) D[ f]

= ({momo, 0) + (0, mom1), m1) D[f] DR.2
= ({momo, mom1), M1) D[ f]

= (mo, m)D[f] = DIf]
as required. O

Partial derivatives allow one to speak of being linear in one argument. Of interest is
when a function is linear in its first argument. To éxplain what this means choose
Ax B N C. The partial derivative with respect to the first variable has the type
Ax (Ax B) _Dxolfl, C, and to say Dy [f] is linear is the requirement that Dy o[f] —
(1 xm)f =ag (m x 1)f.

If f is linear in the first variable then (1,0)f is linear.

Lemma 4.1.2. If a map in o differential restriction category is linear in its first variable

then
D[(1,0) f] — mo(1,0) f.
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Proof. Assume that f is linear in its first variable, and then consider the following:
D[(1,0)f] = (D[(1,0)],m(1,0)) D[f]
= ((D[1], D[0]), m(1,0)) D[f] = ((mo, 0), m1 (1, 0)) D[f]
= ((1,0) x (1,0))D[f] = (1 x (1,0))({1,0) x 1)D[f]
— (I1x(1,00)(1 xm)f=(1x0)f
= (mo, m0) f = (mo,0)f = (mo, m00) f
= mo(1,0)f |
O
DR.6 obviously implies that the derivative of a map is linear in its first variable.
Moreover,
Lemma 4.1.3. DR.6 is equivalent to ((1,0) x 1)D[D[f]] = (1 x m)D[f].
Proof. Assume DR.6. Then,
((1,0) x 1)D[D[f]] = (mo(1, 0}, m(mo,m)) D[DI[f]]
= {(mo, 0), {mmo, mm)) D[D[f]]

= (mp, mm1) D[f] DR.6
= (1 x m)D[f].
Conversely assume that ({1,0) x 1)D[D[f]] = (1 x m1)D[f]. Then

((9,0), (h, k)) DIDIf1] = R (g, E)D[f] = (g, (. k)) ({1,0) x 1)D[D[f]]
= (g, (h, &) (1 x m)D[f] = (g, {h, k)m)D[f] = h{g, k) D[f]

Corollary 4.1.1. For all f in o differential restriction category,

D[(1,0) D[f]] = mo(1,0) D[f] = (o, 0) D[f].
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4.2 Simple Slices

Differential restriction structure does not lift to the coKleisli category like Cartesian left
additive restriction structure does !. However, the simple slice category X[A] is always a,
differential restriction category, and in this section we prove it.

Tile following theorem generalizes Blute et al [2] corollary 4.5.2 to the restriction
setting; however, here a direct proof is given instead of using the term logic appeal that

Blute et al used.

" Theorem 4.2.1. Let X be a differential restriction category. Then for each A, X[A] is

a differential restriction category where the derivative is defined as

D[f] :=axDxolf]-
Again, of great help is that
(F)r=7.
Also, for readability let N := ((1,0) x 1).
Proof. The proof is by calculation in X[A].

DR.1 For the zero case,

D[0] = ay Dy 0[0] = 0.

For the sum use left additivity,
D[f+g] = axND[f+g] = ax N(D[f]+Dlg]) = ax ND[f]+ax N D|[g] = D[f]+D]g].

DR.2 For the zero case,

(0,9)D(f] = ({0, 9), m)ax N D[f] = (0, (g, m)) NDI[f]

= (0,{g,m))D[f] = (9,m)f0=gfO.

'One can put a differential restriction structure on the coKleisli category for certain comonads;
however, (_ x A) is not an example of such a comonad.
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For the sum, use the that (1,0) is total and additive.

(9 + h, k) D[f]

= ({9 + R, k), m1)ax Dx,of] = (g + , (k,m1))((1,0) x 1)D[f]

= (9(1,0) + h(1,0), (k, 1)) D[f] = (9, {k,m1)) Dx o[ f] + (R, (k,m1)) Dx 0l f]
= (g, k) D[f] + (h, k) D[f].

DR.3 For m,

D] = ax ND[mymo] = ax((1,0 x 1)momomo
= QxTpTg = TpTpTo = <7T07To,7T1>7T07T0

= ToTyo.

Similarly, D[] = mwomry.

DR.4 Consider,

D[(f,9)] = axND[(}, 9)] = ax N(D[f], D[g]) = (D[], D[g]).

DR.5 Consider,

DI[fg] = axND[fg] = axN(D[(f,m)],m(f,m))Dlg]
= ax((1,0) x D(D[f],mom), (m fmm))Dlg]
= ((D[f],0), {axm f, axmm)) D[g]

= (D[f], (m f,m))((1,0) x 1)D[g] = (D[f], =1 f) Dlg].
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DR.6 Consider,

({g,0), (h,k))D[f] = {{{g,0), {h, k)), m)ax N D]ax N D[f]]

DR.7 Consider,

{(0,9), (h, k)) DID[f]] = {{{0,9), (h, )}, m1)ax N Dlax ND[[]]

{(0,9), {{h, k), m)) NDax ND[f]] = ({(0, 9), 0), {(h, k),m1)) D[ax ND[/]]
({0, 9),0), {(h, k), m1))(ax N x ax N) D[DI[f]]

({0, (9,00, ({1, 0, K, 1)) DID[f] = ({0, (h, 0)), ({9, 0), (k, m))) D[Df]]

= ({0, h), (g, k)) D[DI[f]].

DR.8 Recall that f = fm. Then,

D[f] = axDyolf m0) = ax({1,0) x 1)(1 x f)momg

= ax(1 X f£)({1,0) x Dmymy = ax(1 x f)m

= <7T07T0> <7T07T1,7T1>7>7T0 = <7T07T1,7T1>f7fo7ro = 1 f momo

=71'1.f71'0
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DR.9 Consider,

DIf] = azDxolf]mo = ax({1,0) x 1)(1 x f) mo

= (momo(1,0), {momy, m1).f ) mo

= <7T()7T1,7T1>f7f() = 7T1f.
Therefore, X[A] is a differential restriction category. O

Denote X[A] with the above differential restriction structure by X[A]p.

Note that a strongly linear ma,p in X[A]p is f such that

axDx,O[f] = D[f] <mof = ('/TD X l)f

Proposition 4.2.1. A map f is strongly linear if and only if f is strongly linear in its

first variable.
Proof. Assume f is strongly linear. Then,
Dy olf] = ax'axDxolf] < ax'(mo x 1)f = (m x 1),

so [ is strongly linear in its first argument.

Conversely, assume that f is strongly linear in its first argument. Then

axDx,O[f] < ax ('/Tl X l)f '= ('/TD X l)f;

so f is strongly linear. ‘ O

4.3 Idempotent Splitting

In [36], Manzonetto showed that a source of models for the untyped differential lambda
calculus are linear reflexive objects. These are objects A in a Cartesian closed differential
category for which (A = A) is a retract of A and such that the s, r giving the retraction

are both linear.
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In this section, we will show that a more general class of idempotents can be split in
a differential restriction category to again obtain a differential restriction category. The
key observation made in this section is that when these idempotents split, they have the
property that the retraction is linear; however, the section need not be.

Suppose that e = ee splits as rs, and consider the following diagram:

f E g

|7

ﬁ.A

X Y

It is desirable that the splitting interacts well with the derivative. Denote f© := f
(ns)
and fM = fOo=1) x =1 Also, we will use E 4 A to denote the splitting of an

idempotent e as 7s where & —+ A and A - E.

(r,s)
Definition 4.3.1. An n-differential splitting is B T<§ A such that r is strongly addi-
tive and linear, and for allk <n and all X — E, E —Y:

DF[f] = D¥|[fs]r and  D*[g] = s D¥[rg].

Given an n-differential splitting, call the idempotent, rs, n~differentially split.

In the above, the conditions on each n are, as far as we can see, independent. In this
thesis we only consider, in detail, 2-differential splittings which is sufficient for theorem
4.3.1. For arbitrary n , the proofs in this chapter are more complicated because they
rely on higher order chain rules. We believe the results hold for arbitrary n, and further,
we believe that proofs may be obtained by using Cockett and Seely’s Faa di Bruno
construction [12] which provides the formulae for higher order chain rules.

It is clear that if & <l A, B (Tl’ ) A are n-differential splittings, and F N E', then
for k < n the derivative can be characterized as D*[f] = s D*[r f&'|r, or equivalently
as e®) Dk[r f5']e/.

When the retraction of an n-differential splitting is linear, we observe:
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4 (rs)

Proposition 4.3.1 (n < 2). Suppose E QA ds such that r is strongly additive and

(rs)
linear. Then E 9 A an n-differential splitting if and only if for all k < n, DF[s]r =
mo -« mo (k times). |
(r:8)
Proof. Suppose E 4 A s such that r is strongly additive and linear.
(rs)
(=): First, assume E 4 A's an n-differential splitting. Then,
mp = D[1] = D[ls]r = Dls]r

womo = D[mo] = D[D[1]] = D[D][s]]r

(«<): Conversely assume that D[s]r = mp and D?[s]r = momo.

"Dlg] = (s x s)(r x s)D[g] = (s x 8)(F x 1){D[g], mr)Dlg]
= (s x 5)Dfrg]
D?g) = s ((r x 1) x (r x ))D?[g]
=s®@(1x 1x7 x 1)((r x 1) x (r x 1))D2[g]
= s (mo(r x 1), (m D[r), mmr)) D2[g]
— @ ((mymor, momi7), (m Dlr], mm7)) D2[g]
= s®(1 x 7 x 1 x 1){{momor, (my X m1)mor), {m Dfr], mmir)) D*g]
= 5@ ((momor, (m1 X m)D[r]), (m D[r], mymr)) D?[g]
= s®(F x 1x 1% 1){{momor, (m x 1) Dr]), (m D[r], mmr)) D*[g]
= s@((D?[r], (my x m)Dr]), (m DI}, mmir)) D[]
= s@(D[(D[r], m)], m(D[r], mr)) D?[g]
= s®D[(Dr], mr)Dg]]

= s D?[rg]
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D[f) = DIf] = (DIf),m)mo = (DIf,m f) Dlslr = Difslr
D?[f] = ((D*[f], (m1 x m)D[f1), m(DIf1, m1 f)ymomo

= ((D*(f], (s x 1) Dlgl), m(DIf],m1 £)) D [s]r

= (DUDIf), m ), m{DIf], m ) D?[s]r

= D|(D[f],m /) Dsllr

= D*[fs]r;

(r,
Thus, E r<?) A is a 2-differential splitting. |

Note that the above calculations involving ¢g used only linearity.

The following lemma, will be useful in calculations:
Lemma 4.3.1. Let r be and linear and sr =1, theﬁ:
(i) (a) D[rs]F = Dfrs] & (b) D[s]F = D[s] & (c) D[s]r = mo,
(i1) (a) D?[rs]t = D[rs] < (b) D?[s|F = D?[s| < (c) D?[s]r = momp.
Proof. For the first set of equivalences:

(a) = (b): D[s]T = (s x 8)D[rs|]F = (s x s)Dfrs] = D[s],

(b) = (¢):

Dls|r = (D[s]ms)ymor = (D[s],ms)(1 X T )mor = (D][s],m18)(F x 1)D]r]

= (D[s|F,ms)D[r] = Dlsr] = m,

(c) = (a): Note that D[rs]Ff < Dlrs], thus they are equal if they have the same restric-

tion. Consider,

DilrsJr = (D[r],mir)D|[s]r = (D][r],mir)mo = DIr].
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For the next set of equivalences, first note that D?[s] = (s X s X s X s)D?[rs]. Then:

(a) = (b):
D*[s]F = (s x s x s x 8)D?[rs]F = (s x s X s x 8)D?[rs] = D?[s).
(b) = (c):

D?[s]r = (D?[s], w1 D[s])mor = {(D*[s]F, m1D[s])mor

= (D*[s], 1 D[s])Dlr] = D[D[s}r] = Dlmo] = momo,

(¢) = (a): D[rs]F < D]rs], and they will be shown equal by showing they have the same

restriction.

D?[rs|r = {({(D?[r], (m1 x m1)D[r]), m1(D[r],m17)) D?|[s]r

= ((D?[r], (m1 x m1)D]r]), m1(D[r], mr))momo = D?[r]

=Tmr =mmrs = D?[rg].
O

n-Differential splittings are unique up to a linear isomorphism. Further, an idempo-
tent may split with (just) a linear retraction in many ways, and if any one of these split-
tings is, in addition, an n-differential splitting, then all of the splittings are n-differential

splittings.

Proposition 4.3.2. If

7N

A = A

N

E/

commutes, and r,r" are linear. Then
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(i) There is a unique isomorphism E — E' such that ra =1’ and as' = s. Moreover,

o 1s linear. .

(r)s)
(ii) (n < 2) If, in addition, r,r" are strongly additive and E 2 Ads an n-differential

('8

splitting then sois B! < A .

Proof. Suppose 7,7’ are linear. Then,

(i) The proof that « := s’ is the unique isomorphism such that ra = 7/ and as’s is

the same as for proposition 3.3.2. To see that « is linear, consider:
Dla] = (s x 8)D[ra] = (s x s)D[r'] — (s x s)m, = mosr’.

)
(ii) Suppose that r,7' are strongly additive and E 4 Ais an n-differential splitting.

! ol
H

Since 7’ is linear, e will show that B/ < A is an n-differential splitting using
proposition 4.3.1. To show that D[s']r' = my use that since a~! is total and linear,

then for any g, Dja~'g] = (a~! x o~ 1) D[g].

D[¢')r' = D] sjra = (D[a™ '], ma™ Y D[sjra = (a™' x o™ ")ma = mo,

1

To show that D2[s']r' = mym, use that since o' is total and linear , then for any

g, D*[a~'g] = (=) D[g].

D*[s'lr = Do slra = (@) B D?[s'|r' = (o) Pmomoa = memp

Next, we characterize the idempotents which split as n-differential splittings:

Definition 4.3.2. Let X be a differential restriction category. An idempotent e is an n-
differential idempotent when € is strongly additive, (f+g)e > (fe+ge)e, Dlele — moe,
(e x 1)D[é] = (€ x 1)Dle], and for all k < n, D*[eJe = DF[e].

n-Differential idempotents have the following properties:
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Lemma 4.3.2 (n < 2). The following hold in any differential restriction category:

(1) If e is n-differentially split, then e is a n-differential idempotent.
(it) If e, are n-differential idempotents, then e X €’ is an n-differential idempotent.
(i) If e = € then e is an n-differential idempotent if and only if e is total (i.e. the

identity).

Proof. (i) Suppose e = rs is n-differentially split. The additive properties follow be-

cause of lemma (3.3.3). The first thing to show is D[rs]rs — mgrs. Consider,
Dirs]rs = (D]r], mir)D][s]rs = (D][r], mr)mos = D[r|s — mors.
Next we show (rs x 1)D[rs] = (75 x 1)D][rs]. Consider,

(rs x 1)D[rs] = (rs x 1){D][r],mr)D[s] = (rsr x r)D[s] = (r x r)D]s]

= (7 x 1){(D]r],mir)D[s] = (7§ x 1)D]rsg].
The other two properties are from lemma (4.3.1). Thus, rs is an n-differential
idempotent.

(i) Suppose e, e’ are n-differential idempotents. The additive properties hold by lemma

(3.3.2). Next, we show D[exe’](exe’) — mo(exe’). First, note that D[e x e’](e x ¢/) =

T1mg€ mmi€e .

mo(e x €') Dle x €'](e x €') = Tomoe mom1€ {(mo X mo)Dle], (w1 x m1)DIe]) (e x €)
= {(mo x m0)(€ % 1)Dlele, (w1 x m1)(e’ x 1)D[e]e’)

= ((mo X mo)Dle] moe, (w1 X m1)D|e/| moe' = g€ mimi€ (momoe, momi€’)

= Dle x ¢/](e x &) mp(e x €),
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as required. Next, we show ((e x €/) x 1)D[e x €] = ((€ x &) x 1)D[e x ¢']. Use

lemma (4.3.3) in the first and last steps, and consider,

((exe)x 1)Dle x €] = {(e x 1)DJe], (¢ x 1)D[e']) = ((€ x 1)Dle], (¢’ x 1)Dl[e'])
=((& x¢’) x 1)D[e x €],

P

as required. Next, we will show Dle x €¢/](8 x ¢’) = Dl[e x €']. Consider,

Dle x €'|(€ x €') = {(mg x m)Dle], (w1 x m;)D[e/])(® x €)

= ((mo x mo)D[eJe, (w1 x 1) D[e']e’) = {(mo x mo)Dle], (m1 x m1)D[e']) = Dle x €],
as required. Finally, we will show D?[e x €/]( x €’). Consider,

D[Dle x €'])(€ x €) = {(my x mo X mo X mo) D[], (m; x m; x m x m)D?[e]) (e x &)

= {(mp X mo X mo X wo)D?[e], (m1 x m; x m; x w1 )D?[e/]) = D?[e x €.

Thus, e x € is an n-differential idempotent.

(iii) Assume e = & and that e is an n-differential idempotent. In particular, from

Dle]e = Die] we have
(1 x €)mo = D[e] = Dle] = Dle]e = (& x €)mo.

Together with 02 = 0, we have,

Il
-——
—
=)
S
~—~
—
X
ol
g
3
o
Il
-——
—
o)
9
S
5
o
Il
—

€ = <€,0>7T0 = <1,0>(€ X € )mo

thus e is total.

Every n-differentially split idempotent is an n-differential idempotent; however, n-
differential idempotents need not split. A differential restriction category is an n-
split differential restriction category when every n-differential idempotent is n-

differentially split.
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Proposition (4.3.1) says that for Split;(X) to be an n-split differential restriction

category, if e Le , the derivative of f must be:
D[f]:= (e x e)Dlefe'le' = (e x e)D[f]e.

Denote Splitg (X) with this differential structure by Splitg, (X).

The goal in the remainder of this section is to prove the following theorem.

Theorem 4.3.1. Let X be a differential restriction category. Splitg, (X) is a 2-split

differential restriction category if and only if Ep is the class of 2-differential idempotents.
The following lemma will be useful in calculations.
Lemma 4.3.3. In a differential restriction category, the following hold:
(i) If e is strongly additive then, (f + g)e = (fe + ge)e if and only if (f€ + g€)e _
(fe + gee.
(ii) If e is an n-differential idempotent, then (fDle] + gDle])e = (fD[ele + gD[e]e)e.
(i) For all a,b,c,d,e, f,g:
(a) {{a,b),(c,d))D[f x g] = ((a,¢)D[f], (b, d) Dlg]);
() (1 x1xe x1)D[g] = D[ x 1)g];
(c) ((a,b), {c,d))Dl(e x 1)g] = ({(a, c) D[e], b}, (ce, d)) D[g].
(iv) If f =ef and f = fe' wheree, ¢ are n-differential zdeméot;nts, then:
(a) (€ x 1)D[f] = (e x 1)D[f];
(b) (0e, k) D[f] = kf0;
(c) {{a,b), {c,d))(1 x 1 x & x 1)D*[f] = ({{a, ) D[e], b), (ce, d)) D*[f];
(¢) D[f] = D[fl¢';
(e) D?[f] = D?[f]¢;
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(f) DID[fle'le’ = D*[fle’.

Proof. (i) Suppose € is strongly additive. Consider,

(f +9)e= (fe+ge)e
& (fe+ge)e(f+gle= (fe+ ge)e
& fege (f +g)e = (fe+ ge)e lemma 3.3.1

& (fe +g8)e= (fe+ge)e
(i) Suppose e is an n-differential idempotent. Then,

(fDle] + gDlel)e = (fD[ele + gDlee)e

= (fDlele + gDlele)e  part (i)

(iii) Consider the following:

()
({a,b), {c,d))D[f x g] = {(a,b), (¢, d)){(mo x mo) D[f], (m1 x m1)Dl[g])
= ((a, ) DIf], (b, d) Dg]);
(b)
D[ x 1)g] = (D[e x 1],m(e x 1)}Dlg] = ({(mo X 7o) D[€], mom1),m1 (€ % 1))Dlg]
= ((Tmeemo(1 x 1),m (€ x 1))D[g] = (1 x 1 x € x 1)Dlg];
(c)

{(,0), (c,d))D[(e x 1)g] = {{a, b}, (¢, d)}}(D[e x 1],m (e x 1))D[g]

= ({({a, c)Dlel, b), (ce,d)) D[g] part (a);

(iv) Assume f=ef, f = fée', and e,¢' are n-differential idempotents. Consider:
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(a) Note that (8 x 1)m; = (e x 1)m;. Then

(€ x 1)D[f] = (€ x 1)Dlef] = (& x 1){Dle],me)D|f]
= ((€ x 1)Dle], (€ x 1)mie)D[f] = ((e x 1)Dle], (e x 1)m Dle]

= (e x 1){(Dlel, me)D[f] = (e x 1)D[f].
(b) Use that € is strongly additive; in particular, 0 = 0.
(Oe, &) D[f] = (0,k)(e x 1) D[f] = (02, k) D[f] = (0,k) D[f] = kF 0.
(c) Use part (iii.b), (iv.a), then (iii.c):

({a,b), {c,d) (1 x 1 x & x 1)D?*(f] = ((a,b), {c,d)) D[(e x 1)D[f]]
= <<a’>b>> <C, d>>D[(e X 1)D[f]] = (((a,c)D[e],b), <CG,d>>D2[f].

(d) Consider,
DIf] = (DI}, m/) DI} = (DIf], m fIDITE = DIfIZ.
(e) Consider,

D*[f] = D*[fe) = ((D[f], (m1 x m1) D[f]), mi(D[f],m1f)) D*[e]
= ((D*[f], (m x m) DIf]), (D[f],m ) D*[efe’ = D*[f]e’

(f) Consider,

DID[fI¢)e = (D*[f], mDIN DIl = (DS ;i DIf]) Dlele
= (D’[f1,mDI)E x D[N = (D?f], m D) DR moe’

= (D?[f], mD[f]e ymoe' = D?[f]e’
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Next, we show that Splitg, (X) is an n-split differential restriction category. £ consists
of only n-differential idempotents hence they are retractively additive; thus, theorem
(3.3.1) says that Splitg, (X) is a Cartesian left additive restriction category. Next we

must check the differential restriction axioms:
DR.1 TFor the zero case:

(e x e)D[e0e’le = (e x e)D[0e']e’ = (e x €)(0 x 0)(e x 1)D[e']¢’

= (e0 x e0)me’ mpe' = (e x €)(0 x 0)e’ = (e x e)0¢.

For the sum:

(e x e)D[(f + g)e)]e’ = (e x e)(D[f + g], m(f + 9)) Dle']¢’

= (e x e)(D[f] + Dlgl,m(f + 9)) DIele’

= (e x e)({D[f],m(f + 9)) DIe'] + (Dlg], mi(f + 9)) DIeT)e’

= (e x e)(DIf],m(f + 9))DIele’ + (Dlgl m(f + 9)) Dee)e’  lemma 4.3.3
= (e x e)(DIf],m f(f + g))mie moe’ + (Dlg], m(f + g))mie’ moe')e!

= (e x e)(mi(fe + ge')e! D[f)e’ + mi(fe' + ge')e’ D{gle’)e’

= (e x m/dmge (DU + Dgle)e
= (e 9)DIfle' + (e x ) Dlgle.
DR.2 For the zero case:
(e0¢/,g)(¢' x &)DIfle" = (e x €)(0¢, ) DIfle" = (e x )37 0"
For the sum:
((h+ B)e,)(e x DIfIE = (h+,9)(e x DDfIe = (b -+ k, ) DIfle

= ((h, 9)DIf]+ (k, B)D[f])é!

= ((h, k)(e x €)D[f]e’ + (g,k) (e x e)D[f]e')e’ lemma 4.3.3
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DR.3 Let f:e— e and g:e — e

(e x e)D[(f, g)](e1 x e2) = {(e x €)D[f]e1, (e x €) D[gle).

DR.4 Consider the following,

((exe)x (ex€e))D[(e x €)mle = ((e x €') x (e x €))(Dle x €], m (e x €))mmee
= ((ex €') x (e x €'))D[e x e]me = ((e x €') x (e x &))mme (my x mo)Dle]e

= ((e x €) x (e x €))(mo x mp)D[ele = (m1€ moe X me mpe)(€ x 1)Dleje

= (m &/ moe X me/ moe)Temoe = ((e X €') X (e X &))momoe

= ((e x €') x (e x €'))momo

DR.5 Consider,

{(e1 x e1)D[flez, (e1 x er)m1 f)(ea X e2)D[gles = (e1 x e1)(D[f],m1f)(e2 x 1) Dlgles
(e1 x e))(D[f],m1f) (@ x 1)Dlgles = (e1 x e1)(D[f],m1f)Dlgles

(e1 x e1)D[fgles.

DR.6 Consider,

(g, d0e), (h, K))(e x e x & x &)Dl(e x &) DIf]eJe

= d({g,06), (h, K)){Dle x ¢],m(e x &)) D[D[fle¢!

= d({{g, WY Dlel, (Oe, k) Dfel), (h, k)) D[ fJe

= d({(g, D[], 0), {h, K)) D?[fle’ = dF ({g, b) Dfel, K) D fe]’
= d({g, h) Dlele, K)D|1¢ = d(g, WDlele, W D[fle

= d((g, h)moe, k) D[f]e' = dh (g, k) D[f]e".
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DR.7 Consider:

,{{9,k)Dle], k))D*[fle’  DR.7
, ({9, k) Dle], k))(1 x 1 x & x 1)D*[fle
= d{{{0, (g, k) D[e]) D[e], h), {({g, k) D[e)e, k)) D*[fle’  lemma 4.3.3

= d<<0a h’>) <g> k>>D2[f]6/

= ((dOe, h), (9,k))(e x e x e x e)D[(e x e)D|[f]e'le’.

DR.8 Consider:

(exe)D[fle= (e x e)m fmoe = (e x e)(e x e)m f (e x e)mo.

DR.9 Consider:

(e x e)(e x e)D[fle’ = (e x e)(e x e)(D|[f],m f)D[e]e/
= (e x e)(e x e){D[f],m f)D[e'le’ = (e x e)(e x e){D[f], 1 f)D[e/]

=(exe)lexe)D[f] =(exe)exe)mf.

Next, we will show that each n-differential idempotent is n-differentially split. First,

every idempotent e € £ splits in Splitg, (X) as:
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Theorem 3.3.1 proves that the retraction, e : d — e, is strongly additive. To show

that the retraction is linear, we must show that
(d x d)Dlele — (d x d)me

which is true by definition. Lemma 4.3.1 proves that d is a linear 2-differential splitting.
Thus Splitg, (X) is a differential restriction category in which every retractively linear

idempotent is linear differentially splits. [J

4.4 Term Logic

We extend the term logic for Cartesian left additive restriction categories to differential
restriction categories, la,nd and then prove this extension is sound and complete with re-
spect to a translation into differential restriction categories. This term logic generalizes
the term logic described by Blute et al [2] to the restriction setting. It is worth noting
that the syntax of this logic is related to by Ehrhard and Regnier’s differential A-calculus,
the syntax here is an uncurried form of Ehrhard and Regnier’s syntax. Using the deriva-
tive in uncurried form makes using the term logic more intuitive, and also makes the
completeness theorem possible without requiring closed structure.

The syntax is extended with a formal derivative operation.
or
T=V 01T T) [ {LTIT | 0| T+T | 5(T) T | Tir

Ty=T|1|Ty x---x Ty

The type judgments are extended in table (4.1).
Of the six classes of equalities we only need to update the cut elimination rules and

equations for the logic.

Cut-elimination The following equalities are written as directed equalities because they



Basic terms:

_ 'Ft:A T'p: AFs: B
T,x:AFz:A PROJ TF{ps}T:B Cur
Pt A - TRty Ay olf) = ([A1,..., 4], B)

T'F f(t1,...,tn) : B Fun
Cartesian terms:
't : A - T, Ay
TH():1 UNT Tk (1. tn) : A X -~ X A, TUPLE
F)tllAl)...)thAnl_tlA
T, (t1,.. o tn): Ay X - ApFt: A PAT
Additive Terms:

THt:A Tkt : A
TFo0:4 28RO T+t A APD

Diftferential Terms:
Dp:AFt:B TkFs:A T'HU: A

Fl-g-;%(s)-u:B D

Partial Terms:
'-t:A I's: B
Pt A REST

Table 4.1: Differential Restriction Term Formation Rules

123
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Table 3.2 and
ESB.12 {m.%ﬁ(s) ‘ult = Q{%h({m.s}t) Azult

Table 4.2: Differential restriction cut elimiation

can be viewed as a rewriting system on terms which removes occurences of cut. We

extend the cut elimination rules in table 4.2.

Equations The equalities for differential restriction term logic are presented in table

4.3.

In table 4.3, the variable contexts are not explicitly mentioned. However, one should
mind these variable contexts. For example, DRL.18 does not make sense unless p’ does
not occur in either s or ¢.

Note that cut elimination holds in this logic as well. Lemmas (2.5.1 and 2.5.2) and
thus corollary (2.5.1) have analogous counterparts. The proofs by induction in lemma
(2.5.1) simply require three extra cases: one for the zero, one for the sum , and one for
the derivative. The case for the derivative is a bit tricky.

To extend lemma (2.5.1), consider the following calculation used in the inner induc-

tion: proving the statement when the pattern is a variable. In the following calculation,
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Table 3.3 and

DRL.11 ‘%'s( ) u= (g%('v) ~u>l{p.s}v and & 5e(sp) - u= g—;(s) () = (g—;(s) : u)

DRL.].Z t'%%(s).u = t's,u,{p.f}s
DRL.13 24t (5) . = Z(s) - u+ 92(s) - w and 82(5) - u = Op,e;
DRL.14 8(s) - (u1 + up) = 82(s) - w1 + 82(s) - up and Tk &(s) - 0 =T F Oypys;

DRL.15

5ty ((5,)) - (u, 0) = "’“’8;}3 (s) - u, and

I
DRL.16 ‘9(2—;2)(3) ‘u = (Qti(s) -, 22(s) . u) ;

DRL.17 288 (5) .oy = 2 ({p.t'}s) & (s) - u
(chain rule; we require that no free variable of p occur in %);

ot
DRL.18 2% (s)p (1) - u= (%(s) u) ;
Ir
52t .
DRL.19 —1—(3‘)”‘ (s2) - up = 22222 3(:)"2(31) U

Table 4.3: Differential term logic equations
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no variables in p are in s’

(099,

{z. t’}t
Op
o{z. t’}t

{z.s}t) - {zu}t

|s

Il

|s' {z.s}t

Il

({z.s}t) - {zu}t

)
({z.s}t) - {z. u}t>
)

S
(%
<6{9c t’}t
e

18" {=.s}¢
~ {‘”}t {z.s}t) {x».u}t)
[{p.s'} ({5}t
({=. [5/} )|s
—; ({=s})-{zu}t DRL.11
= W({x.s}t) Azt
= { -62—;/(3) ‘ult
oy

= {z. <-(%-(s) : u> o }s}t DRL.11

- (5 ) L
- (5 "“>.s,”

To extend lemma (2.5.2), note that no variable in p occurs in #'.

w

% (). ult = 6{"”t}t/({ W) - {mat

a([t' /2] ¢),,
A gz”)' (/25 - (¢ 21

([¢'/2] ) - [t'/2]

[¢',¢/,{p-t'}[¢'/m)s

)
(#/a)9)-/slu) ]
)

[t /=)s

‘(¢ /a1s) - [¢/]

g,

Now, we prove a few equations that are useful for handling the derivative of terms.

¢
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Lemma 4.4.1. The following equalities hold in differential restriction term logic.

() 2(0)- 0 =0
(i) If no variable in p occurs in t then & (s) u = Opu,s

. o . ot / N — (8¢ ) ——
(iii) If no variable in p' occurs in t then W(S s (u,v) = ( 5 (8) u)]{p.t}s,sf,u" Simi

larly, if no variable in p occurs in t then 8( )(s g (u, ) = (%(s’) ! .
P’ P {p’ .t}s' \s,u
. A .t}s’ :
(iv) %(s,s’) - (u, ) = —L’%E(s) U+ ﬁ(,’;ﬁb(s’) .

(v) 29%(37 §') - (u,u') = a(ftp)(s ,8) - (U, u).

vi) If f is linear in its first argument; i.e. &8 (q) . v < f(v,u) (when z &€ u) then,
Oz

U0 @) 0= (Eiw) v mage) + 2L Lde2)

({z.u}a) - Z—Z(a) X
Proof. First note that () = 0. Then,

(i)
%(()) 0= ?%(0) +0=0j0.50 = Ojgo = Ope

(i) That no variable in p occurs in ¢ makes the use of DRL.17 valid. Consider

ot 0{0-t}0 _0{(-t}0
6—p(8)'u— op ———=(s) - __Tp_

- 5509 (5560 u)

()
-(800), =0

<

(s)-u
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(iii) Assume that no variable in p occurs'in ¢. Then

ot ! n o ot N ot N .
8(79,79’)(8’8)'(“’“)_ 5‘(79,79’)(8’8) (u’0)+8(p,p’)(s’s) (0,%)
= 8{%;}3 (s) - u+ 3{(7;;}8(8/) o

O{pt}s
= OI{P’.t}s’ s T {gp,} (S ) 7

5‘{79 t}s u,>
{p'.t}s'\su

5’t|s

I{p'.t}s'\ssu

U Y3

I

0+
( )
( )

{p'.t}s',s,u,8,8'
)
( 827, ' t}s',s,u
The other statement holds by a symmetric argument.
(iv) This is immediate from the first two steps of the previous calculation.

(v) The sum is commutative, so this follows from the previous identity.
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Table 3.4 and

TCR.10 [T'F §(s) - u] = ([T F ], 0), ([T F 5], 1)) D[[(p, T) F ¢]]

Table 4.4: Translation of Differential Terms

(vi) Consider the following calculation,

8f(3 u)( ) 8{(20,z1).f(20,z1)}(8,u) (a) ‘v

(e, ? )
Of (2,21 d(s,u
=6(z—0zl)({ z.(s,u)}a) - ——(a) - v
= 2 (0 530, ata). ( CRE-CRY
— 8{20 f(z()a,jol)}{xs}a‘({xs}a) . g_::(a) v+ 6{zl-f(g(;)lzl)}xsa‘ ({xu}a) . g_’;l’(a) )
_9 (z"’ {‘” W9 (1 s}a) - —g—g(a) i ({”gzl}a’ ) ((z.u}a) - -g-g(a) v
-1(Z o u}a>|{ - Al n) (0. 2t
=f (8_ I{w . {a:.u}a) + 8f({ang~a, zl)({x.u}a) : g_’;_b(a) ‘v
- 1 (5@ v foage) + 2LEEI0A (30) S0

O

The soundness theorem generalizes Blute et al [2] proposition 4.3.1 to the partial

term setting.

4.4.1 Soundness

First, the extended translation of terms [_] into a differential restriction category is given
in table 4.4

To prove the soundness of this translation, it suffices to show [DRL.11-19] hold.

Theorem 4.4.1. The translation defined in table (4.4) is sound.
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Proof DRL.11 Consider the following calculation for the first part:

I+ %t;< ) ul = (I Ful, 0}, {IF o1, D)DIE(p, T) - ]

(P ud, 0), ([0 + o], 1) DG, T F s (9, T) - 1)

(IP - ud, 0, ([T F o], VXD, T) - sll,mll(,T) F sH DI, T) - €]
(T -1, 0, ([T - o], 1) (1 % [(9,T) F 1) DII(p,T) F ]

— T oL, DTG, D F sl (T -, 0), (P F o, 1) D[l(p, T) - 1]

= FF GBIk 50) 4]

- (%0),

For the second part, consider that

IIF"S—;() w ] =[IFr] ([T F ], 0), (I F 5], 1) Dll(p, T) F 2]

|r

Then,

[T =] (I F ], 0), ([T F ], 1)) D[[(p, T) = 2]
= ([T Fr] [T F ], 0), ([T = 5], 1)) D[[(p, T) F2]] = [T F 2—2(8) - ()]

and

[T =] (CIT ], 0), ([T F ], 1) D[[(p, T) - 2]
= ([T Fu],0), (ITF [T+ 5], ) D[I(p, T) 2] = [T F - i 3,0 4

So that

ﬂrF<§—;<> ) 1= 10k Soop) -l = I (o) )]
as required.

DRL.12 Consider the following calculation
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[T+ t'%%(s)_u]] =[I'F %(s) ~u] [T F¢]

= ([T F u], 0}, {[T" - s], 1)) D[[(p, T) F [T -]
= ((I'F 4], 0), (IT" F 5], 1) (1 x [(0, 1) = F1) [T 1]
= ([T F 8], DI, T) F [T F u], 0), ([T F 8], 1)) [T 4]

=([TFs], D[ T) F KT F ], 0, ([T F 8], 1)) [T 1]

=[CF{pf}s][TFu][TF s][I"F ]

= [[F = t|s,u,{p.f}s]]

DRL.13 For the zero case:

HFg;@wm=«HkummxwkﬂJ»Dmnmkom

= {[T'F u],0), ([T F 5], 1) D[0] = (([T" - u], 0),([T" - 5], 1))0

= {([T'Fu],0),(Fs],1))0=[TFu][TF s]0

= [I' F Ojy,s]

For the nonzero case:

Oty + Lo
Op

= ([T Fu], 0>‘, (IT' 5], 1)) (Dll(p, T) - t1]] + D[[(p, T) F t]])

= {(IT'Fu], 0), ([T F s], N D[I(p, T) F ta]] + ([T F w], 0), ([T F 5], 1)) D{[(p, T) - 2]

[T+ (8) - u) = ({[T" -], 0), ([T 5], 1)) D{[(p, T) - £ + 2]

B oty %
= [+ o (s) - u] + [T+ 87).(8) u]
oty Oty

= [TF 5H(8) - ut 52() 1]
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DRL.14 Tor the zero case:

I+ %ﬁ;(a) 0] = ({0,0), ([T F s}, 1)) D[[(»,T) F 1]

= (0,(["'F 8], 1) D[[(p,T) F 4]} = ([T F o], DI(» D) F G0

= mo = [+ Ol{p-t}sﬂ

For the nonzero case:

ot
%(
([T F w] + [T F ], 0), ([T F ], 1)) D[[(p, T) I ¢]]

(I F 1], 0) + ([T - w], 0), (IT" F 5], 1)) D[[(p, T) +- £]]

v

[TF 2=(s) - w1 +ua] = ((IT' F w1 + u2], 0), ([T 5], 1)) D[[(p, T) F¢]]

= ([T F w1, 0), ([T = s, 1)) D[[(p, T) F £]] + (I F we], 0), [T F 5], 1) D[[(p, T) - £]]

i g—;(s) ]+ [0 F %(3) 0]

- %(a)-uw-g—;(s)-uzn

DRL.15 For the first part:

[T+ %(8) cu] = ([T Fu],1),{[T'F 5], 1)) D[[z,T - 2]]

= ((["'Fu], 1),{[T" F 5], 1)) D[mo[z |- 2]]
= ((II'F ], 1), ([T F 5], 1)) D[mo]
= (([IF - u]]) 1)) ([IF - 8]]’ 1))’/1'()7{'0

=Tk s)I'Fu] =[TF

For the second part, DR.2 is used; in particular, that (0, 1)D[h] = h0. We will
also use the fact the reassociation maps and commutativity maps for the prod-
uct are linear; for example, {{a,b), (e, d))D[cx f] = ({(a,b), (e, d))(cx X cx)D[f] =
((b,a), (d,e))D[f]. The preceding fact can be combined with the fact that

cx[(a,b) Ft] = [(b,a) ] to reorder the context under the derivative. An
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analogous fact may be used to reassociate a context under the derivative. Now,

consider the following:

ot ,
5y (&) @0

(T F 1, 0),0), ([T F b, [T 5T), D) DII((p, #), T) - ]
(440, I F ), 0), ([T F &1, [T 1), D) DI, 7),T) - 1]
(0, ([T F i, 0)), (IT F 51, ([T oI, DY) DI, (5, T)) - £])
(40, )DIIT - 1), [T+, 0), ([ + §1, [T+ 5], D) DILE, (5, 7)) ]
(0,00, ([T + 51, D) (s x m) DI F 1), 7o), w1 (T - 91,1))
DI, (7,T)) - 4]
— ((IT F 4, 0), [T+ 8], D)D), mm) DI b 1), mo), w1 (m [T - 1,1))
DI, (5, T)) 1]
= ([T 1,0), T F sb, DY(DImIF F 5T} mo),madmF - 1, 1)
DI, (5, ) -] |
— ([T F ), 0), [T+ 8], D) (DT F §T), DI}, mam [T - 1, 1)
DI, (7, T)) - 4]
— (IT F 1, 0), ([ F o], D)L [T F &1, D)y mmT - 51, 1)
DI, (5, T)) 1]
— ((IT F 4, 0), [T+ &1, )DL [T F 51, DI, (6, 7)) ]
— ([T, 0), ([T F 51, YDUI(,T) F &1, DIE, (5, 7)) ]

= ({[T'+ 1,0), ([T" F 5], 1)) D{[(p, T) F {#'-£}s]
—[rF “@—f% ]

[T+

A similar calculation works for the third part.
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DRL.16 Consider the following:

- 2608 (g (I F ud,0), (I0 F 5], 1) DI, T F (b0, 22)])

op
{I(p, 1) ], [0, T) - 1)
(DlI(p, ) F tll, DIIp,T) F 2l
DI, ) F 1),
)P, ) - &)
< TR NI IO IR T CTO R O R

([T F u],0), ([T 5], 1)

{ )D
([T ], 0), (IT' - 8], 1))
(((IT" F ], 0),(IT' k- 5], 1)
{

(I" =], 0), (I F 5], 1)

DRL.17 Assume no variable in p is in £. Recall that a3;!(cx x 1)axm = 1 x m. Consider

the following
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I+ ﬂ%’%@) o] = ([T F ], 0), ([T + 5], 1) D{I(p, T) F {#'-£}¢1]

= ([T Fu],0), ([T F 5], I) DI(p, T) F ¢T, DIE', (p, 1)) F 2]

= ([T o], 0), ([T F 8], D(D[I(p, T) + £, )], mll(p, T) - 2], 1))
D[, (p, 1)) 1]

= (([T'Fu], 0), ([T F s], DI{D[I(p, T) F ¢, )], mll(p, T) 2], 1))
Dlaz' (ex x Dax[(p, (@, T)) - ¢]]

= (([T'Fu], 0), ([T F 8], DD, T) = '], ], mll(p, T) F £], 1))

(0% (ex x Dax x ax'(ex x Dax) D[[(p, (', T)) + €]]

([T F ], 0), ([T F 8], DD, T) F ], 1], mi ([, T) - ], 1))

(a%'(ex x Dax x a%'(ex x Dax) Dm (@, T)) F¢]]

= (([T" F ], 03, ([T" F s, I)Y((D[l(p, T) = £]], o), (m1[(p, T) k= ¢, 1))
(1 xm) x (1 xm))D[[(#, 1)) F¢]]

= ((IT'F ], 0), ([T F s], I (D[[(p, T) F 1], moms), (m[(p, T) F ¢, mim))
D[, T)) +]]

= ((({[T" -], 0), {[T" = s], 1) D[l(p, T) = 7], 0, (T k= s], DI(p, T) 7, 1))
D[[((', 1)) F¢]]

= {(["+ %%(8) +u]), 0), ([T = {p.'}s], DI, T) - £]]

—[r+ g—;({p,t'm ~ Z—Z@) ]

DRL.18 Assume p' does not occur in s or ¢. Consider the following
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ot(g) . o
68”2;), p(r)-u]]
Ot

= ([T -], 0),([T' - r], D)D[IF, T F ) Pl

= ([T -], 0), ("' r], D)D([', T+ p1,0), ([P, T F 8], 1) DI, (¢, T)) F 211]

= ([T u], 0), ([ 7], 1)) D[((mo, 0), ([0, T k= 8], D)((1 x m1) x (1 % m1))
D{[(p,T) =41}

[T F

Il Il
——~ —~—
—~— —~—
b ] b ]

=3 =3

T T

g [
[——] I\.=

(=) (=)
\/ \/
—~— —~—
b ] b ]

=3 =3

T T

= =
I= I=

— —

S S
S
=
5
9
e
[e=)
S
—~—
2
b ]
=3
T
w
[——]
2
S
S
S
=
P
3
p——
T
=

[<<7ro,0>, (m [T F s],m)),
YD*[[(p, T) F 1]

= (I F .09, 40, DT + 511,00,
(0T 1,0, {IT F 51, 1)) D°[[(p, T) - 1]

(I +),0),0), (I F #1,0), ([T F oI, 1) D*{[n, ) ]

(I ), 0), (T 1,0, 4T - o], 1) (41,0) x 1) D([(w, ) F 1]
(I 1, 0), (I F 71,00, (IT F 1, 1)1 x m)D{lp, ) -]

[T AT F ol 0), 4T F <1, 1) D[, ) - 4]
TR 5o =Tk (56w ]

l

DRL.19 Assume that p;,ps do not occur in any of sy, 89, u1, us. Denote the map a;l(cx X

1)a, by tw. Consider the following,

i
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024 (s1) - u
[T %31(32) g

= ({I"'F 2], 00, ([T F 2], 1) D[({lp2, T' = 2], 0), {[p2, T 1, 1))
D[[(p1, (p2, T)) F4]]]

= (([T" F 2], 0), {[T" - so], IND[((m[T" F 111, 0), (mi [T F 1], 1))
D[[(p1, (p2, T)) =111

= (([T'F 2], 0), ([T F s, HYND[((m1 [T F 1], 0), (mi [T F s1], 1)),
mi{(miT F ], 0), (m [T 10, 1)) D?[[(p1, (p2, 1)) F ¢]]

= ([T F ual), 0), ([T F s, 1)){{((m1 x m1) DIT" F wa]l], 0), {(my x 71) DT = s1]], m0)),

((mm [T wa], 0), (mm [T F 81, m)) D*[[(p1, (p2, 1)) += 2]

((({0, ) DIIT* F w]], 0), ({0, DI = s1]], (IT" F wa], 0))),

((IT F 1], 0), ([T F 1], (T == 52, 1)))) D*[[(p1, (p2, T)) = £]]

= ({0, (0, {[I" F 2], 00)), {([IT" - ], 0), (I - 1], (IT" - 20, 1))))
D[[(p1, (p2, 1)) +¢]]

= ({0, (IT" k- ua], 0, 00)), ({0, {IT" = o], 0), (IT" = sa], ([T F s2], 1))))

D?ftw((pe, (p1, 1)) - 1]

(€0, (IT" = 1], €0, 00)), {(0, ([T - we], 0)), ([T k- 1], ([T" = 2], 1))))

(tw x tw x tw x tw) D*[[(ps, (71, 1)) F €]

= (0, (0, {IT" F wal, 0))), ({IT F wal, 0), (I saf, ([T F 17, 1))
D?[[(pz, (1, 1)) = ¢]]

02 (s) -
= [T F %Tglg(sl) cu]

Therefore the interpretation is sound. O
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4.4.2 Completeness

We form the classifying category, now of a differential restriction theory, so derivatives

must be added. The derivative of a map is given by:

f=p—t
D[f] = (¢/,p) = (p) - 1/

(where p, 9’ : A). It remains to show that there is an h such that D[h]{1,1)(1 x s)er = .

As a remark on the differential structure in C[T], consider the derivative (p’,p) —
%%(p) -p’. The derivative binds, in f, the variables of p. This has the effect that under
composition ¢ — {(p’ ,p)%%(p) - p'}(m1,ms), an alpha conversion is required of f, and

6flml ;M2 (
Op

the result, after moving some of the restrictions around, is g — me) - my. Using

DRL.11, this is equal to

(%J:(mz) 'm1> = (gj—(mz) ' m1> =
p [{p.ma}ma,{p.m1}ms p Imama

The completeness theorem generalizes the completeness theorem of Blute et al [2] to

g—g—(mg) “my.

the setting of partial terms.

Theorem 4.4.2. For every differential restriction theory T, C[T] is a differential re-

striction category.

Proof. DR..1
a0
Dlp— 0] = (¢',p) = 55(79) 7= (p) = Oppr = (¢,p) = 0

where the last step is justified because the restriction of a variable pattern disap-
pears.

Oty + to 0t Oty
D —_ / . / —_ / —— . / — . /
[p— b1+ )= (p,p) = o (p) - p @m%+%@)p+%@)p

- ((p’,p) = %%‘(p) 'p'> + ((p,P') = %%(p) 'p/>

= D[p > t1] + D[p > t2]
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DR.2 For the zero case,

«wwm=w»mwm¢w»%@nﬁ

=pr —8{%5}9 (g) -0

=P+ O{g{a.ngte = P O({a.r19),

=P > 01ta.f}ay) = P Ola.f)o

=p = ((P.0ID) 11130 =P > {P-O}(Pi(ar10)
=P+ Pentg) = 0)=p={g.f}g(p— 0)

=P~ g)g= f)p—=0)=gf0

For the sum case,

{9+ h, k) D[f]

=@H@HWMM®H%@@@
8({q. f Lk
_ Hq.f}k ) h
P < og ¥ )> -0}k {ah}k

o{q.f1k Ha.fk )
_ NGIIE gy . k) -k
P < dq (k) -g+ dq ®) I{a.g}k,{a-h}k

) 0{q.f}k
_ (pH 8({q3q}k)|g (k)'g> N (pH ({qaq} )|h(k) ' h)
=~ (9,5)((d,q) — %!;-(q) )+ (hE)(d,q) — g—é(q) -q)

= (9, k)D[f]+ (b, k) D[]
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DR.3 For m, use lemma (4.4.1), then DRL.15.

Dimo) = D[(p,q) = 1} = (¢, ¢), (p,q)) = 8((?61)
Op

=((r',4), (p,q)) = <8p( ) p/>|{p.p}p,q':q

= (0, d), 0,0) = Vg
= (', 4), (p,q)) = ' = momo

(p) q) ) (p/a q/)

The last step is justified because restrictions of variable patterns vanish. A similar
argument works for ;.
DR.4 Use DRL.16,

D[{f,9)] = Dlp— (£,9)] = (@, p) — %};@

-6 (20 Lo o)
- (D7), Dlg)

(IR

DR.5 In the following, note thét p does occur in g, and so the use of DRL.17 is valid.
We also must use the above remark on the differential structure in C[7] on the
third to last step.

D[fg] = Dl(p+ f)(g g9)] = Dlp~ {g.9}/]
0{q.9}f
= (p/,p) oy —2ZIL o
(»',p) B (p) - p

() 9 NI
—(p,p)'—> ({p-f}p) < p(p) p>

= (#p) Zf’]m (%o-»)

=®,p) = {(d,9) <Zg(q) >}<Z£(p) v, f>

(o) (B0

= (D[f],mf)Dlg]
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DR.6 For this use DRL.15 then DRL.18.

(1,0) x 1)D*(f]

8L
= ((¢', (", p)) = ((@",0), @, p)))(((d',9), (@, p)) — 62(7,0) pl(p’,p) )

0% (p) - o/

=(d,(0,p)) — ,p) - (d,0)

0(]0’ p)
— 0, o) o 22 6(? A
0% (p) - p'
=(¢,(r,p) ~ 6”(;7;) L) o

=(¢,®,p) — (g—i(p) : q’) = (¢, (@, p) — %}é(p)-q’

[»'

= (¢, (0, 9) = (@) &) g—;f(m ¢)= (1 x m)D[/]

DR.7 For this, if one tries to directly prove DR.7, one quickly runs into bound variable

issues, and importantly, DRL.19 cannot be used. However, note that

(((0,0), (. 0)), ({0, 9), {or, k) D*[£] = (((0,0),(0,9)), {(, O}, (s, k2))) D*([{]
= ({0, {h, 0)), ({0, 9), (0, k))) D*[(mo + m1) f]
= ((0,(0,9)), ((,0), (0, k))) D*[(mo + 1) f]
= ({0, (1, 0)), ({0, 9), (0, k)))(mo +m)* D*[f]
= {{0,(0,9)), ({1, 0), (0, k))) (o + m1)* D*[f]
=> ((0,h),(9,k))D*[f] = ({0, 9), (h, k)) D*[f]

In other words, the first equation implies DR.7, and crucially, the first equation



can be shown in C[7] without the same troubles. Consider,

<<<O> O>> <h) O>>> <<O> 9>> <k1> k2>>>D2[f]
= (a = (((O>O)> (h'>0))> ((O>g)) (k1>k2))))D2[(x1>x2) = f]
= (a = (((O) O)> (h') O))> ((O>g)> (kh kZ))))

of
D[((u1>u2)> (Sh 32)) = W(SMSZ) ’ (u1>u2)]

= (a = (((O) O)> (h'>0))> ((O>g)> (k1>k2))))
(((('U],'Uz), ('U3,'U4)), ((7‘1,7‘2), (’)"3,7‘4))) =

Of 81,82) * (U1, Ug
aagi’fi)lfug (ll,(szn (1,2, (7)) - (@1,05), (3 20))

3'3(761%(81, 32) ' (ul,uz)
8((u1>u2)> (31>32))

021 (s1, 0
—as @““”)EZ‘ Z"’) ©9) k). (h0) DRL15
1,02

)
852l (s1,k2) - (0,9)

681
0%l k) g

Oz2
681
0%L (k) - g
8:1:1
0L (k1) - b

8x2

((O) g)> (k1>k2)) ’ ((O) O)> (h') O))

=at—

=qaqt—

(k)-h  DRL.15

=q

(k))-h  DRL.15
=atr

(kl) -h Q-rename

=ar> (k)9 DRL.19

= <<<O> O>> <O>9>>> <<h'>0>) <k1) k2>>>D2[f]

142
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DR.8 Consider,
D7) = Dlp = ) = (1) =+ F20) -
=Wm%+( MP> (,p) =1y

= (#,p) = @,9)y7) (@, 7) = P) = 07 = F o

= (p,p) = {pp}fmo=mfm

DR.9 Consider,

DI = . p) H%w

= (0,p) = (7, P)2L )
=, p) = (', p)y;
=mf

Thus, C[7] is a differential restriction category as proposed.
[

Theorem (4.4.2) establishes the completeness of differential restriction categories as

models of differential restriction term logic.

4.5 Turing Categories

4.6 Differential Turing Categories and DPCAs

We are now ready to speculate on what a diffe;ential Turing category must be. Clearly
it must be an additive Turing category but also the key idempotent splittings which
make every object retractions of the Turing object must become at least 2-differential
splittings. In fact, we shall propose that they should be co-differential splittings.

The issue is how to arrange this in a uniform manner. Our proposed definition is:
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Definition 4.6.1. Let X be o differential restriction category:

(i) Ardiﬁ'erential index for f: AXxB —-Cinegc:TxB—Cisamapss: A

— T' such that (using the term logic):

o s(x) .éoy = f(z,y) (so it is an indexs in the usual sense);

o (u,v) Qfa—(})-(u) -v 1s a differential index for ((u,v),y) — W(u) -,

(ii) A map epo : T x B — C is said to be differentially universal in case it is both
linear and strongly additive in its first argument and each map f: AXx B — C has

a differential index in ep¢.

(iii) X is o differential Turing category if it has differential Turing structure,
that is an object T with for each pair of objects B and C a differentially universal

map egg: T X B — C.

Note the derivative of a differential index for f is required to be not only an ordinary
index for the derivative of f with respect to its first argument, but also a differential
index - so its derivative is in turn a differential index.

Recall that there is a recognition theorem for Turing categories: it is reasonable to see
whether the analogue holds for differential Turing categories. For this we must show that
A <(1ym a9 T is an oco-differential splitting for each n. For this we need, for example,
D[s]{1,1)71,4 = mp. In the term logic this calculation is:

2w ve (= 220 0= Lo =

as required. The calculation for the higher derivatives is similar.

A similar calculation makes the standard encoding for pairs T'<IT'x T an co-differential
splitting.

These observations then guide the definition of a differential partial combinatory al-

gebra, A, because Comp(A) must be a differential Turing category. Therefore, there must
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be a combinator d such that dzuv = %(u) - v which satisfies the required equations.
While there remains considerable details to fill (which are beyond the scope of this
thesis), what has been achieved is a better understanding of which idempotents can be
split to maintain additive and differential structure. Manzonetto’s [36], had conjectured
only strongly additive linear idempotent could be split: this led him proposing a com-
plicated encoding of pairing via a linear idempotent. This encoding led him to further
conjecture that the addition would have to be idempotent. What has been shown in this
thesis is that one can split more general idempotents, and avoid Manzonetto’s dilemma.
What this thesis has not done is to provide an example of a differential Turing category
which is either not total or does not have an idempotent addition. Rather it has shown
that such examples have not actually been precluded. Providing such examples (as was
done for left additive Turing categories) would be critical in determining how reasonable

our proposed definition, above, really is.

4.7 Conclusion

In Ehrhard and Regnier’s differential A-calculus, application is assumed to be linear in
the first argument [23]. A natural next step is to consider differential applicative systems,
and to assume that application should be linear in its first argument as well.

Manzonetto [36] realized that it was necessary to encode pairing as an idempotent
which when split provided both additive and differential structure. He conjectured [37]
that for an idempotent to do this, it is necessary to require that the idempotent itself is
linear.

A significant contribution of this thesis has been to analyze this assumption in detail
(and in more generality for the partial case). It turns out that the situation is more

delicate: the idempotents themselves do not need to be linear. Thus Manzonetto’s
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conjecture was too strong.

An immediate consequence of allowing more general idempotents is that the standard
pairing combinator can be used. Thus, M:cmzonetto’s complex pairing combinator, which
in turn led him to suggest that the idempotent must be linear, is unnecessary. Therefore,
we have opened the possibility that there are models of the differential lambda calculus
which do not have an idempotent addition.

‘This thesis has not provided any (non-trivial) models of differential Turing categories.
It is known that total models exist (see [36]) although the addition in these models is
idempotent. The next step in this work is to develop models which illustrate both that

addition need not be idempotent and that application can be partial.
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